1

A Linear Approximation for
Pose Graph Optimization
Luca Carlone, Student Member, IEEE, Rosario Aragues, Student Member, IEEE,
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Abstract
In this work we investigate the problem of Simultaneous Localization And Mapping (SLAM) for the case in
which robot measurements are modeled as a network of constraints in a pose graph. We combine tools belonging
to linear estimation and graph theory to devise a closed-form approximation to the batch SLAM problem, under
the assumption that relative position and relative orientation measurements are independent. The approach needs
no initial guess for optimization and is formally proven to admit solution under the SLAM setup. The resulting
estimate can be used as an approximation of the actual nonlinear solution or can be further refined by using it as
initial guess for nonlinear optimization techniques. Experimental analysis demonstrates that such refinement is often
unnecessary, since the linear estimate is already accurate in practice. Furthermore, we discuss how the approach
allows to mitigate the orientation wraparound problem which is known to prevent convergence in state-of-the-art
techniques.
Index Terms
Pose graph optimization, Simultaneous Localization And Mapping, Graph Theory, Linear Estimation.

I. I NTRODUCTION
N the landscape of mobile robots navigation it has been recognized the fundamental role played by
Simultaneous Localization and Mapping for the deployment of truly autonomous agents [12]. When a
robot travels in an unknown scenario, the construction of a world model and the concurrent estimation of
robot location may be crucial for mission accomplishment, for enhancing motion planning effectiveness,
and for attaining a desired level of situational awareness. As a consequence, since the first probabilistic
statement of the problem, dating back to 1986, SLAM has been a central topic of research, this being
witnessed by the large amount of contributions that can be found in literature.
Literature on SLAM can be sectioned along different directions. A possible classification of SLAM problems distinguishes between online and batch SLAM approaches. The former encompasses the techniques
that incrementally estimate the SLAM posterior by recursively including the most recent measurements in
the posterior density. This is typically the case of a robot that acquires proprioceptive and exteroceptive
measurements from the environment and, at each time step, incrementally includes such information in
the posterior describing robot pose and a representation of the surrounding environment. Batch SLAM
approaches, instead, tackle the problem of retrieving the whole posterior, taking into account at the same
time all the available measurements; this solution may be required, for instance, when the data, acquired
during robot operation, have to be processed off-line to produce a meaningful representation of the scenario.
Graph formalism has been demonstrated to be a powerful tool for solving batch SLAM. In graph-based
approaches, measurements acquired during robot motion are modeled as constraints in a graph of poses.
The use of graph-based models in SLAM has several desirable properties, allowing, for instance, to easily
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introduce absolute position information (i.e., GPS) or to recover from bad loop closings. The seminal paper
[26] paved the way for several results towards the objective of a sustainable solution to batch SLAM. The
setup considered by Lu and Milios was based on scan matching for retrieving relative constraints between
robot poses. This framework was extended to the general case of a graph containing both robot poses and
landmark positions in [34]. Thrun and Montemerlo showed that it is possible to marginalize out variables
corresponding to landmarks, hence reducing the problem to the pose estimation setup discussed in [26].
Moreover, they enabled the estimation of large maps, applying a conjugate gradient-based optimization.
Konolige investigated a reduction scheme for the purpose of improving the computational effort of
nonlinear optimization [23]: the optimization process was restricted to poses involved in at least one
loop closing, providing a remarkable advantage for graphs with low connectivity. Frese et al. proposed a
multilevel relaxation approach for batch SLAM [13], allowing to considerably reduce the computational
time of optimization by applying a multi-grid algorithm. A further breakthrough in the literature of graphbased approaches came with the use of incremental pose parametrization, proposed in [28]. Olson et
al. showed how a clever selection of the optimization variables can greatly simplify problem structure,
enabling fast computation. Moreover they proposed not to optimize all the constraints at the same time,
but to sequentially select each constraint and refine nodes’ configuration so to reduce the residual error for
such constraint. Grisetti et al. extended such framework, taking advantage of the use of stochastic gradient
descent in planar and three-dimensional scenarios [14], [15]. Moreover they proposed a parametrization
based on a spanning tree of the graph, for speeding up the correction of the residual errors over the
network. All the aforementioned techniques are iterative, in the sense that, at each iteration, they solve a
local convex approximation of the original problem, and use such local solution to update the estimate.
This process is then repeated until the optimization variable converges to a minimum of the cost function.
In particular, when a linear approximation of the residual errors in the cost function is considered, the local
problem becomes an unconstrained quadratic problem and the local correction can be obtained as solution
of a system of linear equations. In such a case the source of complexity stems from the need of repeatedly
solving a large-scale linear system. A discussion on the performances of direct and iterative methods for
solving linear systems, with application to SLAM, can be found in [10]. Some original attempts to exploit
the mathematical structure of the nonlinear pose graph optimization have been recently proposed in [20],
[21], [30], [33]. In [30], Rizzini presented an interesting closed-form solution and showed relevant insights
on the problem, under the hypothesis that the measurement covariances are identity matrices. However,
the closed-form estimate requires to solve a system of multivariate quadratic polynomial equations and
it is not clear (i) if the approach admits solution in general (Section III-B in [30]), (ii) what is the
computational cost of the approach, (iii) what are the effects of a singular 4 by 4 description of the
covariance matrices (due to overparametrization). In [20], Huang et al. discussed the convexity properties
of SLAM and they drew conclusions about the importance of the orientation measurements, that are also
confirmed by the results presented in this paper. More recently, Huang et al. investigated the number
of minima in optimization-based SLAM problems [21], whereas in [33], Sünderhauf and Protzel studied
solutions for rejecting outlying constraints in the pose graph.
Although the state-of-the-art approaches have been demonstrated to produce impressive results on real
world problems, their iterative nature requires the availability of an initial guess for nonlinear optimization:
the convergence to a global minimum of the cost function cannot be guaranteed in general, and, if the
initial guess is outside the region of attraction of the global optimum, the iterative process is likely to
be stuck in a local minimum (orientation wraparound problem). In this work we consider the batch
SLAM problem in a planar setup and we provide two main contributions: a linear approximation for
pose graph configuration and a technique for mitigating the orientation wraparound problem. The linear
approximation is computed in three phases: we first obtain an estimate for robot orientations, which are the
source of nonlinearity in the optimization problem. In the second phase we use such estimate to express
in a global frame the relative position measurements. In the third phase, using the outcome of the first
two phases, we solve a linear problem including robot poses. The proposed approximation is based on
mild assumptions on the structure of the involved covariance matrices; it can be computed in closed-form
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and requires no initial guess. We show that the linear approximation is equivalent to a Gauss-Newton
step around a suboptimal configuration estimate: such estimate is already close to the actual solution in
practice, making the approach less prone to incur in local minima. Although implemented in Matlab, in
most of the tests the computation of the linear approximation is faster than C++ implementations of stateof-the-art approaches. Moreover, experimental evidence demonstrates that the approximation is accurate
in practice, then it can be used in place of the exact solution or for bootstrapping nonlinear techniques. As
a by-product of our result we also show that (i) some steps of the computation of the linear approximation
can be solved in incremental fashion, possibly performed online during robot operation; (ii) if convenient,
some steps of the approach can be computed using expressions whose complexity depends on the number
of loop closings in the pose graph.
The second contribution regards the orientation wraparound problem. We show that, in the proposed
formulation, the wraparound problem has a clear meaning (incapability of discerning the number of 2π
turns performed between two place-revisiting episodes); moreover, we discuss an approach for alleviating
the issue. The structure of the cycles in the pose graph is shown to play a crucial role in the occurrence
of the wraparound, and the theoretical development confirms empirical observations reported in related
work [15].
We remark that the idea of a linear initialization is not new in literature. For instance, in computer
vision, linear methods based on algebraic errors (e.g., [17], [29]) are often employed for bootstrapping
nonlinear techniques (i.e., bundle adjustment [17]). Similar intuitions can be also found within the SLAM
community [11]. The present paper extends our previous works [7] and [8]; in particular we improved
the mentioned articles by including (i) a recursive procedure for orientation estimation, (ii) some insights
on the computation of the regularization terms, (iii) a discussion on the orientation wraparound problem,
(iv) an approach for computing the orientation estimates whose complexity depends on the number of
loop-closings, and (v) several experimental results with an evaluation of accuracy and computational effort
of the approach.
The rest of the article is organized as follows. Problem formulation is presented in Section II. The
proposed linear approximation is presented in Section III; Section IV contains some original insights
on the orientation wraparound problem. Experimental results are reported in Section V; conclusions are
drawn in Section VI.
Notation and Preliminaries. In denotes the n × n identity matrix, 0n denotes a (column) vector of all
zeros of dimension n. Mn×m denotes a matrix with n rows and m columns and ⊗ denotes the Kronecker
product. The cardinality of a generic set S is written as |S|. A directed graph G is a pair (V, E), where
V is a finite set of elements, called vertices or nodes, and E is a set containing ordered pairs of nodes.
A generic element e ∈ E, referred to as edge, is in the form e = (i, j), meaning that edge e, incident on
nodes i and j, leaves i (tail) and is directed towards node j (head) [22]. The number of nodes and edges
are denoted with n + 1 (the reason for this choice will be clear later) and m, respectively, i.e., |V| = n + 1
and |E| = m. The incidence matrix A of a directed graph is a matrix in R(n+1)×m in which each column
contains the information of an edge in E; in particular the column corresponding to the edge e = (i, j),
has the i-th element equal to −1, the j-th element equal to +1 and all the others equal to zero. A directed
graph is connected (or weakly connected) if there exists an undirected path (regardless edges’ orientation)
connecting any pair of nodes. A spanning tree of G is a subgraph with n edges that contains all nodes in
G. The edges of G that do not belong to a given spanning tree of the graph are referred to as chords [9].
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II. P ROBLEM F ORMULATION
Let V = {v0 , . . . , vn } be a set of n + 1 nodes (representing subsequent poses assumed by a mobile
robot) and let P = {p0 , . . . , pn } denote a corresponding set of absolute poses in a planar setup, i.e.,
⊤
⊤
2
pi = [ρ⊤
i θi ] ∈ SE(2), where ρi = [xi yi ] ∈ R is the Cartesian position of the i-th node, and θi is its
orientation. We shall call P a configuration of nodes. Suppose that it is possible to measure the relative
pose between some nodes’ pairs, say nodes (i, j); in particular node i can measure the pose of j in its
local reference frame Ri :
ξ¯ij = pj ⊖ pi ,
where ⊖ is a standard pose compounding operator that can be rewritten in explicit form as:


. Ri⊤ (ρj − ρi )
pj ⊖ pi =
,
θj − θi

(1)

being Ri ∈ R2×2 a planar rotation matrix of an angle θi . Since relative pose measurements are affected
by noise, the measured quantities are in the form ξij = ξ¯ij + ǫij 1 , where ǫij ∈ R3 is a zero mean Gaussian
noise, i.e., ǫij ∼ N (03 , Pij ), being Pij a 3 by 3 covariance matrix. In practice, we can distinguish two
kinds of relative pose measurements:
• odometric constraints: relative measurements between poses assumed by the robot at subsequent
instants of time. These constraints are connected to measurements of the ego-motion (odometry) of
the robot and are provided by proprioceptive sensors (wheel odometry, IMU, etc.) or by exteroceptive
sensors-based techniques (scan matching, visual features registration, etc.);
• loop closing constraints: are connected to place revisiting episodes. Once the robot recognizes that
the actual observation matches with a past measurement, it has to measure the relative pose between
the actual location and the pose from which the past observation was made. This phase requires the
use of exteroceptive sensors (e.g., vision sensors, laser range finders).
In this context, we assume the constraints to be given, since the reliable determination of both odometric
and loop closing constraints is still an active research topic [6], [32], whose implications are out of the
scope of the present article.
From the knowledge of the relative pose measurements and the corresponding uncertainty, the robot is
required to estimate the configuration P in a given reference frame R0 . By convention, we set the initial
pose of the robot to be the origin of such reference frame, i.e., p0 = [0 0 0]⊤ . In topological graph theory
the problem is also referred to as graph embedding, realization or drawing, depending on the context and
on problem constraints [16].
The problem can be naturally modeled using graph formalism: each node in the set V corresponds to
a vertex of a directed graph G(V, E) (often referred to as pose graph), where E (graph edges) is the set
containing the unordered node pairs (i, j) such that a relative pose measurement exists between i and j.
By convention, if an edge is directed from node i to node j, the corresponding relative measurement is
expressed in the reference frame of node i. We denote with Ξ the set of all available measurements, i.e.,
Ξ = {ξij , (i, j) ∈ E}. The cardinality of the set Ξ is |Ξ| = |E| = m.
Therefore, our objective is to estimate a configuration P ∗ = {p∗1 , . . . , p∗n }, that maximizes the likelihood
of the observations. It is common in literature to assume independence among observations, hence we
can write the log-likelihood function of a configuration as:
X
ln ψ(ξij |P),
(2)
ln L(P|Ξ) =
(i,j)∈E

A more formal definition of the uncertainty is ǫij = φ−1 (ξij ⊖ ξ¯ij ), where φ is the exponential map from a vector of the Lie algebra to
an element of the Lie group. For sake of clarity, we use a less formal definition, with the understanding that the manifold locally behaves
as a vector space.
1
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where ψ(ξij |P) is the conditional probability density of the measurement ξij given nodes’ configuration.
Since we assumed that the involved densities are Gaussians, it is easy to demonstrate that maximizing
the likelihood function (2) is equivalent to minimize the sum of the weighted residual errors rij (P):
P
f (P) = (i,j)∈E (pj ⊖ pi − ξij )⊤ Pij−1 (pj ⊖ pi − ξij ) =
P
(3)
= (i,j)∈E rij⊤ (P)Pij−1 rij (P).

⊤ ⊤
Ordering the available measurements from 1 to m, we can define the measurement vector ξ = [ξ1⊤ ξ2⊤ . . . ξm
]
and the corresponding covariance matrix P , that is a block diagonal matrix in which the k-th 3 by 3
diagonal block contains the covariance matrix Pk of the k-th relative pose measurement. Similarly, we
⊤ ⊤
can build the residual error vector r = [r1⊤ r2⊤ . . . rm
] , comprising the residual errors rij (P) for each
available measurement. According to the previous definitions we can write (3) in compact form as:

f (P) = r ⊤ (P)P −1 r(P).

(4)

The batch SLAM problem is hence formulated as a minimization of the nonlinear non-convex cost
function (4), i.e., the optimal configuration is P ∗ = arg min f . The nonlinearity of the function f (P) is
due to the structure of the pose compounding operator (1) and, in particular, to the nonlinear terms in
the orientations of the robot. State-of-the-art approaches employ nonlinear optimization techniques for
solving the problem at hand.
Iterative Nonlinear Optimization
In this section we briefly recall the basic idea behind nonlinear optimization techniques that are used
in most of the state-of-the-art iterative approaches to graph-based SLAM. As mentioned before, such
algorithms work iteratively by successively optimizing local convex approximations of the cost function
(4). Let P (τ ) be the configuration computed by the algorithm at iteration τ , being P (0) the given initial
guess. At each iteration, nonlinear techniques linearize r(P) around the current solution P (τ ) , obtaining
r(P) ≃ r(P (τ ) ) + Jr δp (τ ),
where δp (τ ) ∈ R3n is the displacement from the linearization point (it does not include the node v0 which
was assumed to be known), and Jr = Jr (P (τ ) ) ∈ R3m×3n is the Jacobian of the residual error function
r(·). Therefore, related work approximates the cost function (4) around P (τ ) with the convex objective:
f ≃ r(P (τ ) ) + Jr δp (τ )

⊤


P −1 r(P (τ ) ) + Jr δp (τ ) .

The previous cost function is quadratic in the unknown δp (τ ) and its minimizer corresponds to the solution
of the normal equation [28]:

Jr⊤ P −1 Jr δp (τ ) = −Jr⊤ P −1 r(P (τ ) ).

(5)

Thus, at each iteration of the nonlinear least-squares method presented so far, the configuration is refined
using the local correction δp (τ ) and the process is repeated until convergence. In iterative approaches the
source of complexity stems from the need of repeatedly solving the large-scale linear system (5). Related
works address this issue employing direct methods (usually based on QR or Cholesky factorization) or
iterative methods (e.g., Gauss-Seidel relaxation, multi-level relaxation). The latter will be lately referred
to as indirect techniques, since the term iterative already resembles the need of repeatedly approximating
the original cost function with a suitable convex approximation.
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Fig. 1. Pose graph with 5 nodes: a reference frame is attached to each node to define the corresponding pose; odometric constraints are
shown in blue, whereas an example of loop closing constraint is drawn in red.

III. A L INEAR A PPROXIMATION FOR SLAM
We first observe that each relative pose measurement comprises a vector in R2 (relative position)
corresponding to the first two components of ξij , in (1), and a scalar (relative orientation), see also the
toy example in Figure 1. Therefore we can rewrite each measurement as ξij = [(∆lij )⊤ δij ]⊤ , where the
superscript l denotes that the relative position vector is expressed in a local frame. According to the
notation introduced so far the cost function (3) can be rewritten as:
⊤
 ⊤

 ⊤
P
Ri (ρj − ρi ) − ∆lij
Ri (ρj − ρi ) − ∆lij
−1
f (P) = (i,j)∈E
Pij
.
(θj − θi ) − δij
(θj − θi ) − δij

In this context we assume that the relative position measurements and the relative orientation measurements are independent, i.e. Pij = diag(P∆lij , Pδij ). Under this hypothesis the cost function f (P) becomes:

⊤


P
f (P) = (i,j)∈E Ri⊤ (ρj − ρi ) − ∆lij P∆−1l Ri⊤ (ρj − ρi ) − ∆lij +
ij
(6)
P
+ (i,j)∈E [(θj − θi ) − δij ]⊤ Pδ−1
[(θ
j − θi ) − δij ].
ij

In order to put the previous formulation in a more compact form, let us number the nodes pairs, for which
a relative pose measurement is available, from 1 to m; let us stack all the relative position measurements
in the vector ∆l = [(∆l1 )⊤ (∆l2 )⊤ . . . (∆lm )⊤ ]⊤ , and all the relative orientation measurements in the vector
δ = [δ1 δ2 . . . δm ]⊤ . Repeating the same procedure for all the positions and orientations assumed by the
⊤
⊤ ⊤
robot until the current time we get the nodes’ position ρ† = [ρ⊤
0 ρ1 . . . ρn ] and the nodes’ orientation
θ† = [θ0 θ1 . . . θn ]⊤ . Therefore it can be verified that equation (6) can be rewritten as:

−1 ⊤ †

†
l ⊤
f (P) = A⊤
RP∆l R⊤
A2 ρ − R∆l +
2 ρ − R∆

⊤
(7)
+ A⊤ θ† − δ Pδ−1 A⊤ θ† − δ ,

where A is the incidence matrix of the graph G(V, E), A2 = A ⊗ I2 is an expanded form of the incidence
matrix [2], P∆l = diag(P∆l1 , P∆l2 , . . . , P∆lm ), Pδ = diag(Pδ1 , Pδ2 , . . . , Pδm ), and R = R(θ) is a block
diagonal matrix containing the rotation matrices that transform the corresponding local measurements in
the global frame, i.e., the non-zero entries of R are in positions (2k − 1, 2k − 1), (2k − 1, 2k), (2k, 2k −
1), (2k, 2k), k = 1, . . . , m, and the k-th diagonal block contains the rotation matrix converting the k-th
relative position measurement in the global frame. The expanded matrix A2 , or the more general form
Au = A ⊗ Iu , allows to cope with the case in which the node variables are vector-valued quantities in
Ru : the overall structure of the matrix is the same as A, but the zero elements in A are replaced with a
null matrix 0u×u , whereas the elements of value +1 and −1 are replaced by Iu and −Iu , respectively.
Equation (7) can be further simplified by recalling the choice of the reference frame ρ0 = [0 0]⊤ and
θ0 = 0, leading to the following relation:
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−1 ⊤

l ⊤
f (P) = A⊤
RP∆l R⊤
A2 ρ − R∆l +
2 ρ − R∆

⊤
+ A⊤ θ − δ Pδ−1 A⊤ θ − δ ,

(8)

where ρ and θ are the vectors obtained from ρ† and θ† by deleting the elements ρ0 and θ0 , respectively,
whereas A and A2 are reduced incidence matrices, obtained by deleting the rows corresponding to θ0 and
ρ0 from A and A2 , respectively.
We observe that the minimization of the cost function (8) is, by definition, equivalent to find the solution
(in the least-squares sense) to the following system of equations:
 ⊤
A2 ρ = R(θ)∆l
.
(9)
A⊤ θ = δ
Roughly speaking, since system (9) is overdetermined and the input data are noisy, no configuration (in
general) will satisfy exactly all the constraints, and a (least squares) solution of the system is the one
minimizing the weighted residual errors; by definition, a global minimizer of the cost function (8) attains
the minimum of the weighted residual errors. The nonlinear nature of the problem is connected with the
matrix R(θ), which contains trigonometric functions of nodes’ orientation.
Before presenting our closed-form approximation, we underline that, when the orientation of the robot
is known, the estimation problem becomes linear. Under this assumption, the second equation in problem
(9) disappears and the pose estimation reduces to positioning (only ρ has to be estimated). If θ is equal
to a known θ∗ , we can rewrite (9) as:
∗ l
A⊤
2ρ = R ∆,
with R∗ = R(θ∗ ). The previous is a linear estimation problem and it can be uniquely solved if at least
the position of one node is known and the graph is weakly connected [1], [2]. In case no node position
is known, the problem will have infinite solutions, corresponding to arbitrary roto-translations of the
configuration. If we define ∆g = R∗ ∆l and P∆g = (R∗ )P∆l (R∗ )⊤ , the Best Linear Unbiased Estimator
(BLUE) for the unknown node positions ρ is [27]:
−1
−1 g
ρ̂∗ = (A2 P∆−1g A⊤
2 ) A2 P∆g ∆ ,
−1
g
and the corresponding covariance matrix is (A2 P∆−1g A⊤
2 ) . We notice that ∆ and P∆g are respectively
the relative position measurements and the measurement covariance, expressed in the global frame, hence
the linearity of this simplified problem stems from the capability of expressing the relative position
measurements in a common frame. Such setup has been extensively investigated in both centralized and
distributed contexts, with application to multi agent localization [1]; in practice, it is an effective solution
to SLAM (in both 2D and 3D problems) for the cases in which a reliable absolute orientation information
is available.
In the next section, which contains the first key contribution of the paper, we extend this simple linear
case to the more general setup in which nodes’ orientation is unknown. Before presenting the contribution
we state a basic result pertinent to the discussion in this paper.
Lemma 1 (Properties of pose graph): The following properties hold true for a pose graph modeling
the batch SLAM problem:
1) The pose graph G, including odometric and loop closing constraints, is connected;
2) The edges corresponding to odometric constraints in the pose graph constitute a spanning tree for
G;
3) If T is the spanning tree comprising all odometric constraints, the edges corresponding to loop
closing constraints are chords of G, with respect to T .
Proof. The proof of the first claim is trivial since the path connecting all the nodes is actually the
trajectory traveled by the robot; in this sense the edges corresponding to the odometric constraints assure
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connectivity. Moreover, by definition of odometric constraints, a graph with n + 1 nodes has n odometric
constraints, and, since they connect all nodes, they form a spanning tree, say T ; accordingly, the remaining
m − n constraints correspond to chords in G with respect to T .

A. Linear Estimate for SLAM
We start by presenting the procedure for computing the proposed linear approximation of pose graph
configuration. The procedure will be discussed in detail in the following sections, that also provide an
assessment of the proposed linear approximation.
Procedure 1 (Linear Approximation of Pose Graph Configuration): A linear approximation of pose graph
configuration can be obtained by applying the following algorithm, structured in three phases:
1) Solve the following linear estimation problem:
A⊤ θ = δ,

(10)

from which the suboptimal orientation estimate θ̂ and its covariance matrix Pθ̂ can be obtained.
2) Estimate the relative position measurements in the global reference frame:

 

R̂∆l
g1 (∆l , θ)
z=
=
,
(11)
g2 (θ)
θ̂
θ=θ̂
with R̂ = R(θ̂); compute the corresponding uncertainty (preserving the correlation with the orientation estimate):


P∆l 02m×n
H ⊤,
(12)
Pz = H
0⊤
P
2m×n
θ̂
where H is the Jacobian of the transformation in (11), i.e.,:
 ∂g1 ∂g1  

.
R̂
J
l
∂θ
∂∆
H = ∂g2 ∂g2 =
.
0⊤
2m×n In
∂∆l
∂θ

(13)

3) Solve the following linear estimation problem in the unknown p = [ρ⊤ θ⊤ ]⊤ , given z, in (11), and
Pz , in (12):

 
A⊤
02m×n
ρ
2
z=
= B ⊤ p,
(14)
θ
0n×2n
In
from which the linear approximation of the pose graph configuration p∗ = [(ρ∗ )⊤ (θ∗ )⊤ ]⊤ can be
retrieved.

For sake of readability, the phases of Procedure 1 are discussed in detail in Sections III-B, III-C, III-D,
that also provide an assessment of the resulting linear approximation.
B. Phase 1: Linear Orientation Estimation
Observing the structure of problem (9) it can be seen that the second part of the system, including
the relative orientation measurements, is linear in the unknown variable θ. The first phase of Procedure 1
requires the solution of such subset of constraints; this is a standard linear estimation problem: given the
matrix A, the measurements δ and the corresponding covariance matrix Pδ , the objective is to provide an
estimate θ̂ of the unknown θ. According to well known results in linear estimation theory [27], the Best
Linear Unbiased Estimator (BLUE) for θ in (10) is:
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θ̂ = (APδ−1 A⊤ )−1 APδ−1δ,

(15)

Pθ̂ = (APδ−1 A⊤ )−1 .

(16)

and the corresponding covariance is:

The following result establishes existence and uniqueness of solution of problem (10). We recall that
similar results can be found in literature, with different proofs, see [2] and the references therein.
Proposition 1 (Uniqueness of the solution for phase 1): The solution of the first phase of Procedure 1
is unique if G is connected and a node orientation is supposed to be known.
Proof. The incidence matrix A of a connected graph G has rank n (with |V| = n + 1) and becomes
full rank as soon as one row is deleted [9]. As we have just shown in (8), assuming a node to have
known orientation (e.g., the first node is assumed to be the absolute reference frame) allows to reduce the
incidence matrix by deleting the corresponding row; therefore, the reduced incidence matrix A is full rank.
The information matrix Pδ−1 is positive-definite by definition. Then APδ−1 A⊤ is positive-definite, hence
invertible [18]. If the matrix is invertible, the solution of the linear problem can be uniquely determined
as θ̂ = (APδ−1 A⊤ )−1 APδ−1 δ.

We already observed that, once the absolute orientation of the robot is known, also the first equation
in (9) becomes linear in the unknown ρ. Therefore, using θ̂ as the true nodes’ orientation, we could also
compute an estimate for nodes’ position ρ̂, using linear estimation framework:
 
−1
−1
−1

⊤
⊤
(17)
ρ̂ = A2 R̂P∆l R̂
A2
A2 R̂P∆l R̂⊤
R̂∆l ,

where R̂ = R(θ̂). Also in this case, the proof of existence and uniqueness of the solution directly stems
from Proposition 1. However, the first equation in (9) also constraints the orientations of the robot, thus
the estimate p̂ = [ρ̂⊤ θ̂⊤ ]⊤ constitutes a suboptimal solution, in which the influence of the first equation
on the estimated orientations is neglected. Such approach corresponds to optimize the second summand in
the cost function (8) with respect to θ, to substitute this suboptimal solution in the first summand, and to
optimize it with respect to the position variables ρ. The obtained solution, however, does not correspond
to a minimum of the overall cost function.
As a further contribution, we report in Appendix C an approach for computing θ̂ and ρ̂, whose
complexity depends on the number of loop closings in the pose graph.

C. Phase 2: First-order Error Propagation
According to linear estimation theory, when solving problem (10) we can compute the actual covariance
of the estimate (16), that, together with the mean value (15), describes the posterior of θ given the
orientation measurements; moreover, as input of the problem we have ∆l and the corresponding covariance.
The second phase of Procedure 1 uses this information to compute an estimate of the relative position
measurements in the global reference frame: the vector z is in the form z = [(∆g )⊤ θ̂⊤ ]⊤ where ∆g = R̂∆l
is the vector containing the relative nodes’ positions expressed in the absolute reference frame R0 . z is
the output of a nonlinear transformation involving θ̂ and ∆l . The corresponding covariance matrix can be
obtained by a first-order propagation of the uncertainty; hence we can rewrite (12) in explicit form as:


P∆g + JPθ̂ J ⊤ JPθ̂
Pz =
,
Pθ̂
Pθ̂ J ⊤
.
where P∆g = R̂P∆l R̂⊤ , whereas J and Pθ̂ are defined as in (13) and (16). The following proposition will
be useful later for assuring the uniqueness of the outcome of the proposed approach.
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Proposition 2 (Positive-definiteness of Pz ): The covariance matrix of the data vector z, Pz , computed
in the second phase of Procedure 1, is positive-definite.
Proof. The covariance matrix Pθ̂ was demonstrated to be positive-definite in Proposition 1; the matrix
P∆l is positive-definite by definition. Therefore the matrix diag(P∆l , Pθ̂ ) is also positive-definite. As in
Proposition 1, we now want to demonstrate that the matrix H in (12) is full rank. Because of the block
structure of H, it follows that det(H) = det(R̂) det(In ) =Q
det(R̂) [18]. R̂ is a block diagonal matrix,
whose 2 by 2 blocks are rotation matrix, hence det(R̂) = (i,j)∈E det(Ri ) = 1. Therefore det(H) = 1

and H is full rank. Accordingly, the matrix H · diag(P∆l , Pθ̂ ) · H ⊤ is positive-definite [18].
The previous result assures that there is no rank loss in the covariance propagation. The trick of
including the orientation estimates in z is useful for preserving the correlation between the relative position
measurements (expressed in the global frame) and the corresponding angular information. As we will see
in the following section, such correlation terms play a fundamental role in the outcome of Procedure 1.
D. Phase 3: Linear Pose Estimation
We now want to show that the last phase allows to correct the suboptimal configuration estimate
.
p̂ = [ρ̂⊤ θ̂⊤ ]⊤ , leading it towards a minimum of the cost function, i.e.
θ∗ = θ̂ + θ̃,

ρ∗ = ρ̂ + ρ̃,

in which θ̂ and ρ̂ are computed as in equations (15) and (17), while θ̃ and ρ̃ are local correction terms. In
order to proceed in the demonstration we need to compute p∗ = [(ρ∗ )⊤ (θ∗ )⊤ ]⊤ as solution of the linear
system (14):
 ∗ 
ρ
∗
= (BPz−1 B ⊤ )−1 BPz−1 z.
(18)
p =
θ∗
First of all, let us state the following result on existence and uniqueness of the solution of the linear
estimation problem in phase 3.
Proposition 3 (Uniqueness of the solution for phase 3): The solution of the third phase of Procedure 1
is unique if G is connected and a node pose is supposed to be known.
Proof. From Proposition 2, the matrix Pz is positive-definite, and so is its inverse Pz−1. Because of
the structure of matrix B, it holds rank(B) = rank(A2 ) + rank(In ) = rank(A2 ) + n. We have already
reported in Proposition 1 that the rank of the reduced incidence matrix A is n. As a consequence,
rank(A2 ) = rank(A ⊗ I2 ) = rank(A)rank(I2 ) = 2n, It follows that the rank of B is 3n, therefore, if Pz−1
is positive-definite and B is full rank, then BPz−1 B ⊤ is positive-definite, hence invertible [18]. Therefore,
the solution of the linear problem can be uniquely determined.

Now we can write in explicit form ρ∗ and θ∗ ; for this purpose let us compute the matrix Pz−1 :


P∆−1g
−P∆−1g J
−1
Pz =
.
−J ⊤ P∆−1g Pθ̂−1 + J ⊤ P∆−1g J
The previous inverse can be performed using blockwise matrix inversion [18]. We can then compute the
.
matrix Ωp∗ = (BPz−1 B ⊤ ):


Pρ̂−1
−A2 P∆−1g J
Ωp∗ =
,
−J ⊤ P∆−1g A⊤
Pθ̂−1 + J ⊤ P∆−1g J
2
.
−1
where Pρ̂ = (A2 P∆−1g A⊤
2 ) . The inverse of Ωp∗ , namely Pp∗ , is in the form:


Pρ∗ Pρ∗ ,θ∗
,
Pp ∗ =
Pρ⊤∗ ,θ∗ Pθ∗
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where:

−1
.
−1
−1
−1 ⊤
−1
⊤
⊤
Pθ∗ = Pθ̂ + J P∆g J − J P∆g A2 Pρ̂ A2 P∆g J
Pρ∗ = Pρ̂ + Pρ̂ A2 P∆−1g JPθ∗ J ⊤ P∆−1g A⊤
2 Pρ̂
−1
Pρ∗ ,θ∗ = Pρ̂ A2 P∆g JPθ∗ .

(19)

From the expression of Pp∗ and Pz−1 it is straightforward to compute the estimates (18) as:
θ∗ = (APδ−1 A⊤ )−1 APδ−1 δ+
−1
l
+Pθ∗ J ⊤ P∆−1g A⊤
2 Pρ̂ A2 P∆g − I2m R̂∆ ,

and:

(20)

−1

−1

−1
⊤
⊤
A2 R̂P∆l R̂⊤
R̂∆l +
ρ = A2 R̂P∆l R̂
A2

−1
l
+Pρ̂ A2 P∆−1g JPθ∗ J ⊤ P∆−1g A⊤
2 Pρ̂ A2 P∆g − I2m R̂∆ .
∗



Notice that the previous equation provides a closed-form expression of the outcome of Procedure 1. In
Section V-A we will point out that there is a more efficient way to compute the proposed approximation,
although the explicit solution (20) is useful for the following development. By simple inspection it is
possible to verify that the obtained estimate θ∗ is already in the form θ∗ = θ̂ + θ̃, since the first summand
in (20) coincides with (15). The same consideration holds for ρ∗ with respect to equation (17). Therefore
we can write θ̃ and ρ̃ as:

−1
P
A
P
−
I
θ̃ = Pθ∗ J ⊤ P∆−1g A⊤
R̂∆l
g
ρ̂
2
2m
2
∆

(21)
−1
−1
−1
l
ρ̃ = Pρ̂ A2 P∆g JPθ∗ J ⊤ P∆g A⊤
2 Pρ̂ A2 P∆g − I2m R̂∆ .

We are now ready to state the following key result.
Theorem 1 (Linear Approximation): Procedure 1 is equivalent to computing an initial guess of network
configuration and performing a local optimization step, providing an approximate solution to the nonlinear
optimization problem (8). In particular, the third phase produces a local correction of a suboptimal
configuration estimate computed in the first phase, leading it towards a minimum of the cost function (8).
Proof. We have already shown that the final solution is composed by the suboptimal solution plus
a correction term. Now the demonstration reduces to verify that p̃ = [ρ̃⊤ θ̃⊤ ]⊤ is a local solution of
our optimization problem around p̂ = [ρ̂⊤ θ̂⊤ ]⊤ . In order to prove this point we compute a first-order
approximation of the residual errors in (8) around the suboptimal solution p̂:

⊤
⊤
l
f (P) ≈ A⊤
ρ̂
+
A
δ
−
R̂∆
−
Jδ
θ
2
2 ρ

−1 

⊤
l
(22)
R̂P∆l R̂⊤
A⊤
ρ̂
+
A
δ
−
R̂∆
−
Jδ
+
ρ
θ
2
2



⊤
+ A⊤ θ̂ + A⊤ δθ − δ Pδ−1 A⊤ θ̂ + A⊤ δθ − δ ,

where δθ and δρ are the displacements from the linearization point and the covariance matrix RP∆l R⊤ is
evaluated in θ̂. This convex approximation can now be minimized by taking the first derivative with respect
to the optimization variables δθ and δρ and imposing it to be zero. The minimum of (22) corresponds to
(a complete derivation is reported in Appendix A):

−1
l
δθ = Pθ∗ J ⊤ P∆−1g A⊤
2 Pρ̂ A2 P∆g − I2m R̂∆

(23)
−1
l
δρ = Pρ̂ A2 P∆−1g JPθ∗ J ⊤ P∆−1g A⊤
2 Pρ̂ A2 P∆g − I2m R̂∆ ,

which can be seen to coincide, respectively, with θ̃ and ρ̃, see (21), thus proving our thesis.
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We remark that ρ̂ is not actually computed by the proposed approach, and it was only derived in this
section for the purpose of the demonstration. Moreover, in practice, the suboptimal orientation estimate θ̂
is quite accurate, therefore the third phase is expected to lead the approximation towards a global optimum
of problem (8). In the experimental section, we will show that the proposed approach allows to attain the
same accuracy of an iterative method in which the local optimization step is repeated several times to
correct an inaccurate initial guess (e.g., odometry).
E. Regularization and Existence of the Correction Factors
We now discuss a crucial point of the proposed approach, which is connected with the periodic nature
of the angular information, i.e., robot orientations are defined up to 2kπ, k ∈ Z. Let us introduce the
discussion with an example: consider a simple scenario, in which a robot travels along a circumference (in
anticlockwise direction) coming back to the starting point. In a noiseless case, summing up all the relative
orientation measurements from the one taken with respect to the first node, to the loop closing constraint,
referred to the last node, we obtain 2π. This is because we sum small angular measurements which are
defined in (−π, π]. However, the loop closing constraint is expected to link the last pose with the initial
pose, whose orientation was set by convention to zero. The linear estimation framework presented so
far cannot recognize that the angles 0 and 2π actually correspond to the same orientation, hence tries to
impose contrasting constraints, producing meaningless results. An easy solution to the previous problem
consists in adding a correction factor, in the form 2kπ, k ∈ Z, to some orientation measurements. These
correction factors do not alter measurement content, because of the periodicity of the angular information,
but let the relative orientation measurements sum up to zero (this property will be lately referred to as
zero-sum property). Hence the input data provided to the problem solver are consistent and the estimated
configuration is correct.
In the rest of this section we prove the existence of suitable correction factors for any connected graph
and we describe a methodology for retrieving such correction terms. Before presenting the main result
(Theorem 3) let us introduce some specific concepts from graph theory [22].
A cycle is a subgraph in which every node appears in a even number of edges. A circuit is a cycle in
which every node appears exactly in two edges. We can represent a (directed) circuit as a vector ci of
m elements in which the k-th element is +1 or −1 if edge k belongs to the circuit and it is traversed
respectively forwards (from tail to head) or backwards, and 0 if it does not appear in the circuit (notice
that the ordering of the edges in ci is arbitrary).
Definition 1: Given a directed graph G and a spanning tree T of G, a fundamental circuit is a circuit
composed by a chord (i, j) of G with respect to T and the unique path in T connecting i and j.

A cycle basis of G is the smallest set of circuits such that any cycle in the graph can be written as
a combination of the circuits in the basis. The space spanned by the vectors in the basis is called cycle
space.
Theorem 2: The set of the fundamental circuits of a directed graph constitutes a cycle basis for G. 
The proof of the previous theorem can be found in several books of graph theory, see [9]. We already
mentioned that a spanning tree T of a connected graph G contains exactly n edges. Accordingly, the
number of chords, hence of fundamental circuits in G, is m − n.
Corollary 1: The dimension of the cycle space of a connected graph G is ℓ = m − n, and it is usually
called cyclomatic number of the graph [22].

Corollary 2: Ordering the edges of a connected directed graph G from 1 to m, so that the first n
elements are the edges of a given spanning tree T , and the last m − n elements are the chords of G
with respect T , the matrix containing all the vectors ci corresponding to the fundamental circuits can be
written as:
C = [c1 c2 . . . cℓ ]⊤ = [B Iℓ ] ,

(24)
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where Iℓ is the identity matrix of dimension ℓ and B is a matrix with elements in {−1, 0, 1}. C is usually
referred to as (fundamental) cycle basis matrix.

The previous result is a direct consequence of the structure of the fundamental circuits, each one
containing a single chord and a collection of edges in the spanning tree [9]. With slight abuse of notation,
in the following, C will denote both the cycle basis and the cycle basis matrix.
According to the machinery introduced so far, we notice that the zero-sum property essentially requires
that the sum of the relative orientation measurements along every cycle in the graph is zero, instead of
2kπ, k ∈ Z\{0}. Hence we can state the following theorem that holds under the assumption of noiseless
angular measurements.
Theorem 3 (Existence of correction factors): Given relative orientation measurements δ̄ = [δ̄1 δ̄2 . . . δ̄m ]⊤ ,
such that the first n elements correspond to the edges of a given spanning tree T , and the last m − n
elements correspond to the chords of G with respect T , there exists a correction vector ν = [ν1 ν2 . . . νm ]⊤
so that the corrected measurements δ = [δ̄1 − ν1 δ̄2 − ν2 . . . δ̄m − νm ]⊤ satisfy the zero-sum property.
Proof. Let us start by formulating the zero-sum property in a more familiar way. A necessary and
sufficient condition for the zero-sum property to be satisfied for all the cycles in the graph is that it is
satisfied for the cycles in the cycle basis [22]. Let us consider the cycle basis composed by the fundamental
circuits; for the zero-sum property to hold true, the corrected measurements δ have to satisfy:
c⊤
i δ = 0

∀ci ∈ C.

(25)

Roughly speaking, if the sum of the relative orientation measurements is zero for the edges in the
fundamental circuits, this property is true for every cycle in the graph. Equation (25) can be written
in compact form using the cycle basis matrix:
Cδ = 0ℓ .

(26)

According to the definition of regularized measurements we can rewrite (26) as:
C(δ̄ − ν) = 0ℓ =⇒ Cν = C δ̄.

(27)

The right hand side will contain the sum of the original measurements for each fundamental circuit. In
a noiseless case, the vector C δ̄ contains terms in the form 2kπ, k ∈ Z. Since the cycle basis matrix C
can be computed from the graph and δ̄ is a given of the problem, the only unknown of (27) is ν and the
existence of suitable correction terms is reduced the demonstration of existence of a solution to system
⊤ ⊤
(27). Recalling (24), it is easy to show that a solution to system (27), is ν = [0⊤
n (C δ̄) ] :
⊤ ⊤
Cν = [B Iℓ ] [0⊤
n (C δ̄) ] = C δ̄,

hence proving our thesis.

The elements of δ are referred to as regularized relative orientation measurements. The process of
compensating the relative orientation measurements is named regularization. We notice that the aforementioned solution only requires to correct the angular measurements corresponding to the chords, without
any modification to the edges in the spanning tree (the first n entries in ν are zeros). Recalling Lemma 1,
if we consider the spanning tree comprising the odometric constraints, we can then regularize the relative
orientation measurements by simply correcting loop closing constraints; in particular, a loop closing
relation, constraining two robot poses, has to be corrected taking into account the number of complete
turns (2π turns) the robot did when traveling from the first to the second pose, with the sign of the
regularization terms being consistent with the convention chosen for the orientation measurements. An
explanatory example of regularization is reported in Section V-A. We remark that the correction terms
are in the form 2kπ, k ∈ Z, hence the regulation procedure does not alter the information content of
the orientation measurement. It is now evident that, in the case of noisy relative measurements, condition
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(25) cannot be met exactly: Procedure 1, in fact, will be in charge of compensating the measurement
errors by minimizing a suitable cost function. Accordingly, the term C δ̄ in (27) will not contain exact
multiples of 2π. However, a simple rounding to the closest multiple of 2π allows to retrieve the desired
correction factors. One may argue that, if the noise is large, it is not possible to discern the desired
correction factors, since the rounding cannot compensate measurement errors; however this issue was not
found to be relevant in common applications (see experimental section): as it will be clear in a while, the
impossibility to determine the correct multiple of 2π means that the amount of noise is so high that the
robot, revisiting a past pose, is not able to discern how many times the robot turned around itself (i.e.,
completed 2π turns) since the previous visit. Note that this result also sheds some light on the so called
orientation wraparound problem [15], which is known to prevent convergence in iterative approaches.
In order to reduce the influence of noise in the selection of the correction terms for regularization, one
may use a minimal cycle basis [22], in place of the fundamental circuit basis. In the following section,
instead, we consider a less obvious approach to alleviate the influence of noise on regularization. We
lately refer to the regularization presented in this section as static regularization, whereas the approach of
Section IV-B will be called dynamic regularization. Dynamic regularization is reported here for the sake
of completeness, although it is often unnecessary in common SLAM problems.
IV. A LLEVIATING THE O RIENTATION
W RAPAROUND P ROBLEM
As a conclusion of the theoretical contribution of the paper we now discuss how to reduce the risk
of incurring in the orientation wraparound problem which constitutes a limitation of the state-of-the-art
approaches to graph-based SLAM. In iterative solutions to graph-based SLAM, the orientation wraparound
problem occurs when the error in the relative orientation of some nodes in the initial guess is bigger than π
[15]. For the proposed approach, instead, it affects the capability of determining proper correction factors
for regularization, as described in Section III-E. In both cases it depends on the amount of noise on
the relative orientation measurements. Intuitive solutions to such problem consist in reducing orientation
measurement noise or in limiting the dimension of the loops in the graph. These expedients, however,
cannot be applied in general, since measurement accuracy may not be increased arbitrarily (at least without
a corresponding surplus in price or complexity), and strict constraints on graph structure are not desirable,
since we are envisioning to solve large-scale problems.
Instead, we now discuss how to prevent the wraparound issue without imposing further constraints on
the problem at hand. In the following section we first present an approach for solving the first phase of
Procedure 1 in a recursive way; then we discuss how this technique can reduce the risk of orientation
wraparound.
A. Recursive Procedure for Linear Orientation Estimation
Let us consider a pose graph G[0]; let us call A[0], δ[0], and Pδ [0] the reduced incidence matrix, the
regularized relative orientation measurements and the corresponding covariance matrix. Assume that we
computed the orientation estimate θ̂[0] and the corresponding covariance matrix Pθ̂ [0] according to (15)
and (16). Now, assume that an edge is added to the graph. We shall call the augmented graph G[1],
and the objective of this section is to discuss how to retrieve θ̂[1] and Pθ̂ [1] (orientation estimate and
corresponding covariance in G[1]), exploiting the knowledge of θ̂[0] and Pθ̂ [0].
We call A[1], δ[1], and Pδ [1], the reduced incidence matrix, the relative orientation measurements and
the corresponding covariance matrix, of graph G[1]. Since we obtained the graph G[1] by adding a single
edge to G[0], it is easy to verify the following relations:






δ[0]
Pδ [0] 0m
A[1] = A[0] a ,
δ[1] =
,
Pδ [1] =
,
(28)
δm+1
0⊤
Pδm+1
m
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where a is a column vector with entries in {−1, 0, +1}, describing the edge added to G[0], whereas δm+1
is the relative orientation measurement associated with the edge we added (Pδm+1 is the corresponding
variance). Equation (15) prescribes to compute the orientation estimate θ̂[1] as follows:
θ̂[1] = A[1] Pδ−1 [1] A⊤ [1]

−1

A[1] Pδ−1 [1] δ[1],

(29)

The most expensive computation
 for retrieving the solution (29) is the inversion of the information matrix
.
Pθ̂ [1] = A[1] Pδ−1 [1] A⊤ [1] . We now want to show that this inverse needs not be computed from scratch
but can be computed exploiting the knowledge of Pθ̂ [0]. For this purpose, let us substitute the relations
in (28) as follows:


−1

Pδ [0] 0m
A[0] a
=
Pθ̂ [1] = A[1] Pδ−1 [1] A⊤ [1]
0⊤
Pδm+1
m

−1
⊤
= A[0] Pδ−1 [0] A⊤ [0] + a Pδ−1
a
m+1
−1







A[0] a

⊤

!−1

=

(30)

We now observe that A[0]Pδ−1 [0]A⊤ [0] is, by definition, Pθ̂ [0]. Then, applying the matrix inversion
lemma [4], we simplify equation (30) as follows:

where Pδm+1

−1 ⊤
a Pθ̂ [0],
Pθ̂ [1] = Pθ̂ [0] − Pθ̂ [0] a Pδm+1 + a⊤ Pθ̂ [0]a

+ a⊤ Pθ̂ [0]a is a scalar. From expression (31) we can then compute θ̂[1] as:
θ̂[1] = Pθ̂ [1] A[1] Pδ−1 [1] δ[1].

(31)

(32)

Therefore, given the linear orientation estimate over a graph G[0], we can incrementally add edges and
evaluate the suboptimal orientation estimate over the augmented graph G[1]. In Appendix B we generalize
the recursive estimation to the case in which also nodes are added to the graph: this can be of interest when
the orientation estimate has to be computed online, i.e., during robot motion. In the following section,
instead, we discuss how this recursive scheme can alleviate the orientation wraparound problem, within
the proposed approach.
B. Orientation Estimate and Wraparound Problem
In this section we propose a second technique for regularizing the relative orientation measurements of
a given pose graph G. As in previous sections, we adopt the following notation: orientation measurements
labeled with a bar are not regularized (e.g., δ̄), whereas the orientation measurements without bar (e.g.,
δ) are already regularized. The algorithm, that will be referred to as dynamic regularization, first selects
a sub-graph G[0] of G, that contains only edges corresponding to odometric constraints of G. Let us
call δ[0] the orientation measurements in this initial graph, with δ[0] = [δ1 δ2 . . . δn ]⊤ (according to
Section III-E the odometric constraints need no regularization, therefore we simply stack in δ[0] the
given odometric measurements). Then, we want to add a loop closing (chord) at a time, deciding the
corresponding regularization term before including it in the graph.At each step of this algorithm we add
an edge in the previous graph, obtaining a sequence G[1], G[2], . . . , G[ℓ], such that graph G[ℓ] comprises all
constraints (both odometric and loop closings) of the original graph G, i.e., G[ℓ] = G. Let us start from the
first iteration: we add the first loop closing to graph G[0]. As mentioned in Section III-E, before including
the chord, we have to regularize the corresponding orientation measurement δ̄n+1 ; we can compute the
regularization term for the first chord as follows:
νn+1 = round(c⊤
1 [1]δ̄[1] , 2π),

(33)
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where δ̄[1] = [δ[0]⊤ δ̄n+1 ]⊤ , c1 (1) is the fundamental circuit vector in G[1] corresponding to chord n + 1
and round(x, y) is the operator that rounds x to the closest multiple of y; it is easy to verify that the
correction factor in (33) is equal to the one obtained by solving system (26) in the unknown νn+1 after
rounding. Applying the correction factor we can update the regularized relative orientation measurements
as δ[1] = [δ[0]⊤ δ̄n+1 − νn+1 ]⊤ . For computing the second regularization term, static regularization
prescribes the following formula:
νn+2 = round(c⊤
2 [2]δ̄[2] , 2π),

(34)

where c2 (2) is the circuit vector associated to the second chord and δ̄[2] = [δ[1]⊤ δ̄n+2 ]⊤ ; however,
according to the results of Section IV-A, after including the first chord in the graph G[0], we can compute
an estimate for the orientations θ̂[1]. Moreover, thanks to the availability of θ̂[1], we can also compute a
more accurate estimate of the relative orientation measurements in the graph G[1]: δ ∗ [1] = A⊤ [1] · θ̂[1],
where A⊤ [1] is the reduced incidence matrix of G[1]. Therefore, when inserting the second chord we can
use a more accurate estimate for computing the regularization terms:
∗
νn+2 = round(c⊤
2 [2]δ̄ [2] , 2π),

(35)

¯ ]⊤ . In general, we can use the following equation, for computing the
where δ̄ ∗ [2] = [(δ ∗ [1])⊤ δn+2
regularization term of the chord (i + 1), with i = 1, 2, . . . , ℓ − 1:
∗
νn+i+1 = round(c⊤
i+1 [i + 1]δ̄ [i + 1] , 2π),

where δ̄ ∗ [i + 1] = [A⊤ [i] · θ̂[i] δ̄n+i+1 ]⊤ .
Therefore, dynamic regularization exploits the following ideas:
• after including a chord we can update the orientation estimate according to the recursive procedure
of Section IV-A;
• the updated orientation estimate allows to compute more accurate relative orientation measurements,
that can be used in place of the original orientation measurements to compute the regularization terms
to be assigned to the following chords.
In the experimental section we will verify that such approach is able to tackle noisy scenarios in
which the state-of-the-art (iterative) techniques may fail. Notice that adopting this incremental approach
(dynamic regularization) provides at the same time the regularization terms and the solution to phase 1
of Procedure 1, since, by definition, θ̂[ℓ] = θ̂.
V. E XPERIMENTS AND D ISCUSSION
In this section we present an experimental evaluation of our approach. Section V-A describes a practical
implementation of the approach, whereas in Sections V-B and V-C we report results on accuracy and
computational effort.
A. Implementation
We now discuss a practical implementation of our technique that clarifies the previous derivation and
is crucial in assuring the computational advantage of the proposed approach. First of all, let us recall that
our solution of the batch SLAM problem from real data requires three sequential steps:
1) Information synthesis: odometric and loop closing constraints are extracted from real sensor readings;
2) Regularization: regularization terms are added to loop closing constraints for making the orientation
measurements consistent;
3) Linear Estimation: Procedure 1 is applied to solve the graph embedding problem.
As mentioned before, the information synthesis phase is sensor-dependent and is not treated in this paper
(we consider the constraints in the pose graph as input data for our problem). The static regularization
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Fig. 2. (a) Example of Pose graph and (b) its topological reduction; odometric constraints are shown in blue, whereas loop closing constraints
are drawn in red.

is described in Section III-E and the pseudo-code is reported in Algorithm 1. We now briefly provide
an example of construction of the cycle basis matrix (24), referred to the graph in Figure 2(a). The
odometric constraints are reported as blue segments, whereas the loop closing constraints are in red. Let
us number the edges as reported in Figure 2(a). The corresponding relative orientation measurements
are δ̄ = [δ̄1 δ̄2 . . . δ̄10 δ̄11 ]⊤ . The matrix C has a number of rows equal to the number of loop closing
constraints; in the example we have two loop closings. The first row of C describes the fundamental
circuit corresponding to the first loop closing (edge 10), connecting nodes h and b. Therefore the entry
in position 10 of vector c1 is 1 and the other nonzero elements in the circuit vector corresponds to the
odometric constraints connecting h and b: the entries corresponding to the odometric edges will be +1
if they traverse the loop with the same orientation of the loop closing edge (h, b), otherwise they will
be filled with −1. Accordingly, c1 = [0 1 1 1 1 1 1 0 0 | 1 0]⊤ . Repeating the same procedure for
the second loop closing (edge 11), we obtain c2 = [0 0 0 0 0 0 −1 −1 −1 | 0 1]⊤ ; the cycle basis
matrix is C = [c1 c2 ]⊤ . This procedure for filling in matrix C corresponds to step 3 in Algorithm 1. Then,
the regularization terms
as ν1 = round(ν̂
1 , 2π) and ν2 = round(ν̂2 , 2π), where
P7 can be computed
P9
⊤
⊤
ν̂1 = c1 δ̄ = δ̄10 + k=2 δ̄k , and ν̂2 = c2 δ̄ = δ̄11 − k=7 δ̄k (steps 4 − 5 in Algorithm 1). Finally the
regularization terms can be used to correct the orientation measurements (step 6 in Algorithm 1).
Algorithm 1 (Static Regularization):
1: Input: Incidence matrix A, non-regularized orientation measurements δ̄ (of the original graph or of
its topological reduction)
2: Output: Regularized measurements δ
3: C = build cycle basis matrix(A);
⊤ ⊤
4: ν̂ = [0⊤
n (C δ̄) ] ;
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5:
6:

ν = round(ν̂ , 2π);
δ = δ̄ − ν.

Although the construction of matrix C requires no complex operation, we can further simplify the
construction of the cycle basis matrix by observing that the regularization can be performed on a reduced
graph, comprising only the nodes involved in at least one loop closing constraint. The reduced graph that
we shall call topological reduction is reported in Figure 2(b).
measurements of
P6The relative
Porientation
9
r
r r
r ⊤
the topological reduction are δ̄ = [δ̄1 δ̄2 . . . δ̄6 ] = [δ̄1 ( k=2 δ̄k ) δ̄7 ( k=8 δ̄k ) δ̄10 δ̄11 ]⊤ . The cycle
basis matrix is C r = [cr1 cr2 ]⊤ , with cr1 = [0 1 1 0 | 1 0]⊤ and cr2 = [0 0 −1 −1 | 0 1]⊤ . Then, with simple
matrix manipulation it is easy to verify that the regularization vector ν is the same for both graphs, i.e.,
ν̂ = C δ̄ = C r δ̄ r .
In Algorithm 2 we report the algorithm for dynamic regularization, that if necessary can mitigate the
orientation wraparound problem (see Section IV-B). The algorithm takes as input the incidence matrix
.
A, the non-regularized orientation measurements δ̄, and the corresponding information matrix Ωδ = Pδ−1
(of the original graph or of its topological reduction). As described in Section IV-B the algorithm starts
by considering a graph G[0] containing only odometric constraints. The function odo constraints in
Algorithm 2 selects A[0], Ωδ [0], δ[0], from the overall graph G. Notice that the structure of the matrix
A[0] simplifies the computation of the inverse at line 4 of Algorithm 2, see [10]; then, the routine
build circuit constructs the circuit vector associated with the i-th chord in the graph G[i]. The function
update applies equations (31) - (32) for including the edge (n + i) (i-th loop closing) in the estimate.
Then, we add a loop closing at a time, deciding incrementally the corresponding regularization term
(lines 9 − 11). It may be convenient to include the loop closing constraints from the one corresponding
to the smallest loop to the one of the biggest loops, for further reducing the risk of selecting incorrect
regularization terms; however in all the tests we performed such strategy was not necessary.
Algorithm 2 (Dynamic Regularization):
1: Input: Incidence matrix A, non-regularized orientation measurements δ̄, and corresponding information matrix Ωδ (of the original graph or of its topological reduction)
2: Output: Regularized measurements δ, suboptimal orientation estimate θ̂
3: [A[0], Ωδ [0], δ[0]] = odo constraints(A, Ωδ , δ̄);
−1
4: Pθ̂ [0] = A[0] Ωδ [0] A⊤ [0]
;

5:
6:
7:
8:

9:
10:
11:
12:
13:

θ̂[0] = Pθ̂ [0] A[0] Ωδ [0] δ[0];
for i = 1 : ℓ (i.e., for each loop closing)

⊤
⊤
∗
⊤
δ̄ [i] = A [i − 1] · θ̂[i − 1]
δ̄n+i ;

ci [i] = build circuit(A);
ν̂i = ci [i] δ̄ ∗ [i];
νi = round(ν̂i , 2π);
δn+i = δ̄n+i − νi ;
h
i
θ̂[i], Pθ̂ [i], A[i] = update(θ̂[i − 1], Pθ̂ [i − 1], δn+i , Ωδn+i );

end

After performing regularization (static or dynamic), it is possible to apply Procedure 1. Observing Procedure 1, one may draw the following conclusions: the procedure requires to compute Pθ̂ = (APδ−1 A⊤ )−1 ,
to be included in the covariance propagation of phase 2, and Pz−1 , which is used in equation (18). In
the rest of this section we will show that a suitable implementation of the approach requires no matrix
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inversion at all. The key insight is that some steps of Procedure 1 can be performed in information form,
instead of using the corresponding covariance matrices. The pseudocode of Procedure 1 is summarized in
Algorithm 3. In the algorithm, function linear solver(A, b) contains a standard linear equation solver
of system Ax = b, whereas the content of the routines for building the involved matrices (build R,
build J) can be easily derived from Section III.
Algorithm 3 (Linear Estimation):
1: Input: Incidence matrix A, regularized orientation measurements δ, information matrix of the relative orientation measurements Ωδ , relative position measurements ∆l , information matrix of relative
position measurements Ω∆l
2: Output: Linear approximation p∗
3: Ωθ̂ = AΩδ A⊤ ;
4: θ̂ = linear solver(Ωθ̂ , AΩδ δ)
5: R̂ = build R(θ̂);
6: Ω∆g = R̂Ω∆l R̂⊤ ;
7: J = build J(θ̂, ∆l );


−Ω∆g J
Ω∆g
;
8: Ωz =
−JΩ∆g Ωθ̂ + J ⊤ Ω∆g J
9: A2 = A ⊗ I2 ;


A2
02n×n
10: B =
;
0n×2m
In
11:
12:
13:

z = [(R̂∆l )⊤ θ̂⊤ ]⊤ ;
Ωp∗ = BΩz B ⊤ ;
p∗ = linear solver(Ωp∗ , BΩz z).

B. Experimental Results: Accuracy
In this section we show an application of the proposed methodology on some publicly available datasets
[19], [25]. We consider the situation in which a mobile robot is equipped with wheel encoders and a laser
range finder and uses such sensors for performing the information synthesis phase, i.e., for computing
the constraints in the pose graph. In our experiments, the odometric constraints were obtained by refining
wheel odometry measurements with a scan matching algorithm [24]. The loop closing constraints were
instead selected from the relations available at [25].
Let us start by considering the Intel Research Lab dataset [25]. The number of odometric and loop
closing constraints is reported in Table I. In Figure 3 we show the odometric trajectory of the robot (solid
line) obtained from wheel encoders estimates and scan matching. The figure also shows, as dotted lines, the
edges corresponding to loop closing constraints. The scan matching algorithm is only able to enforce local
consistency by aligning the laser readings acquired at subsequent poses, thus failing in producing a globally
consistent map. Once the relative pose information (δ̄, ∆l ) is available, we perform a static regularization
of orientation measurements, obtaining δ. In Table I it is shown the number of loop closing constraints
for which a correction factor 2kπ, k ∈ Z\{0} was needed. Measurements covariance is in the form
Pij = diag(P∆lij , Pδij ), and the corresponding uncertainties are assumed to be proportional to the respective
measurements, e.g. bigger displacements correspond to higher uncertainty. The configuration estimated
with Procedure 1 and the corresponding occupancy grid map are reported in Figure 4. The approach allows
to correctly embed the pose graph and to accomplish consistent mapping. For a quantitative evaluation we
report the values of the SLAM benchmark metrics proposed in [24]: for each constraint we compute the
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Number

Number of

Number of

Number of

of

odometric

loop closing

chords needing

nodes

constraints

constraints

regularization

INTEL

1228

1227

278

198

MIT

808

807

20

10

FR079

989

988

229

184

CSAIL

1045

1044

128

59

M3500

3500

3499

2099

212

TABLE I
N UMBER OF NODES , ODOMETRIC CONSTRAINTS , LOOP CLOSING CONSTRAINTS , AND REGULARIZED ORIENTATION MEASUREMENTS
FOR I NTEL R ESEARCH L AB DATASET (INTEL), MIT K ILLIAN C OURT (MIT), F REIBURG B UILDING 079 (FR079), MIT CSAIL
B UILDING (CSAIL), AND M ANHATTAN W ORLD (M3500).
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Fig. 3. Intel Research Lab dataset: odometric constraints (solid lines), corresponding to the odometric trajectory corrected with scan
matching, and loop closing constraints (dotted lines).

quantity ηij = ξij∗ − ξij , where ξij∗ is the relative pose between nodes i and j computed from the estimated
configuration, and ξij is the corresponding measured quantity. Then, if we distinguish the Cartesian and
the angular components in ηij q
, i.e., ηij = [(ηijρ )⊤ (ηijθ )]⊤ the accuracy of the approachqis evaluated (i) in
P
P
terms of Cartesian error ηc = m1 (i,j)∈E kηijρ k2 , (ii) in terms of angular error ηa = m1 (i,j)∈E |ηijθ |2 .
In Table II we show the values of the constraint satisfaction metrics, comparing the proposed solution
with (i) a direct iterative method (Gauss-Newton method), obtained by solving normal equation (5) until
convergence is attained, and (ii) with an indirect iterative method, the Tree-based netwORk Optimizer
(TORO), available online [15]. The three approaches were tested on the same set of constraints and with
the same measurement covariance matrices. For the iterative techniques, the odometric configuration,
reported in Figure 3, was assumed as initial guess for optimization. For the Gauss-Newton method, the
termination criterion for iterative optimization is the following: the algorithm stops when the norm of the
correction vector kδp (τ )k drops below 10−1 (recall that δp (τ ) contains thousands of elements, then this
threshold is reached when the local correction becomes negligible). For the TORO algorithm, instead, the
number of iterations τ̄ is fixed a priori (we repeated the tests with τ̄ = 100 and τ̄ = 1000). From Table II
it is possible to verify that on the INTEL dataset the Gauss-Newton method and the proposed closed-form
approximation attain the same minimum. The Gauss-Newton method required 5 iterations for leading
the configuration estimate sufficiently close to the minimum. Regarding TORO, the orientation error is
comparable with the one of other approaches, while the Cartesian error remains considerably larger also
after 1000 iterations.
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Fig. 4. Intel Research Lab dataset: (a) estimated nodes’ configuration, (b) occupancy grid map obtained by associating the corresponding
laser scan to each node.
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Fig. 5.

MIT Killian Court dataset: network configuration after scan matching is applied.

We repeated the previous experiment on the MIT Killian Court dataset (the infinite corridor). This
dataset is challenging, since the robot has to travel hundreds meters in open loop. As in the previous
case, the odometric constraints were obtained by aligning the laser readings acquired at subsequent poses.
Loop closing constraints were then manually added, as reported in [28]. In Figure 5 we show the network
configuration after scan matching is applied. It is possible to notice that the overall structure does not
even resemble the actual map, which is reported later and can be compared with the occupancy grid
map estimated in [5]. In the same figure we also plot as dotted lines the loop closing constraints. In
this case the length of the fundamental circuits and the noise in the orientation measurements prevent to
regularize the input measurements with static regularization. However, the use of dynamic regularization
is effective in retrieving the correct regularization factors. We report in Table II the values of the constraint
satisfaction metric, as we did for the previous experiment.We notice that the need of using the iterative

MIT

INTEL

22

TORO

TORO

Gauss-Newton

Proposed

(τ̄ = 100)

(τ̄ = 1000)

Method

Approach

ηc

5.15 · 10−2

4.31 · 10−2

3.03 · 10−2

3.03 · 10−2

ηa

1.52 · 10−2

1.47 · 10−2

1.50 · 10−2

1.50 · 10−2

ηc

2.91 · 10−1

1.73 · 10−1

3.36 · 10−1

1.49 · 10−1

(∗ )
ηa

2.51 · 10−2

1.66 · 10−2

8.44 · 10−2

1.43 · 10−2

M3500

CSAIL

FR079

(∗ )
ηc

1.58 · 10−2

1.24 · 10−2

1.44 · 10−2

1.44 · 10−2

ηa

2.22 · 10−3

2.04 · 10−3

2.02 · 10−3

2.02 · 10−3

ηc

1.68 · 10−2

1.92 · 10−2

1.74 · 10−2

1.74 · 10−2

ηa

2.13 · 10−3

1.73 · 10−3

1.73 · 10−3

1.73 · 10−3

ηc

1.41 · 10−1

1.25 · 10−1

1.82 · 10−2

1.82 · 10−2

ηa

2.21 · 10−2

2.63 · 10−2

1.59 · 10−2

1.59 · 10−2

TABLE II
B ENCHMARK ERROR METRICS [24] FOR THE I NTEL R ESEARCH L AB DATASET (INTEL), MIT K ILLIAN C OURT (MIT), F REIBURG
B UILDING 079 (FR079), MIT CSAIL B UILDING (CSAIL), AND M ANHATTAN W ORLD (M3500). T RANSLATION ERROR ηc IS
∗
EXPRESSED IN METERS ; ANGULAR ERROR ηa IS IN RADIANS . ( ) T HE ALGORITHM CONVERGED TO A LOCAL MINIMUM .

Fig. 6. MIT Killian Court dataset: occupancy grid map corresponding to the configuration estimated with the proposed technique. The size
of the overall area shown in figure is approximatively 250 m × 300 m.

procedure for regularization coincides with the occurrence of the orientation wraparound problem for the
Gauss-Newton method: after 24 iterations the Gauss-Newton method converged to a local minimum. The
TORO approach, instead, is more resilient to the wraparound problem, as commented in [15], but in this
test it turned out to be less accurate than the proposed approach. Figure 6 shows the occupancy grid
map, corresponding to the configuration estimated with our approach. The reader can observe that few
loop-closing constraints (20 in our test) suffice to correctly recover the structure of the scenario.
We further tested the approach on the following scenarios: (i) Freiburg Building 079 (FR079), (ii) MIT
CSAIL Building (CSAIL), and (iii) the Manhattan world (M3500). The information related to the number
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Fig. 7. (a) Freiburg Building 079: configuration estimated with the proposed approach superimposed on the reference map available online,
(b) MIT CSAIL Building: configuration estimated with the proposed approach superimposed on the reference map available online, (C)
Manhattan World: configuration estimated with the proposed approach.

of nodes and constraints in these scenarios is summarized in Table I. The first two datasets are built on
real sensor readings, whereas the Manhattan world is a well-known simulated benchmark scenario [10].
In these cases, we used the relations available at [5] as inputs for the compared algorithms. The results are
summarized in Table II: it is possible to notice that the errors attained by the Gauss-Newton method after
3 − 5 iterations are the same as the ones obtained with the proposed closed-form approximation. In the
scenarios FR079 and CSAIL the angular errors of TORO are close to the ones of the proposed approach
only after 1000 iterations. Moreover, in some cases, increasing the number of iterations of TORO improves
the angular errors, but worsens the Cartesian errors. In the Manhattan world, also after 1000 iterations,
the Cartesian errors in TORO remains one order of magnitude larger that the proposed approach. In all
these scenarios, it was not necessary to use the incremental procedure for regularization, so we applied
the procedure in Algorithm 1.
It is now clear that the proposed approach can perform at least as well as the most accurate, state-of-
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Fig. 8. Rawseeds dataset, Bicocca outdoor: (a) odometric trajectory (solid line) with black triangles labeling the poses for which an absolute
information from GPS is available, (b) estimated configuration (red) superimposed on the satellite map.

the-art approaches to SLAM, though being a closed-form approximation. We remark that the benchmark
metrics considered so far depend on the quality of the constraints, hence the results can be further improved
by considering more accurate constraints or a larger set of loop closing constraints.
Remark 1: The assumption of independent position and orientation measurements holds true when
dealing with holonomic platforms. For non-holonomic platforms it constitutes an approximation, but
several state-of-the-art techniques have been demonstrated to produce effective results, even under stricter
assumptions on the covariance structure (e.g. spherical covariances in [15]).

We conclude this experimental section by observing that loop closing constraints in a pose graph are
not necessarily connected to place revisiting episodes. An interesting alternative is the case in which
loop closing constraints correspond to GPS information: in this case the measurements are referred to
an absolute reference frame (say, node v0 ) and the corresponding edges connect the node that takes the
GPS measurement with the node v0 . With straightforward generalizations, we can adapt the proposed
approach to deal with such absolute information. We tested the proposed approximation on a real dataset
from the Rawseeds project [3]: odometric constraints are based on wheel odometry, whereas loop closing
constraints correspond to accurate measurements from an RTK-GPS (for sake of simplicity two consecutive
GPS measurements are supposed to identify also robot orientation, due to non-holonomic constraints in
robot motion). The odometric configuration and the loop closing constraints are reported in Figure 8(a).
The configuration, estimated with the proposed approach, is shown in Figure 8(b) superimposed to the
satellite map of the outdoor scenario.
C. Experimental Results: Computational Effort
In this section we report an evaluation of the computational effort of the approaches compared in the
previous section. We start by observing that the Gauss-Newton method would require solving N linear
problems of size 3n (in which the number of iterations N may increase arbitrarily, depending on the
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Fig. 9. Sparsity patterns of the matrices involved in phase 1 and 3 of the proposed approach for the INTEL scenario: (a) Ωθ̂ (see line 4,
Algorithm 3); (b) Ωp∗ (see line 13, Algorithm 3).

quality of the initial guess); the cost of our approach is due to (i) regularization, which only requires (in
the static case) to fill in the matrix C and to perform a (sparse) vector-matrix multiplication, (ii) linear
estimation, which requires to solve a smaller problem (on robot orientations - size n) and a problem of
the same size of a single step of the Gauss-Newton method. As observed before, the complexity of the
computation of robot orientations actually depends on the number of loop closings in the graph (Appendix
C), which is usually smaller than the number of nodes in real scenarios (compare with Table I). Therefore
the complexity of the proposed method reduces to the solution of a sparse linear system of size 3n; an
example of the sparsity patterns of the involved matrices is reported in Figure 9. The advantage, now, is
that the first-order correction provided by the last phase of the proposed approach, refines a suboptimal
solution which in practice is already close to a global minimum.
After this discussion we can present the experimental results. The actual implementation of the proposed
approach is in Matlab, therefore the results we are going to present are only meant to provide an insight
on the effectiveness of approach; we also provide some evidence that engineering the code (e.g., writing
an optimized code in C++) can speed up the computation of orders of magnitude. In Table III we show
the CPU time required for computing the pose graph configuration with the compared approaches. TORO
is implemented in C++, whereas the Gauss-Newton method and the proposed approach are implemented
in Matlab. The computational effort for TORO is the one returned by the code available online. The
time required by the proposed approach, is the sum of the CPU time required for regularization (time
for executing the operations in Algorithm 1 or 2) and the time required for computing the linear approximation (operations in Algorithm 3). In particular, we performed the regularization on the topological
reduction of the graph (the time needed for computing the topological reduction is also considered in
the evaluation of the computational effort); for the MIT Killian Court (MIT) the results are referred to
dynamic regularization, whereas for the other scenarios they are referred to static regularization. Time is
expressed in seconds (averaged over 10 tests) and the computer used for the evaluation has a processor
INTEL Core 2 Quad, 2.83 GHz.
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TORO

TORO

Gauss-Newton

Proposed

(τ̄ = 100)

(τ̄ = 1000)

Method

Approach

INTEL

0.63

6.32

2.31 (5)

0.50

MIT

0.33

3.34

39.41 (24)

0.19

∗

( )
FR079

0.50

5.06

0.92 (3)

0.33

CSAIL

0.48

4.79

0.92 (3)

0.30

M3500

2.58

25.87

17.65 (5)

10.50

TABLE III
C OMPUTATIONAL EFFORT FOR THE COMPARED TECHNIQUES FOR EACH BENCHMARK SCENARIO . T IME IS EXPRESSED IN SECONDS . F OR
∗
THE G AUSS -N EWTON METHOD WE REPORT THE NUMBER OF ITERATION IN PARENTHESIS . ( ) T HE ALGORITHM CONVERGED TO A
LOCAL MINIMUM .

Let us consider the first four datasets (INTEL, MIT, FR079, CSAIL). Table III shows that in all these
datasets, the Matlab implementation is faster than TORO (100 iterations) implementation: most of the
operations reported in Algorithms 1 only requires to fill in matrices and the only expensive computation
regards the solution of the two linear systems in Algorithm 3, which can be computed efficiently using
sparse matrix manipulation in Matlab. Although we observed that in most cases the accuracy of TORO is
comparable with the proposed approach only after 1000 iterations, the computational effort for performing
such a large number of iterations is undesirable for practical implementations (the computational effort
in TORO scales almost linearly with the number of iterations). The Gauss-Newton method is reported
only for comparison and confirms the observation reported at the beginning of this section: when the
Gauss-Newton method is able to converge to the optimal configuration, its computational time is N times
larger than the proposed approach, where N denotes the number of iterations (reported in parenthesis in
Table III). Observing the last scenario (M3500) one may argue that the approach has scalability issues.
Let us investigate this issue analyzing the computational effort of each phase of the proposed approach.
Results are shown in Table IV. The table contains the measured time for performing regularization and
for applying Procedure 1 (the CPU time reported in the last column of Table III is the sum of the last two
columns of Table IV). The results of the scenario M3500 reveal that most of the time is spent in performing
the regularization. This is not surprising since the Manhattan world contains a large number of edges and
the for cycle that fills in the matrix C is slow in Matlab. If we exclude the insertion of the elements in
the matrix C from the evaluation, the computational time of regularization on the original graph becomes
negligible (parenthesis in the last row, first column of Table IV). Analogously, if we measure the time
required for regularization on the topological reduction, excluding the computation of C (but including
the graph reduction), we reduce the computational effort by two orders of magnitude. Regarding the
effort for computing Algorithm 3, we observe that, in Matlab, after the operations of lines 5 (definition
of B), 7 (definition of J), and 10 (definition of B) of Algorithm 3, we use the command sparse for
exploiting the structure of the matrices. This command only requires to select the nonzero elements of
the corresponding matrices; however, due to the size of the involved matrices, the computational effort
of this operation is not negligible in Matlab. We report in parenthesis (last row, last column of Table IV)
the CPU time obtained disregarding the three sparse commands in Matlab.
As a final observation we remark that the convenience in performing regularization on the topological
reduction of the graph is evident in the cases in which the number of loops in the graph is small when
compared with the number of nodes; for instance, the advantage is clear in the MIT scenario (Table IV).
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Regularization on

Regularization on

Linear

Original Graph

Topological Reduction

Approximation

INTEL

0.13

0.07

0.43

MIT

0.90

0.05

0.14

FR079

0.06

0.06

0.27

CSAIL

0.02

0.04

0.26

M3500

7.90 (0.02)

5.81 (0.25)

4.68 (1.30)

TABLE IV
C OMPUTATIONAL EFFORT FOR EACH PHASE OF THE PROPOSED APPROACH : REGULARIZATION ( ON THE ORIGINAL GRAPH AND
TOPOLOGICAL REDUCTION ) AND LINEAR ESTIMATION (A LGORITHM 3). T IME IS EXPRESSED IN SECONDS .

ON THE

VI. C ONCLUSION
The contribution of this work is twofold: we propose a linear approximation for the batch SLAM
problem, under the assumption that the relative position and the relative orientation measurements are
independent. The procedure for computing such approximation requires no initial guess and is formally
demonstrated to admit solution when applied to the embedding of the pose graph. It is possible to
consider the proposed approach as a linear initialization method for iterative optimization or as a standalone tool. Empirical evidence suggests that the approximation is accurate in practice, and, on common
SLAM scenarios, it is able to attain the same minimum of a direct iterative approach at a fraction of the
computational cost. As a by-product of our result we also show that (i) some steps of the computation
of the linear approximation can be solved in incremental way, possibly performed online during robot
operation; (ii) if convenient, some steps of the approach can be computed using expressions whose
complexity depends on the number of loop-closings in the pose graph. The second contribution regards
the orientation wraparound problem. We show that, in the proposed formulation, the wraparound problem
has a clear meaning (incapability of discerning the number of 2π turns performed between two placerevisiting episodes); moreover, we propose an approach for alleviating this issue. Future work includes
the investigation of possible extensions of the proposed setup to 3D scenarios, in which the first phase of
the procedure can no longer be formulated in a linear fashion.
A PPENDIX A
In this appendix we detail the solution to the convex optimization problem (22) obtained by taking
a linear approximation of the residual errors in (8) around the suboptimal solution p̂. Computing the
first-order derivatives of the cost function with respect to δθ and δρ and imposing them to be zero we
obtain the following linear system:



∂f
−1
⊤
⊤
l

A
ρ̂
+
A
δ
−
R̂∆
−
Jδ
= 02n
=
2A
P

g
ρ
θ
2
2
∆

 ∂δρ
 2

∂f
.
(36)
= 2APδ−1 A⊤ θ̂ + A⊤ δθ − δ +
∂δθ





 −2J ⊤ P −1g A⊤ ρ̂ + A⊤ δρ − R̂∆l − Jδθ = 0n
2
2
∆
From the first equation, substituting the expression of ρ̂ (17), we can rewrite δρ in function of δθ :
δρ = Pρ̂ A2 P∆−1g Jδθ .

(37)
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Substituting the expressions (15) and (37) in the second equation of (36) we can obtain the value of δθ
which annihilates the first derivative of the cost function (22):

−1
−1
δθ = Pθ̂−1 + J ⊤ P∆−1g J − J ⊤ P∆−1g A⊤
P
A
P
J
g
2 ρ̂ 2 ∆
(38)

−1
⊤
⊤ −1
J P∆g A2 Pρ̂ A2 P∆g − I2m R̂∆l .

It is now easy to recognize the first matrix to be Pp∗ , see (19), hence the previous expression coincides
with the one reported in (23). Finally if we substitute again (38) in (37) we can also compute δρ , obtaining
the desired result (23).
A PPENDIX B
In this appendix we extend the derivation of Section IV-A to the case in which both nodes and edges
are added to an initial graph G[0]. Let us call G[1] the augmented graph obtained by adding a new node,
say vn+1 , and the corresponding incident edges, to the graph G[0]. As before, the objective is to devise
a recursive expression for computing the estimate θ̂[1] (and the covariance Pθ̂ [1]) given the estimate θ̂[0]
(and Pθ̂ [0]).
Let us assume that there are m̃ edges incident on the new node; accordingly, the reduced incidence
matrix A[1] of graph G[1] can be obtained from A[0] (reduced incidence matrix of G[0]) by adding a new
row and m̃ columns. The augmented matrix A[1] assumes the form:


A[0] Ã
,
A[1] =
ã⊤
0⊤
m
where ã is a vector in {−1, +1}m̃ and Ã ∈ Rn×m̃ . Notice that the zeros in the last row of A[1] are due
to the fact that we are adding only edges that are incident on the new node. If we want to compute the
suboptimal orientation estimate for the augmented graph with n + 2 nodes and m + m̃ edges we can use
equation (15):
θ̂[1] = A[1]Pδ−1 [1]A⊤ [1]

−1

A[1]Pδ−1 [1]δ[1],

(39)

where δ[1] = [δ1 δ2 . . . δm+m̃ ]⊤ (we assume that they are already regularized), and Pδ [1] is the
corresponding covariance matrix. As in Section IV-A, we areinterested in showing that the computation
of (39) does not require the inversion of A[1] Pδ−1 [1] A⊤ [1] , but can exploit the knowledge of θ̂[0] and
Pθ̂ [0].
For this purpose, let us write δ[1] = [δ ⊤ [0] δ̃ ⊤ ]⊤ , where δ[0] contains the relative orientation measurements corresponding to edges in G[0] and δ̃ contains the relative orientation measurements corresponding
to edges which are in G[1] but not in G[0]. Accordingly, we rewrite Pδ [1] = diag(Pδ [0], P̃δ ), where Pδ [0]
and P̃δ are the covariance matrices of δ[0] and δ̃, respectively. It is now easy to show that the covariance
matrix Pθ̂ [1] can be written as:
(

⊤ )−1
−1 
P
[0]
0
A[0] Ã
A[0] Ã
δ
m×m̃
Pθ̂ [1] =
=
⊤
⊤
0
P̃
0⊤
ã
0⊤
ã⊤
δ
m×m̃
m
m
−1 
−1

A[0]Pδ−1 [0]A⊤ [0] + ÃP̃δ−1 Ã⊤ ÃP̃δ−1 ã
. Ω11 Ω12
=
=
.
Ω21 Ω22
ã⊤ P̃δ−1 ã
ã⊤ P̃δ−1 Ã⊤
Using blockwise inversion rule [18], the previous inverse can be computed as:
 −1

−1
−Ω−1
Ω11 + Ω−1
11 Ω12 P22
11 Ω12 P22 Ω21 Ω11
Pθ̂ [1] =
,
−P22 Ω21 Ω−1
P22
11
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−1
−1
with P22 = (Ω22 − Ω21 Ω−1
11 Ω12 ) , being a scalar. It still remains the effort of computing Ω11 , but we can
apply the matrix inversion lemma [4], simplifying the computation to:
−1 

−1
−1
−1 ⊤
−1
−1 ⊤
⊤
Ω−1
=
A[0]P
[0]A
[0]
+
Ã
P̃
Ã
=
P
[0]
+
Ã
P̃
Ã
=
11
δ
δ
δ

−1θ̂
(40)
= Pθ̂ [0] − Pθ̂ [0]Ã P̃δ + Ã⊤ Pθ̂ Ã
Ã⊤ Pθ̂ [0].


Equation (40) requires the inversion of P̃δ + Ã⊤ Pθ̂ Ã which has a size equal to the number of edges
incident on node vn+1 (it is a scalar if the node vn+1 is connected to the rest of the graph only through
an odometric constraint). Therefore, we have just demonstrated that, Pθ̂ [1] can be computed recursively
from Pθ̂ [0], without inverting large matrices. Once the covariance Pθ̂ [1] has been obtained, the orientation
estimate is computed as θ̂[1] = A[1]Pδ−1 [1]δ[1].

A PPENDIX C
In this appendix we recall some results from linear estimation theory applied to multi agent localization
to show that the suboptimal orientation estimate θ̂ and (if needed) the suboptimal position estimate ρ̂ can
be computed with a complexity that depends on the number of loop closings in the pose graph. For sake
of simplicity let us assume that the relative orientation measurements have already been regularized.
Let us call δ̂ the relative orientation computed from the suboptimal configuration, i.e., δ̂ = A⊤ θ̂. Note
that if we are able to compute δ̂, we can easily obtain θ̂; for instance, consider the graph in Figure 1: if
δ̂ = [δ̂01 δ̂12 δ̂23 δ̂34 δ̂21 ]⊤ is known, then we can compute the suboptimal nodes’ orientation as θ̂1 = δ̂01 ,
θ̂2 = δ̂01 + δ̂12 , θ̂3 = δ̂01 + δ̂12 + δ̂23 , and θ̂4 = δ̂01 + δ̂12 + δ̂23 + δ̂34 . In general, if we order the relative
⊤
δ̂lc⊤ ] such that δ̂odo corresponds to the edges of the (odometric)
orientation information as δ̂ = [δ̂odo
spanning tree (i.e., δ̂odo = [δ̂01 δ̂12 . . . δ̂(n−1,n) ]⊤ ), and δ̂lc corresponds to the chords in the graph, then
we can compute θ̂ = V δ̂, with V = [Un×n 0n×m−n ] and Un×n is a lower triangular matrix of size n
with entries below the main diagonal (an on the main diagonal itself) equal to 1. Then, the following fact
holds.
Proposition 4: Given the regularized orientation measurements δ and the corresponding covariance
matrix Pδ , it is possible to compute the suboptimal estimate δ̂ for nodes’ orientations in a connected pose
graph as: as:

Vδ
if m = n
θ̂ =
,
.
⊤
⊤ −1
V δ̂, with δ̂ = δ − Pδ C (CPδ C ) Cδ if m > n
where C is the cycle basis matrix of the underlying graph.
Proof. The proof is a straightforward consequence of Theorem 1 in [31], and of the equality θ̂ = V δ̂.

The previous result shows that the complexity of the computation of θ̂ depends on the number of cycles
in the graph, i.e., on the size of the matrix (CPδ C ⊤ ). Moreover, it confirms that, when the graph has no
cycle (m = n), no optimization needs be performed.
Although we already observed that the approach proposed in this article does not require the computation
of ρ̂, we further generalize the previous result to the suboptimal position estimate. The proof of the
following result easily follows from [31].
Proposition 5: The suboptimal estimate ρ̂ of equation (17), can be alternatively computed as:

V2 R̂∆l
if m = n
ρ̂ =
,
V2 [R̂∆l − P∆g C2⊤ (C2 P∆g C2⊤ )−1 C2 R̂∆l ] if m > n
.
where C2 = C ⊗ I2 , V2 = V ⊗ I2 , R̂ is build as described in Section III, P∆g = R̂P∆l R̂⊤ , ∆l are the
relative position measurements, and P∆l is the corresponding covariance matrix.
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Computing ρ̂ may be useful when a rough estimate of pose graph configuration is needed. In practice,
the suboptimal configuration p̂ = [ρ̂⊤ θ̂⊤ ]⊤ is globally consistent, although the corresponding errors are
remarkably bigger than the estimate p∗ computed with the proposed approach.
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