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The regular solids or regular polyhedra are solid geometric figures with the same identical regular
polygon on each face. There are only five regular solids discovered by the ancient Greek mathematicians.
These five solids are the following.

the tetrahedron (4 faces)
the cube or hexadron (6 faces)
the octahedron (8 faces)
the dodecahedron (12 faces)
the icosahedron (20 faces)

Each figure follows the Euler formula

Number of faces + Number of vertices = Number of edges + 2

F + V = E + 2
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Preface

This is the first volume of an introductory calculus presentation intended for
future scientists and engineers. Volume I contains five chapters emphasizing funda-
mental concepts from calculus and analytic geometry and the application of these
concepts to selected areas of science and engineering. Chapter one is a review of
fundamental background material needed for the development of differential and
integral calculus together with an introduction to limits. Chapter two introduces
the differential calculus and develops differentiation formulas and rules for finding
the derivatives associated with a variety of basic functions. Chapter three intro-
duces the integral calculus and develops indefinite and definite integrals. Rules
for integration and the construction of integral tables are developed throughout
the chapter. Chapter four is an investigation of sequences and numerical sums
and how these quantities are related to the functions, derivatives and integrals of
the previous chapters. Chapter five investigates many selected applications of the
differential and integral calculus. The selected applications come mainly from the
areas of economics, physics, biology, chemistry and engineering.

The main purpose of these two volumes is to (i) Provide an introduction to
calculus in its many forms (ii) Give some presentations to illustrate how power-
ful calculus is as a mathematical tool for solving a variety of scientific problems,
(iii) Present numerous examples to show how calculus can be extended to other
mathematical areas, (iv) Provide material detailed enough so that two volumes
of basic material can be used as reference books, (v) Introduce concepts from a
variety of application areas, such as biology, chemistry, economics, physics and en-
gineering, to demonstrate applications of calculus (vi) Emphasize that definitions
are extremely important in the study of any mathematical subject (vii) Introduce
proofs of important results as an aid to the development of analytical and critical
reasoning skills (viii) Introduce mathematical terminology and symbols which can
be used to help model physical systems and (ix) [llustrate multiple approaches to
various calculus subjects.

If the main thrust of an introductory calculus course is the application of cal-
culus to solve problems, then a student must quickly get to a point where he or
she understands enough fundamentals so that calculus can be used as a tool for
solving the problems of interest. If on the other hand a deeper understanding of
calculus is required in order to develop the basics for more advanced mathematical
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efforts, then students need to be exposed to theorems and proofs. If the calculus
course leans toward more applications, rather than theory, then the proofs pre-
sented throughout the text can be skimmed over. However, if the calculus course
is for mathematics majors, then one would want to be sure to go into the proofs
in greater detail, because these proofs are laying the groundwork and providing
background material for the study of more advanced concepts.

If you are a beginner in calculus, then be sure that you have had the appro-
priate background material of algebra and trigonometry. If you don’t understand
something then don’t be afraid to ask your instructor a question. Go to the li-
brary and check out some other calculus books to get a presentation of the subject
from a different perspective. The internet is a place where one can find numerous
help aids for calculus. Also on the internet one can find many illustrations of
the applications of calculus. These additional study aids will show you that there
are multiple approaches to various calculus subjects and should help you with the
development of your analytical and reasoning skills.

J.H. Heinbockel
September 2012
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Chapter 1

Sets, Functions, Graphs and Limits

The study of different types of functions, limits associated with these functions
and how these functions change, together with the ability to graphically illustrate
basic concepts associated with these functions, is fundamental to the understanding
of calculus. These important issues are presented along with the development of
some additional elementary concepts which will aid in our later studies of more ad-
vanced concepts. In this chapter and throughout this text be aware that definitions
and their consequences are the keys to success for the understanding of calculus and
its many applications and extensions. Note that appendix B contains a summary of
fundamentals from algebra and trigonometry which is a prerequisite for the study
of calculus. This first chapter is a preliminary to calculus and begins by introducing
the concepts of a function, graph of a function and limits associated with functions.
These concepts are introduced using some basic elements from the theory of sets.
Elementary Set Theory

A set can be any collection of objects. A set of objects can be represented using
the notation

S = {z | statement about x}

and is read,“S is the set of objects r which make the statement about z true”.
Alternatively, a finite number of objects within S can be denoted by listing the
objects and writing

S ={51,52,...,5.}

For example, the notation
S={z| x—4>0}

can be used to denote the set of points » which are greater than 4 and the notation
T = {A’ B’ C” D’ E}

can be used to represent a set containing the first 5 letters of the alphabet.

A set with no elements is denoted by the symbol ¢ and is known as the empty set.
The elements within a set are usually selected from some universal set U associated
with the elements x belonging to the set. When dealing with real numbers the
universal set U is understood to be the set of all real numbers. The universal set is



usually defined beforehand or is implied within the context of how the set is being
used. For example, the universal set associated with the set T above could be the
set of all symbols if that is appropriate and within the context of how the set T is
being used.

The symbol € is read “belongs to” or “is a member of” and the symbol ¢ is
read “not in” or “is not a member of”’. The statement =z € S is read “z is a member
of S” or “x belongs to S”. The statement y ¢ S is read “y does not belong to S”
or “y is not a member of S”.

Let S denote a non-empty set containing real numbers z. This set is said to be
bounded above if one can find a number b such that for each = € S, one finds z < b.
The number b is called an upper bound of the set S. In a similar fashion the set S
containing real numbers z is said to be bounded below if one can find a number ¢
such that ¢ < z for all z € S. The number ¢ is called a lower bound for the set S.
Note that any number greater than b is also an upper bound for § and any number
less than ¢ can be considered a lower bound for S. Let B and C denote the sets

B = {x | x is an upper bound of S} and C = {z | xis alower bound of S},

then the set B has a least upper bound (f.u.b.) and the set C has a greatest lower
bound (g.£.b.). A set which is bounded both above and below is called a bounded set.
Some examples of well known sets are the following.
The set of natural numbers N = {1,2,3,...}
The set of integers Z = {...,-3,-2,-1,0,1,2,3,...}
The set of rational numbers Q = {p/q | p is an integer, ¢ is an integer, ¢ # 0}
The set of prime numbers P = {2,3,5,7,11,...}
The set of complex numbers C = {z+iy | i%>= —1, z,y are real numbers}
The set of real numbers R = {All decimal numbers}
The set of 2-tuples R* = {(z,y) | z,y are real numbers }
The set of 3-tuples R® = {(z,y, 2) | =,y, 2z are real numbers }
The set of n-tuples R™ = { (&1,62,...,&) | &1, 62, ..., &, are real numbers }

where it is understood that i is an imaginary unit with the property 2 = —1 and

decimal numbers represent all terminating and nonterminating decimals.



Example 1-1. Intervals

When dealing with real numbers a, b,z it is customary to use the following no-

tations to represent various intervals of real numbers.

Set Notation Set Definition Name
[a, b] {z|a<z<b} closed interval
(a,b) {z | a<z<b} open interval
[a,b) {z | a<z<b} left-closed, right-open
(a,b] {z |a<z<b} left-open, right-closed
(a, 00) {z | 2> a} left-open, unbounded
[a, 00) {z | z>a} left-closed,unbounded
(=00, a) {z | z<a} unbounded, right-open
(=00, a {z | z <a} unbounded, right-closed
(—00,00) R={z | —00 <z < oo} Set of real numbers

Subsets

If for every element » € A one can show that z is also an element of a set B,
then the set A is called a subset of B or one can say the set A is contained in the
set B. This is expressed using the mathematical statement A c B, which is read “A
is a subset of B”. This can also be expressed by saying that B contains A, which is
written as B O A. If one can find one element of A which is not in the set B, then A
is not a subset of B. This is expressed using either of the notations A ¢ B or B % A.
Note that the above definition implies that every set is a subset of itself, since the
elements of a set A belong to the set A. Whenever A ¢ B and A # B, then A is called
a proper subset of B.

Set Operations

Given two sets A and B, the union of these sets is written AU B and defined
AUB={z | x€ Aorx € B, orx € both A and B}
The intersection of two sets A and B is written An B and defined
ANB={z | x € both Aand B}

If AnB is the empty set one writes AN B = () and then the sets A4 and B are said to
be disjoint.



The difference! between two sets A and B is written A — B and defined
A-B={x|zecAandz¢ B}
The equality of two sets is written A = B and defined
A=pBifand onlyif Ac Band BCc A

That is, if A ¢ B and B c A, then the sets A and B must have the same elements
which implies equality. Conversely, if two sets are equal A = B, then A ¢ B and
B C A since every set is a subset of itself.

AUB ANB

®

AU(BNC) (AU B)*

Figure 1-1. Selected Venn diagrams.

The complement of set A with respect to the universal set U is written A¢ and
defined

A={z|zeUbutz¢A}

Observe that the complement of a set A satisfies the complement laws
AU A° =T, AN A° =0, 0 =1, Uc =10
The operations of union U and intersection N satisfy the distributive laws

AU(BNC)=(AUB)N(AUCQ) AN(BUC)=(ANB)U(ANC)

L The difference between two sets A and B in some texts is expressed using the notation A \ B.
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and the identity laws
AUD=A, AUuU =T, ANU = A, ANnh=10

The above set operations can be illustrated using circles and rectangles, where
the universal set is denoted by the rectangle and individual sets are denoted by
circles. This pictorial representation for the various set operations was devised by
John Venn? and are known as Venn diagrams. Selected Venn diagrams are illustrated
in the figure 1-1.

Example 1-2. Equivalent Statements
Prove that the following statements are equivalent Ac B and ANnB=A

Solution To show these statements are equivalent one must show

(i) if Ac B, then AnB = A and (ii) if An B = A4, then it follows that A c B.

(i) Assume A c B, then if » € A it follows that = € B since A is a subset of B.
Consequently, one can state that x € (An B), all of which implies A ¢ (An B).
Conversely, if » € (AN B), then = belongs to both A and B and certainly one can
say that z € A. This implies (AnB) c A. If Ac (AnB) and (AN B) C A, then it
follows that (AN B) = A.

(ii) Assume AN B = A, then if z € A, it must also be in An B so that one can say
r € A and z € B, which implies A C B.

n
Coordinate Systems

There are many different kinds of coordinate systems most of which are created
to transform a problem or object into a simpler representation. The rectangular
coordinate system® with axes labeled z and y provides a way of plotting number

pairs (z,y) which are interpreted as points within a plane.

2 John Venn (1834-1923) An English mathematician who studied logic and set theory.
3 Also called a cartesian coordinate system and named for René Descartes (1596-1650) a French philosopher who

applied algebra to geometry problems.



rectangular coordinates polar coordinates
I : I

2 . o 2 x = rcosb, y =rsind
tanf = £ Ja2+yi=r

Figure 1-2. Rectangular and polar coordinate systems

A cartesian or rectangular coordinate system is constructed by selecting two
straight lines intersecting at right angles and labeling the point of intersection as
the origin of the coordinate system and then labeling the horizontal line as the
z-axis and the vertical line as the y-axis. On these axes some kind of a scale is
constructed with positive numbers to the right on the horizontal axis and upward
on the vertical axes. For example, by constructing lines at equally spaced distances
along the axes one can create a grid of intersecting lines.

A point in the plane defined by the two axes can then be represented by a number
pair (z,y). In rectangular coordinates a number pair (z,y) is said to have the abscissa
z and the ordinate y. The point (z,y) is located a distance r = /22 + 42 from the
origin with z representing distance of the point from the y-axis and y representing
the distance of the point from the z-axis. The x axis or abscissa axis and the y axis
or ordinate axis divides the plane into four quadrants labeled I, 11,111 and IV.

To construct a polar coordinate system one selects an origin for the polar co-
ordinates and labels it 0. Next construct a half-line similar to the z-axis of the
rectangular coordinates. This half-line is called the polar axis or initial ray and the
origin is called the pole of the polar coordinate system. By placing another line on
top of the polar axis and rotating this line about the pole through a positive angle
6, measured in radians, one can create a ray emanating from the origin at an angle ¢
as illustrated in the figure 1-3. In polar coordinates the rays are illustrated emanat-
ing from the origin at equally spaced angular distances around the origin and then

concentric circles are constructed representing constant distances from the origin.
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A point in polar coordinates is then denoted by the number pair (r, #) where 6 is
the angle of rotation associated with the ray and r is a distance outward from the
origin along the ray. The polar origin or pole has the coordinates (0, 6) for any angle

6. All points having the polar coordinates (p,0), with p > 0, lie on the polar axis.

Here angle rotations are treated the same as

ray in trigonometry with a counterclockwise ro-

tation being in the positive direction and a

(r,0) clockwise rotation being in the negative di-

0\/ 0 > rection. Note that the polar representation
pole polar axis of a point is not unique since the angle § can
Figure 1-3. be increased or decreased by some multiple

of 27 to arrive at the same point. That is,

Construction of polar axes

(r,0) = (r,0 £ 2n7) where n is an integer.

Also note that a ray at angle # can be extended to represent negative distances
along the ray. Points (—r,0) can also be represented by the number pair (r,6 + 7).
Alternatively, one can think of a rectangular point (z,y) and the corresponding polar
point (r,0) as being related by the equations

0 = arctan (y/x), x =rcosf
r=+z%+y?, y =rsinf

An example of a rectangular coordinate system and polar coordinate system are
illustrated in the figure 1-2.

(1.1)

Distance Between Two Points in the Plane

If two points are given in polar coordinates
(r2,62) as (ry,61) and (ry, 62), as illustrated in the fig-
ure 1-4, then one can use the law of cosines

to calculate the distance d between the points

since

Figure 1-4.

Distance between points d* = 17 413 — 2173 co8(61 — 0) (1.2)

in polar coordinates.




Alternatively, let (z1,v:) and (z2,y2) denote two points which are plotted on a
cartesian set of axes as illustrated in the figure 1-5. The Greek letter A (delta) is
used to denote a change in a quantity. For example, in moving from the point (z1,4;)
to the point (x2,32) the change in z is denoted Az = z, — z; and the change in y is
denoted Ay =y, —y1. These changes can be thought of as the legs of a right-triangle
as illustrated in the figure 1-5.

Yy
A (z2,y2) Ax = x3 — 1
Y2
0 Ay=1ya —
Ay
- 2 2
il (@1,91) . JL da® = (Az)” + (Ay)
- T
H o T2
Figure 1-5.
Using a right-triangle to calculate distance between
two points in rectangular coordinates.

The figure 1-5 illustrates that by using the Pythagorean theorem the distance d

between the two points can be determined from the equations

d*> = (Az)? + (Ay)? or d= \/(:Eg —21)%2 4 (y2 — y1)? (1.3)

Graphs and Functions

Let X and Y denote sets which contain some subset of the real numbers with
elements » € X and y € Y. If a rule or relation f is given such that for each » € X
there corresponds exactly one real number y € Y, then y is said to be a real single-
valued function of z and the relation between y and z is denoted y = f(z) and read
as “y is a function of 2”. If for each z € X, there is only one ordered pair (z,y),
then a functional relation from X to Y is said to exist. The function is called single-
valued if no two different ordered pairs (z,y) have the same first element. A way
of representing the set of ordered pairs which define a function is to use one of the

notations
{(@y) | y=f(z), ze X} or {(zf(z)]| z€eX} (1.4)



The set of values z € X is called the domain of definition of the function f(z).
The set of values {y | y = f(z), » € X} is called the range of the function or the image
of the set X under the mapping or transformation given by f. The set of ordered
pairs

C={(zy | y=[f(z), zeX}

is called the graph of the function and represents a curve in the z,y-plane giving
a pictorial representation of the function. If y = f(z) for 2 € X, the number z is
called the independent variable or argument of the function and the image value
y is called the dependent variable of the function. It is to be understood that the
domain of definition of a function contains real values for x for which the relation
f(x) is also real-valued. In many physical problems, the domain of definition X must
be restricted in order that a given physical problem be well defined. For example,
in order that v/z — 1 be real-valued, x must be restricted to be greater than or equal
to 1.

When representing many different functions the symbol f can be replaced by
any of the letters from the alphabet. For example, one might have several different

functions labeled as

y:f(x)a y:g(:c), y:h(x)v s y:y(:ﬂ), s y:Z(l?) (1'5)

or one could add subscripts to the letter f to denote a set of n-different functions

F={h(z), fa(z),..., fn(z)} (1.6)

Example 1-3. (Functions)

(a) Functions defined by a formula over a given domain.

Let y = f(z) = 22 + 2 for z € R be a given rule defining a function which can
be represented by a curve in the cartesian z,y-plane. The variable z is a dummy
variable used to define the function rule. Substituting the value 3 in place of z in
the function rule gives y = f(3) = 32 + 3 = 12 which represents the height of the curve
at z = 3. In general, for any given value of = the quantity y = f(z) represents the
height of the curve at the point z. By assigning a collection of ordered values to z
and calculating the corresponding value y = f(z), using the given rule, one collects
a set of (z,y) pairs which can be interpreted as representing a set of points in the

cartesian coordinate system. The set of all points corresponding to a given rule is

9
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called the locus of points satisfying the rule. The graph illustrated in the figure 1-6

is a pictorial representation of the given rule.

T y=fx)=z’+=z
-2.0 2.00 y’
-1.8 1.44 A — — 9
= o y=f(x)=x’4x
1.2 0.24 6
1.0 0.00
0.8 0.16
0.6 -0.24 7
o T 4 /‘/

0.4 0.56 2

0.6 0.96

0.8 1.44 f(x\

1.0 2.00 \ N )

] .64

e — ] > X
1.6 4.16 -2 -1 0 1 2

1.8 5.04

2.0 6.00 e X g

—x+h™

Figure 1-6. A graph of the function y = f(z) = 2%+ =z

Note that substituting = + h in place of z in the function rule gives
flx+h)=(x+h)?+(x+h) =22+ 2h+ 1Dz + (K> +h).

If f(z) represents the height of the curve at the point z, then f(x + h) represents the

height of the curve at z + h.

(b) Let r = f(6) = 1+ 06 for 0 < 6 < 27 be a given rule defining a function which
can be represented by a curve in polar coordinates (r,6). One can select a set
of ordered values for § in the interval [0,27] and calculate the corresponding
values for r = f(#). The set of points (r,0) created can then be plotted on polar
graph paper to give a pictorial representation of the function rule. The graph
illustrated in the figure 1-7 is a pictorial representation of the given function
over the given domain.

Note in dealing with polar coordinates a radial distance » and polar angle § can

have any of the representations

((=1)"r,0+nm)
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and consequently a functional relation like » = f(6) can be represented by one of the

alternative equations r = (=1)"f(6 + nn)

6 r=f0)=1+06
0 140
/4 14+ m/4
27 /4 14+ 27w/4
3m/4 14 3n/4
4dr/4 14+ 4nr/4
5m/4 14 57/4
6m/4 14 6n/4
/4 14 7n/4
/4 L+ 8r/4 Figure 1-7.
A polar plot of the function r = f(6) =1+ 6

(c) The absolute value function

The absolute value function is defined

y § y=Ff(@)=z|

S CEEIEE S
y=JE=T= —, <0
Substituting in a couple of specific values for z one can T
form a set of (z,y) number pairs and then sketch a graph ==

of the function, which represents a pictorial image of the functional relationship
between z and y.

(d) Functions defined in a piecewise fashion.

A function defined by

y=1(x)
1+ x, < -1 5t
l—z,  —1<z<0 4
A 3 0<z<2 el Ta 2N 72 1 &
24z,  x>2 Al 0 '
-4

is a collection of rules which defines the function in a piecewise fashion. One must
examine values of the input = to determine which portion of the rule is to be used
in evaluating the function. The above example illustrates a function having jump

discontinuities at the points where » = -1 and z = 0.
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(e) Numerical data.

If one collects numerical data from an experiment such as recording temperature
T at different times ¢, then one obtains a set of data points called number pairs. If
these number pairs are labeled (t;,T;), for i =1,2,...,n, one obtains a table of values
such as

Time ¢ t to tn

Temperature T | Ty T | T,

It is then possible to plot a t, T-axes graph associated with these data points by plot-
ting the points and then drawing a smooth curve through the points or by connecting
the points with straight line segments. In doing this, one is assuming that the curve
sketched is a graphical representation of an unknown functional relationship between
the variables.

(e) Other representation of functions

Functions can be represented by different methods such as using equations,
graphs, tables of values, a verbal rule, or by using a machine like a pocket cal-
culator which is programmable to give some output for a given input. Functions can
be continuous or they can have discontinuities. Continuous functions are recognized
by their graphs which are smooth unbroken curves with continuously turning tangent
lines at each point on the curve. Discontinuities usually occur when functional values

or tangent lines are not well defined at a point.

Increasing and Decreasing Functions

One aspect in the study of calculus is to examine how functions change over an
interval. A function is said to be increasing over an interval (a,b) if for every pair
of points (zg,z;) within the interval (a,b), satisfying zy < z;, the height of the curve
at zo is less than the height of the curve at z; or f(x) < f(z1). A function is called
decreasing over an interval (a, b) if for every pair of points (zy,z;) within the interval
(a,b), satisfying zo < 21, one finds the height of the curve at z, is greater than the
height of the curve at z; or f(zo) > f(z1).



Linear Dependence and Independence

A linear combination of a set of functions {fi, f2,..., f.} is formed by taking
arbitrary constants c;,cs,...,c, and forming the sum

yzclf1+62f2+"'+cnfn (17)

One can then say that y is a linear combination of the set of functions {fi, fo,..., f,}.

If a function f,(x) is some constant ¢ times another function f,(x), then one can
write fi(z) = cfo(z) and under this condition the function f; is said to be linearly
dependent upon f,. If no such constant ¢ exists, then the functions are said to
be linearly independent. Another way of expressing linear dependence and linear
independence applied to functions f; and f, is as follows. One can say that, if there

are nonzero constants c;, c; such that the linear combination

c1fi(z) + cafa(x) =0 (1.8)

for all values of z, then the set of functions {fi, fo} is called a set of dependent
functions. This is due to the fact that if ¢, # 0, then one can divided by ¢; and
express the equation (1.8) in the form fi(z) = =2 fa(x) = cfa(x). If the only constants
which make equation (1.8) a true statement are ¢; = 0 and ¢, = 0, then the set of
functions {fi, fo} is called a set of linearly independent functions.

An immediate generalization of the above is the following. If there exists con-

stants ¢, ca, ..., c,, not all zero, such that the linear combination
lel(x)+02f2(x)+"'cnfn(x) =0, (19)
for all values of z, then the set of functions {f1, fs, ..., f.} is called a linearly dependent

set of functions. If the only constants, for which equation (1.9) is true, are when
c1 =c = - = c, = 0, then the set of functions {fi, fo,..., fu} is called a linearly
independent set of functions. Note that if the set of functions are linearly dependent,
then one of the functions can be made to become a linear combination of the other

functions. For example, assume that ¢; # 0 in equation (1.9). One can then write

filz) = —j—jf2<x> — o Z—jfnm

which shows that f; is some linear combination of the other functions. That is, f;

is dependent upon the values of the other functions.

13
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Single-valued Functions
Consider plane curves represented in rectangular coordinates such as the curves
illustrated in the figures 1-8. These curves can be considered as a set of ordered

pairs (z,y) where the  and y values satisfy some specified condition.

y y AY

(x,¥)
N D al

X - X
—~— H=X— =1 K/

(a) (b) (c)

Figure 1-8. Selected curves sketched in rectangular coordinates

In terms of a set representation, these curves can be described using the set
notation

C = {(z,y) | relationship satisfied by z and y with z € X }

This represents a collection of points (z,y), where z is restricted to values from some
set X and y is related to = in some fashion. A graph of the function results when the
points of the set are plotted in rectangular coordinates. If for all values z, a vertical
line z = 2, cuts the graph of the function in only a single point, then the function is
called single-valued. If the vertical line intersects the graph of the function in more
than one point, then the function is called multiple-valued.

Similarly, in polar coordinates, a graph of the function is a curve which can be

represented by a collection of ordered pairs (r, ). For example,
C = {(r,0) | relationship satisfied by » and § with 6 c© }

where © is some specified domain of definition of the function. There are available
many plotting programs for the computer which produce a variety of specialized
graphs. Some computer programs produce not only cartesian plots and polar plots,
but also many other specialized graph types needed for various science and engineer-
ing applications. These other graph types give an alternative way of representing

functional relationships between variables.



Example 1-4. Rectangular and Polar Graphs

Plotting the same function in both rectangular coordinates and polar coordinates
gives different shaped curves and so the graphs of these functions have different
properties depending upon the coordinate system used to represent the function.
For example, plot the function y = f(z) = 22 for —2 < z < 2 in rectangular coordinates
and then plot the function » = ¢g(#) = 62 for 0 < # < 27 in polar coordinates. Show
that one curve is a parabola and the other curve is a spiral.

Solution

_ _ p2
r | y=f(z)=2° 0 r=g(0) =120
-2.00 4.0000
.75 3.0625 0.00 0.0000
-1.50 2.2500 5
1.25 1.5625 m/4 /16
-1.00 1.0000
0.75 0.5625 /2 w2 /4
-0.50 0.2500 )
-0.25 0.0625 3n/4 972 /16
0.00 0.0000 5
0.25 0.0625 ™ ™
0.50 0.2500
0.75 0.5625 57 /4 2572 /16
1.00 1.0000
1.25 1.5625 3m/2 972 /4
1.50 2.2500
1.75 3.0625 /4 49772/16
2.00 4.0000
21 472
y

Ci={(z,y) | y=flx)=22 —2<2<2} Co={(r0)| r=g0)=6*0<0<2r}

Figure 1-9. Rectangular and polar graphs give different pictures of function.

Select some points = from the domain of the function and calculate the image
points under the mapping y = f(x) = 22. For example, one can use a spread sheet
and put values of z in one column and the image values y in an adjacent column
to obtain a table of values for representing the function at a discrete set of selected

points.

15



16

Similarly, select some points 6 from the domain of the function to be plotted in
polar coordinates and calculate the image points under the mapping r = g() = 62.
Use a spread sheet and put values of ¢ in one column and the image values » in an
adjacent column to obtain a table for representing the function as a discrete set of
selected points. Using an z spacing of 0.25 between points for the rectangular graph
and a 6 spacing of 7/4 for the polar graph, one can verify the table of values and

graphs given in the figure 1-9.

Some well known cartesian curves are illustrated in the following figures.

y=f(z)== y=F(z)==> y=Ff(z)=="

Figure 1-10. Polynomial curves y =z, y = 2* and y = 2°

Figure 1-11. The trigonometric functions y = sinz and y = cosz for —7 < 2 < 27.




Some well known polar curves are illustrated in the following figures.

b=-a b=2a b=3a

Figure 1-12. The limacon curves r = 2acosf + b

r = asin 30 r = acos 260 r = asin 50

Figure 1-13. The rose curves r = acosnf and r = asinnd

If n odd, curve has n-loops and if n is even, curve has 2n loops.

Parametric Representation of Curve

Examine the graph in figure 1-8(b) and observe that it does not represent a
single-valued function y = f(x). Also the circle in figure 1-8(c) does not define a
single valued function. An alternative way of graphing a function is to represent

it in a parametric form.* In general, a graphical representation of a function or a

4 The parametric form for representing a curve is not unique and the parameter used may or may not have a
physical meaning.

17
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section of a function, be it single-valued or multiple-valued, can be defined by a

parametric representation
C={(z,y) | z=2(t), y=y), a<t<b} (1.10)

where both z(t) and y(t) are single-valued functions of the parameter ¢t. The re-
lationship between x and y is obtained by eliminating the parameter ¢ from the
representation z = x(t) and y = y(t). For example, the parametric representation
r=ux(t) =t and y = y(t) = 2, for t € R, is one parametric representation of the
parabola y = z2.

The Equation of a Circle

A circle of radius p and centered at

the point (h,k) is illustrated in the figure
1-14 and is defined as the set of all points Ay

(z,y) whose distance from the point (h, k) (=)
has the constant value of p. Using the dis-

tance formula (1.3), with (z;,y:) replaced
by (h, k), the point (z2,y2) replaced by the
variable point (z,y) and replacing d by p,

N
—
v
8

one can show the equation of the circle is

h%
given by one of the formulas !— T
(x —h)* + (y — k)* = p°
(1.11) Figure 1-14.

or  (@—h2+(y—k?2=p

Circle centered at (h, k).

Equations of the form
224+ +ar+py+v=0, o, 3, v constants (1.12)

can be converted to the form of equation (1.11) by completing the square on the
z and y terms. This is accomplished by taking 1/2 of the z-coefficient, squaring
and adding the result to both sides of equation (1.12) and then taking 1/2 of the
y-coefficient, squaring and adding the result to both sides of equation (1.12). One
then obtains



2 2 2 2
2 a” 2 ﬁ_ _ @ ﬁ__
<x+ax+4>+<y+ﬁy+4>—4+4 vy

. . . a\ 2 I6] 2 s
which simplifies to (a: + 5) + <y + 5) =r

where 2 = %2 + %2 — 7. Completing the square is a valid conversion whenever the
right-hand side %2 + %2 —~v>0.
An alternative method of representing the equation of the circle is to introduce
a parameter # such as the angle illustrated in the figure 1-14 and observe that by
trigonometry
sinf = y—k and cosf = z—h
p P

These equations are used to represent the circle in the alternative form
C={(x,y) | xt=h+pcosh, y=k+psing, 0<60<2r} (1.13)

This is called a parametric representation of the circle in terms of a parameter 6.

The equation of a circle in polar form can

Y be constructed as follows. Let (r,0) denote

(r,6)

a variable point which moves along the cir-
(r1,61) cumference of a circle of radius p which is
centered at the point (ry, ;) as illustrated
in the figure 1-15. Using the distances r,r,
and p, one can employ the law of cosines
6, to express the polar form of the equation

of a circle as

Figure 1-15. r? 4+ —2rrycos(0 — 6;) = p? (1.14)

Circle centered at (rq,6,).

Functions can be represented in a variety of ways. Sometimes functions are
represented in the implicit form G(z,y) = 0, because it is not always possible to
solve for one variable explicitly in terms of another. In those cases where it is
possible to solve for one variable in terms of another to obtain y = f(z) or =z = g(y),

the function is said to be represented in an explicit form.
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For example, the circle of radius p can be represented by any of the relations
G(a,y) =2 +y* = p* = 0,
p?—a? —p<z<p +VPr -y —p<y<p (L15)
B z=g(y) =

Vp2—x2, —p<z<p VPP =y* —p<y<p

Note that the circle in figure 1-8(c) does not define a single valued function. The

y=f(z)=

circle can be thought of as a graph of two single-valued functions y = +./p? — 22
and y = —y/p?2 — 22 for —p < x < p if one treats y as a function of x. The other
representation in equation (1.15) results if one treats = as a function of y.

Types of functions
One can define a functional relationships between the two variables z and y in
different ways.

A polynomial function in the variable 2 has the form
y=pn(r) = aoz" + a13" "+ aga" P+t ap_1z + ay (1.16)

where ag, a1, ...,a, represent constants with ay # 0 and n is a positive integer. The
integer n is called the degree of the polynomial function. The fundamental theorem
of algebra states that a polynomial of degree n has n-roots. That is, the polynomial
equation p,(z) = 0 has n-solutions called the roots of the polynomial equation. If
these roots are denoted by zi, zs, ..., ,, then the polynomial can also be represented
in the form
pn(x) = ao(z — z1)(z — 22) - - (z — 2)

If z; is a number, real or complex, which satisfies p,(z;) = 0, then (z—z;) is a factor of
the polynomial function p,(x). Complex roots of a polynomial function must always
occur in conjugate pairs and one can say that if a + i3 is a root of p,(z) = 0, then
a—1i31is also a root. Real roots z; of a polynomial function give rise to linear factors
(x — x;), while complex roots of a polynomial function give rise to quadratic factors
of the form [(z — @)? + 2], «, 8 constant terms.

A rational function is any function of the form
P(x)
Q(z)
where both P(z) and Q(z) are polynomial functions in z and Q(z) #0. If y = f(x) is

= f(z) =

(1.17)

a root of an equation of the form

bo(2)y"™ + by (2)y" 1 + ba(2)y" 2 + -+ by 1 (2)y + bu(x) = 0 (1.18)



where bo(z),b1(z),...,b,(z) are polynomial functions of » and n is a positive integer,
then y = f(z) is called an algebraic function. Note that polynomial functions and
rational functions are special types of algebraic functions. Functions which are built
up from a finite number of operations of the five basic operations of addition, sub-
traction, multiplication, division and extraction of integer roots, usually represent

algebraic functions. Some examples of algebraic functions are
1. Any polynomial function.

2. fi(z) = (@®* +1)Vz + 4

2 3/6 2
3. falz) = 55(:_—3):;3:6

The function f(z) = V22 is an example of a function which is not an algebraic func-
tion. This is because the square root of z? is the absolute value of 2 and represented

f(»’£)=x/?:|x|:{ x, ifz>0

—z, ifzx<0

and the absolute value operation is not one of the five basic operations mentioned
above.

A transcendental function is any function which is not an algebraic function.
The exponential functions, logarithmic functions, trigonometric functions, inverse
trigonometric functions, hyperbolic functions and inverse hyperbolic functions are
examples of transcendental functions considered in this calculus text.

The Exponential and Logarithmic Functions
The exponential functions have the form y = v, where b > 0 is a positive constant

and the variable z is an exponent. If x = n is a positive integer, one defines

1
V'= b-b---b and b "= — (1.19)
SN—— bn
n factors

By definition, if 2 = 0, then 8° = 1. Note that if y = b*, then y > 0 for all real values
of z.

Logarithmic functions and exponential functions are related. By definition,
ify=5b6* then =z =log,y (1.20)

and z, the exponent, is called the logarithm of y to the base b. Consequently, one

can write

log, (b*) = x for every x € R and b'°s:® — gz for every x > 0 (1.21)

21
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Recall that logarithms satisfy the following properties
log, (zy) = log, = + log, v, x>0andy >0
log, <E> = log, * — log, v, x>0and y >0 (1.22)
Y

log,(y*) = xzlog,y, « can be any real number

Of all the numbers b > 0 available for use as a base for the logarithm function
the base b = 10 and base b = e = 2.71818 --- are the most often seen in engineering
and scientific research. The number e is a physical constant® like 7. It can not be
represented as the ratio of two integer so is an irrational number. It can be defined

as the limiting sum of the infinite series

1 1 1 1 1 1 1
e= a—i—ﬂ—i-a—i-a—i-a—i-ﬁ—i-"'—i-m—i—"'
Using a computer® one can verify that the numerical value of e to 50 decimal places

is given by

e = 2.7182818284590452353602874713526624977572470936999 ...

The irrational number e can also be determined from the limit e = lim (1 + h)*/"™.

In the early part of the seventeenth century many mathematicians dealt with
and calculated the number e, but it was Leibnitz” in 1690 who first gave it a name
and notation. His notation for the representation of e didn’t catch on. The value of

Yh is used so much in mathematics

the number represented by the limit lim (1+h)
it was represented using the symbol e by Leonhard Euler® sometime around 1731
and his notation for representing this number has been used ever since. The number
e is sometimes referred to as Euler’s number, the base of the natural logarithms.
The number e and the exponential function ¢* will occur frequently in our study of

calculus.

5 There are many physical constants in mathematics. Some examples are €, T, %,(imaginary component), 7y
(Euler-Mascheroni constant). For a listing of additional mathematical constants go to the web site

http : / /en.wikipedia.org/wiki/Mathematical _constant.

6 One can go to the web site
hitp : //www.numberworld.org/misc_runs/e — 500b.html to see that over 500 billion digits of this number have

been calculated.
7 Gottfried Wilhelm Leibnitz (1646-1716) a German physicist, mathematician.
8 Leonhard Euler (1707-1783) a famous Swiss mathematician.



The logarithm to the base e, is called the natural logarithm and its properties
are developed in a later chapter. The natural logarithm is given a special notation.

Whenever the base b = e one can write either
y=log,x =1lnx or y =logx (1.23)

That is, if the notation In is used or whenever the base is not specified in using
logarithms, it is to be understood that the base b = ¢ is being employed. In this

special case one can show
y = e® = exp(x) = x=1Iny (1.24)

which gives the identities
In(e®*) =2, z€R and et =x, x>0 (1.25)

In our study of calculus it will be demonstrated that the natural logarithm has the

special value In(e) = 1.

/]
/
— x 4

-2 -1 o0 1 2

Figure 1-16. The exponential function y = ¢* and logarithmic function y =Inz

Note that if y = log, 2, then one can write the equivalent statement ¥ = z since a
logarithm is an exponent. Taking the natural logarithm of both sides of this last
equation gives

In(Y) = Inz or ylnb=Inz (1.26)
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Consequently, for any positive number b different from one
Inx
m’
The exponential function y = %, together with the natural logarithm function can

Yy = ]ogb Tr = b # 1 (1.27)

then be used to define all exponential functions by employing the identity
y = bE — (elnb)m — % Inb (1.28)

Graphs of the exponential function y = e* = exp(x) and the natural logarithmic
function y = In(x) = log(x) are illustrated in the figure 1-16.
The Trigonometric Functions
The ratio of sides of a right triangle are used to define the six trigonometric
functions associated with one of the acute angles of a right triangle. These definitions
can then be extended to apply to positive and negative angles associated with a point

moving on a unit circle.

The six trigonometric functions asso-

ciated with a right triangle are hypotenuse ¢ OppOSite
sine tangent secant r y Slde
cosine cotangent cosecant 0

which are abbreviated respectively as L .
b Y adjacent side

sin, tan, sec, cos, cot, and csc.
Let # and ¢ denote complementary angles in a right triangle as illustrated above.

The six trigonometric functions associated with the angle ¢ are

. Yy opposite side Yy opposite side r hypotenuse
sinf=="= ——— ———, tanf=="= — secd =— = - -
r hypotenuse x adjacent side x adjacent side
0 x adjacent side co x adjacent side 0 r hypotenuse
cos  =— = cot =—= —— csch =— =
r hypotenuse Yy opposite side’ Yy opposite side

Graphs of the Trigonometric Functions
Graphs of the trigonometric functions siné, cosf and tan 6, for § varying over the
domain 0 < @ < 47, can be represented in rectangular coordinates by the point sets
S={(6y) | y=sinf, 0<6<dr},
C={(0,2) | ©=cosh, 0<0<dr}
T={(8,y) | y=tanf, 0<6<dr}
and are illustrated in the figure 1-17.



Using the periodic properties

sin(f + 27) = sin6,

cos(0 +27) = cos and tan(d+ 7) = tanf

these graphs can be extend and plotted over other domains.

(<)

tan @ = sin@
~ cos@

o

.

Figure 1-17. Graphs of the trigonometric functions sin6, cos and tan@
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The function y = sin# can also be interpreted as representing the motion of a point P

moving on the circumference of a unit circle. The point P starts at the point (1,0),

where the angle 6 is zero and then moves in a counterclockwise direction about the

circle. As the point P moves around the circle its ordinate value is plotted against

the angle 6. The situation is as illustrated in the figure 1-17(a). The function = cos#

can be interpreted in the same way with the point P moving on a circle but starting

at a point which is shifted =/2 radians clockwise. This is the equivalent to rotating
the z,y—axes for the circle by 7/2 radians and starting the point P at the coordinate
(1,0) as illustrated in the figure 1-17(b).

The Hyperbolic Functions

Related to the exponential functions e* and e~* are the hyperbolic functions

hyperbolic sine written sinh,
hyperbolic cosine written cosh,

hyperbolic tangent written tanh,

hyperbolic cotangent written coth
hyperbolic secant written sech

hyperbolic cosecant written csch

25
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These functions are defined

. e —e™® 1
sinhe =———, cschx =—
sinhx
2 coshx
sinhx
tanhx = , cothx =
coshz tanhx

As the trigonometric functions are related to the circle and are sometimes referred
to as circular functions, it has been found that the hyperbolic functions are related
to equilateral hyperbola and hence the name hyperbolic functions. This will be
explained in more detail in the next chapter.

Symmetry of Functions

The expression y = f(z) is the representation of a function in an explicit form
where one variable is expressed in terms of a second variable. The set of values given
by

S={(z,y) | y=f(), v € X}

where X is the domain of the function, represents a graph of the function. The
notation f(z), read “f of 2”, has the physical interpretation of representing y which
is the height of the curve at the point z. Given a function y = f(x), one can replace
r by any other argument. For example, if f(z) is a periodic function with least
period T, one can write f(z) = f(z+ T) for all values of x. One can interpret the
equation f(z) = f(z + T) for all values of z as stating that the height of the curve at
any point z is the same as the height of the curve at the point = + 7. As another
example, if the notation y = f(x) represents the height of the curve at the point =,
then y + Ay = f(z + Az) would represent the height of the given curve at the point
r+Az and Ay = f(z+ Az) — f(x) would represent the change in the height of the curve
y in moving from the point z to the point z+Az. If the argument = of the function
is replaced by —z, then one can compare the height of the curve at the points 2 and
—z. If f(z) = f(—=) for all values of z, then the height of the curve at x equals the
height of the curve at —2 and when this happens the function f(z) is called an even
function of z and one can state that f(z) is a symmetric function about the y-axis.
If f(x) = —f(—=) for all values of x, then the height of the curve at » equals the
negative of the height of the curve at —» and in this case the function f(z) is called
an odd function of z and one can state that the function f(z) is symmetric about the

origin. By interchanging the roles of 2 and y and shifting or rotation of axes, other



symmetries can be discovered. The figure 1-18 and 1-19 illustrates some examples

of symmetric functions.

A AL e

9 = @) = e Y = gil@) = @ = ol = u
fl@)=—f(—x)  9(@) = g(=x) h(y) = h(—y)

Figure 1-18. Examples of symmetric functions

Symmetry about a line. Symmetry about a point.

Figure 1-19. Examples of symmetric functions

In general, two points P, and P, are said to be symmetric to a line if the line is
the perpendicular bisector of the line segment joining the two points. In a similar
fashion a graph is said to symmetric to a line if all points of the graph can be
grouped into pairs which are symmetric to the line and then the line is called the
axis of symmetry of the graph. A point of symmetry occurs if all points on the graph
can be grouped into pairs so that all the line segments joining the pairs are then
bisected by the same point. See for example the figure 1-19. For example, one can
say that a curve is symmetric with respect to the z-axis if for each point (z,y) on the
curve, the point (z, —y) is also on the curve. A curve is symmetric with respect to
the y-axis if for each point (z,%) on the curve, the point (—z,y) is also on the curve.
A curve is said to be symmetric about the origin if for each point (z,y) on the curve,
then the point (—x, —y) is also on the curve.
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Example 1-5. A polynomial function p,(z) = apz" + 12" ' + - - - + ap_12 + a, of

degree n has the following properties.

(i) If only even powers of z occur in p,(z), then the polynomial curve is symmetric
about the y-axis, because in this case p,(—z) = p,(z).

(ii) If only odd powers of = occur in p,(x), then the polynomial curve is symmetric
about the origin, because in this case p,(—z) = —p,(z).

(iii) If there are points z = a and z = ¢ such that p,(a) and p,(c) have opposite signs,
then there exists at least one point z = b satisfying a < b < ¢, such that p,(b) = 0.
This is because polynomial functions are continuous functions and they must
change continuously from the value p,(a) to the value p,(c) and so must pass, at

least once, through the value zero.

Translation and Scaling of Axes

Consider two sets of axes labeled (z,y) and (z,7) as illustrated in the figure 1-
20(a) and (b). Pick up the (z,7) axes and keep the axes parallel to each other and
place the barred axes at some point P having the coordinates (h, k) on the (x,y) axes
as illustrated in the figure 1-20(c). One can now think of the barred axes as being
a translated set of axes where the new origin has been translated to the point (h, k)
of the old set of unbarred axes. How is an arbitrary point (z,y) represented in terms
of the new barred axes coordinates? An examination of the figure 1-20 shows that
a general point (z,y) can be represented as

r=z+h and y=gy+k or z=x—h and jy=y—k (1.30)

Consider a curve y = f(x) sketched on the (z,y) axes of figure 1-20(a). Change
the symbols z and y to z and § and sketch the curve y = f(z) on the (z,7) axes of
figure 1-20(b). The two curves should look exactly the same, the only difference
being how the curves are labeled. Now move the (z,7) axes to a point (h, k) of the
(x,y) coordinate system to produce a situation where the curve 3 = f(z) is now to be
represented with respect to the (z,y) coordinate system.

The new representation can be determined by using the transformation equations
(1.30). That is, the new representation of the curve is obtained by replacing g by
y — k and replacing z by x — h to obtain

y—k= f(x—h) (1.31)
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Figure 1-20. Shifting of axes.

In the special case k = 0, the curve y = f(z — h) represents a shifting of the curve
y = f(z) a distance of h units to the right. Replacing h by —h and letting & = 0 one
finds the curve y = f(z + h) is a shifting of the curve y = f(x) a distance of h units
to the left. In the special case h = 0 and k # 0, the curve y = f(z) + k represents a
shifting of the graph y = f(z) a distance of k¥ units upwards. In a similar fashion,
the curve y = f(x) — k represents a shifting of the graph of y = f(x) a distance of k
units downward. The figure 1-21 illustrates the shifting and translation of axes for

the function y = f(z) = 22.

y 'yl
W |

0 @ 0 2 i
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0 - 7\471 ‘i D 0 e
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Figure 1-21. Translation and shifting of axes.

Introducing a constant scaling factor s > 0, by replacing y by y/s one can create
the scaled function y = sf(x). Alternatively one can replace = by sz and obtain the
scaled function y = f(sz). These functions are interpreted as follows.

(1) Plotting the function y = sf(z) has the effect of expanding the graph of y = f(x)

in the vertical direction if s > 1 and compresses the graph if s < 1. This is
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equivalent to changing the scaling of the units on the y-axis in plotting a graph.
As an exercise plot graphs of y =sinz, y = 5sinz and y = £ sina.

(2) Plotting the function y = f(sz) has the effect of expanding the graph of y = f(z)
in the horizontal direction if s < 1 and compresses the graph in the z-direction
if s > 1. This is equivalent to changing the scaling of the units on the z-axis in
plotting a graph. As an exercise plot graphs of y = sinz,y = sin(32) and y = sin(3z).

(3) A plot of the graph (x, — f(x)) gives a reflection of the graph y = f(x) with respect

to the z-axis.
M y

AY \ Z
/\ T ! €T
// | | | 73 72 7‘ \ | | 3 )

{(@.f(=)) | z€[-3,3] } {(@,—f(=)) | z€[-3,3] }

(4) A plot of the graph (z, f(—=z)) gives a reflection of the graph y = f(z) with respect
to the y-axis.
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{(z=,f(z)) | =€[—3,3] } { (=, f(—=)) | =z€[—3,3] }

Rotation of Axes

Place the (z,7) axes from figure 1-20(b) on top of the (z,y) axes of figure 1-20(a)
and then rotate the (z,7) axes through an angle 6 to obtain the figure 1-22. An
arbitrary point (z,y), a distance r from the origin, has the coordinates (z,7) when
referenced to the (z,7) coordinate system. Using basic trigonometry one can find
the relationship between the rotated and unrotated axes. Examine the figure 1-22
and verify the following trigonometric relationships.
The projection of r» onto the z axis produces z = rcos¢ and the projection of r onto
the 7 axis produces 7 = rsin¢. In a similar fashion consider the projection of » onto
the y-axis to show y = rsin(d + ¢) and the projection of » onto the z-axis produces
x =rcos(f+ ¢).



- Expressing these projections in the form
y
() (®3) | % cos(0+ ¢) =~
y . 5 (1.32)
t/z s1n(9+¢):;
9 |y _
4 cos ¢ = z
- i r (1.33)
sing = Y
,
one can expand the equations (1.32) to obtain
Figure 1-22. o
Rotation of axes. x =1cos(0 + ¢) =r(cosfcos ¢ — sinf sin ¢) (130

y = rsin(f + ¢) =r(sinf cos ¢ + cosf sin @)

Substitute the results from the equations (1.33) into the equations (1.34) to ob-
tain the transformation equations from the rotated coordinates to the unrotated

coordinates. One finds these transformation equations can be expressed

xr =Zcosf — gysinf

(1.35)
y =Zsinf + g cos
Solving the equations (1.35) for # and § produces the inverse transformation
T =xcosf + ysinb
(1.36)

y= —xsinf + ycosl

Inverse Functions

If a function y = f(x) is such that it never takes on the same value twice, then
it is called a one-to-one function. One-to-one functions are such that if z; # z,, then
f(x1) # f(z2). One can test to determine if a function is a one-to-one function by
using the horizontal line test which is as follows. If there exists a horizontal line
y = a constant, which intersects the graph of y = f(z) in more than one point, then
there will exist numbers z; and z, such that the height of the curve at z; is the
same as the height of the curve at z, or f(z;) = f(x2). This shows that the function
y = f(x) is not a one-to-one function.

Let y = f(z) be a single-valued function of = which is a one-to-one function such as
the function sketched in the figure 1-23(a). On this graph interchange the values of
z and y everywhere to obtain the graph in figure 1-23(b). To represent the function
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r = f(y) with y in terms of = define the inverse operator f~! with the property that
f~1f(z) = z. Now apply this operator to both sides of the equation z = f(y) to obtain
fYz) = f~1f(y) = y or y = f~(z). The function y = f~'(x) is called the inverse
function associated with the function y = f(x). Rearrange the axes in figure 1-23(b)
so the z-axis is to the right and the y-axis is vertical so that the axes agree with
the axes representation in figure 1-23(a). This produces the figure 1-23(c). Now
place the figure 1-23(c) on top of the original graph of figure 1-23(a) to obtain the
figure 1-23(d), which represents a comparison of the original function and its inverse
function. This figure illustrates the function f(z) and its inverse function f~!(z) are

one-to-one functions which are symmetric about the line y = .

-1
Yy y=f(x) Xy x=f(y) or £ (x)=y
/ y=—Xx /
X =Y
xX
Yy

(c) (d)

Figure 1-23. Sketch of a function and its inverse function.

Note that some functions do not have an inverse function. This is usually the
result of the original function not being a one-to-one function. By selecting a domain
of the function where it is a one-to-one function one can define a branch of the function
which has an inverse function associated with it.

Lets examine what has just been done in a slightly different way. If y = f(z) is a
one-to-one function, then the graph of the function y = f(z) is a set of ordered pairs
(x,y), where x € X, the domain of the function and y € Y the range of the function.



Now if the function f(x) is such that no two ordered pairs have the same second
element, then the function obtained from the set

S:{(l?,y) | y:f(x)a 'IGX}

by interchanging the values of x and y is called the inverse function of f and it is
denoted by f~!. Observe that the inverse function has the domain of definition Y

and its range is X and one can write

y=f(z) Aand Ty =« (1.32)

Still another way to approach the problem is as follows. Two functions f(x)
and g(z) are said to be inverse functions of one another if f(zx) and g(z) have the
properties that

9(f(z)) = = and  f(g(x)) == (1.33)

If g(z) is an inverse function of f(z), the notation f~!, (read f-inverse), is used to
denote the function g. That is, an inverse function of f(z) is denoted f~'(z) and has
the properties

@)=z and  f(f () =2 (1.34)

Given a function y = f(x), then by interchanging the symbols z and y there results
r = f(y). This is an equation which defines the inverse function. If the equation
r = f(y) can be solved for y in terms of z, to obtain a single valued function, then
this function is called the inverse function of f(x). One then obtains the equivalent

statements
= f(y) = y=/f""(z) (1.35)

The process of interchanging » and y in the representation y = f(x) to obtain
r = f(y) implies that geometrically the graphs of f and f~! are mirror images of
each other about the line y = 2. In order that the inverse function be single valued
and one-to-one, it is necessary that there are no horizontal lines, y = constant, which
intersect the graph y = f(x) more than once. Observe that one way to find the inverse

function is the following.
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(1.) Write y = f(z) and then interchange » and y to obtain z = f(y)

(2.) Solve z = f(y) for the variable y to obtain y = f~1(z)

(3.) Note the inverse function f~!(z) sometimes turns out to be a multiple-valued
function. Whenever this happens it is customary to break the function up into
a collection of single-valued functions, called branches, and then one of these
branches is selected to be called the principal branch of the function. That is,
if multiple-valued functions are involved, then select a branch of the function
which is single-valued such that the range of y = f(z) is the domain of f~1(x).

An example of a function and its inverse is given in the figure 1-22.

¥ y=f(m)
y=flo)=(-17+1, =21 -
z = fy) = (y-1)+1
or ?,i:f_l(x): 1+ (:r:—l) y=1 1(@
= G

Figure 1-22. An example of a function and its inverse.

Example 1-6. (Inverse Trigonometric Functions)

The inverse trigonometric functions are defined in the table 1-1. The inverse
trigonometric functions can be graphed by interchanging the axes on the graphs
of the trigonometric functions as illustrated in the figures 1-23 and 1-24. Observe
that these inverse functions are multi-valued functions and consequently one must
define an interval associated with each inverse function such that the inverse function
becomes a single-valued function. This is called selecting a branch of the function
such that it is single-valued.



Table 1-1
Inverse Trigonometric Functions
Alternate Interval for

Function | notation Definition single-valuedness

arcsinz sin"!x sin~'z =y if and only if 2 = siny -2 <y<7%

arccos T cos~tuw cos 'z =y if and only if z = cosy 0<y<m

arctanz tan~ !z tan~!z = y if and only if 2 = tany -5 <y<3g

arccot x cot 1 x cot lx=y if and Only if 2 = coty O<y<m

arcsec T sec o seclz =y if and only if z = secy O0<y<m y#3%

arcesc csc lx csctx =y if and only if z = cscy —-Z<y<%, y#0

Yy = sinx

Y
v RvaT ANV
1 = L
y = arcsin [~ y = arctan x

N < i w2 —/
w2t -

+ —m/% / /2

Figure 1-23. The inverse trigonometric functions sin=*z, cos™'z and tan~!z.

There are many different intervals over which each inverse trigonometric function
can be made into a single-valued function. These different intervals are referred to
as branches of the inverse trigonometric functions. Whenever a particular branch is
required for certain problems, then by agreement these branches are called principal
branches and are always used in doing calculations. The following table gives one
way of defining principal value branches for the inverse trigonometric functions.
These branches are highlighted in the figures 1-23 and 1-24.
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Principal Values for Regions Indicated
x <0 x>0
—%§s1n_1x<0 0§sin_1x§§
%gcos_lxgw 0§cos_1x§§
—%gtan_1x<0 0§tan_1x<§
§<cot_1x<7r 0<cot_1x§§
%gsec_lxgw 0§sec_1x<§
—%gcsc_1x<0 0<csc_1x§§
Yy = cotx Yy = secx Yy = CsCx

NS EVIWEY
Yy n T T
)

=T

=l |
Yy = arccotx
Yy = arcsecT Yy = arccscaT
P e
- =
S

™

U

{2

i

)
/RN

Figure 1-24. The inverse trigonometric functions cot™! z, sec™'z and csc™! x.

Equations of lines

Given two points (z1,41) and (z2,y2) one can plot these points on a rectangular
coordinate system and then draw a straight line ¢ through the two points as illus-
trated in the sketch given in the figure 1-25. By definition the slope of the line is
defined as the tangent of the angle o which is formed where the line ¢ intersects the

r-axis.



Move from point (z1,y;) to point (z2,4.) along the line and let Ay denote a change
in y and let Az denote a change in z, then the slope of the line, call it m, is calculated

yo—1y1 _ changeiny Ay

= - = 1.36
zy —x1 changeinz Az (1.36)

slope of line = m = tana =

If (z,y) is used to denote a variable point which moves along the line, then one can

make use of similar triangles and write either of the statements

Yy—u or m:y—y2
T — 21 T — T2

(1.37)

The first equation representing the change in y over a change in z relative to the
first point and the second equation representing a change in y over a change in x
relative to the second point on the line.

This gives the two-point formulas for representing a line

y—y1:y2—y1:m or y—y2:y2—y1:m (1.38)
r — X1 Tog — X1 r — X9 To — I
Goy) ~*
h4 Y-y
(xzy yz) !
_T_
(y.-v.)
(xlﬂ}rl ) (04 l
f<— _ —>|
TG
x
Figure 1-25. The line y — y1 = m(z — 1)

Once the slope m = change in y
change in z

the line using either of the point-slope forms

= tana of the line is known, one can represent

y—y = m(z — 1) or y—yo = m(x — z2) (1.39)

Note that lines parallel to the z-axis have zero slope and are represented by
equations of the form y = yy = a constant. For lines which are perpendicular to the

r-axis or parallel to the y-axis, the slope is not defined. This is because the slope
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tends toward a + infinite slope or - infinite slope depending upon how the angle of
intersection o approaches 7/2. Lines of this type are represented by an equation
having the form z = zy = a constant. The figure 1-26 illustrates the general shape

of a straight line which has a positive, zero and negative slope.

Yy Yy Yy Yy T = xo
Y =1%o ~
N T T | =z
positive slope zero slope negative slope +o00 slope
Figure 1-26. The slope of a line.
The general equation of a line is given by
Ar+ By+C =0, where A, B,C are constants. (1.40)
The slope-intercept form for the equation of a line is given by
y=mx+b (1.41)

where m is the slope and b is the y—intercept. Note that when z =0, then the point
(0,b) is where the line intersects the y axis. If the line intersects the y-axis at the
point (0,b) and intersects the z-axis at the point (a,0), then the intercept form for

the equation of a straight line is given by
=1, a#0, b#0 (1.42)
One form! for the parametric equation of a straight line is given by the set of points
(= {(z,y)|r=tand y=mt+b, —oco<t<oo}
Another parametric form such as
{={(z,y) | v =sint and y = msint +b, —oco<t<oo }

gives only a segment of the total line.

L The parametric representation of a line or curve is not unique and depends upon the representation.



The polar form for the equation of a straight line can be obtained from the
intercept form for a line, given by equation (1.42), by using the transformation
equations (1.1) previously considered. For example, if the intercept form of the line
IATS 2 - % = 1, then the transformation equations z = r cos# and y = rsin@ change this
equation to the form

rcosf) rsind

- ;=1 (1.43)

Let d denote the perpendicular distance
from the line / to the origin of the rectan-
gular z,y coordinate system as illustrated
in the figure 1-27. This perpendicular line

makes an angle g such that

cosﬁ:g and cos(g—ﬁ):sinﬁ:%

Solve for 2 and 1 and substitute the results
into the equation (1.43) to show

Figure 1-27.

Determining polar form for line.

zcos@cosﬂ%— gsinHSinﬁ: 1

d

Use trigonometry to simplify the above equation and show the polar form for the

equation of the line is

rcos(0 — () =d (1.44)

Here (r,0) is a general point in polar coordinates which moves along the line ¢ de-
scribed by the polar equation (1.44) and g is the angle that the z-axis makes with

the line which passes through the origin and is perpendicular to the line ¢.
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Perpendicular Lines .
Consider a line ¢, which is perpendicular to a given line ! . “
¢, as illustrated in the figure 1-28. The slope of the line S
¢1 is given by m; = tana; and the slope of the line ¢, is A Loy as
given by my = tanas where a; and a, are the positive B
angles made when the lines ¢; and ¢, intersect the z-axis. Figure 1-28.
Perpendicular lines.




40

Two lines are said to intersect orthogonally when they intersect to form two right
angles. Note that a, is an exterior angle to a right triangle ABC and so one can
write ap = oy +7/2. If the two lines are perpendicular, then the product of the slopes

m; and my must satisfy

sina1> sin(ay + 7/2) _ sin oy o _cosaq 1 (1.45)

mime = tanog tanag =
B ! 2 < cos(ag +7/2) cosa; (—sinag)

cos aq

which shows that if the two lines are perpendicular, then the product of their slopes
must equal -1, or alternatively, one slope must be the negative reciprocal of the other
slope. This relation breaks down if one of the lines is parallel to the z-axis, because
then a zero slope occurs.
In general, if line ¢, with slope m; = tan#@, inter-

sects line ¢, with slope my = tanf, and 6 denotes the £2
angle of intersection as measured from line ¢, to /¢, =
then 6 = 6, — 6; and

tan 0, — tan 04 o
tan @ =tan(6y — 0,) = o1 2 @
1+ tan 04 tan 6,

tang M2 T M / / -

1 + 1Mo

Note that as m, approaches —1/m;, then the angle 6 approaches /2.
Limits

The notation z — oo is used to denote the value z increasing without bound
in the positive direction and the notation » — —oo is used to denote x increasing
without bound in the negative direction. The limits lim f() and lim f(2), if they
exist, are used to denote the values of a function f(x) as the variable z is allowed
to increase without bound in the positive and negative directions. For example one
can write
lim(2+§):2 and  lim (2+x—12):2

The notation =z — z, denotes the variable 2 approaching the finite value z,, but
it never gets there. If z and 2, denote real numbers, then = can approach z, from
any direction and get as close to zy as you desire, but it cannot equal the value x,.
For ¢ > 0 a small real number, sketch on a piece of paper the difference between the
z-values defined by the sets

N={x| |z —zo| <€} and No={z | 0<|z— 2| <¢€} (1.46)



Observe that the set N contains all the points between z( — ¢ and z( + ¢ together with
the point zo € N, while the set Ny is the same as N but has the point z; excluded so
one can write zo ¢ Nyo. The set N is called a neighborhood of the point 2, while the set
Ny is called a deleted neighborhood of the point xy. The notation » — x, emphasizes
the requirement that = approach the value zy, but z is restricted to taking on the
values in the set Ny. The situation is illustrated in the figures 1-29(a) and 1-29(b).
The notation z — z{ is used to denote x approaching z, from the right-hand side of
rg, Where z is restricted such that z > zy. The notation z — z; is used to denote x
approaching z, from the left-hand side of xy, where z is restricted such that = < z.
In general, the notation z — 2y means = can approach z, from any direction, but =

can never equal .

b4 Yy
= ~ | = *
XO X o
(a) =—=g (b) =—azg

Figure 1-29. Left and right-hand approaches of = to the value .

Infinitesimals
You cannot compare two quantities which are completely different in every way.
To measure related quantities you must have

(i) A basic unit of measurement applicable to the quantity being measured.

(i1) A number representing the ratio of the measured quantity to the basic unit.

The concept of largeness or smallness of a quantity is relative to the basic unit
selected for use in the measurement. For example, if a quantity @ is divided up
into some fractional part f, then fQ is smaller than @ because the ratio fQ/Q = f
is small. For f < 1, quantities like fQ, f2Q, f3Q, ... are called small quantities of
the first, second, third orders of smallness, since each quantity is a small fraction
f of the previous quantity. If the fraction f is allowed to approach zero, then the
quantities fQ, f2Q, f3Q, ... are very, very small and are called infinitesimals of the
first, second, third, ..., orders. Thus, if Az is a small change in z, then (Az)? would
be an infinitesimal of the second order, (Az)? would be an infinitesimal of the third

order, etc.
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In terms of limits, if o and 3 are infinitesimals and lim g is some constant
different from zero, then o and 8 are called infinitesimals of the same order. However,
if iiirbg =0, then 3 is called an infinitesimal of higher order than o.

If you are dealing with an equation involving infinitesimals of different
orders, you only need to retain those infinitesimals of lowest order, since the higher
order wnfinitesimals are significantly smaller and will not affect the results
when these infinitesimals approach zero .

This concept is often used in comparing the ratio of two small quantities which
approach zero. Consider the problem of finding the volume of a hollow cylinder, as

illustrated in the figure 1-30, as the thickness of the cylinder sides approaches zero.

31

r+Ar

Figure 1-30. Volume of hollow cylinder.

Let AV denote the volume of the hollow cylinder with » the inner radius of the
hollow cylinder and r + Ar the outer radius. One can write

AV =Volume of outer cylinder — Volume of inner cylinder
AV =n(r+ Ar)2h — mr?h = w[r? + 2rAr + (Ar)?|h — 712k
AV =27rhAr + wh(Ar)?

This relation gives the exact volume of the hollow cylinder. If one takes the limit
as Ar tends toward zero, then the Ar and (Ar)? terms become infinitesimals and
the infinitesimal of the second order can be neglected since one is only interested in
comparison of ratios when dealing with small quantities. For example

lim AV = lim (27rh+ whAr) = 2nrh
Ar—0 Ar Ar—0



Limiting Value of a Function

The notation lim f(x) =/ is used to denote the limiting value of a function f(x)
as r approaches tli:g\cfoalue 79, but x # 9. Note that the limit statement wlirg f(z) 1s
dependent upon values of f(z) for z near =y, but not for x = ;. One must examine
the values of f(x) both for xJ values (values of z slightly greater than z,) and for
zy values (values of x slightly less than zy). These type of limiting statements are
written

lim f(x) and lim f(z)

IE—)IEO :E—)IEO

and are called right-hand and left-hand limits respectively. There may be situations
where (a) f(zo) is not defined (b) f(zo) is defined but does not equal the limiting
value ¢ (c) the limit lim £ () might become unbounded, in which case one can write
a statement stating tha% “no limit exists as = — zo 7

Some limits are easy to calculate, for example lim (3x 4+ 1) = 7, is a limit of the
form lim f(2) = f(zo), where f(zq) is the value of f(z) at x = z¢, if the value f(zo)
exists. This method is fine if the graph of the function f(z) is a smooth unbroken
curve in the neighborhood of the point z.

Figure 1-31. defined

Sectionally-continuous

_[2—(z—w0), x < xo
@) = {5+2(x—x0), x> x

function

is an example of a sectionally continuous function. Note this function is not defined

at the point zo and the left-hand limit lim f(z) = 2 and the right-hand limit given

IE—)(L‘O

by lim f(z) =5 are not equal and f(xq) is not defined. The graph of f(z) is sketched

IE—)(L‘O

in the figure 1-31. The function f(z) is said to have a jump discontinuity at the point
r = zo and one would write lim f(z) does not exit.
T—Tg
Some limiting values produce the indeterminate forms 3 or 2 and these resulting

forms must be analyzed further to determine their limiting value. For example, the
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The limiting value lim f(x) cannot be calculated by eval-

y uating the function f(z) at the point z, if the function is

5 not defined at the point z,. A function f(z) is called a
2 sectionally continuous function if its graph can be repre-
x, * | sented by sections of unbroken curves. The function f(z)
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limiting value 2 may reduce to a zero value, a finite quantity or it may become an

infinite quantity as the following examples illustrate.

3 3 . . ..
3,2 3 lim 2% — lim — = 0o, an infinite limit
lim 22 = lim 2z =0, a zero limit z=0 222 2=0 2z
=0 2x  x—02 ’ x? — 23 (x — xo)(x + )
3z 3 3 o lim = lim - = 2,
lim —— = lim = = =, a finite limit T=To T — X =T (z — z0)

a finite limit

Example 1-7. (Geometry used to determine limiting value)

Consider the function f(z) = “—— and observe that this function is not defined
at the value » = 0, because f(0) = i = %, an indeterminate form. Let us
T z=0

investigate the limit lim ﬂ using the geometry of the figure 1-32 as the angle? =
gets very small, but Wlth x 7& 0. The figure 1-32 illustrates part of a circle of radius
r sketched in the first quadrant along with a ray from the origin constructed at the
angle x. The lines AD and BC perpendicular to the polar axis are constructed along
with the line BD representing a chord. These constructions are illustrated in the

figure 1-32. From the geometry of figure 1-32 verify the following values.

1
Area A0OBD = —OB AD = 27“ sinx

AD = rsinzx
Area sector 0BD = —r x
BC = rtanz 2

1 1
Area A0BC = §OB -BC = 57“2 tan x

One can compare the areas of triangles AOBD, A0BC and sector 0BD to come

up with the inequalities

Area A0OBD < Area sector 0BD < Area A 0BC

1 1 1 1.47
or —r’sinz < —rx < —r?tanzx ( )
2 2 2
.. .. . . 1
Divide this inequality through by ir%sinz to obtain the result 1 < L <
SinxT COS T
Taking the reciprocals one can write
1> S > cos T (1.48)
X

2 Radian measure is always used.
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Figure 1-32. Construction of triangles and sector associated with circle.

Now take the limit as z approaches zero to show

sin x

1> lim > lim cos z (1.49)
z—0 T z—0
The function 222 is squeezed or sandwiched between the values 1 and cosz and since
X
the cosine function approaches 1 as = approaches zero, one can say the limit of the
. ST :
function == must also approach 1 and so one can write
X
sinx

lim =1 (1.50)
x—0 €T

In our study of calculus other methods are developed to verify the above limiting

. . . . SIn T
value associated with the indeterminate form —= as x approaches zero.
T

Example 1-8. (Algebra used to determine limiting value)
Algebra as well as geometry can be used to aid in evaluating limits. For example,
to calculate the limit

-1 -1 0 . .
lim — =2 = — an indeterminate form (1.51)
e—1 x —1 z—1 0

r=1

one can make the change of variables » = z—1 and express the limit given by equation

(1.51) in the form

lim I+2)"-1

1.52
lim . (1.52)

The numerator of this limit expression can be expanded by using the binomial

theorem
1+2)"=14nz+ n(n2'— D 22+ nin = 13)'(71 =2 254 (1.53)
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Substituting the expansion (1.53) into the equation (1.52) and simplifying reduces
the given limit to the form

. n(n —1) nn—1)(n—2) , B
ll_r)r(l) n + 51 z+ al 224 =n (1.54)
. R A |
This shows that hn% s =n
z—1 r —

Example 1-9. (Limits)

The following are some examples illustrating limiting values associated with

functions.
. 1
lim 2% =9 im — = — o0 lim tan9:1
z—3 z—0— T 6—0 0
o1 1 Jrr]l—
hm+—=+oo lim (3+=)=3 thH:l
z—0T T r—00 xT z—0 x 2

Formal Definition of Limit

In the early development of mathematics the concept of a limit was very vague.
The calculation of a limit was so fundamental to understanding certain aspects of
calculus, that it required a precise definition. A more formal e—§ (read epsilon-delta)
definition of a limit was finally developed around the 1800’s. This formalization
resulted from the combined research into limits developed by the mathematicians

Weierstrass,® Bolzano* and Cauchy.®

Definition 1: Limit of a function
Let f(z) be defined and single-valued for all values of x in some deleted neigh-
borhood of the point xo. A number ¢ is called a limit of f(x) as = approaches x,
written lim f(z) = ¢, if for every small positive number ¢ > 0 there exists a number
§ such tgfczagg
|f(z) — 4| <€ whenever 0<|z—mo| <6 (1.55)

Then one can write f(x) — ¢ (f(z) approaches £) as x — xo (x approaches xy). Note

that f(x) need not be defined at the point zo in order for a limit to exist.

3 Karl Theodor Wilhelm Weierstrass (1815-1897) A German mathematician.

4 Bernard Placidus Johan Nepomuk Bolzano (1781-1848) A Bohemian philosopher and mathematician.
5 Augustin Louis Cauchy (1789-1857) A French mathematician.

6 The number § usually depends upon how € is selected.



The above definition must be modified if restrictions are placed upon how =z
approaches zo. For example, the limits lim f(z) = ¢, and lim f(z) = ¢, are called

IE—)IEO :E—)IEO

the right-hand and left-hand limits associated with the function f(x) as z approaches

the point z,. Sometimes the right-hand limit is expressed lim f(z) = f(z$) and

IE—)(L‘O

the left-hand limit is expressed lim f(z) = f(z,). The ¢ —§ definitions associated

IE—)(L‘O

with these left and right-hand limits is exactly the same as given above with the
understanding that for right-hand limits = is restricted to the set of values = > g

and for left-hand limits =z is restricted to the set of values z < z.

Definition 2: Limit of a function () as » —

Let f(x) be defined over the unbounded interval c < x < oo, then a number ¢ is
called a limit of f(z) as = increases without bound, written as lim f(z) = ¢, if for
every e > 0, there exists a number Ny >0 such that |f(z) — ] <, wwi(;oenever x> Ny.

In a similar fashion, if f(x) is defined over the unbounded interval —co < z < ¢,
then the number ¢ is called a limit of f(x) as = decreases without bound, written
lim f(z)= ¢, if for every e > 0, there exists a number Ny > 0 such that |f(z) —¢| < e,
juheorjever z < —Ns.

In terms of the graph {(z,y) | v = f(z), z € R} one can say that for z sufficiently
large, larger than N; or less than —N,, the y values of the graph would get as close
as you want to the line y = /.

Definition 3: Limit of a function becomes unbounded

In the cases where the limit lim f(z) either increases or decreases without bound
and does not approach a limit, theon the notation lim f(z) = +o0 is used to denote
that there exists a number N3 > 0, such that f(x) >QCN3QC,O whenever 0 < |z —x¢| < 4§ and
the notation lim f(z) = —oo 15 used to denote that there exists a number Ny > 0,
such that f(z) < iN4, whenever 0 < |z — zg| < 6.

In the above notations the symbols +oo (plus infinity) and —co (minus infinity)
are used to denote unboundedness of the functions. These symbols are not numbers.
Also observe that there are situations where to use the above notation one might
have to replace the limit subscript 2 — z, by either » — 2 or x — x; in order to

denote right or left-handed limits.
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In using the ¢ — § methods to prove limit statements, observe that the statement
“f(x) is near ¢” is expressed mathematically by the statement |f(z) — ¢ < ¢ where
e > 0 is very small. By selecting ¢ very small you can force f(x) to be very near ¢,
but what must 6 be in order that f(z) be that close to ¢?7 The selection of §, in most
cases, will depend upon how ¢ is specified. The statement that “z is near z,, but =

7

is not equal to z,” is expressed mathematically by the statement 0 < |z — z¢| < 6.
The real number § which is selected to achieve the smallness specified by e, is not
a unique number. Once one value of ¢ is found, then any other value §; < § would

also satisfy the definition.

Y @ + 0 y = f(z) y\

iy —B y=g(z)

e T
£—e¢ - s
/ Fag)#f @)

x &
zo
(b)
Figure 1-33.

(a) Graphical sketch of e — ¢ limit.
(b) Function having jump discontinuity at the point z,

A sketch of the e — ¢ definition of a limit is given in the figure 1-33(a). Here
zg,¢,e> 0,6 > 0 are all real numbers and the given function y = f(x) is understood to
be well defined for both = < 2y and for z > xy, while the function value f(z,) may or
may not be defined. That portion of the graph inside the shaded rectangle is given
by the set of values

G={(zy) | 0<|z—zo] <dandy=f(z) }

which is a subset of all the points inside the shaded rectangle.



The shaded rectangle consists of the set of values
S={(z,y) | O0<|z—ax9|<dand |[y—¢ <e}

Note that the line where 2 = 2y and ¢ — ¢ < y < ¢ + € is excluded from the set. The
problem is that for every ¢ > 0 that is specified, one must know how to select the
§ to insure the curve stays within the shaded rectangle. If this can be done then ¢
is defined to be the lim f(z). In order to make |f(z) — ¢ small, as z — xy, one must
restrict the values ofgC :cwtoo some small deleted neighborhood of the point z,. If only
points near z, are to be considered, it is customary to always select § to be less than

or equal to 1. Thus if |z — z¢| < 1, then = is restricted to the interval [zg — 1,20 +1].

Example 1-10. (e — ¢ proof)
Use the e — § definition of a limit to prove that lim > =9
Solution

Here f(z) = 2? and ¢ =9 so that
[f(x) =€ = [a* = 9] = [(x +3)(z — 3)| = &+ 3] - |2 — 3] (1.56)

To make |f(z) — ¢| small one must control the size of |z —3|. Recall that by agreement
§ is to be selected such that § < 1 and as a consequence of this the statement “z is
near 3”7 is to mean z is restricted to the interval [2,4]. This information allows us to
place bounds upon the factor (z + 3). That is, |z + 3| < 7, since z is restricted to the
interval [2,4]. One can now use this information to change equation (1.56) into an

inequality by noting that if |» — 3| < §, one can then select § such that
If(z) == |2* =9 = |z +3|- |t -3 <Td<e (1.57)

where ¢ > 0 and less than 1, is as small as you want it to be. The inequality (1.57)
tells us that if § < €/7, then it follows that

|z?2 —9| < e whenever |z—-3|<§

Special Considerations
1. The quantity e used in the definition of a limit is often replaced by some scaled
value of €, such as ae, €2,\/e, etc. in order to make the algebra associated with

some theorem or proof easier.
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2. The limiting process has the property that for f(z) = ¢, a constant, for all values
of z, then
lim c=c¢ (1.58)

P——
This is known as the constant function rule for limits.
3. The limiting process has the property that for f(z) = z, then lim x = x.
This is sometimes called the identity function rule for limits. o
Properties of Limits
If f(x) and g(z) are functions and the limits lim f(z) = 6, and lim g(z) = (2 both
exist and are finite, then o o
(a) The limit of a constant times a function equals the constant times the limit of
the function.
lim cf(x) = ¢ lim f(x) = cf; for all constants ¢
(b) Thxeﬁlxiomit of a si?ngczs the sum of the limits.
lim [f(z) 4+ g(z)] = lim f(z)+ lim g(x) = ¢, + {5
(C) Thz??;nit of a diﬂ'ererwl:(;C Ois the Jii?‘?rence of the limits.
Jim [f(@) — (o) = Jim f(z) = lim g(a) = b1~
(d) The limit of a product of functions equals the product of the function limits.
i (70 9@ = (i 7)) - (Jim o)) = 1112
(e) The limit of a quotient is the quotient of the limits provided that the denom-
inator limit is nonzero.
() lim f(z)

rT—xg 1

1' = = — 1
s g(x) lim g(xz) 4y’ provided £ #0
T—xq

(f) The limit of an nth root is the nth root of the limit.

lim v/ f(x) = ’\”/W: Wl {1 n 1S an o positive mteger or

z—z0 if n is an even positive integer and ¢, > 0
(g) Repeated applications of the product rule with g(z) = f(z) gives the extended
product rule.

lim f(z)" = <xlin30f(x)>n

rT—xg

(h) The limit theorem for composite functions is as follows.

If lim g(x) = ¢, then xlirgo flg(x)=f <xli_gclo g(:c)) = f0)

rT—xg



Example 1-11. (Limit Theorem)

Use the ¢ — § definition of a limit to prove the limit of a sum is the sum of the
limits xlirg (f(z)+g(x)) = xlirg flz)+ xlirg g(x) =41 + Lo
Solution By Ohypothesis, lim f(ox) =l and lim g(z) = {2, SO that for a small number
€1 > 0, there exists numersgC 061 and 6, such g%hgot

|f($)—£1| < €1 when 0< |$—$0| <0
lg(z) —la] <eg when 0< |z — 20| <

where ¢; > 0 is a small quantity to be specified at a later time. Select § to be the

smaller of §; and 6, then using the triangle inequality, one can write
|(f (@) + g(x)) — (br + £2)| =|(f(z) — &) + (g(z) — £2)]

< |f(x) = la| + |g(x) — Lo
<e1+e=2¢ when 0<|z—z0/<§

Consequently, if ¢; is selected as ¢/2, then one can say that
|(f(x) +g(x)) — (1 +4a)] <e wWhen 0<|z—mx<§

which implies
lim (f(z) +g(2)) = lim f(z)+ lim g(z) =6 + Lo

T—xq T—Tg

Example 1-12. (Limit Theorem)
Use the e — ¢ definition of a limit to prove the limit of a product of functions

equals the product of the function limits. That is, if lim f(z) = ¢, and lim g(z) = /s,

then lim f(z)g(z) = <lim f@)) <lim g(:ﬂ)) = 105,

T—xg T—xg T—xg

Solution
By hypothesis, lim f(z) = ¢, and lim g(z) = ¢, so that for every small number

€1, there exists numbers ¢;,6; and ¢, d, such that

|f(z) — £1] < €1, whenever 0 < |z — xo| < 0y

and |g(z) — fs] < e Whenever 0 < |z — 20| < &2

where ¢; > 0 is some small number to be specified later. Let ¢ equal the smaller of
the numbers §; and §, so that one can write

|f(z) —t1] <er, |g(x) —£2] < €1, Wwhenever 0 < |z —zo| <6

o1
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To prove the above limit one must specify how to select § associated with a given

value of e such that
|f(z)g(z) — l1ls] < e whenever |z —xzg]<d

One can select ¢; above as a small number which is some scaled version of e. Observe
that the function f(x) is bounded, since by the triangle inequality one can write

|f(@)] = [f(z) =€ + 0| < |f(x) = ba| + o] < e + [0a] <1+ [£]

where ¢, is assumed to be less than unity. Also note that one can write

|f(2)g(@) — bils| =|f(x)g(x) — Lo f(x) + Lo f(z) — L10s]
<|f(@)(g(x) — L2)| + [L2(f(z) — £1)]
<|f(@)|lg(x) — La] + L2 f (z) — 1]
<A+ e + [aler = (1 + [b] + [£2])er

Consequently, if the quantity ¢, is selected to satisfy the inequality (1+[f1|+|fa|)e1 < €,

then one can say that
|f(z)g(z) — l1ls] < e whenever |z —xzg]<d

so that

T—xq T—Tg

i f@)g(o) = (tim 7)) (i o)) = bat

Example 1-13. (Limit Theorem)
1

If ¢5 # 0, prove that if lim g(z) = ¢3, then lim L _ . _ 1
T—Tg T—Tg g($) xligclo g(f) £2

Solution By hypothesis lim g(z) = f5, with ¢ # 0. This means that for every ¢ > 0

there exists a §; such that |g(z) — f2] < ¢; whenever |z — x| < 6;. How can this
information be used to show that for every ¢ > 0 there exists a § such that
1

1
I— —| <e whenever |z— x| <d? (1.59)
g(z) Lo

The left-hand side of the inequality (1.59) can be expressed

‘;_g e —g(@)] _lgla)— ] 1
0@ &l gk Bl Tg@)

(1.60)
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For a given ¢;, one can find a §; such that the quantity |g(z) — £2] < ¢ whenever

|r — z9| < 6. What can be constructed as an inequality concerning the quantity

lg(@)]

? If ¢, # 0 one can employ the triangle inequality and write

[lo] = [l — g(z) + g(2)] < |2 — g(z)| + [g(2)]
By the definition of a limit, one can select values e3 and 65 such that
g(z) — £ < 5 when |z — zo| < 8

This gives the inequalities

1 1
9@ = Tl =
provided |€5] — €3 is not zero. Recall that the values of ¢; and e; have not been

|lo] < e3+lg(x)| or [l —e3<|g(z)] oOr

(1.61)

specified and their values can be selected to have any small values that we desire.

The inequality given by equation (1.60) can be expressed in the form
1 1 lg(z) — 4] 1 €1 1

@) Lo ol Tg@)] 1l ] e

(1.62)

g(z) Lo
and is valid for all = values satisfying |z —z¢| < 6, where § is selected as the smaller of
the values 6, and d3. Let us now specify an ¢; and e3 value so that with some algebra
the right-hand side of equation (1.62) can be made less than e for |z — 2| < §. One
way to accomplish this is as follows. After e is selected, one can select §; above to go
with e; = €(1 — 3)|¢2)? and select §3 above to go with e3 = 3|¢3|, where 3 is some small
fraction less than 1. Then ¢ is selected as the smaller of the values 6; and 653 and the
product on the right-hand side of equation (1.62) is less than e for |z — x| < 4.

The above result can now be combined with the limit of a product rule

lim f(z)h(z) = lim f(z)- lim h(z) with h(z) = ;5 to establish the quotient rule

lim f(z)
lim % = <lim f(:c)) <lim ! ) == _h provided ¢y # 0

z—zo g(x) z—xo z—zo g(z) lim g(z) 45’
T—Tgo

The Squeeze Theorem
Assume that for x near xy there exists three functions f(x), g(x) and h(z) which
can be shown to satisfy the inequalities f(x) < g(z) < h(x). If one can show that

lim f(z)=/¢ and lim h(z) =4,

T—xq T—Tg

then one can conclude
lim g(z)=/¢

rT—xg

This result is known as the squeeze theorem.
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Continuous Functions and Discontinuous Functions
A function f(x) is called a continuous function over the interval a < zy < b if for

all points zq within the interval

(i) f(xo0) is well defined

(71) xlirgof(x) exists (1.63)
i) lim f(x) = f(zo)

Polynomial functions are continuous functions. Rational algebraic functions,
represented by the quotient of two polynomials, are continuous except for those
points where the denominator becomes zero. The trigonometric functions, exponen-
tial functions and logarithmic functions are continuous functions over appropriate
intervals.

Alternatively, one can assume the right-hand limit hm+ f(x) = ¢, and the left-

rT—xg

hand limit lim f(z) = ¢, both exist, then if ¢/, = ¢, and f(z) = ¢1, then the function

IE—)(L‘O

f(z) is said to be continuous at the point zo. A function continuous at all points g
within an interval is said to be continuous over the interval.
If any of the conditions given in equation (1.63) are not met, then f(x) is called

a discontinuous function. For example, if limJr f(x) = ¢; and lim f(z) = /¢, both exist
T—XTQ

IE—)(L‘O

and ¢; # /5, the function f(z) is said to have a jump discontinuity at the point z.
An example of a function with a jump discontinuity is given in the figure 1-33(b).

If lim f(z) does not exist, then f(x) is said to be discontinuous at the point z.

The Intermediate Value Property states that a function f(z) which is continuous
on a closed interval a < z < b is such that when = moves from the point a to the point
b the function takes on every intermediate value between f(a) and f(b) at least once.
An alternative version of the intermediate value property y= f(z)
is the following. If y = f(z) denotes a continuous function f{b)
on the interval a < x < b, where f(a) < ¢ < f(b), and the

line y = ¢ = constant is constructed , then the Intermediate
Value Theorem states that there must exist at least one HQ3)

number ¢ satisfying a < ¢ < b such that f(¢) =c. fla)3 |




Example 1-14. (Discontinuities)
(a) f(x) ===l is not defined at the point « =1, so f(z) is said to be discontin-
(z—1)(z+1)

z—1
the function f(x) to have the value f(1) = 2, the function can be made continuous.

uous at the point x = 1. The limit lim = 2 exists and so by defining

In this case the function is said to have a removable discontinuity at the point

z = 1.

(b) If lim f(z) = +oo, then obviously f(z) is not defined at the point z,. Another

way to spot an infinite discontinuity is to set the denominator of a function equal
1 .

CENCEDICEDL then f(x) is

said to have infinite discontinuities at the points z =1, 2 =2 and z = 3.
. 1, 2 . .
(¢) The function f(z) = {5 v , 18 not defined at the point » = 2. The

left and right-hand limits as z — 2 are not the same and so the function is said

to zero and solve for z. For example, if f(z) =

to have a jump discontinuity at the point x = 2. The limit lim,_., f(z) does not
exist. At a point where a jump discontinuity occurs, it is sometimes convenient
to define the value of the function as the average value of the left and right-hand

limits.

Asymptotic Lines

A graph is a set of ordered pairs (z,y) which are well defined over some region
of the z,y-plane. If there exists one or more straight lines such that the graph
approaches one of these lines as z or y increases without bound, then the lines are

called asymptotic lines.

Example 1-15. (Asymptotic Lines)
Consider the curve C = {(x,y) | y= f(z) = 1+

- i T TE R } and observe that the
curve passes through the origin since when » = 0 one finds y = f(0) = 0. Also note
that as x increases, lim f(z) = 1 and that as x approaches the value 1, lim f(z) = Foo.
If one plots some selected points one can produce the illustration of the curve C as
given by the figure 1-34. In the figure 1-34 the line y = 1 is a horizontal asymptote
associated with the curve and the line z = 1 is a vertical asymptote associated with

the curve.

315



Consider a curve defined by one of the equations

G(z,y) = 0, y = f(x), r=g(y)

If a line ¢ is an asymptotic line associated with one of the above curves, then the
following properties must be satisfied. Let d denote the perpendicular distance from
a point (z,y) on the curve to the line ¢. If one or more of the conditions

lim d = 0, lim d=0, lim d = 0, lim d=0,

is satisfied, then the line ¢ is called an asymptotic line or asymptote associated with

the given curve.

> oA
—1y 2t
Y z—1
y=1
z=1
Figure 1-34. The graph of y = f(z) = 1+ﬁ

Finding Asymptotic Lines
One can determine an asymptotic line associated with a curve y = f(z) by ap-
plying one of the following procedures.
1. Solve for y in terms of 2 and set the denominator equal to zero and solve for z.
The resulting values for z represent the vertical asymptotic lines.
2. Solve for z in terms of y and set the denominator equal to zero and solve for y.
The resulting values for y represent the horizontal asymptotic lines.
3. The line = = z, is called a vertical asymptote if one of the following conditions

1s true.
lim f(z) = oo, lim f(z) = oo, lim f(z) = o0
T—x0 Tz T—T ]
lim f(z) = —o0, lim f(z) = —o0, lim+ flz)= —o0
T—To T—z, T—T

0 0



57

4. The line y = y, is called a horizontal asymptote if one of the following condi-
tions is true.

lim f(z) = o, im f(z) = yo

5. The line y = mx + b is called a slant asymptote or oblique asymptote if
lim [f(x) — (mx+0b)]=0

Example 1-16. Asymptotic Lines

Consider the curve y = f(z) = 22+ 1 + i, where » € R. This function has the
properties that

lim [f(z) — (2z +1)] = lim 1 0 and lim f(x) = £o0

T—00 T—00 I z—0

so that one can say the line y = 2z + 1 is an oblique asymptote and the line z = 0 is
a vertical asymptote. A sketch of this curve is given in the figure 1-35.

z=0
Figure 1-35. Sketch of curve y = f(z) = 22+ 1 + i

Conic Sections

A general equation of the second degree has the form
Az? + Bay+Cy* + Dz + Ey+F =0 (1.64)

where A, B,C, D, E, F are constants. All curves which have the form of equation (1.64)
can be obtained by cutting a right circular cone with a plane. The figure 1-36(a)
illustrates a right circular cone obtained by constructing a circle in a horizontal plane
and then moving perpendicular to the plane to a point V above or below the center
of the circle. The point V is called the vertex of the cone. All the lines through the

point V and points on the circumference of the circle are called generators of the
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cone. The set of all generators produces a right circular cone. The figure 1-36(b)
illustrates a horizontal plane intersecting the cone in a circle. The figure 1-36(c)
illustrates a nonhorizontal plane section which cuts two opposite generators. The
resulting curve of intersection is called an ellipse. Figure 1-36(d) illustrates a plane
parallel to a generator of the cone which also intersects the cone. The resulting
curve of intersection is called a parabola. Any plane cutting both the upper and
lower parts of a cone will intersect the cone in a curve called a hyperbola which is
illustrated in the figure 1-36(e).

(2) (b)

Figure 1-36. The intersection of right circular cone with a plane.

Conic sections were studied by the early Greeks. Euclid” supposedly wrote four
books on conic sections. The Greek geometer Appollonius® wrote eight books on
conic sections which summarized Greek knowledge of conic sections and his work
has survived the passage of time.

Conic sections can be defined as follows. In the zy-plane select a point f, called
the focus, and a line D not through f. This line is called the directrix. The set of
points P satisfying the condition that the distance from f to P, call it r = Pf, is some
multiple e times the distance d = PP’, where d represents the perpendicular distance
from the point P to the line D. The resulting equation for the conic section is
obtained from the equation r = ed with the geometric interpretation of this equation
illustrated in the figure 1-37.

7 Euclid of Alexandria (325-265 BCE)
8 Appollonius of Perga (262-190 BCE)

Copyright 2012 J.H. Heinbockel. All rights reserved



D The plane curve resulting from the equation
r = ed is called a conic section with eccentricity
d e, focus f and directrix D and if the eccentricity e
P, 3 P satisfies
T 0 < e < 1, the conic section is an ellipse.
f e = 1, the conic section is a parabola.

e > 1, the conic section is a hyperbola.

Figure 1-37.

Defining a conic section.

In addition to the focus and directrix there is associated with each conic section
the following quantities.

The vertex V The vertex V of a conic section is the midpoint of a line from the

focus perpendicular to the directrix.

Axis of symmetry The line through the focus and perpendicular to the directrix

is called an axis of symmetry.

Focal parameter 2p This is the perpendicular distance from the focus to the

directrix, where p is the distance from the focus to the vertex or distance from

vertex to directrix.

Latus rectum 2¢ This is a chord parallel to a directrix and perpendicular to a

focus which passes between two points on the conic section. The latus rectum

is used as a measure associated with the spread of a conic section. If 7 is the

semi-latus rectum intersecting the conic section at the point where » = p, one

finds r = ¢ = ed and so it follows that 2¢ = 2ed.

Circle

A circle is the locus of points (x,%) in a plane equidistant from a fixed point called
the center of the circle. Note that no real locus occurs if the radius r is negative or
imaginary. It has been previously demonstrated how to calculate the equation of a
circle. The figure 1-38 is a summary of these previous results. The circle z2 + 2% = 2
has eccentricity zero and latus rectum of 2r. Parametric equations for the circle

(x —x0)* + (y — y0)* = 7%, centered at (zo,y0), are

T = xg + rcost, y=19yo+rsint, 0<t<27
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When dealing with second degree equations of the form 22 + y? + az + By = 7,
where o, 3 and v are constants, it is customary to complete the square on the » and

y terms to obtain

O£2 2 O£2 62 Q
(ac2+aac+—)+(y?+ﬁy+—):wr—+Z — (:L‘+§)2+(y+

6)2:,’,_2
4 4 4

2
where it is assumed that r? = v + “TQ - %2 > 0. This produces the equation of a circle

with radius r which is centered at the point (—%, —%).

Standard form

for circle Y (z,y)
with center (0,0)
. Yo[—
and radius r
22 4 y? = 2
T
Yy Zo
(z,y) Translation of circle to
@ center (zo,yo) and radius r

(x = 20)? + (y — yo)* =12

Figure 1-38.

Circle about origin and circle translated to point (g, yo)

Parabola

The parabola can be defined as the locus of points (z,y) in a plane, such that
(x,y) moves to remain equidistant from a fixed point (¢, ) and fixed line ¢. The fixed
point is called the focus of the parabola and the fixed line is called the directrix of
the parabola. The midpoint of the perpendicular line from the focus to the directrix
is called the vertex of the parabola.

In figure 1-39(b), let the point (0, p) denote the focus of the parabola symmetric
about the y-axis and let the line y = —p denote the directrix of the parabola. If (z,y)

is a general point on the parabola, then

d; =distance from (z,y) to focus = /22 + (y — p)2

dy =distance from (z,y) to directrix = y +p



If d, = d, for all values of z and y, then

Va4 (y—p2=y+p or a*=d4dpy, p#0 (1.65)

This parabola has its vertex at the origin, an eccentricity of 1, a semi-latus rectum

of length 2p, latus rectum of 2¢ = 4p and focal parameter of 2p.

Yy
—P| P
Yy
d2
/Afx,y), !
2p da T (%)
PES |1 N d A
B g oo x - focus ds
M — —1 :B
—2p 0 Vv
—-Pp directrix
—2p—pP0 P 2p
directrix x? = 4py
y? = 4px
(a) (b)
Figure 1-39.
Parabolas symmetric about the x and y axes.

Other forms for the equation of a parabola are obtained by replacing p by —p
and interchanging the variables z and y. For p > 0, other standard forms for the
equation of a parabola are illustrated in the figure 1-40. In the figure 1-40 observe
the upward /downward and left /right opening of the parabola depend upon the sign
before the parameter p, where p > 0 represents the distance from the origin to the
focus. By replacing z by —x and y by —y one can verify the various symmetries
associated with these shapes.

Using the translation of axes equations (1.30), the vertex of the parabolas in the
figure 1-40 can be translated to a point (h, k). These translated equations have the

representations
(z — h)? =dp(y — k) (y — k)> =4p(z — h)
(z—h)? = —dp(y — k) (y —k)* = —4p(z — h)

Also note that the lines of symmetry are also shifted.

(1.66)
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!y *y .
x
2
< = —4
x? = 4py PY
x
£
2 __
y© = 4px y? = —4px
Figure 1-40.
Other forms for representing a parabola.

One form for the parametric representation of the parabola (z —h)? = 4p(y — k) is
given by
P={(z,y) | x=h+t, y=k+t*/dp, —co <t < oo } (1.67)

with similar parametric representations for the other parabolas.

Use of determinants

The equation of the parabola passing through the three distinct points (z1,v:),
(x2,12) and (z3,y3) can be determined by evaluating the determinant®

y T x
y1 X7 T1
Ya Ty T2
Ys T3 I3

o
== =
Il
(@n)

provided the following determinants are different from zero.

:L‘% rp 1 1 oy 1
3 xe 1| #0, and To Yz 1|#0
3 =z 1 r3 Yz 1

9 Determinants and their properties are discussed in chapter 10.

Copyright 2012 J.H. Heinbockel. All rights reserved



Ellipse
The eccentricity e of an ellipse satisfies 0 < e < 1 so that for any given positive
number a one can state that

ae < g, 0<e<l1 (1.68)
e

Consequently, if the point (ae,0) is selected as the focus of an ellipse and the line
r = a/e is selected as the directrix of the ellipse, then in relation to this fixed focus
and fixed line a general point (z,y) will satisfy

directrix

d, =distance of (z,y) to focus = /(z — ae)? + 32

a dy = L distance of (z,y) to directrix = |z — a/e]

x=aje

The ellipse can then be defined as the set of points (z,y) satisfying the constraint

condition d; = ed, which can be expressed as the set of points

Ei={(z,y) | Vr—ae)2+y?2=celz—ale], 0<e<11} (1.69)

Applying some algebra to the constraint condition on the points (x,y), the ellipse
can be expressed in a different form. Observe that if d; = ed,, then

(x —ae)® +y* =e*(z — a/e)?

2

or z? — 2aex + a’e? +y2 =e?2? — 2aex + a?

which simplifies to the condition

z? y? _ >y _ 2_ 2 2
g‘Fm—l or §+b_2_1’ b—a(l—e) (1.70)
where the eccentricity satisfies 0 < e < 1. In the case where the focus is selected as
(—ae,0) and the directrix is selected as the line 2 = —a/e, there results the following
situation
directrix y

d, =distance of (z,y) to focus = /(z + ae)? + 32

2\, dy = L distance of (z,y) to directrix = |z + a/e]
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The condition that d; = ed, can be represented as the set of points

Ey={(z,y) | V(+ae)>2+y?>=celz+a/el, 0<e<1} (1.71)

As an exercise, show that the simplification of the constraint condition for the set
of points E, also produces the equation (1.70).

Yy
directrix A directrix
(b,0)
A N AN
/ ol . N
(-a,0) ('?19) cEae: \(‘910) (a,0) _x
f(Lclus f(')c‘us -
\\ //
\\ //
(—b,())
| I
aeqi
c=—ae
r=—a/e b2=a?(1—e?)
aje
rx=a/e
. . x? 9P
Figure 1-41. The ellipse pri 1
Define the constants
c=ae and b =a*(1-¢e*)=a’>-c? (1.72)

and note that b? < a2, then from the above discussion one can conclude that an
ellipse is defined by the equation

22 y? 2 _ o 2
g+b_2:1’ 0<e<l, b*=a"*(1—-¢€), c=ae (1.73)
and has the points (ae,0) and (—ae, 0) as foci and the lines 2 = —a/e and z = a/e as

directrices. The resulting graph for the ellipse is illustrated in the figure 1-41. This



ellipse has vertices at (—a,0) and (a,0), a latus rectum of length 2b?/a and eccentricity
given by /1 —b2/a2.

In the figure 1-41 a right triangle has been constructed as a mnemonic device to
help remember the relations given by the equations (1.72). The distance 2a between
(—a,0) and (a,0) is called the major axis of the ellipse and the distance 2b from (0, —b)
to (0,b) is called the minor axis of the ellipse. The origin (0,0) is called the center of
the ellipse.

¢ O)r\ Y
Ay
(0,b) 7 ez oarp? |
//fbc a (a,0) - (0,c) .
xz yz - (OS_C)
a_2+]?2=1 with a>b 1
;’_:+ %} 1 with a>b
Figure 1-42. Symmetry of the ellipse.

Some algebra can verify the following property satisfied by a general point (z,%)
on the ellipse. Construct the distances

ds =distance of (z,y) to focus (c,0) = /(z — ¢)2 + 32 .74
dy =distance of (z,y) to focus (—¢,0) = /(z + ¢)2 + 2 '
and show
ds+di=(x—c)2+y2+(x+c)2+y2=2a (1.75)

One can use this property to define the ellipse as the locus of points (z,y) such
that the sum of its distances from two fixed points equals a constant.

The figure 1-42 illustrates that when the roles of z and y are interchanged, then
the major axis and minor axis of the ellipse are reversed. A shifting of the axes so
that the point (zg,0) is the center of the ellipse produces the equations

(z a;f:o) LW beo) _ 1 or (y a21/0) I bjﬂ) —1 (1.76)

These equations represent the ellipses illustrated in the figure 1-42 where the centers
are shifted to the point (o, yo).
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— )2 )2
(@ th) + Y ka) = 1 which is centered at the point (h, k)

can be represented in a parametric form!'°. One parametric form is to represent the

The ellipse given by

ellipse as the set of points
E={(x,y) | xt=h+acos, y=k+bsinf, 0<60<2r} (1.77)

involving the parameter # which varies from 0 to 2r.

Hyperbola

Let e > 1 denote the eccentricity of a hyperbola. Again let (ae, 0) denote the focus
of the hyperbola and let the line z = a/e denote the directrix of the hyperbola. The
hyperbola is defined such that points (z,y) on the hyperbola satisfy d; = ed, where
d is the distance from (z,y) to the focus and d, is the perpendicular distance from
the point (z,y) to the directrix. The hyperbola can then be represented by the set

of points
v directrix
A (x,¥)
d.,
Hi={(z,y) | V(z—ae)*+y*>=elr—a/e|,e>1}
d;
(ae,o) X
focus
x=a/e

A simplification of the constraint condition on the set of points (z,y) produces

the alternative representation of the hyperbola
2 2

X Yy _
Placing the focus at the point (—ae,0) and using as the directrix the line z = —a/e,

one can verify that the hyperbola is represented by the set of points

directrix
(x5¥) y

Hy={(z,y) | V(r+ae)>+y?=celr+alel, e>1}

and it can be verified that the constraint con-

dition on the points (z,y) also simplifies to the
equation (1.78).

1 . . . .
0 The parametric representation of a curve or part of a curve is not unique.



Define ¢ = ae and b = a?(e? — 1) = 2 — a® > 0 and note that for an eccentricity
e > 1 there results the inequality ¢ > a. The hyperbola can then be described as
having the foci (c,0) and (—c,0) and directrices z = a/e and = = —a/e. The hyperbola

represented by

2 2

2—2—32—2 =1, bV =d**-1)=c*—a® (1.79)
is illustrated in the figure 1-43.
- | 7’7’_7’r’i*17\y’i_fflf'i' — ::(il|)7’7)’f
s e T e e y=(b/a)x
= direCtriX T directrix e e
x=-a/e| x= a/e/ﬂm AEE
b_ ****** —eSNeo e e e AT ——
o CaONEERR (e0) | .
p_  focus , N\ focus |
== ESS |
SERS”den e
b o)s
- { o e
****** f*frff%rfffffffﬁﬁ
-a 0 a
. 22 g2
Figure 1-43. The hyperbola poia ol 1

This hyperbola has vertices at (—a, 0) and (a,0), a latus rectum of length 2b%/a and
eccentricity of /1 + b2/a2. The origin is called the center of the hyperbola. The line
containing the two foci of the hyperbola is called the principal axis of the hyperbola.
Setting y = 0 and solving for = one can determine that the hyperbola intersects
the principal axis at the points (—a,0) and (a,0) which are called the vertices of the
hyperbola. The line segment between the vertices is called the major axis of the
hyperbola or transverse axis of the hyperbola. The distance between the points (b,0)
and (—b,0) is called the conjugate axis of the hyperbola. The chord through either
focus which is perpendicular to the transverse axis is called a latus rectum. One
can verify that the latus rectum intersects the hyperbola at the points (c,b?/a) and
(c,—b%/a).

Write the equation (1.79) in the form
2

a
1-—
X

b

y==+—x (1.80)
a
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and note that for very large values of z the right-hand side of this equation ap-
proaches 1. Consequently, for large values of x the equation (1.80) becomes the
lines

b b

y=—-x and y=——x (1.81)
a a

These lines are called the asymptotic lines associated with the hyperbola and are
illustrated in the figure 1-43. Note that the hyperbola has two branches with each
branch approaching the asymptotic lines for large values of z.

Let (z,y) denote a general point on the above hyperbola and construct the dis-

tances
ds =distance from (z,y) to the focus (c,0) = /(z — ¢)2 + 32
d, =distance from (z,y) to the focus (—c,0) = /(z + ¢)? + 32 (52
Use some algebra to verify that
dy —d3 = 2a (1.83)

This property of the hyperbola is sometimes used to define the hyperbola as the
locus of points (z,y) in the plane such that the difference of its distances from two
fixed points is a constant.

The hyperbola with transverse axis on the z-axis have the asymptotic lines
y=+2z and y = —2z. Any hyperbola with the property that the conjugate axis has
the same length as the transverse axis is called a rectangular or equilateral hyperbola.
Rectangular hyperbola are such that the asymptotic lines are perpendicular to each
other.

Figure 1-44. Conjugate hyperbola.




If two hyperbola are such that the transverse axis of either is the conjugate axis
of the other, then they are called conjugate hyperbola. Conjugate hyperbola will
have the same asymptotic lines. Conjugate hyperbola are illustrated in the figure
1-44.

The figure 1-45 illustrates that when the roles of z and y are interchanged, then
the transverse axis and conjugate axis of the hyperbola are reversed. A shifting
of the axes so that the point (zg,y0) is the center of the hyperbola produces the

equations

(z — 5'30)2 (y — y0)2 (y — y0)2 (z — 5'30)2
2 - = =1 or 2 - = =1 (1.84)

The figure 1-45 illustrates what happens to the hyperbola when the values of  and
y are interchanged.

d,-d,= constant

2
b =c¢* a2

y(x,y) (O,c)Ty d,
dl'% ________ : X,y)
(-c,(}( o T
> \z\ (Oﬁh

If the foci are on the z-axis at If the foci are on the y-axis at
2?2 a2
(¢,0) and (—¢,0), then = — 2= =1 (0,¢) and (0, —¢), then = — = =1
a b2 a b
Figure 1-45.
Symmetry of the hyperbola .
2 2
The hyperbola 2—2 - gl;/_2 = 1 can also be represented in a parametric form as the
set of points
H = H,UH, where
Hy ={(z,y) | * =acosht, y=>bsinht, —oco<t<oo } (1.85)

and Hy ={(x,y) | = —acosht, y=bsinht, —oo<t<oo }

which represents a union of the right-branch and left-branch of the hyperbola. Simi-

lar parametric representations can be constructed for those hyperbola which undergo
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a translation or rotation of axes. Remember that the parametric representation of
a curve is not unique.
Conic Sections in Polar Coordinates

Place the origin of the polar coordinate system at the focus of a conic section
with the y-axis parallel to the directrix as illustrated in the figure 1-46. If the point
(z,y) = (rcos@,rsinf) is a point on the conic section, then the distance d from the

point (z,y) to the directrix of the conic section is given by either
d=p+rcosf or d=p—rcosf (1.86)

depending upon whether the directrix is to the left or right of the focus. The conic
section is defined by r = ed so there results two possible equations r = e(p — r cos ) or
r =e(p+rcosf). Solving these equations for r demonstrates that the equations

ep €p
- or - 1.87
" 1—ecosf " 1+ ecosf ( )

represent the basic forms associated with representing a conic section in polar coor-

dinates.

directrix directrix

/

4
d
T ) d— r
o | x / e
\ T
P

\

"

P

Figure 1-46. Representing conic sections using polar coordinates.

If the directrix is parallel to the z-axis at y = p or y = —p, then the general forms for

representing a conic section in polar coordinates are given by

ep €p
= = or == 1.88
" 1 —esind " 1+ esinf ( )

If the eccentricity satisfies e = 1, then the conic section is a parabola, if 0 < e < 1,

an ellipse results and if e > 1, a hyperbola results.



General Equation of the Second Degree
Consider the equation

az® +bry + ey’ +dx+ey+ f =0, (1.89)

where a,b, ¢, d, e, f are constants, which is a general equation of the second degree. If

one performs a rotation of axes by substituting the rotation equations
x==Zcosf —gysinl and y=zsinh+ ycosh (1.90)
into the equation (1.89), one obtains the new equation
az’ +brg+ey +dzt+eg+f=0 (1.91)

with new coefficients a, b, ¢, d, e, f defined by the equations

a =acos> 0+ bcosfsinf + csin? 6 d =dcosf + esinf
b =b(cos®> @ — sin? ) + 2(c — a) sinf cos 6 € =—dsinf 4 ecosf (1.92)
¢ =asin?6 — bsinf cosb + ccos? § f=f

As an exercise one can show the quantity b* — 4ac, called the discriminant, is an
invariant under a rotation of axes. One can show v>—4ac = b*—4ae. The discriminant is
used to predict the conic section from the equation (1.89). For example, if b2 —4ac < 0,
then an ellipse results, if b2 — 4ac = 0, then a parabola results, if 5> — 4ac > 0, then a
hyperbola results.

In the case where the original equation (1.89) has a cross product term zy, so
that b # 0, then one can always find a rotation angle  such that in the new equations
(1.91) and (1.92) the term b = 0. If the cross product term b is made zero, then one
can complete the square on the # and 3 terms which remain. This completing the
square operation converts the new equation (1.90) into one of the standard forms
associated with a conic section. By setting the b term in equation (1.92) equal to
zero one can determine the angle 6 such that b vanishes. Using the trigonometric
identities

cos? § — sin? 6 = cos 26 and 2sinf cos § = sin 20 (1.93)
one can determine the angle # which makes the cross product term vanish by solving
the equation

b="bcos20 + (c—a)sin20 =0 (1.94)
for the angle 9. One finds the new term b is zero if 0 is selected to satisfy

a—cC

cot 20 = —— (recall our hypothesis that b # 0) (1.95)
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Example 1-17. (Conic Section) Sketch the curve 4zy — 3y = 64
Solution
To remove the product term zy from the general equation
ax? + bry + cy? + dr +ey+ f = 0 of a conic, the axes must be rotated through an angle ¢
determined by the equation cot 26 = %=¢ = 2. For the given conic a =0, b=4, c=-3.
This implies that cos20 = 3/5 =1 —2sin?@ or
2sin? @ = 2/5 giving sinf = 1/v/5 and cosd = 2//5.

The rotation equations (1.90) become = A “
i
=

1

x:ﬁ@:ﬁ—gj) and y:%(f%—%j) /\/i/l N

The given equation then becomes
2 b el
4<2x—y> <x+2y>_3<x+2y> o \[% o
VAW ARV 75 — =
| :

Q_TQ :U2
82 42

which simplifies to the hyperbola =1 with

respect to the z and 3 axes.

Example 1-18. The parametric forms for representing conic sections are not
unique. For a,b constants and 6,t used as parameters, the following are some repre-

sentative parametric equations which produce conic sections.

Parametric form for conic sections

Conic Section T Y parameter
Circle acosf | asind 0
Parabola at? 2at t
Ellipse acosf | bsind 6
Hyperbola asect | btand 0
Rectangular Hyperbola at a/t t
The symbol a > 0 denotes a nonzero constant.

The shape of the curves depends upon the range of values assigned to the pa-
rameters representing the curve. Because of this restriction, the parametric repre-
sentation usually only gives a portion of the total curve. Sample graphs using the

parameter values indicated are given below.



@
{ (zy) | ==t?, y=2¢t, —2<t<2 } { (z,y) | x=cos @, y=3sinH, 056027 }
v y
B x
{ (®,y) | == 3t, y=3/t where tENgp }
{ (z,y) | z=sec®, y=35 tan®, —5<0<7F } No={ = | o<|z|< 2}

Computer Languages

There are many computer languages and apps that can do graphics and math-
ematical computations to aid in the understanding of calculus. Many of these pro-
gramming languages can be used to perform specific functions on a computing device
such as a desk-top computer, a lap-top computer, a touch-pad, or hand held calcu-
lator. The following is a partial list!! of some computer languages that you might
want to investigate. In alphabetical order:
Ada, APL, C, C++, C#, Cobol, Fortran, Java, Javascript, Maple, Mathcad, Math-
ematica, Matlab, Pascal, Perl, PHP, Python, Visual Basic.

M For a more detailed list of programming languages go to
en.Wikipedia.org/wiki/List_of_programming_Languages
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Exercises

» 1-1. Find the union AU B and intersection AN B if
(a) A={z| -2<z<4}and B={z|2<2 <7}
(b)) A={z|] —2<z<4} and B={z[4<2 <7}
(¢) A={z|2® <8} and B = {z|z* < 16}
» 1-2. Sketch a Venn diagram to illustrate the following statements.
(a) ACB (¢) B-A () (ANB)U(ANC)
() ANB=¢ (4 AN(BUC) (f) ANnB°
» 1-3. If any set operation involving (,U,N,u is an identity, then the principle of
duality states that the replacements ® - U, U —0, Nn—uU, U—nN in the identity

produces a dual statement which is also an identity. Determine the dual statements
associated with the given identities.

(a) (UNA)UBNA)=A (b)) BUANOBUA=A (¢) AUANB)=A

» 1-4. Show that the following are equivalent.

(a) AcB ifandonlyif AuB=B
() AcB ifandonlyif AnB°=0
(¢ Ac B ifand only ifAUuB=U

» 1-5. Prove the absorption laws
(a) AU(ANB)=A b) An(AuB)=A

» 1-6. Shade the Venn diagram to represent the statement underneath.




» 1-7. Sketch a Venn diagram to illustrate the following set operations.
(@) AU(BNC) () (AUB)F  (¢) (AUBUQ)

» 1-8. Determine if the given sets are bounded. If a set is bounded above find the
least upper bound (£.u.b.), if the set is bounded below, find its greatest lower bound

(g.L.b.).
(@) S, = {z|2* <16} (¢c) S.={z|Vx <5}

() S = {z]a® <27} d) Sy={z|¢z >3}
» 1-9. Find the general equation of the line satisfying the given conditions.

The line passes through the point (2,4) with slope -2.

)

) The line has zero slope and passes through the point (2,4)

) The line is parallel to 2z + 3y = 4 and passes through the point (2,4)
)

The line is parallel to the y-axis and passes through the point (2,4)

» 1-10. Express the line 3z + 4y = 12 in the following forms.

(a) The slope-intercept form and then find the slope and y-intercept.
(b) The intercept form and then find the z-intercept and y-intercept.
(c) Polar form.

(d) The point-slope form using the point (1,1)

» 1-11. Determine conditions that = must satisfy if the following inequalities are to
be satisfied.

12
(a) ax—pB<0 (c) x+1—;<0
2x+3
T+ 2
I R L

» 1-12. For each function state how the domain of the function is to be restricted?

a) y=f(z)=V8—u

1
v=10 = e

) a, b, c are real constants.
(¢c)  Area of a circle is given by A = f(r) = 7r?
(d)

)

Volume of a sphere V = f(r) = %77 s
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» 1-13. Sketch a graph of the given functions.

1
(@) y=3z y=u, y = 2z, —4<z<4
1
(b)) y=7o%  y=a"  y=4’  A<a<d
1
(c) y:§Sinx, y = sinz, y = 2sinx, 0<x<2m
1
(d) y:§cosx, 1y = COS T, y = 2cosz, 0<z< 27

» 1-14. Sketch the graphs defined by the parametric equations.

(a) ={(z,y) | x=1t*, y=2t+1, 0<t<4)}
(b) Co=A{(z,y) | z=t, y=2t+1, -2<t<2}
(c) C.={(z,y) | z=cost, y=sint, ggtg?’;}
(d) Cqi={(x,y) | x=sint, y=cost, 0<t<m}
(€  Co={(my) o=t y=-V9-12, -3<t<3}

Note that the part of the curve represented depends on (i) the form of the parametric
representation and (ii) the values assigned to the parameters.

» 1-15. Sketch a graph of the given polynomial functions for z € R.
(a) y=x-1 (b)) y=a*-22-3 (¢) y=(x—-1)(z—2)(x—3)

(d) Show the function y = (z —1)(z — 2)(x — 3) is skew-symmetric about the line x = 2.

» 1-16. The Heaviside!? step function is defined H(X'Xo)
[0, £E<O0
H(§) = { L £>0 14
Sketch the following functions. > X
Xy

(@) y=H() (d y=H(xz-1)—-H(z-2)
(b) y=H(z—-1) () y=H(x)+H(xz—1)-2H(z—2)
(¢) y=H(z-2) (f) y=[H(@—0)— H(x—(zo+€)], e>0issmall

€

12 Oliver Heaviside (1850-1925) An English engineer.



» 1-17. Sketch the given curves.

(@) {(=y) ] y=2? —2<2<2} @ {(@y | y=(-1)% -1<z<3}
) {(zy | y=1+a% -2<2<2} (€ {(@y) | y=@+1)?* -3<a<1}
(€ {(@y) | y=-1+2" —2<2<2} (f) {(@y | y=1+@-1)? 1<z <3}

» 1-18. In polar coordinates the equation of a circle with radius p and center at the
point (ry, ;) is given by

7% + 12 — 2rry cos( — 61) = p?

Write the equation of the circle and sketch its graph in polar coordinates for the

following special cases.

(@) 11=p, 61 =0 (d) 7r1=np, 6, = 37/2
(b) ri=np, 01 =m/2 (e) m=0, 6 =0
(¢) r1=p, O =m (f) r1=3, 6, = 7/4 in the cases p<3, p=3, p>3

» 1-19. In rectangular coordinates the equation of a circle with radius p > 0 and
center (h, k) is given by the equation

(z—h)?+(y—k)?=p°

Write the equation of the circle and sketch its graph in the following special cases.

() h=3, k=4, inthecasesp<5,p=5andp>5

» 1-20. Show that each trigonometric function of an acute angle 6 is equal to the
co-function of the complementary angle ¢ = 5 — 6.
sin @ = cos vy tan 6 = cot Y sec =csc
cos @ =siny cot @ =tan csc =sec)

» 1-21. If f(z) ==z, 0<z <1, and f(z+1) = f(z) for all values of =z, sketch a graph of

this function over the domain X ={z | 0<z <5 }.

7
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» 1-22. If f(z) =22 and g(z) = 3 — 2z, calculate each of the following quantities.
x+h)— flx
@) @ fern (@ IO )
() 9(3)  (d) glz+h) U)%x+2—9@> (h) g(f(@))
» 1-23. Sketch the given curves.

(a)
b)) {(x,y) | yzsin(%x), 0<z<2r}

{(z,9) | y=sinz, 0 <z <27}

(¢) {(x,y) | y=sin(2z), 0 <z <27 }

{(z,y) | y=sin(z —7), 0 <z <27 }
> 1-24.
(@
® () | y=cos (52), 0o <m)

Sketch the given curves.

{(z,9) | y=cosz, 0 <z <27}

(¢)
(d)

{(z,y) | y=cos(2z), 0 <z <27}

{(z,y) | y=cos(x—m7), 0 <z <27}

» 1-25. Graph the functions and then find the inverse functions.
a Yy = f xr) = $2a 3
@ v R (@) y=falw)= V1
b) y=folz)=x 2z — 3
2 ’ (©) y=rfila)=——
() y=falx)=5x—1 v
» 1-26. Test for symmetry, asymptotes and intercepts and then sketch the given
curve. X
(a) y:l—? (d) y*—z**=1
_ 1 (e) 2%y—2y=1
O v=1t =3 2
(C) 1723/:1 (f) xy=z"—1
» 1-27.  Sketch the given curves.
(a) {(z,y) | *=3cosht, y=4sinht, 0<t<3}
(b) {(x,y) | x =3cost, y=4sint, 0<t<2r }
(¢ {(zy) | v=3+t y=4+1t/4, —3<t<3}
4
(&) {0 | r=1755 0sf6<2r)
» 1-28. Test for symmetry and sketch the given curves.
2 2 z2 P
(@ y=2 (@ S+¥-1 W gt
2 2
_ .2 2 2 Y T
_ 116 s
© V== 2= L



» 1-29. Translate axes, then sketch the given curves.

(-1, -2 _

(@) (z—22=4(y—1) (@) —5 T
(b) (y—2)?%=—d(—1) w)<x;” ‘@If)zl
(©) (z-3)2=-8(y—2) (y-1)?° (z-2°

@ 5t !

» 1-30. The number e

Consider two methods for estimating the limit e = lim (1 + »)"/"

h—0
Method 1 .
(a) Make the substitution n = 1/h and show e = lim <1 + l) and then use the
n—o0o n

binomial theorem to show

. 1 1-5 (1-90-2) 1-)0-0-3)
e=tm Tt T 3] * 2 L

(b) Show that as n increases without bound that
P T T 1
6—1+ﬂ+i+§+"'+m+"'

Find the sum of 5,6 and 7 terms of the series to estimate the number e.

79

Method 2
Use a calculator to fill in the given h e~ (1+h)"" | 1~ Lin(1+h)
table to estimate both (1 + h)Y/" and (1)(5)
%111(1 + h) for small values of h. Your 0'1
results should show 0.01
‘ hli%(l ) 0.0001

and Ine=lim —In(1+h)=1 0.00001

h=0 h 0.000001

» 1-31. If lim <1 + i) = e, then make appropriate substitutions and find the fol-

lowing limits.
. o\ * . AN
(a) xlirglo (1 + ;) (b) lim <1 + ;)

Tr— — 00

where o and 3 are positive constants.

» 1-32. Use the ¢ — § definition of a limit to prove that lim (47 +2) = 14
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» 1-33. Sketch a graph of the following straight lines. State the slope of each line

and specify the x or y-intercept if it exists.

y

(a) =5 () 5+7=1

(b) y=5 (f) L={(z,y) | z=t+2, y=2t+3}
() y=z+1 (9) rcos(f—m/4) =2

(d) 3x+4y+5=0 (h) 3z+4y=0

» 1-34. For each line in the previous problem construct the perpendicular bisector

which passes through the origin.

2 p—
» 1-35. Consider the function y = f(z) = a;_ 11, for —2<z<2.
(a) Is f(1) defined?
(b) Is the function continuous over the interval —2 <z < 27
(¢) Find lin% f(z)
(d) Can f(z) be made into a continuous function?
(e)

Sketch the function f(x).

e

» 1-36. Assume lim f(z) =¢; and lim g(z) = ¢5. Use the ¢ —§ proof to show that

T—xq T—Tg

lim [f(z) —g(z)] =t — £,

rT—xTg

» 1-37.
(a) Find the equation of the line with slope 2 which passes through the point (3,4).
(b) Find the equation of the line perpendicular to the line in part (a) which passes
through the point (3,4).

» 1-38. Find the following limits if the limit exists.

. 1

@t (1) @ i LTI
. 2, 1 . -2

0 (2 ) © lm o

R e L

lim
h—0 hy/x(x + h)



» 1-39.

> 1-40.

> 1-41.

> 1-42.

> 1-43.

> 1-44.

Find the following limits if the limit exists.

3x2 +2x+1 . .

lim & =~ '~ d lim z sin —

(@)  lim —5es (d)  lim E
. sinz li

(b)  Jim — () Jlim o=

1 23 —1
L sin & !

(c)  limsin— (f)  lim——

Show that

. 1—-cosx . sin® x . sinx . sinx
lim =lim ——— = { lim lim =0
z—0 I z—0 (1 + cosx) z—0 z—0 1 + cosx

Evaluate the following limits.

. sin4h sin(h/2)

1 im — =
(a) Jimy =, () Jim

s 2

. sin“(2h) . tanzx
(b) lim —- (e) lim —

. 1—cosh o V1i+z—1
(¢) Jim —3 (f) Jim

Evaluate the limit }llin% et h})l - f(x), if f(z)=+/r and x #0.

Determine if the following limits exist. State why they exist or do not exist.

1 — cos(mx)

a lim sinz d
) lim S{n(mx) © sin® z
lim — im
0 sm(n:f) 1 Zcosa
) 1 ) rsinz
(c) ig%xsm(zﬂ) (f) lim

z—01 —cosx

Given the line 3z +4y +5=0

a) Find the slope of the line.
b) Find the » and y-intercepts.

c) Write the equation of the line in intercept form.

(a) Show that if p >0, and r = Lp, then r is such that 0 < r < 1.

(b) Write r" =

1+
and use the binomial theorem to show that if 0 < r < 1, then

1
(1+p)n

lim ™ =0.

n—oo

(c¢) Show that if p >0, and = = (1 + p), then z is such that = > 1.
(d) Write ™ = (1 + p)" and use the binomial theorem to show that if = > 1, then

lim 2" = 00

n—oo

81

d) Find the line perpendicular to the given line which passes through the point (0, 1).
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» 1-46. Use the e — 6 method to prove that if lim f(z) = f(x0), then

rT—xg

lim cf(x) =c lim f(x) = cf(xo) Where c is a constant.

r—T

» 1-47. The equation of a line passing through two points on a curve is called a

secant line.

(a) Given the parabola y = 22 find the equation of the secant line passing through
the points (1,1) and (2,4). Sketch a graph of the curve and the secant line.

(b) Find the equation of the secant line which passes through the points (1,1) and
(3/2,9/4). Sketch this secant line on your graph from part (a).

(c) Discuss how one can determine the equation of the tangent line to the curve
y =22 at the point (1,1).

(d) Can you find the equation of the tangent line to the curve y =
(1,1)7

2

at the point

» 1-48.  Sketch the given parabola and find (i) the focus (ii) the vertex (iii) the
directrix and (iv) the latus rectum.

(a) y* —8y — 8z +40 =0 (d) 42— 6y + 122 —3 =0
(b) $2 = 12y (e) y2 = —8x
(c)y* —8y+4x+8=0 (f) 22— 6z + 12y — 15 =0

» 1-49. Sketch the given ellipse and find (i) the foci (ii) the directrices (iii) the latus

rectum and (iv) the eccentricity and (v) center.

(a) 49* +92% — 16y — 182 — 11 =0 (d) 25y* + 162 — 150y — 642 — 689 = 0
272 y2 $2 y2

b) —+ =1 =1

) 55+ © 7T+5

(¢) 16y* + 252 — 64y — 150z — 111 =0 (f) 4y® +92% + 8y + 182 — 23 =0

» 1-50.  Sketch the given hyperbola and find (i) the foci (ii) the vertices (iii) the

directrices (iv) the eccentricity and (v) the asymptotes.

(a) 922 — 4y* — 36x + 24y — 36 =0 (d) z® —4y* + 32y — 22 — 67 =0
$2 y2 y2 $2
A | LA |

(b)4 9 (6)4 9

(c) 4y* — 92® — 16y + 54z — 101 =0 (f) 4% —y2 + 4y — 242 +28 =0

» 1-51.  Given the parabola y? = 4z and the line y = » + b. What condition(s) must

be satisfied in order for the line to be a tangent line to the parabola?



» 1-52. Examine the general equation of the second degree, given by equation (1.89).
When this equation is transformed using a rotation of axes there results the equation
(1.91) with coefficients defined by equation (1.92).

(a) Show that the quantity a + ¢ is an invariant. That is, show a+c=a+eé.
(b) Show that the discriminant is an invariant. That is, show b* — dac = b* — 4ac
Note that these two invariants are used as a check for numerical errors when one

performs the algebra involved in the rotation of axes.
» 1-53. Show that the equation zy = a2, with « constant is a hyperbola.

» 1-54. Find the parabola symmetric about the z-axis which passes through the
points (—1,0), (0,1) and (0, —1).

» 1-55.
2 2
(a) Sketch the hyperbola yz - % = 1 and label the y-intercepts, and the asymptotes.
(b) Find the equation of the conjugate hyperbola.
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» 1-56. Normal form for equation of line y
Let p = 0N > 0 denote the perpendicular distance ~ ON=p
of the line from the origin. Assume the line 0N makes N P=PitPz
an angle o with the z-axis and let (z,y) denote a ) ” (@)
variable point on the line. Write p = p; + p2, where % pla v
p1 = projection of z on ON and p, = projection of y 0 x
on ON.

(a) Show p; +p2 =p = wxcosa+ysina —p =0 which is called the normal form for
the equation of a line.

(b) Show that the line Az + By + C = 0 has the normal form Az+ By+C

+vA? + B2

= 0 where

the correct sign is selected so that p > 0.
(c¢) Find the normal form for the line 3z + 4y — 5 =0

(d) Show that the distance d of a point (z¢,y) from the line described by
A$0 + Byo + C
VAT B2
» 1-57. The boiling point of water is 100° Celsius or 212° Fahrenheit and the freezing

Az + By + C =0 is given by d =

point of water is 32° Fahrenheit and 0° Celsius. If there is a linear relationship

between degrees Celsius and degrees Fahrenheit, then find this relationship.
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» 1-58. Graph the given equations by selecting 6 such that r is well defined.
(a) rcosh =3 (b) rsinf=3 (¢) r=4cosb (d) 7r=4sinf

» 1-59. Graph the given equations by selecting 6 so that r is well defined.

3 3 6

(a) r= (b) (s S~ (c) T T cost

1 —cosf
» 1-60. Graph the following equations by selecting 6 so that r is well defined.

3 3 3

(a) 74:1—s,i1r19 (b) 74:2—3(:039 () 7=

2 —cosf
» 1-61. Find the horizontal and vertical asymptotes of the curve

zy—3r+2y—10=0

» 1-62.  Verify the following graphs by any method you wish.

NN
/)

¥
*
=
\ =l X
12 d

Witch of Agnesi Folium of Descartes

Conchoid of Nicomedes with b > a

x%y + 4a’y — 8a®> =0 z® + y® — Baxy =0 (z —a)*(2* +y*) = b%2?

‘ x
N

Limnescate of Bernoulli
(% + y?)? = 2a®(z® — y?)

Trisectrix of Maclaurin Limagon of Pascal with a =

yz(a — m) = m2(3a —+ m) (m2 + y2 - Zam)z - b2(m2 + yz)

Hints: Try substitutions r2 = 22 + y2 or # = rcosf, y = rsinf or let y = tz and try to

obtain a parametric representation of the given curves.



Chapter 2
Differential Calculus

The history of mathematics presents the development of calculus as being ac-
credited to Sir Isaac Newton (1642-1727) an English physicist, mathematician and
Gottfried Wilhelm Leibnitz (1646-1716) a German physicist, mathematician. Por-
traits of these famous individuals are given in the figure 2-1. The introduction of
calculus created an explosion in the development of the physical sciences and other
areas of science as calculus provided a way of describing natural and physical laws
in a mathematical format which is easily understood. The development of calculus
also opened new areas of mathematics and science as individuals sought out new

ways to apply the techniques of calculus.

Isaac Newton Wilhelm Leibnitz
(1642-1727) (1646-1716)

Figure 2-1. Joint developers of the calculus.

Calculus is the study of things that change and finding ways to represent these
changes in a mathematical way. The symbol A will be used to represent change.
For example, the notation Ay is to be read “The change in y”.

Slope of Tangent Line to Curve
Consider a continuous smooth! curve y = f(z), defined over a closed interval

defined by the set of points X = {z | x € [a,b]}. Here z is the independent variable, y

LA continuous smooth curve is an unbroken curve defined everywhere over the domain of definition of the
function and is a curve which has no sharp edges. If P is a point on the curve and £ is the tangent line to the point
P, then a smooth curve is said to have a continuously turning tangent line as PP moves along the curve.

85
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is the dependent variable and the function can be represented graphically as a curve
defined by the set of points

{(@y) [ zeX, y=f(2)}

The slope of the curve at some given point P on the curve is defined to be the same

as the slope of the tangent line to the curve at the point P.

tangent line secant line

/y:f(x)
T

AY — f(x+Ax) — f(x)

o

ANY

f(x) Ff(x+Ax)

xX
—

x x+Ax

Figure 2-2. Secant line approaching tangent line as Q — P

One can construct a tangent line to any point P on the curve as follows. On
the curve y = f(x) consider two neighboring points P and Q with coordinates (z, f(z))
and (z + Az, f(z + Ax)), as illustrated in the figure 2-2. In this figure Az represents
some small change in z and Ay = f(z + Az) — f(z) denotes the change in y in moving
from point P to Q. In the figure 2-2, the near points P and @ on the curve define a
straight line called a secant line of the curve. In the limit as the point Q approaches
the point P the quantity Az tends toward zero and the secant line approaches the
tangent line. The quantity Ay also tends toward zero while the slope of the secant
line ms approaches the slope of the tangent line m; to the curve at the point P.

The slope of the secant line m, is given by m, = i—i and the slope of the tangent
line m; at the point P with coordinates (z, f(x)) is given by the derived function f'(x)

calculated from the limiting process

my = d_y = f'(z) = lim ﬁ = lim f(z+Az) - f(2) (2.1)

if this limit exists.



The Derivative of y = f(=)

The secant line through the near points P and @ approaches the tangent line in
the limit as Az tends toward zero. The slope of the secant line m, = i—i represents
the average change of the height of the curve y with respect to changes in = over
the interval Az. The derived function f'(z) = Z—i represents the slope of the tangent
line m; at the point P and is obtained from equation (2.1) as a limiting process. The
derived function f'(x) is called the derivative of y = f(x) with respect to = and
represents the slope of the curve y = f(x) at the point (z, f(x)). It also represents
the instantaneous rate of change of y = f(z) with respect to = at the point (z, f(z)) on
the curve y = f(z). The derived function f/(x) or derivative represents the slope m;
of the tangent line constructed through the point (z, f(x)) on the curve. The limit,
defined by the equation (2.1), represents a process, called differentiation, for finding

the derivative % = f'(z). A function y = f(z), where the differentiation process

is successful, is called a differentiable function. The derived function Z—i = f'(z)
obtained from the differentiation process is called the derivative function associated
with the given function y = f(x). By agreement, when referencing the derivative of
an explicit function y = f(x), it is understood to represent the ratio of changes of the
dependent variable y, with respect to changes of the independent variable z, as these
changes tend toward zero. There are alternative equivalent methods for calculating

the derivative of a function y = f(z). One alternative method is the following
dy ., . Ay . fe+h)-fx) . f(&) - f(z)
— = f'(z) = lim — = lim = lim —————=
dx Az—0 Ax h—0 h ¢tz E—x

if these limits exist. If y = f(z) for = € X, then the domain of definition of the
derivative f'(z) is the set X’ defined by X' = {xz | f(v) exists }. In general X’ C X.

(2.2)

Example 2-1. Tangent line to curve

Given the parabola y = f(z) = 16 — z?. Find the tangent lines which touch this
curve at the points (-2,12) , (3,7) and at a general point (z¢,yy) on the curve.
Solution The derivative function Z—i = f’(z) associated with the parabolic function
y = f(z) = 16 — 22 represents the slope of the tangent line to the curve at the point
(x, f(x)) on the curve. The derivative function is calculated using the limiting process

defined by equation (2.1) or equation (2.2). One finds using the equation (2.1)

dy ., . fle+h)—f(x) . 16— (x+h)*— (16 —z?)
@ =@ =l h =i P
— 2 2\ _ 2
= lim 16— (@ 2ah + ) — (16 — ) = lim —(2z+h) = -2z
h—0 h h—0

or if one uses equation (2.2)
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dy o fO-fl@) 16— —(16—2%) . (z-¢(z+§)
R  a =
zglim —(é+ 1) =2z

Here the derivative function is f'(r) = —2z and from the derivative function
the slope of the tangent line at (-2,12) is m; = f/(-2) = —2(-2) =4
the slope of the tangent line at (3,7) is m; = f(3) = —2(3) = —6

Using the point-slope formula y — 39 = m(z — z¢) for representing the equation of a
line, one finds

tangent line through point (-2,12)is y—12 =4(z +2)

tangent line through point (3,7)is y -7 = —6(z — 3)

Knowing that a function y = f(x) has a derivative function Z—i = f'(z) which is
defined and continuous for all values of the independent variable z € (a,b) implies
that the given function y = f(z) is a continuous function for = € (a,b). This is because
the tangent line to a point P on the curve is a continuous turning tangent line as
the point P moves along the curve. This is illustrated in the figure 2-3 where the
tangent line to the curve is continuously turning without any interruptions, the slope

moving continuously from a positive value, through zero to a negative value.

y-T=—6(x-3) In general, at each point (zg,v), where
A yo = f(z0) = 16—x3, the slope of the curve at that
\ y-12z=4a(x+2) | point is also the slope of the tangent line at that
point and this slope is given by f'(z¢) = —2x.
The equation of the tangent line to the curve
(-2,12) y = f(x) = 16—2? which passes through the point
(3-7) (z0,10) 18 given by the point-slope formula
/ B B B B 2
y—yo = (—2x0)(x —x0), Wwhere yo = f(z0) = 16—17
y=16—x2
. and z, is some fixed abscissa value within the
Figure 2-3.
: , | domain of definition of the function. The
Tangent lines to curve y =16 — x

parabolic curve and tangent lines are illustrated
in the figure 2-3.



Also note that for = < 0, the slope of the curve is positive and indicates that as =
increases, y increases. For = > 0, the slope of the curve is negative and indicates that
as z increases, y decreases. If the derivative function changes continuously from a
positive value to a negative value, then it must pass through zero. Here the zero

slope occurs where the function y = f(z) = 16 — 2 has a maximum value.
|

Example 2-2. If y= f(z) =sinz, then show Z—i = f'(z) = %sinx = COST

sin(x + Az) — ST Use the results from

Solution By definition Z—y = f(x) = Alim0
€T r— x
example 1-7 together with the trigonometric identity for the difference of two sine

functions to obtain

dy L ] Az, . 3
do == dmpeoster 50 T

Example 2-3. If y=g(z)=cosz, then show Z—i =g'(z) = % cosz = —sinx

cos(z + Ax) — cosw

Solution By definition Z—i =g'(z) = lim . Use the results from

Az—0 Az
example 1-7 together with the trigonometric identity for the difference of two cosine

functions to obtain

dy . . Az, . sin(&4%) .
il (z) = Alﬂlcrgo —sin(z + 7) Alﬂlcrgo 5 = —sinx .
Right and Left-hand Derivatives
-

-
-

discontinuity at the point z = x,, then ok

one can define the right-hand derivative = y=F(x)
of f(r) at the point » = ¢ as the following

limit !
i

If a function y = f(z) has a jump y—f(zd)=F (zg)(z—x0)

+ +
f/(xg—)zhhrgl+ f(‘rO +h})l_f(‘r0)’ h>0

T

if this limit exists.
o
The left-hand derivative of f(x) at the point = = z is defined as the limit

if this limit exists. If the left-hand derivative is different from the right-hand deriva-

tive, then there exists a tangent line through the point (z{, f(z{)) and a different

. where h is restricted such that h <0

tangent line through the point (z;, f(z,)). If the left-hand derivative equals the

right-hand derivative then f(z) is said to have a derivative at the point z = .

89
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Alternative Notations for the Derivative

Some of the notations used to represent the derivative of a function y = f(z) are

dy d ) . d df
Y e y=f@=y = f@) = =Df@) =Duf@)  (23)
d d d . . L. :
where e D = o and D, = I are called differentiation operators. One can think
X X X

of % as a derivative operator which operates upon a given function to produce the

differences Az and Ay and then evaluates the limit dim i—i to produce the derivative

function.

y=f(x) —— d ( ) —> % =f’(x)
dx

f(x) —> — > 1'(x)

Figure 2-4. Differentiation performed by an operator box.

The figure 2-4 illustrates an operator box where functions that enter the operator
box get operated upon using the differentiation process defined by equation (2.1)
and the output from the box represents a derivative of the input function. Observe
that a derivative of a derivatixzie function is called a second derivative function. In

Y

general, a derivative, such as o f'(z), is a measure of the instantaneous rate of
X

change of y = f(x) with respect to a change in . The notation Z—i for the derivative
was introduced by Gottfried Leibnitz. The prime notation f'(z) for the derivative
of a function f(z) was introduced by Joseph-Louis Lagrange?. If y = y(t), Sir Isaac
Newton used the dot notation y, 4, ... for representing the first, second and higher
derivatives. The operator notation D,y was introduced by Leonhard Euler3.
Higher Derivatives

If the derivative function f'(x) is the input to the operator box illustrated in
the figure 2-4, then the output function is denoted f”(z) and represents a derivative

of a derivative called a second derivative. Higher ordered derivatives are defined in

dn—l dn . . .
y) =49 which states that the derivative of the

dxn—1 dxm

a similar fashion with 4 (
€T

2 Joseph-Louis Lagrange (1736-1813) an Italian born French mathematician.
3 Leonhard Euler (1707-1783) A Swiss mathematician.
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(n — 1)st derivative is the nth derivative. The function f'(z) = Z—i is called a first
2 3
derivative, f”(z) = d—;;/ is called a second derivative, f"”'(x) = % is called a third

derivative,... f™(z) = i—g is called a n-th derivative. Other notations for higher
ordered derivatives are as follows.

The first derivative of y = f(z) is denoted

d
d—y:f'(m) or D,y or Dy or vy
x

/

The second derivative of y = f(x) is denoted

dzx2 - de \ dz

Py d (i
The third derivative of y = f(z) is denoted

):f"(m) or D2y or D?y or y”

d3y _d d2y
dx3  dx \ dz2

The n-th derivative of y = f(z) is denoted

):f’"(m) or D3y or D?y or y”

dny _ d dn—ly
drm  dzx \ dzn—1

):f(")(m) or DIy or D"y or y(™

Rules and Properties

The following sections cover fundamental material associated with the introduc-
tion of different kinds of functions and developing techniques to find the derivatives
associated with these functions. The following list contains fundamental rules and
properties associated with the differentiation of sums, products and quotients of
functions. These fundamental properties should be memorized and recognized in
applications. Note that most proofs of a differentiation property use one of the pre-
vious definitions of differentiation given above and so the student should memorize
the definitions of a derivative as given by equations (2.2).

The derivative of a constant C is zero or d—C = 0. That is, if
x

_ _ o Wy D
y = f(z) = C = constant, then d:E_f(x)_d:zC_O

Proof
Sketch the curve y = f(z) = C = constant and observe that it has a zero slope

everywhere. The derivative function represents the slope of the curve y = C at the
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point with abscissa » and consequently %C = 0 for all values of z since the slope is
zero at every point on the curve and the height of the curve is not changing. Using

the definition of a derivative one finds

By _ o flath) - f@) . C-C 0
A = Ty =0

The converse statement that if f/(z) = 0 for all values of z, then y = f(z) = C is a
constant also holds and will be proven later in this chapter.

The derivative of the function y = f(x) = =z, is Z_:;Jc = f'(z) = %m =1
Proof

Sketch the curve y = f(z) = z and observe that it is a line which passes through
the origin making an angle of 7/4 with the x-axis. The slope of this line is given by
m = tan% =1 for all values of x. Consequently, f'(z) = %x =1 for all values of =z
since the derivative function represents the slope of the curve at the point . Using

the definition of a derivative one finds

dy oo d . f@+h)—f@) _ w+h-a _
d T @ ==l h =i =1
for all values of z.
The derivative of the function y = f(x) = =™, where n is a nonzero integer, is

d d . ..
given by d_y = f'(z) = d—m” = nz™ ! or in words one can say the derivative of = to
Xr €T
an integer power n equals the power n times x to the (n — 1)st power.
Proof

Using the limiting process which defines a derivative one finds

_d (z+h)" — 2™
N d:zx h—0 h h—0

dy_/
%—f(x)

One can employ the binomial theorem to expand the numerator and obtain

dy _ . R e R
ay _ _ & n_ !
o = (@) =72 = lim h
—1
= lim |na"" !+ nin—1) ):E”_Qh o R
h—0 2'
= ng" !

n

. d . .
Consequently, one can write d—m” = nz"" ! where n is an integer.
xr
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Later it will be demonstrated that d—m’“ = r2" ! for all real numbers » which
T
are different from zero.
The derivative of a constant times a function equals the constant times the deriva-

tive of the function or

d d
=, [Cf@)] =C—f(x) = Cf'(x)
T dx
Proof
Use the definition of a derivative applied to the function g(z) = Cf(z) and show

that
gz +h)—g(z) _ lim Cf(x+h)—Cf(z)

dx h—0 h h—0 h
:hmc<ﬂx+m—f@v
h—0 h

It is known that the limit of a constant times a function is the constant times the

limit of the function and so one can write

d h) —
2 o) = ¢ i HE )=S0

= Cf'(2)

or

d d )
= [C(@) = O+ f(z) = Cf'(2)

The derivative of a sum is the sum of the derivatives or
du dv

o =u@ +(@) (249

This result can be extended to include n-functions

d d d
— [u(@) + v(@)] = —u(@) + (@) =

d _d d d
[ (@) + ua(@) + -+ un(@)] = 2w (@) + (@) + o+ un (@)

Proof
If y(z) = uw(z) + v(z), then
dy _ i, Y@ +h) —y(z)

dx h—0 h

g VR ol ) — (o) + ()
h—0 h
. Ju(z+h) —u(zx) . Jv(z+h)—v(x)

= jg [ h ] + m [ h ]

o d d d d
Y ’ ’
2o = 2 @) to@)] = —ulz) + —v(z) = u(z) +v'(z)

This result follows from the limit property that the limit of a sum is the sum of
the limits. The above proof can be extended to larger sums by breaking the larger

sums into smaller groups of summing two functions.
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Example 2-4. The above properties are combined into the following examples.

()

(b)

(c)

(d)

If y = F(z) is a function which is differentiable and C is a nonzero constant, then

d dF(x) d 3 d s 2 2

o OF(@)] = — =5—2% = 5(32%) = 15

T [CF(x)] =C T . [5:5 ] o (3z7) T
d _dF(xz) d _, dF(x) d ¢ 3 _d 5 d o,
%[F($)+C] - dx +@C_ dx dx [x +8] _d:v:E +d:£8_3$

since the derivative of a constant times a function equals the constant times

the derivative of the function and the derivative of a sum is the sum of the

derivatives.

If S ={fi(z), fo(x), f3(x),..., fu(z),... } is & set of functions, define the set of deriva-

tives — = {1, ﬁ, %, e d—”, ... }. To find the derivatives of each of the func-
dx dxr’' dx’ dx dx i

tions in the set S = {1,z 2% 23,2, 25 ..., 21 ... 2™, ...}, where m is a very large

integer, one can use properties 1 , 2 and 3 above to write

ds
= {0,1,2x, 322 423 52, ...,1002%, ..., ma™" L, ..}
X

Consider the polynomial function y = z° + 7z* + 3222 — 172 + 33. To find the

derivative of this function one can combine the properties 1, 2, 3, 4 to show

dy d g 4 2

29 _ 2 2z — 1

I d:z(x + Tx* + 32x Tx + 33)

dy d g d , d o d d
A — 9 42 17— —_
T —dnt +7dx:£ +3 e 7dxx+dx(33)
Z_y =62° 4 7(42%) + 32(2x) — 17(1) +0

T

B 65 + 9823 + 64z — 17

dx

This result follows from use of the properties (i) the derivative of a sum is the
sum of the derivatives (ii) the derivative of a constant times a function is that
constant times the derivative of the function (iii) the derivative of = to a power
is the power times = to the one less power and (iv) the derivative of a constant
is zero.

To find the derivative of a polynomial function
Y =pn(r) = aoz" + a13" "+ agz" P+ -+ a2 + ap_17 + ap, (2.5)

where ag,ay,...,a, are constants,with ay # 0, one can use the first four proper-
ties above to show that by differentiating each term one obtains the derivative

function

dy _

Ip =0 [nz" ' +ai [(n—1)2"?] + a2 [(n—2)2" ] + - an_2[22] + ap_1[1] + 0
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(e) The polynomial function p,(z) of degree n given by equation (2.5) is a linear
combination of terms involving = to a power. The first term agz™, with ag # 0,
being the term containing the largest power of z. Make note of the higher
derivatives associated with the function z”. These derivatives are

%(:E”) =ng" !

d2 n n—2

w(x ) =n(n —1)x

d3 n n—3

ﬁ(x ) =n(n—1)(n—2)x

%(xn) =n(n—1)(n—2)---(3)(2)(1)2° = n! Read n-factorial.
dn—|—1
dgre1 () =0

This result demonstrates that the (n+1)st and higher derivatives of a polynomial
of degree n will all be zero.
(f) One can readily verify the following derivatives

d® d°

ﬁ(x3):3!:3-2-1:6 ;(:U5):5!:5-4-3-2-1:120

d4 3 d6 5

—(2%) =0 —(2°) =0

d:z4(x) d:EG(x) [}

The derivative of a product of two functions is the first function times the deriva-
tive of the second function plus the second function times the derivative of the first

function or
d _ dv du _ , ,
= @v(@)] =u@) . +v(@)5 = u@v @) + v@)u’ ()

or % [u(z)v(z)] =u(z)v(z) <Ul(m) + ’v'(m)>

(2.6)

Proof
Use the properties of limits along with the definition of a derivative to show that if
y(z) = u(x)v(x), then

dy .yl h) —y(@)
dx h—0 h
_ lim u(x 4+ h)v(x + h) — u(x)v(z)
h—0 h

_ lim u(z + h)v(x 4+ h) — u(x)v(x + h) + u(x)v(z + h) —u(z)v(z)
h—0 h
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Where the term w(z)v(z + h) has been added and subtracted to the numerator.
Now rearrange terms and use the limit properties to write

dy .. [u(x+h)—u(z) ) v(z+ h) —v(x)

i e R T e

d . . v(z+h) —v(x) . . u(x + h) — u(x)

R e R e
or

dy d _ dv du , ,

do %[u(m)v(m)] = u(m)% + v(m)% = u(z)v'(x) + v(z)u'(x)

The result given by equation (2.6) is known as the product rule for differentiation.

Example 2-5.
(a) To find the derivative of the function y = (32424 1)(8z+3) one should recognize
the function is defined as a product of polynomial functions and consequently

the derivative is given by

dy d

i [(32% 4 22 4+ 1)(8z + 3)]

@—(3 242 +1)i(8 +3)+ (8 +3)i(3 24224 1)
d:v_ X X da? X X da? X xr
Z—i =(3z% + 22+ 1)(8) + (82 + 3) (6 + 2)

dy

—= =722 4+ 50z + 14

(b) The second derivative is by definition a derivative of the first derivative so that
differentiating the result in part(a) gives

d?y _ddy d 9 B

T L = 1n (722* + 50z + 14) = 144z + 50

Similarly, the third derivative is

Py ddy d
@Y _ LY 9 gy 50) = 144
08 dede?  qp WA E00)

and the fourth derivative and higher derivatives are all zero.

Example 2-6.
Consider the problem of differentiating the function y = u(z)v(z)w(z) which is a
product of three functions. To differentiate this function one can apply the product

rule to the function y = [u(z)v(z)] - w(z) to obtain
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dy d dw(x) d

Ir  dr ([w(z)o(2)] - w(z)) = [u(z)v(z)] e +w($)%[u(fﬂ)v($)]
Applying the product rule to the last term one finds
Z:'; — [u(@)v(@)w(@)] = u(@)o(@)? ( ) 4 u(a )L (x) + d";(mm)v(m)w(m)
Z—z =iz [u(z)v(z)w(x)] = u(m)’v(m)’w'(m) + u(z)v' (z)w(z) + v'(z)v(z)w(z)

A generalization of the above procedure produces the generalized product rule for

differentiating a product of n-functions

_ du, (x)
7 [t (@)uz(@)us(z) - - tny (2)un (2)] = (@)uz (@)us(2) - - un—1 (@) —
Fuq(x)uz(x)us(x) - - - dund;;(m)un(m)
+ cee
@) P2 @) @)
() 2 N us(@) -+t ()i (@)
dul(m)

T 2 (®)ug(x) -+ Up_1(x)un(x)

This result can also be expressed in the form

d uj u2 ul,
— [urugus -+ - Up_1Up] = UrU2Uz - U, | — + — + — + -+ —
dx Uy Uo Uus Uy,

and is obtained by a repeated application of the original product rule for two
functions.

|

The derivative of a quotient of two functions is the denominator times the deriva-

tive of the numerator minus the numerator times the derivative of the denominator

all divided by the denominator squared or

du dv
v(x)— —u(x)—
d [u(m)] _ dx dz v(z)u/(z) — u(z)v'(v)

dz [v(z) v2(z) B v2(z)

(2.7)



u(z+h)  u(z
dy k) y) vt h) o
dx h—0 h h—0 h

- ufa + h) — u(z) (a4 h) - v(a)
L v(z) [ 5 ] —u(z) [ ; ]
TR0 v(z + h)v
:U(x)}lii%[ :E+h ) —u(x ] }llli%[ (:E+h})l—v(x)]
R
or dy _ d [u(m)] _ v(@)w(z) — u(@)v'(z) where v2(2) — [0(a)]?
dr dx |v(x) v2(x) ’

This result is known as the quotient rule for differentiation.
A special case of the above result is the differentiation formula

d L _d[ 1] -1 dv_ -1
@ @) =g L,(m)] @) de  [o(@)]?

v'(x) (2.8)

Example 2-7. Ify= ﬂ then ﬁnd dy

Solution

Using the derivative of a quotient property one finds

dy d 322 48 (2% — 22+ 2) L (322 + 8) — (322 + 8) L (23 — 2? + x)
dr dz [:E3—:E2+:E] B (23 — 22 +x)?

(2® 2?4 2)(62) — (322 +8)(3z? — 2+ 1)  —3z* —212? + 16z — 8

B (3 — 22 + )2 B (23 — 22 + x)?

Differentiation of a Composite Function
If y = y(u) is a function of u and v = u(x) is a function of x, then the derivative

of y with respect to x equals the derivative of y with respect to u times the derivative

of u with respect to x or

dy d dy du

= d_y( u) = duds =Y "(u)u’ (x) (2.9)
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This is known as the composite function rule for differentiation or the chain rule
for differentiation. Note that the prime notation ’ always denotes differentiation with
respect to the argument of the function. For example 2/(¢) = Z—z
Proof

If y = y(u) is a function of v and v = u(z) is a function of z, then make note of
the fact that if z changes to = + Az, then u changes to v+ Au and Au — 0 as Az — 0.
Hence, if Au # 0, one can use the identity

Ay _ Ay Au
Ar  Au Ax

together with the limit theorem for products of functions, to obtain

d_y_l, ﬂ_l' % li &_d_yd_u_,(),()
dr 2o\ Az ) T Ao\ An ) Ao\ Az ) Tdu YW

which is known as the chain rule for differentiation.
An alternative derivation of this rule makes use of the definition of a derivative
given by equation (2.2). If y = y(u) is a function of v and u = u(x) is a function of =z,

then one can write

dy _yeth) —y@) Lyt b)) — y(u()

dx h—0 h h—0 h

(2.10)

In equation (2.10) make the substitutions u = u(z) and ¢ = u(x+h) and write equation
(2.10) in the form

dy . [yl —yu) (£—u)

Pt il I T

dy . y(§) —yu) . ulx+h)—u(@)
dr am T, i h

dy dy d

=t o =y () (a)

Here the chain rule is used to differentiate a function of a function. For example, if
y = f(g(z)) is a function of a function, then make the substitution v = g(x) and write
y = f(u), then by the chain rule

dy dydu , , o '
= W= () = f () (1) (2.11)

The derivative of a function u = u(x) raised to a power n, n an integer, equals the

power times the function to the one less power times the derivative of the function or

d nl __ n—1 u _ n—1_.17
. [u(x)"] = nu(x) 1w = nu(x)"  u' () (2.12)
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This result is known as the power rule for differentiation.
Proof
This is a special case of the previous property. If y = y(u) = v is a function of
u and v = u(z) is a function of z, then differentiation of these functions with respect
to their independent variables gives the derivatives
dy d 1 du d

- — " = n _ = — — /
Tu = gl = and . dxu(x) u'(x)
Using the chain rule for differentiation one finds
d_y_i n_d_yd_u_ n—ld_u_ n—1_171
de d:zu(x) T dudr " dr (@)

or

du
)n—l it

—au(x)” = nu(x = nu(x)" ' v/ (x)

dx

The general power rule for differentiation is
d ; du
_ L r—=1_ 2.1
()" = ru(@) T 2 (2.13)
where r is any real number. Here it is understood that for the derivative to exist,
then u(z) # 0 and the function u(x)" is well defined everywhere. A proof of the general

power rule is given later in this chapter.

Example 2-8. Find the derivative Z—i of the function y = V22 + z
Solution Let u = 22 + z and write y = «'/%. These functions have the derivatives

du d

dy d 1 _
= (g2 =9 1 29 2L A/B = 2,28
i (2% + ) =2z + and 70 = aat U
By the chain rule for differentiation

dy B dy du 1 2z +1

= 2z +1)=

de  dudr  3u?/3 3(x2 + x)?/3

Using the general power rule one can write

1
Z_i — %(:f +a)l/3 = 5 (@ +a) B 2r+1) =

22 +1
3(x2 + x)2/3

2 3
Example 2-9. Find the derivative B of the function y = <x4 1)
dx 41
2

Solution Let u = = and write y = v® so that by the chain rule for differentiation

4

X
dy dydu dy_i:,,_ 9
one has e o where 70 = 2 = 3u? and
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(x4 + 1)2 - (x4 + 1)2

du _ d (2*—1 (x* +1)(22) — (22 — 1)(42%) —22° — 423 + 22
dr dr \z*+1

This gives the final result

dy _dydu g pdu (x“l)? (—2w5—4x3+2x>
dr dudz dx zt+1 (x4 +1)2

dy 6(x— 4z + 42" — 29)

dr (x4 +1)4

Differentials
If y = f(z) is differentiable, then the limit lim e+ Az) = J(x)

Az—0 Az
The quantity Az is called the increment given to = and Ay = f(z + Az) — f(x)

= f'(x) exists.

is called the increment in y = f(x) corresponding to the increment in x. Since the
derivative is determined by a limiting process, then one can define dz = Az as the

differential of  and write
Ay = f(x+ Az) — f(z) = f'(2)Az + eAx = f'(x) dx + edx (2.14)

where ¢ — 0 as Az — 0. Define the quantity dy = f’(z)dx as the differential of y
which represents the principal part of the change in y as Ax — 0. Note that the
differential dy does not equal Ay because dy is only an approximation to the actual
change in y. Using the above definitions one can write

Ay

dy o o flet+Az)—fz) . Ay
dx_f(x)_Alalcrgo Az _Alalcrgo Az

Here dx = Az, but dy is not Ay because Ay = dy + edx, where ¢ — 0 as Az — 0.
Using the definition dy = f'(x) dz one can verify the following differentials

df () =f'(x) dz d(uww) =udv + vdu
U vdu — udv
dC =0 C is a constant d (—) = >
v v
d(Cu) =C du af =Y g
du

d(u + v) =du + dv d(u™) =nu" du
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Differentiation of Implicit Functions

A function defined by an equation of the form F(x,y) = 0, where one of the
variables z or y is not explicitly solved for in terms of the other variable, then one
says that y is defined as an implicit function of z. For example, the equation of the
circle given by

F(z,y) =2 4+y>—p* =0, pis a constant

is an example of an implicit function, where a dependent variable has not been
defined explicitly in terms of an independent variable. In general, when given an
implicit function F(z,y) = 0, there are times where it is possible to solve for one
variable in terms of another and thereby convert the implicit form into an explicit
form for representing the function. Note also that there are times where the implicit
functions F(z,y) = 0 cannot be converted into an explicit form. Given an implicit
function F(z,y) = 0, where it is not possible to solve for y in terms of z, it is still
possible to calculate the derivative Z—i by treating the function F(z,y) = 0 as a function
F(z,y(x)) = 0, where it is to be understood, that theoretically the implicit function
defines y as a function of x. One can then differentiate every part of the implicit
functi((i)n with respect to » and then solve the resulting equation for the derivative
Y

t —=.
erm -~

Example 2-10. Given the implicit function F(z,y) = 2 + zy* + 3* = 0, find the

derivative d—y
dx

Solution

Differentiate each term of the given implicit function with respect to x to obtain

da
dx

(%) + %(wa) + %(yi”) = —0 (2.15)

The derivative of the first term in equation (2.15) represents the derivative of z to
a power. The second term in equation (2.15) represents the derivative of a product
of two functions (the function » times the function y?(x)). The third term in equa-
tion (2.15) represents the derivative of a function to a power (the function y?(x)).
Remember, that when dealing with implicit functions, it is understood that y is to
be treated as a function of z. Calculate the derivatives in equation (2.15) using the

product rule and general power rule and show there results



d d d
322 + 2= (y2) + Y~ () + B2 o2

dx dx dx =0
dy dy
2 Y 201 289 _
3z +x yd$+y()+3y T 0
d
(82 +y7) + (2 + 3y%) 72 =0

Solving this last equation for the derivative term gives

dy _ —(322+y°)

dx 2zy + 3y?

Make note that once the derivative is solved for, then the form for representing the

derivative can be changed by using some algebra along with the given original implicit
form y° = —2® — 2y%. For example, one can write

dy —(Bz*+y?) =32y —y®  3aPy—(—xy?—2%)  Bzy— a2 —y?

dr 2y +3y?  2xy?+3y3  2wy? + 3(—xy? —a3) 322 42

An alternative method to solve the above problem is to use differentials and find

the differential of each term to obtain
32%dr 4+ x - 2ydy+dr-y* + 3y dy =0

Divide each term by dz and combine like terms to obtain

d
(22y +3y*) 72 = —(32” + )

and solving for 2 obtain the same result as above.

Example 2-11.

Find the equation of the tangent line to the circle 2% 4 2z 4 y* — 6y — 15 = 0 which
passes through the point (2,7).
Solution

The given equation is an implicit equation defining the circle. By completing

the square on the » and y terms one can convert this equation to the form
(P20 + D)+ (2 —6y+9)=15+10 = (z+1)*+(y—-3)*=25

which represents a circle centered at the point (-1, 3) with radius 5.

103
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This circle is illustrated in the figure 2-5. One
can verify that the point (2,7) is on the circle by
y substituting the values z = 2 and y = 7 into the
given equation to show that these values do indeed

satisfy the equation. Use implicit differentiation

* and show
d d d
Figure 2-5. 2554—24—21/% —6£ =0 or (2y—6)£ = —(22+2)
Clrele (?entel"eii A and so the derivative is given by dy __(z+1
with radius 5. dx y—3

This derivative represents the slope of the circle at a point (zg,y,) on the circle
which is the same as the slope of the tangent line to the point (zg,y,) on the circle.

Therefore, the slope of the tangent line to the circle at the point (2,7) is obtained by
evaluating the derivative at this point. The notation used to denote a derivative Z—i

being evaluated at a point (g, o) is Z—y . For example, one can say the slope of
x (0,Y0)
the tangent line to the circle at the point (2,7) is given by

—(z+1)

(2,7) a (y—3)

—(2+1)

_dy 3
en  (T—=3) 4

 dx

my

The equation of the tangent line to the circle which passed through the point (2,7)
is obtained from the point-slope formula y — yy = m;(x — z,) for the equation of a line.
One finds the equation of the tangent line which passes through the point (2,7) on

the circle is given by
y—7=-03/4)(z-2)

Example 2-12.

(a) Consider two lines ¢, and ¢, which intersect
to form supplementary angles o and 3 as illus-
trated in the figure 2-6. Let a equal the coun-

terclockwise angle from line ¢; to line ¢,. One

could define either angle o or g as the angle

of intersection between the two lines. To avoid
confusion as to which angle to use, define the Figure 2-6.

point of intersection of the two lines as a point Intersection of two lines.

of rotation.
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One can think of line ¢; as being rotated about this point to coincide with the
line ¢, or line ¢, as being rotated to coincide with line ¢;. The smaller angle of
rotation, either counterclockwise or clockwise, is defined as the angle of intersection
between the two lines.

Assume the lines ¢, and ¢, have slopes m; = tanf; and my = tanf, which are well
defined. We know the exterior angle of a triangle must equal the sum of the two
opposite interior angles so one can write a = 6, — 6; and consequently,

tan 0, — tan 04 Mo — My
1+ tan 04 tan 6, 14 MMy

tana = tan(62 — 61) = (2.16)

Here o denotes the counterclockwise angle from line ¢; to line ¢,. If the lines are
perpendicular, then they are said to intersect orthogonally. In this case the for-

mula given by equation (2.16) becomes meaningless because when the lines intersect

orthogonally then the slopes satisfy m;mg = —1.

(b) If two curves C; and O, intersect at a point £o
P, the angle of intersection of the two curves is P Co
defined as the angle of intersection of the tan- y,

. 1
gent lines to the curves C; and C, at the in- c,
tersection point P. Two curves are said to in- .

o o Figure 2-7.
tersect orthogonally when their intersection is
Intersection of two curves.

such that the tangent lines at the point of in-
tersection form right angles.
(c¢) Find the angle of intersection between the circles
2 +2x 4y —4y=0 and 22 —dr+y>—6y+8=0
Solution First find the points where the two cir-

cles intersect. Eliminating the terms 2? and 3?2
y by subtracting the equations of the circle shows
that the two circles must intersect at points
which lie on the line y = 4 — 32z. Substitute
this value for y into either of the equations for

the circle and eliminate y to obtain a quadratic

equation in z and show the points of intersec-
tion are (0,4) and (1,1). As a check, show that

these values satisfy both the given equations.

Figure 2-8.

Intersection of two circles.
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To find the slopes of the tangent lines at these two points of intersection, use
implicit differentiation to differentiate the given equations for the circles. These

differentiations produce the following equations.

2+ 2z + 9% — 4y =0 x? — 4z +y* — 6y +8 =0
d, , 9 d d 9 d
%(:E + 2z 4 y* — 4y) :%(0) %(x —dx +y* —6y+38) :%(0)
dy  dy dy .dy
2x+2—|—2y£—4% =0 2x—4+2y%—6%:0
dy —(2z+2) dy —(2z—4)
dr ~ (2y—4) dr ~ (2y—6)

The slopes of the tangent lines at the point (0,4) are given by

. —(2 2 -1
For the first circle my _dy _—(22+2) N
dz |oa)  2y—4) loa 2
. —(2x -4
and for the second circle  ms :d—y = —Q2z-4) =2
dz o0 (24 =6) o

This gives the equations of the tangent lines to the point (0,4) as y —4 = (—1/2)z and
y—4 = 2z. Note that the product of the slopes gives m;m, = —1 indicating the curves
intersect orthogonally.

Similarly, the slopes of the tangent lines at the point (1,1) are given by

_dy B —(2z + 2)

my =—=— = =2
dx (1,1) 2y —4) (1,1)
d —(2z—4 -1
and  my =2 _ Q-4 = —
dx (1,1) (2y —6) 1,1) 2

This gives the equations of the tangent lines to the point (1,1) as y —1=2(z—1) and
y—1=(-1/2)(x—1). The product of the slopes gives m;m, = —1 indicating the curves
intersect orthogonally. The situation is illustrated in the figure 2-8.

Importance of Tangent Line and Derivative Function j/(x)
Given a curve C defined by the set of points {(z,y) | v = f(z), a <2 <b } where

y = f(z) is a differentiable function for a < = < b. The following is a short list of

things that can be said about the curve C, the function f(z) defining the curve and

the derivative function f/(z) associated with f(z).

1. If P is a point on the curve C, having coordinates (zo, f(z0)), the slope of the curve

at the point P is given by f/(xy), where f’(z) is the derivative function associated

with the function rule y = f(z) defining the ordinate of the curve.



2. The tangent line to the curve C at the point P is given by the point-slope formula

the point (z, f(x0)) is a fixed point on the curve.

y — f(wo) = f'(z0)(z — x0)

3. The curve C is called a smooth curve over the interval « < z < b if it has a
continuously turning tangent line as the point P moves from (a, f(a) to (b, f(b)).
4. If the continuously turning tangent line suddenly changes at a point (z1, f(z1)),
then the derivative function f’(z) is said to have a jump discontinuity at the point
z =m;. See figure 2-9(a).

yy o C\/+ f(x)>0 £(x)<0
YT yT
; X a f(b f(a
P A— f|( ). .( )X I( ). If(b)x
a b a b

(b)

Figure 2-9. Analysis of the derivative function f/(z).

5. If as = increases, the tangent line to the curve continuously changes from a positive
slope to a zero slope followed by a negative slope, the curve C is said to have a
local maximum or relative maximum at the point where the slope is zero. If this
local maximum occurs at the point (zi, f(z1)),then f(z;) > f(z) for all points x
near z;. Similarly, if as z increases the tangent line continuously changes from a
negative slope to a zero slope followed by a positive slope, the curve C' is said to
have a local minimum or relative minimum at the point where the slope is zero. If
the local minimum occurs at the point (zg, f(x2)), then f(z3) < f(x) for all points
z near z,. See figure 2-9(b)

If f/(z) > 0 for all values of r as x moves from a to b, the continuously turning
tangent line always has a positive slope which indicates that the function y = f(x)
is an increasing function of z over the interval (a,b). Functions with this property
are called monotone increasing functions. See figure 2—9((3).

If f'(z) < 0 for all values of x as x moves from a to b, the continuously turning
tangent line always has a negative slope which indicates that the function y = f(x)
is a decreasing function of x over the interval (a,b). Functions with this property

are called monotone decreasing functions. See figure 2—9((1)
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Rolle’s Theorem*

- £1(c)=0

If y = f(z) is a function satisfying (i) it is continuous T y=£(a)
for all = € [q,b] (ii) it is differentiable for all = € (a,b) and f(a) f(b)
(iii) f(a) = f(b), then there exists a number ¢ € (a,b) such | P L X
that f(c) = 0.

This result is known as Rolle’s theorem. If y = f(z) is a
constant, the theorem is true so assume y = f(x) is different
from a constant. If the slope f'(z) is always positive or y f/(cl)zo
always negative for « < x < b, then f(x) would be either
continuously increasing or continuously decreasing between f(a) f(b)f’(cg)ZO
the endpoints z = ¢ and z = b and so it would be impossible | e X

for y = f(x) to have the same value at both endpoints.
This implies that in order for f(a) = f(b) the derivative function f’(x) must change
sign as = moves from a to b. If the derivative function changes sign it must pass

through zero and so one can say there exists at least one number x = ¢ where f’(¢) = 0.

The Mean-Value Theorem

If y = f(x) is a continuous function for x € [a,b] and is differentiable so that
f'(z) exists for x € (a,b), then there exists at least one number = c € (a,b) such that
the slope m; of the tangent line at (c, f(c)) is the same as the slope m, of the secant
line passing through the points (a, f(a)) and (b, f(b)) or

f(b) = f(a) _

mg a<c<bd
b—a

my = f'(c) =

This result is known as the mean-value theorem and its implications are illustrated
in the figure 2-10.
Proof
A sketch showing the secant line and tangent line having the same slope is given
in the figure 2-10. In this figure note the secant line passing through the points
(a, f(a)) and (b, f(b)) and verify that the equation of this secant line is given by the
point-slope formula

v-it = |11 oo

4 Michel Rolle (1652-1719) A French mathematician. His name is pronounced “Roll”.



Also construct the vertical line z = ¢, where a < ¢ < b. This line intersects the curve
y = f(x) at the point P with coordinates (¢, f(¢)) and it intersects the secant line at
point @ with coordinates (¢, f(a) + [W} (¢ —a)). Denote the distance from @ to
P as h(¢) and verify that

010 (¢ (2.17)

tangent line

TE— f’(c) = Mg

y = f(x)
secant line

[f(b)—f(a)}

///Q Tty = b—a

Figure 2-10. Construction of secant line to curve y = f(z)

Note that hr(¢) varies with ¢ and satisfies h(a) = h(b) = 0. The function h(¢) satisfies
all the conditions of Rolle’s theorem so one can say there exists at least one point
z = ¢ where h/(c) = 0. Differentiate the equation (2.17) with respect to ¢ and show

/ _%_ / _f(b)_f(a)
W =G =ro-=2 (2.18)
If there is a value ¢ = ¢ such that »/(c) = 0, then equation (2.18) reduces to
my = f'(c) = fb) — fla) = my (2.19)
b—a

which shows that there must exist a point z = ¢ such that the slope of the tangent
line at the point (¢, f(c)) is the same as the slope of the secant line through the points
(a, f(a)) and (b, f(b)) as illustrated in the figure 2-10.

The mean-value theorem can be expressed in a slightly different form if in equa-
tion (2.19) one makes the substitution b —a = h, so that b = a + h. This produces the
form

fla+h)= f(a)+ hf'(c) where a <c<a+h (2.20)
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Let 3 denote a real number between 0 and 1 and express the number ¢ in the form

¢ = a + ph, then another form for the mean-value theorem is

fla+h) = f(a)+ hf (a+ Bh), 0<p<1 (2.21)

tangent line

)y se=f @) e-a

[}
A Q // QS=Ay=f(a+h)—f(a)

p /IR RS=f(a)+f'(a)h—f(a)=f"(a)h
S QR=ch

Figure 2-11. Another form for the mean value theorem.

A physical interpretation of the mean-value theorem, which will prove to be
useful in later sections, is obtained from an examination of the figure 2-11.
In this figure let QR = ¢h where ¢ — 0 as h — 0, then one can write

QS =QR + RS
or  Ay=f(a+h)— f(a)=eh+ f'(a)h (2.22)

f(a+h})l—f(a) =f'(a) + €= f'(a+ Bh)

or by the mean-value theorem

where € — 0 as h — 0. This result was used earlier in equation (2.14).
In summary, if %G(z) = G'(z) = g(z), then one form for the mean-value theorem

1s
AG=G(a+h)—G(a)=g(a)h+eh or AG=G(a+h)—G(a)=G'(a)h+ech (2.23)

where e - 0 as h — 0.



Cauchy’s Generalized Mean-Value Theorem

Let f(z) and g(z) denote two functions which are continuous on the interval [a, b].
Assume the derivatives f/(x) and ¢'(r) exist and do not vanish simultaneously for all
z € [a,b] and that g(b) # g(a). Construct the function

y(x) = f(2)[g(b) — g(a)] — g(2)[f(b) = f(a)] (2.24)

and note that y(a) = y(b) = f(a)g(d) — f(b)g(a) and so all the conditions exist such that
Rolle’s theorem can be applied to this function. The derivative of the function given

by equation (2.24) is

y'(z) = f'(2)[g(b) — g(a)] = ¢'(@)[f(b) - f(a)]

and Rolle’s theorem states that there must exist a value r = ¢ satisfying a < ¢ < b
such that

y'(c) = f'(c)[g(d) — g(a)] = g'(c)[f(b) — f(a)] =0 (2.25)
By hypothesis the quantity ¢(b) — g(a) # 0 and ¢'(c) # 0, for if ¢’(c) = 0, then equation

(2.25) would require that f’(c) = 0, which contradicts our assumption that the deriva-
tives f/'(z) and ¢/(z) cannot be zero simultaneously. Rearranging terms in equation
(2.25) gives Cauchy’s generalized mean-value theorem that f(z) and g(r) must satisfy

a<c<b (2.26)

Note the special case g(z) = = reduces equation (2.26) to the form of equation (2.19).
Derivative of the Logarithm Function

Assume b > 0 is constant and y = y(z) = log, . Use the definition of a derivative

and write
dy _ - yle+ Ax) —y(x)
dr 7 (z) _Alglcrgo Az
1 Azx) —1 . . .
Z_y =y/(z) = lim_ og(@ + Ax) %) and use the properties of logarithms to write
T T— T
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& _ () = lim Llo vt A

dz 7 Azmo Az B T

dy ,, . .. l/x Ax

G = V@)= Jim = () los, (1 + 7)

dy .1 Ax\*A"

pia (z) = Alglcrgo - log, <1 + 7) (2.27)

In equation (2.27) make the substitution h = A% and make note of the fact that

X
h — 0 as Az — 0 to obtain

&y _ y'(z) = ! lim log;, (1 + h)l/h (2.28)
dr T h—0
Recall from chapter 1 that }llm% (14+h)*" = ¢ and use this result to simplify the equation

(2.28) to the form
d d 1
— = y'(@) = log,a = — (log, ) (2.29)
T dx T

Observe that in the special case b = e one can use the result log,e = Ine = 1 to

simplify the equation (2.29) to the following result.
dy d 1
If y=Ilnx, x>0, then — = —Inzx=—, r#0 (2.30)
T dx T
If y = log,u, where u = u(x) > 0, the chain rule for differentiation can be employed

to obtain the results

du d 1 du
In log, u = Tu log, u - = " log, u = (log, e) - < e (2.31)
and in the special case y = Inu, u = u(x) > 0, then
d d du d 1du
—Inu=—Ihnhu-— or —Ilnu=—— (2.32)
dx du dx dx u dx
The more general situation is that for
d d 1
y =In|xz|, then Y_ 2 Injz|=—, x#0 (2.33)
dx dx T
and if
dy d 1 du

In differential notation one can write

d
dln|u| = == (2.35)
u



Example 2-13. Find the derivatives of the following functions

(a) y=In|cosz|, (b) y=logy ||, (c) y=log|u(x)]
Solution
(a) d/—y—iln|cos:c|—Licosx——sma7 = —tanx
(jﬂ? N dj:  coszx d:zl - cosx
Y
(b) dr = dr logyq 7| = (logy, e);, r#0
Y d 1 du
Xy _ = — (1 el
@) = g lomfula)| = (om0 T u(@) #0

Derivative of the Exponential Function

Let y = y(z) = b*, with b > 0 denote a general exponential function. Knowing
how to differentiate the logarithm function can be used to find a derivative formula
for the exponential function. Recall that

y =0b" if and only if x =log,y (2.36)

Make use of the chain rule for differentiation and differentiate both sides of the

equation x = log, y with respect to  to obtain

a4y
de”’ " dx o8 Y
i —il d_y 2.37
d:z:x_dy Y T (2.37)
1 dy
1=—log,e-
Y 0gy € da
This result can be expressed in the alternative form
d 1 d 1
& _ y or —(b®) = b (2.38)
dxr log,e dx log, e

Using the identity® log, e = ﬁ the equation (2.38) can be expressed in the alternative
form

%(bm) = (Inbd) - b* (2.39)

In the special case b = e there results log,e = Ine = 1, so that the equations (2.38)
and (2.39) simplify to the result

—e® =¢e” (2.40)

log, =
log, =

5 Use the change of base relation logb a = in the special case ¢ = € and & = b.
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Note the exponential function y = e* is the only function equal to its own derivative.
Often times the exponential function y = e* is expressed using the notation y = exp(x).
This is usually done whenever the exponent z is replaced by some expression difficult
to typeset as an exponent. Also note that the functions y = ¢* and y = Inz are inverse
functions having the property that

e =x forx >0 and In(e®) =« for all values of x

If w = u(z), then a generalization of the above results is obtained using the chain
rule for differentiation. These generalizations are

d d d d

Dy = Ly P o Ly = by b 2

dx du dz dx dx (2.41)

d d du d du )
and — (e%) = (e*) - or — (e%)=¢e"%. —

dx du dz dx dx

Because the exponential function y = e* is easy to differentiate, many differentiation
problems are converted to this form. For example, writing y = b® = e®*'™™?, then

d d d d
ﬁ - (bm) - (emlnb) — emlnb%[mlnb]

which simplifies to the result given by equation (2.39).

In differential notation, one can write
de" =e" du

da® =a" Inadu (2.42)

d<a—> =a“du, 0<a<lora>1
Ina

Example 2-14. The differentiation formula dia:” = nz""! was derived for n an
X
integer. Show that for = > 0 and r any real number one finds that %x’" =rg" !

Solution Use the exponential function and write y = 2" as y = ¢"*#, then

dy d ., ma @
7 — T’HIL': 'I"HIL'_ 1
Tr d:z:e e d:z(r nr)=z"

,rxr—l

Hlﬁ



Example 2-15. If y=|sinz|, find &
Solution Use the exponential function and write y = |sinz| = e Is#l then

dy d . o
el _eln\smx\ :eln\smw\_

In|sinx
dr dx | |
. 1 d . | sinz| cosz if  sinz >0
=|sinz| ———sinx = — cosz = . ]
sinz dz sinz —cosz if sinz <0

Example 2-16. If y=z°s* with » >0, find &

Solution Write y = 2<% as y = elcos®)Inz_then

dy _ d
dx  dx

d
e(cos z)Inz :e(cos z)ln x_a: [(COS x) lnx]

1
— oS T |:COS$ -—+Inx- (—sinx)]
x

_peose [cos r

. (Inz)(sin :E)}

Example 2-17. The general power rule for differentiation is expressed

iu(m)r = ru(x)"! du

where r can be any real number. This is sometimes written as

d d
—u(x)" =—-e
dx dx
rIlnu(x) i

dx

rInu(x)

=e [r Inu(x)]

which is valid whenever u(z) # 0 with In | u(z) | and u(z)” well defined.
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Example 2-18. The exponential function can be used to differentiate the
general power function y = y(z) = u(z)*®, where u = u(z) > 0 and u(z)"™® is well

defined. One can write y = u(z)*® = e*@mu®) and by differentiation obtain

d_y _ d v(z) Inu(z)

—€

dr dzx
_ev(@) Inu(z) i [v(z) Inu(x)]
dr
1 du dv
()P ®) ———+ —-1
u(z) v(:c)u(x) d:z+ T nu(x)

Derivative and Continuity

If a function y = f(z) is such that both the function f(z) and its derivative f'(x)
are continuous functions for all values of = over some interval [a, b], then the function
y = f() is called a smooth function and its graph is called a smooth curve. A smooth

function is characterized by an unbroken curve with a continuously turning tangent .

Example 2-19.
(a) The function y = f(z) = 22 — 4 has the deriva-

tive & = f/(z) = 2z which is everywhere contin- \ T / @
uous and so the graph is called a smooth curve.

y=Ff(z)==>—4

(b) The function

y

I

| yv=r@)=2+(2x—3D"""

1
y=f(x)=2+exp <§1n|2x—3|> =24 (|22 — 3))'/?

has the derivative

@

d_y _ e%ln\Qw—Z’)\ . 2

dz 3(2z — 3)

which has a discontinuity in its derivative at the point z = 3/2 and so the curve is

not a smooth curve. .

Maxima and Minima

Examine the curve y = f(z) illustrated in the figure 2-12 which is defined and
continuous for all values of z satisfying a < z <b. Start at the point » = « and move
along the z-axis to the point v examining the heights of the curve y = f(z) as you

move left to right.



| —

XLe Ty g b

Figure 2-12. Curve y = f(x) with horizontal line indicating critical points.

A local maximum or relative maximum value for f(x) is said to occur at those
points where in moving from left to right the height of the curve increases, then stops
and begins to decrease. A local minimum or relative minimum value of f(x) is said
to occur at those points where in moving from left to right the height of the curve
decreases, then stops and begins to increase. In figure 2-12 the points zy, 23, 25, z5 are
where the function f(z) has local maximum values. The points z,, 24, 25 are where
f(z) has local minimum values. The end points where » = ¢ and z = b are always
tested separately for the existence of a local maximum or minimum value.

Definition: (Absolute maximum) A function is said to have an absolute max-
imum M or global mazimum M at a point (zo, f(xo)) if f(zo) > f(z) for all x € D,
where D s the domain of definition of the function and M = f(xo).

Definition: (Absolute minimum) A function is said to have an absolute min-
imum m or global minimum m at a point (xq, f(x0)) if f(zo) < f(z) for all x € D,
where D s the domain of definition of the function and m = f(x).

For » € D one can write m < f(r) < M where m and M are referred to as extreme
values of the function y = f(x). In the figure 2-12 the point where z = x5 gives
M = f(x5) and the point where z = 2z, gives m = f(x5).Note that for functions defined
on a closed interval, the end points x = ¢ and * = b must be tested separately for a

maximum or minimum value.
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Definition: (Relative maximum) A function is said to have a relative mazimum
or local maximum at a point (xo, f(zo) if f(zo) > f(z) for all x in some open interval
containing the point x,.

Definition: (Relative minimum) A function is said to have a relative minimum
or local minimum at a point (zo, f(xo)) if f(zo) < f(x) for all values of x in some

open interval containing the point x.

Concavity of Curve

If the graph of a function y = f(x) is such that f(z) lies above all of its tangents
on some interval, then the curve y = f(z) is called concave upward on the interval. In
this case one will have throughout the arc of the curve f”(z) > 0 which indicates that
as z moves from left to right, then f/(z) is increasing. If the graph of the function
y = f(x) is such that f(x) always lies below all of its tangents on some interval, then
the curve y = f(z) is said to be concave downward on the interval. In this case one
will have throughout the arc of the curve f”(x) < 0, which indicates that as x moves
from left to right, then f/(z) is decreasing. Related to the second derivative are
points known as points of inflection. v

Definition: (Point of inflection)

Assume y = f(z) is a continuous function which

has a first derivative f'(z) and a second derivative
f"(x) defined in the domain of definition of the =

function. A point (zo, f(xo)) is called an inflection

point if the concavity of the curve changes at that point. The second derivative
" (x9) may or may not equal zero at an inflection point. One can state that a point
(zo, f(x0)) 18 an inflection point associated with the curve y = f(x) if there exists a

small neighborhood of the point zo such that
(i) for z <z, one finds f"(x) >0 and for x >z, one finds f"(z) <0
or (ii) for x < xzo, one finds f"(z) <0 and for x > zy, one find f"(x) >0
No local minimum value or maximum value occurs at an inflection point.

A horizontal inflection point is characterized by a tangent line parallel with the
r-axis with f’(a) = 0 and f”(a) = 0 as illustrated by point A. A vertical inflection
point is characterized by a tangent line parallel with the y-axis with f/(b) = 400
as illustrated by the point B. The point C illustrates a point of inflection where



f'(c) # 0 and f"(c) = 0 and the concavity changes from concave up to concave down

as x increases across the inflection point.

If the curve is continuous with continuous

o . . Concave
derivatives, those points where the concavity - 0 upward
changes, from upward to downward or from Conéa(\?: £ (z)>0

downward to upward, are inflection points with downward

a zero second derivative. inflection point

Sections of the curve which are concave upward will hold water, while those sections

that are concave downward will not hold water.
Comments on Local Maxima and Minima

Examine the figure 2-12 and make note of the following.

The words extrema (plural) or extremum (singular) are often used when referring
to the maximum and minimum values associated with a given function y = f(x).
At a local maximum or local minimum value the tangent line to the curve is
parallel to one of the coordinate axes.

A local maximum or local minimum value is associated with those points = where
f'(z) = 0. The roots of the equation f’(x) = 0 are called critical points. Critical
points must then be tested to see if they correspond to a local maximum, local
minimum or neither, such as the point z; in figure 2-12.

Continuous curves which have abrupt changes in their derivative at a single
point are said to have cusps at these points. For example, the points where
r =z and z = 2, in the figure 2-12 are called cusps. At these cusps one finds
that either f/(z) = 400 or f’(z) has a jump discontinuity. These points must be
tested separately to determine if they correspond to local maximum or minimum
values for y = f(z).

The end points of the interval of definition *+ = ¢ and z = b must be tested
separately to determine if a local maximum or minimum value exists.

The conditions f/(x) = 0 or f'(z) = +o00 at a point x, are not sufficient conditions for
an extremum value for the function y = f(z) as these conditions may produce an
inflection point or an asymptotic line and so additional tests for local maximum
and minimum values are needed.

If the function y = f(x) is continuous, then between two equal values for the
function, where f'(x) is not zero everywhere, at least one maximum or one min-

imum value must exist. One can also say that between two maximum values
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there is at least one minimum value or between two minimum values there is at
least one maximum value.

(8) In the neighborhood of a local maximum value, as x increases the function in-
creases, then stops changing and starts to decrease. Similarly, in the neighbor-
hood of a local minimum value, as z increases the function decreases, then stops
changing and starts to increase. In terms of a particle moving along the curve,
one can say that the particle change becomes stationary at a local maximum or
minimum value of the function. The terminology of finding stationary values of

a function is often used when referring to maximum and minimum problems.

First Derivative Test

The first derivative test for extreme values of a function tests the slope of the
curve at near points on either side of a critical point. That is, to test a given func-
tion y = f(x) for maximum and minimum values, one first calculates the derivative
function f/(z) and then solves the equation f’(x) =0 to find the critical points. If zg
is a root of the equation f/(z) =0, then f/(xy) = 0 and then one must examine how
f'(z) changes as x moves from left to right across the point z.

Slope Changes in Neighborhood of Critical Point
If the slope f/(x) changes from

(i) + to 0to —, then a local maximum occurs at the critical point.

(ii) — to 0 to +, then a local minimum occurs at the critical point.

(iii) + to 0 to +, then a point of inflection is said to exist at the critical point.

(iv) — to 0 to —, then a point of inflection is said to exist at the critical point.

Given a curve y = f(x) for x € [a,b], the values of f(z) at the end points where
r =a and x = b must be tested separately to determine if they represents relative or
absolute extreme values for the function. Also points where the slope of the curve
changes abruptly, such as the point where z = z; in figure 2-12, must also be tested
separately for local extreme values of the function.
Second Derivative Test

The second derivative test for extreme values of a function y = f(z) assumes that
the second derivative f”(z) is continuous in the neighborhood of a critical point.
One can then say in the neighborhood of a local minimum value the curve will be

concave upward and in the neighborhood of a local maximum value the concavity
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of the curve will be downward. This gives the following second derivative test for

local maximum and minimum values.
(i) If f'(z0) =0 and f”(zg) > 0, then f has relative minimum value at z.

(1) If f'(z9) =0 and f”(x¢) <0, then f has a relative maximum value at z.

If f”(zo) = 0, then the second derivative test fails and one must use the first derivative
test. The second derivative test is often used because it is convenient. The second
derivative test is not as general as the first derivative test. If the second derivative

test fails, then resort back to the more general first derivative test.

Example 2-20.
Find the maximum and minimum values of the function y = f(z) = 2° — 32
Solution
The derivative of the given function is Z—y = ix?’ - 3%:5 = 32> -3 = f'(x). Setting

r dx
f'(x) = 0 one finds
322 —1)=3(x—1)(x+1)=0 withroots z=1 and z=-1

being the critical points.
First derivative test

Selecting the points z = —3/2, x = —1 and = = —1/2 one finds that

f'(=38/2) =32% -3 =—, ['(=1)=0, f(-1/2)=32>-3 -2
x=—3/2 4 x=—1/2 4

and so the slope of the curve changes from + to 0 to — indicating a local maximum

value for the function.

Selecting the points z =1/2, x =1 and = = 3/2 one finds

Fa/ =3t -3 =2 fy=0, j@3/2)=32-3 =2
r=1/2 3/2

and so the slope of the curve changes from — to 0 to + indicating a local minimum
value for the function.

Second derivative test ,
The second derivative of the given function is % = f"(x) = 6z. The first and
X

second derivatives evaluated at the critical points gives
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(i) at 2 = —1 one finds f/(-1) =0 and f”(-1) = 6(—1) = —6 < 0 indicating the curve is
concave downward. Therefore, the critical point = —1 corresponds to a local
maximum.

(ii) at x =1 one finds /(1) =0 and f"(1) = 6(1)
upward. Therefore, the critical point z = 1 corresponds to a local minimum

6 > 0 indicating the curve is concave

value.

Sketching the curve

The local minimum value at = = 1 is f(1) = (1)® — 3(1) = —2 and the local
maximum value at » = -1 is f(-1) = (-1)3 — 3(-1) = 2. Consequently, the curve
passes through the points (1, -2) being concave upward and it passes through the
point (—1,2) being concave downward.

Select random points in the neighborhood of )
these points for additional information about the
curve. Select the points where z = -2, 2 = 0
and z = 2 and show the points (-2, -2), (0,0) and
(2,2) lie on the curve. Plotting these points and

—

P —_—3
connecting them with a smooth curve gives the y=f(z)=="=3=

following sketch.

Example 2-21. Snell’s Law

Refraction is the process where a light or sound wave changes direction when
passing from one isotropic® medium to another. Examine the figure 2-13 illustrating
a ray of light moving from point P in air to a point @ in water. The point P is
a height h above the air-water interface and the point @ is at a depth 4 below the
air-water interface. The normal to the air-water interface is used to define angles of
incidence and refraction.

In figure 2-13 the symbol i denotes the angle of incidence and r denotes the
angle of refraction of the ray of light moving from point P in air to a point @ in
water and ¢ is the z-distance between the points P and Q. Fermat’s law” states that

light will travel from point P in air to point Q in water along a path POQ which

6 Having the same physical properties in all directions.
7 Pierre de Fermat (1601-1665) A French lawyer famous for his developing many results in number theory and

calculus.
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minimizes the time travel. If ¢; denotes the speed of light in air and ¢, denotes the

speed of light in water one can find from tables the approximate values
c1 ~2.99 (10)'° cm/sec co &~ 2.26 (10)'° cm/sec

Find the relation between the angles i and » such that Fermat’s law is satisfied.

normal to interface

£ _ OM—=~F—=x
L ON—=—=
h| 2 ' i
- air
N water

Figure 2-13. Light ray moving from point P in air to point @ in water.

Solution
Use the formula Distance = (Velocity) (Time) to obtain the following values.

The time of travel for light in air to move from point P to O is

T PO Vz?+R?
air — Cl - Cl

The time of travel for light in water to move from point O to Q is

00 / _ 2 2
Tu}ater = % (g x) d

C2 C2

The total time to travel from point P to @ is therefore

Va2 + h? N VIl —1z)2 +d?

T = T(,I) — Tair + Tu}ater =
C1 Co
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Calculating the derivative one finds

a1 e 1 (-
dr  ci a2+ hZ o (0 —x)? + d?
If the time 7" has an extreme value, then 4 = 0 and z is required to satisfy the
equation
1 x 1 (0 —x)

AVt 12 - 22 &
and from this equation one can theoretically solve for the value of 2 which makes
T = T(x) have a critical value. This result can be expressed in a slightly different

form. Examine the geometry in the figure 2-13 and verify that

sing = L and sinr = (—2)
Va2 + h? (C—2)2 + &2

so the condition for an extreme value can be written in the form

sinz sinr
= (2.45)
C1 C2

This result is known as Snell’s law.® Show that the second derivative simplifies to

T 1 h? 1 d?

dz? ¢y (h? + 22)3/2 + ez (0= 2)2 + d2)3/2 >0

By the second derivative test the critical point corresponds to a minimum value for
T ="T(x)
|

2 —x+1

T2tz
“Is this function defined for all values of 27" If the denominator is not zero, then one

can answer yes to this question. If 22 +2+1 = 0, then » = =£A=2 = 1(_14+/3) which

Example 2-22. Consider the function y = f(z) and ask the question

is a complex number and so for real values of z the denominator is never zero. One
can then say the domain of definition for the function is D = R. To determine the

range for the function, rewrite the function in the form z?(1 —y) —2(1+y)+ (1 —y) =0

8 This law was discovered by Willebrord Snell (1591-1526) a Dutch astronomer. Let ¢ denote the speed of light
in vacuum and C,,, the speed of light in medium m. The ratio N, = C/Cm is called the absolute index of refraction

and the more general form of Snell’s law is 121 Sin¢ = ng sinr.



In order that = be a real quantity it is necessary for
(1+y)? >4(1 - y)?
142y + y? >4(1 — 2y + %)
—3y% + 10y — 3 >0
—By—1)(y—3) >0

This requires that + <y < 3 which determines the range for the function.

yA :132—33—}—1

J\ y: m2+m+1

Yy=1—" \/_— y=1

=
Figure 2-14. Sketch of y = zioztl
& ) y= 2+ x+1
As z increases without bound one can write
?—x+1 . 1-1/z+1/2®

lim — T2 =
im0 72 4 w41 amoo 14 1)z + 1/22

so that y =1 is an asymptotic line.

Differentiating the given function one finds

dy — fla) = (P+2+1)22—-1)— (@ —2+1)2z+1)  2(a?-1)
de T\ T (22 4+ +1)2 (22 4z +1)2
The slope of the curve f’(z) is zero when z = 1 or x = —1. These are the critical

points to be tested. One finds that at z = 1 the height of the curve is y = f(1) = 1/3
and when z = —1, the height of the curve is y = f(—1) = 3. A sketch of the function
is given in the figure 2-14. By the first derivative test for = < —1, f/(z) > 0 and for
x> —1, f'(z) < 0 so that 2 = —1 corresponds to an absolute maximum value. It is

similarly demonstrated that the point z = 1 corresponds to an absolute minimum

value.
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Example 2-23. A

Find the largest rectangle that can be in-

scribed in a given triangle, where the base

gle. Let b denote the base of the triangle and
let h denote the height of the triangle.

B
of the rectangle lies on the base of the trian- T
y
v
D

N
|E
Solution b !

Let z denote the base of the rectangle and y the height of the rectangle, then the
area of the rectangle to be maximized is given by A = xy. This expresses the area as
a function of two variables. If y can be related to z, then the area can be expressed
in terms of a single variable and the area can be differentiated. In this way one can
apply the previous max-min methods for analyzing this problem. To begin, observe
that the triangles ABC and ADE are similar triangles so one can write
. % or x:bT or y:h—%x
This gives a relationship between the values of x and y. Note that as y varies from
y = 0 to the value y = h, the area A = zy will vary from 0 to a maximum value and
then back to 0. The area of the rectangle can now be expressed as either a function

of z or as a function of y. For example, if A = 2y, then one can write either

Azx(h—ﬁx>:h:v—ﬁx2, 0<z<b
b b
or Aﬁ?(%)yzg(hy—y?), 0<y<h

These representation for the area can be differentiated to determine maximum and

minimum values for the area A. Differentiating with respect to z one finds

dA h

R —9

L
dA

and a critical value occurs when 42 = 0 or h — 22z = 0, which requires z = b/2 with

y = h/2. Alternatively, if one differentiates with respect to y one finds
dA b

T (h-2
a7 h( Y)

dA
dy

In both cases one find the maximum area as A = hb/4. Note that there is only

and a critical value occurs when 42 = 0, or when y = h/2 which then gives z = b/2.



one critical point as y varies from 0 to h, since the area is zero at the end points
where y = 0 and y = h, the Rolle’s theorem implies there must be a maximum value
somewhere between. That is, if the area is a continuous function of y and A increases
as y increases from 0, then the only way for A to return to zero is for it to reach a

maximum value, stop and then return to zero.

Logarithmic Differentiation
Whenever one is confronted with functions which are represented by complicated
products and quotients such as

22V/3 + 22

y=f(z) = ($+4)1/3

or functions of the form y = f(z) = u(z)*®, where u = u(z) and v = v(z) are complicated
functions, then it is recommended that you take logarithms before starting the
differentiation process. For example, to differentiate the function y = f(z) = u(x)*®),

first take logarithms to obtain
Iny =1In [u(:c)”(x)} which simplifies to  Iny = v(z) Inu(z)

The right-hand side of the resulting equation is a product function which can then
be differentiated. Differentiating both sides of the resulting equation, one finds

% Iny :% [v(z) Inu(z)] = v(x)% Inu(x) + Inu(x) %v(x)
1 dy 1 du(x) dv(z)
) de —v(x)m o + Inu(z) - o

Solve this equation for the derivative term to obtain

dy 1 du(x)

B dv(z)
dr U(x)u(x) dz

dx

+ Inu(x) -

(2.46)

where y can be replaced by u(z)"®).
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Differentiation of Inverse Functions
Assume that y = f(x) is a single-valued function of z in an interval (a,b) and the
derivative function 2 = f/(x) exists and is different from zero in this interval. If the

inverse function = = f~!(y) exists, then it has the derivative

dm_l
dy_ﬁ
dx

Proof

By hypothesis the function y = f(z) is differentiable and the derivative is nonzero
in an interval (a,b) and so one can use implicit differentiation and differentiate both
sides of y = f(x) with respect to y to obtain iy = %f(x) which by the chain rule

dy
becomes

dy

dr 1 1
dy — f'(z) dy
dx

An alternative way to view this result is as follows. If y = f(z), then one can

interchange » and y and write
x = f(y) and solving for y obtain y = f~'(x)

Observe that by employing the chain rule there results

de i _i 1 _d dzx
TP ad gy ) = )
This last equation reduces to
_a dx L_ - 1 _i 1 1
GO & a9

dy
which gives the result

1

7 1(@) (247)

d -1 _ =17 _
7 @) = £V (@) =

provided that the denominator is different from zero.



Example 2-24. TIfy— f(z) = "”‘;1, show that Z—i — f(a) = ;—21 Solving for «
1

PP T ode o d oy

one finds » = f (y)_—y_1 with derivative i _dyf (y) = e Note that
d_a?_i _1 -1 R S S -1
dy ~dy’ (y)_(y—l)Q_j—g_;—%_ MRSV

Approached from a different point of view one finds that by interchanging = and

y in the given function gives z = f(y) = yyil and solving for y gives the inverse

function y = f~*(z) = ﬁ This function has the derivative

d o L -1
Using the equation (2.47) one can write
P L SN S |

Example 2-25. 1If y = f(z) = ¢*, then interchanging = and y gives z = f(y) = ¢V
and solving for y one obtains y = f~!(z) = Inz. Here the functions ¢* and Inz are
inverse functions of one another. Differentiate y = f~!(z) = Inz to obtain

dy

d v, gy d 1
d:z_d:z:f () =f (x)_d:zlnx_x

Here f'(z) =¢® and f/(f~(z)) = e™® =z and
d 1 1

d ¢ = —lnr=-= _1/x:7=l
@l Weghe=o =10 = gy T

Differentiation of Parametric Equations

If z = 2(t) and y = y(t) are a given set of parametric equations which define y as
a function of z by eliminating the parameter ¢+ and the functions z(t) and y(¢) are
continuous and differentiable, then by the chain rule one can write

dy
dy dydzx dy  g¢  Y'(t)
- _ I 2 — at _ rovided /(¢ 0.
dt ~ dz dt o de  dz @) PO ® 7

dt
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Differentiation of the Trigonometric Functions
To derive the derivatives associated with the trigonometric functions one can
utilize the trigonometric identities
sin(A + B) — sin(A — B) =2cos Asin B
cos(A+ B) — cos(A — B) = —2sin Asin B
sin Acos B — cos Asin B = sin(A — B)

as well as the limit relation gin% % = 1 previously derived in the example 1-6.
Example 2-26. Find the derivative of y = sinz and then generalize this result

to differentiate y = sinu(x) where v = u(z) is an arbitrary function of .
Solution

Using the definition of a derivative, if y = sinz, then

dy — lim y(z+h) —y(x) — lim sin(z + h) —sinx
dx h—0 h h—0 h
2sin(L h n(k
d_y = lim SID(Q) cos(z + 2) = lim bm(Q) lim cos(z + =) = cosx
dr  h—0 h h—0 B h—o 2

Therefore, the derivative of the sine function is the cosine function and one can write

d
— sinx = cosx (2.48)
dx
Using the chain rule for differentiation this result can be generalized. If y = sinu,
then d_y = d_yd_u or isimu = isinud—u or
de  dudz dx - du dx
d . du
— sinu = cosu — (2.49)
dx dx

Example 2-27. Some examples involving differentiation of the sine function
are the following.

. sin(z?) =cos(z?) - 2z . sin(e3”) = cos(e3®) - 3e3*

d .
4 sin(ax + ) =cos(az + 3) - « —sin(vz?2 4+ 1) =cos(vV 22+ 1) - L
dr dz 2 +1



Example 2-28. Find the derivative of y = cosz and then generalize this result
to differentiate y = cosu(xr) where v = u(z) is an arbitrary function of .
Solution

Using the definition of a derivative, if y = cosz, then

dy . yle+h)—y(x) . cos(x+h)— cos(z)

=z = 11 == 11

dr ~ h=0 h h—0 h

dy . —2sin(y)sin(z+%) sin(%)

dr i p ST e ty)
d_y = —sinz

dr

One finds that the derivative of the cosine function is the negative of the sine function
giving

% cosx = —sinx (2.50)

This result can be generalized using the chain rule for differentiation to obtain the

d d U
result — cosu = — cosu — Or

dx du dx
d du
—cosu = —sinu — (2.51)
dx dx
|
Example 2-29. Some examples involving the derivative of the cosine function
are the following.
o cos(z?) = — sin(z?) - 2z . cos(e*®) = —sin(e™) - e«
d 3a?
4 cos(ax + ) = —sin(ax + ) - « —cos(Va3+1)=—sin(vaz3 +1)- S
dx dx 2V +1

Example 2-30. Find the derivative of y = tanz and then generalize this result
to differentiate y = tanu(x) where v = u(x) is an arbitrary function of .
Solution

Until you get to a point where you memorize all the rules for differentiating a
function and learn how to combine all these results you are restricted to using the

definition of a derivative.
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If y = tanz, then

dy .. ylz+h)—yx) . tan(z + h) — tanz

— = llm = hm

dr  h—0 h h—0 h

dy .. 1 [sin(x+h) sinz . sin(x + h)cosx — cos(z + h) sinx
— = lim — — = lim

dx  h—0h [cos(x+h) cosx h—0 h cos x cos(z + h)

dy . sinh i 1

— = lim - lim

dr h—0 h  h—0cosxcos(x+ h)

dy 1 9

= = =sec” x
dr cos?x

If you know the derivatives of sinz and cosz you can derive the derivative of the

tanx by using the quotient rule for differentiation and write

d d (sinx cosx-%sinx—sinx-%cosx
—tanx =— =
dx dx \ cosx cos2 x
cos? x + sin’ z 1 9
—tanx = = =sec’x
dx cos2 x cos2 x
One finds .
— tanx = sec’x (2.52)
T
. . d d du
The chain rule can be utilized to show — tanu = — tanu — or
dx du dx
d d
2 tanu = sec?u 2% (2.53)
x dx
[ |
Example 2-31. Some examples involving the derivative of the tangent func-
tion are the following.
4 tan(z?) =sec?(z?) - 2 — tan(e®®) =sec?(e**) - e* o
dx dx
d 9 d 9 1+2x
il =g . —tan(v/z2 + z) =sec* (V22 + 1) ——
. tan(ax + ) =sec*(ax + () - « e ( ) ( ) W



Example 2-32. Find the derivative of y = cotz and then generalize this result
to differentiate y = cot u(xr) where v = u(z) is an arbitrary function of .
Solution

. .. . COS T .
Use the trigonometric identity y = cotz = —— and write
ST

dy .. ylzr+h)—y(x) . cot(zx+h)—cotx
— = lim = lim
dr h—0 h h—0 h
cos(z+h)  cosz . .
. Sin(z+h) _ sinx . cos(x + h)sinz — cosxsin(z + h)
= lim = lim ; :
h—0 h h—0 hsinz sin(x + h)
. sinh . -1
= lim - lim

h—0 h  h—0sinzsin(x + h)

—cotr =——=—
dx sin? x

= — CSC2 T

so that

d
— cotx = —csc’x (2.54)
dx

Using the chain rule for differentiation one finds

d d
— cotu(z) = — csc? u(x) g (2.55)
dx dx

Example 2-33. Find the derivative of y = secz and then generalize this result

to differentiate y = secu(z) where u = u(z) is an arbitrary function of x.

Solution
Use the trigonometric identity y = secz = and write
COS T
1 1
dy .. sec(x+h)—secx .  ostath)  cosz
— = im = hm
dr  h—0 h h—0 h
. cosx —cos(z+ h) . osin(Z) sin(z + 2)
= lim = lim —== - lim
h—0 hcoszcos(x +h) h—0 2 h—0 cos z cos(x + h)
sin x 1 sinz
== =secxrtanz
cos?x  CcOST CoST
so that
d
—secx = secrtanx (2.56)
x

Using the chain rule for differentiation one finds

— sec u(x) = secu(x) tan u(x) d_z (2.57)
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Example 2-34. Find the derivative of y = cscz and then generalize this result
to differentiate y = cscu(z) where u = u(x) is an arbitrary function of z.
Solution

Use the trigonometric identity y = cscx = ﬁ and write

1 1
dy lim csc(x +h) —cscx iy SOEFR) "~ sna
dx h—0 h h—0 h
— lim sinx — sin(x + h) ~ lim sin(2) i cos(z + &)
h—0 hsinzsin(r +h) h—0 2 h—osinwsin(z +h)
coS T 1 cosz
== = — - = —cscxrcotx
sin® x sinx sinx
so that
d
o, C5C® = —csew cot x (2.58)
x

Using the chain rule, show that

— cscu(x) = — cscu(x) cot u(x) Z—Z (2.59)

Example 2-35. Some curves are easily expressed in terms of a parameter. For
example, examine the figure 2-15 which illustrates a circle with radius a which rolls
without slipping along the z-axis. On this circle there is attached a fixed arm of
length 0P = r, which rotates with the circle. At the end of the arm is a point P
which sweeps out a curve as the circle rolls without slipping. This arm initially lies
on the y-axis and the coordinates of the point P in this initial position is (0, —(r —a)).
As the circle rolls along the z-axis without slipping, the point P has coordinates
(z,y). From the geometry of the problem the coordinates of point P in terms of the

parameter 6 are given by
x=al —x9g=ah —rsind y=a+yo=a—rcosb (2.60)

The term af in the parametric equations (2.60) represents arc length as the circle
rolls and the terms rsinf and rcosf represent projections of the arm onto the z and

y axes respectively.



Yy /’\ r cos(mw—0)=yg
+ P rsin(wt—0)=x¢
OP=r
Yo
Yy
a
x
x
af

Figure 2-15. Circle rolling without slipping.

ra
@x

Figure 2-16. Cycloid curves for r = 3a, r =a and r =

a
2 2

y
prolate cycloid
T>a
a
i U %)
Y cycloid
r=aqa
a
!
. curtate cycloid

The curve that the point P sweeps out as the circle rolls without slipping has different

names depending upon whether » > a, » = a or r < a, where a is the radius of the

circle. These curves are called
a prolate cycloid if »r > a
a cycloid if r = a
a curtate cycloid if r < a

These curves are illustrated in the figure 2-16.
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To construct a tangent line to some point (zg,yo) on one of the cycloids, one must
be able to find the slope of the curve at this point. Using chain rule differentiation

dy dydz
one finds - dca8 "
dy
dy B @ dx _ ] dy .
%_@, where @—a—rcosﬂ and @—Tst
do

The point (zo, y) on the cycloid corresponds to some value 6, of the parameter. The
slope of the tangent line at this point is given by

dy rsinf
mt = ———
dr a—rcost |y_g,

and the equation of the tangent line at this point is y — yo = ms(z — 20).

Simple Harmonic Motion
If the motion of a particle or center of mass of a body can be described by either
of the equations

y =1y(t) = Acos(wt — ¢p) or y =y(t) = Asin(wt — ¢o) (2.61)

where A, w and ¢, are constants, then the particle or body is said to undergo a
simple harmonic motion. This motion is periodic with least period T = 27 /|w|. The
amplitude of the motion is |A] and the quantity ¢, is called a phase constant or phase
angle.

Note 1: By changing the phase constant, one of the equations (2.61) can be trans-

formed into the other. For example,

Asin(wt — ¢o) = Acos [(Wt — ¢o) — 7/2] = Acos(wt — By), Oy = o + /2
and similarly

Acos(wt — ¢o) = Asin [(wt — ¢o) — 7/2] = Asin(wt — 6p), b = do +7/2
Note 2: Particles having the equation of motion

y =y(t) = asinwt + [ coswt
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where a, g and w are constants, can be written in the form of either equation in
(2.61) by multiplying both the numerator and denominator by /a2 + 32 to obtain

sin wt +

y=y(t) = Va2 + 52

cos wt (2.62)

o s

The substitutions A = /a2 + 32, singy = \/?TBQ’ cos ¢y = f+52 reduces equation
(2.62) to the form

y =1y(t) = A (sin ¢ sinwt + cos ¢g cos wt) = A cos(wt — ¢p)

Example 2-36. [ ds
Consider a particle P moving around a circle P, 5 dy

of radius e with constant angular velocity w. The / 2 a g B

points P, and P, are the projections of P onto the | _;P &

z and y axes. The distance of these points from \jz; Z:ﬁfg

the origin are described by the x and y-positions 0 =wt

of the particle and are given by z = 2(t) = a coswt
and y = y(t) = asinwt. Here both P, and P, exhibit a simple harmonic motion about
the origin as the particle P moves counterclockwise about the circle. This simple

harmonic motion has a time period 27 /w and amplitude a.

The derivatives Z—:E = 7/(t) = —awsinwt and d_g; = 9/(t) = awcoswt represent the
velocities of the points P, and P,. These velocities can be used to determine the
velocity of the particle P on the circle. Velocity is the change in distance with

respect to time. If s = af is the distance traveled by the particle along the circle,

then v = % = a% = aw is the velocity of the particle. This same result can be
obtained from the following analysis. The quantity dz = —awsinwtdt represents a

small change of P in z-direction and the quantity dy = aw coswt dt represents a small
change of P in the y-direction. One can define an element of arc length squared
given by ds? = dx? + dy?. This result can be represented in the form

ds = \/(d2)? + (dy)? —> % _ \/(%)2 + <%>2dt (2.63)

and when the derivatives /(t) and y/(t) are substituted into equation (2.63) there

results v = % = aw. The second derivatives of z = 2(t) and y = y(t) are found to be

d*x . d?
= F = —aw? coswt and Y

yTel T i = —aw?sinwt (2.64)
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which can be written in the form
i=—-wr and i =—w’y (2.65)

This shows that one of the characteristics of simple harmonic motion is that the
magnitude of the acceleration of either the point P, or P, is always proportional
to the displacement from the origin and the direction of the acceleration is always

opposite to that of the displacement.

L "Hopital’s Rule
One form of L "Hopital’s® rule, used to evaluate the indeterminate form 3, is the
following. If f(z) and g(z) are both differentiable functions and satisfy the properties
lim f(z) =0, lim g(z) =0, lim ¢'(z) #0,

T—xg T—xg T—xg

then one can write
o f@ L @)
im —~ = lim
w0 g(z) | oo g'(x)

(2.66)

provided the limit on the right-hand side exists.
The proof of the above statement is obtained by using the definition of the
derivative and properties of the limiting process. One can write

i (@) = fao)

f'(z) _ f' (o) _T7%o T — T

=0 g'(z)  ¢'(xo) | 9(x) — 9(20)
z—zo T — T

fl) = flzo) _ . flz)

= lim —2 <~/ — lim —<~
e—zo g(x) — g(x0)  2—w0 g()

because f(zo) = g(zo) = 0 by hypothesis.
The L "Hopital’s rule can also be used to evaluate the indeterminate form . If

lim f(x) = oo and lim g(x) = oo, then one can write

. f@) (=)

m —— lim

li =

(2.67)

To show this is true make the substitution z = 1/t so that as x — oo, then ¢t — 0 and

write

lim —= = lim t>0 (2.68)

f@ 1A
v g(z) 00 g(1/8)

9 Guillaume Francois Antoine Marquis L “Hépital (1661-1704) French mathematician who wrote the first calculus

book. L Hopital’s name is sometimes translated as L’Hospital with the s silent.
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and then apply L "Hopital’s rule to the right-hand side of equation (2.68) to obtain
/ 2 / /
0 R 1) Vi W LV N (1)

oo g(z) 120 g(1/(—1/82) =0 g/(1/t) w00 g'(x)

Still another form of L "Hopital’s rule is that if x4 is a finite real number and

lim f(z) =00 and lim g(x) = o0

T—xq T—Tg

then one can write

TR A GO M C)

= lim (2.69)
2% g(a) | aso g'(a)

This result can be established using the result from equation (2.67). Make the

substitution = = x¢ + 1/t so that as z — x, then t — oo and write

fim L) gy L@ O FO) (2.70)

vy g(x) 100 g(wo +1/t) 1o G(t)
Applying L "Hopital’s rule from equation (2.67) one finds
f@) oy FO o FO et 1/t)(=1/) )

vowo g(@) 1o G(I) oo GU(E) e g/(wo + 1/0)(—1/12)  avwe g'(2)

Notg that sometimes L "Hopital’s rule must be applied multiple times. That is,
e . f(x)
if lim

e is an indeterminate form, then apply L "Hopital’s rule again and write

tim 28—y @) gy, @)
A g(@) T o (@) o g7 (a)

1 —cosx

Example 2-37. Find lim =
Solution Use L "Hopital’s rule multiple times and write

. l—cosz . —(—sinx) . cosx 1
lim = lim ——— = lim = —
x—0 2 z—0 2z z—0 2 2

|
Make note of the fact that the functions that are used in equations (2.66), (2.67),

and (2.69) can themselves be derivatives.
One final note about L “Hopital’s rule. There may occur limits'® where a re-
peated application of L “Hopital’s rule puts you into an infinite loop and in such

cases alternative methods for determining the limits must be employed.

V241

p produces an infinite loop.

10 mor example, L "Hopital’s rule applied to limg,_, oo



140

Example 2-38.

(a) Evaluate the limit lim 2T
r— €T )
Solution Using the L "Hopital’s rule one finds lim ST im Cofx =1
xrT— X xrT—
.. 1
(b) Evaluate the limit lim —
r—o0 I
STT A 1 1
Solution By L "Hopital’s rule lim 2T lim # =0
r—oo I T—00
. In(si
(c) Evaluate the limit lim n(sinz)
z—0 In(tanx)
1
P In(si = - COST
Solution By L "Hopital’s rule lim In(sin) _ ., sing = lim cos®’z =1
z—0 ln(tanx) z—0 1 2 rz—0
-sec &
tanx
|
STTA "
Example 2-39. Use L Hopital’s rule to show lim <1 + E) =e
. " ! STA
Solution Write <1 + —) = en!"(+%) then by L Hopital’s rule
n
In(1+1
one can show that lim M =1
’ |

Differentiation of Inverse Trigonometric Functions

Examine the inverse trigonometric functions illustrated in the figures 1-18 and
1-19 presented in chapter 1. Observe that these functions are multi-valued functions
and because of this their derivatives depend upon which branch of the function
you are dealing with. In the example 1-5 a branch was assigned to each inverse
trigonometric function. You are not restricted to use these branches all the time. In
using mathematics to solve applied problems it is customary to select the branch of
the inverse trigonometric function which is applicable to the kind of problem you are
solving. In this section derivations for the derivatives of the inverse trigonometric
functions will be given for all possible branches that you might want to deal with.

By definition y = sin™" u is equivalent to siny = v and the branch where -2 <y < Z
has been selected. Hence, to find the derivative of y = sin™'« one can differentiate
instead the equivalent relationship siny = u. Differentiating with respect to z one

finds
- ‘il’l — d_u or 4 d_y — d_u or d_y — 1 d_u
d > y_d Cosyd:z:_d:z dr  cosydx
Consequently,
dy d . 1 du




Observe that « = siny is related to cosy, since sin®y + cos?y = 1 so that one can write

cosy = £4/1 —sin’y = +£1/1 — u?2 (2.71)

The sign selected for the square root function depends upon where y is located. If
y = sin~ ' u is restricted to the first and fourth quadrant, where —2 <y < Z, then cosy
is positive and so the plus sign is selected for the square root. However, if y = sin™! u
is restricted to the second or third quadrant, where Z < sin™' u < 2%, then the function
cosy is negative and so the minus sign is selected for the square root function. This

gives the following differentiation formula for the function y = sin™' u = arcsinu

1 du | < 1 T csinlu< T

—_—— u —Z<sinTTu< T

d d V1 — w2 dz’ ’ 2 2
— arcsinu = — sin” ' u = 1—u?de (2.72)

dx dx -1 du 1 ™ <1 37

A M<h F<smTiu<y

To differentiate the function y = arccosu = cos™! u write the equivalent statement
cosy = u and then differentiate both sides of this equivalent equation with respect to
r to obtain

dy du or dy -1 du

—cosy = —siny— = — — = —
4 yd:ﬂ dx dr  sinydx

dx

Here u = cosy and siny are related by

simy::l:\/l—cos?u::t\/l—u2

where the sign assigned to the square root function depends upon where y lies. If
y = cos—'u lies in the first or second quadrant, then siny is positive and so the plus
sign is selected. If y = cos™'w is the third or fourth quadrant, then siny is negative

and so the minus sign is selected. One can then show that

L B <1, 0<costu<

—_— u cosTtu<m

d d _ P) 9 9

— arccosu = — cos ' u = 1—u*dz (2.73)

dx dx 1 du lu| <1, @ <cos™lu<2mw
VI—uZdz’ ’

In a similar fashion, if y = arctanu = tan~! u, then write tany = v and differentiate

both sides of this equation with respect to z and show

dy _du o dy_ 1 du
dr  dx dr  sec?ydx

— tany = sec? Y

dx

141



142

Use the identity 1+ tan?y = sec?y = 1 +u«? and show

1 1 du
—tan” Tu =

= — 2.74
dx 1+ u2dx ( )

This result holds independent of which quadrant the angle y = tan=!« lies in.
In a similar fashion one can derive the derivative formulas for the inverse func-
tions cot !w, sec™'w and csc!w. One finds

1 —1 du
—cot™ T u =

= — 2.75
dzx 14+ u2dx ( )

a result which holds independent of which quadrant the angle y = cot~!w lies in.

The derivatives for the inverse secant and cosecant functions are found to be

. %d_u, 0<seclu< ™ or T <seclu<Z

dz seetu=q " qil_ ' d’z g < -1 <2 LA “ly <2 (2.76)
T gy’ g <Se¢ w<m or G <JsecTlu T

d _ 12_3—“, g <csclu<w or 37” <csc lu < 2w

d csc lu = “ qil_ 1 dz . - (2.77)
s 0<csc luc< > or m<csclu< 377r

Hyperbolic Functions and their Derivatives

The hyperbolic functions were introduced around the year 1760 by the mathe-
maticians Vincenzo Riccati'! and Johan Heinrich Lambert.'? These functions were
previously defined in terms of the exponential functions ¢* and e *. Hyperbolic
functions occur in many areas of physics, engineering and related sciences. Recall

that these functions are defined

. et — e T e2m -1 . . .
sinhx = = 5 hyperbolic sine function
e:n
x —x 2x
e e e 1
coshx = +2 = + hyperbolic cosine function (2.78)
e:n
sinhz e*—e™® e2®—-1 . .
tanhxz = = = hyperbolic tangent function

coshz er |+ e e2r |1

1 Vincenzo Riccati (1707-1775) An Italian mathematician.
12" Johan Heinrich Lambert (1728-1777) A French mathematician.
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Analogous to the definition of the trigonometric functions the cothz, sechx and cschz

are defined.

coshx e+ e * e** 41 . X
cothx = = = hyperbolic cotangent function

sinhx er — e~ e2r

1 2 2e® _ _
sechxz = = = hyperbolic secant function (2.79)
coshz er |+ e~ e2r L1
1 2 2e® _ _
cschx =— = = hyperbolic cosecant function
sinhx e* —e™ % e?r —1

y y
Ol t.anh(_'l:)
' ; tan(t) '
/ sin(t) \
: |
] | x <
- cos(t) 9|
X -yr= 1

C={{(x,y) | x=cos(t), y=sin(t), 0<t< 2x}
H={(X,y)| x=cosh(t), y=sinh(t),-2<t < 2}

Figure 2-17. Circular functions and hyperbolic functions.

The set of points C = { (z,y) | = =cos(t), y =sin(t), 0 <t < 27 } defines a circle of
unit radius centered at the origin as illustrated in the figure 2-17. The parameter ¢
has the physical significance of representing an angle of rotation. This representation
for the circle gives rise to the terminology of calling trigonometric functions circular

functions. In a similar fashion, the set of points
H={(z,y) | = cosh(t), y= sinh(t), te R }

defines the right-half of the equilateral hyperbola defined by 22 —4? = 1 as illustrated
in the figure 2-17. If the point (x,y) = (cosh (t), sinh(¢)) on the hyperbola is connected
to the origin by a straight line, then an area between the line, the z-axis and the
hyperbola is formed having an area a. The physical significance of the parameter ¢ in

this representation is that ¢ = 2a. This representation gives rise to the terminology of
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calling the functions in equations (2.78) and (2.79) the hyperbolic functions. Graphs
of the hyperbolic functions, defined by the equations (2.79), are illustrated in the
figures 2-18 and 2-19.

y=-1

y=sinh(t) y=cosh(t) y=tanh(t)

Figure 2-18. Hyperbolic functions sinh(¢), cosh(t), tanh(t).

An examination of the hyperbolic functions illustrated in the figures 2-18 and
2-19 show that

sinh (—x) = — sinh (x) csch(—x) = — csch(x)
cosh (—x) = cosh (x) sech (—x) = sech (x) (2.80)
tanh (—x) = — tanh (x) coth (—x) = — coth(x)

which shows that the functions cosh(z) and sech(x) are even function of z symmet-
ric about the y-axis and the functions sinh(z), tanh(z), csch(z) and coth(z) are odd

functions of x being symmetric about the origin.

Approximations
For large values of |z|, with 2 >0 For large values of |z|, with <0
coshz ~ sinhz ~ 5636 coshzx ~ — sinhx ~ 56_36
tanhx ~ cothz = 1 tanhx ~ cothz ~ —1

sechz ~ cschx ~2e¢ * ~0 sechz ~ — cschz ~ 2¢” =~ 0



Yy
Yy
y
y=1
y=1
t t t
y=-1
= h(t

y=csch(t) y=sech(t) y=coth(t)

Figure 2-19. Hyperbolic functions csch(t), sech(t), coth(t)

Hyperbolic Identities

One can readily show that the hyperbolic functions satisfy many properties
similar to the trigonometric identities. For example, one can use algebra to verify
that

coshz + sinhx = e” and coshx — sinhx = e ™™ (2.81)
and

cosh?x — sinh?z = 1, 1 — sech?z = tanh?z, 1+ csch?z = coth?z (2.82)

Algebra can also be used to prove the addition formula

sinh ( + y) = sinhx coshy 4+ coshx sinhy

cosh (x 4+ y) = coshx coshy + sinhx sinhy (2.83)
tanhx 4+ tanhy

tanh =
anh (z + y) 1 + tanhx tanhy

Example 2-39. Show that sinh(z 4+ y) = sinhz coshy + coshz sinhy.
Solution

Use the law of exponents and show that

eTtY — eV eTe¥ — g TeTY

51 h = =
sinh (z + ) 5 5

145
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Now use the results from the equations (2.81) to show
sinh (z 4+ y) = % [(coshz + sinhzx)( coshy + sinhy) — (coshz — sinhz)( coshy — sinhy)]

which when expanded simplifies to the desired result.

|
Replacing y by —y in the equations (2.83) produces the difference expansions
sinh (x — y) = sinhx coshy — coshz sinhy
cosh (x — y) = coshx coshy — sinh sinhy (2.84)
tanhx — tanh
tanh (z — y) = anhx anhy
1 — tanhx tanhy
Substituting y = « in the equations (2.83) produces the results
sinh (22) =2 sinhx coshx
cosh (2z) = cosh?z + sinh?y = 2 cosh?z — 1 = 1 4 2sinh?z (2.85)
2tanhx
tanh (22) =——————
1 4+ tanhZ?z
It is left for the exercises to verify the additional relations
sinhxz + sinhy =2 sinh <?> cosh <m ; y)
. r+y rT—yY
coshx 4+ coshy =2 cosh — cosh 5 (2.86)
inh
tanha + tanhy = R(E+Y)
coshx coshy
sinhxz — sinhy =2 cosh <#> sinh <m ; y)
coshx — coshy =2sinh <#> sinh <m ; y) (2.87)
sinh (z — y)
tanhx — tanhy =——~
coshx coshy
T 1
sinh <—> :\/—( coshx — 1)
2 2
1
cosh <§> :\/5( coshxz + 1) (2.88)
<m> coshx — 1 sinhx
tanh | — ) = =
2 sinhx coshxz +1



Euler’s Formula
Sometime around the year 1790 the mathematician Leonhard Euler'® discovered
the following relation

e =cosx +isinx (2.89)

where i is an imaginary unit with the property i = —1. This formula is known as
Euler’s formula and is one of the most important formulas in all of mathematics.
The Euler formula can be employed to make a connection between the trigonometric
functions and the hyperbolic functions.

In order to prove the Euler formula given by equation (2.89) the following result
is needed.

If a function f(x) has a derivative f'(x) which is everywhere zero within an
interval, then the function f(x) must be a constant for all values of = within the
interval.

The above result can be proven using the mean-value theorem considered earlier.
If f'(c) =0 for all values c in an interval and z; # z, are arbitrary points within the
interval, then the mean-value theorem requires that

f(z2) — f(z1)

To — I

7' = =0

This result implies that f(x;) = f(x2) for all values z; # z, in the interval and hence
f(z) must be a constant throughout the interval.

To prove the Euler formula examine the function
F(z) = (cosz — isinz)e™, i?=—1 (2.90)

where i is an imaginary unit, which is treated as a constant. Differentiate this

product and show

%F($) = F'(z) =(cosx — isinz)e™i + (— sinxz — i cosx)e™ (2.91)

F'(x) =[icosz +sinx — sinx — icosz] e =0

Since F'(z) = 0 for all values of z, then one can conclude that F(z) must equal a

constant for all values of z. Substituting the value = = 0 into equation (2.90) gives

F(0) = (cos0 — isin0)e™® =1

13 Leonhard Euler (1707-1783) A famous Swiss mathematician.

147



148

so that the constant value is 1 and consequently
1 = (cosx — isinx)e™ (2.92)

Multiply both sides of equation (2.92) by (cosz + isinz) and show
cos & + isina =(cos x + i sinx)(cos x — i sinx)e™”
cos & + isinx =(cos? x + sin® z)e'®
cos + isinx =e'”

which is the Euler formula given by equation (2.89).
Note that if

ix

e =cosx + isinx (2.93)
then e ™ =cosx —isinz (2.94)
since cos(—x) = cosz and sin(—z) = —sinz. Adding and subtracting the above equa-
tions produces the results
eim _ e—im e'im e—im
sing = ——— and cosT = erte ™ (2.95)
21 2

Examine the equations (2.95) and then examine the definitions of the hyperbolic
sine and hyperbolic cosine functions to obtain the immediate result that

isinx = sinh (ix) and cos x = cosh (ix) (2.96)

which states that complex values of the hyperbolic sine and cosine functions give
relations involving the trigonometric functions sine and cosine. Replacing x by iz in

the equations (2.96) produces the results
sinhz = —isin(ix) and coshx = cos(ix) (2.97)

The results from equations (2.96) and (2.97) together with the definition of the
hyperbolic functions gives the additional relations

tanhx = —i tan(ix) and tanh (ix) = ttanx (2.98)

Properties of these complex functions are examined in more detail in a course

dealing with complex variables and their applications.
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Example 2-40. Using the above definitions one can show that an alternative

form of de Moivre’s theorem is

(coshz £ sinhz)™ = coshnx + sinhnz

Derivatives of the Hyperbolic Functions
For v = u(x) an arbitrary function of z, the derivatives of the exponential func-

tions
d du d _ . du
—e* =¢e%. — and —e Y =—e". — (2.99)
dx dx dx dx
can be used to calculate the derivatives of the hyperbolic functions, since they are

all defined in terms of exponential functions.

Example 2-41. Find the derivatives of the functions sinhu and coshu where
u = u(x) is a function of z.

Solution
Use the definitions of the hyperbolic sine and cosine functions and write

isinhu:i<e — ¢ )Ze te -du:coshu-d—u

dx T 2 2 dx dx
i <h _i et +e " — et —e " d_u — sinh d_u
dx cosiu = T 2 N 2 dr St dx

|
Following the above example, the derivatives of all the hyperbolic functions can

be calculated. One can verify that the following results are obtained.

. du d U
— sinhu = coshu - — — cschu = — cschu cothu - —
dx dx dx dx
d d d d
— coshu = sinhu - au — sechu = — sechwu tanhw - au (2.100)
dx dx dx dx
5 du d o du
— tanhuv =sech“u - — — cothu = — csch“u - —
dx dx dx dx

Inverse Hyperbolic Functions and their Derivatives
One can define the inverse hyperbolic functions'* in a manner analogous to how

the inverse trigonometric functions were defined. For example,

1 Sometimes the inverse hyperbolic functions are represented using the notations, arcsinh, arccosh, arctanh,

arccoth, arcsech, arccsch
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y = sinh ™'z if and only if sinhy =z
y = cosh™ 'z if and only if coshy ==
y = tanh ~'z if and only if tanhy =«
L ) ) (2.101)
y = coth™"x if and only if cothy ==«
y = sech 'z if and only if sechy =z
y = csch™'z if and only if cschy =«
y Y y
t=—1
t t ‘ ¢
= - t :1
_ -1
y=sinh™ 't y=cosh™'¢ y=tanh™ "¢

Figure 2-20. Inverse Hyperbolic functions sinh ~'(¢), cosh ~!(¢), tanh~'(t).

Graphs of the inverse hyperbolic functions can be obtained from the graphs of

the hyperbolic functions by interchanging = and y on the graphs and axes and then

re-orienting the graph. The sketches given in the figures 2-20 and 2-21 illustrate the

inverse hyperbolic functions.

Examine the figures 2-20 and 2-21 and note the functions cosh ~!t and sech !t are

multi-valued functions. The other inverse functions are single-valued. The branches

where cosh ~'t and sech ~'t are positive are selected as the principal branches. If you

want the negative values of these functions, then use the functions — cosh ~!t and

— sech ~1t.
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Y DS T 1 N
) Y 1A

g=csch— £ y=—coth 1 ¢

y=sech— 1t

Figure 2-21. Inverse Hyperbolic functions csch ~'(t), sech ~*(t), coth ~'(¢)

The hyperbolic functions are defined in terms of exponential functions. The
inverse hyperbolic functions can be expressed in terms of logarithm functions, which
is the inverse function associated with the exponential functions.

Example 2-42. Express y= sinh 'z in terms of logarithms.
Solution
If y = sinh 'z, then sinhy =z or

ey — e_y

5 =z or eV —e Y =2z

sinhy =

This last equation can be converted to a quadratic equation in the unknown ev. This

is accomplished by a multiplication of the equation e? — e~¥ = 2z by e to obtain
(e¥)? —2z(e¥) —1=0
Solving this quadratic equation for the unknown e¥ one finds
eV =x++/22+1 (2.102)

Observe that e¥ is always positive for real values of y and vz2+1 > z. Hence, in
order that ¢¥ remain positive, one must select the positive square root in equation
(2.102). Then solving the equation (2.102) for y one obtains the result

y = sinh 'z = In(z + Va2 + 1), —00 < < 00



152

Example 2-43.

Solution

If y = tanh !

Express y = tanh

the hyperbolic tangent to write

ey — e_y

eY +e Y

or

tanhy =

~1z in terms of logarithms.

z, then tanhy = z, which implies —1 < 2z < 1. Use the definition of

eV —e Y =uwe¥ +xe Y

Multiply the last equation through by e¥ and then solve for 2 to obtain

—z)e* = (1+x)

1
yziln<

giving

)

(1

Solving for y gives
1+

1—2

Example 2-44.

of z.

Find the derivative of y = cosh~

1+x
l1—=x

eV =

—l<zx<l1

Ly where u = u(z) is a function

Solution One can write coshy = and then differentiate both side with respect to z

and obtain
sinh dy du
L de ~ dz
and then solve for dy to obtain dy _ .1 du
dx T sinhy dx

where one uses the + sign in the principal value region where y > 0.

- 1 du 1 du
+./ cosh2y — 1 dz Vu?2 —1 dz
]

The previous examples demonstrate how one can establish the representations

sinh 'z =1In (m + Vx2 + 1) ,

—xo<r oo

cosh ™'z =In(x + /22 —1), x=>1
1 1+
tanh " :§1n<1+m>, -1<z<1
1 r+1
coth ™ 51 < ), x>lorz<—1 (2.103)
m_

sech ™'z =In (

= (i

csch™

——1) o<1

), x#0



Relations between Inverse Hyperbolic Functions

In the previous equations (2.103) replace z by 2 and show

1
sinh ~! <—> —csch 'z
T

1
cosh ~* <—> =sech "'z (2.104)
x
1
tanh " <—> = coth 'z
x

Example 2-45.
(a) Examine the logarithm of the product (z+ v22 + 1)(—2z++v22 + 1) = 1 and observe
that In(z + v22 +1) = —In(—z + v/22 +1). This result can be used to show

sinh™!'(—z) =In(—z+ /22 + 1) = —sinh "'z

(b) If tanh~'z = %ln <1 —i—x), then

— X

1 1- 1 1
tanh ~'(—z) = = In 7)== Ty tanh 'z
2 1+ 2 1—2

(¢) If y = sech 'z, with y >0 and 0 <z < 1, then z = sechy. By definition

, so that one can write

1
sechy = coshiy

1 1
— = coshy or y = cosh ! <—> = sech !z
T T

are equivalent statements.
|
Using the techniques illustrated in the previous example one can verify the

following identities

sinh ~!'(—x) = — sinh 'z
tanh~'(—z) = — tanh "'z

(2.105)
coth™'(—x) = — coth 'z

csch™(—z) = — csch 'z
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Derivatives of the Inverse Hyperbolic Functions
To obtain the derivatives of the inverse hyperbolic functions one can differentiate

the functions given by the equations (2.103). For example, if

y:sinh_lx:ln<x—i— :U2—i—1>
dy d

d
29 2 G -1, _ = 2
then T = dn sinh 7'z T In ([E + vz + 1)
1 d

:x+\/x2+1@

1 T
:E+\/:E2+1< \/x2+1>

z+Vr?+1
(:E+\/:E2+1)\/x2+1

1
— sinh 'z =
dx 2 +1

(:E + (2% + 1)1/2>

One can use the chain rule for differentiation to generalize this result and obtain

4 sinh ~tu = L du
dx V2 F1ldx

where u = u(z) is a function of ». In a similar fashion all the inverse hyperbolic

functions can be differentiated and one can verify that

isinh_lu :;d_u —oo < U < 0o

dx VuZ ¥ 1dz’

— cosh™u :;d_u, u>1 (2.106)
dzx Vu?2 —1dx

— tanh 'u = 1 d_u -1<u<l1

dzx 1 —u2dx’

Example 2-46. Find the derivative of y = sech ~'z with y > 0.

Solution
14++v1—22
If y = sech 'z =In <H>
T
d d d 1++v1—22
then —y:—sech_lx:—ln trvize , O<ax<l1
dr dx dx T
IR 2
T
-1
= O<ax<l1



The chain rule for differentiation can be used to generalize this result to

-1 d
— sech ~lu Y

dx :ux/l—uQ%’

If the lower half of the hyperbolic secant curve is used, then the sign of the above

O<ux<l1

result must be changed.

]
Differentiation of the logarithmic functions which define the inverse hyperbolic

functions, one obtains the results

u?>1

du
— sech™'u >0, 0<u<1

-1
uyv1 4+ u? x’
1 du

-1 du
w1+t dz’
du

1 %%
w1+ u2 dx’

1 —1 du
— coth ™ u = —,
dx u?2 — 1dx

o sech lu =
* sech~lu <0, 0<u<1 (2.107)

u>0

— csch™tu =
dx
u<O0

Some additional relations involving the inverse hyperbolic functions are the fol-

lowing.

x

sinh ~'z = tanh ™! ——— sinh 'z = — i sin™ ! (iz)

vz +1

sinh ™'z =4+ cosh 'Vz2 +1 cosh ™'z =4 icos 'z
x

tanh 'z = sinh_lﬁ, lz| < 1 tanh "'z = — i tan™!(ix)
—x

Example 2-47. As an exercise study Mercator pro-

jections and conformal mappings and show projections of

point P using line from 0 to A gives y, latitude which dis-
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torts map shape and distances and projections of point P

using the line C to B also distorts shapes and distances.
Show the correct conformal projection is y between y; and
y» such that % = sect and

y = In[sec + tan 6] = tanh ~'[sin 6]
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Table of Derivatives

y =csc 'z = sinh~1(2)

Function f(x) Derivative —
T
y=xm 3—5 = max™m 1
y=a” g—z =a”Ina
y=e" j—z = e*
y =sinx 3—2 = cosx
Y = COS T g—z:—sinm
— dy _ 2
y=tanx 9. — sec’x
y =cotx g—z:—csczm
— dy __
Yy =secx 4. — secxtanz
— dy _
Y =cscx Je — —¢cscxcotx
e —1 dy __ 1
y =sin " x iz = 0
— 1 dy _ _ -1
y=-cos 'x i = e
— -1 dy __ 1
y=tan "« de — 1322
— -1 dy _ -1
y = cot T de — 122
—1 dy 1
=sec dy _ 1
Y dx e/ 2—1
-1 dy —1
=csc x dy _ _ -1
Yy dx xA/x2—1
y = sinhz 3—2 = coshzx
— dy _
y = coshx 4o = sinhz
y = tanhx g—z = sech?zx
y = cothz g—z = — csch?x
— dy __
y = sechx 4o — — sechz tanhzx
— dy __
y = cschx 4o = — cschz cothx
— ainh—1p — 2 dy _ 1
= sinh 'z =In(x++V1+x e
( ) dx ‘/1+m2
= coshlz =In(z + Vx2 — 1) oy — —a—
xz2—1
_ -1, 1 14+x dy __ 1
y= tanh™"z =3 1ln (—1_m> i -
= -1, -1 z+1 dy _ -1
y = coth™z =3 ln<m_1> e = 21
-1 —1/1 dy —1
= sech™"x = cosh = &= =
Yy (m) dx /1 —x2
dy _ _ -1

de = o feit1
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Table of Differentials

d(cu) =cdu
d(u 4+ v) =du+ dv

d(u 4+ v+ w) =du+ dv + dw

d(uv) =udv+vdu

dluvw) =uvdw +udvw + duvw

<u> vdu — udv
d|l— )| =———

v v2

d(u™) =nu™ tdu

d sinu = cosudu

d cosu = —sinudu

d tanu = sec? udu

d cotu = — csc? udu
d secu = secutanu du

d cscu = — cscucotudu

d sinhu = coshu du
d coshu = sinhu du

d tanhu = sech?u du

d cothu = — csch?udu
d sechu = — sechwu tanhu du
d cschu = — cschu cothudu

d(zy) =zdy + ydz
xdy

x ydx —
a) ==
Y

y?2
z? + y?
d(T) =xdx + ydy

d(u’) =vu’"!du+ u" (Inw) dv
d(u*) =u" (1 + Inu) du

d (%) =e" du

d (b*) = b* (In b) du

1
d(lnu) = —du
u

1
d(log, u) = " (log, e) du

dsintu=01—-u?)""2du
dcos™lu=—(1—u?)"1%du
dtan v =1 +u?) "' du
dcot7™lu=—(1+u?)"du
dsectu = %(u2 —1)Y2du
dcsctu=— l(u2 —1)"Y2du
All angles in first quadrant.
d sinh " 'u = (u® 4+ 1)"2 du
d cosh™'u = (u? —1)"2 du

d tanh 'y = (1 — v?) "' du

dcoth™u= —(u? —1)"'du
1

dsech 'u= — (1 —u?)"12du
1

dcsch™tu= — —(u?+1)"2du
u

Y xdy — ydx
4l T
x x
d[tan_l(g)] :M
x x? + y?
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Partial Derivatives
If w= wu(xy,20,23,...,2,) is a function of several independent variables, the dif-
ferentiation with respect to one of the variables is done by treating all the other

variables as constants. The notations , , s are used to denote
Oxy Oxs Oxs oxy,

these differentiations. The partial derivative symbol indicates all variables dif-

a,Ii
ferent from z; are being held constant. For example, it u = u(z,y) is a function of

two real variables » and y, then the partial derivatives of « with respect to = and y

are defined
ou . ’u'(m + Am’ y) - u(m’ y) ou . u(m’ Yy + Ay) - u(m’ y)
— = lim , — = lim )
ox Ax—0 Ax 8y Ay—0 Ay

provided these limits exist. The partial derivative operator (% is used to indicate
a differentiation with respect to = holding all other variables constant during the
differentiation processes. So treat the partial derivative operator just like an ordinary
derivative, except all other variables are held constant during the differentiation with
respect to z. Similarly, the partial differential operator 8% is just like an ordinary
derivative with respect to y while holding all other variables constant during the
differentiation with respect to y.

ou

Example 2-48. If u=u(z,y) = 2*y* — siny + cosz, then find 5

and g—Z

Solution

Treating y as a constant one finds

Ou 0, 3,5 . ]
a—g(xy —siny + cosx)
_9(a%y?) _ O(siny) N J(cos x)
Oz ox ox
3 .
Ou =y? o) _ 0+ I(cosz) If y constant, then siny is constant.
ox ox ox

—y%(32%) — sinz

In a similar fashion, if = is held constant, then

Ou 0 34 . ]
3y —ay(:cy —siny + cos z)
Ou _9(=2*y?) _ O(siny) n J(cos )
oy Oy oy oy
2 X
=3 Oly) _ d(siny) +0 If z is constant, cosz is constant.
dy dy
ou

— =x3(2y) — cosy
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Higher partial derivatives are defined as a derivative of a lower ordered derivative.
For example, The second partial derivatives of u = u(z,y) are defined

*u 0 <8u> *u 0 <8u>
dz2 Oz \0z )’ dy?2 Oy \ dy
. . 02 o [0 02 o [0
The second derivatives —— o = 2 <—u>, v -2 <—u> are called
Ox Oy Ox \ 0y Oy dx Oy \ Oz

mixed partial derivatives. If both the function u = u(z,y) and its first ordered partial
derivatives are continuous functions, then the mixed partial derivatives are equal to

one another, in which case it doesn’t matter as to the order of the differentiation
’u  O%u

dxdy Oydx

Total Differential

If u = u(z,y) is a continuous function of two variables, then as z and y change,

and consequently

the change in u is written
Au = u(z + Az, y + Ay) — u(z, y)
Add and subtract the term u(z,y + Ay) to the change in v and write
Au = [u(z + Az, y + Ay] — u(z,y + Ay)] + [u(z, y + Ay) — u(z, y)]

which can also be expressed in the form

Az Ay
Now use the mean-value theorem on the terms in brackets to show
u(x + Az, y + Ay) — u(z,y + Ay) ou
= — + 61
Az Ox (2.109)
Ay oy P

where €; approaches zero as Ar — 0 and e, approaches zero as Ay — 0. One can then

express the change in u as

Ay = @AQT—F@AQJ—{—Q Az + €3 Ay (2.110)
ox oy

Define the differentials dz = Az and dy = Ay and write the change in u as

Au = @d:z%—@dy%—el dx + es dy (2.111)
ox oy
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Define the total differential of u as

ou ou
du=—dx+ —dy (2.112)
ox oy

and note the total differential du differs from Au by an infinitesimal of higher order
than dz or dy because ¢; and e, approach zero as Az — 0 and Ay — 0. The total
differential du, given by equation (2.112) is sometimes called the principal part in
the change in u.

Notation

Partial derivatives are sometimes expressed using a subscript notation. Some

examples of this notation are the following.

d3u
8%u O3 =Uzzx
du Ox2 =Uza d3u
oy =Ug 92w 8220y =Uzzy
ou _ droy Y Pu
oy 0%u Oxdy? — vy
8—y2 Yy d3u

dy® =Uyyy

In general, if f = f(x,y) is a function of z and y and m =i + j is an integer, then
omf
Ozt OyI
Differential Operator

If v =wu(x,y) is a function of two variables, then the differential of v is defined

is the representation of a mixed partial derivative of f.

ou ou
du=—dx+ —dy (2.113)
ox oy

and if the variables = = z(t) and y = y(¢) are functions of ¢, then « becomes a function

of t with derivative
du Jdudxr Oudy

dt " oxdt oy dt
This is obtained by dividing both sides of equation (2.113) by dt. One can think of
equation (2.114) as defining the differential operator

(2.114)

dl] ollde _8[]dy

- (2.115)
dt Ox dt Oy dt

where the quantity to be substituted inside the brackets can be any function of =

and y where both z and y are functions of another variable ¢.



By definition a second derivative is the derivative of a first derivative and so one

Oude , d (Oudy
Oz dt Oy dt

since the derivative of a sum is the sum of derivatives. The quantities inside the

can write

Pu_ddu_d
dt2  dt dt  dt

_4d
Cdt

d

7 (2.116)

ouds
Ox dt

Oudy
Oy dt

parentheses represents a product of functions which can be differentiated using the

product rule for differentiation. Applying the product rule one obtains

Pu_dudde  dod[ou], Duddy  dyd [ou
dt2  Oxdtdt dtdt |0x| Oydtdt dtdt |y (2.117)
Bu_oua dsd fou)  ouy v d [ou |
dt Oz dt?  dtdt |dx] Oy dt2  dtdt |y
The equation (2.115) tells us how to differentiate the terms inside the brackets. Here
both % and g—Z are some functions of z and y and so using the equation (2.115) one
finds
Pu_ouds  di [0 (Du\dz 0 (0u)dy
dt2 Oz dt?  dt |0z \dz ) dt = Oy \ Oz ) dt
oud?y dy[ 0 [(Ou)\dx O [Ou) dy
t— et — (o )+ (5 ) =
Oy dt2  dt |0x \dy /) dt Oy \ 9y /) dt
(2.118)
Pu_ouds do [Fude | 0u dy
dt2  Ox dt?2  dt |0x2 dt = Ox Oy dt
Joudy dy[ P de Pudy
Oy dt?2  dt |dyox dt =~ 0Oy? dt

Functions of more than two variables are treated in a similar fashion.
Maxima and Minima for Functions of Two Variables

Given that f = f(z,y) and its partial derivatives f, and f, are all continuous
and well defined in some domain D of the z,y-plane. For R > 0, the set of points
N ={ (2,y) | (x—20)%2+ (y —y0)?> < R? } is called a neighborhood of the fixed point
(x0,10), Where it is assumed that the point (zg,%9) and the neighborhood N are in the
domain D. The function f = f(x,5) can be thought of as defining a surface S over
the domain D with the set of points S = { (x,v, f) | z,y € D, and f = f(z,y) } defining
the surface. The function f is said to have

a relative or local minimum value at (zo,yo) if f(z,y) > f(xo,y0) for (z,7) € N.

a relative or local mazximum value at (zg,vo) if f(z,y) < f(xo,yo) for (z,y) € N.

Determining relative maximum and minimum values of a function of two variables

can be examined by reducing the problem to a one dimensional problem. Note that
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the planes z = 2y = a constant and y = yy = a constant cut the surface f = f(z,y) in
one-dimensional curves. One can examine these one-dimensional curves for local

maximum and minimum values. For example, consider the curves defined by

Co={ (2,90, ) | f=F(2,9) } Cy={ (o,y, f) | f=Ffl(zxo,y)}

These curves have tangent lines with the slope of the tangent line to the curve C,

given by 2L = f.(x,y) and the slope of the tangent line to the curve C, given

Y=Yo
by % = f,(z0,y). At a local maximum or minimum value these slopes must be
=X

zero. Consequently, one can say that a necessary condition for the point (xq,y) to

corresponds to a local maximum or minimum value for f is that the conditions

0 0
of = fz(xo,y0) =0 and o7

= fy(xo,y0) = 0 simultaneously.
9 |(z0,y0) 9Y | (@o,y0)

These are necessary conditions for an extreme value but they are not sufficient
conditions. The problem of determining a sufficient condition for an extreme value

will be considered in a later chapter and it will be shown that

If the function f = f(z,y) and its derivatives fu, fy, fuz: foys [yy €TiSL and are
continuous at the point (zo,yo), then for f = f(x,y) to have an extreme value at
the point (zo,y0) the conditions

of
ox

of

= fe(z0,%0) =0 and 2y

(90077;0)

= fy(anyO) =0
(90077;0)

together with the condition f..(zo,Y0)fyy(T0,v0) — [fey (0, 10)]> > 0 that must be
satisfied. One can then say

f(zo,y0) s a relative maximum value if fo.(xo,y0) <0

f(zo,y0) s a relative minimum value if f..(xo,yo) > 0

Implicit Differentiation
If F(z,y,...,2) is a continuous function of n—variables with continuous partial
derivatives, then the total differential of F is given by

OF OF OF
dF = —de+ —dy+---+ ——dz (2.119)
ox oy 0z



In two dimensions, if F(x,y) = 0 is an implicit function defining y as a function
of z, then by taking the total differential one obtains

oF oF
dF = —dm—l——dy—O
ox oy

and solving for Z—i the derivative is calculated as

dy  OF 8F F,

de= oa' oy — F,
provided that §& = F, # 0.
In three dimensions, if F(z,y,2) = 0, is an implicit function of three variables

which defines z as a function of 2 and y, then one can write the total differential as

OF OF OF
dF = — dx + —dy—l— —dm_ 0 (2.120)
ox oy

Solving for dz in the equation (2.120) one finds

= () e (B ) = () o ()

Note that if the implicit function F(z,y, z) = 0 defines z as a function of independent
variables » and y, then one can write z = z(z,y) and the total differential of z would

be given b
& Y 0z 0z
dz=—dx+ —dy (2.122)
Oox oy

Comparing the equations (2.122) and (2.121), there results the relations

8z 8F OF —F, 8z  OF 8F —F,
9z _ - and = =27 /%7 _ (2.123)
oz ox' 0z F, oy dy ' 0z F,

provided that 2£ +£ 0.
Given an implicit equation F(z,y, z) = 0, one could assume one of the following.
(a) = and y are independent variables.
(b) z and » are independent variables.
(¢) y and z are independent variables.

The derivatives in these various cases all give results similar to equations (2.123)
and (2.122) derived above.
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Exercises

> 2-1.

(a) Sketch the curve y = 22

(b) Find the equation of the tangent line to this curve which passes through the
point (2,4).

(c) Find the equation of the tangent line to this curve which passes through the
point (—2,4)

(d) Find the equation of the tangent line to this curve which passes through the
point (0,0)

» 2-2. Find the derivatives of the following functions.

(a) y =32" + 22" —x +4 (d)y:m (9) y=va?+1
(B) y=42® — 22+ 2 +1 (e)y:ﬁ (h)y:(2x+i)3§3x2_x)2
() y=az+bote (f)yszix (i)y=<i+1>
» 2-3. Find the derivatives of the given functions.
_ 2
(a)yZ% (d)y:% (g)y_z;il_& (j) y=zlnz
By=vz (y=vE  WVT (k) y =" Inz

@u=a  (y=q+1 <z’>y=ﬁ+ﬁ () y=Vataz

(a) y= % + % (d) y = (2> +4)° (g) y=e** (4) y = tan!( tanh3z)
(b) y = VT (e) y = - ! (h) y = In(3z) (k) y = sin™* \/11_:52

N3
(¢) y=vz(l+x) (f) y=aVax3 —2? (i) y =" (1) y = tan"'(Inx)

» 2-5. Find the derivatives of the following functions.

(a) A=mr? (d) y = sin(360) (g) y = sin*(36) (j) y =sin(a + bz")
(b)) V= %777“3 (e) y = cos(36) (h) y = cos?(36) (k) y = cos™(ax — bx?)

(c) S = 4mr? (f) y = tan(30) (i) y = tan®(36) () y=a®+a/*
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» 2-6. Find the derivatives of the following functions.

(a) y=3" (d) y =€ (9) y = V1 +sint () y:“%

1 1% sz 2 Lo
(b) y= Etan a (e) y = sin(e") (h) y=vit* -3t (k) y = sec(In(v/a + bz + ca?))
(¢) y=e* (f) y = cos(tanz) (i) y=e"* () y=e"

» 2-7.  Find the derivative & = y/(2) if y = y(z) is defined by the equation

(a) 2* +y* =24 (d) ® +9° = 6z (9) 2* —y* =1 () zy = (z +y)°
2 2

() 2° —y? = 1 @+t =6y ) G4 =1 <k>y=x1n<1j$)
a

» 2-8. Find the derivative 2 associated with the given functions.

(a) y = sin™*(3x) (d) y = sin~(z?) (9) y=(1+z)sin "tz () y = (cos3x)” )
(b) y = cos™(3x) (e) y = cos™(x?) (h) y=(1+42)cos 'x (k) y= <1 + i)
(c) y = tan™ " (3x) (f) y = tan""(2?) (i) y=(1+z) tan™ "z () zy=223+z+3

» 2-9. Differentiate the given functions.

, 1

(a) y = In(3z) (d)y=0B+2)", >0  (g9) y=In(az+D) W=7
(b) y = In(ax) (€) (3+a)" (h) y ="+ Fy=c+>
@v=n(z) 0o ®)y =0 (1) y = ay/sin® (42)

» 2-10. Find the derivative of the given functions.

(a) y = sin~ ! (az?) (d) y = sinh(3z) (g9) y = sinh ~*(3x) () y= &fj&
(b) y = cos™(az?) (e) y = cosh(3z) (h) y = cosh ~!(3z) (k) y = In( cosh3z)
(c) y = tan™'(az?) (f) y= tanh(3x) (i) y = tanh ~*(3z) (1) y = sin~' 2

» 2-11. Show the derivative of a function f(z) at a fixed point z, can be written
lim J@) = f(wo) _ f'(z¢) Hint: Make a substitution.

T—Tg T — X

» 2-12.  Use the quotient rule to differentiate the functions
COS T
(a) y=cotx = ——, (b) y=secx = , (0) y=cscx = —
SIin T COS T SIin T
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» 2-13. Find the first and second derivatives of the following functions.

@ y=ge () y=te™ R e
() y%m (d) y=avit3sine (f) Fﬁ

» 2-14. Find the first derivative g—g and second derivative 3277; associated with the

given parametric curve.

(a) z =acost, y=bsint (d) z =at, y=>bt?
(b) x =4cost, y=4sint (e) © =acosht, y=bsinht
(c) x =3t y=2t (f) x =sin(3t +4), y = cos(bt+ 2)

» 2-15. Differentiate the given functions.

(a) y = xsin(42?) (d) y = cos(4z?) (9) y = In(3z + 4) sin(z?)
(b) y = 2?3 (e) y = 2*In(3z), 2 >0 (h) y = In(z* + x) cos(z?)
(c)y=xze* (f) y = 2* tan(3x) (i) y = tanx secx

» 2-16. Differentiate the given functions.

@y="3 0 DT (9) y = #* In(a?)
(b) y= CO;:E (e) y= T+ 2272 (h) y = sin(z?) In(z?)
(©) y= x+1 () y= (14 z2)3/? (i) y = sin(z?) cos(z?)

» 2-17. Find the first and second derivatives of the given functions.

(a)y::ﬂ%—é (d)y:x2+2x+3+g (9) y =zsinz
(b) y = sin®(3z) (e) y = cos*(3x) (h) y =a*cosz
(©y=— (f) y = tan(20) (i) y = wcos(a?)

» 2-18. Find the tangent line to the given curve at the specified point.
1 . 3
(@ y=z+—, at (1,2) (b) y =sinz, at (w/4,1/v2) (c) y =2, at (2,8)

» 2-19. Show that Rolle’s theorem can be applied to the given functions. Find all
values x = ¢ such that Rolle’s theorem is satisfied.

() f(z) =2+ sin@mz), z€[0,1] () f(@) ==+ i ze1/2,2]
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» 2-20. Sketch the given curves and where appropriate describe the domain of the
function, symmetry properties, = and y—intercepts, asymptotes, relative maximum

and minimum points, points of inflection and how the concavity changes.

(a) yzx%—i () y=a*—622 () y=sinx+cosz
(b) y:xf—l (d) y=(x—1)>(x—4) (f) y=a*+1223+1
» 221, If f(a) = h_}gf(l?—i—h})l—f(l?)
f(x+2h) —2f(z+h)+ f(x)

(a) Show that f”(z) = Jim =

(b) Substitute f(z) = 2® into the result from part (a) and show both sides of the
equation give the same result.

(c) Substitute f(x) = cosz into the result from part (a) and show both sides of the
equation give the same result. Hint: Use L "Hopital’s rule with respect to the

variable h.

» 2-22. Find the local maximum and minimum values associated with the given

curves.
() y = "”22 —4z+3 (d) y = —5— 48z + 2° (9) y = sin(2mz), all x
() y = % (e) y =sinz, all x (h) y = cos(2rz), all x
© v 2 () y = cosz, all x () y=s——\ we[-16,10

» 2-23. Find the absolute maximum and absolute minimum value of the given

functions over the domain D.

@ ==+ S, D={z]wcl/2)
() y=fa)=——7. D={z|zeclL}

(¢) y=f(z) =sinx +cosz, D={=x | z€l0,2n] }
d)y=fle)=—, D={z|xec[-22)}

1+ 2%
» 2-24. Show that the given functions satisfy the conditions of the mean-value

theorem. Find all values x = ¢ such that the mean-value theorem is satisfied.

(@) f(z)=—4+(z—2)?% z€[26] (b) f(x)=4—-22 2€]0,2]

» 2-25. A wire of length ¢ =4+ 7 is to be cut into two parts. One part is bent into
the shape of a square and the other part is bent into the shape of a circle. Determine
how to cut the wire so that the area of the square plus the area of the circle has a

minimum value?
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» 2-26. A wire of length ¢ = 9+ 4/3 is to be cut into two parts. One part is bent
into the shape of a square and the other part is bent into the shape of an equilateral
triangle. Show how the wire is to be cut if the area of the square plus the area of

the triangle is to have a minimum value?

» 2-27. A wire of length ¢ = 9+ /3 is to be cut into two parts. One part is bent into
the shape of an equilateral triangle and the other part is bent into the shape of a
circle. Show how the wire is to be cut if the area of the triangle plus the area of the

circle is to have a minimum value?

» 2-28. Find the critical values and determine if the critical values correspond to a

maximum value, minimum value or neither.

(a) y = (z—1)(x —2)? (¢) y = f(z), where f'(z) = z(z — 1)%(z — 3)°

(b) y= % (d) y = f(z), where f'(z) = 2*(z — 1)*(z — 3)

» 2-29. Evaluate the given limits.

r" —1 o VIitz-1 a® — 1
@ e R -
. 1\* Inz sinTx
b) 1 1+ - i i
<>x5&<+x) (c) lim 5 (k) Jm =
azr?® + bx . et —e " ~ .. wT—sinz
_— 1 7) lim
(c) ili% br? + ax (f) wli% sinx @) z—0 x?

» 2-30. Determine where the graph of the given functions are (a) increasing and
(b) decreasing. Sketch the graph.

(@) y=8—10z+2> (b)) y=3a2-52+2  (c)y=(a? —1)?

» 2-31.  Verify the Leibnitz differentiation rule for the nth derivative of a product
of two functions, for the cases n=1, n =2, n =3 and n = 4.

n

D"[u(x)v(x)] = D"uv] = <”> (D"~iu) (D'v)

ot =(2) 0o+ (2) 07) o (2) 00y 2 (")

!
where (") = — " are the binomial coefficients. The general case can be
m m!(n —m)!

proven using mathematical induction.



» 2-32.  Use Euler’s formula and show
(a) €' @F2nm — ¢1% where n is an integer.
(b) The polar form of the complex number z + iy = ret?

(c) Show de Moivre’s theorem can be expressed (re'?)" = r™e'™?

. . .. ou Ou 0*u 0*u O*u
» 2-33. Find the partial derivatives 90 9y’ 922 920y 0%

(a) u =2’y + zy’ (c) u=+/x2+ y? (e) u=xye™
(b) u=(2*+y°)° (d)u:\/m (f) u=xe’ + ye®

> 2-34.
(a) Show cosh 'z =In(z+ V22 -1), 2>1
(

1 1
b) Show sech_1$zln<—+\/—2—1>, <<l
x x

)
(¢c) Show sinh™!(—z) = —sinh 'z
)

(d Show — cosh "'z = 1 , x>1
dx x?—1
2 n n
» 2-35. Define the operators D = %, D? = %, ..., D" = ;i—n, with D" f(z) = d ‘islx)
representing the nth derivative of f(x). Find a formula for the indicated derivatives.
(a) D™(e*™) (d) D™(z™), m<n (g) D"(sin’z) (j) D"(cos(az + b))
(b) D"(a®) (¢) D" (sinz) (h) D" (- ! =) (B D(in@+a)
o 1
(¢) D"(Inz), x>0 (f) D"(cosx) (i) D™(sin(az + b)) (1) Dn(gﬂ n a)
. .. dy d?y . 9 9
» 2-36. Find the first and second derivatives . and s if 22y + 2z =1

. . ... 0 B 26 ¢ 8%
» 2-37. Find the partial derivatives 90’ 9y 922 059y 05

(a) ¢ = x> + yz* — 3axy (d)¢:a$+§+0$y
(b) ¢ = 2® +y* +ay (€) ¢ = ax + by + cxy + dz’y
(¢) ¢ = sin(zy) (f) ¢ = 3% L Y

Yy x

2 2
» 2-38. Sketch the ellipse % + % = 1 and then find the tangent lines to this ellipse
at the following points (a) (0,—-3) (b) (v3,-3/2) (c) (2,0) (d) (V3,3/2) (e) (0,3)
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» 2-39. The area of a circle is given by A = 72, If the radius r = r(¢) changes with
time, then how does the area change with time?

» 2-40. If s describes the displacement of a particle from some fixed point, as mea-
sured along a straight line, and s = s(t) is a function of time ¢, then the velocity v

of the particle is given by the change in the displacement with respect to time or

v =) = % The acceleration a of the particle is defined as the rate of change
2
of the velocity with respect to time and so one can write a = a(t) = % = %
4
s =s(t) = tz - 283 + % —6t, find the velocity and acceleration as a function of time.

Find where s increases and decreases.

Z

surface
2=1(X,y)

> 2-41.
Let z = z(x, y) denote a function representing a surface
in three-dimensional space. Let P denote a point on this

surface With coordinates (zq, yo, (0, %0)).
z(wo + Az, y0) — 2(%0, Yo)

If = = li and
@) 15, o) B0 A
0z _ i 2®0:y0 + Ay) — 2(x0, 40)
—_— = 111m
Y l(zo,yo) U0 Ay

are the partial derivatives % and g_zj evaluated at the point P, then what is the
geometric interpretation of these partial derivatives?
(b) Let the planes » = 2y = a constant, and y = yo = a constant, intersect the surface
z = z(z,y) in curves C; and C, as illustrated. Find the equations of the tangent
lines AA and BB to the curves ¢, and C, at their point of intersection P.
» 2-42. Derive the absolute value rule % u|= #Z—Z,

of z and test this rule using the function v = u(z) = z. Hint: |u| = Vu2

where u = u(z) is a function

» 2-43. Determine the sign of the slope to the left and right of the given critical
point.

@  (b) © @ @)

ﬁvAV*k




> 2-44.

(a) Semi-log graph paper has two perpendicular axes with a logarithmic scale on
one axis and an ordinary scale on the other axis. Show curves of the form
y=afB% a>0, f>0 are straight lines when plotted on semi-log graph paper.

(b) Log-Log graph paper has two perpendicular axes with a logarithmic scale on
both axes. Show curves of the form y = az®, o > 0 are straight lines when

plotted on log-log graph paper.

3 x 3 cycle log-log paper
4-cycle semi-log paper

> 2-45. Ay
Let s denote the distance between a fixed point \ (%955, )
(70,90) and an arbitrary point (z,y) lying on the line d
ar+by+c=0
(a) Show that the quantity s? is a minimum when (x,y)
the line through the points (zg,y0) and (z,y) is per-
pendicular to the line ax + by + ¢ = 0.

(b) Show the minimum distance d from the point

3 : . +byo+c|
To, yo) to the line az + by + ¢ = 0 is given b d:m’—
o) ! gven by d= e

\ >'X
ax+by+c=0

> 2-46.
If » = f(0) is the polar equation of a curve, then this
curve can be represented in cartesian coordinates as a set A~ r=£(0)

of parametric equations

x=rcosf = f(0)cosb y=rsinf = f(0)sind

y
Show the slope of the curve can be represented 6 | —*
X
dy  f'(0)sind + f(9) cos tangent

dr — f(0)cosf — f(0)sind
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> 2-47. The volume of a sphere is given by V = gar3. If the radius r = r(t) changes
with time, then how does the volume change with time?

» 2-48. A pool is constructed 15 meters long, 8 meters wide and 4 meters deep.
When completed, water is pumped into the pool at the rate of 2 cubic meters per
minute.

(i) At what rate is the water level rising?
(ii) How long does it take to fill the pool?

> 2-49.
A box having a lid is to be constructed from a

square piece of cardboard having sides of length ¢. < £ =
The box is to be constructed by cutting squares with * % |7 *
sides z from two corners and then cutting rectangles x x
with sides of length 2 and y from the opposite corners "
as illustrated in the figure. The sides are folded up

and the lid folded over with the sides to be taped.
Find the dimensions of the box having the largest volume.

» 2-50.
Determine the right circular cone of maximum volume

A C that can be inscribed inside a given sphere having a radius R.

The situation is illustrated in the figure where

AC =r = base radius of cone. 0B = R = radius of sphere.

AB = h = altitude of cone. 0C = R = radius of sphere.

B

» 2-51.  Sketch the function y = g +sinz and determine where the maximum and

minimum values are.

» 2-52. A cylindrical can is to be made such that it = D%'
has a fixed volume V. Show that the can using the ©

least amount of material has its height equal to its

-7
diameter. H
_
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» 2-53. Consider a rectangle inscribed inside a circle of radius R. Find the dimen-

sions of the rectangle with maximum perimeter.

» 2-54. Find the first and second derivatives if

(a) y=cos(a® +x) (¢c) y= i (e) y=tan(3x)
) 1 2 +1
(b) y=a”+ 23 (d) y=sin(z?+ ) (f) y=€*+ cosh(2x)
2
» 2-55. Find the first and second derivatives d—y, dy if
dr’ dz?

(a) x=sin(2t), y = cos(2t) (c) y =t*sin(2t)e’ () y=sinu, u=z*4z
(b) z=t*, y=t (d) y=u®, u=2>+zx (f) vy =sinh(32%) + cosh (3z)

» 2-56.  Sketch the curve y = 2=

(a) Find regions where the slope is positive.
(b
(c

) Find regions where the slope is negative.

)
(d) Find regions where the curve is concave up.

)

Find where the slope is zero.

(e) Find regions where the curve is concave down.

» 2-57. Find the first and second derivatives of the given functions.

(a) y=sin"'(32) () y=tan '(Vx) (e) y=sec ' (3a?)
(b) y=-cos (1 —2x?) (d) y=cot ' (2?+ ) (f) y= CSC_l(g)

» 2-58. Find the derivatives of the given functions.
(a) y=In(z+ V1+22) () y=az*+Bxn|ax+ j (e) y=sin(3z) cos(2z)
) 1
(b) y =sin?(e”) (d) y=cosze™?® (f) y= - tanx

» 2-59. Use derivative information to sketch the curve over the domain specified.
(a) y:—1+3x2—x3f01"—1§x§4
(b) y=1+(x-1)>3=x-5)for -1<y<6

» 2-60. Determine the following limits

@ 1m = @) hm( 4T (0) lim

r—a ph — o x—0 z—0 sinnx

sinmx

» 2-61. Given the function F(z,y, z) = ax?+by?+cryz—d = 0, where a, b, ¢, d are nonzero

constants. Assume x and y are independent variables and find the following partial
0z 0z

derivatives. (a) 5 (b) 9y
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» 2-62. Given the function F(z,y, z) = ax®+by?+cryz—d = 0, where a, b, ¢, d are nonzero

constants. Assume x and z are independent variables and find the following partial
dy dy

derivatives. (a) o (b) 92

» 2-63. Given the function F(z,y, z) = ax®+by?+cryz—d = 0, where a, b, ¢, d are nonzero

constants. Assume y and z are independent variables and find the following partial
ox ox

derivatives. (a) 99 (b) 5 H( )
X-X
> 2-64. 0
The Heaviside!® step function H(¢) is defined
0, £<0 1T
H =
©) { L, §£>0 > X
The figure illustrates the step function H(x — x) X

(i) Sketch the functions y,(z) = H(x — ) and ya(z) = H(x — (w0 + €))
(ii) Sketch the function y(z) = yi(z) — yo(=)
(ii) Define the Dirac Delta function §(z — zo) = lim

interpretation as to the meaning of this function.

M and give a physical

> 2-65.

y ZQOP=0=wt w is constant

OP=r

#’-\
; N Q

PQ=¢ : ] x
\ S

Sl

The crank arm 0P, of length » (cm), revolves with constant angular velocity w
(radians/sec). The connecting rod PQ, of length ¢ (cm), moves the point @ back
and forth driving a piston. Show that point @ has the velocity (cm/sec), given by
2 0 ]
a5 _ V = —wrsinwt — =20 wi cos wt Hint: Use law of cosines
dt 02 —r2sin? wt

» 2-66. Find the global maximum of the function y(z) = ¢/z, 0 < z < 10 illustrated.

y(x) = Iz,

x

15 Oliver Heaviside (1850-1925) An English engineer and mathematician.



Chapter 3
Integral Calculus

The integral calculus is closely related to the differential calculus presented in
the previous chapter. One of the fundamental uses for the integral calculus is the
construction of methods for finding areas, arc lengths, surface areas and volumes
associated with plane curves and solid figures. Many of the applications of the dif-
ferential and integral calculus are also to be found in selected areas of engineering,
physics, business, chemistry and the health sciences. These application areas re-
quire additional background material and so investigation into these applied areas
are presented in a later chapter after certain fundamental concepts are developed.
Various concepts related to the integral calculus requires some preliminary back-
ground material concerning summations.

Summations

The mathematical symbol Z (Greek letter sigma) is used to denote a summation
of terms. If f = f(x) is a function whose domain contains all the integers and m is
an integer, then the notation

Z fG) = fQ) + £(2) + £(3) +---+ f(m) (3.1)

is used to denote the summation of the terms f(j) as j varies from 1 to m. Here j =1
is called the starting index for the sum and the m above the sigma sign is used to
denote the ending index for the sum. The quantity j is called the dummy summation
index because the letter j does not occur in the answer and j can be replaced by
some other index if one desires to do so.
The following are some examples illustrating how the summation notation is
employed.
(a) If m,n are integers satisfying 1 < m < n, then a summation from 1 to n of the
f(j) terms can be broken up and written as a sum of m terms followed by a

summation of (n —m) terms by writing

Zf(j)=Zf(j)+ > f0) (3.2)

(b) The summation index can be shifted to represent summations in different forms.

For example, the representation S = Z(j —1)? can be modified by making the

=1
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substitution k£ = j — 1 and noting that when j = 1, then £ = 0 and when j = n,

n—1

then £ =n —1, so that the sum S can also be expressed S = Z k2.
k=0

n—m

As another example, the sum Z f(4) can be expressed in the form Z f(m+k).
j=m+1 k=1
This is called shifting the summation index. This result is obtained by making the

substitution j = m + k and then finding the summation range for the index k. For
example, when j = m +1, then k =1 and when j = n, then k¥ = n —m giving the above
result.

(c) If e1,co are constants and f(r) and g(z) are functions, then one can write

> (erf(k) + cag(k)) =c1 > f(k)+ca )y g(k) (3-3)
k=1 k=1 k=1

where the constant terms can be placed in front of the summation signs.
(d) If f(z) = c = constant, for all values of z, then

n

f@) =f(m)+f(m+1)+ f(m+2)+---+ f(n)

j=m
=c+c+c+---+c (3.4)
(n—m+1) values of c
=c(n —m+1)

The special sum ) 1=1+1+1+---41= n occurs quite often.
j=1

n ones

(e) The notation Zf(j) is used to denote the limiting process lim Zf(j) if this
j=1 j=1
limit exists. These summations are sometimes referred to as infinite sums.

(f) Summations can be combined. For example,

>~ )+ fm = 1)+ fm) =3 ) (3.5)
Special Sums
If f(z) = a + zd, then the sum S = Zf(j) = Z(a+jd) or
j=0 j=0

S = z_:f(j):a—l—(a—l—d)—l—(a—|—2d)—l—(a—|—3d)—|—---—|—(a—|—(n—1)d) (3.6)

§=0



is known as an arithmetic series with a called the first term, d called the common
difference between successive terms, ¢ = a + (n — 1)d is the last term and n is the

number of terms. Reverse the order of the terms in equation (3.6) and write
S=(@a+m—-1d) +(@a+m-2)d)+ -+ (at+d +a (3.7)
and then add the equations (3.6) and (3.7) on a term by term basis to show
25 = nfa+a+ (n—1)d] = n(a + ¢) (3.8)
Solving equation (3.8) for S one finds the sum of an arithmetic series is given by

S=S (atid) = "(a+n=nT"
_jzoa j _2(1 =n 5

(3.9)

which says the sum of an arithmetic series is given by the number of terms multiplied

by the average of the first and last terms of the sum.

n—1 n—1
If f(z) = ar”, with a and r nonzero constants, the sum =" f(j) =) ar’ or
=0 =0
n—1 n—1
SZZf(j)zZarj:a+ar+ar2—|—ar3+---+ar”_1 (3.10)
j=0 j=0

is known as a geometric series, where a is the first term of the sum, r is the common
ratio of successive terms and n is the number of terms in the summation. Multiply

equation (3.10) by r to obtain
rS= ar+ar’*+ar®+---+ar™ ! +ar® (3.11)

and then subtract equation (3.11) from equation (3.10) to show

1—-7r)S=a—ar" or S = % (3.12)

If |r| < 1, then »™ — 0 as n — oo and in this special case one can write

n—1 n
Seo=lim Yari=1m 22 =% = <1 (3.13)
n— o0 n—oo 1 —1p 1—17r

§=0
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Archimedes of Syracuse, (287-212 BCE), used infinite summation processes to find
the areas under plane curves and to find the volume of solids. In addition to the

arithmetic and geometric series, Archimedes knew the following special sums

lel—i-l—l-l—l—"'—l-l:n

Jj=1 n terms

n 1

Zj:1+2+3+---+n=§n(n+1)

7];0:1 (3.14)
1

ij :12+22_|_32+...+n2:8(2n3+3n2+n)

j=1

= 1
D=2 3 n® = (2% )
j=1
Modern day mathematicians now know how to generalize these results to obtain
sums of the form .
Snzsz:1p+2p+3p+...+np (3.15)

j=1
where p is any positive integer. They have found that the sum S, of the series given
by equation (3.15) must be a polynomial of degree p +1 of the form

S, = agn?t™t + aynP + aognP 4+ 4 apn (3.16)

where n is the number of terms in the series and ag, a1, as, . .., a, are constants to be
determined. A more general representation for the sum (3.15) can be found on page
349.

Example 3-1. Sum the series Y "j*=1"+2*+3" + 4% +... 4 n*
j=1
Solution Let S,, denote the sum of the series and make use of the fact that S,

must be a polynomial of degree 5 having the form

S, = agn® + arn* + asn® + agn® + asn (3.17)

where ag, a1, as, as, a4 are constants to be determined and » is the number of terms to

be summed. The sums Sy, S, S3, Sy, S5 give the five conditions



1
S =) jt=1"=1
j=1

2
Sp=) jt=1"+2"=14+16=17

Jj=1

3
S3=) j*=1"+2"4+3"=1+16+81=98
j=1

4
Si=3 j =14+ 2* £ 3" 4 4* = 1416+ 81 +256 — 354
j=1

5
S :Zj4 =144+ 2% 134 4+ 4% + 5% =1+ 16 + 81 + 256 + 625 = 979
j=1
to determine the constants ag,ai,as,as3,as. That is, if S, has the form given by
equation (3.17), then

S1=ap+ a1 +az+as+as =1

Sy = ag(2)® 4+ a1(2)* + a2(2)® + a3(2)? + as(2) =17

S3 = ag(3)° + a1(3)* + a2(3)3 + az(3)? + a4(3) =98 (3.18)
Sy =ag(4)® + a1 (9)* + a2(4)® + as(4)? + as(4) =354

S5 = ag(5)° + a1(5)* + a2(5)> + as(5)? + as(5) =979

The equations (3.18) represent 5-equations in 5-unknowns which can be solved using

algebra. After a lot of work one finds the solutions

1 6 1 15 1 10 -1
aoz—:—’ alz—:— a2:—:— a3:0’ a4:%

N . 1
This gives the result S, =) j*=1"+2*+3'+... +n* = %(6115 + 150 + 10n° — n)
j=1

Integration

The mathematical process which represents the inverse of differentiation is known
as integration. In the differential calculus the differential operator %, which per-
formed differentiation, was employed as a shorthand notation for the limiting process
required for differentiation. Define the integral symbol / ( )dz as an operator that

performs the inverse of differentiation which is called integration.
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differential operator

f(x) ——s i( ) — fl(x)
dx

G(x) —=

> g(=)

f(z)+C =—— f( ez < f' (=)

integral operator

Figure 3-1. Differential and integral operators.

Examine the operator boxes illustrated in the figure 3-1 where one box represents
a differential operator and the other box represents an integral operator. If f(z) is
an input to the differential operator box, then the output is denoted %f{x) = f'(z).
Suppose it is required to undo what has just been done. To reverse the differentiation
process, insert the derivative function into the integral operator box. The output

from the integral operator box is called an indefinite integral and is written
/f/(:c) dr = f(z)+C (3.19)

and the equation (3.19) is sometimes read as “The indefinite integral of f'(z)dz is
equal to f(z)+C”. Here f/(x) is called the integrand, f(z) is called a particular integral
and f(z) + C is called the general integral of the indefinite integral of f’(z)dz and C
is called the constant of integration. Recall that two functions f(z) and f(z)+ C, C
constant, both have the same derivative f/(x), this is because the derivative of a sum
is the sum of the derivatives and the derivative of a constant is zero. It is customary
when performing an indefinite integral to always add a constant of integration in
order to get the more general result.

Examine the notation for the inputs and outputs associated with the operator
boxes illustrated in the figure 3-1. One can state that if %G(:f:) = g(x) then by
definition one can express the indefinite integral in any of the forms

dG(z)
dx

dz = Gx)+C or / () dz = Gx)+C, or / dG(@) = Ga)+C  (3.20)

dG(z)

because G(x) + C is the more general function which has the derivative g(z) = -



The symbol / is called an integral sign and is sometimes replaced by the words,
“The function whose differential is”. The symbol z used in the indefinite integral
given by equation (3.20) is called a dummy variable of integration. It can be replaced

by some other symbol. For example,

if 2GEO-g© then  [g©d=Ge)+C (3.21)

where C is called a constant of integration.

Example 3-2.

The following integrals occur quite often and should be memorized.

If %le, then /1d:z:x+0 or /d:z:x+C’
If %xQ =2z, then /2xd:z:x2+0 or /d(:cQ) =22+ C
If dix:)’ = 32%, then /3:52 de =2° +C or /d(:c3) =2°4+C
x
If dix” =nz"" !, then /nx”_l de =2"+C or /d(:c”) =z"+C
x
d um—|—1 " " um—|—1 um—i—l um—|—1
If @<m+1>—u , then /u du-m+1+0 or /d<m+1>_m+1+c

If %sint:cost, then /costdt:sint—{—C' or /d(sint):sint—i—c

If %cost:—sint, then /sintdt:—cost+0 or —/d(cost):—cost+0

Properties of the Integral Operator

If /f(m) de = F(z) + C, then %F(m) = f(x)

That is, to check that the integration performed is accurate, observe that one must
have the derivative of the particular integral F(z) always equal to the integrand
function f(z).

If /f(m) dex = F(z) + C, then

/af(m) dr = a/f(m) der =a[F(z) +C] =aF(z) + K

for all constants a. Here K = aC is just some new constant of integration. This
property is read, “The integral of a constant times a function equals the constant

times the integral of the function.”
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If /f(m) de = F(x) + C and /g(m) dx = G(x) + C, then

Ju@ + 9@ de = [ $@)dw+ [ g@) do = F@) +G@) +

This property states that the integral of a sum is the sum of the integrals. The
constants C in each of the above integrals are not the same constants. The symbol
C represents an arbitrary constant and all C’s are not the same. That is, the sum of
arbitrary constants is still an arbitrary constant. For example, examine the state-
ment that the integral of a sum is the sum of the integrals. If for i =1,2,...,m you
know [ fi(z)dxz = F;(x) + C;, where each C; is an arbitrary constant, then one could

add a constant of integration to each integral and write

/m(m) b a(@) + oo+ ()] da =/f1(m) do + /fz(w) da + - - +/fm<m) dz
—[Fy () + C1] + [Fa(2) + Ca] + -+ + [Fon () + Cr]
=Fi(z) + Fa(z) +--- + Fp(z) + C

All the arbitrary constants of integration can be combined to form just one arbitrary
constant of integration.
Notation

There are different notations for representing an integral. For example, if
%F(m) = f(z), then dF(x) = f(xz) dx and [dF(z) = [ f(z)dx = F(x) 4+ C or

/f(m) dr = /%F(m) dr = /dF(m) =F(x)+C (3.22)

Examine equation (3.22) and observe /dF(:c) = F(z) + C. One can think of the
differential operator d and the integral operator / as being inverse operators of each
other where the product of operators / d produces unity. These operators are

commutative so that d / also produces unity. For example,

d [/ f(x) dm] =d[F(x) + C] =dF(x) +dC = f(z)dx

Some additional examples of such integrals are the following.



dv du
If d(uv) = uwdv + v du, then / <u— —l—v—) dxr = /d(uv) =uv+C
dx dx
du dv

u vdu — udv v%—u
Ifd| — :72,then/ —2 m—/ ——I—C
v v v

. dw dw
In general, if dw = — dx, then /— dx = /dw =w+C
dx dx

Integration of derivatives

dy\  d*y d o R . .
If . <%> = 730 OF — (f'(x)) = (), then multiplying both sides of this equa-

tion by dz and integrating both sides of the equation gives
d (dy B d?y "
[ (&) == e Jaren o= [ s
ay 2y or
[a(2)= [ Sa /d(f(zc»:/f(x)dx

Since [dw =w + C, one finds

%d—/d@—i):—w or [fade= [df@)=rwrc  (G2)

In a similar fashion one can demonstrate that in general

dn+1y dn
/ de = —+C or /f(”+1)(m) dx = f™(x) +C (3.24)
dxntl dzm™
forn=1,2,3,....
Polynomials
xn—‘,—l

Use the result [ z"dx = -

integral of a polynomial function

T+ C obtained from example 3-2 to evaluate the

Pn(x) = apz™ + a1z ' + -+ apn_2x® + an_1x + a,

where ag,ay,...,a,_1,a, are constants. Also use the result that the integral of a
sum is the sum of the integrals and the integral of a constant times a function is
that constant times the integral of a function. One can then integrate the given
polynomial function to obtain

/pn(m) dx = / (aoz™ + a1 '+ - + an_22® + an_1z + a,) dx

:ao/m”dm—l—al/m”_ldm—l—---—l—an_z/mzdm—l—an_l/mdm—l—an/dm
mn—i—l x" mS m2

n+1+a1;+ "tna2 st ana tanz+C
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Example 3-3. Recall that if functions are scaled, then the chain rule for
differentiation is used to find the derivative of the scaled function. If you know
%F(:f:) = f(z), then you know %F(u) = f(u), no matter what « is, so long as it
is different from zero and well behaved. Say for example that you are required to
differentiate the function y = F(az), where a is a constant different from zero, then
you would use the chain rule for differentiation. Make the substitution v = ax and

write y = F(u), then

dy dyd_u d du

i~ gt g = fWa=fla)a

In a similar fashion integrals must be adjusted when a scaling occurs. If you
know \/f(a:) dr = F(z) + C, then you know /f(u) du = F(u) + C, no matter what «
is, so long as it is different from zero and well behaved. Consequently, to evaluate
the integral [ f(ax)dr you would make the substitution u = az with du = adr and
then multiply and divide the given integral by the required scale factor and write

the integral in the form

/f(a:v) do = 2/f(ax) o dy = %/f(u) du = 2F(u) o %F(ax) e

As another example, if you know [ 2?dx = %3 + C, then you know [ w?du = %3 +C
since z is a dummy variable of integration and can be replaced by some other symbol.
To find the integral given by I = /(3x+7)2 dr you would make a substitution v = 3z +7
with du = 3dz and then perform the necessary scaling to write

1 20, 1 [ 4 14 _1(Bz+7)° 1 5
1—3/(3x+7) 3d:z—3/udu—33+0—3 3 +C—9(3x+7) +C

Example 3-4. 1If [ cosudu = sinu + C, then to find /cos(a:c) dr one can scale
the integral by letting v = az with du = adz to obtain

1 1 1
—/cosudu: —sinu + C = —sin(az) + C
a a a

n
General Considerations

2
If you plot the functions d—y, d—y, y, [ y(x)dz, y(z) dz| dr you will find that
dz?’ dx

differentiation is a roughening process and integration is a smoothing process.



If you are given a function, say y = y(z) = 235, then you can use the rules for
differentiation of a product of two functions to obtain

Z—i =9/ (z) = 2°(5¢°") + (32%)e”® = (52° + 32%) €°

One topic in integral calculus develops ways that enable one to reverse the steps
used in differentiation and work backwards to obtain the original function which was
differentiated plus a constant of integration representing the more general function
y, = yy(z) = 2°¢"* + C. In the study of integral calculus one develops integration

methods whereby the integral
/(5:53 +32%) " dx = 2% + C
can be obtained. This result can also be expressed in the form
/dx 35:E dx_x3e5x+c

and illustrates the basic relation between differentiation and integration, that if you

dF(x)

know a derivative ¥
T

= f(x), then you can immediately write down the integral

dFdff) do = / F'(2) dz = / f(@)dz = F(z) + C (3.25)

Many integrals can be simplified by making a change of variable within the
integral. For example, if it is required to evaluate an integral I = | f(z)dz, then
sometimes one can find a change of variables z = g(u) with doz = ¢'(u)du which
changes the integration to I = [ f(g(u))¢'(u) du which may or may not be an easier
integral to evaluate. In the sections that follow we will investigate various methods
which will aid in evaluating difficult integrals.

Another thing to look for in performing integrations, is that an integration
might produce two results which appear to be different. For example, student A
might perform an integration and get the result

/f(x)d:v:F(x)+C’

and student B might perform the same integration and get the result

/ F(@)dz = G(z) + C
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If both students results are correct, then (i) the constants of integration C need
not be the same constants and (ii) there must exist some relationship between the
functions F(z) and G(z) because they have the same derivative of f(z).

In the differential calculus, if one finds two functions F(z) and G(x) having deriva-
tives F'(x) and G'(x) which are equal and satisfy F'(z) = G'(z), over an interval (a,b),
then one can say that the functions F(z) and G(z) differ by a constant and one can
write /F/(:E) dx = /G/(:E) dx or F(z) = G(x)+ c.

Example 3-5. Consider the functions F(z) = cos?z and G(z) = —sin?z, these
functions have the derivatives F'(z) = i —2coswrsinz and G'(z) = —2sinxcosx

which are equal. Consequently one can state that
F(z)=G(x) +¢ or cosz = —sin*z +c (3.26)

for all values of x. Substituting = = 0 into equation (3.26) one finds 1 = ¢ and
consequently comes up with the trigonometric identity cos® z + sin® z = 1.
This result can also be illustrated using integration. Consider the evaluation of
the integral
/QSinxcosxdx

Student A makes the substitution u = sinz with du = cosz dx and obtains the solution
/QSinxcosxdx = 2/udu = 2“; + Oy =sin®z 4+ Oy
Student B makes the substitution v = cosz with dv = —sinz and obtains the solution
/QSinxcosxdx = —2/vdv = —2? +Cy = —cos® x + Cy

The two integrals appear to be different, but because of the trigonometric identity
cos?z + sin’x = 1, the results are really the same as one result is expressed in an

alternative form of the other and the results differ by some constant.

Table of Integrals
If you know a differentiation formula, then you immediately obtain an integration

formula. That is, if

%F(u) = f(u), then /f(u) du = F(u) + C (3.27)

Going back and examining all the derivatives that have been calculated one can
reverse the process and create a table of derivatives and integrals such as the Tables

I and II on the following pages.



Table 1 Derivatives and Integrals
Function f(u) Derivative Integral
dy 1 uPt?!
= uP — = puP™ uP du = C -1
Yy 2 =P / p—— +C, p#
dy 1 du
y:]n'u, — = — —:ln|u|—|—C
du u u
dy a
y:au —~Z —a%lna /audu: +C
du Ina
dy
y:eu = =% /e“du:e“—l—C
du
. dy .
y = sinu — =cosu /cosudu:smu—l—C
du
dy . .
Yy = cosu — = —sinu /smudu:—cosu—l—C
du
dy 2 2
y = tanu — =sec‘u /sec udu = tanu + C
u
dy 2 2
y=cotu — = —cscu csc“udu = —cotu+ C
du
dy
Yy = secu d—:secutanu /secutanudu:secu—l—C
u
dy
Yy = cscu d—:—cscucotu /cscucotudu:cscu—l—C
u
s —1 dy 1 / du :—1 + C
= Sin u —_— = ——— — S1n u
Y du V1 — u? V1 —u?
1 dy —1 / du ly4C
=cos "u — = e — —C08 " U
Y du /1 —u? V1 — u?
d 1 d
y:tan_lfu, —y: / ¢ :tan_lu—l—C
du 14 u2 14 u2
d -1 d
y:cot_lu _y:7 / i =—cot tu+C
du 1+ u? 1+ u?
dy 1 du
-1 -1
=sec " u —_— = ————— =sec u+C
Y du uvu2 -1 /ux/uz—l
dy —1 du
-1 -1
=csc " u —_— = —————=—cs¢c " u+C
Y du uvu? -1 /ux/uz—l
d
y = sinhu d_y = coshu / coshudu = sinhu + C
u
dy . .
y = coshu Iu = sinhu / sinhu du = coshu + C
u
dy 2 2
y = tanhwu — = sech®u / sech“u du = tanhu 4+ C
u
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Table 11 Derivatives and Integrals
Function f(u) Derivative Integral
dy 2 2
y = cothu Iu = — csch®u / csch“udu = — cothu + C
u
dy
y = sechu Tu = — sechu tanhu / sechu tanhu du = — sechu + C
u
dy
y = cschu Tu = — cschu cothu / cschu cothudu = — cschu 4+ C
u
y = sinhlu dy 1 / du e 11
g _ __ —— = sinh "u+C
y =In(u + V1 + u?) du 1+ u? V1+ u?
y = coshlu dy 1 / du 1
e ———— = cosh™u+C
y =In(u+ vu? — 1) du u? —1 vu? —1
y = tanh ~'u dy 1 / du tanh —1u 4 C
Y — = tan u
y:11n<1+"> du 1—u? 1— w2
2 1—u
y = coth™'u dy -1 / du th—lu 4 C
_Y — = — CO u
2 u—1
= -1 d -1 d
y = sech 11L @_ - /7u:—sech_1u+0
y = cosh~ 1= du uyv1 — u? uv1 — u?
u
= -1 d -1 du
y = csch "1‘ @a _ =0 /7:—csch_1u+c
y= sinh— 1= du uvu2 +1 uvu2 +1
u

Example 3-6.

In the above tables of derivative and integrals the symbol u

is a dummy variable of integration. If v = u(x) is a function of x, then to use an

integration formula from the above table there may be occasions where it is necessary

to scale the integral to be evaluated in order that it agree exactly with the form given

in the above tables.
(a) To evaluate the integral

I, =

(52 + 7)>xdx one can make the substitution

u = 522 + 7 and make sure that the correct differential du = 10z dz is used in the

integral formula. This may or may not require that scaling by a constant be

performed. Observe that the given integral needs a constant factor of 10 to have

the correct du to go along with the u specified. Consequently, one can multiply

and divide by 10 in order to change the form of the given integral. This gives




(b)

1 s 1 [ 1 ub 15
Ia:E (5z= +7) (10$d$)zﬁ wdu=——+C=—0bz"+7)"+C

In a similar fashion the integral I, = [ 3 zdx is evaluated. If one makes the
substitution u = 322, then du = 6z dz is the required form necessary to use the
above table. This again requires that some type of scaling be performed. One
can write
I, = l/639”2(6:5d:z:) = l/e“d/u: le“ +C = l639”2 +C
6 6 6 6

To evaluate the integral I, = [ sin(z*) 23 dz make the substitution u = z* with

du = 423 dz and then scale the given integral by writing

1 1 -1 -1
I. = 1 /sin(x4)(4x3 dr) = 1 /sinudu =~ cosu +C = Tcos(:f) +C

To evaluate the integral I; = /sin Bxdx let uw = B with du = fdr and scale the
integral by writing

Iy = %/sinﬁxﬁdx = %/sinudu = —%cosﬁx%—c
Each of the above integrals has been scaled and placed into the form

a / Flg(2))g(x) da

where o is some scaling constant. These type of integrals occur quite frequently
and when you recognize them it is customary to make the substitution u = g(x)
with du = ¢/(z) dz and simplify the integral to the form

a/f(u) du

Always perform scaling if necessary to get the correct form for du.

Trigonometric Substitutions

The integration tables given above can be expanded by developing other types

of integrals. The appendix C gives an extended table of integrals representing just

a sampling of the thousands of integrals that have been constructed since calculus

was created.

Always examine the integrand of an integral and try to learn some of the alge-

braic and trigonometric forms that can be converted to integrals of a simpler type.
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All of the trigonometric identities that you have learned are available and can be
thought of as possible aids for evaluating integrals where the integrand involves
trigonometric functions.

One type of integrand to look for is the powers of the trigonometric functions.
Recall the de Moivre! theorem that states

(cosx + i sinx)™ = cosnx + i sinnzx (3.28)

where i is an imaginary unit satisfying i> = —1. Let cosz + isinz = y and then

multiply both sides of this equation by cosz — i sinz to obtain
(cosx —isinz)(cosx + i sinx) = y(cosx — i sinx)
and then expand the left-hand side to show that if

cost +isine =y then cosx —isinx = — (3.29)

An addition and subtraction of the equations (3.29) produces the relations

1 1
2cosx =y + — and 2isine =y — — (3.30)
Y Y

Apply de Moivre’s theorem to the quantities y and 1/y from equation (3.29) to show

1
cosnr + i sinnx = y" and cosnr —isinner = — (3.31)
yn
Adding and subtracting the equations (3.31) gives the relations
1 o 1
2cosne =y" + — and 2i sinnx = y" — — (3.32)

where n is an integer. The above relations can now be employed to calculate trigono-
metric identities for powers of sinz and cosz. Recall the powers of the imaginary unit
i are represented i2 = —1, 2 = —i, i* = —i? = 1,i{° = i, etc, so that the mth power
of either 2isinz or 2cosz can be calculated by employing the binomial expansion to

expand the terms <y - l) or <y - l) and then using the relations from equations
Yy Yy
(3.32) to simplify the results.

L Abraham de Moivre (1667-1754) a French mathematician.



Using the results from the equations (3.30) one can verify the following algebraic

operations
2.2 . 2 1\’ 2, 1
2% sin"r=(y——| =y +-—5 | —2=2cos2x—2
y y (3.33)
1
or sin? x 25(1 — cos 27)
In a similar fashion show that
3
1 3 1
2343 sin3x:<y——> :y3—3y+———3
Yy y oy
1 1
8(—i) sin® x = <y3 - —3> -3 <y - —) = 2i sin 3z — 3(2i sinx) (3.34)
Y Y
or sin® x =1 sinz — 1 sin 3z
To calculate the fourth power of sinz write
4
1 4 1
24t sintz = <y— —) =yt —4y® +6— —+ =
Yy Yy Yy
1 1
16sin* z = <y4 + —4> —4 <y2 + —2> + 6 =2cos4x — 4(2cos2x) + 6 (3.35)
Yy Yy
or in 2 5 1cos2x+ cos4x
sin“z =- — = cos = cos
8 2 8

In summary, the use of de Moivre’s theorem together with some algebra produced

the trigonometric identities

2

1
sin® x :5(1 — cos 2x)
3 1
sin® x =— sinx — — sin 3z (3.36)
4 4
3
sin®

r=— — —cos2x + — cosdx
8 2

In a similar fashion one can use the results from equation (3.30) and establish

the following identities

1\? 1
22 cos?x = <y + ;) = cos’z = 5(1 + cos 2x)

1\2 3 1
23cos3m:<y+§> - cosSm:Zcosm—l—ZcosMs (3.37)
4 4 1\* 4 3 1 1
2%cos* =y + — — cos"x = — + —cos2x + — cos4dx

Yy 8 2 8

Verifying the above results is left as an exercise. The calculation of representations
for higher powers of sinz and cosz are obtained using an expansion similar to the

above examples.
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Example 3-7. Evaluate the integrals /sinQ:Ed:E and /COSQQle?

Solution Using the trigonometric identities for sin? z and cos? 2 from equations (3.36)

and (3.37) one can write

1 1
/sinQ:Ed:E =5 /(1 — cos2z) dx /COSQQle? =3 /(1+0052x) dz
L 1 1 ) 1 1
sin“xdx == | de — — | cos2zx 2dx cos“rdr == [ drx+ - [ cos2x2dx
2 4 2 4
sin z d —l — 1 sin 2z + C cos® x dx —lx%- lsim2x+C
sin® x x—2x 45 T =5 1

where C represents an arbitrary constant of integration.

Example 3-8. Evaluate the integrals /sin3xd:£ and /cos3xdx

Solution Using the trigonometric identities for sin®z and cos® 2 from equations (3.36)

and (3.37) one can write

/sin3xd:ﬂ:/ <§sinx—lsin3x> dz /cos3xdx:/(§cosx+lcos3x)d:£
4 4 4 4
/sin3xd:£ zé/sinxd:ﬂ—i/sin3x3d:ﬂ /cos3xdx :§/cosx+i/cos3x3d:z
4 12 4 12
/sin3xdx:—§cosx+icos3x+0 /cos3xd:£ :§sinx+isin3x+0
4 12 4 12

Example 3-9. Using the substitutions for sin®z and cos*z from the equation
(3.36) and (3.37) one can verify the integrals

3 1 1
/sin4xd:£ :§x— Zsin2x+ 3—2$in4x+0

3 1 1
/cos4xd:z: :§x+ Zsin2x+ 3—251n4:c+C’

|
Trigonometric substitution is just one of many methods which can be applied

to aid in the evaluation of an integral where the integrand contains trigonometric

functions.



Example 3-10. Alternative methods for the integration of odd powers of sinz

and cos z involve using the trigonometric identity sin® z+cos? z = 1 as illustrated below.

(a)

Integral of odd power of sinz
/simQ”Jrl xdxr = /(sim2 x)" sinxdr = /(1 — cos? z)" sinz dx

Make the substitution ¢ = cosz with d¢ = —sinz dr and express the above integral

in the form
/simQ”+1 rdr = — /(1 — £ de, £ =cosx

The quantity (1 —¢2)" can be expanded by the binomial expansion. This creates

m+1 .
£ where m is some constant

a sum of integrals, each of the form [¢mde = &—

integer.
Integral of odd power of cosz

/cos%“'1 rdr = /(0052 x)" cosxdr = /(1 —sin? )" cos x dx

Make the substitution ¢ = sinz with d¢ = coszdz and express the above integral

in the form

/COSQn_del? = /(0052 x)" coszdr = /(1 — £ gg, ¢ =sinz

Expand the quantity (1 — ¢%)” using the binomial theorem and then like the

previous example integrate each term of the expansion. Note that each term is
S

again an integral of the form [¢™d¢ = S—.

Products of Sines and Cosines

as

To evaluate integrals which are products of the sine and cosine functions such

/ sinmax sinnz dzx, / sinmx cos nx dx, / cosmz cosnz dx

one can use the addition and subtraction formulas from trigonometry

sin(A + B) =sin A cos B + cos Asin B

sin(A — B) =sin Acos B — cos Asin B

)
) (3.38)
)
)

cos(A+ B) =cos Acos B —sin Asin B
cos(A — B) =cos Acos B + sin Asin B
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to obtain the product relations

1

sinma sin nx =3 [cos(m — n)x — cos(m + n)z]
1

sinmx cos nx =3 [sin(m — n)z + sin(m + n)z] (3.39)
1

COS TN COSNT =3 [cos(m — n)x + cos(m + n)z]

which, with proper scaling, reduce the above integrals to forms involving simple

integration of sine and cosine functions.

Example 3-11. Evaluate the integral I = /sin 5z sin 3z dx
Solution Using the above trigonometric substitution one can write

1 1 1
I= /5 [cos 2z — cos8z] dx = 1 /0052x2d:£ BT /cosSde:E
to obtain, after proper scaling of the integrals,

1 1
I = /sin5x sin3z dx = Zsin2x— Esin&r%—c

Special Trigonometric Integrals

Examining the previous tables of derivatives and integrals one finds that integrals
of the trigonometric functions tanx, cot z, secx and cscz are missing. Let us examine
the integration of each of these functions.
Integrals of the form /tanudu

To evaluate this integral express it in the form [ 4% as this is a form which can
be found in the previous tables. Note that

/tanudu: / sinu du = —/M = —In|cosu| +C

COoS u COSUu

An alternative approach is to write

/tanudu:/wdu:/d(secu) =In|secu| + C

secu secu

Therefore one can write

/tanudu: —In|cosu|+ C =1n|secu| + C
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The reason that there are two equivalent representations for the integral of the tan-
gent function is because of a trigonometric identity and properties of the logarithm
function. Note that cosu secu =1 and taking logarithms gives
In(cosu secu) =In1
In|cosu| + In|secu| =0

or In|secu| = —In| cosu|

Integrals of the form [ cotu du
The integral of the cotangent function is treated much the same way as the
integral of the tangent function. One can write

/cotudu:/cosudu:/d(smu) = In|sinu| + C

sinu sin u

One can then show that
—cscu cotu

/cotudu:ln|sinu|—|—C:—/—du:—ln|cscu|—|—C

CsCu
From this result can you determine a relationship between In|sinu| and —In|cscu| ?

Integrals of the form /secu du

The integral of the secant function can be expressed in the form [ 92 by writing

secu + tanu sec u tanu + sec? u
secudu = | secu ——————  du = du
secu + tanwu secu + tanu

so that

d(secu + tanu)
/secudu:/ = In|secu + tanu| + C
secu + tanu

Integrals of the form [ cscudu

In a similar fashion one can verify that
d(cscu + cot u)
/cscudu:—/ = —In|cscu +cotu| + C

cscu + cotu

Method of Partial Fractions

The method of partial fractions is used to integrate rational functions f(z) = ggg
where P(z) and Q(z) are polynomial functions and the degree of P(z) is less than the
R(z)

degree of Q(z). If a rational function 00 is such that the degree of R(z) is greater

than the degree of Q(z), then one must use long division and write the rational

function in the form

R(x)zax”+ax”_1+---+a r+a +P(x)
Q) ' Q)

where now P(z) is a remainder term with the degree of P(x) less than the degree of

Q(r) and our object is to integrate each term of the above representation.
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3

(z—1)(z—2)
of numerator greater than the degree of the denominator. One can use long division

Example 3-12. The function y = is a rational function with degree

and write
3 Tr —6
v A A P )

]
Recall from the study of algebra that when one sums fractions it is customary to
get a common denominator and then sum the numerators. In developing integration
techniques for rational functions the algebra mentioned above is reversed. It has
been found that to integrate a rational function f(z) = %, where the degree of
P(z) is less than the degree of Q(z), it is easier to first factor the numerator and
denominator terms and then split the fraction into the sum of fractions with simpler
denominators. The function f(z) is then said to have been converted into its simplest
fractional component form and these resulting fractions are called the partial fractions

associated with the given rational function. The following cases are considered.

Case 1 The denominator Q(x) has only first degree factors, none of which are

repeated. For example, Q(x) has the form

Qz) = (x — wo)(® — x1)(x — ®2) -+ (T — Zn)

where xg # 1 # T3 F# +++ # . One can then write
P(x A A A A,
f(m) — ( ) = 0 1 2 + PP +

Q(x) r—Tr9y X—T1 T — To Tr— T,

where Ag, A1, Az, ..., A, are constants to be determined.
. 11z — 43
Example 3-13. Evaluate the integral 1= | —— — dx
22 —6zx+5
Solution
11z — 43

Here the integrand f(z) = PR is a rational function with the degree of the
numerator less than the degree of the denominator. Observe that the denominator
has linear factors and so one can write

11x — 43 11x — 43 A A
i = i =1 4 2 (3.40)
22—6zxz+5 (r—1)(x—=5) =x—1 =x-5

flz) =

where A;, A, are constants to be determined. Multiply both sides of equation (3.40)
by the factor (z — 1) and show

11z — 43 y As(x —1)

3.41
r—>5 r—2>5 ( )



Evaluate equation (3.41) using the value = = 1 to show 4; = 8. Next multiply equation
(3.40) on both sides by the other factor (z —5) and show

11z —43 Ai(z —5)
xr—1  z-1

+ Ao (3.42)

Evaluate the equation (3.42) using the value = 5 to show A, = 3. One can then
11z — 43 8 3 dx dx

I_/x2—6x+5d$_/[x—1+x—5] dx_S/x—1+3/x—5

Both integrals on the right-hand side of this equation are of the form / %u and
consequently one finds

write

I=8lnlz—1|+3In|z—-5|+C

where C is a constant of integration. Observe that C is an arbitrary constant and so
one can replace C by In K, to make the algebra easier, where K > 0 is also an arbitrary
constant. This is done so that all the terms in the solution will be logarithm terms
and therefore can be combined. This results in the solution being expressed in the
form

I=In|K(z—-1)%=x-5)°

Case 2 The denominator Q(x) has only first degree factors, but some of these
factors may be repeated factors. For example, the denominator Q(x) might have

a form such as

Q(z) = (x — o) (x — 1)+ (z — @)™

where k,f,...,m are integers. Here the denominator has repeated factors of
orders k,£,---,m. In this case one can write the rational function in the form
P(x) Aq A, Ak
f(m) — = 3 + oo + 7]{;
Q(x) x—x¢9 (xr—xo) (x — xo)
B B B
1 2 ~ 4+ 7lz
x—x1 (x—x1) (x — 1)
G, G . Cnm
T (@) (@ — wa)

where Aq1,...,Ar, B1,...,Bg,...,C1,...,Cy, are constants to be determined.
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. 8zt — 13223 + 67322 — 1183z + 560
Example 3-14. Evaluate the integral I = / 2% —8)(z ) dx

Solution
Using the method of partial fractions the integrand can be expressed in the

simpler form

84 — 13223 + 67322 — 1183z + 560 A A A B C
. . . ’ =S By By Pl T (343)
(r —2)3(x —8)(x —9) x—2 (x—2) (r—2) r—8 x—9

where A, A;, A3, By, C; are constants to be determined. The constants B; and C; are

found as in the previous example. One can verify that

c, _ 8z — 13227 4 6732% — 1183z + 560 _
(z—2)3(x —38) =9
and B 8t — 132:5(it(327)§25; :;)18355 + 560 - 5
One can then write
8z% — 1322 +6732° — 1183z +560 2 3 A N Ay N As
@ —2)%(z —8)(z —9) 7-9 7-8 z-2 @—2° "w_2p
which simplifies to
3:52:5_—8;): " - x{lz T 11122)2 T 11132)3 (3-44)
Multiply both sides of equation (3.44) by (z —2)? to obtain
322 — 8z +3=Ai(x —2)2+ Ax(z — 2) + A3 (3.45)
Differentiate equation (3.45) and show
62 — 8 = 241 (x — 2) + Ay (3.46)
Differentiate equation (3.46) and show
6 =24, (3.47)

giving 4; = 3. Evaluate equations (3.45) and (3.46) at z = 2 to show 4; = —1 and
Ay = 4. The given integral can now be represented in the form

dx dx dx dx dx
= — 2
! 3/x—2+4/(:£—2)2 /($—2)3+3/$—8+ /:E—9
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where each term can be integrated to obtain

4 1 1
I=3In|z—2 - - In|z — 8| + 2|z —
3ln|x — 2| x_2+2(x_2)2+3n|x 8|+ 2In|z -9+ C
or
1 1 4
I=In|(z—2)*(z—8)*z -9+ +C

2(x—22 z-2
|
Case 3 The denominator Q(x) has one or more quadratic factors of the form
axr? 4 bx 4+ ¢ none of which are repeated. In this case, for each quadratic factor
there corresponds a partial fraction of the form

A0m+B0
axr? + bx +c

where Ag and By are constants to be determined.

1122 + 18z + 43
X
(z —1)(x2 42z +5)

Example 3-15. Evaluate the integral I = /
Solution

Use partial fractions and express the integrand in the form

1122 + 18z + 43 A Bz +C

(z —1)(2% 4 22+ 5) x—1+x2+2x+5

where A, B,C are constants to be determined. As in the previous example, the

constant A is given by
112?418z + 43

A=
(xQ + 2z + 5) r=1

=9

One can then write

1122 + 182 + 43 9 Bz +C

(r—1)(z2+22+5) z—-1 22+22+5
Simplify the left-hand side of this last equation and show

2x + 2 B Bz +C
22 +224+5 2242x+5

giving B =2 and C = 2. Here partial fractions were use to convert the given integral

8 2 + 2
I = d e
/x—l $+/x2+2x+5 v

to the form
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which can be easily integrated to obtain I = 9In|z — 1| + In|z? 4+ 2z + 5| + In K. This
result can be further simplified and one finds I = In|K(z —1)°(2® + 22 + 5)| where K
is an arbitrary constant.
]
Case 4 The denominator Q(x) has one or more quadratic factors, some of which
are repeated quadratic factors. In this case, for each repeated quadratic factor
(ax? + bx + c)F there corresponds a sum of partial fractions of the form

Alm + B1 + Azm + Bz + + Akm + Bk,
ar?+bx+c (ax?+ bx + c)? (ax? 4 bx + c)k

where Ay, B1,..., A, By are constants to be determined.
Before giving an example of this last property let us investigate the use of partial
fractions to evaluate special integrals which arise during the application of case 4

above. These special integrals will then be summarized in a table for later reference.

dx

Integrals of the form /m, where x < (.

Use partial fractions and write

dx 1 1 1
/62—:62 :ﬁ/<ﬁ+x+ﬁ—x> e
1

:ﬁ[ln|ﬁ+x|—ln|ﬁ—x|]+0
dx 1 B+ =z 1 1 (T

See for example the previous result of equation (2.103) with = replaced by x/3.

d
Integrals of the form /730 , where = > (3.
x2 — (32

Use partial fractions and show

/ dx _i/( 1 1 ) p
22—p2 28) \z-8 z+8) "
1
=%[lnlx—ﬁ| —Infz+ 8]+ C
This can be simplified to one of the forms

/% = %ln z—B —I—C’:_lcoth_1 <£>+C:—%tanh_1 <B>+Ca x>

=+ 8 s @
Here the previous results from equation (2.103) have been used to produce the

alternative form above.



cosu———B

Integrals of the form / v x2 432 Vx2 132
x? + 52 x

sec u:#

B

Make the substitution z = gtanu with dz = Bsec? udu to obtain

der Bsec?udu
/x2+62_ (B2(tan?u + 1) /du- utC

X .
where u = tan™" <B> Therefore one can write

/dim = ltan_1 <E> + C
>+ 52 B B

or by constructing a right triangle representing the substitution, one can write the
equivalent forms

/ dz 1 . J¢; 1 L VE2 4 B2

= —cos —— +C = —sec

w2+ 52 B Va2 + B2 B B

+C

Integrals of the form / 738
(2 + B2)2
Make the trigonometric substitution z = tan6 with dx = 3sec? § df and show

Bsec? 0 db _i/secQH 1 /
/ x2+ﬁ2 /64 tan?6+1)2 33 sec49d0 33 cos” 0.d¢
1
253 /(1+C%29)d9_ﬁ [9+—51n29] 3

Using back substitution representing ¢ in terms of = one finds

f g = (2) ] v
@+p22 200 [ \B) T 2y p
where C is a general constant of integration added to make the result more general.

d
Integrals of the form / @
axr? +bx+c

Integrals having the form I = /%, where Q(x) = ax?® + bx + ¢ is a quadratic

[0 + sin 0 cos 0]

factor, can be evaluated if one first performs a completing the square operation on
the quadratic term. One finds that either

2 2
4 _
<x+2b> 4 e b] where 4ac — b > 0

2
b =
ar® + bx +c =a u 1a2

or az’+bzr+c=a

b\> b2-4
ot —) — 2% where b* — 4ac > 0
2a 4a?
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dac — b2

1 so that

Case 1 If 4ac — b* > 0, make the substitution g% =

/ dx B / dx
a2 +br+c a[(x+2i)2+62}
and then make the additional substitution X = z + % with dX = dz. One then

obtains
ar® fbrte X2+62_a 8 8

Back substitution and simphfymg gives the result

d 2 2 b
/ v = tan—! <L> + C, 4ac—b*>>0

axr? +bx+c V4ac — b2 V4ac — b2
. . b? —4 .
Case 2 If v — 4ac > 0, make the substitution g% = 12 9€ and write

dx dx
/ax2+bx+c:/a[(x+%)2_52}

and then make the additional substitution X = 2+£ with dX = dz. This produces
the simplified form

/ / S ™Y EAnd B0
ax2+bx+c X2-32 g ﬁnX+ﬁ
Back substitution and simplifying then gives the final result
1 2 b—vb2—-4
/ dw = In| 222+ ®l+c,  b2—dac>o0
axr? +bx +c Vb2 — 4ac 2ax + b + /b2 — 4ac

Sums and Differences of Squares
Use the Pythagorean theorem and the defi-

nitions of the trigonometric functions as follows.
r

O
> x? 4+ y? = r? (3.48)

Y In the right triangle illustrated one finds

Divide each term of equation (3.48) by r? and write

2 y?
— 4+ —==1 - cos? 0 +sin’0 =1 3.49
2 2



Divide each term of equation (3.48) by z? and write

y2 ,’,,2
1+ =— = 1+ tan?0 =sec?0 (3.50)
x2 x2
Divide each term of equation (3.48) by y? and write
mz ’l”2
—4+1=— = cot?0+1=csc?0 (3.51)
2 2
Yy Yy
The above identities are known as the Pythagorean identities and can be used
when one recognizes sums and differences of squared quantities in the integrand of
an integral. Sometimes the 1ntegrand is simplified by using one of these identities.

Integrals of the form [ ————
/52 — 52

Make the substitution z = 3siné with dz = Bcosfdf to obtain

Bcosl B cos 6

0= | ——7
/\/62—:52 / (B2 — 32sin’ 0 V1 —sin’@

This gives the general result

d0:/d9:9+C’:sin_1%+C’

—sin'2 4 C (3.52)

| =

Integrals of the form /
Vaz + [32

Let = tanu with dr = Bsec?udu and then form a right triangle with one angle
v and appropriate sides of z and 3. One can then show

ﬁsec udu

/\/x +62 Bvtan?u + 1

=In|secu + tanu| + C;

/22 & 32
:1n|%+xT+ﬁ|+C’1:ln|x+\/x2+62|+0

sec u du

where C = C; — Ing is just some new constant. In general one can write

du
/fmzln'““’“”ﬁz'w

Integrals of the form [ ————
/x 52

Let z = Bsecu with dx = ﬁsecutanudu and form a right triangle with one angle u
and appropriate sides z and 3. One can then show
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secu tan u du
b = [ secudu = In|secu + tanu| + Cy

dz
/\/xQ—ﬁQ_ BVsec?u—1

/22 _ 32
:1n|%+xTﬁ|+C’1:ln|x+\/x2—62|+0

where C = C; — Inf is some new constant of integration. In general, one can write

du

du
u? + 1822 + 81
Solution Recognize the denominator is the square of (u?+9) and write I = /

Example 3-16. Evaluate the integral I = /

du
(u? +9)2

This is an integral of the form / (332:]/-73352)2 previously investigated, so that one can
write
1 4 [z Bz
=g [ (5) ] ¢
where 3 = 3.

Example 3-17. The Pythagorean identities can be employed when one rec-
ognizes the integrand has sums or differences of squared quantities. Sometimes it
is necessary to complete the square on quadratic terms in order to obtain a sum or

difference of squared terms. For example, to evaluate the integral

I—/ dx
] 3622 + 48z + 41

one can write

1 / dx 1 / dx 1 dx
36 ) a? + ety 36 p2pdp (274427 36/ (¢+3)2+ 3
One can now make the substitution u = z + 2/3 with du = dz to obtain

1 du

One then finds

11 . u 11 [x+2/3 1 [(6z+4
T=——tan 'Y 4 0= tan ' (222) 4 0= —tan! C
T A 365/6 < 5/6 >+ 30 0 < 5 >+
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) 425 — 152* + 1323 — 422 + 132 + 89
Example 3-18. Evaluate the integral I = / 3 1 dx

Solution The denominator of the integrand has a repeated linear factor and a re-

peated quadratic factor and so by the properties of partial fractions one can write

42 — 152* +132° —4a? + 132 +89 A ,_B Cx+D Ez+F

(z —3)2(z2 + 1)2 2—3 " z_3p + 21 + 210 (3.53)

where A, B,C, D, E, F are constants to be determined. Multiply both sides of equa-
tion(3.53) by (z — 3)? and show

425 — 152* + 132® — 42? + 1304+ 89
($2 + 1)2 -

C$+D+ Ex+ F
241 (22 +1)2

A(r —3)+ B+ (z — 3)? [ (3.54)

Evaluate equation (3.54) using the value = = 3 to find

425 — 152* + 132% — 422 + 132 + 89

B =
($2 + 1)2

=2
=3

The equation (3.53) can therefore be written as

425 — 152* + 132° — 42? + 13z + 89 2 _ A CetD FEa+F (3.55)
(z—3)2(x2+1)2 (r—3)2 -3 2241  (2241)2 '

The left-hand side of equation (3.55) simplifies to the form

4ot — 5% — 322 — 142 —-29 A L Cz+D  Bx+F
(z —3)(22 4+ 1)2 S r—3 2241 (2241)2

(3.56)

Multiply both sides of equation (3.56) by the factor (z —3) and show

4ot — 5z — 322 — 14w — 29

Cx+ D Ex+ F
= A —
TEESIE + (z 3)[

2+1 T @@

(3.57)

Evaluating equation (3.57) using the value x = 3 gives the result

4zt — 523 — 327 — 143 — 29

A (22 + 1)2

=1
=3

Consequently, the equation (3.56) can be written in the form

4ot — 5a® — 0% — 142 — 29 1  Cx+D  Exz+F

(z —3)(22 + 1) =3 2+l (@+1p (3.58)

The left-hand side of equation (3.58) simplifies to give the result

3$3+4x2+8x+10_0x+D+ Ex+F
(22 4 1)2 o241 (224 1)2

(3.59)
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Multiply equation (3.59) on both sides by the factor (22 +1)? and then expand the
right-hand side of the equation to obtain

32° +42% + 82+ 10 =(Cx + D)(z* + 1) + (Ez + F) (3.60)
3.60
or 32° + 42? + 82 + 10 =Cz® + D2* + (E + C)x + (F + D)

Comparing the left and right-hand sides of equation (3.60) one finds
C=3, D=4,  E+C=8,  F+D=10

From the last two equations one finds £ =5 and F = 6. All this algebra reduces the
integrand of the given integral to a summation of simpler terms where each term
can be easily integrated using a table of integrals if necessary.? One finds

1 2 3r+4 5T + 6
1= d 3.61
/<$—3+($—3)2+$2+1+($2+1)2> v (3.61)

The first integral in equation (3.61) is

/ d‘r?) =1Inl|z — 3| (3.62)

X

and the second integral in equation (3.61) is

dx -2
2 s (363)

The third integral in equation (3.61) needs to be scaled to get part of it in the form

du which can then be integrated. One can write

u
(r+4/3) 3/(2x+8/3) 3/ 2x dx / dz

T g =2 [ 2T g 2 4 | 22

3/ 231 P73 Terr T3 ma ) Era

Evaluating these integrals gives the result

3xr + 4 3 9 1
/$2+1 dx = 5111(:5 +1)+4tan” "z (3.64)

The last integral in equation (3.61) can be scaled and written

5x + 6 B (r+6/5) _§/2x+12/5 _§/ 2x dx / dx
/(:E2+1)2dx_5/(:£2+1)2dx_2 @i P 3 @re T8 e

2 A table of integrals is given in the appendix C.




and then integrated to obtain

5T + 6 5 —1 1 T 6z — 5 1
_2 =t - 3 3.65
/(x2+1)2 de =3 [x2+1] +3[tan The | T R T (3.65)

Combining the above results gives

2

3 6x — 5
I:ln|x—3|——3+§ln(x2+1)+4tan_1x+ 7
r—

— ~ 4+ 3tan"! C 3.66
221y ot (3.66)

where C is a constant of integration. To check that what has been done is correct one
should note that the final result should satisfy % = f(z), where f(z) is the integrand
of the original integral. This check is left as an exercise.

|
Note that in the case the denominator has a single linear factor (z —a), then one
can write f) A + a(z) where A is a constant which can be determined
(z—a)g(z) x—a [(z)
from the relation J@) _ A+ (z— a)@ evaluated at » = a.
9(x) B(x)

Example 3-19. Find the partial fraction expansion for representing a function
having the form

azb 4+ bx® + ca* +dad +ex® + fr+g
(z—1)(z—2)(x—3)3(x2 + 2+ 1)(x2 + 3z + 1)*

flz) =

where a,b,c,d, e, f,g are known constants.

Solution Here the denominator has the unrepeated linear factors (z — 1) and (x — 2).
The linear factor (z — 3) is repeated three times. The quadratic factor (z? +z +1) is
unrepeated and the quadratic factor (z% + 3z + 1) is repeated four times. Using the
properties of partial fractions, represented by the previous cases 1 through 4, the

form for the partial fraction representation of the given function is

A By Co Dy Ey For + Go
f(x)_:v—l +$—2+$—3+($—3)2+($—3)3 +$2+$+1
A1$+Bl A2$+BQ A3$+Bg A4$—|—B4

22 +3x+1  (2243z+1)2  (224+3x+1)2 (224 3z+1)*

where Ay, B, ..., A4, B, are constants to be determined.

The following table III is a summary of previous results.
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Table I1I Summary of Integrals

1 1
/sinQudu: §u— Zsin2u+C’

1 1
/COSQ’LLd’LL: §u+ Zsin2u+C’

3 1
/sin3udu: 1 cosu + EcosBu+C’

3 1
/cos3udu: Zsinu+ Esin3u+C’

3 1 1
/sin4udu: 3 ZsinQu—i— 3—2$in4u+C’

3 1 1
/cos4udu: §u+ Zsin2u+ 3—251n4u+0

/tanudu: —In|cosu | +C

/cotudu:ln | sinu | +C

/secuduzln | secu + tanu | +C

/cscuduzln | cscu + cotu | +C

du 1 B+u
/62—u2_2ﬁln‘ﬁ—u+c

du _ 1 u— 0
/u72_ﬁ2_261n u+ﬁ‘+c

du_ _lin1(d
/u2+62_ﬁtan <ﬁ>+c

d 1 _ B
/7@2 +u52)2 = ﬁ [tan L <%> + D) fﬁQ] +C

du 2 1 2au-+b 9
= t _— C 4dac —b 0
/au2+bu+c Vdac — b? o <\/4ac—b?>+ ’ ae ”
d 1 2 b—Vb%2 -4
/ v I |20t “lro, v —dac>0
au? +bu+c /b2 — 4dac 2au 4+ b+ Vb2 — dac
d
/7“ — sin~! <3> +C
/62—u2 I6]
du
————=In|u+Vur+ 32|+ C
/62_{_,&2
du
————=In|u+Vu? -2+ C
/u2 — 32




Integration by parts
If d(UV) =UdV + VdU then one can write UdV = d(UV) — VdU and so by inte-

grating both sides of this last equation one obtains the result

/UdV:/d(UV) —/VdU

/UdV = UV—/VdU 60

The equation (3.67) is known as the integration by parts formula. Another form for
the integration by parts formula is

/U(m)V’(m) de =U(x)V(x) — /V(m)U'(m) dx (3.68)

When using integration by parts try to select U = U(x) such that V(2)U’(x) dx is easy
to integrate. If this is not possible, then alternative methods of integration have
to be investigated. Integration by parts is a powerful method for evaluating many
types of integrals. Sometimes it is necessary to apply the method of integration by

parts multiple times before a result is obtained.

Example 3-20. Evaluate the integral I :/ arctanz dx
Solution

For the given example, let U = arctanx and dV = dz then one can calculate

dU = d( arctanx) = % and /dV = /d:ﬂ or V=x (3.69)

Substituting the results from the equations (3.69) into the integration by parts
formula (3.67) one finds

T dx
arctanx dxr = x arctanz — /
1+ x2

In order to evaluate the last integral, use the integration formula dFU =InU+C
and recognize that if U =1 + 22, then it is necessary that dU = 2z dz and so a scaling
must be performed on the last integral. Perform the necessary scaling and express
the integration by parts formula in the form

1 2x dx
arctanx dx =x arctanx — —

2) 1+2a2
1
=z arctanx — 3 In(1 +2%)+C

where C is a constant of integration.
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Note when using integration by parts and you perform an integration to find V,
it is not necessary to add the constant of integration for if V' is replaced by V + C in

equation (3.67) one would obtain
/UdV:U(V+C)—/(V+C)dU:UV+CU—/VdU—CU

and the constant would disappear. You can always add a general constant of integra-

tion after performing the last integral. This is usually done to make the final result
more general.

]

The integration by parts formula can be written in different ways. Using the

rule for differentiation of a product, write

dUu
i(UV):Ud/—V%—Vd/—U and consequently UV:/Ud—Vd:z+/V—d:z
dx dx dx dx dx
or
av daUu
/U— de =UV — /V— dr (3.70)
dx dx

which is the form for integration by parts previously presented. In equation (3.70)
make the substitution Z—Z = W (z) with V(z) = /W(a:) dz, then equation (3.70) takes

on the form
/U(m)W(m) dr = U (x) [/ W (x) dm] — / % [/ W (x) dm] dx (3.71)

and interchanging the functions U(z) and W (z) gives the alternative result

/U(m)W(m) dz = W (z) [/ U(x) dm] —/% [/ U(x) dm] dz (3.72)

The above two integration by parts formulas tells us that to integrate a product
of two functions one can select either of the equations (3.71) or (3.72) to aid in the
evaluation of the integral. One usually selects from the above two formulas that
formula which produces an easy to obtain result, if this is at all possible.

Example 3-21. Evaluate the integral [ 2?sinnazdx
Solution The integration by parts formula may be repeated many times to evaluate
an integral. For the given integral one can employ integration by parts, with U = 22

and dV = sinnz dz to obtain



/:E2 sinnz dr = 22 <—cosn:z> —/2:5 <—cosn:z> dx
n n

Use scaling and apply integration by parts on the last integral, with U = 2z and

dV = —<=nt gz to obtain
/2:5 <—cosn:z> di = 2 <—sir;nx> _/2 <—sir;nx> i
n n n
The last integral can be scaled and integrated. One finds that the last integral

g 9
/2 < mr;n:z) dr = — COS N
n n

Back substitution gives the results

_ 5 a1 2
/xQSiD’I’LQTdQT =z < COSWE) — 2z < smnx) + —3cosnx+C’
n

n n2

becomes

where C is a general constant of integration which can be added at the end of any

indefinite integral.

Reduction Formula

The use of the integration by parts formula [ UdV = UV — /VdU to evaluate
an integral gives a representation of a first integral in terms of a second integral.
Sometimes, when an integration by parts is performed on the second integral, one
finds that it can be reduced to a form of the first integral. When this happens one
can usually obtain a general formula, known as a reduction formula, for evaluating

the first and sometimes the second integral.

Example 3-22. Evaluate the integral I,, = / sin™ x dz where m is a positive
integer.

Solution Write the integral as I,, = / sin™ 'z sinz dr and use integration by parts
with

U=sin""'z dV =sinz dx
dU =(m — 1) sin™ 2 x cos x dx V =—cosx
to obtain
Iy =—sin™ 'z cosx + (m—1) /simm_2 x cos® x dx
I, =—sin™ 'z cosz+ (m—1) /simm_2 z(1 —sin® z) dx
In =—sin™ tzcosz+ (m—1) [In_o — I

and using algebra one can solve for I,, to obtain
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-1 -1
I, = —sin™ 2 cosx + (m )Im_g
m
or
-1 m—1
/sinm xdr = —sin™ 'z cosx + g /sinm_2 x dx (3.73)
m m

This result is known as a reduction formula where the integral of a higher power of
sinz is expressed in terms of an integral involving a lower power of sin .

Substitute m = 2 into the reduction formula (3.73) and show
2 _ 1 . l/ _x 1. .
/sm rdr = 5 s1nxcosx+2 dx = 5 2slnxcosx+C’ (3.74)

where a general constant of integration has been added to the final result.
Substitute m = 3 into the reduction formula (3.73) gives

-1 2 -1 2
/sin3xd:ﬂ: ?SiDQQT cosx+§/sinxdx: ?SiDQQT cos T — gcosx+0 (3.75)

where C is some general constant of integration that has been added to obtain a more
general result. It is left as an exercise to show that the results given by equations
(3.74) and (3.75) are alternative forms of the results obtained in the examples 3-5
and 3-6.

Example 3-23. Using integration by parts on the integral J,, = /cosmxdx one

can verify the reduction formula

—1
Jn = —cos™ txsine + (m )Jm_g
m m

or

1 m—1
/cosmmdm = —cos™ lxsinz + g /cosm_zmdm
m m

Example 3-24. For m and » integers and held constant during the integration

process, evaluate the integrals

Sy = /xm sin nx dx and C,, = /xm cosnx dr

Solution Use integration by parts on the S,, integral with U = 2™ and dV = sinnz dz.
One finds dU = ma™ ' dz and V = — =" g0 that

cosnxr m _
Sy, = —x™ +—/xm Yeosnzdx or S, =-—=x
n n

mCOSNT M

m—1 (376)

n



An integration by parts applied to the C,, integral with U = 2™ and dV = cosnxdx

produces dU = mz™ ' dz and V = lsin nz. The C,, integral then can be represented
n

mSinnr  m m—1

—— |z sinnzde or C,, == - mSm_l (3.77)
n n n n

m SinnT

Cn =z

In the equations (3.76) and (3.77) replace m by m—1 everywhere and use the resulting
equations to show

cosnr m sinnr m-—1
-1
Sy =— 2™ + — (2™ — Sin—2
n n n n
sinnx m cosnr m-—1
m m—1
CY?n - - — | + Cm—2
n n n n

which simplify to the reduction formulas

cos n sinnx m(m —1)

Sy =—x™ + mz™ ! — Spn_2 (3.78)
n n2 n2
sinnx _,cosnx  m(m —1)
C,, =™ + mx™ — Cr_2 (3.79)
n n2 n2

These reduction formula can be used as follows. First show that

. cosnT sinnx
ng/smnxd:ﬂ:— and C’gz/cosnxdx:
n
and then use integration by parts to show
Slz/xsinnxd:z, C’lz/xcosnxd:z
cosnxr  sinnx sinnx  cosnx
Sl =- + ) Cl =T +
n n? n?

where the general constants of integration have been omitted. Knowing S, Sy, Cy, Cy
the reduction equations (3.78) and (3.79) can be used to calculate

SQa CQa S3a C3a S4a C4a"'

The Definite Integral

Consider the problem of finding the area bounded by a given curve y = f(x), the
lines x = a and z = b and the z-axis. The area to be determined is illustrated in the
figure 3-2.
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Figure 3-2. Area under curve and partitioning the interval [a,b] into n-parts.

The curve y = f(x) is assumed to be such that y > 0 and continuous for all = € [a, b].
To find an approximation to the area desired, construct a series of rectangles as
follows.
(1) Divide the interval [a,b] into n-parts by defining a step size Az = b=a and then
define the points !

o =a
T =a+ Az = 29 + Ax
To =a + 2Azx = 1 + Az

(3.80)
T, =a+1Ar =x,_1 + Ax

T, =a+nAr=a+n =b=ux,_1+Ax

(b—a)

This is called partitioning the interval (a,b) into n-parts.

(2) Select arbitrary points t;, within each Az interval, such that z;_; <t; < z; for all
values of i ranging from i =1 to i = n. Then for all values of i ranging from 1 to
n construct rectangles of height f(¢;) with the bottom corners of the rectangle
touching the z-axis at the points x;_; and z; as illustrated in the figure 3-2.

(3) The area of the ith rectangle is denoted A;=(height)(base), where the height of

the rectangle is f(¢;) and its base is Ax; = 2; — x;_1. The sum of all the rectangles

is given by S! = ZAi = Z f(t;) Az; which is called the Riemann® sum for the
=1 =1

3 Georg Friedrich Bernhard Riemann (1826-1866) A German mathematician.



function y = f(z). The resulting sum is determined by the partition constructed.

This Riemannian sum represents an approximation to the area under the curve.
This approximation gets better as each Az; gets smaller.
Define the limit of the Riemann sum
n n b
lim S, = lim Y A; = lim > f(t:;)Az; = / f(x) dz, i1 <t; <z (3.81)

n—oo
=1 n—oo =1 a

where the quantity on the right-hand side of equation (3.81) is called the definite
integral from a to b of f(x)dz and the quantity on the left-hand side of equation (3.81)
is the limit of the sum of rectangles as Az tends toward zero. The notation for the

definite integral from a to b of f(x)dx has the physical interpretation illustrated in
the figure 3-3.

element of area

u
A dA=F(x) da o
F(=x) F(b)
rea] :
a b
= a:—’i—da: —™

Figure 3-3. Mnemonic device for determining area under curve.

The quantity f(z)dx = dA is to represent an element of area which is a rectangle
positioned a distance z from the origin, having height f(x) and base dz. The integral
sign is an elongated S to remind you that rectangles are being summed and
the lower limit ¢ and upper limit b on the integral sign is to remind you that the
summation of rectangles is a limiting process taking place between the limits z = a
and z = b.

Observe that if F(z) is a differentiable function which is continuous over the
zn;?ryal [a,b] and F(z) is selected as a particular integral of f(z), then one can write

xr

I = F'(x) = f(z), or one can write the indefinite integral

/f(:c)d:z: dFd—f)dx:/dF(x):F(x)Jrc
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It will now be demonstrated that any function F(x) which is a particular integral

of f(x) can be used to evaluate the definite integral / f(z)dz. To accomplish this
graph the function y = F(z), satisfying F'(z) = f(z), between the values = = a and
r = b and then partition the interval [a,b] into n-parts in the same way as for the
original function y = f(z). Apply the mean-value theorem for derivatives to the points
(zi—1, F(z;—1)) and (z;, F(z;)) associated with the ith Az interval of the curve y = F(z).
In using the mean-value theorem make special note that the function F(z) is related
to f(z) by way of differentiation so that F’(z) = f(z) is the slope of the curve y = F(x)
at the point x. One can then calculate the slope of the secant line through the points
(2;_1, F(z;_1)) and (z;, F(z;)) as

_ E _ F([EZ) — F(l?i_l)
N AQT N T, — Ti—1

ms

The mean-value theorem says there must exist a point ¢; satisfying z;_; < ¢; < oy,
such that the slope of the tangent line to the curve y = F(z), at the point z = ¢,
is the same as the slope of the secant line. By our choice of F(z), the slope of the
tangent line to F(x) at the point z = ¢; is given by f(¢;) since F'(x) = f(x). Therefore,
one can write

F([EZ) — F(l?i_l)

Ti — Ti—1

= f(CZ) or F([EZ) — F(l?i_l) = f(CZ)AQTZ, AQTZ =T; — Ti—1 (382)

This mean-value relationship can be applied to each Az interval for all values of i
ranging from 1 to n.

Make note of the fact the points t;, ¢ = 1,...,n, used to evaluate the definite
integral in equation (3.81) were not specified. They were arbitrary points satisfying
ri_1 < t; < z; for each value of the index i ranging from 1 to n. Note the values ¢,
i =1,...,n which satisfy the mean-value equation (3.82) are special values. Suppose
one selects for equation (3.81) the values t; = ¢; as i ranges from 1 to n. In this

special case the summation given by equation (3.81) becomes

Si =Y fle)Awy = [F(x1) = Flwo)] + [F(x2) — F(z1)] + - -+ [F(xn) = F(zp1)]
N (3.83)
Zf(ci)AZEi =F(x,) — F(z9) = F(b) — F(a)

Observe that the summation of terms on the right-hand side of equation (3.83) is a

telescoping sum and can be written as



[F(x1) = F(xo)] + [F(22) — F(21)]
+[F(xs) — F(ao)] + [F(24) — Fx3)]

+F(zn) = F(en2)] + [F(20) = F(en1)] = F(zn) = F(x0) = F(b) — F(a)

where as i ranges from 1 to n — 1, for each term F(z;) there is a —F(z;) and so these
terms always add to zero and what is left is just the last term minus the first term.
This result still holds as Az — 0 and so one can state that the area bounded by the
curve y = f(x), the z-axis, the lines z = a and = = b is given by the definite integral

b
/ f(x)dx = F(x) ’ = F(b) — F(a) (3.84)

a

where F(z) is any particular integral of f(x).

Observe that the constant of integration associated with the indefinite integral
can be omitted when dealing with definite integrals. If this constant were used,
then equation (3.84) would become [F(b) + C] — [F(a) + C] = F(b) — F(a) which is
the same result as given in equation (3.84). Also note that the name “definite
integral” indicates that the integral has a definite value of F(b) — F(a), which does
not contain the symbol z or the constant C. The symbol z is called a dummy variable
of integration in the definite integral and can be replaced by some other symbol.

The above result is a special case of the fundamental theorem of integral calculus.

Fundamental theorem of integral calculus

Let f(z) > 0 denote a continuous function over the interval a < x <b. Partition
the interval (a,b) into n subintervals [xg,z1], [v1, 22], ..., [Ti 1, 2], ..., [Tn1,z.] which
may or may not be of equal length. Select an arbitrary point t; € [x;_1,z;] for
i=1,2,...,n and construct the rectangles of height f(t;) and base Ax; = x; —x;_1 with
A; = f(t;)Ax; the area of the ith rectangle. A special case of the above situation is
illustrated in the figure 3-2.

Let A, =37 A=Y, f(t:)Az; denote the Riemannian sum which equals the
sum of the areas of these rectangles and let F(x) denote any function which is

an integral of f(z) with the property F(z) = [ f(z)dz or dZ—ff) = f(x). Then the

fundamental theorem of integral calculus can be expressed

n b
lim A, = lim 3 f(te)Az = / fx)dz = F(z)| = F®) - F(a)

n—oo

b
a

Axz—0 k=1
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Since F’(z) = f(z), the fundamental theorem of integral calculus is sometimes ex-
pressed in the form / Fl(z)de = F(z)|" = F(b) — F(a)

Note that the limiting summation of rectangles that represents the definite in-
tegral of f(z) from x = a to » = b has the same value no matter how the points t; are
selected inside the interval [z;_1,z,], for i = 1,2,...,n. This is because of the continuity
of f(x) over the interval [a,b]. Recall that f(z) is a continuous function if for every ¢,
there exists a positive number §; such that

lf(t:) — f(ci)]| < e whenever |t —c;| < 0y (3.85)

Suppose it is required that the condition given by (3.85) be satisfied for each value
i=1,2,...,n Ife = ;, with e as small as desired, and n is selected large enough

(b—a)
b—a

such that Az = then one can compare the two summations

Z flt)Ax; and Sy = zn:f(ci)Axi
i=1

One finds the absolute value of the difference of these sums satisfies

n

S}, — S5l = Z [f(ti)Az; — f(ci)Azy]| < Z |f(ti) — flci)| Ay
=1
For n large enough such that each Az; = b;—a < ¢y for all values of the index i and
|f(t:) — f(c;)| < e for all values of the index 4, then [S} — S| < neyAz = n; i ab ; “_ .

This states that the difference between the two sums S/ and S¢ can be made as small
as desired for n large enough and in the limit these sums are the same. A similar
type of argument can be made for an arbitrary, unequally spaced, partitioning of
the interval [a, b].

Properties of the Definite Integral
y=r(t)

1. If Fl(z) = dFix) = f(z), then the definite 4 —
integral
A(z) = F(z) — F(a) = /m f(t) dt A(x)
a t
-

represents the area under the curve y = f(t) be- !
tween the limits t = a and t = . Whenever the t=a t=x
upper or lower limit of integration involves the symbol z, then the dummy variable

of integration in the definite integral is usually replaced by a different symbol.
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2. Differentiate the above result to show

di;m) - dFd;m) = % < /a ) f(t) dt) = f(x) (3.86)

This shows that to differentiate a definite integral with respect to x, where the
upper limit of integration is  and the lower limit of integration is a constant,
one obtains the integrand evaluated at the upper limit z.

3. If the direction of integration is changed, then the sign of the integral changes

a b
/ f(x)dz = —/ f(x)dz (3.87)
b a
4. The interval of integration [a,b] can be broken up into smaller subintervals, say,
[a, &), [€1, €], [€2, 0] and the integral written

/:f(m) dx = /jl f(x) dx + /: f(x) dx + /: f(x) dx (3.88)

5. Assume the curve y = f(z) crosses the z-axis at some point = = ¢ between the
lines = a and z = b, such that f(z) is positive for a <z < ¢ and f(x) is negative
for ¢ < x <b, then

y

/ f(x)dx represents a positive area y=F(x)
and the integral ax
b | |
/ f(x) dx represents a negative area. rx—=a x—=c

=56

b
The definite integral / f(x) dr represents the summation of the signed areas

b
above and below the z-axis. The integral / |f(z)| dr represents a summation of

positive areas.

6. The summation Z f(t;) represents the sum of the heights associated with the

i=1

rectangles constructed in the figure 3-2, and the sum 7 = %Z f(t;) represents

i=1
the average height of these rectangles. Using the equation (3.81) show that in

the limit as Az — 0 and using Az; = b_Ta, this average height can be represented

y= JLIBO—Zf(t)—,};mOb—Zf(t )Amz——/ f(z) dz

n— oo
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This states that the average value for the height of the curve y = f(z) between
the limits » = @ and » = b is given by

1 b
Average height of curve = g = b a / f(x)dz (3.89)

7. The integral of a constant times a function equals the constant times the integral

of the function or

/abcf(m) dr = c/ab f(x)dz

8. Change of variables in a definite integral

b
Given an integral of the form I = / flg(x)) ¢'(x) dx it is customary to make the

substitution u = g(x) with du = ¢’(x) de. When this is done in a definite integral, then
the limits of integration must also be changed. Thus, when z = a, then u = g(a) and
when z = b, then u = g(b) so that if f(u) is well defined on the interval [g(a), g(b)], then
the given integral can be reduced to the form

b g(b)
I= / Flo(@)) o' (x) dz = / S

9. Area between curves
Let y = f(z) and y = g(z) denote two curves which are continuous on the interval
[a,b] and assume that f(z) < g(x) for all = € [a, ], then one can state that

/abf(x)dxﬁ/abg(x)da: or /abg(x)d:zz/abf(x)dg;

Sketch the curves y = f(z), y = g(), the lines 2 = ¢ and z = b and sketch in a
rectangular element of area dA representative of all the rectangular elements being
summed to find the area bounded by the curves and the lines = « and = = b. Note

that the element of area is given by

dA = (y of upper curve — y of lower curve) dx
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and these elements of area must be summed between the lines 2 = a and z =b. The
situation is illustrated in the figure 3-4(a). The area between the curves is obtained

by a summation of the rectangular elements to obtain

Area — /ab A = /ab(g(:c) _ f(2)) da

There may be times when the given curves dictate that a horizontal element of area

between the curves be used to calculate the area between the curves.

dA=(G(y)-F(y))dy

Yy
N aa=(e@)-5(@) de ] 2=G(y)
L _ o ™~
/ / y=g(x) o
\ dA dy
N P, y=c
. y=£(z) ) \\ e
. /
ey xz=b z=F(y)
(a) (b)

Figure 3-4. Area between curves.

For example, if » = F(y) and = = G(y) are two curves where a vertical element of area
is not appropriate, then try using a horizontal element of area with the element of

area dA given by
dA = (x of right-hand curve — x of left-hand curve) dy

and then sum these elements of area between the lines y = ¢ and y = d to obtain

d d
Area = / 1A = / (G(y) - F(y)) dy

The situation is illustrated in the figure 3-4(b).

If the curves are intersecting curves between the limits of integration and sit-
uations arise where the upper curve switches and becomes a lower curve, then the
integral representing the area must be broken up into integrals over sections otherwise

one obtains a summation of “signed”areas.
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w/6
Example 3-25. Consider the definite integral I = / sin 2z cos* 2z dx

0
Make the change of variable v = cos2x with du = —2sin2xdx. The new limits of
integration are found by substituting z = 0 and = = 7/6 into the equation v = cos 2z

. 1
to obtain u, = cos2z =1 and up = cos 2x = —. Here du = —2sin2zdx

=0 x=m/6
and so the given integral must be scaled. The scaled integral can then be written

1 /6
I= 5 (cos 2x)* (=2 sin 2z dz)
0

where now the substitutions for u, du and new limits on integrations can be performed

1 _1(1 1)_31
12 10 32) " 320

to obtain

—1 (2 1/t 1u°
I=— u4du:—/ wrdu =2
2/, 2/, 5

Example 3-26. Find the area between the curves y = sinz and y = cosz for
0<z<m.
Solution

Sketch the given curves over the domain specified and show the curves intersect

where z = 7/4. The given integral can then be broken up into two parts and one can

write
AY

w/4 w/4 —si
Alz/ [cosz — sinz] dr = sinz + cosx =v2-1 y=sinz

0 0
AQZ/ [sinz — cosz|dr = — cosz — sinz =142

w/4 w/4 l

=7
The total area is then A; + 45 = 2/2 Y=COS @
=0 =TT

A summation of the signed areas is given by

/ﬂ[cosx—sinx]d:z:(\/5—1)—(1+\/§):—2:A1—A2
0

Example 3-27. Find the area of the triangle bounded by the z-axes, the line
y = £ and the line y = h — 2 (z — b)), where b = b; + b,.
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Solution

Get into the habit of
(i) Sketching the curve y = f(x) to be integrated.

(i1) Sketching in an element of area dA = f(z)dz or dA = ydx
(i5) Labeling the height and base of the rectangular element of area.
)

(iv) Sketching the lines z = a and = = b for the limits of integration.

Sketching the above lines one obtains the figure 3-5 illustrated below.

Figure 3-5. Triangle defined by z-axis, y = {2 and y = h — £ (z — b1)

The big triangle is built up of two smaller right triangles and an element of area
has been constructed inside each of the smaller right triangles. The area of the left
smaller right triangle is given by

b b b 2 z— 2
! th h ! h z212=br  hb 1
Al = d:z::/ —xdr = — rdr = — — =—21=C"pnp
' /0 n 0 bl bl 0 bl 2 =0 b12 2 !

where the element of rectangular area g, dr is summed from z = 0 to z = b;. This
result says the area of a right triangle is one-half the base times the height. The
area of the other right triangle is given by

b b h b b h
AQZ/ yzd:E:/ {h——(:z:—bl)] d:L‘:/ hd:v—/ —(x —by)dx
by by bz by b b2

b b x=b _ 2 x=b
:h/ P (TS G S L Cln 1)
by 2 Jb, by 2
_ h(b—b1)2_ hb%_l
=h(b— br) — - = by — 2232 = Shb

x:bl x:bl

Copyright 2012 J.H. Heinbockel. All rights reserved
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where the rectangular element of area y, dz was summed from z = b, to x = b= by +bs.
Adding the areas A; and A, gives the total area A where

1 1 1 1
A=A1+4 = §hb1 + §hbz = §h(b1 +b9) = §hb

That is, the area of a general triangle is one-half the base times the height.

Example 3-28.
The curve

£Y

{(z,y) | x=rcosh, y=rsinh, 0<0 <7}

Y is the set of points (z,y) defined by the para-

metric equations z = rcosf and y = rsinf as
@x

- ¢ varies from 0 to 7. Sketch this curve and
(—r,0) G (7,0) show it represents the upper half of a circle

with radius r centered at the origin as illustrated in the figure. An element of rect-

angular area dA = ydx is constructed at a general point (z,0), where the height of the
rectangle is y and the base of the rectangle is dz. The area between the semi-circle

and the z-axis is given by A = / ydx which says the elements of area are to be

summed between the limits z = —r and = = r. Make the substitutions y = rsinf and
dr = —rsinfdf and note that when » = —r, then § = r and when z = r, then 6 = 0.

This gives the integral for the area as
r 0 n
A:/ yd:z:/ rsin@(—rsinf do) :7“2/ sin? 0 df
r x 0

Make the trigonometric substitution sin? = 1(1 — cos26) and then perform the inte-

grations, after appropriate scaling, by using the previous table of integrals to show

r

A= /Oﬂ(l—cos%)d [ d9——/0ﬂ00529(2d9)]

2 r 1 T
A:%H —§sin29 Ul

0

0

This shows the area of the semi-circle is 7r%/2 and so the area of the full circle is 7r2.
As an alternative, one can construct an element of area in the shape of a rectangle
which is parallel to the z-axis as illustrated in the figure below. Due to symmetry



this element of area is represented d4 = 2rdy and summing these elements of area

in the y-direction from 0 to r gives the total area as

A:/ dA:/ 2z dy
0 0

Substituting in the values z = rcos# and dy = rcosfdf and noting that y = 0, cor-
responds to § = 0 and the value y = r, corresponds to # = 7/2, one obtains the

representation

w/2 w/2
A= / 2(rcos@)(rcosfdf) = 27“2/ cos? 6 df
0 0

Using the trigonometric identity cos? 6 = %(1 + cos 26) the above integral for the area

becomes
w/2 1 w/2 1 w/2

A= 2r? / —(14-cos26) df = 12 / do + - / cos 26 (2 df)
o 2 0 2 Jo

where the integral of cos2¢ has been appropri-

Yy
ately scaled. Performing the integrations one A 0,7)
?

finds P P

A= [9 + Lgin26 ] e = dy

0 2 0
A :77_7“2 = T
2 >

which is the same as our previous answer. (—7,0) (r,0)

Solids of Revolution

Examine the shaded areas in each of the figures 3-6(a),(b),(c) and (d). These
areas are going to be rotated about some axis to create a solid of revolution. The
solid of revolution created depends upon what line is selected for the axis of rotation.
Figure 3-6(a)

Examine rotation of element of area about lines x =0, y =0, z = 2y and y = yo.

Consider a general curve y; = y;(z) for a < = < b such as the curve illustrated in
the figure 3-6(a). To find the area bounded by the curve, the z—axis, and the lines
r =a and z = b one would construct an element of area dA = y,(r) dz and then sum

these elements from « to b to obtain the area

b
A= / v (z) dz (3.90)
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If this area is rotated about the z—axis a solid of revolution is created. To find
the volume of this solid the element of area is rotated about the z—axis to create a
volume element in the shape of a disk with thickness dz. The radius of the disk is
y1(z) and the volume element is given by —
y1=y1(x)
dV = myi(x) dx

dx
(a) p* (b) AY
YyY—yYo Y=o
y1 =11 (=) i=e g i
- - ; Yy
T y=0 //
v o1 =1 (y)
@ ] @x
= g
—m:a * ==b =g x—=wxg
y
(c) 4 (d)
Y=Yo Y=Yo
vi=v1 (=) v ) e
uE [ &
y2=yz(x) | . u } /mlzml(y)
| die x | x2=x2(y) -
| [
z—a x=>b e x—=o
——a
Figure 3-6.
Area element to be rotated about an axis to create volume element.

A summation of these volume elements from a to b gives the volume of the solid as
b
V= 7T/ yi(z) du (3.91)

If the shaded area of figure 3-6(a) is rotated about the y—axis one can create a
cylindrical shell volume element with inner radius z, outer radius = + dx and height

y1(z). The cylindrical shell volume element is given by



dV =(Volume of outer cylinder — Volume of inner cylinder)(height)
dV =n [(z + dz)* — 2%| y1 (z) = 7 2z dz + (dz)?] y1 (2)

The term 7 (dz)?y; () is an infinitesimal of second order and can be neglected so that
the volume of the cylindrical shell element is given by

xz+da

Sy

dV =2mxy;(z)dx

T (3.92)

y1=vy1(x)

1

A summation of these cylindrical shell volume elements gives the total volume

V=2 /b:l:yl (z)dx (3.93)

If the element of area dA = y; dz is rotated about the line z = z, one obtains the
volume element in the shape of a cylindrical shell with the volume element given by

_xo-x_{kdx
1

y1=y1(z)

1

dV =2n(xg — x)y1 (x) dx

and the volume of the solid of revolution is obtained from the integral

b
V= 27r/ (o — z)y1(x) dz

which represents a summation of these volume elements to generate the volume of
revolution.

If the element of area is rotated about the line y = y, one obtains a volume
element in the shape of a washer with the volume element represented

dV = [Area outer circle — Area of inner circle] (Thickness)

dV =m [y§ — (Yo — 1 (13))2} dx

Copyright 2012 J.H. Heinbockel. All rights reserved
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The total volume is then given by a summation of these volume elements

b
- / W2 — (yo — 1 (2))?] dx

Figure 3-6(b)

Examine rotation of element of area about lines x =0, y =0, z = 2y and y = yo.
Examine the figure 3-6(b) and show that to determined the area bounded by the
curve z; = z1(y), the y—axis and the lines y = o, y = 8 is obtained by a summation of

the area element dA = x,(y) dy from o to 8. The total area is given by

Az/jmy)dy

If the area is rotated about a line, then a solid of revolution is created. To find
the volume of the solid one can rotate the element of area about the line to create
an element of volume which can then be summed. Consider the element of area
illustrated as being rotated about the axes (i) the z—axis, (ii) the y—axis, (iii) the
line z =z, and (iv) the line y =y, to obtain respectively elements of volumes in the
shapes of (i)a cylindrical shell element, (ii) a disk element, (iii) a washer element and

(iv) another cylindrical shell element. Show these volume elements are given by
(1) dV =2myxi(y)dy (iti) dV =m [:Eg — (xg — 21 (y))Q] dy
(i) dV =mzi(y)dy (iv) AV =2m(yo —y) 21 (y) dy
Figure 3-6(c)
Examine rotation of element of area about lines x =0, y =0, z = 2y and y = yo.
Examine the figure 3-6(c) and show the area bounded by the curves y; = yi(z),
yo = y2(x) and the lines z = a, z = b, is obtained by a summation of the area element

dA = [y1(z) — yo(z)] dz from a to b. This summation gives the total area as

b
A= / (11(x) — 92 (a)) de

If this area is rotated about a line, then a solid of revolution is created. To find the
volume of the solid one can rotate the element of area about the same axis to create
an element of volume which can then be summed. Consider the element of area
being rotated about the axes (i) the x—axis, (ii) the y—axis, (iii) the line » = 2, and
(iv) the line y = yo to obtain respectively elements of volumes in the shapes of (i) a
washer element, (ii) a cylindrical shell element, (iii) another cylindrical shell element
and (iv) another washer element. Show these volume elements can be represented

as follows.
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(i) dV =m[y3(x) - yi(2)] do (i12)  dV =2m(zo — x) [y1(2) — ya2(z)] dx
(i7) dV =2mz [y (z) — y2(z)] dz (iv) dV =7 [(yo —y2(2))* = (yo — y1(2))?] da

Figure 3-6(d)

Examine rotation of element of area about lines x =0, y =0, z = 2y and y = yo.
Examine the figure 3-6(d) and show the area bounded by the curves z; = z(y),
zo = 22(y) and the lines y = o, y = 3, is obtained by a summation of the area element

dA = [x1(y) — z2(y)] dy from o to g. This summation gives the total area

I6]
A= / (@1(y) — w2(y)] dy

If this area is rotated about a line, then a solid of revolution is created. The volume
associated with this solid is determined by a summation of an appropriate volume
elements. These volume elements can be determined by rotating the element of area
about the same line from which the solid was created.

Consider the element of area rotated about the lines (i) the z—axis, (ii) the
y—axis, (iii) the line # = »; and (iv) the line y = y, to obtain respectively elements
of volumes in the shapes of (i) a cylindrical shell element, (ii) a washer element,
(iii) another washer element and (iv) another cylindrical shell element. Show these
volume elements can be represented as follows.

(i) dV =2my[z1(y) — 22(y)] dy (iti) dV =m [(wo — 22(y))” — (z0 — 71(y))?] dy
(it) dV == [27(y) — 23(y)] dy (iv) dV =2m(yo — y) (z1(y) — 22(y)) dy

Example 3-29. Take the semi-circle
{(z,y) | x=rcosh, y=rsinfh, 0<6 <7}

as defined in the previous example and rotate it about the z-axis to form a sphere.
The figure 3-7 will aid in visualizing this experiment.

Note that the vertical element of area when rotated becomes an element of
volume dV in the shape of a disk with radius y and thickness dz. The volume of this

disk is given by dV = 7y? dr and a summation of these volume elements from z = —r

V:/ dV:/ my? dx

to z =r gives



230

Making the same substitutions as in the previous example one finds

0 T
V= / 7(rsinf)?(—rsinf) df = 7T7"3/ sin® 0 df
T 0

dV =ny? dx

Figure 3-7.
Semi-circle rotated about z-axis creating the volume element in shape of a disk.

Now use the trigonometric identity
sin® 0 = i (3sinf — sin 30)

and express the volume integral in the form of an integration of trigonometric func-

tions. After appropriate scaling, make use of the integration table to show that

3 U 3 T 1 T
v=""0 | (3sinf —sin36) do = [3/ sin 6 df — —/ sin39(3d9)]
4 ), 1 7, 3/,
rs 1 ” rs 1
SELLI Y (= = 31— )] (-1 1

1% 1 {3( cos ) ) 3( cos 30) o] 1 [ 3( )]+ 3( )]
V:éwr‘%

3

This shows the volume of the sphere of radius r is 4/3 times = times the radius cubed.
If the horizontal element of area illustrated in the example 3-24, is rotated about

the z-axis a cylindrical shell element results, like the one illustrated by equation
(3.92), but with z and y interchanged. The inner radius of the cylinder is y and the
outer radius is y + dy and the length of the cylinder is 2z. The element of volume is
given by

dV =n(length)[(outer radius)? — (inner radius)?|

AV =n(22)[(y + dy)* — y*] = 7(22)[y* + 2y dy + (dy)* — ]

dV =2 (2x)y dy + 7(22)(dy)*
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This is an example of an equation where (dy)? is a higher ordered infinitesimal which
can be neglected. Neglecting this higher ordered infinitesimal gives

dV =27(2z)ydy
Summation on dy from 0 to r gives the total volume
V= 477/ zy dy
0

Substituting z = rcosf, y = rsinf and dy = rcosfdf and changing the limits of inte-
gration to ¢ ranging from 0 to 7/2, one finds

w/2
V =4r / (rcos @) (rsin)(r cos 0 df)
0

w/2
V =43 / cos? O sin 6 do
0

This last integral is recognized as being of the form / u? du = %u?’ where u = cos# and
du = —sinfdf. Perform the necessary scaling and then integrate to obtain

w/2
_ .3
= 37TT

V = dnr? <_?1> (cos 6)?

0

for the volume of the sphere.

Sometimes one can place axes associated with a solid such that plane sections
at z and z + dr create a known cross sectional area which can be represented by a

function A = A(x) and consequently the plane sections produce a slab shaped volume

slab volume

clement element given by dV = A(x)dx. The resulting volume
between the planes z, and z; can then expressed as a
summation of these sandwich slices

V- / Y A do (3.94)

dx
One can also check cross sections at y and y+dy to see if

< there results a known area A = A(y). If this is the case,

then the volume element associated with these plane



slices are written dV = A(y) dy and the total volume between the planes y, and y; is

expressed as the summation
1

V= A(y) dy (3.95)

Yo
Integration by Parts

Integration by parts associated with a definite integral has the form

b

/ab u(@)v'(w) d :/: d(u(z)v(z)) dx — /a v(z)u' (z) de

b b
/ u(z)v'(z) de =u(x)v(x) —/ v(z)u(x) dz (3.96)

r—=a

b b
/ u(z)v'(z) de =u(b)v(b) — u(a)v(a) — / v(z)u'(z) dz

T
Example 3-30. To integrate I = / te” ' dt let u =t with du = dt and dv = e=5t dt
0

with v = —1e¢7*, then the integration by parts formula gives
T _ T T _ _ T
1= / te st dt :—te_St —/ —1€_St dt = —Te_ST — %e“*t
0 $ 0 o S S $ 0
T o 1.,
T
S S
]
w/2
Example 3-31. Evaluate the integral J = / zsinz dzx
—m/2

Solution Let U = z and dV = sinz dx giving dU = dz and V = — cos z, so that integration
by parts produces the result

w/2 /2 T T - - w/2
J =—xcosz —/ —Cosxdl?:——COS——F—COST-FSIDJT =2

—m/2 —m/2 2 2 2 —m/2

b
Example 3-32. Evaluate the integral I = / r?Vb — x dz, where a, b are constants
satisfying a < b. ’
Solution Use integration by parts with



to obtain

r=b
I =uv

b 9 b4 b
—/ vdu:—5552(17—55)3/2 +§/ z(b—2)¥% dx

r=a

2 5 32, 4 ’ 3/2
I:§a(b—a) +§ x(b—x)*dx

One can now apply integration by parts again on the last integral using

u=x dv =(b— )% % dx
du =dx U=—§(5—$)5/2
to obtain )

2 4 (2 2 2
T=22b—a)¥2+ 2 (2ab— a2+ 2 |_2(p— 1)7/2
39 (b—a)’=+ 3 <5a(b a)”’ <+ 5 7(b x)

1)

1
—6(b—a)7/2

2 8
T=22b—a)¥2+ Z alb— a)?/2
39 (b—a)’=+ 15a(b a)”’* + 105

2

I =—
105

(b—a)®/?(15a2 + 12ab + 8b?)
Physical Interpretation

When using definite integrals the integration by parts formula has the following
physical interpretation. Consider the section of a curve C between points P and Q

on the curve which can be defined by
C:{ ('Iay) | l?:l?(t), y:y(t)v tOStStl } (397)

Here the section of the curve C is defined by a set of parametric equations = = z(t)
and y = y(t) for t; <t < t; with the point P having the coordinates (zg,y,) where
zo = x(tg) and yo = y(tp). Similarly, the point @ has the coordinates (z;,y;) where
r; = 2(t;) and y; = y(t;). A general curve illustrating the situation is sketched in the
figure 3-8.

Examine the element of area dA; = ydz and sum these elements of area from z

to x; to obtain

dt

Similarly, if one sums the element of area dA, = x dy from g, to y; there results

T t1
A = / ydr = / y(t) 9T 1= Area 1o PQx1 (3.98)
o to

Y1 t1
Ag = / xdy = / x(t)% dt = Area yoPQy; (3.99)
Yo to
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=

0 o dx 1

Figure 3-8. Physical interpretation for integration by parts.

Examine the figure 3-8 and verify the areas of the following rectangles
Az = area rectangle 0z1Qy; = z1y1, A4 = area rectangle 0xgPyy = moyo  (3.100)
The integration by parts formula can then be expressed

t1 t1
- / () at
A

t1 d
=(z1y1 — ToYo) — / x(t)d_l; dt
to

| w05 dt =
fo (3.101)

In terms of areas this result can be written
A1:A3—A4—A2 or A2:A3—A4—A1

and is interpreted as saying that the areas A; and A, are related and if one these
areas is known, then the other area can also be evaluated.
Improper Integrals

Integrals of the form

I = / T f@)dr, L= /_ O:O f@)de, Iy = /_ boo F(z) da (3.102)



are called improper integrals and are defined by the limiting processes
b b b
L = blim f(z)dz, I, = lim f(z)dz, Iy = lim f(z)dzx (3.103)

b— 00 a a

if these limits exist. In general an integral of the form

I= /b f(x)dz (3.104)

is called an improper integral if
(i) The lower limit a is allowed to increase or decrease without bound.
(ii) The upper limit 4 is allowed to increase or decrease without bound.
(iii) The lower limit a decreases without bound and the upper limit » increases with-
out bound.
(iv) The integrand f(z) is not defined at some point ¢ between the end points a and
b, then the integral is called an improper integral and one must write

b ¢ b
I:/ f(z)dr = lim f(z)dz+ lirri f(z)dx (3.105)
a E—c— a £E—c g
£E<c £>c

if these limits exist.
Improper integrals occur in a variety of forms in advanced mathematics courses
involving integral transforms. For example,

The Laplace transform of a function is written as the improper integral
L{F(t)} = L{F(t); t — s} = / F(t)e *'dt = f(s) (3.106)
0

and represents a transformation of a function F(¢) into a function f(s), if the improper
integral exists. Other transforms frequently encountered are

The Fourier exponential transform is written as the improper integral
1 e .
Fdf(aha —wh= o [ 1@ =R (3.107)
The Fourier sine transform is written as the improper integral
2 [ .
FAf(x);z = w} =— / f(z)sinwz dr = Fy(w) (3.108)
T Jo
The Fourier cosine transform is written as the improper integral

FAf(z);jx — w} = % /000 f(x) coswx dx = F.(w) (3.109)
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if the above integrals exist. Numerous other transforms similar to those mentioned

above can be found in many advanced mathematics, physics and engineering texts.
Integrals used to define Functions

Definite integrals are frequently used to define special functions. For example,

the natural logarithm function can be defined

Yy

_ r1
y=1/t lnm:/ Zdt
1
d d [*1 1 (3.110)
—lnm:—/ —dt = —
dx de /1 t x
T T I = +
1 @x

The natural logarithm of z is represented as the area bounded by the curve 1/t, the

lines t =1, t = x and the t-axis.

Properties of the natural logarithm function can be obtained from the defining

integral. For example, one finds

()
(i)

(iii)

In1=0
abq “1 abq : L
In(a - b) = / " dt = / n dt +/ ;dt In the last integral make the substitution
1 a

1
t = au with dt = adu, so that when ¢t = a,u = 1 and when t = ab,u = b and obtain

In(a - b) /aldt+/b1d
n(a-b) = - —du
1t 1 U

giving In(a-b) =Ilna+Inb
1/b
In <1> = / %dt Make the substitution ¢ = % with dt = v with new limits on u
1

b b
| du b
ln<l>:/%:— d_u
b b _ 1 U
b

from b to 1 and show

1
giving In <E> = —Inb
Using the result from (iii) it follows that In (%) =In <a : %) = lna+ln% giving the
a
result In <g> =Ina —Inb

r

In(a") = / %dt Make the substitution ¢t = v" with dt = ru"~! du with new limits
1

of integration u ranging from 1 to a to show

1n(a’"):/ ld/t:r/ ld/u
1t 1 u

showing that In(a") =rlna
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Other functions defined by integrals
There are many special functions which are defined as a definite integral or im-

proper integral. For example, three functions defined by integrals which occur quite
frequently are the following.

The Gamma function is defined

y I'(z) = /Oo t*"te tdt (3.111)
y=I(z) 0
L U u and integration by parts shows that
ﬂ = I'(z+1) = 2T'(2) (3.112)
ﬂ ﬂ Use limits to show I'(1) = 1 and then use equation

(3.112) to show

r)=1,T1r@2) =1, r3)=2r2)=2,...
and when z = n is an integer the Gamma function reduces to the factorial function
'n)=n-1)=n-1)(n-2)(n—-3)---3-2-1 or I'(n+1)=n!
The values T'(0), I'(~1), I'(-2),... are not defined.

The error function is defined

y:ie_tz
Y Ve erf(x) = 2 /m et dt (3.113)
erf (z) =~ V7o '
eI'fC (m) The complementary error function is defined
' § ’ erfc(z) =1 —erf(z) = 2 /00 et dt (3.114)
0 i VT Ja

The error function? erf(z) occurs in the study of the normal probability dis-
tribution and represents the area under the curve %e‘ﬁ from 0 to z, while the
complementary error function is the area under the same curve from z to oco.

The above is just a very small sampling of the many special functions which are

defined by integrals.

4 Note alternative forms for the definition of the error function are due to scaling.
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Arc Length

Let y = f(x) denote a continuous curve for = € [a,b] and consider the problem
of assigning a length to the curve y = f(x) between the points (a, f(a)) = Py, and
(b, f(b)) = P,. Partition the interval [a,b] into n-parts by defining Az = b-a and
labeling the points "

a=1xg, ¥1 =9+ Az, xo =21 +Ax,...., 5, =T;1+Ax,..., 2, =Tp_1+ Az =0

as illustrated in the figure 3-9.
Label the points (z;, f(x;)) = P, for i =0,1,2,...,n and construct the line segments
P,_P; for i =1,2,...,n. These line segments connect the points

(@o, f(0)), (21, f(21)), (w2, f(22)), -+, (@i f(20)), s (Tno1s f(#n1)), (@0, f(2n))

in succession and form a polygonal line connecting the points (a, f(a)) and (b, f(b)).

a—Xg T1 T2 T;_q @ Loy —1 Ty —=b

Figure 3-9.

Approximation of arc length by summation of straight line segments.

The sum of these line segments can be represented

= - f@i) = f(wi1) ’
=DV ) fP = Y1 [ (e s sas)
where Ax; = z;—2;_;. This sum is an approximation to the length of the curve y = f(z)
between the points (a, f(a)) and (b, f(b)). This arc length approximation gets better

as Az; gets smaller or as n gets larger. If in the limit as n — oo, the above sum exists



so that one can write s = lim s,, then the curve y = f() is said to be rectifiable.

The limiting value s is defined to be the arc length of the curve y = f(x) between the
end points (a, f(a)) and (b, f(b)). Here lim f(w:) ;:‘Ef‘(xi_l)
becomes a definite integral and so one can eXpI‘eZSS the limiting value of the above

s_/ \/7@:—/ 1/1+ (3.116)

If = € [a,b], then define the arc length s = s(z) of the curve y = f(x) between the points
(a, f(a)) and (z, f(z)) a

= f'(z;) and the infinite sum

sum as

_ /x\/1 TP dt (3.117)

and define the differential of arc length ds = s'(z)dr. The element of arc length ds

can be determined from any of the following forms

2 2
ds =\/dx?® +dy* = [1+ <Z—i> dr = “(3—2) +1dy

ds :\/<%>2 + (%)2 dt = /o' O + [y (O dt

Example 3-33. Find the circumference of the circle defined by = = rcos,

(3.118)

y =rsin@ for 0 < 6 < 27w, where r is a constant.
Solution
The element of arc length squared can be written
ds® =dx? + dy? or
ds =/[(8)]2 + [y (6)]?] 46

Substituting in the derivatives Z—z = 2/(0) = —rsinf and =19/(0) = rcos 0, the element

) d0
of arc length is

ds = \/[—rsinf]2 + [rcos ]2 df = r/sin? 0 + cos? 0 df = r db

and the total arc length is a summation of these elements
27 27
= T/ dd=r0| =2mr
0 0
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Example 3-34. Find the length of the line segment connecting the points

(x1,y1) and (z2,y2) where z; # xs.

Solution
The slope of the line through these points is m = i’/ : p and the equation of the
line through these points is y — y; = m(z — x;). The arc length is given by

S—/ 1/1+ dy d —/ V1i+tm?2dr=(vV1+m?)z| =(1+m?)(z2—21)

This simplifies to the well known result s = \/(zo — )2 + (y2 —y1)2

Area Polar Coordinates

The equation of a curve in polar coordinates is given by r = f(4). To find the
area bounded by the curve r = f(), the rays § = o and 6 = 3, divide the angle 3 — o
into n-parts by defining Af = 222 and then defining the rays

Oy = a, 01:90+A9,...,0i:9i_1+A9,...,9n:9n_1+A9:ﬂ

The area between the rays 0§ =60, , , 6 = 0, and the curve r» = f(0), illustrated in the
figure 3-10, is approximated by a circular sector with area element

where Af; = 0; — 6,_, and r; = f(6;). A summation of these elements of area between
the rays 0 = a and 6 = 3 gives the approximate area

=1 =1

@

Area of circular sector=1-2a¢0

Figure 3-10.

Approximation of area by summation of circular sectors.




This approximation gets better as A¢;, gets smaller. Using the fundamental
theorem of integral calculus, it can be shown that in the limit as n — oo, the equation
(3.119) defines the element of area d4 = %rQ df. A summation of these elements of

area gives

5 1 /8 1 /8
Polar Area:/ dA:§/ r?df = 5/ 2(0) do (3.121)

[e%

Example 3-35. Find the area bounded by the polar curve
r=2rocosf for 0<6 <.
Solution
One finds that the polar curve r = 2rgcos, for 0 < 0 < 7, is a circle of radius rg
which has its center at the point (rg,0) in polar coordinates. Using the area formula

given by equation (3.121) one obtains

=7y

1 ™ ™ ™ 5n 2 ™
Area = 3 / (2rg cos0)* do = 2r2 / cos?0df = ry / (cos20 +1)do = ry [Sm o + 9] 2
0 0 0

0

Make note of the fact that polar curves sometimes sweep out a repetitive curve. For
example, in the polar equation r = 2rycos@, if 6 varied from 0 to 2r, then the polar
distance r» would sweep over the circle twice. Consequently, if one performed the

integration

1

2
—/ (270 cos )% db
2 Jo

one would obtain twice the area or 27r3. Therefore, one should always check polar

curves to see if some portions of the curve are being repeated as the independent

variable 0 varies.

Arc Length in Polar Coordinates
In rectangular coordinates, ds?> = dz? 4 dy® represents the element of arc length

squared. If one changes to polar coordinates using the transformation equations
x = z(r,0) = rcosf and y=1y(r,0) =rsind (3.122)

then the total differentials dz and dy are given by

_ Ox ox Oy dy
dv =5 dr+ 54 40 and Y=ot ®

dx =cosfdr —rsinfdf dy =sinf@ dr + r cos 0 db
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and represent the total differentials in terms of the variables r and 6. Squaring and
adding these differentials one finds

Y ds d ds
dy ds? = dz? + dy? = dr?® + r2d6® 9” (3.123)

y|dx T

X X

as the representation for the arc length squared in polar coordinates. Other forms
for representing the element of arc length in polar coordinates are

2 2
ds = <%> +7r2df =1+ r? <%> dr = \/[r/(t)]Q + r2[t][0' (t)]2 dt (3.124)
Example 3-36. Find the circumference of the circle » = 2rycosé given in the
previous example.

Solution Here an element of arc length is given by the polar coordinate representation

2
ds =/ <%> +r2df, where % = —2rgsind. Integration of the element of arc length

from 0 to 7 gives

T
=27y

s:/ \/4rgsin29+47“300529d9:27“0/ df = 2ry0
0 0 0

Surface of Revolution

| When a curve is revolved about the = or y- —t— ,
axis a surface of revolution results. The problem /\
of determining the surface area of the resulting a
surface of revolution is approached using the fol- e
lowing arguments. First consider a right circular cone where the top has been cut
off. The resulting figure is called the frustum of a right circular cone. The top sur-
face is the shape of a circle with radius r; and the bottom surface is a circle with
radius 7, > 1. The side surface has a slant height of length ¢ as illustrated in the
accompanying figure. The surface area associated with the side of this figure is given
by®

Side surface area = m(ry + 1)/ (3.125)

5 How this result is derived can be found in example 3-38



Figure 3-11.

Arc length ds rotated about z-axis to form frustum of right circular cone.

Consider next the surface of revolution obtained when a curve y = f(z) is rotated
about the z-axis as illustrated in the figure 3-11. Let ds denote an element of arc
length in cartesian coordinates connecting the points (x,y) and (z + dx,y+ dy) on the
curve and observe that when this element is rotated about the z-axis a frustum of
a right circular cone results. The radius of one circle is y and radius of the other
circle is y+dy. The element of surface area dS is the side surface area of the frustum

and given by equation (3.125) and so one can write
dS =nly+ (y+dy)]ds (3.126)

The product dyds is an infinitesimal of the second order and can be neglected so

that the element of surface area can be written in the form
dS =2myds (3.127)

By the fundamental theorem of integral calculus a summation of these surface el-
ements gives the total surface area of the surface of revolution. This total surface
area can be expressed in different forms depending upon the representation of the
arc length ds (See equations (3.118).) If y = y(z), then one can write

S = /27Tyd5—27r/ y\/l%— (3.128)

In a similar fashion, a curve =z = F(y), for ¢ < y < d, rotated about the y-axis

would created a surface of revolution with surface area given by

d dz\ 2
S:27T/c x 1+<@> dy (3.129)
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In general, if a curve is rotated about a line, one can express the element of surface
area associated with a surface of revolution as dS = 27pds where ds is an element
of arc length on the curve expressed in an appropriate form and p represents the
distance from the arc length element ds to the axis of revolution.

Example 3-37. Consider the upper half of the circle 22 +y? = r? rotated about

the z-axis to form a sphere. Here 2x+2y3—i =0 or Z—i = —x/y so that the surface area

of the sphere is given by

T 2 T T
S:27T/ y1/1+x—2d:£:27r/ \/x2+y2d:£:27rr/ dr = 27rx
—r Yy —r -7

" 2
= 4nr
—T

Example 3-38. . h ,
The line y = _E(x —b), 0 < x < b is rotated about

the y-axis to form a cone. An element of arc length

y ds on the line is rotated about the y-axis to form an
7‘ (0,h) element of surface area dS given by dS = 27z ds Using
ds? = dz? + dy? in the form ds = (/1 + (%)2 dz, the total

surface area of a cone with height » and base radius b

is given by

b 2
/ dy
[ x S:27T/0:E 1+<%> dx

~—"(b0)

Perform the integration and show the total surface area of the cone is given by
S =mbl where (% =0b?+h% (3.130)

with ¢ = ¢, + ¢, representing the slant height of the cone.

As an exercise, use the above results to obtain the surface area of a frustum
associated with the given right circular cone as follows. If a is the base radius of
cone associated with slant height ¢, and b is the base radius associated with cone
of the slant height ¢, + /5, then show, Area of frustum = 7b(¢y + ¢1) — waf;. Then use
similar triangles and simplify this result and show, Area of frustum = 7/y(b+a) which

agrees with equation (3.125). .



Mean Value Theorems for Integrals
There are several mean value theorems associated with definite integrals which
can be found under the following names.
(i) The first mean value theorem for integrals. If f(x) is a continuous function for
a <z <b, then there is a point x = & € [a,b] such that

b
/ fl@)yde=(b—a) f(&)=(b—a)f(a+0,(b—a)), 0<6, <1 (3.131)

(ii) The generalized first mean value theorem for integrals.

If both f(z) and g(x) are continuous functions for a < x < b and the function
g(z) does not change sign for x € [a,b], then there exists a point x = & € [a,b] such
that

b b b
/ F(@)g(z) da = f(gg)/ (@) dz = fla+ 0a(b— a))/ g@)de,  0<fr<1  (3132)

(iii) Bonnet’s second mean value theorem for integrals.

If both f(z) and g(x) are continuous functions for a < x < b and the function g(x)
s a positive monotonic® decreasing function, then there exists a point x = &3 € [a, b]
such that

b &3
/ f@)g(@)de=g(a) | f(z)ds (3.133)

where & = a+ 03(b—a), for 0 < 03 < 1. Alternatively, if g(x) is a positive monotonic
increasing function, then there exists a point x = &4 € [a,b] such that
b b
[ s@e@ae=o0) [ 1@ as (3.134)

where &, =a+04(b—a), for 0 <, <1.
(1V) The generalized second mean value theorem for integrals.

If both f(z) and g(x) are continuous functions for a < x < b and the function
g(x) 18 a monotone increasing or monotone decreasing over the interval [a,b], then

there exists a point x = & € [a,b] such that

b £ b
/ S@gw)dr = o(0) [ 5@ e +90) [ J@yao (3.135)

where & =a+0s5(b—a), for 0 <05 < 1.

6 1f f(:v) is defined on an interval [a, b] and if f is such that whenever @ < 7 < Tg < b, there results
f(:vl) < f(:vg), then f is called a monotone increasing function over the interval [a, b] If the inequality above is

reversed so that f(:vl) > f(xg), then f is called a monotone decreasing function over the interval [a, b]
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Proof of Mean Value Theorems
If f(x) > 01is a continuous function over the interval a < x < b, define the functions

G(z) = / gt H(z) = / el dt, P(z) =G(z)H(b) - G(b)H (z)
G (z) :g&), H'(z) = félx)g(x), P'(z) =G'(x)H(b) — G(b)H' ()

and observe that P(a) = P(b) = 0 because G(a) = H(a) = 0 and the way P(z) is defined.
Consequently, it is possible to apply Rolle’s” theorem which states that there must
exist a value z = ¢, for a < ¢ < b, such that P'(¢) = 0. This requires

/)f fdt - f(€)g @xfﬁuwﬁzo

which simplifies to give the generalized first mean value theorem for integrals

/be(x)g(x)d1r==f(E)jﬁbg(x)dx

Note the special case g(x) = 1 produces the first mean value theorem for integrals.
To prove Bonnet’s second mean value theorem, assume f(z) > 0 is a continuous
function for a < z < b and consider the cases where g(z) is monotone decreasing and
monotone increasing over the interval [a, b].
Case 1: Assume that g(x) is positive and monotone decreasing over the inter-
val [a,b]. Define the function ¢(x a) [ f(z) dz which is continuous over the
interval [a,b] and demonstrate ¢(a =0< f f(x)g(z)dr < #(b). An application
of the intermediate value theorem shows there eX1sts a value z = ¢ such that
(a) [} f(z) dz = [} f(x)
Case 2: Assume that g(x) is pos1t1ve and monotone increasing over the interval
[a,b]. Define the function (x f f(x) dz which is continuous over the in-
terval [a,b] and demonstrate 1/)( =0< f f(x)g(z)dr < ¢(a). An application of
the intermediate value theorem shows that there exists a value z = ¢ such that
fg x)dr = f flx
To prove the generalized second mean value theorem for integrals consider the
function F(z / f(u) du and then evaluate the integral / f(z)g(z) dz using integra-
tion by parts to show

b

b b b
/Jummm=mmu>—/F@ﬂmmzwww—/Fmﬂmm (3.136)

a

7 Michel Rolle (1652-1719) a French mathematician.
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The last integral in equation (3.136) can be evaluated as follows. The assumption
that g(z) is a monotonic function implies that the derivative ¢/(z) is of a constant
sign for = € [a, b] so that by the generalized first mean value theorem for integrals the

equation (3.136) can be expressed in the form

b
/ f(x)g(z) dz =g(b )F(b)—F(E)/ "(z) dz = g(b)F(b) — F(£)[g(b) — g(a)
o (3.137)

—g(a)F(€) + g(b)[F(b) /f Yde + g(b / fa

Differentiation of Integrals

The general Leibnitz formula for the differentiation of a general integral, where
both the lower and upper limits of integration are given by functions a(t) and 3(t),
is given by the relation

E/am flbm)dr = /a(t) —g AT+ I 8) [t alt) (3.138)

To derive the Leibnitz differentiation formula consider the following simpler exam-

ples.

Example 3-39. Show that i /gC f(t)dt = f(x) where a is a constant.

Solution Let F(x / f(t)dt and use the definition of a derivative to obtain

z+Az x T4+ Az
T ) et C0 N Y M A Ot P (O L i/+ £(t) dt

dx Ax—0 Ax Axz—0 Az Az—0 Ax x

Apply the mean value theorem for integrals and show the above reduces to

dFdfcx) = F'(z) = Am —+ _f(x +0Az) Az = f(x), where 0<6<1

Consequently, one can write

d [* d [’ d [“
= roa=r@. [ rwa=se. L[ rma= s

Note that the above results imply that %/ ft)dt = —%/ f)dt = —f(x).
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d [P s da
Example 3-40. Show that - /a T = 53 G~ fle)

Solution Write the given integral in the form

d (B d 0 B(z) d B(x) o)
@/a(@ flydt = — [ o f(®) dt+/0 f() dt] = [/0 £ dt—/o £(t) dt]

and use chain rule differentiation employing the results from the previous example

% /a [::) (1) dt:% [ /0 " vy /0 " dt]
:% [/Oﬁf(t)dt] %—% [/Oaf(t)dt] Z—‘;

B(x) a
i/ f(t)dt =f(B(x)) % - fla(@) 2

to show

]
Example 3-41.
Consider the function I = I(z, g(z), h(z)) defined by the integral
h(zx)
I=1(zx,g,h) = / fla,t)dt (3.139)
g(z)

where the integrand is a function of both the variables  and ¢ and the limits of
integration g and h are also functions of z. The integration is with respect to the
variable ¢ and it is assumed that the integrand f is both continuous and differentiable
with respect to z. The differentiation of a function defined by an integral containing

a parameter z is given by the Leibnitz rule

@)D fa,ga) D (3.140)

(x) oz dx dx’

h(zx)
dx g

The above result follows from the definition of a derivative together with the use of
chain rule differentiation.

Consider first the special case of the integral I,(z) = fgh f(z,t)dt where g and h
are constants. Calculate the difference

h
Lz + Az) — I (z) = / [z + A, t) — f(a,0)] dt

and then employ the mean value theorem with respect to the z-variable and write
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df(x + Az, t)

f($+A$,t)—f($,t): ox

Ax, 0<f<1

to write

ho OA
I1(:E+A:z)—[1(x):/g w

Dividing both sides by Az and letting Az — 0 gives the derivative

B h h
dl _ I/(2) = lim Ii(x + Ax) — I1(x) ~ lim / Of (x + 0Ax,t) it :/ of(x,t) it
dr Axz—0 Az Az—0 g ox g ox

In the special case that both the upper and lower limits of integration are functions

Az dt where 0 < 0 < 1.

of z, one can employ chain rule differentiation for functions of more than one variable

and express the derivative of I = I(z,g,h) as
dI 91 8Idg _8Idh

dz oz " 9gdr  ohdz (3.141)
where o)
g_ xaf(li,t) g_ g__
ox o L(x) oz dt’ oh - f(l?, h($)), ag = f(l?,g(l?))
The equation (3.141) then simplifies to the result given by equation (3.140).
n

Double Integrals

Integrals of the form

Ilz/ab/cdf(x,y)dyd:c or Igz/cd/abf(:v,y)dxdy

are called double integrals of the function z = f(z,y) over the rectangular region R
defined by

R={(z,y) | a<z<b, c<y<d}
These double integrals are evaluated from the inside out and can be given the fol-
lowing physical interpretation. The function z = f(z,y), for (z,y) € R, can be thought
of as a smooth surface over the rectangle as illustrated in the figure 3-12.

Figure 3-12.

Planes r = a constant and y = a constant intersecting surface z = f(z,y).
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Figure 3-13.

Elements of volume in the shape of slabs.

In the left figure, the plane, y = a constant, intersects the surface z = f(z,y) in the
curve

z= f(x,y) y= a constant

and the integral
b
/ f(z,y) dz y = a constant

represents the area under this curve. If this area is multiplied by dy, one obtains an
element of volume dV in the shape of a slab with thickness dy as illustrated in the

figure 3-13. This element of volume dV can be expressed as an area times a thickness

/a fay) d:v] dy

If the element of volume is summed from y = ¢ to y = d, there results the total volume

vz/cd [Lbf<x,y)dx] dy

Here the inner integral is integrated first while holding y constant and then the result

to obtain

av =

is integrated with respect to y from ¢ to d to perform a summation representing
the volume under the surface z = f(z,y). Double integrals and multiple integrals in
general are sometimes referred to as iterated or repeated integrals. When confronted
with multiple integrals always perform the inner integral first and the outside integral

last.



In a similar fashion, the plane, x = a constant, intersects the surface z = f(z,7) in
the curve

z = f(x,y) r = a constant

so that the integral
d
/ [z, y)dy r = a constant

represents the plane area under the curve. If the resulting area is multiplied by dz,

one obtains a volume element dV in the shape of a slab times a thickness dz. This

/c ") dy] i

If these volume elements are summed from z = a to z = b, then the resulting volume

slab is given by
dv =

under the surface is given by

V:/ab [/cdf(x,y)dy] dx

Another way to interpret the previous double integrals is to first partition the

and then partition the interval [, d]

interval [a,b] into n parts by defining Az = =2

into m parts by defining Ay = <=<. One can then define the points

b—a:b

a=xg,...,x;,=a+iAzx,...z,=a+nAx=a+n

d—c

C=Yo, - Yj =C+JjAY, .. Yy =c+mAy=c+m - =d

where i and j are integers satisfying 0 <i <n and 0 < j <m. One can then move to a
point (z;,y;) located within the rectangle R and construct a parallelepiped of height
f(zi,y;) and base with sides Az; = z;41 — x; and Ay; = y;4+1 —y; as illustrated in the
figure 3-14.

Figure 3-14. Element of volume dV = f(z,y) dydx
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A summation over the rectangle of these parallelepiped volume elements gives an
approximation to the volume bounded by the surface z = f(z,y), and the planes
r=a, =0 y=c y=dand z=0. This approximation gets better and better as
Az; — 0 and Ay; — 0. One finds that

n m d b b d

i S5 i) Aoy = [ [ | e dx] ay= [ [ | 1w d:c] dy

Ay;—0 i=1 j=1 c a a c

where the inner integrals produce a slab, either in the x or y directions and the outer

integrals then represents a summation of these slabs giving the volume under the

surface. Note that if the surface »z = f(z,y) oscillates above and below the plane z = 0,
then the result of the double integral gives a summation of the “signed”volumes.

The orientation of the surface might be such that it is represented in the form

r = g(y, z), in which case the height of the surface is the distance = above the plane

r = 0. If the surface is represented y = h(z,z), then the height of the surface is

the distance y above the plane y = 0. Hence volume integrals can be represented

by dq

as double integrals having one of the forms V; = / flz,y)dydx if 2z = f(z,y)
by o ay C1

describes the surface, or V, = / / g(y,2)dzdy if z = g(y, z) describes the surface or

by rds
Vs = / / h(z, z) dzdz if y = h(z, z) describes the surface.
as C3

Summations over nonrectangular regions
If the smooth surface z = f(z,y) is defined over some nonrectangular region R
where the region R can be defined
(i) by a lower curve y = gi(z) and upper curve y = go(z) between the limits
a<z<b
(ii) or by a left curve z = hy(y) and a right curve = = hy(y) between the limits
c<y<d
as illustrated in the figure 3-15, then the volume is still obtained by a limiting

summation of the parallelepipeds constructed with base area dx dy and height f(z,y).
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y=g,(x) (] y
.I /\_/ é ‘/]_/ x=h,(¥)
‘ ¥ i =~ | x ) jri_ i k =
ESY .
" y=g,(x)

Figure 3-15. Summation of dxdy over region R

The volume under the surface is similar to the case where the region R is a
rectangle, but instead the summations of the parallelepipeds are from one curve to

another curve. One can write either of the volume summations

z=b ?JZQQ(UU)
// f(»’v,y)dyd:vz/ /
R v=a |Jy=gi(x)
y=d x=hs2(y)
// f(»’v,y)d:vdyz/ /
R y=c |Ja=hi(y)

The first inner integral sums in the vertical direction to create a slab and the outer

f(z,y) dy] da
f(z,y) dx] dy

integral sums these slabs from a to b. The second inner integral sums in the horizontal

direction to form a slab and the outer integral sums these slabs from ¢ to d.

Example 3-42.
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If the surface (¢ —z0)? + (y —90)? = r? is a e How =" | ey

cylinder in three-dimensions. If this cylinder is

,‘

Y
cut by the planes z = 0 and z = h, a finite cylinder |
is f h i faces. It is k L
is formed by the bounding su%‘ aceé t 1s. now.n SV e
that the total volume V of this finite cylinder is ¥
the area of the base times the height or V = nr2h. — -

Derive this result using double integrals.

Solution Here the region R is a circle of radius r centered at the point (zg,y) and
bounded by the upper semi-circle y = yo + /72 — (z — 29)2 and the lower semi-circle
y =10 — /72 — (v — 29)2. The parallelepiped element of volume is located at position
(z,y) where the base area dxdy is constructed. The height of the parallelepiped to
be summed is h and so the parallelepiped element of volume is given by dV = hdydx
where the element dy is written first because the inner integral is to be summed in
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the y—direction from the lower semi-circle to the upper semi-circle. Summing these
volume elements first in the y-direction and then summing in the z—direction gives
w=x0+T [ y=yo+/r2—(z—z0)%

=L\
® y=yo—/r>—(z—0)*

Here the inner integral produces a slab and then these slab elements are summed

h dy] dx (3.142)

=To—T

from z¢ —r to xo + r. Perform the inner integration to obtain

Zo+r  yoty/r2—(z—20)2 zo+r
V= h/ y ’ " dr=2n V12— (x—x9)%dx (3.143)
zo—r  lyo—y/r2—(z—z0)? wo—r

Here the integrand involves a difference of squares and suggests that one make the

trigonometric substitution z — 2y = rcos with dr = —rsinf df to obtain
0 s ™1
Vv :2h/ rv1—cos?0(—rsinfdf) = 2hr2/ sin? 0 df = 2hr2/ 5(1 — cos 26) df
™ 0 0

Iy e 1 ™
V =hr? [/ df — 1 / cos 20 2d9] = hr? [9 — —sin 29] = mr?h
0 2 Jo 2 0

It is left as an exercise to perform the inner summation in the z—direction first, fol-
lowed by a summation in the y—direction and show that the same result is obtained.

Example 3-43. Evaluate the iterated integral of the function f(z,y) = zy? over
the region between the parabola z = 2y? and the line z = 2y.

Solution
Sketch the region over which the integration
A (2,1)

is to be performed and then move to a general
x=2y?

point (z,y) within the region and construct an
element of area drdy and determine which di-

i rection is “best” for the inner integral. For

this problem the given curves intersect where

x r = 2y* = 2y giving the points of intersection
(0,0) and (2,1). One can then construct the fig-

[
(0,0)—x—

ure illustrated. Let us examine the integrals

=2 y=+/x/2 y=1 r=2y
V= / / vy*dy| dz and V= / [/ zy? d:ﬂ] dy (3.144)
=0 y=x/2 y=0 x=2y?

where the top inner integral is a summation in the y—direction and the bottom inner

integral represents a summation in the z—direction. Now select the iterated integral
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which you think is easiest to integrate. For this problem, both integrals are about
the same degree of difficulty. For the first double integral in equation (3.144) one

finds
=2 y=+/z/2 =2 yS y=+/x/2
Vv :/ / zy?dy| do = / [:E—] dx
=0 y=x/2 =0 3 y=x/2
=2 (VT s x\3
V=3 [(7) ~(5) |
2 7/2 512
V:/ Lo L) Lt 4
o \6v2 24 6v2 | 7/2 245, 35
For the second double integral in equation (3.144) the inner integral is evaluated
first followed by an integration with respect to the outer integral to obtain

y=1 =2y 1 .172
V:/ / :Ede:E] dy:/ y? =
y=0 z=2y2 0 2

x2y2 dy = /0 Y [(2y)? - (20%)?] dy

=2y 2

1 5 7 y=1 4
V:/ 2yt — 2y8 dy:<2y——2y—> = —
0 ( ) ) 7 y=0 39
|
Polar Coordinates
A An element of area in polar coordinates can
dA=r dr do be constructed by sketching the arbitrary rays 6
p and 6+do together with the circular arcs of radius
r . . .
52 r and r+dr as illustrated in the figure given. The
r /Y gp S1=rdb element of area dA can then be expressed as the
do g 32:(T+d’l") de area of the sector with radius r + dr minus the
0 area of the sector with radius . This can be
> represented
1 2 1 2 1 2 2 2 1 2
dA = §(r+dr) do — 5" df = 3 (7“ +2rdr+dr°—r ) d9:rdrd0+§dr do

The last term is 1dr?df is an infinitesimal of higher order and so this term can
be neglected. One then finds the element of area in polar coordinates is given by
dA = rdrdf.

To find an area associated with a region bounded by given curves one can use
cartesian coordinates and write dA = drdy as an element of area and perform sum-
mations in the z—direction and then the y—direction and express the total area as
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A = [[ dzdy with appropriate limits on the integrals. Alternatively, one can represent
the element of area in polar coordinates as dA = rdrdf and perform summations in
the r—direction and then the #—direction to express the total area as A = [[rdrdf

with appropriate limits on the integrals.

Example 3-44. Find the area bounded by the lemniscate 72 = 242 cos 26.

dA=r dv df Construct an element of area dA = rdrdf in-

/—% side the lemniscate and then make use of sym-

\—/l\—/ metry by calculating only the area in the first

quadrant. One can then represent the area in

Lemniscate r2=2a2 cos 26

the first quadrant by the double integral

0=m/4 prr=v2a?cos20 w/4 1
A= / rdrdf = / —r?
0=0 r=0 0 2

Vv'2a? cos 20
df

0
w/4 2

w/4 a2
A =a? / cos 20d6 = 5 sin 260
0

0

2
The total area under the lemniscate is therefore A;,;,; = 4 <%> = 2a°.

Cylindrical Coordinates

_— The coordinate transformation from carte-
sian coordinates (z,y,z) to cylindrical coordi-
nates (r, 6, z) is given by

x =pcosb p =\ x% +y>?

y=psing or @ =tan"'(y/x)

z =Z zZ =z

pdoO

where p is a radial distance from the z—axis, 6
is an angular displacement measured from the

dz r—axis and is called the azimuth or azimuthal
pde dp angle and z is the height above the plane z = 0.
The element of volume in cylindrical coordinates

is given by dV = pdpdfdz
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Example 3-45. Find the volume of a cylinder of radius R and height H.
Solution Use the volume element in cylindrical coordinates and express the volume
as the triple integral

z=H 0=2m =
/ / / pdpdfdz
z2=0 0

Evaluating this integral from the inside-outward gives

z=H 0=2m R2 z=H 0=2m
d9dz——/ / d9dz—— 0 dz
p=0 0 z =0

/Z H/@ QWﬁ
0 2

Vv 7TR2/ dz =mR?z
z=0

=0
_ 7TR2
z2=0

Spherical Coordinates
The coordinate transformation from cartesian coordi-

nates (z,y, z) to spherical coordinates (r,, ¢) is given by
T = rsinfcos ¢, y = rsinf cos ¢, z=rcosf

for 0 < 9 <7 and 0 < ¢ < 27, where r is called the radial

distance from the origin, ¢ is called the inclination from

the z—axis and ¢ is called the azimuth or azimuthal angle. T sin@
The element of volume in spherical coordinates is given
by

dV = (rsinfde)(rdf) dr = r*sinf dr df do

Example 3-46. Find the volume of a sphere having a radius R.
Solution Using the element of volume for spherical coordinates, the volume of a

sphere is given by the triple integral

d=27 O=m r=R
/ / / r2dr sin 6d6 d¢
b= 0=0 Jr=0

Evaluating the triple integral from the inside-outward gives

=27 €7T3
L 5

=27 RS ¢=2m
/ / sinfdfde = —/ (—cosf)
¢=0 Jo=0 3 Jo=o

=27
V:Jﬁ/ w_—ﬁ¢‘ _—ﬂf
37 Joo

r=R
sinfdf d¢

O0=m

d¢

6=0
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Using Table of Integrals

The appendix C contains a table of integrals. In order to use these tables one
must sometimes make appropriate substitutions in order to convert an integral into
the proper form as given in the tables. For example, if it is required to evaluate the

I:/ e3* dx
a + be®

where a and b are constants and you look for this integral in the table, you will not

integral

find it. This is because the integral is listed under a different form. If you make the

substitution u = e* with du = e* dz The above integral can be written in the form

2
I:/Ud: where u=¢€"

a + obu

which is a form that you can locate in the tables. One finds under the listing for
2% dx .
. Here the variable x

integrals containing X = a+ bz, the listing number 78 for
in the table of integrals is just a dummy variable of integration and you can replace
x by v and write
I:/@ b [(a+bu)® — da(a + bu) + 2a° In(a + bu)] + C

a+bu  2b3
Use back substitution to express the integral in terms of e®.
The Bliss Theorem

In the previous pages there were times when summations were replaced by inte-

grals because of the fundamental theorem of integral calculus. The replacement of
summations by integrals can be also be justified by using the Bliss’ theorem. Gilbert
Ames Bliss (1876-1961) was an American mathematician who studied mathematics
his whole life. One of the results he discovered is known as Bliss’ theorem®. This
theorem relates summations and integrations and has the following geometric in-
terpretation. Consider an interval (a,b) which is partitioned into n-subintervals by
defining points

a=To<T1 <Ta<...<Ti1<x; <...<x,,=0b

and intervals Az; = x; — 2, for i = 1,...,n. The spacing for the points z; need not

be uniform. Define

§ = maximum [Azy, Aza, ..., Az, ..., Az, ]

8 Bliss,G.A., A substitute for Duhamel’s Theorem, Annals of Mathematics, Vol. 16 (1914-15), Pp 45-49.



as the largest subinterval associated with the selected partition. Bliss showed that if
f(x) and g(z) are single-valued and continuous functions defined in the interval (a,b),
then for each subinterval Az; one can select arbitrary points & and »; inside or at

the ends of the subinterval (z;_1, z;) such that for each value i = 1,...,n one can write
Tio1 < 51 < x; and Ti—1 <My <X

One can then form the sum

n

> F(&)g(n) A

i=1

and one can also form the integral

/a ' fa)g(a) da.

Bliss’ theorem states that as n — oo and 6 — 0, then

n b
li 3 f(&)g(n) Az = [ Fa)g(o) ds (3.145)

Note that this important theorem allows one to replace summations over an
interval by integrations over the interval and the fundamental theorem of integral
calculus is a special case of this theorem. The above result is used quite often in
developing methods for finding answers to physical problems where discrete sum-

mations become continuous integrals as the number of summations increase.

Example 3-47.

A right circular cone is obtained by revolving the line y = ;=,
0 < z < h, about the z-axis. Divide the interval 0 < = < h into

n-parts each of length Az = 2 and then form circular disks at position z; = iAz = &

having radius y; = f2; = I, for i = 1,2,3,...,n. Find the total volume V of the disks

in the limit as n — oo.

Solution 1 Use the result from page 178, 3" | i* = £(2n® 4 3n® + n) and write

V = lim zn:ﬂ'y?A:E = lim z“:ﬂ_r_zzaﬁ = lim 77702—:? zn:z'Q = 7r?h lim M = Iz
) noeoiy o mmee e i neee 63 3

Solution 2 Write

h B2
V:/0 7Ty2d$:/0 W%xde:%TQh
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Exercises

» 3-1. Evaluate the given integrals.

(a) / Qz+1)3%de (o) / ;ZZttdt (e) / (sin2)(cos z) dz
(b) / sin 4z dz (d) / (V4 —sin2t) cos2tdt  (f) / (ax? + bz + ¢) dx

» 3-2. Evaluate the given integrals.

(a) /(2 +sin2t)cos2tdt  (c) /:E 47 dx sin(3x 4+ 1

0/
(b) /M dx (d) /639C dz /:E cos(3z% + 1)

4+ 3z + 22

» 3-3. Evaluate the given integrals.

(a) /sec 3z+4)d (c) /sec(3x +4) tan(3x + 4) dx (e) / ?98(3:52) xdx
) / escX(3z+4)dr  (d) / (22 + 1) cse(a® + 7) cot(a® + ) dz  (f) / v de

» 3-4. Evaluate the given integrals.

(a) % (0) / \/% (e) / 2 cosh (22) dz
() / 1"”+dz2 (d) / rsinh (22 dz (/) / 2 sech?(2?) da

» 3-5. Evaluate the given integrals.

3r+1)dx
csch (3z + 1) coth (3z + 1) dz (¢ / csch?(3z +1)dz  (e) / ( ) 1

/ Bz +1)% —
(b) / sech (32 + 1) tanh 3z + 1) dz  (d) \/% £ / %
» 3-6. Evaluate the given integrals.
(a) /<%+§+5> d  (c) /<a+b\f+7> /umdu
/xmd:ﬂ (d) /Z\/Edz (f) /\/cﬂ——budu

» 3-7. Evaluate the definite integrals and give a physical interpretation of what the

integral represents.

(a) /13x2d:£ ) /Oﬂsinxd:z (©) /OB%xdx



» 3-8. If necessary use trigonometric substitution to evaluate the given integrals.

(@) /(3x+1) gxﬂ)u (c) /(3:5;1% (e) /Mdu

() / dx / Va2 — 2 0
Bzx+1)y/1—(Bx+1) VI—(2zx+1
» 3-9. For C;,C;, constants, explain why the following integrals are equivalent.
g g q
U L U _
((I) m:SID 1U+Cl, /ﬁ:—COS 1U+02
d d
(b) 1 +uu2 =tan"'u+ Cy, 1 +uu2 = —cot tu+4Cy
U _ U _
(C) /u\/ﬁ:sec 1’LL+01, /m:—csc 1’LL+CQ
(d) /tanudu:—ln|cosu|+01, /tanudu:ln|secu|+C’2
(e) /cotudu:1n|sinu|+C’1, /cotudu:—ln|cscu|+C’2

» 3-10. Evaluate the given integrals.

(a) / sn?(3z 4+ 1)dz () / sin®(3z + 1) d sin® (32 + 1) d

(b) /cosQ(3x+1)d:z (d) /cos Bz +1) /cos Bz +1)d
» 3-11.  Use partial fractions to evaluate the given integrals.

3x2 — 122 + 11 x dw
(a) /@-1)(:5—2)(:5—3)‘1"” (d) /x2+4x—5

) / 4r2 — 8z + 3 () /2x8+5x7+8$6+5$5—5:53—2552—3:5—1
(

x—1)%(x —2) d (x—=1)(22+2+1)2 du
322 4+ 3z +2 >4+ 2+
@ [ ormeen 0 2 ey

» 3-12. Find the function y = y(x) passing through the given point (zg,y,) whose
derivative satisfies Z—i = f(x), if
(@) flz)==z, (zo0,90) =(1,3) (d) f(x) =tan’(3z), (z0,0) = (0,1)
() fx)=z+1, (20,50 =(1,2) (¢) f(z)=sin’(3z), (x0,%0)=(0,1)

() flz)=sin3z, (z0,50)=(0,1) (f) f(z)=cos’(3z), (20,50)=(0,1)

Note: An equation which contains a derivative, hke = f(z), is called a differential
equation. The above problem can be restated as, “Solve the first order differential
equation Z—i = f(x) subject to the initial condition y(zg) = yo.”
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» 3-13. If necessary use partial fractions to evaluate the given integrals.

2 —x—1 dr dz
W [rime © ety © [t
% dx 2% dx dx
o [55 @ [0 G
» 3-14. Use partial fractions to evaluate the given integrals.
dx dx dx
@ [omemm © Jomremr © [ emaee
dx dx dx
O ooy @ Jemaemw O e

» 3-15. Use integration by parts to evaluate the given integrals.

1 /2 ™
(a) / sin™! z dx (c) / zcoszdr (€) / xsin 3z dz
0 0
/2 e 16
(b) / zsinzdr (d) / zlnxdx (f) zvx — ldz
0 1

1

» 3-16. Use integration by parts to evaluate the given integrals.
(a) /:EegC dz (c) /:E2 sinzdr  (e) /ew cos z dx

) / 2etdr  (d) / sinzdr (/) / sec® 3 da
» 3-17. Use integration by parts to evaluate the given integrals.
(a) / T sin frdz (c) / sin(+1)de  (e) /0 2o da
(b) / Inz dz (d) / % cos frde  (f) / U
0

» 3-18. Use the fundamental theorem of integral calculus and express the given sums

as a definite integral.
. 17,1 2 n
(@) lm L _f(5)+f(5)+---+f(5)]
7T) —{—51n(27r) +- +51n(mr)]

© Jm f Varo

» 3-19. Sketch the curves z = 3*> — 6 and = = 4y — 1. Find the area enclosed by these

curves.
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» 3-20. It has been found that to integrate rational functions of the sine and cosine
functions, the change of variables u = — % = tan> sometimes simplifies the
1+ cosz 2

integration problem.
(a) Show that if u = tan g, then one obtains

, 2du . . 2u 1w
(i) dx= Tra (it) sinzx = T (iti) cosx = T
. dx
(b) Evaluate the integral /
1+ cosz
(c) Evaluate the integral / __dr
SINT — COST
> 3-21.
The intersection of the curves y = 22 —4, y = —22 +4, y = 4 and y = —4 are
illustrated in the figure. y  y=x-4
(a) Find the area with vertices ABH A Bl ,C y=4
(b) Find the area with vertices BDFH / \ D
(c) Find the area with vertices HABFGH H \ /\ =X
(d) Find the area with vertices ABDEFHA \E y=-4
‘G F .
y=-x"+4+4
d oy, s ag 6z 2442
» 3-22. If T [tan™"(327) + In(z* + 27)] = T 92 + o then find
6x 2 4 422
/<1+9x4 * T+ a3 ) d
» 3-23. Evaluate the given integrals.
(a) /—d:E “sine® d Inz)%d
NN (c) /e sine® dz (e) /(nx) x

(b) /<x2+\/11_—x2> dz  (d) /x\/mczx (f) /xemd:z

» 3-24. Evaluate the given integrals.

dt dx dx
(a) / V2 + 4t — 3 (©) / (2 +9)? (c) / (32)2 -9
dx dx dx
R e @ [@ps O /W
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» 3-25. Evaluate the given integrals.

(a) / ﬁ (c) / sin?(30)do  (e) / %d:ﬁ
o [SE @[S v [ G

» 3-26. Evaluate the given integrals.

(a) / emf’;_x ©) / 1f"’i/5 () / tan—1/Z dz
) /ﬂ (d) /elnﬁdx ) /sin_lﬁdx

3+ [z

» 3-27. Evaluate the given integrals.

(a) / af’“"bfb (0) / (@127 dz ()

/
() /% (d) /(1—x2)3/2d:£ () /xsin_lxd:ﬂ

» 3-28. Find the derivative Z—y if
X

B(x) 0 B(x)
@ = [ sow @v@= [ oa @ = [ ros
» 3-29. Sketch the curve defined by the set of points

C={(x,y) | =t—sint, y=1—cost, 0<t<2m }

If the curve C is rotated about the z—axis a surface of revolution is generated.

2 2
(i) Show the element of surface area can be expressed dS = wa(t)\/<cfi—:§> + <%> dt

(ii) Find the surface area produced by the rotation.

(iii) Find the volume inside the surface.

» 3-30. Solve for the value of « if

«@ 4 a+1 «@ 1 6
(a) / 22 dr = od (b) / rdr = 3 (c) / rdr =< / x,dx
0 3 a 2 0 8 a

. . 1 —1
» 3-31.  Verify the reduction formula /sin” wdr = —= sin" !z cosz+ - /sim”_2 xdx
n n




» 3-32.
(a) Let I, = /x” e®® dr and derive the reduction formula I,, = lx” v Dy
(6% (6%
(b) Evaluate the integral / ze™ dr v
» 3-33. y=2x5/2

(a) Find the arc length of the curve y = 223/

between the values » = 0 and z = 3.

(b) Find the arc length of the curve y = 12%+ L
between the values x =1 and » = 4.

(c¢) Find the arc length of the curve defined by
the parametric equations

t3 12
r=— and y=—
3 2

”l“m Wlﬁm

between the values t =0 and ¢t = 1.

> 3-34.

(a) Let J, = /(ln | az |)" dz and derive the reduction formula J, =z (In | az |)" —nJ,_;

(b) Evaluate the integral / In|az| dr

» 3-35.
(a) Let I,,,, = /xm (Inz)" dr and derive the reduction formula
1
Iy, = ™ (nz)" — i Ln—1
’ m+1 m+1

(b) Evaluate the integral / rlnzdr

» 3-36.

(a) Consider the area bounded by the z—axis, the curve y = 2z +1 and the lines

z =0 and z = 3. This area is revolved about the z—axis.
(i) Find the surface area of the solid generated.
(ii) Find the volume bounded by the surface generated.

» 3-37. Consider the area bounded by the z-axis, the lines z =1 and 2 = 8 and the

curve y = z'/3. This area is revolved about the y—axis.
(i) Find the surface area of the solid generated.
(ii) Find the volume enclosed by the surface.
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» 3-38. The average value of a function y = y(z) over the interval [a,b] is given by
1

b—a

b
/ w(x)y(x) dz
Yo = where w = w(z) is called the weight function.
[, w(z) dx

(a) Find the average value of y = y(z) = sinz over the interval [0, 7].

b
7= / y(z)dr and the weighted average of the function y = y(z) is given by

(b) Find the weighted average of y = y(z) = sinz over the interval [0, 7] with respect
to the weight function w = w(x) = z.

(c) Find the weighted average of y = y(x) = sinz over the interval [0, 7] with respect
to the weight function w = w(z) = cos®z

(d) Where does the weight function place the most emphasis in calculating the
weighted average in parts (b) and (c)?

» 3-39. Find the area under the given curves from zg to z;.

(a) y=zxvVa?2+1, z0=0, xz =2 (d) y=sinz, x0=0, zy=7

x
b =
®) 2 +1

(C) y:h'lf, '1"0:1’ 1 =€ (f) y:tanx, '1"0:0’ x1:7T/4

) $O:0; T =2 (6) Yy=cCcosz, J"O:O’ $1:7T/2

» 3-40. Consider the triangular area bounded by the z—axis, the liney =2, 0 <z <1
and the line y =2 — 2, 1 <z < 2. This area is revolved about the line 2 = 6 to form a
solid of revolution.

(i) Find the surface area of the solid generated.
(ii) Find the volume of the solid generated.

» 3-41. The line y = r = a constant, for 0 < z < h is rotated about the z—axis to form
a right circular cylinder of base radius » and height A.
(a) Use calculus and find the volume of the cylinder.

(b) Use calculus and find the lateral surface area of the cylinder.

» 3-42. Sketch the region of integration for the double integral

. /01 /:_x Fz,y) dy dz.

» 3-43.  The line y = £z for 0 < = < h is rotated about the z—axis to form a right
circular cone of base r and height h.
(a) Use calculus and find the volume of the cone.

(b) Use calculus and find the lateral surface area of the cone.
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> 3-44.
The radius r of a circle is divided into n—parts by Ay
defining a distance Az = r/n and then constructing the

points

2o =0,21 = Ar, x5 =2Ar,...,x;, =1Ar,..., 2, =nlAr=r K\\ - X

The large circle can then be thought of as being com- & J

posed as a series of concentric circles. The figure on

the right shows the concentric circles constructed with x=r

radii z; and x;4,.

(a) Use calculus to find the circumference of a circle with radius r.

(b) Use calculus to sum the areas between concentric circles and find the area of a
circle. Hint: Show dA = 27z dx

(c) Use polar coordinates and double integrals to find the area of a circle.

> 3-45. A
(a) Find common area of intersection associated with the

o

circles 2? + y?> =r¢ and (x —7)? + 4% =13 /m
(b) Find the volume of the solid of revolution if this area JX
is rotated about the z—axis. Kw

Hint: Make use of symmetry.

» 3-46. Sketch the region R over which the integration is to be performed

W [ [renea o [ o o [ [ s avas

» 3-47. Sketch the region of integration, change the order of integration and evaluate

the integral.

3 42 4 T b pd a<az<b
(a) / / 12zydrdy (b / / 3rydydr (c / / xy dz dy, - -
Lyl ( ) 0 Jxz/2 ( ) a Je c<y<d

» 3-48. Integrate the function f(z,y) = Szy over the region R bounded by the curves
y=z and ¢?=4z

(a) Sketch the region of integration.
(b) Integrate with respect to = first and y second.
(c) Integrate with respect to y first and = second.
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» 3-49. Evaluate the double integral and sketch the region of integration.

1 T
I:/ / 2(z +y) dydx.
0o Jo

» 3-50. For f(z) = =z and b > a > 0, find the number ¢ such that the mean value
theorem / f(x)dr = f(c)(b— a) is satisfied. Illustrate with a sketch the geometrical

interpretation of your result.
» 3-51. Make appropriate substitutions and show

dx 1, = 1 _Jz+a
/a2+x2_5tan atC /b2 wrap s 5 ¢

d 1 1
/r_xﬁ:at&mh_lg—i—C, r <o /m:gtanh 1x_;;a+c $+a<b

» 3-52.
nT T
(a) If f(x) = f(z+T) for all values of x, show that / f(z)dx = n/ f(z)dx
0 0

T a
(b) If f(z) = —f(T — z) for all values of x, show that / f(z)dx = —/ f(z)dx
a 0

» 3-53.
(a) Use integration by parts to show

1 b 1 b
/ e’ sinbrdr = —e** sinbx—— / e cos bx dxr and / e cosbx dr = —e®” cos bx+— / e sinbx dx
a a a a

(b) Show that

/eaxsinbxdx:eaanIbe_bCOSb$ Lc
a® +b?

bsinb 3 b
/eaw COSb$d$ :eax Sln;_:_(z505 X +C

» 3-54. Make an appropriate substitution to evaluate the given integrals
2z m 2z 6436 +63x T 2 x
@ [ +3me=dr () /md:ﬂ (©) /(e +1)%e” da

» 3-55. Evaluate the given integrals

(@) /x+adx 0) /(:E+a)(:£+b) i (© /(:E+a)(:v+b)(:v+c) i

3 3 3

» 3-56. Evaluate the given integrals

(a) /1n(1—|—:v)d:£ () /"”4+1dx (©) /(a+bx)(:v+c)mdx

r—1



» 3-57. Use a limiting process to evaluate the given integrals
(a) / e Stdt, s>0 (b) / el dt (c) / te *tdt, s>0
0 —00 0

» 3-58. Consider a function J,(z) defined by an infinite series of terms and having

the representation

J ()= | = —
(z) W ENmA) 2t T it m)!

" |: 1 $2 $4 (_1)mx2m :|
2TL

where n is a fixed integer and m represents the mth term of the series. Here m takes
on the values m =0,1,2,.... Show that

/x Ji(@) de =1 — Jo(x)
0
The function J,(z) is called the Bessel function of the first kind of order n.

» 3-59. Determine a general integration formula for I,, = / 2" e” dz and then evaluate

the integral I, = /:E4 e’ dx
» 3-60. Show that if g(z) is a continuous function, then / g(z)dx = / gla—x)dx
0 0

2T b
> 3-61.  Let h(z) = —h(2T — ) for all values of z. Show that / h(z) do = — / h(z) da
b 0

» 3-62. If for m,n positive integers one has I,,, = /cosmxsinn:z dz, then derive the
reduction formula

(m4n)lpy,,, = —cos™ zcosnz +mIy_1n-1

» 3-63. If f(—2) = f(x) for all values of z, then f(z) is called an even function. Show
that if f(z) is an even function, then / f(x)dr = 2/ f(x)dx
0

—a

» 3-64. If g(—z) = —g(x) for all values og z, then g(z) is called an odd function. Show
that if g(x) is an odd function, then / g(z)dx =0

—a

» 3-65. If f(2T — x) = f(x) for all values of z, then show f dr = 2/ flx
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» 3-66. Let A= A(y) denote the cross-sectional area of a pond at height y measured
from the bottom of the pond. If the maximum depth of the pond is h, then set up

an integral to represent volume of water in the pond.

» 3-67. Determine if the given improper integral exists. If the integral exists, then

evaluate the integral. Assume 8> 0 in parts (e) and (f).
bda b dx A if p<l1
@ | @ [ v O [ w55 oo

o [ e [Em 0 o {0

» 3-68. A particle moves around the circle 2 +y* = r with constant angular velocity

of w cm/s. Find the amplitude and period of the simple harmonic motion described
by (a) the projection of the particles position on the z-axis. (b) the projection of

the particles position on the y-axis.

» 3-69. Find the angle of intersection associated with the curves r = sing and r = cos#

which occurs in the region » >0 and 0 < 6 < %

» 3-70. Make use of symmetry when appropriate and sketch a graph of the following

curves.

a T T

S B oy @ v

» 3-71. Let A4, = fé) sin (%) dr and A, = fé) sin (%) dz
(a) Sketch the representation of the area A; and evaluate the integral to find the
area Aj.
(b) Sketch the representation of the area A, and evaluate the integral to find the
area As.
(c) Which area is larger?

» 3-72. A plane cuts a sphere of radius r forming a spherical cap of height h. Show
the volume of the spherical cap is V = %h2(3r —h)

» 3-73. A solid sphere 22 +y%+22 =72 is placed in a drill press and a cylindrical hole
is drilled through the center of the sphere. Find the volume of the resulting solid if
the diameter of the drill is ar, where 0 < a < 1/4

dx T ja—x /|
-74. how th - =92¢in" ' /Z =2cos! 1
> 3-7 Show t at/ ( ) sin \/7 cos 2 tan




Chapter 4
Sequences, Summations and Products

There are many different types of functions that arise in the application of
mathematics to real world problems. In chapter two many of the basic functions used
in mathematics were investigated and derivatives of these functions were calculated.
In chapter three integration was investigated and it was demonstrated that definite
integrals can be used to define and represent functions. Many of the functions
previously introduced can be represented in a variety of ways. An infinite series is
just one of the ways that can be used to represent functions. Some of the functions
previously introduced are easy to represent as a series while others functions are very
difficult to represent. In this chapter we investigate selected methods for representing
functions. We begin by examining summation methods and multiplication methods
to represent functions because these methods are easy to understand. In order to
investigate summation and product methods to represent functions, one must know
about sequences.

Sequences

A sequence is defined as a one-to-one correspondence between the set of positive
integers n = 1,2,3,... and a set of real or complex quantities uy,us,us, ..., which are
given or defined in some specific way. Such a sequence of terms is often expressed
as {u,}, n=1,2,3,... or alternatively by {u,}>, or for short just by {u,}. The set of
real or complex quantities {u,}, for n =1,2,3,... is called an infinite sequence. The
indexing or numbering for the terms in the sequence can be selected to begin with
any convenient number. For example, there may be times when it is convenient to

examine sequences such as

{un}, n=0,1,2,3,... or {un}, n=v,v+1,v+2,...

where v is some convenient starting index.

A sequence of real numbers can be represented as a function or mapping from the
set of integers to the set of real numbers f : N — R and is sometimes represented as
f(1), f(2),...0r f1, f2,.... Similarly, a sequence of complex numbers can be represented
as a function or mapping from the set of integers to the set of complex numbers
f:N—-C.
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Example 4-1. The following are some examples of sequences.

(@) = 1 L1 1
a o , un—n, R U AR I

1\~ 1 11 1
B 4= n = 11,5 ey —
(®) {n!}no’ Y { 2°6 n! }

4n 7 4 20 4
(c) " L 12,8, 52,6, .., — .

n—2), _4 n—2 3 n—2

oo 1 v3 3

(d) {(—1)”5111%}”:1, un:(—l)”sin%, {—5,%,—1,%,...,(—1)”5111%,...}

|

Limit of a Sequence
The limit of a sequence, if it exists, is the problem of determining the value
of the sequence {u,} as the index n increases without bound. A sequence such as

u, =3+ 2 for n=1,2,3,... has the values
up =7, up =5, ug=13/3, ug =4, us =19/5, ug =11/3,...

and as n increases without bound one can write

lim u, = lim <3—|—£> =3

n—00 n—00 n
This limit statement means that for n sufficiently large the values u, are as close as
desired to the value 3.

Some sequences {u,} do not have a limit as the index n increases without bound.
For example, the sequence u, = (-1)" for n = 1,2,3,... oscillates between the values
+1 and —1 and does not have a limit. Another example of a sequence which does
not have a limit is the sequence {v,} where v, = 3" for n =1,2,3,.... Here the values
v, increase without bound as n increases.

Convergence of a sequence

A sequence {un}, n = 1,2,3,..., where u,, can be a real or compler number, is
said to converge to a number £ or have a limit £, if to each small positive number

€ > 0 there exists an integer N such that
|uy, — €| < € for every integer n > N (4.1)
If the sequence converges, then the limit is written
lim u, =¢ (4.2)
n—oo

If the sequence does not converge it is said to diverge.



Divergence of a sequence

A sequence {u,} is said to diverge in the positive direction if for every number
M > 0, there exists a number N > 0, such that u,, > M for all integers n > N.
This is sometimes expressed lim,, .., u,, = co. Similarly, a sequence {v,} is said to
diverge in the negative direction if there erxists numbers M > 0 and N > 0 such that

v, < —M for all integers n > IN. This is sometimes expressed lim,,_, o, v,, = —00.

|ter, — £] < €
|Trn +iyn — (€1 +i€2)| < €
\/(ﬂi’n — l1)2 + (yn — €2)2 < €
LS Ul
L s
Wy
Um,
m > N
l x = - - - 4e—|—€
|z — €] < e . ':I'I° fp
= = L5l [ eoe LI ¥ Fe
|:r:—|—2y—(€-| 4+ 2€2)| < € 123 NN—|—1
iz —B)P + Ty — &P <= e

Figure 4-1. Interpretation of convergence of a sequence {u,}.

When the sequence converges, the elements u, of the sequence tend to concen-
trate themselves around the point ¢ for large values of the index n. The terms u, do
not have to approach ¢ at any specified rate nor do they have to approach ¢ from a
particular direction. However, there may be times where u,, approaches ¢ only from
the left and there may be other times when wu, approaches ¢ only from the right.
These are just special cases associated with the more general definition of a limit
given above.

There are two geometric interpretations associated with the above limit state-
ment. The first whenever v, =z, +iy, is a set of complex numbers and the second
geometric interpretation arises whenever u,, = z,, represents a sequence of real num-

bers. These geometric interpretations are illustrated in the figure 4-1. In the case
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the sequence {u,} is a sequence of complex numbers, the quantity |z — ¢| < € repre-
sents an open disk centered at the point ¢ = /¢, + i/, and the statement lim u, = /¢
can be interpreted to mean that there exists an integer N, such that for ;lTiltegers
m > N, the terms u,, are trapped inside the circular disk of radius ¢ centered at /. In
the case where the terms u, = z,,, n=1,2,3,... are real quantities, the interpretation
of convergence is that for all integers m > N, the terms u,, are trapped inside the
interval (¢ — ¢,/ +¢). These regions of entrapment can be made arbitrarily small by
making the quantity e > 0 small. In either case, there results an infinite number of
terms inside the disk or interval illustrated in the figure 4-1. A sequence which is

not convergent is called divergent or non-convergent.

Relation between Sequences and Functions

There is a definite relation associated with limits of sequences and limits of
functions. For example, if {u,} is a sequence and f = f(x) is a continuous function
defined for all = > 1 with the property that u, = f(n) for all integers n > 1, then if ¢
exists, the following limit statements are equivalent

lim w, =¢, and lim f(x)=14¢

n—oo Tr— 00

One can make use of this property to find the limits of certain sequences.

Example 4-2. Evaluate the limit lim u, where u, = lnTn
n— oo n
Solution
Let f(z) = mT;E and use L "Hopital’s rule to show
) .. Inz Ve . 2
Jim fl@) = Jim == =l e = Am e =0

|
The limit properties for functions also apply to sequences. For example, if the

sequences {u,} and {v,} are convergent sequences and lim v, # 0, then one can write
n—oo

lim (u, £ v,) = lim w, £ lim v,
n—oo n—oo n—oo

lim (up, v,) = ( lim un> ( lim vn>

lim wu,
. un n—oo
lim (—) =—
n—oo " Uy, lim v,
n—oo

If k is a constant and lim u, = U exists, then the limit lim kw, = kU also exists.

n—oo n—oo



Establish Bounds for Sequences

A real sequence {u,}, n=1,2,3,...1is said to be bounded if there exists numbers
m and M such that m < wu, < M for all integers n. The number M is called an upper
bound and the number m is called a lower bound for the sequence.

The previous squeeze theorem! from chapter 1 can be employed if there exists
three sequences {f;},{g;},{h;}, j = 1,2,3,... where the sequences {f;} and {h;} have
the same limit so that

lim f;=¢ and lim h; = ¢

j—o00 Jj—oo
If one can verify the inequalities f; < g; < h;, for all values of the index j, then the
terms g; are sandwiched in between the values for f; and h; for all values j and

consequently one must have lim g; = ¢.

]—)OO

v
Example 4-3. Evaluate the limit lim u, where u, = l, where n! is n-factorial.
nn

n—oo

Solution

An examination of w, for n=1,2,3,...,m,... shows that

B 21 3.2.1 Cm-(m—1)---3-2-1
’LL1—1, ’LL2—2—2, uz = 33 ; Um = mm )

Observe that the u,, term is positive and can be written as

L

m =
—_—

m times

where the term within the parentheses is less than 1. Consequently, one can say u,,
is bounded with

1
0<uy, < —
m

Here = — 0 as m increases without bound and so by the sandwich principle one can
say that u,, — 0 as m increases without bound.

|
Every convergent sequence {u,} is bounded. If lim w, = ¢, then there exists

neighborhoods N, given by
(i) A circular neighborhood about ¢ given by |z —¢| < e. This occurs when the values
u, are complex numbers and there are an infinite number of values u, from the

sequence inside the circle and a finite number of points u, outside the circle.

1 Also known as the pinching lemma or the sandwich lemma
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(ii) An interval neighborhood given by ¢ — e < u, < ¢ +¢. Here the values u, are real
numbers where there is an infinite number of points u, inside the interval and
only a finite number of points outside the interval.

These neighborhoods N, represent bounded sets. By increasing the radius of the
bounded sets N. to encompass the finite number of points outside N., a new set can
be constructed which will still be bounded and contain all the terms of the sequence.

If the real sequence {z,}, j =1,2,3,... is a convergent sequence, then

(i) The sequence must be bounded and

(ii) The limit of the sequence is unique.

Make note that it is sometimes convenient to replace the small quantity e used
in the definition of convergence by some other small quantity such as €2, &, or
£, (M > 0 constant). The small quantity used is usually selected so that when
many applications of the inequality (4.1) are made, the final results add up to some
convenient number.

To show the sequence must be bounded, use the definition of convergence of a
sequence with a fixed value for e. If the limit of the sequence is ¢, then there exists

an integer N such that for integers n satisfying n > N

|Tp| = |Tp =€+ < g — L]+ [{| < e+ (] =M, forn>N
That is, if the sequence has a limit, then there exists a value N such that each term of
the sequence xx 1, zn2,...areless then M; in absolute value. Let us now examine the
terms zy,zs,...,on. Let My = max {|zy|, |z2f,...,|zn|}. By selecting M = max{M;, M5},
it follows that |z;] < M for all values of j and so the sequence is bounded. If the
sequence is not bounded, then it diverges.

To show the limit of the sequence is unique, assume that there are two limits,
say ¢ and . Now use the method of reductio ad absurdum to show this assumption
is false. The assumption of convergence of the sequence insures that for every e > 0,
there exists a value N; such that for all integers n > N; there results |z, — ¢ < §. If
¢" is also a limit, then there must exist an integer N, such that for all n > N, there
results |z, — | < §. Here the selection ¢/2 has been used as the small quantity in the
definition of convergence rather than e. The reason for this change is to make the
final answer come out in terms of the quantity . Define, N = max{N;, N,}, then for
all integers n > N it follows that

=)=l =z +ap — | <l —ap| + |20 — ] < §+§:€
and since e can be made arbitrarily small, then ¢ must equal ¢. Hence our original

assumption was false.
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Additional Terminology Associated with Sequences

1. A real sequence us,us,us, ... is said to be monotone increasing
if u; < wuy <uz <.... Alternatively, define a monotone increasing sequence {u,}
as one where u, 1 > u, for all values of n greater than some fixed integer N.

2. A real sequence uy,uy, us, ... is said to be monotone decreasing
if u; > uy >wusz >.... An alternative definition of a monotone decreasing sequence
{u,} is that u,, < wu, for all values of n greater than some fixed integer N.

3. Consider an infinite Sequence uy, ..., wj,, ..., Ujys s Ujys -+ -5 Up_1, Uny Un 11, - - - Where
J1 < j2 <js<---<jn<---represent a selected subset from the real numbers N.
The sequence of numbers u;,, uj,, ujs, ... or {u;, 132, is called a subsequence of the
given sequence.

4. A sequence is called oscillating, either finite oscillatory or infinitely oscillatory,
depending upon whether the terms are bounded or unbounded. For example, the
sequence {cos 2*}, for n=1,2,3,.. ., is said to oscillate finitely, because the terms
remain bounded. In contrast, consider the sequence of terms {(—1)"n?} for the
values n = 1,2,3, ... This sequence is said to oscillate infinitely, because the terms
become unbounded. In either case the sequence is called a nonconvergent se-
quence. A finite oscillatory sequence {z,}, n =1,2,3,...1s a sequence of real num-
bers which bounce around between finite limits and does not converge. An ex-
ample of a finite oscillatory sequence are the numbers {-1,0,1,-1,0,1,-1,0,1,...}
with the pattern repeating forever. Oscillatory sequences occur in certain ap-
plied mathematics problems quite frequently.

5. A number L is called a limit point of the sequence {u,}, n=1,2,3,..., if for every
€ >0, | u, — L |< e for infinitely may values of n. A sequence may have more than
one limit point. For example, the sequence 1,2,3,1,2,3,1,2,3,... with the pattern
1,2,3 repeating forever, has the limit points 1,2,3. Note the following special
cases. (i) A finite set cannot have a limit point. (ii) An infinite set may or may
not have a limit point.

6. A real sequence {u,}, n = 1,2,3,..., is called a null sequence if for every small
quantity e > 0 there exists an integer N such that |u,| < e for all values of n > N.

7. Every bounded, monotonic sequence converges. That is, if the sequence is in-
creasing and bounded above, it must converge. Similarly, if the sequence is
decreasing and bounded below, it must converge. Another way of examining
these situations is as follows.



278

If {u,} is an increasing sequence and the u, are bounded above, then the set
Sr, ={u, | n>1} has a least upper bound L. Similarly, if {v,} is a decreasing
sequence and the v, are bounded below, the set of values S¢ = { v, | n>11} has
greatest lower bound G. One can then show

lim wu, = L and lim v, =G

n—oo n—oo

since the sequences are monotonic.
8. Cauchy’s convergence criteria
The existence of a limit for the sequence lim u,, can be established by using
the Cauchy condition for convergence. A Sequg;gz} {u;}, 7 =1,2,3,..., is said to be
Cauchy convergent or to satisfy the Cauchy convergence criteria if for every small
quantity e > 0, there exists an integer N > 0, such that if one selects any two terms
from the sequence, say u,, and u,, where n > N and m >n > N, then |u,, — u,| < e.
The Cauchy criteria is another way of saying that for large values of m and n the
terms of the sequence will always stay close together. Also observe that in using the
Cauchy criteria it is not necessary to know the exact limit in order to demonstrate
convergence.
There are alternative ways for expressing the Cauchy convergence condition.
Some of these representations are the following.
(i) A sequence of points u; = (z1,41), s = (T2,Y2)s -, Um = (Trmy Ym)s - - > Un = (Tn, Yn)
tends to a limit point if and only if, for every ¢ > 0 there exists an integer N = N (e)

such that \/(zm — 2n)2 + (Ym — ¥n)? < € whenever m > N and n > N. That is, the
distance between the points u,, and u, can be made as small as desired if m and
n are selected large enough.

(ii) A necessary condition for the existence of the limit lim u,, is for every e > 0,
there exists an integer N such that for all integers n n> JO\? and for every integer

k>0, the condition |u,r — u,| < € is satisfied.

The Cauchy condition follows from the following argument. If the limit of the
sequence {u,} is ¢, then for every ¢ > 0 one can find an integer N such that for

integers n and m both greater than N one will have

€ €
.—V <= and m =L < =
i — 4] < 5 i — 4] < 5

and consequently one can add and subtract ¢ to obtain



[t = ttm| = (1 = 0) + (€ = )| < i = O]+ Jum = 0] < S+ 5 = ¢

In more advanced mathematics courses one can show that the Cauchy conver-
gence condition is both a necessary and sufficient condition for the existence of a

limit for the sequence {u,}.
Example 4-4. If {u,} is a monotone increasing sequence with

up Sug Suz < Sup <

and for each value of the index n one can show u, < K where K is some constant,
then one can state that the sequence {u,} is a convergent sequence and is such that
llm u, < K.

' OOTo prove the above statement let S, = { + | = = u, } and select for the set
S; a least upper bound and call it L so that one can state w, < L for all values
n=1,2,3,.... Note that if L is the least upper bound, then every number K > L is
also an upper bound to the set S;. If € > 0 is a small positive number, then one can
state that L — ¢ is not an upper bound of Sy, but L + ¢ is an upper bound of the set
Sr. Let N denote an integer such that L —e < uy. Such an integer N exists since the
infinite set {u,} is monotone increasing. Once N is found, one can write that for all
integers n > N one must have L — e < uy < u, < L + ¢, which can also be written as
the statement

for all integers n > N the inequality |u, — L| <€

is satisfied. But this is the meaning of the limit statement lim wu, = L. Consequently,

n—oo

one can state that the sequence is convergent and if each u, < K, then lim u, < K.

n—oo

Stolz -Cesaro Theorem
Let {a,}>>, and {b,}52, denote sequences of real numbers such that the terms

b, are strictly increasing and unbounded. The Stolz2-Cesaro® theorem states that if
the limit

li Gnp4+1 — Qn —
n— oo bn—|—1 — bn

2 Otto Stolz (1842-1905) an Austrian mathematician.
3 Ernesto Cesaro (1859-1906) an Italian mathematician.
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exits, then the limit

will also exists with the limit ¢. This result is sometimes referred to as the L’Hépital’s

rule for sequences.

A proof of the Stolz -Cesaro theorem is along the following lines. If the limit

lim 22+ 7% _ 4 exists, then for every e > 0 there must exists an integer N such

n—0oo bn—|—1 — b,

that for all n > N there results the inequality

Ap+1 — Qn Ap+1 — Qp < £ +e

bn—|—1 - bn

R —€|<e or f—e<

By hypothesis, {b,} is strictly increasing so that b, — b, # 0 and consequently one
can write
(£ —€)(bpt1—by) < apnt1—an < (04 €)(bpt1 — by) (4.3)

Let K denote a large number satisfying K > N and then sum each term in equation
(4.3) from N to K and show

K K K
(£ —¢) Z (bry1 —bn) < Z (ant1 —an) < (L +€) Z (b1 — bn)
n=N n=N n=N

which simplifies to
(0 —€)(brt1—bn) <arxt1—an < ({+€)(brt1—bn)

By dividing each term by bx,; one obtains

(6—e)<1— by ><CLK+1 o <(£+e)<1 bN)

br 41 br+1  bri1 br 41

For N fixed and large enough values of K, the above inequality reduces to

((—e) < Zgi <(L+e) (4.4)

because the other sequences are null sequences. The final equation (4.4) implies that
a
lim = = /.



Examples of Sequences

The following table gives some examples of sequences.

Table 4.1 Example of Sequences

Example Sequence Comments

1 1,0,1,0,1,0,1,0,... Divergent sequence with limit points 0 and 1

A bounded oscillating sequence

2 | L3 14 il Divergent sequence with limit points 0 and 1.
3 1,2,3.4,... Divergent sequence.
4 0,323,438 Convergent sequence with limit 1.
5 0,2,248¢8 Convergent subsequence of previous sequence.
6 1,5,5, %, A null sequence.

If | 7 |< 1, sequence converges.
7 {r"}e, If » = 1, constant sequence with limit 1.

If »>1 or r < —1, sequence diverges.

Infinite Series
Consider the infinite series

D tn =ur Uz A Uy (4.5)
n=1
where the terms wy,us, us, ... are called the first, second, third,... terms of the series.
The set of terms {u,} usually represents a set of real numbers, complex numbers or
functions. In the discussions that follow it is assumed that the terms of the series
are represented by one of the following cases.

(i) un, are real numbers wu,, = a,,
(i1) u,, are complex numbers u,, = a,, +1ifm
(i) u,, are functions of a real variable w,, = u,,(z)
(iv) u,, are functions of a complex variable wu,, = u,(z) for z =2 +iy

for m =1,2,3,.... Examine the cases (i) and (ii) above, where the terms of the infinite

series are constants.
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The infinite series given by equation (4.5) is sometimes represented in the forms

Z“” or Z un, where N denotes the set of integers {1,2,3,...}. This is done as a
neN
shorthand representation of the series and is a way of referring to the formal series

after it has been properly defined and no confusion arises as to its meaning. In
equation (4.5) the index n is called a dummy summation index. This summation
index can be changed to any other symbol and it is sometimes shifted by making
a change of variable. For example, by making the substitution n = k£ — m, where m
is some constant, the summation index is shifted so that when n = 1, k takes on
the value m + 1 and the series given by equation (4.5) can be represented in the

alternative form Z ur_m. Because k is a dummy index it is possible to replace k
k=m+1
by the original index n to obtain the equivalent representation

Z Up—m = Uy +us +usz +---, m is a constant integer. (4.6)
n=m-+1

The indexing for an infinite series can begin with any convenient indexing. For

example, it is sometimes more advantages to consider series of the form

Zun:u0+u1+u2+---, or Zun:u,,+u,,+1+u,,+2+--- (4.7)

n=0 n=v

where v is some convenient starting index.

Sequence of Partial Sums

[ee]

Given an infinite series » u; = wj + up + ug + -+, form the sequence of terms
j=1
Uy,Us, Us, ... defined by
Uy = uy, Uy=us +uz, -+ Up=w1+us+tus+---+uy

where the finite sum U,, = Zuj = up +up + --- + u,, represents the summation of
j=1
the first m terms from the infinite series. The sequence of terms {U,,}, m =1,2,3,...

is called the sequence of partial sums associated with the infinite series given by
equation (4.5). The notation of capital letters with subscripts or Greek letters with
subscripts is used to denote partial sums. For example, if the given infinite series
is 3777, a;, then the sequence of partial sums is denoted by the sequence {A,} where

Ay = a1 +as+ - +a, = > a; for n = 1,2,... or alternatively use the notation

j=1
n
Qn = Zj:l aj -



Convergence and Divergence of a Series

oo
The infinite series Z u; s said to converge to a limit U, or is said to have a
i=1
sum U, whenever the sequence of partial sums {U,}, has a finite limit, in which
case one can write lim U, = U. If the sequence of partial sums {U,} becomes
n—oo

unbounded, is oscillatory or the limit lim U, does not erist, then the infinite

n—oo

series is said to diverge.

Example 4-5. Divergent finite oscillatory and infinite oscillatory

Consider the series Z(—l)” =1-1+1-—1+1-1+--- which has the partial sums
=0

Uy=1,U,=0,U3=1,U,4 :6, ... These partial sums oscillate between the finite values
of 0 and 1 and so the sequence of partial sums is called a finite oscillatory sequence.

In this case the series is said to diverge.

In contrast consider the series Z(—l)”Q” =1-2+4-8+16—32+--- which has the
n=0
partial sums U; = 1,U; = —1,Us = 3,Uy = —5,Us = 11,---. Here the sequence of partial

sums become infinite oscillatory and so the series is said to diverge.
|

Example 4-6. Harmonic series

Consider the harmonic series H = Z % which has the nth partial sum*

m=1

H—1+1+1+1+ +1
" 2 3 4 n

Nicole Oresme (1323-1382), a French mathematician and scholar who studied infinite
series, examined this series. His analysis considers the above finite sum, using the
value n = 2™, where he demonstrated that the terms within the partial sum H, can

be grouped together and expressed in the form

H—1+1+(1+1)+(1+1+1+1)+ + R
" 2 '3 4 5 6 7 8 gm—1 41 = 2m-149 om

4 The nth partial sum of the harmonic series occurs in numerous areas of mathematics, statistics and probability
theory and no simple formula has been found to represent the sum H,,. The sums H,, are also known as harmonic

numbers, with Hy = 0. A complicated formula for H,, is given by H,, = v + %Log [F(Z)] where 7y is the

Euler-Mascheroni constant and F(Z) is the Gamma function.
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Observe that using a term by term comparison of the above finite sums one can state
H, > h,, where n = 2™. The finite sum h,,, becomes unbounded and so the harmonic

n

. . . . . 1
series diverges®. Express the nth partial sum of harmonic series as H, = Z — and
m

m=1
express the harmonic series using the partial sums H,, Hy, Hg, Hg, ... by writing

H—1+1+ 1+1 + 1+1+1+1 + 1+ +1 + 1+ +1 +
2 3 4 5 6 7 8 9 16 17 32

H = Hy+ (Hy — Hy) + (Hg — Hy) + (Hyg — Hg) + -+ -+ (Hap, — Hp) + -+

where
1 1 1 1 1 11
Hy, — H, = e e e N R
2 P L R T T T
n terms

Hence, the 27th partial sum can be written

H2n :H2 + (H4 - HQ) + (H8 - H4) + e + (HQn - H2n—1)
3 1 1 1

Hon >= 4+ -+ -+ 4 = terms

2 >2+2+2+ —|—2 n
3 1 1

and in increases without bound with increasing » and by comparison H,» also in-

creases without bound as n increases.
2

Note that the harmonic mean of two numbers n; and n, is defined as 7 = -

The harmonic series gets its name from the fact that every term of the seriesl, after

the first term, is the harmonic mean of its neighboring terms. For example, examining

. 1 1 . .
the three consecutive sums R from the harmonic series, one can show
m — m m
that the harmonic mean of n, = 15 and ny = 15 is given by n = .
|
Example 4-7. Convergent Series

Triangular numbers, illustrated in the figure 4-2, were known to the Greeks.
The first few triangular numbers are 1,3,6,10,... and one can verify that the nth

triangular number is given by the formula M

5 The harmonic series is a very slowly diverging series. For example, it would take a summation of over
1.509(10)43 terms before the sum reached 100.



Figure 4-2. Triangular numbers.

2 2 2 2 .
Consider the infinite sumz +1) =T5T53+3 4+---+7( +1)+---Whlch
n . . . mm

represents the sum of the remprocal of the triangular numbers. The mth partial sum

of this series is given by

Up = — b oo b o b b ——
™12 2.3 3.4 m(m + 1)
Observe that by partial fractions one can write 2z _z_ so that
mm+1) m m+1
2 2 2 2 2
Um_(2_1)+(1_§)+(§_Z)+”'+(E_m—+1)

This is called a telescoping series because of the way the terms add up. The resulting

sum 1is

Up=2— > with limit lim U, = lim (2— —>) =2
m+1 m— oo m— oo m—+1

Consequently, the infinite series converges with sum equal to 2

n
In general, one should examine the nth partial sum U, = Zuj of a given series
j=1
such as (4.5) to determine if the limit of the sequence of partial sums lim U, is

infinite, becomes finite oscillatory or infinite oscillatory or the limit does not exist,
then the series Z“” is said to be a divergent series. Whenever the limit lim U,

exists with a value U, then U is called the sum of the series and the series is called

convergent. The convergence of the series can be represented in one of the forms

o0

E U, = lim U, =U = lim E uj
s n— oo N—>oo

n—
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Comparison of Two Series

Consider two infinite series which differ only in their starting values

Zum:u1+u2+“‘+u1/+uu+1+"‘ and Zun:u,,+u,,+1—|—--- (4.8)

m=1 n=v

where v > 1 is an integer. Observe that it follows from the above definition for
convergence that if one of the series in equation (4.8) converges, then the other
series must also converge. Similarly, if one of the series from equation (4.8) diverges,
then the other series must also diverge. In dealing with an infinite series there are
many times where it is convenient to chop off or truncate the series after a finite
number of terms counted from the beginning of the series. One can then deal with
the remaining part. This is because the portion chopped off is a finite number of
terms representing some constant being added to the series. Consequently, it is
possible to add or remove a finite number of terms to or from the beginning of an
infinite series without affecting the convergence or divergence of the series.

Test For Divergence

If the infinite series Zun converges to a sum U, then a necessary condition for

n=1
convergence is that the nth term of the series approach zero as n increases without
bound. This necessary condition is expressed lim u, = 0. This requirement follows

from the following arguments.
n—1

If U, Z“ﬁ is the nth partial sum, and U,_, = Z“l is the (n — 1)st partial

sum, then for convergence both of these partial sums must approach a limit U as n
increases without bound and so

lim U, =U  and lim U,_1 =U (4.9)

n—oo n—oo

By subtracting the nth and (n — 1)st partial sums one obtains U,, — U,_; = u,, and
consequently
lim u, = lim (U, —Up_1)=U—-U =0 (4.10)

n—oo n—oo

The condition lim,,_,.c 4, = 0 iS a necessary condition for convergence of the infinite
o0

series Y ;. If this condition is not satisfied, then one can say the infinite series » " u;
=1 =1

diverges. The nth term of a series approaching zero as n increases without bound is

a necessary condition for any series to converge, but it doesn’t guarantee convergence

of the series. If the nth term of the series approaches zero, then additional testing



must be done to determine if the series converges or diverges. Take for example the
harmonic series

S

1 1 1 1 1
H:§ =l -t
2. +2+3+4+5+ +

considered earlier, one can observe that the nth term 1 approaches zero, but further
investigation shows that the series diverges
Cauchy Convergence

The Cauchy convergence condition associated with an infinite series examines
the sequence of partial sums {U,} for j =1,2,3,... and requires for convergence that
for every given small number ¢ > 0, there exists an integer N such that for any two
integers m and n satisfying n > m > N, one can show that |U, — U,,| < e. Observe that

the sequence of partial sums U, and U,, are written
Un:Zuj and Um:Zuj, n>m
j=1 j=1

so that for Cauchy convergence of the sequence of partial sums it is required that
|Up — Ul = [thms1 + Umaio + - -+ u,| be less than the given small quantity e > 0. This
test holds because if lim U, =/ and lim,, .., U,, = ¢, then by definition of a limit one

n—oo

can select integer values for n and m so large that one can write
€ €
|Un—£|<§ and |Um—£|<§
where ¢ > 0 is any small positive quantity and m and n are sufficiently large, say
both m and n are greater than N. It follows then that
[ Un = Un |=| (Un = ) = (Un = ) || [Un = £ |+ | U = £]< 5+ 5 =€

The Cauchy test is an important test for convergence because it allows one to test
for convergence without actually finding the limit of the sequence.

Example 4-8. Geometric series
Consider the geometric series a+ar+ar®*+ar®+---+ar™+--- where a and r are
nonzero constants. The sequence of partial sums is given by

Al =a
As =a+ar

A, =a+ar+ar+ar®+---far" !
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Recall that by multiplying A,, by » and subtracting the result from A,, one obtains

a ar™

:1—7“_1—7“

The convergence or divergence of the sequence {4,,} depends upon the sequence {r"}.

1-mMA,=a—ar" or A,

(4.11)

Skipping the trivial case where r = 0, the sequence {4,} converges if the sequence
{r"} converges. Consider the sequence {r"}, for n=0,1,2,3,... in the following cases
Irl<1, r>1,r=1,r<—1and r = —1.

(i) If |r| < 1, write |r| = = where o > 0. Using the binomial expansion show
1 (1+a)" > 1+na for n>2, or v = ! < ! and consequently for a
rn 1+a)®  1+na
given e > 0, with 0 < e < 1, write

1 1 1-—
) = || = < <e foralln>N>-—°
1+a)™  14na €

1

T+ — 0 as n — oco. This is an example of the sandwich theorem and

Here

demonstrates lim,,_,o, r™ = 0.

(ii) If » > 1, then r™ for n = 1,2,3,... increases without bound. Consequently, for any
given positive number M, r* > M for all integers n > 1?11—]\;[ and so the sequence
{r"} diverges.

(iii) If » =1, then r* =1 for all integers n and the sequence for {4,} diverges.

(iv) If » < —1 the sequence {r"} diverges since it becomes infinitely oscillatory with
r’m — 400 and 72"t — —co.

(v) The special case r = —1 also gives a finite oscillating sequence since r** = 1 and
r?2ntl = 1 for n=1,2,3,... and so in this case the sequence {r"} diverges.

In summary, the geometric series has the finite sum given by equation (4.11)
and the infinite sum

A= lim An:a—i—ar+ar2+ar3+---+ar”+---:%, for |r| <1
—r

n—oo

otherwise, the geometric series diverges.

The Integral Test for Convergence
Assume f(z) is a given function satisfying the following properties.
(i) f(x) is defined and continuous for x > M for some positive integer M.
(ii) f(x) has the property that f(n) = u,, for all integers n > M.
(iii) f(x) decreases as x increases which implies u,, = f(n) is a monotonic decreasing

Junction.

(iv) f(x) satisfies ILm f(x) =0.
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One can then say that the infinite series Y oo | Un
(a) converges if the integral f];,o f(x) dx converges.

(b) diverges if the integral f:; f(x) dx diverges.

oo T
where / f(xr)dx = lim / f(x)dx is an improper integral.
M T —o00 M

The integral test for convergence of an infinite series compares the area under the
curve y = f(x) with overestimates and underestimates for this area. The following is
a proof of the integral test in the case M = 1. Given the infinite series >°7 | u,, with
u, > 0 for all values of n, one tries to find a continuous function y = f(z) for 1 <z < oo
which decreases as z increases and is such that f(n) = u, for all values of n. It is
then possible to compare the summation of the infinite series with the area under
the curve y = f(x) using rectangles. This comparison is suggested by examining the
rectangles sketched in the figure 4-3.

Overestimate of area
Underestimate of area

1 2 3 4 7 n+1

Figure 4-3.

Overestimates and underestimates for area under curve y = f(x).

Assume there exists a function f(z) > 0 which decreases as = increases with the
property f(n) = u, and that lim, .. f(z) = 0. The integral / " f(z)dx represents
the area under the curve y = f(x) bounded by the z-axis and the lines « = n and
r =n+ 1. Using the mean value theorem for integrals the value of this integral is

f&) forn<é&<n+1.

Copyright 2012 J.H. Heinbockel. All rights reserved
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The assumption f(z) decreases as z increases implies the inequality
n+1
Up = f(n) > / f(x)dz = f(&) > f(n+1) =u,y1 for all values of n. (4.12)

The inequality (4.12) can now be applied to each interval (n,n+1) to calculate over-
estimates and underestimates for the area under the curve y = f(x), for z satisfying
n<z<n+1and for n =1,2,3,.... A summation of the inequalities given by equa-
tion (4.12), for n=1,2,...,N — 1, gives a summation of areas under the curve and
produces the inequality

N
u2+u3+---+uN§/ fl@)der <wuy +us+us+---+un_1 (4.13)
1

A graphic representation of this inequality is given in the following figure.

Figure 4-4. Pictorial representation of the inequality (4.13)

The inequality (4.13) gives an underestimate and overestimate for the area under
the curve y = f(z) of figure 4-3. Consider the following cases.

Case 1: If in the limit as N increases without bound the integral i /1 ! f(z) dz exists,
say with value S, then the left-hand side of equation (4.13) indicates the se-
quence of partial sums is monotonic increasing and bounded above by S and
consequently the infinite series must converge.

Case 2: If in the limit as N increases without bound the integral i /1 ! f(x)dz is un-
bounded or the integral does not exist, then the right-hand side of the inequality
(4.13) indicates that the infinite series diverges.



Example 4-9. The p-series
Consider the p-series which is defined H = Z S =gty tmtpt

(CaseI) In the case p =1, the above series is called the harmonlc series or the p-series
of order 1. Sketch the curve y = f(z) = 1/2 and construct rectangular overestimates
for the nth partial sum. One can then verify that the nth partial sum of the harmonic

series satisfies

1+ + +- Z / —d:z:—lnn+1)

In the limit as n increases without bound the logarithm function diverges and so the
harmonic series diverges using the integral test.

(Case IT) In the case p <0, the p-series diverges because it fails the test of the nth
term approaching zero as n increases without bound.

(Case IIT) In the case p is positive and p # 1 use the function f(x) = ;—p and show

< 1 T 1 1
/ — dr = lim — dr = lim 1- (4.14)
. P T—oo J; xP TSoo |p—1 Tp—1

If p > 1 the right-hand limit from equation (4.14) has the value _&; and so the
integral exists and consequently the p-series converges. If 0 < p < 1 the limit on the
right-hand side of equation (4.14) diverges and so by the integral test the p-series
also diverges.

In conclusion, the p-series

_oo 1_1 1 1 1
=l g rtw Tttt
pa

converges for p > 1 and diverges for p <1

Example 4-10. Estimation of error

Let Z“” denote a given infinite series which converges by the integral test.

Ifu den%%les the true sum of this series and U, denotes its nth partial sum, then
|U — U,| = R, is the remainder term that was omitted and represents the true error
in using U,, as an approximate value for the sum of the series.

Let E, denote an estimate for the error associated with the truncation of an
infinite series after the nth term where the nth partial sum U, is being used as an
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estimate for the true value U of the series. The function f(z) used in the integral

test for convergence is a decreasing function of 2 and so
Ral < [ f)do

If one sets E, = [ f(z)dz, then the magnitude of the remainder |R,| < E, or the
true error is less than the estimated error E,,.

Here u,, = f(n) so that the partial sum Uy = SN w, = SN | f(k) can be used as
an approximation to the infinite sum. A better approximation for the sum is given
by Uz = S0, f(k) + [~ [f(z)dz since the integral representing the tail end of the area

under the curve in figure 4-3 is a good approximation to the sums neglected.

Example 4-11.
Sum 100 terms of the infinite series S = %2 + 21—2 ++ % + .- and estimate the
error associated with this sum.

Solution: Let S, denote the nth partial sum

m=1

Use a computer and verify that S0 = 1.63498 so that an estimate for the error

between the finite sum and the infinite sum is given by

<1
E100 = / 3 dxr = 0.01
100 T

Therefore, one can state that the difference between the true sum and approximate
sum is |S — Sigo| < 0.01 or 1.62498 < S < 1.64498. The exact value for S is known to be
72/6 = 1.64493... and this exact value can be compared with our estimate. Observe
that the value Sigo + [}, 2= dv gives a better estimate for the sum.

It is important that you make note of the fact that the integral test does not give

the sum of the series. For example,

2

1 7 > 1

m=1



Alternating Series Test

An alternating series has the form

Z(—l)jHUj =u; — U2+ U3 — Ug+ U5 — U+, u; >0 (4.15)
j=1
where each term of the series is positive, but the sign in front of each term alter-
nates between plus and minus. An alternating series converges if the following two
conditions are satisfied.
(i) For a large enough integer N, the terms u, of the series are decreasing in absolute
value so that |u,;1| < |u,|, for all values of n > N.
(ii) The nth term approaches zero as n increases without bound so that one can
write nh—{go u, =0 or nh—{go lun| = 0.
To prove the above statement one can examine the sequence of partial sums Uy,
starting with N = 1, and make use of the fact that u,,; < u, to obtain the situation

illustrated in the figure 4-5.

L] I
[é— — -
() '
1 3 /-[ :
1 I-e—- — g 5 '
E U5 —=> 1 !
1 - —u 1
1 : - G w T — = 1 A
1 ' . . _— s . ' 1 .
1 ] ] = . ¥ ] .
1 1 1 3 1 i 1 1 —
1 — 1 t i } |
U Uy Ug Ug Uy Us Ug Uy

partial sums

Figure 4-5.

Sequence of partial sums for alternating series.

The even sequence of partial sums Us,, Uy, Us, ... forms a bounded monotone in-
creasing sequence. The odd sequence of partial sums U, Us, Us, ... forms a bounded
monotone decreasing sequence. Both the even {U,,} and odd {U,,.1} sequence of
partial sums converge and consequently

lim Ugn =U and lim U2n+1 =V

n—oo
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Note also that for n large, the term wus,,,.; of the series must approach zero and

consequently
lim U2n+1 = lim (U2n+1 — Ugn) = lim U2n+1 — lim Ugn =V-U=0
which implies that U = V and the alternating series converges.

Example 4-12. Alternating series
Consider the series » -
n=2

n

1
lmi . For n+1 > n, then In(n+1) > Inn and consequently
1 1 . . . 1 . .
——— < — indicating the terms u,, = — decrease as n increases or equivalently,
In(n+1) " Inn Inn
. . . .. 1
the sequence {u,} is monotonic decreasing. In addition, lim — = 0. These two

n—oo [nn

conditions guarantee the convergence of the given alternating series.

Example 4-13. Estimation of error

Denote by U,, the mth partial sum of a convergent alternating series and let U
denote the true sum of the series. For n > m examine the difference between the nth
partial sum and mth partial sum by writing

n m

Z(_l)H—lui o Z(_l)H—lui

=1 =1

n

Z (_1)i—|—1ui

i=m-+1

|Un - Um| =

Using an appropriate selection of the value n (i.e. being either even or odd and

greater than m) one can write

n

Z (_1)i—|—1ui

i=m-+1

= Um+1 — (um—|—2 - um—|—3) - (um—|—4 - um—|—5) - (un—l - un) < Um+1

This inequality is independent of the value of n so that

[ee] n

Z(—l)iﬂui - Z(—l)iﬂui < Up41

=1 =1

U —-U,| =

This last inequality is sometimes referred to as the Leibniz condition and implies that
by selecting an error E,, as the absolute value of the (n+ 1) st term of an alternating
series, then one can write |R,| = |U — U,| < E,. Hence, to obtain the sum of an
alternating series accurate to within some small error e > 0, one must find an integer
value n such that |u,, 1| = E..1 < ¢, then it can be stated with confidence that the nth
partial sum U, and the true sum U of the alternating series satisfies the inequality
U,—e<U<U,+e.



Bracketing Terms of a Convergent Series

Let A=ay+a1+as+-+am+-- = Z a, denote a convergent series and define

n=0
the sequence of terms {j,}5°, which is a strictly increasing sequence of nonnegative

integers. That is the terms ji, jo, ... are positive integers satisfying
J1<J2<-<Jn<Jnt1<---

The series for A can then be bracketed into nonoverlapping groups or partitions as

follows

A=(ao+--+aj)+ (@114 Fap) + (@ + - Fag) +F (a0 +-+a,, )+

where there is a finite number of terms in each group. This is equivalent to defining

the infinite series
bo =ap +ay +---+aj,
br =aj, 41+ aj 42+ -+ aj,
B=Y by where
n=0

bn =@j, 41+ @, 42+ Fa,

The partial sums B, = by + by + --- + b, of the bracketed series, by definition, must
equal the partial sum A; , of the original series and consequently the sequence of
partial sum {B,} is a subsequence of the partial sums {4,}. In advanced calculus it
is shown that every subsequence of a convergent sequence converges and from this
result it can be concluded that

If a convergent series A has its terms bracketed into nonoverlapping groups to

form a new series B, then the series B converges to the sum of the original series.

The converse of the above statement is not true. For example, the bracketed
series (1 —1)+ (1 —1)+ (1 —1)+--- converges, but the unbracketed series has partial

sums which oscillate and hence is divergent.
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Example 4-14.

Consider the infinite series

— (—1)"* 11 —1
A= S 1™
S il

and say this series is bracketed into groups of two terms as follows

1 11 11 > 1
p=(1-3)+(3-1)*(60) " =S @mvaw
n=1
Here both series converge to the same value as the bracketing does not effect the
convergence of a converging series.

n
Comparison Tests

oo oo
Consider two infinite series, say Z U, and Z v, where the terms of the series
u, and v, are nonnegative. Let M denote a positive integer, then

(i) if up, < v, for all integers n > M and the infinite series Y .. , v, converges, then
the infinite series > ., u, is also convergent.

(ii) if u, > v, > 0 for all integers n > M and if the infinite series Z v, diverges,

n=1
oo

then the infinite series Z u, must also diverge.
n=1

To prove statement (i) above, let >°°° | v, denote a convergent series with sum
V and let
Un:’LL1+U2—{—-.-—{—’LLn, and Vn:U1+U2+“‘+’Un

denote the nth partial sums associated with the infinite series Y u,, and 3 v, respec-
tively. If u, < v, and V is the value of the converging series, then the sequence of
partial sums {U,} and {V,} satisfy U, <V, <V and consequently the sequence {U,}

is an increasing bounded sequence which must converge.
o0

If the series Zvn diverges, then the sequence of partial sums {V,,} increases

n=1
without bound. If w, > v, for all n, then U, > V, for all n» and so U, must also

increase without bound, indicating that the series Z“” must also diverge.

n=1
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Ratio Comparlson Test

If E u, 1S a series to be compared with a known convergent series E cn, then

n=1 n=1

if the ratios of the (n + 1)st term to the nth term satisfies

u C
n—+1 S n—+1 , (416)
Uy, Cn,

oo
then the series E u, %S a convergent series.

n=1

oo oo
If Z u, 1S a series to be compared with a known divergent series Z d,, then if
the ratios of the (n + 1)st term to the nth term satisfies

Uy, dn
R (4.17)

- 9
Unp, dy,

then the series E u, %S a divergent series.
n=1

To prove the above statements, make the assumption that the inequalities hold
for all integers n > 0. The proofs can then be modified to consider the cases where
the inequalities hold for all integers n > N. The proof of the above statements follows
by listing the inequalities (4.16) and (4.17) for the values n =0,1,2,...,(m —1). This

produces the listings

w_a oy b

Ug ~ Co Uo dO

vz 2 uz , d2

u - up — dp

us C3

us G us o ds (4.18)

ug C2 U - d2
Um Cm

U d

T < P m > m
m m Um—1 dm—l

Multiply the terms on the left-hand sides and right-hand sides of the above listings
and then simplify the result to show

U < D¢ and U > 2, (4.19)
Co do

A summation of the terms on both sides of the above inequalities produces a com-

parison of the given series with known convergent or divergent series multiplied by

some constant.
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Example 4-15. Comparison test (set up an inequality)
Two known series used quite frequently for comparison with other series are the

geometric series Z ar™ and the p-series Z . These series are used in comparison

tests because 1nequaht1es 1nv01v1ng powers of known quantities are easy to construct.

For example, to test the series Z for convergence or divergence, use the

2

comparison test with the known p- ser1es. The inequality n* + 1 > n? implies that

n21+ 1 < % and eonsequently by summing both sides of this inequality one finds

Z m < Z . It is known that the p-series, with p = 2, converges and so by

eomparlson the given series converges.

As another example, consider the series Z B”L%—b where ¢ > 0 and b > 0 are

n=1

: : : : o= 1
constants and compare this series with the geometric series Z 3 Since 3" +b > 3",

n=1
then —2— < 2 and consequently, Z 2 converges, so that the given series must
37+ b 3n £ 3n
also converge.
]
Example 4-16. Estimation of error

Let Z u, denote a convergent infinite series, then use the nth partial sum U, to
n=1

estimate the true value U of the series. The true error in using the nth partial sum
as an estimated value for the sum is given by

Ro=|U~Udl= > u,
i=n+1
where R,, is the remainder after the summation of n-terms of the series.
If there exists a known comparison series Z v, such that for all integers n greater

n=1
than some fixed integer N there results the inequality |u,| < v,, then it follows that
[tng1 4 Uns2 + A Ungm| S|tngr] + |tng2| + - F [Ungm]

<Up41 +Upg2+ -+ Upgm < Z V;
i=n+1



n+m o
which implies that for all n > N, |R,| = |U = Uy| = lim | Y~ w| < > v. Conse-
meee i=n=1 i=n+1
quently if one selects E,, = Z v; as an error estimate for the series sum, then write
i=n+1

|R,| < E, which says the true error must be less than the estimated error E,, obtained
by summation of terms greater than v, from the known comparison series.

n
Absolute Convergence

oo oo
Consider the two series Z“” and Z | an, | where the second series has terms
n=1 n=1

which are the absolute value of the corresponding terms in the first series. By

oo
definition the series Z a, is called an absolutely convergent series if the series of

n=1

oo
absolute values E | an | is a convergent series.

n=1
Example 4-17.
(a) The series S; =1— % + % — i + .- is called the alternating harmonic series. By the

alternating series test it is a convergent series. It is not an absolutely convergent
series because the series of absolute values is the harmonic series which is a

known divergent series.

. 1 1 1 1
(b) The series S=G-mte -
the corresponding series of absolute values is the p-series or order 2 which is a

+--- is an absolutely convergent series because

known convergent series.

Example 4-18.

oo
If E |uj| is an absolutely convergent series, then the series E u; must also be
Jj=1 j=1
a convergent series.

To prove the above statement examine the sequence {U,} where U,, denotes the
nth partial sum associated with the series of absolute values
Un = lua] + |ug| + -+ + [un| = D Ju;|  forn=1,2,3,...
j=1
For convergence of the series of absolute values the Cauchy convergence criteria
requires that there exist an integer N such that for all integers n and m satisfying,
n >m > N, one has
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|Un_Um|:||um+1|+|um+2|+"'+|un|| <e€ (4.20)

where € > 0 is any small number. Select the value N large enough that one can apply

the Cauchy convergence criteria to the infinite series Zuj for the same given value
j=1
of ¢ > 0 using the same values of m and n. For Cauchy convergence of the series

Zuj, it is required that the difference of the mth partial sum U,, = Zuj and nth

j=1 j=1

partial sum, U, = Zuj, for n > m, must satisfy |U, — Up| = [tms1 + tUmiz 4+ -+ up| < e
j=1
Using the generalized triangle inequality, the absolute value of a sum is less than or

equal to the sum of the absolute values. That is,
[ttt + Umta + -+ Un| < ||Uma1] + [Umaa] + -+ un]| < e (4.21)

But this is the Cauchy condition which is required for convergence of the infinite
series > Juyl.
j=1

Another proof is to consider the two series » " wu, and ) |u,| with partial sums
n=1 n=1
U, =ui +uz +uz+---+uy,
and U, =|u] + |ua| + ug| + - - - |un|

Our hypothesis is that the sequence of partial sums {U,} converges. Our problem
is to show that the sequence of partial sums {U,} also converges. Assume the series
S>>, u, has both positive and negative terms so that the partial sum {U,} can be
written as U, = P, — N,, where P, is the sum of the positive terms and N, is the
sum of the absolute values of the negative terms within the nth partial sum. This
implies that the partial sum U,, can be expressed U,, = P, + N,,. Here the sequence
{U,} is a bounded increasing sequence with some limit lim,, .., U,, = U which implies
the inequalities
P, <U,<U and N, <U,<U

so that the limit U is an upper bound for the sequences {P,} and {N,}. Both the
sequences {P,} and {N,} are monotone increasing and bounded sequences and must



converge to some limiting values. If these limiting values are called P and N, then

one can employ the limit theorem from calculus to write
lim U, = lim (P, — N,) = lim P, — lim N, =P — N

n—oo n—oo n—oo n—oo

which shows the infinite series Y°° , u, is a convergent series.
If 3  a, is an absolutely convergent series, then write

N
D>_an
n=1

as this is just a limit associated with the generalized triangle inequality.

N
lim < lim |an
N—o0 N—o0 1

n=

Also note the terms within an absolutely convergent series can be rearranged
with the resulting series also being absolutely convergent with the same sum as the

original series.

Slowly Converging or Slowly Diverging Series

In using the comparison test to determine whether a series converges or diverges,
one should be aware that some series converge very slowly while other series diverge
very slowly. To estimate the value of a very slowly convergent series to within some
error bound, it is sometimes necessary to sum an excessive number of terms.

If > an and ) b, are two convergent series, one says that the series ) a, con-

verges at a slower rate than the series ) b, if the condition nll_)rglo ﬁ = 0 s

satisfied.

In a similar fashion

If > a, and ) b, are two divergent series, one says that the series > a,, diverges

a
at a slower rate than the series ) b, if the condition lim — = 0 is satisfied.
n—oo
n

Example 4-19.

[ee]

The series Z“” = Zm will converge at a slower rate than the series
n=2

1
= =1 by 2 Inn)?
D by=>_ - because lim — = lim ”172: i (27 —0
n n—oo G, n—oo n—oo n
n=2 n=2
n(lnn)?

This result follows by using L’Hopital’s rule to evaluate
2(lnz) -2zt 2771

1 2
lim ﬂ = lim = lim

=0
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Example 4-20.

[ee]

. 1 . . .
The series E an = E diverges at a slower rate than the comparison series
’ nlnn
—

n—

1
—, 1 e T
nz;bn—nzgg, because nlggo_n_nlggoT_nlggom_o'

n
As an exercise estimate how many terms of each series needs to be summed for the
result to be greater than 3. Verify that the answer is $°"5a, >3 and 3°1 b, > 3

Ratio Test

The following tests investigate the ratio of certain terms in an infinite series
as the index of the terms increases without bound. The ratio test is sometimes
referred to as the d’Alembert’s test, after Jean Le Rond d’Alembert (1717-1783) a
French mathematician. The ratio test examines the absolute value of the ratio of
the (n+1)st term divided by the nth term of the series Z“ﬁ as the index n increases

=1
without bound.

d’Alembert ratio test

If the terms wu, are different from zero for n = 1,2,3,... and the limit
. Un+41 . 6
lim = q exists®, then
n— 00 Uqg,

(i) The series y .. | u, is absolutely convergent if ¢ < 1.
(i) The series Y .., up diverges if ¢ > 1.
(iii) The test fails if ¢ = 1.
The above result can be proven using the geometric series. Assume that for all

values of n greater than some value N it is possible to show that

u
< r <, (4.22)
Un
Define the quantities
Y0 =y LT Ung V27 Uy

and use the inequality given by equation (4.22) to show |v,,| < 7|v,—1|. This is
accomplished by setting n = N+1, N+2,...in equation (4.22) to obtain the inequalities

6 If all the terms of the series are nonnegative, then the absolute value sign can be removed



lv1| < 7ol

rlu] < 72w

IN

v (4.23)

|Um| S T|Um—1| S TmUO
The original series can then be split into two parts. The first part Z;.V:l lu;| is a
finite series leaving the series Y272 |, |u;| representing the second part which can be

compared with a geometric series. The second part satisfies the inequality

o0 o0 v
Z luj| < Z|Ui| < Jwol(l+r+r2 434+ < %, Ir] <1 (4.24)
j=N+1 i=0

and so the series is absolutely convergent by the comparison test.
If for all values of n greater than some value N it is possible to show

Up+1
Unp,

=q>1 (4.25)

then the terms of the series Y u,, become a monotonic increasing sequence of positive
numbers and consequently the nth term cannot approach zero as n increases without

bound. Under these conditions the given series is divergent.

Example 4-21. Ratio test

. . —~m+1 2 3 4 n+1
Consider the series mz:l2—m—§+2—2+2—3+---+ o
n-+ 2
. . n . n o1 2 1
Using the ratio test one finds lim 21 = lim -2 L i 2 (2E2) 22 o1 and so
2TL
the given series is absolutely convergent. n

Example 4-22. Ratio test

Test the harmonic series Z% for convergence using the ratio test. The ratio test

n=1
1
.. n L onal . . 1
produces the limit lim Untl i L = lim "~ lim —— =1 and so the

ratio test fails and so some other test must be used to investigate convergence or
divergence of the series. [

Example 4-23. Ratio test

Test the series Z e—' to determine if the series converges. Using the ratio test
.

n=1
e'n,+1

u R CES)]] . e . .
L — Jim (";) = lim T = 0 < 1 and so the given series converges.
n—oo N,

T x

one finds lim

n—oo Uy, n— o0
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Root Test -
If the limit lim wun| = L exists, then the series Z Uy, 1S
n—0oo

n=1

(i) absolutely convergent if L < 1
(ii) is divergent if L > 1
(iii) The test fails if L =1
Note that if {/Ju,| < ¢ <1 for all n > N, the |u,| < ¢" < 1 so that the series > |u|

=N
converges by comparison with the geometric series. If {/|u,| > ¢ > 1, the nth term of

the series does not approach zero and so the series diverges.
Certain Limits
Three limits that prove to be very useful are the following.

= 0. This limit follows by

1. If >0 and 8 is any real number, then lim a Za)n

. . P zP T 7
examining the function f(x) = d+a) = ahre) <e%1‘1(1+a)> .

B
2. If g is any real number and « > 0 is real, then lim (nn)

n—oo ne
8 B
by examining the function g(z) = (h;i) = 12/:2 :
xr
3. A consequence of the ratio test is that if all the terms of the sequence {u,} are
such that u, # 0 and the limit lim,,

convergent, which implies that lim,, .. u, = 0 as this is a necessary condition for

= 0. This limit follows

< 1, then the series 3" u, is absolutely

Un 41
un

convergence. Hence, the ratio test can be used to investigate certain limits which

approach zero.

Example 4-24. Limits

7l1000 . . . . . > . . 7l1000
If w, = ———, investigate the infinite series Z u, and find the limit lim —
(1+e€) — n—oo (14 €)
where € > 0 is a constant.
Solution: If one tests the ratio
(n + 1)1000
Unpr (14 H _<n+1>1000‘ 1 _<1+l>1000. 1
U, nt000 n (1+e€) n (1+¢)
(1+¢€)"
in the limit as » increases without bound, one finds lim Untr 1 < 1 and so

the sum Y u, converges. The convergence of the series implies that the nth term
1000

approaches zero, so that lim =0, provided ¢ > 0.



Power Series
A series of the form

oo
E Cnx™ = co + 12 + cox® + 3 + - F o™+ -

n=1
is called a power series centered at the origin. Here z is a variable and the terms
C0,C1,--+,Cm,...are constants called the coefficients of the power series. If z is assigned
a constant value, the power series then becomes a series of constant terms and it
can be tested for convergence or divergence. One finds that in general power series
converge for some values of = and diverge for other values of z. If the power series
converges for |z| < R, then R is called the radius of convergence of the power series.
A series having the form

[ee]

ch(:c —z0)" =co +e1(x — x0) + ca(x — 10)® + e3(x — 20)® + -+ em(T —20)™ + -

n=1

is called a power series in (z — ) centered at the point zq with coefficients ¢, for
m=0,1,2,....

Example 4-25. Power series
Consider the power series

[ee]

Zan(fﬂ —x0)" = ap + a1 (z — x9) + ag(z —w0)? + -
n=0

where the coefficients a,, for n = 0,1,2,... are constants and independent of the
value selected for z. This series converges for certain values of z and diverges for
other values of x. For convergence, the ratio test is required to satisfy the limiting

condition

|z — 0]
= <1
R

an(x — x0)

Gn—1

_ n
an (& = To) = lim
n—00

= lim
n—oo

lim
n—oo

1
Un—1

ap—1(x — x0)"~

. Ay —
where R = lim |-t

n—oo

. Consequently, the power series is absolutely convergent when-

n

ever |z—xo| < R and is divergent whenever z satisfies |z —z¢| > R. For real variables, the

power series converges for z satisfying —R < 2 — 9 < R and the interval (zg — R, 2o+ R)
is called the interval of convergence for the power series and R is called the radius
of convergence of the power series. For complex variables the region of convergence
is the interior of the circle |z — 2| < R in the complex plane.
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A power series

[ee]

f($) = Z an(x - xO)n =ap + a1($ — $0) + a2($ — $0)2 +---+ am(:z — $0)m + - (4.26)
n=0

will satisfy one of the following conditions.

(i) If lim Ia”_ll = 0, then the infinite series (4.26) converges only for z = z, and

n— 00 an

diverges for all other values of .

n— 00 an,

values of z.

(ii) If lim |a”_1| = oo, then the infinite series (4.26) converges absolutely for all

(iii) If lim Ia”_ll = R exists and is nonzero, then the infinite series (4.26) converges
n— oo an,
for | x — 29 |[< R and diverges for |z — z¢ |> R.
In general, if a power series

Zaz r—x0) = ag + a1 (x — z0) + az(z — 20)* + - +an(r —20)" + - - -
1=0
exists and converges for | z — zy |< R, then one can say
(i) The function f(x) is a continuous function on the interval |z — x¢| < R.
(ii) The function f(r) has the derivative

f(z) = ay + 2az(x — x0) + 3az(x — x0)2 et nay (o — xo)n—l .
and this series for the derivative converges over the same interval |z — x| < R.

(iii) The function f(z) has the integral given by

Qn

n+l 4 .
n+1 +

/f $—$0)+%(55—550)24'%(55—550)34'"'4' (z — o)

plus some arbitrary constant of integration can be added to this result. The
series for the integral also converges over the interval |z — zo| < R.
Operations with Power Series

Two power series given by f(x Z fn(z — 20)™ with radius of convergence R;

and g(z Z gn(z — 20)™ with radius of convergence R, can be added

a(z) = f() +g(®) =D falz —20)" + > gulx —z0)"
n=0 n=0



or they can be subtracted

b(x) = f(z) —g(x) =D falz —20)" = D gnlx —z0)"
n=0 n=0

by adding or subtracting like powers of (z — z¢). The resulting series has a radius of
converge R = smaller of { Ry, R, }.
The product of the power series for f(z) and g(z) can be expressed

B
= Z angk(x — )" **

n=0 k=0

5 (L) e

n=0

= Z en(x —x0)"
n=0

n

where ¢, = Z fign—; is the Cauchy product, sometimes referred to as the convolution
j=0
of the sequences f, and g,.

The two power series for f(z) and g(x) can be divided and written

an(x —z0)" oo
= = Z hn (2 — 0)"™
n=0

where the coefficients h, are related to the coefficients f, and g, by comparison of

the coefficients of like powers of (z — 2¢) on both sides of the expression

zfnx_xg [zgnx_xg ][Zh o 20) ]

Maclaurin Series

Let f(x) denote a function which has derivatives of all orders and assume the
function and each of its derivatives has a value at = = 0. Also assume that the
function f(x) can be represented within some interval of convergence by an infinite

series of the form

f(x) =co+c1m+con® + ez’ + -+ cpa” + -
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where cg,c1,ca,...,cn, ... are constants to be determined. If the above equation is to
be an identity, then it must be true for all values of z. Substituting z = 0 into the
equation gives f(0) = ¢y. The series can be differentiated on a term by term basis as

many times as desired. For example, one can write
f'(x) =c1 + 2cox + 3cax® + dega® + - -
f"(x) =2lcy + 3lesr +4-3cqa® +5-42® -
" (x) =3les +4legr +5-4-322 + - -

f(x) =nle, + (0 + Dlepyiz +- -

Substituting = = 0 into each of the above derivative equations gives the results

" " (n)
C1 = f/(o)a C2 = f2('0)a €3 = ! 3$0)a T y Cn = ! n'(O)

, ot

This shows that f(z) can be represented in the form

1 1 (n) T
f(z) = f(0) + f'(0)z + fz(!o):ﬁ s 350):53 b n,( Jam 4. (4.27)
or - )
fl@)=>" ! m!(O) z™ (4.28)

where f©(0) = f(0) and 0! = 1 by definition. The series (4.27) is known as a Maclau-
rin” series expansion of the function f(z) in powers of x. This type of series is useful
in determining values of f(x) in the neighborhood of the point z = 0 since if |z| is less
than 1, then the successive powers 2 get very small for large values of n.

In the special case f(x) = g(x + h) one finds, for h constant, the derivatives
fl(x) = g'(x +h), f'(z) = ¢"(x + h), etc. Evaluating these derivatives at » = 0 gives
£(0) = g(h), £(0) = ¢'(h), f"(0) = g"(h), etc., so that the equation (4.27) takes on the
form

x? x3 n "
g(w+h) = g(h) +g' (W +g"(h) o + " ()57 +-+ g™ (A + - (4.29)

which is called Taylor’s form for Maclaurin’s results.

" Colin Maclaurin (1698-1746) a Scottish mathematician.
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Example 4-26. Some well known Maclaurin series expansions are the following.

$3 5 7 9 11

L T T T T
SINT =T — §+§_ﬁ+__ﬁ+"' lz| < oo
2 ozt 8 8 10
cosx—l——+E—a+§_1_0!+... 2| < o0
O R B S e B
sinhx x+§+_+7+_+ﬁ+ 2| < o0
h 1+$_2+$_4+$_6+$_8+$_10+ |$|<OO
coshx = 1 ] 2 o
2  xd ozt x5 2
=ExXp(a) =1+t ot or+ p gt o 2] < o0
¢ zlna (xIna)®> (zlna)?
a® =e =1+ Ilna+ o1 + 3l + - —oco <z <00
x? 3 ozt oz 2
In(1 —r - T T i<z <1
n(l+z) =z 2+3 4+5 6+ <z
: =l+o+a?+23+21 4+ lz| <1
-
x? 73
(1+ )" =1+ fa + 48 - )5 +B(8 - 1)(5 - 2>3,+--- [ <1
sin_lx—x+l$—3+1'3$—5+1'3'5$—7+ —1l<z<l1
723 245 2.4.67
SN PSS DR S (PR EAQE L. LA S L1 l<az<l
S - — — S1n = — — e — —_— JE— J—
s 2 ° v 2 23 2-45 2-4-67

|
Note that many functions do not have a Maclaurin series expansion. This occurs

whenever the function f(z) or one of its derivatives cannot be evaluated at = = 0.
For example, the functions Inz, z%/2, cotz are examples of functions which do not

have a Maclaurin series expansion.

Example 4-27. The following are series expansions of selected special func-
tions occurring in advanced mathematics, engineering, mathematical physics and
the sciences.

J,(x) The Bessel function of the first kind of order v

oz L © (—1)k$2k
Ju(@) = (5) ];)2% KIT(v+k+1)

where T'(z) is the gamma function.

Y. (z) The Bessel function of the second kind of order v

Jy () cos(vm) — J_,(x)

sin(vm)

Y, (x) =
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Yo(x)

Yi(z)

Figure 4-6. The Bessel functions Jy(z),

i 5
i m
3 ¥ : = . .
.
o
Y
o

s &

YQ(QT), Jl (l?), Yl(:c)

The sine integral Si(z) = [ 22t dt

R 2n—|—1

nz:[) 2n+1 2n+1)!

The cosine integral

Ci(x) = v+ Inz + [ <st=1qt, |arg | < 7
1)”.172”
1 AN
Cilz) = 7+nx+z 2n(2n)!

where v = limnqoo[l—{—%—{—%%—---%—%—lnn] =

0.57721... is called the Euler-Mascheroni con-

stant.

The error function erf(x) = % IS e=t" dt

Y erf(x)

-4 -& & 4

=k

sl f erf(z) =
X

Si(x)

Ci(x)

™

i

(_1)nx2n—|—1
n!(2n + 1)




The hypergeometric function F(a, 3 ;v ;x)

k k

a,Bi7v;x) = Z EZZ—

where ¢® =1 and ¢* = a(a+ 1)(a+2)---(a+ k — 1) for k a nonnegative integer,

is called the factorial rising function® or upper factorial. In expanded form the

hypergeometric function is written

Fa, B57; x)—1+%x n ala+1)B(B +1) z?

1! yoy+1) 2!
Yo+ (y+n—1) nl

The hypergeometric function is related to many other functions. Some example

relationships are the following.

In(1 — x) 1
F(1,1;2;2) = — —— 2 F(o,B:8;7) =——
(a ’ 717) T (O‘aﬁvﬁvx) (1—[[7)0‘
1 3 tan~!z . x
F(=1:2:2)= lim F(oa,0;8;—) =€
(51 = lim F(a, 555 2)
1 .5 1 Lo 2
F(—a,a;i;sm x) = cos(2ax) F(§a—1§§§$):1—$

Taylor and Maclaurin Series

Brook Taylor (1685-1731) an English mathematician and Colin Maclaurin (1698-
1746) a Scottish mathematician both studied the representation of functions f(z) in
terms of a series expansion in powers of the independent variable z. If f(z) is a real
or complex function which is infinitely differentiable in the neighborhood of a fixed

point zg, then f(x) can be represented in the form

where P, (z,z0) is called a nth degree Taylor polynomial centered at zo and R, (z, zo)

is called a remainder term. The Taylor polynomial of degree n has the form

[ (o) f" (o) J (o)

T (@ w0) + (x—mo)*+ -+ (= x0)" (4.31)

P, (z,x0) = f(xo) +

8 There is a factorial falling function or lower factorial defined by ak = a(a — 1)((1 — 2) . (a — (k‘ — 1)) for
k a nonnegative integer. There are alternative notations to represent the factorial rising and falling functions. Some

texts use the notation (™ for the rising factorial function and the notation (x)n for the falling factorial function.

()_xﬁ:F(:E—i—n) L(z+1)

In terms of gamma functions one can write £\"/ = F($) and (x)n =z = m
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and the remainder term is represented
Ro(a0) = o [ (o=t (0) de (4.32)

If the point zy = 0, then the series is called a Maclaurin series.

One method of deriving the above series expansion is to assume that a given
function f(x) has derivatives of all orders and these derivatives all have a finite value
at some point zy. Also assume the function f(x) can be represented by a convergent
infinite series of the form

f(x) = co+ cr(x — o) + co(® — 20)® + -+ - + cnlx — 20)" + - - (4.33)

where ¢, ¢, ... are constants to be determined. Substituting = = =, into this equation
gives f(xg) = co. The assumed series representation can be differentiated on a term
by term basis as many times as desired. The first n-derivatives are

f'(x) =c1 + 2co(x — xg) + 3es(z — 20)? + deg(z — x0) + - - -
f//(fﬂ) =2leg + 3leg(x — x9) + 4 - 3ea(z — :EO)2 + ..
f"(x) =3les + dleg(w — x0) + -+ -

F0 (@) =nlen + (n+ Dlenga(z = @) + -

Substituting the value z = z, into each of the above derivatives produces the results

" " (n)
c1 = f/(xo)’ Co = f ;TO)’ c3 = f :-g!x())’ . . Cn = f n(!JTO)’
This shows that f(z) can be represented in the form
" (n)
£(&) = Flao) + o) @ — o) + L) (@ gy L oy sy
or < o
fay = 30 L0 e (4.35)
m=0 ’

which is known as a Taylor series expansion of f(z) about the point z,. Note that
when zg = 0 the Taylor series expansion reduces to the Maclaurin series expansion.

The validity of the infinite series expansions given by the Maclaurin and Taylor
series is related to the convergence properties of the resulting infinite series. In

general, the Taylor series given by equation (4.33) will satisfy one of the following



conditions (i) The infinite series converges for all values of z (ii) the series converges
only when z = z, or (iii) The infinite series converges for = satisfying | z —z, |< R and
diverges for | z—zy |> R, where R > 0 is a real number called the radius of convergence
of the power series. Note that in the case where there is a radius of convergence R
and z is an endpoint of the interval (zo — R, zo + R), then the infinite series may or
may not converge. Usually the ratio test, and the root test are used to determine
the radius of convergence of the infinite series. The endpoints of the interval of
convergence must be tested separately to determine convergence or divergence of
the series.

Using the mean value theorem for integrals the remainder term can be reduced

to one of the forms

_ p(n+1 (z—x )nH
Ry(7, o) —f( * )(gl)Tol)!a (4.36)
or Rn($; ZEo) :f(n+1) (52)($ B 52)71(1: B .170) (437)

n!

where &, & are constants satisfying zo < & <z and z < & < 2. The equation (4.36)
is known as the Lagrange form of the remainder term and equation (4.37) is known
as the Cauchy form for the remainder term.

Another method to derived the above results involves integration by parts. Con-

sider the integral

@)~ fa) = [ " p de (4.38)

where z, and z are held constant. An integration of the right-hand side is performed
using integration by parts with U = f'(t), dU = f”(t)dt and dV = dt and V =t —x. Here
—x is treated as a constant of integration so that

xT

/ P dt =1 )t - o)

- [ -0 a
° Zo o (4.39)
/ F(t) dt =f (o) (@ — z0) + / (x — t) " (t) dt

0

Now evaluate the integral on the right-hand side of equation (4.39) using integration

by parts to show

[ rwdt= o=+ @) S0l [CESE e o

313
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Continue to use integration by parts n-times to obtain

l/ ) dt = (o) —30) + F(20) T2 4o o @20 | p o a) (a)

2! n!

where the remainder term is given by
Ra(aao) = o [ a0 0 (0) de (4.42)

Example 4-28. Some additional Series Expansions

tanz =x + x—3 + 2i +--+ (_1)”—122n(22n _ 1)B2n:£2”_1 +- |z < T
3 15 (2n)! 2
T $3 2$5 -1 n—122nB2nx2n—
w”‘—:‘g‘ﬁ‘gg‘“‘() @n)] O<lol<m
secT = $2 5$ 61$6 ...+M+... |$|<E
24 720 (2n)! 2
cscr— - =2 T + sl +- (C)"2@T " — ) By + 0<|zf<m
r 6 360 15,120 (2n)!
tanha =z — x—3 + 2i + -+ 22 = 1) Bana™ -zl < z
3 15 (2n)! 2

Where B,, are the Bernoulli numbers and E,, are the Euler numbers. These numbers

are defined? from the expansions

T N Bix N Byz? N Byz? N Bg T Boy,z%"
et —1 1! 2! 4! 6! (2n)!
x 1 1 n 122 1 z* n 1 26
f— — - —_— — e — s e
et —1 2 6 2! 30 4! 42 6!
2e* E1$ E2$2 E3$3
=~ _E .
T L TR TR TR
2e* 552 x4 20 x8
—_—=1—- — 45— — 61— 1385— —
e +1 + 4! 6! * 8!

and produce the numbers

1 -1 1
By=1, Bi=-1/2, By=—-, By=—, Bg=—,--,Bops1 =0for n>1
0 1 / 2 6 4 30 6 19 2n+1 n
Ey=1, By =—-1, E,=5, Eg=—61,---,Es,;1 =0for n=0,1,2,...

9 There are alternative definitions of the Bernoulli and Euler numbers which differ by subscripting notation,

signs and scale factors.



Taylor Series for Functions of Two Variables

Using the above results it is possible to derive a Taylor series expansion asso-
ciated with a function of two variables f = f(z,y). Assume the function f(z,y) is
defined in a region about a fixed point (zg,yo), where the points (zo, y) and (z,y) can
be connected by a straight line. Such regions are called connected regions. Further,
let f(x,y) possess nth-order partial derivatives which also exist in the region which
surrounds the fixed point (zg,v9). The Taylor’s series expansion of f(z,y) about the
point (zg,y0) is given by

df(zo0,%0) df (o, yo)

f(xo +h,yo + k) =f(x0,y0) + 97 h + 2y k s
1 [9*f(x0,Y0), 5 . 0% f(20,%0) 92 f(zo0, yo) , 2 '
b | nt o T g S 2

where h =z — 9 and k =y — y. This expansion can be represented in a simpler form

by defining the differential operator
9, 9,

D=h—+k—, h and k are constants.
ox oy
The Taylor series can then be represented in the form
flzo+hyo+k)=>_ ﬁD]f(ZE, y) + Ry, (4.44)
§=0""

where all the derivatives are evaluated at the point (zg,y0). The remainder term can

be expressed as
1
(n+1)!
where the point (¢,7), lies somewhere on the straight line connecting the points
(zo + h,yo + k) and (zo, yo)-
The equation (4.43) or (4.44) is derived by introducing a new independent vari-

DY £z, ), to be evaluated at (z,y) = (¢,7) (4.45)

Rn—|—1 —

able ¢ which is the parameter for the straight line defined by the equations

. dx dy
T = xo + hi, y =1y +kt, with E—h, and ﬂ_k

where h and k are constants and 0 <t < 1. Consider the function of the single variable
t defined by

F(t) = f(z,y) = f(zo + ht,yo + kt)
which is a composite function of the single variable . The composite function can

be expanded in a Maclaurin series about ¢t = 0 to obtain

+2 tn t(n+1)
— ! "(0)— + - - - () (0)— (n+1)
F(1) = F(0) + F ()t + F'(O)g + -+ FO0) oy + FU 0 (€)oo

Evaluation of equation (4.46) at t = 1 gives f(zo + h,yo + k).

0< &<t (4.46)
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The first n derivatives of the function F(t) are calculated using chain rule differ-
entiation. The first derivative is

F(t) = Of (x,y) dx  Of(x,y) dy

Or dt oy dt
4.47
_0fw), , 20, A
ox oy ’

By differentiating this expression, the second derivative can be determined as

10N 82f(xa Y) 82f(xa Y)
F() = [ 0z ht 0y Oz dt

f(x,y),  0*f(z,y),] dy
+[ seo, T o k]

dx

dt
or 2 2 2
" _8f(:v,y) 2 8f(:v,y) af(:v,y) 2
FI(1) = = g o 2 Sk S R (4.48)
Continuing in this manner, higher derivatives of F(t) can be calculated. For

example, the third derivative is

o3 f o3 f o3 f
F"(t) = h? 42 h 2
®) [8:5 * 0z20y k+6:58y k] dt
o3 f o3 f o3 f
h? + 2 h 2
* [8:5283/ 20yt 5y k] at
or 3 3 3 3
d3f o3 f d°f 9°f
" 3 2 2 4.4
FU(0) = G50+ 3,y 10k + 35 5k + 550, (4.49)
. 0 0
Using the operator D = h— +k—

oz TFa, a pattern to these derivatives can be constructed

F(0) = Df(e) = (h + ) Jo)

F'(t) = D*f(a,y) = (hﬂ +k3)2f<x )
= yY) = o ay Y

F"(t) = D f(,y)



Here the operator D" = <h(% + k:(%) can be expanded just like the binomial ex-

pansion and

F (@) = D f(z,y) = 0L 4 <T> LA <Z> L

ox™ Hxn—1H O —2012
! v ) v (4.50)
n—1 Oxdyn—1 oy’
n n! . . .
where = ——— are the binomial coefficients.
m ml(n —m)!

In order to calculate the Maclaurin series about ¢t = 0, each of the derivatives
must be evaluated at the value ¢t = 0 which corresponds to the point (zg,y0) on the
line. Substituting these derivatives into the Maclaurin series produces the result
given by equation (4.43), where all derivatives are understood to be evaluated at
the point (o, yo).

In order for the Taylor series to exist, all the partial derivatives of f through
the nth order must exist at the point (zg,70). In this case, write f € C™ over the
connected region containing the points (z¢,y) and (z,y). The notation f € C™ is
read, “f belongs to the class of functions which have all partial derivatives through
the nth order, and further, these partial derivatives are continuous functions in the

connected region surrounding the point (zo,yo). ”

In a similar fashion it is possible to derive the Taylor series expansion of a
function f = f(z,y, z) of three variables. Assume the Taylor series expansion is to be

about the point (zg, 0, 20), then show the Taylor series expansion has the form

n

1 .
Fl@o+hyo+h 20+ =) D (@y,2) 4 B (4.51)
j=0""
where
_(p0 0 0N o (,0f 0 ,OF
Df_<ha$+kay+€a$>f—< 8$+k8y+£8:§> (4.52)

is a differential operator and h =z —zo, k =y —yo and ¢ = z — zy. After expanding the
derivative operator DJf for j =0,1,2,..., each of the derivatives are to be evaluated

at the point (zg,yo,20). The term R, ,; is the remainder term given by

1
DU f(x,y, 2) (4.53)
(TL + 1)' (w,y,z):(ﬁmyC)

Rn—|—1 -
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where the point (¢,7,¢) is some unknown point on the line connecting the points
(an Yo, ZO) a’nd (.170 + hv Yo + ka zo + 6)
Functions of n-variables f = f(xy,s,...,2,) have their Taylor series expansions

derived in a manner similar to the above by employing a differential operator of the

form
0 0 0
D=(h—+hys—+ -+ hp— 4.54
<18:E1+ 2(9:52+ * h@xn> ( )
Where hl:$1—$10,h2:[EQ—,IQO,...,hn:,In—,InO.

Example 4-29. Hypergeometric series

The hypergeometric series defines a power series in x in terms of three parameters

a,b,c as
abz ala+1)b(b+1)z? a™b™ "
F o) =14+ — 2 Z 4. I T
(a,b5¢;2) * cl!+ clc+1) 2!+ * cn n!+
where 1
a” =ala+1)(a+2)(a+3)--(a+n—1)=[[la+1)
=0

is called the rising factorial function and the symbol [] is used to denote a product
of terms as the index i ranges from 0 to n — 1. Apply the ratio test and examine the

ratio of successive terms and show

x

Up 41 ettt (n+ 1) (a+n)b+n) =

Un ab"™ 2" (c+n) (n+1)
et onl

Divide the numerator and denominator by n? and show

wn _ (1+3) (044
w0

and in the limit as n increases without bound one obtains the limit z for the ratio of
successive terms. Hence, in order for the series to converge it is required that |z| < 1.

n
Alternative Derivation of the Taylor Series

The above results for the representation of f(z) as a power series can also be

derived by considering the definite integral

@)~ ) = | T (4.55)



where z, and z are held constant. An integration of the right-hand side is performed
using integration by parts with U = f'(t), dU = f"(t)dt and dV = dt and V =t —x. Here
—x is treated as a constant of integration so that

[ rwa=goe-o| - [w-orow

xT

xT

° o (4.56)
/ F(t) dt =f (o) (& — z0) + / (1) " (t) dt

0

Now evaluate the integral on the right-hand side of equation (4.56) using integration
by parts to show

/x () dt = f'(zo)(x — xo) + f”(:bo)% + /w % () dt (4.57)

Continue to use integration by parts n-times to obtain

/ " P dt = (o) — o) + 1 (x0)
or

(v —5'30)2
2!

(r —x0)"

—{—---—i—f(”)(t) —

+ Ry(z,x9)  (4.58)

(z —x0)?

F@) = F(wo) + I (@o) (& — 20) + [ (w0)

where R, (x,¢) is called the remainder term and is given by

Ry (z,x0) = %/x(fv — )" fO () di (4.60)

(r —x0)"

_|_..._|_f(”)(t) —

+ Ry(z,x9) (4.59)

Remainder Term for Taylor Series

Use the generalized mean value theorem for integrals
/ F(OG(t) dt = F(€) / Git)dt, zo<E<u (4.61)

to evaluate the integral used in the representation of the remainder term as given
by equation (4.60). Let F(t) = ft1(¢) and G(t) = E=2" in equation (4.61) and show
T T _ \n _ n—+1
Rolaw,a) = = [z =ty 000 de = 10 o) [ D g pone) B2
n! S v M (n+1)!
where zy < & < x. This is the Lagrange form of the remainder term associated with
a Taylor series expansion. Alternatively, substitute F(t) = W and G(t) =1
into the equation (4.61) to obtain
T (n+1) _ n T
Ry (x, x0) :%/ (z — )" FOHD (1) dt = f (521;(55 2 / 1dt

f(n+1)(f2)($ —&)"

n!

(4.62)

R, (z,x9) = (z — x0)

where zy < & < z. This is the Cauchy form for the remainder term associated with

a Taylor series expansion.
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Schomilch and Roche Remainder Term
Still another form for the remainder term associated with the Taylor series ex-
pansion is obtained from the following arguments. Let f(z), f'(z),..., f™TY(z) all be

defined and continuous on the interval [z, zo + h] and construct the function
)+ Z (@0 12O o (@) 4 (g + b - a1 (463

where A and p are nonzero constants. Select the constant A such that

F(xo+h) =f(xo+h)

and F(x flxo) + Z _f(m) )+ hPHA = f(z + ), (4.64)

then F(z) satisfies all the conditions of Rolle’s theorem so there must exist a point
r=¢=um+06h, 0<0 <1, such that F'(¢) = 0. Differentiate the equation (4.63) and
show

_ m—1
+Z [wﬂmw@) _ m(%*fn! D" ) ()] = (p+ 1) (wo+-h—2)7 4

which can be simplified as follows.

F'(z) = Z M—!_Wf(mﬂ)(x) _ Z m(xg + h — x)m—1f(m) () — (p+ Do+ h— 27 A

1 =2 m!
n h— m n—1 h— i 4

F'(z) :mz:l Wf(mﬂ)(:ﬂ) _ ; (x(ﬁ'i—!x)f(wl)(x) —(p+D)(zo+h—z)P A
7 (a) =PI 0 () (g 1) 40— )

' (4.65)
At x = &€ = zo + 0h it follows that

#(e) = LI o) (1) omp A= 0
a condition which requires that
A =0)]"7P iy
A= DAl s (€ (4.66)

Substituting A from equation (4.66) into the equation (4.64) produces the result

m hp+1[h(1 - 9)]n—p n
f(xo +h) = f(xo +Z—f( (@ TESE F©



Let =z + h and write the above equation in the form

1) = fao) + 32 T2 100 (00) 4 R0, 20) (1.67)

m=1
where R,,(z,z¢) is the Schlomilch!® and Roche!! form of the remainder term given by

(x — )Pz — &)

(p+1)n! n_pf ") (4.68)

Rn('xa .I[)) =

where ¢ = 2y + 6h, for 0 < § < 1 and p is a constant satisfying 0 < p < n. Note that
in the special case p = 0 there results the Cauchy form for the remainder and when
p = n there results the Lagrange form for the remainder.

No one can sum an infinite number of terms on the computer. In order to use a
Taylor series expansion to represent a function for computational purposes, one must
chop of the infinite series or truncated it after n-terms. Knowing and controlling
the error associated with the part of the infinite series that is thrown away is very
important in applications and use of Taylor series when summation with a computer
is used. If the remainder term is known, then it is possible to work backwards by first
specifying an error tolerance and then determining the number of terms n required
to achieve this error tolerance for the values of z being used in the application of
the Taylor series.

Example 4-30. (Alternative derivation of L “Hépital’s rule)

Assume the functions f(z) and g(z) have the Taylor series representations

F(0)

2!

(zo)
2!

f(x) =f(x0) + f'(m0)(x — x0) + (x —x0)% 4+

1

g(z) =g(x0) + ¢'(z0)(z — xo) + (x —z0)%+ -

which are convergent series in some neighborhood of the point z,. One can then

f(z)

express the limit lim =~ in the form
3 g(a)

F(0)
2!
(zo)
2!

f($0)+f/($0)(x—x0)—{— (x—x0)2_|_...

lim
T—xg

(4.69)

1

9(550) + g/(xo)(:v - xo) + (gg — 550)2 + .

The L "Hopital’s rule can be derived by considering the following cases.

10 Oscar Xaver Schlémilch (1823-1901) a German mathematician.
1 Edouard Albert Roche (1820-1883) a French mathematician.
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Case 1 If f(x0) =0 and g(z¢) = 0 but ¢'(zo) # 0, then equation (4.69) reduces to

)+ e =) ey i F@
xigclo d' (o) + g" (o) (z — x0) + 9" (xo) (z —20)2+ - - a g' (o) a wggo g'(x) (+.70)
2! 3!

and so L "Hopital’s rule takes on the form

fa) L f(@)

T —To g(x) o T —To g/(x)
Case 2 If f(z¢) =0, f'(z0) =0, g(z0) = 0 and ¢'(xo) = 0, but ¢”(z¢) # 0, then equation (4.69)
reduces to the form

f//($0) f///(xo)
o g//;:f[’) +2 W?E‘;EO) (w—ag) ... I@) w0 g(z)

and so in this case the L "Hopital’s rule takes on the form

TGO R i CO N T A €0

T—To g(x) o T—xo g/(x) o T—xo g”(x)

The above examples illustrate that one can reapply L "Hopital’s rule whenever

the ratio of derivatives gives an indeterminate form.

|
Indeterminate forms 0.o00, co — 0o, 0%, o0, 1
If the limit lim flz) _ 0 or lim f) _ > then the limits are said to have
T—Tg g(x) 0 T—To g(x) 00

indeterminate forms and are calculated using the L "Hopital’s rule

lim @ = lim f(z)

T —To g(x) o T —To g/(x)

if the limit exists.

Other indeterminate forms are
lim f(z)g(z) =0-00 or lim f(z)g(z)= o0-0

rT—xTg

Jim [f(2) —g(x)] = 00 — o0
lim f(z)9® = 0°

T—Tg
lim f(z)9®) = oo
T—T(
lim f(x)9®) = 1°°
T—Tg

The general procedure used to investigate these other indeterminate forms is
to use some algebraic or trigonometric transformation that reduces these other in-
determinate forms to the basic forms 3 or = so that L "Hopital’s rule can then be
applied. The following examples illustrate some of these techniques.
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Example 4-31. Evaluate the limit lin%[cscx -In(1 4+ )]
Solution If z = 0 is substituted into the functions given one obtains oo -0 which is
an indeterminate form. Products of functions can be written in alternative forms

using algebra. For example,

f@) 9@ =2 or @) gl = L2
g(x) ()
. U . . In(1+=x) P IRT
If the given limit is expressed in the form lim iz then one can use L. "Hopital’s
rule to investigate the limit. One finds
1
lim M — lim L F2% 4
z—0 S x z—0 COST

Example 4-32. Evaluate the limit lim (secz — tanz)

z—m/2
Solution Investigating this limit one finds that it depends upon how z approaches
7/2. One finds lim/Q(sec:E —tanz) = lim/Qsec:E - lim/Qtan:E = +(oc0 — oo) which is an

indeterminate form. Using appropriate trigonometric identities the given limit can
be expressed in an alternative form where L "Hopital’s rule applies. One can write

< 1 sinx) 1—sinz —cosT 0 0

= lim — = lim - =— =
z—7/2 COST z—7m/2 —SInx -1

lim (secz —tanx) = lim

Tz—/2 x—m/2 \ COST COST

Example 4-33. Evaluate the limit lim |”

Solution This limit gives the indeterminate form 0°. Omne can use the identity
lz| = e 17l and write

wnfz] _ Jlimy o oIna|

lim |z|* = lim e
z—0 z—0

Here lim, oz -In|z| gives the indeterminate form 0 (—co). Writing

1
lim z - In|z| = lim n1|:E|
z—0 z—0 <
one can apply L "Hopital’s rule and show
1 1
lim z - In|z| = lim n1|:c| = lim 2 = lim(—z) =0
z—0 z—0 P z—0 e z—0

Consequently, one can write lim |z|* = lim e®™1*l = 0 =1
z—0 z—0
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Example 4-34. Evaluate the limit lim (2 + 9)"/*
Solution This limit gives the indeterminate form oc®. One can use the identity

(z +9) =emCEt9and write

: > 4 ; In(19)
lim (z 4+ 9)Y/*" = lim ez M@+ = plime—o =5

Tr— 00 Tr— 00

Apply L Hopital’s rule to this last limit and show

1 9 L 1
lim 711(:6—{— ) = lim &2 — S ——
Therefore

lim (z + 9)1/902 = lima—oo M2 0

]
Example 4-35. Evaluate the limit lim (2 — 3v)/e
Solution This limit gives the indeterminate form 1°°. Write
lim (2 — 3%)Y/* = lim eF (=37 _ plim, o BEZE
z—0 z—0
Recall that
d d
£3x = %exln‘g =3, 1n3=3%.1n3
and consequently when L "Hopital’s rule is applied to the above limit, one finds
L (0-3" 13
In(2 — 3° 53 (0=3In
limM:lim2 3 =—1In3
z—0 €T z—0 1
Therefore,
. n(2—3% 1
ili%(2 _ 390)1/90 — ehmIHO % — e—ln3 — 3—1 — g
]

Modification of a Series
Let u,, > 0 for all n and let {v,} denote a bounded sequence satisfying |v,| < K,

where K is a constant. If the infinite series Z u, 1S a convergent series, then the

n=1
oo

serties E U, v, will also be a convergent series.

n=1



This follows from an analysis of the Cauchy condition for convergence. Select an
integer value N so large that for all integer values n > m > N the Cauchy convergence
condition satisfies

n

U = Uml| = [t + tmyz + -+ ua| < Y Jui| <
i=m-+1

€

K

n

> wivi| < > |uvi| and since the terms v; are bounded, it follows that
i=m-+1 i=m+1
luivs| = wi|vs| < u; K so that the Cauchy condition for convergence becomes

n m
E U;V; — E U;V;
i=1 i=1

then write

n

< Z lujv;| < K z”: |ui|<K<%>:e

i=m-+1 i=m+1
oo
so that the infinite series » u; is convergent.
=1

Conditional Convergence

An infinite series > .. u, is called a conditionally convergent series or semi-
convergent series, if the given series is convergent but the series of absolute values
is not convergent.

As an example, consider the alternating series given by

This alternating series converges, however it is not absolutely convergent because
the series of absolute values turns into the harmonic series which diverges. The
series is therefore said to be conditionally convergent.

In dealing with an absolutely convergent series, the rearrangement of terms does
not affect the sum of the series. However, in dealing with a conditionally convergent
series, the value of the sum can be changed by using some special rearrangement of
terms and some rearrangements of terms can even make the series diverge. Condi-
tionally convergent series are very sensitive to any changes made to the summation

process.

Algebraic Operations with Series
Examine the series operations of addition, subtraction and multiplying a series
by a constant term together with the operation of multiplying two infinite series as

these are operations that occur quite frequently when dealing with infinite series.
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Addition and Subtraction
Two convergent series can be added or subtracted if one is careful to maintain
parenthesis. That is, given two series A =3 ja, and B=3 7 b, then these series

can be added or subtracted on a term by term basis to obtain

S=Yan+Y bu=> (an+bn) =(ao+bo)+ (a1 +b1) + (az + by) + (az + bs) + - --
n=0 n=0 n=0

D = Zan—an: Z(an—bn) :(ag—bg)+(a1—b1)+(a2—b2)+(a3—b3)+---
n=0 n=0 n=0

The use of parentheses is important because the b, terms may be negative and
in such cases the removal of parenthesis is not allowed. That is, the addition or
subtraction of two infinite series is on a term by term basis with parenthesis being
used to group terms. The partial sums are given by 4,, = > _a, and B, =" _ by,

so that the sum S and difference D can be expressed

n n

lim S, = im > (ap + bm) lim D, = lim Y (a, — by)
m=0 m=0
S = lim A, + lim B, D= lim A, — lim B,

Multiplication by a Constant

A series Y7 ,a, can be multiplied by a nonzero constant ¢ to obtain the series

oo oo
CE an:E (cap) =cap+cay +cay+caz+---
n=0 n=0

The multiplication of each term by a nonzero constant does not affect the conver-
gence or divergence of the series.
Cauchy Product

If the infinite series Z an = ap + aj + as +az + - - - and the infinite series
n=0

Z b, = by + by + by + bz + - -- are multiplied, then the product series can be written
n=0



aobg + agby + agbs + agbs + - - - + agb, + - - -
+a1by + a1b1 + a1bs + arbs + - -+ ar1b, + - -
+ agby + agby + agbs + agbs + - - - + ash, + - -
+ aszby + asby + azbs + agbs + - - -+ asb, + - -- (4.72)
4.
+ anbo + apby + anbs + anbs + -+ apby, + - -
4.

and this result can be grouped into a summation in any convenient way. The Cauchy
method of grouping is to use a summation of terms on a diagonal starting in the
upper left corner of the sum given by (4.72) and drawing diagonal lines from column
n to row n and then summing the results. This gives the elements {c,} from the
double array defined as the diagonal elements

co =apbo

c1 =a1bo + agby

ca =a2bg + a1b1 + agbs

c3 =azbg + asby + arby + agbs

Cn =0nbo + ap_1b1 + ap_2bs + -+ arb,—1 + agb, = Z a;bn—;
i=0

and consequently the product series, called the Cauchy product, can be represented

n=0

The Cauchy product is often used in multiplying power series because the result
is also a power series. The Cauchy product is just one of several different definitions
which can be used for the representation of a multiplication of two infinite series.

If the summation of the series begins with the index 1, instead of 0, then

n=1 \:i=1
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Bernoulli Numbers
The sequence of numbers {B,,} defined by the coefficients of the Maclaurin series

expansion

T z"
= E B,—, |z|<2rm
_ |1’
1 = n!

are called Bernoulli!? numbers. Multiply by e* — 1 and use the Maclaurin series for

the exponential function along with the Cauchy product to show

- i)% ZB ZB ZOZOB ZB

Now equate coefficients of like powers of = above and show By =1 and

n n

n! n

= Jtn—j)! =

Verify that By = 1,B; = —4,B> = §,B3 = 0, By = —5;5,... Alternatively, expand the

X .
function : in a Maclaurin series about z = 0 and show
ot _
z 1 1 2 1 z4 1 26 128 5210 691 212 7z 3617 216 43867 x18
=l—co4-— — —— + - - - - - — ...
v — 1 2" T 620 304 426 308 ' 6610 2730 12! ' 6141 510 16! ' 798 18!

These expansions produce the Bernoulli numbers
n |0 1 2 4 6 8 10 12 14 16

B 1 _ 1 1 1 5 691 _ 3617
n

30 42 30 66 2730 510

[J=
ol
[SIEN

Here the odd Bernoulli numbers are given by By, =0 for n > 1.
Euler Numbers
The sequence of numbers {E,} defined by the coefficients of the Maclaurin series

expansion
2e” > z" ™
i E’I’L_’ <_
f@) = mgr = LBy el <3

are called Euler'® numbers. The function f(x) is an even function of z which implies
that the odd Euler numbers satisfy Es, 1 =0 for all n > 0.

12 Named after Jakob Bernoulli (1654-1705) a Swiss mathematician. Due to scaling, indexing and sign conven-
tions, there are alternative definitions for the Bernoulli numbers, sometimes denoted B, (see table of integrals).

13 Named after Leonhard Euler (1701-1783) a Swiss mathematician. Due to scaling, indexing and sign con-
ventions, there are alternative definitions for the Euler numbers, sometimes denoted &,, (see table of integrals).



Consequently,
T 2m
flz) = 2’ _ 2 — = sechz = ZE Z Egmx—

e2r4+1 eT4e® = (2m)!

A multiplication by e2* + 1 and a Maclaurin series expansion of e2* together with an

application of the Cauchy product formula demonstrates that

oM 4T T on— k > L
S | LT S SEE o) e L
n=0 n=0 k=0 n=0
By equating like powers of # show E, =1 and
" plonk
E,=2-— ——F forn>1
i — k)1 "=
Alternatively, expand the function f(z) = Z2&5 in a Maclaurin series and show
x? x4 .176 .178 .1710 .1712 .1714
=1—-— — 1—+1 — 21— + 2702 —1 1—
fx) +54' -6 ol + 1385 Y — 505 101 + 270 765 9936098 T + -

These expansions produce the Euler numbers.

n 0] 2 | 4 6 8 10 12 14
E, 1 ]-11|5]-61 1 1385 | -50521 | 2702765 | -199360981

Here the odd Euler numbers are zero and Ey,,; =0 for n=0,1,2,....

Example 4-36. Additional Series Expansions

One can verify the following infinite series expansions.

tan x x+x—3+2i+ +22n(22n_1)3nx2n—1 + - lz| < i
3 15 (2n)! 2
U ST VL B - Y B
T 3 45 945 (2n)!
secx:1+—2+%+---+Enx2n+ |$|<E
2 24 (2n)! 2
cscCT — = =2 + 5= o + s1a° +- 227 B +-0 O<|z|<m
z 6 360 15,120 (2n)!
x> 220 227 (227 _ 1B, "1 s
tanhz :E—?%—F—---(—l)”l ( (2n))! +--- |$|<§
T .173 2.175 -1 n—122n 2277, -1 anQn—l
cothx—;:§—£+%+---+( ) ((2n)! ) +-0 0<]z| <7
sechz = _x_2+%_61x6+...+w+... |x|<i
2 24 720 (2n)! 2
cschx — = =-Z + 7_:53 - s1a° +-o 4+ (Z)"2@ " — 1) By + 0<|z|<m
T 6 360 15,120 (2n)!

where B,, are the Bernoulli numbers and E,, are the Euler numbers.
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Functions Defined by Series
If {f.(x)} , n=0,1,2,..., denotes an infinite sequence of functions defined over an
interval [a,b], then other functions can be constructed from these functions.

Many functions F(x) are defined by an infinite series having the form
F(z) =) ¢fi(@) (4.76)
7=0

where cg,c1,ca,... are constants. To study the convergence or divergence of such

series one should consider the sequence of finite sums {F,(x)} where

F,.(z)= Z c;fi(x) = cofo(x) +crfi(x) + -+ cnfulx) (4.77)
=0
for n =0,1,2,.... The sequence {F,(x)} is called the sequence of partial sums asso-

ciated with the infinite series (4.76). The infinite series is said to converge if the
sequence of partial sums converges. If the sequence of partial sums diverges, then
the infinite series (4.76) is said to diverge.

The sequence is said to converge uniformly on an interval a < z < b to a function

F(z), if for every e > 0 there exists an integer N such that
|Fo(z) — F(z)| <e, for all n > N and for all = € [a, b] (4.78)

Example 4-37.
(a) From the sequence of functions {sinnz} one can define the Fourier sine series

expansions

F(z) = Z by, sin nx (4.79)
n=1

where the b, coefficients are constants.
(b) From the sequence of functions {cosnz} one can define the Fourier cosine series

expansions

G(z) =ao+ Z ay, COSNT (4.80)

n=1
where the a, coefficients are constants. The study of Fourier series expansions

has many applications in advanced mathematics courses.



Generating Functions
Any function g(x,t) which has a power series expansion in the variable ¢ having

the form
Z% = ¢o() + dr1(x) t+ o () 12 + - + () 7 + - - (4.81)

is called a generating function which defines the set of functions {¢,(z)} for the
values n = 0,1,2,.... In the above definition scaling of the terms sometimes occurs.
For example, the starting index n = 0 can be changed to some other value and
sometimes t" is replaced by %n' Some examples of generating functions are the

following.

(i) g(z,t)

—Zx t"
oo

.. 1—- tcos@ n
(i) g(z,t) = T 2tcosf 12— Z(cos nb)t
n=0

[ee]

tsin 6 . n
(iil) g(z,t) = T 2tcosf 12— Z(smn@) t

n=1
(iv) g(,1) = Z vy ¢
(V) gz, t) = (1 — 2zt +3)71/2 = Z Py ( Legendre polynomials {P,(z)}
(Vi) g(z,t) = (1 —t) ' exp <1 — t) Z L ( Laguerre polynomials {L,(z)}

There are many other speaal functlons which can be defined by special gener-

ating functions.

Functions Defined by Products

Given a sequence {f,} of numbers or functions, one can define the finite product

[1# = fif2fs--- fn and then the infinite product is written

i=1
[[fi=fiffs--- where ][fi= lim [[fi= lim fife-fo
i=1 i=1 i=1

if this limit exists. Let S, denote the finite product S, = H f; and take the logarithm
=1

of both sides to obtain . .
InS,=m][fi=> Inf; (4.82)
=1 =1
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One can then say that the infinite product H fi is convergent or divergent depending

=1
upon whether the infinite sum Zln fi is convergent or divergent.
=1
Example 4-38. Some examples of infinite products

(a) The French mathematician and astronomer Frangois Viéte (1540-1603) discov-

V241252
ered the representation 2_v2, V242 V2t V2+2 N

T 2 2 2
(b) The English mathematician John Wallis (1616-1703) discovered the representa-

. ™ 2 2 4 46 6 8 8
tion = .. D o DD
2 1 335 5 7 79

(¢) The German mathematician Karl Theodor Wilhelm Weierstrass (1815-1897) rep-

resented the Gamma function as the infinite product

i = T+ 2) oo (<)

n—

where v = 0.577215665 . . . is known as the Euler-Mascheroni constant.
(d) Euler represented the function sin6 as the infinite product

. 62 62 62
sinf =0 <1— F) <1— 22772> <1— 32772>

[ee]

(e) One definition of the Riemann zeta function is ((z) = »_ % Another form
n=1
is ((z) = H T where {p,} denotes the sequence of prime numbers. The
n=1 —Pn

Riemann zeta function has many uses in number theory.

Continued Fractions
Continued fractions occasionally arise in the representation of various kinds of

mathematically quantities. A continued fraction has the form

by

f=a+ (4.83)
ba
ai +
bs
as +
ba
as +
T
as
as + e
where the coefficients ag, a1, ..., b1, bs, ... can be real or complex quantities. They can

be constants or functions of z.



In general, when using the continued fraction representation!'* given by equation
(4.83) the coefficients ag, {a;} and {b;}, i =1,2,3,... can be constants or functions of
r and these coefficients can be finite in number or infinite in number. The pattern
of numerator over denominator can go on forever or the ratios can terminate after
a finite number of terms. A finite continued fraction has the form

fn = a0+ b1 (4.84)

b
a1 + 2

which terminates with the ratio 2—”.

Terminology
(i) The numbers b, by, bs, ... are called the partial numerators.

(ii) The numbers ay,as, a3, ... are called the partial denominators.

(iii) If the partial numerators b;, for i = 1,2,3,... are all equal to 1 and all the q;
coefficients have integer values, then the continued fraction is called a simple or
regular continued fraction. A simple continued fraction is sometimes represented
using the shorthand list notation f = [ag;a1,a2,as,...] where the a;, i = 0,1,2,...
are called the quotients of the regular continued fraction.

(iv) The continued fraction is called generalized if the terms a; and b; for i = 1,2,3, ...
do not have any restrictions as to their form.

(v) The ratio of terms notation as illustrated by the equations (4.83) and (4.84) is
awkward and takes up too much space in typesetting and is often abbreviated

to the shorthand Pringsheim!® notation

ba | by |
|G2 |an

(4.85)

for a finite continued fraction terminating with the 2= term and in the form

buf | L] bl y . (4.86)
|(12

44—
lan

14 Take note that the starting index is zero. Some notations use a different starting index which can lead to
confusion at times.
15 Alfred Israel Pringsheim (1850-1941) a German mathematician.
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for an infinite continued fraction. Historically, the shorthand notation originally

used for representing an infinite continued fraction was of the form

by by b3
=qy+ ———... 4.87
J=a a1+ as+ az+ ( )

where the three dots indicates that the ratios continue on forever.

(vi) If the continued fraction is truncated after the nth term, the quantity f, is called
the nth convergent.

(vii) The continued fraction is called convergent if the sequence of partial convergents

{f.} converges, otherwise it is called a divergent continued fraction.

Evaluation of Continued Fractions
Consider a regular continued fraction which has been truncated after the nth

ratio
1] 1 1 1
| I 1] (4.88)

|an—1 |an

L
fu= a0+ — 4 o+
lay  lay  las

To evaluate this continued fraction start at the bottom and calculate backwards

through the continued fraction. For example calculate the sequence of rational

numbers
TN =Qp_1+—, T2 =0Qp_2+—, -+, Tp_2=0a2+ y Tp—1 =01+ y Tn = fn =00+
an, T1 Tn—3 Tn—2 Tn—1
For example, consider the continued fraction
frmta e+ ol My My L
ST T3 A 5 e
and start at the bottom and calculate the ratios
54 1 31 A+ 6 130 n 31 421
T ey _—= — T prd _— = — T prd _——
! 6 6 @ ° 31 31’ ° 130 130’
n 130 972 421 1393
Ty = —_— = — g _ = —
4 421 4217 ° 972 ~ 972

Continued fractions have a long history of being used to approximate numbers
and functions. In 1655 John Wallis discovered an iterative scheme for calculating
the partial convergents of a continued fraction in the forward direction. His iterative

scheme can be written as follows. Define

A_l = 1, AO = ay, B_1 = 0, BO =1 (489)
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and for j =1,2,3,4,... define the recursion relations

Aj = ajAj—l + bjAj_Q, B] = (Iij_l + bij_2 (490)

-

then the ratio f, = % is the nth partial convergent and represents the continued

n

or the matrix equivalent

(4.91)

Ajr Ajo] gy
Bj-1 Bj-2] b

fraction after having been truncated after the Z—Z term. A proof of

the above assertion is a proof by mathematical induction. For j =1 one obtains
Ay =a1Ag+b1A_1 =ajap + by
Bi =a1By+ b1B_1 = a;

so that the ratio f; is given by

Al ajag + b1 bl

flzB—lzT:aO+a—1

Similarly, for j = 2 one finds
Ay =az Ay + BaAg = az(arag + b1) + baag
By =ay By 4 ba By = agsaq + by

so that the second partial convergent is written

/42 a0a1a2<+-agb2 +—a2b1 a2b1 b1
== =a)+ ———— =ao+ ——
By aias + by aias + by

Hence, the recursion relations hold for j = 1 and j = 2. Assume the recursion relations
holds for j = n such that

An o anAn—l + bnAn—Q
B Bn B aan—l + ann—2

(4.92)

Observe that the partial convergent for f,, is obtained from the partial convergent
n+1
Gn+1

for f, by replacing a, by a, +

. Making this substitution in equation (4.92) one

obtains

(22 + Z:ﬁ) An—l + b'n,A'n,—2 anAn_l + bnAn_Q + bnt1 An_l

An41

<(In + On1 > Bn—l + ann_Q _aan—l + ann—2 + Z:ﬁBn—l

An41

brnt1
An + Qg1 An—l an—|—1An + bn—|—1An—1

_Bn + bnill Bn—l B an+1Bn + b’ﬂ"'an_l a fn+1

a

and so the truth of the nth proposition implies the truth of the (n+ 1)st proposition.
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Convergent Continued Fraction

A
Ezamine the sequence of partial convergents f, = —— associated with a given
n
continued fraction. If the limit lim f, = lim —— = f ewists, then the continued
n—oo n—oo B,

fraction is called convergent. Otherwise, it is called a divergent continued fraction.
Regular Continued Fractions
Regular continued fractions of the form

LN (4.93)

1
f=aot+ 4 S
lan,

are the easiest to work with and are sometimes represented using the list notation
f=lao;ai,as,as,...,an,... (4.94)

Example 4-39. (Continued fraction)
The representation of a number = as a regular continued fraction of the form
of equation (4.93) is accomplished using the following algorithm to calculate the

partial denominators a; for i =1,2,3,...,n.

1
ag =[x], T =
Tr — Qg

1

ax 2[551], To =
1= (4.95)
1

an, :[xn]a Tn+1 =

n — Qn

where [z] is the greatest integer in = function. For example, to represent the number
r =7 = 3.1415926535897932385 . .. as a continued fraction one finds

1
3= 7.0625133059310457698 . ..

ag =[x] =3, T =
7T —

1
7= 15.9965944066857199 . . .

r1 —

ax 2[551] =T, T2 =

= 1.0034172310133726. ..

as :[QTQ] = 15, Tr3 =
o — A2

= 292.63459101440. ..

az =[z3] =1, Ty = 73— as

and so one representation of = as a continued fraction has the list form given by

f=m=13;7,15,1,292,.. ] which gives the following rational number approximations
for .
22 333 399 103993
fi=3, f2—7, f3—m7 f4—m, f5= 33102’



Continue the above algorithm and show
f=mr=[3;7,151,292,1,1,1,2,1,3,1, 14, .. ]

A generalized continued fraction expansion for = can be obtained from the arctanz

function evaluated at z = 1 to obtain the representation

E_i|+i|+il+3|+ﬁl+§| 36|
T3 s 7 19 11 T [13

where all the partial numerators after the first term are squares and the partial
denominators are all odd numbers.
Other examples of mathematical constants represented by regular continued

fractions are
e=[2:1,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1,.. ]

v=[0;1,1,2,1,2,1,,4,3,13,5,1,1,8,1,2,4,40,1,. . ]

Euler’s Theorem for Continued Fractions
Euler showed that the infinite series U = u; + uy + us + --- can be represented by
the continued fraction

u | uz | ujug | uguy | uzus | UpUnyo |

U= —'_ — — — — e —
| 1 luy + ug lug + us lus +ug | ug + us |Up g1 + Unio

— o (4.96)

The convergence or divergence of this continued fraction is then closely related to

the convergence or divergence of the infinite series which it represents.

Gauss Representation for the Hypergeometric Function
Carl Fredrich Gauss (1777-1855) a famous German mathematician showed that

the hypergeometric function could be represented by the continued fraction

(a—c)b (b—c—1)(a+1) (a—c—1)(b+1) (b—c—2)(a+2)
oF (a4 1,b5¢+1;2) _ i|+ c(c+1)Z|+ (c+D)(c+2) Z|+ (c+2)(c+3) Z|+ (c+3)(c+4) Z|+m
oF1(a,b;c;2) 1 | 1 | 1 | 1 | 1

Representation of Functions
There are many areas of mathematics where functions f(z) are represented in

the form of an infinite generalized continued fraction having the form

f(x) = ao(x) +

(4.97)

ay(x) +
as(x) +

a3($)++
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bnt1(z)

an+1(2) + Tpt2()
more compact form

where 7,1(z) = . This continued fraction is often expressed in the

B bi(x)| , ba(x)|  bs(z)| ,
J@) =@+ G H @ a@

e (4.98)

in order to conserve space in typesetting. It is customary to select the functions
ao(x), a;(x) and b;(x), i = 1,2,3,... as simple functions such as some linear function of
x or a constant, but this is not a requirement for representing a function. If one
selects the functions b;(z) and a;(z), for i = 1,2,3,... as polynomials, then whenever
the continued fraction is truncated, the resulting function f,(x) becomes a rational
function of z. The converse of this statement is that if f(z) is a rational function of
z, then it is always possible to construct an equivalent continued fraction.
Observe also that the reciprocal function is given by

1L 1 ] bi(@)] | b(x)], bs(@)| | balm)]
7@ Tao@ ) e aE T e 29
Example 4-40. (Arctangent function)

Assume the function arctanz has the continued fraction expansion

T
2
4z2
922
1622
2522

a6+

arctanz =

(4.100)
a1 +

as +

a3+

a4 +
as +

where a,,as, ... are constants to be determined. Note

arctanz

— = lim =1
aq z—0 x
and the continued fraction (4.100) has the form
x 1 4
t — — —1=- 2_ 4 N
arctan® ai +r1 & arctanx 3x 45x +
x? x? 4 36
= e = — — 3 = — 2 _ 4
M e+ 7 A T

Continuing this iterative processes one obtains



42 . 42 9.2 16 4
ro = r3=———90=zI" ——I
Tzt 5T 7 49
922 . 922 - _ 16 400 , N
re = ry=——1(=—x" — —x
Py +ry YT 9 891
(nz)® (nz)® (n+1)* 5
Ty =———————— — T4l = -2n+1)-1|=————2" 4
(p41 + Tt i Tn 12 )1 2(n+1)+1

Observe that lir% ri(x) = 0 so it is possible to calculate the coefficients a;, i =1,2,3, ...
and show
(a1,a2,a3,a4,a5,...,0n,...) = (1,3,5,7,9,...,2n+1,...)

Evaluating the arctangent function at z = 1 gives the continued fraction

_H+H+ﬂ 9]
11 T3 s

|7

6], 25| 36

+ lo |11 |13

T
4

given in the previous example 4-29.

Fourier Series
Consider two functions f = f(z) and g = g(x) which are continuous over the
interval « < z < b. The inner product of f and g with respect to a weight function

r=r(z) >0 is written (f,g) or (g, f) and is defined

b
(f.0) = (0. f) = / r(@) f(@)g(x) de (4.101)

The inner product of a function f with itself is called a norm squared and written

| £11?. The norm squared is defined
b
17 1P= (0.0 = [ (@)@ ds (4.102)

with norm given by || f |= V/(f, f). If the inner product of two functions f and g
with respect to a weight function r is zero, then the functions f and g are said to be

orthogonal functions.
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Example 4-41. The set of functions {1,sinz, cosz} are orthogonal functions over
the interval (0,7) with respect to the weight functions r = r(z) = 1. This is because

the various combinations of inner products satisfy
(1,sinz) = /ﬂ(l)sinx dx =0
0
(1,cosx) = /Oﬂ(l) cosxdr =0
(sinz, cosx) = /ﬂsinxcosxd:ﬂ =0
0

The given functions have the norm squared values

L) =1~ [ (Pdo=n
0
(sinz,sinx) =|| sinz ||2:/ sin? z dx = g
0
T T
(cosx,cosx) =|| cos z ||2:/ cos? x dr = 5
0

|
A set or sequence of functions {fi(z), fa(x),..., fa(z),..., fm(x),...} is said to be

orthogonal over an interval (a,b) with respect to a weight function r(x) > 0 if for all

integer values of n and m, with n # m, the inner product of f,, with f, satisfies

b
o f) = (fur fon) = / @) (@) fulx) dz =0 mAn, (4.103)

Here the inner product is zero for all combinations of m and n values with m # n.
If the sequence of functions {f,(x)}, n =0,1,2,... is an orthogonal sequence one can

write for integers m and n that the inner product satisfies the relations

b 0 m#n

Y
I fall?, m=n

(s f) = (s o) = |

a

P(2) fu () frn() dax = {

This result can be expressed in the more compact form

0 m#n

full? m=n

(s f) = Ll 0 = { (4.104)

where ||f,]|* is the norm squared and §,,, is the Kronecker delta defined to have a
value of unity when m and n are equal and to have a value of zero when m and n are

unequal.
0
%mz{’ ™ (4.105)

1, m=mn
In the special case where [|f,||> = 1, for all values of n, the sequence of functions

{f.(z)} is said to be orthonormal over the interval (a,b).
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Example 4-42. If the set of functions {g,(x)} is an orthogonal set of functions
over the interval (a,b) with respect to some given weight function r(x) > 0, then the

set of functions f,(z) = g”"g—ix”) is an orthonormal set. This result follows since

. i bT " gn(x) . gm($) = 1
o) = o) = | O gal Tam T = Tan - g T 17

since the norm squared values are constants. The above inner product representing

(fn, fm) 18 zero if m #n and has the value 1 if m = n.

Example 4-43. Show the set of functions {1, sin 22, cos 22} is an orthogonal

set over the interval —L < x < L with respect to the weight function r = r(z) = 1.

Solution Using the definition of an inner product one can show

L
(1,sin@): sin 7 dr =0 forn=1,2,3,...
L LT

L
(1,005@): cos T gr =0 forn=1,2,3,...
L L
~L
(sin?,sin?):/Lsin$sin$d:ﬂ:0 n#m (4.106)
L
nmx mnx nTx  mnx
(cos —, cos ):/ COS —— COs dr =0 n#m
L L LTL L
nmx mnx nTxr . mwx
(cos —, sin ——) :/ cos —— sin —— dx = 0 for all n,m values.
L L LT L

The given set of functions have the norm-squared values

L
(A== dr=2

nwxr . NTIx nmwx

L
(sin —»sin —) =||sin —=||* = / sin? ? dr = L for all values of n (4.107)
~L

L L

L
(cos ?,cos nz_x) =|| cos ?HQ = /L0052 nZ—:Ed:E = L for all values of n

|
A Fourier! trigonometric series representation of a function f(x) is expressing

f(x) in a series having the form

f(x):ao+;ancos$+;bnsin1§—x where —-L<z<L (4.108)

16 Jean Baptgiste Joseph Fourier (1768-1830) A French mathematician.
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with a9 and a,, b, for n =1,2,3,... are constants called the Fourier coefficients. If the
Fourier coefficients are properly defined, then f(z) is said be represented in the form
of a trigonometric Fourier series expansion over the interval (—L,L). The interval
(=L, L) is called the full Fourier interval associated with the series expansion.

One can make use of the orthogonality properties of the set {1, sin 2%, cos 27£} to
obtain formulas for determining the Fourier coefficients of the Fourier trigonometric
expansion. For example, if one integrates both sides of equation (4.108) from —L to

L one finds

/f dfl?—(lo/ d:ﬂ+2an/ cos—d:z+2b/ slnﬂd

and this result can be expressed in terms of inner products as

’I’LTRI

(1, f(z)) = ag ||1||2+Zan (1, cos— +Zb (1, cos—

By the above orthogonality properties one finds

" L) d L
_ (L @) S @) :L/ f(z) de

an = = 4.109
SR T P (4:109)

If one multiplies both sides of equation (4.108) by sin ™= and then integrates
both sides of the resulting equation from —L to L, the result can be expressed in

terms of inner products as

(f(z),sin $) = %(1,sin mgx) + Zan(cos 1?—$,sin mgx) + an(sin 1?—x,sin mgx)

n=1 n=1

and by the orthogonality of these functions one finds the above equation reduces to

mwx) B | sin mmx 2
L - m

(f(z),sin

because the only nonzero inner product occurs when the summation index n takes on
the value m. This shows that the coefficients b,,, for m =1,2,3,... can be determined
from the relations

b — (f (), sin =7%) / F(z)sin ™

I 'sinmEE 2 ||2

Tde form=1,2,3,... (4.110)



Similarly, if one multiplies both sides of equation (4.108) by cos 222 and then
integrates both sides of the resulting equation from —L to L, one can make use of

inner products and orthogonality properties to show

mﬂx 1 L
COS —F— L

In summary, the equatlons (4.109), (4.110), (4.111) demonstrate that the Fourier
coefficients can be determined from an appropriate inner product divided by a norm

squared
(1,f) _ (cos(“E%), f) p — SIn(EE). f)

Qa, g _— _—-
T " leos(2E2) |12 " I sin(2EE) |2

Note that the set of functions {1, sin 22, cos 272} are periodic functions with period

(4.112)

2L and consequently the Fourier trigonometric series will produce a periodic function
for all values of z. The notation f(z) is introduced to define the periodic extension

of f(z) outside the full Fourier interval (—L,L). One can write
= NI . nmT
x) = ao+;ancosT +;bnsmT where —L<z<L

or

o0 o0
nmx . nTT
x) =aop +nglancos A +nglbnsmT where —oo <z < o0

The above definitions are introduced due to the fact that f(z) # f(z) because the
original function f(x) need only be defined over the full Fourier interval and f(x) is
not necessarily a periodic function, whereas the function f(z) is periodic and satisfies
f(z+2L) = f(z) for all values of z.

Example 4-44. (Fourier Series.)

Represent the exponential function as a Fourier series

e’ =ag+ Z (an cos nZ—:E + b, sin 7?—:8) over the interval (L, L)
n=1

Solution

One must find the Fourier coefficients ag, a,,, b,, n = 1,2,3, ... associated with the
exponential function e*. The Fourier coefficients are calculated from the relations
(4.109), (4.110) and (4.111). One finds

] 1 [F 1
aoz(e’ ):_/ exd:zzzsinhL

> 2L/
_(e®,cos ™ TE) 1 /L e o 2L(—1)"sinh L
an_||cos””||2 1), L% + n2n?

(e*,sin *7%) 1 /L 2 g VT g —2nm(—1)" sinh L
=7 L — _ e’ sin — dx =
| sin 2% |12 L J_p L2 4 n2x?
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which gives the Fourier trigonometric series representation of e* as

~ slnhL " sinh L nrx  2nm(—1)"sinhL .| nwz
= Z( L2—|—n271'2 R T ) (4.113)
>
- - A f(}{) = '|
T(X) _ Periodic
exXtension ]
fe-
-7L. -5L. -3L. -L L. 3L 5L 7L

Figure 4-7.

Fourier trigonometric representation of the function ¢* compared with e®

The figure 4-7 illustrates a graphical representation of two curves. The first curve
plotted illustrates the given function f(z) = e* for all values of z while the second
curve plotted illustrates f(z) = ¢*, the Fourier trigonometric series representation.
Note that because the set of functions {1, sin 2%, cos 272} are periodic of period 2L the
Fourier series given by equation (4.113) only represents e® on the interval (-L, L).
The Fourier series does not represent e for all values of z. The interval (-L, L) is
called the full Fourier interval. Outside the full Fourier interval the Fourier series

gives the periodic extension of the values of f(x) inside the full Fourier interval.

Properties of the Fourier trigonometric series

Conditions for the existence of a Fourier series are: (i) f(z) must be single-valued
and piecewise continuous over the interval (L, L). (ii) The function f(z) is bounded
with a finite number of maxima and minima and a finite number of discontinuities
over the interval (—L,L). (ili) The integrals defining the Fourier coefficients must

exist.



The Fourier series, when it exists, represents f(z) on the interval (—L, L) which is
called the full Fourier interval. The Fourier series evaluated at points 2 outside the
full Fourier interval gives the periodic extension of f(z) defined over the full Fourier
interval.

In order for a function f(x) to have a Fourier series representation one must
be able to calculate the Fourier coefficients ag, a,, b, given by the equations (4.109),
(4.110)and (4.111). Consequently, some functions will not have a Fourier series.
For example, the functions 1, L are examples of functions which do not have a
Fourier trigonometric series representation over the interval (—L, L). Note that these
functions are unbounded over the interval.

If the functions f(z) and f/(x) are piecewise continuous over the interval (-L, L)
then the Fourier series representation for f(z) (a) Converges to f(z) at points where
f(x) is continuous. (b) Converges to the periodic extension of f(z) if = is outside the
full Fourier interval (—L, L). (c) At points z, where there is a finite jump discontinu-
ity, the Fourier trigonometric series converges to i [f(z{) + f(zy )] which represents
the average of the left and right-hand limits associated with the jump discontinuity.

The function Sy (z) = ap + S0, (a, cos 222 + b, sin 272) is called the Nth partial
sum associated with the Fourier series and represents a truncation of the series
after N terms of both the sine and cosine terms are summed. One usually plots
the approximating function Sy(z) when representing the Fourier series f(z) graph-
ically. Whenever the function f(x) being approximated has a point where a jump
discontinuity occurs, then the approximating function Sy(z) has oscillations in the
neighborhood of the jump discontinuity as well as an “overshoot” of the jump in
the function. These effects are known as the Gibb’s'” phenomenon. The Gibb’s
phenomenon always occurs whenever one attempts to use a series of continuous
functions to represent a discontinuous function. The Gibb’s phenomenon is illus-
trated in the figure 4-7. These effects are not eliminated by increasing the value of
N in the partial sum.

Fourier Series of Odd Functions

If f(—z) = —f(=x) for all values of z, then f(z) is called an odd function of » and

f(x) is symmetric about the origin. In this special case the Fourier series of f(x)

reduces to the Fourier sine series

17 Josiah Willard Gibbs (1839-1903) An American mathematician.
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= > nmwx
= by, sin —— 4.114
Fo) =3 tnsin] (1114)
where I
2
by, = f/o f(z)sin ? dx (4.115)

Fourier Series of Even Functions
If f(—z) = f(z) for all values of z, then f(x) is called an even function of z and
f(x) is symmetric about the y—axis. In this special case the Fourier series of f(x)

reduces to a Fourier cosine series

fla) = a0+ i iy cos ? (4.116)
n=1
where
GQZ%ALf(x)d$, an:%/OLf(x)cos?dx forn=1,2,3,... (4.117)
Options

If you are only interested in the function f(x) defined on the interval 0 <z < L,
then you can represent this function in three different ways. (1) You can extend
f(x) to the full Fourier interval by making it into an odd function. This extension
produces a Fourier sine series. (2) You can extend f(z) to the full Fourier interval by
making into an even function. This extension produces a Fourier cosine series. (3)
You can extend f(x) is some arbitrary fashion so f(z) is neither even nor odd, then

one obtains the full Fourier trigonometric series for the Fourier expansion of f(x).

(a) (b) (c)

Figure 4-8.

Function f(z) extended as (a) an odd function (b) an even function (c) neither
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Example 4-45. Given the function f(z) = z for 0 < z < L. Extend this function
to the full Fourier interval (—L, L) and express f(z) as (i) a Fourier sine series (ii) a

Fourier cosine series (c) a Fourier trigonometric series.

Solution
(a) If f(x) is extended as an odd function, then f(z) =z for —L <z < L so that the

Fourier trigonometric series
=ap + Z an, cos( )+ Z by, sin( (4.118)

reduces to a Fourier sine series since

L)y
~ (cos("F%), f) 1 /L T _
Al cos () |2 =7 _L:Ecos(T)d:E =0
L N L R
b, = [sm(=z) |2 =7 _Lxsln(—)d:z =—2(—-1) —

This gives the Fourier sine series

Z —sin(T)

A graph of fi(z) over the interval (—3L,3L) is illustrated in the following figure.

A £F(x)

—31. -1 I ==
—21. =21, 3L

O

Note that f;(z) is periodic and has jump discontinuities at the points —3L, —L, L
and 3L where the Gibb’s phenomena is readily observed.
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(b) If f(z) is extended to the full Fourier interval as an even function, then it can be

x, O<z<L . . . .
represented as f(z) = { I eweo and the Fourier trigonometric series
—X — X

Y

(4.118) reduces to a Fourier cosine series since

Y
a. =
" cos(BEEY (2 L n2m?
)LD
= =
|| sin(#£%) ||

Fale) = 5+ 2 (-1 + (1) cos("T)

n=1

A graph of fy(z) over the interval (—3L,3L) is illustrated in the following figure.

£,(x)
X
i $ } =
-3L -21L -L O i 21, 3L
(c) If f(x) is defined f(z) = {g’ 0L<<x <L , then f(z) is neither an odd nor even
s — <

function and so there results a Fourier trlgonometrlc series with coefficients

_@ﬁ__l/L L
“OTTE T )y T

cos(EE o nrx
(cos(*7%), /) = 1/0 rcos(——) dr = - (=1+(=1")

T eos(Z=) 2 T L L n2n?
_ (in(*75), f) l/Lxsin(nmE)d:E: —(=1)"
|| sln(”zx) I? L J, L nmw

This gives the Fourier series

:g Z (—1)" )cos(”zf”)—;(—wgsm(T)
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A graph of fs(z) over the interval (—=3L,3L) is given in the following figure.

—

f3(x)
L 2L 3L

-3L -2L. -LL O

Note the Gibb’s phenomena results because of the jump discontinuity in the
periodic extension of the function. Also note that fi(z) =1 [fl(a:) + fg(l?)}.

Some Spectacular Results
1. Summation of positive powers
For m a positive integer

(B+7’L+1)m+1 _Bm—|—1

m+1

where the right-hand side of the above equation is evaluated as follows.
(a) Expand (B +n+1)™"! in a binomial series.
(b) In the binomial expansion replace B* by the Bernoulli number By
2. Summation of negative powers
For m a positive integer with B,,, a Bernoulli number and ¢(m) the Riemann

zeta function, then

> 1 1 1 _ (=1)™(27)®*™ By,
Euler showed that ) A 6
T ™ 4
62 = (@) =557 66) = 5

One just doesn’t sit down and come up with wonderful formulas like the ones
above. It takes a lot of work to make a discovery. If you don’t have a lot of informa-
tion about a subject, then you don’t know what questions to ask about the subject.
Therefore, one can say that the more information you have about different subjects,
a better understanding of interrelationships between subjects can be developed. Re-
sults like the above come about by a person getting deeply involved in the subject
matter and investigating simple ideas which in turn lead to complicated results.
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Exercises

» 4-1. Examine the given sequence {u,} and determine if it converges or diverges. If

the sequence converges, then find its limit.

(@) un = 4;’2 i (©) un=1+ (%)” (&) w==
n? Inn n
) un=g5r— (D wm=Tm (f) un= <1 + %)

» 4-2. Examine the given sequence {v,} and determine if it converges or diverges. If

the sequence converges, then find its limit.

(@) vn =1 _”2n (€ vp=1+(-1)" (e) vy = sin(nm/2)
g2l g, IEEDT gy 2
(b)) wvo=1(-1) e (d) n 3n
» 4-3. Find the sum of the given series
50 10 100
(@) > (3+5n) () > (2+7n) (e) Y (0.02)""
n=1 n=1 n=1
20 10 10 m—1
3 5. _ 342
(0) (5 +359) d 4(3)n 1 9143 22 VE
]212 5 ();() (f) mz:l( )2+\/§
> 4-4. Find the sum of the given geometric series.
g r L. 1t 1.
iyt TR
S5 =0.6 4+ 0.06 + 0.006 4 0.0006 + - - -
S =(2 —V/3) + (7 — 4v/3) + (26 — 15v/3) + (97 — 56v/3) + - - -
S3=VB - V4 2VE - VI
> 4-5. Find the sum of the given series.
Sl:;<§> S3:;[<§> +<Z>] 55_;[n+x_n+x+l]

-3 (3) 54:;[(5) ‘@] =3 {1+ )
» 4-6. Determine values of = for which the given series converges.

[ee] n [ee]

@ Yo w9 Y

n=1 n=1 n=1
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» 4-7. Probability Theory
Assume that a random variable X can take on any of the values {1,2,3,...,k,...},
where k is an integer. If p, is the probability that X takes on the value k, then the
probabilities py, pa, ..., pr, ... must be selected such that

(i) Eachp,>0 and (i) Y pe=1 7(a)
k=1
In statistics the quantity F(X) is called the expected value of X and is defined
E(X) =) kpy 7(b)
k=1

provided the series converges.
Show that the given probabilities satisfy each of the conditions 7(a) and then
calculate the expected value given by equation 7(b).

(1) pp= 2% (ii) px = % <§>k (i) pe=3 <§>k

> 4-8. For constants a,b and r with « > 0 and b > 0 the given series are known to

converge. Find their sums and required condition for convergence.

[e) N
1 k
Sl == Z m 53 = Z ar
i=1 k=0
0 a2i + N
Sp = Z bi Sy = Z (aTk + bk‘rk_l)
i=1 k=0
> 4-9. Use partial fractions and convert the given series to telescoping series and
find their sums.
(@ ettt ! +
Y 13735 5.7 2n—1)(2n+1)
) Ly
1.2 2.3 3.4 (n—2)(n—1)
( ) i + l + i + + L +
“ 32T 1527 35 (4n? — 1)2
» 4-10. Examine the Nth partial sum associated with the given infinite series and

determine if the series converge. If the given series converges, find its sum.

[ee] 1 [e o]

(@) ;n(n+1)(n+2) (©) nzl (n+1)!
(®) nzln(nﬂ) (d) nzl (n+1)(n+2)(n+3)

Hint: Use partial fractions.
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» 4-11. Use the integral test to determine convergence or divergence of the given

series.

(a) Z% @ Yo @ Y
I @ > GEDIE

» 4-12. Assume that f(z) is a given function satisfying the following properties.
(i) The function f(») is a continuous function such that f(z) > 0 for all values of =.

(ii) For p > 0 the limit lim n” f(n) exists and the limit is different from zero.

Show that Z f(n) converges if p > 1 and diverges for 0 < p < 1.

n=1
Hint: See modification of a series.

» 4-13. Use the comparison test to determine convergence or divergence of the given

series.
> 1 > 1 >, cosnw
(a) nzln(n+3)(n+6) (c) nzl?wrz\/ﬁ (c) nzln2+1
ORI @ St
— 34+ 2n — 3n2+2n+1 — nZlnn
» 4-14.

(a) Verify that the given series converge.

(b) Find the sum of the first four terms of each series and give an estimate for the
error between the exact solution and your calculated value.

(c¢) Find the sum of the first eight terms of each series and give an estimate for the

error between the exact solution and your calculated value.

(@) Z% (47) Z(—l)nH% (7i1) Z% (iv) Z(_l)m—l%

» 4-15. Show that the given series converge and determine which series converges
at the slower rate.

[e%¢)
n

(i) A:Zn;n i) B=Y

n=1

» 4-16. Show that the given series diverge and determine which series diverges at
the slower rate.

() A=Y~ (i) B=Y
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t t 1i
» 4-17. Newton’s root finding method To deter- Y angent lne

mine where a given curve y = f(x) crosses the

z-axis one can select an initial guess zo and if —

f(xzo) # 0 one can then calculate f’(z¢). From x, X
the values f(zo) and f/(zg) one can construct the X
tangent line to the curve y = f(z) at the point y—F(x)

(x0, f(z0)). This tangent line given by y — f(zo) = f/(x0)(z — z0).

(a) Show the tangent line intersects the z-axis at the point z; = 2o — f(z0)/f (x0)

(b) Form the sequence {z,} where z,, = x,_1 — f(#,_1)/f (zn_1) for n =1,2,3,...

(c) Give a geometric interpretation to what this sequence is doing. Hint: What has
been done once can be done again.

(d) If y = =22 -3z +1 and =z = 1, find using a calculator z,,z,, 25 and x4

(e) If y = =22 — 3z + 1 and zo = 2, find using a calculator z,,z,, 25 and z,

(f) Sketch the curve y = f(z) = 2% — 3z +1 and find the roots of the equation f(z) =

(g) What happens if the initial guess x, is bad? Say z, = 3/2 for the above example

n

X
> 4-18. Let fn(f) = m
(a) Show that " f,(9/10) converges. (b) Show that > f,(10/9) diverges.
n=1 n=1
» 4-19. Given the infinite series Z , with p > 0.

(a) Show the series converges for 1 p>1.
(b) Show the series diverges for p < 1.

Hint: Let fO(t) = t, fl(t) = lnfO(t)a f2(t) = lnfl(t)a e -afn-|—1(t) = 1nfn(t) and ShOW

/ _ fm-|—1( ) p=1
Jo(t) f1(t) f2(t fm 1) [fm (] [CES)) 1) (O], p#1

Zf() fl ]

» 4-20. Show that if the series Z“” converges, then the series Z — dlverges

n=1

» 4-21. If U, = in(n+1)(n+2), show AU, = Upp1 — Uy = (k+1)(k + 2) and find

=1y
3
n—1

the sum of the series S, =1-2+2-3+3-4+---+n-(n+1)=> (k+1)(k+2) = ZAUk
k=0
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> 4-22. Reversion of series

(a) Given the series

r—1)2  (r—1)3
y:y(x)zl—(x—1)+( 2!1) _ 3!1) + - 22(a)

and it is required that you solve for z — 1 in terms of y to obtain a series of the
form

(=1)=Ai(y = 1)+ Aoy — 1)* + A3(y = 1)° + Aa(y = 1)" + - - 22(b)

where A, Ay, A3, Ay ... are constants to be determined. Substitute equation 22(b)
into equation 22(a) and expand all terms. Equate like powers of (y — 1) and
obtain a system of equations from which the constants A;, A,, Az, A4, ... can be
determined.

If the original series in part(a) is y = e~(*~1 and the series obtained by reversion
is the function (z — 1) = —Iny, expanded in a series about y = 1, then examine
the approximation for = — 1 by truncation of your series after the 4, term. Let
E = E(y) denote the error in using this truncated series to solve for x — 1. Plot a
graph of the error F = E(y) for 1 <y < 2.

» 4-23. Examine the given alternating series to determine if they converge.

| o (=1t o (—1)ntt
(a) 2(_3)71—1 (c) z:l( n)' (e) z:l( i

00 ©  1\n X (—1)ntlp
B U @ Z(j% DEDIES T

» 4-24. Use the root test to determine if the given series converge.

@ Yo © X () > —
n=2 n=1 n=1
® Sim @ Z<n+1> () nzl(nﬂ)
» 4-25. Test the following series to determine convergence or divergence.
= (—1)" o — n°
@ Y © Y 0 Y
n=1 ' n=1 n=1
> nto = n 3"
® > o0 (d) on DY )
n=1 n=1 n=1
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> 4-26. Determine whether the given series converge or diverge.
(@ 424300,
Y973 TLTs n+1
3 5 7 2n+1
T A I T

(¢) sin(1) +2sin(1/2) + 3sin(1/3) + - - -+ nsin(1/n) +
(d) chos(%)
CED=

» 4-27. Determine the convergence or divergence of the given series.

(a) Zl = Zl =7 (e) Zl TwT
UNDD EZ?)! @ 2 W 2 e

» 4-28. Determine if the given series is (a) conditionally convergent, (b) absolutely
convergent or (c) divergent.

= (=1)" > (=1t = (=1)" Inn

;2 cos(nm n;1 —1)ntt n;l —1)ntipn
(0) Z 152 ) (d) Z % (f) Z ( 1)n!

» 4-29. Determine if the given series is (a) conditionally convergent, (b) absolutely
convergent or (c) divergent.

(a) f: (_1)n (C) f: (_1)n (6) i(_l)n—kln_Q
n=0 " 31’L—|—2 n=2 2lnn n=1 3"
n—|—1 oo ')
_ n—|—1L _ n—|—17n
(v 2} n+ — @ 0TS 0 ey
» 4-30. Fmd the mterval where the power series converges absolutely.
0 2n 0 — 1) 0 n
W > @ LMD ey
n=1 n=1 n=1
s (@ —2)" o~ (32)" o1 (B3 +2)"
(0) nz:l( 1) - (d) 2 n(n 1) (f) nz:l( 1) i
z|

» 4-31. Let y = f(2) + %' + |£| + -+ and show that

1 1
dy_, 1| 2| x| x|
i A e A u T e
X

Hint: Show that y = -
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» 4-32. Explain the difference between (a) the limit of a sequence and (b) the limit
point of a sequence.

» 4-33. Examine the binomial series for the expansion of (a+b5)" when n is an integer.

—1 —1 -2
(a+b)™ =a" +na""'b+ an )a”_2b2 + nin 3)'(11 )a”_3b3 + 40"

n_ (™) n30 Y n-1;1 Y n-1;32 , . n 1pn—1 "\ o01n
(a+0b) —<O>ab+<1>a b+<2>a b” + +<n_1>ab +<n>ab 33(a)

s =5 ()
=0
where <n> = {(’)”' (n—m)! mn ; " are the binomial coefficients.
m , m>n
a) Show that (a+b)" = <n> a" Iy = <n> alpnI
(@ =3 >(

(b) Newton generalized the binomial expansion to

(a+b)" = i <Z> a" Rk

=0 33(b)

r(r— 1)ar—2b2 + r(r—1)(r—2)

o o ar—3b3 o

(a+b)" =a" +ra" b+

where r represents an arbitrary real number.

(i) Show that when r is a nonnegative integer, the equation 33(b) reduces to
equation 33(a).

(ii) (Difficult problem) Write equation 33(b) in the form a"(1+z)" where z = b/a.
Examine the series expansion for f(z) = (1+z)". Then use the Lagrange and
Cauchy forms of the remainder R, to show the equation 33(b) converges if
la| > |b| and diverges if |a| < |b|, where z = b/a.

» 4-34. Lety=g(x)=2+ é' + %' + é' +--- and show that

d 1 1 1 . 1
—y:g/(:v):—|—£|+—|+---+—|--- Hint: Show that y =z + =
dx 12 |z |z |z Y
> 4-35. Lety:h(x):|SIT$|+|601$$|+|Slrlw|+|cofx|+---andshowthat
dy /() (14+y)cosx + ysinx
—_— = xTr) =
dx 1+ 2y +cosx —sinz
Hint: Show thaty:%

1+y



» 4-36. The continued fraction function

o = pulm) = 280 oy LIy LIy L
S Qu(z) " Tlar ' lag lay,
where ag, ay, as, ..., a, are constants, represents a rational function of .
dy1 _ 1
(a) Show that j—x = [Ql(?]Q
Y2 -
(b) Show that j—x = [Qz(lx)]Q
Ys
(c) Show that = O d 1
(d) Can you show that in general % =(-1)" OREILE
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0\? 0\’ 0\’
» 4-37. FEuler used the product formula sin§ = 6 [1 - <—> ] [1 - <—> ] [1 - <—> ]

T 2 nmw

: : : : : = 1
to represent sine of 4. Differentiate this relation and show 6 cot 6 = 1+ 26> Z R
n=1

n2m?
» 4-38. Assume that > u, and Y v, are two infinite series of positive terms and that
there exists an integer N such that for all n > N the inequality u, < Kv, for some
positive constant K.
(i) If the series Y, converges, prove the series > u, converges.

(ii) If the series 3" u, diverges, prove the series 3" v, diverges.

» 4-39. Show that the alternating p-series Z(l)"“% converges if p > 0.

n=1

. . . 1
> 4-40. Consider the geometric series T =t 2+ 22+ 42" + ... where
—Z
z=re", |z| <1 and 2 = —1. Show that by equating real and imaginary parts

1—rcosf
1—2rcosf +r2
rsinf
1—2rcosf +r2

=1+ rcosf +1r2cos20+---+r"cosnf + - -

=rsinf +r2sin20 + -+ r"sinnf + - - -
Hint: Use Euler identity e = cos + i sin @

> 4-41.
(a) Show {sinnz}, n =1,2,3,...1s an orthogonal sequence over the interval (0, 7) with
respect to the weight function r = 1.
(b) Scale the above sequence to construct an orthonormal sequence over the given

interval.
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» 4-42. Calculate the inner products and norm squared values associated with the
given sequence of functions {f,(x)} using the given interval (a,b) and weight function
r(z), for n=1,2,3,....

(@) {fn}={sin nz_x}’ (0,L), r=1

(b) {anfn} — {1,COS T}, (O’L)’ r=1
c)  {fo, fon, fon—1} = {1, cos ?,sin ?}, (=L, L), r=1

(
(d) {anflan}:{1,1—$,$2—4$+2}, (0,00)’ 'r':e_gC

» 4-43. Even and Odd Functions .
(a) If G,(—2) = =G, (=) for all values of z, show that / Go(z)dz =0
"y

L L
(b) If Go(—2) = G.(z) for all values of x, show that / Go(z)dxr = 2/ G.(x)dx
—L 0

(c) Let F,(z) denote an odd function of » and F.(z) denote an even function of .
Similarly, let G,(x) denote an odd function of x and G.(z) denote an even function
of z, show that
(i) H(z) = F,(x)G,(z) is an even function of =
(ii) H(x) = F,(z)G(x) is an odd function of »

(iii) H(x) = F.(z)G.(x) is an even function of x

(d) Determine which functions are even or odd.

(i) Fe(x) cos(—) (i) Fo(x) cos(—-)
(i) F.(x)sin(~) (iv)  Fy(w)sin(—)

(e) Use the above properties to simplify the Fourier series representation of f(x) over
the interval (-L, L), as given by equation (4.108), if
(i)  The function f(z) is an even function.

(i)  The function f(x) is an odd function.

> 4-44. (Newton’s method for nonlinear system)

To solve the system of simultaneous nonlinear equations

f(:c,y):(), Q(ZE,y)ZO

in the two unknowns z and y, one can use Newton’s method which is described as

follows.



Start with an initial guess of the solution and call it zy and y,. Now expand f
and ¢ in Taylor series expansions about the point (z¢, ). These expansions can be

written
df(xo, o) It df(xo,y0)
ox oy

1
+ 5 [fxxh2 + 2fxyhk + fyka] +--

39(»’50, yo) 39(»’50, yo)
7 h + By k

f(wo+h,yo + k) = f(xo,90) + k

g(xo+h,yo + k) = g(wo,y0) +

1
+ 5 [gxxh2 + 2gxyhk + gyka] +
Usually the initial guess (x¢,y0) is such that f(z¢,y0) and g(xo,yo) are not zero. It is

desired to find values h and k such that the equations
flzo+h,yo+k)=0 and g(zog+h,yo+k)=0

are satisfied simultaneously. Now assume that the values h and &k to be selected are
small corrections to =g and y, so that second-order terms h?, hk, k2, and higher order
product terms are small and can consequently be neglected in the above Taylor
series expansion. These assumptions produce the linear system of equations

0 0
o, v0) + f(fﬂo,yo)h+ f(fﬂo,yo)k _0
ox oy
g(iﬂo,yo) n 59(550,1;/0) h+ 39($0,y0)k —0
ox oy

which can then be solved to determine the correction terms A and k.
(a) Show by letting h = z; — o and k = y; — yo that an improved estimate for the

solution to the simultaneous equations f(z,y) =0 and g(z,y) =0, is given by

(67
I :$0+h:$0+—

A
B B B
Y1 —yo+k‘—yo+A,
where o : ( :
—f(xo,y0) g 0/(Zogo)  _ f(, o)
a= dotrowe) | AR B =1 95004
—9(z0, Y0) oy oz —9(x0, Y0)

Of (xo,y0)  9f(Z0,yo0)
ox oy
99(zo,y0)  99(x0,y0)
ox oy
(b) Hlustrate Newton’s method by solving the nonlinear system of equations

flz,y) =222 -3y+1=0 g(z,y) =8z +11-3y*=0

Hint: Nonlinear equations may have multiple solutions, a unique solution, or

and A is the determinant of the coefficients given by A =

no solutions at all. Sometimes a graph is helpful in estimating a solution if one

exists.
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> 4-45.
Verify the Fourier series representation for the functions illustrated. In each
graph assume the maximum amplitude of each function is +1 and the minimum

amplitude of each function is either zero or -1 depending upon the graph.

@ fa)=2 i": 1 [(2n+ 1)M] (a)f(x)
= o 2n+1 a - = X
- nwx f(x
=57 g [T o
n=1 <
- a 2a
14 1 [@n+ )7 f(x)
@ 1@=3- 22 Gy [ - ] © X
—2 = (=) nnT f(x a Ja
@ f@)="23 g [17) ™ ‘
7 g % g
>0 f(x) 3
(© T = 53 o snl s (©) | e
- a a %
2

» 4-46. Show the Fourier trigonometric series

f(l“):ao%—;ancos?%—;bnsin? where —-L<z<L

can also be expressed in the form f(z) = ag + Z Cn sin(? + 3,) by finding the values
=1

¢, and 3,.

nmwx n
» 4-47. Let f(z) ~ =+ Z (an cos —— + b, sin T) denote the Fourier series repre-

sentation of f(z) over the full Fourier interval (—L, L).
(a) Use the Euler formulas

nrtr . . Nnwx _ nrTr . . NTT
= cos —— +isin— and e "™/ L = cos —" i sin ——
L L L L

einﬂx/L



(b)

and show

intz/L _ ,—innwxz/L

nrT einﬂx/L + e—inﬂx/L and . nmx e e
COS = S = -
L 2 L 21

Define Cp = %, C,, = 3(an —iby,), C,, = i(a, +1ib,) and show the Fourier series can

be represent in the complex form

oo 4 1 L 4
~ inwx/L — —inwx /L
f(x) E Cre where C, 5T /_L f(x)e dz

n=—oo

» 4-48. You are sick and your doctor prescribes medication XY Z to be taken 7-times

a day based upon the concentration of XY Z. Find 7. First get over the shock of

being asked such a question. To solve the problem you must make some assumptions

such as the following.

(i)

()

At time 7 = 0 you take medication XY Z and this produces a concentration C, of
XY Z in your blood stream.
The concentration Cy, decays exponentially with time so that after a time 7

—k7 where k is called the decay

the concentration of XY Z in your blood is Cye
constant.
At times 7,27, 37,...,n7 you take the medication XY Z and consequently you build

up a certain residual concentration of XY Z in your blood stream given by
Coe—kr + Coe—QkT + Coe—3kr 4ot Coe—knﬂ'

If you continue the prescribed dosage forever, then the residual concentration

would be - -
C = Z Coe_ka = Cge_kT Z (e_]”)m
m=1 m=0

Sum this series and determine the residual concentration C.
If C, denotes the maximum safe concentration of XY Z that the human body can

stand, then show that r must be selected to satisfy

—kT
CO+C=CO<1+16 _,W> < G

Assume k, Cy, Cs are known values and solve for 7.
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» 4-49.
(a) Verify the well known result ﬁ =1-¢+E2 S+ -+ ¢+
and memorize this result.
ssume y = f(xr) =tan " x =ag+a1x +asx” + azx’ +agx” + - -+ WNErE ag, ay,as,... are
constants to be determined. Show
dy
dr

= f'(z) = 2= ay + 2as7 + 3azx? + dagx + - - -

(c¢) Use the well known result from part (a) to expand f'(z) = > and compare the
expansion in part (b) with the expansion in part (c) to determine the coefficients
ai,09,03, ...

(d) Pick a particular value of = whereby you can determine ao and then give the

series expansion for tan~!z

» 4-50. Apply the method outlined in the previous problem to determine the series

expansion for sin~! z.

» 4-51. Show that ,

(a) a"=1+xlna+ 2(1na)2+§' (Ina)® +---
2 3 4
(b)  Vath=Va+ 2\/— 23};3/2 + 24};5/2 N 265:;7/2 T
» 4-52.
(a) Assume the series expansion y=a” = ap + a1z + a22> + azz® + agz* + - -- 52-(a)
and show d—i =a®Ina = ay + 2a2x + 3azx® + dagx® + - - 52—(b)

(b) Substitute equation 52-(a) into equation 52-(b) and compare coefficients to show

72 3 4 20
a” —1+:Elna+ (lna) +§(lna)3+4l (lna)4+§(lna)5+---

» 4-53. Ify= \/sinx+ \/sinx+ \/sinx+ Vsinz + - - - show that Z—i _ o5

2y — 1

. 1 1
» 4-54. Show that ¢*¥"% =1 + 22 + §x4 + mxﬁ SR

1 11 1 61
» 4-55. Show that e“osx—l%-x%— :E —§x3—ﬂx4—5x +70 R

) 19
» 4-56. Show that e**™** =14 2 + 8:54 + %xﬁ 4.



Chapter 5
Applications of Calculus

Selected problems from various areas of physics, chemistry, engineering and the
sciences are presented to illustrate applications of the differential and integral calcu-
lus. Many of these selected topics require knowledge of basic background material,
such as terminology and fundamentals, associated with the area of application. Con-
sequently, much of this chapter gives a presentation of selected basic material from
areas of engineering, physics, chemistry and the sciences which is required knowledge
for the understanding of many scientific applications of the differential and integral
calculus.

Related Rates

The rate of change of a quantity Q = Q(t) with respect to time ¢ is denoted by the
derivative ij—? Problems which involve rates of change of two or more time dependent
variables are referred to as “related rate problems”. The general procedure for
solving related rate problems is something like the following.

1. If necessary, define the variables of the problem and make note of the units of
measurement being used. For example, one could write [Q] = cubic centimeters
which is read! “The dimension of @ is cubic centimeters”.

2. Find how the variables of the problem are related for all values of time ¢ being
considered.

3. Determine if the variables of the problem, or their derivatives, have known values
at some particular instant of time.

4. Find the rate of change relation between the variables by differentiating the
relation or relations found in step 2 above.

5. Evaluate the results in step 4 at the particular instant of time specified.

Example 5-1. Consider a large inverted right circular cone with altitude H
and base radius R where water runs into the cone at the rate of 3 cubic feet per
second. How fast is the water level rising when the water level, as measured from
the vertex of the cone, is 4 feet? Here the base radius R and height H of the cone
are considered as fixed constants.

I Notation introduced by J.B.J. Fourier, theorie analytique de la chaleur, Paris 1822.
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Solution Let r = r(t), [r] = feet, denote the radius of the water level at time ¢ and let
h = h(t), [h] = feet, denote the height of the water level at time ¢, [t] = minutes. One

can then express the volume V of water in the cone at time ¢ as

V=V = %ﬁh, [V] = cubic feet (5.1)

— R Using similar triangles one finds that there is
a relation between the variables » and h given by

R R
= or r=

r
- —h 2
h H H (5:2)

—le o The given problem states that CZ—‘; = 3, where
h(t) [d—V] = ft* /min and it is required to find Z—?, when

dt
| h = 4 feet. Differentiating equation (5.1) with

respect to time ¢ gives

v w [ ydh dr
and differentiating equation (5.2) with respect to ¢ gives
dr R dh

since R and H are constants. Substituting the results from the equations (5.2) and
(5.4) into the equation (5.3) gives

v w [(R® .\ dh R.\ (Rdh
b Y (ki e il it I N
i =5 ) @ () Grae )]

v _ R ,dh

which simplifies to

Now one can evaluate the equation (5.5) when h =4 to obtain
R? . dh dh 3 H? dh .

Alternatively, one could have substituted the equation (5.2) into the equation (5.1)
to obtain

and then differentiate the equation (5.7) with respect to time ¢ to obtain

v wR? (. ,dh
U 3E? <3h E)
and evaluating this last equation when h = 4 gives the same result as equation (5.6).



Example 5-2. Two roads intersect at point 0 at an angle of 60 degrees. Assume
car A moves away from 0 on one road at a speed of 50 miles per hour and a second
car B moves away from point 0 at 60 miles per hour on the other road. Let a denote
the distance from point 0 for car A and let b denote the distance from point 0 for
car B. How fast is the distance between the cars changing when a = 1 mile and b = 2
miles.

Solution

Let r denote the distance between the cars A and B

and use the law of cosines to show

r? =a®+b® — 2abcosb

Differentiate this relation with respect to time ¢ and show

dr da db db da .
2r$ = 2a$ + 2b$ -2 [QE + Eb] cos ), 0 1s a constant
and then solve for the rate of change % to obtain
da db db da
dr B (I% +b$ — |:(1$ + gb] cos 0

dt Va2 + b2 — 2abcosf

Substitute into this equation the values

a=1mi b =2 mi
d db 6=1
a . .
— = R 3
7 50 mi/hr 7 60 mi/hr

and show % = 30v/3 miles per hour.

Example 5-3. Boyle’s? law resulted from a study of an ideal compressed gas
at a constant temperature. Boyle discovered the relation PV = C = constant, where P
represents pressure, [P] = Pascal, abbreviated Pa, and V represents volume, [V] = cm?
and C is a constant. If at some instant the pressure is P, and the volume of the gas
has the value V; and the pressure is increasing at the rate rg, [rg] = Pa/min, then at

what rate is the volume decreasing at this instant?

2 Robert Boyle (1627-1691) an Irish born chemist/mathematician.
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Solution Here Boyle’s law is PV = P,V = constant, where the pressure and volume
are changing with respect to time. Differentiating this relation with respect to time
t gives the relation

dav dP d

Pt V=2 (PaVh) =0 (5.8)

Evaluating the equation (5.8) at the instant where CZ—]; =71y, P= Py and V =V}, one
finds
dVv dVv Vo

Po— Vo=0 or — = —To=
0 TV a 'R

The minus sign indicates that the volume is decreasing and the volume rate of change
has dimension, [Cfi—‘;] = cm?®/min.

Note that Boyle’s law is a special case of the more general gas law given by
PV

- = C = Constant relating pressure P, volume V and temperature T all having

appropriate units of measurements.

Newton’s Laws
Isaac Newton used his new mathematical knowledge of calculus to formulate
basic principles of physics in studying the motion of objects and particles. The
following are known as Newton’s laws of motion.
(i) Newton’s First Law
A body at rest tends to stay at rest or a body in a uniform straight line
motion tends to stay in motion unless acted upon by an external force.
(ii) Newton’s Second Law
The time rate of change of momentum? of a body is proportional to the
resultant force that acts upon it.
(iii) Newton’s Third Law

For every action there is an equal and opposite reaction.

In the following discussions the symbols F,z,v,a, m,p,t are used to denote force,
distance, velocity, acceleration, mass, momentum and time. Time ¢ is measured
in units of seconds, abbreviated (s). The symbol F is to denote force, measured
in units of Newton’s abbreviated* (N). The quantity = denotes distance, measured

in meters, abbreviated (m). The velocity is denoted v = % and represents the

3 Momentum is defined as mass times velocity.

4 If a unit of measurement is named after a person, then the unit is capitalized, otherwise it is lower case.



change in distance with respect to time. The velocity is measured in units of meters
d*x dv

per second, abbreviated (m/s). The second derivative of distance g o
derivative of the velocity with respect to time ¢, is called the acceleration, which is
measured in units (m/s?). The symbol m denotes the mass® of a body, measured in
units called kilograms, abbreviated (kg) and the momentum p = mwv is defined as the
mass times the velocity and is measured in units (kg-m/s).

The first law concerns the inertia of a body. A body at rest, unless acted upon
by an external force, will remain at rest. In terms of the above symbols one can
write the first law as F =0 or Av = 0. That is, if the body is at rest, then it has no
forces acting on it and if the body is in a state of uniform motion, then there is no
change in the velocity. An external force is required to change the state of rest or
uniform motion.

The momentum p of a body is defined as the mass times the velocity and written
p = mv. Consequently, the second law can be expressed F = %(mv), where « is a
proportionality sign. The units of measurement for force, mass, distance, velocity
and time are selected to make the proportionality constant unity so that one can

write Newton’s second law as
F=—(mv)=m—+v— (5.9)

If the mass is constant and does not change with time, then the second law can be
expressed
F=m—=m— =ma (5.10)

The units of measurement used for the representation of Newton’s laws are either the
meter-kilogram-second system (MKS), the centimeter-gram-second system (CGS) or

the foot-pound-second system (FPS) where

MKS ) FPS ) CGS )
Fin N Finlb F in dynes
m in kg m in slugs m in gm
a inm/s* | a inft/s* | a incm/s* |

5 Note the subtle distinction between the notation used to denote mass (m) and meters (m).

367



368

1N =10°dynes = 0.2248 Ibs-force
1 Kg =6.852(10)?slugs = 1000 gm
9.807m/s? =32.17ft/s? = 980.7 cm/s?
Here F denotes a summation of the forces acting in the direction of motion.
Note that if the sum of the forces or resultant force is zero, then the object is said

to be in translational equilibrium. If the velocity of a body is constant, but its mass

is changing, then the equation of motion (5.9) becomes

dm

In terms of symbols, the third law can be expressed by examining two bodies,
call them body A and body B. If body A exerts a force Fyp on body B, then body
B exerts a force Fp, on body A and the third law requires that Fyp = —Fp4, that is

the forces are equal and opposite.

Newton’s Law of Gravitation

ﬂ]l F F m 9 Newton’s law of gravitation states that the cen-

. - j O ters of mass associated with two solids m; and m»
L i ) N experience an inverse square law force F of attrac-
| -r |

tion given by

Gmlmg
F==—7 (5.12)

where r is the distance between the centers of mass and G = 6.67310" "' m?3/kg - s? is
a proportionality constant called the gravitational constant.

If m; = m, is the mass of the Earth and m,; = m is the mass of an object at
a height n above the surface of the Earth, then the force of gravity between these

masses is given by

Gmem Gme
B = o = o) (549)
where r, denotes the radius of the Earth®. Write the quantity in brackets as
Gme Gme h -2 Gme
|~ () <% 44

6 The radius of the Earth is approximately 6400 km=24000 mi and the mass of the Earth is approximately
6.035 (10)2% kg.



since h is much less than the radius of the Earth r.. The equation (5.14) can be used
to define the following terms.

The acceleration of gravity ¢ is defined

Gme
9="3 (5.15)
and the weight W of an object of mass m due to gravity is defined
W =F,=mg (5.16)

That is, the weight of an object is the force (force of gravity), by which an
object of mass m is pulled vertically downward toward the center of the Earth.
The dimensions of g and W are given by [g] = m/s?, and [W] =kg-m/s?> = N. The
acceleration of gravity varies slightly over the surface of the Earth because the
radius of the Earth is not constant everywhere. If r. is assumed to be constant,
then the acceleration of gravity is found to have the following values in the MKS,
FPS and CGS system of units

g =9.807m/s? g =3217ft/s?, g = 980.7 cm/s? (5.17)

Example 5-4. Approximating Value of Escape Velocity

A rocket launched straight upward from the surface of the Earth will fall back
down if it doesn’t achieve the correct velocity. Let r = r(t) denote the distance of
the rocket measured from the center of the Earth and let m = m(t) denote the mass
of the rocket which changes with time. The forces acting on the rocket as it moves
upward are the thrust from the engines, the pull of gravity and resistance due to air
friction called a drag force. By Newton’s second law one can write

d d dr
E(mv) = E <m$> = Fiotal = Fihrust — Fgravity - Fdrag (518)

where v = v(t) = % is the velocity of the rocket. This is an equation, called a
differential equation, which describes the motion of the rocket. When you learn
more about aerodynamics you will learn how to represent the thrust force and drag
forces on the rocket and then you can solve the resulting differential equation.
Instead, let us solve a much simpler problem created by making assumptions

which will reduce the equation (5.18) to a form which is tractable”

7 When confronted with a very difficult problem to solve, one can always make assumptions to simplify the
problem to a form which can be solved. Many times an analysis of the simplified solution produces an incite into

how to go about solving the more difficult original problem.
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(i) Neglect the thrust force and drag force and consider only the gravitational force.
(ii) Assume the mass of the rocket remains constant.
(iii) Assume that at time ¢ = 0, the initial velocity of the rocket is v, and the position
of the rocket is given by r(0) = r., where r. is the radius of the Earth.
These assumptions greatly simplify the differential equation (5.18) to the form

dv B Gmem dv dv ﬁ dv

ma = 2 where E = 5 I = 5’0 (519)
and one obtains after simplification the differential equation
dv Gme
’U& = — T2 (520)
One can separate the variables and express equation (5.20) in the form
dr
vdv = —G’mer—2 (5.21)
An integration of both sides of this separated equation gives the result
dr v? Gm,
/vd/v——Gme/T—2 = 5= +C (5.22)

where C is a constant of integration. The constant C is selected such that the initial

conditions are satisfied. This requires

2 2
U_OZGme+C N C:v_o_Gme

2 Te 2 Te

(5.23)
Substitute this value for C into the equation (5.22) and simplify the result to obtain

1 1
v? = v} +2Gm, <— - —) (5.24)
r

Te

In equation (5.24) the term 26m

r

< is always positive so that if it is required that

2Gm,
il

>0
Te

then one can say that the velocity of the rocket will always be positive. This condi-

tion can be written

2Gm, Gm, 1/2 .
vg > = <2 7“6) = /297, ~ 11200m/s ~ 7 miles per second

- Te r2

where g = GTT;LE is the acceleration of gravity. This value is a good approximation of
the velocity ilecessary to overcome the gravitational forces pulling the rocket back

to Earth. This velocity is called the escape velocity.



Work

Let W denote the work done by a constant force F, which has moved an object
in a straight line a distance = in the direction of the force. Here W is defined® as the
scalar quantity

Work = Force times distance W=Fz (5.25)

If the force F = F(z) varies continuously as the distance = changes, then if the
object is moved in a straight line an increment dz, the increment of work done dW
is expressed

dW = F(x) dz

and the total work done in moving an object from z; to z, in a straight line is given
by the integral
W = / F(x) dx (5.26)

The equation (5.26) tells us that the work done is nothing more than the area under

the curve F' = F(z) between the values z; and .

Example 5-5.

F

If the constant force F acts at an angle to
0 the direction of motion, then the component of
-]

force in the direction of motion is Fcosé and the

s work done in moving an object is the component
of force in direction of the displacement times the displacement or W = (F cosf) s
If the force F = F(s) varies as a function of displacement s, then the increment

of work done in moving an object the incremented distance ds is
dW = (F(s) cosf)ds
and the total work done moving an object from s; to s, is

W:/ F(s)cosfds

8 If there are many discrete forces acting on a body at different times, then one can define the work as the
average force times the displacement.
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Recall that force is measured in units called Newtons, where 1N = 1kg-m/s?. Dis-
placement is measured in meters (m) so that work is force times distance and is
measured in units of Newton-meters or (N -m) and one can write [W] = N-m, which
is read, “The dimension of work is Newton-meter”. By definition 1N - m = 1 Joule,
where Joule is abbreviated (J).
Energy

In the language of science the term energy is a scalar measure of a physical
systems ability to do work. There are many different kinds of energy. A few selected
types of energy you might have heard of are chemical energy, kinetic energy, various
kinds of potential energy, internal energy, elastic energy due to stretching or twisting,
heat energy, light energy and nuclear energy.

Kinetic Energy Ej

The energy associated with a body in motion is called kinetic energy and is

2 where m is the mass of

denoted by E.. The kinetic energy is defined E, = %mv
the body, [m] = kg and v is the velocity of the body, [v] = m/s. Kinetic energy is a
positive scalar quantity measured in the same units as work. One can verify that

[Er] =kg -m?/s? = (kg-m/s?) m=N.- m=1J

Example 5-6. The work done by a constant force F moving an object in a
straight line through a distance s during a time ¢ is given by the integral

W:/ Fds (5.27)
0

Let s denote distance traveled during a time ¢ with % = v denoting the velocity
dv  d?s

it e
one can write

and a = denoting the acceleration. Using Newton’s second law of motion

dv d*s ds d*s  dv
F=ma= Mo = mos, where ik and mo (5.28)

Substituting the equation (5.28) into the equation (5.27) gives

dv 25 ds

Observe the equation (5.29) is written as an mtegratlon with respect to time by
using the relations v = ds and v _ &
Sing ~ it —
time ¢ = 0, then the integration (5.29) can be expressed in the form

W = /m—vdt m/ <—v>:—mv2

If the object has an initial velocity v, at

t = lva - lmvg (5.30)
. 2 2




The equation (5.30) is a representation of the work-energy relation

“The work done by forces acting on a body

equals the change in kinetic energy of the body?”

Potential Energy F,

The energy associated with a body as a result of its position with respect to
some reference line is called the potential energy and is defined E, = mgh, where m
is the mass of the body, [m] = kg, ¢ is the acceleration of gravity, [g] = m/s? and h
is the height of the body above the reference line, [h] = m. The potential energy is
sometimes called the gravitational potential energy. The potential energy is measured
in units of kg-m/s?- m = N-m = J and has the same units of measurement as work.
The work done against gravity in lifting a weight from a height h; to a height h, is
given by

ha ha b
W = . —F,dr = /h1 —mgdr = —mgzx . = —(mghe —mghy) = —AE,
where —F, = —W is the weight acting downward. One can say the work done equals

the change in potential energy.

Example 5-7. Consider a ball of mass m which is thrown vertically
y upward with an initial velocity vo. Neglect air resistance
A y—h so that the only force acting on the ball is the force due
to gravity and construct a coordinate system with the
v —mg origin placed at the point where the ball is released.
T J/ Here the upward direction is taken as positive and by

A vo Newton’s second law one can write

=

m% = —mg (5.31)

since the weight of the ball is mg and this force is acting downward. Separate the

variables in equation (5.31) and then integrate to obtain

v t
/ mdv = —mg/ dt or mv — muy = —mgt (5.32)
Vo 0
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If y denotes the distance of the ball above the reference axis, then the velocity of
the ball is given by v = dy The equation (5.32) can now be expressed in the form

dt’
d
md—gz = muvy — mgt (5.33)
since the velocity v = &y represents the change in the height of the ball as a function

of time. Multiply equation (5.33) by dt and integrate to obtain

Y t 1
m/ dy = / [mvg — mgt] dt or my = mugt — §mgt2 (5.34)
0 0

Solve equation (5.32) for the variable ¢ and substitute for ¢ in equation (5.34) and
then simplify to show

1 2 1 2

3mY + mgy = MY (5.35)

which can be interpreted as stating that the sum of the kinetic energy plus the
potential energy of the ball always has a constant value. Note that when the ball
reaches its maximum height, where y = h, the velocity of the ball is zero, and at this
time the equation (5.35) shows that the initial kinetic energy of the ball equals the
potential energy of the ball at its maximum height.
[ |

There are many more types of energy and all these energy types obey the law
of conservation of energy which states that there is no change in the total energy in
the Universe. Another way of saying this is to state that energy can be transformed,
but it cannot be created or destroyed.
First Moments and Center of Gravity

Consider a force F acting perpendicular to a
£=lever arm

line 0—0 plane containing a line 0 — 0. The first moment

0 of a force F, also called a torque, is defined
Moment =(Force)(Lever arm distance)

(5.36)
1 M =F¢

/ where the lever arm ¢ is understood to represent

the shortest perpendicular distance from the line
0 — 0 to the line of action of the force . The moment is a measure of the ability of
the force to produce a rotation about the line 0 — 0. In general a quantity times a
distance to a point, or times a distance to a line, or times a distance to a plane, is
called a moment of that quantity with respect to a point, line or plane.



Centroid and Center of Mass
In the figure 5-1 the =z-axis is considered as a see-saw with weights W; and
W, placed at the positions (z1,0) and (z»,0) respectively. Consider the problem of
determining where one would place a fulcrum so that the see-saw would balance.
Let (z,0) denote the point where the fulcrum is placed and let ¢, = 2, — z denote
a lever arm associated with the weight W, and let ¢, = 2 — x; denote the lever arm
associated with the weight W;. The see-saw will balance if z is selected such that

the sum of the moments® about the fulcrum equals zero. This requires that

M, = £1 Wy, = £2 Wy = My or (Q_? — 371) Wy = (Q?Q — l_?) W (537)

Yy
— &2 |
(21,0) (2,0) (x2,0) @
fulerum
=
Wy Wo
Yy
(x1,0) (x2,0)(xs,0) *** (&,0) *** (®n—1,0) (zr,0) -
a
l l \L fulcrum l l

W+ Wa Wa W1 W,

Figure 5-1. Balancing of weights using moments.

Another way to express the balancing of the see-saw is to examine the distances

7 —r; and 7 — zo. One distance is positive and the other is negative and the product

(z — z1)W; gives a positive moment and the product (z — x0)W, gives a negative

moment. One can then say that the moments produced by the weights balance if z
is selected such that the sum of the moments is zero or

2 _ Wiz + Waxs

Z(:E —z)W; =0 W W,

i=1

or = (5.38)

The point (z,0) is then called the center of gravity or centroid of the system.

9 By placing the fingers of the right-hand in the direction of the force and letting the fingers move in the direction
of rotation produced by the force, then the thumb points in a positive or negative direction. If the z-axis comes
out of the page toward you, then this is the positive direction assigned to the moment. The moment M7 = £1 W}
is then said to be a positive moment and the moment My = f5 W5 is called a negative moment. The sum of the

moments equal to zero is then written —foWo + £1W7 = 0.
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If there are n-weights Wy, Wy, ..., W, placed at the positions (z1,0), (z2,0),..., (z,,0)
respectively, then the centroid of the system is defined as that point (z,0) where the

sum of the moments produces zero or

n

Z(f—$z)WZ:0 or T =

i=1

W1$1 + W2$2 +-+ ann . Z?:l Wixi
Wi +We+---+W, > Wi

(5.39)

If w=>3" W, is the total sum of the weights, then equation (5.39) can be written
as
Wz =Wixy +Woxs + -+ Wy, (5.40)

and this equation has the following interpretation. Imagine a three-dimensional
right-handed zy> Cartesian system of axes with the z-axis in figure 5-1 coming out
of the page. Each weight W; then produces a moment M; = W;z; about the z-axis.
That is, for each value i = 1,2,...,n, the distance z; denotes the lever arm and W;
denotes the force. The total sum of these moments gives the right-hand side of
equation (5.40). The left-hand side of equation (5.40) is then interpreted as stating
that if the sum of the weights W was placed at the position (z,0), it would create
a moment M = Wz equivalent to summing each individual moment produced by all
the weights. The position z is then called the center of gravity or centroid of the
system. Another interpretation given to equation (5.39) is that the numerator is a
weighted sum of the z-values and the denominator is the sum of the weights so that
7 is then a weighted average of the z-values.

One can generalize the definition of a first moment by defining a first moment

associated with just about any quantity. For example, one can define first moments

such as
My =(force)(lever arm) M, =(volume)(lever arm)
M,,, =(mass)(lever arm) (5.41)
M, =(area)(lever arm) M, =(quantity)(lever arm)

where the lever arm is understood to represent the shortest perpendicular distance
from some reference point, line or plane to the quantity.

Example 5-8. Let m;,ms,...,m, denote n point masses located respectively at
the points (z1,y1), (2,%2), ..., (zn,y,). Find the center of mass (z,7) of this system of

masses.



Soluti
onkon Use the = and y-axes as the lines about which

i one can take first moments associated with the

(2,y2)
) given point masses. If m = 327" m; is the total

(=,7) . . .
-Y sum of all the point masses, then if this mass
(Zn,Yn)

(®1,y1) were placed at the point (z,7) it would produce

=  first moments about these axes given by

M, =my and M, =mz

These moments must be equivalent to the sum of the first moments produced by
each individual mass so that one can write

n
My, =mzx = Zmixi and M, =my= miy;
i=1 i=1

The center of mass of the system then has the coordinates (z,3) where

=Sl 8 gpd gl e
Z?:l m; m Z?:l m; m

Here the center of mass of the system of masses has coordinates (z,7) where z is a
weighted sum of the z; values and 7 is a weighted sum of the y; values for positions

ranging from i =1,2,...,n

Centroid of an Area
Moments can be used to find the centroid of an area bounded by the curve
y = f(z) > 0, the z-axis and the lines x = « and z = b. Partition the interval [a, ] into

n equal parts with

—a

a=uzx9, r1=20+Ax, o =20+2A%,...,2, =20 +nAxz=>b Wwhere Azx=
n

Consider the center of the rectangular element of area illustrated in the figure 5-2

which has the coordinates (&, y;), where & = ;1 + 4% and y; = 1£(¢). The center of

this element of area has a first moment about the y-axis given by
AM, = (lever arm)(area) = (&)[f(&) Ax;]
and it also has a first moment about the z-axis given by

AM, = (lever arm)(area) = <%f(€z)> [f (&) Az
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A summation of the first moments associated with each rectangle produces a sum
from 1 to n giving the total moments

M, =36 (€)An M, =3 A& A,
i=1 i

A Area= Ff(&:)Ax;

W

o y=5 (=)
L F(&:) -

0 a g x; b

&

Figure 5-2. Moments for Centroid of an area.

Neglecting infinitesimals of higher order and using the fundamental theorem of in-
tegral calculus one finds that in the limit as Az; — 0, the above sums become the
definite integrals

b b
M, — / o f(x) dz M, = / %[f(:c)]Qda: (5.42)

The total area under the curve y = f(z) is given by the definite integral

b
A= / f(x)dz
and if this total area were concentrated and placed at the point (z, 7) it would produce
moments about the z and y-axes given by M, = Ay and M, = Az. The centroid is
that point (z,7) where

b b
M,=Ay= / %[f(x)]Qd:E and M, =Az = / xf(x)dx (5.43)

. . = M
from which one can solve for z and § to obtain g = e and z = —2.

In a similar fashion one can use the fundamental theorem ff integral calculus
to show the lever arms associated with the first moments of the center point of an
element of area can be expressed in terms of the z and y coordinates associated
with the element of area. Omne can then verify the following lever arm equations

associated with the elements of area illustrated.



1.) For the center point of the element of area A —
dA = ydx / _ . ¥ —f(x)
lever arm to y-axis is x
lever arm to z-axis is y/2 g e g
2.) For the center point of the element of area A =
dA = (ys — 1) da ER
lever arm to y-axis is z x— T =86
lever arm to z-axis is 1(y1 + y2) i T *
3.) For the center point of the element of area A §\=f(y)
dA =z dy e
y
lever arm to y-axis is x/2 ! i -
. . / =
lever arm to z-axis is y | - x
4.) For the center point of the element of area S mma0)
A
dA = (zq —x1) dy / N y=a
c e x %dy
lever arm to y-axis is 1(z1 + z2) 7 \ /
lever arm to z-axis is y T \ x, =f(y) T
S X

Note that in determining the above lever arm distances the infinitesimals of
higher order have been neglected.
For example, associated with the last figure there is an element of area given by

dA = (x9 — x1) dy = [9(y) — f(y)] dy and the total area is given by

A= /Cd[g(y) —f(y)ldy
This element of area has a moment about the z-axis given by
dM = (lever arm)(area) = ydA =ylg(y) — f(y)] dy
and a moment about the y-axis given by

dM,

y = (lever arm)(area) = %[g(y) +fWlgw) — fW)ldy = = [¢°(y) — f2(y)] dy

1
2
Summing these moments one finds

d d
sz/ ylg(y) — fy)ldy  and My:/ [9°(y) — F*(y)] dy

with the centroid (z,y) found from the relations

M
r="Y and 7=

My
A A
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Symmetry

If an object has an axis of symmetry, then

the centroid of the object must lie on this line.
For example, if an area has a line of symmetry,
then when the area is rotated 180° about this

line the area has its same shape. Examine the

rectangle when rotated about a line through its center and find out the rectangle is
unchanged. One can say the centroid for the rectangle is at its geometric center.

Example 5-9. Use the equations (5.43) and find the centroid of a rectangle of
height h and base b.

Solution
Yy Here y = f(x) = h is a constant and so one
can write
b b 1
M, :/ :Ef(:v)dx:/ zhdr = §hb2
0

1 1

M, / 2dx = / —h?dx = —bh?
0 2 2

The total area of the rectangle is A = bh and so the centroid (z,7) is determined by
the equations

T=—"2=—- and j=—==— x

Example 5-10. Find the centroid of the area bounded by the z-axis, the y-
axis and the ellipse defined by the parametric equations = = acos6, y = bsinf, for
0<6<m/2and a>b>0 constants.

Solution

(0,6) The area to be inves-

tigated is the upper quad-
= = =  rant of an ellipse. Move out

(o) = (@,0)  adistance z from the origin

(0.b)

and construct an element of area dA = ydz. and substitute y = bsinf, z = acosf with
dr = —asinfdf and show the total area is

A= / yd:z—/ bsin® (— asm@)dﬁ—ab/ sin” 6 df

ab/ —[1 —cos26]df = %ab



The element of area dA has a moment about the y-axis given by
a 0 w/2 1
M, = / xydr = / (acosf)(bsinf)(—asinh) db = a2b/ sin? @ cos 0 df = §a2b
0 w/2 0
The element of area has a moment about the z-axis given by
1
M, / —y(ydzx) = / 2b2 sin? § (—asin @) df
/2

2 /2 2 n/2 1
M, —%/ sin® 0 df = ab [— sinf — - sm 39] df = =ab?
0

3
e _ M,
The centroid (z,y) is given by T = and V==

SN
S| o

Example 5-11. Find the centroid of the triangle with vertices (0,0), (b,0), (c, h)

The equation of the line ¢, with slope h/c is
given by y = (h/c)xz. The equation of the line /4,
i ) with slope h/(c—b) is given by y = [h/(c — b)] (x —b)
Construct a horizontal element of area

(0,0)

dA = (xg —x1) dy

(0,0) x
and show
B (c—b) cl . b
dA—[lH— Y hy_ dy=|b Y dy

and after summing these elements of area one finds

s

This element of area has a moment about the r-axis given by

M—/h b b d—lth
2= Y Ry =g

and moment about the y-axis given by

h1 (c—b) \* ¢ 1
M., = Z — —?| dy= =hb(b
v /02 <b+ - y) Y| =g (b+c)

The centroid for the given triangle is (z,7) where

1
b——y dy:§bh

_ M, 1 M, h
t=3 ~glro  andg=Tp=g
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Table 5-1 Centroids of Some Simple Shapes

Shape Area T ]
y
=h
Tri 1 ' ! bh ! (1+ a)b ! h
iangle — — a —
& 2 3 3
X
x=0ob x=b
y
=h
Y b h
Rectangle bh — —
2 2
X
x=b
y
(071')
Quadrant P 4r 4r
of circle Zr 3 3
(r,0)
y
(0,b)
Quadrant ™ b 4a 4b
of ellipse Za 3 3
(a,0)
2 2 sin@
Wedge Or —r 0

3 0

Copyright 2012 J.H. Heinbockel. All rights reserved




Centroids of composite shapes

If an area is composed of some combination of simple shapes such as triangles,
rectangles, circles or some other shapes where the centroids of each shape have
known centroids, then the resultant moment about an axis is the algebraic sum of

the moments of the component shapes and the centroid of the composite shape is

given by # = X and 5 = = where A is the total area of the composite shape.

Whenever the centroids of all the individual shapes which make up the total shape

are known, then integration is not required.

Example 5-12. If the composite shape is composed of n known shapes having
area A; with centroid (z1, %)

area A, with centroid (z2, 72)

area A, with centroid (z,, 7.)

then the total area of the composite shape is
A=A +A+A3+---+ A4,
The total moment produced about the y—axis from each area is
My = ATy + AoTy + AgTs + -+ Apy
The total moment produced about the z—axis from each area is
M, = A1th + Aso + Asys + - -+ Ann

The centroid of the composite shape is therefore

M, M,

= and o y=—p

Centroid for Solid of Revolution

Consider the area bounded by the curve y = f(z) > 0 and the linesz =a, 2 =0 >a
and the z-axis which is revolved about the z-axis to form a solid of revolution. One
can construct an element of volume dV for this solid using the disk generated when

dA is rotated about the z-axis. The volume element associated with this disk is

b
dV = my? dx with V= / my? dx
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where the integral represents a summation of the volume elements. The moment of
the disk about the plane perpendicular to the axis of rotation which passes through
the origin is

b
dM = zdV = rzy*dx and M :/ rxy? dz

where z is the lever arm distance from the plane to the volume element and M is a
summation of these moments. The above integral is called the first moment of the
solid of revolution with respect to the plane through the origin and perpendicular
to the axis of rotation. The centroid z is then defined as

F=—=2do__ (5.44)

and by symmetry the position of z is on the axis of rotation.

Centroid for Curve y

. ds Y=f(x)
Let y = f(z) define a smooth continuous
curve for a < z < b. At the position (z,y) on y
the curve construct the element of arc length o X

ds = \/dz? + dy?. Fx—1

The first moments about the z and y-axes associated with the curve

C={(zy [ y=fx), a<z<b}

are defined as a summation of the first moments associated with the element of arc

length ds. One can define

dM, = (lever arm)(element of arc length) = yds

dM, = (lever arm)(element of arc length) = zds

A summation of these first moments gives

b b
Mx:/ yds and My:/ xds

If the given curve C has an arc length s given by

b 2
s = / 1+ <d_y> dx,
a \/ dx



then the centroid of the curve C is defined as the point (z,7) where

M M,
r=—% and J=— (5.45)
S S

That is, if the arc length s could be concentrated and placed at a point (z,7) called
the centroid, then the centroid is selected so that the first moment zs is the same
as that produced by the summation of individual moments about the y-axis and
the first moment s is the same as that produced by the summation of individual

moments about the z-axis.

Example 5-13. Consider the arc of a circle which lies in the first quadrant.
This curve is defined C = { (z,y) | © =rcosf, y=rsinf, 0 <6 <r/2 } where r is the
radius of the circle. Find the centroid associated with this curve.

Solution

y The element of arc length squared is given

by ds? = dz? + dy* so that one can write
w/2 w/2 d.l: 2 dy 2
s = d5:/ \/(—) +<—> do
/0 0 do do
N w/2 w/2 /2 1
s = / ds = / rdd=r0
0 0

=_7r
Use the equations (5.45) and calculate the first moments of the curve about the

0 2

z and y-axes to obtain

w/2 w/2 /2
Mx:/ yds:/ rsin@rdf = r*(— cos ) =r?
0 0 0
w/2 w/2 /2
My:/ :Eds:/ rcosfrdf = r*(sinf) = r?
0 0 0
The centroid (z,y) is then T = % = %r and 7= % = %r

Higher Order Moments
The various first moments defined by the relation (5.41) can be further general-
ized to second moments by replacing the lever arm by the lever arm squared. Second

moments about a line ¢ are denoted I,, and one can write
Ipe =(force)(lever arm)? Lo =(volume)(lever arm)?
Iy =(mass)(lever arm)? : : (5.46)

Iy =(area)(lever arm)? Iy =(quantity)(lever arm)?
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where the lever arm is understood to represent a perpendicular distance from some
reference line ¢. Second moments are referred to as moments of inertia. In the
study of rotational motion of rigid bodies it is found that the moment of inertia is
a measure of how mass distribution affects changes to the angular motion of a body
as it rotates about an axis.

Third order moments would involve the lever arm cubed and nth order moments
would involve the lever arm raised to the nth power. Third order and higher order

moments arise in the study of statistics, mechanics and physics.

Example 5-14.

Given a region R one can construct at a general

’ point (z,y) € R an element of area dA. This element

of area has a second moment of inertia about the
dA
R

y—axis given by
dl,, = 2*dA

X and summing these second moments of inertia over

the region R gives the total second moment about

the y-axis as

Iyy:// 22 dA
R

In a similar fashion, the second moment of inertia of the element dA about the z—axis
is given by
dl, =y*dA

and a summation of these second moments over the region R gives the total second

Im:// y2dA
R

If the moment axis is perpendicular to the plane in which the region R lies, say

moment about the z-axis as

a line through the origin and perpendicular to the z and y axes, then the second

moment with respect to this line is called a polar moment of inertia and is written

J()Q:// T‘QdA://(QTQ—i—yQ)dA:// xQdA+// Yy dA =T+ I,
R R R R

which shows the polar moment of inertia about the line through the origin is the

sum of the moments of inertia about the = and y axes.



An examination of the Figure 5-3 shows that if ¢, is the line z = 2, parallel to

the y—axis, then an element of area dA has a second moment with respect to the

Ipo, = //R|x—x0|2dA: //R(:c—xg)QdA (5.47)

If ¢, is the line y = yo which is parallel to the z—axis, then the element of area dA

line ¢, given by

has the second moment with respect to line ¢, given by

Iy, ://R|y—yo|2df4=//R(y—yo)2dA (5.48)

y y
Y =7,
o 9A ] E dA  gn
X X
r y r y
X X
0 (]
X = XO
Figure 5-3.
Second moments with respect to lines parallel to the = and y axes.

Expanding equation (5.47) one finds

Igyg :// ($2—2$l‘0+$3)d14
//x dA — 2:;;0//di+%/ dA (5.49)

Ig Vi I 2$0M +:E0

yry

Similarly, if one expands the equation (5.48) one finds that

Ioo, = Lz — 2yo M, + Y3 A (5.50)

xtx

The results given by the equations (5.49) and (5.50) are known as the basic equations
for representing the parallel axes theorem from mechanics. This theorem states that
if you know the area of a region and the first and second moments of the region
about one of the coordinate axes, then you can find the second moment about any
axis parallel to the coordinate axes by using one of the above results.
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Example 5-15. Let dr = dzdydz denote an element of volume and pdr = dm
denote an element of mass, where p is the density of the solid. The second moments

of mass with respect to the z, y and z axes are given by

Z g2,
v I = ///(y2 + 2% pdr

dm s o

x4z
yz-l-zz\/\ z'/l/ lyy = ///(552 +2%)pdr

— y
il I.= ///(:E2 +y?)pdr
Y

where integrations are over the volume defining the solid.

Y A F Consider a particle P with constant mass m

<l

rotating in a circle of radius r about the origin
having a tangential force F producing the mo-
- s tion. Let ¢ denote the angular displacement of

6 ;:c the particle, w = % the angular velocity of the
do _ &6
dt dt?

of the particle. Newton’s second law of motion

can then be expressed F =m %
ds

If s = r0 is the distance traveled by the particle, then i r% = rw is the
change in distance with respect to time or speed!® of the particle, so that Newton’s

particle, = «, the angular acceleration

second law can be expressed

2
F:m_:m_<d9> 20

ro ) =S (5.51)
Note that if F is the tangential force acting on the particle, then M = Fr is the torque
or first moment of the force about the origin. Consequently, multiplying equation
(5.51) on both sides by r one finds Fr = mr? % Here Fr = M is the first moment or

torque about the origin, mr? = I is the mass times the lever arm squared or moment
of inertia of the mass about the origin. The Newton’s law for rotational motion can
therefore be expressed in the form

d?o

10 Speed is a scalar quantity representing the magnitude of velocity which is a vector quantity.



Example 5-17. Find the centroid and moments of inertia about the z and y—

axes associated with the semi-circle 22 + y? = R? for z > 0.

y/\
Solution The area inside the semi-circle is A = ZR%. At

a general point (z,y) within the semi-circle construct an

X O0dA
Yy X element of area dA = dxdy, then the first moment about the

v

y—axis is given by

dM, = vdA = xdxdy

x=R

and a summation over all elements dA within the semi-circle gives the first moment

y=vRZ=3% R
/ rdydr M, = / 2r\/ R? — 12 dx
=—+R2—2z2 0
Make the substitution v = R? — 2% with du = —2zdx and show the integration
produces the result M, = 2R, so that 7 — My _ 2R°/3 AR By symmetry, the
vz A nR2/2 31’ ’

centroid must lie on the line y = 0 so that the centroid of the semi-circle lies at the

. 4R
point (z,5) = (5,0).

The second moments of the area element about the z and y—axes gives
dly, = y2 dA = y2 dydz and al,, = 22 dA = 2 dx dy

A summation over the area of the semi-circle gives the integrals

y=vR?—2z2 9 R T
y - :/ / Yy dyd:c = g/ (R2 — .172)3/2 dr = §R4
T= 0

—VRZ—z2

y=vV R2—2z2 R T
Iy, :/ / z? dydx = / 222 (R? — 22)Y% da = §R4
= 0

—VRZ—z2

where the substitution z = Rsin6 can be used to aid in evaluating the above integrals.

Let I.. denote the moment of inertia about the line z = zy = 3£ through the

centroid. The parallel axis theorem shows that I.. = <g — %) R*.
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Example 5-18. Find the centroid and moments of inertia about the z and
y—axes associated with the circular sector bounded by the rays 0 = -6, and 0 = 6,

and the circle r = R.
Solution The area inside the circular sector is given by

Y A = 6yR%. Move to a general point (z,y) within the sector
and construct an element of area dA = rdrdf. The = and y

ga lever arms are given by z = rcosf and y = rsinf. The first
. * moment of this area element about the y—axis is given by
x=R
06— — 0o dM, = xdA = (rcos0)r drdf

and a summation of these elements over the area of the sector gives

r=R 90 2
M, = / cos@dfr? dr = =R3sinf,
r=0 —90 3

M,

: . . 2 <1
The z value for this area is given by z = == ng@o
0

centroid lies on the ray ¢ = 0 where (z,7) = (%R%, 0).

By symmetry, the

The elements for the second moments about the » and y—axes are given by
dle = y* dA = (r*sin® 0) r drdf and dl,, = x> dA = (r* cos® 0) r drdf
and summing these elements over the area of the sector gives the moments of inertia
R pbo R4
Iww = / / ’f'3 sin29d9d7“ = (290 —sin290)—
0 —bo 8

r 90 R4
I, = / / r3cos? 0dfdr = (26 + sin26py) —
0o J—0o 8

Moment of Inertia of an Area

The moment of inertia of a general plane area

dA ~ with respect to an axis can be calculated as fol-
@ lows. Construct elements of area dA all in the
shape of a rectangle within the plane area and
~——=_7# P & o e pen
ﬁg ¢ which are parallel to the axis not passing through
axis -

L the area. By definition, the element of moment

of inertia associated with an element of area dA
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Table 5-2 Moments of Inertia of Some Simple Shapes

Shape Area I, I,,
y
— y=h
Triangle —bh ibh3 ib3h(1 + a + a?)
12 12
L] | x
[
x=0b x=b
y
=h
Y 1.3 1.3
Rectangle bh —bh —b°h
. 3 12
X
x=b
y
(o,r)
Quadrant T 5 1 4 1 4
of circle . 1 Eﬂr Eﬂr
(r,0)
y
(0,b)
Quadrant ™ 1 3 1 3
of ellipse . Zab Eﬂ'ab Eﬂ'a b
| (2,0)
NY
r
o, 2 . r : r
Wedge a t > X Or (269 — sin ZHO)E (209 + sin 200)§
T/
— X |
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is the lever arm squared times the element of area or dI,, = ¢€* dA, where ¢ represents
the distance from the axis to an element of area dA. The total moment of inertia is
then a summation over all rectangular elements. If o and 3 are values denoting the
extreme distances of the plane area from the axis, then the moment of inertia of the

plane area is determined by evaluating the integral
=8
Iy = / £2dA (5.53)

Here it is assumed that the element of area dA can be expressed in terms of the
distance ¢.
Moment of Inertia of a Solid

dm =pdV

In the study of mechanics one fre-
quently encounters the necessity to cal-

culate the moment of inertia of a solid

Ta P which is generated by revolving a plane

area about an axis. If a rectangular ele-

ment of area is construct within the plane

area and is rotated about an axis ¢ not
passing through the area, then a cylindrical shell shaped volume element dV is
generated. Multiplying this volume element by the density p of the solid creates an
element of mass dm = pdV. The element of the moment of inertia is then given by

dly = dm =& pdV (5.54)

where ¢ is the distance of dm from the axis of rotation. If the extreme distances
of the plane area from the axis of rotation have the values a and b, then the total
moment of inertia about the rotation axis is
£=b £=b
Iy = / B £ dm = - Epdv (5.55)
If the solid is homogeneous, then the density p is a constant so that the moment of

inertia can be expressed

£=b
Iy =p / £adv (5.56)



Moment of Inertia of Composite Shapes

To calculate the moment of inertia of a composite area about a selected axis
(i) Calculate the moment of inertia of each component about the selected axis.

(ii) Next one need only sum the moments of inertia calculated in step (i) to calculate
the moment of inertia of the given composite area.

That is, the moment of inertia of a composite area about an axis is equal to the
sum of the moments of the component areas with respect to the same axis. Note that
if a component of the shape is removed, then this places a hole in the composite
shape and in this case the moment of inertia of the component removed is then
subtracted from the total sum.

Pressure

The average density p of a substance is defined as its mass m divided by its
volume V or p = &, where [p] = kg/m?, [m] = kg, [V] = m3. The relative density of a
substance is defined as the ratio of density of substance divided by the density of
water. Pressure is a scalar quantity defined as the average force per unit of area and
its unit of measurement is the Pascal, abbreviated (Pa), where 1Pa = 1Nm=2.
Liquid Pressure

Integration can be used to determine the forces acting on submerged objects.
AA%%, and represents a derivative of the force with
respect to area. An area submerged in water experiences only a pressure normal to

Pressure at a point is p = lim

its surface and there are no forces parallel to the area. This is known as Pascal’s
law. Knowing the pressure at a point, one can use integration to calculate the total
force acting on a submerged object. The pressure p representing force per unit of
area must be known when constructing water-towers, dams, locks, reservoirs, ships,
submarines, under-water vessels as the total force acting on a submerged object
must be known for certain design considerations.

Consider two points P, and P, beneath a fluid having a constant density p. If
Ah = |P, — P,| is the distance between the points and p is the constant density of the
liquid, then the change in pressure between the points P, and P, is given by

Ap = pgAh (5.57)

where h, [h] = m, is measured positive in the downward direction, p, [p] = kg/m3,
is the density and g, [g] = m/s? is the acceleration of gravity so that [p] = N/m?2.
Defining w = pg, [w] = N/m? as the weight of the liquid per unit volume, one can
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write Ap = wAh. Note the pressure increases with depth and depends only on the
quantities vertical distance, density and acceleration of gravity. The pressure is then
the same at all points of a submerged area lying on a horizontal line of constant
depth within the liquid.

surface of liquid

Consider a vertical plane area submerged in

a liquid. Using the fact that the pressure is h |
the same at all point lying on a horizontal L h,
line at constant depth, one can construct an &
element of area dA = ¢(h) dh on the submerged dA

area as illustrated, where ¢ = ¢(h) is the hor-
izontal dimension of the element of area.
The element of force exerted by the liquid on one side of the submerged element
of area is given by
dF = pdA = whdA = wh((h) dh

and so the total force acting on the submerged area is given by the summation of
forces N
F- / whO(h) dh (5.58)
h1

The representation for the total force given by equation (5.58) assumes that the
element of area can be expressed in terms of the depth h. If one selects a different
way of representing the position of the submerged object, say by constructing an
z,y-axes somewhere, then the above quantities have to be modified accordingly.
Gas Pressure

The equation (5.57) is valid for the change in gas pressure between two points P,
and P, for small volumes. However, for small volumes the gas pressure is very small
and Ap remains small unless h is very large. One usually makes use of the fact that
the gas pressure is essentially constant at all points within a volume of reasonable
size. When dealing with volumes of a very large size, like the Earth’s atmosphere,
the equation (5.57) is no longer valid. Instead, one usually uses the fact that (i)
the pressure decreases as the height h above the Earth increases and (ii) the density
of the air varies widely over the surface of the Earth. Under these conditions one
uses the approximate relation that the change in pressure with respect to height is
proportional to pg and one writes

dp _



The negative sign indicating that the pressure decreases with height. Note that the
pressure has a wide range of values over the Earth’s surface, varying with tempera-
ture, humidity, molar mass of dry air and sea level pressure. The average sea level
pressure being 101.325kPa or 760 mmHg. One can find various empirical formulas
for variations of the density p determined by analyzing weather data.
Chemical Kinetics

In chemistry a chemical reaction describing how hydrogen (H;) and oxygen (O,)

combine to form water is given by
2H, 4+ Oy = 2H,0

This reaction is a special case of a more general chemical reaction having the form

kg
’I’L1A1 + n2A2 + ’I’L3A3 + - — m131 + mng + mng + - (560)
ko
where Ai, As, As, ... represent molecules of the reacting substances, called reactants

and By, B, Bs, ... represent molecules formed during the reaction, called product el-
ements of the reaction. The coefficients ni,ns,ns,... and mq, mo, ms,... are either
positive integers, zero or they have a fractional value. These values indicate the
proportion of molecules involved in the reaction or proportions involved when the
reactants combine. These coefficients are referred to as stoichiometric coefficients.
The constants k; and k, are positive constants called the forward and reverse re-
action rate coefficients. If k. = 0, then the reaction goes in only one direction.
The stoichiometric representation of a reaction gives only the net result of a re-
action and does not go into details about how the reaction is taking place. Other
schemes for representing a reaction are used for more complicated reactions. One
part of chemistry is the development of mathematical models which better describe
the mechanisms of how elements and compounds react and involves the study of re-
action dynamics of chemicals. This sometimes requires research involving extensive
experimental and theoretical background work in order to completely understand all
the bonding and subreactions which occur simultaneously during a given reaction.
Simple chemical reactions can be described using our basic knowledge of calculus.
Rates of Reactions
A reaction is called a simple reaction if there are no intermediate reactions or

processes taking place behind the scenes. For example, a simple reaction such as

’I’L1A1 + n2A2 i m131 + mng (561)
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states that n; molecules of 4; and n, molecules of 4, combined to form m; molecules
of B; and my molecules of By. Let [A], [A], [B1], [B:2] denote respectively the concen-
trations of the molecules A;, A,, B;, B, with the concentration measured in units of
moles/liter. The stoichiometric reaction (5.61) states that as the concentrations of
A; and A, decrease, then the concentrations of B; and B, increase. It is assumed

that 4; and A4, decrease at the same rate so that

T (5.62)
and the concentrations of B; and B, increase at the same rate so that
1 d[Bi] 1 d[B)]
my dt  me di (5-63)
Equating the equations (5.62) and (5.63) gives
S LdA] _ 1d[A] _ 1d[Bi] _ 1 d[By] (5.64)
n1 dt o dt mq dt Mo dt

Here a standard rate of reaction is achieved by taking the rate of change of each
substance and dividing by its stoichiometric coefficient. Also note that the minus
signs are used to denote a decrease in concentration and a plus sign is used to denote
an increase in concentration.
The Law of Mass Action

There are numerous and sometimes complicated rate laws for describing the
chemical kinetics of a reaction. These complicated rate laws are avoided in presenting
this introduction to chemical kinetics. For simple chemical reactions at a constant
temperature which have the form of equation (5.60), let x = z() denote the number
of molecules per liter which have reacted after a time ¢t. Many of these simple
equations obey the law of mass action which states that the rate of change of z = z(¢t)
with respect to time ¢ can be represented

0 = kAL Ao Ag) (5.65)

Each of the superscripts ni,ns,ns, ... have known values and & is a rate or velocity
coefficient having units of 1/time. The order of the chemical reaction is represented
by the sum n; + no + ns + --- of these exponents. If the sum is one, the reaction is
called a first-order reaction or unimolecular reaction. If the sum is two, the reaction

is called a second-order reaction or bimolecular. If the sum is three, the reaction is



called a third-order reaction or trimolecular, etc. Note that trimolecular and higher
order reactions are rare.

An example of a unimolecular reaction is a substance disintegrating and this
type of reaction can be represented

d[A]

SE kAl 4] = (4]0 (5.66)

and this equation is a way of stating that the rate of change of a decaying substance
is proportional to the amount present. The proportionality constant £ being called
the rate coefficient. Separate the variables in equation (5.66) and write % = —kdt
and then integrate both sides from 0 to ¢, assuming that at time ¢ = 0, [A4](0) = [A]o

is the initial concentration. One can then write

[

and then these equations can be integrated to obtain
In[A] —In[A]p = -kt = [A] = [A](t) = [A]pe " (5.67)

where the reaction rate k¥ has dimensions of 1/time. Use equation (5.67) and plot
[4](t) versus t one finds the result is a straight line on semi-log paper. A second-order
reaction or bimolecular reaction has the form

2
N

A +Ay © B (5.68)
k.
and represents a reversible bimolecular reaction. Here k; is the forward rate constant
and k, is the reverse rate constant. One can alternatively write the forward and
reverse reactions as two separate equations. If k. = 0, then there is no reverse
reaction. Apply the law of mass action to the stoichiometric reaction (5.68) gives
the differential equations

s 78
A2 (31— ksl 40 (5:69)
d(Bi]

TR ki [B1] + k¢[A1][Az]

Note that the rate coefficients k, and k; can have very large differences in magnitudes

thus driving the reaction more in one direction than the other and for the reaction
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(5.68) the rate coefficients k; and &, do not have the same units of measurements.
To show this one should perform a dimensional analysis on each of the terms in the
equations (5.69). Each group of terms in equation (5.69) must have the same units of
measurements SO that by examining the dimensions of each term in a group one can
show the reaction rates k; and &, do not have the same dimensions. For example, if
the concentrations are measured in units of mol/liter, then the terms on the left-hand
side of the equations (5.69) all have units of mol/liter per second and consequently
each group of terms on the right-hand side of the equations (5.69) must also have this

same unit of measurement. This requires that k. have units of 1/second and k; have
1

- second

units of . If different units of measurement are used one must perform

liter
a similar type of analysis of the dimensions associated with each group of terms.

The requirement that each group of terms have the same dimensions is known as
requiring that the equations be homogeneous in their dimensions. If an equation is
not dimensionally homogeneous, then you know it is wrong.

In the equations (5.69) let k. =0 to obtain

)
Tdar kf[Al][AQ]
As]

FT k¢[A1][As] (5.70)
o g

Let y = y(t) = [B;] denote the concentration of B; as a function of time ¢. If at time
t = 0 the concentrations of 4; and A, are denoted by [41]y and [A4;]o, then after a
time ¢ one can express the amount of 4; and A, by using the equations

[Ar] = [A1](t) = [Ad]o —y and [Ag] = [A2](t) = [A2]o — ¥
Substituting these values into the last of the equations (5.70) gives the result

W k(o — ) (Ao — ) (.71)

Let a; = [Ai]p and ay = [As]p and assume oy # ay so that equation (5.71) can be

expressed in the form
dy

(a1 —y)(az —y)

= kydt (5.72)
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where the variables have been separated. Use partial fractions and write

1 A B
+

(al—y)(a2—y) a; — Y Qy — Y

—L_ = —A. The equation (5.72) can then be expressed

Q2 —Q1

and show A = 1a1 and B =

the following form
A A
dy — dy = k‘f dt, aq 75 (65)] (573)
a; — Y Qg — Y

which is easily integrated to obtain
—Aln|o; —y|+ Alnjog —y| =kt +C

where C is a constant of integration. Solving for y gives

Aln aQ_y‘ —kst+C
a1 —y
I |25 yl =kf(og —aq)t +C7, where C* = C(az — a1) (5.74)
a1 —y

X2 7Y _gekraz—ant where K = ¢C is some new constant.
ar —y
Evaluate equation (5.74) at time ¢t = 0 with y(0) = 0 to show K = 22. Substituting

this value into the last equation in (5.74) and using algebra to solve for y one finds
that

(1 _ ekf (OtQ-OtQ)t)

y=y(t) = a1z 1~ crgchr @z et (5.75)
In the special case a; = as, the equation (5.72) takes on the form
(aldfyy)Q = kydt (5.76)
As an exercise integrate both sides of this equation and show
atkygt
v=vlt) = oo (5.77)

Differential Equations

Equations which contain derivatives which are of the form

dn—l d2 d
—_y 4ot an_Q(x)d—;;/ + an—l(f)ﬁ + an(x)y=0 (5.78)
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where ag,a1,...,a, are constants or functions of z, are called linear nth order homo-
geneous differential equations and linear differential equations of the form
d”y dn—ly d2y

— 4t an_Q(x)E + an_l(x)j—i + an(x)y = F(x) (5.79)

are called linear nth order nonhomogeneous differential equations. The symbol L is
a shorthand notation to denote the linear differential operator

d"~'() () d()

dan1 g2 Tan-1(@) = tan(2)()  (5.80)

d"()

L() = aof) -

+ a1 (x)

+ ot an—2(7)

An operator L is called a linear differential operator when it satisfies the conditions

L(y1 +y2) = L(y1) + L(y2)

5.81
L(ay) = aL(y) o5

where « is a constant. The first condition is satisfied because a derivative of sum is
the sum of the derivatives and the second condition is satisfied because the derivative
of a constant times a function is the constant times the derivative of the function.
Differential equations with ordinary derivatives, not having the forms of equations
(5.78) or (5.79) , are called nonlinear differential equations. In general, linear differ-
ential equations are easier to solve than nonlinear differential equations.

A solution of the differential equation (5.78) is any continuous function y = y(z)
which can be differentiated n-times and one can show that when the function y = y(z)
and its derivatives are substituted into the equation (5.78) then an identity results.
The function y = y(z) is then said to have satisfied the conditions specified by the
differential equation. The differential equation (5.78) has a nth derivative term and
consequently it would require n-integrations to obtain the solution. The general
solution will therefore contain n arbitrary constants. Sometimes it is possible to
integrate the differential equation and determine the solution by integration meth-
ods. Sometimes the given differential equation has a special form where short cut
methods have been developed for obtaining a solution.

The general procedure to solve the linear nth order nonhomogeneous equation
(5.79) is to first solve the homogeneous differential equation (5.78) by finding n
linearly independent solutions {y;(z),y2(z),...,y.(x)}, called a fundamental set of so-
lutions, where each function y;(x) satisfies L(y;(z)) =0 for i = 1,2,...,n. The general
solution of the linear homogeneous differential equation (5.78) is then any linear



combination of the functions in the fundamental set. The general solution of the

linear homogeneous equation can be expressed

Ye = c1y1(x) + cayo () + - - + cryn(x) (5.82)

where ci,cs,...,¢, are constants and . is called a complementary solution. After
determining the complementary solution one then tries to find any function y, which
satisfies L(y,) = F(z). The function y, is then called a particular solution of the
nonhomogeneous linear differential equation (5.79). The general solution to the linear

nonhomogeneous differential equation (5.79) is written

which represents a sum of the complementary and particular solutions.
Spring-mass System

Consider a vertical spring which is suspended from a support as illustrated in
figure 5-4(a). Consider what happens when a weight W is attached to a linear spring,
and the spring stretches some distance sy, and the weight remains at rest in an
equilibrium position as illustrated in the figure 5-4(b). The weight is in equilibrium
because the downward force W is offset by the upward spring restoring force and
these forces must be equal and in opposite directions. If the weight is displaced
from this equilibrium position and then released, it undergoes a vibratory motion
with respect to a set of reference axes constructed at the equilibrium position as
illustrated in figure 5-4(c).

In order to model the above problem, the following assumptions are made:

(a) No motion exists in the horizontal direction.
(b) A downward displacement is considered as positive.
(c) The spring is a linear spring and obeys Hooke’s!! law which states that the

restoring force of the spring is proportional to the spring displacement.

Using Hooke’s law the spring force holding the weight in equilibrium can be
calculated. In figure 5-4(b), there is no motion because the weight W acting down
is offset by the spring force acting upward. Let f, denote the spring force illustrated
in figure 5-4(d). Using Hooke’s law, the spring force f, is proportional to the dis-
placement s and is written f, = Ks, where K is the proportionality constant called

11 Robert Hooke (1635-1703) English physicist.
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the spring constant. The graph of f, versus displacement s is therefore a straight

line with slope K.

(a) (b) (<) (d)

Spring
Force
fe
f
S, s S,
Equilibrium T W
position l/ fs y KSO i
w | ;

|
I [KSKy
W S

Displacement

Figure 5-4. Spring-mass system.

Summation of the forces in equilibrium is represented in figure 5-4(b) which illus-
trates the spring force equal to the weight acting down or f, = Ksq = W. This
determines the spring constant K as

K="
50

(5.84)
In figure 5-4(c), the spring force acting on the weight is given by f, = K(so+y) where
y is the displacement from the equilibrium position. The vibratory motion can be
describe by using Newton’s second law that the sum of the forces acting on the mass
must equal the mass times acceleration. The motion of the weight is thus modeled
by summing the forces in the y direction and writing Newton’s second law as

zy oy

mW:W—fS:W—KSO—Ky:—Ky, or mdt2+Ky:0 (5.85)

or
d?y

-+ w?y =0, w?=K/m (5.86)
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Here the substitution w? = K/m or w = /K/m has been made to simply the
representation of the differential equation describing the motion of the spring-mass

system. The quantity w is called the natural frequency of the undamped system.

Simple Harmonic Motion 7

Consider the spring illustrated which is stretched /%mm Vv
a distance y. Hooke’s law states the for a linear Z _
spring, the restoring force F, is proportional to the W

. : F.=-k
displacement y and one can write F, = —Ky, where K = Y

is the proportionality constant called the spring constant. The negative sign indicat-

ing that the restoring force is in the opposite direction of the spring displacement.
The elastic potential energy of the spring is defined as follows. The work done
in stretching a spring a distance y is given by

W =(average force)(displacement)
1 1
W=|zK = —Kq?
<2 y) (y) = 5Ky

In stretching the spring using a force Ky, the spring exerts an opposite force —Ky
which does negative work. This negative work is called the elastic potential energy

of the spring and it is denoted by
1
E,=-Ky’
p 2 Yy

Multiply equation (5.85) by %dt to obtain

dy d*y dy .

Note that the integration of each term in equation (5.87) is of the form [wudu for
an appropriate value of u. One can verify that an integration of equation (5.87)
produces the result that the kinetic energy plus spring potential energy is a constant

and represented

1 (dy\® 1.,
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where E is a constant of integration. Observe that the terms in equation (5.88)
represent

2

Ex :lmUQ = lm <d—y> = Kinetic energy of system
2 2 dt

E, :%KyQ = Spring potential energy

E =Total energy of the system

Equation (5.88) can be integrated to obtain the displacement y = y(¢) as a function
of time t. Write equation (5.88) as

dy 2_2E K 2 242 2 2_2E 2 _
<E> =———y =w’ (A% —y7), WhereA_Fandw_— (5.89)

3=

Take the square root of both sides to obtain the differential equation

This is a differential equation where the variables can be separated to obtain

dy

VA

and then integrated by making the substitution

=wdt

. A cos
y = Asiné, dy = Acosfdfd to obtain M:dﬁzwdt
Acost
where another integration produces
1 (YN . . .
0=wt+6y or 6=sin <Z> =wt+6y or y=y(t)= Asin(wt+ ) (5.90)

where 6, is a constant of integration. Any periodic motion y = y(t) represented by

either of the equations
y = Asin(wt + 6p) or y = Acos(wt + 6p) (5.91)

is said to be a simple harmonic motion with amplitude A. The period P associated
with the oscillation is the time taken to complete one oscillation. The period of
the motion described by equation (5.90) or (5.91) is P = 2=, The frequency of the
motion is f = + = = and represents the number of oscillation performed in one
second, where 1 unit cycle per second is called a Hertz. The angle 6, in equation
(5.91) is called the phase angle or phase shift associated with the oscillations.



Note that equations (5.91) differ only by a phase constant, since one can write

Asin(wt 4 0) =A cos(wt + 0y — 7/2) = Acos(wt + ¢p), po =06y —1/2
A cos(wt 4 0y) =Asin(wt + 0y + 7/2) = Asin(wt + 1), Yo =0p + /2

In general, given an equation of the form
y =1y(t) = Ay coswt + A sinwt

one can multiply both the numerator and denominator by /A2 + A2 to obtain

A, A,
y=y(t) = /A2 + A2 | —L e
®) PR AT A2 VA2 + A2

so that the oscillatory motion can be expressed in the following form.

coswt + sin wt

A=,/AZ1 AZ
sin Bo= 7,7[1?1 a2 y =y(t) = A[sin 6y cos wt + cos O sin wi]
Az
cos Op=

/AZ+az y =y(t) = Asin(wt + 6p)

2
Simple harmonic motion can be characterized by observing that the acceleration 2732’/
satisfies the conditions ,
(i) It is always proportional to its distance from a fixed point % = —w?y .

(ii) It is always directed toward the fixed point.

Damping Forces

Observe the sign of the spring force in equation (5.85). If y > 0, the restoring force
is in the negative direction. If y < 0, the restoring force is in the positive direction.
The directions of the forces are important because forces are vector quantities and
must have both a magnitude and a direction. The direction of the forces is one check
that the problem is correctly modeled.

If additional forces are added to the spring mass system, such as damping forces
and external forces, then equation (5.85) must be modified to include these addi-
tional forces. In figure 5-5, assume a damper and an external force are attached to
the spring as illustrated.
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EFEqguilibrium

FPosition

F(t)

Figure 5-5. Spring mass system with additional forces.

If there is a damping force Fp which opposes the motion of the mass and the
magnitude of the damping force is proportional to the velocity!?, then this can be
represented by

dy
Fp=-3~ .
D B 7 (5.92)

where 3 > 0 is the proportionality constant called the damping coefficient. The sign
of the damping force is determined by the sign of the derivative % Note that if y
is increasing and 2 > 0, the damping force is in the negative direction, whereas, if y
is decreasing and 4 < 0, the damping force acts in the positive direction. In figure
5-5, the quantity F(¢) denotes an external force applied to drive the mass.

The use of Newton’s second law of motion, together with the summation of
forces, one can construct a mathematical model describing the motion of the spring
mass system with damping and external force. The illustration in the figure 5-5 can

be used as an aid to understanding the following equation

d*y dy
. ) .od . dP

where the right-hand side of equation (5.93) represents a summation of the forces

acting on the spring-mass system. Each term in equation (5.94) represents a force

2 Various assumptions can be made to model other types of damping.



term and for the equation to be dimensionally homogeneous, every term must have
dimensions of force. The quantity mj is called the inertial force, 8y is the damping
force, Ky is the spring force and F(t) is an external force. Here m, g and K are all
positive constants with dimensions [m] = 4 = Ibs 8] = Ibs (K] = Ibs with

[9] ft/sec?’ ft/sec’ ft
y and ¢ having the dimensions [y] = ft and [t] = seconds. It is left as an exercise to

verify that the equation (5.94) is dimensionally homogeneous.!?
To solve the differential equation (5.94) one first solves the homogeneous equa-

tion
d2
dt2

by finding a set of two independent solutions {y;(t),y2(t)} called a fundamental set

+ ﬁ + Ky=0 (5.95)

of solutions to the homogeneous differential equation. The general solution to the
homogeneous differential equation is then any linear combination of the solutions

from the fundamental set. The general solution to equation (5.95) can be expressed
Ye = c1y1(t) + caya(t) where ¢, ¢, are arbitrary constants. (5.96)

This general solution is called the complementary solution and is usually denoted
using the notation y.. Any solution of the nonhomogeneous differential equation
(5.94) is denoted using the notation y, and is called a particular solution. The general
solution to the differential equation (5.94) can then be expressed as y = y. + .

If the homogeneous differential equation has constant coefficients, one can assume
an exponential solution y = exp(yt) = e, v constant, to obtain the fundamental set

of solutions.

Example 5-19. Solve the differential equation Z? + 3% + 2y = 2e

Solution Assume an exponential solution y = ¢’ to the homogeneous differential
equation
d?y dy
—_— — + 2y .
432 2y =0 (5.97)

and substitute y = 7, % — yevt, T4 — 4267 into the homogeneous differential equa-

tion (5.97) to obtain the algebraic equation

VA3 +2=(1+2)(y+1) =0 (5.98)

13 The word homogeneous is used quite frequently in the study of differential equations and its meaning depends

upon the context in which it is used.

407



408

called the characteristic equation. The roots of this equation v = —2 and v = —1
are called the characteristic roots. Substituting these characteristic roots into the
assumed solution produces the fundamental set {e~%!, ¢e7'}. The complementary solu-
tion is then a linear combination of the functions in the fundamental set. This gives
the complementary solution

Yo = cre 2t 4 ot (5.99)

where ¢, c, are arbitrary constants.

The right-hand side of the given nonhomogeneous equation is an exponen-
tial function and since it is known that derivatives of exponential functions give
exponential functions, one can assume that a particular solution y, must have
the form y, = Ae=® where A4 is a constant to be determined. The processes of
examining the derivatives of the right-hand side of the nonhomogeneous equa-
tion and forming a linear combination of the basic terms associated with the
right-hand side function and all its derivatives, is called the method of undeter-
mined coefficients for obtaining a particular solution. Substituting the functions
yp = Ae 3, ddi;’ = —3Ae 3, d;% = 94e~3t into the given nonhomogeneous differential
equation one finds

9Ae 3 —9Ae™3 424673 = 273 (5.100)

Simplify equation (5.100) and solving for the constant A one finds A4 = 1, so that
yp, = e3¢ is a particular solution. The general solution is then given by

Y=Y+ yp=cre 't e (5.101)
]

Example 5-20. (Representation of solution)
Obtain a general solution to the linear homogeneous differential equation
d?y

T2+ w?y =0, wis a constant (5.159)

which represents simple harmonic motion.

Solution When dealing with homogeneous linear differential equations with constant

coefficients one should assume an exponential solution y = ¢’ having derivatives
d d? . . . .
d_z; = v’ and d—tg = y2¢". Substitute the assumed exponential solution into the

given differential equation to obtain the characteristic equation

Vel e =0 = Y+’ =(y—iw)(y+iw)=0 (5.104)



The characteristic roots are the complex numbers v = iw and v = —iw, where i is an
imaginary unit satisfying i> = —1. These characteristic roots are substituted back

into the assumed exponential solution to produce the fundamental set of solutions
{elwt emtwt] (5.104)

Observe that any linear combination of the solutions from the fundamental set is also
a solution of the differential equation (5.159), so that one can express the general

solution to the homogeneous differential equation as'
y=cr1e' + cpe ' (5.105)

where ¢, ¢, are arbitrary constants.  Use Euler’s identity e’ = cosf + i sinf and
consider the following special cases of equation (5.105).
(i) If ¢; = % and ep = L, the general solution becomes the real solution

l twt 1 —twt

y1 =yi(t) = 3¢ T3¢ = coswt
(ii) If e; = & and e; = 52, the general solution becomes the real solution
twt 1 —twt

Y2 = ya(t) = 2_1'6 — 2—Z,e = sinwt

The functions coswt and sinwt are real linearly independent solutions to the

differential equation (5.159) and consequently one can state that the set of solutions
{coswt, sinwt } (5.106)

is a fundamental set of solutions to the equation (5.159), and
y = ky coswt + kg sinwt (5.107)

is a general solution'® to the given differential equation (5.159), where k; and &, are
arbitrary constants.
Multiply and divide equation (5.107) by /k? + k3 to obtain

k k .
y=1/k}+ k3 (ﬁ coswt + \/ﬁ smwt) (5.108)

14 Flectrical engineers prefer to use this form for the solution.

15 Mechanical engineers prefer this form for the solution.
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The substitutions

. k1 ko
_ ]2 2 _ O —
A= \/ki+ k3, sinfy= P k%, cosfy = R

allow one to express the general solution in the form

y = Asin(wt + 0p)

The substitutions

. ko k1
A=/k?+k3, singg=———s, coSpg=——
L M B
allows one to express the general solution in the form
y = Acos(wt — ¢p)

This example illustrates that one has many options available in representing the
form for the general solution to a linear homogeneous differential equation with
constant coefficients. The resulting form is closely associated with the selection of

the two independent functions which make up the fundamental set of solutions.

|
Example 5-21. (Representation of solution)
Solve the linear homogeneous differential equation
d?y 9 .
prEl 5%y =0, (£ 1s a constant (5.109)

Solution The given differential equation is a linear homogeneous second order dif-
ferential equation with constant coefficients and so one can assume an exponential
solution of the form y = y(¢t) = ¢’ which has the derivatives % =~e’t and % =2t
Substitute the assumed solution and its derivatives into the above differential equa-

tion to obtain the characteristic equation
Vet —p2e’t =0 — ’72—62:(7_5)(7‘{'5):0 (5.110)

giving the characteristic roots v = g8 and v = —3 from which one can construct the
fundamental set of solutions
{F, ety (5.111)



A general solution is then any linear combination of the functions in the fundamental
set and so can be represented in the form

y=y(t) = cre’t + e P! (5.112)

where ¢, ¢, are arbitrary constants. A special case of equation (5.112) occurs when

c1 = 1 and ¢, = § and one finds the special solution

1 1
vy =y1(t) = §€ﬁt + §€_ﬁt = coshft (5.113)
The special case where ¢; = £ and ¢, = —4 produces the solution
1 1
y2 = ya2(t) = 56[” - §€_Bt = sinh 3t (5.114)

The functions cosh 8t and sinh 3t are linearly independent solutions to the differential
equation (5.109) and therefore one can construct the fundamental set of solutions

{ coshft, sinhft} (5.115)
and from this fundamental set one can construct the general solution in the form
y = y(t) = ki cosh Bt + ko sinh Gt (5.116)

where k; and k, are arbitrary constants.

If one selects the constants k; and k, such that
k1 = A cosh Bty and ks = —Asinh Bty to 1s a constant

then the general solution can be expressed in the form

y = y(t) = A ( cosh 3t cosh Bty — sinh Bt sinh Bty) = A cosh 3(t — to)
Alternatively, one can select the constants

ki = —AsinhBt,  and ks = A cosh Bt

and express the general solution in the alternative form

y = y(t) = A (sinh 3t cosh Bty — cosh Bt sinh Bty) = A sinh3(t — to)

This is another example, where the form selected for the fundamental set of
solutions can lead to representing the general solution to the differential equation
in a variety of forms. In selecting a particular form for representing the solution
one should select a form where the representation of the solution and any required

auxiliary conditions are easily handled.
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Mechanical Resonance

In equation (5.94), let F(t) = Fycos M, with X is a constant, and then construct

the general solution to equation (5.94) for this special case. To solve

L(y) = mij + By + Ky = Focos Xt (5.117)

it is customary to first solve the homogeneous equation

L(y) = mj+ By + Ky = 0. (5.118)

This is an ordinary differential equation with constant coefficients and this type of

equation can be solved by assuming an exponential solution y = exp(yt) = e*. Sub-

stituting this assumed value for y into the differential equation (5.118) one obtains

an equation for determining the constant(s) v. This resulting equation is called the

characteristic equation associated with the homogeneous differential equation and

the roots of this equation are called the characteristic roots. One finds the charac-

teristic equation

my? + By + K =0

with characteristic roots

(i)

2
yo BEVF —AmK B <ﬁ> K (5.119)
2m m

2m 2m

If the characteristic roots are denoted by 71, 7. and these roots are distinct,
then the set of solutions {e", 72!} is called a fundamental set of solutions to the
homogeneous differential equation and the general solution is denoted by the

linear combination
y = c1eMt + et c1, co are arbitrary constants (5.120)

If the characteristic roots are equal and v, = v,, then one member of the funda-
mental set is e?. It has been found that each time a characteristic root repeats
itself, then one must multiply the first solution by t. This rule gives the sec-
ond member of the fundamental set as te”! The fundamental set is then given
by {e™t tent} and produces the general solution as a linear combination of the
solutions in the fundamental set. The general solution can be written

y = 1Mt + cote?, c1, co are arbitrary constants. (5.121)



(iii) If the characteristic roots are imaginary and of the form v, = a+i 3 and v, = a—i 3,
then one can use the Euler formula ¢ = cosz + i sinz to express the general

solution in either of the forms

y =cqel @At 4 cyelamift complex form for the solution
y =e** (Cy cos Bt + Cysin ft) , real form for the solution (5.122)
where ¢y, ¢z, C1, Cy represent arbitrary constants.

The general solution to the homogeneous differential equation (5.118) is called
the complementary solution. In equation (5.119), the discriminant (8/2m)?—K/m > 0,
determines the type of motion that results. The following cases are considered.
CASE I (Homogeneous Equation and Overdamping)

If (3/2m)?— K/m > 0, equation (5.119) has two distinct roots v, and 4, where both
v1 and v, are negative, then the corresponding complementary solution of equation
(5.118) has transient terms ¢”* and ¢! and the general solution is of the form

Yo = 1M o™t 41 <0, 72 <0 (5.123)

where ci,c, are arbitrary constants. This type of solution illustrates that if the
damping constant 3 is too large, then no oscillatory motion can exist. In such a
situation, the system is said to be overdamped.
CASE II (Homogeneous equation and underdamping)

For the condition (8/2m)? — K/m < 0, let w2 = K/m — (3/2m)? and obtain from the
characteristic equation (5.119) the two complex characteristic roots

y1=—08/2m+iwy and = —3/2m — iwp.
These characteristic roots produce a complementary solution of the form
Ye = e~ Bt/2m (c1 sinwpt + ¢ cos wot)

or

Yo = 1/ 2+ 2e PP cos(wot — @) (5.124)

with ¢;, ey arbitrary constants. Here wy represents the damped natural frequency of

the system. If § is small, w, is approximately the natural frequency of the undamped
system given by w = /K/m.
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The solution equation (5.124) denotes a

damped oscillatory solution which can be vi-

e 4
/ﬂ_/yl(t)

Y1 =1/c3 + 3 e Pt/2m  and Yo = —U1 t

as envelopes of the oscillation cos(wot — ¢) as
is illustrated in figure 5-6. The term —3/2m -y, (t)
is called the damping constant or damping

sualized by plotting the curves

factor. Figure 5-6. Damped oscillations.

CASE III (Homogeneous equation and critical damping) If (3/2m)?—K/m = 0, equation
(5.119) has the repeated roots ~; = y2 = —3/2m which produces the solution

Yo = (c1 + cat)e PH/2m, (5.125)

By reducing the damping constant 3 one gets to a point where oscillations begin
to occur. The motion is then said to be critically damped. The critical value for
the damping constant 3 in this case is denoted by 8. and is determined by setting
the discriminant equal to zero to obtain 8, = 2mw where w = /K/m is the natural
frequency of the undamped system.
Particular Solution

Associated with the complementary solution from one of the cases I, II, or III,
is the particular solution of the nonhomogeneous equation (5.117). The particular
solution can be determined by the method of undetermined coefficients. Examine the
function(s) on the right-hand side of the differential equation and all the derivatives
associated with these function(s). Select the basic terms which keep occurring in the
function and all of its derivatives and form a linear combination of these basic terms.
For the equation (5.117) the basic terms which occur by continued differentiation
of the right-hand side are the functions {cos At, sin At} multiplied by some constant.

One can then assume that the particular solution is of the form
yp = Acos At + Bsin At (5.126)

with A and B unknown constants to be determined. Substituting this assumed par-
ticular solution into the differential equation (5.117) produces the equation

[(K — mA*)A 4 BAB] cos At + [—BAA + (K — mA?)B] sin At = Fy cos M\t (5.127)



Now equate the coefficients of like terms to obtain the system of equations

(K —mM\)A+ BA\B = F,
(5.128)
—BM + (K —m)?)B =0,

which are equations used to determine the constants A and B. Solving equations

(5.128) gives

(K — mA?)Fy BAFy

A= A and B = x (5.129)
where
A= (K- m)\2)2 + 62)\2.
The particular solution'® can then be expressed as
_(K—mM)F, BA\Fy .. Fo
Yp = x  Cos At + A Sin At = N cos(At — ¢) (5.130)

where ¢ is a phase angle defined by tan¢ = 3\/(K — mA?) for mA? # K. The general
solution to equation (5.119) can then be written y = y. + y,. In the general solution,
the complementary solutions are transient solutions, and the particular solution rep-
resents the steady state oscillations. The amplitude of the steady state oscillations

is given by

_ Fy Foy _ Foy
AP = R = AR i T N i NV s IR (5431

where w is the natural frequency of the undamped system and 3. = 2mw is the critical
value of the damping. For g8 =0 (no damping), the denominator in equation (5.131)
becomes m|w? — \?| and approaches zero as X tends toward w. Thus, with no damping,
as the angular frequency X of the forcing term approaches the natural frequency w
of the system, the denominator in equation (5.119) approaches zero, which in turn
causes the amplitude of the oscillations to increase without bound. This is known
as the phenomenon of resonance. For g # 0, there can still be a resonance-type
behavior whereby the amplitude of the oscillations become large for some specific
value of the forcing frequency .

Define the resonance frequency as the value of A which produces the maximum

amplitude of the oscillation, if an oscillation exists.

16 .
Recall that Acos A\t + Bsin \t = A2 + B2 [ cos A\t + sin \Mt| = /A2 + B2 cos(A\t — ¢
v Vo Wreays v Oe=9)
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Amplitude

N

3/8. = 0.000
B/6. — 0.015

—3/8. = 0.02
B/B. = 0.03
B/B. = 0.05

o ¢ N ﬁ / ﬁc = 0.1
I u + - i
0.90 0.95 1.00 1.05 1.10 w

Figure 5-7. Amplitude versus frequency for a forced system.

This amplitude, given by equation (5.131), has a maximum value when the

denominator is a minimum. Let
H = (w® — XN*)? + 4X%0*(8/8.)

denote this denominator. The quantity H has a minimum value with respect to A
when the derivative of H with respect to X is zero. Calculating this derivative gives
0 = 9w — W) (-20) + 8M(B/A) = 0

when
N =w?[1-2(8/8.)%] . (5.132)

The phenomenon of resonance is illustrated graphically in figure 5-7 by plotting the

amplitude, as given by equation (5.131), versus A for various values of the ratio g/3..

In practical problems, it is important to be able to design vibratory structures to
avoid resonance. For example, printing presses vibrating at the correct frequency can
act as forcing functions to cause large vibrations and even collapse of the supporting
floor. High winds can act as forcing functions to cause resonance oscillations of
structures. Flutter of aircraft wings, if not controlled properly, can result in dynamic
instability of an aircraft.
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Resonance can also be a desired phenomenon such as in tuning an electrical
circuit for a maximum response of a voltage of a specified frequency. In the study
of electrical circuits where frequency is a variable, it is desirable to have frequency
response characteristics for the circuit in a graphical form similar to figure 5-7.

Train yourself to look for curves which have shapes similar to those of the curves
in figure 5-7. Chances are some kind of resonance phenomenon is taking place.
Curves similar to the curves of figure 5-7 usually result from vibration models used
to study a wide variety of subjects and are the design basis of a large number of
measuring devices. The following is a brief list of subject areas where it is possible to
find additional applications of the basic equations of vibratory phenomena and res-
onance. Examine topics listed under mechanical vibrations, earthquake modeling,
atomic vibrations, atomic cross sections, vibrations of atoms in crystals, scattering
of atoms, particles, and waves from crystal surfaces, sound waves, string instru-
ments, tidal motions, lasers, electron spin resonance, nuclear magnetic resonance,
and behavior of viscoelastic materials.

Torsional Vibrations

Torsional vibrations are similar in form to the spring mass system and the dif-

ferential equation of the motion can be obtained from the example 5-15 presented

earlier. From this example the relation 20

> Torques = M = Ia = I (5.133)

is employed from equation (5.52) where 6 denotes the angular displacement, I is the
2

moment of inertia of the body, and o =6 = % is the angular acceleration. Consider

a disk attached to a fixed rod as in figure 5-8.

If the disk is rotated through an angle 6,
there is a restoring moment M produced by

AT the rod. Hooke’s law states that the restor-
l’ ing moment is proportional to the angular
(2 displacement and
STk & M = —Kqf (5.134)

where K7 is called the spring constant of the

Figure 5-8. Torsional vibrations.

shaft and is the proportionality constant as-
sociated with the angular displacement 6.
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From the relation in equation (5.133) there results

d29 d29
M=-Kr§=I_5 or I_+Krf=0 (5.135)

as the equation of motion describing the angular displacement 6.
By adding a linear damper and external force to equation (5.135), a more general
equation results ,
I% + ﬁ% + K76 = F(t). (5.136)
From strength of materials, the constant K; is given by the relation Ky = GJ/L,
where G is called the shearing modulus of the rod material, J is the polar moment
of inertia of the rod cross section, and L is the length of the shaft.
The simple pendulum
£ sin @ For the pendulum illustrated the forces about 0 are the weight
of the mass and the radial force along the string. The radial
force passes through the origin and so does not produce a mo-
ment about the origin. The moment of inertia of the mass m

about 0 is given by I = m¢? and the torque about 0 is given by

T = —(mg)(¢sinf)and consequently the equation of motion can
2
be expressed T = —mg/lsinf = mﬂ%

Simplification reduces the equation of motion to the form

— +w?sinf =0, w® =

d*0 2_ 9
dt? ¢

For small oscillations one can make the approximation sin# ~ 6 and write the equation

for the oscillating pendulum in the form

20
w‘Fw 6=0

which is the equation of a simple harmonic oscillator.

Electrical Circuits

The basic elements needed to study electrical circuits are as follows:

(a) Resistance R is denoted by the symbol ~WWW=

The dimension of resistance is ohms!” and written [R] = ohms.

17 George Simon Ohm (1787-1854), German physicist.
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(b) Inductance L is denoted by the symbol QQ9020Q
The dimension of inductance is henries'® and written [L] = henries.

(¢) Capacitance ¢ denoted by the symbol —1€
The dimension of capacitance is farads' and written [C] = farads.

(d) Electromotive force (emf) E or v denoted by the symbols @ or  —1F—=

The dimensions of electromotive force is volts?® and written [E] = [V] = volts.

(e) Current I is a function of time, denoted I = I(t), with dimensions of amperes?

and written [I] = amperes.

(f) Charge @ on the capacitance is a function of time and written Q = Q(¢),
with dimensions [Q] = coulombs.

The basic laws associated with electrical circuits are as follows: The current is

the time rate of change of charge. This can be represented with the above notation

as
I= Z—? with [I] = amperes, [CZ—?] = coulombs/second (5.137)

—(D—

I |
>—mwnw—— 10000001 —
+ = T =
Figure 5-9. Figure 5-10.
Voltage drop Vi across a resistor. Voltage drop Vi across inductor.

The voltage drop Vg across a resistance, see figure 5-9, is proportional to the

current through the resistance. This is known as Ohm’s law. The proportionality

18 Joseph Henry (1797-1878), American physicist.

19 Michael Faraday (1791- 1867) English physicist.

20 Alessandro Volta (1745-1827) Italian scientist.

21 André Marie Ampére (1775-1836) French physicist.
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constant is called the resistance R. In symbols this can be represented as Viz = RI
where

[Vr] = volts = [R][I] = (ohm) (ampere) (5.138)

The voltage drop Vi, across an inductance, see figure 5-10, is proportional to the
time rate of change of current through the inductance. The proportionality constant

is called the inductance L. In symbols this can be represented as

Vi = L% where [V;] = volts = [L] [%} = (henry)(ampere/second) (5.139)

The voltage drop V¢ across a capacitance, see

4®7 figure 5-11, is proportional to the charge Q of

the capacitance. The proportionality constant

] | C |, is denoted 1/C. In symbols this is represented
S
+ | \ — as

(5.140)
Figure 5-11.

Voltage drop V¢ across capacitor.| where [Vo] = volts = [%] [Q] = coulombs/farad

The Kirchoff laws for an electric circuit are.

Kirchhoff’s?? first law :

The sum of the voltage drops around a closed circuit must equal zero.

Kirchhoff’s second law:

The amount of current into a junction must equal the current leaving the junc-
tion.

The place in an electrical circuit where two or more circuit elements are joined
together is called a junction. A closed circuit or loop occurs whenever a path con-
structed through connected elements within a circuit closes upon itself. Voltage

drops are selected as positive, whereas voltage rises are selected as negative.

Example 5-22. For the RC-circuit illustrated in figure 5-12, set up the differ-
ential equation describing the rate of change of the charge @ on the capacitor. Make
the assumption that Q(0) = 0.

22 Gustav Robert Kirchhoff (1924-1887) German physicist.
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Figure 5-12. An RC-series circuit.

Solution For a path around the circuit illustrated in figure 5-12, the Kirchhoft’s
voltage law would be written
Ve+ Ve —E=0.

Let I =1I(t) = % denote the current in the circuit at any time t. By Kirchhoff’s first

law:

Voltage dro Voltage dro Applied
< actrgss R p) + < actrgss C p) - < Ze)glf >
Vi + Ve = E
RI + g = E.
This gives the differential equation
d 1
LQ) = Rd—cf +oQ=E (5.141)

where R, C and E are constants. The solution of the homogeneous differential equa-

tion
aQ 1
can be determined by separating the variables and integrating to obtain
@ _ -1 @ _ -1 _ -t

where o is a constant of integration. Solving for @ one finds is Q. = ¢; exp(—t/RC)
where ¢; = e is just some new constant. Since the right-hand side of the nonho-
mogeneous differential equation is a constant, one can assume a particular solution
of the form Q, = coE where ¢, is a constant to be determined. Substituting this
assumed solution into the nonhomogeneous differential equation and solving for c,

one finds ¢; = C and so the particular solution can be written @, = CE. The general
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solution of equation (5.141) is represented by the sum @ = Q. + @, and the solution
satisfying Q(0) = 0 is given by

Q= Q(t) = EC(1 — e Y/EC) (5.142)

The relation (5.142) is employed to determine the current I and voltages Vo and Vg

as 0 E
e I t = — = — _t/RC
[=I1t)="3 =R
Ve = % _ B(1— /RO (5.143)

Vg =RI=Ec '/R¢

In equations (5.142) and (5.143) the term exp(—t/RC) is called a transient term
and the constant 7 = RC is called the time constant for the circuit. In general,
terms of the form exp (—t/a) are transient terms, and such terms are short lived and
quickly or slowly decay, depending upon the magnitude of the time constant r = a.
The following table illustrates values of exp(—t/a) for ¢t equal to various values of the

time constant.

Time ¢ exp(—t/a)
o 0.3679
2a 0.1353
3a 0.0498
da 0.0183
da 0.0067

The values in the above table gives us valuable information concerning equations
such as (5.142) and (5.143). The table shows that decaying exponential terms are es-
sentially zero after five time constants. This is because the values of the exponential

terms are less than 1 percent of their initial values.

Solutions to circuit problems are usually divided into two parts, called transient
terms and steady state terms. Transient terms eventually decay and disappear and
do not contribute to the solution after about 5 time constants. The steady state
terms are the part of the solution which remains after the transient terms become

negligible.



Example 5-23. For the parallel circuit illustrated in figure 5-13, apply Kirch-
hoff’s first law to each of the three closed circuits.

| 7
I},/ ol ©
I.
2 000000
1, L

R

TN
(EJ

I(t)

Figure 5-13. A parallel circuit.

Note that each closed circuit has the same voltage drop. This produces the
following equations.

E=RI
dly

E=L—- (5.144)
1

E=— [ It
c/ 3d

Kirchhoff’s second law applied to the given circuit tells us
I=1,+ 1, +Is. (5.145)

If the impressed current I is given, the above four equations can be reduced to one
ordinary differential equation from which the impressed voltage E can be found.
Write equation (5.145) in the form

E 1 dE
1= E+E/Edt+cﬁ'
called a differential-integral equation. By differentiation of this equation there re-

sults an ordinary linear second-order differential equation

g_id_E_{_E_{_CdQ_E
dt Rdt L a2’

where E is the dependent variable to be determined.
Conversely, if F is given and T is unknown, then equations (5.144) give us I, I,
and I3, and equation (5.145) can be used to determine the current I.
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Thermodynamics

Experiments on a fixed mass of gas has established the following gas laws which
relate the pressure P, volume V and absolute temperature 7.

Boyle’s Law If 7' is held constant, then pV = constant.

Charles’s Law If P is held constant, then ; = constant.

. P
Gay-Lussac Law If V is held constant, then T = constant.

These laws are summarized using the gas equation

PV PV,
7 T

where pressure P can be measured in units [N/m?], volume V can be measured in
units [m3] and absolute temperature T is measured in units [K].

The ideal gas absolute temperature is defined using Boyles law which states
PV « T which produces the equation of state for an ideal gas, which can be expressed

in the form

where n is the number of moles of gas and R = 8.314472 [ —7+-] is the ideal gas constant
or universal molar gas constant. Note that real gases may or may not obey the ideal
gas law. For gases which are imperfect, there are many other proposed equations of
state. Some of these proposed equations are valid over selected ranges and conditions
and can be found under such names as Van der Waals equation, Berthelot equation,
Dieterici equation, Beattie-Bridgeman equation, Virial equation.

The zeroth law of thermodynamics states that if two bodies are in thermal equi-
librium with a third body, then the two bodies must be in thermal equilibrium with
each other. The zeroth law is used to develop the concept of temperature. Here
thermodynamic equilibrium infers that the system is (i) in chemical equilibrium and
(ii) there are no pressure or temperature gradients which would cause the system
to change with time. The first law of thermodynamics is an energy conservation
principle which can be expressed dQ = dU + dW where d@ is the heat supplied to
a gas, dU is the change in internal energy of the gas and dW is the external work
done. The second law of thermodynamics examines processes that can happen in
an isolated system and states that the only processes which can occur are those for

which the entropy either increases or remains constant. Here entropy S is related



to the ability or inability of a systems energy to do work. The change in entropy is
defined as dS = dQ/T where dQ is the heat absorbed in an isothermal and reversible
process and T denotes the absolute temperature.

Recall that the ability of gases to change when subjected to pressure and tem-
perature variations can be described by the equation of state of an ideal gas

PV = nRT, (5.146)

where P is the pressure [N/m?], V is the volume [m?], n is the amount of gas [moles], R
is the universal gas constant [J/mol- K], and T is the temperature [K]. For an ideal
gas, the gas constant R can also be expressed in terms of the specific heat at constant
pressure C,, [J/mol- K] and the specific heat at constant volume C,, [J/mol- K] by
Mayer’s equation R = C, — C,. Equation (5.146) is illustrated in the pressure-volume
diagram of figure 5-14.

The curves where T is a constant are called isothermal curves and are the hy-
perbolas labeled (b) and (c) illustrated in figure 5-14. These curves correspond to
the temperature values Ty and 7,. When a gas undergoes changes of state it can do
so by an isobaric process (P is a constant) illustrated by line (a) in figure 5-14, an
isovolumetric process (V is a constant) illustrated by the line (e) in figure 5-14, an
isothermal process (T is a constant) illustrated by the hyperbolas with T = T, and
T =T, in figure 5-14, or an adiabatic process (no heat is transferred) represented by
the curve (d) in figure 5-14.

Pressure

(e) r=1n

VYVolume

Figure 5-14. Pressure-Volume diagram.
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The first law of thermodynamics states that when a gas undergoes a change,
the equation dU = dQ + dW must be satisfied, where dU is the change in internal
energy, d@ is the change in heat supplied to the gas, and dW is the work done. An
adiabatic process is one in which dQ = 0. For an adiabatic process, the first law
of thermodynamics requires dU = dW. The work done dW is related to the volume
change by the relation dW = —PdV, and the change in internal energy is related to
the temperature change by the relation dU = uC,dT. For an adiabatic process

dpP av

- t157 =0 (5.147)
Integrate the equations (5.147) and show the adiabatic curve (d) in figure 5-14 can
be described by any of the equations

TV =t = Constant, TP = Constant, or PV" = Constant,

where v = C,/C, is the ratio of the specific heat at constant pressure to the specific
heat at constant volume. Also note that during an adiabatic process dQ = 0 so that
the work done by the system undergoing a change in volume is given by the integral
of aW which is represented by the shaded area in the figure 5-14. This shaded area
is represented by the integral

work done = / Pdv

Radioactive Decay

The periodic table of the chemical elements lists all 118 known chemical elements
using the notation ¢4, where A represents a shorthand notation used to signify the
name of an element, o is the atomic mass number or total number of protons and
neutrons in the nucleus of the element and » is the atomic number or number of
protons in the nucleus of the element. Isotopes of an element all have the same
number of protons in the nucleus, but a different number of neutrons. For example,
carbon is denoted {2C and the elements [*C, i*C are isotopes of carbon. Many of the
isotopes experience a process known as nuclear decay or radioactive decay, where an
isotope will emit some particles in a continuous way and lose some of its mass over
time.

Let A denote the quantity of a radioactive substance, measured in grams, with

dA

the derivative 22 denoting the rate of disintegration or amount of mass lost as a



function of time ¢. In general, the amount of mass lost during radioactive decay is
proportional to the amount present and so can be represented by the mathematical
statement

dA
= kA (5.148)

where k is a proportionality constant and the minus sign indicates mass being lost.
The proportionality constant k is referred to as the decay constant.
If A= Ay at time ¢ = 0 one can separate the variables in equation (5.148) and

write
dA
— = —kdt (5.149)
Integrate both sides of equation (5.149) and show
A dA /t
—=—k | dt 5.150
[ T (5.150)

Here the limits of integration indicate that at time ¢t =0, A = Ay and at time ¢, then
A= A(t). After integrating equation (5.150) one obtains

A
= —kt
Ao

t

In A = In <£> =kt = A= Age ™™ (5.151)

Ag

0

If, by experiment, it is found that p percent of A, disappears in T years, then

(1 —+&5) 4o is the amount remaining after T years and so this information can be

used to determine the decay constant k. At time T one has the equation

_ P — Ape kT
(1 100) Ap = Ape (5.152)
which implies In (1 - 1%) = —kT and so one can solve for the decay constant k£ and
find
_ 1 _ P
k=-=n (1 100) (5.153)

The half-life of a radioactive material is the time 7 it takes for 50-percent of the
material to disappear. Consequently, if A= 14, at time ¢ = 7, the equation (5.151)
requires that

1

5140 = Age_k'r — In <%> = —kT = T = %111(2) (5.154)

The table below gives the half-life of some selected elements from the periodic table.
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, Element Isotope Half-Life
Using the results from equa-
tion (5.154) one can express the Silver (Ag) B 41.29 days
radioactive decay curve given by g 7.45 days
equation (5.151) in the form 107 Ag 44 seconds
) N7 Gold (Au) 197 Ay 7.4 seconds
T _ e~ (n2)t/7 _ <§> (5.155) Todine (I) 125 59 days
12
The figure 5-15 is a sketch of 1:; 12 ZZH:S
y = 7 Versus z = t/r. Examine : Y
this ﬁgure and note the values of Cesium (Ce) HTCe 30 years
A for the values ¢t = 7,27, 37,47, . ... Uranium (U) 28U 4.46 (10)? years
One can then construct the table | Thorium (Th) 2327 14.05 (10)° years

of values illustrated.
The figure 5-15 illustrates that after a time of one half-life, then one-half of the
material is gone. After another time span of one half-life, half of the remaining

material is gone.

A A

A
041

1.0
0.9
0.81—\
0.7 \

' \
0.6

1/2 —0:5
0.4
0.3 N\
1/4—3
1/8 —T t / T
1/16 0.0 >

0 1 2 3 4 5 6 7

Figure 5-15. Radioactive decay curve A = Age= ("2 4/7




The reduction in the amount of material by one-half is

t/r | A/Ao . . . .
illustrated by the scaling of the A and ¢ axis of the radioac-
0 1 . . .
tive decay curve given by equation (5.155). If one uses the
1 1/2 axes A/Ay and t/r, then for each span of one half-life there
2 1/4 is a decrease in the amount of material by one-half.
3 1/8 Different radioactive substances are used for scientific
4 1/16 research in many disciplines. For example, archaeology uses
14 for dating of ancient artifacts.

Carbon-12 is a stable element and its isotope carbon-14 is radioactive with a
half-life of 5730 years. All living organisms contain both '2C and 'C in known
ratios. However, after an organism dies, the carbon-12 amount remains the same
but the carbon-14 begins to decay. By measuring the proportions of '2C and *C in
dead organisms one can estimate the elapsed time since death.

Geologist use 238y, 206pp, 2327h, and 2°®Pb to determine the age of rocks. They
measure the relative amounts of these radioactive substances and compare ratios of
these amounts with rocks from an earlier age.

Radioactive substances are used for tracers and imaging in chemistry, biology

and medicine.

Economics

Suppose that it cost C = C(¢) dollars to produce ¢ number of units of a certain
product. The function C(z) is called the cost function for production of = items. Let
r = r(z) denote the price received from the sale of 1 unit of the item and let P = P(z)

denote the profit from the sale of x items. This profit can be represented

P = P(z) =(number of items sold)(selling price of 1 unit) — cost of production

P=P(z)=z r(x)— C(x)

where the function z - r(x) is called the revenue function.
As a first approximation for the representations of r(z) and C(z) one can assume

that they are linear functions of  and one can write
r=a-— [z and C(z)=a+bx

These assumptions have the following interpretations for o, 3, a,b all constants.
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(i) The minus sign in the representation for r indicates that an increase in the
selling price will cause a decrease in sales. This can be seen by plotting the
curve x = § — 57 versus r which is a straight line with slope —1/4. This line tells
one that as r increases (price increases), then the number of sales = decreases.

(ii) The constant « has to be large enough such that o — gz remains positive as you
don’t want to give away the product.

(iii) In the cost function, the constant a represents the overhead for the maintenance
of the production facilities and the variable term bx represent the additional cost
of production associated with producing » units. The units of measurements for
each term must be in dollars so [a] =$ and [b] = $/unit and [z] = number of units.

Hence, one can interpret b as the cost to produce 1 unit.
Using the above assumptions the profit from the sale of = items is given by
P =P(z) =z(a — fz) — (a+ bx)

and if a profit is to be made from the sale of just one item, then it is required that
a> B +a+b. The derivative of the profit with respect to z is

P

= a(=B)+ (o~ pr) — b

. . P —b . .. . . .
The profit is a maximum when Z— —Qorz=2 b is a critical point to be investi-
€T

20
2

gated. The second derivative gives Z—]: = —23 < 0 indicating that the critical point
€T

produces a maximum value. These results are interpreted

(i) o= ® items should be produced for a maximum profit.

20
a+b

(ii) The sale price for each item should be r = dollars per unit.

In economics the term R(z) = z-7(x) is called the revenue function and its deriva-

tive 4 ig called the marginal revenue. The term P(z) is called the profit function

dz
and its derivative 42 is called the marginal profit. The term C(z) is called the cost
function and its derivative % is called the marginal cost function.
By collecting data from production costs and sales over a period of time one can
construct better approximations for the price function and cost function and other

models similar to the above can be constructed and analyzed.



Population Models

Mathematical modeling is used to study the growth and/or decay of a pop-
ulation. The population under study can be human populations subjected to a
spreading disease, insect populations which can affect crops, bacteria growth or cell
growth in the study of the spread of a disease or cancer cell growth. Predator-prey
models are used to study the advance and decline of populations based upon food
supplies. The effect of a certain type of medicine on the spread of bacteria or virus
growth is still another example of population changes which can be studied using
mathematics.

One begins by making some assumptions and starting with a simple model which
is easy to solve. By adding perturbations to the simple model it can be made more
complex and applicable to the type of problem one is trying to model. This type of
modeling has produced many extremely accurate results and the models predictive
capability has given much incite into the study of population growth or decay.

For example, an over simplified population growth model for say predicting
census changes is to let N denote the current population number and then assume
that the rate of change of a population is proportional to the number present. The
resulting model is represented

dN
E =aN

Here o > 0 is a proportionality constant. The conditions that at time ¢t = 0 the
population is Ny can be used as an initial condition that the model must satisfy.
This model is simple and easy to solve. The variables can be separated and the

result integrated giving

N ¢
| S [ad — wn
N N 0

This result states that there is an exponential increase in the population with time.

N t

=at — N =Nye*

Ny 0

One immediate method to modify the model is to investigate what happens if « is

allowed to change with time. If a = a(t) then the above integrations become

N alt)dt

N t t
N t
/ N =/ alt)dt = InN| = / at)dt = N=N, efo
N N 0 0

No
Whenever the exponent of e gets too cumbersome it is sometimes convenient to

represent the solution in the form

N = Nyexp [/Otoz(t) dt]
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To try and make the census population model more accurate one can make
assumptions that include the rate of births and rate of deaths associated with the
current population. If one makes the assumptions that the birth rate is proportional
to N, say BN and the death rate is proportional to N?, say § N2, where g and § are
positive constants. The population model then has the form

(Z—JZ_ﬁN SN? = (8- 0N)N (5.156)

which states the rate of change of the population with time is determine by the birth
rate minus the death rate. Analyze this differential equation to see if it makes sense
by

(i) Determining conditions for when 4¥

L% > 0 which would indicate the population is
increasing.

AN

L% <0 which would indicate the population is

(ii) Determining conditions for when

decreasing.

AN

L+ = 0 which would indicate no change in the

(iii) Determining conditions for when
population.

Setting the equation (5.156) equal to zero, implies that N = N(¢) is a constant,
since 4¥ = 0. One finds the constant solutions N = N(t) = 0 and N = N(t) = /4, are
constant solutions for all values of time t. These solutions are called steady-state
solutions and they do not change with time.

In order for ¥ > 0, one must require that N >0 and (8 —6N) >0 or 3/6 > N. In
order for 4% < 0, one must require that either N <0 and (8—6N) >0 or N >0 and
(B—8N) < 0 as these conditions would indicate the population was decreasing.

One can add additional assumptions such as (i) N is never zero and (ii) either
Ny < N < /6 for t > 0 producing an increasing population or (111) No > N > /6
producing a decreasing population. In either of the cases where 4¥ is different from

zero, one can separate the variables in equation (5.156) and erte

dN

GRS

An integration of this equation gives

/Nﬁ SN)N /dt
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To integrate the left-hand side of the above equation use partial fractions and show

the above integral reduces to

/No [ﬁ—6N+ N dN—/0 dt

Scaling the integral properly, one can integrate this equation to obtain

N Y t N Ny
[ln ﬁ—éN]No_ﬂto == In 76_6]\[‘—111‘6_6]\[0 =gt
Solving for N gives the solution
BNge! BNy

N = N(t)

The equation (5.156) is called the logistic equation. The solution of this equation is
given by equation (5.157) which gives the limiting value Jim N(¢) = B/d. A graphical
representation of the logistic equation solutions are given in the figure 5-16.

AN No<B/s AN No>B/d

N
o

- >
Figure 5-16. Solutions to the logistic equation.

o

There are many more population models which are much more complicated than
the simple ones considered in this introduction.

Approximations

If the Greek letter epsilon e is positive and very small, then this is expressed by
writing 0 < |e] << 1. For very small ¢ one can truncate certain Taylor series expan-
sions to obtain the following formulas to approximate f(zo +¢). These approximate

expansions are denoted using the symbol ~ to represent approximation.
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€3

(I4+€)"~ 1+ne sinewe—g a“~ 1+c¢clna
) !
~1-— 2 S
11 e € cosewl—% e~ 1l+e
1 € 3 ln(:zH—e)%ln:zH-E
1+e€ 2 tanewe%—g X

It is left as an exercise to verify the above approximations.

Partial Differential Equations

Examples of partial differential equations can be found in just about all of the
scientific disciplines. For example, partial differential equations are employed to
describe such things as fluid motion, quantum mechanical interactions, diffusion
processes, wave motion and electric and magnetic phenomena. The following are
some examples of partial differential equations. The derivation of these well known
partial differential equations are presented in more advanced courses.

The vibrating string
Let u = u(x,t) denote the displacement of a

Tu/I’\ string at position  and time ¢, where the string
u(x,t) ox is stretched between the points (0,0) and (L, 0).
(O'O)|—X—=-| (L,0) The assumption that T, the tension in the string,

is much greater than the weight of the string,

produces the equation describing the vibrations of the string. The partial differential
equation describing the vibrations of the string is given by

0%u 0%u

wZWQQ, u:u(x,t), w :7
where T is the string tension, g the acceleration of gravity and p is the weight per

unit length of string. This equation is called the one-dimensional wave equation and

is subject to boundary conditions «(0,t) = 0 and u(L,t) = 0 and initial conditions

u(x,0) =f(z) = the initial shape of the string
Ou(x,0)
ot
The above quantities have the following dimensions [z] = cm, [t] = s, [u] = cm,

and =g(z) = the initial velocity of the string

[p] = gm/cm, [T] = dynes/cm and [g] = cm/sec?.
The above one-dimensional wave equation is a special case of a more general

three-dimensional wave equation.
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One-dimensional heat flow
The partial differential equation describing the one-dimensional heat flow in a

rod along the r-axis is given by

0%T oT
k@cha, T:T(x,t)

where T = T(z,t) is the temperature at position = and time ¢ in an insulated rod of
length L, where k is called the thermal conductivity of the solid, p is the volume
density of the solid and c is the specific heat of the solid. The above quantities have
the following dimensions [z] = cm, [t] = s, [T] =°C, [¢] = cal/gm°C , [p] = gm/cm? and
[k] = cal/seccm?°C/cm.

The one-dimensional heat equation is a special case of the more general three-
dimensional diffusion equation.
Easy to Solve Partial Differential Equations

Partial differential equations of the form

0
a—z = f(x,y)

can be integrated partially with respect to = to obtain

/%dx:/f(x,y)d:ﬂ = u(x,y)Z/f(ZU,y)d:E+¢(y)

Here, y is held constant during the integration process and so the constant of inte-
gration can be any arbitrary function of y, represented here by ¢(y).
Similarly, the partial differential equation

ou
oy g(z,y)

can be integrated partially with respect to y to obtain
ou
= [s@nay = ey = [g@n)dr i@

Here z is held constant during the integration process and so any arbitrary func-
tion of z is considered as a constant of integration. This constant of integration is

represented by ¢ (x).
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Partial differential equations of the form

0%u

can be integrated with respect to y to obtain

ou

P /h(:v,y) dy + ¢ ()

where v(x) is an arbitrary function of x representing the constant of integration
during a partial integration with respect to y. One can then integrate with respect

to z and obtain the solution in the form

ueoy) = [ [ by dyde+ [ o ds+ ot

where ¢(y) is the constant of integration associated with a partial integration with
respect to z. Note if ¢(z) is arbitrary, then [ (z)dz is just some new arbitrary
function of .

If you use partial differentiation to differentiate each of the above solutions,
holding the appropriate variables constant, you wind up with the integrand that
you started with. These partial differentiations are left as an exercise.

Example 5-24. Determine by integration the solution u = u(z,y) of the given
partial differential equations. Remember, that when dealing with functions of more
than one variable, you are going to be holding one of the variables constant during
a partial differentiation or partial integration.
(i) The solution to the partial differential equation 4% =0 is
u = u(z,y) = ¢(y) where ¢(y) is an arbitrary function of y.
(ii) The solution to the partial differential equation g—Z =018 u = u(z,y) = ¥ (r) where
Y(z) is an arbitrary function of .
(iii) The solution to the partial differential equation %% = z 4y is given by
u=u(z,y) = 902—2 + xy + ¢(y) where ¢(y) is an arbitrary function of y.
(iv) The solution to the partial differential equation §% == +y is given by
u=u(zr,y) =2y + 7’2—2 +(x) where v¥(z) is an arbitrary function of .
Note that if a variable is held constant during a partial integration, then an

arbitrary function of that variable can be considered as a constant of integration.



Example 5-25. Show that for f,¢ arbitrary functions which are continuous
and differential, then the function u = u(z,t) = f(x — ct) + g(x + ct) is a solution to the

one-dimensional wave equation

Pu 0%

72 = ¢ 52 u=u(z,t), c1s a constant

Solution Use the chain rule for differentiation and show

% — [(x = ct)(=c) + ¢'(z +ct)(c)
0%u . 2 " 2
oz =@ =et)() +¢" (@ +ct)(c?)

% =f'(@—ct) +g'(x+ct)

2
% :f”(:c _ Ct) + g”(x + Ct)

Substitute the derivatives in the one-dimensional wave equation and obtain the
identity
C2f// +629// — CQf//+CQQ//

Maximum and Minimum for Functions of Two Variables

Finding the maximum and minimum values associated with a function z = f(x,v),
which is defined and continuous over a domain D, is similar to what has been done for
functions of one variable. A function z = f(z,y) is said to have a relative maximum
value at a point (zg,y0) € D if f(x,y) < f(xo, yo) is satisfied for all points (z,y) in some
s-neighborhood of the point (zo,y). Here a é-neighborhood of the point (zq,o) is
defined at the set of points

Ns ={(z,9)| (x—20)* + (y —y0)* < 6°} (5.158)

A function z = f(z,y) is said to have a relative minimum at a point (zg,yo) if the
condition f(z,y) > f(zo,yo) is satisfied for all (z,y) in some §-neighborhood of the
point (xg,90). If (x0,90) is a critical point to be tested for a relative maximum or
minimum point, then one can reduce the test to a study of one-dimensional problems.
Construct the three-dimensional curves

= f(any) a’nd = f(xay())
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This is equivalent to letting the plane z = zy cut the surface z = f(z,y) in the curve
z = f(z0,y) and then letting the plane y = yo cut the surface z = f(z,y) to produce
the curve z = f(z,yo). If the curve z = f(zo,y) has a relative maximum or minimum
value, then g—z = 0. If the curve z = f(x,99) has a relative maximum or minimum
value, then 22 = 0. Hence, a necessary condition that the point (zo,yo) have relative
maximum or minimum value is for

9z

0z .
57 = 0 and oy = 0 simultaneously (5.159)

Note that if one of the functions f(zo,y) or f(z,y) has a maximum at (zg, o)
and the other function has a minimum at the point (zg,%0), then the point (zo, o)
is called a saddle point. A surface with saddle point is illustrated in the following

figure.

Figure 5-17. Surface in the shape of a saddle.

The study of maximum and minimum values are investigated in more detail in

the next volume.

Copyright 2012 J.H. Heinbockel. All rights reserved



Exercises

» 5-1. Consider a spherical balloon at the instant when the radius of the balloon is
ro [cm]. If air is entering the balloon at the rate of a [cm?3/s], then at what rate is
the radius of the balloon changing at this instant?

» 5-2.  Air expands adiabatically (no heat loss or gain) according to the gas law

vt* = constant, where p is the pressure [dyne/cm?] and v is the volume [cm?].

p

(a) If the volume is increasing at a rate a [cm?/s], then find the corresponding rate
of change in pressure.

(b) If the pressure is decreasing at a rate 8 [dyne/cm?s] then find the corresponding

rate of change in the volume.

» 5-3. A women who is 5.5 feet tall walks away from a street lamp, where the lamp
is 10 feet above the ground. She walks at a rate of 4 ft/s
(a) At what rate is her shadow changing when she is 4 feet from the lamp post?
(b) Is the length of shadow increasing or decreasing as she walks away from the
lamp?
(c) At what instant is the shadow 5.5 feet long?

» 5-4. For a thin lens in air, let = denote the distance of the object from the lens
and let y denote the distance of the image from the lens. The distances = and y are
related by the thin lens formula % +$ ~ 1 where f is a constant representing the

/
focal length of the lens.

- - (a) Show the thin lens formula can be written
in the Newtonian form $,5, = f2 where
Si=x—f>0 and So=y—f>0.

object |

J (b) If x changes at a rate % =79, then find a
| X —Y formula for the rate of change of y.

» 5-5. The sides of an equilateral triangle increase at the rate of r, cm/hr. Find a
formula for the rate of change of the area of an equilateral triangle when the length

of a side is zy cm.
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» 5-6. A meteorologist, at a secret location, collects data and comes up with an
atmospheric pressure formula p = poe~ " where [p] = Ibs/ft?, h has dimensions of feet
and represents the altitude above sea-level. In the atmospheric pressure formula the
quantities py and «y are known constants.

(a) Find the dimensions of the constants p, and ay.

(b) If the meteorologist gets into a balloon which rises at a rate of 10 ft/s, then find
a formula representing the rate of change in the pressure when the altitude is hq
feet.

> 5-7. Given the parabola y — yo = —(z — z0)* where zg,yo

are known constants.

g B2 (a) At the point (¢,7) on the curve a tangent line is
constructed. Find the equation of the tangent
line.

/( | x  (b) The tangent line makes an angle 6 with the z-

e \ axis as illustrated. If ¢ changes at the rate of 1/2

cm/s, then at what rate does ¢ change?

-~

» 5-8. Charles® law, sometimes referred to as the law of volumes, states that at a

constant pressure the volume V of a gas and gas temperature T satisfy the relation
; = C = constant, where V is the volume of the gas in cubic centimeters and T
is the absolute temperature in degrees Kelvin. If at a certain instant when V has
the volume V; and T has the temperature Ty, it is know that the volume of gas is

changing at the rate CZ—‘; = 1o, then find how the temperature is changing.

» 5-9. The Gay-Lussac* law states that if the mass and volume of an ideal gas
are held constant, then the pressure of the gas varies directly with the gas absolute
temperature. If P denotes pressure measured in Pascals and 7 is the absolute temper-
ature in degrees Kelvin, then the Gay-Lussac law can be expressed ; = C = constant.
If at some instant when P has the value Py and T has the value Ty, it is known that
the temperature is change at the rate % = 1o, then find how the pressure is changing

at this instant.

23 Jacques Charles (1746-1823) French physicist and physical chemist as well as a balloonist.
2 Joseph Louis Gay-Lussac (1778-1850) A French chemist who studied the expansion of gases.



» 5-10. A rock is thrown off a cliff so that after a time ¢ its height above the ground
is h = h(t) = 200 — 16t2.
(a) Find a formula representing the velocity of the rock.
(b) Find a formula representing the acceleration of the rock.
(c) What is the rocks velocity when it hits the ground?

> 5-11.

|—R
B A spherical water tank has a radius of r = 12 feet. As-

or sume h = h(t) is the depth of the water in the spherical

h tank. The empty space above the water level inside

the tank defines a spherical cap whose volume is given

by Veap = Z(2r — h)?(r + h)

(a) Show the volume of water in the spherical tank is given by V = V(h) = Z(3rh?—h?)

(b) If water is entering the tank at 10 gallons per minute, then how fast is the water
level rising when h = 10 feet? Hint: Use 1 gallon =0.1336 cubic feet.

» 5-12. A spherical water tank has radius of r = 12 feet. Assume that h = h(t) is the
depth of the water in the spherical water tank and R = R(t) is the radius of the top

surface of the water. Find a relationship between 4 and 4.

» 5-13. A ball is shot from an air gun inclined at an angle § with the horizontal.
The height of the ball as a function of time is given by y = y(t) = —16t> 4+ 50v/3t and
the horizontal distance traveled is given by x = x(t) = 50¢.

Answer the following questions.

(a) Find the maximum height of the ball.

(b) Find the time when the maximum height is achieved.

(c) Find the time when the ball hits the ground.

(d) Find the z position where the maximum height is achieved.

(e) Eliminate time ¢ from x = z(¢) and y = y(¢) to obtain y as a function of .

» 5-14. Empirical data obtained by shooting bullets into maple wood blocks pro-
duces the formula
v=uv(z) = K1 -2z, 0<z<1/2, (K is a constant )

for the speed [ft/s] of the bullet after it has penetrated the wood a distance z feet.
Find the rate at which the speed of the bullet is decreasing after it enters the wood.
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» 5-15. Use the results from table 5-1 to find the centroid of the given composite

"
[ |<_4 _;I "
sz
4"  (b) 8
_
PRE j: "
_ 2 2

shapes.
\AJ

2”914_2";r_2

(a)

» 5-16. Find the centroid of the area bounded by the curves
(a) The parabola y = 22 and the line y = yo >0
(b) The parabola y = 22 and the lines =2y > 0 and y = 0
(¢) The parabola y = z? and the lines 2 =2y >0, z =21 > 19 >0 and y =0

» 5-17. Find the centroid of the area bounded by the curves
(a) The parabola z = 6y —y? and the line z =0
(b) The parabola x = 6y —y? and the line z =1
(¢) The parabola z = 6y —y*> and the line 2y +x =0

» 5-18. Find the centroid of the solid produced by rotation of the given area about
the axis specified.

Area defined by bounding curves | Axis of rotation
(a) by —hx =0 x=0b y=0 r-axis
(b) by —hx =0 x=0b y=0 y-axis
(c) by —hx =0 x=0b y=0 The line y = -2
(d) y> =4z, =0, y=yp>0 y-axis
(e) y>? =4z, =0, y=yp>0 r-axis
(f) y?=dx, =0, y=1>0 The line z = -1

b, h,yo are all positive constants.

» 5-19. The curve y =4 — 22, 0 < 2 < 2, is revolved about the y-axis to form a solid
of revolution. Find the centroid of this solid.
(a) Use disk shaped volume elements.
(b) Us cylindrical shell shaped volume elements.

Copyright 2012 J.H. Heinbockel. All rights reserved
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» 5-20. Newton’s law of cooling states that the temperature T of a body cools with
time t at a rate proportional to the temperature difference T —T.,., between the body
temperature T and the temperature of the environment 7,,,. Newton’s law of cooling
can therefore be expressed by the differential equation Cfl—f = k(T — T.ny), Where
k > 0 is a proportionality constant and the negative sign indicates the temperature
is decreasing. (a) Use integration techniques to obtain the general solution to this
differential equation. (b) If the body initially has a temperature T = 100° C' and is
cooling in an environment at 0°C, find T = T(t). (c) If the body cools to 80°C in
20 minutes, find the proportionality constant k. (d) Find the time it takes for the
body to cool from 90° C to 70° C. (e) Give units of measurement for each term in the

solution to part (a).

» 5-21. It has been found that under certain conditions, the number density N
(#/cm3) of a certain bacteria increases at a rate proportional to the amount N
present. If at time ¢t = 0, N = N, is the initial number of bacteria per cubic centimeter
and if after 5 hours, the value of N has been found to increase to 3Ny, then find the
equation representing N = N(t¢) as a function of time t. Give units of measurement

for all terms in your equation.

» 5-22. Pappus’s Theorem

AY

Y1 Pappus’s?® theorem states that if a region
R is rotated about a line which does not pass
( through the region, then the volume of the solid

of revolution equals the area of the region R mul-

tiplied by the distance traveled by the centroid

@x

o

of the region R. Assume the region R illustrated

o L_ 1
oL is rotated about the y-axis.

(a) Show the volume of the solid formed is V = 27 /w1 zh(x) dz

(b) Show the z-position of the centroid is z = %/ zh(z) dx, where A is the area of
the region R. ’
(c) Prove Pappus’s theorem.

(d) Prove Pappus’s theorem if the region R is rotated about the z-axis.

25 Ppappus of Alexandria (290-350) A Greek geometer.
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» 5-23. Use the Pappus theorem from the previous example
(a) to find the volume of a right circular cone obtained by revolving the line y = £z,
0 <z < h about the z-axis
(b) to find the volume of a sphere obtained by revolving the semi-circle x2 + y? = 2

—r <z <r,y>0 about the z-axis.

» 5-24. Solve the given differential equations using integration techniques.

dy dy dy o
@ _ A Y e W _
@ Yoo @ Y= g Yoy
dy dy dy .
(b) dr 1 (e) ar Y (h) 5, = sine
dy d?y B dy ) dy ]
(c) T T (f) 7 In (7) T coS T

» 5-25. Solve each of the given differential equations by separating the variables

and applying integration techniques.

dy 1+
dr  1+vy

dy 1+a?

dy 1+a3
dr 1+ y2

dr 1+ y3

(a) (0) (¢)

> 5-26.
(a) Solve the differential equation

&y

dt?
(b) For what value A does resonance occur?

+ w?y = cos M, where w and \ are constants.

> 5-27.
Use a plane to cut the regular pyramid with height » and

square base having sides of length » and form an element of
volume which can then be summed to determine the volume
of the pyramid. (a) Find the volume of this pyramid. (b) Find
the volume of a frustum of this pyramid.

» 5-28. A piece of cardboard having length ¢ = 2(15+/33) and width w = 1(15—/33)
is to be made into a box by cutting squares of length z from each corner and then
turning up the sides followed by reinforcing the sides with tape. Find the box that

can be constructed which has the maximum volume.
» 5-29. Find the centroid of the region bounded by the following curves.

(@) y=2*andy =2z () y=z*andy=mz, m >0 (c) y*=wandy=2(z—1)



» 5-30.

@\X “"ﬂtlf" level The face of a dam is a rectangular plate of

y A E width w and length ¢. The plate is inclined at
an angle ¢ so that the longer side is at the water

level. Let p = 62.41bs/ft’ denote the water density and construct an =z,y-axis lying

on the plate with origin at one corner as illustrated in the sketch.

(i) Show the distance y along the plate, measured from the water surface, corre-

sponds to a water depth h = ysin6

Show a rectangular element of area dA on the plate is given by dA = ¢dy

)

(iii) At depth h, the pressure p acting on the element of area dA is given by p = ph.
) Show the element of force dF acting on the element of area is dF = pdA =pldy
)

Find the total force acting normal to the face of the dam.

» 5-31. Assume a body falls from rest from a height of 100 meters in air and the
body experiences a drag force proportional to its velocity.
(i) Show that Newton’s law of motion is represented

W gk
mdt—mg v

where k is a proportionality constant.

(ii) Separate the variables and then integrate to determine the velocity as a function
of time.

(iii) When does the body hit the ground? What is its velocity when is hits the
ground.

(iv) Give units of measurement for all terms in the equations you used to obtain your

answer.

» 5-32. For each of the given differential equations assume an exponential solution
e”* and find

(a) The characteristic equation (c¢) A fundamental set of solutions
(b) The characteristic roots (d) The general solution
dy _ ?y dy _
(a) - —ay=0 (d) —5+3-+2=0
d?y Py dy
by — +uwy=0 ¢y _ Y —
) Gzt () Jaz " ap O
Py 5 d*y d%y dy
(€) S5-wy=0 (f) Z5 65+ 11-"+6y=0
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» 5-33.
L (henrys) i
[ For the RLC circuit illustrated Kirchhoff’s
E(“’“s)i é e ohms) law produces the differential equation
Key C(fL;mls) LdZ Ri — B — dq
a e c—" T w

(a) Set L=0andi= % and then solve the initial-value problem that ¢ = 0 when ¢ =0

and show ¢ = ¢(t) = CE (1 - e‘t/RC> and then find the current i in the circuit.
(b) Set E =0, R=0 to find the discharge of a condenser through an inductance L.
Assume the initial-values ¢ = ¢ and i =0 at time t =0
Hint: One method is to let i = % and write 94 = 4 — 4ide — ¢4 and then
separate variables.
(c) Set C =0, E =0 to find the decay of current in the circuit containing a resistance
and inductance. Assume the initial-value i = i, at time ¢t = 0 and show the
current decays according to the law i = ige™#/ %, Find the current at the times

t=L/R,t=2L/R,t=3L/R,t=4/R and t =5L/R

» 5-34. A Paradox
The curve y = é for 1 <z < T is revolved about the z-axis to form a surface.
(a) Find the volume V = V(T) bounded by the surface and the planes z = 1 and
z=T. (b) Find the surface area S = S(T) and show S(T) > 2rInT. (c¢) Show that in
the limit as T'— oo that V(T) is finite, but S(7") becomes infinite.
The above results shows that you can take paint and fill up the infinite volume,
but you can’t paint the surface of this volume. Question: If you fill up the volume

with paint and then pour it out, does this count as painting the outside surface?

» 5-35. Assume y; = y;(z) is a solution of the differential equation
d2
-2

What condition must u = wu(z) satisfy, if yy(z) = u(z)y(x) is also a solution to the

L(y) = + P(x )Z—i%—@(x)y:()

same differential equation?
2

(a) Determine the general solution to the differential equation % + 23— +y=0
if it is known that y; =y () = e~ is a solution of this equation.

(b) Determine the general solution to the differential equation

. Z;;/ 2z Z_ +2y = 0 if it is know that y; = yi(z) = = is a solution of this
equation.



447

» 5-36. Use partial integration to solve the given partial differential equations for
the most general representation of the unknown function v = u(z, y).

ou 0%u ou 9

(a) £:6x2+y (d) Yoray ~ Y (9) 3, % Ty
ou 52 0
ou 2 0%u

" Lt u=z+ ou  0%u : _

(c) y@y Y (f) £+@—1+y (4) Oz Oy Yy

Hint for (f): After one integration, multiply through by e®.

» 5-37.  Assume f(x +iy) = u(z,y) +iv(x,y) is such that v = u(x,y) and v = v(x,y) are
real continuous functions with partial derivatives of the first and second order which

Satisfy the Cauchy-Riemann conditions @ = @ and @ = —@
dx Oy oy oz
*u  0%u %v %
h hat — + — = I
(2) Show that 75 + 5.5 =0 (b) Show that o+ 55 =0

» 5-38. Find the largest rectangle that can be inscribed inside a circle of radius r.

» 5-39. Find the length of each of the given curves.

(@) y=z*fromz=0toxr=1 (¢) y= coshz fromz=0toxr=1

(b) y*=4drfromz=0toz=1 (d) y=e" fromaz=0toz=1

» 5-40. A cylindrical can is to be constructed to hold 7V, cubic meters of material.
The cost of construction for the sides of the cylinder is ¢, dollars per square meter
and the cost of constructing the top and bottom is 3¢, dollars per square meter.
This is because the side of the cylinder can be considered as a rectangle with height
h and width 2zr, where h is the height of the cylinder and r is the radius of the
cylinder. The top and bottom of the cylinder are circles and consequently more
manufacturing techniques and waste of material occurs in their construction. Find
the dimensions of the cylinder requiring minimum cost of construction. Hint: The
volume of the cylinder is V = 7r2h = 7Vj.

» 5-41. Evaluate the following limits

@ h O I k

assuming these limits exist.
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> o2 (a) (Resistors in Series) Show that Ohm’s
s R i . law requires the voltage drop in moving around
v R, % \}R.q the series circuit requires V =iRy + iRy +- -+ iR,
~ oM —AW _ and so one can replace the sum of the resistors
o Series by an equivalent resistance R., given by
IR Rey=Ri+Ry+ -+ R,,.
V+1°21$$R2 Rué +"}Req (b) (Resistors in Parallel) Use Kirchhoff’s law

and show the current i in the parallel circuit
L] must satisfy i =i, +is+---+i, and that V =4, R,
V=1Rs,....,.V =1,R,.

(c) Show an equivalent resistance R., must satisfy V = R.,i and from this result show
1 1 1

1
R, R R TR

» 5-43. Assume an open container with vertical sides where the bottom of the
container has the same shape as the top of the container. If water evaporates from
this open container at a rate which is directly proportional to the exposed surface
area, use calculus to show that the depth of water in the container changes at a
constant rate and it doesn’t matter what shape the top and bottom have as long as

they are the same.

» 5-44. Evaluate the integral I = /tan4xdx foro<z <z

(a) Use the substitution z = tanz and show dz = %5 so that the integral becomes

4 4 2 2
z 242 —(2+1)+1 9 1
= = = —1+
/ 52 dz / 2] dz / <z 152 dz

(b) Integrate the result from part (a) and then use back substitution to express the

integral I in terms of z.

» 5-45. Show that integrals of the type I = /f(sin x, cosx) dr where f(u,v) is a rational

function of u,v, can be simplified by making the substitution z = tang

2z 1— 22 2dz . x 1
—_— S = ———— dr = —— Hlnt: ShOW 22 - -
1+ 22’ cos® 14 22’ v 1+ 22 o5y 1 + tan?

z
2
1+ cos? z

(b) Evaluate the integral I = / —————dx

costz

(a) Show sinz =
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» 5-46. The Trapezoidal Rule

Ay Given a curve y = f(z), a < x < b, one can
partition the interval [a,b] into n-parts by defin-

y=£(z) ing a step size h = Az = =% and then labeling

the points

" a=xg, x1 = o+h,...,Tn_1 = xo+(n—1)h, x, = xo+nh
(11]

» L Next construct trapezoids, the ith trapezoid has

a=1 1 Li-1 % Tn-1g,=b the vertices z;_1,vy; 1,z v as illustrated in the
figure, where y;,_1 = f(z;—1) and y; = f(x).
(a) Show the area of the ith trapezoid is given by

Ai = Sy = o7 @) + )

(b) Show the area of all the trapezoids is

A =total area = ZAi = Z %(yi—l +yi)h = g
=1 =1

@o+%ﬂ+2§iw]

i=1
(C) Computer Problem

For the functions given over the interval specified compare the area under
b

the curve using the definite integral / f(x)dz, with the trapezoidal rule for

approximating the area. Fill in the follaowing table for values of n = 10,50 and

100 associated with each function.

Area under curve y = f(z) for a <z <b
Function Interval Trapezoidal | Integration
n= f(x) a<zx<b S A f: f(x)dz

x 0<zr <2
z? 0<z<2
x3 0<zr <2

sinx 0<z<m

CcoS T % <z< 37"

(d) If the theoretical error of approximation using the trapezoidal rule is

- (b_a)g 1
B = | f(9)

theoretical error.

, Where a < ¢ < b, compare your errors with the maximum
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» 5-47. For a > 0, verify the improper integrals

b
a? + b2

1

(a) /0 e “sinbrdr = (b) /0 e “cosbrdr = pr

» 5-48. If the Gamma funct(ixcj)n is defined by the improper integral
I'(x) :/ et dx
(a) Use integration by partg to show I'(z + 1) = 2T'(z)
(b) Show for n an integer I'(n + 1) = n!

» 5-49. Consider two particles starting at the origin at the same time and moving

along the z-axis such that their positions at any time ¢ are given by
sty =20+t and sy(t) = 11t — 3¢2

(a) At what time will the particles have the same position and what will be their
velocities at this position?

(b) Find the particles positions when they have the same speed? What is this same
speed?

(c) Describe the motion of each particle.
» 5-50. Find the maximum and minimum values for the given functions
(@) f(z,y) =2*+1y* — 2z — 4y — 20 (b)  g(x,y) =42 4+ 9y* — 162 — 5dy + 61

» 5-51. Given a point (zg,50) # (0,0) lying in the first quadrant. Pick a point z; > zq
on the z-axis and draw a line from (z1,0) through (z,3,) which intersects the y-axis.
Find the shortest line from the z-axis, through the point (x¢,y,) which intersects the
y-axis Hint: If ¢ is the length of the line segment, then minimize ¢2.

» 5-52. Find the maximum and minimum distances from the origin to points on
the circle (z —6)? + (y — 8)2 =25

» 5-53. A particle undergoes simple harmonic motion on the z-axis according to
the law o = 2y + a coswt + bsinwt, where z¢,a,b,w are given constant values.
(a) Find the center and amplitude of the motion.
(b) Find the period and frequency associated with the motion.

(c¢) Find the maximum acceleration.
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> 5-54.
A right circular conical water tank, as illus-
—R trated has a top radius R and height H. As-
sume water is in the tank at a depth hg. Let
. w = 62.51bs/ ft> denote the density of water.

(a) Show weight of disk at height h produces
force dF = wnr?dh

(b) Show element of work done in lifting disk a

dh | 1I distance H — h is

1

1 n,
h

[

(c¢) Show the work done in pumping the water out over the top of the tank is

R\’ ho
W:<—> m/ h2(H — h) dh
H 0

and then evaluate this integral.

dW = (wrr?dh)(H — h)

» 5-55. For p pressure and v volume, the integral W = / pdv occurs in the study

of thermodynamics and represents work done by a gas.

(a) Evaluate this integral for an isothermal expansion where pv = ¢ = constant.

(b) Evaluate this integral for an adiabatic expansion where pv? = ¢ = constant, where
v = 1.41 is also a constant.

» 5-56.
A botanical gardens is planning the construction of flower
beds to display their hosta plants. The flower beds are to be "_¢‘_'|
rectangular and constructed inside a rectangular area having ¢
a known perimeter P. There is to be a walk surrounding each i

flower bed having dimensions of s-feet on each side and e-feet
on each end. Design studies are to begin where the exact values ¥
of P,s and e are to be supplied for each flower bed. For a given

value of P,s and e find the dimensions of the flower bed if the

area of the flower bed is to be a maximum.
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APPENDIX A
Units of Measurement

The following units, abbreviations and prefixes are from the
Systeme International d’Unités  (designated SI in all Languages.)

Prefixes.
Abbreviations
Prefix Multiplication factor Symbol
exa 1018 W
peta 10'° P
tera 1012 T
giga 109 G
mega 108 M
kilo 103 K
hecto 102 h
deka 10 da
deci 1071 d
centi 102 c
milli 1073 m
micro 106 m
nano 1077 n
pico 10-12 p
femto 10-1° f
atto 10-18 a
Basic Units.
Basic units of measurement
Unit Name Symbol
Length meter m
Mass kilogram kg
Time second S
Electric current ampere A
Temperature degree Kelvin °K
Luminous intensity candela cd
Supplementary units
Unit Name Symbol
Plane angle radian rad
Solid angle steradian ST

Appendix A
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DERIVED UNITS

Name Units Symbol
Area square meter m?
Volume cubic meter m?>
Frequency hertz Hz (s71)
Density kilogram per cubic meter kg/m3
Velocity meter per second m/s
Angular velocity radian per second rad /s
Acceleration meter per second squared m/s?
Angular acceleration radian per second squared rad /s?
Force newton N (kg-m/s?)
Pressure newton per square meter N/ m?
Kinematic viscosity square meter per second m? /s
Dynamic viscosity newton second per square meter N -s/m?
Work, energy, quantity of heat joule J (N-m)
Power watt W (J/s)
Electric charge coulomb C (A-s)
Voltage, Potential difference volt vV (W/A)
Electromotive force volt vV (W/A)
Electric force field volt per meter V/m
Electric resistance ohm Q (V/A)
Electric capacitance farad F (A-s/V)
Magnetic flux weber Wb (V-5s)
Inductance henry H (V-s/A)
Magnetic flux density tesla T (Wb/m?)
Magnetic field strength ampere per meter A/m
Magnetomotive force ampere A

Physical Constants:
e 4 arctan1l = 7w = 3.14159 26535 89793 23846 2643 . ..
o lim, o (14 1)" = e = 2.71828 18284 59045 23536 0287 ...
e Euler’s constant ~ = 0.57721 56649 01532 86060 6512 . ..
o y=limpoo (1+45+%+--+%—logn) Euler’s constant
e Speed of light in vacuum = 2.997925(10)% m s—!
e Electron charge = 1.60210(10)7!° C
e Avogadro’s constant = 6.0221415(10)23 mol !
e Plank’s constant = 6.6256(10)734 J s
e Universal gas constant = 8.3143J K~ mol~! =8314.3J Kg~ ' K~!
e Boltzmann constant = 1.38054(10)723 J K1
e Stefan—Boltzmann constant = 5.6697(10)~% Wm=2 K4
e Gravitational constant = 6.67(10)~!' N m2kg—2

Appendix A
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APPENDIX B

Background Material

Geometry
Rectangle
Area = (base)(height) = bh h
Perimeter = 2b+ 2h b

Right Triangle

1 . 1 Tr
Area = §(base)(helght) = 50h h lx
Perimeter = b +h +r

where r? = b? + h? is the Pythagorean theorem

Triangle with sides a, b, c and angles A, B, C

Area = ~(base)(height) = %bh = %b(asinC’)

1
2
Perimeter = a+b+c¢

b c

Law of Sines

sinA:sinB :sinC' b
Law of Cosines ¢ =a? + b — 2abcosC

Trapezoid

1
Area = §(b1 +bo)h

' Cy C
Perimeter = by +by 4+ c1 +c2 h o >\2
h h o -

C2 = — b2
sin 6,

1= —
sin 64

Circle
Area = 7p?

Perimeter = 27p

Equation 22 4 ¢? = p?
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Sector of Circle
Area = %rQ 9, 6 in radians :
S
s = arclength =760, 6 in radians 4@
Perimeter = 2r + s
Rectangular Parallelepiped h
V = Volume = abh
| ¢
S = Surface area = 2(ab + ah + bh) -
Parallelepiped ‘
Composed of 6 parallelograms o
V = Volume = (Area of base)(height) h
b
A = Area of base = besin 3 base B
height = h = acosa
Sphere of radius p
4
V = Volume = gwp‘3
S = Surface area = 47 p?
=
Frustum of right circular cone
V = Volume = %(a2+ab+b2)h g
Lateral surface area = 7f(a + b)
]
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N
%

Chord Theorem for circle

a® = (2R — )

Right Circular Cylinder
V = Volume = (Area of base)(height) = (7r?)h

|G
Al

11\
\\!&\\

Il
=
-

|
I\
T

Lateral surface area = 27rh

\
S

i

Il

Total surface area = 27rh + 2(7r?)

=

(A
.
A

WL
1

Right Circular Cone

V = Volume = %777“2}1

Lateral surface area = xr¢ = wr/h? + r2
height = h, base radius r

Algebra

Products and Factors
(r+a)(z+b)=2%+ (a+b)x +ab
(x +a)? = 22 + 2ax + o®
(x —b)? =x? — 2bx + b2
(z+a)(x+b)(z+c)=12°+ (a+b+c)x® + (ac + be + ab)x + abe
2’ —y’ = (z—y)(x +y)
2’ —y’ = (x—y)(@® +ay +y°)
2y’ = (x4 y) (@ —ay +y7)
o' —y' = (z - y)(z +y)(@® +y°)
—b+ Vb2 — dac
2a

If az® + bz + ¢ =0, then z =
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Binomial Expansion
For n=1,2,3,... an integer, then

n(n—1 nn-—1)(n—2
(x_{_y)n:xn_{_na:n—ly_{_ (2' )xn—2y2+ ( 3)'( )$n—3y3+”_+yn

where n! is read n factorial and is defined
n!=n(n—1)(n—2)---3-2-1 and 0! = 1 by definition.

Binomial Coefficients
The binomial coefficients can also be defined by the expression

n n!

where for n = 1,2,3,... is an integer. The binomial expansion has the alternative

representation

n __ n n n n—1 n n—2,2 n n—3,3 . n n
(r+y) —<0>x +<1>x y+<2>x Yy +<3>x y +<n>y

Laws of Exponents
Let s and ¢ denote real numbers and let m and n denote positive integers.

For nonzero values of z and y

=1, 2#0 (z°)" == et/ =z

25 gt =5t (zy)® =a°y° zm/m = Ypm
@t et s L <§>1/” @
zt s y yl/m vy

Laws of Logarithms
If =¥ and b # 0, then one can write y = log, z, where y is called the logarithm
of x to the base v. For P >0 and Q > 0, logarithms satisfy the following properties
log,(PQ) =log, P + log, @
log,, g =log, P —log, Q

log,, QP =P log, Q
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Trigonometry
Pythagorean identities
Using the Pythagorean theorem 22 + y* = r? associated with a right triangle with
sides z, y and hypotenuse r, there results the following trigonometric identities,
known as the Pythagorean identities.

OO @00 () ee() <=

x

cos?0+sin?60 =1, 1+ tan®6 =sec?6, cot?0+ 1 =csc? 6,

Angle Addition and Difference Formulas

sin(A + B) =sin A cos B + cos Asin B, sin(A — B) =sin Acos B — cos Asin B

cos(A + B) =cos A cos B — sin Asin B, cos(A — B) =cos Acos B + sin Asin B
tan A + tan B tan A —tan B

an(4 + B) 1 —tan Atan B’ an( ) 1+tanAtan B

Double angle formulas

2tan A
sin2A =2sin Acos A = LQ
1+ tan“ A
1—tan®? A
cos2A=cosQA—sin2A:1—251n2A:20052A—1:7%12
1+ tan® A
2tan A 2cot A

tan2A = =
1—tan’A cot?A—1

Half angle formulas

A /1 — cos
sin — = + 760514
2 2
A .
s A 4 /14 cos A
2 2

A /1 —cosA sin A 1—cosA
tan — =+ = = - |
2 14+ cosA 14+cosA sin A F

The sign depends upon the quadrant A/2 lies in.

I|+

|+ ]+

e+

Multiple angle formulas

sin3A =3sin A — 4sin® A, sin4A =4sin A cos A — 8sin® A cos A
cos3A =4 cos® A — 3cos A, cos4A =8cos* A —8cos? A+ 1

3tan A — tan® A 4tan A —4tan® A
tan3A = 5 ) tan4A = 5 1
1—-3tan“ A 1—6tan“ A +tan* A
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Multiple angle formulas

sinhA =5sin A — 20sin® A + 16sin® A
cos5A =16 cos® A — 20 cos® A + 5cos A

tan® A — 10tan® A + 5tan A
1—10tan? A+ 5tan* A
sin6A4 =6 cos® Asin A — 20 cos® Asin® A + 6 cos Asin® A

tanbhA =

cos6A =cos® A — 15 cos* Asin® A + 15 cos® Asin* A — sin® A
6tan A — 20tan® A + 6tan® A

1—15tan%2 A + 15tan* A — tan® A

Summation and difference formula

tan6A4 =

A+ B A-B A-B A+ B
sin A + sin B =2 sin( _{2_ ) cos( 5 ) sin A — sin B =2 sin( 5 ) cos( _{2— )
A+ B A-B A-B A+ B
cos A + cos B =2 cos( ; ) cos( 5 ), cos A — cos B = — 2 sin( 5 ) sin( ; )
sin(A + B) sin(A — B)
tanA4+tanB =———= tanA —tanB=————=
an A tan cos Acos B’ o o cos Acos B

Product formula

1 1

sin Asin B =3 cos(A— B) — 5 cos(A + B)
1 1

cos A cos B =3 cos(A— B) + 5 cos(A + B)

1 1
sin A cos B =3 sin(A — B) + 3 sin(A + B)

Additional relations

sin A +sin B A+B
————— =tan( )
. . . 9 cos A 4 cos B 2
sin(A + B)sin(A — B) =sin” A — sin“ B, sin A + sin B t(A:FB)
———— = —Co0
—sin(A + B)sin(A — B) =cos® A — cos® B, cos A — cos B AL B
cos(A + B) cos(A — B) =cos? A — sin® B, sin A + sin B _tan( : )
sinA —sinB A-B
tan( 5 )
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Powers of trigonometric functions

1 1 1 1
sinQA:§ — §cos2A, COSQA:§+§COSQA
in® A S i A 1 3A 3A 3cosA+1cos3A
sin° A =—sin A — - sin cos® A =- cos — COS
° 4° 4 ’ 1 1
3 1 1 3 1 1
sin A =3 ~ 5 ¢0s 2A + 3 cos4A, cost A =3 + 5 C0s 2A + 3 cos4A
Inverse Trigonometric Functions
.1 1 _
sin"lz =2 —cos~lx sin™! = =csclx
2 T
COS_1 X :E — sin_l X cos_l l :sec_l x
2 T
tan"'z _I_ cot™ !z tan ! l —cot ™z
2 x

Symmetry properties of trigonometric functions

sinf = — sin(—6) = cos(n/2 — 0) = — cos(n/2 + 6) = +sin(w — §) = — sin(7w + 6)
cos @ = + cos(—0) = sin(n/2 — 0) = +sin(n/2 4+ ) = — cos(m — 0) = — cos(7 + )
tanf = — tan(—0) = cot(n/2 — ) = — cot(w/2 + 0) = — tan(m — 0) = + tan(7 + 0)

Transformations
The following transformations are sometimes useful in simplifying expressions.
1. If tang = A, then

) 24 - 24
slnu:1+A2, cosu:1+A2, tamu—il_A2
2. The transformation sinv = y, requires cosv = /1 — %2, and tanv = Y -
-y

Law of sines

a b
sinA  sinB  sinC

Law of cosines

a’® =b% + ¢ — 2bccos A

b? =c® + a® — 2accos B

? =a® + b*> — 2abcos C
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Special Numbers

Rational Numbers

All those numbers having the form p/q, where p and ¢ are integers and ¢ is
understood to be different from zero, are called rational numbers.

Irrational Numbers

Those numbers that cannot be written as the ratio of two numbers are called
irrational numbers.

The Number =

The Greek letter = (pronounced pi) is an irrational number and can be defined

as the limiting sum! of the infinite series

Y YU N S PRI ) i
= 375 79 11 m+ 1

Using a computer one can verify that the numerical value of = to 50 decimal places

is given by
m = 3.1415926535897932384626433832795028841971693993751 . ..

The number 7 has the physical significance of representing the circumference C of
a circle divided by its diameter D. The symbol = for the ratio C/D was introduced
by William Jones (1675-1749), a Welsh mathematician. It became a standard nota-
tion for representing C/D after Euler also started using the symbol = for this ratio
sometime around 1737.

The Number e

The limiting sum
1

3!

is an irrational number which by agreement is called the number e. Using a computer

1 1 1
_|_§_|_ _|_..._|_H_|_...

this number, to 50 decimal places, has the numerical value
e = 2.71828182845904523536028747135266249775724709369996 . . .

The number e is referred to as the base of the natural logarithm and the function

f(x) = e* is called the exponential function.

L Limits are very important in the study of calculus.
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Greek Alphabet

Letter Name Letter Name
A | «a alpha N | v nu

B | B beta 2| ¢ Xi

r v | gamma O | o | omicron
A | o delta on| =« pi

E | ¢ | epsilon P | p rho

Z ¢ zeta X | o sigma
H n eta T T tau

© | 0 theta T | v | upsilon
I L iota d | ¢ phi
K | & kappa X | x chi

A | X | lambda U | psi
M | u mu Q| w omega

Notation

By convention letters from the beginning of an alphabet, such as a,b,c,... or the
Greek letters a, 3,7, ... are often used to denote quantities which have a constant
value. Subscripted quantities such as xq, z1,z2,... O yo,y1,¥y2,... can also be used to
represent constant quantities. A variable is a quantity which is allowed to change
its value. The letters u,v,w,z,y, z or the Greek letters ¢, 7, ¢ are most often used to
denote variable quantities.
Inequalities

The mathematical symbols = (equals), # (not equal), < (less than), << (much
less than), < (less than or equal), > (greater than), >> (much greater than) >
(greater than or equal), and | | (absolute value) occur frequently in mathematics to
compare real numbers a, b, c,.... The law of trichotomy states that if « and b are real
numbers, then exactly one of the following must be true. Either a equals b, a is less
than b or a is greater than 5. These statements are expressed using the mathematical
notations?

a=2>, a < b, a>b

2 In mathematical notation, the statement b > a, read “b is greater than a”, can also be represented a < b or

“a is less than b”depending upon your way of looking at things.
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Inequalities can be defined in terms of addition or subtraction. For example, one

can define

a<b ifand only ifa—b<0
a>0b if and only if a —b >0, or alternatively

a>b if and only if there exists a positive number z such that b+ z = a.

In dealing with inequalities be sure to observe the following properties associated
with real numbers a,b,c,. ..
1. A constant can be added to both sides of an inequality without changing the

inequality sign.
If a < b, then a+ ¢ < b+ c for all numbers ¢

2. Both sides of an inequality can be multiplied or divided by a positive constant

without changing the inequality sign.
If a<band c>0, then ac <bc or a/c<b/c

3. If both sides of an inequality are multiplied or divided by a negative quantity,
then the inequality sign changes.

If b>aand c <0, then bc<ac or b/c<alc

4. The transitivity law
If a<b, and b<e, thena<ec

Ifa=band b=¢, then a=-c
If a>b, and b > ¢, then a>c
5. If a >0 and b >0, then ab >0

6. If a <0 and b <0, then ab >0 or 0 < ab
7. If >0 and b >0 with a < b, then va < vb
A negative times a negative is a positive
To prove that a real negative number multiplied by another real negative number
gives a positive number start by assuming ¢ and b are real numbers satisfying a < 0

and b < 0, then one can write

—a+a<—a Oro<-—a and —b+b<—-b oro0<-—b
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since equals can be added to both sides of an inequality without changing the in-
equality sign. Using the fact that both sides of an inequality can be multiplied by a

positive number without changing the inequality sign, one can write
0<(—a)(=b) or  (—a)(—b)>0

Another way to show a negative times a negative

is a positive is as follows. Think of a number line
-x

/i-\x > with the number 0 separating the positive num-
v bers and negative numbers. By agreement, if a
number on this number line is multiplied by -1,
then the number is to be rotated counterclockwise 180 degrees. If the positive num-
ber z is multiplied by -1, then it is rotated counterclockwise 180 degrees to produce
the number —z. If the number —z is multiplied by -1, then it is to be rotated 180
degrees counterclockwise to produce the positive number z. If « > 0 and b > 0, then
the product a(—b) scales the number —b to produce the negative number —ab. If the
number —ab is multiplied by —1, which is equivalent to the product (—a)(—b), one
obtains by rotation the number +ab.
Absolute Value
The absolute value of a number z is defined

xz, ifxz>0

|x|:{—x, if <0

The symbol < is often used to represent equivalence of two equations. For example,

if @ and b are real numbers the statements
lt—a|<b <«— —-b<zr—-a<b <<= a—-b<zx<a+bd

are all equivalent statements involving restrictions on the real number z.

An important inequality known as the triangle inequality is written
[z 4yl < ||+ Jy| (1.1)

where = and y are real numbers. To prove this inequality observe that |z| satisfies

—|z| <z <|z| and also —|y| <y < |y|, so that by adding these results one obtains
—(lzl+lyh) <z+y<lzl+lyl  or  |r+yl <|z[+]yl (1.2)
Related to the inequality (1.2) is the reverse triangle inequality
|z —yl = [z| - |yl (1.3)

a proof of which is left as an exercise.
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Cramer’s Rule

The system of two equations in two unknowns

o [ 2012

has a unique solution if a;3; — a1 is nonzero. The unique solution is given by

arx + by =m

o + By =72

Mo B ar M —02f51

— M’ y = u Where ag 1= Oélﬁg — Oégﬁl
aq ﬁl aq ﬁl 2
ay [ ay [ +aq 52

is a single number called the determinant of the coefficients.

The system of three equations in three unknowns
a1z + By + 12 =01
asx + fBoy + 722 =9y has a unique solution if the determinant of the coefficients

azT + B3y + y3w =03

ar Biom
az B2 2| = a1fey3 + PBry2as + viaef3 — azfBeyr — Bav2ar — Y3232
as B3 3

is nonzero. A mnemonic device to aid in calculating the determinant of the co-
efficients is to append the first two columns of the coefficients to the end of the
array and then draw diagonals through the coefficients. Multiply the elements along
an arrow and place a plus sign on the products associated with the down arrows
and a minus sign associated with the products of the up arrows. This gives the figure

The solution of the three equations, three unknown system of equations is given
by the determinant ratios

o A gt a0 gt ar B 0

b2 B2 72 az 0o 72 az B2 0o

03 B3 73 az 03 V3 as (B3 03
x prd s y ey Z ey

ar Biom ar Biom ar Biom

as B2 e as B2 2 ay B2 e

as B3 3 as B3 3 as B3 73

and is known as Cramer’s rule for solving a system of equations.
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Appendix C

Table of Integrals
Indefinite Integrals

General Integration Properties

dF(z) _ _
1. If . —f(x),then/f(:c)d:c—

2. If/f r)+C , then the substitution = = g(u) gives /f(g(u))g’(u) du = F(g(u))+C
- l a du B l L uta
For example, 1f/ T ﬁtan 5 +C, then /7@—1-@)2—1-62 = ﬁtan 5 +C

3. Integration by parts. If v;(z) = /v(:c) dz, then /u(x)v(:c) dx = u(z)vy () — /u/(:c)vl (z) dx

4. Repeated integration by parts or generalized integration by parts.
If vi(z) = [v(z)de, va(z) = [vi(x)dz,...,v0(2) = [vn_1(z)dz, then

/u(:c)v(:c) dr = uvy — u'vo + u"vs — vy 4+ -+ (=1)" o, + (=17 /u(")(:c)vn(:c) dx

9. If f~'(x) is the inverse function of f(x) and if /f(:c) dz is known, then

/f z)dr = zf(z /f where z= f"!(x)

6. Fundamental theorem of calculus.
If the indefinite integral of f(x) is known, say

Yy dA=f(x) d=z
/f Ydr = F(x) + C, then the definite integral
y=F(=)
b b
/ A= [ fa)de = F@), = FO) - F(o 1)
represents the area bounded by the x-axis, the curve z=a | z=b
y = f(z) and the lines z = a and z = b. @+dz

7. Inequalities.
b b
(i) If f(x) < g() for all = € (a,b), then / flz)dx < / g(x)dx
(i) If |f(x) < M| for all z € (a,b) and [* f(z)dx exists, then

b
x)dx S/ flx)de < M(b—a)

Appendix C



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

' (x)v(x) — u(x)v'(z) u(z)
e R G
V() — @) )
R o e B
w(z)o(@) —u(z)'(z) , 1, ulz) - o)
u?(z) — v?(x) do = 21 |u(x)+v(x)|+c
)

d
B nju(@) + V(@) +al +C

r a_ﬁ/

T EEE B A TE R i
u'(z) dz 1 u(x) ) o
u(z)y/u?(z) —a? o *
u'(@)de 1 - Bu(x)
a? + [2u?(x) aﬂt ! +c
u'(z) dx 1 1 au(x)—ﬁH_C

@ -7 28 "o+

1—u? du
/f(COS.I)dCC—2/f(H—u2> H—UQ, u:tan§

/
/
/
/
/(U(ﬂf) +a)(u(z) +6) /
/
/
/
/

8

2/ 2u du ;
x)dx = u = tan —
T+u2) 14+ u2’ 2

xd:c—/f —, u =sinx

1—u2

8

/fcosx de = — /f U = COST
1—u2

i
[ stsin
[ fa,
[ s

Z,Co8T d:c—/f 1—u2

1—u2

2u 1—u? du
dr =2
x,COS«I) X /f(1+u2;1+u2> 1+’U,2,

a_a—ﬁ/ +6’

<>+a‘“/<<>+@

u(x) dex B 1 u(x)

u=sinx

x

=1t —
u an2

a—i—ﬁx 5/ (u _ )udu, W =a+px

—x2 d:c—a/f (asinu, acosu) cosu du,

Appendix C
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‘ General Integrals ‘

28. /cu(:c) dzr = c/u(:c) dz 29. /[u(x)—i—v(:c)] dz = /u(:c) d:c—i—/v(:c) dx
30. /u(:c) u'(x)dr = = |u(x) |2 +C 31. /[u(x) —v(z)]de = /u(:c) dx — /v(:c) dx]
/ [u(z)]"* ' /
32. /u"(:c)u (x)dx = 1 +C 33. /u(:c)v () dz = u(z) v(z) —/u (z)v(z) dex
n
/
34. /F@@mm@szwm+c 35 /Zg%m_mumn+c
/
36. / 4 dr = Vu+C 37. /ld:c::c—i-C
2\/u
n+1 1
38. /x"d:c:x +C 39. /—d:c:ln|x|+c
n+1 T
40. /ea“u/d:c: le‘“‘—i—C’ 41. /a“u/d:c: La“—i—C’
a Ina
42. /sinuu’d:c:cosu—l-c 43. /cosuu’d:c: —sinu + C
44. /tanuu’d:c:ln|secu|+0 45. /cotuu’d:c:ln|sinu|+0
46. /secuu’d:c:ln|secu+tanu|+C 47. /cscuu’d:c:ln|cscu—cotu|+C
48 /sinhuu’d:c:coshu—l-c 49. /coshuu’d:c:sinhu—l-c
50. /tanhuu’d:c:lncoshu—l—C 51. /cothuu’d:c:lnsinhu—l—C
52 /sechuu’ dx = sin”!(tanhu) + C 93. /cschuu’ dx = 1ntanhg +C
54. /sin2uu’d:c:%u—isin2u+0 55. /c052uu’d:c:g+isin2u+c
56. /tan2uu’d:c:tanu—u+0 57. /cot2uu’d:c:—cotu—u+0
58. /secQUU’d:c:tanu—l-C 59. /csc2uu’d:c: —cotu+C
60. /sinh2uu’d:c:isinh2u—%u+0 61. /cosh2uu’d:c:isinh2u+%u+0
62. /tanh2uu’d:c:u—tanhu+0 63. /coth2uu’d:c:u—cothu+0
64. /sech2uu’d:c:tanhu+0 65. /csch2uu’d:c: —cothu+C
66. /secutanuu’d:c:secu—l—C 67. /cscucotuu’d:c: —cscu+C
68. /sechutanhuu’ dr = —sechu + C 69. /cschucothuu’ dr = —cschu + C
0

‘ Integrals containing X = a4+ bx, a # 0 and b #

n+1
. X"der = —— -1
70 / x b(n+1>+C, n #
" Xn+2 aXnJrl
71. /:CX dx_bQ(n+2)_b2(n+1)+C’ n#—-1,n# -2

72. /X@+@mmz

n+2

—b
(x+c)" T2 + u(m—i—c)’”l +C
n+1
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73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

/

/xniled:c: !
n+m

/
/

/
/

/

,CCQXndCC:_

2@X"+2 a

2Xn+1

1 Xn+3
5

n+3  n+2

|+

" X™ 4 %/x"fl){mfl dx
m+n

ym 1 Xm+tl o p1b XM
T T g gn * n E/x—ndx
i(—x:%lnX—i-C
%:%(X—Q1H|X|)+C
@:L(X2—4ax+2a21anl)+C
X 203

j—;:éln|%|+c

= o DI RR
%——%Jrc
%:b%[mxu%hc
‘”;Cix_blg[x—zam|x|—%2]+0
%fﬁ—%hﬂ%%i-c

xQd;C(Q _ _“aj;;? + §_§1n| % | +C
%:—ﬁJrC

& ew | % et
“’”;_d;”_blg[mxwi(—a—%]JrC
%:ﬁ_yé—hﬂ%%i-c
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90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

/d:ci—b % 1 8 X
2X% 222X @3X otz at o n
T dr 1 -1 a
= C 1,2
Xn 2 [( —2)X"2+(n—1)X"1}+ 7L
z2dz 1 -1 2a a?
= — — + — — — | +C,
X© 0 |(n—3)X"3  (n—2)X" 2  (n_ DX

[VEaa= 2xn

/x\/YdJC (3bx — 20) X3/ 4+ C

15b2

(8a% — 12abx + 15b%2%) X3/% 4+ C

2
VX dr =
/x\/_:” 10503

/gd:c—Z\/Y—l-a/xil/xy

[FuEtf 2

2 T 2

vX b
d 2
v de (8a2 — dabz + 3622 )VX + C
= a” — 4a0x
\/ 15b3
1 vX—
| f|+cl, a>0
v X X
-1 — + Oy, a<0
—Q

/d:ci i/d:c
2VX  ax 2 VX

2 2
/x"\/)_(d:c R — €T - __cha /x"flx/)_(d:c

(2n+3)b (2n +3)b
E:@* -1 X372 (2n-5)b \/_d
xm  (n—1az"! 2(n-1a) an?

an
/xmle" dr = :c + an /xmlenfl de +C

m-+n m-+n

= _
gmtl ma xm

Xn X"Jrl m+1b/
—d:c

Appendix C
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107. /—dx_—+a/X;1 dx

‘Integrals containing X =a+brand Y =a+ 8z, (b#0, 8#0, A=aB—ab#0) ‘

dx 1 Y

109. /xd:”— [1n|X| 1n|Y|]+C

z2dx

X
de 1 (1 f Y
d
112. /%f - A21n|_|+c
w?de  a? 1 [a? alaf — 2ab)
114. / :—x+—1n|—|+C
A4 207 A2 dzx
115. /\/XYd:c_W\/XY—% oo
de -1 (m+mn—2)b dx
116. /Xnym_(m—1)AanlYﬂHJr (m—1)A /Xnmel’ m# 1
2 - 5\/_
L [ b ey b \/T AB <0
VAJ 6\/Y+\/A5 ’
do %tanfl _l;‘% + Cl, bﬁ < O, bY >0
118. = N
8 VXY 2 ., [px
ﬁtanh T T O b3 >0, bY >0
zdr 1 _ (ba +ap) dx
119. m‘bﬁ”” 25 | Vxv
dx
120. ~— dx
o5 [ g

VX 2 A dzr
121. /de VX4 5 e
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‘Integrals containing terms of the form a + bx

1 b
——tan~! <\/j:c> +C, ab>0
122. / du Vab ¢

"]

a + bx? —
Lop|afv=abel o e
2v/—ab a —/ —abx
dxr 1 a
123. /L:_1 2, @
3. | o syl gl e

124, [Tt oaf &

125. /(a +dl:fgc2)2 - 2a(af—b:c2) + %/ﬁ
126. [ o -

127, [t [

a+ bx?
dz 1 x 2n —1 dz
128. / _de L /
8 (a 4+ bz2)n*+1  2na (a4 ba?)™ + 2na (a + bx2)"

+C

dx 1 (20—« (a+ px)?

120. [ [2\/§tan ( e >+1n a2_aﬁx+62x2]+(]
rder 1 4 (20—« (a+ pz)?

130. /a3+53x3_6a62 [2\/§tan 1( 7o )—m ol § P ] +C

If X =a+bz", then

mXp
131. /xmlep do = = + am /xmlepfl dx
m-+pn m-+pn

mXerl
132. /xmlep dr = — z + m—i—pn—i-n/xmleerl dx
an(p+1) ~ an(p+1)

m—n yp+1 _
133. /xmleP dr = z X — (m—na /xmfnlep dx
b(m+pn)  blm+ pn)

m xptl b
134. /xmlep dr = :c — (m +pn+n) /mer"*lXp dx

am am

manerl _
135. /xmlep dr = z __m-n /xmfnleerl dx
bn(p+1)  bnlp+1)

m m

mxP b
136. /xmlep dr = :c _wn Tl xr=1 gy
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‘Integrals containing X = 2ax — x2%, a #0 ‘

137 /\/chc(x_a)\/)_(—i-a—Qsinl(x_a)—i-C
) D) 2 |al

138. ﬂ) Lo

d_:c =sin~! (
VX |al
139. /x\/YdJC =sin~! (ﬂ) +C

lal

140. [*% _ x4 asin! (ﬂ) Lo

VX |a
141 dxr _T—a c
‘ /W‘a2ﬁ+
T dr T
142. /W:ﬁw
dxr 1 T

144. ﬂ:—ln|x—2a|+c

X
dz 1 1 1 x
X? dax 4a2(x—2a)+4a2 n|x—2a|+
dz 1 1 x
]_4 . r = - _1 .
6 X? 2a(x—2a)+4a2 n|x—2a|+c
1 2 1
147. /x"\/Xd:c:——x"leg/Q—i-M/x"*l\/de, n# —2
n+2 n+ 2

= + dx

VX dx 1 X% n-3 vX
148. / xn (3—-2n)a an 2n—3)a ) an—1 n#3/2

‘Integrals containing X = ax? + bx 4+ ¢ with A =4ac —b%, A #0, a#0

! 1n(2“x+b_”_A>+Cl, A <0
vV-=A 2ax + b+ vV—A
dxr 2 2ax +b
149. /_: 2 fan? e A>0
X \/K n \/Z 25
1
F— A:
a(x 4+ b/2a) + 0
T dr 1 b 1
z2dr =z b 2ac— A [ dx
151. / R = /7
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152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

/d_xfi |x_2| b [dx
eX 20X T2/ X
/ dx b 1 |X| 1 2ac— A [ dx
:_n— —_—— [
22X 2¢? 2 cx 2c2 X
dr  br+2c b dxr
X2 AX A X
xdr  bxr+2c ﬂ d_:c
X2 AX A X
#?*dr  (2ac— A)xz+bec  2c [dx
X2 aAX A X
[y
xX2  2eX 2¢) X2 ¢ ) zX
/ dr 1 3a dzr 2b/ dzr
2X2 X X2 c X2
—1n|2 X + 2ax 4 b| + C1, a>0
7 Va
1 2 b
%sinh 1( a\:;g >+CQ, a >, A>O
1 1 [ 2ax+b
——— i - Cs, <0, A<O0
as1 ( = ) 3 a
xd:cil\/} b dxr
VX 2a )] VX
z2dx T 3b 202 — A dxr
L _ (222 X2 = [ 2
N (2a 4a2>\/_+ 8a? NG
2vVeX
——1 — 4+
7 | = + °t | + C1, c>0
dx 1 1 (b:c+20>
=<{ —_—ginh Co, c>0, A>0
/x\/y N VA 2
1 1 [(br +2c
i Cs, <0, A<O
Nk (x —A>+ ’ ¢
/ dr VX b/ dz
22VX e 2c) zVX
dx
/\/_dcc— (2ax+b)\/_+— Jx
b(2ax + b) bA x
dr = Lx32 M2 ) e bR [ dr
/x\/_ Y7 3 a? 16a? | /X
/xQ\/)_(d:c: CLx_SbX?’/2
4a?
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167. /Ed:c_\/f+b/\/_ _dv_

x VX
VX \/_ b dzx
dr  2(2ax+0b)
169. X = AVY +C
rdr  —2(bx + 2c)
170. 2 = AU +C
w?de  (b* —A)x+2bc 1 dx
171. X372 QA\/)_( -‘ra \/—Y
dxr dzr
172. /—IX3/2 :x\r / = [ o
173 dr ar?+2bz+c¢ b2 —2ac dzr 3b dxr
‘ / 2X T apyx 22 | xom ‘@/ X
dx 2(2azx +b)
174. =
| 3F AV )*C
dr 2(2ax +b i 8_a
175 | 0%~ Savx (X * A) o

2
176. /X\/Yd:c: (2“;; b)\/Y(XJr ?;A> + f’ﬁaQ %

177, [xrvEar= v (x4 2o D) 20 [ 02
8a

16 128a? 1024a® | /X
dx 2(bx + 2¢)
178. [ 252 —— +C
XQ\/X ) AVX
179. x? dx _ (b —A)x+2bc+l dx

XVvX aAVX a \/—Y

180. /xX\/Xd:c VX /X\/_d:c

5a

181. /f Vaz? + bz + ¢) dz Try substitutions (i) vaz? + bz + ¢ = Va(z + 2)

(ii) Vaa? + bx + ¢ = zz++/c and if ax® +br+c = a(z—z1)(z—2), then (iii) let (z—a9) = 2%(z—21)

‘Integrals containing X = z? + a? ‘

d 1 1 1 /72 2
182. /—:C: —taH71£+C or =cos”! _* +C or Zsec! Tt +C
X @ a Va2 +a? a a
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2
184. :c dx:x—atanflg—i-c
X a
3d 2 2
185. xXx:%—%lnch—l-aQH-C

dx 1 x?

187. /d“’” L S e
a

22X a’zx a3
dxr 1 1 2
188. /—:————1 —_|+C
3 X 2a2x2  2at n|X|+
dx T 1 T
]_ . _— = — — 71_
89 X2 2azx Tagtm ot
dxr 1
190. [XI&f__
90 e 2X+C
2dx T 1 T
191, [Tde_ @ 1w
X2 ox T2 Gt

x3dx a? 1

193. /d:C :L+Lln|3|+c

X2 2a2X ' 2a* X
194. /x;l;c@ - _a41X B 2an B %tanil g +C
195. /x;l;c@ :_2a1x2_2aiX_%ln|%2|+C
196. %:JWJF%JFE%M{%JFC
197. % T om— 1;2)("*1 + (2(2:—_1?;@2 / chlil’ n>l
198. [ 1o

X 2(n— )X 1

dz 1 1 dz
199. [ -5 - Ly
99 z X" 2(n—1)a?Xn—1 + a? ) xXn1

‘Integrals containing the square root of X = x? 4+ a2

2
200. /\/Yd:c:%xX—i—%hﬂx—l-\/)_(H-C
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201.

202.

203.

204.

205.

206.

207.

208.

209.

210.

211.

212.

213.

214.

215.

216.

217.

/x\/_dcc X3/2+C

2
/2\/_d:c* —xX3/? a2x\/)_(—%ln|x+ﬁ|+c

/3\/_d:c Lxor_ 32X3/2+C
/—d:c— |a+\/_|+C
/\i—i_(dx_—§+ln|x+\/)_(|+c
/\i—i_(d :—2—\/5—%1 |“+\/_|+c
\/_ =lnfz+VX|+C or sinh71§+C
%_\/_JFC

2d 2
/f” L= PVX - Dl VX +C

JxX 2

3
/f” v _Llysr_pyXsc

JX 3

/ dr VX

22/ X T a2z

/ de VX L
23vVX  2a%222 243

a—i-\/)_(
x

In | |+C

1
/X3/2d:c: ZX3/2+ga2x\/Y+ga4ln|x+\/)_(|+C

1
/xXg/Qd:c:gXWQ—l-C
/2 3/2 1 52

22 X312 dy = ZX5/2 —

6

/x?’X?’/Qd:c = %XWQ —

1
—4a2xX3/2 a x\/_

éa2X5/2 +C

Appendix C
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X3/2

218. X3/2+a2\/_ a’®In|

X
a+x\/_|+c

X3/2 X3/2
219. / de = — + x\/_—i- aln|x+\/_|+C

2

3/2 3/2
220. /X dr = +\F——1|a+\f|+c

3 272

dx T

T dr -1
222. [ 25 - e

2
d —
223. /%:\/—%+1n|x+\/)_(|+c

3 2
224. %_ﬁ+\j—y+c

295 / dx 1 L, |a+x\/)_(

TXE T 2 X @b

226. /i__@—iw
x2X3/2 a*r  atv/X

|+ C

dx -1 3 3 a+vX
227. / - - 3
7 PXE T 322 X 24X | 200 nl I+
228. /f d:c—a/f (atanwu,asecu) sec> udu, = atanu
‘Integrals containing X = x? — a? with 2 > a? ‘
d 1 — 1 1
229. [Z-_—m (%) 40 or —Zcoth'Z4+C or —-tanh'Z+C
X 2a r+a a a a T
de 1
230. [ZX—_mx+cC
x 20T
2d
231. [ =s+3h

3d 2 2
z ‘”:‘”—+%1n|X|+c

232. < 5

dx 1 X

dxr 1 1 Tr—a
234. / _ L
3 2 X a2x+2a3 n|x+a|+c
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235.

236.

237.

238.

239.

240.

241.

242.

243.

244.

245.

dx 1 1 x2
ke P el
/x?’X 202z 2at n|X|+C

dx - 1 1 |x—a|+c
- Y "
X2 2a2X  4a3 z+a

T dr -1
L
X2 2X+
22 dx - 1

r —a
e A AT |
% “aox T Mogal tC

z3dx —a?

X2 2X

/d:ci —1 +11|:c2|+c
X2 222X " 24f X

1

dx -z 2n —3

/ dx 1 T 3 1 |x—a|+c
& - 2
r2X? atr  2a%X 4a® 'z4a
dx 1 1 1 x2
= — — —Iln|=|+C
/x?’X2 20422 204X + ab n|X|+

rdr —1 LC
Xn  2(p—1)Xn-1

/ dr -1 i/
X" 2(n—1)a2Xn-1 a2 | pXn-1

dx. / dz
Xn o 2(n—1)a2X"1  2(n—1)a2 ) XV

dxr

‘Integrals containing the square root of X = «

2

— a® with 22 > a?

246. /\/m_%m/)_c_%21n|x+\/f|+c

247.

248.

249.

250

/xﬁdm:%X‘g’/Q—i—C

1 1
/x?’\/)_(d:c = 5X5/2 + §a2X3/2 +C

X
. /—d:c:\/X—asec*1|E|+C
x a

Appendix C

1 1 4
/xQ\/)_(d:c:ZxX3/2+§a2x\/)_(—%ln|x+\/Y|+C
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251.

252.

253.

254.

255.

256.

257.

258.

259.

260.

261.

262.

263.

264.

265.

266.

267.

/—d:c———+1n|x+\/_|+c
X VX o1
;d:c: 22—l-z—sec |—|+C

/\C/Z—;C_(:ln|x+\/f|+c

/
/
/
/
/

/X3/2 do = %X?’/Q -

T dr
—=VX+C
JX
z2dx

VX
3 dx 1

VX 3

dz 1sec*1|
x\/_ a

d X
22VX  adlx
dx B N4
3vVX  2a22?

1 2
:§x\/)_(+%1n|x+\/)_(|+c

Lysrz,2yx 4o

|+C

1
+ ——sec ! |E|+C
a

2a3

ga2xﬁ+ga4ln|x+\/)_(|+c

1
/xXg/Qd:c:gXWQ—l-C

1 1 1 6
/xQX?’/Qd:c = ExX5/2 + —a’zX3/? — Ecﬁxﬁ—i— T—61n|x+ VX|+C

24

/$3X3/2d$:%X7/2+éa/2X5/2+C

/
/

X3/2 X3/2

X3/2 X3/2
2 dr = —

X3/2 X3/2
3 dv = - 222
dxr T

= — +

X3/2 42X

a’*VX +a®sec™! |E| +C
a

+gx\/)_(—ga21n|x+\/)_(|+c

+ §\/Y— gasec*1 |E|+C
a

2

C
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268. /"’”d‘” Lo

X3/2 /X
2dx T a?
269. [ -~ %
09 [ r-—x x ¢
x3dx
270- W:VX+1H|ZC+VX|+C
dx -1 1 1,
27]_. /m—m—ﬁsec |E|+C

272. /i__@—iw
x2X3/2 a*r  atV/X

dxr 1 3 3 T
273. / _ _ L S L
73 PXE " 2 X 2advX 20 sec |a| C

‘Integrals containing X = a? — 2 with 22 < a? ‘

d 1 1
274, [Z_ (I 1c or ftamm'Z4cC
X 2a a—x a a

o75. [ Fdr _ —%th—l-C

X
276. xi;lxz—x+gln|2tz|+c
277. x?’;m - —%;ﬁ_ %21H|X|+C
278. /%—21?1H|%2|+C

279. /xg"}:—éJrﬁmthHC
280. /%_—2;7+ﬁln|x§|+c
281. [ - o lm® e
282. [~ Lo

283, [Ldr_ = 1,0tz g

X2 2X  4da a—1x
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z3dx B a?
X2  2X

2
285. /d:C :L+Lln|x—|+c

284. 4 %1n|X| e

zX?  2a?2X  2a* X
286. /%:—£+ﬁ+%ln|ztz|+c
287. /x;l;c@ :_2a1x2+2aiX+%ln|%2|+C
288. % T 2(n— 1;Ca2anl * 2(73”—_1?@2 chil
289. T dx _ 1 LC

X" 2(n—1)Xn!

dz 1 1 dz
290. [ - = [ o=
zX™  2(n—1)a?Xn—1 + a? ) xXn1

‘Integrals containing the square root of X = a? — z? with 22 < a2

1 2
291. /\/Xdcc:ix\/X—i-%sin*lE—i-C
a
292. /x\ﬁdr 3x3/2+c
2 1 3/2 L, Ly, a1
293. T \/Xd:c:—ZxX +§a x\/X—i-ga sin”  —+C
a

294. /3\F dr — X5/2 ;CLQX?’/Q—FC

295. /—d:c_ |a+*r|+c

296. /—d:c——TX—sm —+C

VX vX
dx 1T
298. \/—Y:sm L +C

299, %_—\/)_uc
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300.

301.

302.

303.

304.

305.

306.

307.

308.

309.

310.

311.

312.

313.

314.

315.

316.

/

z2dx 1 a?
= ——avVX + — L=z
7X 2x\/_+ 23111 a—l—C
z3dx 1
__X3/2 CLQ\/Y—FC
vxX 3
d 1 X
z *——1n|a+\/_|+c
v X a x
dr \/Y—i-
2V/X Pz
d X 1 X
T VX ——1n|a+\/_|+C
3V X 2a%2%2 2a3 T

1
/X3/2 dr = ZxX?’/Q + ga2x\/X+ ga4sin71 z +C
a

1
/xXg/Qd:c: —5X5/2+C

/

22 X312 4y = —éxXWQ + LCLQZCX:’)/Q +

/x?’X?’/Qd:c =

/
/

24

1 1
?X7/2 _ ga2X5/2+C

X3/2 1 VX
d:c:—Xg/QaQ\/X—agln|a+ |+ C

T 3 x

X3/2 X323 3 LT
der = — —ZaVX - Zd?sinT 24+ O

2 T 2 2 a

X3/2 X3/2 3 3 a+vX
dr = — — VX 4+ =al

3 . 222 2 +2a n| T |+C

dx T

X7 ayx

T dr 1

X2~ yx ¢

2 dx . T

X3/2 *\/—Y—Sln E‘i‘c

z3dx a?

xoz - VX 5+

d 1 1 X

e 1Ly e VR

CCX3/2 CL2 /X 3 T
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dxr vX T
317. /W——%-‘rm-l-c
dx 1 3 3 a+vX
318. / =— — —In|———|+C
3 X3/2 20222V X * 200VX  2a° n| x I+

‘Integrals Containing X = 23 + a® ‘

de 1 (x+a)3 1 1 ({2x—a

rdr 1 X 1 1({2zx—a
320. 7_6a1n|(Ha)3|+ tan ( >+C

y V3a V3a
x° dx 1
321. [T Cmix|+c

dx 1 23

dx 1 1 X 1 1 (2z—a
323. /xQX——%‘@mkﬁ@s"\/ﬁaﬁw (@)*C
2 )

324. dx x 1 |(x+a)3

ar _ — tan~* C
¥ 3x o x5 Ee ™ ( NI
dx 2 1 X 1 2 —a
325. [ i - 1 tan ! c
X2 3a3X + 18a* n|(:c+ a)3| N 3v/3a4 an V3a *
x2dx 1
326. 2 = 3% +C

dx 1 1 3
27. /—:— 1=
327 oX? ~ 3e2x TaellxltC

dx 1 x2 4 T dr
328. /—:_—_—__ vd
r2X?2 abr  3a%X  3ab X
dxr 1 9a¢°z  15a2z _1,2z—a 9 9
329. ﬁ_54a3[X2 e + 10V/3 tan"}( \/ga)+101n|:c+a|—51n|:c —ar+a’||+C

‘Integrals containing X = z* + a* ‘

d 1 X 1 2

330. [¥__L oL (2 ) o
X 4243 (2 — \2az + a?)? 2v/2a3 x? — a?
T dr 1 1 x2
2

332, [Tdr_ L X Lt (2207 ) 6
X 42a (22 4 V2ax + a?)? 2v/2a x? — a?
z3dx 1

. =-In|X

333. [Z4 Lo

dx 1 x4

d 1 1 22 2)2 1 2
335. [ - - @V ka1 V2 )
2 X a*r /2445 X 2v/2a® 2 — g2

dxr 1 1 x2
336, [ o o (D)o
3 X 2a4x2 248 an a? +

Appendix C



485

‘Integrals containing X = z* — a* ‘
dx 1 r—a 1 T
T )
337 X 4ad n|x+a| 2a3 a +0O

2

dx 1 2 —a
338. T I %4
X 4a? n|x2+a2|+

z2dx 1 T —a 1 T
. -1 ~ ¢ *1(—)
339 X 4a n|x+a|+2a an a +C

z3dx

340. <

1

dx 1 X

d 1 1 - 1
342. / x:T+—1n|u|+—5tan*1(§)+C

22X  atx  4db z+a 2a

d 1 1 2_ g2
343. / . + - mE % e

23X 2a%z?  4ab 22 4+ q?

‘Miscelaneous algebraic integrals ‘

dx 1 1T+a
344. /m—gtan T+C

dx 1 1x+a
45. /7:—t nt
345 Pt al b an 5 +C
dx 1 _1r+a

dx P
347. /77@—:0) = 2sin \/;—l-C

dx ol [T
348. /7\/m—2smh \/;—E-C

dz B L
349- /\/ﬁ —2COSh \/;‘i‘c

dx 1 Jb+z
350- /m—2tan CL—:C+C’ a>xT
dx 1 Jxz—=0
351. /m—2tan a_x-f-c, CL>CC>b
352 / dz 2tanh ™" /£ 4 Oy, a>b
(z+b)(z+a) 2tanh™! (/22 4 Oy, a<b
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353

354.

355

356

357

358.

359

360

361

362.

363.

364.

365.

366.

367.

368.

dxr

) /x\/xQ"—CLQ"

/ x—i—adx:
T —a

. / a+xd:c:
Va—z

1 n
L S (_) e
na™ xn
Va2 — a2 + acosh™* z +C
a

4T
asin™'Z — /a2 —22+C

a

_ 2 —92
. /x a4 xd:c:a—cosfl(z)—l-(x a)\/a2—x2+C, a>w
a+x 2 a 2

2
2
. /x,/a—kxd:c:a—sinflf—x—i_ ‘Vat— 2+ C
a—x 2 a 2

dxr
) / V2ax + z2

. /\/ax2+cd:c:

/(:c+a) z“;

b
de=(x+a+0b) x2—b2+§(2a+b)cosh*1%+c

In|z+a+ V2ax + 22|+ C
1
ix\/axQ—i-c—i-%hﬂ\/&x—k\/a:ﬁ—l—d—i—c, a>0
a
%x\/a:cQ—l-c—l- ﬁsmfl (,/*T“:c) + C, a<0

1 1 1
. /’/ +axd:c:—sin71:c——\/1—:c2+c
1—ax a a

/ dz B
(ax 4+ b)2 + (cx +d)2  ad — be

1

2, .2
1 tan—1 (a* + )z + (ab+ cd)
ad — be

(a+c)x+ (b+d)

}—i—C, ad —bc#0

dz
/ (ax + b)% — (cx + d)? - 2(bc — ad)

In

(a—c)x+(b—d)

’—i—C, ad—bc#0

}—i—C, ad—bc#0

b% + dac > 0

/ xdx B 1 tan—1 (a® + )% + (ab + cd)
(ax? +b)2 + (cx? 4+ d)2  2(ad — be) " ad — be
dz B 1 1 Lz 1 T
/(x2+a2)(x2+b2)_b2—a2 (atan a_btan b>+c
2 2 2 b2 1 2 _ 2 b2_2 2—d2 b2—d2
JETE R PR R 2 PR R
2+ A2)(x —c ¢ c
ax? +b 1 ad — be c 1 af — be e
d = -1 — Yy - —1 -
[ ety (=g ) o (Vo) + 77 (=) (152 +
/ xdx 1 1 2a%2% + 2ac + b? — bv/b? + dac
= n
(ax? 4 bx 4 ¢)? + (ax? —br +c)?  4bvb2 + dac | 2a2x2 + 2ac+ b2 + bV/b2 + 4ac
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dz 1 1 z 1 x
. = —t 71___t -1
369 /(:c2 +a?)(z2+0b2) b2 —a? (a e Ty b) +c

@+ad)@+B) 1 (@ =) =)
370 [ o e e |

2
371. ar?+f 1 o py nl(\ﬁx) e nl( 5x>
/ T I o RV 7 S 5 )t e ¢t
20 +a+b

. /\/#m—coshl<ﬁ>+0, a#hb
373. /\/#m_manl\/ngc

da 1 e+ (B +19)
374 | i e e [ 65— ]*C

xdx 1 [(a®+bY)a? — (a* +bY)
375. /(a2+b2—x2)\/(a2—12)(x2—b2) TR [(aQ—bQ)(CLQ—l-bQ—:c?)] +c

(x+b)dx 1 g x4 b g la [x?+ 2
376. / T —— = i s+ — 2cosh N\ 5T
(22 + a?)Var2 + ¢ Vaz—c x?+a®  ava®—c cVaz?+a

377. /Mm_ﬂmmubMH(q p”)/ da

372

+C

ax?+bxr+c 2a " 2a ax?+bxr+c

(Wa-vEP 2B 2EtVE 2 2/E-a
378. /(aQ—l—a:c—‘,-xQ)\/de_ \/atan 34 \/3_at 34 +C

1 1
379. /(a +xz)va?+x2dx = 6(2:02 +3ax + 2a%)\/a? + 22 + §a2 sinh ' L + ¢
a

2 2
+a 1 ary3
380. / a dx = tan~! C
a2 tat a3 a2 "

2 _ 2 2 _ 2
381. /Ld _ et

x n
x4 4+ a222 + o 203 22+ ax +a?

‘Integrals containing sin ax

1
382. /sina:c dr = ——cosax + C
a

1
383. /:csinaxd:c: —QSinax— Ecosa:c—l—C’
a a

2

T
— - — cosax + C
a a

2 2
384. /:c2 sinax dr = —stina:c—i- (
a
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2 3
385. /x3sinaxd:c: (3i — %) sinax + (G_x — :c_) cosar + C
a

2

a a a
1 —1
386. /:c" sinardr = ——z" cosax + %x"fl sin ax — n(n72) /x"fQ sin azx dx
a a a
3 3..3 5,.5 7.7 _l)nx2n+1x2n+l
387. /sma:cd _ ez a’z” a'z’
2 T Ty Ty s v Y sy @nr )
i 1
388. /sta:c d:c:——sina:c—l—a/cosax dxr
T a T
389. / S ax dr = N cosar — —= sm ar — — sin a:c
3 2x 222
sin ax sinax a cos ax
. dr = — d
390 / an (n—1)an1! + n—1 / gn—1 &
d 1
391. / - :C = —In|cscas — cotazx| + C
sinar a
dx CL3$3 7&5265 2(227171 _ 1)% a2n+1x2n+1
392. rav. _ L n ac
sinaz @R T agoo T @n+ 1) tot

where %, is the nth Bernoulli number %8, = 1/6,8, = 1/30, ... Note scaling and shifting

dz 1 ax Ta%z? 2(22=1 — 1)B,,a?n g0t
393. / __ L e Ta? n wC
T sin ax ax + 6 + 1080 oot (2n —1)(2n)! oot
in 2
394. /Sin2 ar dr = T _smcar +C
2 4a
z?2  xsin2axr  cos2azx
dr = = — _
395. /:csm ar dr = 1 1a a2 +C
1 1 1
396. /x sin a:cd:c—ﬁ—a—4—20052a:c+24—3(3 6a2?) sin 2az 4+ C
2
397. /sm ar dr = _gosar | cos ar +C
3a
1 1
398. /xsm axrdr = —12a:c cos 3ax — 3602 sin 3ax — %x cosar + —422 sinax + C'
2 in4
399. /m axd:c——x—sm ax+51n ax+c
4a 32a
400. / = cotar+C
sin? ax
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401.
402.
403.
404.
405.

406.

408.
409.
410.
411.
412.

413.

414. /
415. /

T dx T 1 :

—— = ——cotar + — In|sinax|+ C
sin” ax a a

dx cos azr 1 ax
A i —In|tan —|+ C
sin” ax 2asin”“axr  2a 2

dx —cosax

sin"ar  (n—1)asin™ " ax

n—1

Il
|
+
Q0
=
—
3
|
|Q
8
N—
J’_

a?—1

n—1J sin" ?az

2 ! [%

J’_
a? —1 ]

C, a>1

e dz " tan afﬂ)+ nfsin (3 - %) |+C
— = —ta - — D) S 1 9
1 —sinax " 4 2 nisn 4

dx T azx
1+ sinax an 4 2 "

d 2 1 t 2

v pan—1 [ LR otan(az/2T ooy

a+sinaxr  avaZ —1 a® —

zdx T azx 2 ax
. pr— o an 1 B + CL2 n | Sin 2 | +

1
= _—_tan '(v2tanz) +C
1+sin’x \/i ( )
dx
=tanz + C
1—sin’z n
dx 1 T azr 1 T ax
S (———) 6at 3(___) ¢
(1—sinax)2 2a an 4 2 + 66L an 4 2
da 1 T  ax 1 T ax
(1 + sinaz)? 2 an 4 2 6a an 4 2 +
2 t 71( t ax_}-ﬂ)—l-c
——————— tan o tan — 9
aa? =5 2
dz B 1 atan % \/m
e n
a+ fsinaz a\/B2 — a2 o tan & +5+\/m
1 axr T
- an > 1 +
d 1 2o’
CC. . _ tanfl @tanam +C
a? + 32 sin” ax aa\/m a
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1 tan™? Vol =5 tanaz | + C, a? > 32
dz aay/a? — 32 a
416. [t

-2
_523111 ax 1 /52 o?tanazr + a Lc 2<52
, Q
2aa\/ 3% — \/62 a?tanaxr — «

on L n—1 n—1 son—2

417. sin” ax dxr = —— sin ax cos ax + sin ax dx
an n

418. / ci:c _ —cos.ax71 +n—2/ . djc2

sin"ar  (n—1)asin" ax n-—1,J sin" “azx

1 n _
419. /:c"sma:cd:c:——x"cosa:c—l—— 2" Y cosazx dx
a a

420. /Mdm* T aq:ﬁtan(zqiﬂ)—i-c
1 +sinax a 4 2

421. /a—i—ﬁs.ma:c d:c:éx—i-ab_aﬂ/ d:c.
a+bsinax b b a+ bsinax

dx _z I6] dx
422. /a+ E_E/B—l-asina:c

sin ax

‘Integrals containing cos ax ‘

1
423. /cosa:cd:c: —sinax + C
a

1
424. /xcosa:cd:c: — oS ax + EsincL:c—l-C’
a a

2 2 2
425. /x cosa:cd:c——fcosa:c—i-(x———:),)sina:c—l-c
a a a
1 -1
426. / cosardr = —x"sinaxr + Ex —Lcosaxr — 71(”72)/:0"*2 cos ax dx
a a? a
2,.2 4,.4 6 ,.6 _1)na2nx2n
427, /cosaxd _1 a‘x a*z® az® i
=l =St T Tse T T @y T
428. / CoS ax d:c B CoS ax _a / sin ax -
T(n—1Daz ' n—-1) an1

d 1
429. / i = —In|secax + tanax| + C
a

cos ax
dx 1 [a?2?  a*z*  5a828 ¢, a2 T2 2nt2
430. / vde 1 oy Bna? et o
cosar a?| 2 +4~2!+ 6 - 4! + (2n+2)~(2n)!+ +

d 2,..2 4.4 n2n 2n
431./ LA N R . i N L e

Z CoS ax 4 96 2n(2n)!

where ¢, is the nth Euler number ¢, =1, ¢, =5,¢&; =61, ... Note scaling and shifting
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432.

433.

434.

435.

436.

437.

438.

439.

440.

441.

442.

443.

444.

445.

446.

447.

448.

dxr 1 ar
— = —tan— +C
1+ cosax a 2
d 1
/ a *——cotﬂ—l-C
1 — cosax

/\/1 —cosardxr = —2\/5003% +C

/\/1+cosaxd:c:2\/§sin%+c

in 2
/COSQCLZCCZCC: E—l-sm ar +C
2 4a

9 x2 1 1
/:ccos ardr = — + —xsin 2ax + 8—20032ax+0
a

4 4a

sinax  sin®az

+C

cos® ax dr =

a 3a

d + L 2ax + L
costax dr = —x — sin2ax + —
4a 32a

= —tana:c—i—C

cos? ax

T dr

cos? ax

1 sinax

cosdar  2acoslar | 2a

T dr T ar

1 m
—1n|tan(—+

sindax + C

1
= —tanax—l— —1n|cosa:c| +C

4

2 ax
——cot —+ < In|sin—|+ C
co e n|s1n2|

— cos ax a 2

1
= —tan——l—C
1+ cosax a 2

2
—tan—x+—21n|cosﬂ|+0
a 2

1
= 5 tan"!(v/2cot azx) + C

/
/
=
/
=
= e g O
[
|
e
/5
| =

1
=——cotax +C
a
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492

dx 1 ax 1 ax

449. /7:__ jaz 1 gar
? 0 —cosar? ~ 2272 " 7 +¢

dx 1 ax 1 ax

4 ./7:—t Y tanr
50 (T cosar? ~ 2a ™03 Tgg 0 5 T¢

;tanl< a_ﬁtanﬂ> +0,
451. /dix: a\/aZ — 32 a+ 2

a + Bcos ax 1 . VB+a++/B—atan %

a2 —a? |VB+a—/B—atan G

dx oz f dx
452. / B _E_E/ﬁ—l-acosa:c

@+ Gosaz

+C,

dxr

a? > 3?

a? < 32

dz asinax e
453. /(a—l—ﬁcosam)Q - a(3? - a?)(a+ Beosax) (2 —a? / o+ feosax’

454 / dx B 1 tan—1 o tan ax ‘C
: O[2+62COSQCLZC o a/a1/a2+62 1/0[2_’_62
1 I atanaz ‘C
—————tan _— ,
w5 [ aafo? = 2 N
a? — 32 cos® ax 1 In atanar — /(2 — o?
2a04/3%2 —a? |atanax + /(2 — a?

d (=2 qz ¢ -2
456. / T sec ax tan ax n n /sec"*Q wrde+C
cos™ ax (n—1)a n—1

‘Integrals containing both sine and cosine functions ‘

1
457. /sin ar cosar dr = %a sin az + C
a

458. /,dix:—lln|cotax|+0
sin ax cos ax a
. _ cos(a—b)x cos(a+b)x
459. /sma:ccosb:cd:c—— 3a—1h) — 2at0) +C, a#b
. . in(a —b)x  sin(a + b)x
460. / b d :sm(a B
60 sin ax sin bx dx 2a—1b) 2a+0) +C
_ sin(a —b)z  sin(a+ b)x
461. /cosaxcosb:cd:c- 20 —b) + 2a+b) +C
- n+1
462. /sin" azcosardr = o % L ¢
(n+1)a
n+1
463. /cos”a:csinaxd:c:—u—l-c
(n+1)a
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464.

465.

466.

467.

468.

469.

470.

471.

472.

473.

474.

475.

476.

477.

478.

479.

480.

=r
|
|
A
|
/
/
/5
=
| S
/
/
/5
e
fo
Je
/

d
sinaz dx 1n|seca:c|+C
COS T
d
s ar ey 1n|sma:c|+C
sin ax
rsinardr 1 [a®z®  a®2® 24727 221 (220 — 1), a2 20t
== + + T +C
cosar  a?| 3 5 105 (2n+1)!
T cos ax dr 1 alz®  a®xd 22nB o2 tig2ntl
= — \|lar— — — —— — . — _...+C
sin ax a? 9 225 (2n +1)!
CoS ax d:c 1 ar a3z 22np @2 12—l ‘C
xsinax ar 2 135 (2n — 1)(2n)!
sin ax n adx3 n 2a°z° T 221 (22 — 1)9B,,a?n " 121 I
= ax e P
Z oS a:c 9 75 (2n —1)(2n)!
sin? az 1
5 = - tan ar —x+C
cos ax
cos? az . 1
=——cotax —z+C
sin? ax a
1 1 1
rsin” iy dr = —xtanar + — In|cosax| — x> + C
cos? ax a a? 2
1 1 1
© cos” 4z = —~zcotaz + —21n|sinax|——x2+0
sin? ax a a 2
OSAT 4 hl |sinaz|+ C
sin ax
1 1
s1n3a:c = —tan®az + — In|cosaz| + C
cos® ax 2a a
1 1
cos’ T dx = —— cot?ax — = In|sinaxz| + C
sin® ax 2a a
1
(azx + b) sin(ax + B) de = gcos(b—ﬁ) - 4—sin(2ax+b+6) +C
a
1
(az + b) cos(ax + B) dz ; sin(b — ) — ™ cos(2ax +b+ p) +C
a
1
s(ax + b) cos(ax + () dx = gcos(b—ﬁ) + 4—sin(2a:c+b+6) +C
a
x  sin2ax n sin2br  sin2(a —b)z  sin2(a+ b)z e
sin? azcos?brdr — 4 4 8a 8b 16(a —b) 16(a + b)
r  sindax c
8 32a ’
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494

481. 1n|tana:c|+C

sin ax cos ax

482.

sin? ax cos az asinaxr

483.

sin ax 0052 ar a acos ax

2cos2
__2cos a:c+c

sin? ax 0052 ax a

484.

111 CLCC SlIl CLCC

485.

1n|tan(7+ )|+C

Ccos axr a

| s
| S
| S
/5
/:
/5
7. | S . T
/
/
/
/
/

1
486, [ory,_cosar Ly, g
sin ax a a 2
. cos%—l—s%n% LC
cos ax 1+smax) 2a(1 + sinax) cos %G — sin %F
1 ax
488. —sec? Dy “mftan Ty O
sin ax 1+cosax) da 2 +2a ntan 2 I+
4 =1 = __/7
89. sin ax a—i—ﬁsmam) aq n|tan | o+ fBsinax
1 T I6] o+ fBsinax
490. = 1 t (— —) —Zln|———=|| +C
cos ax a—l—ﬁsma:c — 2 n|tan 4+ 2 a | cosaz T p#a
1 « ax B . a+ [fcosax
491. = —1 — |+ ZIn|———7=
9 sin ax a—i—ﬁcosa:c) a2 -2 a n|tan2|+a n| sin ax | +¢ p#a
1 B
492. = —nftan (T + %) |- /7
cos ax a—i—ﬁcosa:c) ac n|tan 4+ | o+ fBceosax
2 + (a — ) tan % 25 82 42
tan™! Gl il + C, @ >26 17 2
av—R v—R R=p3"+7 -«
1 7= VR + (a— ) tan &
In +C, a? < 2 +42
aVR |y + VR + (o — p) tan &
dx
493. / . _
o+ Beosax + ysinax %1n’6+~ytan— a=p
1 cos % + sin &F
—In C, a=v
ap ’(5+7)C05— + (v = B)sin 4
1
aln|1+tan%|+0, a=pF=y
dx 1 ar =
494./ = mnjtan (Z 2T 10
sinazr £ cosax  /2a ntan 2 8 I+
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495.

496.

497.

498.

499.

500.

501.

502.

503.

504.

505.

506.

507.

508.

509.

510.

/
/
/
/
/

/

sinax dx

sin ax + cos ax

cos ax dx

sin ax + cos ax

sin ax dx

o+ fBsinax

==+

;:Fln|sina:c:|:cosa:c| +C

x

2

cosax dx 1

a+ Bsinaz  af

sin ax cos ax dx

1

a?cos?ax + [Paxr  2a(B? — a?)

dx

1
+ —In|sinazz + cosazx|+ C
2a
1 .
= —In|a+ @sinaz|+ C
af

In|a+ Bsinaz| + C

In|o?cos® ax 4+ B sin® ax| + C, [ #a

1
= tan™! (2 tan a:c) +C

a?sin?az + 2 cos2ax  aaf

B

dx 1 atanaxr — 3
3 S = n +C
a?sin® ax — 32 cos?2ax  2aaf  |atanaz + (3
sin” ax tan"t! az
cos("t2 gy (n+1)a
cos™ ax p cot™ D) gz
= o Ar
sin(™*+2) gz (n+1a
dx azx I6]
= + In|Gsinazr + acosax|+ C
ot Bsin ax a2+ 5% ala? + (?) 15 |
coS arT
dx azx I6]
= — In|asinax + B cosax|+ C
a + geosaz a2+ 5% ala®+ 3?) | p |
sin ax
cos™ cot(=1)
— Oy = 2 70T /cot("*Q) ar dx
sin” ax (n—1)a
sin” ax tan™ ! az / sin" 2 ax
€r = — dCC
cos™ ax (n—1)a cos" 2 ax
sin ax d 1 " x4+ O
—————dx = —sec"ax
cos(+1) gz na

asinx + fcosx
vysinz + dcosx

a+ fBsinx
a -+ bcosx

_ [(ay+ B0 + (B — ay) In|ysine + 6 cosa]

= ¢
~2 52
2 a b n “+
%tanfl tan — — =1 |a bcos:c|+C,
2 — b a n “+
%tanh 1 tan___l |a bCOS$|+C,
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1 1 a
511 dCC 7 mtan (ﬂtanx> +C, CL>b
) a2 —b2cos?x 1
- bzlﬂﬂ tanh (ﬁ tanx) + C, b>a

dx 1 b
12. / _ (b
> (acosz +bsinz)? a4 b2 o\TTRE g +C

a(acos? x4+ 2bcosx + ¢)

Vb2 —ac

>+C, b2 > ac, a <0

(acost + 2bcosz + ¢)

\/ — ac

513. / sinz dr ! Lgm
Vacos?

+C, V> >ac, a>0
x4+ 2bcosx + ¢ Va )

Vi

Va

Va(acos?x +2bcosz + c)
Vac—b?

\/ a(asin®x + 2bsinz + ¢)

)—i—C, b2 <ac, a>0

+C, V> >ac, a<0

Vb2 —ac

514 cosx dx —_— a(asin® z + 2bsinx + ¢)
. = sin

\/asin2x+2bsin:c+c %

+C, b*>ac, a>0

b2 —ac

[
[
|
|

1 B \/a(asin2x+2bsin:c+c)
NG Vac—b?

+C, V¥*<ac, a>0

‘Integrals containing tan ax, cot ax, secax, cscax ‘

Write integrals in terms of sinaz and cosaz and see previous listings.
‘Integrals containing inverse trigonmetric functions ‘

515. /sinflEd:c:xsinflf—i-\/aQ—:cQ—i-C
a a

516. /cosflzd:c::ccosflz—\/a2—:c2+C
a a
517. /tanflgd:c:xtanflg—gln|x2+a2|+c
o518. /cotflgd:c:xcotfl§+gln|x2+a2|+0
. :csecflz—aln|x+\/x2—a2|+0, 0<sec'Z<r/2
519. /secfl—d:c: g
@ rsec ' = faln|z+ Va2 —a2+C, T/2<secTlE <
a
. :ccscflE+aln|x+\/x2—a2|+0, 0<csc™'Z<m/2
520. /cscfl—d:c: g
a rese 'S —aln|z 4+ Va2 — a2+ C, —m/2 <ceseTPE <O
a
2 2
521. /:csinflgd:c: (%—%) 71{—1— x\/a2—x2+C
T 2 a?
522. xcos ~ —dr= CREY ———x\/a2—:c2+C
a
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523.

524.

525.

526.

527.

528.

529.

530.

531.

532.

533.

534.

535.

536.

537.

8
-
I
=

8
Q
o)
-+

A
I
<y
8
I

8
03]
o)
a
|
QU
8
|

8
(]
Q
o}
“
R

I
&
S

\

[
8
Q
o}
»n

[N
|
—

<y
8
I

8
-
QO
=
-
SIS

wl

(™)

1
d:c— —cot L

8
Q
o
c—f
,_.

1
—a3 sec”

3

—a%sec™
3

T°sec” d:c =

1
—z°csc”

/:c2 cse™ d:c =3
3

(2 + a?) cot

t
o
=
I

\\\\T\\\\
E.
|)—'
3y
I
[
&OJ
g

1

1
71§d:c: §(x2+a2)tan7 g—gln|x2+a2|+c

Iy % 40
a 2

2?2 —a?+C, T/2<secTlE <

Va2 —a2+C, 0<cscti<m/2

1
2
1
{xQSeclx Va2 —a2+C, 0<sec tZ</2
_ a

Z 2+Fln|x +a*|+C

3
+g:c —%1n|a2+:c2|+0

3
——Ex\/xQ—QQ—a—ln|:c+\/:c2—a2|+0,

6 6

3
—+Z:c x? — a2+%1n|x+\/:c2—a2|+c,

3

+66ch x? — a2+%1n|x+\/x2—a2|+c,
3

- %x\/xQ—QQ—a—ln|:c+\/:c2—a2|+0,

—x°csc”
3 6
[osmt 2=t o () 4 s (5) e
2o TTa 233\ T2as55\a) T2467.7
1 1 T 1
—cos —dr=_—-Inlz|+— [ —sin" —dz
T 2
1 1 T 1 /z\3 1 /z\> 1 /x\7
T A RLILE
/xtan a®’ 32 \a 52 \a 72 \a totC
1 1
/—cotflgd:c:—1n|x|—/—tan*1—d:c
T a T
/1sec1 d In|z|+ — + L (;C)3 L3 (x)B-l- L3
- “dr=—-ln|z - -
x 2-3-3 2-4-5-5\a 2:4-6
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Va2 —a?+C, —m/2 <cese L <0

—1
0<sec™ Z <7/2

1z

/2 <secT'Z <

-1z
0<ecsc ' £ <m/2

-1z
—m/2 <cscTHE <0
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538.

539.

540.

541.

542.

543.

544.

545

546

a
T 1 2% + a?
—tan ' Zdr=——tan"'Z — —1 +C
/2 n x n 5 n| . |
1z 1z 1 1
—cot™ —dr=——cot” —+ — [ —tan" —dz
2a
1 1
1 " ——secflz—l-—\/:cQ—aQ—l—C, 0<sec™'Z<rm/2
/—sec1 dr = L a - ar
z? a Lt Ym0 1z
——sec  — ——vaz2—-a?+C, /2 <secT I <m
i o
1 ——cscflz——\/:cQ—CLQ—l-C, 0<ecsc 2 <m/2
/—cscflxd:c: T @ alzc
2
v @ ——esc ' I Va2 —a2+C, —m/2 <esc 'L <0
x a azx

. /Sinf1 v/ T = (a4 z)tan™! L Vaz+C
a+x a
1 x 4 ]z
. cos dxr = (2a + z) tan — —V2azx+C
a+x 2a

‘Integrals containing the exponential function ‘

547

548.

549.

550.

551.

552.

553.

1
. /eamd:c:—e‘””—i-c
a

1
/xe‘”d = (E——2> e +C
a a
22 2
/x%‘”%l:c-(x———f —3> w4+
a a
/xneamd‘r:_xneam_n/ nfleamd‘r
a a
1 e azx (ax)?  (ax)3
/Ee d:c:ln|x|+1.1!+ 5 ol + 53] +---4+C
1 1 a 1
_ amd J— ax amd
/:c"e * (n—l)x"fle —i_n—l/:cnfl6 *

e 1
7d :_1 ax
/a—i—ﬁe‘” x o5 nla+ e+ C
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asin bz — bcos bz

554 s

xsinb:cd:c—( )e‘””—i—C

a? + b?

556

. /ea
555. /e‘””cosb:cd:c: (QCOSb:C+bSIHb:C> e +C
. /ea

Tsin"™ br dx = asinbz — nbcos b e* sin™ b + M e* sin" 2 bz dx
a? 4+ n?b? a? 4+ n?b?

b bsinb —1)p?
557. /e‘”” cos” bx dx = (acos 2:6_:_ szm :c) e*® cos™ L bx + %/e“ cos" 2 bx dz
a2 +n a?2+n

Another way to express the above integrals is to define

Cn = / e cos" br dr and S, = / e® sin™ br dr, then one can write the reduction formulas

_acosbr +nbsinbxr ., .4 n(n —1)b?
C, = PR e*” cos" " bx + PEpI Ch_2
asinbr — nbcosbr ., . .1 n(n —1)b?
S, = s e sin™ " b + PrE—Tc Sn—2
—bla2 + b2 2 12V 2 1 B2
558. /xe“sinb:cd:c: ([2ab b(a* + b*)z] cosb(:c;i—lab(;d);i-b Jr—a*+b ]smb:c) o 4 O
a
2 32\ 2 32 2 P2V ;
559. /xe‘””cosb:cd:c: ([a(a +b0)r—a*+0b ]Eozlf;;)[f(a + b%)z — 2ab) smb:c) T L O
a
1 1 1
560. /e‘”lnxd:c: —elnx — —/—e‘”” dz
a al x
asinh bx — b cosh bz
. axr .3 — axr b
561 /e sinh bz dx [ (a—0)(atb) ] e’ 4+ C, a #
562. /e‘”” sinhaz dz = —e20® — = +C
4a 2
a cosh bx — bsinh bx
. axr — axr b
563 /e cosh bz dx [ CEDICED) ] e 4+ C, a #
1
564. /e‘”” cosh ax dr = 562‘” + ; +C
d 1
565- /r;eang—aln|a+6€am|+c
dx T 1 1
. B T ar| 4 o
566 /(MWW S+ e — par ke e+
1 «
——tan! —e" | +C, >0
567 dCC aVaﬁ o (\/;‘5 ) aﬁ
- preny e B e\ /hla

+ C, af <0

2av=aB "|e= 1V /a
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a? + 4b% — a? cos(2bx) — 2absin(2bx)
2a(a? + 4b?

568. /e‘” sin® bz dx = ( ) e +C

a? + 4b% + a? cos(2bx) + 2absin(2bx)
2a(a? + 4b?

569. /e‘” cos? bx dx = ( ) e +C

‘Integrals containing the logarithmic function ‘

570. /1nxd:c::cln|:c|+0

1 1
571. /xlnxd:c:§x21n|x|—1x2+c

1
572. /x"ln:cd:c: " —— "M x|+ O, n#£ -1
n+1

(n+1)?

573. /ilnxd:c: %(1n|x|)2+0

574. / 9@ o)+ C
rlnz

575. /%1nxd:c:—l—lln|x|+c
x r oz

576. /(1n|x|)2d:c:x(ln|x|)2—2xln|x|+2x+c
1 n 1 n

577. /;(mm) dz = —— (Inf2]) Lo n#£-1

578. /(1n|x|)"d:c:x(1n|x|)"—n/(ln|x|)"7ld:c

579. /1n|x2+a2|d:c:xln|x2+a2|—2:c+2atanflz+c
a

580. /1n|$2—a2|d$:xln|x2—a2|—2x+aln|zi—2|+c
2 2 _ 2
581. /(aerb)ln(ﬁxJFV)dfC:B (ax+b)2a52(b6 @) 111(51“4-7)_;ﬁ(ﬂx‘FV)Q_%(bﬁ—a”Y)x—i-C

582. /(111@:0)2 dz = z(Inax)* — 2zlnax + 2z + C

‘Integrals containing the hyperbolic function sinh ax

1
583. /sinha:c dr = — coshax +C
a
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584.

585.

586.

587.

588.

589.

590.

591.

592.

593.

594.

595.

596.

597.

598.

599.

600.

/
/-
/

/—smha:cd:c— ar +

1 1
z sinh ax dx = —xz coshax — — sinhazxz + C
a

2

2
z*sinhax dx = (:c_ + —3>
a a

a2

2
cosh ax — —f sinhaz + C
a

1 n _
z"sinhazr dx = =2" coshax — = | "' cosh azx dz
a a

(az)?
3-3!

+

(az)?
45!

40

1 1 1
/—QSinha:cd:c:——sinha:c—l-a/—coshaxd:c
T T T

I

/
/
/

/
/
| s
| s
| i
/
/
/

—nsinha:cd:c: —(

inh 1
Sih ar + a / cosh ax dx
xnfl

n—1z""1 n-1

dx 1 ax
= ~In|tanh —
sinhaxr a n|tan 2|+C
xdx 1 (ax)? 5 2(2%" — 1)8B,, @*" Tlg?n Tl
- I S 1 e (—=1)"
e [a:c 13 + frac?(ax)°1800 + - - - + (—1) @n+ 1)
o 1. 1
sinh” ax dr = —x sinh2ax — —x + C
2a 2
n 1 n—1 n—1 c oy n—2
sinh” ax dr = — sinh ax cosh ax — sinh ax dx
na n
sinh? az d L sinh 2 L cosh 2 L e
rsinh® ax dr = —x sinh 2ax — — ar — -
4a 8a? 4
1
= ——cothazr + C
sinh? ax a
1 1
1nh3 = —%csch az cothax — % In | tanh %| +C
d 1 1
T _Zicothaz + — In|sinhaz|+ C
sinh? ax a a
sinh az sinh bz d L inh(a+b)2 — — - sinh(a — ba + C
inh ax sinh bz :c—2(a+b)s1n a T 2(a—b)sm a x
1 . .
sinh ax sin bz dr = ——— [a cosh ax sin bz — bsinh ax cosbz] + C
CL2 +b2
1 . .
sinh ax cos br dx = ——— [a cosh ax cos bz + bsinh ax sinbz] + C
CL2 + b2
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601 / da 1 | ra-veER|
. N = n
a+ fBsinhar /a2 4+ 32 |Ber + a+ /a2 + 32
602. / dt’c _ -0 cosh. ax n « / d:?
(a4 Bsinhaz)?  a(a?+ F?) a+ Bsinhaxr o2+ 52 ) o+ Bsinhax

1 - <1/52_a2tanha:c> e # > o2
dz aay/[? — a? a
603. /— =

2 2 inh2 B
o? + (3% sinh” ax 1 In a+y/a? — 2 tanh ax el B < a?
2aa4/a? — 32 |a— +/a? — 2 tanhax
d 1 2 2 tanh
604. / :c. . Iy | Ve + (2% tanh ax L
a? — B2sinh“ar  2a0y/a? + 32 a— /a2 + 32 tanhaz
‘Integrals containing the hyperbolic function cosh ax ‘
1
605. /cosh ardr = —sinhax +C
a
1 1
606. /:ccosh ar dr = —xsinhaxr — — coshazx + C
a a
9 2 22 2 .
607. z“ coshar dx = - coshar + [ — + — sinhax + C
a a a
n 1 n 3 n n—1
608. z" coshardr = —x" sinhar — — [ z sinh ax dx
a a
1 (ar)®>  (az)* (ax)b
609. /Ecoshaxd:czlnm—l- 5 o] + ol + Gl +---4C
1 1 1.
610. / — cosh ax dr = —— cosh ax + a/ — sinh az dz
T T T
1 1 h inh
611. /—coshaxd:c:— o’ 7ax a4 /sm 7a:c dz, n>1
" n—1 gn-1 n—1 gn—1
d 2
612. / 2t 4O
coshar «a
dxr 1 [a?222  a*z*  5ab2S ¢, a2nt22n+2
613. /"’“ -1 - U AU i S BV
coshar a? | 2 8 * 144 +oet (=) (2n+2) - (2n)! * *

1 1
614. /cosh2 ar dr = 5:0 + 3 sinh ax cosh ax + C

1 —1
615. /cosh" ar dx = — cosh™ ! azx sinh azx + n / cosh” 2 az dx

na n

1 1 1
616. /xcosh2 azx dr = ~x% + —x sinh 2ax — — cosh 2az + C
4 4a 8a?
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d 1
617. /*ﬁ:—tanha:c—i-c
cosh®azx @
d 1
618. /% = —xtanhazr — — In|coshaz| + C
cosh®az @ a
619. / dicl _ 1 xsinljchx n— 2/ ; dz
cosh"ax  (n—1)acosh" tar n—1J cosh" “ax, n>1
620. /cosh az cosh bx dx = ! sinh(a — b)x + ! sinh(a +b)xz 4+ C
2(a—b) 2(a+10)
1
621. cosh ax sinbr dr = ——— [asinhax sin bz — bcosh ax cosbz] + C
a? + b2
622. /cosh az cosbr de = poa [a sinh az cos bx + b cosh ax sinbx] + C
a
2 ﬁe‘” + «
tan 2> a?
623, [ & _JVvIoo e ’
) /a—l—ﬁcosha:c_ 1 | Be o — \J/aZ — 32 o P < a?
n , o'
a /02_62 Beam+a+ / 62
d 1
624. /7:6 = —tanhaz + C
14 coshaxr a
625. /i = Etanhﬂ—zln|coshﬂ|+c
1+ coshaxr a 2 a? 2
d 1
626. /7:” — ——coth = 4+ C
—1+ cosh ax a 2

dx B (G sinh ax « dx
627. / (o + Beoshaz)?  a(B? — a?)(a+ Beoshaz) (2 — a2 / a + (B cosh ax

1 1 atanhazr + v/« 52 25 2
n C, Q@
628 /d—sc ) 2aav/a? =32  |atanhaz — /a2 —
a? — 32 cosh? az -1 _, atanhaz el a? < 52

tan
aay/ (3% — a2 \/ 32— a2
dxr 1 atanh ax
629. / _ fanh ! [ LfMLAT ) o
o2+ B2cosh’ax  aar/a+ 32 " Va2 + 32

‘Integrals containing the hyperbolic functions sinh ax and cosh ax

1
630. /sinh ax cosh ax dx = % sinh? ax + C
a

631. /sinh az cosh bx dx = cosh(a + b)x + cosh(a — b)z + C

1 1
2(a+0b) 2(a — b)
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632.

633.

634.

635.

636.

637.

638.

639.

640.

641.

642.

643.

644.

645.

646.

647.

648.

/
/
/
/
/
| S ot
e
| i
/
/
/-
| i
| v
| s
J i
| S
| St

1 1
sinh? az cosh? az dz = —— sinh 4az — —x + C
32a 8

1
sinh” az cosh ax de = ————sinh" " az + C, n# —1
(n+1)a
1
cosh™ az sinh ax de = ———— cosh" ™ ax 4+ C, n# -1
(n+1)a
h
sin g 1n | coshaz| 4+ C
cosh a:c
h
ORLAT hl |sinh az| + C
sinh a:c
1 tanh
sinh ax cosh az n|tanhaz| +C
x sinh a:c 1 [a®2®  db2® 22n(22n _ )8, g2 T1g2ntl
== - +o (=) ( ) ' +- | +C
cosh ax a 3 15 (2n+1)!
x cosh az 1 n ar®  a’ad b (c1)n PALD n ‘C
— Naz _ ce (= e
sinh az T a2 9 225 (2n+1)!
h? 1
sin 2@:0 de =z — —tanha:c+C
cosh” ax
h? 1
032ax —x——cothax—l-C
sinh” az
h? 1 1 1
1n2 iy dx = —2* — —ztanhazr + — In|coshaz| + C
cosh” ax 2 a a?
h? 1 1 1
82 9% 4z = =22 — ~zcothaz + — In|sinhax| + C
sinh? az 2 a a?
sinh ax adz? 227(22" — 1)B,,a*" " tp?n 1
= ar — ceed (=11 n 4
cosh a:c - 9 oot (=D (2n —1)(2n)! e
cosh ax 1 ar a3z n + (=1 22np @2 12—l n ‘C
sinh a:c ar 3 135 (2n — 1)(2n)!
h? 1
sin 3 “a - 1n | cosh az| — — tanh? az 4 C
cosh a:c a 2a
h’ 1
oS 4T - 1n |sinhax| — — coth® az + C
sinh® a:c a 2a

sinh az cosh? ax

—sechax + —

lntanh—| +C

Appendix C



649.

650.

651.

652.

653.

654.

655.

656.

657.

658. / bcosh ax

/.

| e
/
/
| S
/
/
/
=

sinh? azx cosh ax

1
= ——tan

a

sinh? ax cosh2 ar

sinh? a:c

cosh ax

2
cosh a:c

sinh ax

1

a

1
= —sinhaxr — — tan™

1
= —coshazx + —
a

coshax (1 + smh ax)

sinh az ( cosh axr + 1)

sinh az ( cosh ar — 1)

a

1 ’1+sinha:c
= —In|l—
2a

a
In|tanh —
an| an 5

1
= —— In| tanh E| —
2a 2

cosh ax

2
= ——cothaz +C
a
Y(sinhaz) + C

1n|tanh%|+0

1

a

X
| +

a 8 |
smha:c T a2- 32 - a2 — ) In |3sinh az + o coshaz| + C
cosh ar
dCC oar 6 .
+5cosha:c TRy + (a2 = 7 In |asinh ax + B coshaz| 4+ C
sinh ax
1 _1 | beosh az + csinh ax ) )
de . bQ—CQSeC [ T ]—l—C, b > ¢
+csinhaz - _1 | beosh az + ¢sinh ax}
———csch ! +C, b2 < o2
avc? —b? [ 2 _p?

1
~!(sinhax) — —cschaz + C
a

1

2a(cosh ax + 1)

1

2a(coshax — 1)

+ Ztan"te®™ 4+ C

+C

+C

‘Integrals containing the hyperbolic functions tanh ax, cothax, sechax, cschax

Express integrals in terms of sinhaz and cosh az and see previous listings.

‘Integrals containing inverse hyperbolic functions ‘

659.

660.

661.

662.

663.

/smh 1y —dx = xsinh™ 1
a

— S Y —

cosh™! z dr = {
a

tanh™ 1z

coth™ 1z

sech ~

T cosh

x cosh

—Vz24+a2+C

d:c—:ctanh 1——1— 1n|a

—dz =z coth™ 1—+ 1n|x
a

T
L2 de =
a

xsech 7!

xsech 7!

Appendix C

Yx/a) — Va2 —a2,  cosh™(z/a) >0
71(:0/@)—1— 22— a2, cosh™'(z/a) <0
2 _ ZC2| + C
2 _ CL2| 4 C
g—i-asin*lg—l-C, sech ~Y(z/a) > 0
g —asinflg—l-c, sech ~(z/a) < 0
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664.

665.

666.

667.

668.

669.

670.

671.

672.

673.

674.

675.

676.

(=]
~J
a

678.

679.

— S S S S S S S S S S~

x x x
esch 1= da = zesch ' =+ asinh =, + for z >0 and — for z <0
a a a

2 2
1
zsinh~! L dz = (:c_ + %) sinh~' L — Z:cx\/ 22+a2+C
a

a

1 1
—(22% — a®) cosh™! L CaVE—a+ c,
zcosh™t L dy = ‘11 ;L 411
“ Z(sz —a?)cosh™' = + Zx\/m_i_ c,
a
1
ctanh ' L gy = 22 + = (2% — a?) tanh ™! T LC
a 2 2 a
1
zcoth™ = dz = %+§(:c2—a2)coth '“ 40
a
1
“22sech 712 — Zav/a2 — 22,
xsech 7' = dx = a

2

cosh™(z/a) > 0

cosh™(z/a) < 0

sech ~1(x/a) > 0

sech ~1(x/a) < 0

1
xcschflgd:c: §$2C8Ch71§ + g\/x2+a2+0, + for z >0 and — for 2 <0

1 1
2?sinh ! L dz = gzc?’ sinh ™ Z 4 5(2a2 —2HVa2 4 a2+ C

a

8
N
—+
&
=]
=
—

a

(™)
—

8
Q
o
&+
=

6

a

1
cosh™ < — —(2* 4+ 2a*)V22 — a2 + C,
a

a

1z 1 3 dx

1
z?sech -2 dr = =z3sech 1= — =
a 3

T
z2csch 12 dx =
a

., -1
z"sinh™ " — dx =
a
1
2" cosh™ " —dx =
a

2™ tanh ™! z dr =
a

1 4 _1x a z2dx
—z%csch ™" — + = | ——
t a 3 A /CC2 + CL2
1 o g1 T 1 2" dx
+1 n+1) Va2 —a2
2"t cosh™! r_ 1 / il
n-+1 a n+1 V2 — a2’
a™*leosh™t L 4 ! e
n-+1 a n+1 V2 — a2’
. " tanp 1 E - 2 / e da
n+1 a n+1 a2 —z2

a 3 ‘/CC2+CL2

1 1
1T =202 4 gzc?’ tanh™! < + Eag In|a? — 2%+ C

1 1
Tdr =222+ Za3coth™ < + Za3In |22 —a?| + C
a 6 3 a 6

Appendix C
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cosh™(z/a) > 0
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n+1
680. /x coth™ L dz = Heotht L - 2 /:c dz
a n+ a n+1) a? — 22
1 T a " dx
" lsech 71 4 sech ~Y(z/a) > 0
/a2 _ 32’
681. /x"sechflgd:c: n—li-l ;L nzl an;
a n+1 1T -1
il sech i) T sech ~'(z/a) <0
" iz, 1 1z a " dx
682. /x csch Edm_n—l-l csch Ein—l-l Nl + for z >0, — for z <0
r  (z/a)? 1~3(:c/a)5 1-3-5(x/a)”
a 233V 2445 za677 T
1 1 T 1 2z (a/z)?  1-3(a/z)* 1-3-5(a/x)8
683. /Esmh —dx = 2(111|a|> 503 T 5144 5166, 6+ +C,
1 -2z \> (a/z)? 1-3(a/x)* 1-3-5(a/z)°
_2 (1 _ .
2(“' a |> 922 Ta4d  2a666  TE
684 /ICOSh 12y = \ |2x| 2+ (a/2)” | 1-3a/s)!  1-3- S(Q/x)ﬁ—l- +C
. - r==4|=(In|]— .
T 2 a 2-2-2 2-4-4-4 2-4-6-6-6
+ for cosh™!(x/a) > 0, — for cosh™*(z/a) <0
1 3 5
685. /—tanhflgd:c:EJr(x/a) +(x/a) +4C
T a a 32 52
686. /—coth 124 :E—i-l(:cQ—aQ)coth 2 4+cC
a 2 2
1 4 2 1. 4
) L) ey Z @l L8@aT Lo seeh i (a/a)
L _ 2 T 2:2-2 2-4-4-4
687 sech dr =
’ ‘ 11 |a|1 | |+ (z/a) +1-3(x/a)4+ sech ~1(z/a)
— n J— —_— .. x a
: wof Tt
1 T 4a r/a 1-3(x/a
T2 m 2 _ .
n| |n|x|—l-2.2.2 2.4.4.4—1- +C, 0<z<a
1 z (z/a)*  1-3(x/a)*
688. /—csch Sdr =4 21125 m =~ _ _
z a Il - st s a<e<0
a (a/z)® 1-3(a/z)’
+2.3.3 2.4.5.5—1- + C, x| > a
‘Integrals evaluated by reduction formula ‘
1 —1
689. If Sn:/sin":cd:c, then Sn:——sinnflxcosx—l-n—Sn,g
n n
1 —1
690. If Cn:/cos":cd:c, then C,, = —sinxcos"*1x+n Ch_2
n
—1
691. If In:/sm @ dx, then I, = ——sin" L az + I,
cosa (n—1)a
1
692. If In:/cos ar dr, then I,=———cos" taz+ I,_o
sin ax (n—1)a
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693. Ifs, = /xm sinnzdz and C,, = /xm cos nx dr, then

-1 1
S = —ax™ cosnx + ECm,l and Cp, = —x™sinnr — ESm,l
n n n n
694. If, = /tanxd:c, and I,, = /tan":cd:c, then I, = tan” tx — I, o, n=234,...
.n « n—1
695. If I, = / S0 9 ge, then I, = — 2% 47,
cos ax (n—1)a
n n—1
696. If I, = / 8 A% gp, then I, = <2 2T 1.,
sin ax (n—1)a
697. Ifr1,,,= /sin":ccosm:cd:c, then
-1 n—1
Inm = e sin® 'z cos™t x4+ — mIn727m
1 . n—+m-+ 2
In,m :n 1 sm"Jrl CCCOSm+1 x + ni—}-l n+2,m
1 . _ m—1
In,m :n m sin" "z cos™ ! + Tl—l-—mjn’m+2
-1 . n—+m-+2
nm =g sin” ™z cos™ Tz + T lmm
-1 . n—1
In,m :m ) sin™ ! xCOSerl x + m——l-ljn727m+2
1 . _ m—1
In,m :n 1 sin™ !z cos™ ! + n——l-ljn+2’m72

698. Ifs, = /e‘”” sin” bz dz and C,, = [ e cos™ bx dz, then

ez m1 a cos bx + nbsin bx n(n —1)b?
Cp =e** cos bx [ oS pURTS Ch_o
_ ar s on—1 asinbxr — nbcosnx n(n —1)b?
S, =e** sin ax [ PR ] PR Sn_2
1
699. Ifr, = /xm(ln:c)" dz, then I, = m—me+1 (Inz)™ — —mi 1In,1

‘Integrals involving Bessel functions ‘

700. /Jl(:c) de = —Jo(z)+ C
701. /le(x) dx = —zJo(x) + / Jo(x) dx

702. /x"Jl(:c) dx = —z"Jo(z) + n/x"ilJo(:c) dz
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703. /Jlf) da = —Jl(x)—l—/Jo(x) d

704. /x"Ju,l(x) de = 2"J,(z) +C

705. /x*”JUH(x) dr =z7"J,(x)+C

706. / J;(f) da = %iﬁfﬁ) + = / i‘jl(i) dx

707. /xJO(x) dr =zJi(z) + C

708. / 22Jo(z) dz = 22 T (x) + 2o ) — / Jo(x) dz

709. /x"JO(x) de = 2" Ji(z) + (n — 12" Jo(z) — (n —1)? / "2 Jo(x) dz
710, [ DG A [
711. /Jn+1(x) dx = /J,H(x) dx — 2J,(z)

712. / 2 Jn(az)Jn(Bz) dz = ﬁ [, (az)Jn(Bz) — B, (Ba)Jn(az)] + C

713. If Lpn = /men(x) dr, m > —n, then
Iy = =2 Jp_1(@)+ (m4+n—1) 110

714. If 1,0 = /x"JO(:c) dz, then I,0 = 2" Ji(z) + (n — 12" 'Jy(x) — (n — 1)*I,,_20 Note that

Jo(z) dz cannot be given in closed form.

Lig= /xJO(:c) dr = xJi(z) + C and Ip; = /Jl(x) dr = —Jo(x) + C Note also that the integral
Io,o :/
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Definite integrals

General integration properties

1. If dF—()_f( then/ f(z)de = F(z)|" = F(b) — F(a)
2.
b
/ flx)dx = hm f( ) dx / flx)dz = lim f( ) dx
b b—e
3. If f(x) has a singular point at z = b, then / f(z)dx = 113(1)/ f(z)dz
b b
4. If f(z) has a singular point at z = a, then / f(z)dz = lim f(z)dz
a a-+e - -
9. If f(x) has a singular point at 2 = ¢, a < ¢ < b, then / f(z)dx :/ f(z)dx + f(z)dx
a a c+te
6.
b b
/ cf(x)dz :c/ f(z)dz, ¢ constant b a
. ‘ [ r@as=- [ rw)ds
[ 1@z = ’ . ;
’, : [ r@ar=[ @+ [ sa)ds
/ f(x)d:c:/ fb—z)dx N N ¢
0 0
7. Mean value theorems
b
/ f@)de =f(c)(b—a), a<c<b
b
/f x)dr =f( )/ gx)dz, g(x) >0, a<ec<b
b ¢ b
f dr = f d f dx = f(b d
| @) dn = ) [ gte) ds / @o(w)dr = 1) | g(w)da
a<&<b a<n<b
The last mean value theorem requires that f(z) be monotone increasing and nonnegative
throughout the interval (a,b)
8. Numerical integration

Divide the interval (a,b) into n equal parts by defining a step size h = 2=2.

Two numerical integration schemes are

(a) Trapezoidal rule with global error

(b) Simpson’s 1/3 rule with global error

/f

b
[ #rde =3 fGan) + 2f0) + 26w +

[f(xo) +4f(x1) +2f(w2) +4f(x3) +2f(xa) +

Appendix C

— o g2 pr(€) for a < € < b.

- 2f(xn—1) + f(zn)]

oyt p) (¢) for a < € < b.

A 2f(wp_2) + 4f (Tn1) + fzn)]



ol1

nL L
9. If f(x) is periodic with period L, then f(z+L) = f(z) for all x and / f(z)dr = n/ f(z)dz,
0 0

for integer values of n.

10.

/Oxdsc/oxdsc---/oxd:cf(:c)_

n integration signs

1 ¢ n—1
_1)!/0 (x —w)" " f(u)du

‘ Integrals containing algebraic terms ‘

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.
21.
22.

23.

24.

1
/ ™ N1 —2)" " Vdr = B(m,n) =
0

/ol =i [NHQ

/1 dz B T
o (1—a2)n/2 " 2psin I

dxr T

o B—az \Jal-2) BB-)

/lxp—:cp dx T ian T ip| <
v D iants
0o T1l—z7 9 & 2q 2q’ pi=4

Ly 4 07P da T pT
————— — = -sec—, |[p[<q
0o Ti+z79 x 2q 2q

1 p—1_ ,1-p
T T T pT
T =% r=ZctZ, 0<p<2
/0 1-22 T2 P

@ T
/0 \/a2—:c2_§
/ Va2 —x2dx = %CLQ

0
/Oo de  w
x2+a2 T 2a

O<ax<l

1+:c = snar’
o 1 [e%
+x s
—_——dx =

J,
/ T sinam
J
J, i

O<ax<l

* g™mdx m

1—|—,§C2 ——sec B)

T oot &F
— = cot ——
1—:02 2 2
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25.
26.

27.

28.

29.
30.

31.

32.

J
J

J
J

J,
J

0

J

*  dx T T
= —cot —
1—2a2n n n

dxr

(a?2? + ) (2% + b?) -

dx

T 1

%c—i—ab

1

@+ )+ 27)

dx

T
- 2ab(a+b)

T 1

(a2 = a?)(a? + %)

z2dx

3

2p a? + p?

p

@ =)&)

z2dx

2a? +

s

(x2 +a2)(x2 +b2)(:c2 +02) -

* Vrdr 7

1+22 /2

> zdx B
1 +z)1+22)

s

4

‘ Integrals containing trigonometric terms

33.

34.

35.

36.

37.
38.

39.

40.

41.

J

J
.
[
I
[
[
[
/

Lsin~'2

dxr :—1112

™/2 tan~! (2 tanf) df

tan 0

T
sin?zdr = =
4

T b
=—In|l+ -
2n| +a|

a—l—bcos:c a2 —

CC cos“"

sin? zcos? x dx =

s
1+tan T 4

cos pb cos qf df) = {

Appendix C

2(a+b)(b+c)(c+a)

m>0,n>0



42.

43.

44.

45.
46.

47.

48.

49.

50.

51.

52.
53.

54.

55.

56.

57.

513

0 P#q
/ sinpfsingfdd = ¢ ©
3 =
0, p+q even
0 0do = 2
/ sin p# cos q %, 0 odd
pT—q
/ xzdx 2
2 —cos?zx QQW
/ o
+bcos:c T Va2 — b2
0 do 2
/ sin = Ztanh la
1—2acosf+a2 a
sin 260 df 2 9
==-(1+d*tanh ta—=
/ 1—2acosf + a2 a2( + a”) tan a--
T
—1In(1 +a), <1
/ rsinz dx a n(1+a) |al
1
—2acos:c+a2 mln (1—1—5), la] > 1
waP )
/ COSpodG 1—@2, a” <1
1-— 2acos€+a2 Ta~P ,
21 a®>1
waP
/ cos p df m[(p-l- H—(p- 1)a2], a2 <1
(1 —2acosf + a? - ra~—P
! W[(l—p)-l-(l—i-p)aQ], 2> 1
waP
| o ST [P D)+ 2+ -2’ + o= - 1e], e <1
(1 —2acosf + a? - ra~—P
P e e mne - 2 -pe e pe s Qepl o], 0t
/ - 21a
a—i—bsm:c 27 (a2 —b2)3/2
/ - 2w
a—i-bsmzc T VaZ — 12
/ - 2
a—i—bcos:c Nz
/ - 21a
a—i—bsm:c 27 (a2 —b2)3/2
/ - 21a
a+bcos:c)2 T (a2 — b2)3/2
/ L g 0, m#mn, m,n integers
Sl —— dxr =
L %a m=n

Appendix C



514

 sin % dr =0 for all integer m, n values

58.

m#mn
, m=n%#0

nmwT
co —dx =
L

59.

™~ o= O

m=n=20

™ dx T sinmf

60.

1+2xcosfB+x2 sinmr sinf

/2, a>0
0, a=0
—7/2, a<0
0, a>p3>0

[
[
I
I
62. / ML jy— Y wj2, 0<a<s
Ix
I
J
N

sin Oé.’,E

61.

/4, a=0>0

e O<a<
63. smozxsmﬁx do— 2 B
7, azp>0
64 sin? az TQ
65. 1—cosax :C:B
2
Cos T _pa
66- :C2+a2 %6
67. / x sin ax d _ T —aa
o x(x?+a?) T
> sinx T
. de = —————
08 / o T AT (p)sin(pr/2)
69. / cos:cd I
o wr "7 20(p)cos(pn/2)

70. /°° N7 =T
0 2

71. ‘/()Oo(smid:c—L(l—eM)

00 1.2
72. / S
0 2

00 i3
rg. [T, i
0 8

74. /°° T gy T
0
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b2

,/— (cos— —sm—)
2a a
b2

— (cos— +s1n—>
\/ a a

83.

sin bz (p +:c2) %sinhbp’

* cos ax 7 cosh ap

84.

* sinax m sinhap

85.

Csinar wdr 7 sinh ap

86.

cos b (p +x2) ~ 2pcoshbp’

cos bz (p +x2) ﬁcoshbp’

+ 2a)

a<b

a<b

a<b

a<b

75. / sin az? cos 2bx dx = %
1
76. / cos az? cos 2bx dx = 5
7. / _
x4+ 2a2:c2 cos2B+a*  4a3cosf3
a? T T
78. / cos ( ) dzr = TCOS(Z
2
79. / sm( ¢ ) d:c—\/—_ (4
* tanbx dz
. = tanh b
80. [ S = T iy
rtanbrxdr w w
8]_- / D +,§C2 —§—§tanhbp
82 / zceotbrdr w T othh
) P 2tz 2 P
/ sin ax 7 sinh ap

7. / cosar xwdr  mcoshap
smb:c (p +:c2) 2 sinhbp’

cosbz (#2+p?) 2 coshbp’

a<b

‘ Integrals containing exponential and logarithmic terms

88. /1 My gy ™

1+x 12

1 Init 2

89. / rE
0 <1—:c> "7

m
90. / o) d:c_ﬁ

2
91. / In(l+z),
0 X 12

Appendix C
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1
92. / Mdm:_ﬁ
0

x 6
! In 2 a
2 z — - - —
93. /O(ax —i—b:c—i—c)l_xd:c—(a—l—b—i-c) 5 (a+D) 1
L' In2
4. / L dr= —1In2
9 i z=3
95 /1 i(l l)%fld fi(l L)(Q )2n B
)y (T=2)(1 —aPp) Nz T p2r i ot
1 .m _ ..n
96. [ T e |
o Inz 1+n
n! .
1)t n an integer
97 /lxp(lnx)"d:c— ( )(p+1)"+1 °
0 (—1)"%, n noninteger
p
/4 T
98. / In(1 + tanz) dx = gln2
0
71’/2 1
99. / Insing df = — In(=)
) 2 M5
™ /a2 1 b2
100. / In(a + bcosz)dr = wln w
0
2m
101. / In(a 4+ bcosz)de = 2 ln|a + vV a? — b?|
0
2m
102. / In(a 4+ bsinz) dz = 2iln |a + vV a? — b?|
0
103. / e “Wdxr = —
0 a
104, ["anererar = HED
0 a™
e 1 1 1
105. / —ate? gy — = __TI(=
05 ; e z=3 N3 5 (2)
> n_ —a xz F(T+1)
106. /0 z"e dz = ST
107. /0 e “cosbrdr = a2—clL-b2
108. / e “sinbrdr = — b
0 + 02

Appendix C
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»Sin b:c 1 b
=tan = —

109.

110.

d:c—ln—
a

VT 4 /aa2
2a

ax

111.

cosbr dx =

7(aac +b/x2) dx 1 2672\/5
“2Va

2n =Bz (2n—1)(2n—3)~~~5~3~1 m
2n+16n 6

k(Z+5) d:c:\/—_

x

112.

113.

72kb/a

114. =
\/_
sinrz dx T sin(arsin 8+ 26) g, cos
= — —_ e
z(z* + 20222 cos 28 + a*)  2a* sin 23

115.

cosre dx 7w sin(B+ arsing) _,, cos 3
e

116.

zt + 20222 cos28 + a*  2a® sin 23

fe
/=
e
I8
5
/e
s
/
a7, [t
s
/
| =
/=
fe
fe
/e
5

I _—ar _ —ar/2 M
(25 + a%) 6ab 3—e 2e CcOoS 5
cosrx dx ™ arv3 27
_ " —ar __ —ar/2 “n
118. el le 2¢ cos( 5 T3 )]
sin Ttz dx
119. [ S —n
_ ,—pT 1 p2+b2
120. c brdr=~1n |22
0 — cosbxdx 2nq2+b2
121. smb:cd:c—tan 1%—tan %
122. 2 SIPT — Sin gz de = tant 2 —tan—1 2
a b
123. « COS P — COS g do — lln az—l-a
T 2 a’+p
124. e sinax dx = %Ee*‘fﬂl

2
125. 22e~ cosaz dx = \/T; (1 — a_) e—a’/4

Appendix C
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126. / 23" sinax do = ﬁ (3a — a_) —a®/4
) 4
127. / zte™" cosax da = \/—_ (3 3a% + ) —a*/4
0 8 4
© /lnz \° 9
128. de=m
0 .':C—l
129. / % = g(acosbr—l-bsinbr) e
> sinrz dx T . Car
130. / FCEDETE = @) [a — (cosbr — bsinbr) e "]
131 /OO cosrzdr m _,, b
. - 7@_())24_@2 = —e “cosbr
132 /Oo sinredr 7 —ar gnh
. ,Oo(x—b)Q—l-aQ_ae in br
133. / e~ cos2nz dr = Jre ™
oo pfll _ 2
134. / % r = szm cotpr, 0<p<1
0
135. / e *Inxdr=—y
0
136. / eflenxd:c:—\/T%(”y+2ln2)
0
137. ( )
* xdx 2
138. / vdr T
38 o e“—1 6
dx
1 / vdr ™
39. i

‘ Integrals containing hyperbolic terms ‘

h(mInz) s mm
14 / sin ) o = T tan T |
0. smh Inx) * 2 tan 2’ Im <

141. /de ™ tanh(T%
0

sinh bx 2h 2b )

142. / cos ax _ T L Ta
coshi bz 00 = ek (5p)

Appendix C
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144.

145.

146.

147.

148.

T dr T

sinhax  4a?

*° ginh px T ™
T = — tan(—), <
/ sinh qx 2q ( 2q ) Ipl <q
* cosh ax — cosh bx cos &
/ - dz = In 2|, —m<b<a<m
0 sinh 7z 08 5
[ P
sinh px T sin q 9 9
- cosmx dr = — , > 0,p° <
/ sinh gx 2q cos 7L 4 cosh T* 4 p=d
* sinhpx | J o sin % sinh 5%
sinmz dr = —
/ cosh qx q cos m + cosh =%
> cosh pz o cos gq cosh 5%
cosmzdr = — = o
cosh qx q cos % + cosh 2%

‘ Miscellaneous Integrals ‘

149.

150.

151.

152.

153.

154.

155.

156.

A

| en-evae-r

/7T cos(ng — rsing) de = Jp(x)
0

L(m)I'(n)

‘/7(1(@ =+ x)ﬂl*l(al — x)n*l dr = (2@)m+n71 F(m + TL)

If f/(x) is continuous and / T f@) = floo) dr converges, then
1

€T

/°° flaz) - f(bx) . _ [£(0) — f(c0)] In 2
0 z ¢

If f(z) = f(—=) so that f(z) is an even function, then

/Ooof(x—i> d:c_/ooof(x)d:c

Elliptic integral of the first kind

0
do
/—:F(o,k), 0<k<l1
0 v1—k2sin?6

Elliptic integral of the second kind

0
/ V1 —k2sin?60df = E(0, k)
0

Elliptic integral of the third kind

0
/ d0 =T11(0, k,n)
0 (14 mnsin?0)v/1 — k2sin® 6

Appendix C
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Appendix D
Solutions to Selected Problems

Chapter 1

> 1-1.
(a) (0) (c)
AUB={z| -2<z<T7} AUB={z|-2<z<T7} AUB={z|z<4}
ANB={z|2<z<4} ANB=10 ANB={z|-5<xz <3}
> 1-2.

&

B

& >

B @ | @
> 1-5. (a) AU(ANB)=(ANU)U(ANB) and use distributive law to write

(ANU)U(ANB) = AN(UUB) = ANU = A
» 1-8.

(a) S, bounded above £.u.b. = 4, S. bounded below g.£.b = —4
(b) S, bounded above f.u.b. = 3, Sy is not bounded below

(¢) S. bounded above f.u.b. = 25, S. bounded below g.£.b=0
(d) S4 is not bounded above, S. bounded below g.0.b. = 27

Solutions Chapter 1
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> 1-9
(@) y-1=-2z-2)
() y—1=—3(z-2)
» 1-10.

(a) y=-(3/M)x+7/4, m=-3/4, b=T/4
(¢c)  Polar form of 3z + 4y = 7 is rcos(6 — B) = d, where d = 7/5 and tan g = 4/3

> 1-12.
(b) x# a, x #b, x#c
(¢c) r>0
(d 2°4+1>0 = z>-1
» 1-13.

(a) Ay (c) AY

© 1y (e)

> 1-15.

Solutions Chapter 1
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@ © ®
» 1-16.
» 1-18.
> 1-21.
:Vf(m)
> 1-22.
h 2 .2
@ ST () fe) =W

» 1-24. (d) fl(z)=2"—4

» 1-26. \ f /

> 1-27.

Solutions Chapter 1

Copyright 2012 J.H. Heinbockel. All rights reserved
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» 1-31 (a) e~ (b) €°
>134. (Jy=-2 @) y=3r (©y=cr Oy=Tn @y=2z (O
» 1-37. (b)) y—4= _21(55—3)

» 1-38. (¢) Multiply numerator and denominator by vz + h + vz and simplify.

(d) 2z
1
€ !
» 1-39. (¢) Limit does not exist.

Sin(1/x)

(e) Limit does not exist.
All other limits have finite values.

> 1-41. (a) 4
(¢) Multiply numerator and denominator by (1 + cosh)
(e) 1
> 1-42 L
o 2\/x

» 1-43. (a) sinz oscﬂlates between -1 and +1.
(b)
(c) Put in form szf

sin(+) oscillates between -1 and +1.

» 1-44. (d) 3y—dr=1

Solutions Chapter 1



524

1 < 1
(I4+p)™  1+np
(d) Show (1+p)" >1+np and 1 +np — oo as n — oo

» 1-45. (b) Show (1+p)" >1+np and

» 1-47.  (c) Let the point (3/2,9/4) approach the point (1,1), then secant line ap-
proaches the tangent line.
(d)y—1=2(x-1)

» 1-48. (d) Complete the square y* —6y+9+12z—-3-9= 0 and then simplify to obtain
(y — 3)* = —12(x — 1) From this equation show the focus is at (-2,3), the vertex is at
(1,3), the directrix is the line » = 4 ant the latus rectum is 12.

» 1-49. (d) Complete the square on the » and y terms to obtain
25(y* — 6y +9) + 16(z* — 4z +4) = 689 — 4(25) — 4(16) = 400

which simplifies to
(y—3)? (z-2)°
z e !
representing an ellipse. Here the foci are at (5,3) and (-1,3), the directrices are at
r = 31/3 and = = —19/3, the latus rectum is 32/5, the eccentricity is 3/5 and the

center is (2,3).

» 1-50. (d) Complete the square (2 — 2z + 1) — 4(y* — 8y + 16) = 67 + 1 — 64 = 4 which
simplifies to
(-1 (y—4)? _

22 12 =1

which is a hyperbola centered at (1,4). The foci are at (1-2+v/5,4) and (1+2+v/5,4), the
verticies are at (-1,0) and (3,0, the directrices are at 2 =1 —+/5 and = = 1 + /5, the

eccentricity is % and the asymptotic lines are y —4 = L (z—1) and y —4 = $(z — 1).

» 1-51.  If yiine = Yparavoia, then = + b= 2/ so that = must satisfy 22 + 2xb +b? = 42 or
2%+ (2b — 4)z + b* = 0. This is quadratic equation with roots

4 —2bE /(26— 4)2 — 4p?
- 2

x

The discriminant is /(2b — 4)2 — 4b2 = /16(1 — b) which tells one that
b= 1, one point of intersection
b < 1, two points of intersection

b > 1, no points of intersection

Solutions Chapter 1



» 1-52.

» 1-53.

then

> 1-54.

> 1-57.

» 1-58.

> 1-59.

» 1-60.

> 1-62.

a+¢ = a(cos® O + sin® ) + c(sin? @ + cos? §) = a + ¢

Rotate axes m/4 radians and show that for = = :E% - g%
TYy—=———"—=a
V=79 7
(z+1)* =y
9

(a) line z =3 (c) circle (z —2)? +y? = 22

925

and y =z

S
+
Nd|
-

(a) parabola opens to right e < < 2r —¢  (c) ellipse centered at (2,0)
intersecting z-axis at (-2,0) and (6,0).

a) parabola opens upward Z +e <6< 3 —¢  (c) ellipse centered at (1,0)
2 2

intersecting z-axis at (3,0) and (-1,0).

y=3and z = -2

Solutions Chapter 1
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> 2-1.

Chapter 2

(b) y—4=4(x - 2) (¢) y—4=—4(z+2)

(d) dy b+ 2ax
dr  (az? +bx + c)?
dy

(h) i 32z + 1)%(2)(32* — 2)? + (22 + 1)*2(32* — x)(6x — 1)

which can also be expressed in the form

> 2-4.

» 2-10.

Z—i =223z — 1)(1 + 22)%(—=1 4 = + 2127)

d_y — __1 i d_y — d_y _ l L

dy NZ3 1 dy  x(32* - 2x) 3
O ="trrtamary Wa=gvm—e TV¥-®

dy —x
CEE

(T+22)32 /1 - 5L

dy . :

(g) 0 6 cos(30) sin(360) = 3 sin(66)

dy a— 2bx
K Y __

(k) dx V1= (ax — ba?)?
d 1 1
) & =014 ) 07 <? - %)
. —2x
() vy = :
(1+22)2 /5
(k) o = (b + 2cz) sec[ln(a + bx + cx?)] tan[ln(a + bx + cx?)]

v= a+ bx + cz?

f_ T o, 3x? —y+ 6xy + 3y , yav?
(e)y_y2—2 (J)y_:v—3x2—6xy—3y2 (l)y_m
(d)y = \/1215—554 (g)y = \/%+sin_l x (j) ' = (cos(3z))* (In | cos 3z| — 3z tan(3x))

!/ xT €z 3 / — T
(d) Yy =3+ <—3+x +ln(3—|—x)> (1) Yy =2"(1+Inz)

, 6z cos(4x) sin®(4z)

(1) y = + y/sin® (42)
sin® (42)
,  —2ax ; 3 _ 3
(b) v= 3\/12— a2zt (h) v= V3r—1V/1+3z V922 — 1
, 3
==

Solutions Chapter 2
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flxo + Az) — f(x0)

» 2-11. lim let z =29 + Az

Az—0 Az ’
3x cosx
> 2-13. d)y = —— +V4+3sinz
( ) Y 2y/4 4+ 3sinzx
v 9z cos® n 3cosx 3rsinz
4(4+3sinz)3/2 /A +3sinz 24+ 3sinx

;L ab — x?
(©) v = e —ap
w_ _ 2(a?b + ab(b — 3x) + z?)
(a —z)%(x —b)?

> 2-14.

dy
dyde _dy _ dy _ dt
dedt  dt  dw  do
dt

d _d (dy dx_ded:E

Note that p <%> = <%> = = TeE

so differentiating the above with respect to t gives

2 d’ dy d?
dy &’z d’y <d:v> Py Py @ aar

dy

drdlZ a2 \dat) T de  daz (2’

(b)

.., dx dy

=4cost y=4sint with — = —4sint —
x cost y sint wit i sin L
2

d? d
dT;E = —4cost dTy = —4sint

2
dy  4cost x d?y  —4sint — (—z/y)(—4sint) y? + 22
) _

= 4cost and

so that —= = =—"and —= = —
r  —4sint Yy dx? (—4sint)? y3

Another method. 2% +y* =16 so that 22 +2yy' =0 = ¢ = —z/y
2., ,2
and 242y +2(y)* =0 = 3’ = _r *;y
Yy

, 142z
x4 a2

> 2-15. () v =z +221n(3x) (h) y cos(z?) — 2z In(x + ?) sin(z?)

1 32 3sin(z?)
2-16. ‘= - h) o' = 22 cos(a®) In(2*) + ——
> (e) Y (1+22)3/2  (1+22)5/2 ( ) Y z cos(z”) In(z”) + .
> 2-17.  (e)
y' = — 6 cos(3x) sin(3x)
y" = — 18 cos?(3x) 4 18sin*(3x)

Solutions Chapter 2
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» 2-18. (b) y =cosz so that m =cos § = 5 and therefore
1 1 T

(y——):\/—i(fﬂ—z)

—z.s
-5,
-7 fs
1o

> 2-21. , , ,
f”(:c) :%li%f (v + })l_f (z)
f(@+h) - f(z)

but f(x) = lim

h—0 h
f(z+2R)— f(m+h) (f(w+h)—f(w)>
h h

therefor, () = lim 12
— h
(2 _ [z +2h) 2};;(:5 +h) + fx)

» 2-22. (b) ¥y = (f;ﬁ critical points at z = £1

(e) local maximums at x = (2n + 1)7/2

local minimums at z = (2n + 3)7/2 where n is an integer.
» 2-23.  (d) Critical points at z = +1 and curve symmetric about origin.

» 2-26. Let 2+ y = ¢ with z used for square and y used for triangle, then area of
square is A, = (z/4)(z/4) = 2?/16 and the area of the triangle is A, = %sin%(y/B)Q.

The sum of these areas can be expressed

Show z = 4v/3 and y = 9 when A is a minimum.

Solutions Chapter 2
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» 2-28.  (c) If f/(2) = 2(z — 1)*(z — 3)?, then
f(z) =3z(z—1)*(x -3 +2z(z— 1) (z -3 + (2 — 1)*(x —3)® = (x — 1)(z — 3)*(62% — 132 +3)
f(x)=0at =0, z=1 and z = 3, these are the critical values.
At =0, f"(z) = (-1)%(-3)> <0 = f(z) is local maximum.
At z =1, (1) = 0, second derivative test fails, so use the first derivative test
using the values » =1/2,2=1 and z = 3/2.
At z=1/2, f(1/2) < 0 negative slope
At z =1, f/(1) =0 zero slope
At z =3/2, f(3/2) < 0 negative slope
Hence, the point where z =1 corresponds to a point of inflection.
At » =3, f’(3) = 0 second derivative test again fails, so use first derivative test
with z =2.5,2 =3 and = = 3.5. One finds
f'(2.5) < 0 negative slope
f'(3) =0 zero slope
f'(3.5) > 0 positive slope

so that x = 3 corresponds to a local minimum.

Ina
> 2-29. (b)) e (d) 1/2 (9) b
» 2-30. >
x
» 2-33.  (c)
a2
@ B " Hx2 _(:E2+y2)3/2 72 +y2
dr /22 + 2 Pu Pu —xy
ou y Oxdy Oydr (a2 +y2)3/2

oy /2t 42 Pu_ 1
y? /22 + y23/2 2+ 2

Solutions Chapter 2
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> 2-35.
(a) De*™ =ae*”
D2 T :a2€aw
D" e =a"e*”
() D(a®) =D(e*™%) =1Inaa®
D?*(a") =(Ina)?a*
D"(a*) =(Ina)" a”
(¢) D(lnz) zi
D?*(Inz) :;—21
AT
priing) ~EDEDD o Cnt ) - )
(d) D(z") =nz"1
D?*(z™) =n(n — 1)2" 2
D?*(z™) =n(n — 1)(n — 2)z" 3
D™ (z") =n(n—-1)(n—2)---(n—(m—1))z""™, m<n
or one can write D™ (2") = o f!m)'x"‘m, m<n

(e) D(sinz) = cosx =sin(z + E)

2
2/ . . . ™
D*(sinx) = —sinx :sm(x—{—ZE)
D3(sinz) = — cosz =sin(z + 3 g)

D"(sinx) =sin(z +n g)

Solutions Chapter 2
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> 2-35. -
(f) Df(cosx) = —sinx =cos(z + 5)
D?*(cosz) = — cosx = cos(z + 2 g)
D?(cosz) = sinz =cos(z + 3 g)
D" (cosz) =cos(z +n g)
(g) Express problem so that the results from parts (e) and (f) can be employed.
Use sin®z = 1 sinz — 1 sin(3x), then

3 3

D(sin® ) :ZD(sinx) 1 sin(3z + g)
3 32

D?(sin® ) :ZDQ(sin x) — T sin(3z + 2 g)

n

3 3

D" (sin® z) :ZDn(sinx) vy sin(3x +n g) or
3 n

D™ (sin® ) =1 sin(z +n g) -7 sin(3z +n g)

» 2-40. v=1t3—6t2+11t —t and a = 3t*> — 12t + 11
) d
Hint: Show v = 2> = (¢t — 1)(t — 2)(t — 3)

dt
d d 1 du u du
2-42. —|ul= —Vu?2 =)V u— = ——
> d$|u| d:z\/u_ 2(u) Yz |u| dx
> 2-44.
(a) Iny=Ina+zlnfB = Y=max+b whereY =Iny, m=Inf3, b=Iha

(b) Iny=Ina+phr = Y =pX+b whereY =lny, X =lnz, b=1Ina

Solutions Chapter 2
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> 2-45.
2
—C— ax
Let y = yla) =& ~(o = o) + (=5 o)
Z—i =2 [az® + b*(z — o) + a(c + byy)] =0 at the point where
(a® +b*)x — b*xo + ac + abyy =0
. b*xg—ac— abyg
or r=uza"= T
b 2
Show that y,.im = y(z*) = smin’® = (e +Z2x?£2 Yo) and that
S - |c + azg + byo|
min \/m
dy
» 2-46. Chain rule differentiation requires dyde _ dy or dy _

de df ~— df ~ dx 4z

» 2-50. Cone with maximum volume has base radius r = %R and height » = 3R.
» 2-53. A square with side v2R.

» 2-56.

> 2-60. (a)

» 2-65. By the law of cosines ¢2 = 72 + s — 2rscoswt. Differentiate this relation and

show
ds . wr? cos wt sin wt
— = —wrsinwt —
dt s — rcoswt
From the law of cosines show s — rcoswt = vV £2 — r2sin? wt

Solutions Chapter 2
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Chapter 3

3-1. (a) %x3+2x2 +a+Cor g2z +1)3+C
—csc(t) + C

)
() —icos?z+Cy or sin®z+ Cy

3-2.  (a) & 10 sin®(2t) + sin*(2t) 4 4 sin®(2t) 4 8 sin?(2t) 4 8sin(2t) + C; or 7652 + sin(2t)]° + Cs
(€) 1z +C

() —gcos(Bz+1)+C

3-3. (a) 3tan(3z+4)+C (c) $sec(3z+4)+C (e) #In|sin(32?%)| + C
3-4. (a) $sin'(2?)+C (c) —V1—2a2 (e) % sinh(z?)+C

3-5. ((1) — m + C (C) — % COth(3$ + 1) + C (6) % (317 + 1)2 —

3-6. (a) —L+4+5z4+ma+C (c) 2¢v/t+at + 2bt3/% + C (e) 35(a+ bu?)Va + bu?
3-7. (a) & Area under parabola

b) 2 Area under sine curve

(
(c) $BH Area of triangle

3-8. (a) Let u=3x+1=tanf with du = 3dx = sec’ 0 df

1 1 1 V1 2 1
then—/csc@d@z——ln|csc€+cot9|:——1n U + —
3 3 3 U U

= —%ln|1+\/1+u2| +%1nu+0 where v =3z + 1
3-9. Two functions with the same derivative differ by some constant value.
3-10. Use table III with appropriate scaling.

3-11. (a) Injlz—3|+In|z—2|+Injlz—-1]+C

(c) tan™ x+ln(x+ ) +1In(z*>+1)+C
1 1

Solutions Chapter 3
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» 3-12. (a) dy =z dzx /y dy:/x:vd:v = y—3:1(:£2—1) Ol"yzlb’EQ%-§
. . ) 2 2" T3
(¢) dy = sin(3z) dx /1y dy = %/0 sin(3x)3dr = y—1= %[1 — cos(3x)]
ory=—-— lcos(3:v)
3 3 y | e )
(e) dy = sin?(3z) dx /1 dy = 5/0 sin?(3z)3der — y—1= 5[655 — sin(6z)]
ory=1-— lx - isim(6:£)
2 12

» 3-13. (b)z—tan 'z +C (d) z—

1 1 1
pora —2In(z+1)+C (f) Elnx—aln(x—a)%—c

> 3-14.

1
(b) b a@—a + (a_b)Q[ln(x—b)—ln(x—a)]+C’

In(2? — b?)  In(z —a) a i /x
W Spr—any T @z e ™ (5)+¢

(f) GQ%bQ [%tan_l (3)+ étan_l (%)] +C

62

4

> 3-15. (b) 1 (d) (f) 100v15

1 1 1
» 3-16. (b) (2°—22+2)e"+C (d) i(sinx—cos x)e®+C  (f) §secxtan:£+§ln|secx+tanx|+0

axr 2 2

1
> 3-17. (a)m(asinbx—bcosbx)+0 (c)g—%—gln(x%—l)%—%ln(x%—l)%—c (e) e—2

> 3-18.  (a) /0 F(z) da

5
» 3-19. A:/_l[(4y—1)—(y2—6)]dy, — A=36

» 3-21. (a) Use symmetry to find

4
area ABH = area BCD :/ (Vy+4—/4d—y)dy= ?;)—2(\/5—1)
0

1
» 3-23. (d) —g(a2—x2)3/2+0 (e) 2z —2zxInz + z(lnz)?> + C  (f) <§_ai> e+ C

> 3-24. (a) t+2+VE+4-3+C (d) %tan_1x+0 () 11—8[1n(x_1) (e + 1))+ C

(a+x)y/b%— (a+x)?

» 3-25. (a) 2In(1+v2)+C  (f) —a\/b? — (z + a)2+(b—a?) tan™ !
b2 — a? — 2ax — 2?2

+C

Solutions Chapter 3



» 3-26. (c) 2/x —2In(1 +x)+C (f) % (\/:E — 224 (22— 1)sin~! \/5> +C
> 3-27. (¢) (2% +1)e” (d) V1 —2a2 <gx - i:ﬁ) + gsim_1 x+C

64
» 3-28. Surface S = 57 and volume V = 572
»3-29. (D)a=1

» 3-32. (b)arc lengths =16

» 3-35. (i) Surface area S = 28:;/577 (ii) volume V = 127

» 3-36. (i) Surface area S = 217 [ (145)%/2 — (10) 3/2} (ii) Volume vV = gw

> 3-37. () % ) % (©) %
> 338 ()2  (f) %mz

» 3-39. The area of three sides need to be calculated. Call these surface areas S;, 55
and S5. Show S = S; + Sy + S5 = 11V27 + 9vV2r + 207

27 T 27 T
> 3-44. (a) A :/ rdf (b) A= 277/ xdx (c) A :/ / rdrdf
0 0 o Jo

» 3-45. The figure illustrated in the problem 3-45, without the axes, is known as the
symbol the Pythagoreans use to represent their society.
(a) Divide area into four symmetric parts and show the area of one of these parts

is A; = r? E—E and the total area is A = 44, = r? gw—ﬁ
°\e6 8 013 2

(b) Volume is given by V = o, r

12
1
» 3-47. (a) 80 (b) 8 (c) Z[a262 —b*c® — a?d?® + b2d?]

» 3-50. c=1(a+b)

Solutions Chapter 3
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» 3-52. The function f(z) is periodic so that

f@)=fle+T)=fle+2T) == fla+(m-1)T) = flz+T) = ---
Write
nT T 2T mT T
z:/O :/0 f(:v)da:Jr/T f(:v)d:f:+---+/(m_l)Tf(:v)der---+/(n_1)Tf(fv)de
orI=5%"_, (”;T_l)T f(z)dz Let x = u—+ (m—1)T with dz = du and note that when

x = (m—1)T, then u =0 and when z = mT, then v = T, so that

I:;ATf(u+(m—l)T)du:;/on(u)du:n/OTf(u)du

> 3-54.
. 1 m+1
(@) let u=e*, du=2¢** dz then interal has value L{ut3)™ +C
2 m+41
. . ut 4 u?
() let u=e", du=e”dr and show integral is / 5 du
u? +1
ut + u? 9  1-u . .
Show T ~1+u+u®+ ) and integral is
—u+u—2+u—3+t n~! —lln(l—{— Y+ C
B 3 a. u B u
. . 1
(c) let u=e* du=e"dr with integral g(u +1)P3+C
» 3-55. )
a
(@) =5z ;¢
ab  (a+Db)
b b b
() —%—WE—+(@+x+(a+b+C)lnx+C’
» 3-56.

(a) —z+In(l+z)+xzln(l4+2z2)+C

4
1 2
e S RIS B S
1 r—1

(b) Hint:

1
5 122+ 62 +42” + 32' + 24In(z — 1)] + C

(m+2)a+bm+1)—c 1
(c) mZ? + 3m + 2 (@+e™ +C

Solutions Chapter 3



» 3-58. Integrate term by term and show

.IQ $4 . me
Jo@) =1 = garmr + amg T ) i
3 5 2m—1
X X X X
J —Z 2 4 _Z 4.4 (=1
@) =5 = g T T T Y i — e
» 3-59. [, =2"¢e" —nl,_1, Iy = (2% — 423 + 1222 — 242 + 24) e”

» 3-60. Let u=a— 2, with du = —dz, then when z = 0,u = ¢« and when = = a,u = 0 so

that . . . .
/0 gla— ) dz = / g(u) (—du) = / g(u) du = / g(x) da

2T T 2T
» 3-65. Write / flz)dx = / f(z)dx +/ f(z)dz and in the second integral let
x = 2T —u with dx = —du, so that when v = T,u = T and when z = 27, v = 0, then use
f(2T — z) = f(x) and write

2T T 0 T T T
[ty = / F(€) de + /T F(2T — ) (—du) = / £(6) de + / f(u) du =2 / f(z) da

Note—Definite integrals have dummy variables of integration.

h
» 3-66. V :/ A(y) dy
0

> 3-67.

B dzx ’61 - if p<l1
© | G5 - |
o (B—1x) Doesn texist ifp>1

() /Oo dr il_lp if p>1
o (B+a)p Doesn’t exist if p<1
» 3-73.  Material removed is cylinder with spherical end caps of height h = r — 7
where ry = ry/1 — a2/4. Diameter of drill is ar implies radius of cylinder is ar/2.

Vo =volume sphere before drilling = %777“3

v, =volume of cylinder without spherical caps = w(%)Q(Qro)
Vo =volume of 2 spherical caps = 2 (%hQ(?}r - h))
=volume removed by drill = V; + V4

V, =Volume remaining after drilling = Vj — V5 =V — (Vi + Va)

Solutions Chapter 3
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Chapter 4
» 4-1. (a) 3/4 () 1 (e) 0O

»42. (@ -1/2 (d 0 (f) 0

s=% 2 gl
4—, = n:l m - @ @
> 4-3 nz:gr Frdri 4™ —
310_
(d) 4=—— = 118,096
1 — (.02)10°
-2 - 1.02041
(e) 1—.02 020
(55)
f) @2+ W)% = 6.37237
2+V2 1
7— 43 T 1
4-4. F = h = = — -1
> or Ss use r =3 and show S T 2(\/3 )
» 4-5. S3=0.83333... and S4 = 0.16666. . .

» 4-6. (b) Use ratio test and show convergence for |z| < 2
»4-7. (i) B(X)=) kpi=3
k=1

> 4-8. Sy = 211(7‘1‘{’7'2) r1=a’/b re=1/b
2

Show for a,b real and b > a? > 1, then series converges to ba—2 +
—Qa

Note if S =147 +r*+ ... converges, then

as 2 3 _ k-1 _ 4 -1 _ 1
=23 4t —Zkr = (=) BRI
a b
Consequently, one can show S = Tt a=r?
> 4-9. (b) gm—;<n—z‘n—l>
1 1 1 1 1 1 :
5_<I_§>+<§_§>+<§—Z>+---Wh1chconvergest05_1.

Solutions Chapter 4
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B n 121 1/2 ,
» 4-10. (d) un_(n+1)(n+2)(n+3)—n+1—n+2+n+3sothattheNthpartlal

sum can be written

5N + N2
Un =3 ttn =1
N Z“ 2(6 + 5N + N?)

.. . 1
Divide numerator and denominator by N? and show lim Uy = 5

— 00 1

» 4-11.  (d) If f(z) = L=, then fM z)de = [, =—dx
Let u = Inz with du = 1 dz and show fM r)dz = In[lnz]%, = In[InT] — In[ln M|
Show this result increases Wlthout bound as T — oo so the integral diverges and

series diverges.

1 1. : : :
> 4-12.  Let u, = —, where Z — s the p-series which converges p > 1 and diverges
n n

n=1
p < 1. Now select v, = n? f(n) and follow results for modification of a series.

. 1 1
» 4-13.  (d) Since 3n?+2n+1>n?, then ———— <— > and we know the p-series,
3n?+2n+1

with p = 2 converges.

4
: 1 : 1
414, (iv) D (—1)”“F = 0.945939 with error E < =1 = 0.0016

n=1

8
1 1

> (—1)"T= =0.94694 with error E| < o1 = 0000152416
’I’L

n=1

» 4-15. (A) converges slower than (B)

» 4-17. z,=xp, 11— 2>2—-—"-—  x9=2,...,24 = 2.61803

+£V5

Exact roots are z = 37 Convergence to desired root depends upon position

of initial guess.

» 4-18. Converges |z| < 1 and diverges for |z| > 1

o0 un
> 4-20. Assume Y u, converges by ratio test so that lim | = =p<1. Let v, = L
n—oo Up, n
n=1
and examine Zvn using the ratio test to show series diverges.
n=1

Solutions Chapter 4
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» 4-21. This is a telescoping series with

n—1

Sp = Z(UlH—l —Up) = (U1 = Uo) + (U = Uy) + (Us = Uz) + -+ + (Up — Up—1)
k=0

so that S, = U, — Uy = %n(n +1)(n+2)

Note that this result can be generalized. If one is given a U, and calculates the
N

N
difference AU, = Uy, — Uy, then one can write ZAUk - Z(UkH —Up) =Uni1 — Uy
k=1 k=1

What would ZAUk produce for the answer?

k=/{

> 4-22.

-T=lnfy) = ~(y= 1)+ 3l -1* -~ 30—+ 7y~ V' =y =1+
1 , 1 , 1 .
Error=E=E(y)=—-In(y) - |-y =D+ 54 -1)" -3 -1+ 2y 1)

Over the interval 1 <y < 2 the error curve is as illustrated —

» 4-23. (b) (c) (e) all converge

> 4-24.  (a) lim, oo Y/u, = lim, . = = 0 hence converges.

» 4-25.  (c) sin(r/3) = ¥ gives geometric series with sum 3 +2v/3

» 4-26. Use the nth term test — 0 and note (e) is a form of the harmonic series.
» 4-27.  (f) divergent

» 4-28. (f) o D2 1" divergent

» 4-29. (f) vn<nand o < 2. The series Y ‘/ﬁl can be compared with the
n=1

n24+1 n241" n2 +

o0
. 1
p-series E — to show absolute convergence.
n
n=1

Solutions Chapter 4



» 4-30. Use ratio test
» 4-33. Write (a+b)" = [a(1+b/a)]" =a"(1+b/a)" and let z = b/a and then examine the
series f(z) = (1+ x)". Here
flx) =r(1+ o)
£ (@) =r(r = (1422

F®(@) =r(r = 1)(r=2) (= (1= 1)1 +2)" "

This series has the power series expansion

f@)=1+a) =1+ <I>x+ <£>x2 + <;>x3 ++ R,

Using the Lagrange form of the remainder
_ ﬁ (n) _ (T n r—n
R, = oy " (0x) = <n>$ (14 6x)

where 0 < § < 1. For 0 <z <1 and n > r, then one can show (1 + 0z)"™ < 1 and
(7)a™ — 0 as n — oo The Lagrange form for the remainder doesn’t aid in the analysis
of the region —1 < 2z < 0 and so one can use the Cauchy form of the remainder to
analyze the remainder in this region.

The Cauchy form of the remainder is

r(r—1)(r—2)--(r—n+1)(1 -1z

R, = =) ( 1+ 0x) ) 0<f<1
If || < 1, then {=5% < 1 so that
(1— ) g 1
(1+6z)n=t. L™ (L0t

For —1 < 2 < 0 the term = K is some constant independent of the index n

1
0=
and the term

e (5 iz R (Y
(o)

So the binomial series converges as |R,| — 0 for |z| < 1

Therefore,
|Ry| < K|r|

|| =0 asn— oo

Solutions Chapter 4
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» 4-36. y1:a0+ﬁ:ag+ﬁHereQ1:a1$+1and
iy (ar+ D)D) —afay) 1
dx (1z +1)? [Q1(2)]?

» 4-41. For n,m integers and n # m

(sinnz, sinmz) = / sin nz sinmx dx = stnl(m — n)a] _ sin|(m + n)a] =0, m#n
0 2(m —mn) 2(m+n) |,
s L3 2 s
| sinnz ||*= (sinnz, sinnr) = /0 sin?(nz) de = g — 51n4nna: i = g

or || sinnz ||= \/g . The set of functions {\/g sin nx} is therefore an orthonormal set

with norm-squared equal to unity.

> 4-42.  (c)

L
(1,005@):/ cos 8 dz = 0
) L

L
. NI L nmax
(1,sin T) = sin —— drx =0
~L
(cos?,cosmgx):/Lcos$sin$dx:0, m#n

( nwx mwx) L nrg o omaro, oo
~ o) — y ——— 3 €r =
CO8 —7—, €08 — » CO8 —7— 08 —
(sin?,sin?) :/_Lsin?—$s1n$d:ﬂ:0 m#n
L1 =1]*=2L
(sin —nz$,sin _nzx) = || sin _nza: |°= L
nwx nmwx nTT o

Lo S s 2= T,

(cos 787 ) = || cos T I

L L
» 4-43. (e) (i) If f(z) is even, b, =0 and ag = l/ f@)dz, a,= z/ f(x) cos M
L/ L/ L

L
(ii) If f(z) is odd, a9 = a, =0 and b, = %/ f(2) sin?d:ﬂ
0

Solutions Chapter 4



» 4-44. Roots are (2,3) and (-1,1) ' L

Coe_kT |V% - 1—|
> 4-48. (a) C = m (C) kT = —1In OQ,_§
Co

» 4-53. y = \/sinz+y = 9? = sinz +y Differentiate this relation to obtain given

answer.

> 4-55. If €% = qg 4+ a1x + asa® + asz® + - - -, then its derivative is

xcosx[

e cosx — xsinz] = a; +2a2x+3a3x2 + dagxd + -

Show
3 5 7 1
ol 122 24 0 6, - 8
COSXT — I sIine 2:5 +24:E 720:5 +4480:E +

and substitute the top line equation and third line equation into the second line

equation to obtain
2 3 2 0 4 2
(a0 + a1z + aqx +---)(1—§x +ﬂ$ + 1) = a1+ 2a2x + 3azz” + - - -
Expanding the left-hand side of this equation gives

3 3
ap + a1z + (ag — 5%):52 + (as — §a1)x3 + - =ay + 2a27 + 3azr* + - -

Equate like powers of z to find a relation between the coefficients. Use top line

equation to show at » =0 that ap = 1 and from equating like powers of z one finds

ap =1, CL2:1/2, (13:—1/3, CL4:—11/24, etc

Solutions Chapter 4
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Chapter 5
4 av. o dr B odr dr  «
> 5-1 V= 37" dt dt’ o = dmry dt dt — 4dmrg
dp dp p dv
_ 14 _ ap 1.4 040V _ ap . pav
> 5-2 pU ¢ Y + p(l.4)v 7 0 or 0 1 oI
d
(a) L =-14La
(b) & =4
> 5-3
10’>|\ C+s 5 .o ds 22
. s I if 4 — 41t /s, then show T IE ft/s.
»54. (a)Let S =x—f>0and S, =y— f >0, then L L _ Lo
) ) . e—f+f y—f+r f
+ = — Simplify this expression and show f? =5,
S+ f  Sotf T plLy p 2 / 192
(b) Differentiate the lens law and show % = —% 7o
. . . . . A 2
» 5-5. Area of equilateral triangle with side = is A = g:ﬁ so that Cii_t = gx%

Now substitute z =z, and % =r,

> 5—6. p = poe_aoh
(a) ool = s/t [oo] =1/t "
(b) o =10 ft/s d_]Z = poe‘aoh(—aoa) Substitute for 42 and find the pressure

decreases with height.

> 5-7. y—yo = a(r—x0)* has the derivative Z—i = 2a(z—x9). When z = ¢, the slope of the
tangent is m = 2a(¢ —x0) and the equation of the tangent line is y—n = 2a(¢ —z¢)(z—£).
dé

. dé 2a
o _ de _ 020 0,8 o W 4> &S
Helzieetane m = 2a({—x0) and if £ =1/2cm/s, then sec edt 2a OF o = T
2a 1

or — = -
dt 1+ 402(& —x9)%2

dT To
5-8. — = — where ¢y = V,/Tp.
> I o Co 0/To
dP
> 5-9. E = CoTo where Co = P()/To.

Solutions Chapter 5
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» 5-10.
h =200 — 16t> ft
dh
dv  d*h 9

When h =0, then ¢t = v/210/4 and v = —80v2 ft/s

> 5-11.

(a) V= %777"3—%(27“—}1)2(7“%—@ = %(3rh2—h3) and (il_‘t/ —
(b) % = 30/(m 420)

dh dh .
%(37“ 2ha—3h2 E)’ ris a constant

» 5-12. (b —17)* + R? = »? Differentiate this relation and show

dR dh
Ra——(h—’f‘)a’r<h<2’r
dR dh

> 5-13.  (a) 1125/16 ft  (b) 50v3/2  (¢) 50v3/16  (d) 625v/3/8 (e) parabola

> 5-14. Z—Z: 1_5(2:5

» 5-15.  (a) M, =60 M, =44 i:%:%:& g:%:%:%
> 5-16. (b)f:%:%xo y:%:%g

> 5-17. (b)j:% g=3

> 5-18.  (c) 7= 2(32126)

» 5-19. j=4/3

> 5-20. (&) T—Topy = Toe ¥, T, constant  (b) T =100e~* (c) k= —21—0111(4/5) (d)
At = 201n(9/7)/In(5/4)

» 5-21. N = Nges»3

Solutions Chapter 5



> 5-22 .
(a) dV = 2nzh(z)dx :/ 2rzh(x) dz
(b) dA = h(x)dx A= /
(¢) dM =z dA = zh(z)dx M:/ xh(x) dx = A/ xh(x) dx
(d) (Area)(distance traveled by CexI(l)tI‘Oid):A- 2nT= (voluﬁle) ok 2mah(x) da

A-2m5 [P ah(z)de =27 [ wh(z) dv reduces to an identity.

> 5-23. (a) §= % = —h A= §hr Volume=V=27jA4 = %ﬁh
hi (b) 5= 3" A= gr2 Volume=2nyA = 37T
" d d
> 5-24. (e) Zy:d:z, /Zy:/d:z, Iny =z + C or y = ype”, yozec

ai:z2

Now separate the variables and write

/ d:zglves—y—y+0

y:l——yC =dr with / dy /dg: giving In(y + C) =z + Cy

which can also be expressed in the form y+C = ype” where 3, = €2 is a new constant.

3 3

» 5-25. (b) /(1+y2)dy:/(1+x2)dx gives y+2L =2+ +C

3 3

» 5-26. Assume solution y = ¢”* to the homogeneous equation y” +w?y = 0 and show

v =iw and v = —iw are characteristic roots which lead to the real fundamental set
{coswt,sinwt} and complementary solution y. = ¢; coswt + co sin wt.

Examine the right-hand side and its derivative to find basic terms needed for
assumed solution. The terms cos Mt and sin A\t (multiplied by some constants) are the
only basic terms and so one can assume a particular solution y, = Acos At + Bsin At
where A and B are constants to be determined. Substitute this solution and its
derivatives into the nonhomogeneous equation and equate coefficients of like terms

and show A4, B must be selected to satisfy
—AN? + WA =1
—BM\ +w?B =0

Solutions Chapter 5



giving B =0 and A = 1. This gives the particular solution y, = —1 cos At.
The general solution is therefore
. 1
Y=Y+ Yp = c1COSWt + Co8inwt + 22 cos At
Resonance occurs as A — w.
» 5-27.
‘ .. . . h h—y _h—yb
r Use similar triangles and write e Oor & = ——=7
h 4 . . 2 h — Y b2
[ This gives element of volume dV = 422 dy = 4 — ) T dy
"
Sum these elements from 0 to » and show volume of pyramid is V = 1b?h.
> 5-28.
{?" The box has volume V = z(w — 2z)(¢f — 22) = 42® — 2(w + £)2* + wix
—— Here Z—V = 1222 — 4(w + )z + wl = 122 — 60z + 48 = (22 — 8) (6 — 6)
X

... dv
The second derivative is pr 24z — 60. When z =1, ¢4
X

achieved. If z = 4, solution is meaningless as the volume becomes negative.

> 5-29.

> 5-30. F— pﬁsin@%

» 5-32.  (d) y"+3yby = 0 assume solution y = ¢7* get characteristic equation (y+2)(y+
1) = 0 with characteristic roots v = —2 and v = —1. This gives the fundamental set

{e72% ¢7*} and general solution y = c;e™2® + cye™®, with ¢, co arbitray constants.

di di dq di 1
-33. = = — 24 = = — = h 1
» 5-33. (b) Ldt+0 00 Ld dt+C 0:>qu chSeparatet e variables
and write i di = —35qdq and then integrate to obtain
i2 1 ¢ K
2 LC 2

Here K/2 is selected as the constant of integration to help simplify the algebra. If
i=0, g=qo at t =0, then K = 75¢3. This gives

dq 1 0 2 dq 1
A= /g0 — = = dt
dt  LC o4 V@ —-¢ VLC

Solutions Chapter 5
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Integrate this equation and show

i dg i

q = (gop COS <ﬁ> a:nd 1 = dt = —m Sin <ﬁ>
» 5-35. Hypothesis, y; = yi(z) satisfies the given differential equation so that y” +
P(z)y + Q(x)y = 0. If yo = uy1 = u(x)yi(z), then by differentiation

Yo =uyy +u'y
o =l + 2y} "y
We desire to select u = u(x) such that y, = y»(x) is also a function which satisfies the

differential equation. If yJ + P(x)y, + Q(z)y2 = 0, the u = u(z) must be selected such
that

wyy + 2u'y) + P(x)[uyy +u'yn] + Q(x)[uyr] = 0

Rearrange terms and show

vy + P(x)ys + Q(x)y2 = u [y + P(x)y) + Q(x)y1] +u'[2y] + P(x)yr + u''yr =0

zero by hypothesis

Therefore v = u(z) must be selected to satisfy
W'[2y1 + P(2)y1] +u"yr =0

Make the substitution «' = v and v’ = 22 and show

_ %e—fP(w) dx
Y1

v
then another integration gives u.

» 5-36. (e) Integrate with respect to y and show

ou y? . .
9y = Y +5+ f(x), f(x) arbitrary function
Integrate again with respect to y holding = constant to obtain
ny 3

u=—+ % +yf(z) + g(z) where g(z) is another arbitrary function

(f) Integrate with respect to = and show

% +u=xz+zy+ f(y) f(y) arbitrary function

Solutions Chapter 5



Now multiply by e* and show % e’ +ue® = % (ue®) = ze” + zye” + f(y)e®
Integrate with respect to x and show

ue® = e (x — 1) +ye”(x — 1) + f(y)e” +g(y), g(y) arbitrary

» 5-37.  (a) If § = 5% and §* = -3¢, then differentiate the first equation with respect
to = and differentiate the second equation with respect to y and show
Pu_ oo P o
0z2  Oyox oy? Oz 0Oy
.. . . 0%u 0%
then by addition of these equations one obtains — + — =0.
or? = Oy?
> 5-38.
\\ Area= A = (21)(2y) = 4zy = 42v/r? — 22 since x? + y? = r?
¥ dA —4x?
- = LA r2 — 2
-
Show the derivative is zero when z = r/v2 and y = r/v2 and a

square is the maximum inscribed rectangle. To show it is a maxi-
mum examine 42 for z <r/v2 and 4 for z > r/v2

2
> 5-39. y =¢e" for 0 < z <1 use ds? = dz? + dy®> and write ds = y/1+ (%) dz so
dx

1
that s = / V1+ e2rdx To evaluate this integral make the substitution u = ¢* with
0

du = e* dz and show s = / V14 u? du Make another substitution w? = 1 + u2 with
1 u
2w dw = 2udu and show

/ Te® w dw 1
5= w -
V3 Vw2 —1vVw? -1

/\/1+62 ’UJ2—1+1
s = _—

s 71 dw
V1+e? dw
V1+e2 -1 V1+4e?
S:/\/E [dw—ﬁ]:w]ﬁ — tanh w]ﬁ

s=v1+€2 -2+ tanh 12 — tanh (/1 + €2)
» 5-40. Theside area is A, = 27rh and the ends (top and bottom) have area A4, = 27r?
where mr2h = 7V}, is to be satisfied. The cost of construction is

C = co (2mrh) + 3¢ (277?)

Substitute into this equation h = ¥ to express C = C(r) as a function of r. Show
dc

i 0 when » = ¥/V,/6 and h = 62/3 {/V,. Show curve for C = C(r) is concave up at
.

this point and hence a minimum is achieved.

Solutions Chapter 5
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» 5-41. (a) 9 (b) g—;

» 5-43. V = AH so that if 4 = kA and A is a constant, then 4 = A% = kA which

implies Z—? =k is a constant. Here k is the proportionality constant.

4 1
» 5-44. [ =z — gtanx+§seCthanx+C

» 5-45. (b) I = %tanx+ %sechtanx%—C’

» 5-46. For n =150

50 b
@S / f(x) da
T 121 2
2 | 2.6672 8/3
a3 4.0016 4
sin z 1.99934
CoS T -1.99934 2

[e o]

» 5-48. I'(z) = / e """ dx, Integrate by parts with U = t*=! and dV = e~tdt to
0
obtain I'(z) = (z — 1)I'(z — 1) Now replace = by z + 1 to obtain I'(z + 1) = zI'(x)

F(l):/O e fdt=1

r2)=1r1)=1

[(3) =20(2) =2-1=2!
(4)

F'(n+1)=n'(n)=n-(n—1)!=n!
> 5-49. (&) s1(t) = so(t) when 262 +¢t =11t — 31> or t =0 and t = 2.

dsq dso
P =1 B2 =116t
at T a2 0
Att=0,vy=1and v, =11. At t =2, v; =9 and v, = —1.
(b) vy = v, when ¢ =1 at positions s;(1) = 3 and sy(1) = 8.
(c) v1 = L1 > 0 steadily increases, while v, = 42 > 0 for t < 11/6, s, increases and

42 <0 for t > 11/6, then s, decreases.

Solutions Chapter 5



» 5-50. (a) g—i =2r — 2, and g—i =0 when = = 1.
g—i =2y — 4 and g—f =0 when y = 2. f(1,2) = —25 is a minimum value, since for

Yy
all (z,y) is a neighborhood of (1,2) we have f(z,y) > f(1,2).

» 5-51.
y —
(0,91) m = slope = - yox and equation of line is
(%0,y0) 170
s o= T90) (r —z0), when z =0, y; = yo + 224
y yO ($1 . $O) 0/ 9 yl yO T1—x0 "
@ Therefore
(x1,0)
2
ZoYo .
£2 :x%—{—y% :$%+ <y0+rxo> , Zo, Yo fz:ced

1/3 2

Show 88—;; =0, when z; = 2y + z, y0/3 This is the value of z; which will produce the

shortest line.

» 5-52. r=3, y=4andz=9, y=12

Solutions Chapter 5
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Index

A

abscissa 6

absolute maximum 117
absolute value function 11
acceleration of gravity 369
addition 325

addition of series 326

adiabatic process 425

algebraic function 20

algebraic operations 325
alternating series test 293
amplitude 403

amplitude versus frequency 416
analysis of derivative 106

angle of intersection 104, 105
angle of intersection for lines 40
arc length 238

Archimedes 178

arctangent function 338

area between curves 220

area polar coordinates 240, 256
Area under a curve 215
arithmetic series 176
asymptotic lines 55, 68

axis of symmetry 59, 380

B

belongs to 2

Bernoulli numbers 314, 328
Bessel functions 309
bimolecular reaction 397
binomial coefficients 356
binomial series 356
binomial theorem 92

Bonnet’s second mean value theorem 245

bounded increasing sequence 300
bounded sequence 324

bounded set 2

bounds for sequence 275

Boyle’s law 365, 424

bracketing terms 295

C

capacitance 419

cartesian coordinates 5

Cauchy convergence 278, 287
Cauchy form for the remainder 313

Cauchy product 326

Cauchy’s mean-value theorem 111
center of gravity 374

center of mass 374

centroid 375, 380

centroid of area 377

centroid of curve 384

centroid of composite shapes 383
chain rule differentiation 99
change of variables 220
characteristic equation 407
characteristic roots 407, 412
charge 419

Charles’s law 424

chemical kinetics 395

chemical reaction 395

circle 18, 59

circular functions 142

circular neighborhood 275
circumference of circle 239
closed interval 3

comparison test 296, 298
complementary error function 237
complementary solution 414
composite function 98, 315
concavity 118

conditional convergence 325
conic sections 57

conic sections polar coordinates 70
conjugate hyperbola 69
conservation of energy 374
constant of integration 181
contained in 3

continued fraction 332
continuity 116

continuous function 54, 88
convergence of a sequence 272
convergence of series 283
convergent continued fraction 336
coordinate systems 5

cosine function 24

critical damping 414

current 419

curves 16

cycles per second 403

cycloid 134

cylindrical coordinates 256
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D

d’Alembert ratio test 302

damped oscillations 413

damping force 405

de Moivre’s theorem 149, 168, 190
decreasing functions 12

definite integrals 213

derivative 87

derivative notation 90

derivative of a product 95

derivative of a quotient 97

derivative of the logarithm 111
derivative of triple product 96
derivatives of inverse hyperbolic functions 149
derivatives of trigonometric functions 131
determinants and parabola 62
difference between sets 3

differential equations 399

differentials 101

differentiation of composite function 98
differentiation of implicit functions 102
differentiation of integrals 247
differentiation operators 90
differentiation rules 91

Dirac delta function 174

direction of integration 219

directrix 59

discontinuous function 54

disjoint sets 3

distance between points 8

distance from point to line 171
divergence of a sequence 273
divergence of series 283

domain of definition 33

double integrals 249

dummy summation index 282

dummy variable of integration 184

E

elastic potential energy 403
electrical circuits 418
electromotive force 419
element of volume 226, 249
ellipse 63

empty set 1

energy 372

epsilon-delta definition of limit 46
equality of sets 3

equation of line 36
equation of state 425

Index

equations for line 36

equivalence 5

error function 237, 310

escape velocity 369

estimation of error 291, 294, 298
Euler numbers 328
Euler-Mascheroni constant 310
Euler’s formula 147

FEuler’s identity 409

evaluation of continued fraction 334
even and odd functions 358
even function of x 26

existence of the limit 278
exponential function 21, 113
exterior angle 40

extrema 119

extreme value 162

extremum 119

F

finite oscillatory 277, 283

finite oscillatory sequence 277
finite sum 282

first derivative test 120

first law of thermodynamics 424
first mean value theorem for integrals 245
first moment 374

focal parameter 59

focus 59

Fourier cosine transform 235
Fourier exponential transform 235
Fourier series 339

Fourier sine transform 235
frequency of motion 403

full Fourier interval 345

function 271

function changes sign 108
functions 8, 20

functions defined by products 330
functions defined by series 330
functions of two variables 159
fundamental theorem of integral calculus 217

G

Gamma function 237

gas pressure 394

Gay-Lussac law 424

general equation of line 38

general equation of second degree 71

generalized mean value theorem for integrals 245

generalized mean-value theorem 111
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generalized second mean value theorem 245

generalized triangle inequality 300
geometric interpretations 273
geometric series 177, 287, 350, 357
graph compression 29

graph expansion 29

graph scaling 29

graphic compression 29

graphs 8

graphs of trigonometric functions 24

H

half-life 427

harmonic series 283

harmonic series of order p 291
Heaviside 174

higher derivatives 90

higher order moments 385
higher partial derivatives 159
Hooke’s law 401

horizontal inflection point 118
horizontal line test 31
hyperbola 66

hyperbolic functions 25, 142, 149
hyperbolic identities 145
hypergeometric function 311
hypergeometric series 318

I

implicit differentiation 106, 162
improper integrals 234
increasing functions 12
indefinite integral 180
indeterminate forms 43, 322
inductance 419

infinite oscillatory 283

infinite series 281
infinitesimals 41

inner product 339

integral notation 182

integral sign 181

integral test 288

integral used to define functions 236, 248
integration 179

integration by parts 209, 232
integration of derivatives 183
integration of polynomials 183
intercept form for line 38
intercepts 38

intermediate value property 54
intersecting lines 40, 104

intersection 3

intersection of circles 105
intersection of two curves 105
interval neighborhood 275
interval notation 3

interval of convergence 305
inverse functions 31, 128
inverse hyperbolic functions 153
inverse of differentiation 179
inverse operator 31

inverse trigonometric functions 34, 140
isothermal curves 425

iterative scheme 334

J

jump discontinuity 43, 89, 107

Index

K

kinetic energy 372
Kirchoff’s laws 420
Kronecker delta 340

L

L “Hopital’s rule 138, 321
Lagrange form of the remainder 313
Laplace transform 235

latus rectum 59, 67

law of exponents 145

law of mass action 396
left-hand limits 40

left-handed derivative 89
Leibnitz 85

Leibnitz differentiation rule 168
Leibnitz formula 247

Leibnitz rule 248

length of curve 238

limit 46, 272

limit of a sequence 272

limit of function 42

limit point of sequence 277
limit theorem 50

limiting value 43

limits 40, 46, 304

linear dependence 13

linear homogeneous differential equation 410
linear independence 13

linear spring 403

lines 36

liquid pressure 393

local maximum 107, 117, 161



local minimum 107, 117, 161
logarithm base e 23
logarithmic differentiation 127
logarithmic function 21, 111
log-log paper 171

lower bound 2, 275

M

Maclaurin Series 311, 315

mapping 271

maxima 107, 116, 161

mean value theorem for integrals 245, 289
mean value theorem 108, 245

mechanical resonance 412

method of undetermined coefficients 414
minima 107, 116, 161

mirror image 33

modification of series 324

moment of force 374

moment of inertia of solid 392

moment of inertial of area 390

moment of inertia of composite shapes 393
moments of inertia 385

momentum 367

monotone decreasing 107, 245, 277
monotone increasing 107, 245, 277
multiple-valued functions 14
multiplication 325

N

natural logarithm 23

natural logarithm function 236
necessary condition for convergence 286
negative slope 37
neighborhoods 275

Newton 85

Newton root finding 353
Newton’s law of gravitation 368
Newton’s laws 366
nonconvergence 277
nonrectangular regions 252

not in 2

notation for limits 40, 42
notations for derivatives 90

nth term test 286

n-tuples 2

null sequence 277

number pairs 5

Index

0]

odd function of = 26
one-to-one correspondence 271
one-to-one function 31, 33
open interval 3

operator 90

operator box 90, 180

order of reaction 396

ordered pairs 33, 55

ordinate 6

orientation of the surface 252
orthogonal intersection 40
orthogonal intersection 104
orthogonal lines 105
orthogonal sequence 340
orthonormal 340

oscillating sequence 277
overdamping 413

P

parabola 60
parallel circuit 423

parallelepiped volume elements 252

parametric equations 129
parametric equation for line 38

parametric representation 17, 134

partial denominators 333
partial derivatives 158, 160
partial fractions 195, 284
partial numerators 333
partial sums 282
particular solution 414
period of oscillation 403
periodic motion 403
perpendicular distance 39
perpendicular lines 39
phase shift 403

piecewise continuous 345

piecewise continuous functions 11

piston 174

plane curves 14

plotting programs 14
point of inflection 118
point-slope formula 37, 88
polar coordinates 5

polar coordinates 240, 255
polar form for line 39
polar graph 14
polynomial function 20, 95
positive monotonic 245
positive slope 37
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potential energy 373

power rule 100

power rule for differentiation 99
power series 305

pressure 393

pressure-volume diagram 425
principal branches 35

product rule 95

products of sines and cosines 193
Proof of Mean Value Theorems 246
proper subsets 3

properties of definite integrals 218
properties of integrals 181
properties of limits 50

p-series 291

Pythagorean identities 203
Pythagorean theorem 8

Q

quadrants 6
quotient rule 97

R

radioactive decay 426

radius of convergence 305
radius of Earth 369

range of function 33

rate of reaction 395

ratio comparison test 297

ratio test 302

rational function 20

ray from origin 7

rectangular coordinates 6
rectangular graph 14

reductio ad absurdum 276
reduction formula 211
reflection 29

refraction 123

regular continued fractions 336
related rates 363

relative maximum 107, 117, 161
relative minimum 107, 117, 161
remainder term 313, 319
Remainder Term for Taylor Series 319
representation of functions 337
resistance 419

resonance 412

resonance frequency 416
restoring force 403

reverse reaction rate 395
reversion of series 354

Index

Riemann sum 215

right circular cone 172
right-hand limits 40
right-handed derivative 89
Rolle’s theorem 107, 246
rotation of axes 30

rules for differentiation 91

S

scale factors 29
scaling for integration 183
scaling of axes 28

Schlomilch and Roche remainder term” 320

secant line 85

second derivative test 120
second derivatives 90

second law of thermodynamics 424
second moments 385
sectionally continuous 43
semi-convergent series 325
semi-log paper 171

sequence of partial sums 282
sequence of real numbers 271
sequences and functions 274
series 281, 325

series circuit 421

set complement 4

set operations 3

set theory 1

sets 1

shearing modulus 418

shift of index 282

shifting of axes 28

shorthand representation 282
signed areas 220

simple harmonic motion 136, 403
simple pendulum 418

sine function 24

sine integral function 310
single-valued function 14, 31
slicing method 231

slope 37, 85

slope changes 120

slope condition for orthogonality 104
slope of line 36

slope-intercept form for line 38
slowly converging series 301
slowly diverging series 301
smooth curve 107

smooth function 116

Snell’s law 122

solids of revolution 225



special functions 309

special limit 304

special sums 176

special trigonometric integrals 194
spherical coordinates 257
spring-mass system 401

squeeze theorem 53, 275

Stolz -Cesaro theorem 279
subscript notation 160
subsequence 277

subsets 3

subtraction 325

subtraction of series 326
summation notation 175
summation of forces 401

sums and differences of squares 202
surface area 242

surface of revolution 242
symmetric functions 26

symmetry 26, 31, 380

T

table of centroids 382

table of derivatives 156

table of differentials 157

table of integrals 186, 208
table of moments of inertia 390
tangent function 24

tangent line 86

Taylor series 311, 315, 318
Taylor series two variables 315
telescoping series 284, 351
terminology for sequences 277
thermodynamics 424

torque 374

torsional vibrations 417

total derivative 160
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total differential 159
transcendental function 21
transformation equations 28
translation of axes 28
transverse axis 67

triangular numbers 284
trigonometric functions 24, 129
trigonometric substitutions 189
truncation of series 286

two point equations of line 36
two-point formula 37

U

union 3

units of measurement 367
universal set 1

upper bound 2, 275

using table of integrals 258

A%

Venn diagram 4

vertex 59

voltage drop 419

volume of sphere 172
volume under a surface 253

W

weight function 340
weight of an object 369
work 371

work done 403

Z

zero slope 37
zeroth law of thermodynamics 424
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Rhind mathematical papyrus

Gottfried Wilhelm Leibnitz (1646-1716)

written around 1650 BCE can
be found at the British Museum.

Translation available on internet.
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Tablet can be found at Columbia University.



	cover1
	Begin1
	ch1-a_Watermarked
	ch1-b_Watermarked
	ch2_Watermarked
	ch3_Watermarked
	ch4_Watermarked
	ch5_Watermarked
	appA_Watermarked
	appendixB_Watermarked
	APPC_Watermarked
	answer1_Watermarked
	INDEXG1_Watermarked
	Bcover1



