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1.7 The principle of mathematical induction (MI or mi) . . .

1.1 Motivation

Why do we study calculus?

Calculus is an important branch of mathematics and is concerned with two basic oper-
ations called differentiation and integration. These operations are related and both
rely for their definitions on the use of limits.

We study calculus with some revision of A-level work. We introduce the basic concepts
of mathematical analysis.

1.2 Basics

Notation: We use the symbols N, Z, R for the set of natural numbers, integers and
real numbers, respectively:

N={0,1,2,3,...} Z=4{0,1,2,3,...}u{-1,-2,-3,—4...}
Given two real numbers a < b we use the following interval notations:
la,b] = {z € Rla < x < b},

1



1.2 Basics

[a,b) = {z € Rla <z < b},

(a,b] = {z € Rla < x < b},

(a,b) = {z € Rla < x < b}.
We also use the notations

[a, +00) = {z € R|a < x},

(a,+0) = {z € Rla < z},
(—o0,a] = {z € Rlx < a},

(—o00,a) = {x € Rlz < a}.

Functions: We shall use notations like
f:la, b — R
to convey that f is a real-valued function defined for all a < x < b, i.e., f(z) is a real

number for all x € [a,b]. In general, g : A — B conveys that ¢ is a function with
domain A and range B, i.e., for all z € A, g(z) € B. g(z) is the value of ¢ at x.

Definition (provisional): A function is a rule which assigns, to each real number
in its domain, some real number in its range.

1.2.1 Examples of functions
1. fi:R—R,fi(z) =z
2. f2:[0,400) — [0,+00), fo(z) = V&
3. fa: (0.400) — (0, +00), fy(x) = L
4.

‘ | 0 if =z isrational
fi:R—R, fy(z) = { 2 if x isirrational
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Building new functions: Suppose

frg: A—R.
Define
f+g:A—R
by (f +¢g)(x) = f(z) + g(z), the sum of f and g.
f—g:A—R
by (f —g)(z) = f(x) — g(x), the difference of f and g.
(f-9):A—R

by (f - g)(x) = f(z) - g(x), the product of f and g.
If g(z) # 0 for all z € A, we also define

(3)a—r

by (§> () = %, the quotient of f and g.

1.2.2 Examples
f:R—R,f(z)=2?

1

g:R— R g(z) =

(f-9)(x) = f(z)-g(x) = ﬁ'ﬁ = 17 <§> (x) = % =2 = 2?(1+2?%) = 2% +22.

1.3 Preliminary algebra

1.3.1 Polynomial functions

Definition: A polynomial of degree n is a function f(z) of the form

f(ZE) = anxn + an—lxn_l + -+ GQIL'z + a1 + ag.

Here n is an integer n > 0, called the degree of the polynomial f.

Definition: A polynomial equation is an equation of the form

f(z) = az" + ap 12" 4 ag2® + a1 +ag = 0.

It is satisfied by particular values of x, called the roots of the polynomial.
For n = 1, (linear case) we have

Qo
ar+ay=0=>2=——.
ay

For n = 2, (quadratic case) we have

—ap a% — 4dasag

ar? +ar+ag=0= 2, =
2@2



1.4 Coordinate geometry

Theorem 1.1: An n-th degree polynomial equation has exactly n roots.

1.3.2 Factorising polynomials

We have just seen that a polynomial equation can be written in any of the following
alternative forms

f(x) = apa™ + ap12™ -+ a2 + a1 + ao,
f@) = ap(z —a)™(z—a)™ - (z — o)™,
flz) = az—ap)(x—ag) - (x — ay),

with m; +moy + - +m, = n.

Example 1.1: The roots of a quadratic polynomial f(z) = axz® + ayx + ag = 0 are

a1 and am, such that
aq Qo
o+ g = —— a1 - Qg = —.
%) a2

1.3.3 Trigonometric identities
Single-angle identities:
cos® 0 +sin? = 1,
1+tan’f = sec?é,
cot?’0+1 = csc?é.

Compound-angle identities:

cos(A+ B) = cosAcosB Fsin Asin B,
sin(A+ B) = sin Acos B + cos Asin B.

Double-angle identities:
cos(24) = 1 —2sin? A,
sin(2A) = 2sin Acos A,

1.4 Coordinate geometry

Equation of a straight-line: The standard form for a straight-line graph is
Yy = mx +c,

representing a linear relationship between the independent variable x and the dependent variable .
The slope m is equal to the tangent of the angle the line makes with the z-axis and ¢
is the intercept of the y-axis. An alternative form for the equation of a straight line is

ar +by+ k=0,

with m = —¢ and ¢ = —%. This form treats x and y on a more symmetrical basis, the
intercepts on the two axes being —S and —%, respectively.
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Equation of a line that passes through (z,7;) and (z2,72): Given two points
(x1,71) and (x2,ys), we find the equation of the line that passes through both of them
as follows. The slope is given by

Y2 — U1
m =
To — 1

and

y— 1y =m(z — 1)
or

Y —y2=m(x — x9)

is the desired linear relationship between y and x.

Example 1.2: Find the equation of the line that passes through the points (1, 2) and
(5,3).

Do as an exercise at home.

1.5 Partial fractions

Example 1.3: Express the function

4x + 2
/(@) x4+ 3x + 2
in partial fractions.
We write (@)
g(x 4o 4 2
h(x)  x%+3x+2
In this case the denominator h(x) has zeros at x = —1 and x = —2; Thus the partial

fraction expansion will be of the form

4o + 2 A A
2 +30+2 a +11+x +22 = 4042 = Ay (v4+2)+As(z+1) = A = -2 Ay = 6.

fx) =

Example 1.4: If the denominator has repeated factors, the expansion is carried out
as follows:
x—4 A Bx+C 5

5
- A=—2 p=2 __2
G+ D@—27 o+1 (w—27 9 g ¢

fz) =

1.6 Binomial expansion

We consider the general expansion of f(x) = (x + y)", where  and y may stand for
constants, variables or functions and n is a positive integer.



1.7 The principle of mathematical induction (MI or mi)

(z+y) = z+y,
(x+y) = (@+y)(r+y) =a"+22y+y7
(x+1y)? = (z+y)(@®+ 22y +y*) = 2° + 327y + 3ay® + >

The general expression, the binomial expansion for power n is given by

(x +y)" ZCnmx Ty,

where

n! n
Crm m!(n —m)! (m)

1.7 The principle of mathematical induction (MI
or mi)

Suppose P(k) means that the property P holds for the integer k.

Suppose that m is an integer and that

(1) P(m) is true,

(2) Whenever k > m and P(k) is true, P(k + 1) is true.

Then P(n) is true for all integers n > m.

(1) is called the Base and (2) is called the Induction Step. The supposition that
P(k) is true is called the inductive hypothesis.

Example: Sum of the first n integers.

1424 fn=— P(n)

Proof by MI:

Base: P(1) is true as 1 = (12“)
Induction step Let k£ > 1 and suppose P(k) is true.
Thus 1+ 24 -+ + k = HEL.

Hence 1+2+---—|—k3+(k:—|—1) = k(k;l) +(k+1) = w, and therefore P(k+ 1)
is true as well.

Problem: Let P(n) stand for "62" — 1” is divisible by 35.
Claim: P(n) is true for all integers n > 1.

Proof by MI:

Base: P(1) is true as 6" — 1 =61 —1 =36 — 1 = 35.
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Induction step: Let k > 1 and suppose P(k) is true. Thus 6% — 1 is divisible by 35.
Hence

62D 1 =622 1 =6.36-1=6%*.(35+1)— 1= (6% —1)+6%* - 35,

which is divisible by 35, and therefore P(k + 1) is true as well.

Exercise: Let P(n) stand for "n* + 2n® + 2n? 4+ n” is divisible by 6.
Claim: P(n) is true for all integers n > 1.
Proof by MI: Do as an exercise at home.

Theorem 1.2: If x # 1, then

n 1 — gntl
E " = . for all integers n > 0.
-
m=0

Proof by MI: Do as an exercise at home.
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2.1 Provisional definition

2.1.1

The function f will be said to have the limit L as x tends to a, if when x is arbitrarily
close to, but unequal to a, f(x) is arbitrarily close to L.

The statement “tends to a” is written as © — a, and when the limit of f(z) exists as
x — a, this will be shown by writing

lim f(z) = L.
Example 1: Let f(z) = zsini.
f:R\{0} = R

What is lim,_.¢ f(z)?

1
‘Siﬂ—’ﬁl Vo # 0.
z

Take x close to 0 but x # 0. If 0 < < 1/10 this means

1 1
sin;) = |f(@)] < lal < 75 = lim f(x) = 0.

|f(z)] = ’%‘Sini‘ = |z| -
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2.1 Provisional definition

Example 2: Let g(z) = 2%
g:R—R

Claim: lim, ., g(x) = a*.

Proof:

l9(x) —a’| = 2" —a*| = |(z —a)(z +a)| = |z —a| - [& + al.

If |z — a] < 1/n with n > 1 then
1
o +al <zl + o] < |a| + 1+ a| = 2-Ja| + 1 = [g(x) —@®| < (2-|a| +1) - —.

We can choose n large enough, so that g(z) gets arbritrarily close to a?. This shows

that lim, ., g(z) = a®.

Example 3: Let

‘ | 0 if =« isrational
h:R— R, fy(r) = { 2 if « isirrational

Then lim,_., h(z) does not exist.

2.1.2 Elementary properties of limits

Suppose
lim f(x) =L and limg(z) = M.

r—a r—a

Then we have
(1) lim,o[b- f(z)]=10b- L, with b € R.

(2) lim, o[ f(x) £ g(z)] = L+ M.
(3) limg o [f(2) - g()] = L - M.
(4) 16 M # 0 lim, . | 18] = &

2245243
223 —x+4

Example 4: Find lim,_,, [ ] . In this case, set x = 2 and get
. [2?*+ 52 +3 2245243 17
lim|l——— | = | V—— | = —.

203 —x +4 2-23—-2+14 18

r—2
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2z2+z—3
x24z—2

Example 5: Find lim,_,; [ ] If we set © =1, we get

[2-12+1—3] 0

1241-2 0
We realise
2 _ _
lim 20+ —3| _ lim (x —1)(2x 4 3) — lim (2x + 3) _ §
e—1 | 22 42 — 2 v=1 | (x —1)(z+2) =1 | (7 + 2) 3

2.2 Continuity

If f is an arbitrary function, it is not necessarily true that

lim /(2) = f(a).

r—a
Definition: The function f is continuous at a if

lim f(2) = f(a).

2.2.1 Examples
1. The function g(x) = 22 is continuous everywhere.
2. Define f : R — R by
1 if z<2
flz)=4 2 if 2 =2
3 it x>2

f is continuous at x for all x < 2 and x > 2, but not continous at x = 2.

3. Define h : R — R by

2o g £ 2
— r—2
W) { 4 z=2

Is h continuous at x = 27 We compute the following limit

ol g, @ZEED ) =4 a2,

r—2 r — 2 x—2 €r — 2 r—2

We can say h is continuous at x = 2.
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3.1 Intuitive definition

Here are the graphs of some continuous functions.

N\ _—

/ www.analyzemath.com

3.1.1 Examples of different behaviour
(1) f(x)

(2) f(z)
(3)

|z]
|z]
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3.2 Differentiation

These functions show certain types of misbehaviour at (0,0). They are “bent” at (0, 0),
unlike the graph of the function in the following picture:

f(z) =2* — 4% + 22 .

“Bent” at (0,0) means a “tangent line” to the graph cannot be drawn. How can we
define the notion of a tangent line to a point in the graph of a function? A tangent
line cannot be defined as a line which intersects the graph only once

If h # 0, then the two distinct points (a, f(a)) and (a+h, f(a+h)) determine a straight
line, whose slope is
fla+h) - f(a)

h
¥
()
flmtszy S y=f(x)
|
|
WS+ hx)— fx)
Fim) | AL '
| |
| |
| |
| |
| |
| |
| |
| M |
| A |
O Xy xg + b X
Fig 1

We have never before talked about a “limit” of lines, but we can talk about the limit
of their slopes: the slope of the tangent line through (a, f(a)) should be

1o flath) = f(@)
h—0 h

We are ready now for a definition and some comments.

3.2 Differentiation

Let us consider a real-valued function f: I — R, with I a real interval, that is I C R.
Let us also consider a point in that interval, a € I. We define

Definition: The function f : I — R is differentiable at a € [ if

1o flat ) = f(a)

h—0 h

exists. In this case the limit is denoted by f’(a) and is called the derivative of f at a.
We also say that f is differentiable if f is differentiable at a for every a in the domain

of f.
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We define the tangent line to the graph of f at (a, f(a)) to be the line through (a, f(a))
with slope f’(a). This means that the tangent line at (a, f(a)) is defined only if f is
differentiable at a.

We denote by f’ the function whose domain is the set of all numbers a such that f is
differentiable at a, and whose value at such a number a is

lim
h—0

fla+h) = f(a)
- :

3.2.1 Examples

1. The constant function f(x) = c¢. We have f'(x) =0 for all x.

i LA Z f@) o eme oo
h—0 h h—0 h h—0

2. The linear function f(x) = c¢- x4 d. We have f'(z) = ¢ for all x.

. fle+h)—f(x) . cle+h)—c-x . cx+ch—cx . ch
lim = lim =lim—— =1lim— =c.
h—0 h, h—0 h h—0 h h—0 h

3. The quadratic function f(z) = z?. We have f’(z) = 2z for all .

_ 2 .2 2 2 _ 2
hmf(:c—l—h) f(a:):hm (x+h)—x i ® +2zh+h* -2
h—0 h h—0 h—0 h
2
= lim Zhe TR _ lim (22 + h) = 2x.
h—0 h h—0

Theorem 3.1: If f is a constant function, f(z) = ¢, then f'(z) = 0 for all z € R.
Proof: We already showed that. [J

Theorem 3.2: If f and g are differentiable at a, then f + ¢ is also differentiable at
a, and

(f +9)(a) = f'(a) + ¢'(a).

Proof:

(F+9)(2) = m(f+g)<x+h});(f+g)(x):}l%f(x+h)+g(x+hh)—f(x)—g(:v>
o J@ )= fl2) . gl@th)—gl@) /
B R R & e S A
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3.2 Differentiation

Theorem 3.3: If f and g are differentiable at a, then f - g is also differentiable at a,
and

(f - 9)(a) = f'(a) - g(a) + f(a) - 4'(a).

Proof:
o @R gle ) () gl )+ f() gl + B~ f(2) - g(a)
h—0 h
- I g(x+h)_f(x+h2—f($)] +lim [f(x)_g(x+h})1—g($)

= g@)f'(z) + f(2)g (z).

In the last step we have made use of the fact that both f and g are differentiable and
therefore continuous. This implies

lim g+ ) = g(x) . Tim f(x) = f(z)

Lemma 3.4: If g(x) = c¢- f(z) and f is differentiable at a, then g is differentiable at
a, and

¢(a) = c- f'(a).

Proof: Do at home as an exercise.

To demonstrate what we have already achieved, we will compute the derivative of some
more special functions.

Theorem 3.5: If f(x) = 2" for some integer n > 1, then f’(z) = nz"~!. for all z.
Proof: The proof will be by induction on n.

Base: if n =1, f(z) = z and we know that f'(z) = 1.
We check with the “proposed rule” (right-hand-side).
fl(x)=na"" for n=1= fl(z)=1-2"=1-2"=1.

We have verified that YES the proposed rule gives the correct answer

Induction Step: we assume that it is true for n > 1. That is, if f(x) = 2™, then its
derivative is given by f’(z) = na"L.

We need to show that the “proposed rule” is correct for n + 1. This is as follows:

If f(z) = 2™ we can make use of the product rule as follows

fla)=a"" =a" -z =g(2) hz) = f'(x) = g'(x) - h(z) + g(x) - (),

with
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Notice that from the base step we know the derivative of h(z) and from the induction
step we know the derivative of g(x). We conclude then

= fllz)=na" o +2" - 1=na"+2" 1=na"+2" = (n+1)a"

Our claim is true for n + 1 and therefore it is true for all n > 1.

Lemma 3.6: If g is differentiable at a and g(a) # 0, then é is differentiable at a, and

G) @ =~ Jp

Proof:
1 1 1 1
! /(x) = lim (@R - 5@ iy 20 g 9@) —glet h)
g h—0 h h—0 h h—0 h - g(x) . g(x + h)

o —1 ] [gla+h) =) 1
- el | |
3.2.2 The quotient rule

Theorem 3.7 [Quotient rule]: If f and g are differentiable at a and g(a) # 0, then
g is differentiable at a, and

(g)' (a) = f'(a) - g(a) ~ f(a) - g'(a)
Proof: Do at home as an exercise.

Dw=-ro- (3w

and make use of the product rule and Lemma 3.6.

Hint: note that

3.2.3 Examples
(1) f(x) = 5. We have

Qr () - (2®+1)—z-(@*+1) 1-(a*4+1)—z-2c (2®4+1)—22> 1-2?

f'@ CEmE =T @ T @+ @

(2) f(z) =2 We have

! n n\/ n—1 n—1
R <1 " _ 1 i (:E ) = 0 _ 1 nor = —n v — —nxn_l_zn — —7’L$_n_1
2n r2n 2n !
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3.3 Derivatives of special functions

3.3 Derivatives of special functions
For the moment, and without proof, we shall use the following information
sin’(a) = cos(a) for all a,

cos'(a) = —sin(a) for all a.

3.3.1 Examples

(1) f(z) = xsinz. We have f'(z) = sinz + x cos z.

(2) We write sin®z = (sinz)* and cos® x = (cosz)".

If g(z) = sin® z + cos® x, then ¢'(x) = 0 by the product rule.
¢ (x) =2sinz-cosx + 2cosx - (—1) - sinz = 0.

Note that cos?z + sin® 2 = 1, so the previous result is not surprising.

3.3.2 The chain rule

We do not know yet how to differentiate functions such as f(z) = sin(2%) and g(z) =
cos (375z). Notice that f is the composition of fy(x) = sinz and fi(x) = 2%, that is,

f(@) = fo(fi(z)) = f2(2”) = sin(a?).

Definition: If ¢ : A — B and ¢ : B — (' are functions, their composition 1 o ¢
is a function with domain A and range C, such that

Ypop: A— C and (Yoo)(z)=1¢(p(x)) forall ze A

The extremely important formula for the differentiation of a composition of two func-
tions is called the chain rule.

Theorem 3.8 [Chain rule]: If g is differentiable at a and f is differentiable at g(a),
then f o g is differentiable at a and (f o g)'(a) = f'(g(a)) - ¢'(a).
Proof: Define a function ¢ as follows:

0
f'(g(a)), if gla+h)—g(a)=0
We first show that ¢ is continuous at A = 0. Note that when h = 0, ¢(h = 0) = f'(g(a))
as g(a+h)—g(a) =0 when h = 0. When h # 0 and small, g(a+h) — g(a) is also small,
so if g(a + h) — g(a) is not zero, then p(h) will be close to f'(g(a)); and if it is zero,

then ¢(h) actually equals f'(g(a)) = ¢(h = 0), which is even better. We conclude that
@ is continuous at h = 0.

flglath)=f(g9(a))
wmz{ S 1 olath) - o) #
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We therefore have
lim p(h) = f'(g(a)).

h—0

The rest of the proof is easy. Since

holds if g(a+ h) — g(a) # 0, and even if g(a+ h) — g(a) =
sides are equal to zero), we arrive at

(because in that case both

;llii% f(gla+ h)})L — f(g(a)) _ }1112% o(h) - gla+ h})l —g(a) _ }llig(l)@(h)'}lifé gla+h) —g(a)

h—0 h

as we wanted to show.

3.3.3 Examples

(1) f(z) = sin(x?). We have f'(z) = 322 cos(z?).
If fi(z) = sin(x) and fo(x) = 2, we have f(x) = (f1 o fo)(x). We apply the chain rule

f'(@) = fi(f2(2) - f3(x) = cos(fo(x)) - 32* = cos(z?) - 3a™.

(2) g(x) = cos (3+112). Notice that ¢ is the composition of g;(z) = cosz and gs(z) =
1

37.2- We have g (r) = (3+2$2)2 sin (3+1x2). We apply the chain rule

1) = o) - dh(a) = sintan(o) - (e ) =5 (533 ) (o)

(34 22) 3+ a2 3+ x?)?

(3) h(z) = sin® (sin®(z)) . We have I'(z) = 2-sin(sin® z) - cos(sin’ z) - 2 sin z - cos z. Note
that we can write h(z) = hy o hy(z) with hy(z) = sin®(z). We apply the chain rule

W(x) = by (ha(x)) - hy(x) = 2sin(ha(z)) - cos(ha(x)) - Iy (x)

= h'(z) = 2sin(hy (7)) - cos(hy(x)) - 2sinz cos & = 2sin(sin® x) - cos(sin® ) - 2 sin z cos .
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3.3 Derivatives of special functions




Chapter 4

Special functions and their

[ ] L]

derivatives

Contents
4.1 The exponential function . . . . . ... ... ......... 21
4.2 Trigonometric functions . .. .. ... ... ... ...... 24
4.3 Hyperbolic functions . . . . ... ... ... .00 0oL, 25

4.1 The exponential function

The Euler constant e and the associated exponential function e® can be defined in
several different ways:

1 n
e~ 2.718281828459 and e = lim (1+—) .

n—-+oo n

The exponential function is also denoted by exp, i.e., exp(z) = €”.
The exp function has the unique feature that exp’ = exp. Note that ¢ > 0.

4.1.1 The logarithmic function
The inverse of exp is the function
log : (0,400) — R.

Thus log(exp(z)) = «x for all z € R and exp(log(y)) = y for all y > 0.
The derivative of log is

1
log'(z) = = forall z>0.
T

For a > 0 we define

exp, (z) = %18 = exp(zloga).

We also write a® for exp,(z).

21
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4.1 The exponential function

4.1.2 General properties of exponents

For any a > 0 and b > 0 and for any real numbers x and y
(1) a® =1

4.1.3 Logarithmic functions

For a > 0 and a # 1, the inverse function of f(z) = a” is denoted by log,,.

Claim: For a > 0 and a # 1, we have

1
log,(z) = 6T forall x> 0.
loga
Proof:
log(a®) log (e"'#%)  z-loga
loga loga - loga
We conclude that
_ log(a®)
"~ loga

We introduce y = a” so that by definition of the function log, (the inverse function of
f(z) = a®) we have x = log,(y). We can now write

log(a®)  log(y) log(y)
x =log,(y) log og = log,(y) g

as we wanted to show.
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4.1.4 Basic properties of the logarithmic functions

For any base a > 0, a # 1 and for any real numbers z,y > 0:
(1) loge =1

(2) log(zy) = logz + logy.
(3) log <§) =logx — logy
(4) log(a") = ylog

(5) log,a =1

(6) log,(zy) = log, x +log, y.
(7) log,(2¥) = y - log,

(8) log,(x) = 1&g

loga

(9) log, = log .
4.1.5 Derivatives of exp, and log,
Theorem 4.1: (a) For a > 0, we have
exp,(z) =loga - exp,(z) =loga-a® forall .

In the special case a = 1, we have exp)(z) =0 for all =x.
(b) For a > 0, a # 1, we have

1
log! (x) = T loga forall = >0.

Proof:

(a) exp,(z) = (e”log“)l & grloga . o0 ¢ = exp,(z) - loga.

logz\" log'z 1
loga) loga x-loga’

) togi(a) =
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4.2 Trigonometric functions

The Unit Circle
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The six trigonometric functions are defined as follows

sinf = vy,
cos = u,
sin 0
tanf = , x#0
cos 6
1
csc = ——, y#0
sin 6
1
sec) = —— x#0
cos 6
0
cotf = C,i, y#0
sin 0

Please revise: (i) converting degrees into radians for angles in the interval
[0,27], (ii) values of the trigonometric functions for special values and
(iii) plots of trigonometric functions.

Periodicity: The definitions of the sine and cosine functions imply that they are
periodic with period 2. That is,

sin(f + 27) =sinf and cos(6 + 2m) = cos 6.
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It follows that the secant and cosecant functions are also periodic with period 27. It
can be verified that the tangent and cotangent functions have period 7.
4.3 Hyperbolic functions

The hyperbolic sine, cosine and tangent functions, written sinh x, coshx and tanh x,
are defined in terms of the exponential function as follows:

—T

sinhz = — (hyperbolic sine function) ,
coshz = %, (hyperbolic cosine function) ,
inh
tanhy = —oif (hyperbolic tangent function) .
coshz

Note that coshx # 0 for all x; thus tanh x is defined for all x.

Homework: Plot the following functions:

1. f1 : R — R such that f;(z) = coshz.
2. fo: R — R such that fo(x) = sinhz.

3. f3:R — R such that f3(x) = tanhz.

Theorem 4.2:
sinh’z = coshzx
cosh'x = sinhzx
1
tanh'z = ———
cosh” x

Proof: Do at home as an exercise.
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4.3 Hyperbolic functions
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5.1 Inverse functions

Definition: A function is said to be one-to-one if there are no two distinct numbers
in the domain of f at which f takes on the same value: f(x1) = f(x2) = 21 = z2.

Thus, if f is one-to-one and zy,xs are different points of the domain, then f(z;) #

f(@2).
Examples: (1) f:R— R such that f(z) =2
(2) g:[0,400) — [0,400) such that g(z) ==

Simple geometric test: The horizontal line test can be used to determine whether
a function is one-to-one.
Draw the graph on the whiteboard.

Theorem 5.1: If f is a one-to-one function, then there is one and only one function
g with domain equal to the range of f that satisfies the equation

f(g(z)) =« forall x in the range of f

Proof: The proof is straight forward. If z is in the range of f, then f must take on

27
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5.2 Inverse trigonometrical functions

the value x at some number. Since f is one-to-one, there can be only one such number.
We call this number g(z).

The function that we have named ¢ in the theorem is called the inverse of f and is
usually denoted by the symbol f~!.

Definition: Let f be a one-to-one function. The inverse function of f, denoted by
f~1, is the unique function with domain equal to the range of f that satisfies the
equation

f(fx)) =2 forall z in therangeof f

1
Warning: Do not confuse the function f~! with the function —.

f

5.1.1 Examples:

(1) f1 : [0,400) — [0,+00) such that fi(z) = z®. Then, its inverse function is
given by fi ' : [0, +00) — [0,+00) with f;'(z) = V.

(2) exp~! = log

(3) log™" = exp

5.2 Inverse trigonometrical functions

The trigonometrical functions sin, cos and tan are not one-to-one due to their peri-
odicity. If their domains are suitable restricted they become one-to-one functions, as
shown in the figures below.

The corresponding inverse trigonometric functions which can be defined are denoted
by arcsin, arccos, arctan, or, alternatively, by sin™!, cos™" tan~'. These functions are
defined as follows

y =arcsinx if siny = x; domain: —1<zx<1 range: — 2 <y <

2
y = arccosx if cosy = ; domain: —1<x<1 range: 0<y <

y =arctanz if tany = ; domain: — oo <z < 400 range: — 5 <y <

o

M
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Graphs of these functions are shown below.

5.3 Differentiating the inverse functions

Is there a rule that allows us to express the derivative of the inverse function f~! in
terms of the derivative of f? The answer is positive.

Theorem 5.2: Let f be a one-to-one function defined on an interval and suppose that
f is differentiable at f~*(b), with derivative f’(f~1(b)) # 0. Then f~! is differentiable

at b and
1

FUH®)

Proof: We do not prove that f~! is differentiable at b, but we shall show that the
previous formula must be true if f~1(b) is differentiable at b.

Note that f(f~(z)) = z holds for all z in the range of f. Thus, differentiating both
sides of this equation we get

FU @) - () (@) = () =1,
where we have applied the chain rule to the left hand side. Thus, substituting b for x
in the above equation
FUTH®) - (F7Y'(0) =1,
and dividing both sides by f'(f~1(b)) we arrive at the desired equation, namely

-
f(f= )

(F®) =

(f)(b) =

Examples: (1) Since exp™! = log we obtain
1 1
/ —_ =
log'(b) = ozt — }

(2) For the inverse of trigonometric functions we get

1 1
s ! — =
arcsin (3?) Sin/(arCSiH(CU)) Cos(arCSin(m)) 7
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5.3 Differentiating the inverse functions

when —1 < x < 1. Let y = arcsinz. Then siny = x and cosy = /1 — 22, since
y € [-Z,Z] and 1 —sin®y = cos’y. As a result,

T 212
arcsin’(z) = !
V1—2?
whenever —1 < z < 1.
(3) Similarly one establishes
arccos’(x) = !
V1—2?
whenever —1 < x < 1.
(4) Finally, we can show
arctan’(r) = !
1+ 22
Proof: For arctan we get
arctan’(x) = ! = cos?(arctan(z)),
tan’(arctan(z))
because
,, . Qr sin’(z) - cos(x) — sin(z) cos’(x)  cos(x) - cos(x) + sin(x) sin(x)
tan'(x) = 5 = 5
cos? cos?
_cos?(z) +sin*(z) 1
B cos? x ~ cos?x’
., 2
sin 1 —cos 1
Now put y = arctanz, so that z? = tan’y = y_ y_ — 1, which
cos?y cos?y cos?y
yields
cos’y = !
A=)
Thus, we arrive at
, 1
arctan’(x) =

1+ 22
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6.1 Introduction

The concept of a derivative does not display its full strength until allied with the

concept of the integral.

The integral, ultimately defined in quite a complicated way, formalises a simple, intu-
itive concept of area. Let f be a function whose graph between a and b is displayed

below:

F

-~

k1

6.1.1

We denote the shaded region by R(f, a,b). The number which we will eventually assign
to R(f,a,b) will be called the integral of f on [a,b] and denoted [ f or [ dz f(x)

Interpretation

or fab f(z)dz. The quantity ff dx f(x) measures the area of R(f,a,b).

31
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6.1 Introduction

If ¢ is a function which also takes negative values in the interval [a,b], its graph will
look like this:

g(x)

Here ff dxg(x) will represent the difference of the area of the blue shaded region and
the area of the red shaded region.

6.1.2 The speed-distance problem

Suppose that during the course of the motion the speed of a particle does not remain
constant but varies continuously. How can the total distance traveled be computed
then? To answer this question, we suppose that the motion begins at time a and ends
at time b and that f(¢) is the speed at time ¢ for ¢ € [a, b].

Graph

We begin by breaking up the interval [a, b] into a finite number of subintervals:

[to,tl],[tl,tQ],...,[tn_l,tn] with a=1ty <t <ty <o < t, =0

On each subinterval [t;_1,t;] the object attains a certain maximum speed M) and a
certain minimum speed my. If throughout the time interval [tx_1, ;] the object were
to move constantly at its minimum speed my, then it would cover a distance of

mk(tk — tkfl) units.

If instead it were to move constantly at its maximum speed My, then it would cover a
distance of
Mk(tk — tk—l) units.

As it is, the actual distance travelled on each subinterval [ty_1,t], call it sx must lie
somewhere in between; namely, we must have

mu(te — the1) < sp < My (te — tr—1).

The total distance travelled during the time interval [a, b], call it s, must be the sum of
the distances travelled during the subintervals [tx_1, tx]. In other words, we must have

§=81+ 8+ -+ Sy.
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Figure 6.1: Lower sum (left figure) and Upper sum (right figure)

It follows by the addition of the inequalities that

n n n
ka(tk —ty—1) < Zsk =s< ZMk(tk —tp_1).
k=1 k=1 k=1

ka(tk —tp—1)
k=1

is called a lower sum for the speed function f and

Z M (te — th—1)
=1

is called an upper sum for the speed function f.

The actual distance travelled corresponds to the area of the region R(f,a,b), i.e.,
5= fab f. Thence

n b n
ka(tk —tp1) < / dr f(x) < ZMk(tk — tp_1).
k=1 a k=1

6.2 The definite integral

Definition: Let a,b. A partition of the interval [a,b] is a finite collection of points
in [a, b], one of which is a and one of which is b.

The points can be numbered so that a =ty < t; <ty < --- < t, = b; we shall always
assume that such a numbering has been assigned.

Definition: A function f is bounded on [a, b] if there exists a positive integer N such
that

|f(z)] <N  forall z€]la,b].
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6.2 The definite integral

Definition: Suppose f is bounded on [a,b] and P = {a =ty < t; <t < --- <
t, = b} is a partition of [a,b]. Let my be the minimum value of f on [t;_1,t;], i.e.,
my = inf{f(z):x € [ty_1,tx]}, and M be the maximum value of f on [tx_1,t], i.e.,
My, = sup{f(x): x € [ty_1,tx]}.

The lower sum of f for P, denoted by L(f, P) is defined as

L(f.P) = my(ty — tr_s).

The upper sum of f for P, denoted by U(f, P) is defined as
U(f,P) =Y Mty — tr1).
k=1

Definition (the definite integral): A function f defined on an interval [a, b] which
is bounded on [a, b] is integrable on [a, ] if there is one and only one number I that
satisfies the inequality

L(f,P) <1< U(f,P),

for all partitions P of [a,b].

This unique number [ is called the definite integral (or more simply the integral) of f

from a to b and is denoted by
b b
/ f or / dx f(z).

6.2.1 Examples:
(1) Let f(z) = 2% We have

b b3
/0 dz f(x) = 3

Proof: Let b > 0 and P, = {0 =1ty <t <ty <--- <t, = b} be a partition of [0, b].
Set A; =t;, —t;,i=1,...,n.

The function f(z) = z? is an increasing function and this implies that m; = f(t;_1) =
t2 , and M; = f(t;) = t?. We then have

L(f, F,) = th—l(ti_tifl) = Zt$—1Ai and U(f, Fn) = Zt?(?ﬁi—tiﬂ) = Zt?Ai-
i=1 i=1 =1 =1

Now suppose P, partitions [0, b] into n equal parts. Then

i-b
= —
n
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and the lower and upper sums become

n , n b2 b n . 2b3 bg n » )
=Y (i —tia) =) (i—1) 2 522(2—1) =32 -1
p — : -

1=1 =1 i=1
2 2 2 2
:Zti(ti_ti—l):' (Z)E'E:, (l)ﬁzﬁ, ().
i=1 =1 =1 i=1
Using the formula
12422 432 4. +n? (n+1)(2n + 1)
we get
2(1)2 n(n+1)(2n + 1)
i=1
and
n n—1 1
D (i-1)? = 0*42°43%+- - 4 (n—1)? D(m)(2(n=1)+1) = Z(n=1)(n)(2n-1),
i=1 2:0
so that
L(f P)—ﬁ 1(n—l)(n)(2n—1) and  U(f P)—ﬁ 1(7”L)(7”L—{—1)(2n+1)
) n) — n3 6 ) n) — n3 6 .

It is not hard to show that (make use of Mathematical Induction)

LRy < <u(r P

and that .
U(f>Pn> _L(fapn) -

can be made as small as desired by choosing n sufficiently large.

This sort of reasoning then shows that

b b3
/0 dr f(x) = 3
b b2
/0 dx g(x) = 7

Proof: Let b >0 and P, = {0 =ty <t; <ty <--- <t, =0b} be a partition of [0, b].
Set Aizti—ti,l,izl,...,n.

(2) Let g(z) = x. We have
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6.2 The definite integral

The function g(x) = x is an increasing function and this implies that m; = g(t;—1) =

ti—l and Mz = g(tz) =1;. We then have

L(g,P,) = Zti—l(ti_ti—l) = Zti—lAi and U(g, P,) = Zti(ti_ti—l
i—1 =1 i—1

Now suppose P, partitions [0, b] into n equal parts. Then

b
" on
and the lower and upper sums become
L(g, Pa) =) tialti—tia) =Y (i— Dos=—32 -1
i=1 i=1 i=1

U(g, Pn) = Zti(ti —tiq) = Z(z’)b— _ >_(0)

Using the formula

we get
S°0) = tntr+1),
and h
i(z—n — 042434+ (n—1) :%_1(2') — L= 1)),
so that B -
Lg.P) = Sdm-nm = CZUE g = Ll

_ 2 2 2
(1) B _#_ 41 B
n 2 7 2~ n 2
we get
b2
and that
2B

U(gapn)_[’(gapn)_n 92 g

can be made as small as desired by choosing n sufficiently large.

i=1
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This sort of reasoning then shows that

b b2
de g(xr) = —.
[ o) =5

(3) Here is an example of a function that is not integrable. Define

(6.1)

1 if x 1isirrational

hz) :{ 0 if =z is rational

Proof: If we take a partition P, = {0 =ty <t; <ty <--- <t, =b} of [a,b], we get
L(h, Pn) = Zmz(tz - ti—l) =0 and U(f, Pn) = Z Mz(tz - ti—l) =b— a,
i=1 i=1

because the minimum value of the function h on any interval is 0 and the maximum
value of h on any interval is 1.

The two examples of computing

/0 "o f()

show that this can be quite laborious a task.

In the next section we shall be introducing a powerful tool for calculating integrals, the
so-called fundamental theorem of calculus, which connects differentiation and integra-
tion. We finish this section mentioning this important result.

Theorem 6.1: The first fundamental theorem of calculus
Suppose f is continuous on the interval [a,b]. Then f is integrable on [a, b].
Proof: It will be given in the following section. [

6.3 The fundamental theorem of calculus

Theorem 6.1: (The first fundamental theorem of calculus)
Let f be integrable on [a, b] and define F' on [a, b] by

F(t) = /at dz f(z).

If f is continuous at ¢ in the interval [a, b], then F' is differentiable at ¢ and F'(c¢) = f(c).
Proof: Let h > 0. Then

F(c+h})l—F(C) _ % {/@thx () —/acd:c f(x)] = %/:Jrhda: f(x).

Now define

myp, = minimum value of f on [c, ¢+ hl;
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6.3 The fundamental theorem of calculus

M), = maximum value of f on [c, ¢+ hl;

By definition of the integral we have
ct+h
h-mhg/ de f(x) < h- M.

Therefore
1 ct+h
mhﬁﬁ/ dx f(x) < My,
Since f is continuous at ¢ we have

lim my, = }llir%Mh = f(c).

h—0
Thus, ,
h) — et

[If h < 0, only a few details of the argument have to be changed.| [J

Lemma 6.2: Let g, h be differentiable functions on [a,b]. If ¢'(x) = Rh/(z) for all
x € (a,b), then there exists a constant C' such that g(x) = h(x) + ¢ for all x € (a,b).

Proof: Set p(x) = g(z) — h(z). Then ¢'(x) =0 for all = € [a,b]. This implies that ¢
is constant on [a,b]. (This should be intuitively clear; we cannot give a rigorous proof

at this stage.) Thus, there is a constant C' such that ¢(z) = C for all ¢ € [a,b] and
hence g(x) = h(x) +C. O

Corollary 6.3: If f is continuous on [a,b] and f = ¢’ for some function g, then

/chmwzmw—gm»

Proof: Let .
F(t):/ dz f(z).

Then F" = f by Theorem 6.1. Thus F’ = ¢’. So it follows by Lemma 6.2 that there is
a constant C' such that F'= g+ C. Now F(a) = 0 and

b
F(b) :/ dz f(x).
Hence
/}mﬂm:F@—meaaw+m—@mw4n=aw—mm

Since F(a) =0 and F(a) = g(a) + C, we get C' = —g(a). O
The next theorem strengthens Theorem 6.1.
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Theorem 6.4: (The second fundamental theorem of calculus)
If f is integrable on [a,b] and f = ¢’ for some function g, then

b
/ dx f(z) = g(b) — 9(a).
Proof: Not given. [J

6.3.1 Examples
1. f(z) =a" for some n > 1. Then ¢'(x) = f(x), where

wn—l—l
9(x) = n+1
Hence
b bn+1 an+1
d = g(b) — ga) = - .
[ o @) =90 = g() = 5 = 2

2. Ifn>1and f(z) =27 and 0 < a < b, then ¢'(z) = f(x), where

—n+1

Hence
b—n+1 a—n+1

—n+1 -—-n+1

/ d f(x) = g(b) — gla) =

3. Find the area of the region between the graphs of the functions f(x) = 2% and
g(z) = 2® on the interval [0, 1].

If 0 <2 <1, then 0 < 23 < 22, so that the graph of g lies below that of f. The
area of the region of interest to us is therefore

R(f707 1) - R(g;()? ]-)7

1 1
11 1
dra?— [ doaP=-—>=—.

which is
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6.4 Integration by substitution

6.4 Integration by substitution

Every computation of a derivative yields, according to the Fundamental Theorem of
Calculus, a formula about integrals. For example, if

F(z) = z(logx) — z,

then F'(z) = log x. Consequently,

/ dx logx = F(b) — F(a) = b(logb) — b — [a(loga) — al,

when 0 < a < b.
Formulas of this sort are simplified considerably if we adopt the notation

We may then write

b

a

/ dx logx = F(b) — F(a) = z(logx) — z

Definition: A function F' satisfying F’ = f is called a primitive of f.
Notice that a continuous function f always has a primitive, namely

Fla) = / iz f(z).

In this section we will try to find a primitive which can be written in terms of familiar
functions. A function which can be written in this way is called an elementary func-
tion. To be precise, an elementary function is one which can be obtained by addition,
multiplication, division and composition from the rational functions, the trigonometric
functions and their inverses and the functions log and exp.

It should be stated at the very outset that elementary primitives usually cannot be
found. For example, there is no elementary function F' such that

F'(z) = for all  z.

Every rule for the computation of a derivative gives a formula about integrals. In
particular, the product rule gives rise to Integration by Parts. We use the
acronym FTC for Fundamental Theorem of Calculus.
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Theorem 6.5 [Integration by parts|: If f' and ¢’ are continuous on [a, b], then

b b
[ e @) @) = @t - [ d Fagto)
Proof: Let F'= f - g. By the Product Rule for differentiation we have
Fr=f-g+f4g.

b

a

Hence, by the FTC,

[ @ (r@ho@)+f@g @) = [ do f@rgt [ de g = 090~ (@glo)

a a

Hence

b
/ dz f(z)g(x) = f(z)g(x)

6.4.1 Examples

b b
/dxxe“:xez —/alx1~e$:(:1:—1)~e:D

where we have chosen f = x and ¢’ = e”, so that f' =1 and g = e”.

1. Example 1

b b

)

a a

2. Example 2
b b b b b
/ dr x sinx = z(—cosx)| — / dr 1-(—cosx). =x(—cosz)| +sinz|
where we have chosen f = x and ¢’ = sinx, so that f' =1 and g = — cosx.

3. Example 3: There is a special trick which often works with integration by parts,
namely to consider the function ¢’ to be the factor 1, which can always be written

in.
b b b 1
/d:c logaf:/ dx 1-logx = xlogx —/ dr x-—. = xlogx
a a a x

where we have chosen f =logx and ¢’ =1, so that f' = 1/z and g = x.

b booqb b
= z(logx—1)

a a

—T

a a

4. Example 4: Another trick is to use integration by parts to find [ h in terms of
again, and then solve for [ h.
b b9
— / dx — -logx,
a a T

where we have chosen f = logx and ¢’ = 1/z, so that f' = 1/z and g = logx.
This implies that

b
1

/ dr —logx = logxlog x
“ x

b b b

b 1
:>/a dx Elogavzﬁ(logav)2

~ (log 2)’

a

b
1

2/ dr —logx = logxlogx
“ x

a a
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6.5 The indefinite integral

6.5 The indefinite integral

Definition: If f is a continuous function, then it has a primitive F(z) = [ dz f(x).

We also know that if G is another primitive of f, then F' and G differ by a constant
C, i.e.,
F(z) =G(x) + C.

The symbol [ f or [dzf(z) (without boundaries) is used to denote a “primitive of {”
or, more precisely, “the collection of all primitives of f”.

4
T
de x3 = ——
/” 4’

means that the function F(z) = % satisfies F”(z) = x3. Some people write

4
dr 2 = =
/J;x 4+C,

3

A formula like

to emphasize that the primitives of f(z) = x* are precisely the functions of the form

4 . .
F(x) = % + C for some real number C. We shall omit C' as the concern for this
constant is merely an annoyance.

A function [dx f(z), i.e., a primitive of f, is often called an indefinite integral of f,

while f; dx f(z) is called, by way of contrast, a definite integral.

Theorem 6.6 [Integration by parts, indefinite form]: If f’ and ¢’ are continuous
on [a, b], then

/ dz f(2)g(x) = f(x)g(x) - / dr f'(2)g(z).

Proof: Let G be a primitive of f'g. Put

Then

Fl(a) 2 f(2)-g(2)+f ()¢ (@)=C (x) = ['(x)-9(2)+f (@) (@)= ' (@)-9(x) = [(z)-g(x).0

6.5.1 Examples

1. Example 1
/dx e’ sinx = e*-(— cosx)—/dx e®-(—cosx) =e"(— cosx)—l—/dx e”-(cos ),
where we have chosen f = e” and ¢’ = sinx, so that f' = e” and ¢ = —cosx. We

integrate by parts again, with the choice u = e* and v' = cosz, so that v’ = e*
and v = sinx, so that

/dx e’ sinac:e”‘”-(—cos:v)—l—[ex-sinx—/dx e’ - (sinz)],
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Therefore

Q/dx e’ sinx =e” - (—cosx) 4+ e”-sinx = e”(— cosx + sin x)

1
= /dx e’ sinz = §ex(—cosx+sinx).

2. Example 2
/d:z: (logz)? = /dx (logx) - (log ),

where we have chosen f = logxz and ¢’ = logxz. We make use of our previous

result (see previous example 3) to obtain f' = 1/x and g = [z(logz) — x]:
1

/dx (logz)* = logz[z(logz) — 2] — /dm —[z(log x) — z]
T

— logafz(logz) — 2] — / dz [(log z) — 1]

= logz[z(logx) — ] —/d:}: 10g$+/dx 1

= logz[z(logz) — 2] — [x(logz) — 2] + z = 2(log x)* — 2z(log x) + 2.

3. Example 3 We choose f = 22 and ¢’ = e” so that f' = 2z and g = e%:

/dxa:2-ex = m2-em—/d:p2x-e$
!/ T

= 2%2.e"—2 / de x - e* integration by parts u=2x,0 =e

= xz-e“—2[az~6x—/d:{:1-ez]

= z?.¢" —2r-e” —e"] = e[z — 21 + 2

6.5.2 The substitution formula

Theorem 6.7 [Substitution formula]: If f and ¢ are continuous, then

g(b) b .
[ s = [ o) o)
g(a a

Proof: If F'is a primitive of f, then the left side is F(g(b)) — F(g(a)). On the other
hand,

(Fog) S (Flog)-g=(fog) ¢,
by the Chain Rule.
So F o g is a primitive of (f o g) - ¢’ and the right side is (F o g)(b) — (F o g)(a).

The simplest uses of the substitution formula depend upon recognising that a given
function is of the form (f o g) - ¢’. Let SF stand for substitution formula
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6.5.3 Examples

1. Example 1

b
/ dx sin® x - cos x.
a

Consider g(x) = sinz and f(u) = u®, so that ¢/(x) = cosx and (fog)(z) = sin® z.

b b sin(b . .
/ dr sin’z - cosz = /g()duf(u):/ ()duu5:smﬁb_sm6a.
@ g(a) sin(a) 6 6

2. Example 2

== gxw
Q
S
—+
o
=
8

Consider g(x) = cosz and f(u) =

/abdx tanz = —/abdx —smr —/abdx Flg(x)) - ()

o o(v) cost) |
= —/ du f(u) = —/ du — = log(cosa) — log(cosb).
g ¢

os(a) u

3. Example 3

Consider g(z) =logz and f(u) = <.

l[M$@x=:fm1wmwﬂ@£lwmﬁw

a (a)
log(b) 1
= / du — = log(log b) — log(log a).
!

og(a) u

The uses of the substitution formula can be shortened by eliminating the intermediate
steps, which involve writing

([mw@@»ﬂmzlwmmw»

(a)

by noticing the following: To go from the left side to the right side, substitute
(1) u for g(x)

(2) du for dzg'(x)

and change the limits of integration.

Our first example then becomes
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1. Example 1
b
/ dx sin® - cos x.

Substitute w for sin z and du = dx cos x so that

b . 5 sin(b) 5 sin®b  sinfa
dx sin’x - cosx = du v’ = — .
a S

in(a) 6 6
2. Example 2
/ ’ dr tanzx.
Substitute u for cosx and du = —d?v sinx so that
/b dr tanz = — /b dr — sin = — /COS(b) du E = log(cos a) — log(cosb).
a a COST cos(a) u
3. Example 3

b
/ dx ! .
a xlogx

Substitute u for logx and du = dz(1/x) so that

b 1 logt) 1
/ dx = / du — = log(log b) — log(log a).
a xlogx log(a) U

Next, we shall be interested in primitives rather than definite integrals.

If we can find ,
| 1@

for all a and b, then we can certainly find

/ dz f(z).

b .5 sin®h  sin®a
dx sin’ x - cosx = —
a

For example, since

6 6 '

it follows that .

. sin® x
/dm sin® z - cosx = .
x

Similarly
/da: tanx = — log(cos z).

It is uneconomical to obtain primitives from the substitution formula by first find-
ing definite integrals. Instead, the two steps can be combined to yield the following
procedure:

(1) Let u for g(z), so that du for dzxg'(z).

(2) Find a primitive (as an expression involving u).

(3) Substitute g(z) back for .
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6.5.4 Examples

1. Example 1
/dm sin® - cos .

(1) Substitute u for sinx and du = dx cosx so that

/dm sin5a:-cos:c:/duu5.

(2) Evaluate the previous integral

6
u

du v’ = —.
/uu 6

(3) Remember to substitute back in terms of z, not u (u for sinx)

6 .6
dr sin® gy s s
x sin’x - cosx = ' =4 = :

6

2. Example 2

/d:c L .
xlogx

(1) Substitute u for log z and du = dx(1/x) so that

(2) Evaluate the previous integral

1
/du — = logu.
u

(3) Remember to substitute back in terms of z, not u (u for log z)

1 1
/dx = /du — =logu = log(log z).

xlogx u

/dx * )
1+ 22

(1) Substitute u for 1+ z* and du = dz2x so that

T 1 1

3. Example 3
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(2) Evaluate the previous integral

1 1 1
—/du—:—logu.
2 u 2

(3) Remember to substitute back in terms of x, not u (u for 1 + 2?)

4. Example 4

/ dzr arctan x.

L . integration by parts yields

Since arctan’(z) = 1,

1
1+ 22

1
/da: arctanr = /dw l-arctan x = z-arctan x—/dx x = x-arctan x—§log(l+x2).

5. Example 5: More interesting uses of the substitution formula occur when the
factor ¢'(x) does NOT appear. Consider

1+ e
d )
/ wl—e‘”

1 z 1 |
/d:v te :/dx +€—-ex.
1—e® 1 —e®e®

We let u = e” and du = dx €”, so that we obtain

/du1+ul:/du [ 2 —l—ﬂ = —2log(1 — u) + log(u).

1l—uu 1—u

We can write

We substitute back to obtain

1 T
/dx . e —2log(1l — e”) + log(e”) = —2log(1 — €*) + x.
_ 61'
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Complex numbers
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7.1 Introduction

There are equations that have no real solution
2 4+1=0,

since 22 > 0 for all reals z. So we introduce the complex numbers.
That is the end of the process since any polynomial equation

ap+ a1z + agz® + -+ a,2" =0

with complex coefficients, ag, a1, as, -+ ,a,, always has a complex solution, and all its
solutions are complex (counting real numbers as a special kind of complex numbers).
So there is no need to introduce new numbers. This is called the Fundamental
Theorem of Algebra, although all proofs of this theorem need some Analysis.

Definition: A complex number is an ordered pair of real numbers; if z = (a,b) is a
complex number, then a is called the real part (notated Re(z)) of z and b is called the
imaginary part of z (notated Im(z)). The set of complex numbers is denoted by C. If
(a,b) and (¢, d) are two complex numbers we define

(a,b)+(c,d) = (a+c,b+d),
(a,b)-(¢,d) = (a-c—b-dya-d+0b-c).

49
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7.1 Introduction

Note that the + and - appearing on the left hand side are new symbols being de-
fined, while the 4+, — and - appearing on the right hand side are the familiar addition,
subtraction and multiplication for real numbers.

e (1) = (Lo
%,W> - <—%—27T,7r—1).

(a,0) + (b,0) = (a+b,0),
(a,0)-(b,0) = (a-b,0).

Example:

In particular,

This shows that the complex numbers of the form (a,0) behave precisely the same with
respect to addition and multiplication of complex numbers as real numbers do with
their own addition and multiplication. For this reason we will identify a real number
a with the complex number (a,0) and adopt the convention that (a,0) will be denoted
simply by a.

The familiar a 4 7 - b notation for complex numbers can now be recovered if one more
definition is made.

Definition: = (0,1).
Notice that 2 = (0,1) - (0,1) = (=1,0) = —1.
Moreover,
(a,b) = (a,0) + (0,b) = (a,0) + (b,0) - (0,1) =a+i-b.

We want to show that the usual laws of algebra operate in C.

If 2 = a + b with a, b real numbers, a + ib is called the Cartesian form of z.

Definition: If z = a + b is a complex number with a,b real numbers, then the
conjugate or complex conjugate z (or z*) of z is defined as

zZ=a—1b
and the absolute value or modulus |z| of z is defined as

2| = vVa? + B2.

Note that

(i) a® + b* > 0 so that v/a? + b2 is defined unambiguously; it denotes the non-negative
real square root of a? + b?;

(i) z-zZ = a®+b?, thus z- 7 is a real number and |z| = /2 - Z, or equivalently, |z|> = z-Z.
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7.2 The geometry of complex numbers

The complex number z = a + b can be represented graphically either as a point or
as a directed line (vector) in what is called the complex plane (also the z-plane) or an
Argand diagram.

The complex number z = a+1b is represented either as the point with coordinates (a, b)
or as the directed line from the origin to the point (a, b) with the direction directed by
an arrow on the line pointing away from the origin.

Geometrical representation of the sum: The geometrical representation of the
sum z; + 2 with z; = a1 + ib; and zy = as + by is shown.

¥y (a+c)+(b+d)i
c+di - . x*k
a+hbl
u] }{::

The rule for addition is called the triangle law for addition.
Addition is a commutative operation

21+ 22 = 29 + 21,
so the sum may be evaluated in either of the ways.

This leads to the parallelogram law for addition.

Geometrical representation of the difference: The difference is formed in similar
fashion by writing
21— 29 = 21+ <—22)

and adding to z; the complex number —zs.

Geometrical representation of the complex conjugate: The complex conjugate
zZ = a — ib of the complex number z = a + ib is the reflection of the point (a,b) in the
real axis.

Notice that |z| is the length of the vector OP.

Theorem 7.1: Let z and w be complex numbers. Then

(2) z = z if and only if z is real (i.e., is of the form a + 0z, for some real number a).
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a—1ib
|22

1
(6) If z=a+1ib#0, then — =
z

11) |z] — |w] < |z — w|.

Proof: (1) and (2) are clear. Equations (3) and (5) may be checked by straightforward
calculations and (4) and (7) may then be proved by a trick

0=0=z2+(—2)=2z+—

and we can conclude (4)

In the same way

and we can conclude (7)

if z #0.
(8) and (9) may also be proved by a straightforward calculation.

For (6) we compute

a—ib (a+ib) a—ib a2+62 a’>+ b a4+ .
2 _— = Q 1 . _— = — _— = = = .
|2[? |2]? 2[2 - |2]? 2] a*+0?

In general to find the following for ¢ + id # 0

a—+ib
c—+1id

we use the trick
a+ib  (a+ib)(c—id) (a+ib)(c—id)

c+id (c+id)(c—id) (2 +d?)
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It remains to show (10) and (11). Notice that the following hold

(a) w-Z=2-w by (1) and (5).
(b) u+ u = 2Re(u) for all complex numbers u = x + iy, since
u+u=(z+1iy) + (zr —iy) = 2z = 2Re(u).
(¢) Re(u) < |u| for all complex numbers u = x + iy, since Re(u) = # < Va2 <
2?2+ y? = |u.
(11) follows from (10). We put z; = z — w and z2 = w. Then (10) yields
2| = |21 4 22| < [z1] + [22] = [z — w[ + [w].

Therefore |z| — |w| < |z — w|, showing (11).
We have

—
~

ptuP € rw)ETe) 2 (s +w)E+ )

2Z + ww + 2w + Zw

2 + w4+ 20+ 20 by (a)

= [2* + |w|* + 2Re(zw) by (b)

1212 + Jw|* + 2|zw] by (c)

122 4wl + 22| - |w| by (9) and (1)
(1] + |w])* .0

(VAN

Geometrically the inequality (10) merely asserts that the length of side AC' of the
triangle ABC cannot exceed the sum of the lengths of the sides AB and BC'; equality is
possible only when A, B and C' lie on the same line. Hence the name triangle inequality.

Geometrical representation of the multiplication The geometrical interpreta-
tion of multiplication is more involved. We first look at complex numbers z = a + b
with |z] = Va? + 0% = 1. In the complex plane these are the complex numbers located
on the unit circle. In this case, z can be written in the form

z = (cosf,sinf) = cosf + isinb,

for some number 6 (angle of # radians).
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An arbitrary complex number w # 0 can be written in the form w = r - z with r a
positive real number and z a complex number lying on the unit circle.

Since w = [w|p, this follows with r = |w| and z = .

= o] =

As a result, any non-zero complex number can be written

To see this notice that if w = x + 7y, then ‘ﬁ =l g,

w =r(cosf,sinf) = r(cosf + isinf),

for some real r > 0 and for some real number 6 (angle of 6 radians).
This is called the polar form of the complex number w.

The number r is unique (it equals |w|), but # is not unique; if ; is one possibility, then
the others are 6y + 2mn, for n € Z.

Definition: Any of the real numbers 6 such that w = r(cosf + isin ), with r = |w|
is called an argument of w.

To find an argument 6 for w = x + iy, we may note that the equation
x4+ iy = w = |w|(cos @, sin @) = |w|(cos @ + isin )

means that ¢ = |w|cos# and y = |w|sinf. So, for example, if x > 0 we can take

sin 0
0 = arctan(tan ) = arctan < ) — arctan 2.
cos 0 x

Ifx:O,wecantakeﬁzgWheny>0and8:3§wheny<0.

To describe the product of complex numbers geometrically we need an important for-
mula.
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Theorem 7.2: For all real numbers u, v:
(a) sin(u +v) = sinu - cosv + cosu - sin v,
(b) cos(u + v) = cosu - cosv — sinu - sin v.
Proof: It will be given at the end of this Chapter.
The product of two non-zero complex numbers
z =r(cosf +isinb),

w = s(cosd + isind),

is given by

z-w = rs(cosf+isind)(cosd +isind)
= rs[(cosfcosd —sinfsind) + i(sind cos @ + sin b cos J)]
@O s[cos(8 + 8) + isin(6 + 6)].
Thus, the absolute value of a product is the product of the absolute values of the

factors, while the sum of any argument for each of the factors will be an argument for
the product.

Geometrically, multiplication of two complex numbers z and w with |z| = |w| =1 and

arguments ¢ and 0 means that we add the angles # and §.
¥

Ry

®
(0.0)

There is an important formula for the powers of complex numbers.
7.3 Powers of complex numbers
De Moivre’s theorem 7.3 For all integers n > 0,

2" = |z|"(cosnf + isinnb),

for any argument 6 of z.
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7.3 Powers of complex numbers

Proof: by Mathematical Induction.
For n = 0 the proof is clear.
Now suppose this is true for n. We have to show that it holds for n + 1.

2" = 2" 2 = |2"(cos nf + i sin nf)|z|(cos § + i sin 0)

= |z|""[cos(nd + 0) + isin(nd + 0)]

by the computation immediately following Theorem 7.2. We conclude by writing
2" = |z|"cos(n + 1)0 + isin(n + 1)6)].
De Moivre’s Theorem also holds for negative integers n < 0. This can be seen as

follows:
Let kK = —n. Then

1 1
T |z|*(cos k€ + i sin k6)
(cosnb + isinnf) (cosnf + isinnh)

~ |z|*(cos kO + i sin kf)(cos nf + i sin nd) - |z|*(cos(k@ + n) + isin(kO + nb)

|z|" (cos nd + isinnh) _ |2]"(cosnf + isinnd)

cos(k@ + no) + isin(kO + nb) cos(0) + isin(0)

= |z|"(cosnf + isinnb).

Definition: We denote by arg(z) an argument of the complex number z. Note that
arg(z) is only determined up to integer multiples of 2. It is necessary to remove this
ambiguity, so by convention the value of the argument 6 of z is chosen so that it lies in
the interval —m < 6 < w. This value of 0 is called the principal value of the argument
and denoted by Arg(z).

Corollary 7.4: (i) arg(z - w) = arg(z) + arg(w).
(ii) arg(zy - 22+ -~ - - 2y) = arg(z;) + - - - +arg(zy).
(iii) Let w # 0 arg (2) = arg(z) — arg(w).

Proof: (i) Let z = r(cos@ + isinf) and w = s(cosd + isind), where r;s € R and
r,s > 0. Then arg(z) = 6 and arg(w) = 6. We computed earlier that

z-w = rs[cos(d + 0) + isin(0 + §)].
We can conclude that arg(z - w) = 6 + 6 = arg(z) + arg(w).

(ii) follows by repeated applications of (i).
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(iii) By de Moivre’s theorem we have

1

v (5) — arg (w) = =5

So by (i) we get

arg (2) = are (z - %) — arg(2) + arg (i) —0— 5 = arg(z) — arg(w).

Let z = x + iy, we want to determine Arg(z), the principal value of the argument of z.
If z=0and y > 0, then Arg(z) = 7.

If v =0and y <0, then Arg(z) = —7.

If >0 and y = 0, then Arg(z) = 0.

If x <0 and y =0, then Arg(z) = .

It

1. 2 >0,y >0, then Arg(z) = arctan ¥;

2. 1 <0,y >0, then Arg(z) = 7 — arctan |£

I

3. 1 <0,y <0, then Arg(z) = arctan £ — ;

4. x>0,y <0, then Arg(z) = — arctan

Yy
T

7.3.1 Examples

(i) Find the Cartesian form of the complex number z for which |z| = 3 and arg(z) = .
Solution: Here r = 3 and 6 = arg(z) = %, so
3vV3 3
szcos% = %_ and yzBSin% =5
(ii) Find the modulus-argument form of z = —5 — i5/3.

Solution: As z = —5 — i5v/3 we have x = —5 and Yy = —5\/3, SO

r= \/(—5)2 + (—=5v/3)2 = V100 = 10
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and since z lies in the third quadrant [i.e., (3) applies] we get

2
Arg(z) = arctan V3 — 7w = —?ﬁ
(iii) Given z =2 [cos T 4 isin 2] and w = 3 [cos T + isin Z], find (a) z - w and (b) Z.
Solution:
_23[ <7r+7r>+,, (7r+7r)} 6 77r+ T
Z-w= cos (7 +3) +isin{ 7+ 3 cos 75 zs.ln12

2_2[ <7T 7r>+,, <7r 7T>]_2 —7r+ - _2[ T 77}
- =3 cos 173 7 sin 1353 cos B 1 sin 2l =3 00812 ’LSID12

(iv) Find (1 +4)%

Solution: Setting z = 1 4 i we see that r = |z| = /2 and from rule (1) above for
determining Arg(z), we find

0 = Arg(z) = arctan1 = %

Thus
25
2% = [\/5 <COS % + 7 8in %)]
e Moivre 25 L. 25
de Mo (V2)% (COSTW + isin %)

4

= (V2P (cos T +ising ) = (V) (i + z‘i) =27 27 (1410) = 22(1+1).

(v) Find (2v/3 — 2i)%
Solution: Setting z = 2v/3 — 2i we see that r = 4 and from rule (4) above

1 T
—arctan — = ——.

‘%’: V3~ 6

RS
e (5) (5]

(
= (4)*° [cos(=57) + i sin(—57)] = (4)*° [cos(57) — i sin(57)]
(4)™ [cos(m) — isin(m)] = (4)* COS( )=—4%.

Arg(z) = — arctan

Thus

de Moivre
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(vi) Find sin 56 in terms of sin # and cos 6.

Solution:
Let a = cosf and b = sin§. We have:

cos 50 + i sin 50 1 " (cos® +isind)® = (a +ib)° .
We can write
5-4 5-4
cos 56 + i sin 50 = a°(ib)° + 5a’*(ib)" + ﬁor"”(z'b)2 + ﬁcﬁ(zbf + 5a*(ib)* + a°(ib)°.

We can write
cos50 + isin50 = a® + i5a’d' — 10a’* — i10ab’ + 5a'b* + ib°.
Notice that the previous equation yields
cos 50 = a® — 10ab* + 5a'b?

and
isin 50 = +i5a*b — i10a%b® + ib° .

Equating imaginary parts gives
sin50 = ba'b — 10a°0* + b .
Finally we have

sin 50 = 5(cos 6)* sin @ — 10(cos #)*(sin §)* + (sin 6)° .

7.4 Roots of complex numbers and polynomials

Theorem 7.5: Every non-zero complex number has exactly n complex n'* roots.

More precisely, for any complex number w # 0 and any natural number n, there are
precisely n different complex numbers z such that 2" = w.

Proof: Let w = s(cos@ + isinf) with s = |w| and some number §. Then a complex
number
z=r(cosd +isind)

with r > 0 satisfies 2" = w if and only if
r"(cosnd + isinnd) = s(cos @ + isinf),

which happens if and only if

and
(cosnd +isinnd) = (cos @ + isin ).
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7.4 Roots of complex numbers and polynomials

From the first equation it follows that
r=S8n,

From the second equation it follows that for some integer k we have

0 =no — 2km,
so that 0 ok
§=0p=—+—"
n n
Conversely, if we choose
T = SE

and some J;, as above, then the number z = r(cos §; + i sin dy) will satisfy
2" =w.

To determine the number of n'” roots of w, it is therefore only necessary to determine
which such z are distinct.

Now, any integer k£ can be written as k = nqg + k* for some integer ¢ and some integer
k* between 0 and n — 1. Then,

(cos Oy, + i8indy) = (cos g+ + @ sin O+),

since

(6’ 2k7r) (9 2nq7r+2k*7r>
cosdp =cos| —+— | =cos| —4+ ——
n

n n n
0 2k*m 0 2k*rm

=cos | — + 2qm + =cos | —+ = COS O+,
n n n n

and similarly sin §; = sin d;«. This shows that every z satisfying 2" = w can be written
as

z:s%(cosék—i—isinék) for k=0,1,2,--- ,n—1.

However, it is easy to see that these numbers are all different, since any two 9, for
k=0,1,2,--- ,n — 1 differ by less than 2.

Corollary 7.6: Let w # 0 and n be a natural number. The n distinct roots
20, 5 Zp—1 Of w = s(cos @ + isinf) are given by

0 + 2k 0 + 2k
2= s [cos (u) + 7sin (:>] ,
n n

with k =0,1,--- ,n — 1. Here {/s is the nth positive real root of s.

Proof: This was proved in the proof of Theorem 7.5.
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7.4.1 Examples:

(1) Find the 8th roots of w = 1.

Solution:

1 = cos0+ isin0, so setting w = 1 we see that r = |w| = 1 and 6 = arg(w) = 0. Thus
the eight roots are

— 2]{7_71— _|_" Qk_ﬂ — k_ﬂ' _|_“ k_ﬂ'
Zl = COS 3 7 S1N 3 = COS 4 7 S11 4 s

with £k =0,1,---, 7.
The locations of these points around the unit circle are as follows:

W,
. A
w4 | "
/4 /4
W, w,
/4 /4
/4 |T/4
w
5 W7
W
It is easily seen that
(1+1) . (—1+1)
wy =1 wy = Wy =1 Wy = —2
0 1 /5 2 3 NG
—1—3 1 —
wy = —1 w5f( ) W = —1 w7f< )

(2) Find the 5th roots of w = /3 — 1.

Solution:

We have w = 2[cos(—7/6) + isin(—n/6)] and we see that |w| = 2 and arg(w) = —7/6.
Thus, the five roots are seen to be given by

2km — % o (2T — 3
cos| ——— | +wsm | —— ||,
) )

with £k =0, 1,2, 3,4. Consequently the required roots are

{COS ((1%3g 1)7T) . ((1%3g mn |

Utl=

ZkIQ

S

Zk:2

with k= 0,1,2,3,4.

(3) Find 5.
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7.4 Roots of complex numbers and polynomials

Solution:

If we find the three cube roots of i, that is, if we solve the equation z® = i, for the
numbers zg, 21, 22, the three values of i3 will be 22,22, 2.

This follows by setting z = i3, because then z3 = i, so that 2% = 3.

Setting w = i = cos § +isin 7, it follows that r = |w| = 1 and 6 = arg(w) = 7, and so
the three cube roots of ¢ are

2k + 5 . (2kT 4G
2 = COS T + 781In T ,

with £ = 0,1,2. Hence we can write

1
zg = Cos%+isin%:§(\/§+i),
5 5 1
2 = cos%+isin§:§(—\/§+i),
Or . 97 .
29 = COSF—FZSIHFZ—Z,

so the three roots of i3 are
1
1

2 _
ZZ — _]..

(4) Let z # 1 be any one of the n roots of 2z = 1. Prove that for any positive integer
n>1
l+z+22 442" =0.

Solution:

Set s =1+ 24 ---+ 2" ! and multiply by 2 to obtain zs = z + 22 + --- + 2. Thus,
zs=z24+ 224+ as=s 4+ 4 "l l s —s5=2"—1

1—2"

1—2

However, 2" =1 and 1 — z # 0, we see that s = 0 and the result follows.

=s(l—2)=1-2"=s=

7.4.2 Polynomials and their root

A fundamental property of C is that any polynomial p(z) = ag+a1z+- - +a,z" (where
the coefficients a,, are complex and a,, # 0) has a root.

Let ¢ be a root of p(z). Then

0=ag+ ajc+ -+ a,c”,
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and hence

Suppose all a;, are reals. Then
ap = C_Lka
i.e.,
0=ay+aic+---+a,c" =0,

so ¢ is also a root of p(z).

Theorem 7.7: If ¢ is a root of a polynomial with real coefficients, then ¢ is also a
root.
Proof: We just did it.

7.4.3 Examples
(1) Since i is a root of 2% + 1, the other root will be 7 = —i.

(2) Given that 2 — 3i is a root of
p(z) = 2* — 62° + 262% — 462 + 65

find the other 3 roots.
Since p(z) has real coefficients, another root is 2 + 3i. We can write

pz) = [z = (2=30)] - [ = (2+30)] - q(2) = (2" — 42+ 13) - q(2),

for a quadratic polynomial ¢(z).
By long division we have

2t —623 42622 —462 465 |22 —4z+13

—z4 4423 —1322 22—22
—223 4+132? —46z +65 —2z
223 =822 426z
522 —20z +65

Thus ¢(z) = 22 — 22 + 5. Solving ¢q(z) = 0 gives

z2=1£vV1-5=1£v-4=1£2V-1=1%2.

So the four roots are 2 & 3¢ and 1 & 21.

Recall that every quadratic equation
ar® +br +c=0 (a #0)

can be solved to give

_ —bE Vb —dac

N 2a '

Of course, if b2 — 4ac < 0 there are no real solutions. But you should keep in mind
that there are always solutions in C.

X
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7.5 Exponential function, trigonometric functions
and the hyperbolic functions

The exponential function exp is actually defined by a so-called power series via

+00Ik ZEQ 1'3
e :;H:1+x+§+§+--~.
=0

More precisely, e” is the limit of the sequence {s,}, where

2 "

Xz

Similarly, the functions cos and sin can be defined by a power series:

+oo 2k 2 4 6
_ Y I T T A T
cosz = > (1) el Tt e T
k=0

“+o00
. iL‘2k+1 3 5 7

e = YN G Ty e At

k=0

These functions can be defined on the complex numbers as well. For complex z we
define

too k 2 3

. & L E L.
F = Zk!_1+z+2!+3!+
k=0
+oo 2k 2 4 6
_ WA E LR R
cosz = D (D' =l gt gt
k=0
+oo 2k+1 3 5 7
S LV A A R AT
She = kz( Voo " ate ot
=0

If we replace z by iz in the series for e* and make a rearrangement of the terms

something particularly interesting happens:

(iz)* | (i2)* | (iz)" | (iz)°
2! 3! 4! 5!

I L P L P

= +ZZ—§—§+E+H+"‘

e€” = 1+ (iz)+

= cosz+isinz.
It is clear from the definition (i.e., the power series) that sin(—z) = —sin z and that
cos(—z) = cos z. So we also have

e~ = (%) = cos 2 — isinz.
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For complex numbers z and w we also have the functional equation

If we write a complex number in Cartesian form, z = x + 1y, we thus arrive at

ez — e:er'Ly —

e e = e"(cosy +isiny),
so that |e*| = e* and arg(e®) = y.

From the equations for e** and e~** we can derive the formulas (Euler’s equations)

12z —1z

e —e
1 = — 7.1
sin z o (7.1)
cosz = % (7.2)

The development of complex power series thus places the exponential function at the
very core of the development of the elementary functions — it reveals a connection
between the trigonometric and exponential functions which was never imagined when
these functions were first defined and which could have never been discovered without
the use of complex numbers.

Recall that we defined

e —e
sinhz =
2
et +e”
coshx =
2

for real numbers z.

These functions can be extended to the complex numbers by letting
sinhz =
coshz =

From the complex view point the trigonometric and the hyperbolic functions are closely
related

iz iz

sinh(iz) = ‘ 26 T sin 2

cosh(iz) = % 2 cos 2
sin(iz) e % = (—i)6 2_6 = (z’)e _26 = ¢sinh 2
cos(iz) @ e te cosh z
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7.5 Exponential function, trigonometric functions and the hyperbolic functions

Thus, we have just shown that

sinz =

cosz =

sinhz =

coshz =

Theorem 7.8: For all complex numbers
(a) sin(z + w) = sin z cos w + cos z sin w,

(b) cos(z 4+ w) = cos z cos w — sin z sin w.
Proof: Use equations (7.1) and (7.2).

sinh(iz)
)

cosh(iz)

sin(iz)

?
cos(iz)

Z,wW:

Remark: Certain properties of exp and the trigonometric functions that hold for real
arguments are no longer true of complex arguments. For example, exp takes on every
complex value except 0 and sin takes on every complex value. In particular, there are
complex numbers z and w such that e* = —50000 and sin z = 50000.
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Partial differentiation
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8.1 Many-variable functions

In the previous chapters we have restricted ourselves to the study of functions of only
one variable x: f : A — B, with domain A C R and range B C R, i.e., for all
r €A, f(x) € B.

Let us suppose we need to build the function that associates to each point in space its
temperature.

A point in space is determined by three variables (z,y,2) € R3. We define the func-
tion temperature f that associates to each point in space its temperature f(z,y, z) as
follows:

f:R®—R f(z,y,2)=x-y-z€R.

Note that the function f depends on three variables z,y, z. f is a real-valued function
of three real variables.

Definition (provisional): A many-variable (n) function is a rule which assigns, to
n real numbers in its domain, some real number in its range. An n-variable function f
is defined as follows:

R — R f(ry,z9, - ,x,) €R.

67



68 8.1 Many-variable functions
8.1.1 Examples of many-variable functions
L fi : R — R, fi(z,y) = 2%y + xy°.
2. f2110,+00) x [0, +-00) — [0, +00), fo(z,y) = \/7y.
3. f3 : (Oa _'_OO) X (07+OO) X (07 +OO) - (07 +OO),f3<£L‘,y,Z) = %yz
4.
0 if a isrational gy isrational 2z is rational
1 if x isrational gy isrational =z is irrational
2 if «x isrational 1y isirrational 2z is rational
3 if x isrational 1y isirrational 2z is irrational
. R3 _
JirRE—R, fu(w,y,2) = 4 if « isirrational y isrational =z is rational
5 if x isirrational y isrational 2z is irrational
6 if x isirrational y isirrational 2z is rational
| 7 if =« isirrational y isirrational =z is irrational
D.

f5 : <_ga g) X <_g7 g) I R? f5(flf,y) = tan(as) ’ tan(y) =
8.1.2 Building new functions

Suppose
fig: ACR" — R.

Define
f+9g: A—R

by (f +g)(l‘17m27 T 7xn) = f(xtha e rrn) +g($1,$27 Tt axn)a the Suin of f and g.

Define
f—g:A—R
by (f _g)(xhx%”' 7‘rn) - f(xla'r%'” 7In) —9<1’1;$27"' 7In)7 the m Of f
and g.
Define

(frg):A—R
by (f-g)(x1, 20, ,xn) = f(21, 20, ,x,) - g(x1, 22, -+ ,x,), the product of f and g.

If g(x1, 20, ,2,) # 0 for all (x1,29, -+ ,x,) € A, we also define

<£> A — R
g
g(xth»“',mn)’

by (%) (T1, T, ,@p) = the quotient of f and g.
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8.2 Limits and continuity

Provisional definition: The function f will be said to have the limit L as z =
(x1, 29, -+ ,x,) tends to a = (a, aq,- -+ ,ay), if when x € R™ is arbitrarily close to, but
unequal to a € R", f(z) is arbirtrarily close to L.

The statement “tends to a” is written as  — a, and when the limit of f(z) exists as
xr — a, this will be shown by writing

lim f(z) = L.

r—a

8.2.1 Elementary properties of limits
Suppose x € A, a € R”, that

f,g: ACR" — R,
and that

iliréf(a:) =L and ilir(llg(:v) = M.

Then we have
(1) limg_o[b- f(z)] =b- L, with b € R.
(2) limy _[f(x) + g(a)] = L% M.
(3) lim,—alf(2) - g(a)] = L M.

(4) If M #£ 0, lim,_, [M] ~- L

g(z) M

Example: Find

lim
(z,y)—(2,2)

22 +5x+ 3] [y2+5y+3
203 —x + 4| |23 —y+4]°

We can write

. 224+5-2+3][22+5-2+3 17 17
1m - .,
(@y)—(22) [2-23—2+4]|2-22—-2+4+14 18 18

Example: Find

_ {2x2+x—3} l2y2—|—y—3}
lim .
(z,y)—»(l,l) .’,Cz + xr — 2 y2 + Yy — 2
We can write
20+ —3] 2y +y—3] Iim (z—1)2z+3)] [(y—1)(2y +3)
2+ —2 | Y¥+y—2] @u-an|(z-1(@+2) ]| (y—1)(y+2)

" ot P(Z; - 23” [(Ezy:s)} 53

lim
(z,y)—(1,1)

3 3

(z,y)—
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8.3 Differentiation

8.2.2 Continuity

If f is an arbitrary function, it is not necessarily true that

lim f(2) = f(a).

r—a

Definition: Suppose z € A, a € R" and that
frACR" — R.
The function f is continuous at a if

lim f(x) = f(a).

r—a

Without lack of generality we will restrict ourselves to functions of two real
variables in most of what follows.

8.3 Differentiation

We recall at this point our previous definition of differentiable function:

Definition: The function f is differentiable at a if

fla+h) - f(a)
h

lim

h—0

exists.
We define, f’(a) to be that limit, namely,

fla+h) = f(a)
- :

f'(a) = lim

h—0

For a function of two variables f(x,y) we may define the derivative with respect to
either x or y.

We consider the derivative with respect to x, for example, by saying that it is that
for a one-variable function when y is held fixed and treated as a constant (or to y, for
example, by saying that it is that for a one-variable function when x is held fixed and
treated as a constant).

To signify that a derivative is with respect to z, but at the same time to recognise that
a derivative with respect to y also exists, the former is denoted by 0 f/dx and is called
the partial derivative of f(z,y) with respect to x.

Similarly, the partial derivative of f(x,y) with respect to y is denoted by Jf/dy.
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Definition: We define the partial derivative of f(z,y) with respect to z as

ox h—0 h ’

provided that the limit exists.

We define the partial derivative of f(x,y) with respect to y as

provided that the limit exists.

The extension to the general n—variable case is given below.

We define the partial derivative of f(xy, 2z, -+ ,x,) with respect to z as
af(x17$27“'7$n) li f(l’l,l'g,"',l’k-'-h,"',l’n)—f(xl,fﬂg,“',l’k,"',.’ll'n)
= lim ,
axk h—0 h

provided that the limit exists.

8.3.1 Partial differentiation for two-variable functions

For a two-variable function f(z,y), we can compute two first partial derivatives:

af af
Iz and 8_3/’
and four first partial derivatives:

o (0f o0 f
%<%) = ﬁ:f;tz
g (of\ 0% f B
7 (5) = o
g (of\ 0% f B
7 (5;) = 7oy
g (of\ 82]‘_
(7)) = 5o

Theorem: If the second partial derivatives of f(z,y) are continuous at all points
(x,y) in its domain, we have

0 f B 0 f

oydxr  O0x0y’




8.4 Stationary values of many-variable functions

Example: Find the first and second partial derivatives of the function

f(z,y) =22%* + °.

Solution:
afgfay) —2.322 .42,
T
M:2.{L‘3.2.y+3y27
dy
82f<£lf,y) 2
—92.3.2¢-
82f($7y) 3
ar 2-2°-243 2y,
82f(x,y) 2
—9.322.9
By e

8.4 Stationary values of many-variable functions

Reminder: We recall that a function f(z) of one variable has a stationary point at

T = xq if
4

=0.
d?[) r=x(0

A stationary point is:

(i) a minimum if df?/dz? > 0 at © = x.
(i) a maximum if df?/dz? < 0 at x = x.
(iii) a point of inflection if df?/dx® = 0 at x = zy.

We now consider the stationary points of functions of two variables.

Definition: The function f(x,y) has a stationary point (minimum, maximum or
saddle point) at (xo,yo) if
0 0
f(z,y) —0 anqg @9

=0.
Ox (z0,%0) Yy (%0,%0)

We now turn our attention to determining the nature of a stationary point of a function
of two variables, i.e., whether it is a maximum, a minimum or a saddle point.
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Definition: The function f(z,y) has a stationary point at (xg,yo) if f; = f, = 0 at
(x0,%0). The stationary points may be classified further as follows:

(i) minima if both f,, and f,, are positive and f7, < fuzfyy-
(i) maxima if both f,, and f,, are negative and v < Jeafyy

(iii) saddle points if f,, and f,, have opposite signs or v > Jeafyy

Example: Show that the function f(x,y) = 2% - exp(—2? — 3?) has a maximum at
the point (1/3/2,0), a minimum at (—/3/2,0) and a stationary point at (0,0) which
nature cannot be determined by the above procedures.

Solution: Do at home.

Example: Find and evaluate the maxima, minima and saddle points of the function

flx,y) = zy(® +y* = 1).
Solution:
We compute

fe=y(@®+v* = 1) +ay(22) f,=ax(2® +y* — 1) + 2y(2y)

fox = y(22) + y(4z) = 62y fyy = x(2y) + z(4dy) = bzy
foy = (2% + 9> = 1) +y(2y) + x(22) = 32 + 3y — L.

We solve for f, =0 and f, = 0. The solutions are

(0,0),  (£1,0),  (0,%1),  +(1/2,1/2),  +(1/2,—1/2).

We classify them as follows:

(0,
(£1,0

0)
)
(0, +1)
)

= fgy =1> fizfyy = 0 = saddle point,
= gy =4 > fi2fyy = 0 = saddle point,
= f2,=4> farfyy = 0 = saddle point,
=

3 3
+(1/2,1/2 fm:§>0 and fyy:§>O:>minimum,

3 3
+(1/2,-1/2) = for = -5 < 0 and f,, = -5 < 0 = maximum.
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8.4 Stationary values of many-variable functions
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Sequences
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9.3 Divergence and convergence of sequences . . . . ... ... 82

9.1 Introduction

We now start the “mathematical analysis” part of the module. For the moment we
shall be concerned with looking at infinite series more closely, and this will require the
notion of a sequence and the limit of a sequence.

We have already seen that there are infinite series for e*, cos x, sin z, etc. and they come
up also as solutions of certain differential equations. The most important idea that
comes up first with an infinite series is whether it can be said to have a sum, whether
it converges. Often we are more interested in having a sum, rather than knowing what
the sum is.

Here is a simple example which shows that infinite sums can behave differently than
finite sums and why we need to be rather cautious. For the moment just take it as

correct that

1101 1 1
g2 —1_ 4+ Lt 11
o8 53 175 6"

The following manipulations lead to quite a paradoxical result:

w2 . 1+1 1+1 1+1 1+1 1+
(0] ey _— = —_— = —_— = —_ = -
& 273 475 67 89 10
_ 1 1+1 1 1+1 1 1+1 1 1+
N 2 4 3 6 8 5 10 12 7 14 16
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the pattern here is one positive followed by two negative ones. We group terms as

follows:
g2 — (1_1>_1+<1_1)_1+(1_L>_i+(l_i>_i+...
2) 4 °\3 6) 8 \5 10/ 12 \7 14) 16
1 1 11 1 1 11
T 27176 8710 2w 1T
_ 1(1_1+1_1+1_1+1_1+1_i+ )
2 23 45 6 7 8 9 10
1
= ElogQ,

so log2 = (log2)/2, implying that log2 = 0. But that is not true.

This contradiction depends on a step which takes for granted that operations valid
for finite sums necessarily have analogues for infinite sums. Note that the numbers of
the second infinite sum are a rearrangement of the numbers of the first sum. So what
can happen is that if the order of the terms of an infinite sum is changed, we get two
different outcomes. In this respect infinite sums can behave very differently from finite
sums.

Before we can start over investigations of infinite series we should study infinite se-
quences first since the “sum” of an infinite series is defined as a sequence of approxi-
mations to its “sum”.

The idea of an infinite sequence is so natural a concept that it is tempting to dispense
with a definition altogether. One frequently writes simply “an infinite sequence”

a1,02,03,04, ...,

the three dots indicating that the numbers a; continue to the right “forever”. The
important point about an infinite sequence is that for each natural number n, there is
a real number a,,. This sort of correspondence is precisely what functions are meant
to formalise.

9.2 Sequences

Definition 9.1: An infinite sequence of real numbers is a function whose domain is
N.

From the point of view of this definition, a sequence should be designated by a single
better like a and particular values by

a(l),a(2),a(3),...

but the subscript notation
ai,az,asg, ...
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is almost always used instead, and the sequence is usually denoted by a symbol like

{an}.
Thus {n}, {(—=1)"} and {1/n} denote the sequences «, (3,7 defined by

1
a,=n, [,=(=1)" and ~,=—.
n

Definition 9.2: A sequence {a,} converges to L, in symbols

lim a, =L,
n—-+o00

if for every € > 0 there is natural number N such that, for all natural numbers n, if
n> N, then |a,—L|<e.

In addition to the terminology introduced in this definition, we sometimes say that the
sequence {a,} approaches L or has the limit L.

A sequence {a,} is said to converge if it converges to L for some L, and to diverge if
it does not converge.

To show that the sequence {~,} converges to 0 it suffices to observe that for every
€ > 0 there exists a natural number N such that € > % Then if n > N we have

1
<< .= 0] <e
v <6 50 |7m—0l<e

3|~

Tn =

Examples 9.3: Let {6, =2+ (-1)" - o=} and {a, = vn + 1 — y/n}. Show that
(i) iy oo 6, = 2,

(ii) limy,— 400 an = 0.

Proof:

(i) Let € > 0. Then € > + > 0 for some natural number N. Then, if n > N we have
2" > n, so that € > 2% and hence

1
2n

6, =2/ = | (1"

(i) To estimate v/n + 1 — y/n we can use an algebraic trick

ViTT- v WnF -Vt Ttyn) _ ntl-n 1

Vn+1+n T Vntltvn Vanrl+vn

Now let € > 0. Pick K such that e > +. Let N = K% Then for n > N we get
vn >N = K, so that

1 1 1
—F < —=< =<e
Vn+l+yn n K

an — 0] = |a,| =
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Remark: Above we used the fact that for every e > 0 there exists a natural number
N such that € > % How do we find N7 If € is rational, i.e., ¢ = £ for some natural
numbers p, ¢, we can just pick N =¢+1. [f 0 < e <1 and € = 0.a;asa3 - ... in decimal
expansion, we can let N = (a; + 1) - 10*, where ay, is the first term with ay # 0.

What does it mean geometrically that
lim b, = L7

n—-+o0o

If € > 0 then we obtain an open interval (L — €, L 4+ €) = I with L being its centre.

Since lim,, .. b, = L, there exists a natural number N such that, for all n > N,
|b, — L| < e. This means that, if n > N, then b, is in the open interval I. Thus almost
all terms of {b,} lie in the e-neighbourhood of L.

Here almost all means all, except for finitely many.

Except for very simple examples like those from 9.3, it can be difficult to verify the
limit of a sequence directly from the definition. So we have to prove some general
theorems which bypass this difficulty and make the calculations easier. Note also that
not every sequence has a limit, e.g., {n}.

The usefulness of the limit concept depends partly on the fact that if a limit exists,
then it is unique.

Theorem 9.4: If a sequence has a limit, then that limit is unique.
Proof: Suppose

lim a, =1L lim a, = M.
n—-4o0o n—-4o0o

Aiming at a contradiction, suppose L # M. Choose € = |L — M|/4, so € > 0. Then
there exists N; and Ns such that

la, — L] < ¢ forall n> N and la, — M| <e  forall n> N,
Thus, for all n > max(Ny, Ny), we have
|L—M|=|L—-a,+a,— M| <|L—a,|+|a, — M| < 2,
so that 4e < 2e which yields the absurd result that 4 < 2.

Definition 9.5: A sequence {a,} is bounded if there is a constant C' such that
la,| < C holds for all n.
If a sequence is not bounded it is said to be unbounded.

Examples: The sequence {a,} given by

1 1 1 1 1
== 14, —1—== 14—, .. =3 (=) (=1)"
{ 51+ 3 it E } {( )"+ ( )n—l—l}

is bounded by C' = 2.
On the other hand, the sequence {a,} = {n} is unbounded.
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Theorem 9.6: A convergent sequence is bounded.
Proof: Suppose

lim a, = L.
n—-+o00

Then there exists N such that n > N = |a,, — L| < 1. Let

A =max(|a; — L|,|az — L|,...,|a, — LJ).
As a result, |a, — L| < A+ 1 holds for all n. Therefore we have

lan| = la, — L+ L| <la, — L| +|L| < A+ 1+ |L|.
So with C' = A+ 1+ |L] it follows that
la,| < C  forall  n.
The converse is false: the sequence
{0,1,0,1,0,1,...}

is bounded but not convergent.

Notation: To simplify notation we will often write
an, — L

rather than

lim a, = L.
n—-+0o00

To make our life easier we better develop some machinery.

Theorem 9.7: If

lim a, and lim b,
n—-4oo n—-+4oo

both exist, then
(i)
lim (a, +b,) = lim a,+ lim b,.

n—-+o00 n—-+oo n—-+oo

(i)
lim (a,-b,) = lim a,- lim b,.
n—-4o0o n—-4o0o n—-4o00

(iii) Moreover, if lim,,_, o b, # 0, then b, # 0 for all n > N for some N, and

Proof: Let
lim a, =1L and lim b, = M.

n—-+o0o n—-+o0o
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(i) Let € > 0. Then there exist Ny, Ny such that |a, — L| < § for all n > N; and
b, — M| < § for all m > Nj.

Set N = max(Ny, Ny). Then, for all n > N

€

2

= €.

|(an +bn) = (L + M)| = |(an = L) + (bp — M)| < [(an — L)[ + [(bp — M)| < §+

Hence
lim (a,+b,) =L+ M.

n—-4oo

Note that we used the triangle inequality.
The proofs of (ii) and (iii) are harder than that for (i) and are not given.

Corollary 9.8:
(i) If lim,,_ ; » @, exists and ¢ is a constant, then {ca,} converges too and

lim ca, =c lim a,.
n—-4oo n—-+o0o

(ii) If lim, 4+ @y, and lim,,_,, « b, both exist, then

lim (a, —b,) = lim a, — lim b,.
n—-+00 n—-+o0o n—-+o00

(iii) If K is a natural number K > 1, then

li L 0
im — =
n—-+40oo nK
Proof:
(i) The sequence {b,} with b, = ¢ converges to ¢. Thus, by Theorem 9.7 (ii) we get
lim ca, = lim b, -a,= lim a,- lim b, =c lim a,.
n—-+o0o n—-+o00 n—-+o0o n—-+00 n—-+o00

(ii) By (i) we have
lim —b,=— lim b,.
n—-+o00 n—-+o0o
From this we arrive at (ii) using Theorem 9.7 (i).

(iii) We obviously have
1
lim — =0.
n—+oo M

Thus, using Theorem 9.7 we get

: 1 . |
Ilm —= lim —- lim —=0-0=0.
n—-+oo N, n—+oo 1, n—+oo N
Therefore,
) 1 ) 1 . 1
lim — = lim —- lim —=0-0=0, etc.

n—-+oo 1 n—-+oo 1, n——+oo n2
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9.2.1 Examples

(1) Let
3n3 +2n% + 13n
a, = .
2n3 + 16n% + 5
Then
a_3+g+g
o248
By theorem 9.8 we get
. 2 . 1
llm — =2 lim —=2-0=0
n—-+oo N, n—-+oo N,
and likewise 13 16 5
lim — =0, — —0 and — — 0.
n——4oo n2 n n3

Therefore, using Theorem 9.11(i) we get

2 13 16 5
3+-—+—5—3 and 24—+ 5 —2
non non

By 9.7 (iii) we thus get

lim a, = birmy - oo (3+ % + %) = §
DB i (2 B ) 2
(2) Let
b — n?—2
" n846n3—3n+8
Then I 0
nb ns _
(3) The sequence
n
since
1 <
— <€
Vn
whenever )
€
(4) Does
lirf (Vn?2+1—n)
exist?
vVn?2+1-— vn?+1 24 1—n? 1 1

(Vn2+1+n) (Vn2+1+n) (VnP+1+n) n

Thus the limit is 0.
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9.3 Divergence and convergence of sequences

If a sequence is not convergent then it is divergent. There are 4 types of divergence
but we shall just concentrate on 2 main ones which are closely related.

Note first that if {a,} is unbounded, then it is divergent (as we have shown that
convergent = bounded by Theorem 9.6).

The converse is false: the sequence
{0,1,0,1,0,1,...}
is divergent but not not unbounded.

In our first main type of divergence, the terms just keep on getting larger and larger
and we can make them as large as we please.

Definition 9.11: If for all K > 0 there is an integer N such that n > N = a,, > K,
we say that {a,} diverges to 400 (in symbols)

a, — +0Q.

Examples 9.12:

(1) {n}, {y/n}, in fact {n"} for any r > 0. For example, {ni} is divergent to 4+oco since
given any K > 0, n1 > K, when n > K%,

(2)

nt=3n2+2 n*-3n+2 nn’-3)+2
T 6n+5  6+2 612

— +00.

(3) Define

b _{2 if n isodd

n if n iseven

so that by =2,by = 2,03 =2,by =4,b5 =2,bg =0, . ...

{bn} diverges, but not to +00 because of the ever present 2.
(4) Let ¢, = (=1)"n. Soc; = —1,c0 =2,¢c3 = —3,....

{cn} is divergent, but not to +o00 since there is no N such that
¢, > 10 for all N.

There is a similar notion of divergence to —oo.
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Definition 9.13: {a,} diverges to —oo (in symbols)
a, — —00.
if given M < 0, there exists a natural number N such that
n>N=a, <M.

Note that a,, > —>© <— —a, — +00.

Examples 9.14: {—n}, {—3n% + 15n}, etc.

Definition 9.15: A sequence {a,} is increasing (decreasing) if a, 1 > a, (an11 < ay)
for all n.

A sequence {a,} is strictly increasing (strictly decreasing) if a,1 > ay, (a1 < ay,) for
all n.

Examples 9.16:

(1) 1,1,2,2,3,3,... increasing.

2) 1,0,0,0,... decreasing.

111

(2)

(3) 1,2,3,4, ... strictly increasing.
1. =

@)1y

4 ... strictly decreasing.

aZ?

Wi

Theorem 9.17: If a sequence {a,} is bounded and it is increasing (decreasing), then
it has a limit.

Proof: This is a result about the construction of real number that cannot be proved
in this course.

Examples 9.18:

(1) Set a, =1+ % Thus, a; =14+ 1/2,a5 =1+ 2/3, a3 = 1+ 3/4. We conclude
n

that {a,} is strictly increasing.

4" m n(n + 2) N n?+2n
an: _— —_= s
n+1 (n+1)(n+2) (n+1)(n+2)
n+1 (n+1)(n+1) n?+2n+1
np1 =14+ —5 = = )
n+ 2 (n+1)(n+2) (n+1)(n+2)

SO Gy, < any1. The sequence {a,} is also bounded by 2. Actually, a,, — 2.

(2) Let
——1+1+1+1+ +1 1 (n>1)
Cn 2 3 4 n oen " '

It can be shown that {c,} is a decreasing sequence which is bounded. So it has a limit
v. 7 is called Euler’s constant. It is important but there is still a lot we do not know
about it, e.g., is it rational or irrational? We do know that v ~ 0.577.
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(3) Let

1 n
0, = <1 n _> .
n
It can be shown that this sequence is increasing and is bounded by 3. Hence the limit

of {d,} exists. It turns out that

lim d, =e~2.7183....

n—-+o0o

Theorem 9.19: Let {a,} be an unbounded sequence. If {a,} is increasing (decreas-
ing) then
{an} = +o0 ({an} = —o0).

Proof: Not given.
We finally investigate the behaviour of {r"}.

Theorem 9.20: Let r be a fixed real number.
(i) If =1 <r <1, then ™ — 0.

(ii) If r =1, then ™ — 1.

(iii) If r < —1, then {r"} diverges.

(iv) If r > 1, then ™ — +o0.
Proof:

(i) If =1 < r < 1, then |r| < 1. If r = 0, then certainly ™ — 0. So let r # 0 and let
0 < e < 1. Pick a natural number N such that

S log e .
~ log|r|
Note that log|r| < 0 and loge < 0, so
N> 8y
log |r|
Then, if n > N, we have
log([r[") = nlos |r| < 5 -log r| =1
o) r = nlog|r - log || = log €.
g g log | g g
Hence |r|™ < e. Therefore we get
|r" = 0| = |r"| = |r|" <e.

(ii) This is clear as r =1 =" = 1.

(iii) If r < —1, v will oscillate between values > 1 and < —1, so it clearly does not
converge.
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(iv) If r > 1, then » = 1 + h for some h > 0. We have

r”:(1+h)“:Z<Z)1”khk=1+ (?>h+...>nh,

k=0
soif C > 0and N > C/h, then

r">nh>%h=0 for all n > N.

Summary: (i) If a, =" then a, — 0if -1 <r < 1.
(i) ap — 1ifr =1.

(iii) Otherwise {a,} diverges.

Examples 9.21:

(1) 3" — +o0 since 3 > 1.

12
(3) (=1)"5" = (—5)™ diverges since —5 < —1.

1 n
(2) 127" = (—) — 0 since —1 < 1/12 < 1.
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Infinite Series
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10.1 Introduction

Infinite series are introduced with the specific intention of considering sums of se-
quences, namely
Qo+ a;+agy+---

This is not an entirely straightforward matter, for the sum of infinitely many numbers
is as yet completely undefined. What can be defined are the partial sums

Sp =09+ a;+ax+---+a,

and the infinite sum must be presumably defined in terms of these partial sums.

10.2 Infinite series

Definition 10.1: The sequence {a,} is summable if the sequence {s,} converges,
where

Sp=a0tay+as+---+ a,.
In this case,

lim s,
n—-+o0o

is denoted by
+oo
D
n=0

87
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and is called the sum of the sequence {a,}.
+oo

We also say that
>

n=0

converges (diverges) instead of saying that {s,} converges (diverges).
The most important of all infinite series are the geometric series

“+oo

Zr":1+r+r2~l—r3+---
n=0

Only the cases |r| < 1 are interesting, since the individual terms do not approach 0 if

|r| > 1, in which case
+00
Zr”:1+r+r2+r3+-~-

n=0
does not converge.
These series can be managed because the partial sums

Sp=14r+r+r¥ 4. 4"

can be evaluated in simple terms. The two equations
Sp=1+r+r2 74 "

rsp =141 00+t 44

lead to
Sp(l —7)=1— "t
or
1 — ,rn—i-l
Sn - —7
1—r

where division by r — 1 is valid since we assume that r # 1. It follows that

Theorem 10.2:
= 1=t 1
Zr = lim s, = lim = ,
o n—+00 n—+oo 1 —7 1—r
since |r| < 1. In particular
X1\ X1 1
2 3) T2l T o1
n=0 n=0 2

Thus
+oo 1 n
> (3) =1
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The sum

> ()

with a, = (1/2)" has the property that a, — 0. This turns out to be a necessary
condition for summability.

Theorem 10.3: The vanishing condition. If {a,} is summable, if

exists, then a,, — 0.
Proof: Since {a,} is summable, the partial sums s, converge to a limit L. Let € > 0.
Then there exists an integer /N such that
€
n>N:>|sn—L\<§.
Hence

€ €
lant1| = [Snt1=5n| = |(Sny1—L)+(L—sn)| < |Spi1—L|+|L—s,| < gty =¢ forall n>N.

Unfortunately, the vanishing condition is far from sufficient. For example,

1
lim — =0
n—+oo N,

but the sequence {1/n} is not summable.
>
n=0 n
is called the harmonic series.

The harmonic series diverges, though on a computer it looks as though it conveges.
For example, to get the sum > 12, one needs 91,390 terms.

Example: Does

converge?

No, as -5 — 1, the vanishing condition is not satisfied.
If some convergent sums are already available, one can often show convergence of other
sums by comparison.



90

10.2 Infinite series

Theorem 10.4: (Comparison Test)
Suppose that 0 < a,, < b,, for all n. Then if

+oo

P

n=0
converges, so does

+o00o

g .

n=0
Proof: Not given.

Theorem 10.5: (Comparison Test, divergence version)

Suppose that 0 < a,, < b,, for all n. Then if
+oo
D> an
n=0

diverges, so does
—+00
>
n=0

Proof: Not given.

Quite frequently the comparison test can be used to analyse very complicated looking
series in which most of the complication is irrelevant.

10.2.1 Examples
(1)

f 2 +sin®(n + 1)
— on n2

converges, because

- 2 +sin®(n+1) 3

0 < =
- om 4 n2 mn
and .\
23 =1
~ =3 —
2w =3 %
n=0 n=0
is a convergent (geometric) series.
(2)
<X 245

n=0 3+ 4n
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converges, because

3

45 _ 2y 2 (2
3n4n = 34 4n = “3n g4 = T3n

>2(5) 22 (5)

is a convergent (geometric) series.

and

Theorem 10.6: (Comparison Test, limit form)
If a,,b, > 0 and

. Qp,
lim —=¢>0,
n—+oo 0,

then

and

both converge, or both diverge to +o0c.
Proof: Not given.

Example: Let

Expect to behave like

as n — +oo and

diverges, it follows from Theorem 10.6 that
+oo
>
n=0

diverges.
The most important of all tests for summability is the Ratio Test.
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Theorem 10.7: Let a,, > 0 for all n and suppose that

. Ap41
lim

n—-+oo (7%

Then
+o00

>,

n=0

converges if r < 1.

On the other hand, if » > 1, then the terms a,, do not approach 0, so

“+oo
D> an
n=0

diverges to 4o0.

Notice that it is therefore essential to compute

. Ap+1 .
lim —* and NOT lim .
n—-+oo a'n-l—l

n—-+400 ap,

Proof: Not given.

10.2.2 Examples

(1) Consider the series

Letting a, = 1/n! we obtain

Qn

Uny1 Nl 1
an  (n+1)! n+1
Thus u
lim —* =0,

n—-+4oo an,

So by the Ratio Test

converges.

(2) Consider now the series
+oo

.
2

n=0

where r > 0 is some fixed real number. Then letting a,, = r"/n! we obtain

apyr  nlormtl

r

a,  mm+ 1) nt+1
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whence u
lim — =0,
n—-4oo an,
So by the Ratio Test
+00 5
>
|
“—~nl
converges. The vanishing condition yields
rn
lim — =0
n—-+o0o n'
(3) Finally, consider the series
“+o0o
Z nr'.
n=0
We have
ant1 (n+1)rmtt
a, rin ’
so that
.a . n+1 . .on+1
lim 22 = lim r=r, since lim + =1.
n—-+oo an, n—-+oo n n—-+oo n

This proves that if 0 < r < 1, then
+o00
Z nr’
n=0
converges, and consequently
ngrfoo nr’® = 0.

Although the Ratio Test will be of the utmost importance as a practical tool it will be
frequently be found dissapointing as it appears with maddening regularity that

. Ap4+1
lim /L — 1.

n—-+4oo Ay,

This case is precisely the one which is inconclusive.

For instance, if
1\2
n

2
Ant1 n

li = lim —=1.
n—l>r+noo an, n—lgloo (n+1)2

then

In fact, our very next test will show that
n

converges.
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Theorem 10.8: (The Integral Test)
Suppose that f is positive and decreasing on [1, +o00) (i.e., x <y = f(z) > f(y)), and

that f(n) = a, for all n. Then
+oo

>,

n=0

converges if and only if the limit

/+OO dr f(x) = lim Kd:r; f(x)

K—+4o00 1

exists.
Proof: Not given.

Corollary 10.9: (The p-Test)

If p > 1, then
+00 1
n=0 n
converges.
If0<p<1, then
+00
1
n=0 ne

diverges.
Proof: Not given.

A test closely related to the ratio test is the Root Test. If we try to apply the ratio

test to the series
Ll 12+ 12+ 13+ 13+
2 3 2 3 2 3

it turns out that the ratios of consecutive terms do not approach a limit. Here the root
test works.

Theorem 10.10: (The Root Test)
Supppose that a,, > 0 and

lim /a, = s.
n—-+o0o

Then
+00
D
n=0
converges if s < 1 and diverges if s > 1.
Proof: Not given.



Chapter 10 — Infinite Series 95
Proposition 10.11: If
“+o0o +oo
Z an and Z b,
n=0 n=0
converge, then
+o0 +oo +oo
Z cay, and Z(an + b,) and Z(an — by)
n=0 n=0 n=0
converge also. Moreover
+o0 +o0 +o00 +o0o +o00 +oo +o0o +o0
Z ca, = c Z ay, and Z(an—i—bn) = Z an—i—z by, and Z(an—bn) Z an—z by,.
n=0 n=0 n=0 n=0 n=0 n=0 n=0 n=0

Proof: Not given.

10.3 Examples

Investigate the convergence of the following series:

(a)

+o00 M,
Z on + 3

n=1

As
2n 2

H
5n + 3 5

the series diverges by the vanishing test.

(b)

n=0
As
*i (1)” 1 4
-] = - ==
et 4 1-7 3
. 4 _ 20
the series converges to 5 - 3= 3
(c)
+o0o 1
n=1 \/ﬁ
Note that
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so the series diverges by the Comparison Test.

(d)

Here

— cos(0=1.

So by the limit version of the comparison test the series diverges.

(e)

“+o00

Z 2n —1
= (V2
Compute
an+1_2((n\/%%_ 2n+1 1 2n+1 1
a, = (2\%_)}1 = \/5(271 — 1) = E—(Qn — 1) — —2 as n — —+00.

So the series converges by the ratio test.
(f)
+o0 1

Z(2n+1)2—1

n=1

This series in convergent by the integral test:
oo 1 1 x
dr ———— = li -1
/1 Trt12-1 Koite (4 o8 (x+1)

+o0

n
Zn4+1

(2)

We have
n 1

n4—1—1<n3

and
+oo 1

>3
n=1

is convergent as it is a p-series with p = 3. We conclude that

—+00

n
Zn4—|—1

n=1
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is convergent by the Comparison Test.

(h)

“+o00

n=1 n®

We compute

ne1 3"+ 1D 0" 3(n41)n" 5 n"

a,  (n+ 1) 3l (n4 1)t T (n 4 1)
We have

n 1
n+1 1+1
As
1 n
( 1) — € as n — +oo
14 o

we conclude

an, n+1

Thus, the series diverges by the ratio test.

(i)

. "33
mg( 2] - 2s 2
(&

n=1 n®

We compute

i1 2" (n+ 1) ™ 2(n41)n" 5 n"

an,  (n+ 1) 2l (n41)ntt T T(n 4 1)
We have

no 1
n+1 141
As
1 n
(14——1) — e as n — 400

we conclude

Thus, the series converges by the ratio test.

()

400 n+1 n
2(471—1)

n=1

[ n \" 2 2
=2 - < =<1
an, (n + 1) e T ax

o

g

n
n+1

n
n—+1

v

y
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10.4 Series with positive and negative terms

Let
n+1\"
G, = .
4dn —1
Then
n+1 14+ 1
"(Zn— = — —.
4n — 1 4—% 4

Hence the series converges by the root test.

10.4 Series with positive and negative terms
The harmonic series

+o00

>

n=1 n
diverges. It will turn out, however, that the series

+oo
1 11 1 1 1
—1)"= = -1 - — — - — — —
Z( )n +2 3+4 5+6jL

n=1

converges. The latter series has positive and negative terms. Other examples for series
with positive and negative terms are the power series representations of sin and cos.

Definition 10.12: A series
+0o0
>
n=0
converges absolutely (is absolutely convergent) if

+oo
2 lan]
n=0

converges.

10.4.1 Examples

(1) Every convergent series

with a, > 0 is absolutely convergent.

(2)
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is absolutely convergent because

is convergent.
Note that we have not assumed

+00
>
n=0
to be convergent. This is not necessary, as the following result shows.

Proposition 10.13: If
+0o0

D> an
n=1

is absolutely convergent, then
+00

>
n=1

is convergent.

Proof: Not given.

10.4.2 Examples

(a) The series
S
2

n=1

converges (absolutely).

Proof: We have . .
lan| = = = [@nt] = — 0.
n! |ay| n+1

Thus the series .
> lanl
n=1
converges by the Ratio Test and hence
+00
>
n=1
converges by Proposition 10.13.
(b) The series

2
n=0 n

converges (absolutely).
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Proof: The ratio test does not work here as

1 ’an-&-l’ n2
o =— = = 1.
| n2 || (n+1)2 -

But we have already shown that
+oo |a | B “+oo 1
n=1 n=1

converges by the p-test. Hence
+oo

>,
n=1
converges by Proposition 10.13.
There are series which are convergent but not absolutely convergent (such series are
sometimes called conditionally convergent.

Leibniz’s Theorem 10.14: Supppose that

ay > ay>az3>...>0

and that
lim a, =0.
n—-+o0o
Then, the series
+oo
> ()"
n=1

converges.
Proof: Not given.

10.4.3 Examples

(i)
too 1)+1
a

Solution: Let a,, = 1/n. Then

a12a22a3>...>0

and

lim a, =0.
n—-+00

So the series converges by Leibniz’s theorem.
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(i)
S (a2

n=1

Solution: Let a, =n/(2n+1). Then

lim a, ==
n—-+o0o " 27

this series does not converge due to the vanishing test.
(iii)
o0 n
1
Z(_l)nJrl (_)
n=1 5

Solution: Let a, = (1/5)". Clearly
ap > ay>az3 > ... >0

and

lim a, =0.
n—-4o00

So the series converges by Leibniz’s theorem. However, this series converges absolutely
too, using the ratio test.
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Chapter 11

Power series

Contents
11.1 Introduction . .. .. ... ... e 103
11.2 Taylor and Maclaurin series . . . . . . ... ... ... ... 105
11.3 Taylor’stheorem . . . . . . . . .. ... v 109

11.1 Introduction

Definition 11.1: A power series about the point a is an expression of the form

ao+ ar(z —a) + az(x —a)? + -+ an(z —a)" + - --

in which the coefficients a,, of the power series are real numbers and z is a variable.

For any fixed numerical value of x this infinite series in powers of x — a will become an
infinite series of the type considered in the previous chapter, and so will either converge
or diverge. Thus a power series in x — a will define a function of x for all z in the

interval in which the series converges.

In terms of the summation notation we can write the power series as

—+oco
Z an(z —a)",
n=0

and if the function to which this infinite series converges is denoted by f(x), often

called its sum function, we may write

f(z) = Zan(aj —a)".

The interval in which this power series will converge will depend on the coefficients a,,,

the point a about which the series is expanded and z itself.

103
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Theorem 11.2: For any power series

+o0o
Zan(x—a)":a0+a1(ac—a)+a2(x—a)2+'--+an(a:—a)"+'--

n=0
one of the following three possibilities must be true:

1. The sum
+oo

Z an(x —a)"®

n=0

converges only for z = a.

2. The sum
+oo
Z an(x —a)"®
n=0

converges absolutely for all x.

3. There is a number R > 0 such that

+oo
Z an(x —a)”
n=0

converges absolutely when |x — a| < R and diverges when |z —a| > R.

Notice that we do not mention what happens when |z — a| = R.

Proof: Not given. [

Definition 11.3: The number R which occurs in case (3) of 11.2 is called the
radius of converge of the sum

“+oo
Z an(z —a)".
n=0

In case (1) and (2) it is customary to say that the radius of convergence is 0 and +oo0,
respectively.

When 0 < R < 400, the interval (a — R,a + R) is called the interval of convergence.

11.1.1 Examples

(1) > nl(z — a)" (a, = n!) converges only for x = a, for if x # a, then

(n+ D(z — a)™*?
nl(z —a)?

=(n+1)|zr—al — +o0 as n — 400,

entailing divergence by the proof of the Ratio Test.
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(2) S (I;—?)n (a, = 1/n!) converges absolutely for all x € R by the Ratio Test,
because
(x_a)nJrl
it | _le—al
(w—?)" n+1
(3) The radius of convergence of
+oo
Z(m —a)"
n=0
(here a,, = 1) is 1 by the Ratio Test since
_ n+1
lim @=af™ = |z — al.
LN T

11.2 Taylor and Maclaurin series

Many elementary functions can be defined via power series, e.g.,

+oo g 2 3
_ T ror v
¢ Zon!1+1!+2!+3!+

+o0
x2n+1 3

siny = Z(—l)"— _r +

n=0
+oo 2n 2 4
nt T T
cosx = ZO(_l) o) =1 5 +4!

and many nice functions have a power series expansion. To see this we need to know

how power series can be differentiated.

Theorem 11.4: If

has radius R and sum f(z) (|z| < R), then the series

+0o0

n=0

obtained by differentiating
+o0

g anx"

n=0

term by term, also has radius R and sum f'(z) (|| < R).
Proof: Not given.

:L‘5 [L’7
F
$6

o

+oo
Z(n + Day2" = Znanxnfl
n=1
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11.2.1 Example

1
l+r+2°+2° 4+ = —— (|z] < 1).
11—z
So ]
1+2x+3x2+4x3+-~+nx”*1—|—~--:m <|.I"<1)
and
2+3-2x+4~3x2+.~+n(n—1)x”*2+~~:L (Jz| < 1).
(1—2)3

Here is a strategy for representing a given function in the form of a power series
expanded about a point a.

Suppose f is a function which may be differentiated arbitrarily many times at a. To
represent f(z) in the form of the power series

@)=Y aua —a)",

we need to determine the coefficients a,,. Differentiating

f(:c):Zan(x—a)”:ao—l—al(a:—a)+a2(:c—a)2+--~+an(q:—a)"+-~

n=0

term by term, we obtain
f'(z) = fO(a) = a1 + 2as(z — a) + 3as(z — a)?- -+ nap(z —a)" ' + - -

and we can conclude that

Differentiating the series
ay + 2ax(x — a) + 3az(x — a)*- - +nay(z —a)" 4
we obtain
fA(x) = 2a5 + 3 - 2as(x — a) +4 - 3as(zx — a)? - +n(n — Dap(z —a)" 2 +---
hence

f®(a)
2

a9 =

Continuing in this way we get
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Note that we also have
f(o)(a) = f(a) = Qo

and by convention 0! = 1.

Substituting these coefficients into the original series gives

fD(q f@(a B3 (a ; <X (g .
@) = far e+ g e g e = S B e

Definition 11.5: This power series expansion of f is called the Taylor series expansion
of f about the point a.

When a = 0, the Taylor series expansion reduces to the Maclaurin series expansion of
f (a Maclaurin series is always an expansion about the origin).

11.2.2 Example

(1) Find the Maclaurin series expansion of sin z.
Solution: We have

sin®(0) = sin0=0,
sin”(0) = cosO=1,
sin?(0) = —sin0=0,
sin®(0) = —cos0=—1.

Thus, we see that sin™(0) = 0 if n is even, but that £ (0) alternates between 1 and
—1 when n is odd. Substituting the values of f("(0) into the general Maclaurin series
(a = 0) shows that the Maclaurin series for sinz is

) T x3 x5 I‘7 2n+1
o= -G+ G- Hrg o 23 NerFsyE

(2) Find the Maclaurin series expansion of e*.

Solution: We set f(x) = e* and use the fact that f'(x) = f(z), we find that

) =

) =

) =
)

Thus, we see that f(™(0) = 1. Substituting the values of f(0) into the general

Maclaurin series (a = 0) shows that the Maclaurin series for f is
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Replacing x by —x we see that the Maclaurin series for e™ is

o ¥ 2 a2t & i
e = —ﬂ—i-a—g—f‘z—f‘"'—zo(—)m.

(3) Find the Maclaurin series expansion of g(x) = log(1 + x).
Solution: We have

g0 = o0,
1
9@ = 7= gV =1,
-1
9@ (@) = EE g (0) = -1,
By = L2 ) =29
In general
. -1 i
() = EUEEZIE 00) = (1o )
forn=1,2,3,---.

Thus, the Maclaurin series for g(x) is
r x> 2 ot x
= log(1 = _ T 4 T ... 1yt 4
g(z) =log(1l + x) 1 2+3 4-|— +(—1) n-I—
11.2.3 Examples

(1) Find the Taylor series expansion of cosz about the point a.
Solution: Set f(z) = cosx. We have to compute the derivatives:

fO%) = cosa,

fY) = —sinz, fY(a) = —sina,
fA) = —cosz, fP(a)=—cosa,
fO) = sinz, fP(a) =sna.

Hereafter, further differentiation simply repeats this pattern of coefficients. Thus the
Taylor series expansion of cosx about the point a is

sina cosa sina cosa
COST = COSa — —y (x —a) — 5 (z —a)®+ i (x —a)® + m (x —a)* —
+00 1 +00 1
_ _1\n . 2n__ — _1\n . \2n+1_ —
= cosa ngzo( ™x —a) o)) sina nEZO( )"z —a) Gn i)

as the series can be shown to be absolutely convergent. Absolutely convergence entails
that we may rearrange terms without altering its sum.
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As a special case, by setting a = 0, we obtain from this the Maclaurin series expansion
of cosx

+oo
n n 1
cosx = Z(—l) z? )i
n=0

(2) Find the Taylor series expansion of f(z) = (24 z)2 about the point a = 1.
Solution:

1
Set f(z)=(2+z)"2 = (2%:) 2. We must set @ = 1 and then compute the derivatives:

Kﬁ
e
&

I
=
S~—

I

N
— [\
+ |~
e i_/
NI
w
o
—
e
=

Il

N
W =
~_

|

Hereafter, inspection of the general pattern of the results shows that

(2n+1)
2

Substituting the values for f(™(1) into the general form of the Taylor series and setting
a = 1, shows that the required Taylor series expansion of (2 + x)’% about the point 1

1S
L \2 1\ 1/1 5(:c—1)+1.3 1\ (z—1)
2+x) \3 2\3 1! 22 \ 3 2!

(2n+1)

So far, our development of functions in terms of Taylor and Maclaurin series has been
formal, in the sense that although we now know how to relate a power series to a given
function, we have not actually proved that the function and its series are equal.

(SR

The connection is known as Taylor’s theorem.

11.3 Taylor’s theorem

Taylor’s theorem If f is differentiable n times on an open interval I and f™ is
continuous on [ and a € I, then f(x) can be written

fW(a) [®(a) f¥(a)
1 2l 3!

(z—a)>+-- -—l—w(x—a)"*l—l—fin(x)

(n—1)!

f(x) = fla)+ (z—a)+ (z—a)*+
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for all © € I, where the remainder term is

with & some number between a and z.

The above result reduces to the corresponding Maclaurin series expansion and remain-
der term when x =0 .
Proof: Not given.

The polynomial

fW(a)
1

f®(a)
2l

f"(a)

n!

f¥(a)
31

To(x) = f(a)+ (x—a)+ (x—a)*+ (z—a)’+- -+ (x—a)"

is called the Taylor polynomial of degree n obtained when f is expanded about the
point a.

Corollary: If f is differentiable infinitely many times on an open interval I and
a,r € I and

nEr—iI—loo R,(xz) =0,
then
W (q @) (g 3)(q ) (4
f@) = fa e D om0 O s O gy L e
+oo
f"(a) n
= 2 o (x —a)

Proof: Not given.

11.3.1 Example

Find the Taylor polynomial of degree 3 which approximates the function e*/? when

the expansion is about the point a = 1. Determine the magnitude of the error involved
when z is in the interval —2 <z <2, i.e., Ry(x).
Solution: We set f(z) = e /2 and a = 1. Then, we have

f(o)(a:') = %2 f(0)<1) — e ,

1 _, 1 o
f(l)(iL') = ——e¢ 22 fWU(1) = —Ze7 |
2 2
1 1 =
2) — —z/2 £2)(1) = 2T
f (Jf) - ?6 / ’ f (1) - 16 )
1, 1 o
f(3)<l'> = _56 /27 f(3)<1) = _ée 2,
W) = le—w/Q _

24
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Thus the Taylor polynomial of degree 3 about the point a =1 is

11 o 1 -1 -1 1
Ti(x) =e2 — éeT(x —1)+ geT(x —1)% - GTE(ZL‘ —1)3

and the remainder is

Ry(z) = f(4)(§>($_1>4: 1 é/Qu

A1 16° A1

with & some number between 1 and z. in the interval £ € [—2,2] and £ # 1.

To estimate the magnitude of the error made when e~*/2 is represented by T(z) with
—2 < x < 2, we proceed as follows. The function e=*/2 is a strictly decreasing function
of x, so on the interval —2 < x < 2 its maximum value occurs at the left end point
of the interval where it equals e. The maximum value of the non-negative function
(r — 1)* on the interval —2 < z < 2, occurs at the left end point at which it equals
(—3)* = 81. Thus, we have the estimate

e
< ——-81=0. .
Ry(z) < 6.4 8 0.57339



