Differential Equations
Exact and Non- Exact Differential Equations
Solutions of Exercises
By: Ibnu Rafi

Note:
Definition. The expression M(x,y)dx + N(x,y)dy ... (*) is called an exact differential in
a domain D if there exists a function F of two variables such that the this expression
equals the total differential dF (x,y) for all (x,y) € D. That s, expression (*) is an excat
differential in D if there exists a function F such that

aFg;, y) — M(x,y) and ang, y)
If M(x,y)dx + N(x,y)dy is an exact differential, then the differential equation
M(x,y)dx + N(x,y)dy = 0 is called an exact diffrential equation. Moreover, given the
standard form of ordinary differential equation M(x,y)dx + N(x,y)dy = 0. The
differential equation is said to be exact if

IM(x,y) ON(x,y)

dy dx

= N(x,y) V(x,y) € D.

Part 1. ( In exercises 1-10 determine whether or not each of the given equation is exact;
solve those that are exact).
1. Bx+2y)dx+ 2x+y)dy =0.
Solution:
Our first duty is to determine whether or not the equation is exact or not. Here
M(x,y) =3x+2y,N(x,y) =2x +y,
oM(x,y) _ ON(x,y)
—_—=2,—-=2
dy 0x
Since

OM(x,y) ON(x,y) _ )
dy ox
we can conclude that the differential equation (3x + 2y)dx + (2x + y)dy = 0 is

exact differential equation. Furthermore, we must find F such that

OF (x, oF (x,
%: M(x,y) = 3x + 2y and #

From the first of these,

F(x,y) = j M(x,y)dx + h(y) = J(3x + 2y)ox + h(y) = ;xz + 2xy + h(y).

=N(x,y) =2x +y.

Then
OF (x, dh
ny) _ o+ )
dy dy
But we must have
JF (x,
% =N(x,y)=2x+y.
Thus
dh dh
2x+y=2x+ (y)(:) =ﬂ.

dy Y dy
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Thus h(y) = %yz + Cy, where () is an arbitrary constant, and so

F =2 2y byt A C
(x,y) 2x + xy+2y + Cy.

Hence a one- parameter family of solution is F(x,y) = C;, or

3 1
Exz +2xy+zy2+CO =(

Combining the constsnts €y and C; we may write this solution as

x4 2xy+ayt=C
> X xy+5y°=
where C = C; — C is an arbitrary constant.

So, we conclude that the general solution of the exact differential equation
(3x + 2y)dx + (2x + y)dy = 0'is %xz + 2xy + %yz =C.
2. (y*+3)dx+ (2xy —4)dy = 0.
Solution:
Our first duty is to determine whether or not the equation is exact or not. Here
M(x,y) = y*> +3,N(x,y) = 2xy — 4,
oM(x,y) 5 ON(x,y) 5
dy Y “ox
Since
OM(x,y) ON(x,y) _ )
dy ox
we can conclude that the differential equation (y? + 3)dx + (2xy — 4)dy = O is
exact differential equation. Afterwards, we must find F such that
dF (x,y) oF (x,y)
d0x dy
From the first of these,

F(x,y) = fM(x, y)ox + h(y) = f(y2 +3)0x + h(y) = xy? + 3x + h(y).

=M(x,y) = y*+ 3 and = N(x,y) = 2xy — 4.

Then
OF (x, dh
(x,y) — oyt )
dy dy
But we must have
0F(x,y)

3y = N(x,y) = 2xy — 4.

Thus
2xy—4=2xy+dh—(y)<:)—4=L(y).
dy dy
Thus h(y) = —4y + C,, where C, is an arbitrary constant, and so
F(x,y) = xy? + 3x + —4y + C,.
Hence a one- parameter family of solution is F(x,y) = C;, or
xy?>+3x+—4y+Cy = C;
Combining the constsnts €y and C; we may write this solution as
xy?+3x+—-4y=C
where C = C; — C, is an arbitrary constant.
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So, we conclude that the general solution of the exact differential equation
(y? + 3)dx + 2xy — 4)dy = 0is xy? + 3x + —4y = C.
3. (2xy + Ddx + (x? + 4y)dy = 0.
Solution:
Our first duty is to determine whether or not the equation is exact or not. Here
M(x,y) = 2xy + 1,N(x,y) = x? + 4y,
OM(x,y) ON(x,y)
—— =2x,———— = 2x
dy 0x
Since
dM(x,y) _9dN(x,y)
= =2
dy dx

we can conclude that the differential equation (2xy + 1)dx + (x? + 4y)dy = 0 is
exact differential equation. Afterwards, we must find F such that

OF (x, 0F (x,
%= M(x,y) = 2xy + 1 and g—y)

From the first of these,

F(x,y) = fM(x, y)ox + h(y) = J(ny +1)dx + h(y) = x%y + x + h(y).

= N(x,y) = x* + 4y.

Then
oF (x, dh
y) _ 24 )
dy dy
But we must have
dF (x,y)

oy - N(x,y) = x* + 4y.

Thus

dh(y) dh(y)
x2+4y=x2+W(:>4y=d—y.
Thus h(y) = 2y? + C,, where C, is an arbitrary constant, and so
F(x,y) = x*y + x + 2y% + C,.
Hence a one- parameter family of solution is F(x,y) = C;, or
X’y +x+2y*+Cy=C,
Combining the constsnts €y and C; we may write this solution as
x’y+x+2y>=C
where C = C; — C, is an arbitrary constant.
So, we conclude that the general solution of the exact differential equation
(2xy + 1)dx + (x*> + 4y)dy = 0is x?y + x + 2y% = C.
4. (3x%y +2)dx — (x3 + y)dy = 0.

Solution:
Our first duty is to determine whether or not the equation is exact or not. Here

M(x,y) = 3x’y,N(x,y) = —x* -y,

oOM(x,y) _ 3x2’6N(x.y) _ 32

dy 0x

Since
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oOM(x,y) _ 32 % ON(xy) _ 3,2
dy 0x
we can conclude that the differential equation (3x%y + 2)dx — (x3 + y)dy = 0 is
not exact (non- exact) differential equation.
5. (6xy + 2y% — 5)dx + (3x% + 4xy — 6)dy = 0.
Solution:

Our first duty is to determine whether or not the equation is exact or not. Here
M(x,y) = 6xy + 2y? —5,N(x,y) = 3x? + 4xy — 6,

oM(x,y) IN(x,y)
T— 6x+4y,T—6x+4y.
Since
OM (x, 0N (x,
ny) _ (xy):6x+4y

dy 0x
we can conclude that the differential equation
(6xy + 2y% — 5)dx + (3x% + 4xy — 6)dy = 0 is exact differential equation.
Moreover, we must find F such that

JOF (x, 0F (x,
% = M(x,y) = 6xy + 2y*> — 5 and g—yy) = N(x,y) = 3x% + 4xy — 6.
From the first of these,
F(x,y) = f M(x,y)ox + h(y)
= f(6xy + 2y? — 5)dx + h(y)
= 3x%y + 2xy? — 5x + h(y)
Then
OF(xy) ., dh(y)
_ 7l 4 7
3y 3x° + 4xy + dy
But we must have
OF (x,y)

5y = N(x,y) = 3x% + 4xy — 6.

Thus
) s dh(y) _dh(y)
3x“ +4xy — 6 = 3x +4xy+W(:—6—W.
Thus h(y) = —6y + Cy, where C is an arbitrary constant, and so
F(x,y) = 3x?y + 2xy? — 5x — 6y + C,.
Hence a one- parameter family of solution is F(x,y) = C;, or
3x%y +2xy? —5x — 6y + Cy = (4
Combining the constsnts €y and C; we may write this solution as
3x2y + 2xy? —5x — 6y =C
where C = C; — C, is an arbitrary constant.
So, we conclude that the general solution of the exact differential equation
(6xy + 2y%? — 5)dx + (3x% + 4xy — 6)dy = 01is 3x%y + 2xy? — 5x — 6y = C.
6. (8> +1)cosrdr+260sinrdd = 0.

Solution:
Our first duty is to determine whether or not the equation is exact or not. Here
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M(r,0) = (6% + 1) cosr,N(r,0) = 20 sinr,

oM(r,0) 29 ION(r,0) 29
20 = cosr, Fra COST.
Since
oM(r,0) ON(r,0)
= = 20 cosr

006 - or
we can conclude that the differential equation (82 + 1) cosr dr + 20 sinr df = 0
is exact differential equation. Moreover, we must find F such that

oF(r, 0 oF(r, 0
% =M(r,0) = (6% + 1) cosr and % =N(r,0) = 20sinr
From the first of these,
F(r,0) = fM(r, 0)ar + h(8)
= j(@z + 1) cosr ar + h(0)
= (6% + 1) sinr + h(6)
Then
dF(r,0) _ dh(6)
T = 20sinr + W
But we must have
dF(r,0) N 0) = 20'si
5g = N(,0) =20sinr.
Thus
20 sinr = 20 sinr + L0 o - 41O)
sinr = 20 sinr 20 =g

Thus h(8) = Cy, where C is an arbitrary constant, and so

F(r,0) = (6% + 1) sinr + C,.
Hence a one- parameter family of solution is F(r,8) = Cy, or

(6% + 1) sinr +Cy = C;
Combining the constsnts Cy and C; we may write this solution as
(6% +1)sinr =C
where C = C; — C is an arbitrary constant.
So, we conclude that the general solution of the exact differential equation
(6% + 1) cosrdr + 20sinrdf = 0is (8% + 1) sinr = C.
7. (ysec?x + secxtanx)dx + (tanx + 2y)dy = 0.

Solution:
Our first duty is to determine whether or not the equation is exact or not. Here
M(x,y) = ysec?x + secxtanx,N(x,y) = tanx + 2y,

oM(x,y) s ON(x,y) )

ec?x, ——=~ = sec?x.
dy

0x
Since

2

OM(x,y) 0N(x,y)
= = sec’x

dy  0x
we can conclude that the equation (y sec? x + secx tan x)dx + (tanx + 2y)dy =
0 is exact differential equation. Furthermore, we must find F such that
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BF(x,y) aF(xr y)

= M(x,y) = ysec? x + secx tanx and = N(x,y) =tanx + 2y.

0x dy
From the first of these,
FGoy) = [ MGu)0x -+ h)
= f(y sec® x + secx tan x)dx + h(y)
= ytanx + secx + h(y).
Then
OF (x, dh
(ny) _ tanx 4 (¥)
dy dy
But we must have
OF (x,
% = N(x,y) = tanx + 2y.

Thus
dh(y) dh(y)
o2y = —-,
dy
Thus h(y) = y? + C,, where C; is an arbitrary constant, and so
F(x,y) = ytanx + secx + y? + C,.
Hence a one- parameter family of solution is F(x,y) = Cy, or

tanx + 2y = tanx +

ytanx +secx + y? + Cy = C;
Combining the constsnts €y and C; we may write this solution as
ytanx +secx +y? =C
where C = C; — C is an arbitrary constant.
So, we conclude that the general solution of the exact differential equation
(v sec? x + secxtanx)dx + (tanx + 2y)dy = 0 is ytanx + secx + y? = C.

8. (yx—z+x)dx+(;—z+y)dy=0.

Solution:

Our first duty is to determine whether or not the equation is exact or not. Here
2

X X
M(x,y) =F+x,N(x,y) =F+y,

OM(x,y)  2x ON(x,y) 2x
ay — y¥ ox T y¥

Since
oM(x,y)  2x . ON(x,y) 2x

oy y3 ox y3
2
we can conclude that the differential equation (yx—z + x) dx + (% + y) dy =0is

not exact (non- exact) differential equation.
2s5—1 —s2
9. (S )ds+(5 . )dt=0.
t t
Solution:
Our first duty is to determine whether or not the equation is exact or not. Here
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2s —1 s — 52
M(s,t)z—t ,N(s,t)=—t2 :
OM(s,t) _1-2s ON(s,t) _1-2s

ot t2 ' 0s t2

Since
dM(s,t) ON(s,t) 1-2s

ot ds t?
we can conclude that the differential equation (zst—_l) ds + (

S—S2
t2

)dt = (0 is exact

differential equation. Furthermore, we must find F such that

0F (s, t) 2s—1 OF (s, t) s —s?
s = M(s,t) = . and 5% = N(s,t) = E

From the first of these,

F(s,t) =fM(s,t)6x+h(t)

- j (?) ds + h(t)

2

s’ —s
=— + h(t).
Then
OF(s,t) s> s dh(t) s-—s? N dh(t)
at  t2 t2  dt = t? dt
But we must have
dF (s, t) s —s?
F T N(s, t) = vE

Thus
s—s? s—s? dh(t) dh(t)
S0=——-

t? t? dt dt
Thus h(t) = Cy, where C, is an arbitrary constant, and so

s2—s

F(S, t) = + Co.
Hence a one- parameter family of solution is F(x,y) = C;, or
s?—s
t + C() = Cl
Combining the constsnts €y and C; we may write this solution as
s?—s
=C
t

2

or we can write this as s* — s = Ct, where C = C; — C, is an arbitrary constant.

So, we conclude that the general solution of the exact differential equation
— _ 2
(ZS 1)ds+(s > )dt= 0iss? —s = Ct.

t t2

3
5 1 1
10. <2y i“) dx + (3x2y2 — 1) dy = 0.

x2

Solution:
Our first duty is to determine whether or not the equation is exact or not. Here
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Since

ON(x,y)
1 —_—
7 Ox
3

5 1 1
2y21+1> dx + (3x5y5 — 1) dy=20

we can conclude that the differential equation <
X2

is not exact (non- exact) differential equation.

Part 2. ( In each of the following equations determine the constant 4 such that the
equation is exact, and solve the resulting exact equation).
a. (x? +3xy)dx + (Ax?* + 4y)dy = 0.
Solution:
Suppose
M(x,y) = x* + 3xy and N(x,y) = Ax? + 4y.
Then, we obtain
OM(x,y) ON(x,y)
—————=3xand ———=

2Ax.

dy 0x
In order to make the differential equation become exact differential equation, it
must be

oM(x,y) ON(x,y)
= = 3x
dy 0x

Thus

3
2Ax =3x & A = >
Therefore, we obtain that the differential equation

(x% + 3xy)dx + ze + 4y) dy = 0 is exact differential equation. Furthermore,

we must find F such that
0F(x,y)

0x
From the first of these,

_ _ 2 15 3,
F(x,y) —fM(x,y)ax+h(y)—f(x +3xy)ax+h(y)—§x +§x y + h(y).

F (x,y)

F 3
= M(x,y) = x> + 3xy and % =N(x,y)=§x2+4y.

Then
0F(x,y) 3 ,  dh(y)
— L =ox?+—=
dy 2 dy
But we must have
0F(x,y)

3
=N = =x? + 4y.
3y (x,y) Sx" +4y

Thus
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3 3 dh(y) dh(y)
Z 42 4 — S 4y = ————,
> x*+4y = > x? + ——= dy y dy
Thus h(y) = 2y? + C,, where C, is an arbitrary constant, and so
1 3

F(x,y) = §X3 + Exzy + Co-
Hence a one- parameter family of solution is F(x,y) = C;, or

1 3
§x3 + Exzy + 2y +Cy=C;
Combining the constsnts €y and C; we may write this solution as
lx3 +§x2y +2y?2=C
3 2
where C = C; — C is an arbitrary constant.

So, we conclude that the general solution of the exact differential equation
(e + 3xy)dx + (337 + 4y) dy = 0is 2x° +2x%y + 2% = C.
1 Ax+1
b (G+57) dx+ (55) dy =0,
Solutlon.
Suppose

Ax + 1

1 1
M(x,y) =X—Z+F and N(x,y) =

y
Then, we obtain
oM(x,y) 2 q ON(x,y) A
_—_— n —_————

oy y3 0x y3
In order to make the differential equation become exact differential equation, it
must be
oM(x,y) ON(x,y) 2

gy oax  y3
Thus

A 2 A )

—=—-——5A4A=-2

AT A

Therefore, we obtain that the differential equation

(xiz )d +( 2x+1) dy = 0 is exact differential equation. Furthermore, we

must f1nd F such that

dF (x,y) 1 1 0F (x,y) —2x+1
T=M(x,)’)=x—2+ and—zN(x,y)zy—3

y? dy
From the first of these,

1 1 1 x
F(x,y)=fM(x,y)ax+h(y)=f<ﬁ+}7)ax+h(y)=—;+}7+h(y).

Then
0F(x,y)  2x N dh(y)
ay  y:  dy
But we must have
0F (x,y) —2x + 1
6— N(x,y) =———
y
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Thus

2kl 2x dh) 1 dkG)

y? y} ody y? dy
Thus h(y) = — ZyLZ + Cy, where C is an arbitrary constant, and so
1 x 1
F(x,y) = —;+?—2—yz+€0.
Hence a one- parameter family of solution is F(x,y) = C;, or
1 x 1
_;+?_2_yz+co = Cl
Combining the constsnts €y and C; we may write this solution as
1 x 1

- }7 — Z_yZ =
where C = C; — Cj is an arbitrary constant.

So, we conclude that the general solution of the exact differential equation

1,1 —2x+1 e 1, x 1
(x—2+}7)dx+( 53 )dy—OIS x+y2 Zyz_C'
Part 3. ( Solve using grouping method)
1 y _
Solution:
From = dy — 2 dx = 0 we obtain
X X
SAY
d (;) = d(C).
So
Y _¢
X

is the general solution of the differential equation %dy — ;—2 dx = 0.
dy 2 _ 9. —
2. nydx+y 2x = 0.
Solution:
dy

nya+y2—2x=0

& 2xy2—i] = 2x — y?
e (2x —y?)dx — 2xydy = 0
From (2x — y?)dx — 2xydy = 0, we group the term as follows
2xdx — (y*dx + 2xydy) = 0.
Thus
d(x?) — d(xy?) = d(C).
So,
x2—xy=_C

is the general solution of the differential equation nyz—z +y% —2x =0.
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3. 2(y + 1e*dx + 2(e* — 2y)dy = 0.
Solution:
From 2(y + 1)e*dx + 2(e* — 2y)dy = 0, we group the term as follows
(2ye*dx + 2e*dy) + 2e*dx — 4ydy = 0.
Thus
d(2ye*) + d(2e*) — d(2y?) = d(C).
Therefore,
2ye* +2e* —2y%2 =(C

is the general solution of the differential equation

2(y + De*dx + 2(e* — 2y)dy = 0.

4. (2xy + 6x)dx + (x* + 4y3)dy = 0.
Solution:
From (2xy + 6x)dx + (x% + 4y3)dy = 0, we group the term as follows
(2xydx + x*dy) + 6xdx + 4y3dy = 0.

Thus

d(x?y) + d(3x%) + d(y*) = d(0).
So,

x’y+3x2+y*t=C

is the general solution of the differential equation

(2xy + 6x)dx + (x? + 4y3)dy = 0.

Part 4. ( Quiz)
1. Which of the following differential equations can be made exact by multiplying

by x2?
d 2
@ +-y=4
Solution:
B2 ey 2 (4 )d d
e — = S5 — = —_— & —_— — =
dx x dx xy y)ex Y

By multiplying both sides by x2, we obtain
(4x? — 2xy)dx + (—x*)dy = 0.

Here
M(x,y) = 4x* — 2xy,N(x,y) = —x?,
oM (x,y) ON(x,y)
— = 2, — L= —
dy 0x
Since

OM(x,y) ON(x,y) _

dy ox

we can conclude that the differential equation (3x + 2y)dx + 2x + y)dy = 0
is exact differential equation. In the other word, the differential equation

Z—i’ + %y = 4 can be made exact by multiplying by x?2.

(b)xi—z+ 3y = x2.

Differential Equations: Solutions of Exercises (Exact & Non- Exact D.E) Page 11



Solution:

dy .2 dy _ 2 2 —
xa+3y—x @xa—x -3y o (x° = 3y)dx + (—x)dy = 0.
By multiplying both sides by x?, we obtain

(x* = 3x%y)dx + (—x3)dy = 0.

Here
M(x,y) = x* — 3x%y,N(x,y) = —x3
oM (x,y) _ 3 2’c?N(x,y) _ 32
dy d0x
Since
OM(x,y) ON(x,y) _ 32

dy  ox
we can conclude that the differential equation
(x* = 3x%y)dx + (—x3)dy = 0 is exact differential equation. In the other

word, the differential equation x Z—z + 3y = x? can be made exact by

multiplying by x2.
1dy 1
©O-T—=Zy=x
Solution:
1dy 1 1dy 1 1 1
;E—Fy—au:;a—x+ 2y<=<x+ 2y>dx+<——)dy—0

By multiplying both sides by x?, we obtain
(x3 + y)dx + (—x)dy = 0.

Here
M(x,y) = x3+y,N(x,y) = —x,
oM (x,y) dN(x,y)
T o, T
dy dx
Since

M (x, y) dN(x,y)
— e
dy 0x
we can conclude that the differential equation
(x3 + y)dx + (—x)dy = 0 is not exact differential equation. In the other

. : . 1d 1
word, the differential equation =2 — Yy = x can not be made exact by

xdx  x2
multiplying by x2.
@2 +5y=3.
Solution:
tdy 1 351 _ 5 1 (3 1>d +( )d 0.
—y=3o-—=3-—y|(3-— —— =
x dx xzy x dx xzy y)x Y=

By multiplying both sides by x?, we obtain
(3x? — y)dx + (—x)dy = 0.
Here
M(x,y) = 3x* —y,N(x,y) = —x,
oM(x,y) " IN(x,y)

ay 7 ox
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Since
oM(x,y) ON(x,y) _
dy ox
we can conclude that the differential equation
(3x% — y)dx + (—x)dy = 0 is exact differential equation. In the other word,

the differential equation %Z—Z + xiz y = 3 can be made exact by multiplying by

x2.

2. Consider the differential equation
(4x + 3y?)dx + 2xydy = 0.
(a) Show that this equation is not exact.

Proof. Here
M(x,y) = 4x + 3y?, N(x,y) = 2xy,
oM(x,y) IN(x,y)
— = by, —— =2
dy 0x
Since

oOM(x,y) _ 6y % IN(xY) _,
dy dx
we can conclude that the differential equation (4x + 3y?)dx + 2xydy = 0 is
is not exact differential equation. l
(b) Find an integrating factor of the form x", where n is a positive integer.
Solution:
From (a) we know that the differential equation (4x + 3y?)dx + 2xydy = 0
is not exact. But then, we can find an integrating factor u(x,y) = x", where n
is a positive integer such that the differential equation x™(4x + 3y?)dx +
x"(2xy)dy = 0 is exact.
Assume that (4x + 3y?)dx + x"(2xy)dy = 0 is exact differential equation.
Here
x™(4x + 3y?)dx + x"(2xy)dy = 0
& (4x™1 + 3xy?)dx + (2x™y)dy = 0.
Let
M(x,y) = 4x™*"1 + 3x"y? and N(x,y) = 2x™ 1y,
Then, we obtain

OM(x,y) , ON(x,y)
— = 7= (2 2)x"
3y 6x™y and Ep (2n+2)x™y
Since (4x + 3y?)dx + x™(2xy)dy = 0 is exact differential equation, we must
obtain

_oM@y) _N(xy)
9y ox

6x"y = (2n+ 2)x"y,

that is
6x"y = (2n + 2)x"y.
Hencen = 2.
Thus, the integrating factor of the form x™, where n is a positive integer such
that the differential equation x™ (4x + 3y2)dx + x™ (2xy)dy = 0 is exact is x2.
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(c) Multiplying the given equation through by the integrating factor found in (b)
and solve the resulting exact equation.
Solution:
From (b) we know that the differential equation (4x3 + 3x%y?)dx +
(2x3y)dy = 0 is exact. Now, we will find the solution of this exact differential
equation or in the other word we must find F such that

OF (x, oF (x,
% = M(x,y) = 4x3 + 3x%y? and % = N(x,y) = 2x3y.
From the first of these,
F(x,y) = fM(x.y)0x+ h(y)
= f(4x3 + 3x2y? )ox + h(y)
=x* + x3y% + h(y).
Then
0F (x, dh
ny) _ 253y + (¥)
dy dy
But we must have
JF (x,
(g—yy) = N(x,y) = 2x3y.

Thus

2x3y = 2x3y+M=} 0 =M.
dy dy
Thus h(y) = C,, where Cj is an arbitrary constant, and so
F(x,y) = x* + x3y% + C,.
Hence a one- parameter family of solution is F(x,y) = C;, or
x*+x3y2+Cy=C
Combining the constsnts €y and C; we may write this solution as
x*+x3y?2=C

where C = C; — C is an arbitrary constant.
So, we conclude that the general solution of the exact differential equation

(4x3 + 3x%y?)dx + (2x3y)dy = 0is x* + x3y? = C.
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