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Abstract
We study an estimation approach that is robust to misspecications of the dynamic economic model being estimated. Specically, the approach allows researchers
to focus on a particular sub-period of the optimizing agent's nite horizon and thus
alleviates the need for assumptions regarding expectation formation about the (distant) future. We propose to approximate a pseudo terminal period policy- or value
function non-parametrically rather than fully specifying the remaining economic environment anticipated by agents until the terminal period. We illustrate through
two Monte Carlo experiments the superior robustness of our approximate estimator
compared to a standard full solution estimator (JEL.: C51, C61, C63).
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Introduction

In dynamic models with forward looking agents the current and future (expected) environment has to be specied. To do so, researchers often have to make strong assumptions on
the evolution of the environment in which decisions are made. Manski (1993), for example,
points out that without expectations data, all structural work hinges on assumptions about
the expectation formation of agents. In this paper, we focus on cases where the researcher
is interested in learning about the structure of individual decisions (like instantaneous payo and transition functions) related to a given period, but is reluctant to make too many
assumptions about distant future periods.
We investigate an estimation approach that is independent of the distant future, and
thus, is robust to misspecication of the economic model in these periods. In particular,
our approach alleviates the need for researchers to take a stand on whether agents foresee
changes in their future economic environment, such as policy reforms.
between two sets of periods:

We distinguish

The rst set is the periods of interest to the researcher,

and is typically the set of periods observed in the data.

The other set is the distant

future, and is not of direct interest to the researcher, but is taken into account by the
agent when performing optimal choices in earlier periods. These later periods potentially
contain complex dynamic mechanisms or involve expected policy changes, and thus prone
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to misspecications.

of educational choice.

An example could be a researcher aiming at estimating a model
In doing so all later periods of life, involving for example house

purchases, marriage and fertility decisions, retirement etc. potentially inuence educational
choices without being of particular interest to the researcher.

The approach discussed

herein would alleviate the need to explicitly model these later life periods while still allowing

2

educational choices to be aected by these subsequent decisions.
We dene a pseudo-terminal period,

Ť , as the threshold period between the two subsets

of periods previously dened. We propose to non-parametrically approximate the value- or
policy function at this pseudo-terminal period removing the need to fully specify the economic environment in all periods faced by the agent until the terminal period

3

is usually done in more traditional full-solution approaches.

T ≥ Ť , as it

The solution of the approx-

1 By misspecication we refer to any situation in which either the researcher or the optimizing agent
have a misperception about the distant future.
2 A parametric approach similar to the one discussed here has been successfully employed in Keane
and Wolpin (2001) who study the postsecondary educational choices of US youth and the role of parental
transfers.
3 While we focus on a full-solution or nested xed point (NFXP) type estimator throughout, our approach would also apply to alternative estimators such as the mathematical programming with equilibrium
constraints (MPEC) proposed by Su and Judd (2012).

1

imate model is then obtained by backward induction starting from this pseudo-terminal
period and the associated approximate estimator is thus independent of the expected future environment faced by agents in periods after

Ť .

In the educational choice example,

the pseudo-terminal period could for example be around age 35.
Monte Carlo experiments in Section 3 conrm the robustness of our approach.

We

investigate the performance of the approximate estimator using a tax reform in a discrete
choice model of labor market supply and human capital accumulation and time-varying
preferences in a continuous choice model of optimal intertemporal consumption allocation.
In both experiments the approximate estimator is robust to misspecications while the full
solution estimator is not robust to even mild misspecications.
The proposed approach has implications for many elds in economics. As we conclude
in Section 4, the approximate estimator has the potential to allow researchers to estimate
rich models of a particular decision problem while remaining relatively agnostic about the
following environment facing the economic agents in subsequent periods. Particularly, the
approach facilitates out-of-sample policy evaluation using structural models, similarly to
the micronance intervention studied in Kaboski and Townsend (2011) without having to
rely on strong assumptions about agents' beliefs regarding the intervention.

4

Using quasi-

experiments to perform out-of-sample validation based on pre-experiement data requires
researchers to take a stand on what agents in the data expected about the reform. Our approach lets researchers estimate the pre-reform model on pre-reform data while remaining
relatively agnostic about agent's beliefs regarding the future reform. The approach also
provides researchers with an approach to perform robustness checks of their full-solution
estimation results: signicant dierences across the two approaches could indicate misspecication of the full-solution estimator.
Related to our approach is a strategy sometimes applied in empirical applications: To
iterate backwards from the terminal period

T

to period

Ť

using a simple model and then

use that solution as an approximate pseudo-terminal value function.

Such a strategy is

employed in for example Gourinchas and Parker (2002) where a simple linear consumption
rule is assumed post retirement and two parameters adjusting this rule is estimated along
side other parameters of the model.

While such and similar approaches are motivated

4 An

alternative strategy is to use reforms as exogeneous variation to identify the structural parameters in the model. Blundell, Dias, Meghir and Shaw (2016), for example, use tax and welfare reforms
to estimate a model of female labor force participation. In doing so, the authors must take a stand on
household's expectation formation regarding institutional settings and assume that all reforms are completely unanticipated . While this assumption is computationally attractive, the amount of reforms to the
tax and welfare system suggests that households would be better of by putting some positive probability
to alternative schemes in the future.
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by reduced computation time, we motivate the use of our approach from a robustness
perspective.

5

Although approaches similar in spirit to the one discussed herein might be familiar to
some researchers, to the best of our knowledge, the robustness of the approach has not been
studied and is not generally appreciated. Furthermore, the use of this approach to mitigate
eects on estimation results from agents' expectation formation about policy reforms has
not been acknowledged at all.

Therefore the purpose of this paper is to illustrate the

robustness properties of this estimator and highlight the potential use in future research.
Our approach is also related to two strands of literature on approximate dynamic programming.

Particularly, parametric and non-parametric approaches to approximate dy-

namic programming is related to the approach discussed here. See, e.g. Keane and Wolpin
(1994); Judd (1998); Rust (2000); and Rust, Hall, Benítez-Silva, Hitsch and Pauletto
(2005) for parametric approaches and the recent studies by Kroemer and Peters (2011);
Bhat, Farias and Moallemi (2012); and Arcidiacono, Bayer, Bugni and James (2013) for

6

non-parametric approaches.

Common across these papers is that all time periods of the

model is approximated through parametric or non-parametric approximations.

In con-

trast, we focus on estimation of a model where only the pseudo terminal solution has been
approximated. Supplemental material and code used to generate the results are available
from the authors web-pages.

2

Framework

We focus on nite horizon dynamic programming models of the form

Vt (st ) =

7

max Ut (ct , st ) + E[βt+1 Vt+1 (st+1 )|ct , st ], ∀t = 1, . . . , T − 1

ct ∈C(st )

VT +1 (sT +1 )

and

s0

(1)

given

where the time-heterogeneous value function depend on a state vector,

st ,

that could be

any mix of discrete and continuous, and constant and time-varying state variables. Every
period, agents choose a vector of controls

ct

to maximize the sum of the instantaneous

5 In fact, the computation time required by the approximate estimator is not necessarily lower than
that of the full-solution estimator: Computational time is reduces in the approximate estimator because
the model needs to be solved for T − Ť fewer periods but computational time might also increase because
the number of parameters to estimate increases due to the introduced parameters in the approximation.
6 Other approaches related to ours are those suggested in Geweke and Keane (2000) and Judd, Maliar,
Maliar and Tsener (forthcoming).
7 While this does not include the recursive EpsteinZin-Weil preferences, we see no reason why not to
believe our approach could be implemented with such preferences.
3

utility and the expected discounted continuation value. The distribution of future states
is given by

Ft (st+1 ) = Γt (ct , st ), ∀t = 1, . . . , T .

(2)

We collect the model formulation in compact notation as

MT (s, c; θ),
where

θ

contains all the parameters of the model, implicitly related to equations (1)(2).

The aim of the researcher is to estimate the parameter vector
and endogenous state variables is observed for
available data as

w1:T

t = 1, . . . , T

and dene the objective function as

resulting full solution estimator is

θ.

A subset of controls

time periods. We denote the

Q(θ, w1:T , MT (s, c; θ)).

θ̂ = arg min Q(θ, w1:T , MT (s, c; θ))

(3)

θ∈Θ

where the model is solved by backwards induction from period
of

θ.

The

t=T

for all trial guesses

The general model formulation outlined here would typically require some numerical

procedure to solve the model

MT (s, c; θ).

We abstract throughout from any such numerical

approximations and instead focus on an approximate model which we will describe below.

2.1

Robust Estimation

When implementing the estimator above, the researcher has to specify the utility function

Ut

and transition distributions

Ft

for all periods, even the ones that are not directly ob-

served in the data. Our robust estimation approach is based on an alternative model in
which no assumptions are made about utility and transitions after a chosen pseudo terminal period denoted
periods

Ť

and

Ť .

Since our method is independent of model transitions between

T , it is robust to any misspecication at these periods unlike the full solution

estimation approach outlined above. By misspecication we refer to any situation in which
either the researcher or the optimizing agent have a misperception about the subsequent
periods, i.e.,

t > Ť .

To be precise, we assume that

T ≤ Ť ≤ T .

Let the value functions based on the approximate pseudo-terminal value function be

V̌t (st ) =

max Ut (ct , st ) + E[βt+1 V̌t+1 (st+1 )|ct , st ], ∀t = 1, . . . , Ť

ct ∈C(st )

V̌Ť (st ) = γ(st ),

(4)
(5)
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where the state transition is unchanged as in (2) and

γ(st )

denotes a non-parametric

approximation of the value function in the pseudo-terminal period

Ť .

A similar approach

can be employed if the derivative of the value function is used (such as Euler equations), and
we illustrate such an implementation in the rst example in the Monte Carlo experiments
below.
We denote this approximate model as

M̌Ť (s, c; θ, γ)
and the associated robust estimator as

(θ̌, γ̌) = arg min Q(θ, w1:T , M̌Ť (s, c; θ, γ))

(6)

θ∈Θ,γ∈Γ

Consistency of estimators based on a Sieve approximated value function is derived in
Arcidiacono, Bayer, Bugni and James (2013) as the complexity of the Sieve increases with
the sample size at a suitable rate. Throughout, we assume that all parameters (θ and

γ)

are identied from the available data. Identication will depend on the exact nature of the
economic model but dynamic models are often highly over-identied through functional
forms and the identication of the additional function

γ

should in many cases be possible

8

using the last couple of periods of data.

3

Monte Carlo Experiments

We illustrate the proposed robust estimation approach using two dierent structural models.

The rst example is a modern work horse model of incomplete markets pioneered

by Deaton (1991) and Carroll (1992) and the second example is a discrete-choice labor
supply model of human capital accumulation in the spirit of Keane and Wolpin (1997).
To investigate the performance of the two estimators we simulate
who live

S = 200

T̄ = 40

periods, and that we observe for

T = 10

N = 20, 000

time periods.

individuals

We simulate

of such independent data-sets and estimate the parameters using each simulated

data set. For our robust approximation approach, we approximate the
terminal consumption or value function using Sieves. We let

8 Some

τ = 25.

Ť = τ − 5

pseudo

The supplemental

caution may be advised when performing counter-factual policy simulations based on the approximate model. Although the approximate model provides an acceptable approximation for observed
data, the approximate model might provide a poorer approximation for simulated data under alternative
contingencies. In many cases this is unlikely to be important but if the counter factual simulation changes
the distribution of data radically, this might be a real concern.
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material contains a detailed description of how we solve the models and formulate the two
estimators.
In the two examples the misspecications consists of simple changes in the model at
period

τ = Ť + 5.

Admittedly, if the researcher had information that the correct data

generating process (DGP) was time-varying, it would be optimal to change the model to the
correct one. However, what we want to emulate here is a situation in which the researcher
does not have such information and/or there might be an array of things changing in the
DGP at periods which the researcher does not have data on and/or is not interested in
explicitly modeling.

3.1

Example 1: Intertemporal Consumption Allocation

In this example, households solve the dynamic problem of intertemporal consumption
allocation summarized by the Bellman equation

Vt (Mt , Pt )

=
s.t.

for all

max

0≤Ct ≤Mt

Ct1−ρ
+ βt Et [Vt (Mt+1 , Pt+1 )]
1−ρ

Mt+1

=

(1 + r)At + Yt+1

Yt+1

=

P t εt

Pt

=

Gt Pt−1 ηt

log εt

∼

N (−.5σε2 , σε2 )

log ηt

∼

N (−.5ση2 , ση2 )

t = 1, . . . T

and a terminal condition implying consumption of all remaining reM 1−ρ
T +1
. Mt is beginning-of-period resources, At−1 is beginning-of-period
1−ρ

VT +1 =
wealth and Yt is beginning-of-period income. Pt denotes permanent income, Gt is permanent income growth and ε and η are transitory and permanent income shocks, respectively.

sources,

For the purpose of our analysis, we let the discount factor be time-varying

βt = (1 − δ1{t ≥ τ })β̃

(7)

such that we allow the discount factor to dier by age.
We will assume throughout that the researcher insists on imposing a constant discount
factor and thus imposes

δ=0

while in reality

is that using data for the rst

T < τ

δ ≥ 0.

The key point we want to illustrate

periods, the full solution employing backwards
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induction from period

T

imposing a constant discount factor may bias estimation results.

On the other hand, using our approach, approximating the pseudo terminal period

Ť < τ ,

should be robust to such misspecication.
The current model can be normalized by permanent income and we denote lower-case
letters as such normalized quantities.

We let the approximated consumption function

(normalized by permanent income) in the pseudo-terminal period be

čŤ (m) = exp(γ0 )mexp(γ1 )
ensuring that consumption is an increasing and concave function of normalized resources.
Both estimators are based on the assumption that observed consumption is contaminated with additive mean zero measurement error. For simplicity we focus on estimation
of the constant relative risk aversion and keep the remaining parameters xed at their true
values, reported in the footnote of Table 1.

We observe consumption, market resources

and permanent income and the estimators thus are

N
T
1 XX
(Ci,t − Ct? (Mi,t , Pi,t |ρ, δ = 0))2
ρ̂ = arg min
ρ NT
i=1 t=1

N
T
1 XX
(Ci,t − Čt? (Mi,t , Pi,t |ρ, γ))2
(ρ̌, γ̌) = arg min
ρ,γ N T
i=1 t=1

Ct? (Mi,t , Pi,t |ρ, δ = 0) and Čt? (Mi,t , Pi,t |ρ, γ) denotes respectively the full backwards
induction solution assuming δ = 0 and the robust approximated solution depending also
on the parameters in the Sieve, γ = (γ0 , γ1 ), but not on any assumption about δ .
where

Table 1 reports the bias, standard error and the root mean square error (RMSE) of
the two estimators under dierent values of
(δ

= 0)

δ ∈ {0, 0.001, 0.005, 0.01}.

In the rst case

the full solution approach is correctly specied and in the other cases it is not.

As expected, we nd that in the rst case the full solution estimator performs better than
the approximation but only in terms of variance of the estimator.

In the misspecied

cases, however, the performance of the full solution methods deteriorates signicantly (as
expected) with an increased bias and RMSE. On the other hand, our robust estimator
is unaected by this and the bias and RMSE are unchanged across the dierent values
of

δ.

When

δ ≥ 0.005

our robust estimator outperform the full solution estimator. The

estimated nuisance parameters,

γ,

are reported in the supplemental material.
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Table 1: MC results. Buer-Stock model.

δ = 0.000
Full
BIAS

†

0.001

δ = 0.001

δ = 0.005

δ = 0.010

Robust

†
Full

Robust

†
Full

Robust

†
Full

Robust

0.001

-0.018

0.001

-0.088

0.001

-0.159

0.001

STD

0.020

0.067

0.021

0.068

0.023

0.068

0.026

0.068

RMSE

0.020

0.067

0.027

0.067

0.090

0.068

0.161

0.068

PS
The table reports the bias (BIAS = ρ − S1 s=1 ρ̂s ), standard deviation
q
PS
PS
1
1
2
(STD =
s=1 (ρ̂s − S
s=1 ρ̂s ) ) and the root mean square error (RMSE =
S−1
q P
S
1
2
s=1 (ρ − ρ̂s ) ) under dierent values of the true model, δ ∈ {0, 0.001, 0.005, 0.01}
S

Notes :

†

3.2

across S = 200 replications. The remaining model parameters are ρ = 2, β̃ = 0.98,
R = 1.03, σε2 = ση2 = 0.01, Gt = 1.02, σξ2 = 0.1.
The estimate refers to the full solution approach where δ = 0.0 has been imposed under
estimation, irrespective of the true value of this parameter.

Example 2: Education Choice and Labor Supply Model

We study a simplied version of the dynamic discrete choice model over education and
labor supply proposed by Keane and Wolpin (1997).

In this model, individuals live

periods and in each period they decide to work (k

to go to school (k

at home (k
alternative

= 3).
k and

We note

dkt

= 1),

= 2),

T

or to stay

1 if the individual chooses
(d1t + d2t + d3t = 1). To make their

a dummy variable that equals

decisions are mutually exclusive

decision, they compare the life-time utility of each alternative, which depends on their

St .

The direct payo of alternative

d2t ,

and on unobserved uncorrelated shocks

current set of state variables,
of time spent at school

St ,

labor market experience

school in the previous period

2
which are iid mean zero Gaussian with variances σk .
state vector is then
payos

St = (St , Xt , d2t , εt ).We

Xt ,

is a function

whether the individual was at

εt = (ε1t , ε2t , ε3t )

Collecting all these variables, the

use the following specication for per-period




(1 − νt ) exp(α0 + α1 St + α2 Xt + ε1t )


Ut (k, St ) =
α3 + α4 1{St ≥ 13} + α5 d2,t−1 + ε2t



 α +ε
6

k , Ut (k, St ),

3t

if

k=1

if

k=2

if

k = 3,

wt = (1 − νt ) exp(α0 + α1 St + α2 Xt + ε1t ), where νt
is the tax rate if working (k = 1), a stipend of α3 + α4 1{St ≥ 13} + α5 d2,t−1 + ε2t if going
to school (k = 2), or unemployment benets α6 + ε3t if they stay at home (k = 3). For
the purpose of our analysis, we suppose that the baseline tax rate is 0 (νt = 0), and we

where agents receive after tax income
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introduce a tax-reform at time

τ,
νt = δ1{t ≥ τ },

where

δ

is the new tax rate. We suppose that agents fully anticipate the reform, but that

the econometrician does not, and sets his model as if the tax reform was unanticipated by
So, in the full-solution estimation approach, agents are assumed to believe that

agents.

νt = 0

forever (or

δ = 0),

while in reality they perfectly foresee the future reform.

We dene the value associated with state

St

9

as

Vt (St ) = max Ut (k, St ) + βE [Vt+1 (St+1 )|St , dkt = 1]
k∈{1,2,3}

s.t.

Xt+1 = Xt + d1t
St+1 = St + d2t
where school and labor market experience evolves deterministically.
When implementing the robust estimator, we approximate the value function at the
pseudo terminal period using a exible function of the observed state variables. Given that
the model predicts that any value function will be positive, we constrain our approximate
solution to be positive too,

V̌Ť (St ) = exp(γ0 + γ1 St + γ2 Xt + γ3 St Xt + γ4 Xt2 + γ5 d2t )
where

Ť = τ − 5

as before.

The full solution estimator and the robust approximate

estimator of this model is, respectively,

α̂1 = arg min L(θ)
α1

(α̌1 , γ̌) = arg min Ľ(θ, γ)
α1 ,γ

where the log-likelihood functions are derived in the supplemental material. We observe
discrete choices and the associated income, stipend or unemployment benets, depending
on the choice taken.
Table 2 reports the bias, standard deviation and the root mean square error (RMSE)

9 Note,

we here frame the analysis as a cohort-analysis since time and age are on-to-one in the current
formulation. If data from several cohorts are used in estimation, the age should be an independent state
variable in the model and the pseudy-terminal period approximation should then also be a function of age.
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Table 2: MC results. Labor Supply Model.

δ=0
Full
BIAS

†

-0.000

δ = 0.01

δ = 0.05

δ = 0.1

Robust

†
Full

Robust

†
Full

Robust

†
Full

Robust

-0.001

-0.004

-0.001

-0.022

-0.001

-0.047

-0.002

STD

0.003

0.005

0.003

0.005

0.003

0.006

0.003

0.006

RMSE

0.003

0.006

0.005

0.006

0.023

0.006

0.047

0.006

†

Notes : See notes for Table 1. The remaining model parameters are α0 = 8.9, α1 = 0.085,
α2 = 0.031, α3 = 5000, α4 = −8000, α5 = −8000, α6 = 20000, σ12 = 0.4, σ22 = 1600, and
σ32 = 2000.
The estimate refers to the full solution approach where δ = 0.0 has been imposed under
estimation, irrespective of the true value of this parameter.

of the two estimators under dierent values of the tax-rate

δ ∈ {0, 0.01, 0.05, 0.1}.

The

numbers are multiplied by 100 for readability. We report results for the return to schooling
parameter only and report in the supplemental material results when estimating all parameters of the wage equation. As in the rst example, under relatively small tax reforms the
robust estimator has lower bias and RMSE than the full solution estimator. The estimated
nuisance parameters are reported in the supplemental material.

4

Concluding Discussion

We proposed an estimator of nite horizon dynamic choice models that is robust to misspecications in the future economic environment faced or anticipated by agents. We have
illustrated through two Monte Carlo experiments that estimating an approximate model
in which we approximate a pseudo terminal period is independent of the economic environment after this pseudo terminal period. This approach has very promising applications.
Particularly, using structural models to evaluate quasi-experiments will potentially benet
greatly from our approach because the researchers can remain agnostic about the anticipation of future reforms or changes in the contingencies. The simple approximate estimator
also facilitates robustness checks of concrete model assumptions. For example, using our
approach researchers gain insight into whether assuming some simple law of motion after
the periods of interest is a sensible thing to do.
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A

Example 1: Intertemporal Consumption Allocation

The buer-stock model pioneered by Carroll (1992) and Deaton (1991) and estimated rst by
Gourinchas and Parker (2002) and Cagetti (2003). The model can be normalized with permanent
income,

Pt ,

and re-formulated as

Vt (mt )

=
s.t.

ct1−ρ
+ βt Et [(Gt+1 ηt+1 )1−ρ Vt (mt+1 )]
mt ≥ct ≥0 1 − ρ
max

mt+1

=

(Gt+1 ηt+1 )−1 (1 + r)at + εt+1

log εt

∼

N (−.5σε2 , σε2 )

log ηt

∼

N (−.5ση2 , ση2 )

where small letters denotes normalized values.

A.1

Solving the Model

To solve the model, we employ the endogenous grid method proposed by Carroll (2006) and use
the normalized consumption Euler equation

c−ρ
t

= max

(

m−ρ
t



, βt (1 + r)Et (ct+1 Gt+1 ηt+1 )−ρ

1

)

such that when agents are o the credit constraint, we can invert the Euler equation to get for the

j th

grid point in

~a = (a1 , . . . , a# ),
cjt

= βt (1 + r)

Q
Q
X
X

k
−ρ
ω k ω l (c̊t+1 (mjkl
t+1 )Gt+1 ηt+1 )

k=1 l=1

where

c̊t+1 (mjkl
t+1 )

is a linear interpolation function evaluated at grid point

j

for the

k th

and

lth

Gauss-Hermite nodes associated with the permanent and transitory income shock, respectively,

k
−1
j
l
mjkl
t+1 = (Gt+1 ηt+1 ) (1 + r)a + εt+1 . The weights associated with these quadrature nodes are
k
l
denoted ω and ω . We use 100 discrete points to approximate the consumption function (# =
100) and 8 quadrature points to approximate each of the income shock integrals (Q = 8). The
endogenous level of resources is then

mjt = cjt + aj
At the credit constraint we simply have that

a = 0

and including a point

(m0t+1 , c0t+1 ) =

(0, 0) when interpolating the future consumption function using linear interpolation automatically
handles the credit constraint.

In the full solution estimator

we solve the model from the terminal period

j
everything is consumed. This gives cT

=

T

assuming that

mjT , where we construct an exogenous grid over

m
~.

How-

ever, we assume that the researcher insists on using a xed discount factor, not taking into account
that the true data generating process (DGP) contains time-varying preferences. Particularly, the
full solution is

cjt|δ=0 = β̃(1 + r)

Q
Q
X
X
k=1 l=1

cjT |δ=0

j

=m

In the robust estimator

k
−ρ
ω k ω l (c̊t+1|δ=0 (mjkl
t+1 )Gt+1 ηt+1 ) , ∀t = 1, . . . , T − 1

we solve the model backwards from the pseudy-terminal period

j
where we have imposed the approximate solution c
Ť
exogenous grid over

čjt

m
~.

= exp(φ0 )(mŤ )

Ť

where we use the same

In turn, the solution is

= βt (1 + r)

Q
Q
X
X
k=1 l=1

čjŤ

exp(φ1 )

k
−ρ
ω k ω l (˚
čt+1 (mjkl
t+1 )Gt+1 ηt+1 ) , ∀t = 1, . . . , Ť − 1

= exp(γ0 )(mj )exp(γ1 )

This functional form was chosen to impose that
and concave function of normalized resources.

2

c(0) = 0

and that consumption is an increasing

A.2

Estimation Details

We assume that consumption is contaminated with additive mean zero measurement error

Ci,t = Ct? (Mi,t , Pi,t |θ) + ξi,t , E[ξ|M, P ] = 0
such that we can estimate model parameters using non-linear least squares

ρ̂ = arg min
ρ

N
T
1 XX
(Ci,t − Ct? (Mi,t , Pi,t |ρ, δ = 0))2
N T i=1 t=1

(ρ̌, γ̌) = arg ô min
ρ,γ

where

Ct? (M, P )

N
T
1 XX
(Ci,t − Čt? (Mi,t , Pi,t |ρ, γ))2
N T i=1 t=1

denotes the model-implied optimal consumption.

to multiply the found solution with permanent income,

To get this, we simply have

Ct? (M, P ) = c?t (m)P .

We assume for

simplicity that we observe all state variables, including permanent income. When simulating data,

σξ2 = 0.1.
parameters γ =

we draw measurement error from a normal distribution with mean zero and variance
Table 1 reports the mean and standard deviation of the estimated nuisance

(γ0 , γ1 )

across the Monte Carlo runs.

Table 1: MC results, Nuisance Parameters. Buer-Stock model.

δ = 0.000
γ0
γ1

δ = 0.001

δ = 0.005

δ = 0.010

Mean

SD

Mean

SD

Mean

SD

Mean

SD

-0.030

0.011

-0.029

0.011

-0.027

0.012

-0.026

0.014

-2.019

0.163

-2.003

0.167

-1.939

0.182

-1.859

0.199

Notes :

The table reports the mean and variance of γ for δ ∈
{0, 0.001, 0.005, 0.01} across S = 200 replications. The remaining model
parameters are ρ = 2, β̃ = 0.98, R = 1.03, σε2 = ση2 = 0.01, Gt = 1.02,
σξ2 = 0.1.
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B

Example 2: Discrete Labor Market Model

Here, we present details about the dynamic discrete choice model of education and labor supply.
As mentioned in the paper, the Bellman equation of the model is:

Vt (St ) = max U (k, St ) + βE [Vt+1 (St+1 )|St , dkt = 1]
k

s.t.

Xt+1 = Xt + d1t
St+1 = St + d2t
εkt ∼ N (0, σk2 ), ∀k = 1, 2, 3
We rst present how the solution of the dynamic programming was obtained. The model is
estimated through maximum likelihood estimation, we thus provide elements for the derivation of
the likelihood.

B.1

Dynamic programming solution

To describe the solution of the program, let

Vkt (St ),

the alternative-specic value of decision

k:

Vkt (St ) = U (k, St ) + βE [Vt+1 (St+1 )|St , dkt = 1]
Given a set of parameters, and knowing the next period value

E [maxk Vk,t (St )] .To

Vt+1 (St+1 ),

we need to solve

do so, several techniques can be used. Keane and Wolpin (1994) propose to

get the expected value from simulations, but the computational cost of such estimate for a three
dimensional integral may be substantial. Given the simple form of our model, we propose to take
advantage of the knowledge of the cdf of each of the alternative specic value functions, and of
the independence between random terms.

M (St ) = maxk Vk,t (St ) is
cdfs of Vk,t (St ), and for any

Indeed, we can show that

a positive random variable which cdf is equal to the product of the
positive random variable it is a well known result that:

E(M (St )) =
So for any state

Z

+∞

(1 − P (M (St ) < m))dm

0

St , we can obtain the expected value Vkt (St ) at the cost of this unique integral,
1

which we compute by adaptive quadrature.

1 To

realize this, note rst that since the labor income is always positive, the maximum over this and the
remaining alternatives must also be positive. Further, note that since (1 − P (M (St ) < m)) = P (M (St ) ≥ m) =

4

B.2

Likelihood function

Data consists in observed decisions

(d1t , d2t , d3t )

and wages

wt if

individuals are working.

derivation of the likelihood is obtained from the normality assumption of the
At a given period given the individual state
the three decisions:

St ,

εt

The

random variables.

we derive the likelihood contribution of each of

1. In the case of the labor market participation, the econometrician observes both the decision
and the wage

wt .

So the contribution is:

1
`1 (wt |St ) = φ
σ1



log wt − f1 (St )
σ1



P1 (d1t = 1|wt , St )

the probability of choosing to work conditional on the wage residual

ε1t = log wt − f1 (St )

is

P1 (d1t = 1|ε1t , St ) = P (V1t (St ) > V2t (St ), V1t (St ) > V3t (St )|ε1 )
= P (V1t (St ) > V2t (St )|ε1 )P (V1t (St ) > V3t (St )|ε1 )
where the second step obtained from the independence between unobserved heterogeneity
terms.

ε2

and

ε3

appear separately in the two conditional probabilities, so these probabilities

can be obtained from the functional form of the utility function and the normal distribution
of

ε2t

and

ε3t .

2. If the individual chooses to go to school, none of the three unobserved heterogeneity terms
are observed. As in the previous case, one can use the independence conditional on

R +∞
m

∂
∂M (St ) P (M (St )

ε2

to

≥ k)dk
Z

0

+∞

(1 − P (M (St ) < m))dm =

Z

+∞

0

Z

+∞

Z

+∞

m
k

Z

∂P (M (St ) ≥ k)
dkdm
∂M (St )

∂P (M (St ) ≥ m)
dmdk
∂M (St )
0
0
k
Z +∞ 
∂P (M (St ) ≥ m)
=
dk
∂M (St )
0
0
Z +∞
∂P (M (St ) ≥ k)
=
k
dk
∂M (St )
0
= E(M (St ))
=

where the second equality sign follows from changing the order of integration. It is also evident from the fourth
equality that this only holds if M (St ) is non-negative.
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derive a simple expression for the likelihood:

P2 (d2t = 1|St ) = P (V2t (St ) > V1t (St ), V2t (St ) > V3t (St ))
Z
= P (V2t (St ) > V1t (St ), V2t (St ) > V3t (St )|ε2t )dF (ε2t )
Z
= P (V2t (St ) > V1t (St )|ε2t )P (V2t (St ) > V3t (St )|ε2t )dF (ε2t )
Both terms in the integral can be obtained from functional forms.
to compute the integral.

It is still necessary

In practice, we evaluate this integral using 20 Gauss-Hermite

quadrature nodes.
3. The probability to choose to stay out of labor force

P2 (d2t = 1|St )

is derived analogously to

the schooling case and does not need further details.
The complete log-likelihood is then

N
T
1 XX
d1,i,t log `1 (wi,t Sit ) + d2,i,t log P2 (d2,i,t = 1|Si,t ) + d3,i,t log P3 (d3,i,t = 1, Si,t )
L=
N T i=1 t=1

B.3

Pseudo-Terminal Value Function

Ť , instead of the
¯
terminal period T. The pseudo-terminal value is set as a function of the additional set of parameters
φ, which are estimated jointly with the rest of the parameters of the model. Table 2 reports the
mean and standard deviation of the estimated nuisance parameters γ = (γ0 , γ1 , γ2 , γ3 , γ4 , γ5 ) across
In the case of the robust estimate, the backward induction start from period

the Monte Carlo runs.

Table 2: MC results. Labor Supply Model.

δ=0
γ0
γ1
γ2
γ3
γ4
γ5

δ = 0.01

δ = 0.05

Mean

SD

Mean

SD

Mean

11.4076

0.0020

11.4030

0.0021

0.8424

0.0011

0.8421

0.0012

0.2972

0.0007

0.2963

0.0010

0.0004

0.0029

0.0004

0.0106

0.0067

δ = 0.1

SD

Mean

SD

11.3849

0.0021

11.3629

0.0024

0.8405

0.0011

0.8379

0.0013

0.0007

0.2921

0.0007

0.2862

0.0008

0.0013

0.0004

0.0025

0.0004

0.0042

0.0005

0.0031

0.0004

0.0039

0.0004

0.0050

0.0005

0.0106

0.0068

0.0095

0.0078

0.0074

0.0111

Notes : The table reports the average absolute bias (BIAS) and the root mean square error

(RMSE) under dierent values of the true model, δ ∈ {0, 0.1, 0.25, 0.5} across S = 200
replications. The remaining model parameters are α0 = 8.9, α2 = 0.031, α3 = 5000,
α4 = −8000, α5 = −8000, α6 = 20000, σ12 = 0.4, σ22 = 1600, and σ32 = 2000.
†
The estimate refers to the full solution approach where δ = 0.0 has been imposed under
estimation, irrespective of the true value of this parameter.
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B.4

Estimating the whole wage equation

Table 3 shows results for the model if we were estimating the whole wage equation (i.e. estimating
the wage intercept as well as estimating the returns to experience).

Table 3: MC results. Labor Supply Model.

δ=0
BIAS

STD

δ = 0.01
RMSE

δ = 0.05

BIAS

STD

RMSE

δ = 0.1

BIAS

STD

RMSE

BIAS

STD

RMSE

Full Solution

β1
β2
β3

-0.002

0.143

0.143

0.065

0.157

0.169

0.431

0.231

0.489

0.958

0.294

1.002

0.000

0.006

0.006

-0.006

0.007

0.009

-0.036

0.010

0.037

-0.077

0.013

0.078

0.001

0.005

0.005

-0.003

0.006

0.006

-0.018

0.007

0.019

-0.038

0.009

0.039

Robust Solution

β1
β2
β3

0.032

0.089

0.095

0.023

0.090

0.093

0.029

0.089

0.093

0.031

0.103

0.107

-0.002

0.004

0.005

-0.002

0.004

0.005

-0.002

0.005

0.005

-0.002

0.006

0.007

-0.002

0.012

0.012

-0.002

0.011

0.011

-0.002

0.011

0.011

-0.001

0.012

0.012

Notes : See notes for Table 2.
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