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Note:  
Definition. The expression 𝑀 𝑥, 𝑦 𝑑𝑥 + 𝑁 𝑥, 𝑦 𝑑𝑦…  ∗  is called an exact differential in 
a domain 𝐷 if there exists a function 𝐹 of two variables such that the this expression 
equals the total differential 𝑑𝐹(𝑥, 𝑦) for all  𝑥, 𝑦 ∈ 𝐷. That is, expression (*) is an excat 
differential in 𝐷 if there exists a function 𝐹 such that  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦  and

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦  ∀ 𝑥, 𝑦 ∈ 𝐷. 

If 𝑀 𝑥, 𝑦 𝑑𝑥 + 𝑁 𝑥, 𝑦 𝑑𝑦 is an exact differential, then the differential equation  
𝑀 𝑥, 𝑦 𝑑𝑥 + 𝑁 𝑥, 𝑦 𝑑𝑦 = 0 is called an exact diffrential equation. Moreover, given the 
standard form of ordinary differential equation 𝑀 𝑥, 𝑦 𝑑𝑥 + 𝑁 𝑥, 𝑦 𝑑𝑦 = 0. The 
differential equation is said to be exact if 

𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
. 

 
Part 1. ( In exercises 1-10 determine whether or not each of the given equation is exact; 
solve those that are exact). 

1.  3𝑥 + 2𝑦 𝑑𝑥 +  2𝑥 + 𝑦 𝑑𝑦 = 0. 
Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 

𝑀 𝑥, 𝑦 = 3𝑥 + 2𝑦,𝑁 𝑥, 𝑦 = 2𝑥 + 𝑦,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 2,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2.  

Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2 

we can conclude that the differential equation  3𝑥 + 2𝑦 𝑑𝑥 +  2𝑥 + 𝑦 𝑑𝑦 = 0 is 
exact differential equation. Furthermore, we must find 𝐹 such that  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦 = 3𝑥 + 2𝑦 and 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 2𝑥 + 𝑦. 

 From the first of these, 

𝐹 𝑥, 𝑦 =  𝑀 𝑥, 𝑦 𝜕𝑥 + ℎ 𝑦 =   3𝑥 + 2𝑦 𝜕𝑥 + ℎ 𝑦 =
3

2
𝑥2 + 2𝑥𝑦 + ℎ 𝑦 . 

 Then  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 2𝑥 +

𝑑ℎ 𝑦 

𝑑𝑦
 

But we must have 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 2𝑥 + 𝑦. 

Thus 

2𝑥 + 𝑦 = 2𝑥 +
𝑑ℎ 𝑦 

𝑑𝑦
⇔ 𝑦 =

𝑑ℎ 𝑦 

𝑑𝑦
. 
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Thus ℎ 𝑦 =
1

2
𝑦2 + 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑥, 𝑦 =
3

2
𝑥2 + 2𝑥𝑦 +

1

2
𝑦2 + 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 
3

2
𝑥2 + 2𝑥𝑦 +

1

2
𝑦2 + 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 
3

2
𝑥2 + 2𝑥𝑦 +

1

2
𝑦2 = 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 3𝑥 + 2𝑦 𝑑𝑥 +  2𝑥 + 𝑦 𝑑𝑦 = 0 is  
3

2
𝑥2 + 2𝑥𝑦 +

1

2
𝑦2 = 𝐶. 

2. (𝑦2 + 3)𝑑𝑥 +  2𝑥𝑦 − 4 𝑑𝑦 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 

𝑀 𝑥, 𝑦 = 𝑦2 + 3, 𝑁 𝑥, 𝑦 = 2𝑥𝑦 − 4,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 2𝑦,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2𝑦.  

Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2𝑦 

we can conclude that the differential equation (𝑦2 + 3)𝑑𝑥 +  2𝑥𝑦 − 4 𝑑𝑦 = 0 is 

exact differential equation. Afterwards, we must find 𝐹 such that  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦 = 𝑦2 + 3 and 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 2𝑥𝑦 − 4. 

 From the first of these, 

𝐹 𝑥, 𝑦 =  𝑀 𝑥, 𝑦 𝜕𝑥 + ℎ 𝑦 =   𝑦2 + 3  𝜕𝑥 + ℎ 𝑦 = 𝑥𝑦2 + 3𝑥 + ℎ 𝑦 . 

 Then  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 2𝑥𝑦 +

𝑑ℎ 𝑦 

𝑑𝑦
 

But we must have 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 2𝑥𝑦 − 4. 

Thus 

2𝑥𝑦 − 4 = 2𝑥𝑦 +
𝑑ℎ 𝑦 

𝑑𝑦
⇔ −4 =

𝑑ℎ 𝑦 

𝑑𝑦
. 

Thus ℎ 𝑦 = −4𝑦 + 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑥, 𝑦 = 𝑥𝑦2 + 3𝑥 + −4𝑦 + 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 

𝑥𝑦2 + 3𝑥 + −4𝑦 + 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 

𝑥𝑦2 + 3𝑥 + −4𝑦 = 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 
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So, we conclude that the general solution of the exact differential equation 

(𝑦2 + 3)𝑑𝑥 +  2𝑥𝑦 − 4 𝑑𝑦 = 0 is 𝑥𝑦2 + 3𝑥 + −4𝑦 = 𝐶. 

3.  2𝑥𝑦 + 1 𝑑𝑥 +  𝑥2 + 4𝑦 𝑑𝑦 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 

𝑀 𝑥, 𝑦 = 2𝑥𝑦 + 1,𝑁 𝑥, 𝑦 = 𝑥2 + 4𝑦,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 2𝑥,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2𝑥.  

Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2𝑥 

we can conclude that the differential equation  2𝑥𝑦 + 1 𝑑𝑥 +  𝑥2 + 4𝑦 𝑑𝑦 = 0 is 

exact differential equation. Afterwards, we must find 𝐹 such that  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦 = 2𝑥𝑦 + 1 and 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 𝑥2 + 4𝑦. 

 From the first of these, 

𝐹 𝑥, 𝑦 =  𝑀 𝑥, 𝑦 𝜕𝑥 + ℎ 𝑦 =   2𝑥𝑦 + 1   𝜕𝑥 + ℎ 𝑦 = 𝑥2𝑦 + 𝑥 + ℎ 𝑦 . 

 Then  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑥2 +

𝑑ℎ 𝑦 

𝑑𝑦
 

But we must have 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 𝑥2 + 4𝑦. 

Thus 

𝑥2 + 4𝑦 = 𝑥2 +
𝑑ℎ 𝑦 

𝑑𝑦
⇔ 4𝑦 =

𝑑ℎ 𝑦 

𝑑𝑦
. 

Thus ℎ 𝑦 = 2𝑦2 + 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑥, 𝑦 = 𝑥2𝑦 + 𝑥 + 2𝑦2 + 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 

𝑥2𝑦 + 𝑥 + 2𝑦2 + 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 

𝑥2𝑦 + 𝑥 + 2𝑦2 = 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 2𝑥𝑦 + 1 𝑑𝑥 +  𝑥2 + 4𝑦 𝑑𝑦 = 0 is 𝑥2𝑦 + 𝑥 + 2𝑦2 = 𝐶. 

4.  3𝑥2𝑦 + 2 𝑑𝑥 −  𝑥3 + 𝑦 𝑑𝑦 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 

𝑀 𝑥, 𝑦 = 3𝑥2𝑦,𝑁 𝑥, 𝑦 = −𝑥3 − 𝑦,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 3𝑥2 ,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −3𝑥2 .  

Since 
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𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 3𝑥2 ≠

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −3𝑥2  

we can conclude that the differential equation  3𝑥2𝑦 + 2 𝑑𝑥 −  𝑥3 + 𝑦 𝑑𝑦 = 0 is 

not exact (non- exact) differential equation. 

5.  6𝑥𝑦 + 2𝑦2 − 5 𝑑𝑥 +  3𝑥2 + 4𝑥𝑦 − 6 𝑑𝑦 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 

𝑀 𝑥, 𝑦 = 6𝑥𝑦 + 2𝑦2 − 5,𝑁 𝑥, 𝑦 = 3𝑥2 + 4𝑥𝑦 − 6,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 6𝑥 + 4𝑦,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 6𝑥 + 4𝑦.  

Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 6𝑥 + 4𝑦 

we can conclude that the differential equation  
 6𝑥𝑦 + 2𝑦2 − 5 𝑑𝑥 +  3𝑥2 + 4𝑥𝑦 − 6 𝑑𝑦 = 0 is exact differential equation. 
Moreover, we must find 𝐹 such that  
𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦 = 6𝑥𝑦 + 2𝑦2 − 5 and 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 3𝑥2 + 4𝑥𝑦 − 6. 

 From the first of these, 

𝐹 𝑥, 𝑦  =  𝑀 𝑥, 𝑦 𝜕𝑥 + ℎ 𝑦  

=   6𝑥𝑦 + 2𝑦2 − 5 𝜕𝑥 + ℎ 𝑦  

= 3𝑥2𝑦 + 2𝑥𝑦2 − 5𝑥 + ℎ 𝑦  

 Then  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 3𝑥2 + 4𝑥𝑦 +

𝑑ℎ 𝑦 

𝑑𝑦
 

But we must have 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 3𝑥2 + 4𝑥𝑦 − 6. 

Thus 

3𝑥2 + 4𝑥𝑦 − 6 = 3𝑥2 + 4𝑥𝑦 +
𝑑ℎ 𝑦 

𝑑𝑦
⇔ −6 =

𝑑ℎ 𝑦 

𝑑𝑦
. 

Thus ℎ 𝑦 = −6𝑦 + 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑥, 𝑦 = 3𝑥2𝑦 + 2𝑥𝑦2 − 5𝑥 − 6𝑦 + 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 

3𝑥2𝑦 + 2𝑥𝑦2 − 5𝑥 − 6𝑦 + 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 

3𝑥2𝑦 + 2𝑥𝑦2 − 5𝑥 − 6𝑦 = 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 6𝑥𝑦 + 2𝑦2 − 5 𝑑𝑥 +  3𝑥2 + 4𝑥𝑦 − 6 𝑑𝑦 = 0 is 3𝑥2𝑦 + 2𝑥𝑦2 − 5𝑥 − 6𝑦 = 𝐶. 

6.  𝜃2 + 1 cos 𝑟 𝑑𝑟 + 2𝜃 sin 𝑟 𝑑𝜃 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 
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𝑀 𝑟, 𝜃 =  𝜃2 + 1 cos 𝑟 , 𝑁 𝑟, 𝜃 = 2𝜃 sin 𝑟,  
𝜕𝑀 𝑟, 𝜃 

𝜕𝜃
= 2𝜃 cos 𝑟 ,

𝜕𝑁 𝑟, 𝜃 

𝜕𝑟
= 2𝜃 cos 𝑟.  

Since 
𝜕𝑀 𝑟, 𝜃 

𝜕𝜃
=
𝜕𝑁 𝑟, 𝜃 

𝜕𝑟
= 2𝜃 cos 𝑟 

we can conclude that the differential equation  𝜃2 + 1 cos 𝑟 𝑑𝑟 + 2𝜃 sin 𝑟 𝑑𝜃 = 0 
is exact differential equation. Moreover, we must find 𝐹 such that  

𝜕𝐹 𝑟, 𝜃 

𝜕𝑟
= 𝑀 𝑟, 𝜃 =  𝜃2 + 1 cos 𝑟  and 

𝜕𝐹 𝑟, 𝜃 

𝜕𝜃
= 𝑁 𝑟, 𝜃 = 2𝜃 sin 𝑟 

 From the first of these, 

𝐹 𝑟, 𝜃  =  𝑀 𝑟, 𝜃 𝜕𝑟 + ℎ 𝜃  

=   𝜃2 + 1 cos 𝑟 𝜕𝑟 + ℎ 𝜃  

=  𝜃2 + 1 sin 𝑟 + ℎ 𝜃  

 Then  

𝜕𝐹 𝑟, 𝜃 

𝜕𝜃
= 2𝜃 sin 𝑟 +

𝑑ℎ 𝜃 

𝑑𝜃
 

But we must have 

𝜕𝐹 𝑟, 𝜃 

𝜕𝜃
= 𝑁 𝑟, 𝜃 = 2𝜃 sin 𝑟. 

Thus 

2𝜃 sin 𝑟 = 2𝜃 sin 𝑟 +
𝑑ℎ 𝜃 

𝑑𝜃
⇔ 0 =

𝑑ℎ 𝜃 

𝑑𝜃
. 

Thus ℎ 𝜃 = 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑟, 𝜃 =  𝜃2 + 1 sin 𝑟 + 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑟, 𝜃 = 𝐶1, or 

 𝜃2 + 1 sin 𝑟 + 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 

 𝜃2 + 1 sin 𝑟 = 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 𝜃2 + 1 cos 𝑟 𝑑𝑟 + 2𝜃 sin 𝑟 𝑑𝜃 = 0 is  𝜃2 + 1 sin 𝑟 = 𝐶. 

7.  𝑦 sec2 𝑥 + sec 𝑥 tan 𝑥 𝑑𝑥 +  tan 𝑥 + 2𝑦 𝑑𝑦 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 

𝑀 𝑥, 𝑦 = 𝑦 sec2 𝑥 + sec 𝑥 tan 𝑥 , 𝑁 𝑥, 𝑦 = tan 𝑥 + 2𝑦,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= sec2 𝑥 ,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= sec2 𝑥.  

Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= sec2 𝑥 

we can conclude that the equation  𝑦 sec2 𝑥 + sec 𝑥 tan 𝑥 𝑑𝑥 +  tan𝑥 + 2𝑦 𝑑𝑦 =

0 is exact differential equation. Furthermore, we must find 𝐹 such that  
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𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦 = 𝑦 sec2 𝑥 + sec 𝑥 tan 𝑥  and 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = tan 𝑥 + 2𝑦. 

 From the first of these, 

𝐹 𝑥, 𝑦  =  𝑀 𝑥, 𝑦 𝜕𝑥 + ℎ 𝑦  

=   𝑦 sec2 𝑥 + sec 𝑥 tan 𝑥 𝜕𝑥 + ℎ 𝑦  

= 𝑦 tan 𝑥 + sec 𝑥 + ℎ 𝑦 . 

 Then  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= tan 𝑥 +

𝑑ℎ 𝑦 

𝑑𝑦
 

But we must have 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = tan 𝑥 + 2𝑦. 

Thus 

tan 𝑥 + 2𝑦 = tan 𝑥 +
𝑑ℎ 𝑦 

𝑑𝑦
⇔ 2𝑦 =

𝑑ℎ 𝑦 

𝑑𝑦
. 

Thus ℎ 𝑦 = 𝑦2 + 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑥, 𝑦 = 𝑦 tan 𝑥 + sec 𝑥 + 𝑦2 + 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 

𝑦 tan 𝑥 + sec 𝑥 + 𝑦2 + 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 

𝑦 tan 𝑥 + sec 𝑥 + 𝑦2 = 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 𝑦 sec2 𝑥 + sec 𝑥 tan 𝑥 𝑑𝑥 +  tan 𝑥 + 2𝑦 𝑑𝑦 = 0 is 𝑦 tan 𝑥 + sec 𝑥 + 𝑦2 = 𝐶. 

 

8.  
𝑥

𝑦2 + 𝑥 𝑑𝑥 +  
𝑥2

𝑦3 + 𝑦 𝑑𝑦 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 

𝑀 𝑥, 𝑦 =
𝑥

𝑦2
+ 𝑥,𝑁 𝑥, 𝑦 =

𝑥2

𝑦3
+ 𝑦,  

𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= −

2𝑥

𝑦3
,
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
=

2𝑥

𝑦3
.  

Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= −

2𝑥

𝑦3
≠
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
=

2𝑥

𝑦3
 

we can conclude that the differential equation  
𝑥

𝑦2
+ 𝑥 𝑑𝑥 +  

𝑥2

𝑦3
+ 𝑦 𝑑𝑦 = 0 is 

not exact (non- exact) differential equation. 

9.  
2𝑠−1

𝑡
 𝑑𝑠 +  

𝑠−𝑠2

𝑡2  𝑑𝑡 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 
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𝑀 𝑠, 𝑡 =
2𝑠 − 1

𝑡
, 𝑁 𝑠, 𝑡 =

𝑠 − 𝑠2

𝑡2
,  

𝜕𝑀 𝑠, 𝑡 

𝜕𝑡
=

1 − 2𝑠

𝑡2
,
𝜕𝑁 𝑠, 𝑡 

𝜕𝑠
=

1 − 2𝑠

𝑡2
.  

Since 
𝜕𝑀 𝑠, 𝑡 

𝜕𝑡
=
𝜕𝑁 𝑠, 𝑡 

𝜕𝑠
=

1 − 2𝑠

𝑡2
 

we can conclude that the differential equation  
2𝑠−1

𝑡
 𝑑𝑠 +  

𝑠−𝑠2

𝑡2  𝑑𝑡 = 0 is exact 

differential equation. Furthermore, we must find 𝐹 such that  

𝜕𝐹 𝑠, 𝑡 

𝜕𝑠
= 𝑀 𝑠, 𝑡 =

2𝑠 − 1

𝑡
 and 

𝜕𝐹 𝑠, 𝑡 

𝜕𝑡
= 𝑁 𝑠, 𝑡 =

𝑠 − 𝑠2

𝑡2
. 

 From the first of these, 

𝐹 𝑠, 𝑡  =  𝑀 𝑠, 𝑡 𝜕𝑥 + ℎ 𝑡  

=   
2𝑠 − 1

𝑡
 𝜕𝑠 + ℎ 𝑡  

=
𝑠2 − 𝑠

𝑡
+ ℎ 𝑡 . 

 Then  

𝜕𝐹 𝑠, 𝑡 

𝜕𝑡
= −

𝑠2

𝑡2
+

𝑠

𝑡2
+
𝑑ℎ 𝑡 

𝑑𝑡
=
𝑠 − 𝑠2

𝑡2
+
𝑑ℎ 𝑡 

𝑑𝑡
 

But we must have 

𝜕𝐹 𝑠, 𝑡 

𝜕𝑡
= 𝑁 𝑠, 𝑡 =

𝑠 − 𝑠2

𝑡2
. 

Thus 

𝑠 − 𝑠2

𝑡2
=
𝑠 − 𝑠2

𝑡2
+
𝑑ℎ 𝑡 

𝑑𝑡
⇔ 0 =

𝑑ℎ 𝑡 

𝑑𝑡
. 

Thus ℎ 𝑡 = 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑠, 𝑡 =
𝑠2 − 𝑠

𝑡
+ 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 

𝑠2 − 𝑠

𝑡
+ 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 

𝑠2 − 𝑠

𝑡
= 𝐶  

or we can write this as 𝑠2 − 𝑠 = 𝐶𝑡, where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 
2𝑠−1

𝑡
 𝑑𝑠 +  

𝑠−𝑠2

𝑡2  𝑑𝑡 = 0 is 𝑠2 − 𝑠 = 𝐶𝑡. 

10.  
2𝑦

3
2+1

𝑥
1
2

 𝑑𝑥 +  3𝑥
1

2𝑦
1

2 − 1 𝑑𝑦 = 0. 

Solution: 
Our first duty is to determine whether or not the equation is exact or not. Here 
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𝑀 𝑥, 𝑦 =
2𝑦

3
2 + 1

𝑥
1
2

, 𝑁 𝑥, 𝑦 = 3𝑥
1
2𝑦

1
2 − 1,  

𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 3

𝑦
1
2

𝑥
1
2

,
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
=

3

2
𝑥−

1
2𝑦

1
2 =

3

2

𝑦
1
2

𝑥
1
2

.  

Since 

𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 3

𝑦
1
2

𝑥
1
2

≠
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
=

3

2

𝑦
1
2

𝑥
1
2

 

we can conclude that the differential equation  
2𝑦

3
2+1

𝑥
1
2

 𝑑𝑥 +  3𝑥
1

2𝑦
1

2 − 1 𝑑𝑦 = 0 

is not exact (non- exact) differential equation. 

 

Part 2. ( In each of the following equations determine the constant 𝐴 such that the 

equation is exact, and solve the resulting exact equation). 

a.  𝑥2 + 3𝑥𝑦 𝑑𝑥 +  𝐴𝑥2 + 4𝑦 𝑑𝑦 = 0. 

Solution: 

Suppose 

𝑀 𝑥, 𝑦 = 𝑥2 + 3𝑥𝑦 and 𝑁 𝑥, 𝑦 = 𝐴𝑥2 + 4𝑦.  
Then, we obtain 

𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 3𝑥 and 

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2𝐴𝑥.  

In order to make the differential equation become exact differential equation, it 
must be 

𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 3𝑥. 

Thus 

2𝐴𝑥 = 3𝑥 ⇔ 𝐴 =
3

2
. 

Therefore, we obtain that the differential equation  

 𝑥2 + 3𝑥𝑦 𝑑𝑥 +  
3

2
𝑥2 + 4𝑦 𝑑𝑦 = 0 is exact differential equation. Furthermore, 

we must find 𝐹 such that  
𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦 = 𝑥2 + 3𝑥𝑦  and 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 =

3

2
𝑥2 + 4𝑦. 

 From the first of these, 

𝐹 𝑥, 𝑦 =  𝑀 𝑥, 𝑦 𝜕𝑥 + ℎ 𝑦 =   𝑥2 + 3𝑥𝑦 𝜕𝑥 + ℎ 𝑦 =
1

3
𝑥3 +

3

2
𝑥2𝑦 + ℎ 𝑦 . 

 Then  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
=

3

2
𝑥2 +

𝑑ℎ 𝑦 

𝑑𝑦
. 

But we must have 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 =

3

2
𝑥2 + 4𝑦. 

Thus 
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3

2
𝑥2 + 4𝑦 =

3

2
𝑥2 +

𝑑ℎ 𝑦 

𝑑𝑦
⇔ 4𝑦 =

𝑑ℎ 𝑦 

𝑑𝑦
. 

Thus ℎ 𝑦 = 2𝑦2 + 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑥, 𝑦 =
1

3
𝑥3 +

3

2
𝑥2𝑦 + 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 
1

3
𝑥3 +

3

2
𝑥2𝑦 + 2𝑦2 + 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 
1

3
𝑥3 +

3

2
𝑥2𝑦 + 2𝑦2 = 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 𝑥2 + 3𝑥𝑦 𝑑𝑥 +  
3

2
𝑥2 + 4𝑦 𝑑𝑦 = 0 is  

1

3
𝑥3 +

3

2
𝑥2𝑦 + 2𝑦2 = 𝐶. 

b.  
1

𝑥2 +
1

𝑦2 𝑑𝑥 +  
𝐴𝑥+1

𝑦3  𝑑𝑦 = 0. 

Solution: 

Suppose 

𝑀 𝑥, 𝑦 =
1

𝑥2
+

1

𝑦2
 and 𝑁 𝑥, 𝑦 =

𝐴𝑥 + 1

𝑦3
.  

Then, we obtain 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= −

2

𝑦3
 and 

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
=

𝐴

𝑦3
.  

In order to make the differential equation become exact differential equation, it 
must be 

𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −

2

𝑦3
. 

Thus 
𝐴

𝑦3
= −

2

𝑦3
⇔ 𝐴 = −2. 

Therefore, we obtain that the differential equation  

 
1

𝑥2 +
1

𝑦2 𝑑𝑥 +  
−2𝑥+1

𝑦3  𝑑𝑦 = 0 is exact differential equation. Furthermore, we 

must find 𝐹 such that  
𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦 =

1

𝑥2
+

1

𝑦2
  and 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 =

−2𝑥 + 1

𝑦3
. 

 From the first of these, 

𝐹 𝑥, 𝑦 =  𝑀 𝑥, 𝑦 𝜕𝑥 + ℎ 𝑦 =   
1

𝑥2
+

1

𝑦2
 𝜕𝑥 + ℎ 𝑦 = −

1

𝑥
+

𝑥

𝑦2
+ ℎ 𝑦 . 

 Then  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= −

2𝑥

𝑦3
+
𝑑ℎ 𝑦 

𝑑𝑦
. 

But we must have 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 =

−2𝑥 + 1

𝑦3
. 
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Thus 

−2𝑥 + 1

𝑦3
= −

2𝑥

𝑦3
+
𝑑ℎ 𝑦 

𝑑𝑦
⇔

1

𝑦3
=
𝑑ℎ 𝑦 

𝑑𝑦
. 

Thus ℎ 𝑦 = −
1

2𝑦2
+ 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑥, 𝑦 = −
1

𝑥
+

𝑥

𝑦2
−

1

2𝑦2
+ 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 

−
1

𝑥
+

𝑥

𝑦2
−

1

2𝑦2
+ 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 

−
1

𝑥
+

𝑥

𝑦2
−

1

2𝑦2
= 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 
1

𝑥2 +
1

𝑦2 𝑑𝑥 +  
−2𝑥+1

𝑦3  𝑑𝑦 = 0 is  −
1

𝑥
+

𝑥

𝑦2 −
1

2𝑦2 = 𝐶. 

 

Part 3.  ( Solve using grouping method) 

1. 
1

𝑥
𝑑𝑦 −

𝑦

𝑥2 𝑑𝑥 = 0. 

Solution: 

From 
1

𝑥
𝑑𝑦 −

𝑦

𝑥2 𝑑𝑥 = 0 we obtain 

𝑑  
𝑦

𝑥
 = 𝑑 𝐶 . 

So 
𝑦

𝑥
= 𝐶 

is the general solution of the differential equation 
1

𝑥
𝑑𝑦 −

𝑦

𝑥2 𝑑𝑥 = 0. 

2. 2𝑥𝑦
𝑑𝑦

𝑑𝑥
+ 𝑦2 − 2𝑥 = 0. 

Solution: 

2𝑥𝑦
𝑑𝑦

𝑑𝑥
+ 𝑦2 − 2𝑥 = 0 

⇔ 2𝑥𝑦
𝑑𝑦

𝑑𝑥
= 2𝑥 − 𝑦2 

⇔  2𝑥 − 𝑦2 𝑑𝑥 − 2𝑥𝑦𝑑𝑦 = 0 

From  2𝑥 − 𝑦2 𝑑𝑥 − 2𝑥𝑦𝑑𝑦 = 0, we group the term as follows 

2𝑥𝑑𝑥 − (𝑦2𝑑𝑥 + 2𝑥𝑦𝑑𝑦) = 0. 

Thus 

𝑑 𝑥2 − 𝑑 𝑥𝑦2 = 𝑑 𝐶 . 

So,  

𝑥2 − 𝑥𝑦 = 𝐶 

is the general solution of the differential equation 2𝑥𝑦
𝑑𝑦

𝑑𝑥
+ 𝑦2 − 2𝑥 = 0. 
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3. 2 𝑦 + 1 𝑒𝑥𝑑𝑥 + 2 𝑒𝑥 − 2𝑦 𝑑𝑦 = 0. 

Solution: 

From 2 𝑦 + 1 𝑒𝑥𝑑𝑥 + 2 𝑒𝑥 − 2𝑦 𝑑𝑦 = 0, we group the term as follows 

 2𝑦𝑒𝑥𝑑𝑥 + 2𝑒𝑥𝑑𝑦 + 2𝑒𝑥𝑑𝑥 − 4𝑦𝑑𝑦 = 0. 

Thus 

𝑑 2𝑦𝑒𝑥 + 𝑑 2𝑒𝑥 − 𝑑 2𝑦2 = 𝑑 𝐶 . 

Therefore,  

2𝑦𝑒𝑥 + 2𝑒𝑥 − 2𝑦2 = 𝐶 

is the general solution of the differential equation 

2 𝑦 + 1 𝑒𝑥𝑑𝑥 + 2 𝑒𝑥 − 2𝑦 𝑑𝑦 = 0. 

4.  2𝑥𝑦 + 6𝑥 𝑑𝑥 +  𝑥2 + 4𝑦3 𝑑𝑦 = 0. 

Solution: 

From  2𝑥𝑦 + 6𝑥 𝑑𝑥 +  𝑥2 + 4𝑦3 𝑑𝑦 = 0, we group the term as follows 

 2𝑥𝑦𝑑𝑥 + 𝑥2𝑑𝑦 + 6𝑥𝑑𝑥 + 4𝑦3𝑑𝑦 = 0. 

Thus 

𝑑 𝑥2𝑦 + 𝑑 3𝑥2 + 𝑑 𝑦4 = 𝑑 𝐶 . 

So, 

𝑥2𝑦 + 3𝑥2 + 𝑦4 = 𝐶 

is the general solution of the differential equation 

 2𝑥𝑦 + 6𝑥 𝑑𝑥 +  𝑥2 + 4𝑦3 𝑑𝑦 = 0. 

 

Part 4. ( Quiz) 

1. Which of the following differential equations can be made exact by multiplying 

by 𝑥2? 

(a) 
𝑑𝑦

𝑑𝑥
+

2

𝑥
𝑦 = 4. 

Solution: 
𝑑𝑦

𝑑𝑥
+

2

𝑥
𝑦 = 4 ⇔

𝑑𝑦

𝑑𝑥
= 4 −

2

𝑥
𝑦 ⇔  4 −

2

𝑥
𝑦 𝑑𝑥 − 𝑑𝑦 = 0 

By multiplying both sides by 𝑥2 , we obtain 

 4𝑥2 − 2𝑥𝑦 𝑑𝑥 +  −𝑥2 𝑑𝑦 = 0.  

Here 

𝑀 𝑥, 𝑦 = 4𝑥2 − 2𝑥𝑦,𝑁 𝑥, 𝑦 = −𝑥2,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= −2𝑥,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −2𝑥 

       Since 

 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −2𝑥 

we can conclude that the differential equation  3𝑥 + 2𝑦 𝑑𝑥 +  2𝑥 + 𝑦 𝑑𝑦 = 0 

is exact differential equation. In the other word, the differential equation 
𝑑𝑦

𝑑𝑥
+

2

𝑥
𝑦 = 4 can be made exact by multiplying by 𝑥2 . 

(b) 𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑥2 . 
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Solution: 

𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑥2 ⇔ 𝑥

𝑑𝑦

𝑑𝑥
= 𝑥2 − 3𝑦 ⇔  𝑥2 − 3𝑦 𝑑𝑥 +  −𝑥 𝑑𝑦 = 0. 

By multiplying both sides by 𝑥2 , we obtain 

 𝑥4 − 3𝑥2𝑦 𝑑𝑥 +  −𝑥3 𝑑𝑦 = 0. 

Here 

𝑀 𝑥, 𝑦 = 𝑥4 − 3𝑥2𝑦,𝑁 𝑥, 𝑦 = −𝑥3 ,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= −3𝑥2 ,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −3𝑥2 . 

       Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −3𝑥2  

we can conclude that the differential equation 

 𝑥4 − 3𝑥2𝑦 𝑑𝑥 +  −𝑥3 𝑑𝑦 = 0 is exact differential equation. In the other 

word, the differential equation 𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑥2  can be made exact by 

multiplying by 𝑥2. 

(c) 
1

𝑥

𝑑𝑦

𝑑𝑥
−

1

𝑥2 𝑦 = 𝑥. 

Solution: 
1

𝑥

𝑑𝑦

𝑑𝑥
−

1

𝑥2
𝑦 = 𝑥 ⇔

1

𝑥

𝑑𝑦

𝑑𝑥
= 𝑥 +

1

𝑥2
𝑦 ⇔  𝑥 +

1

𝑥2
𝑦 𝑑𝑥 +  −

1

𝑥
 𝑑𝑦 = 0. 

By multiplying both sides by 𝑥2 , we obtain 

 𝑥3 + 𝑦 𝑑𝑥 +  −𝑥 𝑑𝑦 = 0. 

Here 

𝑀 𝑥, 𝑦 = 𝑥3 + 𝑦, 𝑁 𝑥, 𝑦 = −𝑥,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 1,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −1. 

       Since  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 1 ≠

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −1 

we can conclude that the differential equation 

 𝑥3 + 𝑦 𝑑𝑥 +  −𝑥 𝑑𝑦 = 0 is not exact differential equation. In the other 

word, the differential equation 
1

𝑥

𝑑𝑦

𝑑𝑥
−

1

𝑥2 𝑦 = 𝑥 can not be made exact by 

multiplying by 𝑥2.   

(d) 
1

𝑥

𝑑𝑦

𝑑𝑥
+

1

𝑥2 𝑦 = 3. 

Solution: 
1

𝑥

𝑑𝑦

𝑑𝑥
+

1

𝑥2
𝑦 = 3 ⇔

1

𝑥

𝑑𝑦

𝑑𝑥
= 3 −

1

𝑥2
𝑦 ⇔  3 −

1

𝑥2
𝑦 𝑑𝑥 +  −

1

𝑥
 𝑑𝑦 = 0. 

By multiplying both sides by 𝑥2 , we obtain 

 3𝑥2 − 𝑦 𝑑𝑥 +  −𝑥 𝑑𝑦 = 0. 

Here 

𝑀 𝑥, 𝑦 = 3𝑥2 − 𝑦,𝑁 𝑥, 𝑦 = −𝑥,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= −1,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −1. 
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        Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= −1 

we can conclude that the differential equation 

 3𝑥2 − 𝑦 𝑑𝑥 +  −𝑥 𝑑𝑦 = 0 is exact differential equation. In the other word, 

the differential equation 
1

𝑥

𝑑𝑦

𝑑𝑥
+

1

𝑥2
𝑦 = 3 can be made exact by multiplying by 

𝑥2 . 

2. Consider the differential equation 

 4𝑥 + 3𝑦2 𝑑𝑥 + 2𝑥𝑦𝑑𝑦 = 0. 

(a) Show that this equation is not exact. 

Proof. Here 
𝑀 𝑥, 𝑦 = 4𝑥 + 3𝑦2, 𝑁 𝑥, 𝑦 = 2𝑥𝑦,  
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 6𝑦,

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2𝑦.  

Since 
𝜕𝑀 𝑥, 𝑦 

𝜕𝑦
= 6𝑦 ≠

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
= 2𝑦 

we can conclude that the differential equation  4𝑥 + 3𝑦2 𝑑𝑥 + 2𝑥𝑦𝑑𝑦 = 0 is 

is not exact differential equation. ■ 

(b) Find an integrating factor of the form 𝑥𝑛 , where n is a positive integer. 

Solution: 

From (a) we know that the differential equation  4𝑥 + 3𝑦2 𝑑𝑥 + 2𝑥𝑦𝑑𝑦 = 0 

is not exact. But then, we can find an integrating factor 𝑢 𝑥, 𝑦 = 𝑥𝑛 , where 𝑛 

is a positive integer such that the differential equation 𝑥𝑛 4𝑥 + 3𝑦2 𝑑𝑥 +

𝑥𝑛 2𝑥𝑦 𝑑𝑦 = 0 is exact.  

Assume that  4𝑥 + 3𝑦2 𝑑𝑥 + 𝑥𝑛 2𝑥𝑦 𝑑𝑦 = 0 is exact differential equation. 

Here 

𝑥𝑛 4𝑥 + 3𝑦2 𝑑𝑥 + 𝑥𝑛 2𝑥𝑦 𝑑𝑦 = 0 

⇔  4𝑥𝑛+1 + 3𝑥𝑛𝑦2 𝑑𝑥 +  2𝑥𝑛+1𝑦 𝑑𝑦 = 0. 

Let  

𝑀 𝑥, 𝑦 = 4𝑥𝑛+1 + 3𝑥𝑛𝑦2 and 𝑁 𝑥, 𝑦 = 2𝑥𝑛+1𝑦.  

Then, we obtain 

𝜕𝑀(𝑥, 𝑦)

𝜕𝑦
= 6𝑥𝑛𝑦 and 

𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
=  2𝑛 + 2 𝑥𝑛𝑦 

Since  4𝑥 + 3𝑦2 𝑑𝑥 + 𝑥𝑛 2𝑥𝑦 𝑑𝑦 = 0 is exact differential equation, we must 

obtain 

6𝑥𝑛𝑦 =
𝜕𝑀(𝑥, 𝑦)

𝜕𝑦
=
𝜕𝑁 𝑥, 𝑦 

𝜕𝑥
=  2𝑛 + 2 𝑥𝑛𝑦, 

that is 

6𝑥𝑛𝑦 =  2𝑛 + 2 𝑥𝑛𝑦. 

Hence 𝑛 = 2. 

Thus, the integrating factor of the form 𝑥𝑛 , where 𝑛 is a positive integer such 

that the differential equation 𝑥𝑛 4𝑥 + 3𝑦2 𝑑𝑥 + 𝑥𝑛 2𝑥𝑦 𝑑𝑦 = 0 is exact is 𝑥2 . 
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(c) Multiplying the given equation through by the integrating factor found in (b) 

and solve the resulting exact equation. 

Solution: 

From (b) we know that the differential equation  4𝑥3 + 3𝑥2𝑦2 𝑑𝑥 +

 2𝑥3𝑦 𝑑𝑦 = 0 is exact. Now, we will find the solution of this exact differential 

equation or in the other word we must find 𝐹 such that  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑥
= 𝑀 𝑥, 𝑦 = 4𝑥3 + 3𝑥2𝑦2 and 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 2𝑥3𝑦. 

From the first of these, 

𝐹 𝑥, 𝑦  =  𝑀 𝑥, 𝑦 𝜕𝑥 + ℎ 𝑦  

=   4𝑥3 + 3𝑥2𝑦2   𝜕𝑥 + ℎ 𝑦  

= 𝑥4 + 𝑥3𝑦2 + ℎ 𝑦 . 

Then  

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 2𝑥3𝑦 +

𝑑ℎ 𝑦 

𝑑𝑦
 

But we must have 

𝜕𝐹 𝑥, 𝑦 

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 2𝑥3𝑦. 

Thus 

2𝑥3𝑦 = 2𝑥3𝑦 +
𝑑ℎ 𝑦 

𝑑𝑦
⇔ 0 =

𝑑ℎ 𝑦 

𝑑𝑦
. 

Thus ℎ 𝑦 = 𝐶0, where 𝐶0 is an arbitrary constant, and so 

𝐹 𝑥, 𝑦 = 𝑥4 + 𝑥3𝑦2 + 𝐶0. 

Hence a one- parameter family of solution is 𝐹 𝑥, 𝑦 = 𝐶1, or 

𝑥4 + 𝑥3𝑦2 + 𝐶0 = 𝐶1 

Combining the constsnts 𝐶0 and 𝐶1 we may write this solution as 

𝑥4 + 𝑥3𝑦2 = 𝐶 

where 𝐶 = 𝐶1 − 𝐶0 is an arbitrary constant. 

So, we conclude that the general solution of the exact differential equation 

 4𝑥3 + 3𝑥2𝑦2 𝑑𝑥 +  2𝑥3𝑦 𝑑𝑦 = 0 is 𝑥4 + 𝑥3𝑦2 = 𝐶. 

 

 

 


