ECONOMETRICA

IGUENMAT DF THR RCOKOWMETEILD SADIOTY

Aggregation Procedure for Cardinal Preferences: A Formulation and Proof of Samuelson's
Impossibility Conjecture

Author(s): Ehud Kalai and David Schmeidler

Source: Econometrica, Vol. 45, No. 6 (Sep., 1977), pp. 1431-1438

Published by: The Econometric Society

Stable URL: http://www.jstor.org/stable/1912309

Accessed: 26/03/2013 22:13

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon awide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

The Econometric Society is collaborating with JSTOR to digitize, preserve and extend access to Econometrica.

http://www.jstor.org

This content downloaded from 128.95.155.210 on Tue, 26 Mar 2013 22:13:37 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/action/showPublisher?publisherCode=econosoc
http://www.jstor.org/stable/1912309?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp

Econometrica, Vol. 45,No. 6 (September, 1977)

AGGREGATION PROCEDURE FOR CARDINAL PREFERENCES: A
FORMULATION AND PROOF OF SAMUELSON’S IMPOSSIBILITY
CONJECTURE

By EHUD KALAI AND DAVID SCHMEIDLER!

Samuelson conjectured that Arrow’s impossibility theorem will hold in a cardinal setup
where individuals and society express their preferences by von-Neumann Morgenstern
utility functions. It is shown that this is true provided that an additional axiom of continuity
is imposed and that it is not true when continuity is not required.

1. INTRODUCTION

SAMUELSON MADE THE CONJECTURE stated above in his 1967 paper [7]. He
also formalized there the axiom of independence of irrelevant alternatives for
cardinal preferences, used here. Preference are cardinal if their representation by
a numerical function is invariant under, and only under, positive linear transfor-
mations. One may think that the disregard for intensity of preferences, embedded
in Arrow’s treatment of profiles of ordinal rankings of alternatives, leads to the
impossibility result. Samuelson’s conjecture points out that this is not the way to
refute the conclusions of Arrow’s theorem.

There is also interest per se in aggregation of cardinal preferences. Such
preferences are usually considered as von Neumann-Morgenstern utility, i.e.,
numerical representation of preferences over lotteries [11]. Since uncertainty is
the rule and not the exception whenever decisions are involved, it is of some
importance to obtain a social N-M utility over risky outcomes. Given such a
utility, the society will be able to choose a best alternative among the several
feasible risky actions (i.e., lotteries).

However it is not necessary to restrict the interpretation of cardinal preferences
to those induced by ordinal ranking over lotteries. One can think of cardinal
preferences derived from comparisons between pairs of alternatives (as in an
axiomatization of a regret relation). See Alt [1] for an early work of this kind.

When working with cardinal preferences a continuity assumption is needed, in
addition to unanimity and independence (see the example at the end of the next
section). A standard reference for Arrow’s theorem is the last chapter of his book
[2]. For a general discussion of aggregation of cardinal preferences, see Shapley-
Shubik [10].

Some other impossibility results involving different notions of cardinal prefer-
ences appear in the works of Sen [9], DeMeyer-Plott [4], Schwartz [8], and
Fishburn [5]. A model dealing with aggregation of cardinal preferences into social
cardinal preferences, as here, is that of Harsanyi [6]. However he is interested in

! The work of the first author was done at Northwestern University and the work of the second
author began at the University of Illinois in Urbana-Champaign and it was completed at the University
of Minnesota in Minneapolis. Both authors are on leave from Tel- Aviv University. The authors wish to
express their thanks to E. A. Pazner, M. A. Satterthwaite, J. Kelly and the referees for helpful
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1432 EHUD KALAI AND DAVID SCHMEIDLER

aggregation in the sense of Bergson—-Samuelson, i.e., one profile at a time which
precludes Arrow’s independence assumption and leads to a different result.

2. FORMAL PRESENTATION

Let A denote a finite, nonempty set, to be referred to as the set of outcomes and
let R“ denote the set of functions from A to the set of real numbers, R.

A subset X of R* issaid to be a cardinal preference relation over A if it satisfies
the following three conditions: (i) X is nonempty; (ii) if x and y belong to X, then
there are a and B in R, @ >0 such that for all @ in A, x(a) = ay(a)-+B; (iii) if x
belongs to X and & and 8 belong to R, with a >0, then y defined by, for alla in A,
y(a)=ax(a)+B, also belongs to X.

An element x of X is referred to, sometimes, as a (cardinal) utility over A.

We denote by = the set of cardinal preferences over A. For any two elements X
and Y of 5 one has X=Y or XY= . Given a nonempty subset B of A,
denote by Ej the set of cardinal preferences over B. For X in =, X|p will denote
the cardinal preferences over B induced by X. This notation is justified by the fact
that any element of X [ 5 (and hence an element of R?) is a restriction to B of some
element of X (which is an element of R“*). However now it may happen that for
some X and Yin B, X # Y and X|5 = Y]s.

A procedure for aggregation of cardinal preferences, mentioned in the title of
this note, is, by definition, a function from an n-fold cartesian product of E to E. In
notations, f: E" - & for some positive integer n (arbitrary but fixed throughout
this note). Following the vast literature on Arrow’s social welfare functions we
may also refer to such an f as a cardinal social welfare function. An element
(X1, X, ..., X,) of Z" will be denoted by X and will be referred to as a cardinal
profile, and N will stand for the set of integers (society members) {1, 2, ..., n}.

A classical example of an aggregation procedure (cardinal social welfare
function) is the ‘“‘sum of utilities”. Using our definitions and notations f(X), in this
case, may be defined as follows: for each i in N choose a representative, say x;, of
X; which assigns utility zero to a least preferred alternative of i and if a most
preferred by i alternative is strictly preferred to a least preferred alternative, it is
assigned the utility of one. (We will refer to such an x; in the sequel as a zero-one
normalized representative of X;.) Now, x =3,.xx; € R” is a representative of
f(X).

An aggregation procedure f is cardinally dictatorial, by definition, if there is an j
in N such that for all X in E", f(X)=X; (i.e,, f is the projection on the jth
coordinate). It is said to satisfy cardinal independence of irrelevant alternatives
(CIIA) if for any subset B of A with three elements and for any two cardinal
profiles X and Y: X|z = Y| implies f(X)|s =f(Y)|s. (X|p stands for the vector
Xilg, Xolp, - . -, Xu|p, €tc ....) An aggregation procedure f is said to satisfy
unanimity (U) if for any subset {a, b} of A with two outcomes and for any cardinal
profile X: for dll i in N and for all x; in X, x;(a) > x;(b) imply x(a) > x(b) for some
(or all) x in f(X). Finally, in order to be able to use the continuity of f, we define the
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AGGREGATION PROCEDURE 1433
convergence of a sequence in E by the convergence of the sequence of the
corresponding zero-one normalized representatives.

CARDINAL IMPOSSIBILITY THEOREM: If # A = 4 then a procedure for aggrega-
tion of cardinal preferences is continuous and satisfies cardinal independence of
irrelevant alternatives and unanimity if and only if it is cardinally dictatorial.

It is obvious that a cardinally dictatorial procedure satisfies the required
independence, continuity, and unanimity conditions. The rest of the paper is
devoted to the proof of the converse proposition. Suppose that f: & - X satisfies
CIIA, unanimity, and continuity; we will show that f is cardinally dictatorial. The
proof consists of several steps (lemmata) and will employ, of course, Arrow’s
impossibility theorem.

First we introduce the definitions of ordinal independence of irrelevant alterna-
tives (OIIA) for cardinal aggregation procedures. Such a procedure satisfies OIIA
if for any subset B of A with two elements and for any two cardinal profiles X and
Y, if X|p =Y|5 then X|z = Y| where X and Y are the values attained by the
aggregation procedure, correspondingly. (Because # B = 2 there is a one to one
correspondence between ordinal and cardinal profiles restricted to B.)

The proof of the next lemma is essentially the same as Blau’s [3] proof that
ternary OIIA implies binary OIIA.

LeEMMA 1: The function f satisfies ordinal independence of irrelevant alternatives.

PrROOF: Let B be a two element set, say B ={a, b}, and let X and Y be two
cardinal profiles such that X|z = Y]B. By our condition there are at least two
additional elements, say ¢ and d in A. Set C={a, b,c} and D ={a, b, d}. We
derive two cardinal profiles X’ and Y’ from X and Y respectively as follows: For
each i in N, X} is obtained from X; by moving ¢ to a position halfway between a
and b, and the same for Y!. Thus X'|c=Y|c, X|p=X'|p and Y|p=Y'|p.
Applying CIIA to each of these equalities, we obtain: f(X")|c = f(Y")|c, fF(X)|p =
fX)|p, and f(Y)|p =f(Y")|p. Since B is included in C and in D, the equality
f(X)|s =f(Y)|5 follows. Q.E.D.

An'ordinal profile, P, is as usual an n-vector (Py, P, . . ., P,) of preorderings of
A (i.e., for each i in N, P, is a transitive and total binary relation on A). The set of
all preorderings of A is denoted by ¥, and an aggregation procedure for ordinal
preferences, or Arrow’s social welfare function, is a mapping from ¥" to V.

Given cardinal preferences X, the naturally corresponding preordering in ¥ is
denoted by IT(X). (For all a and b in A: allI(X)b iff for all x in X, x(a) = x(b).)
For a cardinal profile X we denote the corresponding ordinal profile by II(X). It
seems unnecessary to repeat here the conditions of unanimity, independence of
irrelevant alternatives, (IIA ), and nondictatorship. Recall however that an ordi-
nal dictator (implied by Arrow’s impossibility theorem) dictates only his strict
preference: Dictator’s indifference between two alternatives may not be carried
over by Arrow’s social welfare function satisfying IIA and unanimity.
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1434 EHUD KALAI AND DAVID SCHMEIDLER

LemmMmA 2. The aggregation procedure for ordinal preferences defined for all
P in V" by: F(P)=II(f(X)) for some X such that [I(X)=P, is well defined,
satisfied IIA and unanimity; hence by Arrow’s theorem F and f are ordinally
dictatorial.

Proor: F is well defined if for any two cardinal profiles X and Y such that
(X)) =I(Y), II(f(X)) = II(f(Y)) holds too. But this is an immediate implication
of Lemma 1. The other assertions in the lemma are obvious. Q.E.D.

In the next lemma we show, using the continuity of f that the ordinal dictator of
F (and f) also imposes his indifference on the society (i.e., F is a projection).

LemMMA 3: Ifjin Nis the ordinal dictator then for all X in E" : II(f(X)) = II(X;).

Proor: Given X in E” and a and b in A, set P, =1I1(X;) and P=1I(f(X)). If j is
notindifferent between a and b, say aP;b and not bP;a, then by Lemma 2, aPb and
not bPa.

If aP;b and bPja (i.e., for any x in Xj, x (a) = x (b)) define Y such that its zero-one
normalized representative, y;, satisfies: y;(c) =0<y;(b)=y;(a)<y;(d)=1 for
some ¢ and d in A. For an appropriate £ >0 and for any positive integer m define
Y/ and Z" such that their zero-one normalized representatives, y;* and z"
correspondingly, satisfy: For all e in A, e#a, e#b; z['(e)=y"(e)=y;(e),
yj(@)=y;(a)+e/m>y;(b)=y[*(b), z]'(b)=y;(b)+e/m>y;(a)=y[(a), and
Z'(a)=yj;(a). Now we complete the definition of the sequences of cardinal
profiles (Y™ )1, (Z™)m=1 and of Y by: For each m and for each i #j in N,
Y"=Z"=Y,=X,. By Lemma 2, for m=1,2,..., for each y™ in f(Y™),
y™(a)>y™(b) and for each z™ in f(Z™), z™(a)<z™(b). Since, when m - 0o,
Y™ Y and Z™ - Y, and since f is cont{nuous, we have in the limit, y(a) = y(b)
and y(b) = y(a), i.e., all(f(Y))b and bII(f(Y))a. However Y| 5} = X|ia5) SO by
Lemma 1, aPb and bPa. Q.E.D.

Next we will show that the social cardinal preferences depend only on the
dictator’s cardinal preferences.

LEMMA 4: For any two cardinal profiles X and Y, if X; =Y, then f(X) =f(Y).

Prookr: Since cardinal preferences over A are uniquely determined by their
restrictions over all triplets, it suffices to show that for any subset B of A with
# B =3 and for any two cardinal profiles X and Y: X;| = Yj|p implies f(X)|s =
f(Y)|s. Further simplification will result from an assumption that, for some i in N,
k # i implies X, |p = Yi|. Suppose also that for some two elements subset of B,
say {a, b} if B={a, b, c}, Xi|tap)= Yilas)} If X; and Y; rank B in opposite
directions, say ach and bca, then introduce Z; on B such that X; |, .} = Z;|(.) and
Yi|s.c}= Zi|ip.c;-) These assumptions are not restrictive since any profile can be
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AGGREGATION PROCEDURE 1435

obtained from any other profile by a finite number of steps satisfying these
assumptions consecutively.

Choose an outcome d ¢ B and define new cardinal profiles X' and Y” such that
for all i in N and an arbitrary representative x; in X; define a representative x| of
Xibyxi(d)=x;(c)and xj(e) = x;(e) for all e # d; to define y;, choose a representa-
tive y; in Y; such that y;(a) = x;(a) and y;(b) = x;(b), and now define y;(d) = x;(c)
and y!(e) =y;(e) for all e #d. Denoting by D the set {a, b, d} we now have:
Xls=X5, ¥|s=Y's, X'|o=Y|o. Applying CIIA we get: f(X)|s = (X,
f(V)|s =f(Y")|s and f(X")|p = f(Y")|p- Since the dictator, j, is indifferent between
c and d at X and at Y7, so is the society, by Lemma 3. Hence, f(X e =f(Y")s
which in turn implies the required equality f(X)[s = f(Y)|s. Q.E.D.

Now we state the last lemma which completes the proof of the theorem.
LeMMA 5: For any cardinal profile X, f(X) =X,

PrOOF: As mentioned in the beginning of the prood of the previous lemma, it
suffices to show for every B< A, # B =3 (and for every X in &™) that fXs=
)_(,! g. Given such X and B suppose that B ={a, b, c} and for some x; in X,
xj(a)=0,x;(b)=1,x;(c)=1,and 0<t < 1. We denote by X (without subindex) the
corresponding aggregate cardinal preference relation f(X). With this notation we
have to prove that if x(a)=0 and x(c)=1 for some x in X then x(t) =1t (By
Lemma 2 there is an x in X with x(a) =0 and x(c) = 1: Lemma 3 takes care of the
case whent=0or ¢ = 1, or when x;(a) = x;(b) = x;(c) for all x; in X;.) The proof will
be carried out in three steps: (i) ¢ = 1/2, (ii) ¢ is a binary number, (iii) any 7 in [0, 1].

STEP (i): For any three outcomes a, b, ¢ if the dictator ranks (cardinally) b
halfway between a and c, so does the society.

Let X be such that for some x in X} x(a) =0, x](b) = 1/2,and x](c) = 1. Let
x°be in X°such that x°(a) =0, x°(b) =, and x°(c) = 1. (By Lemma 2, 0<a <1.)
We have to show that a =1/2.

Several cardinal preferences of j, X}‘, k=1,...,7, will be used in the proof
together with their corresponding social cardinal preferences X*, k=1,...,7. A
representative x; of X} will be specified by its values on {a, b, c, d} where d is a
fourth outcome (#A = 4):

k= 1 2 3 4 5 6 7

xf@)= 0 0 0 0 0 1/4 1/4
xkp)y= 1/2 1/2 1/2 1 1/4 1/4 3/4
x¥e)= 1 172 0 1/2 1/2 1/2 1/2
@)= 1 1 1 1 1 1 1.
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1436 EHUD KALAI AND DAVID SCHMEIDLER

The corresponding representatives x* of X*, k=1,...,7, are obtained trivially
by using CITA and Lemma 3, except the encircled entries.

k= 1 2 3 4 5 6 7
x*@= 0 0 0 0 0 «a a?
*B)= a a a 1 a? a? (1-a)ata
*e)= 1 a 0 a a «a o
)= 1 1 1 1 1 1 1

To find x°(b) note that X} and X7 agree on {a, b, c}. By CIIA x° restricted to
{a, b, c} should be obtained from x I{a b} DY @ llnear transformation which maps
zero to zero and one to a. Hence it maps « to a”. The value of x°(b) is obtained
from x>(b) by CIIA and then Lemma 3 implies that x®(a)=x" (b) Similarly

x"(a)= x6(a) by CIIA (applied to {a, ¢, d}). In order to compute x’(b) note that
Xieb.ay= X )ic.6.ay- Hence, by CIIA X7 and X agree on {c, b, d} and the linear
transformatlon that maps X; l(cbd} to x; I(cbd) yields x7(b) = (1—a)a +a. Now
observe that X |i5.c.a) = X} }iv.c.ay Which, again by CIIA, leads to existence of linear
transformatlon which maps 0 to a?, a to a, and 1 to (1—a)a +a. The linearity
implies that e =[(1—a)a +a —a2]a +a?. This equation has three solutions for
a:0,1/2,1. Since 0 <a <1 the proof of step 1 is completed.

Step (ii): If for some x; in X, x;(a)=0, x;(c)=1 and x;(b)=k/2™ with
0<k <2™ (k, m integers), then x; also belongs to X.

The proof is by induction on m. If m =1 then we are in the case of step (i).
Suppose that the conclusion holds for every positive integer smaller than m. The
nontrivial case is when k is odd. Suppose (w.l.o.g. by CIIA) that x;(d)=
(k+1)/2™. Since k +1 is even, by the induction assumption, x(a) =0, x(c) =1,
and x(d) = (k +1)/2™ for some x in X. Define cardinal preferences Y; where for
some y; in Y;: y;(a) =0, y;(b)=k/2™, y;(c)=(k—1)/2™, and y;(d) = (k +1)/2™.
By CIIA there is an y in Y with y(a)=x(a) =0, y(b)=x(b), and y(d)=x(d) =
(k +1)/2™. By the induction assumption, y(c) = (k —1)/2™ which in turn implies
also using step (i), y(b) = k/2™. Hence x(b) =k/2™.

The third and last step is an obvious implication of the continuity assumption.
Q.E.D.

We conclude with an example of a two persons four alternatives aggregation
procedure which satisfies CIIA and U, is not continuous, and is not a projection.

For any profile X there is an x in f(X) which attains the values; 0, 1/3, 2/3, 1:
Person 1 is an ordinal dictator; whenever he is indifferent between two outcomes,
person 2’s strong preferences prevail; if both are indifferent between two out-
comes, their alphabetic order dictates their social order (A ={a, b, ¢, d}).
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AGGREGATION PROCEDURE 1437

This mapping satisfies OIIA and U and because of the social restriction of the
range it satisfies also CIIA and it is not a projection.

3. DISCUSSION OF RELATED WORKS

Ordinal preferences (preorder) over a set A can be represented by a family of
real-valued functions on A such thatif u is in the family, then v is in the family iff it
is a monotonic increasing transformation of . If this family is further restricted,
then the preferences are referred to sometimes as being cardinal. In previous
sections we reserved the term cardinal to “cardinal in the sense of von Neumann-
Morgenstern,” i.e., v is a positive linear transformation of u. A regret type of
restriction is: For every a, b, ¢, and d in A, v(a)—v(b)>v(c)—v(d) iff
u(a)—u(b)>u(c)—u(d). Another kind of restriction was introduced by Fishburn
[5]: For every two subsets B and C of A, 3,.pv(a)>3,ccv(a) iff Z,cpu(a)>
2secula).

Suppose now that a mapping is defined on n-lists of families of real valued
functions on A as above, that satisfies Arrow’s ordinal ITA (for pairs). If the range
of the mapping are ordinal preferences or somewhat cardinal preferences (i.e.,
families of functions on A as above) and if unaminity (V) assumption is imposed
on the mapping, then as an immediate consequence of Arrow’s Impossibility
Theorem, existence of ordinal dictator is guaranteed. A more detailed presenta-
tion of this observation appears in Sen’s book [9].

When the range of the mapping is extended to acyclic, complete and irreflexive
binary relations, an impossibility theorem is proved by Fishburn [5] under the
additional assumption of a version of positive responsiveness. A further extension
of the range and the domain of the aggregation mapping is achieved by Schwartz
[8]. To obtain an impossibility theorem he assumes however a very restrictive
nondictatorship condition.

Northwestern University
and
University of Minnesota

Manuscriptreceived March, 1976; revision received September, 1976.
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