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A Model of Decision-Making with 
Sequential Information-Acquisition(Part 2) 
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of Management, Purdue University, West Lafayette, IN 47907, 
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While most real-life decisior, are of necessity made with less 
than perfect information, there is usually some opportunity to 
acquire additional information regarding the problem at hand 
before a final decision is made. It is, of course, the recognition 
of this fact which has led to the importance now attached to 
the field of Decision Support Systems. On the other hand, the 
formal analysis of the sort of decision problem for which 
Decision Support Systems can be useful appears to have lagged 
behind the developments in applications. In this paper we 
develope a model of decision-making in which there is availa- 
ble a variety of informational sources (experiments) which can 
reduce (though generally not eliminate) the uncertainty associ- 
ated with the final decision. Since the informational sources 
are available only at some cost (either monetarily or in terms 
of time, or both), the decision-maker must solve two conceptu- 
ally distinct problems: (1) developing an optim~d information- 
gathering strategy, and (2) developing an optimal final decision 
strategy, conditional upon the information obtained during the 
information-gathering process. A theoretical framework is de- 
veloped here for the analysis of this general problem, and fairly 
complete solutions are obtained for some interesting special 
cases; most notably the computer file search problem. 

~,,eywords: Decision support systems, Decision theory, Dy- 
namic programming, File management. 

4. The Categorization Problem 

4.1. Basic Model 

In Part 1 of this paper that appeared in the 
previous issue of the DSS Journal the basic model 
was presented and the structure of an efficient 
solution was analyzed, In Part 2 we apply the 
basic model to describe the categorization prob- 
lem so that more specific results may be obtained. 

The special case of Model I which we shall 
refer to as the 'categorization problem' is char- 
acterized by the following assumptions (in ad- 
dition to those set forth in section 2). 

(1) The final decision set, D, can be written in the 
form D = {0, 1 . . . .  , p }, where p >/1 is a posi- 
tive integer. 

(2) There exists a partition of X, { X o, ,1"1 ..... Xp }, 
such that ~0 takes the form ~6 

d ) = ~ > O  if x~Xd~ 
60(X, 

( 0 otherwise ] 

for ( x ,  d )  ~ X Y  D. 

We may think of  { X o, X 1, . . . .  Xp } as repre- 
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senting an (exhaustive) set of categories (or classi- 
fications) to which the true state, ~, may belong. 
There is a constant (constant over categories) posi- 
tive payoff, ~, if ~? is categorized correctly, and a 
payoff of z~.ro is obtained if ~ is not correctly 
categorized (or classified). Some examples which 
seem to fit this formulation reasonably well are (a) 
chemical analysis of an unknown substance, (b) 
the game of ' twenty question', and (c) the com- 
puter file search problem. ~7 We shall develop the 
computer file search problem in detail in the next 
subsection. 

In dealing with the categorization problem, the 
function 1/,: P ( X ) ~  [0, 1] defined by 

~ ( B ) = m a x { ~ r ( B n X a ) l d ~ D }  for Be_X, 
(1) 

will be of particular interest. 

4.1.1. Proposition. I f  o = ((B 1, el)  . . . . .  (Br, a,), 
(B,+ l, 8)) is an efficient strategy for D, then 

~ 2 ( o ) = ~  E ~k(B). (1) 
h'EB~+I 

Proof. If o is an efficient strategy for D, then we 
must have 

(VB ~ B,+1): 8 ( B ) ~ D * ( B ) .  

From the form of o~(.) it is clear, however, that 
for B c  X, we will have d* ~ D * ( B )  if, and only 
if 

( V d ~ O ) :  ~r( B n Xa) < ~r( B n Xa. ) - ~/( B ). 

Thus, for each B ~ B~+ l, 

E 4 , ( x ) . [ x ,  8(B)]  = E ~, (x)~  
x ~ B  x~BnX~<s~ 

Y'. 
xEBnX~Aj  

-- n 

~7 Some kinds of forecasting may fit this model fairly well 
also; in particular, when a forecaster is employed by a 
business firm. in connection with this observation, note that 
our formulation can allow for both qual)~.ative forecasting 
(prices will go down sharply, prices ,;'Jill go down rood- • . . / 

erately, prices will remain the same, .etc.) and quantitative 
forecasting as long as we agree ~hat it is reasonable to 
bound the state space and to round off to the nearest 
decimal point at some level of significance (in particular, 
note that we do not rule out the possibility that X =- 
{ Xo, X, . . . . .  xp} = B"). 

Therefore 

~ ( " ) =  E E * ( x ) - l x , ~ ( B ) l  
B~B.+ I x ~ B  

E 
B~B,+I 

Q.E.D. 

There are several special cases of the catogori- 
zation problem in which we shall have a particular 
interest. In order to define the first two (to which 
we shall not attach special names) we begin by 
defining 

x =  {x0 ,  x ,  . . . . .  x , } .  (2) 

The following two alternative conditions then de- 
fine the two basic sub-cases with which we shall 
be interested 

X > B a , and (3) 

B A > X. (4) 

In the first special case, that in which (3) holds, 
X is at least as fine as BA; that is 

( V d ~ D ) ( 3 B ~ B A ) :  Xac_B. (5) 

The second special case is nearly the opposite of 
the first; that is, (4) holds if and only if 

( V B ~ B ~ ) ( 3 d ~ D ) :  Bc_ X a (6) 

(it is, of course, possible for a decision problem to 
satisfy both (3) and (4); that is, we may have 
B A = X). Notice that in the situation in which (4) 
holds, we will have 

(VB ~ B e ) :  i f (B)  = ~r(B). (7) 

There are also sub-cases of both (3) and (4) 
which we shall find particularly interesting: (a) the 
'only correct guesses count' problem, which we 
define below, is a sub-case of (3), and (b) the 
computer file search ,roblem, which we shall in- 
troduce in the next subsection, is a special case of 
(4). 

4.1.2. Definition. If D is a categorization prob- 
lem, we shall say that D has the only correct 
guesses count form iff 
(i) D satisfies (3), above, 
(ii) There exists a positive integer m > p  + 1, 
satisfying 

(VBeBA):  ~ ( B )  = 1/m, (8) 
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(iii) D has constant information cost, c > 0, i.e., 

(Va E A , ) :  c ( a ) = c .  (9) 

The simplest case in which condition (8) holds 
is that  in which 

X =  B ~ (10) 

In this case the catogories X 0, Xt . . . . .  Xp are sim- 
ply singleton sets, and the problem has the follow- 
ing interpretation: we know that the true state, :L 
is one of p + 1 possible states, x 0, x, . . . .  , xp; and 
we receive a reward of ~ > 0 if we guess correctly 
which x~ = :~, and receive nothing if our guess is 
incorrect, t ,  If, in addition to (10), we have 

B ~ = B x, 

then condit ion (8), above, amounts  to the assump- 
tion that  q~, the probability density function on X, 
is the uniform distribution, with 

~ ( x ) f l / m = l / ( p + l )  fo reach  x ~ X .  

In the case where condit ion (3) holds, the ex- 
pected gross payoff function takes on a particu- 
larly simple form, as follows. 

It follows, therefore, that 

q , (B)  = max{ ~t( B n Xa) IdE D} 

= m a x {  ~ ( B ' )  I B '  ~ BA(B)}  

and our result follows. Q.E.D. 

The following is an immediate consequence of 
Proposition 3. 

4.1.4. Corollary. I f  D is of the only correct guesses 
count form and if o = (,t, B~+I, 8) is an efficient 
strategy for D, then 

12(o) = ( #B,+ a)~,/m. 

Proposition 3 shows one reason why the case 
where condit ion (3) holds is of particular interest. 
In section 5.2 we shall be able to develop other 
results which exploit condition (3) to obtain a 
sharper characterization of the solution to this 
special case of the categorization problem; and in 
section 6.5 we shall also be able to obtain similar 
(though somewhat  weaker) results for the case 
where condit ion (4) holds. 

4.1.3. Proposition. I f  D is a catogorization prob- 
lem satisfying condition (3), above (i.e., X >  B A) 
then for any efficient strategy, o = (a, B,+ 1, 8), we 
have 

1 2 ( o ) = [  Be.,+, y" m a x { ~ ( B ' ) I B ' ~ B ~ ( B ) } ]  ~" 

Proof. We have from Proposition 1 that 

1 2 ( o ) = [  B e . , . ,  y" ~ ( B ) ] ~ .  (11) 

However, let B ~ B,+ 1 be arbitrary., and let d ~ D. 
Then  we have, since Ba(B)  is a partition of B, 

~ r ( B n X d ) =  Y'. ,r(B'  NXd).  (12) 
B'eBA(B) 

However, since X > B a, it follows that for all but  
at most  one B" ~ Ba(B),  we have 

n =0, 

and if B" ~ BA(B) is such that , t(B' n Xa) > O, 
we have 

 (n'n 

18 It is in the case where (10) holds that the structure of this 
problem most closely resembles the game of twenty ques- 
tions. 

4.2. The Computer File Search Problem 

The computer  file search problem, as we shall 
develop it here, is also a special case of our 
categorization problem. We develop it as follows. 

We suppose that there is some universal set, U, 
which is finite and linearly ordered, and that we 
are dealing with a non-empty subset, 

S =  {b 1, b 2 . . . . .  b,} c_ U, O)  

with 

bi<b~+ t for i = 1  . . . . .  n - 1 .  (2) 

We suppose that there is a probability measure on 
U, so that the probabilities Pr(b < bt), Pr(b > b,), 
Pr(bi<b<bi+l)  for i = 1  . . . . .  n - l ,  and Pr(bffi 
b~) for  i = 1 . . . . .  n, are well-defined, for b a ran- 
dom element of U. 

The basic idea is that the elements of S corre- 
spond to a stored data set drawn from U. We 
consider the problem of searching the set in order 
to determine whether a randomly drawn element 
from U, b is in the set S or not;  and if it is in S, 
to determine its location (i.e., for which i we have 
b = b,). The available experiments can be denoted 
by 

A = ( 0 , 1  . . . . .  n} ,  
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where for a - - 1  . . . . .  n, the experiment a is inter- 
preted as 

'compare b with b a' 

(and a = 0 represents the null information experi- 
ment). Thus, for a ~ A i ,  the possible outcomes of 
the experiment are 

b<ba,  b = b  a or b > b  a. (3) 

For notational convenience, we shall represent 
the state space as 

X =  Y U Z ,  
whereY ffi { y~ . . . . .  y, }, with the interpretation 

x=y ic*b=b~  for i = l , . . . , n ,  

and Z = {z 0, z~,... ,  z, }, with the interpretation 

( b  < b 1 if j = 0 

for i f 1  . . . .  , n - 1  
/ 

~ b > b ,  for j = n .  

We then define 

p , = P r ( x = y , ) = P r ( b = b , )  for i = l , . . . , n ,  

qo= Pr( x = zo) -- er(  b < bl), 

q y = P r ( x = z y ) = P r ( b j  < b < bj+l) 

for j = l  . . . .  , n - l ,  and 

q,=Pr(x=z,)=Pr(b>b,). 
From (3) and our specification of X, we see 

that for each a E A t, the information structure for 
a, Ma, can be written as 

M a = { Mot, Ma2, Ma3 }, where 

Mat = {Yt . . . .  , y=_,} U {z 0 . . . . .  za_ t ) ,  

Ma2 = {Ya}, and 

Ma3 = {y~+,, . . . .  y . ) U { z =  . . . . .  z . } .  

To complete our specification of the problem, we 
note that we can specify D as 

D =  {0,1 . . . . .  n},  

with the following interpretation: d =  0 corre- 
sponds to the decision b E S (i.e., x ~ Z),  d = j  
corresponds to the decision b = by (i.e., x = y )  for 
j =  1, . . . .  n. It also seems appropriate here to 
specify our gross payoff function o~: X × D ~ H 
as  ti 0 if ;0an x  , 

d)=- orifd {1 . . . .  , . }  

and x -- Yd, and 

otherwise. 

We also suppose that there exists some constant 
c > 0 such that 

c ( a ) = c  for a = l  . . . . .  n. 

Thus we see that, in the formulation developed 
here, the problem of finding an optimal for the 
solution of the computer file search problem is a 
special case of our categorization problem. Notice 
also that the file search problem satisfies condi- 
tion (4) of the previous subsection, i.e., we have 

BA>X. 
We shall examine the solution of the computer file 
search problem in some detail in section 6.5. 

5. Expected Costs and the Number of Sets in the 
Final Information Structure 

5.1. Prelimina, , Results 

In this section we shall often be dealing with 
situations in which D satisfies one or both of the 
following conditions. 

5.1.1. Definition. We shal say that D has con- 
stant information cost c, if c ~ R + is such that 

(Va ~ A , ) :  c ( a ) = c .  

5.1.2. Definition. 
ment information 
{2, 3 . . . .  }, iff 

We shall say that D is a k-de- 
structure problem, where k 

( V a ~ A 1 ) :  n ~ =  # M ~ = k ,  

i.e., for each a E A1, M a is of  the form 

Mo = { Mo, . . . . .  Mok } 

(note: If k -- 2, we shall use the term 'binary' in 
place of 'two-element'; and if k = 3, we shall 
similarly use the term 'trinary'). 

In this section we shall assume that D is a 
k-element information structure problem only 
where explicitly stated. However, throughout this 
section we shall use k to denote the value of 

k = max # M  a = maxn,,.  (1) 
aEA a~A 1 

We shall also find the following to be conveni- 
ent in characterizing the value of expected cost. 
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5.1.3. Definition. Given an efficient information- 
gathering strategy for D, a = ( B  1, al) . . . . .  (B  r, 
a t ) ) ,  and letting Br+ 1 = R ( B , ,  a~), we define 
"r=: B~+I "" {1 . . . . .  r} by 

~',,(B) = m a x (  t E  {1 . . . . .  r}  la ( t ,  B)  =#0}. 

5.1.4. Proposition. I f  the decision problem D has 
constant information cost, c, and a is an efficient 
information-gathering for D, then 

= r c -  Y'~ ~r (B) [ r - ,= (B) ] c .  (l) 
BEB~+I 

Proof. We have 

= E 
B~Br÷I 

C(B)= ~ c[a( t ,  B)]. 
t = l  

However, since 

where (2) 

(~  if a ( t , B ) = O ,  
c [a ( t ,  B)] = if a( t ,  B)#=0.. 

it follows (since a is efficient) that 
r 

Y ' . c [ a ( t , B ) ] = ~ o ( B ) c .  
t=l  

Therefore, by (2)-(4), 

E 
BEB,+i 

o(,),(,)]c 
which establishes the first equality in 
second equality follows readily, using 
that, since Br+t is a parti t ion of X, 

E = 1 .  
B~B,+I 

Q.E.D. 

(3) 

(4) 

(1). The 
the fact 

Turning now to the question of characterizing 
the number  of elements in B~+ 1, we note first that  
it is fairly obvious that if a is a feasible informa- 
t ion-gathering strategy for D, and Br+ ~ = 
R ( B,, a~ ), then 

#B,+ 1 < k'. 

However, with the use of the ~'a(') function, we 
will be able to prove a somewhat  sharper result; 
al though we must  first develop some supporting 
material, as follows. 

Let a ffi ( (Bl ,at)  . . . . .  (B, ,a , ) )  be an efficient 
information-gathering strategy for D such that 
al(X ) =/= 0, 19 and let 

B,+ 1 = R ( B  r, ar) .  

For t = 1 . . . . .  r, we partition B t into three subsets, 
as follows: 

BI = B °  = B2° --- O, B~ = B1--- { X } , 

= = 0 } ,  

,-,rid, in general 
t - - 1  

Bt°= U B  1 $ ,  

s = l  

and 

B ) = B t \ [ B ° U B t  2] for t = l  . . . . .  r. 

Note  that  for t ~ {1 . . . . .  r},  Bt 2 might be called 
the action set; it is only if the previous actions 
(experiments) have shown that :2, the true state, is 
an element of some B E Bt 2 that an information- 
gathering activity is conducted ~t the t th step. The 
information sets in Bt \B t  2 all have the property 
that no new experimentation is to be performed at 
the t th  step. However, the sets in Bt \Bt  2 are of 
two types: (a) those on which no new experimen- 
tation was to have been performed at the (t - 1)st 
step, and which were, therefore, also elements of 
B,_ t, and (b) those sets B ~ B~ for which a:(B) = 
0, but  which were not elements of B,_ i [thus for 
B u:, a,-t[ /Lt(B)]  * 0l. 

Thus we have, for each t ~ { 1 . . . . .  r }, 

u°u  U:= { 

and, since a is effick~nt, it follows that 

Bt°uB~c_B,+l  for t = l  . . . . .  r. (5) 

In fact, for each t ~  {1 . . . . .  r +  1}, 

B ) = { B E B r + I I % ( B ) - - - t - I } ,  and (6) 

t9 In the following we shall speak of an efficient information- 
gathering strategy as being non-trivial if al(X) ~ O. Note 
that if a is efficient, and al(X ) --0,  then B,+I -- {'X}. 
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Bt=B~2U for t = l  . . . . .  r + l .  (7) 

5.1.5. Lemma. I f  a = ( (B 1, a l) . . . . .  (B r, a,)) is 
an efficient and non-trivial information-gathering 
strategy, and we define 

n,+~ = r(n,, ~,), 
then we have 

t--1 
#Bt<kt-'- E (#B~)(k'-'- 1) 

s=l  

for t = 2  . . . . .  r + l .  (8) 

Proof. For t = 2, we have B 2 = M~,cx ~, and obvi-  
ously, #/)2 = # M ~  (x) < k, while EI~_I(#B~)(k 2-~ 
- 1 ) = 0 . ( k -  1)='  O. 

Suppose now that our  formula (8) holds for 
t = q(q >__ 2). then for t = q + 1, we have 

. . . ,  = u ,[.. 
B~Bq 

= Z: # ( . [ B . - . ( . ) I )  

= E * ( ' [ B ,  " q ( B ) ] )  
s~B~ 

+ E #(,[B, o.(B)]) 
s~n~ 

+ Z: 
s~n~ 

q 
-< E #B: + 

s--I 

= g #hi + #B~- E # k 
s=l  s=l  

q [ q -1  
< E # B J + k  k q - l -  E ( # B ) ) ( k  q - ' - l )  

s=l  s=l  

$=1 
q q 

E .~B: -1- k q -  Z (#J~:) kq+l-s  
$=1 s=l  

q 

= k q -  E (#BIs)(  k q + l - s -  1) 
s=l  

t -1  

= k ' - ' -  E (#n: ) (k ' - ' -  i). 
s=l  

Q.E.D. 

We  can now prove the following. 

5.1.6. Proposition. I f  0[ = ( ( B I ,  a l )  . . . . .  (Br, Olr) ) 
is an efficient information-gathering strategy for D, 
and B, + 1 = R ( B,, a,) ,  we have 

r+ l  
# B , ÷ , < _ k ' -  E (#B:)(k "+'-'- 1) 

t= l  

= k ' -  E [ k ' - ' * ( s ) -  11, (9) 
B~B,+ I 

and thus 

r+ l  
E ( # n : ) k  "+~-' <_k'. (10) 
t=l 

Proof. (i) We first prove the inequali ty in (9), 
as follows. If  m i n { % ( B ) l B ~ B , + l } = O ,  then, 
since a is efficient, B,+I = { X } ,  #B~+ 1 = 1, and 

r+ l  
E ( # B t l ) ( k ~ + l - t - 1 ) - - l " ( k r - 1 )  , 
t=l 

so that 
r+ l  

m ~ _ k r p  1 = # B , + I  E ( # B t l ) ( k r + l - t - 1 ) ,  
t=l 

as required. 
N o w  suppose  m i n { % ( B )  I B ~ B,+ 1 } >_ 1. Then 

a is non-trivial, and by Lemma 5 we have 
r 

#nr÷, _< k ' -  E (#n:)(k'+~-'-  1). (11) 
tffil 

Since 

(~nl.,.u, + 11~t t . ,+  I - ( , +  I ) . .  _ 1)  = 0 ,  

we can extend (11) to 

r+1 
# B , + , < k ' -  E ( # B ) ) ( k ' + ' - t -  I ) ,  (12) 

t= l  
which establishes the inequali ty in (9). 

Now,  we have 
r+ l  

B,+I----- U B t  1, 
t~ l  

and, for all B ~ B~(t = 1 . . . . .  r + 1), %(B)  = t - 1. 
Thus  

r+ l  

k ' -  E (#Btl)(  k ' + ' - ' -  1) 
t=l 

= k ' -  E [ kr-'ra(B)- 11, 
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which establishes the equality in (9). 
(ii) We have 
r + l  

E (#hi)(k'+'-'-l) 
t = l  

r + l  r + l  

= E ( # n ; ) k  " + ' - ' -  E #B ~, 
tffil t=l  

r + l  

= E (#B, ~)k "'~'-I _ #n,+,, (13) 
t=l  

where the last equality follows from the fact 
{B~, B21 . . . . .  B~+a} is a partit ion of B,+a. Sub- 
sti tution of (13) into (12) yields inequality (10). 
Q.E.D. 

5.1.7. Corollary. If, under the hypotheses of Pro- 
position 6, we have 

# B , +  1 > k ( k  "-1 - 1) + 1, then (14) 

(~¢B E J~r+ 1): ~(B)- - - r ,  (15) 

or, equivalently, for each t ~ { 1 . . . . .  r }, we have 

('¢B E n,): ,,,t(B) 4: 0. or (16) 

#n]  --0. (17) 

Proof Since it is obvious that (15)-(17) are all 
equivalent, we shall prove that (14) implies (17). 
Accordingly, from (14) and (9) of Proposition 6, 
we have 

r + l  

k ( k ' - l - 1 ) + l < k  " -  ~ ( # B ] ) ( k : + i - t - 1 ) ,  
tffil 

f rom which we obtain 

r + l  
y" (#B))(k'+'-'-l)<k-1. (18) 
t=l  

If it were the case that for some q ~ {1 . . . . .  r} ,  we 
had  #B~ >_ 1, then we would obtain from (18) that 

k - l > ( # B ~ ) ( k r + ' - q - l ) > k - l ,  

yielding a contradiction. Thus we conclude that  

#Bt  x = 0  for t = l  . . . . .  r. 

Q.E.D. 

5.2. Appfi,:ation to the Categorization Problem 

Throaghout this section, we shall suppose that D 
is a categorization problem and that D has constant 

information cost, c, i.e., 

(Va ~A,): c ( a )  = c_>0. 

We write 

B" = {B,, . . . .  B~}, 

(1) 

(2) 

and suppose, without loss of generality, that, deft- 
ning 

O,=~k(Bi) for i f f i l  . . . . .  q, (3) 

that we have 

o,>_o~>_ . . .  >_o~. (4) 

Finally, we shall once again let 

k - max # M  a. (5) 
aEA 

Before turning to our first result of this section, 
it may be worthwhile to set the stage by consider- 
ing some aspects of the principal new hypothesis 
we shall use in said result. In Theorem 1, below, 
we assume that  there exists an efficient strategy, 
o* = ( a* ,  B,*I, 8 " )  such that #B ,*  1 - k ' .  If this 
is the case, then q >  k" [where q is from (2), 
above]; and, since B A >_ B,*1, there is no loss in 
generality in supposing that  we can label the sets 
in B a in such a way that there exists a one-to-one 
and onto mapping, 

~: {1 . . . . .  k'}-o B,*+,, 

satisfying 

B,_c~(i)  for i f f i l  . . . . .  k ' ,  (6) 

[each B ~ B , *  t contains at least one B ' ¢ B A ;  
and, for each B, B '  E B *  1, BA(B)  n B a ( B ' )  = £1]. 
We shall suppose, however, that the labeling and 
the mapping ~ can be constructed in such a way as 
to satisfy (4) as well. This combinat ion of condi- 
tions is, therefore, more restrictive 20 than the 
mere assumption that #B ,*  1 -- k ' .  

.5.2.1. Theorem. I f  D satisfies 

X > B A, (7) 

(k- 1)~,O>_c, (8) 

where O=Okr, and if there exists an efficient 
strategy for D, o* = (a*, B,*t, 8* ), satisfying 

#B,~-t = k ' ,  and there exists a one-to-one 

and onto mapping (9) 

2o Notice, however, that the labeling of B A which produces (4) 
will generally not be unique; that is, it is unique if, and only 
if, all the inequalities in (4) are strict. 
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~': {1 . . . . .  k" } --, B,*~, satisfying 

B~c ~(i) for i =  1, . . . ,  k ' ,  then 

( i ) the expected net return from o * is 

12(o*) - - / " (0")  = O, ~--rc, 

( ii ) o* is optimal forD. 

and 

Proof. (i) By Proposition 4.1.3, we have 

~2(o*) = [ a~.,÷, ~-'* max{ ~(B ' ) lB '  ~Ba(B)}]  ~" 

(10) 

However, if B ~ B,* 1 is such that 

~ - l ( a ) = i ~ { 1  .... , k ' } ,  

we have 

BiC_B, 
and, for j < i, B n By = ~. Therefore, by (4), 

max{ ~ ( B ' ) I  B' E Ba(B)}  =O,=~(B,), 
and, by (10) we then have 

(!) a (o* )  = 0, ~. 
iffi 

Now, by Proposition 5.1.4, 

However, since #B,*~ ~ k  ~, it follows 
Corollary 5.1.7 that 

:va~a,*~): , . . ( a )  = r, 

and thus we have from (12) that 

(11) 

(12) 

from 

(13) F ( o * )  = [ n~8,+,E'~r(B)] rc=rc' 

where the second equality is by the fact that B,* 
is a partition of X. 
(ii) Suppose o=(a,  B,+ 1, 8) is an efficient 
strategy for D. Then we have by Proposition 4.1.3 
and 5.1.4 that 

~ ( o ) - r ( o )  

(14) 

- - [  ~"~a~a,÷~max{~k(B')lB'~Ba(B)}] ~ 

-rc+ ~., ~t(B)[r-r~(B)]c 
B~B,+t 

Now, by Proposition 5.1.6, we have 

#B,+I <k r- E [ k'-~'(a)- I]. (15) 
BEB,+I 

Defining 

P--  E [ k ' - ' ° ( " ) - l ] ,  
B~B,+I 

we see from (15), (4) and the form of f~(°) that 
we can write 

~'~(O)= [B~B,+,E max{~(B')IB" ~BA(B)}] ~ 

~_ o, ~. (16) 

Thus from (11), (13), (14), and (16), we have 

e ( o ,  ) - r ( o * )  - [ e ( o ) -  r ( o ) l  

>- ~ -  E ¢r(B)[r-%(B)]c 
i=k B~Bt+I 

> [kr-(kr-~)]O~ 

- E rr(B)[r-%(B)]c 
B~B,+I 

- ~, ¢t(B)[r-r~(B)]c, 
B~B,.+l 

and thus, 

~ ( o , ) -  r ( o * ) -  [~(o) - r (o)]  

>- E { k'-~°(~'- l) o~ 
B E /Br + I 

-~r(B)[r-~a(a)]c}. (17) 
Now, let B ~ Br+ 1 be arbitrary, and define 

×(B)-(k "-'o'~'- 1)O~-~,(a)[r-~a(B)]c. 
(18) 

We consider two cases. 
(a) ~-~(B) = r. In this case, (18) becomes 

x ( B )  = (k ° -  1)O~-~r(B).O.c=O. (19) 

(b) ,r,(B) ~ {1 . . . . .  r - 1}. Since r - ~',(B) > 0 in 
this case, we see that 

x(B) >_ 0 "~ 0~[ k '-~*(B) - 1]/[ r - z.(B)] 

> 7r(B)c. (20) 
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However, it is easy to prove that, since k > 2, 

( k q - 1 ) / q > k - 1  for q = l , 2  . . . . .  

and thus 

O~[k " - ' ( ~ ) -  1] / [ r -~ 'a (B)]  >-- ( k -  1)0~. (21) 

However, by assumption (8) and the fact that 
B __ X, we have 

(k - 1)0~ > c > ~r( B)c ,  (22) 

and thus it follows from (20)-(22) that x(B)>_ 0 
in this case as well. 

From our analysis of the two possible cases, we 
see that the fight-hand-side of (17) is a sum of 
non-negative terms, and it follows that 

~ ( o *  ) - r ( o * )  > ~ ( o )  - r ( o ) .  

Q.E.D. 

5.2.2. Corollary. 
count form, and satisfies 

( k  - 1 ) ~ / m  > c, 

and o* = (a*,  B*+I, 8*)  
for D satisfying 

# Br*4.1 = k r, then 

( i ) the expected net return from G * is given by 

f l (  o *  ) - F (  a*  ) = k r ~ / m  - rc, and 

(ii) o * is optimal for D. 

I f  D is of the only correct guesses 

(23) 

is an efficient strategy 

Proof. We first note that, in the notation of 
Theorem I we have 

O ~ = l / m  for i = 1  . . . . .  q. 

Thus, since # B *  1 -- k r, it is clear that hypotheses 
(8) and (9) of Theorem 1 are satisfied. Since D is 
of the only correct guesses count form [and thus 
satisfies (7) as well], it then follows from Theorem 
1 that 

O(o . ,  rc:'.'O m rc 
~j f f i l  

and o* is optimal for D. Q.E.D. 

In the case where D has the structure assumed 
in Theorem 1, the following provides a simple 
condition for constructing admissible strategies 
for D. 

5.2.3. Proposition. Suppose D satisfies 

X > B A, and (24) 

~Oq > C, (25) 

and that o -- ((Bl,al) , . . . , (B,,  at), (B,+ l, 8)) is 
an efficient strategy for D such that for some t 
{ 1 . . . .  , r } and some B ~ B, we have 

Bq~B a and a t ( B ) = O .  (26) 

Then o is strictly dominated. 

Proof. If B ¢ B, satisfies (26), it follows from 
Proposition 2.4.7 that there exists a ~ A such that 

#,(B, a) >_ 2. 
Thus, using (the proof of) Proposition 4.1.3, we 
see that 

[1 /~ t (B)] [n , . , (~ ,~ )~ t (B ' ) v (B ' )  

- E o(x)o,[x, 8(B)] 
x ~ B  

= [~/, .(B)] 

X[ , E max{~(B")[ B''~BA(B')} 
[B E,(B, ~) 

- m a x { ~ / ( B " ) I B " ~ B A ( B ) } ] .  (27) 

However, since z(B, a) is a partition of B, and 
each B' ~ t(B, a) is n-feasible, 

U BA(B')=SA(B)" 
B" ~t( B, d) 

Therefore, if 

max{ ~/,(B") l B'' E BA(B)} =Oh, 

it follows from the fact that #t(B, (~)_> 2 that 
there exists i ~ {I, .... q} such that 

× , Z ~sA( B')} . ~,(". a)max{ I k ( B " ) l B "  

-max{ ~/,(B") l B" ~ BA(B)}] 

> [~/,,(~)1[0~ + o , -  o,,1 

>_ ~oq/~(B). (28) 

However, it follows from (25), (27), (28), and the 
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fact that 0 < ~r(B) _< 1, that 

D/,~(B)][ , E ,,(B'),,(B') 

- ~,~,,E ,(x)o,[~, 8(B)I] > c, 

and it then follows from Proposition 3.2.3 that o 
is strictly dominated. Q.E.D. 

5. 3. Balanced Strategies 

In section 5.1 we presented a result (Proposi- 
tion 5.1.6) which gave an upper bound on the 
number of sets in the final information structure. 
In some situations, however, we can provide a 
more exact characterization of the number of sets 
in the final information structure. One of these 
situations is defined by the following (note: in the 
following we shall use the B~ °, B), B, 2 partition of 
B, that was introduced in section 5.1. 

each aEA,  t(B, a) contains t sets from B A. We 
will find this sort of situation to obtain, for exam- 
ple, in the computer file search problem. 

5.3.2. Proposition. l f  D is a k-element information 
structure problem, I ~ {0, 1,..., k - 1 }, and 

,, = <(B~, ,,,i) .... ,(B,, ,~,)> 

is a ( k, 1 )-balanced strategy for D, then 

(i) # B t 2 = ( k - l )  t-1 for t = l  .... ,r, 

( i i )  . B , l = t ( k - t y  -~ for t = 2  . . . . .  r, 
t 

(iii) E (#B~s) 
s~l  

for I ~  {0 . . . .  , k - 2 }  

/ ( t -  1) 
for l = k - 1  

5.3.1. Definition. Let D be a k-element informa- 
tion structure problem, and let I E {0, 1 . . . . .  k - 
1}. We shall say that a feasible information- 
gathering strategy for D, 

,,=<(B,, ,~,), .... (B,, ,,,)> 

is a (k, l)-balanced (informational) strategy for D 
iff a satisfies 

(1) # B  2 = k (and thus #B~ = 1 and #B~ ffi 0). 
(2) #Bt+l ffi k(~Bt 2) + v't # B  1 for t = 1, r. z- '$~  l $ . . . ,  

(3) #Bt 1 = l(#Bt21) for t = 2 , . . . ,  r. 

(We shall say that a feasible strategy, o = 
(a ,  B,+ 1, 8) is a ( k , / ) - ba l anced  strategy if a is a 
(k, l ) -balanced strategy.) 

Thus with a (k, I )-balanced strategy, at(B) 4:0 
implies 

#,[B, a t ( B ) ] f k ,  

for B E B,, t = 1 . . . . .  r (experimentation is per- 
formed only when there are k-possible outcomes, 
given the information available beforehand). Fur- 
thermore, (on average) each time a non-null ex- 
periment is undertaken at t E {1 . . . . .  r -  1 } on 
B ~ Bt, no new experimentation is undertaken on 
I of the sets in ,[B, ot,(B)] at t + 1. The most 
likely situation in which this latter condition will 
happen is when it is true that for each B E B t and 

for t - -1 , . . . ,  r, 
(iv) #B, 

I (k-1)(k-I)'-'-I } 
---T-TZT . . . . .  

= for l e  {0 . . . . .  k - 2 }  

/ l ( t - 1 )  + 1  

for i =  k - 1  

for t = l  . . . . .  r + l ,  

where B, + 1 = R ( B,, a, ). 

Proof. (i) We have [see (7) of section 5.1], 
t + l  

#B,+l=#Bt2+l+ • # B )  for t = l  . . . . .  r - l ,  
$ = 1  

(1) 
while, since a is a (k, ! )-balanced strategy, 

t 

#u , . ,=k(#S ,2 )+  E #n] for t = l  ..... r, 
s = |  

(2) 

#B,I=I(#Bta_I) for t=2  . . . . .  r, and (3) 

#B2 = k, # B ( =  1, #BI  = 0 .  (4) 

Substituting (3) into (1) and (2), and equating 
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the result, we obtain 
t + l  

#Bt2+l + E I ( # B ) _ , )  
s = 2  

t 

= k ( * B t 2 ) +  E I ( # B / _ 1 ) ,  
$=2 

from which we have 

# B , 2 + l = ( k - l ) ( # B  / ) for t = l , 2  . . . . .  r - 1 .  

(5) 
From the initial condition (4), eq. (5), and a trivial 
induction argument, we obtain 

# B t 2 = ( k - l )  t-I for t = l  . . . . .  r. (6) 

(ii) From (3) and (6) we obtain 

# B / = l ( k - I )  t-2 for t - - 2  . . . . .  r. (7) 

(iii) It follows at once from (7) that 
t t t - - 2  

E # B ~ = I Z ( k - I ) ~ - 2 = I E  ( k - l )  ~ 
s = l  s = 2  s f f iO 

for t = 2  . . . . .  r. (8) 

From (8) we obtain two cases 
t 

# B ~ = l ( t - 1 )  for t----1 . . . . .  r, 
$=1 

if l = k - 1 ,  (9) 

and, using the formula for the partial sum of a 
geometric series 

- i - - l  for t = l  . . . . .  r, 
s = l  

if I ~  {0 . . . . .  k - 2 } .  (10) 

(iv) From (2), (6), (9), and (10), we obtain 

# B t = k ( k - l )  '-2 + l ( t ' - E ) = l ( t -  1)+  1 

for t = 2  . . . .  , r ,  if / = k - l ,  and 

# B t = k ( k - l )  t-2 + 1 [  ( k k ~ )  t-2-i2.i 1 

=[k(k-l)t-'-k(k-l)t-' 

× [ k - l - l ]  -1 

( k - 1 ) ( k - l ) ' - ' - I  
k - l - 1  

for t = 2  . . . . .  r + l ,  if i ~ { 0  . . . . .  k - 2 } .  

Since the formulas 

f ( t )  = l ( t  -- 1) + 1, and 

g ( t ) =  [ ( k -  1 ) ( k - l ) t - l - l ] / [ k - I  - 11, 

yield 

f(1)  =g(1 )  = 1 = #B, ,  

our conclusion follows. Q.E.D. 

It is entirely possible that the only interesting 
application of our next result is to the computer 
file search problem. However, since the hy- 
potheses are satisfied in a much wider class of 
problems, we present the result here rather than 
postponing it to section 6.5. 

5.3.3. Proposition. Suppose D is a k-element infor- 
mation structure problem with constant information 
cost, c >_ 0; and suppose a = (( g t, al) . . . . .  (11,, 
a,) ) is a ( k, I )-balanced strategy for D such that 
for each t ~ { 1 . . . . .  r }, and each B ~ Bt l, we have 
~r( B) =p  > O. Then 

( c / 2 ) [ 2 r - p l r ( r -  1)] 
if l = k - 1 ,  

[{c/(k-t-1)} 
y ( a ) = ( . { r ( k - i - l + p l )  

I - P l [ ( k - l ) r - l l  

] ~[k-l-l]} 
[ if I ~  {0, . . . ,  k -  2}. 

Proof. 
of Bt 2, we have 

¥ 

E E 
t = l  B~B~ 

From Proposition 2.3.2 and the definition 

--c E ,'(B) 
B~B/ 

t= ]  ~=1 nea,' J /  

=c r - p  #B~ . 
= s f f i l  

(11) 
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Using Proposition 2, we now distinguish two cases. 
(a) I = k - 1. Here we have 

! 

E # B ~ = l ( t - 1 ) .  
s f f i l  

Substituting (12) into (11), we then have 

 c[r 1,] 

-p1 (r - 1)1. 
(b) I E {0, . . . .  k - 2}. Here we have 

t 

~_, # B ~ f f i l [ ( k - l ) t - t - 1 ] / ( k - l - 1 ) .  
s f f i l  

Substituting (13) into (11), we then obtain 

"g( a )  = c (  r - p I / (  k - I -  1)  

×iI(k-,,' 

= c[r + rpU(k  - t -  1) - M  

'-1 ] 

(12) 

(13) 

= c { r + r p l / ( k - l -  1 ) - p l [ ( k - l ) ' -  1] 

/(k- 1) 
= { c / ( k - I - 1 ) }  

• { r ( k - Z -  l + p I ) - p l [ ( k - I ) ' -  1] 

~ ( k - Z - l ) } .  

Q.E.D. 

The special case of the above result which will 
be pertinent to our analysis of the computer file 
search problem is the following; the proof  of 
which is immediate. 

5.3.4. Corollary. Under the hypotheses of 5.3.3, 
and with k -- 3 and I = 1, we have 

7 ( a ) = c [ r ( l  + p ) - p ( 2 " -  1)]. 

While the results of this subsection have direct 
applications to both the 'only correct guesses 

count '  problem and the computer  file search prob- 
lem, we shall postpone our discussion of these 
applications until after we have developed the 
theoretical results of the next section. 

6. Binary  and Tr inary  In format ion  S truc tures  wi th  

a L inear  O r d e r i n g  on  th e  S e t  o f  E x p e r i m e n t s  

6.1. Introduction 

Throughout  this section we shall suppose that 
D is a k-element information structure problem, 
and that k is either two or three; that is, that 
information is either binary or trinary. Many of 
the concepts, and some of the results we shall 
develop here are valid for k _> 4 as well; but  the 
key results, those which make the material to 
follow of real use, do not hold (or hold only in 
trivial special cases) for k >_ 4. 

By way of introducing the material to follow, 
suppose k = 2, and consider the binary relation >_ 
defined on A 1 by 

a>_ a ' ¢ * M , 1 D M a ,  1 for a, a ' ~ A  1. ¢i) 

It is easy to show that > is a partial order on A 1 
(that is, it is reflexive, transitive, and antisymmet- 
ric), 21 and has the asymmetric part, '>  given 
by 22 

a ~> a'  ~=~ Ma, i C Mal (2) 

In section 6.4, below, we shall explore some impli- 
cations of the assumption that > is total on A 1. 
Since >_ is a partial order on ,41 (and thus 
antisymmetric), it follows, however, that if >_ is 
total, then '> is total 23 as well; and, conversely, if 
' >  is total, then >_ is total. Consequently, rather 
than assuming that  >_ is total, we can equiv- 
alently (and shall) proceed by assuming that '> is 
total on A t . 

In the trinary case (k -- 3), we proceed by first 

21 

22 

23 

In so far as the proof that > is antisymmetric is concerned, 
note that if a > a', then M,, I = Mo, v But then, since both 
{ Mal, Ma2 } and { Ma, i, Ma, 2 } are partitions of X, it fol- 
lows that Ma2 = Ma, 2 as well. Consequently M a = M  a,, 
and thus a ffi a'. 
Where we use the notation 'A c B' to indicate that A is a 
proper subset of B, i.e., A _c B and A ~ B. 
That is, for all a, a'EA1, we have a > a ,  a >a, or 
a=a' .  
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defining '> on A l as a slight strengthening of (2) 

a b. a'  ~ M~, 1 U Ma, 2 C Mal. (3) 

It is easily shown that the relation '> defined in 
(3) is asymmetric and transitive. In section 6.2 we 
will explore the implications of the assumption 
that it is total as well. 

In the next three subsections we shall treat the 
trinary and binary case separately. It would be 
possible to treat the two cases simultaneously [al- 
though we would have to introduce a new condi- 
t ion in place of (2) for the binary case], but  this 
would require our introducing some new notat ion 
which would serve no purpose other than to allow 
us to treat the two cases simultaneously. 

While we shall assume in both subsections that  
the pertinent ordering is total on A~, it should be 
noted that  in each case the results are applicable 
on any chain in A r That  is, in section 6.2-6,4 we 
could replace A 1 with some (possibly proper) sub- 
set of  A~, call it A*, on which '> is total. We shall 
discuss this extension very briefly in section 6.5. 

6.2. The Linear Ordering in the Trinary Case 

Throughout  this section we shall assume that D 
is a trinary information structure problem. More- 
over, defining '> on A 1 by 

a ~> a '  ¢~ g a ,  1 U g a ,  2 C Mal , (1) 

we assume that '> is total on A~. Since '> is total 
on A~, we can also suppose, without loss of gener- 
ality that our experiments are numbered in such a 
way that  '>  coincides with the usual strict in- 
equality for the real numbers.  Thus 

( V i , j E A , ) : i > j * * M j l  U Mj2  C M n. (2) 

It will be convenient in the following to adjoin to 
A~ the two elements 0 and n + 1, where we define 

M 0 = { M0,, M02, Mo3 } with 

mo 1 = mo 2 = ~,  mo 3 m_ X, and  (3) 

)14. +, = { M,,+l.a, 34. +,.2, M. +,,3 } with 

Mn+l,l ~-~ X, Mn+l,2~- Mn+l,3-~-~. 

Defining 

,i=A,u {0, n +  1} ={0 ,  1 . . . . .  n+ a}, 

we can then prove the following. 

(4) 

(5) 

6.2.1. Lemma. With the definitions (3)-(5), above, 
"> is total on A and coincides with the usual strict 
inequality for the real numbers on A; that is 

(vi, j ~,~): j > i ~, ~ ,  u M,~ c ~ .  (6) 

Moreover, we have 

( V i , j  E A ) :  j > i ~ , M y 2 U M j 3 c M i 3 .  (7) 

Proof. In order  to establish (6) it obviously (given 
our previous reasoning) suffices to establish (6) for 
the special case where { i ,  j } t3 {0,  n + 1 } ~ ~. 
However, if i = 0 and  j ~ { 1 . . . . .  n + 1 } then Mjl 

~I, while 

M/1 U M/2 =~[.  

Thus, for i = 0 and j ~ { 1 . . . . .  n + 1 } 

- M n U n n C My 1 . 

Similarly, if j = n + 1 and i ~ {0, 1 . . . .  , n }, then 

M: = X, while 

Mrs • ~J, so that 

X : k  X \  Mi3 = Mil U Mis, Therefore 

M,, u M,~ c %, 

in this case as well. 
Now let i, j ~ A be such that j > i. Then by (6) 

we have 

M n U Mi2 c Mjl , so that 

M,.~ u M~ = X \  M,., c X \  ( M,, u M,~ ) = M,3. 

Conversely, if i, j ~ A such that 

Mj2 u Mj3 c M~3 , then 

and thus by (6), j > i. Q.E.D. 

The following sets forth the basic facts regard- 
ing intersections of May, Ma.y,. 

A 

6.2.2. Proposition. For all i, j ,  k ~ A, we have 

(i) M/, n M, s *fJ **j> i, 

(ii) k >__j-~ M~ n ~, =~, 
( iii ) k <_ i ~ Mk2 n Mn =16, 

( iv ) j * k "-~ Mr, 2 :1 Mj2 -- RJ, 

(v)  i < k  < j ~  Mjl n M k 2 n M n =  Mk2. 

Proof. (i) If  j < i, Mjl _ M a. Since M n n M, 3 = 
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~, it then follows that 

M. n M,3 = ~. 

Therefore, 

M# n Mi3 =/: fJ -* j  > i. 

Conversely, suppose j >  i. Then by (6) of 
Lemma 1, 

. %., n [X \ (M,1  U Mi2 )] = 1 n 

(ii) Suppose k > j .  Then 

m .  _ mkl, 

and, since Mkl ('1 Mk2 =Jg, it follows that 

n 

(iii) This proof is similar to the proof of (ii), and 
will be left to the reader. 
(iv) Suppose k < j .  Then 

Mk, U Mk2 C Mjl, 

and, since Mj2 N Mjl = ~, it follows that 

n = 

Similarly, k > j  implies [by (7) of Lemma 1] 

Mk2 U Mk3 c M D, 

and thus, since Mj2 M Mj3 = fl, 

n mj: 

(v) Suppose i < k  < j .  Then by (6) and (7) of 
Lemma 1, we have, respectively. 

Mk2 C mj l  , and 

M~2 ~ M~3. Therefore 

M, s n  M~,2n Mji = ( M,~ n Mk2 ) n 

- -  n m .  = 

Q.E.D. 
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Using (15), define 

/ = m a x  A 3 and j = m i n  A~. (16) 

It then follows at once from (14) that 

B c. Mjl n M,3 , (17) 

and since B = ~  (by the assumption that B is 
n-feasible), it follows from (i) of Proposition 2 that  

j >_ i + 1. (18) 

Furthermore,  by Lemma 1, we also have 

h,t~l = Mjl, and (19) 
aEA~ 

n Ma3~-M,3 • (20) 
aEA3n 

From (14) and (18)-(20), we have, therefore 

j ~ { i + l  . . . . .  n + l }  and 

B = M y l n (  n M,,2) nMi3 .  (21) 
aC£A~ 

Next, we note that, again using the fact that  
B @~, it follows at once from (21) and (iv) of 
Proposition 2 that there exists k ,~ {1 . . . . .  n } such 
that  

2 {k} .  (22) A , ) c  

Thus we can distinguish two cases, which are 
mutually exclusive and exhaustive. 

2 (a) A n = ~[. In this case, 

n Ma2 =X, 
a~A 2 

and it follows from (21) that 

B = M / I A M ~ 3  with i ~ { 0 , 1  . . . . .  n}  and 

j ~  { i +  1 . . . . .  n +  1}. (23) 

(b) A 2 = {k} for some k ~  {1 . . . . .  n}. In this case 
we have from (21) that 

B ffi M]. l n gk2 n Mi3. (24) 

However, from (ii) and (iii) of Proposition 2 we 
see that, since B ~ ~, we must  then have 

i < k < j ,  

and it then follows from (24) and (v) of Proposi- 
t ion 2 that B = Mk2. Q.E.D. 

We will make heavy use of the following defini- 
t ion in the remainder of this subsection. 

6.2.4. Definition. For each i ~  {0, 1 . . . . .  n} and 
each j ~ { i + 1 . . . .  , n + 1 }, we define Bij ___ X by 

Bu= 1 n M,3. 

Notice that with the use of :.he above definition, 
we can give an equivalent statement of Theorem 3 
as 

6.2.3". Theorem. I f  B c_ X is n-feasible, then ex- 
actly one of the following holds: 
(a) B = B  u for some i ~ { 0  . . . . .  n}, j E { i +  
1 . . . . .  n + l }  or 
(b) B = Mk2 for some k ~ {1 . . . . .  n }. 

F rom Theorem 3 or Y, we see that if a = 
((B1, al),...,(Br, at)) is a feasible information- 
gathering strategy for D, Br+ l = R(B,,  a~), t 
{1 . . . . .  r }, and B ~ B t, then B is of either the 
form given by (a), or by (b) in Theorem 3', above. 
Since this is the ease, a question of obvious inter- 
est is, what is the form of t(B, a )  for a ~A1? This 
is the subject matter  of the following result. 

6.2.5. Theorem. Suppose i ~ {0 . . . . .  n }, j ~ { i + 
1 . . . . .  n + l } ,  and k ~ { 0 , 1  . . . . .  n + l } .  Then we 
have: 
( i ) ( a ) # , (  B u, k)  > 1 if, and only if, k ~ { i + 

1 , . . . ,  j -  1}, 
(b) k ~ {i + 1 . . . . .  j - 1} implies t(B u, k)  = 
{ B~k, Mk2, Bkj}, and 

( ii ) t( g i2 ,  k)---- (Mi2).  

Proof. (i) Suppose i ~ { 0  . . . . .  n}, j ~ { i +  
1 . . . . .  n + 1 }, and k ~ A. Then 

, (B,j ,  k ) =  { B , v n M ~ ,  S u n M k 2 ,  B u n M k 3  } 

(25) 
k < i, then by Proposition 2, 

( M. o M,3) n 
r i M , 3 )  = M .  

However, if 

s u n = 

= Mj l  n (Mk l  

and 

B u n Mk2 = 

,(s,j, k )=  
Mji n ( M~3 N M k2) = ~1, sa that 

{ Bij 1"3 Mk3 }, and 

B,j t'~ Mk3 ---- 11/1il N ( Mi3 N Mk3 ) ~- Mil N Mi3 ~- B U. 

Since Mk2 O Mk3 = ~ = Mkl n Mk3, it is also clear 
that if k = i, 

,(so, k)={so}. 
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Similarly, it is easy to show that if j _< k, then 

k )  = 

On the other hand, if k ~ { i + 1 . . . . .  j - 1}, then 
Mkl g M/l, and 

B u n  Mk, ----- ( Mjl n Mi3 ) n = ( n Mkl ) 

n M,3 = Mkl n M,a = B,k 

and, since Mk3 C_ Mi3 , 

BUC~ Mk3 = M j l  :'1 (M,3 n Mk3 ) = Mj, n Mk3 

ffi Bkj; 

while by (v) of Proposition 2, 

Thus we see that if #L(Bu, n ) > I ,  k ~ { i +  
1 . . . . .  j -  1}; while if k ~ { i +  1 . . . . .  j -  1}, 

, (B , , ,  k) ffi { B,k, M ~ ,  Bk, }, 

and thus 

#L(B u,  k )  = 3 > 1. 

(ii) It is immediate that if k = i, then 

t(M,2, k ) - -  ( M,2 }. 

Suppose now that k ¢ i. Then 

i < k ~ Mi~ c_ Mkl, so that M~2 A MI,2 = M~2 N 
Mk3 ffi ~, while, by (7) of Lemma 1 
i > k ~ M,2 C_ Mk3, and thus Mi2 n Mkl ffi M,2 n 
Mk: 
Therefore, in all possible cases, we have t (M~,  k)  
ffi { M,~ }. Q.E.D. 

The following two results are more or less 
immediate implications of the previous two theo- 
rems, and their proof will be left to the interested 
reader. 

6.2.6. Corollary. I f  a = ( ( B .  al) . . . . .  (a, ,  a,))  is 
a feasible information-gathering strategy for D, and 
we define 

#,,.: = R(B,, 
then for every t ~ { 1 . . . . .  r + 1 } and every B ~ Bt, 
either 
( i ) there exists i ~ {0 . . . .  , n} and j e {i + 1 . . . . .  n 
+ 1 } such that B = Bij, or 
(ii) there exists k E {1, . . . .  n} such that B ffi Mt, 2. 
Furthermore, i f  a is efficient, and t and B are such 

that t ~ {1 . . . . .  r},  B E B t, and 

then there exists i ~ { O . . . . .  n - l }  and j ~ { i + 
2 . . . . .  n + l } such that 

B - - B  u and a , ( B ) ~ { i + l  . . . . .  j - l } .  

6.2.Z Corollary. The family B A contains 2n + 1 
elements, and is given by 

B A = {M12, M22 . . . . .  M,2, B01, B12 . . . . .  B, .n+l) .  

We will be able to use the results obtained here 
to develop a dynamic programming solution for D 
for the case where r > n; which solution will be 
developed in the next subsection. However, in 
some cases, most  notably that where O has the 
'only correct guesses count'  form, finding an opti- 
mal solution essentially amounts  to a matter of 
finding the feasible final information structure 
having the largest possible number  of elements. In 
such a context, the following result will be of 
particular interest (see also 6.2.9, below). 

6.2.8. Theorem. I f  r and n satisfy 2 r < n + 1, then 
there exists a (3, 1)-balanced strategy for D. Fur- 
thermore, i f  ot = ((Bl,  a l ) , . . . , ( B , ,  a~)) is a 
(3, 1)-balanced strategy for D and Br+ 1 = R(  Br, ar), 
then #B,+ 1 = 2 "+1 - 1. 

Proof. We begin be defining p as that unique 
integer satisfying 

p < log2(n + 1) < p  + 1, and (25) 

n* = 2 p - 1, (26) 

and we note that 

n* < n  and r < p .  (27) 

Next, define N t by 

N t - - 2 ' - 1 - 1  for t = 2  . . . . .  r ,  (28) 

and the r -  1 sequences, ( j~)  by 

j ~ = I q 2  Ip-t'-1)! for q = O ,  1 . . . . .  N, ) 

n + 1 for q =  N t + 1 = T - I  

for t - -  2 . . . . .  r. (29) 

(Since jt~,+l -- n + 1 for each t, we shall generally 
simply write n + 1 in place of J~,+l in the follow- 
ing.) 

We now define the (3, 1)-balanced strategy, 

a =  ((B1, al)  . . . .  , (B  r, a,))  
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inductively, as follows. First let 

a l ( x )  = n* + 1 = 2 " / 2  = 2 p - '  = j 2 ,  (30)  
2 

and obtain, by Theorem 5 

= { So:, B;;. .+, ,  ~.~.= } 

= { Bj~o.j~ ' , B j~ , .+ , ,  M/,~.2 }, so that (31) 

# a  2 = 3. (32) 

N o w  suppose that after the ( t -  1)st step (i.e., 
after defining Bt_ ~ and at_ 1 for t > 2, we have 
obtained 

B, = { a;~,~, a,~.: . . . . .  aj~,. .+, ,  ~,=  ..... ~ , ,~  }. 
(33) 

Taking 

s, :  = { Bj~.j~ . . . . .  B j , , . . +  , } , 

t 

U B" = { Mj~,= . . . . .  M,,,.~ } ,  
s ~ 2  

we define ott : Bt ~ A by 
t 

odt(B)----O f o r B ~  U B1 
s = 2  

and on B ) we define at by  

• , + t 2 ___ [ ( Jq-1 Jq)// for 

w"//I', + 2 p- '  for 

and (34) 

(35) 

(36) 

q = l  . . . . .  N t, 

q = N t + l = 2  ' -1.  

(37) 

(38) 

(39) 

Now, for q = 1 . . . . .  N t, we have 

Jq-1 +Jq 2q2 e-~t-1) - 2 p-¢'-I) 
2 2 

= ( 2 q -  1 )2 ' - '  --j~_, + ( j : l - J : 7 _ , ) / 2 ,  

(40) 

and 

it "t ____ 2 P+ l - t  ~q ~ J q - !  

we see that, for t < r < p, 

J'q_, + 1 _< a,(Bg_,,,~) <jq- 1. 

Furthermore, by (38) 

a,(B/_,,j~) = (2q -  1)2 ° - ' -  : '+' . --J2q-- 1 "  

Consequently, by  (39), (40), and Theorem 5, we 
have 

= {B . . . .  . , ,  B , , . ,  . , ,  ~,;_,,,2} 
J q - i , J 2 q - - I  J 2 q - I , . ~ q  

for q =  1 . . . .  , N,. (41) 

Similarly 

~,(B,~,..÷,)-., -J~t, + 2 p-t  

= (2 ' -z  _ 1 )2P- ( , -1 )  + 2 p - '  

= 2 p -- 2P-( t - l )  + 2 p- t  = 2 p -- 2p-~ 

_- ( 2 ' -  1)2 p - '  

= N 2 p - t _  .-,+t (42) 
t + l  --JNt+t' 

so that 

~,(Bj~,..+,) > ,  -JN, + 1, 

and, since t < r < p, 

.,(Bj~,..÷,) _< 2 . -  1_<. 

as well. Thus by  Theorem 5, 

--{B . . . . .  ' sj '* '  . + = , M , , . ,  ~ .  (43) 
JN ,JNi4" I  I " 1 + 1 '  J N I + I  ~ ) 

From (33)-(35), (41), and (43), we see that 

t 

#B,+1 = 3( # B ,  2) + E # B ) .  (44) 
s ~ 2  

Furthermore, letting 

B/+1= { Mjf-,-, 2, Mj£"',2 . . . . .  

we see from (34), (38), and (41) that 

#B;÷I = #B, 2. (45) 

Finally, we note that 

j~_,=(q- I)2 p-''-') [2(q- 1)]2 °-' "+' ~ J 2 ( q -  1) '  

(46) 

and 
jq.t ~_ q2 e-¢ ' - l )  -- 2q2 p-f --J2q"'+ l (47) 

for q = 1 , . . . ,  Nt_ 1 = 2t- n ._ 1; while 

j~,= (2 ' - '  - 1)2 " - " - ' ) - -  [ ( 2 ' -  1 ) -  1]2 ' - '  

=J~,77,. (48) 
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Then, since also 

N,+, = 2 , -  1 = 2. (T-~ - 1) + 1 = 2N,+  1, 

we see from (41), (43), and (46)-(48) that /11+ 1 
has the form 

B t + , =  { BA+,.j[.,, Bjf+,.j;+, . . . . .  B i~+,,,,+,, 

. . . . .  

Thus, if t +  1 < r ,  we may define a~+i on Bt+ 1 by 
the formulas (34)-(37) (substituting t + 1 for t). It 
then follows from (32), (44), and (45) that a is a 
(3, 1)-balanced strategy. Q.E.D. 

According to the ~ above result, if 2 r<  n + 1, 
then there exists a (3, 1)-balanced strategy for D, 

o,* = < ( n ; ,  ) . . . . .  

and, defining 

B,*, = R( B,*, a* ), 

it then follows from Proposition 5.3.2 that 

#Br*t = 2 "+ i _ 1. (49) 

It will probably come as no surprise to the reader 
that no feasible strategy for D can result in a final 
information structure having a larger number of 
elements than 2 "+~-  1; however, this statement 
would nonetheless appear to require a formal 
proof. In order to provide said proof, we begin by 
establishing the following, which is a result ,~ve 
shall find useful in other contexts. For purposes of 
this and the next result, we shall say that a feasible 
information-gathering process is efficient* if it 
satisfies (i) and (ii.a) of Definition 3.1.8. 

6.2.9. Proposition. I f  a =  ( ( B  1, a l) . . . . .  (Be, err)) 
is non-trivial and efficient,* and we define B,+I = 
R ( B,, a, ), then 

t 

# B t + , = 2 Y ' .  # B ) + I  for t = l  . . . . .  r. (50) 
s=l 

Proof. We have for t ~ { 1 . . . . .  r } 

n , + , =  U ~[B, a , (B)]  
B~B, 

= U , [ n ,  ~ t ( B ) ]  
n~n, 2 

Therefore 

#B,+,- -  E #t[  B, a,( B)] 
B~lt, 2 

t 

+ E E # , [ B ,  a , ( B ) ] .  (51) 
sffi2 B~B~ 

However, since a is efficient,* we have 

(VB~B,2) :  # r i B ,  a , (B) ]  >_2, 

and it then follows from Theorem 5 that 

(VBEB,2) :  # t [ B ,  a , (B) ]  = 3 .  (52) 

Furthermore, by definition of B¢ (and again using 
the fact that a is efficient), we have 

( V B ~ B ) ) : # t [ B , a , ( B ) ] = I  for s = 2  . . . . .  t. 

(53) 

Substituting (52) and (53) into (51), we then ob- 
tain 

1 

# B t + , = 3 ( # B , a )  + E # n ~ .  (54) 
s = 2  

Now, we also have 
t + l  

#n,+, = #B)+, + E on), (55) 
s = 2  

and equating (54) and (55), we have 

# B ) + , - - 3 ( # n t  2 ) -  #Bt2+ , for t = l . . . . .  r 

(56) 

(for t ffi r, #Bt2+l is, of course, equal to zero). 
Since (56) holds for t = 1 . . . .  , r, it follows that 

#B)  = 3(#BsZ_,) - # B )  for s -- 2 . . . .  , r, 

and substituting into (54), we have 
I 

# B t +  1 ~- 3(#Bt  2) + Y'. [3(#B)_ 1) - #B~ z] 
s = 2  

t t 

= 3(#Br 2) = 3 E # B 2 - 1 -  E #B~ 
sffi2 s=2 

t 

= 2 E #B2 + 3 (#B  2) 
$ = 2  

t 

= 2  E # B ~ 2 + ( O B 2 )  • 
s=l  

However, since a is non-trivial, we have 

#B~ -- 1, 
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and the above becomes 

#Bt+1 = 2 #B) + 1  for t = l  . . . . .  r. 

Q.E.D. 

6.2.10. Corollary. It" a -= ( (B 1, al) . . . . .  (B,, a,)) 
is a feasible information-gathering strategy for D, 
and we define B~+ 1 = R(B~, otr), we have 

# B , +  1 < 2 ~+1 - 1. (57) 

Proof. If a is a feasible strategy, then it is easy to 
see that  there exists an efficient* strategy 

a*  = ((Bt*,  a~ )  . . . . .  (B,*, a * ) )  

which is such that, defining B~*I = R(B~*, a*), 
we have 

#B~* 1 >- # B , +  l- 

Thus it suffices to prove that  (57) holds for the 
case where a is a non-trival efficient* informa- 
tion-gathering strategy. 

F rom Theorem 6.2.5 it follows that for each 
non-null  information-gathering action taken at the 
t th step, we obtain at least one element of B a. 
Consequently 

#B:+i  > #Bt  2 for t =  1 . . . . .  r. (58) 

However, by (56) of the preceding proof, we then 
obtain 

#Bt 2 < 3(#B,2)  - #B,2+,, or 

#B,2+1 < 2 ( # B ,  2) for t =  1 . . . . .  r. (59) 

Since 

#B~ = 1, 

it follows from (59) and a trivial induction argu- 
ment  that  

#Bt2<2 t-1 for t = l ,  . . . .  r. (60) 

Now, by Proposition 9, we have 

# B , +  1 = 2 ~ #B~ 2 + 1, (61) 
s=l 

and substituting (60) into (61), we obtain 

#B,+I  < 2 2 ~-1 + 1  
s=l  / 

- - 2 ( T -  1) + 1 = 2  " + 1 -  1. 

Q.E.D. 

6.3. A Dynamic Programming Solution for the Tri- 
nary Case 

In this subsection we shall retain all the assump- 
tions of the previous subsection [(1) and (2) of 
section 6.2], and assume, in addition, that 

r > n .  (1) 

Our object here is to develop a dynamic  program- 
ming solution for this case and to establish that 
the strategy obtained is, indeed, optimal. We pro- 
ceed as follows. 
(1) For each i E {0, 1 , . . . ,  n}, we define d(B~.:+~) 
by 

a (  Bi,,+ 1) = "if( Bid+ 1)P( Bid+ 1), (2) 

and, for each k ~ {1, . . . ,  n }, we define 

A(Mk2 ) = ~r(Mku)V (Mk: ) .  (3) 

(2) For each i ~ {0, 1 . . . . .  n -- 1 }, we calculate the 
following: 

w(i+ 1) = A(B,.,+1) + a(B,+t . ,+2)  + A(M,+I.Z) 

-~r(B,,,+a)C(i+ 1), and (4) 

w(O) =,,(8,.,+2),(B,.,+5). (5) 
We then define 

a ( B , . . , + 2 ) = m a x { w ( 0  ), w ( i + l ) } ,  and (6) 

a ( i ,  i + 2 )  

=roan{ j~  {0, i +  1} Iw( j )=A(B, . ,+2)} .  
(7) 

(3) For each i ~ (0, 1 . . . . .  n - 2}, we calculate 

w(j) = a ( s , )  + a(s~.,+3) + ~(M:)  

-~t(B,. ,+3)c(j)  for j = i +  l, i+ 2, 
(8) 

w(O) = ~( B,,,+ 3)p( B,.,+ 3), (9) 
a(B,.,+3) = max{w(0), w(i+ 1), w(i+ 2)}. 

(10) 

and 

a(i, i+3)= min{j~ (0, i+1, i+2} Iw(j) 

--a(B,.,+,)}. (11) 

(4) Having found A(Bci+i_l), i = 0, 1 . . . . .  n + 1 
- (1 - 1), I > 2, we compute for i ~ {0 . . . . .  n + 1 
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- i }  

~( j )  = a ( n . )  + a(n.,+,) + a ( ~ , )  

-~(~;,.,+,)c(j) 
for j = i + l  . . . . .  i + l - 1  (12) 

(note that for j ~ { i + -1. . . . . .  i + I - 1 }, both j - i 
< I - 1  and i+ l - j  < l - 1 ) ,  

w(0) = ~r(B,.,+, )v(B,.,+ t ), (13) 

a(a,,,+,) 
= m a x ( w ( j ) l j ~  {0, i +  1 . . . .  , i +  I -  l} ,  

(14) 
and 

a(i ,  i + l )  = m i n { j e  (0, i +  1 . . . . .  i + i -  1} 

Iw(j)=a(B~.~+~)}. (15) 

(5) Proceeding as above, we eventually obtain 

a ( B o . . + ~ ) = a ( X )  and a(0, n +  1). 

We then define the strategy o* -- ((BT, a~' ) . . . . .  
(Br*, a*), (B,*x, 8*)) by 

a~'(X) = a(0, n +  1 ) ~ a *  (16) 

By Theorem 6.2.5 we then obtain one of two eases. 
(a) a{~(X)=0 and B2* = M , , . = ( X } ;  in which 
case, we complete the definition of a * by defining 

a 7 ( X ) = O  for t = 2  . . . . .  r, and let (17) 

d ' ~ O * ( X ) .  (18) 

(b) a~' ~ {1,..., n } and 

B2* =M~. = ( Bo~., /vl,. 2, Bo.,,+,). 

Here we define a~ by 

a~ (Bo.o.) =a(0 ,  a*) ,  a~'(Ma.2) 

=0 ,  a~(B~. , + , ) = ~ ( a * ,  n+ 1). 
(19) 

Having obtained a*~ and B,*, for t 
{3 . . . .  , r}, we have by Corollary 6.2.6 that each 
B ~ Bt* is either of the form 

B=Bi j  for some i ~ { 0 , 1  . . . . .  n}, 

j ~  { i+  1, . . . .  n +  1), (20) 

or is of the form 

B = M , 2  forsomc k e { 1  . . . . .  n}. (21) 

We then define a* on BI* by 

a.(n) = (i(i' J) if B is of the form (20) 
with j > i + 1. 

otherwise. 

(22) 

Proceeding in this fashion we eventually obtain 
Br*l, and let 8*(B) be an element of D*(B), for 
each B ~ Br* 1. Q.E.D. 

It will be an easy consequence of the following 
result that a*, as defined in (17)-(22), above, is 
optimal for D. 

6.3.l.Theorem. I f  o = ((B 1, al) . . . . .  (Br, a,), 
( Br + a, 8)) is a feasible strategy for D, q ~ ( 1 . . . . .  r 
+1}, a n d i ~  {O, 1, .. . .  n} a n d j ~  { i+ l . . . .  , n +  
1 } are such that Bij ~ Bq, then 

E E ,(x)~[~, 8(B)I 
BEBr+I(BIj ) x~B 

r 

- 5". F., ,,(B')c[,~,(B')] _<a(B.), 
tffiq B' ~B,( BO) 

(23) 

where for q = r + 1, we define 
r 

E E ~(B')c[.,(B')]=O. 
t=q B' ~Br(B,j) 

Proof. We distinguish two cases, based on the 
value of q. 
(a) q = r + 1. Here the left-hand-side of inequality 
(23) becomes 

Y'. ~(x)~o[x, 8(B)] ,  (24) 
xeB~j 

and, since (24) is less than or equal to 

,,(B,j),(B,j) _< a (B,j), 

The desired inequality follows at once. 
(b) q ~ {I,..., r }. Here we establish our result for 
arbitrary i ~ {0, I,..., n } by induction on I =j - 
i, as follows. 
(i) I = 1 (and j - - i  + 1). Here we have by The- 
orem 6.2.5 that 

n.+,(B.) = {n.}, 
and hence the left-hand-side of (23) becomes 

E ~(x) ,0[x ,  8(B)] 
x ~ B  o 
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r 

- E E -(B')~[-,(~')] 
t=q B" ~B,(B,j) 

-< E ~(x)~[x. 8(~)]_<~(~,).(~,) 
x~B~j 

=a(B.). 
(ii) Suppose the desired inequality holds for j = i 
+ I ,  where I ~  {1 . . . .  , n - i } .  Then for j = i + l +  
1, we have three possible cases. 

Case 1. Otq(Bij ) - k ~ {i + 1 . . . . .  j -  1}. Here it 
follows from Theorem 6.2.5 that we can write the 
left-hand-side of (23) as 

E E ~(x )~[x ,  8(B)] 
B~B,+1(Bik ) x E B  

r 

- E E ~ ( B ' ) c [ . , ( n ' ) ]  
t = q + l  B' EBI(Bik ) 

+ E E ,t,(x)~,[x, 8(s)] 
BEB.+I(B, j  ) x E B  

r 

- E E ~(B' )c[~ , (B ' ) ]  
t=q+  l B" ~B~(Bkl ) 

+ E E +(x)~[~, 8(s)] 
B~Br+ I( M,2 ) x ~ B  

r 

- E E ~(~ ' )c [~ , (~ ' ) ]  (25) 
t f q +  l B' ~Bt(M,2 ) 

-~(S.)c(k). 
However, since k ~ { i + 1 . . . . .  j - 1 }, and j = i + 
I, it follows that k - i < 1 and j - k < 1. Conse- 
quently, it follows from our inductive hypothesis 
that (25) is less than or equal to 

a(B,.) + a (B . )  + a (M.=) -~.(s.j)c(,)  

_<a(s.). 

Case2. % ( B o ) - k $  { i+  l , . . . , j - 1  }and 

B.+,(s.)={s.}. 

(26) 

Here it is immediate that the left-hand side of (23) 
is less than or equal to 

~(B.).(B.)_<a(B.) 
Case3. aq( Bij) - k q~ { i + l . . . . .  j - 1 } a n d  

B.+,(B,,)~ {B.}. 

In this case, it follows at once from Theorem 6.2.5 

that for some t ~ { q + 1 . . . . .  r } we have 

a t ( B i j ) = k  "~ ( i +  1 . . . . .  j - l } ,  

-.(B.j) ~ {i+ 1 ..... j - l }  
for s = q . . . . .  t - l ,  

and thus 

E E , ( ~ ) ~ [ ~ ,  8(B)] 
B~B.+I(B,j ) x ~ B  

r 

- E E ~(B' )c[~ , (B ' ) ]  
t=q B" ~Bt(B,j) 

= E E ~(x)~[x, 8(s) ]  
B~B,+dBq) x~B 

t - I  

- E 

and (27) 

(28) 

s=q 

- E 
s=t e" ~B,(B,D 

-< E 5-'- ~ ( ~ ) ~ [ ~ . 8 ( ~ ) ]  
B~B,+I(B~j ) x ~ B  

r 

- E E ~ (B ' )c [~ . (B) ] ,  
• = t  e ' ~ e , ( B , j )  

and it follows from our analysis of the preceding 
cases that the right-hand side of (28) is less than 
or equal to a(Biy ). Q.E.D. 

6.3.2. Corollary. The strategy o*--- ( (B~,  a~), 
. . . .  (B,*, a,*), (B,*~, 8")) ,  defined in (17)-(22), 
abooe, is optimal for D. 

Proof. It is an immediate consequence of our 
definition of o * (in particular of our definition of 
a~'(X) and 8*)  that 

~(o* ) - r(o* ) = a(B0,.+,) = a(x) .  
Consequently, it follows from Theorem 1 that o * 
is optimal for D. Q.E.D. 

6. 4. The Linear Ordering in the Binary Case 

This section parallels section 6.2; although here 
we suppose that D is a binary information prob- 
lem. We also suppose, defining '> on A1 by 

a~> a '  **Ma, l c M a l ,  (1) 

that '> is total on A]. Thus we can suppose, 
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without loss of generality that  

(Vi, j ~ A 1): j > i ** Mil C g j l .  (2) 

As in section 6.2, it will be convenient to adjoin 
to A~ the two elements 0 and n + 1, where 

Mo = { Mo,, 3402 } with Mol = ~l, M0s = X, 
(3) 

and 

M,, +1 -- { M. +i j ,  M~, +1.2 } with 

M~+ m = X, M,+l.  u ---J~. (4) 

As in section 6.2 (Lemma 6.2.1), we can then show 
that; defining A = A, U {0, n + 1 }, we have 

(Vi, j ~ 2 ) :  j >  i 

* * [ M ~ c M :  and Mj2cM~2 ]. (5) 

With the assumptions and definition set forth 
in the previous two paragraphs, we can obtain 
results for the binary case which parallel all the 
key results for the trinary case. We list the main 
results here without proof. The proof  in all cases is 
similar to that for the corresponding result in the 
trinary case, except that it can generally be sim- 
plified slightly by virtue of having only two possi- 
ble outcomes instead of three. In our list to follow, 
we have skipped some digits in our numbering in 
order to maintain the convention that 6.4.m al- 
ways corresponds to 6.2.m. 

6.4.3. Theorem. I f  B c_ X is n-feasible, then there 
exists i ~ ( O  . . . .  , n } ,  j ~ { i + l  . . . . .  n + l }  such 
that 

6.4.4. Definition. For each i ~ {0 . . . . .  n } and each 
j ~ { i + 1 , . . . ,  n + 1 }, we define B o _ X by 

B o -- M:  n 

6.4.5. Theorem. Suppose i ~ { 0  . . . . .  n}, j E  { i +  
1 . . . .  , n + l } ,  and k = _ { 0 , 1  . . . .  , n + l } .  Then 
#~( Bij, k)  > 1 if, and only if, k ~ { i + 1 . . . . .  j - 
1 }, in which case we have 

, (B, , ,  (B,k, 

6.4.7. Corollary. The family B a contains n + 1 
elements, and is given by 

u "  --- {no, ,  

6.4.8. Theorem. I f  r and n satisfy 2" < n + 1, then 
there exists a (2, O)-balanced strategy for D. Fur- 
thermore, i f  ot---~(B 1, Otl) . . . .  , (B, ,  at) ) is a 
(2, O)-balanced strategy for D, and B,+ 1 = 
R(  B,, at),  then -~Br+ 1 = 2 r. 

6.4.9. Proposition. I f  a = ( (B  1, al) . . . . .  (B,, Olr) ) 
is a feasible information-gathering strategy for D, 
and we define B,+ 1 = R(B, ,  a,),  then :g:B,+ 1 < 2 r. 

We can also define a dynamic  programming 
solution for the binary case in essentially the same 
fashion in which we proceeded in the trinary case 
(except that  now we need only define A(B~j) for 
i ~ { 0  . . . . .  n} ,  j ~ { i + l , . . . , n + l } ;  and it can 
be shown, as before that the resulting strategy is 
optimal for D, 

6. 5. Applications to the Computer File Search Prob- 
lem 

As we noted earlier, all the maintained assump- 
tions of section 6.2 and 6.3 are satisfied by our 
model of the computer  file search problem (sec- 
tion 4.2); which we can demonstrate  as follows. As 
developed in section 4.2, the information struc- 
tures for the file search problem take the form 

Ma = { Mal, Mo2, M~s }, where 

Mo, = ( y , ,  . . . .  yo_,}  u {z0 . . . . .  

M~2 = { y,, }, and 

M a s = { y , + l  . . . .  , y . }  U {z.,, . . . .  z . } ,  

for a E {1 , . . . ,  n }. Therefore 

a > a '  ,~ g a ,  1 u Ma, 2 c M,1 , (1) 

and we see that (1) [and (2)] of section 6.2 is 
satisfied in this case. The results of sections 6.2 
and 6.3 then yield a number  of implications for 
the file search problem; the principal application 
being the following. 
(1) If  r and n satisfy 

2" _< n + 1, (2)  

then there exists a (3, 1)-balanced strategy for D ,  

o * = ( a * ,  B,*+ 1, 8 * ). Furthermore,  

~ B , *  1 = 2 r + l  - 1, 

(Theorem 6.2.8). 
(2) If, using the notalion of section 6.2, we have 

p ~ = p > O  for i = l , . . . , n ,  
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then the cost of the above strategy, o*, is given by 

r ( o * ) =  Jr(1 + p)  - p ( 2 " -  1)]c, (3) 

(Corollary 5.3.4). 
(3) The dynamic programming solution developed 
in section 6.3 can be utilized to solve any particu- 
lar realization of the computer file search prob- 
lem. 

However, we can supplement these results a bit, 
and at the same time obtain some results applica- 
ble to a more general special case of the categori- 
zation problem. Consider the following. 

6.5.1. Proposition. 
problem satisfying 

0 ~ > ~ ,  

where 0 > 0 and ~ are defined by 

O = m i n { ~ ( B )  l B ~ B  ~} and 

Suppose D is a categorization 

(4) 

~= maxc(a ) ,  
a~A 

respectively, Then if  o = ( ( B  1, a l ) , . . .  ,(B,, a,), 
( B, + ~, 8)) is a feasible strategy for D such that for 
some B* ~ lJ, + ~, some q ~ {1 . . . . .  r} and some 

~ A we have 

a (q ,  B * ) = O  and for some B ' ~ t ( B * ,  ~) 

we have 

B" ~ x~<~.) =~, (~) 

then o is strictly dominated. 

Proof We have 

E 
B~t( B*, ~) 

E + B')] 

B~*IB*, ~)\{B } 

= E (6) 
x ~ B *  

where the last equality is by the fact that 

B" n Xs(B.) =~.  

Moreover, by (4), the definition of 0, and the fact 
that ~r(B* ) < 1 we have 

~ ( B ' )  > 05 > E > ,r(B* )c (~) .  (7) 

From (6) and (7) we see that 

E ,,(B)v(B)- E ~(x),[x, 8(B*)] 
B ~ ( B * ,  ~) x~B*  

> B* 
and it then follows from Proposition 3.2.3 that 
is strictly dominated, Q.E.D. 

6.5.2. Corollary. Suppose D is a categorization 
problem satisfying (4) of Proposition 1, and that, in 
addition D satisfies 

for all n-feasible B _  X, if B qz B A, then for 
each d ~ D * ( B ) ,  there :l a * ~ d  (possibly 
depending on d)  and B * ~  t(B,  a*)  such 
that B* N X d = ~. (8) 

Their i f  r >_ n, and o = ( ( B  1, al) . . . . .  (Br, a t )  , 

(B,+1, 8)) is optimal forD,  we have B,+ 1 = B  a. 

Proof Suppose o ffi ( (B 1, a l )  . . . . .  (B  r, at), 
(Br+ l, 8)) is optimal for D, let B ~ B , +  l be arbi- 
trary and suppose, by way of obtaining a con- 
tradiction, that B ¢~ B A. Since o is optimal for D, 
a must be efficient, and thus 

8 ( B ) ~ D * ( B ) ,  (9) 

and, since r > n ,  there must exist q ~  {1 . . . . .  r} 
such that 

a(q, B)=o.  (lo) 
However, by (9) and hypothesis (8), there exists 
~ A  and B* ~ ~(B, ~) such that 

B* n X~(B) =~, 

and it then follows from Proposition 1 that a is 
strictly dominated; contradicting the assumption 
that o is optimal for D. Q.E.D. 

While condition (8) of the preceding Corollary 
may look a bit odd, and possibly somewhat artifi- 
cial, it is satisfied in the computer file search 
problem; as we shall demonstrate in the proof of 
the following. 

6.5.3. Proposition. I f  D is a computer file search 
problem satisfying (in the notation of section 4.2), 

min{ Pl . . . . .  P,, qo . . . . .  q, } > c, (11) 

and r > n, then if  o =  ( ( B  l, al) . . . . .  (B,, at), 
(Br+ 1, 8)) is optimal for D~ we must have 

Br+ 1 = B A  ffi X ,  



70 J.C. Moore, A.B. Whinston / A Model of Decision-Making (Part 2) 

and thus 12(o) = 5. 

Proof. The reader will readily see that in order to 
prove this result it suffices to establish the fact 
that the computer file search problem satisfies (8) 
of Corollary 2. To do this, we note that if B __q X is 
n-feasible, and B ¢ B A, then it follows from Theo- 
rem 6.2.3' and Corollary 6.2.7 that there exists 
i ~ { 0  . . . . .  n - l }  and j ~ { i + 2  . . . . .  n + l }  such 
that 

a = a,j. (12) 

Furthermore, if d* ~D*(B) ,  then either d*  = 0, 
or d * E { i + l  . . . . .  j - l } .  Letting k = i + l ,  we 
have from Theorem 6.2.5, we have that t(B, k ) =  
{B~k, Mk2, Bkj }. We can thus distinguish two 
cases. 
(a) d* = i + 1. In this case 

B, kNXd*=~J [and B k j n X a . = f 6 a s w e l l  ] . 

(b) d * ~ {0, i + 2 . . . . .  j - 1 }. Here we have 

n 

Thus we see that D satisfies condition (8) of 
Corollary 2, and our conclusion is then an im- 
mediate implication of that result. Q.E.D. 

It is an immediate implication of the above 
result that if in the computer file search problem 
one can reasonably assume that 

G min{pa . . . . .  Pn, qo . . . . .  qn}>c ,  (11') 

and that r >_ n, then one can proceed as follows to 
solve the problem. First find the collection of 
efficient strategies, call it ,~*, given by 

= { o =  <Ca, = 

Secondly, find o* E 2~* satisfying 

( V o ~ Z *  ): F(o)  > F ( o * ) .  (13) 

if o* ~ Z* satisfies (13), then o* will be optimal 
for D. Of course the algorithm developed in sec- 
tion 6.3 will find a o* satisfying (13); however, it 
is interesting to note that, while we have ap- 
proached the problem from a very different point 
of view that which has been followed in the com- 
puter science literature, the simple (and fairly 
plausible) condition (11') and the assumption that 
r _> n together imply that the solution obtained 
here is perfectly consistent with the approach fol- 
lowed in computer science (cf. Aho, Hopcroft, and 
Ullman [1974, pp. 113-123]). 

In connection with this latter point, however, 
we would have to note that it appears to us at this 

Fig. 5. 
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Fig. 6. 

juncture that there may have been a bit too much 
emphasis in the computer science literature on the 
'balanced tree' solution to the search problem. 
This may come about because of a certain ambigu- 
ity in that literature as to whether what is most 
important as a criterion for solution is to (a) 
minimize 'worst-case' time, or (b) minimize 
expected cost. The 'balanced tree' solution, which 
is equivalent to the (3, 1)-balanced strategy solu- 
tion developed in the proof of Theorem 6.2.8, does 
minimize the worst-case time of obtaining a solu- 
tion with certainty (in our terms B,+~ ffi X), as is 
shown by Theorem 6.2.8 and 6.2.9. However, that 
solution may not minimize the expected cost of 
obtaining such a solution. 24 At this point, we 
believe that the following is true: 25 if, in the 
notation used here and in section 4.2 we have 

p i f p > 0  for i = 1  . . . . .  n, and 

q i f f i q>O for i = 0 , 1  . . . . .  n, 

24 We should note, incidentally, that Aho, Hopcroft and Ull- 
man are probably well aware of this fact. See their [1974] 
work, pp. 119-123. 

23 We have constructed a (formally incomplete) argument to 
establish this, which is based on the algorithm developed in 
section 6.3. While we believe that said argument could be 
refined to provide a formal proof, our best estimate at this 
point is that it would be about a twenty-page proof, and we 
decided not to pursue this line of argument further at this 
point (there really must be a simpler and thus more enlight- 
ening way of approaching a proof of this conjecture). 

(and, of course, nq + (n + 1)q = 1) then the 
(3, 1)-balanced strategy of Theorem 6.2.8 statisfies 
(13), above; and thus is optimal for any value of 
r > log2(n + 1). On the other hand, with n = 7, 
and 
P i = P  for i - - 1 , . . . , 7 ,  and 

q i - - q > 0  for i - - 1 , . . . , 6 ,  (14) 
it can be shown on the basis of the algorithm of 
Section 6.3 [or on the basis of the algorithm on pp. 
119-123 of Aho, Hopcroft, and Ullman, for that 
matter] that the following is true. 

(1) If we also have q0 -< 2q + p and q7 < 2q + p 
then the best (i.e., least) expected costs of strate- 
gies which begin with the various possible first 
steps are as in the table 

If the first least expected 
experiment is cost is 

(qo + 3q7 + 24q + 21p)c 
(2qo + 3q~ + 21q + 19p)c 
(2qo +3q7 +20q + 18p)c 
(3qo 4- 3q7 4" 18q + 17p)C ffi (3--4p)C 
(3qo + 2q7 + 20q + 18p)C 
(3qo + 2q7 + 21q + 19p)c 
(3qo + q7 +24q +21p)c 

In this case it is easy to see that the best (least-) 
expected cost obtainable when one begins with 
experiment 4 (i.e., first compares b with b4) is no 
higher than that obtainable with any other possi- 
ble first step; and it can be shown that the (3, 1)- 
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balanced strategy is optimal in this case. 26 How- 
ever, it is interesting to note that if q0 = 2q + p, 
then the strategy which begins with experiment 3 
has exactly the same expected cost as that which 
begins with experiment 4. Moreover, we can get 
somewhat strangeAooking solutions in this general 
situation, as is shown by the following two cases. 

(2) Suppose (14) holds and that 

2 q + p < q o < 3 q +  p and q < q T < 2 q + p .  

Then it can be shown that the search strategy in 
fig. 5 is optimal (if r > 4). 

(3) Suppose (14) holds and that 

4q + 3p < q7 -< qo. 

Then it can be shown that the search strategy in 
fig. 6 is optimal, if r >_ 5. 

The reason that we consider cases 2 and 3 to be 
of some significance is that in general one would 
suppose that in many, if not most, realizations of 
a file search problem we would likely have 

qo>q~ for i = 1  . . . .  ,6 and 

qT>q~ for i = 1 , . . . , 6 ,  

(i.e., it is more likely that a randomly-drawn ele- 
ment from U is outside the range of { b 1 . . . . .  b 7 } 
than that is a 'gap' between some b, and b~+t). 
Where this is the case the unbalanced strategy of 
case 3 may well have a lower expected cost than 
the balanced strategy of case 1. To take a more 
specific example, suppose our data set consists of 
seven integers 

bt = 114, b 2 = 126, b 3 = 138, b 4 = 150, b 5 = 162, 

b 6 = 174, b~ = 186. 

In this case if we take the universal set, U, to be 
given by 

U =  {101, . . . .  199}, 

and take the probability distribution on U to be 
uniform; then, multiplying all probabilities by 99, 
for the sake of convenience, we will have 

qo -- q7 = 13, q2 = q3 . . . . .  q6 = 11, and 

p ~ = p = l  for i = 1  . . . . .  7. 

Thus, if we denote the balanced strategy of case 1, 

26 Notice that the expected cost for the balanced strategy, as 
set forth in the table, is given by (3qo +3q7 + 18q + 17p)c 
= [3(q0 + q7 +6q +7p)-4plc-- (3-4p)c, which agrees 
with the formula stated earlier in this section (and which 
was derived from Corollary 5.3.4), since with r = 3, it(1 + 
p ) -  p(2" - 1)]c = (3 + 3/, - 7p)c = (3- 4)c. 

above, by o b and the strategy of  case 3 by o e, we 
have, respectively 

F(o  b) = (297 - 4 )c  = 293c, and 

r ( o  e) = 371c. 

Thus in this case, the expected cost of the bal- 
anced strategy, o b, is significantly lower than that 
of the extremes/balance strategy, oL However, 
suppose we change the example by taking 

U= {1 . . . . .  250}, 

retaining our assumption of a uniform distribution 
on U. If we again normalize (this time multiply by 
250) the values of p and ql . . . .  , q6 remain as 
before. Thus the expected cost of  o b is given by 

F(o  b) = 746c. 

On the other hand, we have 
q0 = 113, q7 = 64, and 

F ( o  e) = 573c. 

The extreme-balance strategy o e thus has a signifi- 
cantly lower expected cost than that for o b with 
the second universal set. 27 The optimal expected 
cost solution for the computer file search problem 
appears, therefore, to be fairly sensitive to the 
specification of the universal set U. Whether this 
is a fact which should be of great concern to 
computer scientists is, however, a question upon 
which we shall not speculate futher. 

In closing this section, we believe that it is of 
interest to note that all of the general results 
obtained here hold if D is a general search prob- 
lem, defined as follows. 

6.5.4. Definition. We shall say that a decision 
problem, D is a general search problem iff D: 
(1) is a categorization problem, 
(2) satisfies the assumptions of section 6.2, so that 

we can write 

B A= {Ml2 . . . . .  Mn2, B01, Bt2 . . . .  , B,.~+I}, 

(3) satifies the condition: for each d E  {O, 1 . . . .  , 
p }, and each i ~ { 1 . . . . .  n }, 

Mi_ I., N Xa q= ~ ~ Mi2 N Xa = JJ, 

(4) has constant information cost, c > O. 
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