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A Model of Decision-Making
with Sequential Information-Acquisition

(Part 1) *

James C. MOORE and Andrew B. WHINSTON
Department of Computer Science and Krannert Graduate School
of Management, Purdue University, West Lafayette, IN 47907,
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While most real-life decisions are of necessity made with
less than perfect information, there is usually some opportun-
ity to acquire additional information regarding the problem at
hand before a final decision is made. It is, of course, the
recognition of this fact which has led to the importance now
attached to the field of Decision Support Systems. On the
other hand, the formal analysis of the sort of decision problem
for which Decision Support Systems can be useful appears to
have lagged behind the developments in applications. In this
paper we devzlop a model of decision-making in which there is
available a variety of informational sources (experiments) which
can reduce (though generally not eliminate) the uncertainty

* Our early work on the material covered in this paper was
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ticipant. In fact, much of section 2 and some parts of
section 3 of the present paper were completed during that
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absolved of all responsibility for any remaining errors or
confusion.
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associated with the final decisions. Since the informational
sources are available only at some cost (either monetarily or in
terms of time, or both), the decision-maker must solve two
conceptually distinct problems: (1) developing an optimal in-
formation-gathering strategy, and (2) developing an optimal
final decision strategy, conditional upon the information ob-
tained during the information-gathering process. A theoretical
framework is developed here for the analysis of this general
problem, and fairly complete solutions are obtained for some
interesting special cases; most notably the computer file search
problem.

Keywords: Decision support systems, Decision theory, Dy-
namic programming, File management

1. Introduction

In many instances of decision-making under
uncertainty, there is an opportunity to acquire
information pertinent to the problem before a
final decision is made. While such information
will generally reduce the uncertainty involved in
the final decision, it is typically only obtainable at
a cost. Thus at the outset, the decision-maker
faces two conceptually distinct though closely in-
ter-related problems: (1) developing an optimal
information-gathering strategy, and (2) developing
an optimal final decision strategy, conditional
upon the information obtained during the infor-
mation-gathering process. In this paper we shall
develop a conceptual theoretical framework for
the analysis of this multi-faceted problem, and
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develop a fairly complete solution for some special
cases; most notably for the computer file-search
problem. The techniques we develop are, however,
applicable to a much wider variety of problems
than the computer search problem; in fact, nearly
all of the results used to obtain a solution for this
particular problem are formulated and proved in a
considerably more general framework.

This paper is simultaneously a theorctical study
of a general class of decision problems and a step
toward a proposed basis for a theory of Decision
Support Systems (DSS). The information-gather-
ing portion of the class of decision problems
studied in this paper can be interpreted as either
gathering information directly from the environ-
ment, or specifying the execution of various com-
puter algorithm, depending on the form of the
specific problem under investigation. Thus the
superficial connection, at least, between the deci-
sion problems being studied here and the field of
DSS is obvious. We believe, however, that the
potential long-run ramifications of this connection
are both deeper and more wide-ranging than this
surface comparison would indicate; if one can
characterize an optimal information-gathering,
strategy in terms of the other given data (payoff
function, state space, probability distribution, etc.)
of a general decision problem, one has the basis
for an optimal data base design and retrieval
system for a class of users corresponding to the
qualitative assumptions made in the general deci-
sion problem.

The entire paper is published in two parts. Part
1 includes sections 1 through 3 and an appendix,
and Part 2 contains sections 4 throuzh 6. In
section 2 we develop the basic model of decision-
making to be used in this study, although some of
the details regarding the reasons for th: ‘ormula-
tion used here are relegated to the appeadix. In
section 3 we discuss the concept of an optimal
solution in detail, and develop the notions of
efficient and ‘admissible’ strategies for the deci-
sion problem. The notion of an efficient strategy is
particularly important in the theoretical analysis
developed in the subsequent sections of the paper.

In section 4 (Part 2) we introduce a special case
of our model which we call the ‘categorization
problem’. In subsequent sections we develop a set
of sufficient conditions for the solution of this
problem, and obtain detailed solutions for two
special cases of this problem: the computer file

search problem and something we call the ‘only
correct guesses count’ problem (the familiar game
of ‘twenty questions’ can be regarded as a special
case of this problem). The basic formulations of
both these latter two problems are also presented
in this section, and some preliminary results are
developed regarding the solution of the categoriza-
tion problem.

In section 5 we develop a number of results
regarding the fineness of the final information
structure obtained in an information-gathering
process, and the cost of obtaining same. The re-
sults are then applied to the categorization prob-
lem, and a fairly complete solution is developed
for the ‘only correct guesses count’ problem.

In section 6 we analyze the situation where one
is dealing with binary or trinary information
structures (two or three possible outcomes for
each ‘experiment’, respectively), and where 2 lin-
ear ordering can be defined over the experiments
available. This linear ordering arises naturally in
the computer search problem, but may in princi-
ple be definable in the context (and useful in the
solution) of any problem of the general form
developed in section 2 in which there are only two
or three possible outcomes for each individual
information-gathering activity (‘experiment’). The
results of this section are then used to develop a
complete solution of the computer file search
problem. The results we obtain in this application
are consistent with those which have been ob-
tained in the computer science literature; however,
our results are developed under a somewhat
broader concept of optimality than has been used
in this literature, which results in some new insight
regarding their interpretation.

2. A Model of Decision Making
2.1. Model I'

Our decision problem is defined by eight ele-

! We have been working with a second model in related
research; in fact, Model II is the one we believe to be most
useful in connection with expert systems. However, since
we have elsewhere shown the two models to be mathemati-
cally equivalent, and in the interest of trying to keep the
length of this paper from getting totally out of control, we
shall not discuss Model II here.
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ments
D=(X, ¢, D, w*, 4, {M_|la€ A}, c, 1),

where X is the set of possible (mutually exclusive)
states. We use the generic notation ‘x’ to denote
elements of X. ¢: X —[0,1] is the probability
density function. ¢ defines the probability distri-
bution function 7: P(X) — [0,1] by

7(Y)= Y ¢(x) for YC X,

xeY

where ‘P( X)’ denotes the power set of X. D is the
set of available (final) decisions. w*: XX DXR
— R is the payoff function (the inclusion of the
third variable allows for the effect of the cost of
information-gathering on payoffs). A4 is the set of
‘initial’ (information-gathering) actions, or experi-
ments, available. M, is the information structure
associated with action a € A. (Each M, is a parti-
tion of X, as will be explained in more detail
below.) ¢: A >R, is the cost function; c(a) is
the cost of utilizing action a € A. r is a positive
integer representing the number of information-
gathering actions which can be taken before a
final decision is made.

We shall explain the form and role of 4 and
M, more fully in the next subsection. The source
and rationale for the limitation on the number of
informiation gathering steps allowable (r) is ex-
plained in the appendix. In the meantime, the
initial assumptions we shall employ regarding this
miodel are as follows.

Assumptions: X, D, and A are all finite, and
(Vx € X): ¢(x)>0. In particular, we shall as-
sume that 4 has n + 1 elements, where n > i, and
write 4 ={0,1,...,n}. Other assumptions re-
garding A and { M, |a € A} will be set out in the
next section.

The decision-maker is assumed to have a finite
set of feasible (final) decisions, D, and to receive a
payoff which depends upon the state of the en-
vironment, x € X, the decision chosen, d € D, and
the cost of information-gathering, c¢. One may
suppose (see, e.g., Marschak and Radner [1972]),
that there is a deterministic relationship between
decisions, states of the environment, costs and a
set of outcomes (or effects), E, such that there
exists an outcome function, p(x, d, ¢) mapping
the set XX D X |R into the set of outcomes. If
the decision-maker’s preferences over the out-
comes and the cost of the decision nay be repre-

sented by a real valued utility function, u(e, d),
for all e€ E and d € D, then the payoff function
may be defined by

w*(x, d, c) =u[p(3c, d, c), d]. 1)

For the remainder of our theoretical discussion we
will take the payoff function, w*(-), as given. 2

The remaining elements of our decision prob-
lem revolve around the construction of an infor-
mation structure, and the costs of obtaining infor-
mation. The result of an information acquisition
strategy, a, is a partition

B=(B,...,5,)

on X such that B,N B;= & for i #j, and UL, B,
= X. As will be set forth in more detail shortly,
with each set B € B, there will be associated a
cost of information-gathering, C(B). Thus if the
decision-maker follows the decision function §:
B — D, the expected payoff for the joint strategy
(a, B, 8) will be given by

2*(a, B, 8)
= ¥ Y o(x)w*[x, 8(B), C(B)]. (2)

BeB x€B

In a summary statement, we can roughly de-
scribe the goal of the decision problem being
analyzed as: Choose as information strategy a« and
a decision function 6: B — D in such a way as to
maximize (2) over all a’ and §’: B— D.

To complete the description of our decision
problem, we shall first need to explain our treat-
ment of the problem of information acquisition in
more detail.

2.2. Information Acquisition

As mentioned earlier, we let 4={0,1,...,n}
denote the set of initial actions (or experiments)
available to the decision-maker. Associated with
each a € 4 is a set of information signals, Y,, and
a function n,: X — ¥,. We shali assume iliai cach
Y, contains a finite number, n(a), of different
signals, so that, without loss of generality, we can
write ¥, ={1.2,..., n(a)}. We shall also assume
that

2 For further discussion of these points, see, e.g., Marschak
and Radner [1972, pp. 41-44] or DeGroot {1970, pp.
86-115}.
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(i) for each a€ A4, n, is onto Y, and
(i) 7(0) =1 (so that the a=0 action is the null
information action).

For a given element of the set of states, x € X,
there is a single signal receivable from each of the
n information signal sets. More generally, one
might wish to consider allowing for ‘errors in
observation’ and /or measurement. In such a case,
in place of n, a conditional probability density
function h,: XX Y,—[01], where A (x, y)=
Pr(y|x), would be used. ?* In the present discus-
sion, we shall only consider the case where infor-
mation is obtained deterministically (‘noiseless in-
formation’); however, it can be shown that noisy
information can be incorporated within the pre-
sent model by including the signals as a part of
the speci‘ication of the state space. *

We define

M, ={xeX|n,(x)=y}=n."({y})
y=1,...,n(a)
and M,={M,,....M, ...,

a

for a=0,1,...,n,

for a=0,1,. ..,n.

2.2.1. Definition. Let BC X be non-empty. We
shall say that a family of subsets of X, B, is an
information structure on B iff

(i) B is a partition of B (that is, the sets in B are
pairwise disjoint, and their union equals B).
(ii) (VB’€B). B'+ .

Notice, that for a€ A4, M, is an information
structure on X (by Definition 1). We shall refer to
M, as the information structure associated with
(or induced by) a.

2.2.2. Definition. Let B € X be non-empty, and let
ac A. We define the information structure in-
duced on R by a, «(B, a), as

‘(39 a)= {BnMal’BnMuZ""’Bmﬂld-"(ﬂ)}
\{2}.

Notice that if B C X is non-empty, and a € A4,
then «(B, a) is an information structure on B.

? See Marschak and Miyasawa [1968.
% See Marschak and Radner [1972, pp. 47-49] for details. We

explicitly consider the probabilistic case in connection with
Model IL.

2.2.3. Definition. Let BC X be non-empty, let
B={B,,..., B} be an information structure on
B, and let a: B— A (we shall refer to such a
function as an action function on B). The refine-
ment of B Ly a, R(B, w), is defined by

R(B, a)= LAJ 1.[Bj.a(Bj)].

j=1

2.2.4. Definition. Let B C X be non-empty, and let
B, and B, be information structures on B. We
shall say that B, is as fine as B, (or that B, is a
refinement of B, or that B, is no finer than B)),
and write B, > B,, iff

(VvB’€B,)(3B”"€B,):B'C B".

Notice that if B is a non-empty subset of X, B
is an information structure on B, and a is an
action function on B, then R(B, a) is (an infor-
mation structure on B and is) a refinement of B.

Assumption. The decision-maker can take up to r
information-gathering actions, where 1<r<n.
Since we include the null information action in A4
(and its associated cost will be assumed io be
zero), we can, without loss of generaiity, assume
that the cecision-maker takes exactly r informa-
tion-gathering actions. We also assume that there
are no duplicate information structures, i.e.,

(Va, a’ € A)M, =M . =a’.

2.2.5. Definition. A feasible strategy for D, o, is a
sequence of r + 1 pairs 6 = {( By, o), (B,, a5),...,
(B, a,), (B, ,, 8)) satisfying

(1) B ={X},

(2a) a,: B—A for t=12,...,r,
(2b) B, =R(B,, a,) for t=12,...,r,
(3 6: B, —-D.

We shall denote the set of all feasible strategies for
D by ‘Z(D).

A sequence of action functions can be seen to
create, a priori, a sequence of partitions on X,
each a refinement of the previous partition in the
sequence. The element of a given partition in the
sequence in which the ‘true’ state of the environ-
ment falls will determine the exact sequence of
signals that the decision-maker will receive from
the sequence of action functions generating the
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partition. If a sequence of action functions, its
associated sequence of partitions, and a final deci-
sion function defined on the last partition in the
sequence are chosen a priori, then a decision
strategy is formed. The decision-maker in effect
generates the information structure from which he
will make his final decision.

We shall often find it convenient to regard a
feasible strategy 0 = ((B,, o), ... ,(B,, a,), (B , |,
8)) as being composed of two parts

(i) the information-gathering strategy a =

<(Bls al)a sy (Brv a,.)),
(ii) the decision strategy (B, ,, 8).

Accordingly, we define the following:

2.2.6. Definition. A feasible information-gathering
strategy for D, a is a sequence of r pairs a=
(B, a),..., (B, a,)) satisfying 1 and 2 of Defi-
nition 5, and a feasible decision strategy for D is a
pair (B, 8), where

(1) there exists a feasible information-gathering
strategy for D, a={(B,, a1),..., (B, a,))
such that R(B,, a,) > B,

(2) 8: B- D.

2.2.7. Example. Suppose a decision-maker holds
two units of a commodity which he can sell in
either of two markets. We shall assume that each
market is equally accessible to our decision-maker,
but that information about prices in these two
markets is costly to obtain and somewhat imper-
fect. We shall also suppose that the commodity is
perishable, and must be sold this period.

To keep the example simple, we suppose that
institutional constraints and/or the decision-
maker’s a-priori beliefs are such that p,, the price
in the ith market, can only take one of the four
values 0, 1, 2, 3. Thus the state space, X, is given
by

X={(p p)1P,€{0,1,2,3} for i=1,2}.

(3)

We shall also suppose that decision-maker’s sub-
jective probability distribution over X is uniform,
so that

(Vxe X):¢(x)=1/16. (4)

Further, we suppose the decision-maker’s utility is
linear in money, so that if we let g, denote the

quantity sold in market i(i =1, 2),

"’(x9 d) =w[(pl’ p2)9

(41> 9,)] =p1g, +Pr9,,  and (5)
D={d,, d,, d;}, where (6)
d, =(2,0), d,=(1,1), d,=(0, 2) (7)

[i.e., d; is the decision to sell both units in the
first market, etc.].

We shall also suppose that the decision-maks:
has three informational sources available (all
available at a positive price). He can obtain

(1) the average price in the two markets (for
notational convenience, however, we shall suppose
that he is obtaining p, + p,, which is, of course,
mathematically equivalent).

(2) the minimum price in the two markets; unfor-
tunately for the decision-maker, however, without
the additional specification of which market this
minimum price prevails in.

(3) the price in market one.

Thus in this case, 4 = {0, 1, 2, 3}, where

1o( 1> P») =0 [null information], (8)
Mm( P> P2) =P1+P2s (9)
7, (py, p) =min{ p;, p,},  and (10)
3(P1> P2) =P (11)
Thus, e.g.,

Y,={0,1,2,3,4,5,6), Y,={0,1,2,3}=Y,,

(12)

and the information structures are as indicated in
figs. 1a~c. We shall also suppose that

c(0)=0, c(1)=1/4, c(2) =1/8, c(3) =4/5,

and that r=2, that is, the decision-maker can
purchase at most two pieces of information.

Consider the strategy ¢*, whose representation
in decision-tree format is given in fig. 2. Thus in
this case,

al(X)=2’ B,= {Mzo’ My, M,,, Mzs} =M,,
and a, is given by
“2(M20) =3 =a2(M21), az(Mzz) =0= (Mzs)-

Graphically, our final information structure, B, is
as indicated in fig. 3.
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2.2.8. Definition. If a= {(B,, a;),..., (B,, a,)) is
a feasible information-gathering strategy for D we
define, for each g {1,..., r+1} and each B€

B‘I
B (B)={B'cB |BNB+ )
fort=gq,..., r+1, ()

where we write B, ; = R(B,, «,). We shall refer to
B,(B) as the information structure on B at the tth
step. >

The following result will probably contain no
surprises for the reader who has followed the
development carefully to this point; but the prop-
erties set forth are important to our subsequent
development.

2.2.9. Lemma. If a= {((B,, a;),...,(B,, a,)) is a
feasible information-gathering strategy for D, and
t€{l,...,r+1}, then

(i) for each BE B, and each q€ {1,...,t}, there
exists exactly cne BY€ B such that B€
B,(BY), and furthermore, B C BY.

(it if we write B, ={B,,..., B}, then
{Bq(Bl), . Bq( B\ )} is an information struc-
ture on B, for q=¢t....,r+1; that is
{Bq(BI),.... B (B, )} is a partition of Bq and
B(B)+ D fori=1,..., k.

(iii) for each B€ B, we have

% It is the information structure induced on B by the strategy
a at the ¢th step in the information-gathering process. See
Lemma 2.2.9,

(a) B(B)={B},
(b) B(B)isan information structure on B for

g=t...,r+1,
(¢) ift<r, B, (B)=R[B(B) a,] for q=
L...,r.

Proof. (i) Let BEB, and g€ {1,..., t} be arbi-
trary. We have

Bx=B,
and hence there exists B7 € Bq such that,
Bc B9
Since Bq is a partition of X, it then follows that if
B e Bq is such that B’ # B4, then
BNB' =@,
and our result follows.

(ii) If we write B,= {B,,..., B,} and g€
(t,..., r+ 1}, it follows immediately from part (i)
that

U BcB for j=1,..., k. (14)
B=B,(B)

Furthermore, since Bq is a partition of X, we
obviously have, for each j€{1,..., k},

Bc U B,
BeB,

and, from the definition of B, (B), it then follows
that

Bc U B (15)
BEB(B)
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of X, it follows that

B(B)NB(B,)=2 for j+j.

Finally, we note that it also follows from (16) that
B,(B)+ o for j=1,.., k.

Therefore

{B,(B,).--

.. B(B,))}

is an information structure on B,.

(iii) Let 7€ {1,..., r+ 1} be arbitrary, and let
B € B. We note first of all that it follows at once
from (16) above, and the fact that B, is a partition
of X, that
B(8)={E}.

Now let g€ {1,..., r+ 1} be arbitrary. It fol-
lows at once from the definition of B (B) and the
fact that B, is a partition of X, that the sets in
B (B) are non-empty and pairwise disjoint. Using
(16), above, it then follows that B (B) is an
information structure on B.

Suppose now that < r and let g€ {1,..., r}.
From part (ii) and the definition of a feasible
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strategy, we have
B,.,=R(B,a,)= U ¢[B, ,(B)]
BeB,
=U U B a(8)
BeB, B'€B,(B)

U R[B,(B), a,]. (17)

BeR,

However, by part (ii)

Bq+l= U Bq+l(B)!

BeB,
and using (17) and the fact that for each B€ B,,
both B (B) and B, (B) are information struc-
tures on B, it then follows easily that for each
BeB, B, ,(B)=R[B(B), a,] Q.E.D.

In defining the sequence B(B)gq=t,..., r+
1) for B € B, we are, in effect, tracing forward the
segment leading from B of the sequence B (g =
t,..., r+1). It will often be useful to trace the
sequence backward from B € B, as well; which is
the point of the next definition.

2.2.10. Definition. Let a = ((B,, a),..., (B,, a,))

be a feasible information-gathering strategy for D,

and let B, =R(B, a,). For each g€ {(1,...,

r+1}, and each B€ B, we define the sequence

(B/(B)){, by

B,(B)=that B’€B, suchthat BNB' + @.
(18)

{Note that it follows at once from Lemma 9 that
(B,(B))[, is well-defined.) We shall refer to 8,( B)
as the predecessor of B at ¢.

2.2.11. Lemma. Suppose a = {(B,, a)),....
(B,, a,)) is a feasible information-gathering strategy
for D, and let B, _, = R(B,, a,). Then we have

(i) for each g€ {1,..., r+1), and each te
{1...., 4}, each B€ B, and each B’ € B,,
B’ =B/(B) if, and only if, Be B, (B').

(it) foreachqe (1,..., r+1), and each BE B,
B=B,(B)cB, ,(B)c --- cBy(B)=X.

(i) if, for some q, ¢’ € {1,..., r+ 1}, BGBq,
and B'EBq,, we have,

q=2q" and BNB' + @, then

B.(B)=B(B")
for t=1,..., q’[and B’ = Bq,(B)].
Proof. Part (i) of our conclusion follows im-
mediately from the definitions. To prove (ii), let
ge{l,..., r+1}and Be B, be arbitrary. Since
B, is a partition of X, it is obvious that
B,(B) =B,
and, since B, = { X}, it is egnally apparent that
Bi(B) =X.

Now suppose g=1, let € {1,..., ¢~ 1}, and
define
B,=B(B) and B,=p,,(B).
From part (i), and part (i) of Lemma 9, we have
Bc B, for i=1,2,
so that
B,NB,+ 3.
Therefore
B,eB,,,(B,),
and it follows from Lemma 9 that

B,=B,,,(B)<c B, cB(B).

In order to prove (iii), we note that if the
hypotheses of (iii) hold, we have

B,(B)=B".

It then follows at once from (ii) and the definition
of (B,(B))L, that B(B)=B,(B’) for t=1,...,
q. Q.E.D.

2.3. Costs and Payoffs of Strategies

The following definition (and the results of the
preceding subsection) will enable us to provide a
convenient characterization of the expected cost of
a feasible strategy.

2.3.1. Definition. Let a= {((B,, &,),..., (B,, a,))
be a feasibie information-gathering strategy for D,
and let B, ,=R(B, a,). For each g€ {1,...,
r+ 1}, and each B& B, we define a(B) as the
sequence (of length g — 1) of actions taken by the

strategy a along the path that yields B; that is,
a(B)={(a(1, B),..., a(g—1, B)),
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where we define ©
a(t, B)=a,[B(B)] for 1=1,..., g—1.

Assumption. We suppose that, with each a € A4 is
associated a nonnegative cost, c(a), the cost of
employing action a. Further, we assume that ¢(0)
=0.

In a given realization of the type of decision
problem under study, the application of a feasible
information-gathering strategy.

a= <(Bl, al),..., (B,, ar))’

will result in the determination that %, the true
state, is an element of some BE B, , = R(B,, a,).
The cost of determining that £ € B will be the
sum of the costs of all the actions taken along the
path yielding (ending in) B, and will therefore be
given by
r
c(8)= X ela, B)]. 1)
=1
As noted earlier, we suppose that there is a
deterministic relationship between decisions, states
of the environment, costs, and a set of outcomes
(effects); that is, we suppose that there exists a
function

p: XXDXR-E,

where ‘E’ denotes the set of outcomes (effects) (cf.
Marschak and Radner [1972]). We also suppose
that there exists a (von Neumann—Morgenstern)
utility function

u:E-R,

such that u(-) represents the decision-maker’s
preferences over outcomes. Thus the payoff func-
tion w*: XX D X R — R is defined by

w*(x, d, c)=u[p(x, d, c)]
for (x,d,c)eXXDXR, (2)
and we shall assume that w*(x, d, c) is strictly
decreasing in ¢, for all (x, d)€ X X D.

If o={((B,, o),..., (B, a,), (B,,,08)) is a
feasible strategy for D, we see, therefore, that the
expected payoff for o will be given by

2% (e)= Y Y ¢o(x)w*[x, 8(B), C(B).].

BEB,.+1 xE€EB (3)

6 Thatis, a(¢, B) is the action taken at step #(r =1,..., ¢ —1)
along the path that yields B.

We then suppose that the goal of our decision
problem is to

choose o*€Z(D) such thatforall o< 3(D),
Q*(o*) > 2*(o). (4)

However, suppose we assume that the set of
consequences (effects), E, takes the form
E=RXW,

where ‘W’ denotes the space of non-monetary
components of the consequences of an act; and
that the consequences function, p, takes the form

p(x, d, C) = (PI(JC, d) -, Pz(x« d))’ (5)

where

p: XXD-R

yields the monetary aspect of the consequence,
and

pr: XXD->W

yields the non-monetary aspect of the outcome. If
we also suppose that u(-), the decision-maker’s
utility function, can be written in the form

u(p, wy=ap+u,(w) for (p,w)ERXW,

where a >0 is a positive constant; then we can
further suppose, without loss of generality, that
a = 1. Thus, with these assumptions we can write

w*(x, d, c)=ul[p(x, d, c)]
=py(x, d) = c+u,y[p,)(x, d)],
and, if we define

w(x’ d) =pl(x’ d) + “2[92(3‘» d)]’
our net payoff function becomes
w*(x,d, c)=w(x,d)—c. (6)

Thus in this case if 6 =(a, B,,,, 8) is a feasible
strategy, the expected net payoff from a, (3),
becomes

2*(c)= L X ¢(x)[w(x, 3(B))-C(B)]

BeBr-)—l xEB

= X X o(x)elx. 8(B)]
BeB,,., x€B
- L 7(B)C(B}. (3)
BeB,.,,
From (1) we see that expected cost of strategy o,
I'(3) is given by
I'(s)= Y =(B)C(B). ()

BeB, .,
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If we also define the expected gross payoff of g,
(o), by

20)= £ T s(x)alx, 8(8)), (®)
BeB,,, x€B

we see from (3’) that in this case the expected net

payoff of o, 2*(e), can be written as the dif-

ference between expected gross payoff, £(e), and

expected cost, I'(a); i.e.,

2*(e)=2(0)-T(o). (3")

In most of the remainder of this paper (all of
section 3 onward), we shall assume that w*(-) can
be written in the form of (6), so that expected net
payoff can be written in the form (3) or (3").
Where this is the case, we shall say that the payoff
function is linearly separable (in monetary out-
comes).

If we re-examine the expression (7), which gives
the expected cost of o, we note that it depends
only on the information-gathering portion of o. 7
Thus if a={(B,, &,),..., (B, a,)) is a feasible
information-gathering strategy for D, we define
v(a), the expected cost of a by

Y. «(B)C(B), 9)
B€B, .,
where B,,,=R(B,, a,). In the context of the
linearity assumption developed in the previous

paragraph, the following result will often be use-
ful. 8

v(a)=

2.3.2. Proposition. 1If a={(B,, ay),..., (B, a,))
is a feasible information-gathering strategy for D,
then:

v(a) =c[ay(X)] + ¥ 7(B)c[ay(B)]

BeB,
+...+ BZB 7(B)c[a,(B)]
- X T a(B)ela ()]

7 It may be that in some contexts we can usefully speak of
the elements of D as differing in their cost of implementa-
tion (e.g., computational costs, publication costs, etc.), and
it may be useful in some applications to include these costs
in I'(6). However, in our formation such costs can be
supposed to enter into the determination of w(x, d).

The formulas for the expected cost of a and a are valid for
the general case where net payoff cannot be separated as in
(3"), as is Proposition 2. However, expected cost is not
necessarily of interest outside the linear case.

Proof. Using (9) and (1), we have

T (B) Y cla(t, B)]

BeB, . ; t=1

T Y a(B)clals, B)]. (10)

=1 BEBI+]

Now, let t€{1,..., r} be arbitrary. We have
by Lemma 2.9 that

Y. w(B)cla(t, B)]

BeBr+l

=Y X

BeB, B'eB,, (B)

v(a) =

a(B)c[a(z, B')]. (11)

However, from Lemma 2.11 we have, for each
B €B,, that:

(vB’€B_, ,(B)): a(t, B’) =a,(B);
and thus

r X

BEB, B'€B, ,(B)

= Z c[a,(B)] Z

BeB, B'eB,,(B)

#(B')cla(t, B')]

=(B). (12)

Furthermore, again using Lemma 2.9,

Z 7 (B’) =n(B). (13)
B’EBr+l(B)

From (11)-(14) we have, for each r€{1,...,
r},

Y (B)cla(t, B)] = ¥ w(B)c[a,(B)].

B&B, BeB,
(14)

Substituting (14) into (10), we then obtain the
stated result. Q.E.D.

Before concluding this subsection, it is
worthwhile to consider the problem of determin-
ing an optimal strategy for Example 2.7.

2.3.3. Example (Example 2.7 Cont’d). It can be
shown that the strategy o* defined in our previous
discussion of Example 1, which has an expected
payoff 2*(o*) given by

Q*(o*)=33/8—-1/8— (1 -1/4)4/5=32/5.

is optimal for the decision problem under consid-
eration. This example illustrates several aspects of
the decision model developed here which are worth
noting. l
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(1) The optimal strategy does not obtain full that point, better information (i.e., a finer parti-
information, even though such is available. This tion) would be obtained. However, it is not opti-
statement has two aspects: mal to do so, for this action would increase ex-

pected cost by more than it would increase ex-
(a) M,,, which is not a singleton, is an element of pected gross payoff.

B,, and if experiment 3 were to be performed at (b) The strategy o, displayed in fig. 4, results in

Mo N M3y F5=3

n

Myp N Mgy =d

Y9 'r a=3

1

M
Fig, 4 16 a=0 O 16 d=d
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full information (allows a decision to be made
with certainty).

However, o! has an expected return given by
2*(e')=34/8—-1/4—-(1-1/8)4/5=4-7/10
=33/10,

which is less than 2*(¢*). On the other hand, ¢’
is an efficient strategy in the sense that if we set
a,(B) =0 for any B € B, for which we now have
a,(B) =3, the expected return would be smaller.

(2) In the sense of the Marschak and Radner
[1972] definitions, both experiments 1 and 2 have
zero information value. Since the optimal strategy
begins with experiment 2, it follows that we can-
not build up an optimal strategy by making use of
their definition of the value of information at each
stage f(t=1, 2,..., r+1), although at r=r we
can make the choice of a, on the basis of maxi-
mizing the value of information in the Marschak
and Radner sense.

(3) The order in which experiments are con-
ducted is of critical importance in obtaining the
optimal strategy. In our example, experiments 2
and 3 are performed in that order in the optimal
strategy. However, the largest expected return ob-
tainable from a strategy which begins with experi-
meat 3 (a;(X) = 3) is 3 31 /80, which is less than
Q*(a*).

(4) The optimal procedure with r=1 is to
perform experiment 3 and then sell appropriately
(both units in market 2 if the price in market one
is zero, etc.). As pointed out above, however, the
optimal strategy does not begin with experiment 3
if r=2.

2.4. Sequential and Non-sequential Strategies

2.4.1. Definition. If a feasible strategy for D, ¢ =
(B, a)),..., (B, a,), (B, ,, 8)) (respectively, a
feasible information-gathering strategy, a =
{(By, a,),..., (B, a,))) is such that for all ¢+(z=
1,..., r)and all B, B’ € B, we have

a,(B)=a,(B’), (1)
we shall say that ¢ (respectively, &) is a non-
sequential strategy. Otherwise, o (respectively, a)
will be said to be a sequential strategy.

The reason for the terminology here is that
sequential strategies use information in a sequen-
tial fashion; that is, the information obtained at

the rth step is used in deciding the (z+ 1)th
action. ° A non-sequential strategy involves a fixed
sequence of actions, with a given action in the
sequence to be carried out regardless of the in-
formation obtained from the previous action in
the sequence. It is apparent that non-sequential
strategies are defined completely by the sequence
of actions to be employed and the decision func-
tion § to be used at the (r+ 1)th step. Thus, if
o={((B,, a),..., (B, ), (B, ,,8)) is a non-
sequential strategy, we can by (1) above, define,
for any fixed BE B, |

a(t)=a(i, B) for t=1,2...., r.

The strategy is then completely defined by the
(r + 2)-tuple

[&(1), &Q2)..... &), (B,.,, 8)]. (2)
and for our present discussion we shall modify our
previous notation to use an (r+ 2)-tuple of the
form (2) to denote non-sequential strategies.

Non-sequential strategies, while being generally
less efficient than sequential strategies, have the
advantage that they can be done in parallel. Thus
if we consider a strategy of the form (2), we can
imagine a central agent delegating a subset of
{a(1),..., a(r)} to one or each of several agents.
The principal advantage of this, of course, is that
it would serve to effectively expand r, the number
of information-gathering actions which can be
taken before a final decision is made (see the
discussion regarding r in the appendix). Partially,
or possibly wholly, offsetting this advantage are
(a) the fact that sequential strategies are generally
more efficient than non-sequential strategies
(sequential strategies often obtain the same or
more information than non-sequential strategies,
with a lower expected cost), and (b) the cost of
employing the agents. However, while the general
problem of the delegation of problem-solving tasks
is something which we believe can fruitfully be
studied within the context of this mcdel, we shall
not pursue this topic further in this paper.

2.4.2. Definition. We define the finest information
structure obtainable from A4, B4, by

n n—1
BA:{nMal’ nMalnMnZ”"’
a=1 a=1

®  This distinction is essentially the same as between sequen-

tial and non-sequential sampling in statistical decision the-
ory. See, e.g., DeGroot [1970, Chapter 12].
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n—1

N MiNOM iy

a=1

n—2
ﬂlMalnM,,_l'zmM,,l,...,
a=

ﬁ Ma.n(a)} N\ {Q}'
a=1

It can be shown that B4 > B, ,, for any feasi-
ble final information structure, B, ;, which justi-
fies our terminology in the above definition. This
gives us a simple necessary condition which must
be satisfied by any feasible final information
structure, and we shall often make use of this fact
in the material to follow.

Notice that in a given realization of Model I,
B“ represents the best information that can be
obtained even if r>n. (Thus, for example, the
finite memory of even the largest computer availa-
ble puts an upper limit on the number of decimal
places one can use in representing a real number.)
From the standpoint of the decision problem,
therefore, any data concerning individual elements
of members of B4 is, in a sense, irrelevant to the
decision at hand. This is another property which
can be usefully exploited in the analysis of our
decision problem.

It will often be useful to have a characterization
of a feasible information structure which we can
invoke without a reference to the feasible strategy
from which it arises. Moreover, it will sometimes
be useful to be able to speak of a set that could
arise as an element of a feasible information struc-
ture without having to specifically tie it to a
feasible final information structure of which it is
an element, or the feasible strategy with which it is
connected. We can develop a definition of both
which will be satisfactory for most purposes by
first developing the following.

We first extend our definition of a feasible
information-gathering strategy to: A k-feasible in-
formation-gathering strategy (k=1,..., n), aisa
sequence of k pairs,

a= <(B1, 0[1),..., (Bks ak))

satisfying 1 and 2 of Definition 2.2.5. (with *
holding for t=1,..., k). We can then define the
following.

2.4.3. Definition. Let k € {1,..., n}. We shall say
that

(1) an information structure on X, B, is k-
feasible iff there exists a k-feasible information-
gathering strategy,

a={((B, a)...., (B, a)),
such that
B= R(Bka ak)‘

(2) a set BC X is k-feasible iff there exists a
k-feasible information structure on X, B, such
that B B.

Notice that for any k€ {1,..., n}, and any
k-feasible information structure, B, we will have

B4 >B. (3)

Furthermore, B is n-feasible (i.e., k feasible for
k = n).

2.4.4. Definition. For each BcC X, we define
B#(B)c B” by

B4(B)={B'€eB*|BNB'+ J}.

The following is then an easy consequence of
(3), and the proof will be left to the interested
reader.

2.4.5. Proposition. If B C X is k-feasible for some
ke {1,..., n}, then BA(B) is an information struc-
ture on B. Furthermore, if B={B,,..., B } isa
k-feasible information structure for some k € {1, ...,
n}, then

{B(B,),..., BY(B,)}
is an information structure on B.

While we shall make use of Proposition 5 on a
number of occasions, we shall postpone our first
application to the next subsection; in the mean-
time directing our attention to another question.

We shall at times be interested in the question
of whether it is possible and/or desirable to ob-
tain a solution with certainty. The following nota-
tion and definitions will be convenient in such
discussion.

If we define

B¥={{x}|xeX},
we obviously have
BX > B, M
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and, in fact, for any k-feasible information struc-
ture, B,
B¥>B. (8)

We can define two notions of a solution with
certainty, depending upon whether one of the
converse inclusions [converse of (7) or (8)] holds.

2.4.6. Definitions. We shall say that D
(i) admits of potential certainty iff

B4 > B*X. (9)

(ii) is solvable with certainty iff there exists a
feasible strategy for D, 0 = {a, B, ,, 8), such that

Br+l 2 BX’ (10)

Obviously if D is solvable with certainty, then
it admits of potential certainty but the converse is
not necessarily true. In any case, it is obviously
not necessarily the case that either (9) or (10)
holds.

We close this section with the following result,
which we shall sometimes find useful in the
material to follow.

2.4.7. Proposition. If B C X is k-feasible, for some
ke ({l,..., n}, and B & B*, then there exists € A
such that

#.(B, a)=2.

Proof. Using Proposition 5, we see that if B is
k-feasible and B & B, then

#B4(B) > 2.
Accordingly, let B,, B, € B4(B) be such that
B, +B,.

From the definition of B“, we see that there exist
sequences ¢ yi,..., yi)(i=1,2), such that

vie{l,..., n,} for i=1,2, a=1,..., n,
and

B,=N;..M,, for i=1,2. (11)
Furthermore, since B, # B,, we must have
Dhoeeor Yy = (Ohaeees 23,

Letting

a=min{ac 4|yl +y?}, where
Ay={acd|a*0} =4\ {0},

we then see from (11) and the fact that B, C B for
i=1, 2, that

B,cM;,NB, B,C M, :NB,
and thus #:(B, a) = 2. Q.E.D.

2.5. Conditional Optimality with Linear Separability

Throughout this subsection, and throughout the
remainder of the paper, we shall assume that the
payoff function is linearly separable in monetary
outcomes, so that we write

w*(x,d, c)=w(x,d)—c, (1)

and for a feasible strategy o= {(B,, a;),...,
(B,, a,), (B, 8)) we can express the expected
net payoff of e as

2*(0) = (o) - I'(0), (2)
where £2(o), the expected gross payoff from o is
given by

2(c)= X ¥ ¢(x)e[x, 3(B)], (3)

BeB,,, x€B

and I'(o), the expected cost of o, is given by

I'(e)= Y «(B)C(B), {4)
BEBr+l

(see the discussion in section 2.3). Given this

assumption, some new concepts become of inier-

est, for example the following.

2.5.1. Definitions. 1f B C X is non-einpty, we de-
fine the potential gross payoff associated with B,
v(B), and the conditionally optimal decision set
for B, D*(B), by

v(B) = max Y ¢(x|B)w(x, d), (%)
€D yep
and
p*(B)={deD) L o(xIB)a(x 4) =0(B)},
(6)
respectively.

Notice that we can equally well define D*(B),
the conditionally optimal set for B, as

p*(B)={deD| T ¢(x)a(x, d)

x€EB

= n(B)o(B)}. (™)
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Given this consideration, the following result be-
comes more or less immediate.

2.5.2. Proposition. If 6= (a, B,,,, 8) is optimal
for D, then for each B € B, ,, we must have §(B) €
D*(B). Furthermore, the expected gross payoff for
o, (o), will be given by

2(o)= Y =(B)v(B). '

BEB,

Making use of the second part of Proposition
2.4.5. we can define a mapping from Z(i?) to the
family of all decision functions defined on B4
which will sometimes be very useful in comparing
the payoffs of two different feasible strategies, as
follows.

2.5.3. Definition. Given a feasible strategy for D,
o={((B,, a;),.... (B,, a,), (B}, 8)),

we define 87 : B* — D by

84(B)=8(B’) forthatunique B'€B,

such that Be€B4(B’).

Our first use of this definition will be in con-
junction with the following.

2.5.4. Definition. For each d € D we define B*(d)
c B* by

B*(d) = { BeB*|de D*(B)).

We then define, for each d € D,

x,= U B
BeB*(d)

2.5.5. Proposition. Suppose o* = {(Bf, af),...,
(B*, a*), (BX.,, 6*)) is a feasible strategy for D
satisfying

(VBEBY,,): BS Xso(p)-

Then for any feasible strategy, o = {a, B, ,, 8),
we have

2(0) < 2(c*).

Proof. We have, using Proposition 2.4.5.,

200)= ¥ X o(x)elx 8(B)]

BGB,+1 XE€EB

= Y Y X ¢(x)e[x,8(B)]

BeB,., B'eB*(B) x€B’

= X X X e(x)el[xs(B).

BeEB, ., B'eB4(B) Xx€B’
(®

However, since B, ; and B* , are both partitions
of X, we have

Y X X e(x)e[x 84(B)]

BeB,,, B’eB”#(B) XEB’

=X L X éx)elxs(s)

BeBY., B'eB4(B) x5’

= Y Y «(B) X ¢(x|B)

BEBY,, p'eB*(B) x€B’
Xw|x, 82(B’)]
< ¥ X 7(B) Y ¢(x|B)
BEBY, p’eB*(B) x€EB’
xw[x, 8*(B)]. 9)
where the inequality is by the fact that for each

BeBY*,, BC X;«g) Using this same fact, we
have

Y X w(B) X ¢(x|B)e[x, %(B)]

BB, B’'eB*(B) x€p’

=X L X é¢x)elx s8]

BeBY., p'eB4(B) €8’

Y X ¢(x)e[x, 8*(B)] =2(c*),

BeB* , x€B

(10)

where the second equality is by the first part of
Proposition 2.4.5. Combining (8)-(10) yields the
desired result. Q.ED.

The following is an immediate implication of
Proposition 8.

2.5.6. Corollary. If BC X is k-feasible, for some
ke {1,..., n}, and for some d € D we have

Bc X,
then d € D*(B).
3. Efficient, Admissible, and Optimzal Strategies

3.1. Efficient Strategies

We begin our investigation here by showing
that, in the case of a linearly-separable payoff
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function (section 2.3), our decision problem D
satisfies the critical condition necessary for the
application of dynamic programming techniques
to obtain a solution. We first define the following.

3.1.1. Definition. If a = {(B,, ay),..., (B, a,)) is
a feasible information-gathering strategy for D,
and we define

Br+l = R(Br’ ar)’

then for each g& {1,..., r+ 1}, we define the
expected cost of obtaining B, ¥(B,), by

q-1
Y X 7(B)c[a(B)] if g¢=2,

t=1 BeB,
0 if g=1.

7(B,) =

(1)

Using the above definition, we can establish
that the expected net payoff of a feasible strategy
decomposes as follows.

3.1.2. Proposition. If o= {(B, ,;),..., (B, a,),
(B.. . 8)) is a feasible strategy for D, we have, for

r

any g€ {1,..., r},
Q(e) -TI'(0)

- ¥ { % e(x)elx 8(8)]

BeB, \ B'eB,+1(B) x€ B’

Y ¥ w(B")c[a,(m]}—?(B,,). @

t=g B"EB(8B)

Proof. Our result is trivial for g=1, while for
g€ {2,..., r}, we have

Q(o)-TI(o)
L X o(x)elx 8(B)]

BEB,+1 x€B

- ¥ T w(B)c[a,(B)]

t=1 BEB,

=X X X és(x)elx 8(8)

BeB, B’eB,, (B) xe B’

]

g—1
- % T a(5)cla(s)

eB,

—)i Y X w(B)-cle(B)]

t=q BeB, B'=eB/(B)

Y X ¢(x)elx, 8(8)]

B’EB,,, xEB

=Z{

BEB,

L T aa)ela(80)]) - 5(8)
t=q B"€B(B)

where the second equality is by Lemma 2.2.9.

Q.E.D.

Our decision problem, D, is defined by eight
elements

D=(X,¢,D,w, A, {M, a4}, c, r).

Notice, however, that, given any non-empty B C X,
and any positive integer, s, D can be used to
define a decision problem, D(B, s), which is
structurally equivalent to D, and is given by '°

D(B’ S)=<B’ ¢(|B)9 D, w, A,
{«(B, a)|a€ A}, c, s5),

where ¢(- | B) is the conditional density function
defined by ¢ on B, ie.,

o(x|B)=o¢(x)/m(B) for xeB.

Furthermore, a feasible strategy for D defines
feasible strategies for a number of such decision
problems as is noted in the following, the proof of
which is left to the reader (it follows easily from
Lemma 2.2.9).

3.1.3. Lemma. Let o= {(B,. a;),..., (B, a,)
(B..,, 8)) be a feasible strategy for D. Then for
each g€ {1,..., r}, and each B € B, o defines a
feasible strategy for D(B, r+1—gq), o(B, r+1 -~

q), by !!
o(B, r+1—gq)

= <(Bq(B)’ aq)’ (Bq+l(B)’ aq+1)"'-,
(Br(B)’ ar)’ (Br+1(B)’ 6))

If o=((B,, a;),..., (B,,a,), (B,.,,0)) isa
feasible strategy for D, and g€ {1,..., r}, then it
follows at once from Proposition 2 that

10 Strictly speaking, the gross payoff function appearing in
D(B, s) should be taken to be the restriction to « to
B X D; but indicating this formally would needlessly com-
plicate our notation.

Once again, to be strictly correct, we should replace a,(t =
Goeens r) by the restriction of a, to B,( B), and similarly for
8. However, this would further complicate our notation,
and the present usage should cause no confusion.



J.C. Moore, A.B. Whinston / A Model of Decision-Making (Part 1) 301

(o) - (o)
-y w(s){ S T exIB)
BeB, B’€B,, |(B) x&B’

X w[x, 8(B’)]

—f: > vr(B"|B)c[a,(B")]}

t=q B"€B,(B)

Using (3) and Lemma 3, the following is then
more or less immediate.

3.1.4. Theorem. If o= {(B,, oy),..., (B, a,),
(B..,, 8)) is feasible for D, then o is optimal for D
if, and only if, we have

foreach qe€{1,...,r}, andeach B€B,

o(B,r+1—gq) isoptimalfor D(B, r+1-gq).

(4)

Theorem 4 shows that our problem satisfies
Bellman’s fundamental necessary condition for the
application of dynamic programming (Beliman
[1957, p. 83)).

An optimal policy has the property that,
whatever the initial state and initial deci-
sions are, the remaining decisions must con-
stitute an optimal policy with regard to the
state resulting from the first decision.

Unfortunately, there is generally no effective way
to work backward from a k-feasible set BC X
(k€{1,..., r}) to develop an optimal strategy on
the basis of backward induction techniques. How-
ever, in section 6 we will develop one special case
(which includes the computer file search problem
as a subcase) in which we can fruitfully apply
backward induction to obtain an optimal solution.
In the meantime, our main technique for simplify-
ing the problem of obtaining o solution for the
general case revolves around the use of the follow-
ing.

3.1.5. Definition. If o= (a, B, ,, 8) and o*=
(a*, B*,, 8*) are feasible strategies for D, we
shall say that o* (weakly) dominates o [respec-
tively, strictly dominates o}, iff

Q(e*)-I'(6*)=>2(0) - I'(0)
[respectively, 2(o*) — I'(e*) > 2(s) — I'(0)].

3.1.6. Definition. We shall say that a non-empty set
2* ¢ 3(D) is a dominating (strategy) set for D iff

(Vo € 2(D))(30* € =*): 2(0*) — I'(0*)

= 2(o) - I'(e), (5)
(so that o* dominates o).

The following is a straightforward modification

of a standard result in decision theory, and is
easily proved.

3.1.7. Proposition. If =* C Z(D) is a dominating
set for D, and if o* € X* satisfies
(Vo €2*):Q(o*) —I'(0*) = 2(0) — I'(0),

then o* is optimal for D.

Proposition 3.1.7 states that we can simplify
our search for an optimal strategy for D in that we
can confine our search to an appropriately chosen
dominating set for D. In our theoretical work, the
dominating set with which we shall work is the set
of ‘efficient’ strategies for D, as defined below.

3.1.8. Definition. We shall say that a feasible infor-
mation-gathering strategy for D,

a= <(B], al)""’ (Br’ ar))’

is efficient iff
(i) for each t€{1,..., r—1}, and each BE B,
we have

if a,(B)=0, then «,,(B)=0,
(note that if a,(B)=0, then BE B, ), and
(i) for each t€ {1,..., r}, and each BE B,
(a) if a,(B)=a=+0, then #i(B,d)=2,
(b) if, forsome d€D, BCX,,

then «,(B)=0.

3.1.9. Definition. We shall say that a feasible
strategy for D, 6 = (a, B,,,, 8), is efficient iff
(i) a is an efficient information-gathering strategy
for D, and

(ii) for each B€ B, |, 8( B) € D*(B).

We shall denote the set of all efficient strategies
for D by 2¢(D).
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The key fact needed to establish that 2¢(D) is
a dominating set for D is the following.

3.1.10. Proposition. If B C X is k-feasible for some
ke{l,..., n} and d* € D is such that B C X,«,
then for every feasible information structure on
B, 12 B, and every 8 : B — D, we have

Y X ¢(x)elx, 8(8)]

B’eB x€B’

< Y o(x)w(x, d*)=x(B)v(B). (5)

xXEB

Proof. Suppose B is a feasible information struc-
ture on B, and that 6: B — D. Then

B4(B) =B,
and hence we have

X X o(x)elx, 8(8)]

B’'eB x€B’
7(B”) X ¢(x|B"”)

=X X

B'e€B p"ecBA(B’) xeB”
Xw[x, 8(B’)]

<Y X a(B) L ¢(x|B”)
B’cB p"eB4(B") xeB”
Xw(x, d*)

=2 X X ¢(xelxd¥)

B’€B p”eB4(B’) x€B”

= X o(x)w(x, d*),

xXEB
where the inequality follows from the fact that for
each B’ € B, we have B“(B’) C B*(B).

The above argument establishes the inequality
in (5). To prove the equality, we note that, since
B = { B} is a particular feasible information struc-
ture for B, we have, for any de D

7(B) X ¢(x|B)w(x, d)

xeB

Y o(x)e(w, d)

xeB

Y, o(x)w(x, d*)

xXEB

=m(B) T (x| B)w(x, d*).

xE€EB

IA

12" Feasible, that is, for D(B, n).

Thus for all de D
Y o(x|B)w(x, d)< Y, ¢(x|B)w(x, d*),

x€B x€EB

which establishes the equality in (5). Q.E.D.

The proof of the following is then conceptually
easy, though a bit tedious. Since the result also
appears to be fairly obvious, we shall leave the
proof to the interested reader.

3.1.11. Theorem. The set of efficient strategies for
D, 2¢(D), is a dominating set for D.

3.2. Admissible Strategies

The criterion for efficiency, as developed in the
previous sub-section, is fairly straightforward, and
we will find it very useful in our analytic work in
the section to follow. The hypotheses of the results
we shall present in this subsection can be used to
define the notion of an admissible strategy; and if
we require that an admissible strategy also be
efficient, the set of admissible strategies will be a
dominating set for D, and a proper subset of
2¢(D). However, a full formal definition of an
admissible strategy is very messy, and we shall not
be able to put it to much use in the section to
follow. Consequently, we shall not formally state a
definition of an admissible strategy here. How-
ever, the results to follow are quite useful in trying
to solve an actual realization of our decision prob-
lem.

3.2.1. Proposition. Suppose o = {(B,, a;),...,
(B,, a,), (B,.,, d)) is feasible for D, and that there
exists g€ {1,..., r}, B*€B,, and a* €A such
that

t(B*, a*) ZL[B*, aq(B*)] and

c(a*) SC[aq(B*)]. (1)
Then o is dominated.

Proof. Suppose there exist B*€ B, and a* €4

satisfying (1). We then construct a strategy o* by
modifying o as follows. We let

(B*, a*)=(B,a,) for t=1g-1,
a}(B)=a,(B) for BeB\B/(B*),
t=q,..., r,
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and
5*(B)=38(B) for BEB,, \B,,(B*).
Further, for B€ B*(B*)t=gq,..., r), let
af(B)=a,(B’) for that unique B’<B,(B’)
for which BcC B’,
and finally let
8*(B) e D*(B) for BeBX (B*).

It is then easy to show that
I'(e*) <I'(0),

and we have
Y X é(x)e[x, 6%(B)]

BeB*, x€B
= > Y ¢(x)w[x, 8*(B)]

BEB, \B*.(B*) x€B

+ X 7(B)u(B)

BEBr*-H(B*)

> Y ¢(x)w[x, 8(B)]

BEBr+l\Br+l(B*) x€B
X ¢(x)

+ X >

BB, . (B*) B’€BY, |(B*) x€B’
BR'cR

Xw[x, 8§(B)}
= > Y ¢(x)w[x, 8(B)]

1BeB,, \B,, (B*) x€B
+ Y Y o(x)e[x, 8(B)]
BeB,. . ((B*) xeB
=Q2(o). Q.ED.

2(e*) =

v

The following can be proved by an argument
very similar to the proof of Proposition 2.5.8. We
will leave the details of the proof to the interested
reader.

3.2.2. Proposition. If 6= {(B,, ay),..., (B, a,),
(B..,, 8)) is a feasible strategy for D such that
there exists g€ {1,..., r} and B€ Bq with

#Br+1(B) >1 and nB’EB,.”(B)D*(B,) # 9,

then o is dominated.

The following two results provide two funda-
mental ‘working formulas’ for the construction of
admissible strategies for a specific realization of
our decision problem. One can then compare the

expected net payoffs of the admissible strategies
to obtain an optimal strategy. We shall not at-
tempt to set forth an algorithm here, since we have
as yet no very efficient algorithm for the general
case. We shall, however, be able to present quite
effective algorithms for special cases in section 6.

3.2.3. Proposition. If o= ((B,, ay),..., (B, a,),
(B, ), 8)) is a feasible strategy for D such that, for
some B*€B ., q€{1,..., r}, and a€ A, we
have

(a)a(q, B*)=0,
(6) X =(B)u(B)

B’€1(B*, a)

- Y o(x)w[x, 8§(B8*)] >x(B*)c(a),

x€B*

then o is strictly dominated.

Proof. Let

B™= B (B*),

and define a new strategy, o*, by first letting
(B*, a*)=(B,a,) for t=1,..., ¢g—1,
o*(B)=a,(B) forall BeB\B/(B"),
t=q,..., r,

and

a*(B)=a,,,(B) for BeB(B"),
t=¢q,..., r—1,

a*(B) = {0 for BB, ,(B")\{B*},

a for B=B*.

It is clear that the information-gathering strategy

just defined, a* = (B}, af),..., (B*, o)) has
the property that, defining

B, =R(B}, of),

we have

[B for t=1,..., q,

1

B* = [B\B,(B")]UB,,,(B")
\ for t=¢q+1,..., r—1,

and
B, = [B,+1\{B*}]UL(B*, a).
Thus we can complete our definition of ¢* by
defining
8*(B)=8(B) for BeB _,\{B*},
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and letting
5*(B)e D*(B) for Be.(B* a).
Furthermore, it is also apparent that

Ma*)=§(B5)+ ¥ ¥ n(B)c[ar(B)]

t=q BEB,

~3B)+X{ T

t=q ‘ BEB*\B*(B")

+ L a(®)clax(B)])

BeBX(B")

'Ir(B)c[a;“(B)]

r—1

-iB)+T{ X

t=q > BEB\B/(B")

m(B)c[a,(B)]

+ T a(B)clan(8)])

B€B, . (B")
7(B)c[a,(B)] +m(B*)c(a)

+ X

BeB\B,(8")
=TI'(o) +7(B*)c(a), (2)
where the last equality is by the fact that
a,(B7)=0,
and hence
c[a,(B)] =0.

Finally, we have

2(c*)= T o¢(x)w[x, §*(B)]

BeBY,

- ¥

BeBX \«(B*. 4)

+ ¥ e(x)e[x, 8*(B)]

Be((B*, a)

- T

BeB,, \{B"}

>

Be(B*, a)

=20)- ¥ ¢(x)e[x, 8(B*)]

x€B*

>

Be(B*, @)
From (2) and (3) we have
2(0*) - I(a*) - [2(0) — I'(o)]
= X w(B)u(B)

Bey(B*, 7}

¢(x)w[x, 8*(B)]

¢(x)w(x, 8(B)]

7(B)v(B)

#(B)v(B). (3)

- T e(n)olx. 8(8")] - n(8*)e(),
@

which, by hypothesis is strictly positive. Therefore
¢ is strictly dominated. Q.E.D.

3.2.4. Proposition. If 6= {((B,, &;),..., (B, a,),
(B, ,, 8)) is a feasible strategy for D, and for some
B* € B, we have, writing a* = a,(B¥): there exists
d* € D such that

Y X ¢(x)e[x, 8(B)] —7(B*)c(a*)

Be(B*, u*) x€B

< X o(x)e(x, d*), (5)

xEB*

then o is strictly dominated.

Proof. This result is the mirror image of Proposi-
tion 3, and the proof is very similar. This time we
modify o to obtain a new strategy o*, by changing
only two things

ar(B*) =0,
and
S*(B*)=d*,

It is then easily shown that (5) implies
Q(e*)-TI'(c*)>82(0)-T'(s). Q.E.D.

Appendix

In this appendix we shall discuss some possible
generalizations of our Decision Model I; and, in
the process, provide a rationalization of our as-
sumption that a fixed maximum number of infor-
mation-gathering steps can be undertaken before a
final decision is made.

The generalizations we wish to discuss can all
formally be incorporated into our basic model by
adding a ninth element to the eight we are pre-
sently using to define our decision problem D (see
section 2.1), namely a set

ScA"XDXP(X),

to represent the allowable sequences of informa-
tion-gathering actions and final decisions. Corre-
spondingly, we would then add a fourth require-
ment to the definition of a feasible strategy for D
(Definition 2.2.5), viz.
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(4) for each BE B, ,, (a(B), (B), B)E S (see
Definition 2.3.1).

The two possible reasons that one might have
for wishing to take account of some such restric-
tion which we would like to discuss here are the
following.

First, in a more complete model, one might
wish to express a limitation on the information-
gathering process via a time constraint, T. The
idea here is that, in order to define feasible
strategies, we need to take into account the fact
that the experiments (initial actions) will take time
to complete, that decisions d € D may take vary-
ing amounts of time to implement, and that all of
this needs to be completed within the time con-
straint of T hours.

As we see it, the time constraint, 7, comes
about in the following way. Our formulation of
the information structures associated with the ex-
periments a € A implicitly assumes that a given
experiment would, if performed twice in a particu-
lar realization of the problem, yield the same
result both times. Thus, to take the example of
medical diagnosis, the applicability of our model
requires that, during the period of information-
gathering, if a given patient’s temperature were to
be taken twice, the same reading would be ob-
tained on both occasions. ! Since the patient’s
condition would presumably change over time,
this would put an upper bound of, say T hours,
on the period of time during which it would be
reasonable, even as a first approximation, to sup-
pose this assumption holds. In other applications
an upper limit might be placed on the period of
time available to obtain a solution on the grounds
of providing a safety margin, meeting a deadline,
and so on.

In any case, in order to define the feasible
strategies in such a way as to take these time
constraints into account, we can proceed as fol-
lows. Let the function 7: 4, >R, be defined

13 Thus, in particular, we are ignoring possible errors in
measurement. The possibility of measurement error is
something which could be allowed for, in principle, within
the context of Model II. On the other hand, the application
of the model is certainly a great deal more straightforward
in its absence, and we shail generally proceed as if errors in
measurement can be ignored (at least to the extent that we
shall not attempt to deal with them in any explicit way).

by 14
7(a) is the time required to carry out and
evaluate experiment a, for a€ A,

and assume that
(Va€A4,):7(a)>0 and 7(0)=0.

Furthermore, let the function 1: DXB—R_ be
defined by

t(d, B) is the time required to evaluate &(B)
(if d=8(B)) and to implement decision

d, 15

wiere B denotes the collection of n-feasible sets
(see section 2.4). With this notation, we can take
the time constraint into account by requiring that
a strategy 0 = {(a, B, ,, 8) be feasible only if for
each Be B, _,,

r(B)
Y 7[a(s, B)] +¢[86(B), B] <T, 1)

s=1

where r(B) is the number of information-gather-
ing actions taken to arrive at B. However, in this
situation, there are quite significant notational

14" The set 4, corresponds to the final ‘initial action’ (experi-

ment) set with the null information action deleted. Thus, in
the notation of the text, 4, = {1,..., n}.

In some contexts, 1(d, B) may be taken to be equal to
zero, for all practical purposes. On the other hand the
determination §(B) may be tedious at best. In our two-
market example of the text, the optimal §(-) function can
be characterized as taking the form:

sell in market 2if BC {(py, p2)|p2=p1 }. and

15

sell in market 1 if BC {{ p1, p2) | P1> p2 }-

In this case, the evaluation of §(B) is trivial, and we could
certainly assume ¢(d, B)=0 here. In our categorization
problem in the text, the optimal decision function 8(-} can
be characterized as taking the form: §(B)= that i€ {0,
1,..., p} such that for all '€ {0, 1...., p}, m(X,NB) >
«(X; N B). If p is large and #B is large, this could involve
some tedious and time-consuming calculations, in princi-
ple. On the other hand, in the case of the development of
an expert system, this time requirement could safely be
ignored; for in this case, a solution would be developed for
repeated application. Consequently, the evaluation of &(-)
would have to be done only once, at the time when the
optimal strategy was developed; in application the value of
8(B) could be taken as given, for each B € B, ;. On the
other hand, another sort of time for implementation cannot
be ignored on this basis; for instance, in our two market
example, the implementation of a sell order in market two
may take more time than a sale in market one.
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advantages to be gained from the following proce-

dure.

Let Z denote the set of integers, and define
N:R — Z by: N(x) = that unique N € Z satisfy-
ing N—1<x<N, and let

r* =min{r(a)|a€4,},

t* =min{1(d, B)|d€ D&B € B},

and

r=min{ N[(T—t*)/7*], n}.

Since 1(0)=0, we can then suppose that each
feasible information-gathering strategy takes ex-

actly » steps along each path; for if 0 =(a, B, |,
) satisfies (1), then for each B€ B, ;, we have

r(B)
T—t*>T-t[8(B), B] = Y t[a(s, B)]
s=1
>r(B)r*,
so that

r(B) <(T—t*)/r* < N[(T—-1t*)/7*].

Since for an efficient strategy we will also have
r(B)<n,
it then follows that

r(B) <min{N[T—1t*)/7*], n} =r.

However, while the above argument establishes
the fact that we can suppose that each feasible
strategy takes exactly r information-gathering
steps, not all information-gathering strategies tak-
ing r steps will satisfy condition (1). On the other
hand, we can eliminate this difficulty by requiring
condition 4 (set forth at the beginning of this
appendix) in our definition of a feasible strategy,
where

S= {(al,..., a,, d, B)€A"XDXB|

r

Y r(a,)+1t(d, B)sT}. 2)

s=1
In the text we have essentially assumed that
(Vac4)):7(a) =71*%,

and

(v(d, B)e DxB):t(d, B)=1*,

so that (1) [and condition 4, for § defined as in
(2)] becomes superfluous.

On the other hand, another rationale for the
inclusion of condition 4 is that we may not always
be able to perform the initial actions in 4 in an
arbitrary order. Thus, for example, there is some
appeal in the notion of treating sequential sam-
pling as a special case of our problem (it is more
naturally considered as a special case of our Model
I1, however) in which we assume that we can take
up to n samples, and that, for a € A4,, experiment
a consists of taking the ath sample. In this case,
and considering only this constraint, we can taken
r=n, and

S={a€A"|a,€{0,1}and q,,, € {0, 2,+ 1}
for i=1,..., r—1}.

Another sort of additional constraint of which
we might wish to take account stems from the fact
that in some cases one might not regard an experi-
ment as being feasible unless it were known that
X, the true state, were an element of some proper
subset of the state space. For example, a chemist
conducting an analysis of an unknown liquid
would presumably not attempt to determine its
boiling point until he has determined that the
liquid is not nitroglycerin! We would take this
constraint into account by adding a fifth condi-
tion to Definition 2.2.5, as follows:

(5) foreach t€ {1,..., r}, and each BE B,
B¢ X"‘r(B)’

where X, = that subset of X where experiment
a € A may be used (with X, = X).

We ignore this sort of complication in the text
of this paper, however; or, effectively, we assume

X,=X foreach acA4,

so that condition 5 becomes superiluous.
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