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In a recent paper, Olsen and Vignale1 considered onedimensional scattering by a potential consisting of a chain of
N identical 共nonoverlapping兲 “cells,” all separated by the
same distance a. Their main goal was to study the limit N
→ ⬁ of a potential that becomes periodic on the positive half
line. This problem is not new and has been studied by many
authors2–6 and references cited therein.
To study the N → ⬁ limit, recurrence relations were derived in Ref. 1 to allow the transmission and reflection amplitudes of the finite-periodic potential to be expressed in
terms of those of its cells. Their derivation is based on the
tacit assumption that it is possible to construct the transmission and reflection amplitudes by adding all the possible elementary scattering amplitudes that are associated with the
different virtual paths that the particle can follow inside the
potential structure, before being ultimately transmitted or reflected.
The validity of this assumption needs to be demonstrated.
To do so, it is necessary to start from the Schrödinger equation and show that, if the system consists of two subsystems,
the scattering matrix of the entire system factorizes, that is,
its elements can be expressed in terms of those associated
with the subsystems. This factorization property of the onedimensional scattering matrix has been derived by a number
of authors 共see Ref. 7 and references cited therein兲, and it can
be expressed as a convergent power series, with each term of
the series describing a specific virtual path that the particle
can follow when it enters the chain, before being finally
transmitted or reflected 共see Ref. 8, p. 2730兲.
We now comment on some of the statements that were
made in Ref. 1. In Sec. III, the authors affirm that “Because
the probability of an outcome is dependent only on the magnitude of the probability amplitude, there is no direct way to
observe the phase of a particle.” This statement, as is expressed, is not entirely correct. As a counterexample, the
derivative with respect to energy of the phases of the transmission and reflection coefficients is in principle directly observable, because they correspond, respectively, to the transmission and reflection time-delays.9,10
Reference 1 also states that “The total transmission coefficient includes the geometric phase gained by an electron
with wave vector k as it travels through a distance a ….”
This statement is incorrect, because the transmission coeffi546
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cient 共or amplitude兲, contrary to the reflection amplitude, is
not affected by the position of the potential, and consequently by the variation of the distance a particle has to
travel to reach it. Rather than commenting on the reasoning
presented in Appendix B of Ref. 1 in support of their assertion, we show this property explicitly. Let
s=

冉 冊
t r
l t

共1兲

be the scattering matrix of a one-dimensional system associated with a potential V共x兲, where t is the transmission amplitude, and l and r are the reflection amplitudes from the left
and right, respectively, at energy E = ប2k2 / 2m 共m is the mass
of the particle兲. A translation of the potential to the right by a
distance a, that is, V共x兲 → V共x − a兲, is implemented by the
unitary displacement operator
D共a兲 = eipa/ប =

冉

eika
0

0
e

−ika

冊

共2兲

,

where p is the momentum operator. Therefore, the effect of
the displacement on the 2 ⫻ 2 scattering matrix is s
→ D†共a兲sD共a兲, so that
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Equation 共3兲 shows that the transmission amplitude is not
affected by a translation of the potential. Consequently, no
additional phase factor is acquired by the transmission amplitude when the particle travels an extra distance to reach
the interaction region. In contrast, an additional phase factor
is gained by the reflection amplitudes as can be understood
by a simple physical argument.
As mentioned, the energy derivative of the phase ␣t
= arg t of the transmission amplitude gives the transmission
time-delay

t = ប

d␣t 1 d␣t
=
,
dE v dk

共4兲

where v = បk / m is the incoming velocity. Therefore, if displacing the potential a distance a to the right causes the
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transmission phase ␣t to acquire an energy-dependent term
ka, then, according to Eq. 共4兲, the transmission time-delay is
increased by a / v. This increase would be in contradiction to
the definition of the time-delay, which is a relative quantity
obtained by comparing an interaction time with a free reference time. When the interacting particle is transmitted, it
necessarily travels the same distance as the free reference
particle, independent of the position of the potential, which
therefore cannot affect the transmission time-delay. Consequently, there cannot be any additional energy-dependent
phase factor in the transmission amplitude.
In contrast, the situation is different for the reflection timedelays from the left and the right, which are respectively
given by

l =

1 d␣l
,
v dk

r =

1 d␣r
,
v dk

共5兲

where ␣l = arg l and ␣r = arg r. Unlike a free reference particle, the total distance traveled by a reflected particle is affected by the position of the potential. If the particle comes
from the left, and the potential is displaced by a distance a to
the right, the particle has to travel 共back and forth兲 an extra
distance 2a, giving an additional free flight contribution of
2a / v to the reflection time-delay from the left. After integration, this contribution yields the extra 2ka positive term in
the phase of the reflection amplitude from the left, in agreement with Eq. 共3兲. Similarly, the situation for the reflection
time-delay from the right is reduced by 2a / v, giving a negative additional term −2ka in the phase of the reflection amplitude from the right, also in agreement with Eq. 共3兲.
In Ref. 1, Sec. III, the authors derive recurrence formulas
for the transmission and reflection amplitudes for a chain of
equally spaced potential cells. The interpretation of their Eqs.
共9兲 and 共10兲 is partially invalidated by the transformation
properties of the transmission and reflection amplitudes.
There is another reason why these expressions are not correct. Although the authors are aware that the reflection amplitudes from the left and the right differ for nonsymmetric
potentials 共see their Sec. IV兲, they apparently overlooked this
fact in their derivation. Even if we assume that the unit cell is
symmetric 共that is, parity invariant兲, as soon as we add to it
a second cell to the right, the symmetry of the two-potential
system is lost. Therefore, in the derivation of the recurrence
formulas for the transmission and reflection amplitudes, it is
necessary to take into account the distinction between reflection amplitudes from the left and the right.
We introduce the following notation 共which differs from
the notation in Ref. 1兲. We denote by sN the scattering matrix
associated with the Nth single-cell, a distance 共N − 1兲a from
the first cell, which is described by the scattering matrix s1
⬅ s. We denote by s共N兲 the scattering matrix associated with
the finite-periodic chain of N equally spaced cells, with s共1兲
= s1 = s. If we use the same notation for the elements of the
scattering matrices and assume that the cells are iteratively
added to the right of the chain, we have for the transmission
amplitude
t共N+1兲 = t共N兲关1 + lN+1r共N兲 + ¯兴tN+1 ,
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where the last equality follows from Eq. 共3兲. Similarly, for
the reflection amplitude from the left, we have the recurrence
relation
l共N+1兲 = l共N兲 + t共N兲lN+1关1 + r共N兲lN+1 + ¯兴t共N兲 ,
=l共N兲 +
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Equations 共7兲 and 共9兲, which take into account the transformation property 共3兲 and the necessary distinction between
the left and the right reflection amplitudes, are the corrected
versions of Eqs. 共9兲 and 共10兲 of Ref. 1.
For later purposes, we give the recurrence relation for the
reflection amplitude from the right. In this case, we have
r共N+1兲 = rN+1 + tN+1r共N兲关1 + lN+1r共N兲 + ¯兴tN+1 ,
=rN+1 +

共10兲
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.
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It is also possible to derive a recurrence relation for the
reflection amplitude from the right which is similar to Eq. 共9兲
and is expressed in terms of the transmission amplitude t共N兲.
We start from a N-cell chain that is displaced to the right a
distance a and add an additional cell to the left to obtain the
共N + 1兲-cell structure. By taking into consideration the effects
of the a-displacement on the phases of the reflection amplitudes, we find
r共N+1兲 = r共N兲e−2ika + t共N兲r关1 + l共N兲e2ikar + ¯兴t共N兲 ,
=r共N兲e−2ika +

共t共N兲兲2r
.
1 − l共N兲re2ika

共12兲
共13兲

We now reproduce the argument in Ref. 1 and determine
the conditions for which the transmission amplitude t共N兲 goes
to zero as N → ⬁. From Eq. 共9兲, it is clear that if we assume
t共N兲 → 0 as N → ⬁ for a given k, we have that l共N+1兲 = l共N兲
+ o共1兲 in the same limit. Thus, the reflection amplitude from
the left approaches a constant as the number of cells increases. By conservation of probability this constant has to
共⬁兲
be a pure phase factor, that is, l共⬁兲 = ei␣l . Olsen and Vignale1
use this property to deduce that the phase of the transmission
amplitude t共N兲 approaches a constant as N → ⬁. To do so, they
exploit that for a parity invariant potential the relative phase
difference between l共N兲 and t共N兲 is  / 2,
共N兲
␣共N兲
l − ␣t = /2 mod  .

共14兲

As we have emphasized, the potential is not parity invariant,
and therefore it is not possible to use Eq. 共14兲 to infer that
does. There is
␣共N兲
also approaches a constant value, as ␣共N兲
l
t
no way to infer such a result, as ␣共N兲
does
not
converge to a
t
constant value as N → ⬁.
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To understand this latter result, we observe that from the
unitarity of the scattering matrix a general relation between
the phases of the transmission and reflection amplitudes can
be derived, which is also valid for nonsymmetric potentials,
1
共N兲
2 共␣l

+ ␣r共N兲兲 − ␣共N兲
t = /2 mod  .

共15兲

共⬁兲
By hypothesis, we know that ␣共N兲
l = ␣l + o共1兲. Thus, accordfor large N,
ing to Eq. 共15兲, to determine the behavior of ␣共N兲
t
we need only to determine the behavior of ␣r共N兲. Using
Eq. 共13兲, we find that as N → ⬁,

r共N+1兲 = r共N兲e−2ika + o共1兲,

共16兲

which means that, in this limit,

␣r共N+1兲 = ␣r共N兲 − 2ka + o共1兲,

共17兲

and the reflection amplitude from the right possesses the
asymptotic form

␣r共N兲

= ␣ − 2Nka + o共1兲,

共18兲

where ␣ is a N-independent 共but energy-dependent兲 constant.
It follows from Eq. 共15兲 that the asymptotic behavior of the
transmission phase is

␣共N兲
t

= ␤ − Nka + o共1兲,

共19兲

where ␤ is a constant. Thus, we find that ␣共N兲
diverges as
t
N → ⬁.
According to Eq. 共19兲, the transmission time-delay for a
N-cell periodic potential and for a particle with incoming
energy E = ប2k2 / 2m = v2 / 2m, such that t共N兲 → 0 as N → ⬁, has
the limiting behavior

共N兲
t

1 d␣ Na
1 d␣共N兲
t
=
−
=
+ o共1兲,
v dk
v dk
v

=−
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v

共20兲

共21兲

Equation 共21兲 is an expression of the Hartman effect.11,12 If
we define the time T共N兲
spent by the transmitted particle int
side the interaction region as the sum of the transmission
time-delay 共N兲
and the time Na / v, it takes for a free particle
t
of velocity v to travel the distance Na,13
T共N兲
t =

Na
+ 共N兲
t ,
v

共22兲

then, by substituting Eq. 共21兲 into Eq. 共22兲, we find that
T共N兲
t → 0, as N → ⬁. Thus, for sufficiently long chains, when
the transmission probability approaches zero, the effective
group velocity of the transmitted particle inside the potential
becomes arbitrarily large, allowing for traversal group velocities larger than the speed of light in vacuum.14
We will now explain how to use the argument in Ref. 1 to
derive the condition for the total reflection in the limit N
→ ⬁. We multiply Eq. 共7兲 by eika and write
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t共N+1兲eika
teika
=
.
t共N兲
1 − lr共N兲e2ikNa

共23兲

From Eq. 共19兲, the left-hand side of Eq. 共23兲 approaches a
real value as N → ⬁. Therefore, in this limit, the imaginary
part of the right-hand side of Eq. 共23兲 must go to zero. By
using Eq. 共18兲, we obtain the condition
Im

兩t兩
e

−i共␣t+ka兲

− 兩l兩ei

共24兲

= 0,

where we have defined  = ␣ + ␣l − ␣t − ka. Because the numerator is real, Eq. 共24兲 is satisfied if the imaginary part of
the denominator is 0, giving
sin共␣t + ka兲
= sin  .
兩l兩

共25兲

Equation 共25兲 implies that
兩sin共␣t + ka兲兩
= 兩sin 兩 ⱕ 1.
兩l兩

共26兲

If we use 兩l兩2 = 1 − 兩t兩2, and sin2 x = 1 − cos2 x, we obtain the
condition for total reflection in the limit of a potential that
becomes periodic on the positive half line,
cos共␣t + ka兲
ⱖ 1.
兩t兩

共27兲

This condition is compatible with the one found in Refs. 2,
4, and 6, where the Cayley–Hamilton theorem and Chebyshev polynomials of the second kind were used to solve the
recurrence relations and express the transmission probability
兩t共N兲兩2 in terms of only the transmission amplitude of the
共first兲 single-cell,
1

兩t共N兲兩2 =
1+

1
2
UN−1
共z兲

− 兩t兩2
兩t兩2

共28兲

.

UN共z兲 is the Nth Chebyshev polynomial of the second kind
and z = cos共␣t + ka兲 / 兩t兩. By inspection of Eq. 共28兲, it is clear
that t共N兲 → 0 as N → ⬁, if and only if UN共z兲 → ⬁ in the same
limit. By using the trigonometric identity
UN共cos ␥兲 =

sin关共N + 1兲␥兴
sin ␥

共29兲

and the properties of the hyperbolic functions, we can easily
deduce that 兩UN共cos ␥兲兩 → ⬁ as N → ⬁ if 兩cos ␥兩 ⬎ 1, yielding
the total reflection condition 兩z兩 = cos共␣t + ka兲 / 兩t兩 ⬎ 1, with a
strict inequality, which is the one usually mentioned in the
literature 关see, for instance, Eq. 共22兲 of Ref. 2兴. However, for
z = ⫾ 1 we have UN共1兲 = N + 1, and UN共−1兲 = 共N + 1兲共−1兲N.
Therefore, it is also true that 兩UN共⫾1兲兩 = O共N + 1兲 as N → ⬁,
so that Eq. 共28兲 also gives Eq. 共27兲.
In Sec. III of Ref. 1, the authors affirm that “There are also
some conditions where the transmission coefficient of an infinite chain is nonzero ….” Strictly speaking, this statement
is incorrect. Although Eq. 共27兲 correctly describes the energies for which the transmission amplitude converges to zero
in the limit N → ⬁, it is not possible to conclude that for
Notes and Discussions
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energies breaking this condition, that is, cos共␣t + ka兲 / 兩t兩 ⬍ 1,
the transmission probability would converge to a finite value
as N → ⬁. The limit of the transmission amplitude does not
exist for these energies, as it is clear from the fact that it
oscillates. If instead of a monoenergetic incoming wave, we
consider a wave packet with a small range of energies, then,
using the Riemann–Lebesgue lemma and a power expansion,
we can show that the transmission probability converges in
this case to a finite average value.5
In conclusion, we have used the notion of time-delay to
explain the meaning of the transformation properties of the
transmission and reflection amplitudes as a result of a displacement of the potential. We then reconsidered the derivation in Ref. 1 to obtain the condition for total reflection in the
limit of an infinite number of cells composing the periodic
potential. We also obtained an expression for Hartman’s effect, showing that the group velocity of the transmitted particle inside the chain can become arbitrary large as N → ⬁.
a兲
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We thank Sassoli de Bianchi for his comment,1 which provides the opportunity to clarify the nature of the formalism
that we introduced in Appendix B of our paper.2 We will
show that there is no difference between the derivation in our
paper and that of Ref. 1 if the results are compared in the
same coordinate system. In addition, we will show that using
our formalism, the problem may be solved more elegantly
without the necessity of considering the subtle points involved in Sassoli de Bianchi’s derivation.
In the standard formalism, the transmission 共reflection兲 coefficient gives the phase of the transmitted 共reflected兲 part of
the wave at any position on the opposite 共same兲 side of the
potential from the incident wave, relative to a wave with
identical wavevector kជ , which has not encountered the potential. This situation is shown in Fig. 1共a兲 for a potential of
width a centered at c. This wave that has not encountered the
potential does not exist; it is merely used as a convenient
reference in the standard treatment. A more meaningful alternative is to give the phase of the transmitted 共reflected兲 part
of the wave relative to the incident wave, which can be done
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by setting the phase of the incident wave A = e−ik共c−a/2兲, such
that the incident wave is equal to one just to the left of the
potential, making the transmitted part of the wave equal to
teik共x−c+a/2兲. However, this transformation is clumsy because
the position of the center of the potential is now part of the
transmitted wave.
We can simplify the situation considerably by having different coordinate systems: x⬘ = x − c + a / 2 to the left and x⬙
= x − c − a / 2 to the right of the potential. This situation is
depicted in Fig. 1共b兲. The transmitted part of the wave is
equal to teikaeikx⬙ = t̃eikx⬙, where t̃ = teika is the total transmission coefficient, as defined in Appendix B of Ref. 2. Likewise, the reflected part of the wave is equal to reikaeikx⬙
= r̃eikx⬙, where r̃ = reika is the total reflection coefficient.
These coefficients give the phase of the waves that have
encountered the potential relative to the incident wave before
it encounters the potential.
In the standard formalism for an electron incident from the
left, the transmission coefficient is valid only to the right of
© 2011 American Association of Physics Teachers

549

Aeikx

theoretical waves,Aeikx
haven’t encountered
potential

re2ikc

t
te e

re e
ikx

Ate

Are

e

re

teika

e

Ae

x=c−a/2
(a)

ika

ikx’

ikx

x=c

x=c+a/2

x’=0
(b)

x’’=0

Fig. 1. An electron is incident from the right on a single potential. 共a兲 The
transmission 共reflection兲 coefficient gives the phase between the transmitted
共reflected兲 wave and a wave that has not encountered the potential. 共b兲 The
total transmission 共reflection兲 coefficient gives the phase between the transmitted 共reflected兲 wave and the incident wave just as it hits the potential.

the potential and the reflection coefficient is valid only to the
left of the potential. Therefore, it is necessary to keep track
of where a given position is relative to the potential. Our
formalism encodes the same information in a different way,
with the x⬘ coordinate system used to the left of the potential
and the x⬙ coordinate system used to the right of the potential. This method has two pedagogical advantages.
共1兲 The total coefficients include the geometric phase due to
the spatial extent of the potential. Therefore, the change
in the phase of a plane wave as a function of position
does not need to be explained separately; the total effect
of the potential can simply be used.
共2兲 Although the reflection coefficients change as the potential is shifted, the total reflection coefficients do not.
Therefore, the displacement operator does not need to be
introduced. As a result, the scattering matrix does not
need to be introduced, and different reflection coefficients for a wave incident from the right or the left do
not need to be used unless the effects of disorder are
discussed.
We will now show how the equations derived in Ref. 1 are
recovered with our approach. In Ref. 2, we defined the total
transmission and reflection coefficients by beginning with a
parity invariant potential of width a in the coordinate system
x centered at x = 0. In the new coordinate system, x⬘ = x
+ a / 2 gives the position relative to the left edge of the barrier
and x⬙ = x − a / 2 gives the position relative to the right edge of
the barrier. In this new coordinate system, x⬘ = 0 is at the left
edge of the potential and x⬙ = 0 is at the right edge of the
potential. Therefore, eikx⬘ = e−ikx⬘ = eikx⬙ = 1, meaning that there
is no geometric phase in these new coordinates; rather, it has
been incorporated into the total transmission and reflection
amplitudes. As we add cells to the periodic potential, we will
similarly define new coordinate systems x and so forth,
with a different coordinate system after each potential block.
After we have created the composite potential using our
method, we may transform back to the original coordinate
system x. First, we perform the inverse transformation using
the notation of Ref. 1 in which t共N兲 is defined as the transmission coefficient of the composite potential composed of N
individual potentials in the x coordinate system,
550

Am. J. Phys., Vol. 79, No. 5, May 2011

共1兲

r共N兲 = l共N兲 = r̃Ne−ikNa .

共2兲

ika ikx’’

ika −ikx’

2ikc −ikx

t共N兲 = t̃Ne−ikNa ,

By definition, this transformation makes the composite potential parity invariant in the x coordinate system; thus, the
composite potential is shifted from the composite potential
derived in Ref. 1. As mentioned in Ref. 1, the transmission
coefficient is invariant to shifts in the position of the potential. Therefore, we see that although the total transmission
coefficient goes to a constant ␤, the phase of the transmission
coefficient goes to ␣Nt = ␤ − Nka, resolving one of the issues
raised in Ref. 1 with our derivation.2 Also because the composite potential is parity invariant, the reflection coefficient
for a wave incident from the right r is the same as for a wave
incident from the left l, which resolves another concern
raised in Ref. 1.
We now need to shift our potential 共N − 1兲a / 2 to the right
to match Sassoli de Bianchi’s derivation,1 whose composite
potential is made of N + 1 individual potentials and begins at
x = −a / 2 共the beginning of the first potential, which is taken
to be parity invariant兲. If we use the displacement operator,
the transformations that link his notation to ours are found to
be
t共N兲 = t̃Ne−ikNa ,

共3兲

r共N兲 = r̃Ne−ik共2N−1兲a ,

共4兲

l共N兲 = r̃Ne−ika .

共5兲

Using these transformations, we convert his Eq. 共7兲 for the
transmission coefficient to our notation and find
t̃N+1e−ik共N+1兲a =

t̃N+1 =

t̃Nt̃
1 − r̃r̃N

1 − r̃e

t̃Ne
−ika

−ikNa

r̃Ne

t̃e−ika

−ik共2N−1兲a 2ikNa

e

,

共6兲

共7兲

.

Equation 共7兲, which was found by starting with the derivation of Ref. 1 and applying the definition of the total transmission coefficient and the displacement operator, is identical to Eq. 共9兲 of Ref. 2. Similar transformations can be done
to obtain Eq. 共10兲 of Ref. 2. We conclude that the only difference between our derivations is that of notation.
Sassoli de Bianchi objected to our statement that “Because
the probability of an outcome is dependent only on the magnitude of the probability amplitude, there is no direct way to
observe the phase of a particle,” saying that “To give a
counter example, the derivative with respect to energy of the
phases of the transmission and reflection amplitudes are in
principle directly observable, as they correspond, respectively, to the transmission and refection time delays.” Our
statement refers to the phase of the particle itself, which is
not observable, rather than the phase of the transmission and
reflection amplitudes. Even with interference, all that is observable is the relative difference in phase of the particle that
has traveled different paths, not the absolute phase of the
particle itself.
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Sassoli de Bianchi cited our statement “There are also
some conditions where the transmission coefficient of an infinite chain is nonzero,” saying “one is not allowed to conclude that for energies breaking that condition… the transmission probability would converge to a finite value.” We did
not intend to imply that the transmission coefficient converges to a finite value, merely that it is nonzero 共though
oscillating兲. These oscillations are demonstrated in Fig. 3 of
Ref. 2, where the transmission probability inside the band is
shown to oscillate about a nonzero value.
In conclusion, our original paper2 showed that the phase of
the total transmission coefficient converges to a finite value
at the edge of the band. As shown in Eq. 共2兲, this behavior
means that the phase of the transmission coefficient is di-
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rectly proportional to Na, which is the width of the potential.
This property may be used, as shown in Ref. 1, to demonstrate the Hartman effect. The total transmission and reflection coefficients were introduced as a pedagogical tool so
that conduction bands in a one-dimensional system may be
introduced to undergraduate students without introducing the
concepts of the scattering matrix and displacement operator
or considering the coordinate system at all.
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