Annals of Mathematics

Statistical Decision Functions Which Minimize the Maximum Risk

Author(s): Abraham Wald

Reviewed work(s):

Source: Annals of Mathematics, Second Series, Vol. 46, No. 2 (Apr., 1945), pp. 265-280
Published by: Annasof Mathematics

Stable URL: http://www.jstor.org/stable/1969022

Accessed: 16/12/2012 23:02

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon awide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Annals of Mathematics is collaborating with JSTOR to digitize, preserve and extend access to Annals of
Mathematics.

http://www.jstor.org

This content downloaded on Sun, 16 Dec 2012 23:02:12 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/action/showPublisher?publisherCode=annals
http://www.jstor.org/stable/1969022?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp

ANNALS OF MATHEMATICS
Vol. 46, No. 2, April, 1945

STATISTICAL DECISION FUNCTIONS WHICH MINIMIZE THE
MAXIMUM RISK

By ABraHAM WALD
(Received November 7, 1944)

1. Introduction

In some previous publications (see [1] and the last chapter in [2]) the author
outlined a theory of statistical inference which deals with the following general
problem: Let X = (X1, ---, X.) be a set of random variables and suppose
that the joint cumulative distribution function F(t1, --- , t,) of the random
variables X, -+ -, X, is not known. However it is known that F(ty, - - - , 1)
is an element of a given class @ of distribution functions. Consider a system S
of subsets of @ and for each element » of S let H, denote the hypothesis that
the joint distribution function of X, - -, X, is an element of w. Furthermore,
denote by Hs the system of all hypotheses H, corresponding to all elements
wof S. Let E = (a1, -+, x,) denote an observation on X, i.e., z; denotes an
observed value of X; (z = 1, 2, --- ,n). The totality of all possible observa-
tions E on X is the n-dimensional Cartesian space and is called the sample
space. Any point of the sample space is called a sample point. The problem
of statistical inference is to decide on the basis of the observed sample point E
which hypothesis H, of the system Hy should be accepted. In other words,
the problem of statistical inference can be formulated as follows: Given a class
of distribution functions and given a system S of subsets of 2, the problem is to
construct a function w(E), called statistical decision function, which associates
with each sample point E an element w(E) of S so that the hypothesis Hx
is accepted when the sample point E is observed. Thus, a statistical decision
function is defined over all points of the sample space and for any sample point
E the value of the function is an element of S.

The problem of statistical inference, as formulated above, is very general.
It contains the problems of testing hypotheses and of statistical estimation
treated in the literature. For example, if the problem is to test a hypothesis
H,, where  is a given subset of £, then the system S consists only of two elements
w and @ where @ is the complement of w in . If we want to estimate the un-
known distribution function of X by a single element of 2, then S is the system
of all points of Q.

For simplicity we shall assume that © is a k-parameter family of distribution
functions. Then each element of @ can be represented by a point § = (6,, -- -,
6:), called parameter point, in the k-dimensional Cartesian space. The class Q
of distribution functions is represented by a subset of the k-dimensional Carte-
sian space, called parameter space. In what follows we shall refer to Q as the
parameter space and the elements of @ will be the parameter points.

To formulate principles for the proper choice of the statistical decision func-
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266 ABRAHAM WALD

tion the notion of a weight function for the possible erroneous decisions was
introduced in [1]. The weight function W (6, ) is a real valued non-negative
function defined for all points 6 of © and for all elements w of S. For any pair
(8, ») the value of the weight function W (6, w) expresses the relative importance
of the error committed by accepting H,, when 6 is true. We shall also say that
W (8, ) is the loss caused by the acceptance of H, when 6 is true. If 4 is con-
tained in w, W(f, w) is, of course, equal to zero. The determination of the
weight function W (6, w) is not a statistical question and is considered here
as given. The choice of the statistical decision function will, of course, be af-
fected by the weight function W (6, w). If the decision function w(E) is used
and if @ is the true parameter point, the expected value of the loss is given by
the Stieltjes integral

(1.1) fM Wb, o(E)] dF (E)

where the integration is to be taken over the whole sample space M and F(E) =
F(zy, ---,z,) is the joint cumulative distribution function of X,, ---, X,
corresponding to the parameter point 6.

The expression (1.1) is also called the risk. Clearly, the risk depends on the
true parameter point and since this is unknown, it will be necessary to study the
risk as a function of the parameter point §. We shall denote the expression
(1.1) by r(6) and we shall call it risk function. Thus, the risk function is a real
valued non-negative function defined for all points 6 of the parameter space Q.
For any point 6 the value of 7() is the expected value of the loss we would
suffer if 6 were the true parameter point. The shape of the risk function r(6)
depends, as can be seen from (1.1), on the decision function w(E) used for making
decisions. To put this in evidence, we shall occasionally use the notation
[0 | w(E)] instead of r(8) indicating that we refer to the risk function which
corresponds to the decision function w(E). We shall also refer to r[6 | w(E)]
as the risk function generated by the decision function w(E). The goodness of a
statistical decision function w(F) is judged entirely on the basis of the risk func-
tion r(6) generated by w(E). A statistical decision function w(E) is said to be
uniformly better than the statistical decision function w*(¥) if the risk functions
r(0) and 7*(0) generated by w(E) and *(E), respectively, are not identically
equal and if 7(8) < 7*(6) for all points 6 in Q. A statistical decision function
is said to be admissible if no uniformly better decision function exists.

In general, there will be infinitely many admissible decision functions. As
to the question which of them should be chosen, the following considerations
may be advanced: One possibility would be to choose an admissible decision
function for which some weighted average of the risk function becomes a mini-
mum. In other words, we choose a decision function w(E) for which the Stieltjes
integral

(1.2) [ [0 | o(E)] df(6)
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STATISTICAL DECISION FUNCTIONS 267

becomes a minimum where f(6) is some cumulative distribution function of 6.
A decision function w(E) for which (1.2) is 2 minimum, will be said to minimize
the average risk relative to the distribution function f(6). The difficulty with
this approach is that the decision function w(E) for which (1.2) is a minimum
will, in general, depend on the distribution function f(6) and one can hardly
justify any particular choice of f(6). If there would exist an a priori prob-
ability distribution g(6) of the parameter 8 and if this distribution were known,
one could put f(6) equal to g(f). However, in most of the applications not even
the existence of such an a priori probability distribution of 6 can be postulated,
and in those few cases where the existence of an a priori distribution of § may be
assumed this distribution is usually unknown. Under such circumstances it
seems of interest to consider a decision function which minimizes the maximum
(instead of some weighted average) of the risk function. We shall say that a
decision function wy(E) minimizes the maximum of the risk function, or more
briefly, that it minimizes the maximum risk, if the maximum of 7{6 | w(E)] with
respect to 6 becomes a minimum for w(E) = we(E). We shall also say that a
decision function w(E) is an “optimum” decision function if w(E) is admissible
and minimizes the maximum risk.

The above definition of an optimum decision function was already given in
[1] where several results concerning optimum decision functions were obtained.
The results derived in [1] were based on six assumptions made concerning ,
the distribution functions represented by the points of @ and the weight function
W (6, w). In this paper only the first three assumptions and a weakened form
of the fourth assumption will be retained and several theorems concerning
optimum decision functions will be derived which go considerably beyond the
results obtained in [1]. The main results obtained in this paper can be briefly
stated as follows: (1) there exists an optimum decision function; (2) if w(E) and
w*(E) are optimum decision functions, then the risk function r(6) generated
by «(E) is identically equal to the risk function 7*(6) generated by w*(E); (3)
a decision function which minimizes the average risk relative to a particular
distribution function f(8), defined in Section 3 and designated there as the least
favorable distribution of 6, is an optimum decision function; (4) the risk func-
tion generated by an optimum decision function is constant over a subset of Q
containing all points 6 for which the probability measure of any open subset of
Q containing 6, calculated on the basis of a least favorable distribution of 6,
is positive. Frequently the least favorable distribution of 6 will be such that
any open subset of @ has a positive probability measure. In such cases the risk
function r(6) corresponding to an optimum decision function will be constant
over the whole parameter space .

An important and unsolved problem is to find a general method which would
permit the actual calculation of an optimum statistical decision function. The
fact that a decision function which minimizes the average risk relative to a
least favorable distribution of 6 is an optimum decision function may be very
helpful in finding an optimum decision function, since the calculation of a least
favorable distribution of 6 seems to be a considerably simpler problem.
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268 ABRAHAM WALD

2. Reduction of the general problem of statistical inference to the problem of
point estimation

It was pointed out in [1] (p. 305) that the general problem of statistical in-
ference may be reduced to the problem of point estimation, i.e., to the case where
S is the system of all points of @, provided that the power of the system S is not
greater than the power of the set 2. This can be seen as follows: Consider the
problem of finding an optimum decision function w(X) for a given system Hg
of hypotheses and a given weight function W (6, ). Assume that the power of
S is not greater than that of Q. Then there exists a single valued function ~(6)
defined for all points 6 of @ such that the following condition holds: for each 6
the value of v(8) is an element of S and for each element w of S there exists at
least one point 6 in @ such that v(8) = w. Let S* be the system of all points of
Q@ and let W*(6, 6) be a weight function defined for all pairs (8, §) of parameter
points as follows:

(2.1) W8, 6) = W6, v(8)).

Any decision function for the system Hg« of hypotheses is a single valued function
8(E) defined for all sample points E such that for each E the value 8(E) is an
element of . Such a function 8(E) is also called a point estimate, or more
briefly, an estimate of . Thus, any decision function for the system Hg« of
hypotheses is an estimate of 6. If the system S is equal to S* we shall use the
word “estimate’’ synonymously with “statistical decision function.” Let 8(E)
be an optimum decision function for the problem where the system of hypothe-
ses is given by Hs« and the weight function of errors is given by W*(6, 8). Then
the decision function

(2.2) w(E) = ~[0(E)]

can easily be seen to be an optimum decision function for the original problem
given by the system Hg of hypotheses and the weight function W (6, w). Thus,
we see that to any problem of statistical inference defined by a system S of sub-
sets of © and a weight function W (6, w), there corresponds another problem
defined by the system S* of all points of Q and by the weight function W*(6, )
given in (2.1) such that an optimum decision function w(Z) for the first problem
can be obtained from an optimum decision function 8(E) for the second problem
by the relationship (2.2). Hence, it is sufficient to consider only problems of
estimation, i.e., problems where S is the system of all points of @. In what
follows we shall assume that S is the system of all points of @ and we shall use
the phrase “estimate of 6, or more briefly, “‘estimate’” to mean a statistical
decision function.

3. Assumptions concerning ¢, the distribution functions represented by the
points of © and the weight function

Throughout this paper the following assumptions will be made:
AssuMPTION 1. The parameter space @ is a bounded and closed subset of a finite
dimensional, say k-dimensional, Cartesian space.
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AssuMPTION 2. The weight function W (0, 8) defined for all pairs (6, 8) of
parameter points is continuous in 6 and 8 jointly.

AssuMPTION 3. For any point 0 of Q the joint distribution function of X1, - -+,
X, represented by 6 admits a density function p(E, 6) for all points E of the n-
dimensional Cartesian space M (sample space). The density function p(E, 6)
s assumed to be continuous in E and 0 jointly.

In what follows we shall mean by a distribution function f(8) of 6 a cumula-
tive distribution function defined for all points of the k-dimensional Cartesian
space for which

fﬂ ) = 1.

For any distribution function f(6) of 6 and for any sample point E we shall
denote by w;(E) the set of all parameter points 8 for which

3.1) [ w0, 0 a0

takes its minimum value with respect to 8. An element of w;(%) will be denoted
by 6;(E). If several elements of w,(E) are considered, they will be distinguished
by superseripts, such as 6;(E), 67 (E), etc. We shall say that two parameter
points ¢ and ¢ are interchangeable if W (6, 6’) = W(6, ¢’) identically in 6.
Obviously, if 8(E) and 6*(E) are two estimates such that for any sample point
E the parameter points 8(E) and 6*(E) are interchangeable, then the risk func-
tion generated by 6(E) is identically equal to the risk function generated by
6*(E).

AssumPTION 4. For any distribution function f(6) of 0 and for any sample
point E the set ws(E) consists only of parameter points which are interchangeable
with each other.

It is clear that if a parameter point ¢ is interchangeable with a point of w(E),
then 6 is a point of w,(E). Assumption 4 is weaker than Assumption 4 in [1]
which states that w;(F) contains at most one parameter point. If for the
original problem the system S of subsets is not the system of all points of Q
then in the reduced problem, as defined by the system S* of all points of Q
and the weight function given in (2.1), there will be, in general, points of © which
are interchangeable and, therefore, the set w;(E) will frequently contain more
than one point, while the present weaker assumption 4 still may be satisfied.
Thus there seems to be a considerable advantage in formulating Assumption 4
in its present weaker form.

It should be mentioned that Assumption 4 is not as restrictive as it would
appear. For example, if Q is a one dimensional closed interval, the set w/(E)
can easily be shown to contain exactly one point if the following conditions are
fulfilled: (1) p(E, 8) > 0 for all points E and 6. (2) W(8, 8) is continuous in 8
and is a polynomial of the second degree in 8. (3) The coefficient of 6° in the
expression W (8, 8) is positive for every 6.

The assumptions 1-4 are sufficient but by no means necessary for the validity
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of the results obtained in Sections 4 and 5. Although these assumptions could
be weakened in various ways, the author did not endeavor to do so for the sake
of simplicity.

4. Estimates of § which minimize the average risk relative to a given distribu-
tion f(6) of 6. Least favorable distribution of 6

In this section we shall define the notion of a least favorable distribution of 6
and we shall prove the existence and several properties of such a distribution.
These properties will then be used in Section 5 to establish several theorems
about estimates of  which minimize the maximum risk. First we shall derive
several lemmas.

Lemma 4.1.  For any distribution function f(8) of 8 and for any sample point E
the set w;(E) is not empty.

Proor: From Assumption 1 it follows that Q is compact. From this and
Assumption 2 it follows that W (6, 6) is uniformly continuous. According to
Assumption 3 p(E, 6) is continuous. Hence for any sample point E, p(E, 6)
is a bounded function of 8. From these facts it follows easily that the expression
(3.1) is a continuous function of 8 for any fixed sample point E. Hence, w,(E)
is not empty and Lemma 4.1 is proved.

Lemma 4.2, Let {¢.(0)} (n = 1,2, -+, ad inf.) be a sequence of functions of
0 such that lim ¢.(6) = ¢(0) uniformly in 6 where ¢(6) 7s a continuous function of 6.
Furthermore, let {f.(0)} be a sequence of distribution functions of 6 which converges
to a distribution function f(6) for all continuity points of f(6). Then

lnlfolo {L en(0) dfa(6) — j;) on(6) df(B)} =0.

Proovr: Since lim ¢,(8) = ¢(8) uniformly in 6, and since © is compact, we have

4.1) lim { [ e a0 = [ o0 dfn(f?)} =0
42 lim { [ o0 &5® - [ o0 df(e)} =0
and

43) lim { fn o) 4.0 — [ ¢ df(e>} = 0.

Lemma 4.2 is an immediate consequence of (4.1), (4.2) and (4.3).

For any point 6 of @ and for any subset w of @ we shall denote by 6(8, w) the
greatest lower bound of the Euclidean distance 4(6, ') of the points 6 and ¢
where 6’ may be any point of w. For any pair (w1, ws) of subsets of Q we shall
denote by 8(w; , wz) the least upper bound of 8(8, ws) with respect to 8 where 6
is restricted to points of w; .

Lemma 4.3. Let f (8) be a distribution function of 6 and let {f, ()} (n = 1,
2, -+, adinf.) be a sequence of distribution functions of 6 such that im f,(8) =

N==00
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f(6) at all continuity points of f(6). Furthermore, let {E,} (n = 1,2, --- | ad inf.)
be a sequence of sample points such that lim E, = E. Then

lim 5[w/n(E,.), wj(E)] = 0.

n=o0

Proor: We shall assume that Lemma 4.3 is not true and we shall derive a.
contradiction. If Lemma 4.3 does not hold, there exists a positive 8, a subse-

quence {n'} (n = 1,2, ---, ad inf.) of the sequence of positive integers and for
each n’ a point 0y, (E.:) of wys,/(E, ) such that
(4.4) lim 80y, (Enr), ws(E)] = 6.

Since the expression (3.1) is a continuous function of 8, and since @ is compact,
it follows from (4.4) that

lim inf { [ Wb, 0 B, 0) 50

n=

(4.5)
- fﬂ W16, 6,(E)lp(E, 6) df(ﬂ)} =&>0

where 6,(E) is an element of w;(E). From the compactness of 2 and Assumption
3 it follows that

(4.6) lim p(Ew, 6) = p(E, 6)

N=00

uniformly in . Since W (6, 8) is bounded, we obtain from (4.5) and (4.6)

n=00

lim inf { fn W6, 6y, (En)lp(Ear , 0) df(6)
@)
- fg Wb, 8,(E)lp(Ew , 6) df(o)} —5* > 0.

Let {n'’} be a subsequence of the sequence {n’} such that the sequence {6y,
(E.)} (n = 1,2, ---, ad inf.) of parameter points converges and denote the
limit point by 6*. Then it follows from (4.6), the continuity of W (6, 6) and the
compactness of Q that

(4-8) hin W[01 Bfn"(En”)Jp(En"7 0) = W(e) 0*)p(E) 0)
and
(4.9) lim W16, 6,(E)lp(Ew-, 6) = WI6, 6,(E)lp(E, 6)

uniformly in 6. Since the right hand side expressions in (4.8) and (4.9) are con-
tinuous functions of 8, it follows from (4.8), (4.9) and Lemma 4.2 that

lim { fﬂ W6, 01,0+ (B )p (B, 6) dfur(6)

n=

(4.10)
— [ Wb, 01 B o (B, ) df(e)} =0
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and

iim { [, W, /BB, 9 9

n=00

(4.11)
- fn W18, 6,(E)lp(En-, 6) df(O)} = 0.

From (4.7), (4.10) and (4.11) we obtain
lim inf {[9 W18, 05 (Ew)p(Enrr, 6) dfnr(6)
“12)

~ [ W, .@1p(E., 0 df,w(ﬂ)} > >0,

But this is a contradiction, since 6;,.-(E,) is an element of w;,(E,) and,
therefore, the expression in the braces cannot be positive. Hence, Lemma 4.3
is proved.

LEmMA 4.4. For each positive € a bounded and closed subset M. of the sample
space (n-dimensional Cartesian space) M can be given such that

f p(E,0)dE =21 — ¢
MG

for all points 8 of the parameter space Q.

This lemma is the same as Lemma 4 in [1], p.309. It was proved there using
only Assumptions 1 and 3.

LemMA 4.5. For any positive 3 a positive & can be given such that for any esti-
mate 0(E) and for any pair (6, 8') of parameter points whose Euclidian distance is
less than & the inequality

7@ 1@ = | [ Wi, 0, 0 aE ~ [ Wir, 0ip(E, #) ai| < »

holds.

This lemma is the same as Lemma 5 in [1], p. 310. It was proved there using
only Assumptions 1, 2 and 3.

With the help of Lemmas 1-5 we shall be able to establish several theorems.

THEOREM 4.1. For any estimate 0(E) the risk function r(6) generated by 6(E)
18 a untformly continuous function of .

This theorem is an immediate consequence of Lemma 4.5.

THEOREM 4.2. For any distribution function f(0) of 0 there exists an estimate
0(E) which mintmazes the average risk relative to the distribution f(6). If both
estimates 0*(E) and 60**(E) minimize the average risk relative to the distribution
f(8), then the risk function r*(6) generated by 0*(E) s identically equal to the risk
function r**(0) generated by 60**(E).

ProorF: Since according to Lemma 4.1 the set w;(E) is not empty, we may
put 9(E) equal to an element 6,(E) of w,(¥) for each sample point E. The esti-
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mate 6,(F) minimizes the average risk relative to the distribution f(6) since the
average risk is given by

[ roto@nas@ = [ [ wio, om0, 0) aE aso)
@iz " a o

- fM fﬂ Wis, 6;(E)lp(E, 6) df(6) dE

where M denotes the sample space. Hence, the first half of Theorem 4.2 is
proved. Suppose that 6(F) is an estimate which minimizes the average risk
relative to f(6) and denote by R the set of all sample points E for which 8(F) is
not an element of wy(E). The second half of Theorem 4.2 is proved if we show
that the Lebesgue measure of the set R is equal to zero. Suppose that R has a
positive Lebesgue measure. Since

@iy [ W, a®wE, 0 4 > [ W, oEhE, 0 46

for all points E in R, there exists a subset R’ of R and a positive § such that R’
has a positive Lebesgue measure and

@is) [ W, a®wE, 0 4@ = [ Wi, 0B E, 0) df0) + o

for all points E in R’. From (4.15) it follows that

[ [ we e, o ar@ az > [ [ Wi, 0®lw(E, 0 di) ar

which is impossible, since §(E) is an estimate which minimizes the average risk,
Hence R must be of measure zero and Theorem 4.2 is proved.

In what follows for any distribution f(8) of 8 we shall denote by 7;(8) the risk
function generated by an estimate which minimizes the average risk relative
to f(0).

TuroreM 4.3. If the sequence {f,(8)} (n = 1,2, - -+, ad inf.) of distribution
Sunctions of 6 converges to a distribution function f(6) at any continuity point of
f(8), then

lim r,,(6) = rs(6)
uniformly in 6.

Proor: For each sample point £ let 6;,(E) be an element of wy,(E) and 6,(E)
an element of w;(E). First we show that
(4.16) lim W16, 6,,(E)] = WI6,6,(E)]
uniformly in E over any bounded subset M’ of the sample space M. Suppose
that this is not true. Then there exists a sequence {E,} of points of M’ and a
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subsequence {n’} (n = 1, -- -, ad inf.) of the sequence of positive integers such
that {E.-} converges to a point E, of M and
(4.17) lim {W18, 65, (E.)] — W, 0,(Ex)]} = p % 0.

n=00

From Lemma 4.3 it follows that

(4.18) ' lim dlws, (Bar), wr(Bo)]l = 0
and
(4.19) lim 8{ws(En), ws(Eo)] = 0.

From (4.18) and (4.19) we obtain

(4.20) lim WTe, 0, (En)] = W18, 6,(E0)]
and
(4.21) li_m W6, 6;(E.)] = W8, 6;(Eo)].

But this is in contradiction to (4.17). Hence, the convergence in (4.16) is shown
to be uniform in K over any bounded subset of M. From this it follows that

w22) lim [ W, 0,@Np(E,0) dB = [ Wio,0(Blp(E, 0 dE

n=00

for any bounded subset M’ of M.
According to Lemma 4.4 for any positive ¢ a bounded and closed subset M,
of M can be given such that

(4.23) f p(E,6)dE = 1 — ¢
Ale

for every 8. Since W (6, 6) is bounded and since e can be chosen arbitrarily
small, we obtain from (4.22) and (4.23).

lim r,,(6) = lim [ Wb, 0,,(E))p(Z, 6) 4
N=00 n=o0 v M

(4.24)
= [ W, 6@ ®, 0) dE = 0.

The uniformity of the convergence follows easily from Lemma 4.5 and the com-
pactness of @. Hence Theorem 4.3 is proved.

For any distribution function f(8) of 8 we shall denote f r7(0) df(6) by r,.
2

A distribution function g(6) of  will be said to be a least favorable distribution
if r, = r, for all distribution functions f(6).
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If an a priori distribution f(8) of 8 exists and is known, the best we can do is
to use an estimate 6;(&) for which the expected value of the loss is equal to its
minimum value r,. Thus, whenever an a prior: distribution of 8 exists and is
known, the expected value of the loss will be greatest if the a prior: distribution
of 6 happens to be equal to a least favorable distribution ¢(6).

THEOREM 4.4. There extsts a least favorable distribution.

Proo¥: Since W (8, §) is bounded, 7, also has a finite upper bound. Iet rbe
the least upper bound of r; with respect to all distribution functions f(6). Then

there exists a sequence {g.(6)} (n = 1,2, ---, ad inf.) of distribution functions
such that
(4.25) limr,, = 7.
Let {n'} (n = 1,2, ---,ad inf.) be a subsequence of the sequence {n} (n = 1,
2, - -+, ad inf.) such that {g. (6)} converges to a distribution function g(6) at all
continuity points of g(f). Then according to Theorem 4.3
(4.26) lim r,,/(6) = r,(6) uniformly in 6.
Hence
(4.27) lim {f 7., (8) dg(6) — f r4(6) dg(B)} = 0.
n=00 Q Q

From (4.26) and Lemma 4.2 we obtain
(4.28) lim {f T, (0) dgn (6) — f 74, (6) dg(B)} = 0.

n=00 Q Q

From (4.27) and (4.28) it follows that

r=limr, =7r,.
Hence ¢(6) is a least favorable distribution and Theorem 4.4 is proved.
TuaeoreM 4.5. If g(8) is a least favorable distribution of 0, then r,(6) = r, for
all points 6 in Q.
Proor: Suppose that Theorem 4.5 is not true. Then there exists a point 6,
such that 7,(6,) > r,. Hence there also exists a distribution function h(6) of 8
such that

(4.29) AW@M@>N.

Let k(6) be a distribution function defined by

6 NR(6
(4.30) k@=ﬂ%%%2 O 20
where A is some non-negative value. Then
(4.31) lim k() = g(0)
A=0
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and therefore on account of Theorem 4.3

(4.32) lim re(6) = 74(0)

uniformly in 8. From (4.29) and (4.32) it follows that for sufficiently small
values of A

4.33) [ n@) an@ > r,.
Q

Clearly,

(4.34) fm@@@én-
Q

From (4.30), (4.33) and (4.34) we obtain
(4.35) [ 7@ ak@) > r,

for sufficiently small values of \. But this is in contradiction to our assumption
that ¢(8) is a least favorable distribution. Hence, Theorem 4.5 is proved.

For any distribution function f(6) of 6 we shall denote by @, the set of all
points 6 for which the following condition is satisfied: for any open subset wy of
Q which contains 4 the inequality

LW@>0

holds. We shall denote by &, the complement of €, in €.

TareoreMm 4.6. If g(0) is a least favorable distribution of 0, then r,(6) = r, for
all poinis 6 in Q, .

This theorem is an immediate consequence of Theorem 4.5 and the continuity
of the risk function r,(6).

TaroreMm 4.7. If both g(6) and h(6) are least favorable distributions of 6, then
r4(0) s identically equal to r,(6).

Proovr: Since ¢(8) and h(6) are least favorable distributions, we must have

(4.36) rg = 1 = 7 (s2y).

From this and Theorem 4.5 it follows that

(4.37) An@%@=£n@%@=n

Let 6,(E) be an element of w,(E) and 6,(E) an element of wy(E). Then the esti-
mate 8,(E) generates the risk function r,(6) and the estimate 6,(F) generates the
risk function 7,(8). Equation (4.37) shows that both estimates 6,(p) and 6,(E)
minimize the average risk relative to h(6). But then according to the second
half of Theorem 4.2 7,(6) is identically equal to 7,(6). This proves Theorem 4.7.

TaEOREM 4.8. If g(0) is a distribution funciion of 8 such that the maximum of
() 1s equal to r, , then g(8) s a least favorable distribution of 6.
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Proor: Let h(6) be any distribution function of 4. Since the maximum of
r4(0) is equal to r,, we have

(4.38) [ 7@ an) = 1, = [ r0 as®.
Clearly,

4.39) [ 7@ an) = [ 7.0 ane).
Hence

IA

[ 1@ ao = [ 70 w0
for any distribution function h(6). This proves Theorem 4.8.

5. Estimates which minimize the maximum risk

On the basis of the results obtained in Section 4 we shall be able to derive
several theorems concerning estimates which minimize the maximum risk.

TaeOREM 5.1.  If 0(E) is an estimale which minimizes the average risk relative
to a least favorable distribution g(6) of 6, then 8(E) also minimizes the maximum risk.

Proo¥: According to Theorem 4.5 the risk function r,(8) generated by 6(E)

satisfies the inequality r,(0) < r, = f r4(8)dg(8). Hence the maximum of r,(6)
Q

with respect to 6 is equal to r,. Suppose that there exists an estimate 6*(E)
which generates a risk function 7*() the maximum of which is less than r,.
Then

fa (0) dg(0) < r,

in contradiction to the assumption that 8(¥) minimizes the average risk relative
to the distribution g(6). Hence Theorem 5.1 is proved.

TurorEM 5.2. There exists an estimate 6(E) which minimaizes the maximum
risk.

This theorem is an immediate consequence of Theorems 4.2, 4.4 and 5.1.

Now we shall prove the converse of Theorem 5.1.

THEOREM 5.3. Let 6(F) be an estimate which minimizes the maximum risk and
let g(6) be a least favorable distribution of 6. Then 6(E) minimizes the average risk
relative to g(0).

Proor: Let 7(8) be the risk function generated by 6(EF). From Theorem 5.1
it follows that the maximum of () is equal to the maximum of r,(6) which in
turn is equal to

[ 740 do®) = 7, .
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Hence

(5.1) [r®ao =,

Since 7,(6) is generated by an estimate which minimizes the average risk relative
to ¢(6), the equality sign must hold in (5.1). Thus, we have

(5.2) fﬂ r(6) dg () = 1, .

Hence, 6(F) minimizes the average risk relative to ¢(6). This proves Theorem
5.3.

THEOREM 5.4. If both estimates 6*(E) and 6**(E) minimize the mazimum risk,
the risk function r*(8) generaled by 6*(E) is identically equal to the risk function
r**(8) generated by 6**(E).

Proor: Let ¢g(6) be a least favorable distribution of 6 and let r,(8) be the risk
function generated by an estimate which minimizes the average risk relative to
g(6). According to the second half of Theorem 4.2 r,(6) is uniquely determined.
Then it follows from Theorem 5.3 that »*(8) = r,(6) and 7**(0) = 7,(8) for all
points 8 in ©. Hence Theorem 5.4 is proved.

TororeMm 5.5. If 0(E) is an estimate which minimizes the maximum risk, then
0(E) is admassible.

Proo¥: Suppose that 6(£) minimizes the maximum risk but is not admissible.
Then there exists another estimate 6*(E) such that the risk function 7*(8) gener-
ated by 6%(E) is less than or equal to the risk function r(8) generated by 6(%)
for all parameter points 6 and r*(6) < r(8) for at least one point . Since 0(E)
minimizes the maximum risk, also 6*(E) minimizes the maximum risk. But
then, according to Theorem 5.4, *(6) must be identically equal to r(6). Thus,
we arrive at a contradiction and Theorem 5.5 is proved.

For any distribution f(8) the symbol Q; was used in Section 4 to denote the
set of all parameter points 6 with the following property: For any open subset

wp of € which contains 6 the inequality f df(6) > 0 holds. The complement
wg

of Q;in Q@ is denoted by Q; .

THEOREM 5.6. If ¢(0) is a least favorable distribution of 6 and if 6(E) is an
estimate which minimizes the maximum risk, then the risk function r(6) generated
by 6(E) has a constant value over the set Q, .

This theorem is a simple consequence of the Theorems 4.6, 5.1 and 5.4.

From Theorem 5.6 we obtain the following corollary.

CoROLLARY 5.1. If a least favorable distribution g(6) exists with the property

that for any open subset w of Q [ dg(8) > 0, then the risk function r(0) generated

by an estimate which minimizes the maximum risk will be constant over the whole
parameter space .
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6. Relationship to von Neumann’s theory of games

The theory of statistical decision functions which minimize the maximum risk
is very closely related to a theory of games developed by John von Neumann
[3], [4]. In fact, the problem of statistical inference as formulated here can be
interpreted as a zero sum two person game in v. Neumann’s theory. The nor-
malized form of a zero sum two person game is defined as follows (see section
14.1in [4]): There are two players and there is a function K(r;, ) of two vari-
ables 7 and 7, given where 7, and 7, can take only a finite number of values.
Player 1 chooses a value of 7, and player 2 chooses a value of 75, each choice
being made in complete ignorance of the other, and then the players 1 and 2 get
the amounts K(r1, 7)) and —K(ry, 72), respectively. Clearly, player 1 wishes
to maximize K(71, 7) and player 2 wishes to minimize K(ry, 7).

A problem of statistical inference may be interpreted as a zero sum two person
game as follows: Player 1is Nature and player 2 is the statistician. The variable
71 is the parameter point 6 the value of which ischosen by Nature. The variable
72 is the statistical decision function w(E) which is chosen by the statistician.
The outcome K6, w(E)] of the game is the risk [0 | w(E)] of the statistician.
Clearly, the statistician wishes to minimize (8 | w(E)]. Of course, we cannot
say that Nature wants to maximize [0 |w(E)]. However, if the statistician is
in complete ignorance as to Nature’s choice, it is perhaps not unreasonable to base
the theory of a proper choice of w(E) on the assumption that Nature wants to
maximize 70 | w(E)]. Under this assumption a problem of statistical inference
becomes identical with a zero sum two person game.'

The choice of 7, by player 1 and the choice of r, by player 2 can be rationalized
if the game is strictly determined (see section 14.5.1 in [4]) i.e., if

(61) Max,lMin TQK(TI, T‘_)) = Min,zM&XflK(Tl_, 7'2).

If (6.1) is fulfilled, a good way for 1 to play the game is to choose a value ; for
which Min,,K (71, 7») assumes its maximum value, and a good way for 2 to play
the game is to choose a value 7, for which Max,, K(r;, ,) assumes its minimum
value.”

To overcome the difficulty caused by the fact that for many games (6.1) does
not hold, the problem is reformulated as follows (see section 17 in [4]): Instead
of choosing a particular value of 7;, player ¢ considers all possible values of r;
and chooses only the probabilities with which he is going to use them, respec-

tively. In other words, if the possible values of 7, are 1, 2, --- | g;, player ¢
does not choose any particular value in this set, but chooses a set of probabilities
pi, P2, -+, pg; and the value of 7; is then determined by a chance mechanism

! The only difference is that in the theory of games 7, and 7, take only a finite number of
values, while in the theory of statistical inference the corresponding variables 6 and w(l)
are not subject to such a restriction. They take a finite number of values only if both the
parameter space and the sample space are finite.

? In the terminology of the present paper this means that a good way for the statistician
to play is to minimize the maximum risk.
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constructed in such a way that the probability that 7; = jis equal to p;. Thus,

the choice of player 1 is now characterized by a vector £ = (&1, &, -+, &,) and
the choice of 2 by a vector n = (91, 72, -+, 18,). The mathematical expecta-
tion of the outcome is then given by

81 B2
6.2) K*,m = 20 20 K, m)én s -

T1=1 T9=

The main theorem proved by v. Neumann (see section 17.6 in [4]) states that for
any arbitrary function K(r;, 72) the game corresponding to K*(¢, 5) is always
strictly determined, i.e.,

(6.3) Max;Min,K*(¢, 1) = Min,Max;K*(¢, 7).

If player ¢ does not choose a particular value of 7; but a probability distribu-
tion of the possible values of 7;, we shall say that player 7 uses a mixed strategy.
On the other hand, if player ¢ chooses a particular value of 7, , we shall say that
player ¢ has a pure strategy. Then v. Neumann’s result can be stated as follows:
if both players are permitted to use mixed strategies, the game is always strictly
determined. This result of v. Neymann is closely related to some of the princi-
pal results of the present paper. In fact, Theorems 4.5 and 5.1 of the present
paper clearly imply that the problem of statistical inference, viewed as a zero
sum two person game, is strictly determined. However, the strict determinate-
ness is derived in the present paper under conditions which differ in several
respects from those in v. Neumann’s theory. In v. Neumann’s theory both
players are permitted to use a mixed strategy, while in the present paper only
Nature is permitted to use a mixed strategy (the statistician chooses a definite
decision function w(¥) and not a probability distribution in the space of all
possible decision functions). Furthermore, the variables 7; and 7. can take
only a finite number of values in v. Neumann’s theory, while in the present paper
the corresponding variables 8 and w(E) are not subject to this restriction. Be-
cause of the omission of this restriction and because of the requirement that the
strategy of the statistician be pure, we were not able to prove strict determinate-
ness without postulating the validity of Assumptions 1-4. No such assumptions
are needed in v. Neumann’s theory.
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