Chapter 1

Mutual and Higher-Order Expectations

1.1

Introduction

The typical game playing situation involves a group of self-interested agents, or
players, engaged in some “interdependent decision problem” [55]. Each person
in the group privately chooses a course of action under the assumption that the
final outcome depends on the decision of everyone in the group. Agents are
self-interested in the sense that they are free to solve their individual decision
problems however they see fit. They are not constrained or committed to any
team or group point of view — see [66, 8, 65] for an analysis of group decision
making under such commitments — but this does not mean that the agents are
completely selfish. For some of them, altruistic considerations may play a crucial
role in their final decision.
Two basic assumptions are important for our study. First, each agent only
has partial information about the full consequences given each of his options,
also called actions in the game-theoretic literature. The consequence of choosing
a given option depends on what the others will choose, and the agents typically
have only partial information about each others’ choices. In the decision theory
literature, this is referred to as a decision under uncertainty, as opposed to under
risk where the probabilities of each outcome given a specific option are available
to the decision-maker1 . Secondly, and most important, the agents recognize that
they are, in fact, engaged in an interdependent decision problem, i.e. in a game
playing situation. They are aware that they are interacting with other agents
who are themselves aware of the interactive character of the situation. That is,
they are interacting with agents whose choices will depend, in part, on what they
expect the others will do.
Let us consider an example where two players, Ann and Bob, are in a game
situation where they are trying to coordinate their choices:
1

See [49, Chapter 1] for a nice discussion of this important distinction.
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They each face an individual decision problem and recognize that their decision
problems are interdependent. Much of the traditional work in game theory has
centered around the questions: What should Ann (Bob) do? or what is rational
for Ann (Bob) to do? Game theorists have proposed various “solution concepts”
as answers to these two questions (the most well known examples being the Nash
equilibrium and dominance reasoning).
However, in recent years a number of game-theorists, philosophers and logicians have moved away from directly asking “what is rational for Ann (Bob) to
do?” and tried to understand what does it mean for Ann (Bob) to act rationally
in a given interactive situation. These two questions are quite different. In the
first case, one looks at social or interactive situations in abstraction from their
specific context, and tries to circumscribe, in a (quasi-)axiomatic fashion, criteria
of rational decision making. In the other case, one looks at specific game playing
situations, here at specific informational contexts, and tries to understand how
this context will or should bear on the agents’ decisions.
In the example above, if Ann expects that Bob will behave rationally (whatever that may mean) she seems under normative pressure to incorporate this fact
in her practical reasoning, and similarly for Bob. What are the consequences of
this? A classical take on instrumental rationality recommends that she should
choose the option she considers best given what she expects. That is, whether or
not a particular choice is rational depends, in part, on Ann’s current information.
In our example, this information is of a very specific kind: it is about the potential
choices of Bob (i.e., about what Bob might choose). If Ann recognizes that Bob
is, just like her, a rational agent trying to make the best out of the situation given
what he expects, then her expectations about what Bob will choose depends on
what she expects Bob will be expecting of her, which in turn depends on what
she expects Bob will be expecting she will be expecting of him, and so on.
These interrelated expectations do not need to affect the underlying view
about what constitutes a rational choice for Ann (Bob), namely choosing the
best option given her (his) current information. Yet, they crucially change the
informational background and this takes us beyond this basic view of instrumental
rationality. This is what we intend to show in this book: a theory of interactive
rationality is a theory of mutual and higher-order expectations. In other words,
we claim that the interrelated aspect of Ann and Bob’s expectations and practical
reasoning is a central part of what it means to be rational in game situations.
The next chapter discusses different models that have been recently developed
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to study mutual and higher-order expectations. The remainder of the book will
employ these models to to develop our theory interactive rationality as a theory
of mutual and higher-order expectations.
We are primarily concerned with the questions of how expectations drive the
players’ practical reasoning in game situations, keeping the “rationality” parameter constant almost all the way through, viz. to classical “Bayesian” rationality.
However, this should not be seen as an argument against alternative notions
of practical rationality2 , e.g., satisficing [60] or “rule-rationality” [2, 5]3 . Our
methodology is entirely modular and towards the end of the book we will consider the consequences of “plugging in” different concepts of practical rationality.
Until then, keeping the notion of rationality constant will allow us to highlight
how different types of information influence the players’ reasoning during the (private) decision-making process. This is in line with a increasingly popular, but of
course not uncontroversial point of view (cf. [44]), in epistemic logic and game
theory that “the fundamental insight of game theory [is] that a rational player
must take into account that the players reason about each other in deciding how
to play.” [6, pg. 81]. Exactly how the players incorporate the fact that they are
interacting with other (actively reasoning) agents into their own decision making process is the subject of much debate. As we will see, subtle differences in
assumptions about the players’ informational attitudes will lead to alternative
accounts of what constitutes rational play.

1.2

Preliminaries: Information in Interaction

Our analysis begins by being more precise about how to represent the information
that the players have in an interactive situation. This will allow us to discuss
a number of results from the so-called epistemic program in game theory (cf.
[19, 20]), which we think currently constitute the most sophisticated body of work
on the role of mutual and higher-order expectations in interactive rationality.
The central thesis of the epistemic program in game theory is that the basic
mathematical models of a game situation should include an explicit parameter
describing the players informational attitudes. A simple political example suffices
to show that this goes beyond the mundane observation that players are usually
not perfectly informed about all parameters in a game situation:
Formally, a game is defined by its strategy sets and payoff functions.
But in real life, many other parameters are relevant; there is a lot
2

Or against alternative accounts of rational decision making taking into account the (observed) behavior of human beings when making decisions [45] or the fact that humans are
bounded reasoners [31, 52].
3
In these two papers Aumann makes a distinction between “rule-rationality” and “actrationality” roughly analogous to the the well-knowing distinction between act-utilitarianism
of Jeremy Bentham and rule-utilitarianism of John Stuart Mill, John Harsanyi and others.
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more going on. Situations that substantively are vastly different may
nevertheless correspond to precisely the same strategic game. For example, in a parliamentary democracy with three parties, the winning
coalitions are the same whether the parties each hold a third of the
seats in parliament, or, say, 49 percent, 39 percent, and 12 percent,
respectively. But the political situations are quite different. The difference lies in the attitudes of the players, in their expectations about
each other, in custom, and in history, though the rules of the game
do not distinguish between the two situations.
[6, pg. 72]

This remark nicely highlights the delicate issue that mathematical models
used by game theorists to represent social situations abstract away from many
details that are often deemed important in other areas of the social sciences. Epistemic game theory takes one step away from this absract analysis by including
the information that players have in the analysis of an interactive situation. So,
among the many different aspects of a social interactive situation that are not
explicitly represented in classical game-theoretical models, the agents’ informational attitudes (including higher-order notions such as common knowledge) are
singled out as important to make explicit.
Harsanyi [38] proposed to capture this idea via the notion of a player’s type4 ,
an additional parameter to a basic model of a game situation, and this has become
a widely accepted approach in epistemic game theory:
We think of a particular [type] structure as giving the “context” in
which the game is played. In line with Savage’s Small-Worlds idea
in decision theory [...], who the players are in the given game can
be seen as a shorthand for their experiences before the game. The
players’ possible characteristics — including their possible types —
then reflect the prior history or context.
[21, pg. 319]
While the focus on explicitly modeling the players’ informational attitudes
is certainly not the only interesting extension of the basic game theoretic models, it is by far the most well-developed5 . A common side-effect of becoming a
“well-developed area” is an abundance of modeling techniques. This is certainly
true here: many different formal models have been used to represent the players
reasoning and information in game situations. This presents us with a concrete
challenge as we want to understand how the specific results found in the literature
contribute to a general theory of interactive rationality. Sometimes differences
between formal models simply reflect the mathematical conventions found in different research (sub)communities. Other technical differences are motivated by
important conceptual issues. The rest of this chapter is devoted to discussing the
4

See [50] for an interesting discussion of the history of this notion and the reception of
Harsanyi’s paper.
5
For a sampling of the extensive literature, see [18, 68] and references therein.
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key approaches to formally modeling the players’ information in a game situation
(i.e., the players’ types). We start by discussing some general issues that motivate
specific modeling choices.

1.2.1

Ex Ante, Ex Interim and Ex Post: Where to Locate
the Analysis?

Following much of the literature in epistemic game theory, we distinguish three
stages of the decision making process: ex ante, ex interim and ex post. At one
extreme is the ex ante stage where no decision has been made yet. The other
extreme is the ex post stage where the choices of all players are openly disclosed.
In between these two extremes is the ex interim stage where, to use a well-known
metaphor from von Neumann and Morgenstern [73], the players have passed their
envelopes to the umpire, i.e., they have made their decision, but they are still
uninformed about the decisions and intentions of the other players.
These distinctions are not intended to be very sharp. Rather, they describe
various degree of information disclosure during the decision-making process. At
the ex-ante stage, little is known except the structure of the game, who is taking
part, and possibly (but not necessarily) some aspect of the agents’ character6 .
In particular, the agents have not yet made a decision; “the future is open”
[13]. At the ex-post stage the game is basically over: all player have made their
decision and these are now irrevocably out in the open. This does not mean
that all uncertainty is removed as an agent may remain uncertain about what
exactly the others were expecting of him. Note that, in general, there will not
be a unique correspondence between having certain expectations and playing
a certain strategy: many coherent systems of higher-order expectations might
rationalize a given strategy choice7 . In between these two extreme stages lies a
whole gradation of states of information disclosure that we loosely refer to as “the”
ex-interim stage. Common to these stages is the fact that the agents have made
a decision, although not necessarily an irrevocable one. In the umpire-envelope
metaphor, especially suited for games in strategic form8 , the agents’ decisions do
seem irrevocable. Things are less clear in extensive games or if we allow pre-play
communication. In these cases, players might want to revise their decision on the
basis what they observe while the game is being played or simply from what they
have told each other. The models of mutual and higher-order expectations that
we introduce below will be used to precisely capture these subtleties.
For the main part of this book we focus on this ex interim stage, except
in Section ??, because it allows for a straightforward assessment of the agents’
rationality given their expectations. Indeed, one needs to look at the decisions and
6

We will come back on this while discussing the common prior assumption in Chapter 4.
We come back on this in Chapter 3
8
Strategic and extensive form games are introduced in Chapter 1.
7
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expectations in order to assess the rationality of the former, and the ex-interim
stage gives us just that: a point at which the agents have made a decision but
where much uncertainty remains. How agents should react, that is eventually
revise their decision, upon learning that they did not choose “rationally” is an
issue that we will leave on the side for most of our study. Understanding the role
of higher-order expectations in rational interactive decision making is enough of
a task for now. We leave the issue of decision or intention revision for further
investigation (cf. [58, 43]).

1.2.2

Varieties of Informational Attitudes

Contemporary epistemology provides us with a rich typology of informational
attitudes. There are numerous notions of knowledge around: the pre-Gettier
“justified true belief” view, reliability accounts [32], counterfactual accounts [51],
and active vs. passive knowledge [63, pg. 299], to name just a few. Similarly,
beliefs come in many forms: graded or flat-out [37], conditional and lexicographic
[19], safe and strong [10]. On top of all this, beliefs seem to be just one example
in a large variety of “acceptance-like” attitudes [57].
In this book we draw from a general distinction in dynamic epistemic logic,
between attitudes of hard and soft information [67, 9], and explore the consequences of various assumptions on such informational attitudes for our theory of
interactive rationality. We do not take a stance on the issue of which of these
attitudes, if any, should be seen as primary, either for epistemology in general or
for the specific purpose of our analysis of interactive rationality.
By hard information, and its companion attitude, we mean information that is
veridical, fully introspective and not revisable. This notion is intended to capture
what the agents are fully and correctly certain of in a given interactive situation.
At the ex interim stage, for instance, the players have hard information about
their own choice. They “know” which strategy they have chosen (i.e., what they
“have written on the envelope”), they know that they know this, and no new
incoming information could make them change their opinion on this. As this
phrasing suggests, we will often use the term knowledge, in absence of better
terminology and following common usage in the literature, to describe this very
strong type of informational attitude. We make no claim as to whether this
notion captures one of the many notions of knowledge just mentioned (in fact,
it probably does not). We simply note that “hard information” shares some of
the characteristics that have been attributed to knowledge in the epistemological
literature such as veracity. Furthermore, its modeling comes quite close what
has been called “implicit knowledge” or, arguably, to Lewis’ picture of “elusive
knowledge” (as long as the remains unscrutinized, that is).9
9

Indeed, unlike Lewis’ notion of knowledge hard information does not vanish upon careful
scrutiny.
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Soft information is, roughly speaking, anything that is not “hard”: it is not
necessarily veridical, not necessarily fully introspective and/or highly revisable
in the presence of new information. As such, it comes much closer to beliefs.
Once again, philosophical carefulness is in order here. The whole range of informational attitudes that we label as “beliefs” indeed falls into the category of
attitudes that can be described as “regarding something as true” [56]. However,
this truth-oriented character of beliefs only plays a marginal role in our analysis.
Instead, we focus on the function of these soft informational attitudes as input
into practical reasoning, a function that they surely share with many other nonbelief-like attitudes [22, 57]. We remain agnostic as whether the whole range of
attitudes that we call “beliefs” should not rather be called, say, “acceptances”.
Two main types of models have been used in the literature to represent hard
and soft information: type spaces [38, 61] and the so-called Aumann- or Kripkestructures [7, 28]. These two structures differ in the way they represent the two
kinds of information. A second distinction found in the literature is between
“quantitative” structures, representing “graded beliefs” (typically via probability
distributions), and “qualitative” structures using “plausibility orderings”.
In the game-theoretic literature, these different modeling paradigms have
given rise to different styles of epistemic analysis [19]: so-called belief -based characterizations on the one hand and knowledge-based characterizations on the other.
We see this plurality as a source of interesting research questions rather than of
ideological debates. What kind of theory of interactive rationality does one get
by focusing only on attitudes of hard information? How much generality is lost
by considering only flat-out instead of graded beliefs? How do the two kinds of
modeling strategies relate? In what follows and in the coming chapters, we will
be addressing these questions and so work in parallel with both type spaces and
qualitative “plausibility models”.

1.3

Hard and Soft Information: Mathematical
Models

The models introduced in this section describe the players’ hard and soft information of interactive situations. The models differ in their representation of a
state of the world, but are otherwise closely related.
The formal models introduced in this can be broadly described as “possible
worlds models” familiar in much of the philosophical logic literature. We start
with a non-empty (finite or infinite) set S of states of nature describing the exogenous parameters (i.e., facts about the physical world) that do not depend on
the agents’ uncertainties. In the scenarios that we focus on in this book, the
set S is simply the set of possible outcomes in a game situation. Thus, in a

8
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strategic game, S will typically be the set of all strategy profiles10 . Each agent
is assumed to entertain a number of possibilities, called possible worlds or simply (epistemic) states. These “possibilities” are intended to represent a possible
way a game situation may evolve. So each possibility will be associated with a
unique state of nature (i.e., there is a function from possible worlds to states of
nature, but this function need not be 1-1 or even onto). Crucial for our analysis
is the assumption that there may be different possible worlds associated with the
same state of nature. Such possible worlds are important because they open the
door to representing different state of information. One final common feature
is that the agents’ informational attitudes will be directed towards propositions,
also called events in the game-theory literature, represented as sets of possible
worlds. These basic modeling choices are not uncontroversial, but such issues are
not our concern in this book and so, in this situation, we opt for mathematical
precision in favor of philosophical carefulness.

1.3.1

Relational Models

We first look at the kind of model of informational attitudes that are familiar to
philosophical logicians [42, 69], computer scientists [28] and game theorists [7].
We first introduce the model themselves, and then say a few words about the
level of description, i.e. the language at which one may want to carry out the
analysis in such models.
Representing Hard Information: States, Partitions, and Relations
First, some terminology. Given a set W of states, or possible worlds, let us call
any subset E ⊆ W an event or proposition. Given events E ⊆ W and F ⊆ W ,
we use standard set-theoretic notation for intersection (E ∩ F , read “E and F ”),
union (E ∪ F , read “E or F ”) and (relative) complement (−E, read “not E”).
We say that an event E ⊆ W occurs at state w if w ∈ E. This terminology will
be crucial for studying the following models:
1.3.1. Definition. Let S be a non-empty set of states of nature and A a set
of agents, or players. An epistemic model based on S and A is a triple
hW, {Πi }i∈A , σi, where W is a nonempty set, for each i ∈ A, Πi is a partition over
W and σ : W → S.
Epistemic models are representations of the informational context of a given
situation, in terms of possible configurations of states of nature and information
that the agents have about them. The latter is represented by a partition over
10

Recall from Chapter 1 that a strategy profile in a strategic game is a sequence (a1 , a2 , . . . , an )
where each ai is an available action for player i.
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the set of states11 . The function σ assigns to each possible world a unique state
of nature in which every ground, i.e. non-informational fact is either true or false.
If σ(w) = σ(w0 ) then the two worlds w, w0 will agree on all the ground facts but,
crucially, the agents may have different information in them. So, elements of W
are richer, than the elements of S (more on this below).
Given a state w ∈ W , the cell Πi (w) is called agent i’s information set.
Following standard terminology, if Πi (w) ⊆ E, we say the agent i knows the
event E at state w. Given an event E, the event that agent i knows E is denoted
Ki (E). Formally, we define for each agent i a knowledge function assigning to
every event E the event that the agent i knows E:
1.3.2. Definition. Let M = hW, {Πi }i∈A , σi be an epistemic model. The
knowledge function for agent i based on M is Ki : ℘(W ) → ℘(W ) with:
Ki (E) = {w | Πi (w) ⊆ E}
where for any set X, ℘(X) is the powerset of X.
1.3.3. Remark. It is often convenient to work with equivalence relations rather
than partitions. In this case, an epistemic model based on S and A can also
be defined as a triple hW, {∼i }i∈A , σi where W and σ are as above and for each
i ∈ A, ∼i ⊆ W × W is reflexive, transitive and symmetric. Given such a model
hW, {∼i }i∈A , σi, we write [w]i = {v ∈ W | w ∼i v} for the equivalence class of w.
Since there is a 1-1 correspondence between equivalence relations and partitions12 ,
we will abuse notation and use ∼i and Πi interchangeably.
Applying the above remark, an alternative definition of Ki (E) is that E is true
in all the states the agent i considers possible (according to i’s hard information).
That is, Ki (E) = {w | [w]i ⊆ E}.
Partitions or equivalence relations are intended to represent the agents’ hard
information at each state. The following properties of Ki show that such information is indeed truthful, fully introspective and satisfy strong closure properties.
1.3.4. Fact. Let M be an epistemic model and Ki the associated knowledge
function for agent i. For all events E and F :
E ⊆ F ⇒ Ki (E) ⊆ Ki (F )
Monotonicity
Ki (E ∩ F ) = Ki (E) ∩ Ki (F ) Closure under intersection
Ki (E) ⊆ E
Truth
Ki (E) ⊆ Ki (Ki (E))
Positive introspection
−Ki (E) ⊆ Ki (−Ki (E))
Negative introspection
Ki (∅) = ∅
Consistency
11

A partition of W is a pairwise disjoint collection of subsets of W whose union is all of W .
Elements of a partition Π on W are called cells, and for w ∈ W , let Π(w) denote the cell of Π
containing w.
12
Given an equivalence relation ∼i on W , the collection Πi = {[w]i | w ∈ W } is a partition.
Furthermore, given any partition Πi on W , ∼i = {(w, v) | v ∈ Πi (w)} is an equivalence relation
with [w]i = Πi (w).
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The simple but instructive proof of this Fact is well-known, so we will not repeat
it here (see, for example, [7, 28]).
Viewed as a description, even an idealized one, of knowledge, the properties
stated in the above fact have raised many criticisms. Monotonicity, for instance,
is one of the aspects of the infamous logical omniscience problem, stating that
an agent’s knowledge is closed under logical consequence (cf., for example, [28],
Chapter 9) — we give a precise definition of this notion later. The two introspection principles have also been the object of intense discussion13
These discussions are of fundamental importance for the theory of knowledge
its formalization, but here we choose to bracket them, and instead to keep a close
watch on their ramification on our theory of interactive rationality. We thus take
partitional models for what they are, models of hard information, in the sense
introduced above, and look at how, and when, the properties of such information
come into play in the various results from epistemic game theory that we will
study in the next chapters. In other words, we will not go into details about
any of the many arguments for or against the principles stated above, but rather
investigate when they are really needed, and assess the philosophical significance
of various formal results in the light of these findings.
An Example, Ex Interim Models and Information Hierarchies
Recall the example of a strategic game from Chapter 1:
Bob
L

R

u

1, 1

0, 0

d

0, 0

1, 1

Ann

Figure 1.1: A strategic coordination game between Ann and Bob
The utilities of the players are not important for us at this stage. To construct
an epistemic model for this game, we need first to specify what are the states of
13

In fact, Hintikka explicitly rejects negative introspection: “The consequences of this principle, however, are obviously wrong. By its means (together with certain intuitively acceptable principles) we could, for example, show that the following sentence is self sustaining
E ⊆ Ki − Ki − (E)” [42, pg. 54]. Hintikka regards this last statement as counter-intuitive
since it means that if it is possible that an agent knows some event E then that fact must be
true, but it seems plausible that an agent can justifiably believe that she knows something that
is in fact false.
There is also an interesting discussion regarding the “KK Principle”: does knowing something
imply that one knows that one knows it? Timothy Williamonson Williamson [74, Chapter 5]
has a well-known and persuasive argument against this principle, and Egrè and Bonnay [27]
have a response relevant for the formal models we discuss in this book.

1.3. Hard and Soft Information: Mathematical Models

11

nature we will consider. For simplicity, take them to be the set of strategy profiles
S = {(u, L), (d, L), (u, R), (d, L)}. The set of agents is of course A = {A, B}.
What will be the set of state W ? We start by assuming W = S, so there is
exactly one possible world corresponding to each state of nature. This needs not
be so, but here this will help to illustrate our point.
There are many different partitions for Ann and Bob that we can use to complete the description of this simple epistemic model. Not all of the partitions
are appropriate for analyzing the ex interim stage of the decision-making process, though. For example, suppose ΠA = ΠB = {W } and consider the event
U = {(u, l), (u, r)} representing the situation where Ann chooses u. Notice that
KA (U ) = ∅ since for all w ∈ W , ΠA (w) 6⊆ U , so there is no state where Ann
knows that she chooses u. This means that this model is appropriate for reasoning about the ex ante stage rather than the ex interim stage. This is easily fixed
with an additional technical assumption: Suppose S is a set of strategy profiles
for some (strategic or extensive) game with players A = {1, . . . , n}.
A model M = hW, {Πi }i∈A , σi is said to be an ex interim epistemic
model if for all i ∈ A and w, v ∈ W , if v ∈ Πi (w) then σi (w) = σi (v)
where σi (w) is the ith component of the strategy profile s ∈ S assigned to w by
σ. An example of an ex interim epistemic model with states W is:
• ΠA = {{(u, L), (u, R)}, {(d, L), (d, R)}} and
• ΠB = {{(u, L), (d, L)}, {(u, R), (d, R)}}.
Note that this simply reinterprets the game matrix in Figure 1.1 as an epistemic
model where the rows are Ann’s information sets and the columns are Bob’s
information sets. Unless otherwise stated, we will always assume that our epistemic models are ex interim. The class of ex interim epistemic models is very
rich with models describing the (hard) information the agents have about their
own choices, the (possible) choices of the other players and higher-order (hard)
information (eg., “Ann knows that Bob knows that...”) about these decisions.
We now look at the epistemic model described above in more detail. We will
often use the following diagrammatic representation of the model to ease exposition. States are represented by nodes in a graph where there is a (undirected)
edge between states wi and wj when wi and wj are in the same partition cell. We
use a solid line labeled with A for Ann’s partition and a dashed line labeled with
B for Bob’s partition (reflexive edges are not represented for simplicity). The
event U = {w1 , w3 } representing the proposition “Ann decided to choose option
u” is the shaded gray region:

12
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A

w1 u, L

u, R

w3

U
B

B
A

w2 d, L

d, R

w4

Notice that the following events are true at all states:
1. −KB (U ): “Bob does not know that Ann decided to choose u”
2. KB (KA (U )∨KA (−U )): “Bob knows that Ann knows wether she has decided
to choose u”
3. KA (−KB (U )): “Ann knows that Bob does not know that she has decided
to choose u”
In particular, these events are true at state w1 where Ann has decided to choose
u (i.e., w1 ∈ U ). The first event makes sense given the assumptions about the
available information at the ex interim stage: each player knows their own choice
but not the other players’ choices. The second event is a concrete example of
another assumption about the available information: Bob has the information
that Ann has, in fact, made some choice. But what warrants Ann to conclude
that Bob does not know she has chosen u (the third event)? This is a much
more significant statement about what Ann knows about what Bob expects her
to do. Indeed, in certain contexts, Ann may have very good reasons to think it
is possible that Bob actually knows she will choose u. We can find an ex interim
epistemic model where this event (−KA (−KB (U ))) is true at w1 , but this requires
added a new possible world:

w0 u, L
U

A

u, L

A

u, R

w3

w1
B

B
d, L

A

d, R

w4

w2
Notice that since ΠB (w0 ) = {{w0 }} ⊆ U we have w0 ∈ KB (U ). That is, Bob
knows that Ann chooses u at state w0 . Finally, a simple calculation shows that
w1 ∈ −KA (−KB (U )), as desired.
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Information Hierarchies and Group Knowledge
In the example above we listed some events that are true at state w1 . We
can continue this description by consider the following collections of events :
EA = {E | w1 ∈ KA (E)}, EBA = {E | w1 ∈ KB KA (E)}, EABA = {E | w1 ∈
KA KB KA (E)}, and so on. In this way we can associate with each possible world
(in a fixed epistemic model) a hierarchy of knowledge:
1.3.5. Definition. Let M = hW, {Πi }i∈A , σi be an epistemic model with w ∈
W and define the following collections of events true at w:
First-Order
Second-Order
..
.
Nth-Order
..
.

S
E1 (w) = Si∈A {E | w ∈ Ki (E)}
E2 (w) = i,j∈A {E | w ∈ Ki Kj (E)}
..
. S
En (w) = i1 ,...,in ∈A {E | w ∈ Ki1 Ki2 · · · Kin (E)}
..
.

Therefore, associated with each possible world in an epistemic model is a precise description of all the information (including the higher-order information)
that the players have access to during their practical reasoning. We will discuss
these hierarchies of knowledge in more detail later in this chapter, but it is important now to note that these hierarchies are concrete examples of the players’
types introduced in Section 1.2.
Returning to the game situation in Figure 1.3.1, a natural question is which
of the above hierarchies of knowledge is sufficient for Ann and Bob to coordinate
their actions (i.e., for both Ann and Bob to both receive a payoff of 1)? Lewis
[46] and Clark and Marshall [25] argue that a condition of common knowledge is
necessary for such coordinated actions. In fact, a seminal result by [33] shows
that, without synchronized clocks, such coordinated action is impossible. Chwe
[24] has a number of examples that point out the everyday importance of the
notion of common knowledge.
Both the game theory community and the epistemic logic community have
extensively studied formal models of common knowledge and belief. Barwise [15]
highlights three main approaches to formalize common knowledge: (i) the iterated view, (ii) the fixed-point view and (iii) the shared situation view. In this
book, we primarily focus on the first two approaches (see [70] for a rigorous comparison between (i) and (ii)). Vanderschraaf and Sillari [71] provide an extensive
discussion of the literature.
Consider the statement “everyone in group G knows ϕ”. This can be easily
described by the following event:
KG (E) :=

\
i∈G

Ki (E)
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where G ⊆ A. Following Lewis [46]14 , the interpretation of “it is common knowledge in G that E” (denoted CG (E)) is the infinite conjunction:
E ∩ KG (E) ∩ KG KG (E) ∩ KG KG KG (E) ∩ · · ·
It is not hard to see that the following is true for any event E:
CG (E) ⊆ KG (CG (E))
This demonstrates the “self-evident” nature of common knowledge: if some fact
is common knowledge in some group G then everyone in G not only knows the
fact but also that it is common knowledge. In fact, Aumann [3] uses this as an
alternative characterization of common knowledge:
Suppose you are told “Ann and Bob are going together,”’ and respond
“sure, that’s common knowledge.” What you mean is not only that
everyone knows this, but also that the announcement is pointless, occasions no surprise, reveals nothing new; in effect, that the situation
after the announcement does not differ from that before. ...the event
“Ann and Bob are going together” — call it E — is common knowledge if and only if some event — call it F — happened that entails E
and also entails all players’ knowing F (like all players met Ann and
Bob at an intimate party). [3, pg. 271]
We conclude this section with an alternative characterization of common
knowledge. Recall that we can use equivalence relations ∼i in place of partitions
Πi in epistemic models (see Remark 1.3.3). Now consider the event KG KG KG (E)
which says “everyone from group G knows that everyone from group G knows
that everyone from group G knows that E”. When will this be true at a state
w? First some notation: a path on length n for G in an epistemic model is
a sequence of states (w0 , w2 , . . . , wn ) where for each l = 0, . . . , n − 1, we have
wl ∼i wl+1 where i ∈ G. Thus, w ∈ KG KG KG (E) iff every path of length 3 for
G starting at w leads to a state in E. This suggests the following alternative
characterization of common knowledge:
w ∈ CG (E) iff every finite path for G from w ends with a state in E.
Modal Languages and the Level of Description
Despite their apparent simplicity, epistemic models are extremely fine-grained
descriptions of informational situations, and they can be extremely rich. The
reader accustomed with set theory might indeed have already observed that the
hierarchy of knowledge defined in the previous section needs not to stop at ω.
14

Although see [26] for an alternative reconstruction of Lewis’ notion of common knowledge.
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There is, in fact, no upper bound to the richness of such models — in a sense
that we make precise at the end of the chapter.
In view of this, it is natural to ask how much details should one take into
account while analyzing the informational attitudes of the agents in an interactive situation. Is any event, however complex15 , in principle ‘knowable’ by the
agents? What is the use of distinguishing two epistemic models where the agents
have exactly the same hard information, except concerning some event (set of
states) which can only be described by some function which is not in principle
computable? Concerning the various closure principle mentioned above, does it
make a difference to assume that the agents’ hard information is closed only under
finitary, instead of arbitrary conjunction? This is connected to some issues discussed by Rubinstein [53] and Lipman [47] concerning the modeling of language
in Economic models.
Consciously or not, epistemic logicians since Hintikka (1962) have answered
some of these questions by looking at (modal) syntactic descriptions of epistemic
models. These syntax come in various guises, giving more or less expressive
power [17] to the language. Thus far, we have assumed that states of nature S
are simply the set of possible outcomes in a game situation (eg., the strategy
profiles). The first step in defining a formal language is to choose a language
for describing these states of nature. To keep things simple we start with a
propositional language16 . Let prop be a countable set of atomic propositions.
These atomic propositions are intended to describe the (ground) facts about the
game situation. Thus, in our models we replace the function σ assigning a state of
nature to each state with a valuation function assigning a description of a state of
nature to each state. Typical examples are “Ann choose action a”, but one may
also describe other features of the interactive situation not typically explicitly
included in a game structure. We largely focus on one of the most well-known
formal languages for talking about epistemic models: “standard” propositional
epistemic logic with common knowledge,
1.3.6. Definition. Let prop be a countable set of atomic propositions, and
A a finite set of agent. The finitary epistemic language LEL is smallest set
generated by the following grammar:
ϕ := p | ¬ϕ | ϕ ∧ ϕ | 2i ϕ | 2∗G ϕ
where i ranges over A, p over prop and ∅ =
6 G ⊆ A.
The basis of such a language is a simple propositional logic containing atomic
propositions together with the Boolean operations of negation and conjunction,
15

Logicians have a number of ways to make precise this notion of complexity, but these issues
are not crucial for our discussion here.
16
Although first-order or even higher-order languages may also be interesting here, we do not
discuss them in this book.
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on the basis of which one can define disjunction and implication, that we write
ϕ ∨ ψ and ϕ → ψ, respectively. The epistemic operators 2i are used to describe
the agents’ hard information, their “knowledge”, and the operator 2∗G is used
to describe what is “common knowledge” within a group of agent G. These
operators have their duals, 3i and 3∗i , defined as ¬2i ¬ and ¬2∗i ¬.
This language is finitary in two important respects. First, it only contains finite conjunctions and disjunction. Second, only finite, though unbounded “stacking” of epistemic operators (2i 2j ...2k ϕ) are allowed. This finitary character, has
we will see shortly, as important consequences on what such a language can say
about epistemic models.
Of course, there is a strong connection between, on the one hand, an epistemic
language with its Boolean connectives and epistemic operators and, on the other
hand, the set-theoretic descriptions of epistemic models of the previous Section,
where we talked about knowledge functions and operations such as intersection,
union and complements. This relationship can be made precise by giving a semantics for our epistemic language requiring a slight modification of Definition
1.3.1 as noted above: (also it is convenient to use equivalence relations):
1.3.7. Definition. Let LEL be an epistemic language. A model for LEL is a
triple hW, {∼i }i∈A , V i, where W is a nonempty set of states, for each i ∈ A, ∼i
is an equivalence relation on W and σ : W → P(prop) is a valuation function.
Epistemic models are special cases of this general definition, taking prop = S
and V such that V (w) is a singleton for all w. With this in and, one can give the
standard modal interpretation of LEL , with M, w |= ϕ meaning that the formula
ϕ is true at state w in the model M.
1.3.8. Definition. Let M = hW, {Πi }i∈A , V i be an epistemic model and ϕ ∈
LEL . The truth of ϕ at state w ∈ W , denoted M, w |= ϕ, is defined by recursion
on the structure of ϕ:
M, w
M, w
M, w
M, w
M, w

|= p
|= ¬ϕ
|= ϕ ∧ ψ
|= 2i ϕ
|= 2∗G ϕ

iff
iff
iff
iff
iff

p ∈ V (w)
M, w 6|= ϕ
M, w |= ϕ and M, w |= ψ
∀v ∈ W (if w ∼i v then M, v |= ϕ)
∀v ∈ W (if w ∼∗G v then M, v |= ϕ)

where ∼∗G is the reflexive transitive closure17 of ∪i∈G ∼i .
Thus, in any epistemic model M, the above Definition assigns to every formula
ϕ ∈ LEL an event called the truth set of ϕ in M. More formally, for each epistemic
model M, define [[·]]M : LEL → ℘(W ) as follows: [[ϕ]]M = {w ∈ W | M, w |= ϕ}
17

The reflexive transitive closure of a relation R is the smallest relation containing R that is
reflexive and transitive.
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(we leave out the subscript M when it is clear from context). It is not hard to
see that in any epistemic model, [[ϕ ∧ ψ]] = [[ϕ]] ∩ [[ψ]], [[¬ϕ]] = W − [[ϕ]] and
[[2i ϕ]] = Ki ([[ϕ]]) and [[2∗G ϕ]] = CG ([[ϕ]])
Epistemic languages set a precise limit on what can be expressed, or described,
in an (class of) epistemic model(s). For example, the set of definable sets in
an epistemic model M = hW, {Πi }i∈A , V i, denoted DM = {E ⊆ W | E =
[[ϕ]]M for some ϕ ∈ LEL }, in general need not be equal to ℘(W ). This gives us
a precise notion when two states represent same interactive situation (eg., they
agree on the truth of all definable sets). Unfortunately, this notion is not very
practical, since it requires checking the truth of every formula in LEL . Fortunately,
a key notion from the mathematical analysis of modal logic [17] can help here
providing us with a model-theoretic characterization of when two states satisfy
the same formulas of LEL :
1.3.9. Definition. Given two epistemic models for LEL , M = hW, {Πi }i∈A , V i
and M0 = hW 0 , {∼0i }i∈A , V 0 i a bisimulation is a relation ↔ ⊆ W × W 0 such
that, for all w ∈ W and v ∈ W 0 , if w ↔ v then, for each i ∈ A:
prop: for all p ∈ prop, p ∈ V (w) iff p ∈ V 0 (v).
forth: if w ∼i w0 then there is a v 0 ∈ W 0 such that v ∼0i v 0 and w0 ↔ v 0 .
back: if v ∼0i v 0 then there is a w0 ∈ W such that w ∼i w0 and w0 ↔ v 0 .
It is well known that if two states are bisimilar then they must satisfy the same formulas of epistemic logic (i.e., LEL is invariant under bisimulation). The converse
is true provided the set of states is finite. Of course, employing more expressive
languages, for instance by allowing infinite conjunctions and disjunctions, requires
strengthening the above notion of bisimulation. For now, it suffices to note that
specifying a syntax is a natural way to stipulate precisely which events are taken
into account while analyzing an interactive situation.
Of course, adopting this “syntactic approach” brings with it a number of technicalities and it is natural to wonder whether the extra precision is worth the extra
work. In fact, the syntactic approach sketched here and the “semantic approach”
we followed in the previous sections are often seen as competing styles of analysis
[3, 4, 39, 54]. However, we rather see the two styles as complementary (this is in
line standard results in modal logic relating algebraic models to relational models
[72]) each raising interesting technical and conceptual issues. With this in mind,
in what follows, we do not strictly adhere to any one style of analysis. Details of
a specific formal language will be given when it aides exposition and otherwise we
will work with events (with the understanding that there is an underlying formal
language that can describe the relevant events).
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Soft Information and Plausibility Orderings
So far we have looked at relational models of hard information. A small modification of these models allows us to model a softer informational attitude. Indeed,
by simply replacing the assumption of reflexivity of the relation ∼i with seriality
(for each state w there is a state v such that w ∼i v), but keeping the other aspects of the model the same, we can capture what epistemic logicians have called
“beliefs”. Formally, a doxastic model is a tuple hW, {Ri }i∈A , V i where W is a
nonempty set of states, Ri is a transitive, Euclidean and serial relation on W and
V is a valuation function (cf. Definition 1.3.1). This notion of belief is very close
to the above hard informational attitude and, in fact, shares all the properties of
Ki listed above except Veracity (this is replaced with a weaker assumption that
agents are “consistent” and so cannot believe contradictions). This points to a
logical analysis of both informational attitudes with various “bridge principles”
relating knowledge and belief (such as knowing something implies believing it or
if an agent believes ϕ then the agent knows that he believes it). However, we
do not discuss this line of research (see, for example, [34, 64]) here since these
models are not our preferred ways of representing the agents’ soft information.
A key aspect of beliefs which is not yet represented in the above models is that
they are revisable in the presence of new information. While there is an extensive
literature on the theory of belief revision in the “AGM” style [1], we focus on how
to extend an epsitemic models with a representation of softer, revisable informational attitudes. The standard approach is to include a plausibility ordering for
each agent: a preorder (reflexive and transitive) denoted i ⊆ W × W . If w i v
we say “player i considers v at least as plausible as w.” For an event X ⊆ W , let
M ini (X) = {v ∈ W | v i w for all w ∈ X }
denote the set of minimal elements of X according to i . Thus while the ∼i
partitions the set of possible worlds according to the agents’ hard information,
the plausibility ordering i represents which of the possible worlds the agent
considers more likely (i.e., it represents the players soft information).
1.3.10. Definition. Suppose A is a set of agents and At a set of atomic propositions, an epistemic doxastic model is a tuple hW, {Πi }i∈A , {i }i∈A , V i where
hW, {Πi }i∈A , V i is an epistemic model and for each i ∈ A, i is a well-founded18 ,
reflexive and transitive relation on W satisfying the following properties, for all
w, v ∈ W
1. plausibility implies possibility: if w i v then w ∼i v.
2. locally-connected: if w ∼i v then either w i v or v i w.
18

Well-foundedness is only needed to ensure that for any set X, M ini (X) is nonempty. This
is important only when W is infinite.
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1.3.11. Remark. Note that if w 6∼i v then, since ∼i is symmetric, we also have
v 6∼i w, and so by property 1, w 6i v and v 6i w. Thus, we have the following
equivalence: w ∼i v iff w i v or v i w.
Let [w]i be the equivalence class of w under ∼i . Then local connectedness implies that i totally orders [w]i and well-foundedness implies that M ini ([w]i )
is nonempty. This richer model allows us to formally define a variety of (soft)
informational attitudes. We first need some additional notation: the plausibility
relation i can be lifted to subsets of W as follows19
X i Y iff x i y for all x ∈ X and y ∈ Y
Suppose M = hW, {Πi }i∈A , {i }i∈A , V i is an epistemic-doxastic model with w ∈
W , consider the following extensions to the language LEL
• Belief: M, w |= Bi ϕ iff for all v ∈ M ini ([w]i ), M, v |= ϕ.
This is the usual notion of belief which satisfies the standard properties
discussed above (eg., consistency, positive and negative introspection).
• Safe Belief: M, w |= 2i ϕ iff for all v, if v i w then M, v |= ϕ.
This stronger notion of belief has also been called certainty by some authors
[cf. 59, Section 13.7].
• Strong Belief: M, w |= Bis ϕ iff there is a v such that w ∼i v and M, v |= ϕ
and {x | M, x |= ϕ} ∩ [w]i i {x | M, x |= ¬ϕ} ∩ [w]i .
So ϕ is strongly believed provided it is epistemically possible and agent i
considers any state satisfying ϕ more plausible than any state satisfying
¬ϕ. This notion has also been studied by [62] and [16].
The logic of these notions has been extensively studied by Alexandru Baltag
and Sonja Smets in a series of articles [2006, 2008, 2006, 2009]. We conclude
this section with a few remarks about the relationship between these different
notions. For example, it is not hard to see that if agent i knows that ϕ then i
(safely, strongly) believes that ϕ. However, much more can be said about the
logical relationship between these different notions [cf. 12].
As noted above, a crucial feature of these informational attitudes is that they
may be defeated by appropriate evidence. In fact, we can characterize these
attitudes in terms of the type of evidence which can prompt the agent to adjust
her beliefs. To make this precise, we introduce the notion of a conditional belief:
suppose M = hW, {Πi }i∈A , {i }i∈A , V i is an epistemic-doxastic and ϕ and ψ are
formulas, then we say i believes ϕ given ψ, denoted Biψ ϕ, provided
M, w |= Biψ ϕ iff for all v ∈ M ini ([[ψ]]M ∩ [w]i ), M, v |= ϕ
19

This is only one of many possible choices here, but it is the most natural in this setting [cf.,
48, Chapter 4].
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So, ‘Biψ ’ encodes what agent i will believe upon receiving (possibly misleading)
evidence that ψ is true. Two observations are immediate. First of all, we can now
define belief Bi ϕ as Bi> ϕ (belief in ϕ given a tautology). Second, unlike beliefs,
conditional beliefs may be inconsistent (i.e., B ψ ⊥ may be true at some state). In
such a case, agent i cannot (on pain of inconsistency) revise by ψ, but this will
only happen if the agent has hard information that ψ is false. Indeed, K¬ϕ is
logically equivalent to Biϕ ⊥ (over the class of epistemic-doxastic models). This
suggests the following (dynamic) characterization of an agents’ hard information
as unrevisable beleifs:
M, w |= Ki ϕ iff M, w |= Biψ ϕ for all ψ
Safe belief and strong belief can be similarly characterized by restricting the
admissible evidence:
• M, w |= 2i ϕ iff M, w |= Biψ ϕ for all ψ with M, w |= ψ.
That is, i safely beliefs ϕ iff i continues to believe ϕ given any true formula.
• M, w |= Bis ϕ iff M, w |= Bi ϕ and M, w |= Biψ ϕ for all ψ with M, w |=
¬Ki (ψ → ¬ϕ).
That is, agent i strongly believes ϕ iff i believes ϕ and continues to believe
ϕ given any evidence (truthful or not) that is not known to contradict ϕ.
Baltag and Smets [12] provide an elegant logical characterization of the above
notions by adding the safe belief modality (2i ) to the epistemic language LEL
(denote the new language LEDL ). The key observation is that conditional belief
(and hence belief) and strong belief are definable in this language (proof of this
is left to the reader):
• Biϕ ψ := Li ϕ → Li (ϕ ∧ 2i (ϕ → ψ))
• Bis ϕ := Bi ϕ ∧ Ki (ϕ → 2i ϕ)
We conclude this section with an example to illustrate the above concepts. Recall again the coordination game of Figure 1.3.1: there are two actions for player
1 (Ann), u and d, and two actions for player 2 (Bob), R and L. The preferences
(or utilities) of the players are not important at this stage since we are only interested in describing the players’ information. The following epistemic-doxastic
model is a possible description of the players’ informational attitudes that can
be associated with this game. The solid lines represent player 1’s informational
attitudes and the dashed line represents player 2’s. The arrows correspond to the
players plausibility orderings with an i-arrow from w to v meaning v i w (we
do not draw all the arrows: each plausibility ordering can be completed by filling in arrows that result from reflexivity and transitivity). The different regions
represent the players’ hard information.
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Suppose that the actual state is w4 . So, player 1 is choosing u and player 2 is
choosing R. The following formulas are true at w4 : suppose that pL describes the
event {w1 , w2 , w5 } where player 2 chooses L (similarly for pu , pd , and pR )
1. B1 pL : “player 1 believes that player 2 is choosing L”
2. B1 B2 pu : “player 1 believes that player 2 believes that player 1 chooses u”
3. B1pR ¬B2 pu : “player 1 believes that player 2 does not believe she is choosing
u given that player 2 chooses R”
This last formula is interesting because it “pre-encodes” what player 1 would
believe upon learning that player 2 is choosing R. Note that upon receiving this
true information, player 1 drops her belief that player 2 believes she is choosing u.
The situation can be even more interesting if there are statements in the language
that reveal only partial information about the player strategy choices. Suppose
that p describes the event {w4 , w6 }. Now p is true at w4 and player 2 believes
that player 1 chooses d given that p is true (i.e., B2p pd is true at w4 ). So, player
1 can “bluff” by revealing the true (though partial) information p.

1.3.2

Type Spaces and Probabilistic Models

State w in an epistemic-doxastic model M for a fixed strategic game describes
both the strategy choices (either via a function σ or described in some formal language via the valuation function V ) and the players’ informaitonal attitudes. This
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includes the players’ higher order information (eg., common knowledge/belief).
This section examines different ways of representing this information.
One alternative approach was initiated by Harsanyi in his seminar paper [38].
Rather than “possible worlds”, Harsanyi takes the notion of the players’ type as
primitive. Formally, the players are assigned a nonempty set of types. Typically,
players are assumed to know their own type but not the types of the other players.
As we will see, each type can be associate with a specific hierarchy of knowledge.
1.3.12. Definition. A Qualitative type space for a (nonempty) set of states
of nature S and agents A is a tuple h{Ti }i∈A , {λi }i∈A , Si where for each i ∈ A,
Ti is a nonempty set and
λi : Ti → ℘(Xj6=i Tj × S).
So, each each type t ∈ Ti is associated with a set of tuples consisting of types
of the other players and a state of nature. For simplicity, suppose there are only
two players, Ann and Bob. Intuitively, (t0 , o0 ) ∈ λAnn (t) means that Ann’s type
t considers it possible that the outcome is o0 and Bob is of type t0 . Since the
players uncertainty is directed at the choices and types of the other players, the
informational attitude captured by these models will certainly not satisfy the
Truth axiom. In fact, we will show that qualitative types spaces can be viewed
as simply a “re-packaging” of a doxastic model.
Consider again the running example of the coordination game between Ann
and Bob (pictured in Figure 1.1). In this case, the set of states of nature is
S = {(u, L), (d, L), (u, R), (d, L)}. In this context, it is natural to modify the
definition of the type functions λi to account for the fact that the players are
only uncertain about the other players’ choices: let SA = {u, d} and SB = {L, R}
and suppose TA and TB are nonempty sets of types. Define λA and λB as follows:
λA : TA → ℘(TB × SB )

λB : TB → ℘(TA × SA )

A
Suppose that there are two types for each player: TA = {tA
1 , t2 } and TB =
B
{tB
1 , t2 }. A convenient way to describe the maps λA and λB is:

λA (tA
1)

L

R

tB
1

1

0

tB
2

1

0

λB (tB
1)

u

d

tA
1

1

0

tA
2

0

0

λA (tA
2)

λB (tB
2)

L

R

tB
1

0

0

tB
2

1

0

u

d

tA
1

0

0

tA
2

0

1
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where a 1 in the (t0 , s) entry of the above matrices corresponds to assuming
(t0 , s) ∈ λi (t) (i = A, B). What does it means for Ann (Bob) to believe an event
E in a type structure? We start with some intuitive observations about the above
type structure:
• Regardless of what type we assign to Ann, she believes that Bob will choose
A
L since in both matrices, λA (tA
1 ) and λA (t2 ), the only places where a 1
appears is under the L column. So, fixing a type for Ann, in all of the
situations Ann considers possible it is true that Bob chooses L.
• If Ann is assigned the type tA
1 , then she considers it possible that Bob
believes she will choose u. Notice that type tA
1 has a 1 in the row labeled
B
B
t1 , so she considers it possible that Bob is of type tB
1 , and type t1 believes
that Ann chooses u (the only places where 1 appears is under the u column).
• If Ann is assigned the type tA
2 , then Ann believes that Bob believes that
Ann believes that Bob will choose L. Note that type tA
2 “believes” that
A
Bob will choose L and furthermore t2 believes that Bob is of type tB
2 who
.
in turn believes that Ann is of type tA
2
We can formalize the above informal observations using the following notions:
Fix a qualitative type space h{Ti }i∈A , {λi }i∈A , Si for a (nonempty) set of states
of nature S and agents A.
• A (global) state, or possible world is a tuple (t1 , t2 , . . . , tn , s) where ti ∈
Ti for each i = 1, . . . , n and s ∈ S. If S = XSi is the set of strategy profiles
for some game, then we write a possible world as: (t1 , s1 , t2 , s2 , . . . , tn , sn )
where si ∈ Si for each i = 1, . . . , n.
• Type spaces describe the players beliefs about the other players’ choices, so
the notion of an event needs to be relativized to an agent. An event for
agent i is a subset of Xj6=i Tj × S. Again if S is a set of strategy profiles (so
S = XSi ), then an event for agent i is a subset of Xj6=i (Tj × Sj ).
• Suppose that E is an event for agent i, then we say that agent i believes
E at (t1 , t2 , . . . , tn , s) provided λ(t1 , s) ⊆ E.
In the specific example above, an event for Ann is a set E ⊆ TB × SB and we can
define the set of pairs (tA , sA ) that believe this event:
BelA (E) = {(tA , sA ) | λA (tA , sA ) ⊆ E}
similarly for Bob. Note that the event BelA (E) is an event for Bob and vice versa.
Using this formal machinery we can associate with each type a hierarchy of belief
as we did for states in an epistemic model. In fact, we can show that qualitative
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type spaces are formally equivalent to doxastic models (see [75, Chapter 3] and
[76] for proofs).
The above models use a “crisp” notion of uncertainty, i.e., for each agent and
state w, any other state v ∈ W is either is or is not possible/more plausible
than w. However, there is an extensive body of literature focused on graded,
or quantitative, models of uncertainty [35]. For instance, in the Game Theory
literature it is standard to represent the players’ beliefs by probabilities [4, 38].
The idea is to replace the plausibility orderings with probability distributions:
1.3.13. Definition. An epistemic-proabalistic model is a tuple M = hW, {∼i
}i∈A , {Pi }i∈A , V i where hW, {Πi }i∈A , V i is an epistemic model and Pi : W →
∆(W ) (∆(W ) = {p : W → [0, 1] | p is a probability measure }) assigns to each
state a probability measure over W . Write pw
i for the i’s probability measure at
state w. We make two natural assumptions (cf. Definition 1.3.10):
v
w
1. For all v ∈ W , if pw
i (v) > 0 then pi = pi

2. For all v 6∈ Πi (w), pw
i (v) = 0
Property 1 says that if i assigns a non-zero probability to state v at state w then
the agent uses the same probability measure at both states. This means that the
players “know” there own probability measures. The second property implies that
players must assign a probability of zero to all states outside the current (hard)
information cell. These model provide a very precise description of the players’
hard and soft informational attitudes. However, note that writing down a model
requires us to specify a different probability measure for each partition cell which
can be quite cubersome. Fortunately,the properties in the above definition implies
that, for each agent, we can view the agent’s probability measures as arising from
one probability measure through conditionalization. Formally, for each i ∈ A,
agent i’s (subjective) prior probability is any element of pi ∈ ∆(W ). Then,
in order to define an epistemic-probability model we need only give for each agent
i ∈ A (1) a prior probability pi ∈ ∆(W ) and (2) a partition Πi on W such that
for each w ∈ W , pi (Πi (w)) > 0. The probability measures for each i ∈ A are
then defined by:
pi (·)
Pi (w) = pi (· | Πi (w)) =
pi ([w]i )
Of course, the side condition that for each w ∈ W , pi ([w]i ) > 0 is important since
we cannot divide by zero — this will be discussed in more detail in later chapters.
Indeed, (assuming W is finite20 ) given any epistemic-plausibility model we can
find, for each agent, a prior (possibly different ones for different agents) that
20

Some care needs to be taken when W is infinite, but these technical issues are not important
for us at this point, so we restrict attention to finite sets of states.
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generates the model as described above. This is not only a technical observation:
it means that we are assuming that the players’ subject beliefs about the outcome
of the situation are fixed ex ante with the ex interim beliefs being derived through
conditionalization on the agent’s hard information. We will return to these key
assumptions throughout the text.
Many different formal languages have been used to describe these rich structures. Examples range from ‘2i ϕ’ with the intended meaning “ϕ is more probable
than ¬ϕ for agent i” [41] to more expressive languages containing operators of
the form Biq ϕ (with q a rational number) and interpreted as follows:
M, w |= Biq (ϕ) iff pw
i ({v | M, v |= ϕ}) ≥ q.
These models have also been subjected to sophisticated logical analyses [30, 29, 40]
complementing the logical frameworks introduced in this Chapter (cf. [14]).
A small change to the above definition of a type space (Definition 1.3.12)
allows us to represent probabilistic beliefs (we give the full definition here for
future reference):
1.3.14. Definition. A type space for a (nonempty) set of states of nature
S and agents A is a tuple h{Ti }i∈A , {λi }i∈A , Si where for each i ∈ A, Ti is a
nonempty set and
λi : Ti → ∆(Xj6=i Tj × S).
where ∆(Xj6=i Tj × S) is the set of probability measures on Xj6=i Tj × S.
Types and their associated image under λi encode the players’ (probabilistic)
information about the others’ information. Indeed, each type is associated with
a hierarchy of belief. More formally, recall that an event E for a type ti is a set of
pairs (σ−j , t−j ), i.e., a set of strategy choices and types for all the other players.
Given an event E for player i, let λi (ti )(E) denote the sum of the probabilities
that λi (ti ) assigns to the elements of E. The type ti of player i is said to (all-out)
believe the event E whenever λi (ti )(E) = 1. Conditional beliefs are computed in
the standard way: type ti believes that E given F whenever:
λi (ti )(E ∩ F )
=1
λi (ti )(F )
A state in a type structure is a tuple (σ, t) where σ is a strategy profile and t is
“type profile”, a tuple of types, one for each player. Let Bi (E) = {(σ−j , t−j ) :
ti believes that E} be the event (for j) that i believes that E. Then agent j
believes that i believes that E when λj (tj )(Bi (E)) = 1. We can continue in this
manner computing any (finite) level of such higher-order information. We invite
the reader to check that this belief hierarchy can also be recovered from a state
in an epistemic doxastic model.
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An Example
Returning again to our running example game where player 1 (Ann) as two available actions {u, d} and player 2 (Bob) has two available actions {L, R}. The
following type space describes the players’ information: there is one type for Ann
(t1 ) and two for Bob (t2 , t02 ) with the corresponding probability measures given
below: In this example, since there is only one type for Ann, both of Bob’s

λ1 (t1 ) :

L

R

t2

0.5

0

t02

0.4

0.1

Figure 1.2: Ann’s beliefs about Bob

λ2 (t2 ) :

t1

u

d

1

0

λ2 (t02 ) :

t1

u

d

0.75

0.25

Figure 1.3: Bob’s beliefs about Ann
types are certain about Ann’s beliefs. If Bob is of type t2 then he is certain Ann
is choosing u while if he is of type t02 he thinks there is a 75% chance she plays
u. Ann assigns equal probability (0.5) to Bob’s types; and so, she believes it
is equally likely that Bob is certain she plays u as Bob thinking there is a 75%
chance she plays u. The above type space is a very compact description of the
players’ informational attitudes. An epistemic-probabilistic model can describe
the same situation (here pi for i = 1, 2 is player i’s prior probability):
(t1 , t2 , u, L)
p1 = 0.25
p2 = 0.1

(t1 , t2 , d, L)
p1 = 0.25
p2 = 0

(t1 , t02 , u, L)

(t1 , t2 , u, R)

p1 = 0.2
p2 = 0.3

p1 = 0
p2 = 0.1

(t1 , t02 , d, L)

(t1 , t2 , d, R)

p1 = 0.2
p2 = 0.1

p1 = 0
p2 = 0

(t1 , t02 , u, R)
p1 = 0.05
p2 = 0.3

(t1 , t02 , d, R)
p1 = 0.05
p2 = 0.1
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Some simple (but instructive!) calculations can convince us that these two models represent the same situation. The more interesting question is how to these
probabilistic models relate to the epistemic-doxastic models of Definition 1.3.10.
Here the situation is more complex. On the one hand, probabilistic models with
a graded notion of belief which is much more fine-grained than the “all-out”
notion of belief discussed in the context of epistemic-doxastic models. On the
other hand, in an epistemic-doxastic model, conditional believes are defined for
all events. In the above, models, they are only defined for events that are assigned nonzero probabilities. In other words, epistemic-probabilistic models do
not describe what a player may believe upon learning something “surprising”
(i.e., something currently assigned probability zero).
A number of extensions to basic probability theory have been discussed in
the literature that address precisely this problem. We do not go into details
here about these approaches (a nice summary and detailed comparison between
different approaches can be found in [36]) and instead sketch the main ideas.
The first approach is to use so-called Popper functions which takes conditional
probability measures as primitive. That is, for each non-empty event A, there is a
probability measure pA (·) satisfying the usual Kolmogrov axioms (relativized to
A, so for example pA (A) = 1). A second approach assigns to each agent a finite
sequence of probability measures (p1 , p2 , . . . , pn ) called a lexicographic probability
system. The idea is that to condition on B, first find the first probability measure
not assigning zero to B and use that measure to condition on B. Roughly, one
can see each of the probability measures in a lexicographic probability system as
corresponding to a level of a plausibility ordering. We will return to these notions
later in the book.

1.4

Conclusion

This Chapter has introduced a number of different mathematical models that
represent a players ex interim information in a game situation.
I Add summary
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