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Abstract

We study the problem of estimating the time dependent diffusion coefficient of a diffusion process in a nonparametric
setting, when the sample path is observed at discrete times. We look at global LP-error loss over a wide range of function
spaces (namely, Besov spaces). We exhibit the minimax rate of convergence over linear estimators and provide estimators
based on fast wavelets methods which are optimal. Our method takes into account functional estimation on the interval
(with edges effects) and allows to consider irregular sampling schemes.
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I. Introduction

1.1. Estimating the diffusion coefficient
The statistics of diffusion processes, when only a discrete sampling is available, has been progressively
investigated. Pioneering work dealt with the drift estimation (Dorogovcev, 1976; Ibragimov and Has'minski,
1981; and many others). The parametric estimation of the diffusion coefficient was studied by Donahl (1987),
Jacod (1993) and Genon-Catalot and Jacod (1993, 1994) in a general framework, including random samplings.
A nonparametric approach appeared in Florens-Zmirou (1993) for the homogeneous case.
The evolution of modeling financial data (in option pricing theory or in modeling interest rates) led to
the problem of estimating the time dependent diffusion coefficient. In the nonparametric case, Genon-Catalot,
Laredo and Picard (1992) proposed an estimator based on a wavelets orthonormal basis and studied its
asymptotic properties in L2-error loss. Later, Soulier (1993) made a refinement of their method, extending it
to LP-error and to kernel estimators.
This paper studies the functional estimation in the minimax framework by use of wavelets of the diffusion
coefficient ~r(t) in the one dimensional model

dXt = bt(X)dt + a(t)dWt,

Xo = x,

0167-7152/97/$17.00 (~ 1997 Elsevier Science B.V. All rights reserved
PII SO 1 67-71 5 2 ( 9 6 ) 0 0 0 5 2 - 1

(1.1)
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where ( ~ ) is a standard Brownian motion, x E ~ is known and the two functionals tr(t) and bt(x) =
b(xs, O <~s <<,t) (where x is defined on the canonical space of real-valued continuous functions) are assumed to
be unknown.
The sample path (Xt,0~<t~< 1) is discretely observed on the time interval [0, 1] at m = 2 n points, which are
not supposed to be equispaced.
1.2. Guidelines

Our approach is twofold:
• from a theoretical viewpoint, we exhibit the asymptotic minimax rate of convergence over linear estimators
for an unknown function tr lying in a Besov space. This is motivated by the fact that in the density
estimation problem - which is a commonly used test for nonparametric estimation - the case of Besov
spaces is optimal (in the sense that the minimax rates for Sobolev balls are obtained because of their
inclusion in Besov balls, see Kerkyacharian and Picard, 1993). Another interesting point is that wavelets
basis offer unconditional basis for Besov spaces which are therefore well suited for estimating-like problems.
• from a practical point of view, we shall be concerned with methods that can be easily implemented in
practice. We provide estimators based on fast wavelets methods which achieve this purpose and which are
optimal in the minimax sense. Moreover, we do not restrict ourselves to equispaced data. This is also of
practical interest as, for instance, irregular sampling allows us to deal with missing data.
Furthermore, our procedure provides a 'true' estimator on [0, 1] thanks to the fast wavelet transform on the
interval, as developed by Cohen et al. (1994). This enables us to make an accurate estimation near the edges
of the interval, and to avoid penalizing by a test function with compact support strictly included in [0, 1]
when looking at the integrated error of the estimator, in contrast to previous authors (Genon-Catalot et al.,
1992; Soulier, 1993). This is of practical relevance too: the treatment of the edges when analysing a signal
on an interval is a well known problem (in numerical analysis and image processing) and we refer to Cohen
et al. (1994) for further details.
1.3. Contents

Section 2 describes the model and hypotheses. Section 3 presents the construction of our estimators and
the minimax results obtained when working with different kinds of sampling schemes: we will develop, in
particular, sampling procedures which achieve optimal results (the classical m -sp/(l+2s) rate of convergence)
that we will call regular schemes. In short, these are the discretization procedures which are not 'too sparse'.
The proofs of these results are given in Section 4.
Finally, we wish to mention that our model can be extended by a classical argument, derived from Ito's
formula, to the more general equation
dXt = bt(X.)dt + h(Xt)a(t)dWt,

Xo = x,

where h is a known function which is assumed to be smooth (see e.g. Genon-Catalot et al., 1992).

2. Statistical model
2.1. Basic assumptions

We consider the model derived from the stochastic differential equation (1.1) defined in Section 1. E~.b
denotes the mathematical expectation w.r.t, the law of the observations. We make the following assumptions:
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A0. (1.1) admits a unique solution with almost surely continuous paths.
A1. tr is a nonvanishing positive function defined on [0, 1] (nondegeneracy of the model). Thus, we may
either work with tr or tr 2. We will see in Section 3.2. the relevance o f choosing tr 2 instead o f tr.
tr2 belongs to the Besov ball V of radius M > 0, included in the Besov space Bp,2([0, 1]), with 1 ~<p <
+ ~ , s > 1, 1 ~<2 ~< + c~. We assume s is large enough so that tr2 has its first derivative bounded.
A2. The drift b is a nonanticipative fonctional and the pair (a 2, b) belongs to the class 3¢g of functionals
for which there exists a constant v > 0 such that

for a constant K which does not depend on b or cr. Note that this can be obtained by classical assumptions
such as ~r bounded away from 0 and b satisfying a uniform linear growth condition.

2.2. Sampling schemes
We do not restrict ourselves to equispaced data. We will call sampling scheme a family o f increasing points
(ti, n, 1 ~<i~<2n,n~>0) o f the interval [0, 1], which represent the observation times of the process X. We will
simply write t i instead o f ti, n when no confusion is possible.
• We shall always assume that for fixed n, the ti,~'s are all distinct.
• A special case of interest to us will be the so-called regular sampling schemes for which we will be able to
construct optimal estimators. A sampling will be regular if any o f the three following conditions is fulfilled:

Regular case B1.
Vp > 1 "

Z(Ati)P

= O(2-n(p-l)),

i

where Ati = ti - - ti-I denotes the length between two observation times.
Regular case B2. For some q E]I, +c~[,

Iti

-

i2-nl

q

= O(Wn, q),

where Wn, q = 2 nsO+2s)(2/q-1). In particular, a sampling such that E i Iti -- i2-nl 2 is bounded is B2-regular.
Regular case B.3. There exists a sub-sampling (ti, i E S,), S, C{1 . . . . . 2 "} such that:

Vi E Sn : It~i) - i2-~1 ~<h,,
where ~ is a reordering o f S, and hn = 2 -ns/(l+2s). In addition, we will ask that #S~ = O(h~-1 ).
B1 measures the gaps between the observation times. It is less restrictive than the usual conditions like
supt. Ati = 0 ( 2 - " ) and is o f course true for equispaced data.
B2 measures the l q distance between the sampling and the uniform sampling. We will hereafter see that if
the (ti,,, i<<,2n) are 'close' enough to the (i2 -", i<<,2n) a standard procedure o f estimation is still optimal.
B3 is a refinement o f the approach described in B2. The idea is still to compare the ti,,'s to the uniform
sampling. One defines a threshold hn and omits some 'irrelevant' ti, n'S in such a way that the admissible ti,,'s
are close to some corresponding i 2 - " ' s , within hn. The resulting sub-sampling scheme is then closer - in the
l q sense - to the uniform scheme than the previous sampling, up to the omitted points. We will construct an
estimating procedure based on such samplings which is optimal, provided h n and #S, are chosen properly.
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Now, consider a B l-regular sampling scheme and let I~, = 2 -n ~-~i Ot,,. be the associated empirical sampling
measure. One can look at the weak convergence of/~, to a measure/t on [0, 1]. For instance, the equispaced
sampling scheme (ti, n = i2 -n, I <<.i<<,2") converges weakly to the Lebesgue measure on [0, 1]. Conversely,
given a measure p with no atom, one can construct a sampling scheme converging to /~ in an obvious way:
let F u be the repartition function of #. Then, setting ti, n = F~1(i2 - ' ) (where F -1 denotes as usual the right
continuous inverse of F ) defines such a procedure. If we focus on such sampling schemes, they will be
Bl-regular as soon as ~t has some smoothness. More precisely, if we assume that/~ is absolutely continuous,
with density f w.r.t, the Lebesgue measure, B1 will hold if f is continuous and nonvanishing (we can even
weaken this to the (Riemann) integrability of f - P ) .
Finally, let us just mention a standard procedure to obtain a sub-sampling as described for B3-regular
schemes:
set t~" = inf{ti: Iti - 2-"[ <~h,}
and for i~>2: t/* = inf{tj ¢ t[, k<<.i - 1: [tj - i2-'[ <~h,}, with the usual notation inf ~ = oc.

3. Main results
3.1. Lower bounds

Proposition 1. Let ~ denote the set o f all estimators. Set m = 2" and
Rm(~ 2, V) =

sup E¢,b f
1¢~2 _ o.2[Pdx.
(~r2,b)E,~
,/[0,1]

Let ti,, be an arbitrary sampling scheme. For every p E [1,+c~[, there exists a positive constant C1
depending on p and M such that
inf Rm(~2, V) >/Clm -sp/(l+2s).
rf2G~;
In other words, the classical rate for nonparametric models such as density estimation or nonparametric
regression is a lower bound. Moreover, this bound cannot be improved by choosing any particular design of
observation times.

3.2. Upper bounds
Construction o f wavelet estimators. We propose three linear estimators of a2 according to the regular
conditions B1-B3 developed in the previous section. They all coincide in the case of equispaced observation
times and can be understood as a generalization of the estimator of Genon-Catalot et al. (1992). We consider
a multiresolution analysis of L2([0, 1]), say (Vj, j E Y), and estimate the projection of o 2 onto Vj. For this,
we can rely on the construction of wavelets on the interval, following Cohen et al. (1994) - the abbreviation
used will be CDV - which provide unconditional basis of Bp,~([0, 1]) if we calibrate properly their regularity
with s. More precisely, let us be given a multiresolution analysis of L2(~), of regularity r > s, derived
from a scaling function goj,k(x) = 2J/2qa(2Jx- k) . We assume that ~p is compactly supported, with length
support No.

M. Hoffmann / Statistics & Probability Letters 32 (1997) 11-24

1. We first choose an integer J such that 2 J ~>2N0. We estimate
No--1

[0 t] ~2

= Z

0.2
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o for j>~J:
by P)[0,1]~2

No--1

0 0k + Z
o~),k~oj,

O~J'kq)j'k "+ ~--~ ~),kq)j,k,
1 l

kCsj

k=0

k=0

where the (q~k,~0k,
0 1 k = 0 . . . . . NO - 1) are the edges functions associated to q~, and q~,k(x) = ~oik(2Jx),i = O, 1.
sj is the set of indexes which define the interior functions of the preceding expansion, according to the
CDV terminology, i.e. k E sj if and only if supp q~j,~ C]0, 1 [.
2. We then estimate the wavelets coefficients ~j,k, ~,~,i = 0, 1, for j>~J which are the scalar product of
0-2 w.r.t, q~j,k, tP~,k,i = 0, 1.
The method consists in approximating ~j,k by the Riemann sum ~iaZ(xi)tPj, k ( x i ) ( x i - xi-1), where
(xi, i = 1. . . . . 2") is a suitable subdivision of [0, 1].
We have then to find a preliminary estimator of a2(xi), say 62(xi), in order to get the corresponding @k

~j,k 7__ Z

(3.1)

~2(Xi)~Oj'k(Xi)(Xi -- Xi-1 )"
i

The choice o f ~2(Xi) and xi will depend on the regularity of the sampling scheme ti,,'s. In other words, we
first construct a rough preliminary estimator by means of the 6~(xi)'s and then operate a smoothing procedure
thanks to the projection onto Vj([0, 1]). We shall lay the emphasis on the fact that the ideas we develop here
are strongly related to classical nonparametric regression techniques.
Regular case BI: For the sake of simplicity, we put b = 0, as we will see in Section 4.2. that the addition
of a drift does not interfer in the estimation problem. A natural choice is to set xi = ti. Then, a2(t~) can be
estimated by

2 ~ lf"
i ti- I

--

=

o ' 2 ( s ) d s + r/t,.

(3.2)

ti o-2(s)ds.
with: AXt, : Xt, - Xt,_,, Ati = ti - ti-1 and r/ti = ~t, (ftli_, a(s)dWs) 2 - ~1 ~ t~_,
The r/t, , s are independent and centered random variables, tr2(ti) can be recovered from ~I ft,t,_, a2(s)d s up
to an (optimal) error of order Ati. Here appears the relevance of choosing 0-2 instead of 0- in our estimating
problem.
Let Sj, k denote the support of ¢Pj,t. Following (3.2) we set

~j,k = ~

~oj,k(ti)(AX~,) 2,

tiES~,k
putting 02j,k = 0 whenever {ti: ti E Sj, k} is empty. This also could have been obtained directly from the
definition of the quadratic variation of X if one recalls that for a continuous semimartingale X and for any
test function f

Z f(ti)(AXt, )2 ~
li,n

f0'

f(s)d(X)s =

f0'

f(s)trZ(s)ds

in probability, as n tends to infinity, for any subdivision ti,, of [0, 1] with step tending to 0.
Regular cases B2 and B3: Another choice consists in setting xi = i2-n, trying then to find a preliminary
estimator of 0-2(i2-"). Although surprising, this approach is motivated by the fact that, following (3.1), the
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estimator

~j,k = Z

62(ti)~°J,k(i2-n)2-n

(3.3)

i
would attain the minimax rate of convergence m -sp/(l+2s) if the ti's were equispaced on [0, l] (q.v. GenonCatalot et al., 1992). We shall therefore be concerned with finding an estimator of tr2(i2-n), for instance by
means of the (rescaled) observations 62(ti) = 1//lti(AXti) 2. An underlying condition on the accuracy of this
procedure is the distance between the regular grid design and the ti's.
• A first naive estimator is obtained by taking 6~(ti) for the estimation of 32(i2-n). The wavelet coefficient
estimate is then

~j,k = ~-'~(AXti)2 ( 2-n/ Ati ) qgj,k( iE-n ).

(3.4)

i

The regularity condition B2 on the size control

o f ~~i ]ti -

i2-nl will ensure that the estimator attains the

m -sp/(l+2s) r a t e o f convergence.

• A second and more sophisticated approach consists in estimating tr2(i2 -n) by rYe(t/*), where ti* is defined
following sequel (2.2), whenever it exists. The wavelet coefficient estimate is then
~j,k = Z ( A X t * )2 (2-n/dtT)tpj, k(i2-n) lt," <co.

(3.5)

i

The reliability of this estimate will be linked to the threshold h~ and the number ~-~ilt-=o¢ of rejected
observations.
We have exhibited three different procedures to estimate ~j,k, depending on the regularity of the sampling
scheme. We define ~j,ki, i = 0, 1 in an analogous way. We thus get our estimators 6 2 of tr2:
N0--1

62= Z
k=0

No--1

+ Z Jk J, +
kEsj

k=0

The order of magnitude of j is to be given by the behaviour of 6 2 when n tends to infinity. The regularity
of the sampling scheme will ensure that the rate of the approximation is optimal.
For the sake of simplicity, we will hereafter denote by 6~, 6~ and 6 2 the estimators associated to B 1-, B2and B3-regular schemes, respectively, following the foregoing construction, and will simply write 6 2 when
no confusion is possible.
Remark. We have chosen 2J ~>2N0 so that the left and right edge functions tpj,k
° and ~pl
j,k do not interact; for
j >~J the CDV algorithm requires exactly 2j coefficients for the analysis of cr2 at level 2 -j.
We may now state our result on upper bounds:

Proposition 2. Let p E [1, +oo[. Assume the sampling scheme is regular, and let 6 2 be the corresponding
estimator as defined above. I f j - n/2 tends to - o ¢ as n tends to + ~ , then
Rm(62, V) <~C2m -sp/(l+2s),

where C2 is a positive constant, depending only on qg, p, M and v.
As a consequence, according to Proposition 1, the minimax rate of convergence for regular samplings is
the classical m -sp/(~+2s) and is attained by our estimators.
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4. Proofs

4.1. Proof of Proposition 1
We give a sketch of the proof, following a classical method (see Kerkyacharian and Picard, 1992). We
first remark that

Rm(ff2, V)/>

sup E~,oll~2 - ~2IIP
p,
er2 E Ci

where Cj is some parametric set included in V. We will henceforth consider the model without drift.

• Constructing a hypercube of V.
We start with a function g of the ball of radius M/2 of the space Bp,~(R), satisfying g(x) = c>~l, for
x E [0, 1]. Let ~b be a wavelet of regularity r > s, with compact support included in [-A,A], where A is a
fixed integer. We set

where Kj = {A + 2kA, k = 0 . . . . . 2 J - 1}, and ~,k = 2J/2~P(2Jx- k) so that 0j,k and ~,k' have disjoint supports
for k ¢ k'.
We look for conditions in order to have Cj(7) C V. This is released if

2 - j ~k 7 p ) 1/p <~C2 -j(s+l/2)

and

[]Yll~<2-J/2.

(4.1)

• Bounds on the Hellinger distance. Let P+(resp. P_ ) denote the law of a sample of observation, derived from
a model with a diffusion coefficient Ge,+
2 = g --~ E k ' • k ~k'C'k'(PJ, k' -~- ])k~lJ',k, (resp. a ~,_
2 = g -]- Ek,7~ k 7k'l;k'(Pj, k ' -~k~,~), for some fixed k c Kj.
Let hZ(P+,P_ ) denote the Hellinger distance between P+ and P_. We look for conditions in order to have
hZ(P+,P_ )<. ½, and hence apply Assouad's lemma. Our method relies on the following lemma:
Lemma 1.
1/4

"/k

hZ(P+,P_ ) = 1 -

H

1-

ti

~i

t, ESi.k

@,k
ti-1

The proof, given in the appendix, is based upon the fact that the solution of (1.1) with b = 0 is a Brownian
motion, up to a (deterministic) time change, so that computation of the transition density is easily performed.
Assuming { t i : ti C Sj, k } i s nonempty, we may define

i0()') = argmft~sjk 1

~

t,_,

Remark. If {ti : ti E Sj, k} is empty, we obviously have h2(p+,P_) = O.

(4.2)
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Applying Lemma 1 entails

h2(p+'P-)<~I-

1

-

[t,o

~,k) 2 2"u,(sj,k)/4,

~~io~,tio-,

where #n is the sampling measure associated to the ti,n's, so that 2n#~(Sj, k) = #{i : ti E Sj, k}. Condition (4.1)
on ?k implies
?k

t'° •,k

<2 y IIq,ll2 _-vk ~<

1-

~< 1.

ti 0 -- I

N o w , using 1 - u n ~<n(1 - u )

for O~<u~< 1, we get

1
?~.2 1
%
h2(p+'P-)<<"42n#n(Sj'k)-~ ~io %_,
As a consequence, if we assume that

~)k<~~-'~22-J/2(2n#n(Sj,k)) -1/2
C

(4.3)

we will have h2(p+,P_)<~½. Combining (4.1) and (4.3), we get optimality for

Using then Assouad's lemma provides a lower bound. We shall prove that the classical bound m -sp/(l+2s)
cannot be improved. This happens if

Indeed, 2 q-~)p/2 is the quantity which leads to the classical bound when balanced with 2 -jsp. On the other
side, we always have

Z # n ( S j , k) = 1.

(4.5)

k
Our task is then to find a sequence #. which minimizes ~ k #n(Sj, k) -p/2. By an easy argument of convexity,
under the constraint (4.5)

inf Z #"( SJ,k )- p/2 >~2J[(P/2)- U

(4.6)

k

so that (4.4) can never be obtained, whatever the sampling #n we choose. The proof of Proposition 1 is
complete.
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4.2. Proof o f Proposition 2
We adopt the following convention: C will stand for an absolute constant (depending only on ~o, p, M
and v) which may differ at any occurrence. Let us mention that the following bound on constants will be
implicitly used throughout the proof:

110-211~~<M(1 -

2 -(s-l/p)2')1/2'

with 1/2' + 1/2 = 1. This inequality is a consequence of the characterization of Besov spaces in terms of
wavelets sequences and may be found in Donoho et al. (1995).
• Eliminating the drift. We first show that the drift b can be regarded as a nuisance term which does not
interfers in the estimation poblem. We will use a change of probability method. Let P~,b (resp. Po,0) denote
the law of the canonical process (Xt, 0 ~<t ~< 1 ) on the space of continuous functions, which is a solution of
(1.1) driven by a and b (resp. 0- and b = 0). Following Girsanov's theorem (Revuz-Yor, 1991, p. 344), one
has P~,b = D.P~,o, the density D being given by
D = e x p ( f 0 i ~ d X s (")
-

~1 ~ 0 ' ~

ds )

Using H61der's inequality, we may write
E~,bllcr2 _ ~21[p ~<Cq,(E~,ol[0-2 _ ~2 []qp)l/q
with 1/q + 1/q' = 1 and Cq = (Ecr,oDq') 1/q'. By the increasing property of the L p norm in [0, 1]

E~,oll~ 2 - ~21I~P ~<E~,oll ~2 - ~2llqp.
As a consequence, the E,,b-risk is controlled by the E~,o-risk, provided Cq, < e~, uniformly in 0-2 and b. For
this, we rely on Lemma 2, proved in the appendix:
Lemma 2. There exists a q' E ] l , + o e [ such that
sup Ea,o(D q' ) < +cx3.
(¢r2,b)E,g
We will henceforth consider the model derived from (1.1) with b = 0.
• Bounds on the minimax risk. For the sake of simplicity, we will hereafter write E instead of Eo,o. Following
the classical method, we write Eli 62 -0-211P as a sum of a stochastic term and an approximation term (linked
to the wavelets method of projection). More precisely,
EII 2 - 0-2 IIp ~ 2 P - l ( a n + An)

with
Sn = gild 2 - P ) [0,1]~2
pp
u

and

An = II~ 2 - , j p[o,1],~2
~ pp,

where p~0,11 denotes the projection operator onto Vj([0, 1]), as defined in Section 3.2.
Let us first study the approximation term A,. Resulting from the approximation of Besov spaces by wavelets
sequences, for any f E Bp,)~([0, 1]), the following inequality holds
I t J ' - P~°'I]f[ILp <~2-J(sAr)ej,

(4.7)

20
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where ej ~ 0 as j tends to infinity, r being the regularity of the scaling function q~. Assuming r > s and
a 2 E V we get
A n <~ C 2 =jsp.

We now consider the stochastic term. Using the localization property of q~ leads to

Sn <.C2j[(p/2)-I]

E[~j,k ° - ~°klP + ~-'~El~j,k - ~j,k[p + Z
kEsj

El~j,k' - ~),k[p
0

)

(4.8)

this property being also known as Meyer's lemma (Meyer, 1990, p. 30). From now on, we will no more
distinguish in our notations the edge and interior components involved in expansion (4.8). Formally, they
are handled the same way. The only thing to keep in mind is that the number of coefficients involved is
exactly 2J.
Convergence of ~2. We first write

q°J'k(s)cr2(s)ds = Z
i.~

t, ESj, k

~°J'k(s)~2(s)ds + R(nl)

(4.9)

-I

the remainder term R(n1) coming from the overlap between Sj, k and the right and left edges of {ti : ti E Sj, k}.
Nevertheless, using the regularity of the sampling and the assumption j - n/2 ~ -oe, one can easily check
that the error of such an approximation is less than 20"-n)n/2 for p/>2. For 1 ~<p < 2, by H61der's inequality,
one is able to control the LP-risk by the LP'-risk, for some p' E [2, +oc[, which leads to the same rate of
convergence.
Setting ~t, = ( ~ ' , a(s)dW,) 2 - fti'_, ~r2(s)ds' we have
(4.10)

~j,k -- ~j,k = Z
q)J'k(ti)13'i -'[- e(2)
t, CSj.k

with
~2(s) (~oj,k(ti) - q~j,k(s)) ds +R~ 1).

R(n2) = Z

(4.11)

tjCS/,k ti-~

Once again, one can easily see that 2 j[(p/2)-I] ~'~k(R(2)) p = O(2(J-n)p/2), using a Taylor's expansion on q~. The
subsequent arguments are then straightforward. We turn now to the first term involved in the right-hand side
of (4.10). We first recall Rosenthal's inequality, which may be found in Petrov (1992).
Lemma 3. (Rosenthal's inequality). Let 40, ~1 . . . . . ~m be independent and centered variables. Then, for any
p E [1,+oo[, there exists a constant Cp such that

E ~

~i

~Cp

E(I~iIP)-k- li~=oE(~2i)

.

Going back to our study, we first note that the random variables ~ti are independent and centered. Moreover,
using bounds on Gaussian variables, we get

EIE,ilP ~ CplI~211P( Ati) p.
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Then, using Rosenthal's inequality, we obtain:
p/2

E Z

qgj,k(ti)et P<<.c2J(P/2)( Z ( A t i ) 2)

Hence, using the regularity of the design B1, we finally get S/1<~c2(J-/1)P/2.Theoptimal rate is obtained when
An and S/1 are of the same order of magnitude, which leads to U = 2n/tl+2s). The proof of case B1 is complete.
Convergence of d~. We write
ti

(dti) -1

tr(s)dWs

= tr2(ti) 4- -R- / 1(3) + et,,

(4.12)

~ ¢r2( i2-n )qgj,k( i2-n )2 -n + R(n4)

(4.13)

--I

and

f a2(s)q~j,k(s)ds

i

The two remainder terms in (4.12) and (4.13) check the following
C2 -n+3/zj. This can be simply obtained by using a Taylor's expansion.
This leads to the following expansion

inequalities:R(n3)<~CAti, and

R(n4)~<

~j,k - ~j,k = Al + A2 + A3,
with
A1 = Z(o'2(/i)

-

tr2(i2-/1))q~j,k(i2-/1)2-/1,

i

A2 = Z et'q~J'k(i2-n)2-n'
i

A3 = Z R~3)tpj,k(iZ-n)2 -n + R(n4).
i

One can check that the remainder term A3 is of optimal order, provided j - n/2 tends to -zxz when n tends
to +oo. ,42 is treated in the same way as in the previous sequel by means of Rosenthal's inequality.
Let us now concentrate on AI. Note that [o'2(ti)- o'2(i2-n)1 <~Clti- i2-n[, which leads to

)
Noticing that the number of terms involved in the sum is of order 2/1-J and applying H61der's inequality
entails

(2J/2-/1~i lti-i2-nl)P~2(n-j)(l/2-1/P')P(~i

lti-i2-nlP') p/p' ,

(4.14)

for any pl E]l,+oo[. Assuming B2 is fullfilled and taking Pl = q and 2J = 2/1/0+2~) the following inequality
follows from (4.14)
1`41]P ~ c 2 - n p / 2 ,

which ends the proof for

regular case B2.
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Convergence o f 6~. We again use (4.12) and (4.13) as in the previous sequel to get
O~j,k -- (Xj,k = A I

+A2 +A3

+A4,

with
A1 = E(o'2(t/*) - a2(i2-n))q)j,k(i2-n)2-nlt? <oo,
i

et, ~pj,k(i2-n)2 -~ It, <oo,

A2 = E
i

A3 = E

tr2(i2-n )~Pj,k( i 2 - " ) 2 - " 1t? : ~ ,
i

A4 = E

e~3)qgJ'k(i2-n)z-n -[- R(4)"
i

Using the definition of the t*'s as given in sequel 2.2 and a first-order Taylor's expansion, we get
[All p <. hP2-Jp/2.

(4.16)

The terms A2 and A 4 a r e treated in the same way as in regular case B2.
We now turn to A3 to complete our study. One has

[A31p ~<c2-nP2 jp/2 ~i lt?=oo p <~c2-nP2JP/2 dP"

(4.17)

The assumptions on dn and the threshold hn ensure [A3[p ~<C2 (j-n)p/2. The conclusion for 6 2 follows easily.
This ends the proof of Proposition 3.

Appendix A
A.1. Proof of Lemma 1

• The case o f Brownian motion. Let (Wt, t>>.O) be a standard Brownian motion and (Sl < S2 < " ' ' < Sin)
and (tl < t2 < "-" < tin) two increasing sequences of real numbers in [0, 1]. We write Qt and Qs for the
law of (Wt~ ..... Wtm) and ( W s,,..., Wsm), respectively. Then, using the definition of the transition density of
the Brownian motion:

h 2 ( Q , , Q , ) = 1--(2ro-m/2II(At~As~)--l/4
i=1

:

1 -- 2 m/2 f l

exp

--

dNm

~

~i+~s~

(x~--X~_l) 2 dx

i=1

(AtiAsi)l/4/(Ati + Asi) 1/2.

i=1

• Under P~,0, the process X is a time-changed Brownian motion. More precisely, if v(t) = fo a2(u)du, we
can write: Xt = x + fly(t), fl is the Dubins-Schwarz Brownian motion of X (Revuz-Yor, 1991, p. 170).
Set, for a in V: F~(ti) = ftiti-- I a2(u)du. The foregoing arguments lead to
m

(Fa(ti)Fa,(ti))l/4

h2(P~o,Pa, o) : 1 - 2 m/2 H
"
"
(Fa(ti) + F~,(ti)) 1/2"
i=1
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• We may now procede to the computation of h2(p+,P_). We write dti+ for F~.+(ti) and define At 7
analogously.
For ti lying in Sj, k we have

At + + At[- = 2cAti

and

At+At[ - = (Ati)2c z - 72

~,k

Hence, setting ao = #{i : ti E Sj, k} and bo = #{i : ti E S~,k},
1/4

h2(t"+,P_ ) = 1 - 2m2-b°/22 -a°/2 I-[

1 --

~

Yk

tiESj, k

t,

~,k

-i

Using the fact that a0 + b0 = m completes the proof.
A.2. Proof of Lemma 2

Following the definition of D given in Section 4.2., there exists a P~,b-Brownian motion, say B, such that

[(

Ea, o(D q ) = Ea, b exp (qt _ 1) --

dBs + ~

ds

=E~,b[exp((q'--l)(Yl+~(Y)l))]
with Yt = fo(bs(X)/u(s))dBs and (Y)t = fo(b2(X.)/a2(s))ds. The process (Yt, O<<.t<<.1) is a P~,b-local martingale. Using Cauchy-Schwarz inequality

E~,o(Dq')<~ (E~,b [exp ( 2 ( q ' - 1)YI- l ( 2 ( q ' - 1)Y)I)I) 1/2 (E~,b [exp ( 2 ( q ' - 1)(q'- ~)(Y)I)]) 1/2.
(5.1)
The first term in the right-hand side of (5.1) is equal to 1, since we take the expectation of an exponential
martingale. The only thing we have to check is
sup

E~,b[exp(2(q'--l)(q'--~)(Y)l)l

<+c~.

As qt is an arbitrary number in ]l,+:xD[, we pick a q~ such that 2(q I - 1)(q ~ - ½)~<v. Using assumption A2
completes the proof.
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