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The problems of curve fitting and modeling in pharmacokinetics are discussed. A new nonlinear 
regression program FUNF[T, written for interactive time sharing, is presented which should be 
more reliable than programs based on the Gauss-Newton or other related gradient methods. The 
new program and the well-established program N O N L I N  were tested on two linear models using 
human plasma drug level data. FUNFIT found a substantially better solution than N O N L I N  in 
the majority of the cases. 
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I N T R O D U C T I O N  

Several programs are available for nonlinear least-squares pa ramete r  
estimation (1-15). Nearly all are based on the Gauss -Newton  or other 
related gradient methods since these are usually rapidly convergent  and 
provide estimates of the var iance-covar iance matrix. However ,  such gra- 
dient methods may fail when the residuals are large (16,17), as is often the 
case in fitting equations to biological data, and they may converge on a 
nonstat ionary point (18) if great care is not taken by the user in choosing a 
suitable value for the step size used in the finite difference approximation of 
derivatives. The default value specified for this step size in a program may 
unfortunately apply successfully only in a limited number  of cases. Such 
practical experiences are illustrated in this article in the application of the 
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program NONLIN (1), which is based on Hartley's modification of the 
Gauss-Newton algorithm (19) 3 . 

A new program, FUNFIT, for general nonlinear regression written for 
interactive time sharing is presented, which eliminates such problems. The 
program has implemented the adaptive simplex method of Nelder and Mead 
(21,22), which is a nongradient method that does not require evaluation of 
derivatives. This method is less efficient than Gauss-Newton based methods 
but considerably more robust and reliable. It will essentially never fail even 
under extreme conditions where the gradient methods may be unstable due 
to near singularity and ill-conditioning of the matrices used in the iteration 
procedure. 

The possibility of multiple solutions (multiple sums of squares minima) 
undoubtedly represents the greatest problem in nonlinear estimation. The 
problem is expected to be particularly pronounced in pharmacokinetic 
studies, because these often involve the fitting of multiexponential equations 
to rather variable biological data and because the ratio of number of data 
points to number of parameters is often quite small. Parameter estimation 
under such conditions may produce spurious results, and discrimination 
between pharmacokinetic models may be very difficult and unreliable. The 
problem can be reduced, but usually not eliminated, if a graphical or 
numerical method is available which provides good initial parameter esti- 
mates for the iteration procedure. This is seldom the case for models 
describing nonlinear pharmacokinetics. The best approach should therefore 
be to use an algorithm which is effective in finding the (statistically) best 
solution in terms of the smallest residual sum-of-squares value. 

It is generally accepted that the nongradient search methods perform 
better than the gradient methods in this respect. In particular, the adaptive 
simplex method used in FUNFIT appears, because of its unique minimiza- 
tion method, to be very suitable. 

Regardless of the choice of algorithm, the question of which starting 
values the parameters should be given still seems to be the greatest practical 
problem the user faces in nonlinear estimation. Frequently, when no pre- 
liminary estimation technique is available the initial values are simply 
guesses which all too often produce unacceptable results in the first run. 
However, by studying these results, corrections can often be made so that 
acceptable results can be obtained in subsequent runs. 

Interactive programs are most convenient in such cases. In particular, 
FUNFIT has been designed so that it allows a highly interactive and flexible 
editing of input at any stage. 

3Numerical techniques in nonlinear parameter estimation have been reviewed by Chambers 
(20) and discussed excellently by Dennis (17). 



Curve Fitting and Modeling in Pharmaeokinetlcs 515 

THEORY 

The parameters in nonlinear regression are most frequently estimated 
by the method of least squares, i.e., by finding the minimum of the sum of the 
(weighted) squared residuals, ss(P): 

NFUNC NOBSi 

ss(e)= 2 w, E w/j[YdOBS)- YdCALC)] 2 (la) 
j = l  i=1 

Yq(CALC) = fjfXq(OBS), Pj] ( lb)  

where NFUNC is the number of functions to be fitted and NOBSi is the 
number of observations for the jth of these functions; Y is the dependent  
variable (response) and X the independent  variable(s). The subscript ij 
denotes the ith element in the jth response system measured; P is the 
complete set of parameters and j~ is the jth function describing (modeling) 
the observation in the jth response system (e.g., blood, urine, bile, or tissue 
drug levels or a pharmacological response). 4 

Weighting of Observations and Response Systems 

The observations should be weighted inversely proportional to their 
variances. If these variances are assumed constant, the weights would be 
w = 1 ("unweighted data"),  but in several cases it is assumed, or verified 
experimentally, that there is a certain functional relationship between the 
variances and the dependent  or independent  variables, and the data are 
weighted accordingly. However,  it would be incorrect in statistical estima- 
tion or in mathematical modeling to use weights just to get a better  fit. There 
must be a sound basis for the weighting scheme used. 

The problem of weighting is of particular importance in simultaneous 
fitting ( N F U N C >  1) because the error  variances may differ considerably 
between the response systems. The correct approach in such situations 
would be first to fit each response system individually in order to establish a 
variance estimate for the observations in that system 5 and then fit the 
systems simultaneously where they are weighted (W~- in equation 1) propor-  
tional to their variance estimates. 

The function(s), f, to be fitted is usually of explicit form. Ho~vever, 
equations of implicit form, which frequently arise in nonlinear phar- 
macokineties, and equations where the dependent  and the independent  
variables are given separately in a parametric form can also be fitted. 

4In most pharmacokinetic applications, only one response system, i.e., the plasma level, is 
considered (NFUNC = 1). However, it is possible using FUNFIT to fit simultaneously up to ten 
different functions, each containing up to 20 parameters and constants, and 10 variables. 

5The variance estimate is the residual sum of squares divided by the residual degrees of 
freedom. The degrees of freedom is the number of observations in the particular response 
system minus the number of parameters in the function describing that system. 
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The theory of nonlinear least squares and nonlinear parameter estima- 
tion has been extensively discussed in the literature (23,24). 

It is most important to emphasize that statistical estimates such as 
variances, covariances, and related estimations (confidence limits, F and t 
tests) are biased because the statistical procedure is based on a truncated 
Taylor series approximation of the nonlinear system. Simulation studies 
have shown that these estimates can be manyfold different from their true 
values (25). 

Pharmacokinetic Applications of FUNFIT 

1. The classical linear, compartmental models are still the most often 
used models in pharmacokinetic studies. The evaluation of such models is 
well documented and has become a routine procedure in many investiga- 
tions. 

2. There has, however, been an increasing awareness that linear 
models cannot adequately describe certain drug disposition phenomena 
(26,27), and various nonlinear models have been postulated. These 
mathematical models are often of a form which requires a special technique 
for least-squares fitting. 

3. Often several possible models are investigated to explain a phar- 
macokinetic phenomenon. There has been increasing interest in dis- 
criminating between such models (27,28). 

It is appropriate to discuss points 2 and 3 above. 

Fitting of Implicit Functions: A Simple Example 

Several of the models describing nonlinear pharmacokinetic 
phenomena can be expressed in an implicit form which can be fitted by 
defining the functional relationship between the variables explicitly by an 
iterative procedure. 

Consider, for example, a simple one-compartment model with 
intravenous injection in which the drug is eliminated partly by conversion to 
a single metabolite according to Michaelis-Menten kinetics and partly by 
excretion unchanged in the urine (29). The concentration of drug in plasma, 
c, is given implicitly by 

vm rklo/  +vm+k,oc0] rkloK + lnC=[k~K~]lnLkl.Km+co Vm+klucj-k ~ Vm] t (2) 

where V., and K,. are the Michaelis-Menten parameters, Co = dose/V1, and 
klu is the urinary elimination constant, This equation can be written more 
simply: 

In c +Ax In (Az+A3c)+A4 = 0 (3a) 
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where 

A1 = Vm/k luKm 

A 2  = ( k l , K m  + Vm)/ (kauK, ,  + V,~ + k l ,co)  

A 3  = k l , / ( k l , K m  + V,, + kl~co) 

A 4  - k luK, ,  + Vm t _ In Co 
Km 

(3b) 

(3c) 

(3d) 

(3e) 

The dependent  variable, c, cannot be isolated f rom equation 2 or 3 but must 
be found by an iterative procedure  by solving equation 3 for c. 6 The 
Newton-Raphson  algorithm provides a simple and rapidly convergent  
method.  If the expression in equation 3a is denoted g(c),  then c can be 
determined by the following iteration: 

where 

ci+ l = ci - g(ci ) /  g' (ci ) (4) 

g ' ( c ) =  Og 1 A 1 A 2  
- ( 5 )  

3C C A 2 + A 3 c  

It is necessary that ci+l in this iteration does not take a nonpositive value 
since this will terminate the execution of the program because In c is not 
defined for c -< 0. To prevent  this, it is most convenient  to define 

C i + l  = C i / 2  if ci+l <- 0 

This is an acceptable approach because g(c)  is strictly increasing for c > 0 
since A 1, A2, A 3, A4  > 0 and therefore g ' ( c ) >  0. The  term In (,42 + A 3c) in 
g(c)  will also be defined under these conditions. 

The above procedure can be used for most implicit mathematical  
models  in nonlinear pharmacokinetics.  However ,  special care must be taken 
to prevent  the parameters '  wandering into a pa ramete r  space where the 
function(s) is not defined (e.g., logarithm of a nonposit ive number,  division 
by zero). 

Discr iminat ion  B e t w e e n  M o d e l s  

The best criterion to use in discriminating between alternate phar-  
macokinet ic  models depends on the aim of the investigation and the 
application of the results (25,30-32). If the main aim is to discriminate 

6It would be incorrect, as is sometimes done for equations of similar type, to fit directly the 
equation where t is expressed as a function of the dependent variable. The result would be 
unreliable because the dependent variable, which accounts for nearly all of the errors in the 
data, in this way is considered as an independent variable without error. 
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between models, the experiment should be designed so that the 
hypothesized models are placed in as much jeopardy as possible. 

The problem is nevertheless considerably complicated by the substan- 
tial variation and low reproducibility of measurements in a biological system 
and the limited number of sample points available. Discrimination on a 
statistical basis requires information about the variability of the observa- 
tions which can be estimated only by repeated experiments. A likely 
outcome of such experiments would often be that the system is 'ill- 
conditioned"; i.e., the variability of the data is too large to allow a discrimi- 
nation on a significant probability level. 

Since the macroparametric representations of linear, compartmental 
models are often of the multiexponential form 

c = ~ Ai e-~'t (A, a~ > 0) (6) 

it appears appealing in routine investigations of raw pharmacokinetic data to 
apply a "multiple regression approach," similar to that used for linear 
systems, to determine the order, n, of the system. 

This seems, however, to be an unreliable approach, for several reasons: 

1. There exists no computer program which will inevitably find the 
"best" solution (smallest residual sum of squares) in a nonlinear 
least-squares estimation which may have several minima. 

2. Measurements in biological systems often produce substantial 
residual values which may give rise to multiple minima. 

3. The number of minima will increase very rapidly as the number of 
exponential terms, n, to be fitted increases. 

The problem of multiple minima can be reduced but n o t  eliminated by a 
suitable procedure which gives good initial estimates, or by multiple runs 
with initial parameter values randomly taken from the parameter space, 
or by performing a lattice search. The interactive structure of FUNFIT 
makes it particularly suitable for performing multiple runs and lattice 
searches. 

So-called back-projection or stripping is the technique most frequently 
used to obtain initial parameter estimates for models of the form described 
by equation 6. The stripping is done either graphically or automatically by 
the computer, in some cases employing a spline function representation of 
the data (27). 

However, it is important to realize that this particular technique 
assumes that one or more exponential terms vanish in certain regions of the 
total drug concentration-time curve. In other words, the method tends to 
disregard cases where two or more exponential terms dominate fairly 
equally throughout the whole time space investigated. Hence the method 
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may produce biased results. Discrimination between alternative models 
(equation 6) on this basis must therefore be considered unreliable. 

It would be appropriate in this connection to refer to a different method 
which does not introduce such a bias (33). This method is based on a linear 
shift operator technique which appears not to have been used previously in 
pharmaeokinetic studies. It seems to be currently the most suitable to use in 
obtaining initial parameter estimates in linear compartmental models. 7 

In evaluating how well a model describes some data, three points must 
be considered, which will be discussed: (a) How well do the calculated values 
agree with those observed, i.e., what is the sum of squared residuals or the 
correlation coefficient? (b) Does the fit agree with the basic assumptions 
made about the errors? (c) How predictive is the model? 

A comparison of fits entirely in terms of sum of squared residuals (such 
as an F test) must be considered insufficient. 

Analysis of Residuals 

The importance of an analysis of residuals (24) seems to have been 
completely ignored in most computer programs. The basic assumptions in 
nonlinear least squares are the following: (1) The independent variable(s) is 
without error. (2) The errors, ei, in the dependent variable are independent 
[Covi#j (ei, ej)= 0] and normally distributed with zero mean and the same 
variance [el ~ N(O, Or2)]. 

Possibly the best way to examine the residuals is to plot them against the 
independent and dependent variables (24,25,35). Significant systematic 
deviations can be visualized in this way. FUNFIT includes such plots and the 
following statistics which may be helpful in the assessment and comparison 
of models. 

The Kolmogorov-Smirnov statistic (36) is used to test for normality of 
the residuals. The procedure is simply: Given N residuals, the program 
calculates 

D = max [F*(X)- SN(X)I (7) 
X 

where SN(X) is the cumulative distribution of the residuals and F*(X) is the 
cumulative normal distribution function with the same mean and variance as 
the residual sample. The calculated value of D is compared with the critical 
value obtained from a Monte Carlo calculation at a given significance level. 

The fundamental assumption of random errors is also tested in FUN- 
FIT using two nonparametric tests that will be called the "run test" and the 
"number test." The run test is based on an analysis of runs of residuals of 
equal sign (37). For example, the sequence of residuals (+++) ( - - )  (+) ( - - )  
(+) forms r = 5 runs. The least number of residuals with the same sign is 

7The adaptation of this method to FUNFIT is under investigation. 
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L = 4. If N residuals, with equal probability of being negative and positive, 
form a sequence with r runs, then the probability of getting <-r runs is 

--1 

P(- - - r )=(N)  ~ fr 
i = 2  

where 

and 

(8a) 

tilt / r = 2  --1 

N - L - l ]  

2-1J for/even (8b) 

tL/ lt L lt L1 t fr = i 2 3  + . i 2 1  fo r /odd  (8c) 

The number statistic is defined as the probability of getting L or fewer 
residuals of the same sign and is given by 

P(<-L)= 2 -~v E (9) 
i = 0  

If P(-<r)< 0.05 or P(-<L)< 0.05, then the hypothesis that the residuals are 
random should be rejected (with a error <0.05). 

The analysis of the residuals is somewhat complicated by the fact that 
there will always be a correlation between the residuals because their 
number of degrees of freedom is less than their total number. FUNFIT also 
includes the Durbin-Watson statistic (38) given by 

d = ( e i - e l l )  2 e~ (10) 
i = 2  i 1 

to test for excessive serial correlation or systematic deviation among the 
residuals, ei. 

The normal deviate form of the residuals (24) is used in FUNFIT to 
detect outliers, that is, data points which, in a statistical sense, are not typical 
of the rest of the data (39). Outliers should be submitted to particularly 
careful examination since they may provide information of vital interest. 
They should be rejected only if they are caused by errors in recording or 
experimental technique. 

If the residual analysis reveals that the residuals do not appear to be 
significantly random or normally distributed, then this does not necessarily 
mean that the model is incorrect. More exactly, it means one is faced with the 
problem of either rejecting the hypothesis that the model is "correct," 
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rejecting the assumption made about the errors, or rejecting the assumption 
that the computer program has found the "best" solution in the case of 
multiple sum of squares minima. In the last two cases, the model cannot be 
verified. This clearly emphasizes the need for a computer program which is 
efficient in'finding a global minimum, the need for accurate data to reduce or 
eliminate multiple minima, and the need fox' carefully designed experiments 
which do not introduce systematic or cumulative errors. 

The Predictive Power  of  the Model  

The ultimate goal in mathematical modeling in pharmacokinetics seems 
to be to establish models with significant predictive power. A similar goal 
exists in modeling of economic systems. The very voluminous literature in 
this area can undoubtedly give inspiration to future approaches in phar- 
macokinetics. 

One of the best ways to test the predictive property of a model is to test 
the hypothesis underlying a model that the parameters do not depend on the 
model variables. This can readily be done if sufficient data are available. The 
total set of data is first partitioned into two or more subsets. The parameters 
are then estimated separately for each subset and the parameter subsets are 
tested for any trend or for a functional relationship with the independent 
variable(s) by a suitable correlation analysis. A test to establish whether the 
parameter subsets are significantly different from the parameter set 
obtained for the whole sample can also be employed (40,41). The highly 
interactive structure of FUNFIT readily facilitates such a partitioning of the 
data so that the above tests can be made. 

Standard Deviat ion of a Quantity Which Is Expressed in Terms of the 
Parameters 

A pharmacokinetic model which is fitted by least squares is usually 
expressed in terms of the macroparameters (e.g., equation 6) or the micro- 
parameters (rate constants, etc.) for which the regression program calculates 
an estimate of the variance--covariance matrix. However, the investigator 
may have a special interest in other pharmacokinetic quantities, which can 
be expressed in terms of the calculated parameters, and may want an 
estimate of their variability. 

To give a simple example, it may be of interest to get an estimate of the 
variability of the total area under the curve which, assuming a two- 
compartment model [c = pl EXP ( -  pzt) + P3 EXP ( -  p4t)], is 

A = Pl/P2 + P3/p4 (11) 



522 Pede~en 

This can be done in two ways: 

Use of Variance-Covariance Matrix 

The variability can be estimated from elements of the variance- 
covariance matrix using the following general formula, which is based on a 
Taylor series expansion (34): 

V(g)= ~ (Og~(Og~cov(pi ,  pi) (12) 
~,i=~ \3piJ\OpJ 

where V(g) is the variance of a quantity, g = g(Pl, p2 . . . . .  P n ) ,  which is 
expressed in terms of n parameters and where the summation extends over 
all n 2 choices of  the two indices i and j. 

The formula is exact when g is linear in the parameters but is otherwise 
an asymptotic approximation which should be sufficiently accurate for most 
purposes, provided that the coefficient of variation of the parameters does 
not exceed about 20%. Equation 12 applied to equations 11 gives 

V(A ) = V ( p l ) .  p2 V(p2) .  V(p3) L p2 V(p4) 
-TdV T - S y - -  --TV-T - - W  

2pl Coy (Pl, P2) 2 COV (Pl, P3) 2p3 Cov (Pl, P4) 
P32 ~ P2P 4 P2p24 

2pl Cov (P2, p3) 2pip3 Cov (P2, P4) 2p3 
- p2p4 + P2P42 2 p3 Coy (P3, P4) (13) 

However, the calculation of V(A)  using this expression will be subject to 
truncation errors because A is nonlinear in the parameters p2 and p4. 
Furthermore, the application of equation 12 to more complex expressions 
than equation 11 may easily produce very large expressions. 

Transformation Technique 

The transformation technique, which seems not to have been used in 
pharmacokinetic analysis, produces results which are without the truncation 
errors inherent in equation 12 and considerably more reliable. 

Any of the four parameters in equation 11 can be expressed in terms of 
A and the remaining three parameters; as, for example, 

pl =p2 (a  -P3/P4) (14) 

This expression can then be substituted into equation 11, yielding 

C = pE(A -P3/P4) e -p2t +P3 e -p't (15) 

The purpose of this transformation is to introduce the quantity of interest 



Curve Fitting and Modeling in Pharmacokinetics 523 

(A) as a formal parameter,  at the expense of another  parameter  (pl), so 
estimates of its variability can be obtained directly from the computer.  

This transformation technique can be used in all cases (either directly or 
by use of an iteration procedure)  and is highly recommended.  If it is difficult 
to get a good initial estimate of the quantity of interest, this can be done 
simply by first fitting the untransformed equation. 

R E S U L T S  A N D  DISCUSSION 

FUNFIT  was applied to obtain parameter  estimates of the following 
simplified two- and three-compartment  models: 

C = p l  e-t)2tq-p3 e -e't Pi > 0  (16) 

c = P l  e-~22t+p3 e-P4t+Ps e -p'~ Pi > 0  (17) 

which were used to describe the plasma profile of pancuronium after 
intravenous bolus injection in four human subjects. 

Parameter  limits and initial estimates were chosen identical to those 
used in applying the 1969 version of NONLIN (1), which appears to be the 
most commonly used nonlinear regression program in pharmacokinetic 
investigations. The stopping criterion for FUNFIT  was 0.1 (percent), 8 which 
gives approximately the same relative change in the SS value at convergence 
as NONLIN with its differently defined stopping criterion set at TEST = 
0.0001. The step size used in NONLIN to approximate derivatives was 
D E L  = 0.001, which is the same value as that used in the test problems given 
in the NONLIN user's manual (1). The experimental  plasma levels were 
recorded to three significant digits after the decimal point so the precision 
factor in NONLIN was chosen as IDIG = - 9  to avoid significant truncation 
of calculated values. In this way, NONLI N and FUNFIT  should give 
identical SS values for identical parameter  values and this was verified in all 
the runs. 

FUNFIT  found a different solution than NONLIN in all the cases where 
a three-compartment  model (equation 17) was fitted, and in half of the cases 
where a two-compartment  model (equation 16) was fitted (Table I). The 
residual sum of squares values obtained using FUNFIT  were substantially 
lower than those obtained using NONLIN in all the cases where there was a 
difference. The average percentage difference was - 5 5 %  and - 2 9 %  when 
fitting equations 17 and 16, respectively. The differences were also reflected 
in the parameter  values. Furthermore,  the run test indicates that the 
residuals are overall more randomly distributed in the FUNFIT  results. 

8For details about convergence and expansion criteria, see Nelder and Mead (21). 
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To test NONLIN's  results, FUNFIT  was, in the cases where NONLIN 
gave different results, also started with initial parameter  values identical to 
NONLIN's  final estimates and with initial parameter  step sizes equal to 
0.1% of these parameter  values. At the first iteration, FU NF IT  gave exactly 
the same SS value as NONLIN's  value at convergence, but it did not accept 
this solution as a stationary point and converged at a significantly different 
solution (Table I). 

The detailed minimization report  chosen in the investigation of this 
phenomenon,  in fact, showed that the SS function in NONLIN's  con- 
vergence region had a significant gradient value, indicating that NONLIN's  
solutions in these cases could not be considered to be sufficiently close to the 
true sum of squares minimum. 

The most likely reason that NONLIN failed in these cases to find a 
satisfactory solution appears to be substantial errors in the approximation of 
derivatives. 

The derivative with respect to the ith parameter,  p,-, of the function 
f iX ,  P) to be fitted in NONLIN is approximated by a one-sided difference 
formula: 

o f  ~_ f (X,  Pl, P2 . . . . .  Pi + 8pi, . . . , p , ) - f ( X ,  P') (18) 
Opi ~Pi 

where the step size 8 (DEL) is chosen by the user. The value of this quantity 
is critical for the accuracy of the derivative. In choosing a proper  value for 8, 
one has to steer between two hazards: (a) If the value chosen for 8 is too 
small, the derivative will be substantially inaccurate because of the rounding 
error which arises when the two f values in equation 18 are too close. (b) If 8 
is set too large, the derivative approximation will be too inaccurate because 
of the truncation error (equation 18 is accurate only in the limit as 8 ~ 0). 

This indicates that there must be an optimal value for 6. It can be shown 
that this value, for the ith parameter,  is approximately given by 

,~/[ 4e f  [ (19) 
I'%1--" v l  pJ-/. I 

where e is the relative error  in the computed f value and Hi,- is the ith 
diagonal element of the Hessian matrix. 9 This formula shows that the 
optimal 8 value differs from parameter  to parameter.  It is not uncommon to 
find a very large value for the ratio max (p~H,)/min (p~H,), indicating that 
the choice of a single common &value as is done in NONLIN may not be 
good enough for all derivative evaluations and may cause convergence to a 
nonstationary point (18). 

9The Hessian matrix is the symmetrical matrix of the second-order derivatives and is propor- 
tional to the inverse of the variance-covariance matrix. 
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The above problem can be overcome in several ways: (a) By abolishing 
difference approximations and using exact analytical derivatives. This, 
however, may be of considerable inconvenience for the user who must 
define the analytical derivatives. It also limits the use of the program to 
equations for which analytical derivatives can be obtained. (b) By modifying 
the initial choice of ~ according to equation 19 or by other means (42), 
However, even if alterations are made according to (a) or (b) the Gauss- 
Newton methods may still converge in some cases to a point at which the 
gradient does not vanish (16). (c) By abolishing the linearization approach in 
the Gauss-Newton methods and using a general function minimization 
approach (43-46). (d) By the use of an algorithm which is not based on 
derivatives or derivative approximations as is done in FUNFIT. The disad- 
vantage of the last approach is that more function evaluations are required 
to reach convergence. For most pharmacokinettc applications, this disad- 
vantage is not significant. However, in cases where many parameters (more 
than about 12) are to be estimated or where the equation(s) to be fitted are 
very time consuming to evaluate (e.g., in the fitting of a functional relation- 
ship described by a system of differential equations) the disadvantage may 
become significant. 

The presence of multiple SS minima in fitting the three-compartment 
model is evident from the fact that in the cases where FUNFIT was started 
with NONLIN's final estimate it converged on a different solution (Table I). 
The difference between SS values found by FUNFIT in consecutive runs was 
much smaller than the difference between NONLIN and FUNFIT's values. 

To test for multiple minima in fitting the two-compartment model to 
IA's data, FUNFIT was started randomly ten times in the chosen parameter 
space. In nine of these cases it found the same solution (Table I), but in one 
case it converged to 

SS = 0 .2209E-1  and 

Pl-~-----0.8780E + 1, 0.3744, 0.6162, 0 .6797E-2  

It is encouraging that this minimum is larger than that found in the 9 + 2 
other cases. The more frequent occurrence of different solutions in the 
three-compartment fitting confirms that the problem of multiple minima 
increases with an increasing number of parameters. 

In only about half the cases investigated did FUNFIT and NONLIN 
find a smaller SS value for the three-compartment model than for the 
two-compartment model. This clearly emphasizes the problems in dis- 
criminating between nonlinear mathematical models as discussed. 

If, in fitting linear compartmental models (equation 6), the lower limits 
for the coefficient parameters Ai are set to zero, then, in theory, the fit in 
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terms of SS of a higher-order model (e.g., n = 3 vs. n = 2) should always be 
better  or at least as good as the fit of a lower-order model. 1~ Therefore,  if 
under such conditions it is found that the higher-order model does not 
improve the fit (SS), then there are reasons to believe that a better  minimum 
exists. In such cases, the higher-order model should be refitted with initial 
estimates of the common parameters equal to the final parameter  estimates 
of the lower-order models. If this procedure also fails to give a lower SS 
value, then a third run should be made where the common parameters are 
restricted within narrow limits around the optima values for the lower-order 
model, and where the parameters in the higher-order term (e.g., p5 and P6 
above) are much less restricted. The above approach will be successful in 
most cases and its use is recommended not only for fitting to sums of 
exponentials but also for any other "order  system" where the terms are 
allowed to vanish. It should reduce significantly the problems associated 
with multiple minima and the problems of finding suitable initial estimates. 

Truncat ion  

In the NONLIN program, it is possible by using the IDIG parameter  to 
specify various degrees of truncation of the calculated values for the 
dependent  variable. For example, if IDIG is set at - 3 ,  then all calculated 
values of the dependent  variable will be truncated to three significant digits 
after the decimal point. The philosophy behind the use of this parameter  is 
that there is no reason to calculate the predicted values to any higher 
precision than the observed values. In adopting such a philosophy it must be 
realized that the results so obtained will be specific to the NONLIN program 
and in general cannot be compared with results obtained using other 
nonlinear regression programs. The difference between results obtained 
specifying virtually no truncation (IDIG = - 9 )  and specifying truncation to 
the precision of the observations (IDIG = - 3 )  was found to be very pro- 
nounced (Table II). The substantial difference was reflected not only in the 
SS values and parameter  values but also in the randomness of the residuals. 

Truncation (IDIG = - 3 )  fur thermore strongly affects the errors in the 
derivative approximations since the values of e and hence 6 in equation 19 
will be affected. This may explain why NONLIN in one case (Table II) failed 
to converge properly. 

The relative precision with which the parameter  can be calculated will 
also be affected by truncation since it will not be possible to improve their 
estimates further when the computer  has reduced the residual sum of 

X~ of course, that the parameter space for the lower-order model is a subset of that of 
the higher-order mod~l. 
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squares to a value, SS, for which 

SS/SS(true) < 1 + e (20) 

where the error, e, depends on the degree of truncation chosen by I D I G  
(20). Furthermore, the truncation procedure cannot be justified on a statisti- 
cal basis since the theory of least squares assumes no errors in the calculated 
values. In fact, great effort is often made to program the function to be fitted 
so that it can be evaluated with minimum errors to avoid biased results. 

The user of the program N O N L I N  is therefore advised to use a value for 
the precision factor I D I G  such that minimum truncation takes place. 

The many nonlinear regression programs available have provided the 
scientist with a powerful tool useful for a great variety of problems. 
However, the results obtained have too often been accepted and used 
without an awareness of the limitations and possible unreliability of the 
program used, ignoring the numerical problems involved. The complex 
structure of the program used has often resulted in an authoritativeness 
which may go so far as using the program as a substitute for rational thought. 
It is to be hoped that these investigations will mobilize a higher degree of 
skepticism and a more modest interpretation of the results obtained. There 
is a definite need for programs which are more reliable and which allow 
greater interaction between the user and the program, with the user in a 
more dominant role. 
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