16

Vector Calculus

16.1 VECTOR FIELDS

This chapter is concerned with applying calculus in the context of vector fields. A
two-dimensional vector field is a function f that maps each point (z,%) in R? to a two-
dimensional vector (u,v), and similarly a three-dimensional vector field maps (z,y, z) to
(u,v,w). Since a vector has no position, we typically indicate a vector field in graphical
form by placing the vector f(z,y) with its tail at (z,y). Figure 16.1.1 shows a represen-
tation of the vector field f(z,y) = (—x/v/22 + y2 + 4,y/+/22 + y2 + 4). For such a graph
to be readable, the vectors must be fairly short, which is accomplished by using a different

scale for the vectors than for the axes. Such graphs are thus useful for understanding the
sizes of the vectors relative to each other but not their absolute size.

Vector fields have many important applications, as they can be used to represent many
physical quantities: the vector at a point may represent the strength of some force (gravity,
electricity, magnetism) or a velocity (wind speed or the velocity of some other fluid).

We have already seen a particularly important kind of vector field—the gradient. Given
a function f(x,y), recall that the gradient is (f;(z,y), fy(z,v)), a vector that depends on
(is a function of) z and y. We usually picture the gradient vector with its tail at (z,y),
pointing in the direction of maximum increase. Vector fields that are gradients have some
particularly nice properties, as we will see. An important example is

F_ —x -y —z
T\ (22 + 2+ 22)3/27 (22 4 y2 4 22)3/2 (22 + y2 + 22)3/2 )
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Figure 16.1.1 A vector field.

which points from the point (z,y, z) toward the origin and has length

Va2 +y? + 22 1

(@2 4+ 42+ 2232 (/22 + y2 + 22)2

which is the reciprocal of the square of the distance from (z,y, z) to the origin—in other

words, F is an “inverse square law”. The vector F is a gradient:

F—v ! (16.1.1)

Va4 22

which turns out to be extremely useful.

FExercises 16.1.

Sketch the vector fields; check your work with Sage’s plot_vector_field function.
1. (z,y)

(—z,—y)

<$7 Y)

(sinx, cosy)

(y,1/x)

(x+1,2+3)

Verify equation 16.1.1.

NS RN
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16.2 LINE INTEGRALS

We have so far integrated “over” intervals, areas, and volumes with single, double, and
triple integrals. We now investigate integration over or “along” a curve— “line integrals”
are really “curve integrals”.

As with other integrals, a geometric example may be easiest to understand. Consider
the function f = x + y and the parabola y = 2 in the 2-y plane, for 0 < x < 2. Imagine
that we extend the parabola up to the surface f, to form a curved wall or curtain, as in
figure 16.2.1. What is the area of the surface thus formed? We already know one way to
compute surface area, but here we take a different approach that is more useful for the
problems to come.

Figure 16.2.1 Approximating the area under a curve. (AP)

As usual, we start by thinking about how to approximate the area. We pick some
points along the part of the parabola we're interested in, and connect adjacent points by
straight lines; when the points are close together, the length of each line segment will be
close to the length along the parabola. Using each line segment as the base of a rectangle,
we choose the height to be the height of the surface f above the line segment. If we add
up the areas of these rectangles, we get an approximation to the desired area, and in the
limit this sum turns into an integral.

Typically the curve is in vector form, or can easily be put in vector form; in this
example we have r(t) = (t,t?). Then as we have seen in section 13.3 on arc length,

the length of one of the straight line segments in the approximation is approximately
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ds = |r'| dt = V1 + 42 dt, so the integral is

2
1
/f(t,tz)\/1+4t2dt:/ (t + )V 1+ 42 dt = 67 7————1n(4+\/ 7).
0

64

This integral of a function along a curve C'is often written in abbreviated form as

/Cf(x,w ds

EXAMPLE 16.2.1 Compute / ye® ds where C' is the line segment from (1, 2) to (4, 7).
C

We write the line segment as a vector function: r = (1,2) +¢(3,5), 0 <t < 1, or in
parametric form x = 1+ 3t, y = 2 + 5t. Then

1
/yexds:/ (2 + 5t)etT38\/32 4 52 dt = —+/34e* — —/34e.
C

9

All of these ideas extend to three dimensions in the obvious way.

EXAMPLE 16.2.2 Compute / 2?2 ds where C is the line segment from (0,6, —1) to
c

(4,1,5).
We write the line segment as a vector function: r = (0,6, —1) +¢(4,—5,6), 0 <t < 1,
or in parametric form x = 4t, y = 6 — 5t, z = —1 + 6t. Then

/xzds—/ (4t)%(—1 + 6t)v/16 + 25 + 36 dt_mf/ —t? +6t3 dt = 536\/ﬁ
C

a

Now we turn to a perhaps more interesting example. Recall that in the simplest case,
the work done by a force on an object is equal to the magnitude of the force times the
distance the object moves; this assumes that the force is constant and in the direction of
motion. We have already dealt with examples in which the force is not constant; now we
are prepared to examine what happens when the force is not parallel to the direction of
motion.
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We have already examined the idea of components of force, in example 12.3.4: the
component of a force F in the direction of a vector v is

vz "

the projection of F onto v. The magnitude of the force in the direction of v is the scalar

projection of F onto v:

F.v

vl

If an object moves subject to this (constant) force, in the direction of v, over a distance

equal to the length of v, the work done is
Fv [v|=F-v.

V]

Thus, work in the vector setting is still “force times distance”, except that “times” means

“dot product”.

If the force varies from point to point, it is represented by a vector field F; the dis-
placement vector v may also change, as an object may follow a curving path in two or
three dimensions. Suppose that the path of an object is given by a vector function r(t); at
any point along the path, the (small) tangent vector r’ At gives an approximation to its
motion over a short time At, so the work done during that time is approximately F - r’ At;
the total work over some time period is then

t1
/ F - r'dt.
to

It is useful to rewrite this in various ways at different times. We start with

t1
/ F~r'dt:/F-dr,
to c

abbreviating r’ dt by dr. Or we can write

tl tl rl tl
/ F-r'dt:/ F-—/|r'|dt:/ F-T|r'|dt:/F-Tds,
to to ‘r| to C

using the unit tangent vector T, abbreviating |r’| dt as ds, and indicating the path of the
object by C. In other words, work is computed using a particular line integral of the form
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we have considered. Alternately, we sometimes write

dx dy dz
T o) _
/CF rdt—/c(f,g,h> (' ', 2" dt /C<fdt+gdt+hdt) dt

:/fda:'-l—gdy-l—hdz:/fda:-l—/gdy-l—/hdz,
c c c c

and similarly for two dimensions, leaving out references to z.

EXAMPLE 16.2.3 Suppose an object moves from (—1,1) to (2,4) along the path
r(t) = (t,t?), subject to the force F = (xsiny,y). Find the work done.

We can write the force in terms of ¢ as (tsin(¢?),t?), and compute r’(t) = (1,2t), and
then the work is

2 2
1 1) — 4
/ (tsin(?), ¢%) - (1,2¢) dt:/ tsin(t?) + 2t dt = §5+ ol >2 costd)
-1 1

Alternately, we might write

2 4
4 1 16 1
/xsinydgg-l-/ydy:/ xsin(xz)dx-;-/ ydy:_COS( >+Cos( )+___
c c —1 1 2 2 2 2

getting the same answer. |

Exercises 16.2.
1. Compute /c zy® ds along the line segment from (1,2, 0) to (2,1,3). =
2. Compute /Csina:ds along the line segment from (—1,2,1) to (1,2,5). =
3. Compute /c z cos(xy) ds along the line segment from (1,0,1) to (2,2,3). =
4. Compute /c sin z dx + cos y dy along the top half of the unit circle, from (1,0) to (—1,0). =
5. Compute /c ze? dz + 2%y dy along the line segment y =3, 0 < z < 2. =
6. Compute / ze¥ dz + z°y dy along the line segment z =4, 0 <y < 4. =
c
7. Compute / ze? dz + 2’y dy along the curve z = 3t, y =12, 0<t < 1. =
c

8. Compute / ze? dx + ’y dy along the curve (ef,e?), —1<t<1. =
c

9. Compute / (cosz,siny) - dr along the curve (t,t), 0 <t <1. =
c



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,
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Compute / (1/zy,1/(x +y)) - dr along the path from (1,1) to (3,1) to (3,6) using straight
c

line segments. =

Compute / (1/zy,1/(x +y)) - dr along the curve (2¢,5t), 1 <t < 4. =
c

Compute / (1/2y,1/(xz +y)) - dr along the curve (¢t,t%), 1 <t < 4. =
c

Compute / yz dx + xz dy + zy dz along the curve (t,t*,t3), 0 <t < 1. =
c

Compute / yz dx + xz dy + xy dz along the curve (cost,sint,tant), 0 <t < w. =
c

An object moves from (1,1) to (4,8) along the path r(t) = (t*,#%), subject to the force
F = (22 siny). Find the work done. =

An object moves along the line segment from (1,1) to (2,5), subject to the force F =
(x/(z* +y?),y/(z* + y*)). Find the work done. =

An object moves along the parabola r(t) = (¢,t°), 0 < t < 1, subject to the force F =
(1/(y+1),—1/(x 4+ 1)). Find the work done. =

An object moves along the line segment from (0,0,0) to (3,6, 10), subject to the force F =
(x?,9?, 2*). Find the work done. =

An object moves along the curve r(t) = (vt,1/v/t,t) 1 <t < 4, subject to the force F =
(y, z,x). Find the work done. =

An object moves from (1,1, 1) to (2,4,8) along the path r(t) = (t,t,t3), subject to the force
F = (sinx, siny, sin z). Find the work done. =

An object moves from (1,0,0) to (—1,0,7) along the path r(t) = (cost,sint,t), subject to
the force F = (y?,y*, x2). Find the work done. =

Give an example of a non-trivial force field F and non-trivial path r(¢) for which the total
work done moving along the path is zero.

16.3 THE FUNDAMENTAL THEOREM OF LINE INTEGRALS

One way to write the Fundamental Theorem of Calculus (7.2.1) is:

b
/ f(x)dz = £(b) - f(a).

That is, to compute the integral of a derivative f’ we need only compute the values of f

at the endpoints. Something similar is true for line integrals of a certain form.

THEOREM 16.3.1 Fundamental Theorem of Line Integrals Suppose a curve
C' is given by the vector function r(t¢), with a = r(a) and b = r(b). Then

/ Vf-dr = f(b) - f(a),
C

provided that r is sufficiently nice.
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Proof. We write r = (x(t),y(t), 2(t)), so that v’ = (2/(¢),y'(t), 2'(t)). Also, we know
that Vf = (fz, fy, f-). Then

b b
[Vt = [ edy £ O @) = [+ fy 15
C a a

By the chain rule (see section 14.4) f,a' + fyy’' + f.2' = df /dt, where f in this context
means f(z(t),y(t), z(t)), a function of t. In other words, all we have is

/ £ dt = £(5) — f(a).

In this context, f(a) = f(z(a),y(a), z(a)). Since a = r(a) = (x(a),y(a), z(a)), we can write
f(a) = f(a)—this is a bit of a cheat, since we are simultaneously using f to mean f(¢) and
f(z,y, 2), and since f(z(a),y(a),z(a)) is not technically the same as f({(z(a),y(a), z(a))),
but the concepts are clear and the different uses are compatible. Doing the same for b, we
get

[ Viedr= [ r@a= 1) - f@) = £0) - ) .
C a

This theorem, like the Fundamental Theorem of Calculus, says roughly that if we
integrate a “derivative-like function” (f’ or V f) the result depends only on the values of
the original function (f) at the endpoints.

If a vector field F is the gradient of a function, F = V f, we say that F is a conserva-
tive vector field. If F is a conservative force field, then the integral for work, |, o F -dr,
is in the form required by the Fundamental Theorem of Line Integrals. This means that
in a conservative force field, the amount of work required to move an object from point a
to point b depends only on those points, not on the path taken between them.

EXAMPLE 16.3.2 An object moves in the force field

T
(22 4+ y2 + 22)3/2" (22 + y2 + 22)3/2" (22 + 42 + 22)3/2 )
along the curve r = (1 +t,t3,tcos(rt)) as t ranges from 0 to 1. Find the work done by the
force on the object.

The straightforward way to do this involves substituting the components of r into F,
forming the dot product F-r’, and then trying to compute the integral, but this integral is
extraordinarily messy, perhaps impossible to compute. But since F = V(1/y/2? + y? + 2?)
we need only substitute:

(2717_1)

1 1
/F-dr: = = = =— —1.
c VR +yP 42200 V6
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Another immediate consequence of the Fundamental Theorem involves closed paths.
A path C' is closed if it forms a loop, so that traveling over the C' curve brings you back to
the starting point. If C' is a closed path, we can integrate around it starting at any point
a; since the starting and ending points are the same,

/Vf~dr=f(a)—f(a)=0~
C

For example, in a gravitational field (an inverse square law field) the amount of work
required to move an object around a closed path is zero. Of course, it’s only the net
amount of work that is zero. It may well take a great deal of work to get from point a to
point b, but then the return trip will “produce” work. For example, it takes work to pump
water from a lower to a higher elevation, but if you then let gravity pull the water back
down, you can recover work by running a water wheel or generator. (In the real world you
won’t recover all the work because of various losses along the way.)

To make use of the Fundamental Theorem of Line Integrals, we need to be able to
spot conservative vector fields F and to compute f so that F = Vf. Suppose that F =
(P,Q)=Vf. Then P = f, and Q = f,, and provided that f is sufficiently nice, we know
from Clairaut’s Theorem (14.6.2) that Py, = f,, = fyz = Q». If we compute P, and Q,
and find that they are not equal, then F is not conservative. If P, = @),, then, again
provided that F is sufficiently nice, we can be assured that F is conservative. Ultimately,
what’s important is that we be able to find f; as this amounts to finding anti-derivatives,
we may not always succeed.

EXAMPLE 16.3.3 Find an f so that (3 + 2zy, 22 — 3y?) = Vf.
First, note that

%(3 + 2zy) =2z and %(azz — 3y?) = 2z,

so the desired f does exist. This means that f, = 3 + 22y, so that f = 3z + 2%y + g(v);
the first two terms are needed to get 3+ 2zy, and the g(y) could be any function of y, as it
would disappear upon taking a derivative with respect to z. Likewise, since f, = x? — 392,
f = 2%y — y® + h(x). The question now becomes, is it possible to find g(y) and h(z) so
that

3z + 2%y + g(y) = *y — y° + h(z),

and of course the answer is yes: g(y) = —y3, h(z) = 3z. Thus, f = 3z + 2%y — 3. O

We can test a vector field F = (P,Q, R) in a similar way. Suppose that (P,Q, R) =
(fe, fy, f-). If we temporarily hold z constant, then f(x,y,z2) is a function of x and y,



428 Chapter 16 Vector Calculus

and by Clairaut’s Theorem P, = f,, = fy» = Q.. Likewise, holding y constant implies
P, = fi. = f.x = Ry, and with = constant we get @, = f,. = f., = R,. Conversely, if we
find that P, = Q4, P, = R, and Q. = R, then F is conservative.

Fxercises 16.3.

Find an f so that Vf =
Find an f so that Vf =
Find an f so that Vf =
Find an f so that Vf =

(2z + 9%, 2y + ?), or explain why there is no such f. =
(
(
(
Find an f so that Vf = (ycosx,sinx), or explain why there is no such f. =
(z?
(
)

z®, —y*), or explain why there is no such f. =
xe?,ye®), or explain why there is no such f. =

ycosx,ysinz), or explain why there is no such f. =

Find an f so that Vf =
Find an f so that Vf =

z?y® xy*), or explain why there is no such f. =
yz,xz,2y), or explain why there is no such f. =

3

@ NS gk whH

Evaluate / (103: —2zy°) dx — 32°y” dy where C is the part of the curve z° —5z?y? —7z> =0

c
from (3, -2) to (3,2). =
9. Let F = (yz,zz,zy). Find the work done by this force field on an object that moves from
(1,0,2) to (1,2,3). =
10. Let F = (e¥,ze? + sinz,ycosz). Find the work done by this force field on an object that
moves from (0,0,0) to (1,—1,3). =
11. Let

B —x —y —z
- <(9:2 T2 + 22)3/27 (22 + 42 + 22)3/2 (22 + y2 + 22)3/2 >
Find the work done by this force field on an object that moves from (1,1, 1) to (4,5,6). =

16.4 GREEN’S THEOREM

We now come to the first of three important theorems that extend the Fundamental The-
orem of Calculus to higher dimensions. (The Fundamental Theorem of Line Integrals has
already done this in one way, but in that case we were still dealing with an essentially
one-dimensional integral.) They all share with the Fundamental Theorem the following
rather vague description: To compute a certain sort of integral over a region, we may do
a computation on the boundary of the region that involves one fewer integrations.

Note that this does indeed describe the Fundamental Theorem of Calculus and the
Fundamental Theorem of Line Integrals: to compute a single integral over an interval, we
do a computation on the boundary (the endpoints) that involves one fewer integrations,

namely, no integrations at all.
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THEOREM 16.4.1 Green’s Theorem If the vector field F = (P, Q)) and the region
D are sufficiently nice, and if C' is the boundary of D (C is a closed curve), then

P
/ 9Q _ 6—dA:/ Pdx + Qdy,
Jdr Oy C
D
provided the integration on the right is done counter-clockwise around C. 0

To indicate that an integral / is being done over a closed curve in the counter-
c

clockwise direction, we usually write 7{ . We also use the notation D to mean the
c

boundary of D oriented in the counterclockwise direction. With this notation, 7{ = / .
c oD
We already know one case, not particularly interesting, in which this theorem is true:

If F is conservative, we know that the integral % F - dr = 0, because any integral of a
C
conservative vector field around a closed curve is zero. We also know in this case that

OP/0y = 0Q)/0x, so the double integral in the theorem is simply the integral of the zero
function, namely, 0. So in the case that F is conservative, the theorem says simply that
0=0.

EXAMPLE 16.4.2 We illustrate the theorem by computing both sides of

/ x4dx+xydy://y—0dA,
oD s

where D is the triangular region with corners (0,0), (1,0), (0, 1).
Starting with the double integral:

1 pl—zx 1 2 31
(1—x) (1—2x) 1
y—OdA:/ / ydydx:/ —dr=——"| =-—.
// o Jo 0 2 6 o O

D
There is no single formula to describe the boundary of D, so to compute the left side
directly we need to compute three separate integrals corresponding to the three sides of
the triangle, and each of these integrals we break into two integrals, the “dz” part and the
“dy” part. The three sides are described by y =0, y =1 — z, and « = 0. The integrals

are then
1 0 0 1 0 0
/x4dx—i—a:ydy:/ :(:4d:z:—|—/ Ody—i—/ x4dx—|—/ (1—y)ydy—|—/ de—f—/ 0dy
oD 0 0 1 0 0 1
1 1 1 1
—g+0—5+6+0+0—6.

Alternately, we could describe the three sides in vector form as (t,0), (1 — ¢,¢), and
(0,1 —t). Note that in each case, as t ranges from 0 to 1, we follow the corresponding side
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in the correct direction. Now

1 1 1
/ 334d33+:17ydy:/ t4+t-0dt+/ —(1—t)4—|-(1—t)tdt-|—/ 0+0dt
oD 0 0 0

1 1
1
:/ t4dt+/ —(1=t)*+ 1 —t)tdt = ~.
0 0 6

|

In this case, none of the integrations are difficult, but the second approach is some-
what tedious because of the necessity to set up three different integrals. In different
circumstances, either of the integrals, the single or the double, might be easier to compute.
Sometimes it is worthwhile to turn a single integral into the corresponding double integral,
sometimes exactly the opposite approach is best.

Here is a clever use of Green’s Theorem: We know that areas can be computed using

é/ldA

computes the area of region D. If we can find P and @ so that 0Q/0x — OP/Jdy = 1, then
the area is also

double integrals, namely,

/ Pdz+ Qdy.
oD

It is quite easy to do this: P =0,Q = x works, asdo P = —y,QQ =0 and P = —y/2,Q =
x/2.

EXAMPLE 16.4.3 An ellipse centered at the origin, with its two principal axes aligned
with the z and y axes, is given by

We find the area of the interior of the ellipse via Green’s theorem. To do this we need a
vector equation for the boundary; one such equation is (acost, bsint), as t ranges from 0
to 2mw. We can easily verify this by substitution:

2 2 2 .2 2 . 2
T a“cos“t b sin“t

— _ZQ = 5 + 2 — cos®t +sin?t = 1.
a a

Let’s consider the three possibilities for P and @) above: Using 0 and x gives

27 27
7{ Odr+zdy = / a cos(t)bcos(t) dt = / abcos®(t) dt.
c 0 0
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Using —y and 0 gives

2 2
7{ —ydr +0dy = / —bsin(t)(—asin(t)) dt = / absin?(t) dt.
c 0 0

Finally, using —y/2 and x/2 gives

B Qﬁ_bsin(t) o a cos(t)
fc——dx+ dy = /0 (—asin(t)) dt + —=—=(bcos(t)) dt

2 2
2 2.2 2 2
b t b t b
:/ i +acos dt:/ @ dt = mab.

0 2 2 0 2
The first two integrals are not particularly difficult, but the third is very easy, though the
choice of P and () seems more complicated. 0

(0,0)
(a,0)

Figure 16.4.1 A “standard” ellipse, z—z + z—z =1.

Proof of Green’s Theorem.  We cannot here prove Green’s Theorem in general, but

we can do a special case. We seek to prove that

%Pdw-ﬁ-Qdy—//a—Q—a—]yj

It is sufficient to show that

fro-[[-%n ma fon-[[%

which we can do if we can compute the double integral in both possible ways, that is, using
dA = dydx and dA = dx dy.
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For the first equation, we start with

oP b r92(2) gp b
/ a—ydA—/a/g a—ydyda:—/a P(x,g2(z)) — P(x,g1(x)) dz.

5 1(x)

Here we have simply used the ordinary Fundamental Theorem of Calculus, since for the
inner integral we are integrating a derivative with respect to y: an antiderivative of P/dy
with respect to y is simply P(z,y), and then we substitute g; and g2 for y and subtract.

Now we need to manipulate 550 Pdzx. The boundary of region D consists of 4 parts,
given by the equations y = g1(x), x = b, y = g2(z), and x = a. On the portions z = b
and x = a, dr = 0dt, so the corresponding integrals are zero. For the other two portions,
we use the parametric forms x = ¢, y = g1(t), a <t < b, and x = t, y = go(t), letting ¢
range from b to a, since we are integrating counter-clockwise around the boundary. The
resulting integrals give us

fcpdx:/abp(t,gl(t))dH/bap(t,gg(t))dt:/jp(t,gl(t))dt—/abp(t,gz(t))dt

:/ P(t, g1(t)) — P(t, g2(t)) dt

which is the result of the double integral times —1, as desired.
The equation involving @) is essentially the same, and left as an exercise. [ ]

Ezxercises 16.4.
1. Compute /a 2y dx + 3z dy, where D is described by 0 <2 <1,0<y < 1. =
D
2. Compute /a zydx + xy dy, where D is described by 0 <z <1, 0<y < 1. =
D
3. Compute /a e** T3 dx + ¥ dy, where D is described by —2 <z <2, -1 <y<1. =
D
4. Compute /a ycosx dx + ysinz dy, where D is described by 0 <z <7/2,1 <y <2 =
D
5. Compute /a 2y dx + zy® dy, where D is described by 0 <2 < 1,0<y < z. =
D
6. Compute / z\/ydz + /x + ydy, where D is described by 1 <z <2, 2z <y <4. =
aD
7. Compute / (x/y) dx + (2 + 3x) dy, where D is described by 1 <z <2, 1<y <z’ =
aD

8. Compute / siny dx + sin x dy, where D is described by 0 < x < 7/2, 2 <y < 7w/2. =
aD

2
9. Compute / xlnydzr, where D is described by 1 <z <2, " <y<e’ . =
oD
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10. Compute / V' 1+ z2dy, where D is described by —1 <z <1, 2°<y<1. =
aD

11. Compute / 2’y dx — zy® dy, where D is described by 22 + 3% < 1. =
aD

12. Compute / y® dz + 22° dy, where D is described by 2% + y? < 4. =
aD

13. Evaluate 7{ (y —sin(z)) dx + cos(z) dy, where C is the boundary of the triangle with vertices
c
(0,0), (1,0), and (1,2) oriented counter-clockwise. =

14. Finish our proof of Green’s Theorem by showing that ?{ Qdy = / / g—Q dA.
c x
D

16.5 DIVERGENCE AND CURL

Divergence and curl are two measurements of vector fields that are very useful in a variety of
applications. Both are most easily understood by thinking of the vector field as representing
a flow of a liquid or gas; that is, each vector in the vector field should be interpreted as a
velocity vector. Roughly speaking, divergence measures the tendency of the fluid to collect
or disperse at a point, and curl measures the tendency of the fluid to swirl around the point.
Divergence is a scalar, that is, a single number, while curl is itself a vector. The magnitude
of the curl measures how much the fluid is swirling, the direction indicates the axis around
which it tends to swirl. These ideas are somewhat subtle in practice, and are beyond
the scope of this course. You can find additional information on the web, for example at
http://mathinsight.org/curl_idea and http://mathinsight.org/divergence_idea
and in many books including Div, Grad, Curl, and All That: An Informal Text on Vector
Calculus, by H. M. Schey.
Recall that if f is a function, the gradient of f is given by

_Jof of of
Vf—<%’a—y’%>'

A useful mnemonic for this (and for the divergence and curl, as it turns out) is to let

g 0 0
v - a ' Aa ) o )
or’ 0y 0z
that is, we pretend that V is a vector with rather odd looking entries. Recalling that
(u,v,wya = (ua,va, wa), we can then think of the gradient as

[0 0 0N, o of o
vf_<%’8_y’£>f_<8x’8y’az>’

that is, we simply multiply the f into the vector.
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The divergence and curl can now be defined in terms of this same odd vector V by
using the cross product and dot product. The divergence of a vector field F = (f, g, h) is

/o 9 @ _9f  dg  on
V.F__<§F5§Tﬁ> Qﬁ%h>—zﬂ'F&;+5;-

The curl of F is

VxF = :<§ﬁ_fE ii_éﬁigz_§i>‘

Oy 0z 0z Ox’ 0xr Oy

S o
>Qo =

i
o
oz
f
Here are two simple but useful facts about divergence and curl.

THEOREM 16.5.1 V- (VxF)=0. n

In words, this says that the divergence of the curl is zero.

THEOREM 16.5.2 V x (Vf) = 0. n

That is, the curl of a gradient is the zero vector. Recalling that gradients are conser-
vative vector fields, this says that the curl of a conservative vector field is the zero vector.
Under suitable conditions, it is also true that if the curl of F is O then F is conservative.
(Note that this is exactly the same test that we discussed on page 427.)

EXAMPLE 16.5.3 Let F = (¢*,1,z¢?). Then V x F = (0,¢* — ¢7,0) = 0. Thus, F is
conservative, and we can exhibit this directly by finding the corresponding f.

Since f, = e, f = xe* + g(y, 2). Since f, = 1, it must be that g, = 1, so g(y,2) =
y+ h(z). Thus f = ze* +y+ h(z) and

ze® = f, =xe® + 0+ h'(2),
so h(z) =0,1ie., h(z)=C,and f=ze*+y+C. O

We can rewrite Green’s Theorem using these new ideas; these rewritten versions in
turn are closer to some later theorems we will see.
Suppose we write a two dimensional vector field in the form F = (P, @,0), where P

and @ are functions of = and y. Then

V xF = :<0707Qm_Py>7

o¥e =

J
b
Q

and so (VxF)-k=(0,0,Q, —Py)-(0,0,1) = Q, — P,. So Green’s Theorem says

LDF-dr:/(aDde-l-Qdy:é/Qx—PydAzé/(VxF).de‘ (16.5.1)

S -
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Roughly speaking, the right-most integral adds up the curl (tendency to swirl) at each
point in the region; the left-most integral adds up the tangential components of the vector
field around the entire boundary. Green’s Theorem says these are equal, or roughly, that
the sum of the “microscopic” swirls over the region is the same as the “macroscopic” swirl
around the boundary.

Next, suppose that the boundary 0D has a vector form r(t), so that r’(¢) is tangent to
the boundary, and T = r/(¢)/|r/(t)] is the usual unit tangent vector. Writing r = (z(t), y(t))
we get

and then
(y', —2')

v’ (2)]

is a unit vector perpendicular to T, that is, a unit normal to the boundary. Now

N =

Nds — A=) ot = dt— O
/é)DF Nds—/aD(P,Q> 00 v’ (t)|dt /8DPy dt — Qz' dt

:/ Pdy— Qdx = —Qdx + Pdy.
dD )
So far, we’ve just rewritten the original integral using alternate notation. The last integral

looks just like the right side of Green’s Theorem (16.4.1) except that P and @ have traded
places and @ has acquired a negative sign. Then applying Green’s Theorem we get

—Qdaz—l—de://Pm-l—deA://V-FdA.
oD
D D

Summarizing the long string of equalities,

/ F-Nds://V~FdA. (16.5.2)
oD 5

Roughly speaking, the first integral adds up the flow across the boundary of the region,
from inside to out, and the second sums the divergence (tendency to spread) at each point
in the interior. The theorem roughly says that the sum of the “microscopic” spreads is the
same as the total spread across the boundary and out of the region.
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Exercises 16.5.
1. Let F = (xy, —xy) and let D be given by 0 < z < 1, 0 < y < 1. Compute / F - dr and

oD
/ F-Nds. =
oD

2. Let F = (ax? by*) and let D be given by 0 < x

/ F-Nds. =
oD

3. Let F = (ay® bz*) and let D be given by 0 < x

/ F-Nds. =
oD

4. Let F = (sinzcosy,coszsiny) and let D be given by 0 < z < 7/2, 0 < y < z. Compute
/ F-drand/ F-Nds. =
oD oD

IN
\‘}—‘
o
IN
<
A

< 1. Compute / F - dr and
oD

IN

1, 0 <y < z. Compute / F - dr and
oD

5. Let F = (y,—z) and let D be given by x* + 3*> < 1. Compute /
E)
=

Let F = (x,y) and let D be given by * 4+ y* < 1. Compute /
2

F-dr and/ F - Nds.
D 8D

F-drand/ F-Nds. =
D oD

Prove theorem 16.5.1.
Prove theorem 16.5.2.

If V.-F = 0, F is said to be incompressible. Show that any vector field of the form
F(z,y,2) = (f(y, 2),9(z, 2), h(z,y)) is incompressible. Give a non-trivial example.

© e &

16.6 VECTOR FUNCTIONS FOR SURFACES

We have dealt extensively with vector equations for curves, r(t) = (z(t),y(t), 2(¢)). A

similar technique can be used to represent surfaces in a way that is more general than the

equations for surfaces we have used so far. Recall that when we use r(t) to represent a

curve, we imagine the vector r(¢) with its tail at the origin, and then we follow the head

of the arrow as t changes. The vector “draws” the curve through space as t varies.
Suppose we instead have a vector function of two variables,

r(u,v) = (x(u,v),y(u,v), z(u,v)).

As both u and v vary, we again imagine the vector r(u,v) with its tail at the origin, and
its head sweeps out a surface in space. A useful analogy is the technology of CRT video
screens, in which an electron gun fires electrons in the direction of the screen. The gun’s
direction sweeps horizontally and vertically to “paint” the screen with the desired image.
In practice, the gun moves horizontally through an entire line, then moves vertically to the
next line and repeats the operation. In the same way, it can be useful to imagine fixing a
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value of v and letting r(u, v) sweep out a curve as u changes. Then v can change a bit, and
r(u,v) sweeps out a new curve very close to the first. Put enough of these curves together
and they form a surface.

EXAMPLE 16.6.1 Consider the function r(u,v) = (vcosu,vsinu,v). For a fixed value
of v, as u varies from 0 to 2, this traces a circle of radius v at height v above the x-y plane.
Put lots and lots of these together,and they form a cone, as in figure 16.6.1. Alternately,
we can fix u, and as v ranges from 0 to infinity, r(u, v) traces out a line; examples of these
lines can be seen in the wall of the cone. 0

Figure 16.6.1 Tracing a surface.

EXAMPLE 16.6.2 Let r = (vcosu,vsinu,u). If v is constant, the resulting curve is a
helix (as in figure 13.1.1). If u is constant, the resulting curve is a straight line at height
u in the direction u radians from the positive x axis. Note in figure 16.6.2 how the helixes
and the lines both paint the same surface in a different way. 0

This technique allows us to represent many more surfaces than previously.
EXAMPLE 16.6.3 The curve given by
r = ((2 4 cos(3u/2)) cosu, (2 + cos(3u/2)) sinu, sin(3u/2))

is called a trefoil knot. Recall that from the vector equation of the curve we can compute
the unit tangent T, the unit normal N, and the binormal vector B = T x N; you may
want to review section 13.3. The binormal is perpendicular to both T and N; one way to
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Figure 16.6.2 Tracing a surface. (AP)

interpret this is that N and B define a plane perpendicular to T, that is, perpendicular
to the curve; since N and B are perpendicular to each other, they can function just as i
and j do for the z-y plane. Of course, N and B are functions of u, changing as we move
along the curve r(u). So, for example, c(u,v) = Ncosv + Bsinwv is a vector equation for
a unit circle in a plane perpendicular to the curve described by r, except that the usual
interpretation of ¢ would put its center at the origin. We can fix that simply by adding c
to the original r: let f = r(u) + c(u,v). For a fixed u this draws a circle around the point
r(u); as u varies we get a sequence of such circles around the curve r, that is, a tube of
radius 1 with r at its center. We can easily change the radius; for example r(u) + ac(u, v)
gives the tube radius a; we can make the radius vary as we move along the curve with
r(u)+g(u)c(u, v), where g(u) is a function of u. As shown in figure 16.6.3, it is hard to see
that the plain knot is knotted; the tube makes the structure apparent. Of course, there is

nothing special about the trefoil knot in this example; we can put a tube around (almost)
any curve in the same way.

a

Figure 16.6.3 Tubes around a trefoil knot, with radius 1/2 and 3 cos(u)/4. (AP)
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We have previously examined surfaces given in the form f(z,y). It is sometimes
useful to represent such surfaces in the more general vector form, which is quite easy:
r(u,v) = (u,v, f(u,v)). The names of the variables are not important of course; instead
of disguising = and y, we could simply write r(x,y) = (z,y, f(x,y)).

We have also previously dealt with surfaces that are not functions of x and y; many
of these are easy to represent in vector form. One common type of surface that cannot be
represented as z = f(z,y) is a surface given by an equation involving only x and y. For

2 are “vertical” surfaces. For every point (x,y) in the plane

example, r+y=1landy ==z
that satisfies the equation, the point (z,y, z) is on the surface, for every value of z. Thus,
a corresponding vector form for the surface is something like (f(u), g(u),v); for example,
2

;).

Yet another sort of example is the sphere, say x? +y?+ 22 = 1. This cannot be written

x + 1y = 1 becomes (u,1 — u,v) and y = 22 becomes (u,u

in the form z = f(z,y), but it is easy to write in vector form; indeed this particular
surface is much like the cone, since it has circular cross-sections, or we can think of it as
a tube around a portion of the z-axis, with a radius that varies depending on where along
the axis we are. One vector expression for the sphere is (m cosu, V1 —vZsinu, v)—
this emphasizes the tube structure, as it is naturally viewed as drawing a circle of radius
v/1 — 02 around the z-axis at height v. We could also take a cue from spherical coordinates,
and write (sinw cosv,sinusinv, cosu), where in effect © and v are ¢ and 6 in disguise.

It is quite simple in Sage to plot any surface for which you have a vector representation.
Using different vector functions sometimes gives different looking plots, because Sage in
effect draws the surface by holding one variable constant and then the other. For example,
in figure 16.6.2 the curves in the two right-hand graphs are superimposed on the left-hand
graph; the graph of the surface is just the combination of the two sets of curves, with the
spaces filled in with color.

Here’s a simple but striking example: the plane x + y + z = 1 can be represented
quite naturally as (u,v,1 —u — v). But we could also think of painting the same plane by
choosing a particular point on the plane, say (1,0,0), and then drawing circles or ellipses
(or any of a number of other curves) as if that point were the origin in the plane. For
example, (1 —vcosu — vsinu, vsinu, v cosu) is one such vector function. Note that while
it may not be obvious where this came from, it is quite easy to see that the sum of the
x, y, and z components of the vector is always 1. Computer renderings of the plane using
these two functions are shown in figure 16.6.4.

Suppose we know that a plane contains a particular point (xg,yo, z0) and that two
vectors u = (ug, u1, uz) and v = (v, v1, v3) are parallel to the plane but not to each other.
We know how to get an equation for the plane in the form az + by 4+ cz = d, by first
computing u x v. It’s even easier to get a vector equation:

r(u,v) = (xo, Yo, 20) + uu + vv.
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Figure 16.6.4 Two representations of the same plane. (AP)

The first vector gets to the point (xq, yo, 20) and then by varying u and v, uu 4 vv gets to
every point in the plane.

Returning to x + y + z = 1, the points (1,0,0), (0,1,0), and (0,0,1) are all on the
plane. By subtracting coordinates we see that (—1,0,1) and (—1,1,0) are parallel to the
plane, so a third vector form for this plane is

(1,0,0) + u(—1,0,1) + v(—1,1,0) = (1 —u — v, v, u).

This is clearly quite similar to the first form we found.

We have already seen (section 15.4) how to find the area of a surface when it is defined
in the form f(z,y). Finding the area when the surface is given as a vector function is very
similar. Looking at the plots of surfaces we have just seen, it is evident that the two sets
of curves that fill out the surface divide it into a grid, and that the spaces in the grid are
approximately parallelograms. As before this is the key: we can write down the area of a
typical little parallelogram and add them all up with an integral.

Suppose we want to approximate the area of the surface r(u,v) near r(ug,vg). The
functions r(u,vg) and r(ug,v) define two curves that intersect at r(ug,vg). The deriva-
tives of r give us vectors tangent to these two curves: r,(ug,vo) and r,(ug, vp), and then
r,, (ug, vo) du and r,(ug,vg) dv are two small tangent vectors, whose lengths can be used
as the lengths of the sides of an approximating parallelogram. Finally, the area of this
parallelogram is |r, X r,|dudv and so the total surface area is

b pd
//\ruxrv|dudv.
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EXAMPLE 16.6.4 We find the area of the surface (vcosu,vsinu,u) for 0 < u < 7
and 0 < v < 1; this is a portion of the helical surface in figure 16.6.2. We compute

r, =

(—vsinu,vcosu, 1) and r, = (cosu,sinu,0). The cross product of these two vectors

is (sinu, — cosu,v) with length v/1 + v2, and the surface area is

™ 1
/ / \/1+v2dvdu:7r\/§+7rln(\/§+1).
o Jo 2 2

Fxercises 16.6.

1.

© ® N E kW

10.
11.

12.

13.
14.
15.
16.

Describe or sketch the surface with the given vector function.
a. r(u,v) =(u+v,3—v,1+4u+ 5v)

b. r(u,v) = (2sinu, 3 cosu,v)

c. r(s,t) = (s,t,t* — 57)

d. r(s,t) = (ssin2t, s, scos2t)

. Find a vector function r(u,v) for the surface.

a. The plane that passes through the point (1,2, —3) and is parallel to the vectors (1,1, —1)
and (1, -1, 1).
b. The lower half of the ellipsoid 222 + 4y* + 2% = 1.

c. The part of the sphere of radius 4 centered at the origin that lies between the planes
z=—2and z = 2.

Find the area of the portion of x + 2y + 4z = 10 in the first octant. =

Find the area of the portion of 2z 4 4y + z = 0 inside 2* + y* = 1. =

Find the area of z = 2 + y? that lies below z = 1. =

Find the area of z = \/x2 + y2 that lies below z = 2. =

Find the area of the portion of 2% 4+ y? 4+ 2? = a® that lies in the first octant. =

Find the area of the portion of z? + 3* + 2% = a® that lies above 2% +y*> < b*, b < a. =
Find the area of z = 2% — y? that lies inside z°® + y* = a®. =

Find the area of z = xy that lies inside z°® + y? = a*. =

Find the area of 2 + y? + 2% = a? that lies above the interior of the circle given in polar
coordinates by » = acos . =

Find the area of the cone z = k+v/x? + y2 that lies above the interior of the circle given in
polar coordinates by » = acosf. =

Find the area of the plane z = ax + by + ¢ that lies over a region D with area A. =
Find the area of the cone z = kv/x2 4 y? that lies over a region D with area A. =
Find the area of the cylinder z? + 22 = a? that lies inside the cylinder z? + y* = a?. =

The surface f(z,y) can be represented with the vector function (x,y, f(x,y)). Set up the
surface area integral using this vector function and compare to the integral of section 15.4.
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16.7 SURFACE INTEGRALS

In the integral for surface area,

b pd
/ / |ty X ry| dudv,
a C

the integrand |r, X r,|du dv is the area of a tiny parallelogram, that is, a very small surface
area, so it is reasonable to abbreviate it d.S; then a shortened version of the integral is

£/1~d5.

We have already seen that if D is a region in the plane, the area of D may be computed

with
/ / 1. dA,
D

so this is really quite familiar, but the d.S hides a little more detail than does dA.
Just as we can integrate functions f(x,y) over regions in the plane, using

é [ tv)aa,

so we can compute integrals over surfaces in space, using

é/f(x,y, z)dS.

In practice this means that we have a vector function r(u,v) = (x(u,v), y(u,v), z(u, v)) for
the surface, and the integral we compute is

/ab /Cdf(l’(uav),y(u,v),Z(u,v))|ru X 1| dudv.

That is, we express everything in terms of v and v, and then we can do an ordinary double
integral.

EXAMPLE 16.7.1 Suppose a thin object occupies the upper hemisphere of z? + y? +
22 = 1 and has density o(z,y,2) = 2. Find the mass and center of mass of the object.
(Note that the object is just a thin shell; it does not occupy the interior of the hemisphere.)
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We write the hemisphere as r(¢, ) = (cos 6 sin ¢, sin @ sin ¢, cos ¢), 0 < ¢ < w/2 and
0 <60 <2m Soryp = (—sinfsing,cosfsin¢p,0) and ry = (cos b cos ¢, sinf cos ¢, — sin ¢).
Then
rg X ry = (—cosf sin? ¢, — sin @ sin? ¢, — cos ¢ sin @)

and
lrg X ry| = |sin¢| = sin ¢,

since we are interested only in 0 < ¢ < 7/2. Finally, the density is z = cos¢ and the

27 pm/2
/ / cos psinpdop df = .
o Jo

By symmetry, the center of mass is clearly on the z-axis, so we only need to find the

integral for mass is

z-coordinate of the center of mass. The moment around the z-y plane is

27 pm/2 27 pm/2 2
/ / zcos¢sin¢d¢d9:/ / cos> psinpdpdhd = —,
o Jo o Jo 3

so the center of mass is at (0,0,2/3). O

Now suppose that F is a vector field; imagine that it represents the velocity of some
fluid at each point in space. We would like to measure how much fluid is passing through
a surface D, the flux across D. As usual, we imagine computing the flux across a very
small section of the surface, with area dS, and then adding up all such small fluxes over D
with an integral. Suppose that vector N is a unit normal to the surface at a point; F - N
is the scalar projection of F onto the direction of N, so it measures how fast the fluid is
moving across the surface. In one unit of time the fluid moving across the surface will fill a
volume of F - N dS, which is therefore the rate at which the fluid is moving across a small
patch of the surface. Thus, the total flux across D is

é/F-NdSzé/F-dS,

defining dS = N dS. As usual, certain conditions must be met for this to work out; chief
among them is the nature of the surface. As we integrate over the surface, we must choose
the normal vectors N in such a way that they point “the same way” through the surface.
For example, if the surface is roughly horizontal in orientation, we might want to measure
the flux in the “upwards” direction, or if the surface is closed, like a sphere, we might want
to measure the flux “outwards” across the surface. In the first case we would choose N to
have positive z component, in the second we would make sure that N points away from the
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origin. Unfortunately, there are surfaces that are not orientable: they have only one side,
so that it is not possible to choose the normal vectors to point in the “same way” through
the surface. The most famous such surface is the Mdbius strip shown in figure 16.7.1. It
is quite easy to make such a strip with a piece of paper and some tape. (If you have never
done this, it is quite instructive; in particular, you should draw a line down the center of
the strip until you return to your starting point. Then cut along the line and see what
happens.) No matter how unit normal vectors are assigned to the points of the Md&bius
strip, there will be normal vectors very close to each other pointing in opposite directions.

Figure 16.7.1 A Mobius strip. (AP)

Assuming that the quantities involved are well behaved, however, the flux of the vector
field across the surface r(u,v) is

//F-NdS://F-wh'uer|dA://F-(ru><rv)dA.
Ty, X 1y
D D D

In practice, we may have to use r, X r,, or even something a bit more complicated to make
sure that the normal vector points in the desired direction.

EXAMPLE 16.7.2 Compute the flux of F = (x, vy, z*) across the cone z = /22 + y2,
0 < z <1, in the downward direction.

We write the cone as a vector function: r = (vcosu,vsinu,v),0 <u < 27and 0 < v <
1. Then r, = (—vsinu, v cosu,0), r, = (cosu,sinu, 1), and r, X r, = (vcosu, vsinu, —v).
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The third coordinate —wv is negative, which is exactly what we desire, that is, the normal

vector points down through the surface. Then

27 27
/ / x,y,z") - (vcosu,vsinu, —v)dvdu—/ / zvcosu + yvsinu — ztv dv du

27
:/ /v20082u+v28in2u—v5dvdu
0 0
27 1
T
:/ /v2—v5dvdu:—.
0 0 3

Fxercises 16.7.

1.

10.

11.

Find the center of mass of an object that occupies the upper hemisphere of 2 + y* 4+ 2% = 1
and has density 22 + 3. =

. Find the center of mass of an object that occupies the surface z =zy, 0 <2 <1,0<y <1

and has density /1 + 22 4+ y2. =

. Find the center of mass of an object that occupies the surface z = \/z2? + 32, 1 < z < 4 and

has density z°z. =

Find the centroid of the surface of a right circular cone of height A and base radius r, not
including the base. =

. Evaluate //(2, —3,4) - N dS, where D is given by z = 2° +¢?, -1 <z <1, -1 <y <1,

D
oriented up. =

. Evaluate //(x,y, 3) N dS, where D is given by z =3x — 5y, 1 <z < 2,0 <y < 2, oriented

up. =

Evaluate // z,y, —2) - N dS, where D is given by z = 1 —z? —y?, 22 +y? < 1, oriented up.

. Evaluate //(azy,yz,zm>-NdS, where Dis given by z =2 +9*+2,0<z <1, 2 <y <1,

D
oriented up. =

. Evaluate // -INdS, where D is given by z =2y, 0 <z < 1, —x < y < z, oriented
up. =
Evaluate //(azz, yz,2) - NdS, where D is given by z = a® — 2* — ¢?, 2? + ¢ < b?, oriented

up. =
A fluid has density 870 kg/m® and flows with velocity v = (z,y*, z*), where distances are

in meters and the components of v are in meters per second. Find the rate of flow outward
through the portion of the cylinder 2 + y?> =4, 0 < z < 1 for which y > 0. =
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12. Gauss’s Law says that the net charge, @), enclosed by a closed surface, S, is

Q=c [[B:Nas

where E is an electric field and ¢y (the permittivity of free space) is a known constant; N is
oriented outward. Use Gauss’s Law to find the charge contained in the cube with vertices
(£1,+1,+1) if the electric field is E = (z,y, z). =

16.8 STOKES’S THEOREM

Recall that one version of Green’s Theorem (see equation 16.5.1) is

/Fdr—/ (VxF) -kdA.
D

Here D is a region in the z-y plane and k is a unit normal to D at every point. If D is
instead an orientable surface in space, there is an obvious way to alter this equation, and
it turns out still to be true:

THEOREM 16.8.1 Stokes’s Theorem Provided that the quantities involved are
sufficiently nice, and in particular if D is orientable,

/8DF-dr:£/(V><F)-NdS,

if 0D is oriented counter-clockwise relative to N. O

Note how little has changed: k becomes N, a unit normal to the surface (just as k is
a unit normal to the z-y-plane), and dA becomes dS, since this is now a general surface
integral. The phrase “counter-clockwise relative to N” means roughly that if we take the
direction of N to be “up”, then we go around the boundary counter-clockwise when viewed
from “above”. In many cases, this description is inadequate. A slightly more complicated
but general description is this: imagine standing on the side of the surface considered
positive; walk to the boundary and turn left. You are now following the boundary in the
correct direction.

EXAMPLE 16.8.2 Let F = (e cos z, 222, xy) and the surface D be z = /1 — y2 — 22,
oriented in the positive x direction. It quickly becomes apparent that the surface integral
in Stokes’s Theorem is intractable, so we try the line integral. The boundary of D is the
unit circle in the y-z plane, r = (0, cosu, sinu), 0 < u < 27. The integral is

27 2
/ (€™ cos z, 2%z, xy) - (0, — sinu, cos u) du = / 0du =0,
0 0

because x = 0. O
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EXAMPLE 16.8.3 Consider the cylinder r = (cosu, sinu,v), 0 < u <27, 0 < v < 2,
oriented outward, and F = (y, zz, xy). We compute

/ VxF-NdS:/ F.dr
5 &D

in two ways.

First, the double integral is

27 2 2 2
/ / (0, —sinu,v — 1) - (cosu, sinu, 0) dvdu = / / —sin® wdv du = —27.
o Jo o Jo

The boundary consists of two parts, the bottom circle (cost,sint,0), with ¢ ranging
from 0 to 27, and (cost,sint,2), with ¢ ranging from 27 to 0. We compute the correspond-
ing integrals and add the results:

27 0
/ —Sinztdt—l—/ —sin?t+2cos’t = —m — = 2,
0 2

T

as before. O

An interesting consequence of Stokes’s Theorem is that if D and E are two orientable
surfaces with the same boundary, then

g/(VxF)-NdS: aDF~dr:/{9EF~dr:£/(V><F)~NdS.

Sometimes both of the integrals

//(VxF)-NdS and / F -dr
I 0D

are difficult, but you may be able to find a second surface E so that

gf(VxF)-NdS

has the same value but is easier to compute.

EXAMPLE 16.8.4 In example 16.8.2 the line integral was easy to compute. But we
might also notice that another surface E with the same boundary is the flat disk 32422 < 1,
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given by r = (0, vcosu,vsinu). The normal is ry X ry = (v,0,0). We compute the curl:
VxF=(zx—2% —e"sinz —y,2xz — 2" cos 2).
Since x = 0 everywhere on the surface,

(VxF)-N=(0,—sinz—1y,0)-(v,0,0) =0,

[[oas =0
E

as before. In this case, of course, it is still somewhat easier to compute the line integral,

so the surface integral is

avoiding V x F entirely. 0

EXAMPLE 16.8.5 Let F = (—y?, x,22), and let the curve C be the intersection of the
cylinder z? 4+ 2 = 1 with the plane y + z = 2, oriented counter-clockwise when viewed

from above. We compute / F - dr in two ways.
C

First we do it directly: a vector function for C' is r = (coswu,sinu,2 — sinu), so
r’ = (—sinu, cosu, — cosu), and the integral is then

27 27
/ yQSinu+xcosu—22cosudu:/ sin® u + cos® u — (2 — sinu)? cosu du = 7.
0 0

To use Stokes’s Theorem, we pick a surface with C' as the boundary; the simplest
such surface is that portion of the plane y + z = 2 inside the cylinder. This has vector
equation r = (vcosu,vsinu,2 — vsinu). We compute r, = (—vsinu,vcosu, —v cosu),
r, = (cosu,sinu, —sinu), and r, X r, = (0, —v, —v). To match the orientation of C we
need to use the normal (0, v,v). The curl of F is (0,0, 1+ 2y) = (0,0,1+ 2vsinu), and the
surface integral from Stokes’s Theorem is

27 1
/ / (14 2vusinu)vdvdu = .
o Jo

In this case the surface integral was more work to set up, but the resulting integral is
somewhat easier. 0
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Proof of Stokes’s Theorem.  We can prove here a special case of Stokes’s Theorem,
which perhaps not too surprisingly uses Green’s Theorem.

Suppose the surface D of interest can be expressed in the form z = g(z,y), and let
F = (P,Q, R). Using the vector function r = (z,y, g(x,y)) for the surface we get the
surface integral

Zwmszé/m QP Ry Qo Py (g gy, 1) dA

— // —Rygs + Q.92 — P.gy + Rp9y + Qo — Py dA
E

Here F is the region in the x-y plane directly below the surface D.
For the line integral, we need a vector function for 0D. If (z(t),y(t)) is a vector
function for OF then we may use r(t) = (z(t),y(t), g(z(t),y(t))) to represent D. Then

d:z: dz b dax dy Ozdxr Ozdy
F.dr = haad pZr 29
/aD o / Q § R dt = /a dt+th+R<8xdt+8 dt) d.

using the chain rule for dz/dt. Now we continue to manipulate this:

dx Ozdxr 0zdy
/Pdt+Q (8xdt+8ydt) dt

b 0z 0z
:/a KPJrRa ) - <Q+Ra )ﬂ it
0z 0z
:/8E<P+Ra) <Q+Ra )d‘”’

which now looks just like the line integral of Green’s Theorem, except that the functions
P and @ of Green’s Theorem have been replaced by the more complicated P + R(0z/0x)
and Q + R(0z/0y). We can apply Green’s Theorem to get

/QE(PJFR%)CM-JF(QJFR )dy—// ( y) §y<P+R§;)dA_

Now we can use the chain rule again to evaluate the derivatives inside this integral, and it

becomes

:/ Qm+@zgx+Rxgy_Py_Pzgy_Rygdia

which is the same as the expression we obtained for the surface integral. [ ]
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Fxercises 16.8.

1. Let F = (z,z,y). The plane z = 22 + 2y — 1 and the paraboloid z = z® + 3 intersect in a
closed curve. Stokes’s Theorem implies that

//(VxF)~NdS:?{CF'dr://(VXF).Nd&

where the line integral is computed over the intersection C' of the plane and the paraboloid,
and the two surface integrals are computed over the portions of the two surfaces that have
boundary C (provided, of course, that the orientations all match). Compute all three inte-
grals. =

2. Let D be the portion of z = 1 — z? — y? above the z-y plane, oriented up, and let F =
(xy?, —z*y, xyz). Compute //(V x F)-NdS. =
D

3. Let D be the portion of z = 2z + 5y inside x* + y* = 1, oriented up, and let F = (y, z, —x).
Compute / F.dr. =
aD

4. Compute y{ 2?2z dz + 3z dy — y® dz, where C is the unit circle z* + y® = 1 oriented counter-
c

clockwise. =
5. Let D be the portion of z = px 4+ qy + r over a region in the x-y plane that has area A,

oriented up, and let F = (ax + by + ¢z, ax + by + cz, ax + by + cz). Compute / F-dr. =
oD

6. Let D be any surface and let F = (P(x),Q(y), R(z)) (P depends only on z, @ only on y,

and R only on z). Show that / F-dr =0.
oD

7. Show that / fVg+ gVf-dr = 0, where r describes a closed curve C to which Stokes’s
c
Theorem applies. (See theorems 12.4.2 and 16.5.2.)

16.9 THE DIVERGENCE THEOREM

The third version of Green’s Theorem (equation 16.5.2) we saw was:

/ F-Nds://V-FdA.
oD 5

With minor changes this turns into another equation, the Divergence Theorem:

THEOREM 16.9.1 Divergence Theorem  Under suitable conditions, if F is a
region of three dimensional space and D is its boundary surface, oriented outward, then

Z/F-NdS:/E//V-FdV.
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Proof. Again this theorem is too difficult to prove here, but a special case is easier. In
the proof of a special case of Green’s Theorem, we needed to know that we could describe
the region of integration in both possible orders, so that we could set up one double integral
using dx dy and another using dy dz. Similarly here, we need to be able to describe the
three-dimensional region E in different ways.

We start by rewriting the triple integral:

/E/ V.FdV:/E//(Pm+Qy+Rz)dV:/E//Pde+/E/ dev+/,3//RZdV

The double integral may be rewritten:

é/F'NdSIé/(Pi—’—Qj—i_Rk)'NdSZg/Pi'NdS‘i‘é/Qj'Nds+£/Rk~NdS.

To prove that these give the same value it is sufficient to prove that

//Pi-NdS:///Pde,
//QJ NdS = // Q, dV, and (16.9.1)
[ meas ff

Not surprisingly, these are all pretty much the same; we’ll do the first one.
We set the triple integral up with dx innermost:

92(y,z)
7 s 91(y,2) 5

where B is the region in the y-z plane over which we integrate. The boundary surface of
E consists of a “top” x = g2(y, 2), a “bottom” =z = ¢1(y, z), and a “wrap-around side”
that is vertical to the y-z plane. To integrate over the entire boundary surface, we can
integrate over each of these (top, bottom, side) and add the results. Over the side surface,
the vector N is perpendicular to the vector i, so

//Pi~NdS: //OdS:O.

side side

Thus, we are left with just the surface integral over the top plus the surface integral
over the bottom. For the top, we use the vector function r = (g2(y, 2), y, z) which gives
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ry X r, = (1, —g2y, —g2.); the dot product of this with i = (1,0,0) is 1. Then

/p/ Pi'NdS:é/P(gz(y,z%y,z)dA.

In almost identical fashion we get
J[ piNds=- [[ P94
bottom B

where the negative sign is needed to make N point in the negative x direction. Now

//Pi-NdS: //P(gg(y, 2),Y, 2) dA—//P(gl(y,z),y,z) dA,

which is the same as the value of the triple integral above. [ ]

EXAMPLE 16.9.2 Let F = (2z,3y,22%), and consider the three-dimensional volume
inside the cube with faces parallel to the principal planes and opposite corners at (0,0, 0)
and (1,1,1). We compute the two integrals of the divergence theorem.

The triple integral is the easier of the two:

1,1 pl
/ / / 2434 2zdxdydz = 6.
o Jo Jo

The surface integral must be separated into six parts, one for each face of the cube. One
face is z = 0 or r = (u,v,0), 0 < w,v < 1. Then r, = (1,0,0), r, = (0,1,0), and
r, Xr, = (0,0,1). We need this to be oriented downward (out of the cube), so we use
(0,0, —1) and the corresponding integral is

1,1 1 1
/ / —zzdudv:/ / Odudv =0.
o Jo 0o Jo

Another faceisy =1 or r = (u, 1,v). Then r, = (1,0,0), r, = (0,0,1), and r,, X 1, =
(0,—1,0). We need a normal in the positive y direction, so we convert this to (0, 1,0), and
the corresponding integral is

1,1 11
/ / 3ydudv:/ / 3dudv = 3.
o Jo o Jo

The remaining four integrals have values 0, 0, 2, and 1, and the sum of these is 6, in
agreement with the triple integral. 0
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EXAMPLE 16.9.3 Let F = (2,33, %), and consider the cylindrical volume 22432 < 9,
0 < z < 2. The triple integral (using cylindrical coordinates) is

2m 3 2
/ / / (3r% + 22)rdzdr df = 2797.
o Jo Jo

For the surface we need three integrals. The top of the cylinder can be represented
by r = (vcosu,vsinu, 2); r, X r, = (0,0, —v), which points down into the cylinder, so we
convert it to (0,0, v). Then

2 3 27 3
/ / (v cos® u, v3sin®u, 4) - (0,0, v) dvdu = / / 4v dv du = 367.
o Jo o Jo

The bottom is r = (v cosu, vsinu, 0); r, X r, = (0,0, —v) and

27 3 27 3
/ / (v3 cos® u, v sin® u, 0) - (0,0, —v) dvdu = / / O0dvdu = 0.
o Jo o Jo

The side of the cylinder is r = (3 cosu, 3sinu,v); r, X r, = (3 cosu, 3sinu,0) which does
point outward, so

2 2
/ / (27 cos® u, 27 sin® u, v?) - (3 cosu, 3sinu, 0) dv du
o Jo
27 2
= / / 81 cos® u 4 81 sin® u dv du = 2437.
o Jo

The total surface integral is thus 367 4+ 0 + 2437 = 2797. 0

Fxercises 16.9.

1. Using F = (3z, y°, —2z2> and the region bounded by 2° +y*> =9, 2 = 0, and z = 5, compute
both integrals from the Divergence Theorem. =-

2. Let E be the volume described by 0 < x < a,0<y<b,0<2<c,and F = <x2,y2,22>.

Compute //F-NdS. =
OE

3. Let E be the volume described by 0 < oz < 1, 0 < y
(2zy, 3xy, ze"TY). Compute //F-NdS. =
OF

IN

,0< 2<1,and F =

4. Let E be the volume described by 0 <z <1,0<y<z,0<z<z+y, and F = (x,2y, 3z).

Compute //F-NdS. =
OE
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5.

6.

11.

12.

Let E be the volume described by z? + y® + 2° < 4, and F = (2%, *, 2%). Compute // F.
OE

NdS. =
Let E be the hemisphere described by 0 < z < /1 — 22 — 32, and

F = (V22 +y2 + 22, /22 + y2 + 22, /22 + y2 + 22). Compute //F-NdS. =
OE

. Let E be the volume described by 2% +3* < 1,0 < 2z < 4, and F = (z3?, yz, 2*2). Compute

//F-NdS. =
oF

. Let E be the solid cone above the x-y plane and inside z = 1 — /22 + 42, and F =

(x cos® z,ysin® z, /22 + y22). Compute // F-NdS. =
OE

. Prove the other two equations in the display 16.9.1.
10.

Suppose D is a closed surface, and that D and F' are sufficiently nice. Show that
/ (VxF)-NdS=0

D
where N is the outward pointing unit normal.

Suppose D is a closed surface, D is sufficiently nice, and F' = (a,b,c) is a constant vector

field. Show that
//F -NdS =0
D

where N is the outward pointing unit normal.

We know that the volume of a region F may often be computed as / / / dx dy dz. Show that

1
this volume may also be computed as 3 / / (z,y,z) - NdS where N is the outward pointing
OE

unit normal to OF.



