MATHEMATICAL
GAMES

The capture of the monster: a mathematical

group with a ridiculous number of elements

by Martin Gardner

What’s purple and commutes?
An Abelian grape.
—Anonymous mathematical
riddle, ca. 1965

or the past six years all over the
world experts in the branch of ab-

stract algebra called group theory
have been struggling to capture a group
known as the monster. The name of the
group is related to its size: the number
of elements in the monster is 808,017,-
424,794,512,875,886,459,904,961,710, -
757,005,754,368,000,000,000, or 246 X
320 X 59 X 76 X 112X 133X 17X 19X
23 X 29X 31X41X47X59X71. Rob-
ert L. Griess, Jr.,, a mathematician at
the University of Michigan who is cur-
rently on sabbatical leave at the Insti-
tute for Advanced Study in Princeton,
N.J., prefers to identify the monster
with its proper mathematical symbol,
F,. In January, Griess (his name rhymes
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with rice) proved that the monster exists
by actually constructing it. The news is
enormously exciting to group theorists
because it brings them closer to com-
pleting a task that has occupied them
for more than a century: the classifica-
tion of all groups.

The colorful story of this undertaking
begins with a bang. In 1832 Evariste
Galois, a French mathematical genius
and student radical, was killed by a pis-
tol shot in an idiotic duel over a woman.
He was not yet21. Some early, fragmen-
tary work had already been done on
groups, but it was Galois who laid the
foundations of modern group theory
and even named it, all in a long, sad
letter that he wrote to a friend the night
before he died.

What is a group? Roughly speaking,
it is a set of operations performed on
something, with the property that if any
operation in the set is followed by any
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operation in the set, the outcome can
also be reached by a single operation in
the set. The operations are called the
elements of the group, and their number
is called the order of the group.

Before going on to a more precise
definition let us consider an example.
You are standing at attention and must
carry out any of four commands: “Do
nothing,” “Left face,” “About face” and
“Right face.” Now suppose you execute
a left face followed by an about face.
A sequence of this kind will be called
a multiplication of the two operations.
Note that the “product” of this partic-
ular multiplication can be reached by
the single operation right face. This set
of four operations is a group because it
meets the following axioms.

1. Closure: The product of any pair of
operations is equivalent to a single oper-
ation in the set.

2. Associativity: If the product of any
two operations is followed by any oper-
ation, the result is the same as follow-
ing the first operation with the product
of the second and the third.

3. Identity: There is just one opera-
tion that has no effect, in this case do-
ing nothing.

4. Inverse: For every operation there
is an inverse operation such that execut-
ing an operation and then its inverse is
equivalent to executing the identity op-
eration. In this example left face and
right face are inverses of each other,
whereas do nothing (the identity) and
about face are each their own inverse.

Any set of operations that satisfies
these four axioms is a group, and the
group of four commands I have just de-
scribed is called the cyclic 4-group be-
cause it can also be modeled by the cy-
clic permutations of four objects in a
row. (In a cyclic permutation of a set
of ordered elements the first element
moves into the second position, the sec-
ond element moves into the third posi-
tion and so on, with the last element
moving into the first position.) Label the
four objects 1, 2, 3 and 4 and assume
that they are lined up in numerical or-
der: 1234. The identity operation, which
I shall call 7, leaves the order of the ob-
jects unaltered. Operation 4 permutes
them to 4123, Bto 3412 and C to 2341
This group can be completely character-
ized by the “multiplication” table at the
top right in the illustration at the left.
Each cell in the table gives the operation
that is equivalent to performing the op-
eration indicated at the left end of its
row followed by the operation indicated
at the top of its column. If a similar con-
struction is carried out for the first mod-
el, letting 1, A, Band C stand for the four
commands (“Do nothing,” “Left face”
and so on) in their listed order, the same
table results, proving that the cyclic 4-
group and the group of four commands
are isomorphic, or equivalent.

Note that the table for the cyclic 4-
group is symmetrical about one of its



lechnology:

Mongols on horseback, planes without jets,
and a plant that grows gas.

For almost all of man’
history, human transpor-
tation was made possible
by the energy of human or
animal muscle, or by the
inanimate and uncontrolled
motion of water or air.

Like many other ani-
mals, man carried or drag-
ged himself and the objects
he needed moved. By tam-
ing the horse around 4000
B.C., he arranged to move
himself much more efficiently—so
well, in fact, that by the 13th century,
Mongol armies swept across much of
the known world using nothing but
shaggy ponies.

Still, for over 5,000 years, little
progress was made in the way man
transported himself.

A century of progress.

Suddenly, in the 19th century, inani-
mate energy under the complete control
of human beings came into being.
Fulton’s steamship, Stephenson’s steam
locomotive and Otto’s internal com-
bustion engine are but three examples.
In the 20th century, the jet principle
carried transportation beyond the
atmosphere. Yet, despite our progress,
today’s declining oil supplies have plac-
ed us in the same position in which
previous centuries would have been if
their horses started dying out.

World, where now?

It may appear that the future of trans-
portation looks bleak. Energy short-
ages, escalating fuel prices and the
pollution from the internal combustion
engine all seem to suggest new limita-
tions on our ability to transport
ourselves.

We have three basic choices: to

A

abandon our ease of travel, endure the
cost, shortages and pollution, or ad-
vance to new levels of technology that
solve the problem.

Electrification of the car is one
solution already near at hand. These
noiseless and exhaust-free vehicles will
be powered by nickel-zinc batteries
which can store three times as much
electrical energy, pound for pound, as
the traditional lead-acid battery.

There are, of course, other alterna-
tives besides electrification. We already
have nuclear submarines, and nuclear
surface vessels have been built. There
has even been considerable talk again
of nuclear-powered airplanes. Unfor-
tunately, the public’s apprehension of
nuclear fission makes this seem un-
likely in the near-term. But what about
fusion or solar vehicles? Not airplanes
bearing solar cells, but rather, airplanes
depending on fuels generated by fusion
or sunlight.

The plant world’s role.

By using the energy of sunlight, plants
can combine carbon dioxide and water
to form foodstuffs and oxygen. Plants
could be harvested for fuel-worthy
alcohols and hydrocarbons. Given suf-
ficient energy (and either fusion or the
sun can supply that), human beings can
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synthetically combine car-
bon dioxide and water
to form liquid fuel and
oxygen in any desired
quantity.

A big lift for
transportation.

Today, Vertical Take-Off
and Landing(VTOL) planes
and helicopters are reliev-
ing some of the transporta-
tion pressure on earth’s
surface. But it might also be possible to
lift automobiles above the surface of
the earth by making them travel on
compressed air jets. This type of car
could travel over water as easily as over
land.

Another solution might be magne-
tic levitation. For instance, a central
magnetized guide-rail would repel a
train that is similarly magnetized. If the
magnetic field intensities are great
enough, the train will lift a tiny distance
above the rail. The train could move
forward under the impulse of an electro-
magnetic field. Since there would be
virtually no friction without solid con-
tact, vibration-free speeds of three
hundred miles an hour could be
maintained.

A world without the horse?

Just a hundred years ago, most
people could not conceive of a world in
which the horse was not a major form of
transportation. But a few people had the
vision to develop new and better ideas.

We believe the answer to today’s
transportation problems will be the
creative use of both existing and yet-to-
be discovered technologies.

Science and Technology can solve many
problems? If they don't, what else will?

Gould is an electrical/electronics company committed to growth through
technology. This message is a condensation of a 12-page White Paper,
“Technology and the Future of Transportation.” For the complete text, write
Gould Inc., Dept. S11, 10 Gould Center, Rolling Meadows, IL 60008.
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This year,
remember Father’s Night.

COURVOISIER VSOP

For the ultimate gift, consider Courvoisier VOC in the Baccaral decanter, around $100. Please call (B00) 327-5702 lor shopping assistance
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A Cayley color graph for the cyclic 4-group (lower left) and a simplified version (lower right)

diagonal axes, which is shown in color.
This characteristic of the table indicates
that the group also obeys the commuta-
tive axiom, meaning that the product of
any two operations is the same regard-
less of which one is performed first.
Groups that display this property are
called Abelian groups after the Norwe-
gian mathematician Niels Henrik Abel.
Any cyclic permutation of n objects gen-
erates an Abelian group, which is equiv-
alent to the group of the orientation-
preserving rotations of a regular poly-
gon of n sides. (A rotation preserves a
figure’s orientation if the figure ends up
in exactly the same position in which it
began.) Thus the cyclic 4-group can be
modeled by the orientation-preserving
rotations of a square.

There is just one group of order 1: the
trivial group consisting of the identity

operation. It is not hard to see that this
operation meets all four of the criteria
defining a group. For example, if you do
nothing to something twice in succes-
sion, it is the same as doing nothing, and
so the closure axiom is satisfied. The
only order-2 group is almost as trivial.
This group, the table for which is shown
in the illustration on page 20, can be
modeled with two operations to be per-
formed on a penny: doing nothing to
the penny (I) and turning the penny
over (A). The only group of order 3 is the
cyclic 3-group, which is equivalent to
the set of cyclic permutations of three
objects and to the set of orientation-
preserving rotations of an equilateral
triangle. There are just two groups of
order 4: the cyclic 4-group and another
group known as the Klein 4-group.
The Klein 4-group can be easily mod-
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A simplified Cayley color graph for the Klein 4-group
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eled with the following operations on
two pennies placed side by side: doing
nothing (I), turning over the left penny
(A), turning over the right penny (B) and
turning over both pennies (C). The table
for the group, shown in the illustration
on page 20, reveals that this group too
is Abelian.

The simplest example of a non-Abe-
lian group is the set of six symmetry op-
erations on the equilateral triangle: the
identity, rotating the triangle 120 de-
grees clockwise, rotating it 120 degrees
counterclockwise, and flipping it over
about any of itsthree altitudes. To prove
that the elements of this group do not
commute label the corners of a card-
board triangle, rotate the triangle 120
degrees in either direction and turn it
over about any altitude; then perform
the same two operations in the reverse
order and compare the results. If each
vertex of the triangle is identified with a
different object, the resulting 6-group is
equivalent to the group of all permuta-
tions on three objects.

To test your understanding of a group
you might pause to consider the follow-
ing three models.

1. With a deck consisting of four face-
down playing cards the following opera-
tions are defined: the identity operation
(I), transposing the top two cards in the
deck (A), transposing the bottom two
cards (B) and removing the middle two
cards and putting the lower one on the
bottom of the deck and the other one on
the top (C).

2. A dollar bill is placed either face
up or face down and either right-side up
or upside down. The operations are the
identity (7), rotating the bill 180 degrees
(A), turning it over about its vertical axis
(B) and turning it over about its horizon-
tal axis (C).

3. A sock is on either the left foot or
the right foot in one of two states, right-
side out or inside out. The operations
are the identity (7), taking off the sock,
reversing it and putting it back on the
same foot (A4), moving the sock to the
other foot without reversing it (B) and
taking off the sock, reversing it and mov-
ing it to the other foot (C).

For each of these groups make a mul-
tiplication table and determine whether
the group is equivalent to the cyclic 4-
group or the Klein 4-group. The answers
will be given next month.

The multiplication table of a group
can be represented graphically by a dia-
gram called a Cayley color graph after
the mathematician Arthur Cayley. For
example, the graph at the lower left in
the top illustration on this page is a Cay-
ley color graph for the cyclic 4-group,
the table for which is at the top of the il-
lustration. The four points of the graph
correspond to the four operations of the
group. Every pair of points have been
joined by a pair of lines going in oppo-
site directions, with the direction of each
line indicated by an arrowhead, and a
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BY CADILLAC

A NEW AMERICAN SUCCESS SIORY.

Seville for the 80's. Since its introduction,

more Americans have chosen to own the new

front-wheel-drive Seville than any luxury
import model. Including all 12 models of
the best selling luxury import...combined.

Only Seville. Only Seville offers such
distinctive styling with so many advanced
driving features. Seville has front-wheel
drive for traction, plus four-wheel inde-
pendent suspension, four-wheel disc
brakes and an electronic level control.
And Seville is the only car in the world
with a Diesel V8 engine as standard.

An unprecedented choice in power
plants. Seville alone gives you the choice
between a standard 5.7 liter fuel-injected
Diesel V8 and Cadillac’s new gasoline-
powered V8 with Digital Electronic Fuel
Injection (Digital EFI).

Available with Touring Suspension.
For those who prefer a greater feel of
the road, Seville is now available with a
special Touring Suspension.

Seven new two-tone combinations.
Seville is now available in seven dramatic
new two-tone combinations of the
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French curve design, along with chrome
side moldings and new accent stripes
that follow the same sweeping curve.

Seville for the 80's. Sevilles are
equipped with GM-built engines pro-
duced by various divisions. See your
Cadillac dealer for details.

Unique in all the world. What other
cars aspire to be, Seville is today.
Whether you buy or lease,

Cadillac invites you to see and
drive Seville for the 80's...at
your Cadillacdealer’s now.




color has been assigned to each opera-
tion in accordance with the key shown at
the top of the table. To understand how
the graph reproduces the information in
the table consider the line from B to A.
The color of the line is determined by
starting at B on the left side of the table,
moving to the right to the cell containing
A and then using the color assigned to
the letter, C, at the top of the column the
cell is in. The same procedure yields the
colors of all the other lines.

When two points in a Cayley color
graph are joined by two lines of differing
color, the operations represented by the
two colors are the inverse of each other.
If both lines are the same color, the op-
eration associated with that color is its
own inverse. In this case the graph can
be simplified by replacing the two di-
rected lines of like color with a single
undirected line of that color. In addition
the identity operation is represented by
a loop that joins each point to itself, and
so because one of these loops is at each
corner of the graph they can all be omit-
ted. The simplified version of the graph
is at the lower right in the top illustra-
tion on page 24.

I IDENTITY /
(2]
A 123 —>132 A
¥ Y
B 123—>321 B
Al
c 123—213 (o]
N\
D 123—>312 D
/“
E 123 —>231 E

A simplified Cayley graph for the
Klein 4-group is shown at the bottom of
page 24 and one for the non-Abelian
permutation 6-group is shown below.
For graphs of higher order it is more
convenient to stop using colors and in-
stead label each line with the symbol
corresponding to the operation it rep-
resents.

It should be obvious that given the
color graph for any group, the table for
the group can be constructed. The con-
verse is also true. The graphs are valu-
able aids, however, because they often
reveal properties that are not easily seen
in a multiplication table. For example, it
is not difficult to see that if on the 6-
graph the lines corresponding to opera-
tions 4, B and C are omitted, leaving
only the lines corresponding to D and E,
two disconnected graphs are obtained.
Each is a color graph for a cyclic 3-
group, but only the set of operations /,
D, E actually forms such a group be-
cause this set alone contains the identity
operation. Any subset of the elements of
a group that itself forms a group is
called a subgroup, and so inspection of
the color graph has revealed that the cy-
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A simplified Cayley color graph for the permutation 6-group
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clic 3-group is a subgroup of the permu-
tation 6-group.

So far only groups with a finite num-
ber of operations, or elements, have
been discussed. There are also infinite
groups, and they fall into two classes:
discrete groups, which have a countable
infinity of elements, and continuous
groups, which have an uncountable in-
finity of elements. An infinite set is said
to be countable if its members can be
matched up one for one with the pos-
itive integers 0, 1, 2.... Hence the in-
tegers themselves are an example of
a countably infinite set, whereas the
points on the real-number line are an
example of an uncountably infinite set.
In fact, the integers form a discrete
Abelian group under the operation of
addition, with 0 as the identity element
and —a as the inverse of any element a.
The real numbers, on the other hand,
form a continuous group with respect to
addition, and if 0 is excluded, they form
a continuous group with respect to mul-
tiplication as well. (In the latter case 1
is the identity element, and 1/a is the
inverse of a.) Continuous groups are
called Lie (pronounced Lee) groups af-
ter the Norwegian mathematician Ma-
rius Sophus Lie. A trivial geometrical
example of a Lie group is the group
of symmetry rotations of a circle (or a
sphere or a hypersphere). The degree
of rotation can be as small as one likes.

The group is one of the most powerful
and unifying of all concepts in mathe-
matics. Moreover, in addition to turn-
ing up in every branch of mathematics,
groups have endless applications in sci-
ence. Wherever there is symmetry there
is a group. The Lorentz transformations
of relativity theory form a Lie group
based on the continuous rotation of an
object in space-time. Finite groups un-
derlie the structure of all crystals and
are indispensable in chemistry, quan-
tum mechanics and particle physics.
The famous eightfold way, which classi-
fies the family of subatomic particles
known as hadrons, is a Lie group. Every
geometry can be defined as the study of
the properties of a figure that are left
invariant by a group of transformations.

Even recreational mathematics some-
times involves groups. Since every finite
group can be modeled by a set of permu-
tations on n objects, it is hardly surpris-
ing to find groups related to card shuf-
fling, ball juggling, campanology (bell
ringing), sliding-block puzzles and all
kinds of combinatorial puzzles. In an
earlier column (reprinted in my New
Mathematical Diversions from Scientific
American) I explained how groups apply
to braiding theory and so underlie nu-
merous magic tricks involving ropes and
twisted handkerchiefs.

In view of the great elegance and utili-

_ty of groups it is understandable that

mathematicians would like to be able to
classify them. The Lie groups have been
classified, but there are other infinite



Cleanliness maybe next to godliness.
But in some Dutch |
harbors, it was next to impossible.
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The Il—known feeling  world's harbors these days.

of the Dutch for cleanliness (Indeed, back in 1973 too high, an alarm goes off.
didn't stop at the water's an international maritime So, the pumping can be
edge. ruling called on ships every-  stopped.

And what they saw in where to monitor their oil Our ITT device was the
some of their harbors was waste, to avoid worries like first anywhere to be govern-
disconcerting, tosay theleast. these.) ment certified, meeting the

Every time that a ship What to do? Some of the required performance
pumped water out of its people of ITT came up with  standards for this urgent
bilge, there was a good an ingenious answer—an monitoring task.
chance waste oil would be optical fiber device that care- Obviously, no one ex-
pumped out with it. fully “watches” a ship'sbilge  pects to unpollute the world's

The result was a worri-  water. harbors overnight.
some oil slick —a slick A laser beam scans the But the least we can do
spreading over many of the  bilge waste being pumped is give it a good, clean try.

The best ideas are the ITT
ideas that help people.. A A A
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There are some disciplines in which compromise is
necessary. With the Bronica ETR-System, photography is no longer
among them.

Begin with the professional sharpness of a 4.5 x 6cm negative
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the flexibility of interchangeable magazirnes for 120, 220, 70mm and
Polaroid™ films. And viewfinder and accessory systems to meet
virtually any photographic challenge.

Bronica —the camera system without compromise, now
costs less...so you need compromise no more! See it at your
Bronica dealer.Or, write for LitPak P52. Marketed by Nikon Photo
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groups that still elude classification.
What about finite groups? One might
suppose they would be easier to classify
than Lie groups, but that has not proved
to be the case. It is this difficult task that
is now on the brink of being completed.

All finite groups are constructed from
building blocks called simple groups in
much the same way that chemical com-
pounds are constructed from elements,
proteins from amino acids and com-
posite numbers from primes. A simple
group is one that has no “normal” sub-
groups other than itself and the trivial
identity subgroup. Remember that a
subgroup is defined as any subset of the
elements of a group that is itself a group.
What is meant by “normal” is best ex-
plained as follows. Consider a group G
with a subgroup S. The set of products
obtained by multiplying each element of

A Simple Ballad

(To be sung to the tune of “Sweet Betsy from Pike”)

What are the orders of all simple groups?

I speak of the honest ones, not of the loops.

It seems that old Burnside their orders has
guessed

Except for the cyclic ones, even the rest.

Groups made up with permutes will produce
some more:

For A, is simple, if n exceeds 4.

Then, there was Sir Matthew who came into
view

Exhibiting groups of an order quite new.

Still others have come on to study this thing.

Of Artin and Chevalley now we shall sing.

With matrices finite they made quite a list.

The question is: Could there be others they've
missed?

Suzuki and Ree then maintained it’s the case

That these methods had not reached the end of
the chase.

They wrote down some matrices, just four by
four,

That made up a simple group. Why not make
more?

And then came the opus of Thompson and Feit
Which shed on the problem remarkable light.
A group, when the order won't factor by two,
Is cyclic or solvable. That’s what is true.

Suzuki and Ree had caused eyebrows to raise,

But the theoreticians they just couldn't faze.

Their groups were not new: if you added a twist,

You could get them from old ones with a flick
of the wrist.

Still, some hardy souls felt a thorn in their side.
For the five groups of Mathieu all reason defied;
Not A,, not twisted, and not Chevalley,

They called them sporadic and filed them away.

Are Mathieu groups creatures of heaven or hell?
Zvonimir Janko determined to tell.

He found out what nobody wanted to know:
The masters had missed 1 755 6 0.

The tloodgates were opened! New groups were
the rage!

(And twelve or more sprouted, to greet the new
age.)

By Janko and Conway and Fischer and Held,

McLaughlin, Suzuki, and Higman, and Sims.

No doubt you noted the last lines don’t thyme.
Well, that is, quite simply, a sign of the time.
There's chaos, not order, among simple groups;
And maybe we'd better go back to the loops.




It's a major breakthrough. That calculator
shown above is the most advanced printing
calculator in the world.

SLIP TOP PRINTER

The new Olivetti Logos 9 is only 1" x 2%2" x
45" —smaller than many cigarette packages.
It has a full 12-digit liquid crystal display with
add mode and full-floating or fixed position
decimal.

To turn the unit into a printer, you simply
slide up the top of the unit to expose the
world's smallest and one of the most precise
printing heads. The printing head prints letters
and numbers, identifies each entry and even
clearly separates groups of three whole
numbers for easy readability.

PLENTY MORE

If its size and printing head are break-
throughs, so is its paper system. The paper is
loaded in special cartridges with enough paper
per cartridge for 1300 entries. All you do is
simply pop a cartridge into the bottom of the
unit each time you change rolls. It's the most
convenient way ever designed to change aroll
of paper for a printing calculator.

But if you're like most Americans, you'd be
concerned about paper supply. Where do you
get those special cartridges, and how do you
know if you can get them years from now?

That's where JS&A comes in. A 32-roll
supply—all you'll ever need for three full years
—is only $16. That's enough paper for 41,000
entries or approximately 52 line entries each
working day for three full years.

But even more important, within one year
stationery stores will stock the cartridges, and
we predict that the Olivetti cartridge will be-
come a standard in the industry.

NO INK CARTRIDGES

The paper is a new type that looks exactly
like conventional paper. But the paper, when
struck, leaves a clear sharp image without the
use of ink. So there’'s no messy cartridge
required and no space needed to store one.
You'll never need ink again.

The rechargeable batteries last for 8,000
lines when you use just the printer and 80
hours using just the liquid crystal display. The
batteries can be recharged 500 times, so
theoretically the batteries should last for 300
rolls of paper, or more than nine times the life
of your paper supply. The batteries can also be
easily replaced.

Olivetti
Break-
through

The world’s smallest electronic printer will
never run out of paper, ink or batteries
thanks to Olivetti, JS&A and some
incredible new technology.

POWERFUL COMPUTER

The features looked great. The world's
smallest size, the paper roll convenience, the
no-ink system, the battery life and the large
12-digit liquid crystal display were enough to
convince us, but would the new Olivetti be
considered a toy? Then we learned about its
computational power and features which we
feel are better than many of the most profes-
sional full-featured printing calculators.
Speed It's the world's fastest small printer with
a speed of 2.1 lines per second. The unit also
has a buffer so if you enter data faster than the
unit, it will still print out each entry.

Memories The Logos 9 has two separate
memories. One is an accumulating memory,
and the other is a fully independent memory.
And the display and printer indicate which
memory is on the paper tape.

Printing Head The totally new printing head is
a semi-alpha numeric system which labels all
entries with letters to indicate the entry. For
example LP is list price and CNT means item
count.

Clock The unit is so complete, Olivetti even
threw in a digital clock function. Your unit will
display accurate time when the 12-digit dis-
play is notin use.

Gross Margin It automatically computes
everything from gross margins to discounts
and retail pricing. You just enter your per-
centage mark-ups in its memory, and it will
automatically compute the results while retain-
ing the formula and percentage in memory.
Plus More It has automatic round off, letting
you select which figure to round off to. You can
add a column of figures and then average your
calculations automatically. The full-informa-
tion liquid crystal display will tell you every-
thing from when you're in the printer mode to
whether you have something in memory and in
which memory.

The technological breakthroughs in the
Logos 9 were possible because Olivetti was
able to eliminate the many interface com-
ponents between the integrated circuit and the
printing head. This was all made possible
because Olivetti designed the entire system,
not just a few of the components as is the case
with most calculators.

So there it was. Great features, great
convenience and great value for only $89.95
complete with batteries, charger and 90-day
limited warranty. For $16 more, you can get 32
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The new pocket-sized Olivetti calculator
slides open to unveil one of the most
advanced printing heads ever developed.

cartridges— all the paper you'll ever need for
three years or for $10 more you can get 16
cartridges. So impresed are we with the
Olivetti Logos 9 that we are making the follow-
ing offer:

FREE TRIAL OFFER

We urge you to test the Olivetti Logos 9 now.
Order one for our 30-day no obligation trial.
See the clear and easy-to-read paper tape and
display. Use it as a pocket calculator, and
carry it in your briefcase wherever you go.
Experience the convenience of always having
a printing calculator there whenever you need
a permanent record of your transactions.

After 30-days of actual use, decide if you
want to keep it. If you do you'll own the small-
est, most advanced and convenient pocket
printing calculator in the world. If for any
reason you're not completely satisfied, simply
return your unit within 30-days for a prompt
and courteous refund, including your $2.50
postage and handling. You can't lose.

Olivetti selected JS&A to exclusively
introduce this exciting new product. With its
solid-state design and high quality printing
mechanism, the Olivetti should not require
service. But if service is ever required, Olivetti
maintains a convenient service-by-mail center
as close as your mailbox.

To order your unit for our trial, simply send
your money order or personal check for
$89.95 plus $2.50 for postage and handling
(personal check orders, allow 20 days to clear
our bank) to the address below, or credit card
buyers may call our toll-free number below.
Add $16 for 32 paper cartridges or $10 for 16
cartridges. (lllinois residents please add 6%
sales tax.)

Who would have imagined a printing calcu-
lator this small and this convenient with this
much computational power just a few months
ago? The Olivetti Logos 9 deserves your test.
Order one at no obligation, today.
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Dept. SA One JS&A Plaza
Northbrook, Ill. 60062 (312) 564-7000
Call TOLL-FREE ........ 800 323-6400
Inlllinois Call ........... (312) 564-7000
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the subgroup by each element of the
group is called the right coset of the
group, GS. Conversely, the set of prod-
ucts obtained by multiplying each ele-
ment of the group by each element of
the subgroup is called the left coset, SG.
If the two cosets are equivalent, the sub-
group is called normal. For example, the
cyclic 3-group is a normal subgroup
of the permutation 6-group. Hence the
6-group is not simple. Simple groups
are the building blocks of all groups,
and so to classify the finite groups it is
necessary to classify all the finite sim-
ple groups.

Almost all finite simple groups belong
to families with an infinity of members.
Families of this type provide a quite sat-
isfactory system of classification, since
there are procedures for constructing
any individual member, or group. For
example, the cyclic permutation groups
of prime order (which are modeled by
rotations of regular polygons with a
prime number of sides) are finite simple
groups. In fact, they are the only finite
simple groups that are Abelian as well
as the only ones that are cyclic. A fa-
mous result in mathematics called La-
grange’s theorem states that the order,
or number of elements, of any subgroup
must be a divisor of the order of the
group in which it is contained. Since
a prime number has no divisor (other
than 1 and itself), this theorem implies
that any group of prime order has no
subgroups (other than the identity and
itself). If a group has no other sub-
groups, however, then it certainly has
no normal subgroups, and so it follows

that any group of prime order is simple.

Another important family of finite
simple groups is the set of alternating
groups, which are modeled by the even
permutations on n objects for all inte-
gers n greater than 4. An even permuta-
tion is one that can be obtained in an
even number of steps, where each step
consists in switching two objects. For
example, the cyclic 3-group is also an
alternating group because 231 can be
produced from 123 in two steps (trans-
pose first 1 and 2 and then 1 and 3) and
the same is true for any other pair of the
three cyclic permutations of three ob-
jects. Exactly half of all permutations
are even, and because n objects can be
permuted in n! ways every alternating
group has an order of n!/2. The odd per-
mutations do not form groups because
any odd permutation followed by an-
other odd permutation is equivalent to
an even permutation, so that the closure
axiom is not satisfied.

There are 16 other infinite families of
finite simple groups, all of them non-
Abelian and noncyclic. The orders of
the simple groups (excluding the cyclics)
form an infinite sequence that starts
with 60, the order of the alternating
group on five objects. (This group is
equivalent to the group of rotations of a
regular dodecahedron or icosahedron.)
The sequence begins 60, 168, 360, 504,
660, 1092, 2448, 2520, 3420, 4080,
5616, 6048, 6072, 7800, 7920.... If 1
and all the prime numbers are inserted
into this infinite sequence, the resulting
sequence gives the orders of all finite
simple groups.

Unfortunately the list includes a small
number of groups (starting with the
group of order 7920) that cannot be fit-
ted into any infinite family. These are
the non-Abelian anomalies, the jokers
that defy all classification. Mathemati-
cians know them as the sporadic simple
groups, but they are quite complicated.
If there is an infinite number of these
sporadics, and if there is no pattern or-
dering them, then the task of classifying
all finite simple groups, and therefore all
finite groups, is hopeless. There are,
however, compelling reasons for think-
ing there are no sporadics other than
the 26 already identified. (A classic his-
tory of sporadic groups appears in the
box on page 28. First published in The
American Mathematical Monthly in No-
vember, 1973, the tale is said to have
been “found scrawled on a library ta-
ble in Eckhart Library at the Universi-
ty of Chicago; author unknown or in
hiding.” The “loops” referred to therein
are the simple cyclic groups, and 4, is
the symbol for the alternating group
for n objects.)

The search for the sporadic simple
groups began in the 1860’s when the
French mathematician Emile Léonard
Mathieu discovered the first five. The
smallest of them, known as Mj;, has
7,920 operations and is modeled by cer-
tain permutations on 11 objects. A cen-
tury slipped by before the sixth sporad-
ic, of order 175,560, was found in 1965
by Zvonimir Janko of the University of
Heidelberg. Three years later John Hor-
ton Conway of the University of Cam-
bridge surprised everyone by finding

ety NUMBER OF ELEMENTS DISCOVERED BY
M1 24 x 32 x5 x 11
M2 26 x 3 x5 x 11
M2z 27 x P x5 x 7 x1 Mathieu
M23 27 x32 x5 x 7 x11 x23
M2a 210 x 3 x5 x 7 x11 x23
J1 2 x3 x5 x 7 x11 x19 Janko
J2 27 x 3 x5x 7 Hall, Wales
Js 27 x 3% x5 x17 x 19 Higman, McKay
Ja 221 x 3 x5 x 7 x 113 x23 x 29 x 31 x 37 x 43 Benson, Conway, Janko, Norton, Parker, Thackray
HS 29 x3 x5 x 7 x11 Higman, Sims
MC 27 x 38 x5 x 7 x11 McLaughlin
Sz | 28 x 37 x5 x 7 x11 x 13 Suzuki
Ci 221 X 3% x54x 72x 11 x13 x23

| C2 218 x 36 x53x 7 x11 x23 Conway
Cs 210 x 37 x53x 7 x11 x 23
He 210 x 3 x 52 x 73 x 17 Held, Higman, McKay
F22 217 x 3 x5 x 7 x11 x13
Fa3 218 313 x 52 x 7 x 11 x13 x 17 x 23 Fischer
Faa 221 x 36 x 52 x 73 x 11 x 13 x 17 x 23 x 29
Ly 28 %37 x5 x 7 x11 x31 x37 x 67 Lyons, Sims
o 29 X 3% x5 x 73x11 x19 x 31 O'Nan, Sims
R 214x 3% x5 x 7 x13 x 29 Conway, Rudvalis, Wales
Fs 214 x 36 x5 x 7 x11 x 19 Conway, Fischer, Harada, Norton, Smith
Fa 218 x 310 x 53 x 72 x 13 x 19 x 31 Smith, Thompson
F2 241 X< 313 x 55 x 72 x 11 x 13 x 17 x 19 x 23 x 31 x 47 Fischer, Leon, Sims
Fi | 2% X320 x 59X 76 x 112 x 133 x 17 x 19 x 23 x 29 x 31 x 41 x 47 x 59 x 71 | Fischer, Griess

The list of 26 sporadic finite simple groups
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Heart
Ccomputer

Your heart can tell you three things
that can help you live longer and
stay healthier. The rest is up to you.

JS&A has never offered a pulse meter. And
for good reason.

If you've ever used one, you'll quickly
discover that your heart does not beat like a
clock. It's irregular. It might beat at 40 beats
per minute for one instant and at 120 the next.
Since most pulse meters measure each beat
as it occurs, you never feel confident that
you're getting a very good reading.

We also considered size. Each pulse meter
we examined was large or cumbersome and
awkward to carry or store.

WE WAITED

We waited afew years. Inthe meantime, we

discovered three ways your heart (through
your pulse) helps you monitor your health.
Pulse Rate Your pulse rate can tell you if you
are getting enough oxygen throughout your
body. A high pulse rate indicates that your
heart must pump faster to supply that oxygen
and may indicate poor physical condition.
Target Zone Your pulse can tell you if your
heart is beating fast enough during exercise.
There's an area called the “Target Zone.”
Below this level, you're not exercising hard
enough to do your heart or respiratory system
any good. Above this level, you can be
dangerously over-exerting yourself.
Cardiac Recovery Time The time it takes for
your pulse rate to return to normal after you've
exercised is the real measure of whether or not
your exercise program is doing you any good.
This time can be as healthy as one minute or
as poor as several minutes.

The three things we learned convinced us
that the ideal pulse meter must have the
following features:

1. It must measure a series of heart beats
and simultaneously compute the average to
avoid the strange readings from irregular heart
beats.

2. It must be small enough to use while
exercising.

3. It should have a timing capability to
determine the Cardiac Recovery Time.

It wasn’t until a small Utah medical elec-
tronic instrument company created what we
feel not only provides the capabilities listed
above, but excels in other areas too.

FITS ON FINGER

The unit is called the Pulsetach, and it fits
right over your finger. It weighs less than an
ounce and can be worn easily during most
exercise programs.

The large liquid crystal display can easily be
seen in normal room lighting or in bright sun-
light, and because liquid crystal displays
consume very little power, the readily-avail-
able watch batteries will last for years. The
Pulsetach automatically turns itself off in five
minutes if you forget.

The heart of the system is a powerful micro-

computer CMOS semi-conductor integrated
circuit that will take up to 4 pulse beats,
compute an average pulse rate, and then flash
that rate on the liquid crystal display.

FINGERTIP SCANNER

The sensor consists of a Gallium Arsenide
infrared light-emitting diode which scans your
fingertip hundreds of times a second to
determine your pulse rate. This new system is
one of the most accurate and is also used in
sophisticated hospital systems.

The unit also contains a quartz-controlled
timing circuit which will accurately time either
your exercise period or your Cardiac Recovery
Time. And you can switch back and forth
between the pulse and chronograph mode
while you are exercising.

We realize that the Pulsetach sounds like a
very sophisticated unit. And it is. But as
sophisticated asitis internally, it's an extreme-
ly easy unit to operate. There are just two
buttons to press which operate the pulse read-
ing and the chronograph timing circuit. A third
button engages the audio circuit.

The Pulsetach system fits comrn'amy on your
finger while it monitors your heart and deter-
mines your Cardiac Recovery Time.

HEAR YOUR PULSE

The audio circuit simply beeps every time
your pulse beeps. This feature lets you mon-
itor your pulse by hearing it as you run or
exercise and it can be shut off by pressing the
button a second time. The timing circuit is
quartz-controlled and extremely accurate.

The Pulsetach not only has combined all of
the most advanced technology in an extremely
small size, but it costs less than many other
systems lacking its advanced features.

The Pulsetach can be used for joggers,
athletes, all forms of exercise and even
cardiac recovery patients, as it operates quite
effectively with pacemakers.

REAL WORKOUT

We suggest you order a Pulsetach for our
30-day no-obligation trial. When you receive
your unit, give it a real workout. Notice how
simple it is to operate and how easily you
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The Pulsetach will shortly
become the number one
selling system of its type in
the nation.

can read your pulse rate. Use it to stay in your
Target Zone and to determine and then
improve your Cardiac Recovery Time.

Monitor your Cardiac Recovery Time.
Determine your Target Zone and see if you're
really exercising in that area. Then use the
Pulsetach to watch those important signs
slowly improve thanks to the accuracy and
information you get from the unit.

By knowing the important factors that help
you monitor your health, you'll feel better,
exercise more effectively, and many doctors
feel you'll live longer.

TWO UNITS AVAILABLE

To order your Pulsetach pulse meter, send
your check for $119.95 plus $2.50 postage
and handling (lllinois residents add 6% sales
tax) to the address below. (Allow 20 days for
personal checks to clear.) Credit card buyers
may call our toll-free number below.

You can also order the more expensive
hospital unit that averages 16 beats and has
all the features including the small size of the
previous unit. It costs $169.95.

We'll send your Pulsetach pulse meter
complete with 90-day limited warranty and
instructions which include information on
determining your Target Zone, Cardiac Re-
covery Time and other helpful information.

Then after your test, if you're not fully con-
vinced that the Pulsetach is the best unit of its
kind, the most convenient, and the greatest
value, return it within 30 days for a prompt and
courteous refund including the $2.50 charge
for postage and handling. You can't lose.

Your Pulsetach is totally solid-state so
service should never be required, butifitis, the
manufacturer has a national service-by-mail
facility backing each unit. JS&A is America’s
largest single source of space-age products—
further assurance that your Pulsetach is
backed by a substantial company.

We've waited an awful long time to jump into
the pulse monitoring field. But what a great
entry. Order your Pulsetach at no obligation

today.
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Two solutions to last month’s bridge-tournament problem

three more sporadics. His work was
based on Leech’s lattice, a scheme de-
vised by John Leech, a British mathe-
matician, for packing unit hyperspheres
densely in a space of 24 dimensions. (In
Leech’s lattice each hypersphere touch-
es exactly 196,560 others.)

Leech discovered his lattice while
working on error-correcting codes. It
turns out that there is a close connec-
tion between certain sporadic groups
and codes employed in reconstructing
a message distorted by noise. Two of
Mathieu’s sporadic groups, Ms; and
My,, are related to the Golay error-
correcting code that is often used for
military purposes. Roughly speaking, a
good error-correcting code is based on a
subset of unit hyperspheres placed as far
apart from one another as is possible in
a dense packing.

An amusing episode involving My,
was called to my attention by John
McKay, a codiscoverer of two spo-
radics who is a computer scientist at
Concordia University in Montreal. In
1898 George Abram Miller, an Ameri-
can group theorist, published a paper
in Messenger of Mathematics (Vol. 27,
pages 187-190) proving that My, did not
exist. As one might expect, this publica-
tion does not appear in Miller’s collect-
ed papers. McKay believes there may be
some connection between Miller’s ill-
fated proof and the fact that although
Eric Temple Bell in the index to his De-
velopment of Mathematics (second edi-
tion, 1945) lists page 445 after Miller’s
name, no mention of Miller can be
found on that page. There is, however, a
vitriolic attack on group theorists “little
advanced beyond mathematical illitera-
cy,” who keep discovering new finite
groups by “obstinate grubbing” in nar-
row categories that they themselves
define “apparently with the express
purpose of dignifying their calculations
with an air of pseudo generality.”

At the start of this year two dozen
sporadic groups had been proved to ex-
ist, and two more, J4 and F,, were be-
lieved to be authentic. (A complete list
of these 26 sporadic groups is shown in
the illustration on page 30.) J4, which
was proposed by Janko in 1975, was fi-
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nally constructed in February by David
Benson, Conway, Simon P. Norton,
Richard Parker and Jonathan Thackray,
a group of mathematicians at Cam-
bridge. F; (the monster), which is by far
the largest sporadic, was conjectured in-
dependently by Griess and by Bernd
Fischer of the University of Bielefeld in
1973 and constructed in January by
Griess, as I have mentioned. Several
much smaller sporadics, the construc-
tion of which required long computer
calculations, are embedded in F; in such
a way that their existence follows almost
trivially from the existence of F;. Yet to
everyone’s astonishment Griess’s con-
struction of F; was carried out entirely
by hand. F; is said to be based on a
group of symmetry rotations in a space
of 196,883 dimensions!

Is the list of 26 sporadics complete?
Most group theorists are convinced it is,
but the task of proving the conjecture
could be formidable. Indeed, the final
published proof is likely to require as
many as 10,000 printed pages. It should
be noted, however, that proofs in group
theory tend to be unusually long. A fa-
mous proof by John Thompson and
Walter Feit, which among other things
established William Burnside’s conjec-
ture that all non-Abelian finite simple
groups are of even order, covered more
than 250 pages: an entire issue of The
Pacific Journal of Mathematics (Vol. 13,
pages 775-1029; 1963).

In 1972 Daniel Gorenstein of Rutgers
University outlined a 16-step program
for completing the classification of the
finite simple groups. This guide to a final
proof was soon improved and greatly
“speeded up” by Michael Aschbacher
of the California Institute of Technol-
ogy. Both men are world experts on
groups. (In January, Aschbacher won
the much coveted Cole Prize in algebra.)
In May, 1977, Gorenstein told The New
York Times that he had been working on
the classification problem five hours a
day, seven days a week, 52 weeks a year
since 1959. “I want to solve it,” he said,
“because I want to solve it, not because
it will benefit mankind.” Like most other
group theorists, Gorenstein is convinced
that no new sporadic groups will be
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found, and that a proof that the list of
26 groups is complete is only a year or
two away.

There is, of course, no way to predict
whether a practical application will or
will not be found for any mathematical
result whose discovery was not motivat-
ed by practical considerations. We do
know that groups lie at the very heart of
the structure of the universe. Nature
seems to prefer small, uncomplicated
groups, but this could be an illusion cre-
ated by the fact that applications of
small groups are the easiest to find, par-
ticularly in a world limited to three spa-
tial dimensions. Who can say that at
some far distant date, if the human race
survives, even the monster will not turn
out to have some remarkable but at
present unimaginable application?

he illustration on this page gives two

answers to last month’s problem of
designing a bridge tournament for 12
players so that they meet at three tables
for 11 days and each player is a partner
of every other player just once and an
opponent of every other player just
twice. The first day’s distribution is giv-
en by a disk on which partners are con-
nected by colored lines and tables are
denoted by lines of matching color. Ro-
tating the disk clockwise one step at a
time generates the cyclic design for the
remaining 10 days. Disk patterns other
than the two shown generate additional
solutions.

anuary’s column on checkers showed

afinal position for a blocked game of

24 moves, the shortest game possible
if there are no captures. I stated that this
pattern was thought to be unique, and
Robert F. Holt was the first reader to
prove it is not. Alan Beckerson found all
the possible final positions, a total of
28. Only two of these patterns (includ-
ing the one I gave) are symmetrical,
and in 16 of them if it were not Black’s
turn, White would be able to make one
more move.

Many variations on last December’s
“impossible problem” have been
received that eliminate the need for an
upper bound on the two numbers to
guarantee a unique solution. One of the
most elegant variants comes from Barry
Wolk of the University of Manitoba. As
in the original version, mathematicians
S and P are discussing two unknown
integers, both of them greater than 1. §
knows only the sum of the numbers,
whereas P knows only their product.

S: “I see no way you can determine
my sum.”

P (after a suitable delay): “That didn’t
help me. I still don’t know your sum.”

S (after another delay): “Now I know
your product.”

What are the two numbers? If Gold-
bach’s conjecture is assumed to be true,
one can show that they must be 5 and 6.



NEW PRODUCT

Sports

Radar

Here’s how an exciting new micro-electronic

breakthrough will make your children heros
and improve your tennis game.

When Roger started pitching for his little
league team, he was just another player. And
his arm was no better than anybody elses.

Two months later asmallmiracle tookplace.
Roger was the best pitcher on the team and
had a fast ball that was the most powerful in his
league—and all thanks to his father.

Roger’s success came from a radar gun—
the same type device used by police to catch
speeding motorists.

SCRAMBLED EGGS

The minute Roger’s father was able to clock
his son’s pitching speed, Roger was subcon-
sciously given a daily challenge of pitching
harder and faster to beat his previous speed.
The more he practiced, the better he got.

Roger's father paid $2,000 for the radar gun.
But in his upper class neighborhood, it wasn't
too unusual for a father to spend that kind of
money to help his son.

SPEEDING CITATION

A large manufacturer of radar-type security
devices saw what Roger’s father had done and
felt that there was a definite need to produce a
low cost radar unit designed exclusively for the
sports market.

The company, Solfan Systems, developed
the Sports Radar gun—a major breakthrough
in projectile speed detection as well as elec-
tronic radar circuitry.

Using the doppler effect of radar and
phased-lock-loop circuits, Solfan has devel-
oped the Sports Radar gun that compares to
even the most sophisticated of police radar
units that cost $2,000.

OVERLAND EXPRESS

The Sports Radar gun is held in your hand
and pointed toward the pitcher. You turn it on,
press the ready button, and point the gun. The
gun will ignore the moving arm of the pitcher
but will lock in on the moving ball. The radar
unit would then follow the ball for approxi-
mately ten milliseconds and the builtin compu-
ter measures and computes the speed and
flashes the reading on the display. The gun
registers the speed to the exact mileage within
one-half miles per hour.

Just point the gun and read the resuits

The gun can be mounted on a tripod so that
the person taking the measurements can also
catch the ball.

In tennis, the speed of the serve can be
measured by aiming the gun at the person
serving. You can also use the unit by yourself
by setting the unit on a tripod and measuring
the speed from behind.

WORKING AND PLAYING

Aside from its extreme accuracy and
advanced electronics, the unit is priced to
meet the budget of every sports-minded
athlete or parent. It's only $189.95 complete.

You can measure the speed of baseballs,
soccer balls, tennis balls, golf balls, hockey
pucks, downhill skiers, radio controlled model
airplanes or anything that moves—even auto-
mobiles.

The speed is flashed on the large LED display
and is shown in miles per hour.

The unit accepts two commercially available
6-volt lantern batteries which you can pur-
chase locally or from JS&A for only $2 each.
The batteries will last for weeks with normal
use.

SUCCESS AND GOOD THINGS
The unit comes in a sports blue color and
weighs 38.4 ounces, exclusive of batteries. It's
rugged, well built and designed to endure the
typical use and abuse it would normally
receive.
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We urge you to test this exciting new
product during our 30-day free trial. Order the
Sports Radar gun. When you receive it,
measure your child’s pitching speed. Testit on
your own tennis serve. See how knowing your
speed will actually improve it as you try to out
perform your previous record fast pitch or
serve. Then decide if the Sports Radar gun
doesn’t make a very exciting addition to your
sports equipment.

ONE FOR THE MONEY

If you are not convinced that the Sports
Radar gun is something that you'll use con-
stantly to help improve your game, returnit for
a prompt and courteous refund, including your
$3.50 postage and handling. You can't lose—
and chances are your son will atleast have the
most popular new product in the neigh-
borhood.

To order one for your test, simply send your
check for' $189.95 plus $3.50 for postage and
handling to JS&A Group, Inc., at the address
shown below. (lllinois residents please add
5% sales tax.) Credit card buyers may call our
toll-free number below. If you wish to buy a set
of two six-volt batteries, simply add $4.00 to
your order.

Wel'll then send your unit, the batteries (if
you order them from us), a 90-day limited
warranty and complete easy-to-understand
instructions.

Radar electronics for the sports enthusiast
is now a reality. Watch your game improve by
ordering your Sports Radar gun at no obliga-
tion, today.
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