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= Natural Philosophy
=  Physics
= Mechanics
= Dynamics
=  Aerodynamics...

“The term “aerodynamics” is generally used for problems arising
from flight and other topics involving the flow of air”.

Ludwig Prandtl, 1949

Aerodynamics: The dynamics of gases, especially atmospheric
interactions with moving objects.

The American Heritage Dictionary of the English Language,

1969
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Importance of aerodynamics

On August 8, 1588, The great Spanish
Armada was met head-on by the English
fleet under the command of Sir Francis
Drake.

The Spanish ships were large and heavy, in contrast, the
English ships were smaller and lighter.

England won the naval war.

Naval power was going to depend greatly on the speed and
maneuverability of ships.

To increase the speed of a ship, it is important to reduce the
resistance created by the water flow around the ship’s hull.

Suddenly, the drag on ship hulls became an engineering
problem of great interest, thus giving impetus to the study of fluid
mechanics.
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Importance of aerodynamics

» in 1687, Isaac Newton (1642-1727) published his
famous Principia, in which the entire second book
was devoted to fluid mechanics.

» In 1777, a series of experiments was carried out
by Jean Le Rond d’Alembert (1717-1783) in order
to measure the resistance of ships in canals.

= In 1781, Leonhard Euler (1707-1783) pointed out the
physical inconsistency of Newton’s model and modified it.

= The rapid rise in the importance of naval architecture
made fluid dynamics an important science, occupying the
minds of Newton, d’Alembert, and Euler, among many
others in Europe.
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Importance of aerodynamics

In the US, since their 1901 glider was of poor
aerodynamic design, the Wright Brothers set about
determining what constitutes good aerodynamic design.

In the fall of 1901, they design and build a wind tunnel
powered by a two-bladed fan connected to a gasoline
engine.

The aerodynamic data are taken logically and carefully.

Armed with their new aerodynamic information, the
Wrights design a new glider in the spring of 1902 and flew
successfully.

The good aerodynamics was vital to the ultimate success
of the Wright brothers and, of course, to all subsequent
successful airplane designs up to the present day.
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= The word fluid is used to denote either a
liquid or a gas.

= The liquid and gas will change its shape
to conform to that of the container...

= The most fundamental distinction between solids,
liquids, and gases is at the atomic and molecular level.
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Gas Plasma

Solid

» Fluid dynamics is subdivided into three areas:

Hydrodynamics — flow of liquids
Gas dynamics — flow of gases
Aerodynamics — flow of air

©
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= Aerodynamics is an applied science with many
practical applications in engineering.

» |t is aimed at one or more of the following practical
objectives:

1. The prediction of forces and moments
external aerodynamics  on, and heat transfer to, bodies moving
through a fluid (usually air).

lift, drag, and moments on airfoils, wings,
fuselages, engine nacelles, and most
importantly, whole airplane configurations...

2. Determination of flows moving internally

internal aerodynamics through ducts.

the flow properties inside rocket and air-
breathing jet engines and to calculate the
engine thrust

€
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Some Fundamental Aerodynamic Variables

» The four of the most frequently used words iIn
aerodynamics: pressure, density, temperature, and flow

velocity.
Pressure is the normal force per unit area JF
exerted on a surface due to the time rate of p = lim () dA — 0
change of momentum of the liquid/gas a
molecules impacting on (or crossing) that
surface.
— e

= Pressure is a point property and can have a different
value from one point to another in the fluid.

= |tis a scalar quantity, not a vector,

= |tis perpendicular to the surface,

= |t acts inward, is toward the surface
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=  Another important aerodynamic variable

Is density, defined as the mass per unit
volume.

= |tis a point property, scalar quantity, that
can vary from point to point in the fluid.

B

Fluid element
__”-H’C_x

- dm
o = lim— dv— 0
dv

dv=elemental volume around #
dm=mass of fluid inside 2

High density Low density
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Some Fundamental Aerodynamic Variables

Temperature takes on an important role in high-speed
aerodynamics.

The temperature T of a gas is directly proportional to the
average kinetic energy of the molecules of the fluid.

1
KE = ;k ! k= Boltzmann constant

We can qualitatively visualize a high-temperature gas as
one in which the molecules and atoms are randomly
rattling about at high speeds.

Temperature is also a point property, scalar quantity, which
can vary from point to point in the gas.
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Some Fundamental Aerodynamic Variables

The principal focus of aerodynamics is fluids in motion.
Hence, flow velocity is an extremely important
consideration.

Velocity is the time rate of change of displacement.

In contrast to solid, a fluid is a “squishy” substance.

For a fluid in motion, one part of the fluid may be
traveling at a different velocity from another part.

B
riog clement Flow velocity: The velocity of a flowing
i gas at any fixed point B in space is the
JQ velocity of an infinitesimally small fluid

o Streans ~~_. element as it sweeps through B.
e T = Niine

——

———

» The flow velocity V has both magnitude and direction;
hence, it is a vector quantity, and it is a point property.
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Some Fundamental Aerodynamic Variables

we note that friction can play a role internally in a flow.
The shear stress 7 is the limiting form of the magnitude
of the frictional force per unit area

Consider two adjacent fluid layers, streamlines. Due to
different velocity values, there will be shear stress on
the fluid surfaces.

it is directly proportional to velocity difference, and
inversely proportional to vertical distance.

The constant of proportionality is defined as the
viscosity coefficient, y;

T xdV/dy

| dV
T=U—

dy

it is a function of the
temperature of the fluid.
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Units

» Two consistent sets of units will be used throughout this
course, Sl units (Systeme International d’Unites) and the
English engineering system of units.

» The basic units of force, mass, length, time, and absolute
temperature in these two systems are given in Table 1.1.

Table 1.1
Force Mass Length Time Temp.
SI Units Newton kilogram meter second Kelvin
(N) (kg) (m) (s) (K)
English pounds slug feet second deg. Rankine
Engineering (Ib) (ft) (s) (°R)
Units

Force: kgm/s?
Pressure: N/m?
Density: kg/m?
Velocity : m/s
Stress : N/m?
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Aerodynamic forces and moments

= At first glance, the generation of the aerodynamic force
may seem complex...

= However, in all cases, the aerodynamic forces and

moments on the body are due to only two basic
sources:

1. Pressure distribution,
2. Shear stress distribution over the body surface

* p acts normal to the surface,
* T acts tangential to the surface.

p = p(s) = surface pressure distribution
7 = 7(5) = surface shear stress distribution
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Aerodynamic forces and moments

» The net effect of the p and r distributions integrated over the
complete body surface is a resultant aerodynamic force R
and moment M on the body.

R

Veo

» The resultant R can be split into
components, Normal & Axial or Lift &
Drag forces.
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Aerodynamic forces and moments

= The flow far away from the body is
called the freestream, and hence V-is
also called the freestream velocity.

= The chord c is the linear distance from
the leading edge to the trailing edge of
the body.

» The angle of attack a is defined as the
angle between c and V-.

» The geometrical relation between these L; component of R perpendicular to V-
two sets of components is, D; component of R parallel to V-

L = Ncosa — Asinu
D = Nsinou + A cos «
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Aerodynamic forces and moments

= We can examine in more detail the integration of the
pressure and shear stress distributions to obtain the
aerodynamic forces and moments.

VA

lo {
L[ pats) : /
| ;
Leading edge (LE) /\%\A o . dS = (ds)(1)
u u -
o 5 Trailing edge (TE)
B
Vo —— = — =
l 6
l 7,(sp)
0
|
p;(s;)
For the upper body surface, For the lower body surface,
dN), = —p,ds, cos — t,ds, sin6 dN| = pids;cos6 — 1ids; sin

. / - ~ 4 4 ¢ ~ o [ Y -
dA” - —[),,([S,, sin® + T,,([S,, cos Vo ¥ CIA; = [),de[ sin & -+ T[CI.S'/ cos
:5;/55{'/;.
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» The total normal and axial forces per unit span are
obtained by integrating equations from the leading edge
(LE) to the trailing edge (TE):

TE TE

N'= — (pucost +1,sinb)ds, + (pycosB — 1;sinb) ds;
LE LE
TE TE

A = (—pPusing 41, cos0)ds, 1 (prsin® 4 1 cos ) ds;
LE LE

= We can get lift and drag forces based on the previous
equations;

L =Ncosa — Asinu
D= Nsinaud + Acos«

©
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Aerodynamic forces and moments

The aerodynamic moment exerted on the body depends
on the point about which moments are taken.

Lets consider moments taken about the leading edge.

The moment per unit span about the leading edge due to
p and 7 on the elemental area dS on the upper and lower
surface are

+) dM! = (p,cost + t,sinf)x ds, + (—p, sinf + 7, cos )y ds,

/D dM| = (—p;cos8 + 1;sinb)x ds; + (p;sind + 1,cos0)y ds;

By integrating from the leading to the trailing edges, we

obtain the pitching moment about the leading edge per

unit span TE

M = / [(p,cosO +1,sin0)x — (p, sinf — t,cosO)y]ds,
JLE

TE
- / [(—picosB + 1 sinB)x + (p;sinf + 1y cosb)y]|ds;
JLE
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Aerodynamic forces and moments

In Equations; 6, x, and y are known functions of s for a
given body shape.

A major goal of theoretical or experimental aerodynamics
IS to calculate p(s) and r(s) for a given body shape and
freestream conditions.

We get the aerodynamic forces and moments based on
them.

In aerodynamics, shape is probably the most important
factor.

We may eliminate the scale of the shape by defining
some dimensionless coefficients.

c——
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Aerodynamic forces and moments
Let p-and V-be the density and velocity, respectively, in
the freestream, far ahead of the body.

We define a dimensional quantity called the freestream
dynamic pressure as

1 | —

Joo = 5P V2,

In addition, let S be a reference area and | be a
reference length.

The dimensionless force and moment coefficients are

‘v;ﬁ.

defined as follows:
.
CL = —— Lift coefficient M
Qoo Cy = Moment coefficient
D (/ooS[
Cp = Drag coefficient
Good &5

§ = planform area
I=¢ = chord length



For two-dimensional bodies, it is conventional to denote
the aerodynamic coefficients by lowercase letters; for

example,

Two additional dimensionless quantities of immediate

use are |
 local static pressure

poastatic free stream pressure
Goo goadynamic free stream pressure

Pressure coefficient Cp=
Skin friction coefficient ¢, = —

From the geometry

dx = ds cos b
dy = —(dssinf)
3 =gl
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~ Aerodynamic forces and moments v
Cn = —

: : : VES

= We obtain the following integral forms for the force and A
moment coefficients Ca=_73

1 i ¢ ¢ qu dV[ ]
C, = — c, —C,,)dx Cru— Cr— ) dx
p _/0 ( p.l B ) + /O ( I dx + il dx ) )

c —l—/c(c ol C dy’)dx-l—/c(c +cpp)dx
a — c Lo p.u dx p.l dx 0 fiu [l )

I ‘ ‘ d)/’u d}’/
Come = g /0 (Cp,u - Cp,[)x dx — A C-f‘uﬂ — Cf"a xdx

¢ dvu ¢ d,w
+ ; Cp.uﬁ + Cru | Vu dx + ; _C[).IE +Cri |V dx

» The lift and drag coefficients can also be obtained:

¢} = C,COS — C, SIN
c; =C,Sinx + ¢, COS &

©
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Example 1.1

Consider the supersonic flow over a 5° half-angle wedge at
zero angle of attack, as sketched in figure.

The freestream Mach number ahead of the wedge is 2.0, and
the freestream pressure and density are 1.01x10° N/m? and
1.23 kg/m3, respectively.

The pressures on the upper and lower surfaces of the wedge
are constant with distance s and equal to each other, namely,
p.= pi=1.31%10° N/m?.

The pressure exerted on the base of the wedge is equal to p-.

The shear stress varies over both the upper and lower
surfaces as r.= 43157072

The chord length, c, of the wedge is 2 m. Calculate the drag
coefficient for the wedge.




34.2° Wave angle

Peo = 1,01 x 10°N/m?

Poo = 1.23 kg/m?

Flow field picture

r ﬂ

Shear stress distribution

©



= We can calculate the drag and then obtain the drag
coefficient.

» The drag can be obtained from

TE

TE

/ i

D =/ (— pu 51n9+tucoséi)dsu+/ (prsinf + 7;cos ) ds;
LE LE

TE 52
/ —puSinfds,; = / —(1.31 x 105) sin(—5% ds,,
LE 51 '

A
+/ —(1.01 x 10%)5in 90° ds,,
5

= 1.142 x 10*(s3 — 51) — 1.01 x 103(s3 — 5)

— 1.142 % 104(

00550) — 1.01 x 105(c)(tan 5°)

= 1.142 x 10%(2.008) — 1.01 x 103(0.175) = 5260 N

©



TE 54
/ prsinfds; = / (1.31 x 10%) sin(5°) ds; + (1.01 x 10°) sin(—90°) ds;
LE 51 54

= 1.142 x 10%(sq — 51) + 1.01 x 10°(=1)(53 — 54)

— 1142 % 104( ) — 1.01 x 10%(c)(tan 5°)

cos 5°

=2.203 x 10* = 1.767 x 10* = 5260 N

TE $2 _o2 TE 54
/ Ty costdsy = / 431577 cos(—5%) ds, / 7 cosbds; = / 4315702 cos(—5°) ds
L 51 L

E E
0.8 0.8
— 429 275 B S‘1
0.8

¢ \08 | 0.8 1
— 429 ( ) — =036.5N = ) =936.5N
cos 5° 0.8 cos 5°

» Adding the pressure integrals, and then adding the shear
stress integrals, we have for total drag

D' =1.052 x 10* +0.1873 x 10° =| 1.24 x 10* N

"

pressure skin friction
drag drag

©
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Example 1.1

Note that, for this rather slender body, but at a supersonic
speed, most of the drag is pressure drag.

This is typical of the drag of slender supersonic bodies.

The drag coefficient is obtained as follows.

The velocity of the freestream is twice the sonic speed,
which is given b
J y oo = /¥ RTso = v/(1.4)(287)(288) = 340.2 m/s

Mach Number=V/a v_ = 2(340.2) = 680.4 m/s.

oo = 3P0 Vi = (0.5)(1.23)(680.4)% = 2.847 x 10° N/m*

S=c(l)=2.0m?
D 124x10%
oS  (2.847 x 105)(2)

0.022

Cd =
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Center of pressure

We see that the normal and axial forces on the body
are due to the distributed loads imposed by the
pressure and shear stress distributions.

Moreover, these distributed loads generate a moment
about the leading edge.

Question: If the aerodynamic force on a body is
specified in terms of a resultant single force R, or its
components such as N and A, where on the body
should this resultant be placed?

The answer is that the resultant force should be located
on the body such that it produces the same effect as
the distributed loads.
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Center of pressure

» The components of the resulted aerodynamic force R;
Nand Amust be placed on the airfoil at such a location
to generate the same moment about the leading edge.

= |If Ais placed on the chord line, then N must be located v
a distance x,downstream of the leading edge such that

/ ’ /
R S
DF
M; phe
— L Resultant force at
N’ center of pressure

» In cases where the angle of attack of the body is small,
sin a = 0 and cos a = 1; hence, L= N. Thus, Equation
becomes

Xe P —

/
LE

L!

.frcp ﬁm—’ -
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Center of pressure

Note that if moments were taken about the center of
pressure, the integrated effect of the distributed loads
would be zero.

Hence, an alternate definition of the center of pressure
Is that point on the body about which the aerodynamic

moment IS zero.
Sty =0

To define the force-and-moment system, the resultant
force can be placed at any point on the body, as long as
the value of the moment about that point is also given.

b L

¢ '
MIiE — __L'f —|_ M[f/‘—i — _/\:CPL-! M(.‘I"l

4
7

a
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» Consider the DC-3 A/C. Just outboard of the engine
nacelle, the airfoil chord length is 15.4 ft.

= At cruising velocity (188 mi/h) at sea level, the moments
per unit span at this airfoil location are M..=—1071 ft Ib/ft
and M.e=-3213.9 ft Ib/ft.

» Calculate the lift per unit span and the location of the
center of pressure on the airfoil.




From given equations;

%L’ = M), — M{g = —1071 — (=3213.9) = 2142.9

c 154
— = —— = 3.85 ft.
4 4
, 21429
L = =| 556.6 Ib/ft
3.85
We know that
—Xepl' = Mg
M/ —3213.9
g = e = 3 ) | 57741
L’ 556.6

o
= Z
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Dimensional analysis: the Buckingham Pi theorem

What physical quantities determine the variation of
these forces and moments? The answer can be found
from the powerful method of dimensional analysis.

Dimensional analysis is based on the obvious fact that
in an equation dealing with the real physical world, each
term must have the same dimensions.

For example, if v+n+i=¢

Is a physical relation, then w, n, ¢, and ¢ must have the
same dimensions. Otherwise we would be adding
apples and oranges.

The above equation can be made dimensionless by
dividing by any one of the terms, say, ¢:

Iy !

von ot

¢ ¢ @
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Dimensional analysis: the Buckingham Pi theorem
These ideas are formally embodied in the Buckingham
pi theorem, stated below without derivation.

Let K equal the number of fundamental dimensions
required to describe the physical variables.

Let P, P, ..., Pvrepresent N physical variables in the
physical relation;

fi(P1, Pr,...,Py)=0

Then, the physical relation may be re-expressed as a
relation of (N — K) dimensionless products (called w
products),

LIy, I, ..., TIy_g) =0
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Dimensional analysis: the Buckingham Pi theorem

Each product is a dimensionless product of a set of K
physical variables plus one other physical variable.

Let P, P, . .., Pcbe the selected set of K physical
variables. Then

................................

The choice of the repeating variables, P:, P2, . . ., P«
should be such that they include all the K dimensions
with the minimum number used in the problem.

Also, the dependent variable should appear in only one
of the  products.




\

2
I“\\

Dimensional analysis: the Buckingham Pi theorem

= Consider a body of given shape at a given angle of attack.

The resultant aerodynamic force is R. R
M

Voo

= On a physical, intuitive basis, we expect R to depend on:

1. Freestream velocity V-.

2. Freestream density p-.
3. Viscosity of the fluid, by the freestream viscosity coefficient y...

4. The size of the body, c
5. The compressibility of the fluid, by the freestream speed of sound, a...

= In light of the above, we can use common sense to write

R = f(psor Voo, €, oo, Uoo)
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Dimensional analysis: the Buckingham Pi theorem

= Equation can be written in the form of

8(R- pDOs VOO! C, ﬁ'{OOs aOO) — 0

» Following the Buckingham pi theorem, The physical
variables and their dimensions are

[R] = mlt™>

[Oss] = mil™
W] =Tt

[e] =1
(o] = ml 1
] = T

= S0, the fundamental dimensions are: m, |, t

= Physical factors; N = 6, and the required dimensions

K=3 w
£
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Dimensional analysis: the Buckingham Pi theorem

= Then Equation can be re-expressed in terms of

N - K =6 - 3 = 3 dimensionless = products in the form
of

f2(l_[]1 HZ‘! H3) =0
» These products are
Hl = ]%(IOOC* 1/”:)(}'| C, R)
HQ == .f4(p00* VOO*! C, P[OO)

I3 = f5(poos Voo, €, o)

= We choose V., p., ¢ such that they include all the K
dimensions (I, t, m) with the minimum number used.

= |ets assume that

where d, b, and e are exponents to be found.
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Dimensional analysis: the Buckingham Pi theorem

In dimensional terms, equation is

[T1,] = (ml )t H (1) (mlt™?)

Because m,is dimensionless, the right side of equation
must also be dimensionless.

This means that the exponents of m must add to zero,
and similarly for the exponents of | and t. Hence,

For m: d+1=0
For /: —3d+b+e+1=0
Bort: —b—-—2=0

Solving the above equations, we find thatd = -1, b = -2,
and e = -2,




= We can replace c? with any reference area such as the
planform area of a wing S.

Moreover, we can multiply @, by a pure number, and it
will still be dimensionless. Thus

R R

Hl — l > =

©



HOME-WORK : find , and 15
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Dimensional analysis: the Buckingham Pi theorem

Based on similar approach, we can find

Voot V.
[y e 20800 M, = —

Moo (oo

The dimensionless combination of m, is defined as the
freestream Reynolds number.

Re = poo Vool / oo

The Reynolds number is physically a measure of the ratio
of inertia forces to viscous forces in a flow and is one of the
most powerful parameters in fluid dynamics.

The dimensionless combination of m5; is defined as the
freestream Mach number.
M = Vy/ax

It is a powerful parameter in the study of gas dynamics.




» The results of our dimensional analysis may be
organized as follows;

R Voo V,
fz( poooo’oo):()

%poovgos’ Moo oo

fZ(CR'! Re! MOO) =0

Cr = Jo(Re, M)

» Since the lift and drag are components of the resultant
force, corollaries to equation are

CL — f?(Res MOO)
Cp = fs(Re, M)
Cu = fo(Re, M)

©
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Dimensional analysis: the Buckingham Pi theorem
Keep in mind that the analysis was for a given body shape
at a given angle of attack a.

If ais allowed to vary, then C., Co, and Cwwill in general
depend on the value of a.

Hence, Equations can be generalized to

Cr = fio(Re, M, @)
Cp = f11(Re, M, @)
Cy = f12(Re, My, @)
Which means if the dimensionless parameters are the

same, the lift coefficient will be the same for the same
geometry, independent from the scale...
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Flow similarity

= Consider two different flow fields over two different
bodies.

= By definition, different flows are dynamically similar if:

1. The streamline patterns are geometrically similar.
2. The distributions of V/V., p/p-, T/T-, and the force
coefficients are the same.

Question: What are the criteria to ensure that two flows are
dynamically similar?

= The answer comes from the results of the dimensional
analysis. Two flows will be dynamically similar if:

1. The bodies and any other solid boundaries are
geometrically similar for both flows.
2. The similarity parameters are the same for both flows.




So far, we have emphasized two parameters, Re and M-.

Applicable to many problems, we can say that flows
over geometrically similar bodies at the same Mach
and Reynolds numbers are dynamically similar.

Hence the lift, drag, and moment coefficients will be
identical for the bodies.

This is a key point in the validity of wind-tunnel testing.

If a scale model of a flight vehicle is tested in a wind tunnel, the measured lift, drag,
and moment coefficients will be the same as for free flight as long as the Mach and
Reynolds numbers of the wind-tunnel test-section flow are the same as for the free-

flight case.
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Example 1.6

= Consider a Boeing 747 airliner cruising at a velocity of
550 mi/h at a standard altitude of 38,000 ft.

» The freestream pressure and temperature
are 432.6 Ib/ft2 and 390°R, respectively.

= A one-fiftieth scale model of the 747 is
tested in a wind tunnel where the
temperature is 430°R.

» Calculate the required velocity and pressure of the test
airstream in the wind tunnel such that the lift and drag
coefficients measured for the wind-tunnel model are the
same as for free flight.

= Assume that both y and a are proportional to T2,
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» Let subscripts 1 and 2 denote the free-flight and wind
tunnel conditions, respectively.

» For C.i= Ci.and Coi= Coz, the wind tunnel flow must be
dynamically similar to free flight.

= For this to hold, M:= M.and Re:.= Re::

Vi Vi
M, = a X Nen
M> = v X &
T a JD
Vo ooV
= Hence, m_ T,
T 430

Vo = V4] — =5504/ — =| 577.5 mi/h
T




= We have

Re, — p1Vici ~ p1Vici
Iy VT
p2Vaca  paVaea
REQ = X
2 v
= We know that M| = M,
= So, P2_% _5
Pl 2

p1Vier — pVaco

JIi  JT
p2 (Vi Cl | T>
pr - \ V2 €2 T
Vi T
Vo VD

» The equation of state for a perfect gas is p = pRT,
where R is the specific gas constant. Thus,

— = —= — =(50)
pr p1 T

P2 ;2 I 430
390

] atm = 2116 Ib/ft?, then p» = 23,836/2116 =

©

23,836 Ib/ft>

11.26 atm |
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Flow similarity

In Example 1.6, the wind-tunnel test stream must be
pressurized far above atmospheric pressure in order to
simulate the proper free-flight Reynolds number. |

However, most standard subsonic wind

tunnels are not pressurized as such,
because of the large extra financial cost
involved.

Today, for the most part, we do not
attempt to simulate all the parameters
simultaneously.

Mach number simulation is achieved in one wind tunnel,
and Reynolds number simulation in another tunnel.

The results from both tunnels are then analyzed and
correlated to obtain reasonable values for C.and Co
appropriate for free flight.



v

= Consider an executive jet transport Cessna 560
Citation V.

= The airplane is cruising at a velocity of 492 mph at an
altitude of 33,000 ft, where the ambient air density is
7.9656%1074 slug/fts.

» The weight and wing planform areas of the airplane
are 15,000 lb and 342.6 ft?, respectively.

» The drag coefficient at cruise is 0.015. Calculate the lift
coefficient and the lift-to-drag ratio at cruise.




= |f it has a stalling speed at sea level of 100 mph at the
maximum take-off weight of 15,900 Ib.

» The ambient air density at standard sea level is
0.002377 slug/ft3.

= Calculate the value of the maximum lift coefficient for the
airplane.

Comax | | /1 1 1



https://www.youtube.com/watch?v=p9R0GzIsDlI

g2

To convert between mph and ft/s, it is useful to
remember that 88 ft/s = 60 mph.

Voo = 492(88) = 721.6 fus

We can say that lift must be equal to weight for level
flight; L = W. So,

C, — 2W 2(15,000) _ 021

T oo VAS T (7.9659 x 10-4)(721.6)2(342.6)

The lift-to-drag ratio (fines)

L Ci, 0.21

14

D _ Cp 0015




= Once again we have to use consistent units, so

Vitall = 10085 = 146.7 fu/s

2W 2(15,900)

P V2 S (0.002377)(146.7)%(342.6)

CL,max — =1.81
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= In aerodynamics, we are concerned about fluids in
motion, and the resulting forces and moments on bodies
due to such motion.

= However, in this section, we consider the special case
of no fluid motion (i.e., fluid statics).

= A body immersed in a fluid will still experience a force
even if there is no relative motion between the body and
the fluid.

= Let us see why.
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Fluid statics
Consider a stagnant fluid above the xz plane. The
vertical direction is given by vy.

Consider an infinitesimally small fluid element with sides
of length dx, dy, and dz.

There are two types of forces acting on this fluid
element: pressure forces and the gravity force.

Consider forces in the y direction.

(p+ %dy)dxdz

v A O——r1. hy
I G
| dx dy
,)———-——- Ah
o IA
1|pdxdz @—L—szhz.
pgldx dy dz)
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Fluid statics
Letting upward force be positive, we have

dp
Net pressure force = p(dx dz) — (p + —d‘t dy) (dx dz)
V

dp
= ———(dx dydz)
dy

Gravity force = —p(dxdy dz)g

Since the fluid element is stationary (in equilibrium), the

sum of the forces exerted on it must be zero:
dp .
—d—(d)c dydz) — gp(dxdydz) =0
Yy
dp = —gpdy

It is called the Hydrostatic equation.

It is a differential equation which relates the change in
pressure dp in a fluid with a change in vertical height dy.

4&:;(
b 4




\

2
I“\\

Fluid statics

Equation governs the variation of atmospheric
properties as a function of altitude in the air above us.

It is also used to estimate the properties of other
planetary atmospheres such as for Venus, Mars, and
Jupiter.

Let the fluid be a liquid, for which we can assume p is

constant. 5 o
/ dp =—pg [ dy
P

We have hy

p2— p1=—pghy —hy) = pg Ah
Ah=hy —h>

p2 + pgha = pr + pghi
p + pgh = constant




4
L\

2
I“\\

Fluid statics

= A simple application is the calculation of the pressure
distribution on the walls of a container holding a liquid,
and open to the atmosphere at the top.

Pa I , P,
————————— — p :p ,
1 a 1 p=pa+
T ﬂuid“ pglhy — h)
_ bk
P, hy =0
P, + pgh

p+pgh = pi+pghy = p.+ pgh

p=pa+ pghy—nh)

» Note that the pressure is a linear function of h and that p
increases with depth below the surface.
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Fluid statics

= Another simple and very common application is the
liquid filled U-tube manometer used for measuring
pressure differences.

Fa Tube open to the
|~ atmosphere

Pb E 3 )Oghl = Pa + )Oth
P = pa— Py — h2)

2

Liquid with density g
— — {frequently mercury

Pv = Pa — P8 Ah or silicone oil)

U-tube manometer (usually

made from glass tubing)

» Note that the pressure on the same level will be the
same in fluid.
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Fluid statics

= We stated that a solid body immersed in a fluid will
experience a force even if there is no relative motion

between the body and the fluid.

= We are now in a position to derive an expression for this

force, henceforth called the buoyancy force.

» For simplicity, consider a rectangular
body of unit width (1), length |, and
height (h1 — h2).

= \We see that the vertical force F on the
body due to the pressure distribution
over the surface is

F = (p>— pnll) )

P2 /12 hl
pr— P = / dp = —/ pgdy = / pgdy
J pi J Iy J ha

Solid or
hollow body

hy—

hy—

Element of fluid

h]
F =1(l)/ pgdy = we obtain the buoyancy force.

/13
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Fluid statics

Consider the physical meaning of the integral in
Equation.

i
It is the weight of total volume of fluid; [ / pgdy

.'rl'_a_

Therefore, we can states in words that

Buoyancy force  weight of fluid
on body ~ displaced by body

the well-known Archimedes principle

The density of liquids is usually several orders of
magnitude larger than the density of gases.

For water p = 103 kg/m3, for air p = 1.23 kg/m3).

Therefore, a given body will experience a buoyancy
force a thousand times greater in water than in air.
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Example 1.9

= A hot-air balloon with an inflated diameter of 30 ft is carrying
a weight of 800 Ib, which includes the weight of the hot air
inside the balloon.

= Calculate:

its upward acceleration at sea level the instant the
restraining ropes are released.

the maximum altitude it can achieve.

Assume that the variation of density in the standar :
atmosphere is given by d

p = 0.002377(1 — 7 x 1070k)*2

where h is the altitude in feet and p is in slug/ft3.




SoZ

Buoyancy force = weight of displaced air
— gpV h =0, p=0.002377 slug/ft’
1(15)3 = 14,137 £t
= (32.2)(0.002377)(14,137) = 1082 Ib

= The net upward force at sea levelis /' =B — W =ma

= Mass value (W/g); m = 29 5 = 24.8 slug

" Hence g2 W e — O g
m 24.8

= The maximum altitude occurs when B =W

B = gpV
B 800
gV (32.2)(14,137)

©

= 0.00176 slug/ft’

p:



= From the given variation of p with altitude, h,

p = 0.002377(1 =7 x 10~°m)*?! = 0.00176

L L[ (000176 T s
= 7x 10-6 0.002377 = 9842 1t
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Example 1.11

Consider a U-tube mercury manometer

vertically.

oriented

One end is completely sealed with a total vacuum above

the column of mercury.

The other end is open to the atmosphere where the
atmospheric pressure is that for standard sea level.

What is the displacement height of the
mercury in centimeters, and in which
end is the mercury column the highest?

The density of mercury is 1.36 x 104
kg/m3,

: |
1 Ah

Pa

—n

Tube open to the
atmosphere

Liquid with density p
(frequently mercury
or silicone oil)



S

= Consider the sealed end with the total vacuum to be on
the left, where p,= 0.

= \We have Pb = Pa — P8 Ah
Ay 22 S 2
— — atsealevel p, = 1.013 x 10° N/m
P8
1.013 x 10°
Aif=—s 7%, o % {76 m

pg  (1.36 x 10%) (9.8)

760 mm mercury
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= Show how the standard altitude tables are constructed
with the use of the Hydrostatic equation.

= Weknowthat dp = —gpdy = —gpdh

= Also we have the equation of state for a perfect gas p = pRT
o dp g dh
» Lets divide them P ~TRT
= We know the relationship between altitude and
temperature: AT

dh = —
)
dp _ g dT

p aR T

* From sea level to an altitude of 11 km, the standard altitude is based on
a linear variation of temperature with altitude, h, where T decreases at
a rate of —6.5 K per kilometer (the lapse rate).

©

= Therefore;



Altitude, km

110
105 km
100
0 uu4K
186.95K L; = 0. —~
90 00 jerm—
84,857 Jemmn— MESOPAUSE = 84.852 km
20 K
L; = —0.002—
i
MESOSPHERE
70 71l km
214.65K K
—0.0028—
i
60
270.65K
50 — 51 km
STRATOPAUSE = 47 km L
40
STRATOSPHERE Ly =0. uuzsa
30
20 20 km—
10 11 Jerm TRDPDPAiSE =11 km
Ly = —0.0065—
TROPOSPHERE m
288. 15K
0 |
160 200 240 280 370

Temperature, K

©
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Example 1.10

» Lets integrate the equation from sea level where the
standard values of pressure and temperature are denoted
by psand T, respectively,

P dp ' ¢ ar %_
ps P B 7, aR T E
=
P )
In—= .} In —

Altitude (mi)

Stratosphere

= At sea level, the standard pressure, Tem perature
density, and temperature are 1.01325
x 10° N/m2, 1.2250 kg/m3, and 288.16

: |
K’ respeCtlvely -100 -20 80 40 20 0 20 40 G0 °C
120 20 40 0 40 80 120 “F
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Types of flow

= An understanding of aerodynamics, like that of any other
physical science, is obtained through a “building-block”
approach.

= An example of this process is the way that different types
of aerodynamic flows are categorized and visualized.

= As a result, a study of aerodynamics has evolved into a
study of numerous and distinct types of flow; from the
simplest flow to the most complex one...




J

d
&
A\

Types of flow

Continuum Versus Free Molecule Flow

Consider the flow over a body, say, for example, a circular
cylinder of diameter d.

Also, consider the fluid to consist of individual molecules,
which are moving about in random maotion.

The mean distance that a molecule travels between
collisions with neighboring molecules is defined as the
mean-free path A.

If A is orders of magnitude smaller than the scale of the
body measured by d, then the flow appears to the body as
a continuous substance.

. . A
Such flow is called continuum flow. Knudsen number: Kn = - < 0.01
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Types of flow

Continuum Versus Free Molecule Flow

The other extreme is where A is on the same order as the
body scale.

The gas molecules are spaced so far apart (relative to d)
that collisions with the body surface occur only infrequently.

The body surface can feel distinctly each molecular impact.
Such flow is called free molecular flow.

For manned flight, vehicles such as the space shuttle
encounter free molecular flow at the extreme outer edge of

the atmosphere.

The air density is so low that A becomes on the order of the

) A
shuttle size. knudsen number: Kn = E~1
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Types of flow

Inviscid Versus Viscous Flow

A flow that is assumed to involve no friction, thermal

conduction, or diffusion is called an inviscid flow. I no viscosity |

In contrast, a flow that is assumed to involve friction,
thermal conduction, or diffusion is called viscous flows

Inviscid flows do not truly exist in nature.

However, there are many practical aerodynamic flows
where the influence of transport phenomena is small,
and we can model the flow as being inviscid.

Flow outside the boundary

layer is inviscid Thin boundary layer of
viscous flow adjacent
to surface

Body surface
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Types of flow

Incompressible Versus Compressible Flows

A flow in which the density p is constant is called
incompressible.

In contrast, a flow where the density is variable is called
compressible.

All flows are compressible in nature.

However, there are a number of aerodynamic problems
that can be modeled as being incompressible.

For example, the flow of homogeneous liquids is treated
as incompressible.

Also, the flow of gases at a low Mach number is
essentially incompressible; for M <0.3.




Mach Number Regimes
If M is the local Mach number at an arbitrary point in a

flow field, then by definition the flow is locally:
SubsonicifM < 1
SonicifM~1

Supersonicif M > 1

¥~ wavefronts—
Mach
One

©

Subsonic Supersonic
speed

speed


https://www.youtube.com/watch?v=iz7DQWbZ5EM
https://www.youtube.com/watch?v=gWGLAAYdbbc
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Types of flow

(@) Subsonic flow

M > 1
0.8 < M,<1 () Transecnic flow
_— M e with Moo < 1

(¢) Transonic flow

] < Moe<C1.2 with Moo >1

if M-is subsonic but is near unity, the flow can become
locally supersonic (M > 1).

The flow fields are characterized by mixed subsonic-
supersonic flows. Hence, such flow fields are called
transonic flows.
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Types of flow

2
I“\\

W

Expansion wave

() Supersconic flow

Mee>1.2
——
= Thin, hot
P tid s shock layer
Moo 5 with visccus  (¢) Hypersonic flow
e interaction

and chemical
reactions

Hypersonic aerodynamics received a great deal of
attention during the period 1955-1970.

Because atmospheric entry vehicles encounter the
atmosphere at Mach numbers between 25 (ICBMs) and
36 (the Apollo lunar return vehicle).
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Types of flow

The flow features including velocity, pressure and other
properties of fluid flow can be functions of space and time.

p=f(xyzt)
where p is any property like pressure, velocity or density.

If a flow is such that the properties at every point in the flow
do not depend upon time, it is called a steady flow.

Mathematically speaking for steady

flows,
0P
ot

0

Unsteady or non-steady flow is one
where the properties do depend on time. unsteady steady


https://www.youtube.com/watch?v=HSJ4NatC9I8
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Types of flow
A flow field is best characterized by its velocity
distribution.

A flow is said to be one-, two-, or three-dimensional if
the flow velocity varies in one, two, or three dimensions,
respectively.

In nature, every flow is 3D.
However, the variation of velocity in certain directions

can be small relative to the variation in other directions
and can be ignored.

1D
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= A flow field can also be characterized by its flow
pattern.

= | aminar flow, in which the streamlines are smooth and
regular and a fluid element moves smoothly along a
streamline.

» Turbulent flow, in which the streamlines break up and
a fluid element moves in a random, irregular, and
tortuous fashion.

Laminar Turbulent

Transition

©


https://www.youtube.com/watch?v=TqTSyFz6DJc
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Applied aerodynamics

= The main purpose is to present knowledge and to show
its applications in practice.

Question: What are some typical drag coefficients for
various aerodynamic configurations?

= Some basic values are shown in Figure.

» The dimensional analysis proved that Co=f (M, Re).

» The drag-coefficient values are for low speeds,

essentially incompressible flow; therefore, the Mach
number does not come into the picture.




Separation point

Separation point

Rii/ 2

— (=2

E——— e
()

Re = 10° Separation point

(¢)
Re =104 Separation point
e

@ Separation point

N
&

Re = 107

(e)

Flat plate
(Broadside) length=d  Cp=2.0

Cylinder diameter = d Cp=12

Streamline
body
thickness = d Cp=0.12

Cylinder
diameter = th d Cp=12

Cylinder
diameter = d Cp=06
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Separation point

Relative

Flat plate drag force

(Broadside)

Separation point
Re = 10°

= Blunt body = a body where most of the

Cylinder drag is pressure drag (form drag)

diameter

.

= Streamlined body = a body where most
of the drag is skin friction drag

Streamline |_
body
thickness
=d
(©) Same roral drag
Re = 10* Separation point
Cylinder
> 0 IO diarlneter
=—d
10

() . .
Re = 107 Separation point

::: ’O — C_ylinder
(D C() L7 ciu:}meter

(e)

%’ Larger

| Skin friction drag

“ D Pressure drag
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Applied aerodynamics
Airplane condition '
Condition Cp AC ACp,
number | Description (Cr=0.15) b %
1 Comgletely faired condition, 0.0166
long nose fairing
2 Completely faired condition, 0.0169
blunt nose fairing
3 Original cowling added, no 0.0186 0.0020 | 12.0
airflow through cowling
4 Landing-gear seals and 0.0188 0.0002 1.2
fairing removed
5 Oil cooler installed 0.0205 0.0017 10.2
& Canopy fairing removed 0.0203 -0.0002 | -1.2
7 Carburetor air scoop added 0.0209 0.0006 3.5
8 Sanded walkway added 0.0216 0.0007 4.2
9 Ejector chute added 0.0219 0.0003 1.8
10 Exhaust stacks added 0.0225 0.0006 316
1 Intercooler added 0.0236 0.0011 0.6
12 Cowling exit opened 0.0247 0.0011 6.6
13 Accessory exit opened 0.0252 0.0005 3.0
14 Cowling fairing and seals 0.0261 0.0009 54
removed
i5 Cockpit ventilator opened 0.0262 (.0001 0.6
16 Cowling venturi installed 0.0264 0.0002 1.2
17 Blast tubes added 0.0267 0.0003 1.8
18 Antenna installed 0.0275 0.0008 4.8
Total 0.0109

“Percentages based on completely faired condition with long nose fairing.

» The breakdown of various sources of drag on a
late 1930s airplane, the Seversky XP-41




Zero-lift drag coefficient, Cp

0.03—

0.02—

0.01F

| | | I | |

0 0.2 0.4 0.6 0.8 1.0 1.2

Flight Mach number, M,

The aircraft T38 is at a small negative angle of
attack such that the lift is zero, hence the Co in
Figure is called the zero-lift drag coefficient.

Note that the value of C.is relatively constant from
M = 0.1 to about 0.86. Why?

©



=
= Variation of section lift coefficient = Variation of lift coefficient with angle of
for a NACA 63-210 airfoil. attack for the T-38.
= Re =3 x 10.. = Three curves are shown corresponding
= No flap deflection. to three different flap deflections.
. Freestream Mach number is 0.4.
1L.O— .
1.6 Flaps full down (45°)
0.9 Flaps 20°
1.2
G 0.8
Flaps up (0°)
0.8 0.7
o
04 .g 0.6
=
! | E 05
8 16 3
a, degrees 04
0.3 (,\‘
angle
0.1
0 ] | I 1 | | 1 | J

p 0 2 4 6 8 10 12 14 16 18
a, degrees
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Example 1.12

Consider the Seversky P-35 shown in
Figure.

Assume that the drag breakdown given
for the XP-41 applies also to the P-35.

Note that the data given in Figure apply for the specific
condition where C.= 0.15.

The wing planform area and the gross weight of the P-
35 are 220 ftand 5599 Ib, respectively.

Calculate the horsepower required for the P-35 to fly in
steady level flight with C.= 0.15 at standard sea level.
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Example 1.12

From basic mechanics, if F is a force exerted on a body
moving with a velocity V, the power generated by this
systemisP=F -V,

When F and V are in the same direction, then the dot
product becomes P = FV where F and V are the scalar
magnitudes of force and velocity, respectively.

When the airplane is in steady level flight (no
acceleration) the thrust obtained from the engine exactly
counteracts the drag, i.e., T = D.

Hence the power required for the airplane to fly at a
given velocity V-is

P =TVe = 1D¥s
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» To obtain V-, we note that in steady level flight the weight
Is exactly balanced by the aerodynamic lift,

W =1L
= we have 5
W=L=¢qoSCL =1/2pscV;SCL
= Solving Eq. for Ve, we have W, = 2W

P SCL

» At standard sea level, p~ = 0.002377 slug/ft3. Also,
S=220 ft2, W = 5599 Ib, and CL = 0.15.

= Hence, from Eqg. we have

_ 2(5599)
~ 'V (0.002377)(220)(0.15)

©

= 377.8 ft/s

Voo
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» To complete the calculation of power required, we need
the value of D.

Cp = 0.0275 from the table
oo = 1/2p00VE = 1/2(0.002377)(377.8)* = 169.6 Ib/ft?

» The drag,

D =¢gxSCp = (169.6)(220)(0.0275) = 1026 Ib

» The required power

P = DV4 = (1026)(377.8) = 3.876 x 10° ft Ib/s

» Note that 1 horsepower is 550 ft Ib/s. Thus, in

horsepower, L _ 3876 (5

550

— 704 hp

©
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» The first person to define and use aerodynamic force
coefficients was Otto Lilienthal, the famous German
aviation pioneer at the end of the nineteenth century.

= By the end of World War |, Ludwig Prandtl at Gottingen
University in Germany established the nomenclature for
the aerodynamic force that is accepted as standard

today; o %
— i q

where W is the force, F is the area of the
surface, g is the dynamic pressure, and c
IS a “pure number”

L =q5Ck

D = gSCp

©




1.6 Consider an NACA 2412 airfoil (the meaning of the number designations
for standard NACA airfoil shapes is discussed in Chapter 4). The
following is a tabulation of the lift. drag. and moment coefficients about
the quarter chord for this airfoil. as a function of angle of attack.

o (degrees) c cq Cine/4
-2.0 0.05 0.006 —0.042
0 0.25 0.006 —0.040
2.0 0.44 0.006 —0.038
4.0 0.64 0.007 —0.036
6.0 0.85 0.0075 —0.036
8.0 1.08 0.0092 —0.036
10.0 1.26 0.0115 —0.034
12.0 1.43 0.0150 —0.030
14.0 1.56 0.0186 —0.025

From this table, plot on graph paper the variation of x.,/c as a function

of w.



1.7 The drag on the hull of a ship depends in part on the height of the water

waves produced by the hull. The potential energy associated with these
waves therefore depends on the acceleration of gravity ¢. Hence, we can
state that the wave drag on the hull is D = f(px. V, ¢, g) Where c is a
length scale associated with the hull. say, the maximum width of the hull.
Define the drag coefficient as Cp = D/gooc*. Also, define a similarity
parameter called the Froude number, Fr =V /, /gc. Using Buckingham’s
pi theorem, prove that Cp = f(Fr).

1.10 Consider a Lear jet flying at a velocity of 250 m/s at an altitude of 10 km,

where the density and temperature are 0.414 kg/m® and 223 K
respectively. Consider also a one-fifth scale model of the Lear jet being
tested in a wind tunnel in the laboratory. The pressure in the test section of
the wind tunnel is 1 atm = 1.01 x 10° N/m?. Calculate the necessary
velocity, temperature, and density of the airflow in the wind-tunnel test
section such that the lift and drag coefficients are the same for the
wind-tunnel model and the actual airplane in flight. Nore: The relation
among pressure, density. and temperature is given by the equation of state
described in Problem 1.1.
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Review of vector relations,
Models of fluid,

Continuity equation,
Momentum equation,
Energy equation,
Substantial derivative,
Flow patterns,

Velocity, vorticity, strain,
Circulation,

Flow functions,

How do we solve the equations?

©



= The principle is most important, not the detail.

Theodore von Karman, 1954
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Introductions

= Central to this chapter is the derivation and discussion of the
three most Iimportant and fundamental equations in
aerodynamics:
» the continuity,
" momentum,
» and energy equations.

= The continuity equation is a mathematical
statement of the fundamental principle that
mass is conserved. -Tg-

= The momentum equation is a mathematical
statement of Newton’s second law.

= The energy equation is a mathematical
statement of energy conservation.

= Nothing in aerodynamics is more fundamental than these
three physical principles in aerodynamics.
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Some Vector Algebra

Consider a vector quantity A.

The absolute magnitude of A is |A|, and is a scalar
guantity.

The unit vector n, defined by n = A/|A|, has a magnitude
of unity and a direction equal to that of A.

Let B represent another vector.

Vector Vector addition Vector subtraction

Tail-to-tip approach
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Some Vector Algebra
There are two forms of vector multiplication.

The scalar product (dot product) of the two vectors A and
B is defined as A-B=|A|B

Note that the scalar product of two vectors is a scalar.

cos &

In contrast, the vector product (cross product) of the two
vectors A and B is defined as

AXB=(JA||B|sinf)e =G

where G is perpendicular to the plane of A and B and in a
direction which obeys the “right-hand rule.”

Scalar product Vector product
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Typical Orthogonal Coordinate Systems

To describe mathematically the flow of fluid through three-
dimensional space, we have to prescribe a three-
dimensional coordinate system.

The geometry of some aerodynamic problems best fits a
rectangular space, whereas others are mainly cylindrical in
nature, and yet others may have spherical properties.

Therefore, we have interest in the three most common
orthogonal coordinate systems:

= cartesian,

= cylindrical,

= and spherical.

An orthogonal coordinate system is one where all three
coordinate directions are mutually perpendicular.







A3

= A cylindrical coordinate system

Yy

= The relationship, or transformation, X = rcost r=+/x2+y?

between cartesian and cylindrical y=rsinf ¢

coordinates; X
Z= Z=Z

©



z

/%)\ | A= Arer + AQEQ + Acpe.:p
// \\\ :
* N
» The transformation between cartesian
and spherical coordinates r=+/x2+y2+ 2
N Z Z
X =rsinf cos d 6 = arccos — = arccos = - -
-y r VX 4y 42
y =rsinf sin d X

® = arccos ———
Z=rcosb & x* 4 y?
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Scalar and Vector Fields

A scalar quantity given as a function of coordinate space
and time t is called a scalar field.

For example, pressure, density, and temperature are
scalar quantities.

s
p=pi(x,y;2t) = pa(r,0, 2,t) = p3(r, 0, O, 1) |
p=p1(x,y,2,t) = p(r,0,2,t) = p3(r, 0, O, 1) I.
T=Ti(x,y,2,t)=1,r0,2,t) =T5(r,0, ®, ) ‘

—-

0382 = B +0.459

= A vector quantity given as a function of coordinate space

and time is called a vector field. For example, velocity is a
vector quantity.

V — V\i —I_ V\j —I_ V:k V‘.’ — V\‘(-xs }’!ﬂ Zs r)
Vy =Vy(x,y,2,1)
V,=Vix,v9,21)

2y




= Cartesian Coordinates
A=A+ Aj+AKk
B=B.i+ B,j+ Bk

A-B=A B, +A,B,+ A_B,

P

The scalar product
= Cylindrical Coordinates
A=Ae 4 Apey+ Ace,
B = B,e, + Byey + B,e,
A-B=AB +AyBy + A;B;
The scalar product

» Spherical Coordinates
A=Ae + Ayey + Ae,

B = B,e, + Byey, + Be;
A-B=A,B, +AyBy + A.B;

©

k
Az | =UAB, — A B,) 4+ jJ(A B, — A:B,)
B

o .;-k o

Yt
&

+K(A. B, — A,B)

The vector product

e, e e.
AXB=|A, A AZ
B, B, B.

The vector product

€, €y Cop
A Ay Ag
B. B, Bq

AXB=
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Gradient of a Scalar Field

Consider a scalar field p(x, y, z).

Consider an arbitrary point (x, y). If we move away
from this point in an arbitrary direction, p will, in
general, change because we are moving to another
location in space.

Moreover, there will be some direction from this point
along which p changes the most over a unit length in
that direction.

This defines the direction of the gradient of p.
The magnitude of Vp is the rate of

change of p per unit length in that
direction.
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Gradient of a Scalar Field

= Expressions for Vp in the different coordinate systems

p=px,y,2

J J J LTLTE
grad p vp="Tiy Py Py (V“ax“ay”‘azJ
0x ay 0z
’ Nabla operator
p = p(r,8,2)
0 10 0
Vp — —pef‘ + _—peﬂ + —pe:
ar r 06 0z qP
p = pr6, CI;) . - ) (’
P P P noo~
Vp= ‘e +——— ~
P= o T 50 T sine a0

= Consider Vp at a given point (X, y). Choose some arbitrary
direction s away from the point. Let n be a unit vector in the
s direction.

» The rate of change of p per unit length dp
in the s direction is; gy = Vpen




= Consider a vector field

V=V@.y.9=V06.9=V0e.0) " SHen el

» The divergence of V is denoted by divV orV - V.

= Cartesian
. . av, dV, adV,
V=Vux,v,2)=Vi+ V,j+ V.k VeV = e —— -
o 0x Jy 0z
= Cylindrical
1 o 18V oV
V=Vre, Q=" +Vie +Ve, VVN=—@V)+t—nt—"
= Spherical ror r o8 0z
V = V(f‘, 9, (I)) = V,.e,, + Vg@g + Vq)eqp
V.V — 1 @ 2y | 0 (V, sind 1 dVy
=725 W s T e e

= V - V. has physical meaning in flow field...

©



= Consider a vector field
V=V, v,2) =V(r,0,2) =V(r,0, D)

» The curl of V is denoted by curl V, rot V or VXV = Rotational rate of

. change of ...
* Cartesian V= V,i+ V,j+ V.k

i J k
d o, 0 _(SVZ BV,,) AdY, Y
ox dy 0% ay 07 07 0x
oo ¥y Vo oV, V.

k(— - —

il ( ax ay )



. CyIindricaI V=V, + Vye, + Vzez

e rey e,
|
VXV — o d 0 d
rlor 68 a8z
V., rV, V,

= Spherical V = V,e, + Vyey + Vgpeq

e. rey; (rsinf)eg
| 0 ad 0

r’sinf | 9r 96 9D
V. rVy (rsinf)Vg

VXV =

» VxV has physical meaning in flow field...

©



V.

/§//
| “\\\\\

Line Integrals
Consider a vector field
A=Ax,v,2)

Also, consider a curve C in space connecting
two points a and b.

Let ds be an elemental length of the curve, and
n be a unit vector tangent to the curve.

Define the vector ds = n ds.

Then, the line integral of A along curve C from

point a to point b is "
f A -ds
If the curve C is closed

A-ds
counterclockwise direction around C C

Is considered positive

a

¥

open

ds

close
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Surface Integrals

Consider an open surface S bounded by the closed
curve C.

At point P on the surface, let dS be an elemental area of
the surface and n be a unit vector normal to the surface.

Define a vector elemental area as dS = n dS.

In terms of dS, the surface integral over the surface S can
be defined in three ways:

//pdS //A-dS //Axds .
S S S

If the surface S is closed

#pds #A-ds #Axds
S S

<

Closed surface S
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Volume Integrals
Consider a volume V in space. Let p be a scalar field in
this space.

The volume integral over the volume V of the quantity p

IS written as
ff oo

Y
The result is a scalar

Let A be a vector field in space. The volume integral
over the volume V of the quantity A is written as

ﬁ%‘gAdV

V

The result is a vector
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Relations Between Line, Surface, and Volume Integrals

» Consider again the open area S bounded by the closed
curve C.

= Let A be a vector field. The line integral of A over C is
related to the surface integral of A over S by Stokes’

theorem:
j{A-ds://(VxA)-dS
-
5

surface S.

The surface and volume integrals of the vector field A are
related through the divergence theorem:

Volume V
Haas= fHna
V

S das

Closed surface S



h 4

» |f p represents a scalar field, a relationship analogous to
previous equation is given by the gradient theorem;

fFros= ffsno
S V

= \We will use these relations in conservation laws...
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What is a suitable model of the fluid?

How do we visualize this squishy substance in order to
apply the three fundamental physical principles to it?

There are three different models. They are
= finite control volume,
» infinitesimal fluid element,

= and molecular model.
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Finite Control Volume Approach

Consider a general flow field as represented by the
streamlines.

Let us imagine a closed volume drawn /‘“’“‘”ﬂ’“s
within a finite region of the flow. '
Control volume ¥V
This volume defines a control volume V, -
//_————-»—\*

and a control surface S is defined as the
closed surface which bounds the control

volume. /

The control volume may be fixed in S
space with the fluid moving through it.

Alternatively, the control volume may be
moving with the fluid such that the same

fluid particles are always inside it S

We get equations in integral form...
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Infinitesimal Fluid Element Approach

Consider a general flow field as represented by the
streamlines.

Let us imagine an infinitesimally small fluid element in
the flow, with a differential volume dV.

The fluid element may be fixed in space with the fluid
moving through it.

Alternatively, it may be moving along a streamline with
velocity V equal to the flow velocity at each point.

M/ \/

Volume d ¥
aV
T T
/\%
—— T — .

We get equations in differential form. —\
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Molecular Approach

In actuality, of course, the motion of a fluid is a
ramification of the mean motion of its atoms and
molecules.

Therefore, a third model of the flow can be a microscopic
approach.

The fundamental laws of nature are applied directly to
the atoms and molecules, using suitable statistical
averaging to define the resulting fluid properties.

This approach is in the purview of kinetic theory.
® 5 4

P
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= Aerodynamic properties are function of space

and time.

Flow Field
p=pilx.y.z,M
p=plxy.z.1)
T=T:_I,_'r'_. Ly f}

» For example, in cartesian coordinates the V—ui+vj+ wk

w=u(x,yz,t)

equations are y v =y Y20
p=pa.y.z0 2w

p=px,y,21)
I'=Tix,%.21)

V =ui+vj+ wk

U

ux,y, zt)
=", Y, 1)

W =wilx,V; Z,1)

» They represent the flow field. We have 6 unknowns, we
need 6 equations to solve the flow field features...

©
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Continuity Equation

= We now apply the fundamental physical principles to
fluid models.

= we will employ the model of a fixed finite control
volume.

= Here, the control volume is fixed in space, with the flow
moving through it.

= The volume V and control surface S are constant with
time, and the mass of fluid contained within the control
volume can change as a function of time.

The first physical principle Mass can be neither created nor
destroyed.
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Continuity Equation
dsS

2
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Net mass flow out of control _ time rate of decrease of
volume through surface S mass inside control volume V
B=C

where B and C are just convenient symbols for the left
and right sides, respectively.

= First, let us obtain an expression for B in terms of the
guantities shown in Figure.

= The elemental mass flow across the area dS is

o pVydS = pV-dS
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Continuity Equation

By definition, the mass flow through A is the mass
crossing A per second (kilograms per second), m.

The net mass flow out of the entire control surface S is
the summation over S of the elemental mass flows.

In the limit, this becomes a surface integral,

B:#,@v-ds

S
Now consider the right side of Equation. The mass pdV
contained within the elemental volume is

Hence, the total mass inside the control volume is 7%1% pdV
I
The time rate of increase of mass inside control volume
Isthen .
O
pdV

at | J.
Y
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In turn, the time rate of decrease of mass inside the
volume is the negative of the above;

0
ot

d
. . #p‘v'dS:——%pdV
= Lets combine the resulted equations; at J

§

d
S HE v ffov-as=o

= Equation is called the continuity equation in integral
form.

= |t is one of the most fundamental equations of fluid
dynamics.

©
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Continuity Equation

We can get the differential form that does relate flow
properties at a given point, as follows.

The time derivative can be placed inside the volume
integral and Equation can be written as

[
#?é—p(fv—t— #pv-dS:l’J
JJJ at J

V
Note that the control volume is fixed in time.

Applying the divergence theorem, we can express the
right-hand term of Equation as

# (pV)-dS = ?%\%é V-(pV)dV
A JJ.

'L!
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Continuity Equation

Substituting this Equation into continuity equation, we

obtain
ap . s .
HE2 4+ 9 vrav =0
JJ. T
3 ap :
7(# {E L V}‘ =0

V

The only way for the integral to be zero for an arbitrary
control volume is for the integrand to be zero at all points
within the control volume.

Thus, we have i_p +V-(pV)=0

Y _
Equation is the continuity equation in the form of a patrtial
differential equation.

This equation relates the flow field variables at a point in
the flow.




= |f the flow is steady, the equation becomes d/dt = 0,

#pV-dS:O

= Or 5
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Momentum Equation

, . 1
Newton’s second law is F = (I—(m\-“')
dat

Physical principle Force = time rate of change of momentum

We will apply this principle to the model of a finite
control volume fixed in space.

Our objective is to obtain expressions for both the left
and right sides of Equation in terms of the familiar flow-
field variables p, p, V, etc.

First, let us concentrate on the left side of Equation.
This force comes from two sources:

1. Body forces: gravity, electromagnetic forces, or any other forces
which “act at a distance” on the fluid inside V.

2. Surface forces: pressure and shear stress acting on the control
surface S.
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Momentum Equation

Let f represent the net body force per unit mass exerted
on the fluid inside volume.

The body force on the elemental volume is therefore pfdV

The total body force exerted on the fluid in the control

volume is ‘ o
Body force = pfdV

JJ.
The elemental surface force due to pressure acting on

the element of surface area is |
—pdS

negative sign indicates that the force is in the direction
opposite of dS.

The complete pressure force is the summation of the
elemental forces over the entire control surface

Pressure force = —# pdS

)
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Momentum Equation

= |n a viscous flow, the shear and normal viscous stresses
also exert a surface force.

» Let us simply recognize this effect by letting Fus.o.sdenote
the total viscous force exerted on the control surface.

= We are now ready to write an expression for the left-
hand side of Equation:

F= #}g pfd) — # P dS 4+ Fyiscous

V h
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Momentum Equation

Now consider the right side of Equation.

The time rate of change of momentum of the fluid as it
sweeps through the fixed control volume is the sum of
two terms:

Net flow of momentum ouf .

of control volume across surface S
and

Time rate of change of momentum due to —H
unsteady fluctuations of flow properties inside V —

Consider the term denoted by G in Equation. To obtain
an expression for G, recall that the mass flow across the
elemental area dS is (pV- dS);

Hence, the flow of momentum per second across dS is
(pV-dS)V
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Momentum Equation

The net flow of momentum out of the control volume
through S is the summation of the above elemental

contributions,
G = # (pV -dS)V
J

Now consider H. The momentum of the fluid in the
elemental volume is

(pdV)V

The momentum contained at any instant inside the

control volume is -
Hh ovav
/7.

and its time rate of change due to unsteady flow

fluctuations is
d
H=— Vdy
8:‘_7{# ik

1}
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Momentum Equation

= Combining them, we obtain an expression for the total
time rate of change of momentum of the fluid as it sweeps

through the fixed control volume,

/ d
9 VY= G4 H = # (pV-aS)V + = 4h pV v
dt Je atJ ).

V

= Newton’s second law, applied to a fluid flow is

d
—(mV)=F
It

¢
d
gﬁgg pVdV + # (pV -dS)V = — # pdS + #[_',lg pfdV + Fiscous
I Je Je 13

= Equation is the momentum equation in integral form.

= Note that it is a vector equation.
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Momentum Equation

= We now proceed to a partial differential equation which
relates flow-field properties at a point in space.

= Lets apply the gradient theorem to the first term on the
right side of Equation,

—#;} dS = —#}QV;JHV
S Ji.

V
= Also, because the control volume is fixed, the time

derivative in Equation can be placed inside the integral.
Hence,

d(pV) _. . n 0 : .
> dV 1 (_I,DV . dS}" — — V;‘) dV + pf dV + Fvismus
, 8 Y v

/-
» Recall that Equation is a vector equation. It is

convenient to write this equation as three scalar
equations.
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R

= Using cartesian coordinates, where

V=ui+vj+wk

= The x component of Equation is

3 0
#% %d})_k # (pV -dS)u:—ﬁ% a—iffv +# pfrdV + (Fy)yiscous
Y, ) A ' V

= Apply the divergence theorem to the surface integral on the
left side of Equation

# (pV -dS)u = # (puV) -dS = j%%g V. (puV)dV
S S vV

= Substituting it into main Equation, we have

v

©
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» The integrand in Equation is identically zero at all
points in the flow; hence,

a(pu) 0
+ V- (puV) = —_P_ + pfx + (Fr)viscous
at 0X
= We can write the y and z components, we obtain in a

similar fashion

Navier-Stokes

A(pv) ap :
% + V-(pvV) = _8_]\‘ + pfy + (f-y)viscous

3(pw) ap ,
g’r + V- (pwV) = —a—{ + pfe 4 (F2)viscous



R

Specialized to a steady, inviscid flow with no body
forces, these equations become

#(vadS)V = —#pds
§ S

Ve (ouV) = 2P
and - (pu )__ﬁ

ap
V- (pvV) = . Euler

5
V. (pwV) = —a—‘{j

The momentum equations for an inviscid flow are
called the Euler equations.

The momentum equations for a viscous flow are called
the Navier-Stokes equations.

©
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An application of the momentum equation: drag of a
two-dimensional body

= Consider a two-dimensional body in a flow, as sketched
in Figure.

= A control volume is drawn around this body, as given by
the dashed lines in figure. us

Streamline far away from

—_—

Uniform velocity

Y



Vs
k)

» Photograph of the velocity profiles
downstream of an airfoil.

©
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Momentum Equation
The control volume is bounded by abcdefghia.

The width of the control volume in the z direction
(perpendicular to the page) is unity.

Stations 1 and 2 are inflow and outflow stations,
respectively.

Assume that the contour abhi is far enough from the body
such that the pressure is everywhere the same on abhi
and equal to the freestream pressure p = p~.

Also, assume that both u; and u, are in the x direction;
hence, u, = constant and u, = f (y).




= We know that

d d
#% %d})_k # (pV -dS)u:—ﬁ% a—iffv +# pfrdV + (Fy)yiscous
Y, ) A ' V

» Lets assume that the flow is steady and does not have body
force.

= Additionally, the viscous force can be expressed as —R’ due
to action-reaction principle.

R
p
T
T TN~
e\___‘ "'"--...\
— T — -\‘\. d
-"'-.,__._-q‘-‘

f

_R Equal and opposite
“ reaction; body exerts
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Momentum Equation

Based on assumptions, we have

R' =— #(p\“ dS)V — // pdS
Je s

abhi

= Equation is a vector equation.

» Consider again inflow and outflow velocities u.and u.are
in the x direction and the x component of R is the
aerodynamic drag per unit span D’.

D = — # (oV - dS)ut — [ / (pdS),
f §

abhi

» Recall that the boundaries of the control volume abhi are
chosen far enough from the body such that p is constant
along these boundaries. ' ,

//(p dS)y =0

abhi




J

d
&
A\

Momentum Equation

= Therefore, we obtain

D' = —#(;JV-dS}H ﬁ

» The only contributions to the integral in Equation come V.dS =0
from sections ai and bh.

» These sections are oriented in the y direction.

» Also, the control volume has unit depth in the z
direction (perpendicular to the page).

= Hence, for these sections, dS = dy(1).

» The integral becomes

a b
# (pV - -dS)u = — / p;u% dy + / pgug dy
o Ji Jh
S
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Momentum Equation

Note that the signs are dueto  V.dS

Lets remember the integral form of the continuity equation
for steady flow. Applied to the control volume in Figure,

Equation becomes
4 b # pV-dS =0

—/ pruy dy + pattrdy =0 U
Ji Jh

a b
/ pruydy = / paus dy
Ji h

Multiplying Equation by u,, which is a constant, we obtain

a (1]
/ ,o;u%dy = [ pPattaty dy
. f n h

Substituting it into Equation, we have

b
# (pV -dS)u = —/ Paur (U — tp)dy
I Jh
5

&5
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vZ

= Therefore, we obtain

b
Dr=/ pauz(ity — tz) dy
h

» For incompressible flow, p = constant and is known. For
this case, Equation becomes

b
D' = ,o/ ur(uy — tr) dy
A

= |t shows how a measurement of the
velocity distribution across the wake of a
body can yield the drag.

» These velocity distributions are
conventionally measured with a Pitot
rake, such as shown in Figure.

©
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Energy Equation

Physical principle Energy can be neither created nor destroyed: it can
only change in form.

= This physical principle is embodied in the first law of
thermodynamics.

= Consider a fixed amount of matter contained within a
closed boundary.

» This matter defines the system.

» Because the molecules and atoms within the system are
constantly in motion, the system contains a certain
amount of energy.

» For simplicity, let the system contain a unit mass; in turn,
denote the internal energy per unit mass by e.

4&:;(
4‘{%%}
b 4
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Energy Equation

The region outside the system defines the surroundings.

Let an incremental amount of heat 6q be added to the
system from the surroundings.

Also, let dw be the work done on the system by the
surroundings.

Both heat and work are forms of energy, and when
added to the system, they change the amount of internal
energy in the system.

Denote this change of internal energy by de. From our
physical principle that energy is conserved, we have for
the system

dog +ow = de




4
L\

2
I“\\

Energy Equation

= Let us apply the first law to the fluid flowing through the
fixed control volume.

= |et
.= rate of heat added to fluid inside control volume
from surroundings,

B.= rate of work done on fluid inside control volume,

B: = rate of change of energy of fluid as it flows
through control volume.

= From the first law,

B, + B, = B;

= Note that each term involves the time rate of energy
change; hence, Equation, strictly speaking, a power
equation...
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Energy Equation
Consider the rate of heat transferred to or from the fluid.

Let volumetric rate of heat addition per unit mass be
denoted by g. Typical units for are J/s.

The mass contained within an elemental volume is; pdV
hence, the rate of heat addition to this mass is,

qg(pdV).
Summing over the complete control volume, we obtain
fjé# qgpdV
T

In addition, if the flow is viscous, additional heat can be
transferred into the control volume. The total rate of heat

addition is L od V3
Bi= jéééqp dV + Oyiscous
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Energy Equation

Lets focus on work. We can state that the rate of doing
work on moving body is

F-V

The rate of work done on fluid inside volume due to
pressure force on S is

— # (pdS)-V
Jo

The rate of work done on fluid inside volume due to

body force is
#%é (pfdV)-V

Y
If the flow is viscous, the shear stress on the control
surface will also perform work on the fluid as it passes

across the surface.

VisCous
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Energy Equation

Then the total rate of work done on the fluid inside the
control volume is the sum of them

B, = — # pV-dS + #}g p(f-V)dV + W,,imm

S V

Recall that the internal energy e is due to the random
motion of the atoms and molecules inside the system.

However, the fluid inside the control volume is not
stationary; it is moving at the local velocity V with a
consequent kinetic energy per unit mass of V4/2,

Hence, the energy per unit mass of the moving fluid is
the sum of both internal and kinetic energies e + V?/2.

This sum is called the total energy per unit mass.
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Energy Equation

We are now ready to obtain an expression for Bs, the
rate of change of total energy of the fluid as it flows
through the control volume.

Based on the elemental mass flow across dS pYAn,

V2 (pV -dS)(e+V?2/2)
#(p"r'dS} (lf’ + ?>
v 2

In addition, if the flow is unsteady, there is a time rate of

change of total energy inside the control volume due to

the transient fluctuations of the flow-field variables. . ;
ple+V=/2)dV

. 2
The total energy contained in the elemental volume M 0 (EJ 4 ;) dV

Time rate of change of total energy inside V due to
transient variations of flow-field variables 5 2
5 71%10 (E’+ 5 ) dV
vV
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Energy Equation

In turn, Bsis the sum of them

d V2 1 ] v?
33:§. + o) .f?—i—T (fl"—F‘#(p‘“'(]S} e + >
V h)

Repeating the physical principle that the rate of heat
added to the fluid plus the rate of work done on the fluid is
equal to the rate of change of total energy of the fluid.

In turn, these words can be directly translated into an
equation by combining Equations

fpinss st ff v s e

V s v
s

— 8 i Vz .',i'"l/" V‘_ V d—w
—5. , J -‘f—l—? { —F‘#,O (’—E-? - dS
v Ry
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Energy Equation

= We can obtain a partial differential equation for total energy
from the integral form.

= Applying the divergence theorem to the surface integrals,
collecting all terms inside the same volume integral, and
setting the integrand equal to zero, we obtain

0 ye :
B [p (€+7)] + V. [p (e-l—?) V] =pq —V-(pV)+p{-V)
oa Qi’iscous i W\iiscous

= If the flow is steady, inviscid, adiabatic, without body forces,
then Equations reduce to

V2 .
#p ((7-|- 5 ) V.dSs = —#[)V-ds integral form
5 - S

differential form v, [p (() + _) V] = —V.(pV)




= With the energy equation, we have five equations, but six
unknowns.

» The additional equation comes from the perfect gas
equation of state;

¢=gd
p=pRT



g

= Consider a small fluid element moving through a flow
field, as shown in figure. We have

7}
1 = UL ¥a %
Vl H H(I,}’j “ay r)
@T-—-ﬁ- v=uv(x,y,21)
. \ -
Flu}d elen;ent N w=w(x,y,2zI)
at time ¢ = £ N
N P = _.O(JC, Yy, <, r)
) AN
J/t \
— - AN —> X
k i AN
~ 2
~
Same flu\id@\z2
element at
time ¢ = ty

z

= At time t, the fluid element is located at point 1 in the
flow and its density is 5, — p(xy, v, 21, 11)

©
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Substantial derivative

= At a later time t.the same fluid element has moved to a
different location in the flow field, such as point 2.

= At this new time and location, the density of the fluid

element is

= Since p = p(x, Y, z, 1), we can expand this function in a
Taylor series about point 1 as follows:

ap o ap ap
P2 =p1+ (3.\'>| (X2 —x1) + (a)] (V2 —w1) + (6_:). (22— 2
ap
— ) (th —t
+(81),(" 1)+

= Dividing by t.— t:, and ignoring the higher-order terms, we
have

y — d X2 — X d Vo — V ap — 2
- )+ (6), G2 +G) =+
th— 1 dx /), h —1 v/, \hh—1 az /) b —1

N

1)

ap
ot

)
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Substantial derivative
Consider the physical meaning of the left side of Equation.

The term (o.— p.)/(t.— t.) is the average time rate of change
in density of the fluid element as it moves from point 1 to
point 2.

pp—p1  Dp

In the limit, as t.approaches t, this term becomes I!i_l}gl e Iy
17 y gl §

By definition, this symbol is called the substantial
derivative D/Dt.

Note that Dp/Dt is the instantaneous time rate of change
of density of a given fluid element as it moves through
space.

This is different from (dp/dt),, which is physically the time
rate of change of density at the fixed point 1.



Xo — Xy

Note that lim = u
Bl [— 1
. Y2 W
lim =3
h—t [h — I
I [t 4 |
lim =i
—h [ — 1

Thus, we obtain

Dp ap ap dp  dp
Br T wy wTa

From it, we can obtain an expression for the substantial
derivative in cartesian coordinates:

D d 4 d 5 d .y d
— Sl —-11 w—
Dt at ax ay az
: : d
If we recall Nabla operator, it can be written as B = = 4+ (V-V)

©
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Substantial derivative

D/Dt is the substantial derivative, which is physically the
time rate of change following a moving fluid element.

o/ot is called the local derivative, which is physically the
time rate of change at a fixed point.

V-V is called the convective derivative, which is
physically the time rate of change due to the movement
of the fluid element from one location to another.

The substantial derivative applies to any flow-field

variable. For example,

DT aT VYT
Dt a1
local convective
derivative derivative

oT  OT T aT
3 " Yax ! Vay o Y og
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Substantial derivative

We can express the continuity, momentum, and energy
equations in terms of the substantial derivative.

In the process, we make use of the following vector
identity:
V.- (pV)=pV-V+V-Vp

First, consider the continuity equation given in the form
of equation

ap )

—+ Vo (p¥V) =8
at ap
E%—V-?p%—pv-\’:{l

The continuity equation written in terms D¢

L 4 pV.V=0

of the substantial derivative. Di



= Next, consider the x component of the momentum
equation given in the form of equation

9 d
ﬂ + V- (puV) = —5 + pfx + (Fxdviscous

at
d(pu) au & ap
= pg— U—
a  Car o
V- (puV) = V- [u(pV)] = uV-(pV) + (pV) - Vu
du ap ap
p— +uU— +uV - (PV) -+ (PV) -Vu = —— 4+ pfr 2 (-?:-x)viscuus
ot at ax
au ap ap
pg + u g + V- (PV) + (Pv) -Vu = —g = Pfx = (Fx)viscuus

t

the continuity equation ! the sum inside the square
brackets is zero.
ap

du
ax

V:-Vu=-—
ar TF

©

P + pfx F (-;rx)viscuus



du ap
0 S+ VVu :——+pfx+(Fx)vimous
at ax

Du o
B = —ﬁ + pfx + (Fx)viscous
. .. Duv d
In a similar manner, i ) N = W
Dt ay
Duw ap
pﬁ = ——a—z + pfz &+ (-:rz)vismus

= |In an analogous fashion, the energy equation can be
expressed in terms of the substantial derivative.

» The derivation is left as a homework problem; the result

IS
D(e+ V?/2 ; - -
0 ( j ) = pq — Ns (}JV) 3 p(f' Y)+ Q;imus + W;ismus

D1
©
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Flow patterns

» |n addition to knowing the density, pressure, temperature,
and velocity fields, in aerodynamics we like to draw
pictures of “where the flow is going.”

= Consider an unsteady flow with a velocity field.

= Also, consider an infinitesimal fluid element moving
through the flow field, say, element A.

» Element A passes through point 1. Let us trace the path
of element A as it moves downstream from point 1.

= Such a path is defined as the pathline for element A.

- \\/ Pathline for element A

V 7
7 Element B Element B at some
) GD—
1 ,_.--—’/ / ~ L later time
P ﬂ Element A at some 1 /
Element 4 /; later time VL P
/

— -
—<\Path1ine for element B
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Flow patterns

= By definition, a streamline is a curve whose tangent at
any point is in the direction of the velocity vector at that
point.

» In general, streamlines are different from pathlines.

* In an unsteady flow, the streamline pattern changes;
hence, each “frame” of the motion picture is different.

Velocity vector ds =dxi+dyj+dzk
Streamline V=ui+vj+ wk

wdy —vdz=0

udz—wdx =0

vdx —udy =0
Streamline

= By definition of a streamline, V is parallel to ds. Hence, ds x V=0
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Flow patterns

We can concisely define a streakline as the locus of
fluid elements that have earlier passed through a
prescribed point.

To help further visualize the concept of a streakline,
imagine that we are constantly injecting dye into the
flow field at point 1.

The dye will flow downstream from point
1, forming a curve in the X, y, z space in
Figure.

This curve is the streakline that the line
that connects all fluid elements passed
through point 1.
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Angular velocity, vorticity, and strain

In this section, we pay particular attention to the
orientation of the element and its change in shape as it

moves along a streamline. -
— Same element
at time 7,

Element at
time f 1

In the process, we introduce the concept of vorticity, one
of the most powerful quantities in theoretical
aerodynamics.

The motion of a fluid element along a streamline is a
combination of translation and rotation.

In addition, the shape of the element can become
distorted.
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Angular velocity, vorticity, and strain

= The amount of rotation and distortion depends on the
velocity field; the purpose of this section is to quantify this

dependency.
YA
ou
u+ (ay) d
o
B
dy
v P A cl v+ (.Q.‘:’. dx Eluid element at
- ox time, ¢ + At
\ v / Counterclockwise rotations by convention
i dx _ are considered positive
Fluid element at time ¢

N
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Angular velocity, vorticity, and strain

From the geometry

(dv/dx)dx] At Ov
mn&{-?g:“ vjox)dz] = —

dx dx

At

Since 6:is a small angle, tan 6.= 6.. Hence, Equation

reduces to r
v
AO, = — At
ax
From the geometry [(Bu/dy)dy] At du

. — — _-&r
tan(—A#H) 7 3y

Since 6.is a small angle, tan 6.= 6., Equation reduces to

5
A= DN
ady

Consider the angular velocities of lines AB and AC,
defined as d6./dt and d&./dt, respectively. From
Equation, we have

do, A6 dut do; AB, v

— = lim — = —-—— = lim —
dt At—0 At Wy A dt At—0 At ax
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Angular velocity, vorticity, and strain

By definition, the angular velocity of the fluid element is
the average of the angular velocities of lines AB and
AC.

Let w. denote this angular velocity. Therefore, by
definition,

I (f.’Q; dé‘g) 1 /v  du
W; = — i = = | ———
2N di dt =T (Hr 3}‘)

The x and y components of w can be obtained in a
similar fashion.

The resulting angular velocity of the fluid element in

three-dimensional space is
0 = wyi+ w4+ wk

I Jw  dv 3 Ju  Jw P (31’ 3“)4
o=—|(——-——]i ——— e T
2 [\ay ~ oz 3z ox/d7 \ax oy
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Angular velocity, vorticity, and strain

= We define a new quantity, vorticity, which

IS simply twice the angular velocity. v w
Denote vorticity by the vector ¢ : %\_}
E=2w ‘
dw  dv du 3w) . [0V i
=(———)i+|(——=—)i+(—=-— )k - x
: ( dy 8:) ; (35 dx (3‘1- v

= Recall Equation for VxV in cartesian
coordinates. Hence, we have the
important result that

V x V £ 0 Rotational flow

V x V=0 Irrotational flow
E=V XYV

* In a velocity field, the curl of the velocity
Is equal to the vorticity.




= Fluid elements in a rotational flow.

\ AB = Fluid elements in an irrotational flow.

A8 +(—AB)=0
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Angular velocity, vorticity, and strain

Let the angle between sides AB and AC
be denoted by «.

As the fluid element moves through the
flow field, k will change.

In Figure, at time t, k is initially 90°. At
time t + t, k has changed by the amount
K, where

Ak = —AbB, — (—AH))

= By definition, the strain of the fluid element is the change in k,
where positive strain corresponds to a decreasing k. Hence,

Strain = —Ax = A6, — A

» In viscous flows, the time rate of strain is an important
guantity.
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= Denote the time rate of strain by &,
dk dug'g dQl

EI}I = —

dt dt dt

» By using the angular velocity definitions, we get

dv & au
ox  dy

EI}I —_—

* In the yz and zx planes, by a similar derivation the strain

IS, respectively, dw v
Ey = — R

¥z ay + az

_ du dw

£ _— —
2l dz ax

©
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Consider the velocity field given by u = y/(x?2 + y2) and
vV = =x/(X? + y?).

Calculate the equation of the streamline passing through
the point (0, 5).

Calculate the vorticity.
wdy —vdz=0

We know that dsx V=0 udz—wdx=0
vdx —udy =0
dy v

The flow is 2D, so w=0. Hence, —-=—
dx u
dy/dx =v/u=—x/y, ydy=—xdx

Integrating, we obtain 2= 2 4 ¢

We have the point (0,5),s0 52 =0+4¢ or ¢=25

x24y?t=25
©




= Weknowthat =vxvVv

i i j k
3 2 9 a2
ax @ 8| = ox ay a9z
y —X
v X2+ 32 xZ4y2

G2 +yHEED+Hx2x) P4y —y(2y)
(x2 + y2)2 (x2 + y2)2

:i[O—O]—j[O—U]Jrk[
=0i+0j+0k=0

= The flow field is irrotational.
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Circulation

In this section, we introduce a tool that is fundamental to
the calculation of aerodynamic lift, namely, circulation.

» This tool was used independently

» by Frederick Lanchester (1878—-1946) in England,
» Wilhelm Kutta (1867-1944) in Germany, and
= Nikolai Joukowski (1847-1921) in Russia

to create a breakthrough in the theory of aerodynamic
lift at the turn of the twentieth century.

= Consider a closed curve C in a flow field.

Let V and ds be the velocity and directed line segment,
respectively, at a point on C.

» The circulation, denoted by , is defined as I'=— { V.ds

(m?2/s)
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Circulation
The circulation is simply the negative of the line integral
of velocity around a closed curve in the flow.

It is a kinematic property depending only on the velocity
field and the choice of the curve C.

By mathematical convention the positive sense of the
line integral is counterclockwise.

However, in aerodynamics, it is convenient to consider
a positive circulation as being clockwise.

Hence, a minus sign /"/C'

appears in the definition

F=—§CV «ds
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Circulation

Circulation is also related to vorticity. "

From Stokes’ theorem:;

= — %V«ls:—//(VxV)wlS
JC F
¢

Hence, the circulation about a curve C
IS equal to the vorticity integrated over
any open surface bounded by C.

if the flow is irrotational (VxV = 0 over
any surface bounded by C), then I'=0.
We can also write

dI' = —(VXV)-dS = —(VXV)-ndS

dl’

VXV):n=—
( } dS

Let A be a vector field. The line integral of
A over C is related to the surface integral
of A over S by Stokes’theorem:

}{'A-ds=/ (VX A)-dS
. S AT TN
A

< %

7/




J

d
&
A\

Example 2.8

For the velocity field given below, calculate the
circulation around a circular path of radius 5 m.
y 5 <
s V==
x2 442 x2 + 2

H =

Assume that u and v are in units of meters per second.

Since we are dealing with a circular path, it is easier to
work this problem in polar coordinates, where

x =rcosf,y=rsinf. V, = ucosf + vsinf, Vg = —usinf + vcost
Therefore,
y rsind  sinf B X ~rcostl  cosf
. x2+y2 2 7 - x4y rr r
sin cosé \ . sin 6 0s 0
Vr = x cosf + ( o ) sinf? = (0 W_.] — —Nm sin @ + (_CDH )
r r r r

|
cosf = ——
=



V.ds = (V,e, + Vgep) - (dre, +rdbfep)

1

r

2
r:ﬂjgv.ds:_/ —df = 2w m?/s
C 0

= V,-r.f?‘ -I—J"'ngﬂ' =04r (-— )d@: —db
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Stream function

We consider two-dimensional steady flow. We know

that
ds x V=0

on the streamline.

dy v

For 2D case, we get ;= =

If u and v are known functions of x and y, then Equation
can be integrated to yield the algebraic equation for a

streamline: )
Yx,y)=c

where c is an arbitrary constant of integration, with
different values for different streamlines.

The function ¥ is called the stream function.
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Stream function

a

Lets assume that the difference in stream function lines
Is equal to the mass flow between the two streamlines.

The mass flow through the streamtube per unit depth
perpendicular to the page is

Ay = pV An(l)

Here, n is the normal distance between two adjacent
stream lines.

AU Ay Y
—]’b =pV pV = lim id = y
An An—=0 An an
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Stream function

Notice that the directed normal distance An
IS equivalent first to moving upward in the y
direction by the amount A y and then to the
left in the negative x direction by the amount
— AX.

Due to conservation of mass, the mass flow
through n (per unit depth) is equal to the sum
of the mass flows through y and —x (per unit
depth):

AV = pV An = pu Ay + pv(—Ax)

dyr = pudy — pvdx

= However, since ¥ = Y(x, y), the chain rule of calculus states

= SO,

=

H = —
pu==

PV

1 Y
W= —dx + —dy
dr E“_HA— 3_1"!'\

oY
ax
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Stream function

In terms of polar coordinates, . 1 5% . 3%

B = ¥ o
The stream function ¥ applies to both compressible and
iIncompressible flow.

Now consider the case of incompressible flow only,
where p = constant.

| | v — 9W/p)
Equations can be written as ~ " an

We define a new stream function, for incompressible flow
only, as

v=Y/p Y | 9y
“=% VT

_ |
S an 1 — _% V. aw
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Velocity potential

Recall that an irrotational flow is defined as a flow where
the vorticity is zero at every point.

E=VxXxV=0
We can describe a scalar function @ that v x (V¢) =0

that is, the curl of the gradient of a scalar function is
identically zero.

Comparing Equations, we see that
V=V¢

Equation states that for an irrotational flow, there exists a
scalar function @ such that the velocity is given by the
gradient of @.

We denote @ as the velocity potential.




V=V¢
= |n cartesian coordinates,

0p. 0. 09
o i g g — g, 2y
ui4+vj4+w axl+3}?‘l+az
B d a¢
H = —— 1) — — i =—
ax dy 07
= In cylindrical coordinates,
d 10 0
o2y 10 2
ar r o6 0z
* In spherical coordinates,
d 1d 1 4
it g 200 o 1 99
ar r aé rsinfd dd

©



= The velocity potential is analogous to the stream
function. However, there are distinct differences
between ® and y:

1. The flow-field velocities are obtained by

J
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Velocity potential

stream line B
y=C

differentiating ® in the same direction as the
velocities, whereas  is differentiated normal to

the velocity direction. ¢=D

. The velocity potential is defined for irrotational ~ cduiPotentialline
flow only. In contrast, the stream function can be
used in either rotational or irrotational flows. E=VXV=0

. The velocity potential applies to three-
dimensional flows, whereas the stream function is
defined for two-dimensional flows only.

Because irrotational flows can be described by the velocity
potential ¢, such flows are called potential flows.



v

Because gradient lines and isolines are perpendicular,
then equipotential lines (@ = constant) and streamlines
(@ = constant) are mutually perpendicular.

We know that

Y Y dy v
dyy=—dx+ —dy=0 d¢¥=—-vdx+udy=0 : = —
dx d y dx ir=const

We also have

dp d¢ dy u
b = —d L dv=0 d¢=udx+vdy=20 (—) -
“ ox o dy : i dx ¢=const U

Combining Equations, we have

(d_v) _ |
dx ifr=const - (d}‘ / d-r)r,i::const

©
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How do we solve the equations?

This chapter is full of mathematical equations that dictate
the characteristics of aerodynamic flow fields.

For the most part, the equations are either in partial
differential form or integral form.

They must be solved in order to obtain the actual flow
fields over specific body shapes with specific flow
conditions.

For example, the flow field around a Boeing 777 jet
transport flying at a velocity of 800 ft/s at an altitude of
30,000 ft. We have to obtain a solution of the governing
equations for this case.

A solution that will give us the results for the dependent
flow-field variables p, p, V, etc., as a function of the
independent variables of spatial location and time.




J

4
<!
\\

J
\

How do we solve the equations?

Then we have to squeeze this solution for extra practical
information, such as lift, drag, and moments exerted on
the vehicle.

How do we do this?
There are two types of philosophical approaches;
» Theoretical (analytical) solutions,
» Numerical solutions—computational fluid dynamics
(CFD)
The governing equations of aerodynamics, such as the
continuity, momentum, and energy equations are highly

nonlinear, partial differential, or integral equations.

To date, no general analytical solution to these equations
has been obtained.
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How do we solve the equations?

However, based on some simplifications and
approximations, we can get some simple but basic
solutions.

Classical aerodynamic theory is built on this approach
and, as such, is discussed at some length in this
course.

The other general approach to the solution of the
governing equations is numerical.

The high-speed digital computer in the last third of the
twentieth century has revolutionized the solution of
aerodynamic problems.

It has given rise to a whole new discipline:
computational fluid dynamics




= Analytical approach
ytical app AV (pV) =0
: : oo du v
= |f flow is 2D, steady and incompressible; —— 4+ — =0
dr Oy
= Numerical approach
| » the governing flow equations are discretized,
fﬁ"—?’* Ax
Forward difference A i—1.j+1 |i.j+1 i+1,j+1
s
ackward difference — P —
(all) i-1,j i,j i+1,f
A i-lj-1]ij-1 Ji+lj-1

Central difference

Ax

Ax

x-Ax X

x+Ax

du Uity j — Ujj
X/ij Ax

au Ui j — Uj—1,j
X/ Ax
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Example 2.10

Consider a one-dimensional, unsteady flow, where the
flow-field variables such as p, u, etc. are functions of
distance x and time t.

Consider the grid shown in Figure, where grid points
arrayed in the x direction are denoted by the index i .

Two rows of grid points are shown, one at time t and
the other at the later time t + At.

In particular, we are interested in calculating the
unknown density at grid point i at time t + At, denoted
by pit+ At.

Set up the calculation of this unknown density.
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= From the continuity equation, g_a;’ LV (pV) =0

= For unsteady, one-dimensional flow, we have % , 9(®) _

dp  d(pu) dp du dap o 9%

i o B -—pa — HE Analytical equation

» Replace dp/ot with a forward difference in time,
and du/ox and dp/ox with central differences in

ot space, centered around grid point i
VI R I,/. \ . unknown pg‘+ﬁr —ﬂf _ H.£—|—l e H§_1

i—1 P \\ i+ 1 At == [ 2TAx

At // N
- A-_\\
N . X > known o p:,'_l_] — -‘Of—l
\i-1 i i+1/ ! 2Ax
B RS - Numerical equation
At foit 24 kot
e pi T8 = pf — E(PEHEH — piti_y +UipiLy — Uip;_y)

©
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2.2 Consider an airfoil in a wind tunnel (i.e., a wing that spans the entire test
section). Prove that the lift per unit span can be obtained from the pressure
distributions on the top and bottom walls of the wind tunnel (i.e., from the
pressure distributions on the walls above and below the airfoil).

2.6 Consider a velocity field where the x and y components of velocity are
given by u = cx and v = —cy, where ¢ is a constant. Obtain the equations
of the streamlines.

2.13 Consider the subsonic compressible flow over the wavy wall treated in
Example 2.1. Derive the equation for the velocity potential for this flow as
a function of x and y.
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Theoretical fluid dynamics, being a difficult subject, is for convenience, commonly
divided into two branches, one treating of frictionless or perfect fluids, the other
treating of viscous or imperfect fluids. The frictionless fluid has no existence in
nature, but is hypothesized by mathematicians in order to facilitate the investigation
of important laws and principles that may be approximately true of viscous or
natural fluids.

Albert F. Zahm, 1912

Haorseshoe Yortex
Control Paoint
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Introduction

» Inviscid, incompressible flow... Actually, such flow is
a myth on two accounts.

= First, in real life there is always friction. In nature
there is, strictly speaking, no inviscid flow.

= Second, every flow is compressible. In nature there
IS, strictly speaking, no incompressible flow.

» There are a whole host of aerodynamic applications
that are so close to being inviscid and
iIncompressible.
| ‘ .LL“\\ ‘1‘;{"' |
= By making that assumption and we sl \‘DL‘ ,,.-E,:-\
obtain amazingly accurate results. e ;

SR W

Wright brothers on December 17, 1903.


https://www.youtube.com/watch?v=RriKI7u72Xs

Vs
k)

» From an aerodynamic point of view, at air velocities
between 0 and 300 mi/h the air density remains
essentially constant, varying by only a few percent.

= Hence, the aerodynamics of the family of airplanes
spanning the period between 1903 and 1940 could be
described by incompressible flow.

1940 1985

» Today, we are still very interested in incompressible
aerodynamics because most modern general aviation
aircraft still fly at speeds below 300 mi/h.

©
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Bernoulli’s equation

The early part of the eighteenth century... It was at this
time that the relation between pressure and velocity in
an inviscid, incompressible flow was first understood.

Bernoulli's equation relates velocity and pressure from
one point to another in an inviscid, incompressible flow.

Consider the x component of the momentum equation
and continuity equation;

d(pu) ) ap _ )
; + V- (puV) = — f_ + pfz + (Fx)viscous
at dx

For an inviscid flow with no body forces, this equation

becomes du o du du ap

— 4 pu— v— W— = ——
Pay TPUG, TPV, TP = —5s

) d d 1 9;
For steady flow, dudt =0, u—t 4L 4= P
0x ay a9z p dx
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Multiply Equation by dx
du du au 1 ap

Uu—dx +v—dx —fdx=———"d
B.x'm—l_ta_v .JL—I—H?BZ(.I = X

Consider the flow along a streamline in three-
dimensional space. The equation of a streamline is
given by Equations s T T

vdx —udy =0
Substituting them into previous equation,
Bud " Bud n Bud I de
U—ax + u_— U—dz=———"dx
ax el ™
du au du | ap
it ——dy+—dz) =———dx
ax ay 0z p ox
. : _ au du au
The differential of u is # = u(x, y, 2), du = —dx + —dz
ox 31 34

©




This is exactly the term in parentheses in Equation.
Hence,

|1 0
udu = ——a—pdt
or e
| |1 o
Sy =ty
2 p ox

In a similar fashion, starting from the y and z
components of the momentum equation, we have

1 14d
—d(uz) — ___pdy
2 p oy

I 14
—d(w?) = ___pdz
2 p oz

Adding Equations yields

I 1 /ap d o
—d@ + v+ =—— [ Lax + Pay 4+ —pdz)
2 p \ dx ay dz

©



However,

w Lk +w=v?

and ap ap ap
Sodx + ﬁd-"" + 3_zd z=dp
Substituting them into previous one, we have %d(Vg) = ?
dp=—pVdV

Equation is called Euler’s equation.

It relates the change in velocity along a streamline dV
to the change in pressure dp along the same
streamline.
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» In such a case, p = constant, and can be easily
integrated between any two points 1 and 2 along a
streamline. s

Va

P Wi
B sz V}z
P2—P1=—p B

pi+30Vi=pr+5pV3

= Equation is Bernoulli’s equation, can also be written as
p+ %p V2 = const along a streamline

SV

Johann Bernoulli, father... o : Daniel Bernoulli, son...




J

4
<
L\

Bernoulli’s equation

The physical significance of Bernoulli's equation is
obvious from Equations.

Namely, when the velocity increases, the pressure
decreases, and when the velocity decreases, the
pressure increases.

Bernoulli's equation is also a relation for mechanical
energy in an incompressible flow.

It states that the work done on a fluid by pressure
forces is equal to the change in kinetic energy of the
flow.

Indeed, Bernoulli’'s equation can be derived from the
general energy equation...
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Bernoulli’s equation

» The strategy for solving most problems in inviscid,
incompressible flow is as follows:

Obtain the velocity field from the governing equations
appropriate for an inviscid, incompressible flow.

Once the velocity field is known, obtain the
corresponding pressure field from Bernoulli's
equation.

p+ 1pV2 = const
v B

fGe, »,2)=0

Same pathline for all
fluid elements going
through point |
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= Consider an airfoil in a flow at standard sea level
conditions with a freestream velocity of 50 m/s.

= At a given point on the airfoil, the pressure is 0.9 x 10°
N/m?. Calculate the velocity at this point.

« At standard sea level conditions, Poc = 1.23 kg/m’
Poo = 1.01 x 10° N/m”?

Poo+ 30V =p+ 30V

T — 2(1.01 —0.9) x 10°
L \/% Ve :\/ 1.23 + (50

V = 142.8 m/s
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Example 3.2

Consider the inviscid, incompressible flow of air along a
streamline.

The air density along the streamline is 0.002377
slug/ft3, which is standard atmospheric density at sea
level.

At point 1 on the streamline, the pressure and velocity
are 2116 Ib/ft?2 and 10 ft/s, respectively.

Further downstream, at point 2 on the streamline, the
velocity is 190 ft/s.

Calculate the pressure at point 2.
What can you say about the relative change in

pressure from point 1 to point 2 compared to the
corresponding change in velocity?
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From Equation Loy -
p1+ Vi =p2+5pV;

p2=pi+ip(Vi-V3)

p2 = 2116 4 £(0.002377)[(10)% — (190)?]
= 2116 + £(0.002377)(100 — 36100)
= 2116 — 42.8 = 2073.2 Ib/ft?

Only a 2 percent decrease in the pressure creates a
1900 percent increase in the flow velocity.

This is an example of a general characteristic of low-
speed flows.

Only a small barometric change from one location to
another can create a strong wind.

©




2

/§//
| “\\\\\

Incompressible flow in a duct:
the Venturi and low-speed wind tunnel

Consider the flow through a duct. In general, the flow
through such a duct is three-dimensional.

However, in many applications, the variation of area
A=A(X) is moderate.

For such cases it is reasonable to assume that the
flow-field properties are uniform across any cross
section, and hence vary only in the x direction.

V =V@),
p = px)
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Incompressible flow in a duct

Consider the integral form of the continuity equation

d
L pav s ff pv-as=o

For steady flow, this becomes

# pv-dS =0

§

Apply Equation to the duct, where the control volume is
bounded by Al on the left, A2 on the right, and the
upper and lower walls of the duct. Hence,

//p\*'-dS—{— //p\*’-ds—i- [/p\’-dfi:{}
A "As wall

Along the walls, the flow velocity is tangent to the wall,
and dS is perpendicular to the wall,
V:dS =0 //p\-"-dS:D

{Jklail




We have

(e A

| I

' |
(N //pV dS = —p1 AV //pV dS = p,A,V, :_’:2_
Py | Al Az | P2

| |

7 2

Substituting Equations into main equation, we obtain

—p1A1Vi+ ppA2Va+0=0
p1A1 VI = pp A2V

Equation is the quasi-one-dimensional continuity
equation.

It applies to both compressible and incompressible flow.

©
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Incompressible flow in a duct

Consider incompressible flow only, where p=constant.
Al Vi — A_’:_r‘r‘fz

It states that the volume flow (cubic meters per
second) through the duct is constant.

We see that if the area decreases along the flow
(convergent duct), the velocity increases.

Conversely, if the area increases (divergent duct), the
velocity decreases.

|72 |V2>Vl Vl } |V2<Vl
Dy — — —
Py i lp, < Py Py 1 | P2 > P
|

Z —

Convergent duct Divergent duct

\
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Incompressible flow in a duct

= Moreover, from Bernoulli's equation we see that when
the velocity increases in a convergent duct, the pressure

decreases.

= Conversely, when the velocity decreases in a divergent

duct, the pressure increases.

The velocity increases Iin the convergent

portion of the duct, reaching a maximum value .:_lﬁ'
1

i
l

I
|

V, at the minimum area of the duct.
This minimum area is called the throat.

At the throat, the pressure reaches a minimum
value p,.

In an application closer to aerodynamics, a
venturi can be used to measure airspeeds.

A,

1
p

h

Throat

/

|
Lt

V
P

A,

a venturi

™~ Pressure is a
minimum at
the throat
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= From Bernoulli's equation, 2 — 3(p2 — gy

A
= From the continuity equation V> = —V,

, Ar
: . - A\,
% we obtain Vﬁ-(PzPu)vL(A') 2
2

Flow velocity Flow velocity bﬁ _ 2(pl“_ pl)
pl(A1/A2)* — 1]

YYYY

i| -
YYYY

P
F'°er'c;;; 7 = Historically the first practical
1=\/ L2 airspeed indicator on an airplane
[(A /A)" —1] i
PUA was a venturi used by the French

Captain A. Eteve in January 1911
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Incompressible flow in a duct

= Another application of incompressible flow in a duct is
the low-speed wind tunnel.

» To simulate actual flight in the atmosphere dates back to
1871, when Francis Wenham in England built and used
the first wind tunnel in history.

» In essence, a low-speed wind tunnel is a large venturi
where the airflow is driven by a fan connected to some
type of motor drive.

» The wind-tunnel fan blades are similar to airplane
propellers and are designed to draw the airflow through
the tunnel circuit.

» The wind tunnel may be open circuit, or the wind tunnel
may be closed circuit.



Airplane model

N

" A
o e
pz; A'Z

—_

[
|
|
[

Test section

\/E
L S
4L T

rSettling Nozzle
chamber
(reservoir)

{a) Open-circuit tunnel
= The air is drawn in the front directly from

the atmosphere and exhausted out the
back, again directly to the atmosphere.

A small-scale wind tunnel F

Diffuser >|

A full-scale wind tunnel, Langley-VA



NASA Ames Research Center, Mountain View,
California-USA

Built in the early 1980's, the 80- by 120-foot is an open
circuit tunnel. Air is drawn from the huge 360-foot wide,
130-foot high air intake, passes through the 120-foot
wide, 80-foot high test section and then is expelled to
the atmosphere. The maximum airspeed through the
test section is 115 mph. Power is derived from six 40-
foot diameter fan blades, each motor rated at 23,500
hp. The 80-by 120-foot tunnel is capable of testing
aircraft as large as a Boeing 737. The wind tunnel
began regular operations in 1987. “

v -
" -

The largest wind tunnel in the World.


https://www.youtube.com/watch?v=ubyxYHFv2qw
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Incompressible flow in a duct

=
fas]
[,
/. Motor <
Size: 9.1 m high x 9.1 m wide x 24 m long
Nozzle Diffuser *Maximum wind speed: 55 m/s (200 km/h)
Test section I The National Research Council (NRC),
- Ottowa, Canada
Settling Vi v, ] V3
chamber —_— TG
(reservoir) P11 P2, 4, re

N 4,

(b) Closed-circuit tunnel

= The air from the exhaust is returned directly to the front of
the tunnel via a closed duct forming a loop

©
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Incompressible flow in a duct

_ = From the continuity equation, the test-
Nozzle Diffuser . i o
section air velocity is
Test section |
M A R A

V’} — —V]
. —_— 7 — -
1 { Pa, A ‘p3 Az
1 \L = The velocity at the exit of the diffuser is
A
Vi =2V,
As

The pressure at various locations in the

wind tunnel is  rpem e .
pPi+3pVi =p2+3pVy = p3+3pV;

The basic factor that controls the air velocity in the test section of
a given low-speed wind tunnel is the pressure difference p.— p..

) 7

2 = 3 ? - Ar : 7 z(f-}l _J””)
VE=(pi—p)+ VP Vi=Z(m-po+(32) VB Va=y|= —
. p(“ k2 ’ : p(‘” il (A]) . \/p[_l — (A2/A1)7]
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Incompressible flow in a duct

» The test-section velocity V:is governed by the pressure
difference p. - p..

» The fan driving the wind-tunnel flow creates this pressure
difference by doing work on the air.

» In low-speed wind tunnels, a method of measuring the
pressure difference p.— p: is by means of a manometer.

dp = —gpdy  Denote the weight per unit volume by w
p1— p2 = wAh

f QwAh
V:}_r — =
\/p[l — (Az/ A
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Example 3.3

Consider a venturi with a throat-to-inlet area ratio of 0.8
mounted in a flow at standard sea level conditions.

If the pressure difference between the inlet and the
throat is 7 Ib/ft?, calculate the velocity of the flow at the
inlet.

At standard sea level conditions, p = 0.002377 slug/ft..
Hence,

= \/ i I . 2{‘7)1 — 102.3 ft/s
| pl(A1/A2)* — 1] (0.002377)[(55)2 — 11




p1 — p2 = wAh

13
w = (1.36 x 10* ke/m?)(9.8 m/s2) = 1.33 x 10° N/m? w 133 x 10
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Example 3.4

Consider a low-speed subsonic wind tunnel with a 12/1
contraction ratio for the nozzle.

The flow in the test section is at standard sea level
conditions with a velocity of 50 m/s.

Calculate the height difference in a U-tube mercury
manometer with one side connected to the nozzle inlet
and the other to the test section.

At standard sea level, p = 1.23 kg/ms. From Equation

| " Ar 2 I _ 5 1 :
i ] L i

The density of liquid mercury is 1.36 x 10* kg/m3. Hence,

Ah = P1— P2 = — =0.01148 m
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Example 3.4

Consider a model of an airplane mounted in a subsonic
wind tunnel. The wind-tunnel nozzle has a 12-to-1
contraction ratio.

The maximum lift coefficient of the airplane model is 1.3.
The wing planform area of the model is 6 ft2.

The lift is measured with a mechanical balance that is
rated at a maximum force of 1000 Ib.

Calculate the maximum pressure difference allowable
between the wind-tunnel settling chamber and the test
section.

Standard sea level density in the test section,
p~=0.002377 slug/ft3.
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Example 3.4

Maximum lift occurs when the model is at its
maximum lift coefficient.

The freestream velocity at which this occurs is
obtained from

Lmax = ’_l'f Poo VS&,- SCL max

3 p— 2)(100
Ve = \/ i :\/ @A) _ 358 4 firs
Pogo SCL.lnELK (0.0”2.’??}(6}{ ] ..."‘J

From Equation

1 As\N%| 1 s
pP1—p2= ;ﬂmiﬁi {l = (A_;) ] = 5101302:??)(:2&4_}“ [1 — (]

2

|~.;:| -

] — 127.3 Ib/fi2
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» In 1732, the Frenchman Henri Pitot was busy trying to
measure the flow velocity of the Seine River in Paris.

= He used his own invention, Pitot tube, the most
common device for measuring flight velocities of
airplanes.

= Consider a flow with pressure p,; moving with velocity
V.

= Pressure is clearly related to
the motion of the molecules,
random but in all directions.
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Pitot tube

Now imagine that you hop on a fluid element of the flow
and ride with it at the velocity V;.

The gas molecules, because of their random motion,
will still bump into you, and you will feel the pressure p,
of the gas.

We now give this pressure a specific name: the static
pressure.

Static pressure is a measure of the purely random
motion of molecules in the gas.

It is the pressure you feel when you ride along with the
gas at the local flow velocity.




g2

» Furthermore, consider a boundary of the flow, such as
a wall, where a small hole is drilled perpendicular to
the surface.

» The plane of the hole is parallel to the flow.
» Because the flow moves over the opening, the

pressure felt at point A is due only to the random
motion of the molecules.

P

- ‘ - \
. . . . Stiatic pressure
= That is, at point A, the static pressure is A measured here

measured.
Static-pressure orifice

» Such a small hole in the surface is
called a static pressure orifice, or a
static pressure tap.

©
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Pitot tube

In contrast, consider that a Pitot tube is now inserted into
the flow, with an open end facing directly into the flow.

That is, the plane of the opening of the tube is
perpendicular to the flow.

The other end of the Pitot tube is connected to a pressure
gage, such as point C.

Pressure
gage
C

The Pitot tube is closed at point C.

" > > Total pressure
measured here
D Vs = 0 J/
p| —e - > ~ @ B B,

Pg =Py Pitot tube
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Pitot tube

For the first few milliseconds after the Pitot tube is
inserted into the flow, the gas will rush into the open end
and will fill the tube.

However, the tube is closed at point C; there is no place
for the gas to go.

Hence after a brief period of adjustment, the gas inside
the tube will stagnate; that is, the gas velocity inside the
tube will go to zero.

Indeed, the gas will eventually pile up and stagnate
everywhere inside the tube, including at the open mouth
at point B.

Hence, point B at the open face of the Pitot tube is a
stagnation point, where Vg = 0.




It is possible to combine the measurement of

both

instrument, a Pitot-static probe,

total
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Pitot tube

From Bernoulli's equation we know the pressure
increases as the velocity decreases. Hence, ps> p..

The pressure at a stagnation point is called the
stagnation pressure, or total pressure, denoted by po.
Hence, at point B, ps= po.

The pressure gage at point C reads p,.
This measurement, in conjunction with a measurement

of the static pressure p; at point A, yields the
difference between total and static pressure, p, — p;.

4
V, via Bernoulli’'s equation. Static pressure

Total pressure felt here

cff‘

This pressure difference that allows the calculation of

felt here

and static pressure in one A

eV



» Via Bernoulli's equation.

v

pa+3pVi=ps+3pVg

2 Do —
Vlz\/‘(pﬂ P1) pr+ 3oV =po+0
p

= Equation allows the calculation of velocity
simply from the measured difference
between total and static pressure.

I %pvﬁ

stafic dynamic
pressure pressure

It is important to repeat that Bernoulli's equation holds
for incompressible flow only.

©

dynamic
pressure

g=5pV’
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Pitot tube
DESIGN BOX
|<7 14d =|f- 20d ’:I
ﬁ E \
Stagnation point Static pressure taps arrayed
Total pressure radially around tube
measured here

The diameter of the tube is denoted by d.

Support
stem

A number of static pressure taps are arrayed radially

around the circumference of the tube.

The location should be from 8d to 16d downstream of the
nose, and at least 16d ahead of the downstream support

stem.
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Example 3.9

Consider the P-35 aircraft cruising at a standard altitude
of 4 km.

The pressure sensed by the Pitot tube on its right wing
is 6.7 x 10% N/m?.

At what velocity is the P-35 flying?

At a standard altitude of 4 km, the freestream static
pressure and density are 6.166x10* N/m? and 0.81935
kg/m3, respectively.

The Pitot tube measures the total pressure of 6.7 x 10%
N/m2. From Equation

vi — |2 Po—p1) \/2(6'7 —BROR B e
BSET 0.81935
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Pressure coefficient

Pressure, by itself, is a dimensional quantity

However, we established the usefulness of certain
dimensionless parameters such as M, Re, C..

It makes sense, therefore, that a dimensionless
pressure would also find use in aerodynamics.

Such a quantity is the pressure coefficient C,, and

defined as
Chr=—"— Guo= %pm V:i

The pressure coefficient is another similarity parameter.
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Pressure coefficient

For incompressible flow, C, can be expressed in terms
of velocity only.

From Bernoulli's equation, ps+30Va = p+50V?

P = Pas= %p (Vi — 1;2)

Finally,

The pressure coefficient at a stagnation point (where
V=0) in an incompressible flow is always equal to 1.0.

Also, keep in mind that in regions of the flow where
V>V.or p < p-, C,will be a negative value.
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Example 3.12

Consider the airplane model in wind tunnel.

The pressure coefficient which occurs at a certain point
on the airfoil surface is =5.3.

Assuming inviscid, incompressible flow, calculate the
velocity at this point when
Vv 2
=" (K)

= (a) V-=80 ft/s,
(b) V-= 300 ft/s.
V=+/V&(1~Cp) = V B0)2[1 — (=5.3)] = 200.8 fu/s

V =/VZ(1-C,) =+/(002[1 — (—5.3)] = 753 ft/s

The answer given in part (b) of Example 3.12 is not correct.

Why? The speed of sound at standard sea level is 1117
ft/s...
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. : d
* From the continuity equation, a—‘? +V-.-pV=0

= For incompressible flow, p = constant. Hence, dp/dr = 0

V. (pV) = pV-V
V-V=0

» Recall that V-V is physically the time rate of change of
the volume of a moving fluid element per unit volume.
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Governing equation for irrotational,
iIncompressible flow: Laplace's equation

For an incompressible flow V-V =0

For an irrotational flow we have seen that a velocity
potential @ can be defined such that

V=V¢
for a flow that is both incompressible and irrotational,

V. (V$)=0
Vi =0
Equation is Laplace’s equation and one of the most

famous and extensively studied equations in
mathematical physics.

Laplace's equation Iis a second-order partial
differential equation named after Pierre-
Simon Laplace who first studied its properties.




SoZ

» |aplace’s equation is written below in terms of the
three common orthogonal coordinate systems

?. 2
Cartesian coordinates ¢=¢(x,y,2) V?¢, = ¢ i9 . ¢ =0
ax2 ¥ ay? = 97
d [ ¢ | 3% 9%
L . _ e — =0
Cylindrical coordinates ¢ =¢(r,0,2) Vi = - ( 3 ) 2 992 + 972
Spherical coordinates ¢=¢(r0, D)

I I3 ¢ 3 /3¢ S 01
Vip = e P st—) — ( 9—) -
= Egnn [3:— ( ar ) T30 "% ) T30 \snd 30
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= We can show that the stream function also satisfies the
Laplace’s equation.

» Recall that, for a two-dimensional incompressible flow,
a stream function y can be defined such that,

oy v
= — V= ———
ay dx
: : : . Jv  du
* From the irrotationality condition = 0
X y

d ( Eh,[f) d (EW/)_O
ax ax ay \day )
a2 92
v, Y,
ax?  9y?

©
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Laplace's equation

Note that Laplace’s equation is a second-order linear
partial differential equation.

The fact that it is linear is particularly important.

Because the sum of any particular solutions of a linear
differential equation is also a solution of the equation.

For example, if @., ®., s, . . ., O.represent n separate
solutions of Equation, then the sum

d=¢1+dr+---+ ¢,

is also a solution of Equation.

Superposition
principle

We conclude that a complicated flow pattern can be
synthesized by adding together a number of elementary
flows that are irrotational and incompressible.
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Laplace's equation

By the same equation, namely, V2® = 0, how, then, do
we obtain different flows for the different bodies?

The answer is found in the boundary conditions.
Although the governing equation for the different flows
Is the same, the boundary conditions for the equation
must conform to the different geometric shapes

and hence yield different flow-field solutions.

Boundary conditions are therefore of vital concern in
aerodynamic analysis.




S o
Voo

» Therefore, two sets of boundary
conditions apply as follows.

©

Infinity Boundary Conditions

dp Y B
H=w—=me— =
0x ay >~
0 d
av dx



Wall Boundary Conditions  y.p = (V¢)-n=10

a1 .
an

= The velocity vector must be tangent to the surface.

0

= |f we are dealing with w rather than @, then the wall
boundary condition is

i 9

=0  WVsuface = Yy=y, = const
as

dvp v
= The body surface is a streamline of the flow. ;== (;) P
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Laplace's equation

= The general approach to the solution of irrotational,
incompressible flows can be summarized as follows:

= Solve Laplace’s equation for @ or  along with the
proper boundary conditions.

= Obtain the flow velocity from V = V® or u = dy/dy
and v = —dw/ox.

= Obtain the pressure from Bernoulli’'s equation...

1749-1827
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Y = const ,
i :
l .
I
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i) e[ n

By comparing these equations,

Consider a uniform flow with velocity V.-oriented
in the positive x direction.

V¢ = V.

d d
¢::.;:VDO —‘p:U:O

¢!= VDOI 3_‘;’

Integrating 1st Equation with respect to x, we

have
(P = Vocx + f(v)

Integrating 2nd Equation with respect to y, we

have
¢ = const + g(x)

¢ = VooX + const the velocity potential for a
uniform flow
gx) = Vox
f(y)= const ¢ = VooX |

©



» Consider the incompressible stream function . We

have o
s = V
ay ! >
d
i AT
ox

» Integrating Equations with respect to x, y and comparing

the results, we obtain .
the stream function

¥ = V¥ for a uniform flow

» Equations can be expressed in terms of polar
coordinates,

X=r.cosp

n ¢ = Voorcosf | W = Vyrsing
y = rsin _-I' _P



=  Consider the circulation in a uniform flow.

i — P
_/CurveC
i
—’Z-I'———--h—-“—f—""-—h—-—- E—f‘r'ds
L —— &
: Voo
o B

fv- ds = — V] — 00k 4 V.l 4 0(%) =0
C

=0

= Equation is true for any arbitrary closed curve in the
uniform flow.

F:—f"-ds:-—vm- ?(dszvm-():{]
C [

©
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Source flow

= Consider a two-dimensional, incompressible flow where
all the streamlines are straight lines emanating from a
central point O.

)\
Qc:’

Discrete
source

Source flow

» Let the velocity along each of the streamlines vary
inversely with distance from point O.

= Such a flow is called a source flow.




h 4

= Consider a two-dimensional, incompressible flow where
all the streamlines are directed toward the origin point
O.

» the originis
a singular

[?iscrete point
sink

Sink flow

» The flow velocity varies inversely with distance from
point O.

» Indeed, a sink flow is simply a negative source flow.

©



= By definition,

(i
L — e
#

Ve=0
where ¢ is constant.

= The value of the constant is related
to the volume flow from the source

_ mn
V= —

27 2 ’
m = / pV - dS =/ oV, (rdé)l = pr!V,f de = 2mripV,
0 0 o

) m
V== Fqrl Vi
P

» Denote this volume flow rate per unitlengthas A A = ? =2nrV;

. . A .
= So, the radial velocity, V, = Sy A defines the
RS source strength,

©



The velocity potential for a source can be obtained as
follows.

o _, _ A 106

— — —: V.= 1)
ar 2wr r o6

Integrating Equation with respect to r, we have
¢ oy + f(6)
= —inr
2w

Integrating Equation with respect to 6, we have

¢ = const + f(r)

A
Comparing Equations, we see that ¢ = 5 Inr



= The stream function can be obtained as follows.

10 A d
——w-—'Vrz— ——¢=VB=0
r of 29T ar

A
V=0

)

= To evaluate the circulation for source flow, recall the
VxV = 0 everywhere.

F:—f/(?xV)-dS:O
5

©
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Combination of a uniform flow with a
source and sink

Consider a polar coordinate system with a source of
strength A located at the origin.

Superimpose on this flow a uniform stream with velocity
V-moving from left to right,

The stream function for the resulting flow is the sum of
Equations

A
W = Vyrsing 4+ —~6
2

e
- + =
—_—
Uniform stream Source
W = Voor sin 8 g!/=-2/—:?9 A
Y= Voorsing + s—96

27



https://www.youtube.com/watch?v=WkGQIpdSExk
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Combination of a uniform flow with a
source and sink

The velocity field is obtained by differentiating
Equation
_day o A Y
M=o T Rty B =
Note that, consistent with the linear nature of Laplace’s
equation,
» not only can we add the values of @ or w to obtain
more complex solutions,
» we can add their derivatives, that is, the velocities,
as well.

The stagnation points in the flow can be obtained by
setting Equations equal to zero

A :
Vecos + — =0 Voo sinf = 0
v 4 4

one stagnation point exists (r,0) = (A/27 Vg, )

—V sinf
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Combination of a uniform flow with a
source and sink

If the coordinates of the stagnation point at B are
substituted into Equation, we obtain

A A
v =1V sin 4+

007 = const U=
2 Ve 2n

2| >

This is a half-body that stretches to infinity in the
downstream direction (i.e., the body is not closed).

However, if we take a sink of equal strength as the
source and add it to the flow downstream of point D,
then the resulting body shape will be closed.

Let us examine this flow in more detalil.
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Combination of a uniform flow with a
source and sink

» Consider a polar coordinate system with a source and sink
placed a distance b to the left and right of the origin,
respectively.

» The strengths of the source and sink are A and - A,
respectively (equal and opposite).

» In addition, superimpose a uniform stream with velocity V-,
as shown in Figure.

———e .f__.-"'. :.'.
1-2 g [ .F']
— |~ A /
- / /-
Ii “;1 -“{:H \Jﬁ/ 9
gl A
—— i e
N BN '
—_— Source . Sink
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Combination of a uniform flow with a
source and sink

» The stream function for the combined flow at any point

P with coordinates (r, 6) is obtained from Equations

Y

rsinf + —68; — —6,
00 +23‘T | jJ’T 2

= Note from the geometry that 8, and 6, are functions o
6, and b.

. , .e"l!n.
W= WJSE-.'.""_" +w5cu:-:e + EIE:"Irs.i:'_'-: = If:-}‘ a1 E+ 4 I:El _E"'lj
=T

A 2brsindB )

A
W = Vyrsind + —(6, — 6,)
2w

fr,

or, W=V rsinf——tan | ————— Voo 6 o \6 67
N 2T \ =5 Jl A — A, J) B
. i b ;
J f 2hy Source b Sink
- -1 =0
or, W=V y——tan" —————
EE I"a.'T‘ +"-'LI‘ _b‘ .-": \\/

Scottish engineer

W. J. M. Rankine.

a Rankine oval.
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Combination of a uniform flow with a
source and sink

By setting V = 0, two stagnation points are found,
namely, points A and B,

=6 = 0, = at point A
A =6, =6, = Oat point B

Ab

7t Ve

OA =08 = \/hﬂ +

The stagnation streamline is given by @ = 0, that is,

A
Voo sinfd + — (601 — 65) =0
2T

The region inside the oval can be replaced by a solid
body with the shape given by @ = 0.

The region outside the oval can be interpreted as the
inviscid, potential (irrotational), incompressible flow over
the solid body.




apply:

|,,/..////

source and sink

\1/
7

g

'l.i'h:

i

;

0

u=V,_ + [ (I+f-:} - (I—j‘ﬂ) ,
€l=atan y 2r (x+xp) +y (_r_xu) +y’
X=Xy
- % | B |
QR- (.—T'I‘ 'rﬂ )3 + yz ('T - xl’! )1 + yz

|



\

2
I“\\

Doublet flow

» There is a special case of a source-sink pair that leads
to a singularity called a doublet.

= Consider a source of strength A and a sink of equal
strength — A separated by a distance |, the stream
function is

» The geometry yields

df = —

b

A A
r=—0 —6)=——A8 A0 =06 -0

2 2

a =1[sinf »

b=r—Icos#

[ sinf 0
r —lcosé IA = const
Source A "y J Sink —A

(@) Source-sink pair (b) Limiting case for a doublet
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Doublet flow

Let the distance | approach zero while the absolute
magnitudes of the strengths of the source and sink
increase in such a fashion that the product IA remains

constant.
v li ( 2 !9)
= 111 —===—f
x=a’£‘t_;?csn5t 2?{
L _ ‘ A
Substituting d@ equation, we have V¥ = .!TS —
K=Const
v I K sinf
= 1mn =
1—0 2mr—lcos@
Kk =Cconst
= —i i Kk =1A
2w r

The strength of the doublet is denoted by «
K cosf

Velocity potential for a doublet is given by ¢ = S

2w r —I[cosé@
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Doublet flow

The streamlines of a doublet flow are obtained from

K sind
V=—— = const = ¢
2w r

K :
- sin@
2

r=dsiné
K

= A circle with a diameter d on the vertical 2me

axis and with the center located d/2 l ¢/ —Discrete doublet
directly above the origin. “ )

» The direction of flow is out of the origin to the left and
back into the origin from the right.

By convention, we designate the direction of the
doublet by an arrow drawn from the sink to the source.
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Nonlifting flow over A circular cylinder

= Consider the addition of a uniform flow with velocity V.-
and a doublet of strength k, as shown in Figure

= The stream function for the combined flow is ¢ = V.rsiné (1 _ ﬁ)
LIT Vol =

————— i
K
+ pumany
e
Uniform flow Doublet Flow over a cylinder
Y = Voor sin 0 _—K sinf K sinf

T2n r gb=ersm6—2ﬂ—r—
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Nonlifting flow over A circular cylinder

= Let R? =k /27 Vy,

= Then Equation can be written as ¥ = (Voor sind) (l =

Rg

]
r2 )

= Equation is the stream function for a uniform flow-doublet

combination.

= |t is also the stream function for the flow over a circular

cylinder of radius R.

= The velocity field is obtained by
Ve = hav = (l —R—;) Vo cosf

" r 30

d R?
» The stagnation points,
i) = (R, 0)mdi{R,x)
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Nonlifting flow over A circular cylinder

» The equation of this streamline where it goes through the
stagnation points

: R*
¥ = (Vor sinf) (l — —,}) — i
-2
= Consequently, the inviscid irrotational, incompressible
flow over a circular cylinder of radius R can be
synthesized by a uniform flow and a doublet;

K

27t Voo

» The velocity distribution on the surface of the cylinder is
iven b
| y V. =0 2V
r =R,
V, = —2V, sin®

Vg is positive in the Vio
direction of increasing 6 o i




= The pressure coefficient is givenby C,=1— (

C, =1—4sin*0

= The pressure coefficient distribution over the surface is

sketched

Bottom half
of cylinder

c
?} Top half of

cylinder

4

Voo

)

2

—--3.0
e vl .
" Rearhalfof ' Front half !
cylinder of cylinder

©
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Nonlifting flow over A circular cylinder

Clearly, the pressure distribution over the top half of the
cylinder is equal to the pressure distribution over the
bottom half.

Hence the lift must be zero.

Clearly, the pressure distributions over the front and rear
halves are the same.

Hence the drag is theoretically zero.




g2

= Consider the nonlifting flow over a circular cylinder.

= Calculate the locations on the surface of the cylinder
where the surface pressure equals the freestream

ressure. = -3,
P P = Pxo-thenCp =0 Cr

Cp :p

oo Poo

Cp=0=1—4sin’6
sinf = 1 Cp=1
—» P0= Pt o

=30 15U, 210°, 330"

Peo Poo
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Example 3.14

In the nonlifting flow over a circular cylinder, consider
the infinitesimally small fluid elements moving along
the surface of the cylinder.

Calculate the angular locations over the surface
where the acceleration of the fluid elements are a
local maximum and minimum.

The radius of the cylinder is 1 m and the freestream
flow velocity is 50 m/s, calculate the values of the
local maximum and minimum accelerations.

| | | | | |

GRRE




» The local velocity of the fluid elements on the surface
Vg = =2V sinf

= The acceleration of the fluid elements is dVs/dt

dvy do
F = —?.VDO(CGSB}E

» Incremental distance on the cylinder surface subtended

by d@ is ds ds — Rdd
dt R dt

dVy Vi dVv, 4y2 dVy 2V?2
o —2Vo(cosf) (?) df = R‘:’C’ sinf cos f df = —>gin260

sin2f = 2sinf?cosf

©



h- 4

= To find the 6 locations at which the acceleration is a
maximum or minimum, differentiate Equation with
respect to 6, and set the result equal to zero.

d (dVo\ _ 4Vz 0 = 45°, 135°, 2257, 315°
— =) = 20 =0 = 457, 1357, 2257, 313
dﬂ(dr) R

= The values of the local flow acceleration at each one
of these locations are respectively

dvy 2Vl - ) O T
dr = R 511 R ] R s R ' R

# = 45 minimum acceleration

f = 135" maximum acceleration.

5000
b 0
172 2 g
for R=1mand Vo = 50 m/s 2V = 200) — 5000 m/s2 9.8
(1) Tremendously

large accelerations

©
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Vortex flow

= Consider a flow where all the streamlines are
concentric circles about a given point, as sketched in
Figure;

Let the velocity along any given circular
streamline be constant.

But let it vary from one streamline to
another inversely with distance from the
common center.

Such a flow is called a vortex flow.

V, = 0

const C

r r

Vo
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Vortex flow

To evaluate the constant C, take the circulation around a
given circular streamline of radius r

=-— % V.ds = —Vp(27r)
c r

R C=-5

[y = —
2r

Therefore, for vortex flow, Equation demonstrates that
the circulation taken about all streamlines is the same

value, namely,
['=-2xC

["is called the strength of the vortex flow.

We stated earlier that vortex flow is irrotational except at
the origin.

The origin, r = 0, is a singular point in the flow field.




» The velocity potential for vortex flow

0

_qb:vr:[] r

3?‘ (.ﬁ:*——lg
2o

18¢‘_ _ P

roe &= 2mr

= The stream function is determined in a similar manner

19

__fn_1¢__g

r 00 r
V= —r

ar 2mr



Type of flow Velocity o} P
Uniform flow in
x direction i = Vo Vo X Voo
A A
Source = —1Inr —0
it 27 2w
I I’
Vortex - ——f — Inr
27 2
K COSH K COsH K siné
Doublet s —a
27 r? 2% 27 r
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Lifting over a cylinder

= Consider the flow synthesized by the addition of the
nonlifting flow over a cylinder and a vortex of strength
[', as shown in Figure

Nonlifting flow Vortex of L
over a cylinder strength I' Lifting flow over
)2 r a cylinder
V1 = (Vor sinf) (l - — ) v, = 5= Inr 4+ const v =y +v
re 2w
. r R? rr
Const = 9 In R U =Vyrsind) (1l —— |+ —In—
. = ,'_ re 2r R
Vro=—In—

27 R
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Lifting over a cylinder

= Note that the streamlines are no longer symmetrical
about the horizontal axis through point O.

= That the cylinder will experience a resulting finite normal
force.

» However, the streamlines are symmetrical about the
vertical axis through O.

= As aresult the drag will be zero.

= The velocity field can be obtained by




= To locate the stagnation points in the flow, set V, = V, = 0

RE
Vo= (I —2) Vi, €088 = 1)
r

I
f = arcsin (— )
4w Voo R

(@) I'<4nV.R

(b) I'=4nVoR

6 (¢) I'> d4nVaoR
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Lifting over a cylinder

From the above discussion, I' is clearly a parameter that
can be chosen freely.

There is no single value of T" that “solves” the flow over
a circular cylinder; rather, the circulation can be any
value.

Therefore, for the incompressible flow over a circular
cylinder, there are an infinite number of possible
potential flow solutions, corresponding to the infinite
choices for values of I" .

This statement is not limited to flow over circular
cylinders, but rather, it is a general statement that holds
for the incompressible potential flow over all smooth
two-dimensional bodies.




» The velocity on the surface of the cylinder is given by

(r=R), . r
V=V, =-=-2V,sinf — ——

27 R
» The pressure coefficient is

V2 r 2
1—(—) =] —|—=2sinf —
Vo 2m RV,

S PO 2l"sin9+( r )2
p=1— [4sin +7rRVOO 27 RV

= The drag coefficient c4 is given by

Cp

TE

]
Cd=Chp=~— (Cpu —Cpa)dy
c JLE

vy = Rsinf dy = Rcosb db
c =2R,

| R | 2 ] 2
Cd = 5/ Cp.ucostdb —;/ CpircosfB db Cqg = _E/ C,cos6do
4 = Jx 0

©
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Noting that / cosBdo —0 we immediately obtain
0

X C,:g:O
/ sin@ cosBdb =0
0

2n
/ sinfcosfdf =0
0

The lift on the cylinder can be evaluated in a similar
manner i | [c
C Jo C Jo

X = Rcos8 dx = —Rsinf db
c =2R,

1 I
Cp.;sinﬂdé-'—l—i/ Cpusing do

I |

cp = —
) = —

Cpsinﬂ do

/er
| 2
/

(R




i Gdh = we immediately obtain

Noting that /2“
5 &

I €l = o
/ sin 9 do = 0 RV
0

2n
f sin@dd =1
0

From the definition of c, the lift per unit span L can be
obtained from
L' =geSci = %pmeoSc;
S = 2R(1)

I = : VZ2R 3
7 Pee RV~
" It is called
= Poo Voo the Kutta-Joukowski theorem

It states that the lift per unit span is directly proportional
to circulation.
€



No rotation g

» This pressure imbalance
creates a net upward force,
that is, a finite lift. High pressure

the Magnus effect


https://www.youtube.com/watch?v=4uWojJQZ78U
https://www.youtube.com/watch?v=23f1jvGUWJs
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Example 3.18

Consider the lifting flow over a circular cylinder with a
diameter of 0.5 m.

The freestream velocity is 25 m/s, and the maximum
velocity on the surface of the cylinder is 75 m/s.

The freestream conditions are those for a standard
altitude of 3 km.

Calculate the lift per unit span on the cylinder.

From Appendix, at an altitude of 3 km, p = 0.90926
kg/m3,

The maximum velocity occurs at the top of the cylinder,
where 6 = 90e,




X4 Z

e
T

= From Equation

[’
Vo=-2V s ——— — §()°
6 oo SIN 7R 8 =90

I'= 27 R(Vy 4+ 2V)

= Recalling our sign convention that I is positive in the
clockwise direction, and V. is negative in the clockwise

direction
Vg = —75m/s

' = —27R(Vp + 2Vs) = —27(0.25)[—75 + 2(25)]
I = —27(0.25)(—25) = 39.27m?%/s

= From Equation, the lift per unit span is

Lr - pmel—‘

L’ = (0.90926)(25)(39.27) = 892.7 N/m

©
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The Kutta-Joukowski theorem and the generation of lift

= Consider the incompressible flow over an airfoil section,

as sketched in Figure.

Let curve A be any curve in the flow
enclosing the airfoil.

If the airfoil is producing lift, the velocity
field around the airfoil will be such that
the line integral of velocity around A will
be finite, that is, the circulation

FE?(V-dS
JA

In turn, the lift per unit span Lon
the airfoil will be given by the
Kutta-Joukowski theorem,

L'= Poc V.'x;r




\

2
I“\\

The Kutta-Joukowski theorem and the generation of lift

» The theoretical analysis of lift on two-dimensional bodies
iIn incompressible, inviscid flow focuses on the calculation
of the circulation about the body.

= Once is obtained, then the lift per unit span follows
directly from the Kutta-Joukowski theorem.
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

Recall that we have already dealt with the nonlifting
flows: a Rankine oval and both the nonlifting and the
lifting flows over a circular cylinder.

We added our elementary flows in certain ways and
discovered that the dividing streamlines turned out to fit
the shapes of such special bodies.

However, this indirect method can hardly be used in a
practical sense for bodies of arbitrary shape.

For example, consider the airfoil. Do we know in
advance the correct combination of elementary flows to
synthesize the flow over this specified body?

No
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

» What we want is a direct method.
» That is, let us specify the shape of an arbitrary body

and solve for the distribution of singularities which
produce the flow over the given body.

» The purpose of this section is to present such a direct
method, limited for the present to nonlifting flows.

—_— A=) ,/‘/—%
— =
Vw \/——’
—_— M
Uniform flow  Source sheet on surface Flow over the body
of body, with A(s) of given shape

calculated to make the
body surface a streamline
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

» The present technique is called the source panel method.

= Now imagine that we have an infinite number of such line
sources side by side, where the strength of each line
source is infinitesimally small.

» These side-by-side line sources form a source sheet.

» Let s be the distance measured along the source sheet in P
the edge view.

(x, »)

Ads

= Define A = A(s) to be the source strength = Ay,

per unit length along s.

= The small section of the source sheet
can be treated as a distinct source of .

strength A ds I,/ $ Edge view of sheet
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

Now consider point P in the flow, located a distance r
from ds.

The cartesian coordinates of P are (X, y).

The small section of the source sheet of strength A ds
induces an infinitesimally small potential dg at point P.

A

2T

From Equation, d@ is given by ke

Ards
Inr

de¢ =

2w
The complete velocity potential at point P, induced by the

entire source sheet from a to b, is obtained by integrating
Equation b 3 ds
$(x,y) = /
a

Inr

i
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

= Note that, in general, A(S) can change from positive to
negative along the sheet.

» That is, the “source” sheet is really a combination of line
sources and line sinks.

= Next, consider a given body of arbitrary shape in a flow
with freestream velocity V«, as shown in Figure.

= The combined action of the uniform flow and the source
sheet makes the airfoil surface a streamline of the flow.

: )“‘*‘A(s)
= Qur problem now becomes one of
finding the appropriate A(S). >
Voo
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

» The solution of this problem is carried out numerically,
as follows.

» Let us approximate the source sheet by a series of

straight panels, P(x, )

3l
Veo

Boundary
points

Control )
points !
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

Moreover, let the source strength A per unit length be
constant over a given panel, but allow it to vary from one

panel to the next.
Aj, J = 1ton,
If there are a total of n panels, 5. 15 5 N
8 = 0w H s

These panel strengths are unknown.

Let P be a point located at (X, y) in the flow, and let r ,be
the distance from any point on the j th panel to P,

The velocity potential induced at P due to the | th panel
AD: is
J 1

Aj
d

29 .
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

= In turn, the potential at P due to all the panels is
Equation summed over all the panels:

¢(P) = Z Ag;
=

!
j'..'
d(P) = Zé [lnrm ds;
— ,}

j=l

S T

where (X ;, yi) are coordinates along the surface of the j
th panel.

= Since point P is just an arbitrary point in the flow, let us
put P at the control point of the ith panel and the
coordinates of this control point be given by (xi, yi),

n

i J e _—
¢(xi, yi) = Z 2T [“”U ds; the contribution of all the panels to
' 2 the potential at the ith panel.




J

Vd
<
\

J
\

Nonlifting flows over arbitrary bodies:
the numerical source panel method

Recall that the boundary condition is applied at the
control points.

That is, the normal component of the flow velocity is
zero at the control points.

Voor + Va =0

First consider the component of freestream velocity
perpendicular to the panel.

Voo = Voo * Nj = Vi cOs B
The normal component of velocity induced at (x, yi) by
the source panels is,

d

Vn —
an;

[ (xi, yi)]
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

= Asingular point arises on the ith panel because when j=i,
at the control point itself r;= 0.

It can be shown that when | = i, the contribution to the
derivative is simply A/2.

fl

Ai i o B o« oo
Vn = ? — Z g /J 8”:- “]'I.‘U){f.ﬂj

(1)

= \We obtain

" n
Aj }*_ﬁ d e T L

(i#1)

» The values of the integrals in Equation depend simply on
the panel geometry; they are not properties of the flow.

d
= Let I, Is /F{lllru)d-w
/

I
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

Then Equation can be written as

;i._- i }._ .

?f ) Z ﬁ‘!u‘ + Vg cos g =0
Equation is a linear algebraic equation with n unknowns A,
AZ, PR ,An.

It represents the flow boundary condition evaluated at the
control point of the ith panel.

Now apply the boundary condition to the control points of all
the panels;i=1,2,...,n.

The results will be a system of n linear algebraic equations
with n unknowns (A, A, . . . , A), which can be solved
simultaneously by conventional numerical methods.
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

We now have the distribution of source panel strengths
which cause the body surface to be a streamline of the
flow.

This approximation can be made more accurate by
increasing the number of panels.

A circular cylinder can be accurately represented by as
few as 8 panels.

And most airfoil shapes, by 50 to 100 panels.

In general, all the panels can be different lengths.
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

= OncetheA’s(i=1, 2,...,n) are obtained, the velocity
tangent to the surface at each control point can be

calculated.
Vr' — V-:;o.s + Vs

» The component of freestream velocity tangent to the

surface is _
Voo = Voo sin B

» The tangential velocity V.at the control point of the ith
panel induced by all the panels is obtained by
differentiating

00 ~=~Arj [
V&._E _;E/j E{llufﬂu‘sj

j = i The tangential velocity on a flat source panel
induced by the panel itself is zero




h- 4

the numerical source panel method

» The total surface velocity at the ith control point Viis
the sum of the contribution from the freestream and
from the source panels

<1

: —~ 1 [ @
‘y"} == ij i V.'.i’ = V,x, sin ﬁ,’ —}—Zi [ﬁ(ln !'fj){fSJ;
j=t = 4

» The pressure coefficient at the ith control point is
obtained from
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Nonlifting flows over arbitrary bodies:
the numerical source panel method

When you carry out a source panel solution as
described above, the accuracy of your results can be
tested.

Recall that Aj is the strength of the | th panel per unit
length.

Hence, the strength of the j th panel itself is A/ Sj . For a
closed body,

Y S =0

j=1

Equation provides an independent check on the
accuracy of the numerical results.
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Example 3.19

= Calculate the pressure coefficient distribution around a
circular cylinder using the source panel technique.

= \We choose to cover the body with eight panels of equal
length.

» The panels are numbered from 1 to 8, and the control
points are shown by the dots in the center of each
panel. Y4

= Let us evaluate the integrals I;; which
appear in Equation. )

d
/; a—{ln rij)ds; v .

1 >

» Recall that the integral I.;is evaluated at
the ith control point and the integral is 8
taken over the complete j th panel.




jth panel

o
f;'u,-':/
i

©

an;

(lﬂfjj)d.’fj

(Xf+]_) 1/z+1)

ith panel




= Since rij = /@i —xj)2 + (i — yj)?
dx;
N d_ = CDSﬁj
= Then — (Inr;;) = Lar"} nj
an; 1 rij an; dyi — SR
dn; ) :
1 1 2 . dx;' d}’;
e s o] Y i Y Vv — g )"
-"'Ejz[(x! YT+ (i —y)) ] X |2(xi —xj) = + 2(yi }J)dﬂf
—-(ln e (x; — xj)cosﬂé + (yi — yj}zsm Bi
dn; (xi —xj)" + (i — ¥j)
* From this geometry, = Also, from the geometry, we have
I
ﬁf =d; + E

‘ 0 Xj=Xj+sjcosd;
sin B; = cos ®; .

hi ! vi=Yj+5jsind;
cos i = —sin &;




- . . i  Csj+D
= Substituting Equations, we obtain Is.jzﬁ : ds;

where A= —(x; — Xj)cos®; — (y; — ¥)sin®;
B = (x; —Xj]2+(}’;‘ —Yj}2
C = sin(®; — D)
D= (yi —Yj)cos®; — (x; — Xj)sin®;

Sj = \/Xj11 = X2+ (1 — ¥;)?

= \We obtain an expression for Equation from standard table

of integrals:
1 2ax+b

1 2
S S |, ;' (o S\ SN ) S
fﬂ-’ﬂz +br+c * Vvdae — b2 e vdae — B2

i 1 o
/md&:—ﬁlﬂlﬂf +bI+C]

_1 2ar+b

]
—_—— tan —_
av'dac — b2 Vidac — b2
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Example 3.19

Lij = o

2 1 2AS; D— AC S:+ A A
- In SJ +2adj+ 8 - tan~ 1 = i tan~ 1 =
B E E E
Letting E=+vB—A7=(x; — X;)sind; — (i — ¥j) cos

Equation is a general expression for two arbitrarily
oriented panels.

It is not restricted to the case of a circular cylinder.
We now apply Equation to the circular cylinder.

For purposes of illustration, let us choose panel 4 as the
ith panel and panel 2 as the j th panel.

That is, let us calculate 1, ,.




h- 4

= From the geometry, assuming a unit radius for the
cylinder, we see that

Xj=-09239 Xj43 =-0.3827 ¥;j =0.3827 Y41 =0.9239
®; = 315° b =45° x; = 0.6533 yi = 0.6533

» Hence, substituting these numbers into the above
formulas, we obtain

A=—-13065 B =25607 C=-1 D=1.3065

S =0.7654  E =0.9239

= |nserting the above values into Equation, we obtain /4.2 = 0.4018

= \We obtain, by means of a similar calculation,

Iy =0.4074 I3 =0.3528, I45 = 0.3528, Iy ¢ = 0.4018, 147 = 0.4074, and I 3 = 0.4084.

©
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Example 3.19

= Written for panel 4, Equation becomes (after multiplying
each term by 21T and noting that Bi = 45- for panel 4)

f

hi y
?’ + 2 | —2;; Iij + Veocos f; =0
=1
(jz£1)

0.4074x1 + 0.401812 + 0.352813 + A4 + 0.352845+ 0.401816 + 0.407417 + 0.4084ig = —0.7071 2 V¢

= Equation is a linear algebraic equation in terms of the
eight unknowns, A, Az, . . . A

= |f we now construct similar equations for each of the
seven other panels, we obtain a total of eight
equations.

» They can be solved simultaneously for the eight
unknown A’s.
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Example 3.19

= The results are
M/27 Vo = 0.3765  23/2m Voo = 0.2662  33/27 Vs =0
Ag[2n Vo = —0.2662  j5/2nV, = —0.3765 rg/2m Voo = —0.2662
A7/2 Voo =0 28/27 Voo = 0.2662

= Note the symmetrical distribution of the A’s, which is to
be expected for the nonlifting circular cylinder.

n
= Also, as a check on the above solution, Z Aj=0
j=1

» The velocity at the control point of the ith panel can be

obtained from, g 3
/. =V / =V in B: J "
Vi= Ve, + Vs = Vysinp, +izz;ﬂ./ja(lm,j)d.sJr

= In that equation, the integral over the j th panel is a
geometric quantity that is evaluated in a similar manner
as before.




= The result is 5
D — AC S7 +2AS; +B

j E(ln !‘g_j)de = Vo In =
- C (!an_l M — tan” ! E)
E E
= With the integrals and with the values for A, A, . . ., As
obtained above, we obtain the velocities Vi, V., . . ., V..
= In turn, the pressure coefficients C;1,Cp2, . . . ,Cps are

obtained directly from

2
Vi

Cpp= Lo

ri=1-(72)



R

» Results for the pressure coefficients obtained from this
calculation are compared with the exact analytical

result,
Cp
10 Amazingly enough, in spite of the
' relatively crude paneling
T 37X
2 T 2 2m
0 | [ f | -0
-1.0
Analytic result {Eq. (3.101)]
—2.0
A Numerical result
(source panel)
—3.0
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circular cylinder—the real case

/Fﬁ\ /&::\/_Ld%%

0 <Re <4, @ - 10% < Re < 3x105 ﬂ%
Stokes flow Y turbulent and a
wake flow
(a) )
5 6
//’% 3x10°<Re<3 W
S »

4 <Re < 40 ———»@2 - N

v \\-\\/}V

Separated flow
(b)

S AVAVA

(c)

(e)

a Karman vortex street

©
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Historical note
D'Alembert and his paradox

We demonstrate that the combination of a
uniform flow and a doublet produces the flow
over a circular cylinder.

Note that the entire flow field is symmetrical
about both the horizontal and vertical axes
through the center of the cylinder.

Hence, the pressure distribution is also
symmetrical about both axes.

As a result, there is no net lift.
In real life, the result of zero lift is easy to

accept, but the result of zero drag makes no
sense.

Flow over a cylinder

= 1 - -.R.;.._
Y = Voorsin 6 7

sin @
¥



D'Alembert and his paradox

This paradox between the theoretical result of zero
drag, and the knowledge that in real life the drag is
finite, was encountered in the year 1744 by the
Frenchman Jean Le Rond d’Alembert.

WMﬁaJi-} L?‘-}\Nx,

BRGNS RR A S

It has been known as d’Alembert’s paradox ever since.

» For d’Alembert and other fluid dynamic researchers
during the eighteenth and nineteenth centuries, this
paradox was unexplained.

A N W o W S e "\ e, ’\,. A ) f e

oy

— ~ s B L
U‘*W_ RSN SN W W
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Historical note
D'Alembert and his paradox

= Of course, today we know that the drag is due to viscous
effects which generate frictional shear stress at the body
surface.

» |t cause the flow to separate from the surface on the
back of the body, thus;

= creating a large wake downstream of the body,

= destroying the symmetry of the flow about the
vertical axis through the cylinder.




Note: All the following problems assume an inviscid, incompressible flow. Also,
standard sea level density and pressure are 1.23 kg/m’ (0.002377 slug/ft’) and
1.01 x 10° N/m* (2116 Ib/ft?), respectively.

3.1 For an irrotational flow, show that Bernoulli’s equation holds between any
points in the flow, not just along a streamline.

3.4 Consider a low-speed open-circuit subsonic wind tunnel with an
inlet-to-throat area ratio of 12. The tunnel is turned on, and the pressure
difference between the inlet (the settling chamber) and the test section is

read as a height difference of 10 cm on a U-tube mercury manometer.
(The density of liquid mercury is 1.36 x 10* kg/m”.) Calculate the
velocity of the air in the test section.

©



3.12 Consider the flow over a semi-infinite body as discussed in Section 3.11. If
Vi 18 the velocity of the uniform stream, and the stagnation point is 1 ft
upstream of the source:

a. Draw the resulting semi-infinite body to scale on graph paper.

b.  Plot the pressure coetficient distribution over the body: that is, plot C,
versus distance along the centerline of the body.
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» Calculate the pressure coefficient distribution around a
circular cylinder using the source panel technique.

» Choose to cover the body with 12 panels of equal
length.

= Compare results for the pressure coefficients obtained
from this calculation with the exact analytical result.
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Airfoil Characteristics,
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Historical Note...
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Of the many problems now engaging attention, the following are considered
of immediate importance and will be considered by the committee as rapidly
as funds can be secured for the purpose. . . . The evolution of more efficient
wing sections of practical form, embodying suitable dimensions for an
economical structure, with moderate travel of the center-of-pressure and still
affording a large range of angle-of-attack combined with efficient action.

Designation
Wright
Bleriot
RAE®6
RAE 15

US.A.27
Joukowsky

(Gottingen 430)
Gottingen 398

Goitingen 387

Clark Y

1908

1909

1912

1915

1919

1912

1919

1919

1922

From the first Annual Report of the

e —,,

P —

NACA, 1915

the National Advisory Committee for Aeronautics
(NACA)

National Aeronautics and Space Administration
(NASA)



Figure shows an airplane in flight,
sustained in the air by the
aerodynamic action of its wing.

Airplane wings are made up of airfoil
shapes.

» The first step in understanding the aerodynamics of
wings is to understand the aerodynamics of airfoils.

= Airfoil aerodynamics is important stuff—it is the stuff
of this chapter.
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Intro

* In the period 1912-1918, the
took a giant step forward.

= When Ludwig Prandtl and hi

\

duction

analysis of airplane wings

s colleagues at Gottingen,

Germany, showed that the aerodynamic consideration

of wings could be split into two parts:

» The study of the section of a wing—an airfoil—

» The modification of such airfoil properties to
account for the complete

, finite wing.
1875-1953

Modellyersichs-
anslult

Gottingen
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Introduction

= Consider a wing as drawn in perspective in
Figure.

» The wing extends in the y direction (the span
direction).

» The freestream velocity V- is parallel to the xz
plane.

= Any section of the wing cut by a plane parallel to
the xz plane is called an airfoil.

We will deal with inviscid flow, which does
not lead to predictions of airfoil drag.

However, the lift and moments on the airfoil
are due mainly to the pressure distribution,
which is dictated by inviscid flow.

Airfoil section

no drag
but lift
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Airfoil nomenclature

» The first patented airfoil shapes were developed by
Horatio F. Phillips in 1884.

In the early 1930s, NACA embarked on a
series of definitive airfoil experiments using
airfoil  shapes that were constructed
rationally and systematically.

91

Many of these NACA airfoils are in common
use today. Therefore, we follow the
nomenclature established by the NACA.

= The NACA identified different airfoil shapes with a
logical numbering system.

= “four-digit” series, such as the NACA 2412 airfoll.
= “five-digit” series, such as the NACA 23012 airfoil.
= “6-series”, such as the NACA 65-218 airfoil.

» Many of the large aircraft companies today design their
own special purpose airfoils; for example, the Boeing...

4%
r @ 3
4 :"T‘J): ':f-}'
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Airfoil nomenclature

Airplane Airfoil

Beechcraft Sundowner NACA 63A415

Beechcraft Bonanza NACA 23016.5 (at root)
NACA 23012 (at tip)

Cessna 150 NACA 2412

Fairchild A-10 NACA 6716 (at root)
NACA 6713 (at tip)

Gates Learjet 24D NACA 64A109

General Dynamics F-16 NACA 64A204

Lockheed C-5 Galaxy NACA 0012 (modified)
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Airfoil nomenclature

Leading edge

Thickne
1ERNESS Mean camber line

Chord line

—— — d—_ — —

’* Chord ¢ -l Trailing
edge

» The mean camber line is the locus of points halfway
between the upper and lower surfaces as measured
perpendicular to the mean camber line itself.

» The most forward and rearward points of the mean
camber line are the leading and trailing edges,
respectively.

» The straight line connecting the leading and trailing
edges is the chord line of the airfoil, c.
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Airfoil nomenclature
Leading edge

Thickness

Mean camber line

Chord line

—— — d—_ — —

’* Chord ¢ -l \ Trailing

edge

= The camber is the maximum distance between the
mean camber line and the chord line, measured
perpendicular to the chord line.

» The thickness is the distance between the upper and
lower surfaces, also measured perpendicular to the
chord line.

» The shape of the airfoil at the leading edge is usually
circular, with a leading-edge radius of approximately
0.02c.
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Airfoil nomenclature

» The shapes of all standard NACA airfoils are
generated by
» gspecifying the shape of the mean camber line,
= and then wrapping a specified symmetrical
thickness distribution around the mean camber

line.
= “four-digit” series, such as the NACA 2412 airfoll.

NACA 2412 = the maximum camber length is 0.02c
R = |ocated at 0.4c from the leading edge,
» the maximum thickness is 0.12c.

o NACA 0012

= NACA 0012 airfoil is a symmetric airfoil
with no camber, a maximum thickness of [ 11—
12 percent. N I —— e
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Airfoil nomenclature

= “five-digit” series, such as the NACA 23012 airfoll.

multiplied by 3/2, in tenths = the design lift coefficient is 0.3,
the next two digits when divided by 2 = the location of maximum camber is at 0.15c,

C woazmor T = the airfoil has 12 percent maximum thickness.

= “6-series”, such as the NACA 65-218 airfoil.

NACA 65218 Wing Section (Continued)

the 6 is the series designation,

ol o = the minimum pressure occurs at 0.5c,
P 1 = the design lift coefficient is 0.2, in tenths
*Eh._______ _’_‘,.;?" = the airfoil is 18 percent thick, 0.18c.
<0 2 # 0 70"
zfe

1T 1T 1r1rrrryrrrrrrrrrrTrTTrTrTTid
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Airfoil characteristics

= The typical variation of lift coefficient with angle of
attack for an airfoil is sketched in Figure.

= At low-to-moderate angles of attack, c, varies linearly

with a.

Stall due to
flow separation

€ ci, max ‘
________ "%"

dC[ .
a = g4 = lift slope




= Under such
to be stalled.

» The maximu
just prior to t

h 4

In this region, the flow moves smoothly over the airfoil

and is attached over most of the surface. ﬁ
__',.—-b-—ﬂ—-b

However, as a becomes large, the flow tends to ™

separate from the top surface of the airfoil, creating a

large wake of relatively “dead air” behind the airfoil. w
N

Part of the flow is actually moving in a direction opposite
to the freestream—so-called reversed flow.

We see decrease in lift and a large increase in drag.

conditions the airfoil is said

Incomplets or improper
recovery

m value of c,, which occurs
he stall, is denoted by ¢, ..

©


https://www.youtube.com/watch?v=WFcW5-1NP60
https://www.youtube.com/watch?v=5wIq75_BzOQ
https://www.youtube.com/watch?v=eNXMmf2XCLM
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Airfoil characteristics

= The higher is ¢ ., the lower
Is the stalling speed.

o}

2.0

= A great deal of modern airfoil 1.6
research has been directed

toward increasing C; .-

The NACA 2412 airfoll

given example.

Note from Figure that

A== —2.1,
Cl,maxz 16,

the stall at a = 16..

IS

—

1.2 —

0.8

0.4

0

—0.4

—0.8

-1.2

e

NACA 2412 airfoil

{

Eq. (4.64)

Moment
coefficient

® Re=3.1X10°
Bl Re=8.9X10°

l [ |

—

—8

0 8 16 24

«, degrees

0 Cm, c/4

—-0.1

—0.2

-0.3

~0.4
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Airfoil characteristics

The physical source of drag
coefficient is both skin friction drag
and pressure drag due to flow
separation (so-called form drag).

The sum of these two effects yields
the profile drag coefficient cd for the
airfoil.

The NACA 2412 airfoil is given
example.

Also plotted in Figure is the moment
coefficient about the aerodynamic
center Cumac.

In general, moments on an airfoil are
a function of a.

0.024

0.020

0.016

0.012

0.008

0.004

®
[

@
[

®
(2]

®
® [

@
El\ Drag

Iﬁ Eﬁ CE coefficient

[

pEEEpEBREgBEEE

™~ Moment
coefficient

® Re=3.1Xx108
@ Re=89X10°

l | | J

—

—12

—8

4

0 4 8 12 16

a, degrees
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Airfoil characteristics

Lo _ Viscous Flow (a= 22 degrees)
» Foil in viscous flow at varying

angles of attack.

= Circulation around an airfoil.

Viscous Flow (o = 45 degrees)

2y
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Airfoil characteristics

However, there is one point on the airfoil about which the
moment is independent of angle of attack.

. : . v
Such a point is defined as the aerodynamic center. —

Clearly, the data in Figure illustrate a constant value for
CnacOVEr a wide range of a.

dCy

M., =c
da c.a.

= Aerodynamic center;

= Center of pressure; Z Mcp =0 ~0r0 (0

ANGLE OF
ATTACK

RELATIVE WIND

PRESSURE
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= Consider an NACA 2412 airfoil with a chord of 0.64 m
In an airstream at standard sea level conditions.

» The freestream velocity is 70 m/s. The lift per unit span
IS 1254 N/m.

= Calculate the angle of attack and the drag per unit
span.
= At standard sea level p = 1.23 kg/m’:

oo = 100V = 1(1.23)(70)% = 3013.5 N/m?

¥ i Il 1254

= = = 0.65
gocS  gocc(l) 3013.5(0.64)

Cl =

= From Figure ¢ =065 a=4°

©



= Since ¢4 = f (Re), let us calculate Re. At standard sea
level,

pn=1.789 x 107 kg/(m - 5)

pooVeol  1.23(70)(0.64) .
= 1.780 x 103 %

= Therefore, using the data for Re = 3.1 x 10° in Figure,

we find
cg = 0.0068

D' = gooScd = gooc(1)cq = 3013.5(0.64)(0.0068) = 13.1 N/m
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Example 4.2
For the airfoil and flow conditions given in Example 4.1,
calculate the moment per unit span about the
aerodynamic center.

Calculate and compare the lift-to-drag ratios at angles
of attack of 0, 4, 8, and 12 degrees.

The Reynolds number is 3.1 x 106,

From Figure, cna, Which is independent of angle of
attack, is —0.05.

The moment per unit span about the aerodynamic
center is
M.IC — '?'NSC'CP?F..EIC

d

= (3013.5)(0.64)(0.64)(=0.05) = —61.7 Nm

A negative moment, as obtained here, is a pitch-down
moment, tending to reduce the angle of attack.
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Example 4.2
The lift-to-drag ratio, L/D, is given by L gocSce  c
D gxSca cd

From Figures, we have 2 Ce Ca Ce/Ca
0 025  0.0065 38.5
4 065 00070 93
8 1.0S 00112 96
12 144 0017 85

As the angle of attack increases, the lift-to-drag ratio
Increases, reaches a maximum, and then decreases.

The maximum lift-to-drag ratio, (L/D)~, iS a direct
measure of aerodynamic efficiency.

The higher the value of (L/D)-, the more efficient is the
airfoil.

The values of (L/D)~for real airplanes are on the order of
10 to 20.
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The vortex sheet

» |Imagine a straight line perpendicular to the page,

extending to infinity both out of and into the page. /d,
= This line is a straight vortex filament of strength I'. /
o | o
* |magine an infinite number of straight
vortex filaments side by side.
0

» These side-by-side vortex filaments r
form a vortex sheet,

z y vortex filament

vortex sheet
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The vortex sheet

Let s be the distance measured along the
vortex sheet in the edge view.

Define y = y (s) as the strength of the
vortex sheet, per unit length along s.

Thus, the strength of an infinitesimal
portion ds of the sheet is y ds.

Now consider point P in the flow, located
a distance r from ds.

The small section of the vortex sheet of
strength y ds induces an infinitesimally
small velocity dV at point P.

Here, we are looking at an edge view of the sheet; the
vortex filaments are all perpendicular to the page.

P(x, z)

z )

Edge view of sheet

= dVisgivenby v =_—

in a direction perpendicular to r
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The increment in velocity potential d® induced at point
P by the elemental vortex y ds is,

yds

dp = —7—6

2

The velocity potential at P due to the entire vortex
sheetfromatobis

] b
pix, )= ——/ By ds
2 L

The circulation around the vortex sheet is the sum of
the strengths of the elemental vortices; that is

b
F:/ y ds
a

©
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The vortex sheet

= The change in tangential velocity across the vortex
sheet is related to the strength of the sheet as follows.

ul

[____

= From the definition of circulation, the
M circulation around the dashed path is

’ p

= Consider a vortex sheet as sketched, . 5{ V-ds
(i

— T 7

I'=—(vdn —uyds —vidn 4+ u>ds)

= we also have

= Therefore,

m et dn — 0O

*l [' = () —ur)ds 4+ (vy — ) dn
I''= s
yds = (uy — ur)ds + (vy —vy)dn
yds = (u; —uy)ds = The local jump in tangential

Yy =y — s velocity across the vortex sheet is
) equal to the local sheet strength.
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The vortex sheet

A philosophy of airfoil theory of inviscid, incompressible
flow is as follows.

Consider an airfoil of arbitrary shape and thickness in a
freestream with velocity V-, as sketched in Figure.

Replace the airfoil surface with a vortex sheet of variable
strength y ().

Calculate the variation of y as a function of s.
Such that the induced velocity field from the vortex sheet

when added to the V-will make the vortex sheet (hence
the airfoil surface) a streamline of the flow.
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The vortex sheet
In turn, the circulation around the airfoil will be given by

e~ /}»’d’x

where the integral is taken around the complete surface
of the airfoil.

Finally, the resulting lift is given by the Kutta-Joukowski

theorem
Lj — p-'_\_, er

However, no general analytical solution for y = y (S)
exists for an airfoil of arbitrary shape and thickness.

Rather, the strength of the vortex sheet must be found
numerically.
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The vortex sheet

= However, imagine that the airfoil in Figure is made
very thin.

= So, the portions of the vortex sheet on the top and
bottom surface of the airfoil would almost coincide.

Vortex sheet on

camber line
Voo Voo
—_— C—x — (!’é@@@@ &
Thin airfoil ¥ §

Y(s)

» This gives rise to a method of approximating a thin
airfoil by replacing it with a single vortex sheet
distributed over the camber line of the airfoil.

= Although it is an approximation, it has the advantage
of yielding a closed-form analytical solution.
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The Kutta condition

The lifting flow over a circular cylinder was discussed in
Section 3.15.

We observed that an infinite number of potential flow
solutions were possible, corresponding to the infinite
choice of T.

The same situation applies to the potential flow over an
airfoil.

For a given airfoil at a given angle of attack, there are
an infinite number of valid theoretical solutions,
corresponding to an infinite choice of I'.

Iy
I

.
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The Kutta condition

But, we know from experience that a given airfoil at a
given angle of attack produces a single value of lift.

So, although there is an infinite number of possible
potential flow solutions, nature knows how to pick a
particular solution.

Clearly, we need an additional condition that fixes I for
a given airfoil at a given a.




The Kutta condition
At the beginning Later...

= According to the experiments, the flow is smoothly leaving the
top and the bottom surfaces of the airfoil at the trailing edge.

= This flow pattern is sketched in Figure and represents the type
of pattern to be expected for the steady flow over an airfoil.
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The Kutta condition

In establishing the steady flow over a given airfoil at a
given angle of attack, nature adopts that particular value
of circulation.

This certain circulation results in the flow leaving
smoothly at the trailing edge.

That observation was first made and used In a
theoretical analysis by the German mathematician M.
Wilhelm Kutta in 1902.

Therefore, it has become known as the Kutta condition.
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The Kutta condition

= \We need to be more precise about the nature of the flow

at the trailing edge.

= We can summarize the statement of the Kutta condition
as follows:

For a given airfoil at a given angle of attack, the
value of around the airfoil is such that the flow
leaves the trailing edge smoothly.

If the trailing-edge angle is finite, then the trailing
edge is a stagnation point.

If the trailing edge is cusped, then the velocities
leaving the top and bottom surfaces at the trailing
edge are finite and equal in magnitude and
direction.

Finite angle

Vo _

-
a,,
"'-..-_\

o
At pointa: V; =¥ =0

Cusp

a
% N~ 2
:-J
-
-

N
5
4

E

At pointa: V; =V, #0
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The Kutta condition

= The statement of the Kutta condition in terms of the
vortex sheet is as follows.

= At the trailing edge (TE), we have y(TE) =y(@) =V, -V,
i=VW=0 (IE=0
Vi=V,#0; y(TE)=0.

= At the trailing edge (TE), the strength of the vortex sheet
is ‘0’
= Nature enforces the Kutta condition by means of friction.

= If there were no boundary layer (i.e., no friction), there
would be no physical mechanism in the real world to
achieve the Kutta condition.

= \We can say that without friction we could not have lift.
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Kelvin’s circulation theorem
Specifically, the Kutta condition states that the circulation
around an airfoil is just the right value to ensure that the
flow smoothly leaves the trailing edge.
Question: How does nature generate this circulation?

Does it come from nowhere, or is circulation somehow
conserved over the whole flow field?

Consider an arbitrary inviscid, incompressible flow.

Assume that all body forces f are zero.




v

= we can state that circulation around a closed curve formed
by a set of contiguous fluid elements remains constant as

the fluid elements move throughout the flow.

= Hence, a mathematical statement of the above discussion

IS simply pr .
Dt

I =— [ V-ds

M= —J, V-ds

Equation is called
Kelvin’s circulation theorem

3G M
G/D— \E{ ,D Fz .§
/[']///] ] ﬂ/ 7%
I, o g Z
N g x F
B -a- Nugd

A

Fluid elements
along a curve C,
at time 7.

©

The same fluid elements
at a later time r,. The
fluid elements now form
a different curve C,.
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Kelvin’s circulation theorem

Kelvin’s theorem helps to explain the generation of
circulation around an airfoil, as follows.

Consider an airfoil in a fluid at rest.

Because V = 0 everywhere, the circulation around curve
C.is zero.

Now start the flow in motion over the airfoil.
Initially, the flow will tend to curl around the trailing edge.
Consequently, during the very first moments after the flow

is started, a thin region of very large velocity gradients
(and therefore high vorticity) is formed at the trailing edge.
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Kelvin’s circulation theorem

This high vorticity region is fixed to the same fluid
elements.

Consequently it is flushed downstream as the fluid
elements begin to move downstream from the trailing
edge.

As it moves downstream, this thin sheet of intense
vorticity is unstable, and it tends to roll up and form a
picture similar to a point vortex.

This vortex is called the starting vortex.
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Kelvin’s circulation theorem

After the flow around the airfoil has come
to a steady state where the flow leaves
the trailing edge smoothly (the Kutta
condition), the high velocity gradients at
the trailing edge disappear.

Vorticity is no longer produced at that
point.

However, the starting vortex
has already been formed .
during the starting process.

It moves steadily downstream
with the flow forever after.
I'h=I1=0

Iy =-r
F3+F4:r2 ) ’

V=0

(a) Fluid at rest relative to the airfoil

(b) Picture some moments after the start of the flow



Vs
k)

= The circulation around the airfoil is equal and opposite to
the circulation around the starting vortex.



https://www.youtube.com/watch?v=VcggiVSf5F8
https://www.youtube.com/watch?v=bvV7-9wAXc0

v

= For the NACA 2412 airfoil at the conditions given, L' = 1254 N/m

calculate the strength of the steady-state starting v, =70 m/s
vortex. o = 1.23 kg/m>
= From the Kutta-Joukowski theorem, L' = pocVael
5y 2
1254 14 m

The circulation associated with - = _
the flow over the airfoil PooVoo  (1.23)(70) 5

» The steady-state starting vortex has strength equal and
opposite to the circulation around the airfoil. Hence,
Strength of starting vortex = —14.56 '“TZ

= For practical calculations in aerodynamics, an actual number

for circulation is rarely needed.
= Circulation is a mathematical quantity, the starting vortex is

simply a theoretical construct.

©
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Classical thin airfoil theory:
the symmetric airfoil

We deal with thin airfoils: for such a case, the airfoil can
be simulated by a vortex sheet placed along the
camber line.

Our purpose is to calculate the variation of y (S).

Such that the camber line becomes a streamline of the
flow and the Kutta condition is satisfied at the trailing
edge; that is, y (TE) = 0.

Then the total circulation around the airfoil is found by
integrating y (s) from the leading edge to the trailing
edge.

In turn, the Ilift is calculated from via the Kutta-
Joukowski theorem.
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Classical thin airfoil theory:

the symmetric airfoil

Consider a vortex sheet placed on the 4
camber line of an airfoill, = 7(x)

L

A

w IS the component of velocity normal to
the camber line induced by the vortex

Camber line, z = z(x)

w'

heet. V(s
sheet w'(s) ﬂv/' (l)

o

If the airfoil is thin, the camber line is close to
the chord line, the vortex sheet appears to fall
approximately on the chord line.

Z A

Therefore, let us place the vortex sheet on
the chord line. ¥y = y(x)

|
[ TR

The strength of the vortex sheet on
the chord line is determined such that
the camber line is a streamline & y(c¢) = 0.

Voo

AN |

Chord line

(a) Vortex sheet on the camber line

Camber line, z = z(x)

Chord line

(b) Vortex sheet on the chord line
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the symmetric airfoil

= For the camber line to be a streamline, the component
of velocity normal to the camber line must be zero at all
points along the camber line.

Voo._n F wr(s) =0
A Vo, = V,sin |a + tan™" E)‘
/' oo, — Yoo i

Camber line, z = z(x) /"‘It y (m dz) = For a thin airfoil at small
[ 1 angle of attack, sinf ~ tan@ =~ ¢

zZ 4

Veo - / dx
z / VOOn . . . .
> I/ = Keep in mind that a is in
tan! (- 45 T ~0 radians.
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Classical thin airfoil theory:
the symmetric airfoil

Let us develop an expression for w's) in terms of the
strength of the vortex sheet.

Let w(x) denote the component of velocity normal to
the chord line induced by the vortex sheet.

If the airfoil is thin, w'(s) &~ w(x)

« Remember that: av — — X%
2tr
z 4 = We wish to calculate the value of w(x) at the location x.
% w o V) dE
R . e o T
a—a—C——a— G* c—= >~ x, &
C f f
4—*5—»{ (& =0) w(x}:_/ —y[§}{£
et X 4 & =¢) Jo 2m(x — &)
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Classical thin airfoil theory:
the symmetric airfoil

Recall the boundary condition necessary for the camber
line to be a streamline. Substituting Equations, we

obtain . ’ ;
Vo (- 32) - [ YOG
' dx Jo 2m(x — &)

| /r y(&)dE _ (& _ d_:,)
27 Jo x—§& dx

The fundamental equation of thin airfoil theory; it is
simply a statement that the camber line is a streamline
of the flow.

In this section, we treat the case of a symmetric airfoil;

| [Cy@E)dE
/ﬂ s

Voot
2 x —¢& -

dz/dx =),
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Classical thin airfoil theory:
the symmetric airfoil

To help deal with the integral, let us transform ¢ into 6
via the following transformation:

£ = %(l — cosf)

Since x is a fixed point in Equations, it corresponds to
a particular value of 8, namely, 6,, such that

p %(] — cos fy)
Also, from Equation
d& = = sin6 df

Substituting them and noting that the Ilimits of
integration become 6 = 0 at the leading edge (where
¢= 0) and 6 = 1 at the trailing edge (where ¢ = c), we

obtain o
1 T y(@)sin6 do

_ - - — ‘\a
2w Jo cosB — cos b
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Classical thin airfoil theory:
the symmetric airfoil

A rigorous solution of Equation for y (6) can be obtained
from the mathematical theory of integral equations.

We simply state that the solutionis  y (@) = 2a V., (-easd]

siné

Note that at the trailing edge, where 6 = 1, Equation
yields

y(r) =2aVy—

0
However, using L'Hospital’s rule
—sinm
P(r) = 2V =}
COSTT

Thus, Equation also satisfies the Kutta condition.

L'Hospital's Rule tells us that if we have an indeterminate form
0/0 or all we need to do is differentiate the numerator and
differentiate the denominator and then take the limit.

&

L ) 4
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the symmetric airfoil

= We are now in a position to calculate the lift coefficient
for a thin, symmetric airfoil. The total circulation around

the airfolil is
c c .
le V(€ dE d§ = 3 sin6 do
r=5/ y(0)sin@ db (0 = 2y T 9%89)
2 Jo sin &

= m‘Vm/ (1 +cosf)db = macV,,
0

» Substituting Equation into the Kutta-Joukowski
theorem, we find that the lift per unit span is

L= posVeull = Watpss VDZC

©
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Classical thin airfoil theory:
the symmetric airfoil

The lift coefficientis . — L ¢ = TP Vs
oS 3P V2e(1)
S =c(])
o (I(';
¢ =2ma Liftslope = — =27
da

They state the theoretical result that the lift coefficient is
linearly proportional to angle of attack, which i

supported by the experimental results.

The experimental lift coefficient data for an NACA 0012

symmetric airfoil are given in Figure.

Note that Equation accurately predicts cl over a large

range of angle of attack.



the symmetric airfoil

c=2na

a = 4°

C, =2 =2 X ><4><2n
| = 4TI = T 360

C; = 0,4386

Cq
2.4

2.0

€ —
NACA 0012 airfoil Eq. (4.33)
Eq. (4.41)
® Re=3.0X 106—
B Re=9.0X 10°
[ l | | ! [
24 16 -8 0 8 16 24 32

«, degrees

Com, cl4

—-0.1

-0.2
-0.3
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Classical thin airfoil theory:
the symmetric airfoil

» The moment about the leading edge can be calculated
as follows.

» The increment of lift dL contributed by the elemental

vortex is dL
dL = pxVeedl  dT = y(&)dE
This increment of lift creates a moment Leading edge
about the leading edge \D &
dM = —&(dL) \l-«a@—-‘
C C E
‘fwl:E - = / §(dL) =—po Voo / Ey(&)dE
JO JO
. 9 ’ sin 2azx
Transforming Equation and performing the / S azds = o —

integration, we obtain

. LT

.y

dl’ = v(§) d&
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the symmetric airfoil

r

The moment coefficient is =

Cmle = S =c(l)
qooSC
!
fI-MLE_——JT& :rmrr--{Tf
mle — = = —
dooC? 2 3
Ci
Cmle = _1

From previous Equation, the moment coefficient about
the quarter-chord point is

Cl
Cm.c/4 = Cmle + —

4
Combining Equations, we have ¢m.cs =0

Clearly, Equation demonstrates the theoretical result

that the center of pressure is at the quarter-chord
point for a symmetric airfoll.

©
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Classical thin airfoil theory:
the symmetric airfoil

By the definition, that point on an airfoil where moments
are independent of angle of attack is called the
aerodynamic center.

From Equation, the moment about the quarter chord is
zero for all values of a.

Hence, for a symmetric airfoil, we have the theoretical
result that the quarter-chord point is both the center of
pressure and the aerodynamic center.

The theoretical result is supported by the experimental

data.
Eq. (4.41)

/ o

Cm,cld
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4.1 Consider the data for the NACA 2412 airfoil given in Figure 4.10.
Calculate the lift and moment about the quarter chord (per unit span)
for this airfoil when the angle of attack is 4° and the freestream is at
standard sea level conditions with a velocity of 50 ft/s. The chord of the
airfoil is 2 ft.

4.2 Consider an NACA 2412 airfoil with a 2-m chord in an airstream with a

velocity of 50 m/s at standard sea level conditions. If the lift per unit span
is 1353 N, what is the angle of attack?

4.3 Starting with the definition of circulation, derive Kelvin’s circulation
theorem,
Dr

Dt

4.4 Starting with Equation Mg = —/ §(dL) = —pxo Voo/ §y(§)ds
0 0

derive Equation p _ _, 2™
q LE oa 3

©
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= To treat the cambered airfoil, return to Equation:

L pr (a_g)
o Jo x—& % dx

» Once again, let us transform Equation, obtaining
| /” y(8)sinB do dz
= Vo | = ==
2w Jo cosB — cosby dx

= We wish to obtain a solution for y (6) from Equation,
subject to the Kutta condition

y(@) = 0




Theresultis y (@) =2V (AO,—“+ Z A, sinné
S

The coefficients A, and A,(n = 1, 2, 3, . . .) in Equation
must be specific values in order that the camber line be a
streamline of the flow.

To find these specific values, substitute Equation:

cosf — cos by

I [™ Ap(l +cosb)dl | & ™ A, sinnfsinf db dz

. = =

T Jo cos B — cos by T = Jo cos B — cos by dx

cosnfdf  msinnby = Hence, using integral definitions, we can
cos@® —cosfy  sinb reduce Equation to

- dz
T sinn@ sin@ d6 AO_ZA" cosnbp = a — dx
= —IT COS nb, =1 a.

dz

o0
— = (¢ — Ap) + Z A, cos nb

“ dx P



» By using the form of a Fourier cosine series expansion

for the function of dz/dx 7(0) = By + Z B, cos n

n=lI

= (@ — Ap) + Z A, cosnby By = i/ f(®)de
T Jo

=1

dz
dx

"} T
= 1/ f(8)cosnb db
T Jo
» The coefficients in Equation are given by

&.’—Aﬂ——/ —dgg ﬂ!‘——/ —dﬂg

dz
—/ —cosn@a dby



== T
A (1+cosB)df =m = Ve (HAD+_A])

/A

2

vZ

Let us now obtain expressions for the aerodynamic
coefficients for a cambered airfoil.

The total circulation due to the entire vortex sheet from the
leading edge to the trailing edge is
C

r:fcy(_s)d;: =;fry(9)sin9d9
] 0

Substituting Equation for y (6), we obtain

o0 514
I'=cVy le/ (1 +COS9)619+ZA"L sinn sin@d@}
0 n=l1

From any standard table of integrals,

2

0 orn £1

T . mid forn =l
sinnf sinf dé =
0

©
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. : : ; T
= The lift per unit spanis L' = pu Vol = pao Vi (J‘I’Ag + ;Al)

Ll’
= The lift coefficient € =7 ; =m (240 + Ay)
3 Poo Ve (1)
. 1 ®dz
» Recall the coefficients ¢ =21 |a+ —/ —(cos by — 1) dby
w Jo dx
Aﬂ — i = / — dgg
dﬂ';
Lift slope = — =27
da

dz

—/ —c::}sné*gd@g _ _ _
= The expression for ¢ itself differs

between a symmetric and a cambered
airfoil.

» The difference has physical significance.

©



Stall due to
flow separation

= From the geometry N Q& |

df.'[
c=—(a — o)

do /\C:b
' AN
= Substituting Equation, we have

c; = 2w (@ — ar—q) /
/rOfL=o «
= Comparing Equations, we see that the

integral term is simply the negative of
the zero-lift angle; that is

dcl
@ = T = lift slope

T dZ
cr;_:[,:——f —(cos by — 1) dby
w Jo dx
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= The moment about the leading edge can be obtained by
substituting y(6@) into the transformed version of
Equation;

y(6) =2V (AOW_—9‘+ > A,sinnd

M, = — [0 E(dL) =—po Ve A £y (€)dE

= The moment coefficient is

a Ag
Cmle = "~ (AG+AE = 7) cg= T(245+ A1)

c T
Cote = — H By = Ag)]

» The moment coefficient about the quarter chord

| T
Cm.c/4 = Cmle + i Cmc/d = Z(Az — Ay)

©



It is independent of a.

Thus, the quarter-chord point is the theoretical location
of the aerodynamic center for a cambered airfoil.

The location of the center of pressure can be obtained
from Mg  CpeC

L' Cy

.rcp ==

C

T
Xep = z [l + C_(AI - AZ)]
!
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Example 4.6

= Consider an NACA 23012 airfoil. The mean camber line
for this airfoil is given by

z o R a2 X X
Z = 2.6595 (—) — 0.6075 (—) + 0.1147 (;) for0 < Z— < 0.2025
- : ===

C C C

2 0.02208 (1 . i) for 0.2025 <
C C

= Calculate

(a) the angle of attack at zero lift,

(b) the lift coefficient when a = 4.,

(c) The moment coefficient about the quarter chord,

(d) the location of the center of pressure in terms of x./c, when a = 4.

= Compare the results with experimental data.




= We will need dz/dx. From the given shape of the mean
camber line, this is

dz -

— 2.6505 [3 (f) — 1215 (f) +0.1 147] for 0 < X < 0.2025
dx c C ~c
dz X
— = —0.02208 for0.2025 < — < 1.0
dx i

= Transforming fromxto 6  x = (¢/2)(1 —cosb).

4z _ ; 6505 E(l — 2cos 8 + cos” 0)— 0.6075(1 — cos ) + 0.1 147‘
X
= 0.6840 — 2.3736 cos @ + 1.995 cos? 6 for0 <6 < 0.9335 rad
002208  for09335<0 <
dx



(a) From Equation

o= —— _x(CGS 6 —1)do from 8; in Equation, 8, is the variable of integration

1 T dz For simplicity, we have dropped the subscript zero
T Jo

» Substituting the equation for dz/dx into Equation, we
have

1 0.9335
ar—0 = = / (—0.6840 +3.0576 cos 6 — 4.3686 cos? 6 + 1.995 cos 0)do
0

1 JT
— / (0.02208 — 0.02208 cos 8) d6
T J0.9335

» From a table of integrals, we see that
]cosﬂdﬂ = sin#

/coszﬂdﬂ = %sinf} cost + %9

/cos3 g.dt — % sin Q(CDSQ 0+ 2)



= Hence, Equation becomes

I- -
ap—p = ——|[—2.868360 + 3.0576sin6 — 2.1843sinf cos + 0.665 sin 6 (cos” 0 + 2)]3-9335
T

1
— —[0.022088 — 0.02208 5in 617 9335
I

or—p= ——%(—0.0065 + 0.0665) = —0.0191 rad
ar—o = —1.09°
(b) a=4"=0.0698 rad

] From Equation Cc] = ZIE(E —_— Q'L:{}) = 73"{(0.0698 - 00191) = (.559



S

(c) The value of cnis obtained.

= [or this, we need the two Fourier coefficients A.and A..

From Equation, =
Al = E/ E cos B df
T Jo dx

(—0.02208 cos ) dO

» 0.9335 s ; N 2 /7’
== —2.3736 0+ 1.995cos’ 0)do T
Ay - A (0.6840 cos 6 cos”™ ¢ + cos” 0) T Jo.o33s

2
= 210.68405in0 — 1.1868 5in cos & —1.18680 + 0.663 sin 6(cos26 + 2) 199395 4 Z[—0.02208 sin 17 09335
b T

2
Ay = —(0.1322+0.0177) = 0.0954

2 [Tdz
A2=—/ — cos 20 db
b s 0 dx

) T d- 2 0.9335
- / “(2cos’ O — 1)df = = / (—0.6840 42.3736 cos 6 — 0.627 cos> 6
T Jo dx T Jo

2 ¥/ g
— 4.747 cos® 6 + 3.99 cos* 0) db + - / (0.02208 — 0.0446 cos> ) df

“ 0.9335



= Note: /cos49d9 = Jcos’ Osinf + %(sin@coséi +6)

2

= Thus, 4, = - {—0.68400 + 2.3736sin0 — 0.628 (%) (sinf cosf + 0)

I I 3
— 4.747 (5) sin@(cos® 6 +2) + 3.99 [Z cos> sin@ + g(sin 0 cosf + 9)‘ }

-~

b/ 4

0.9335

2 1\ .
+ = [0.022080 —0.0446 (§> (sinf cos 6 + 0)]
b/ 4

2
= ;(0.1 1384 4+ 0.01056) = 0.0792

T T
= From Equation ¢m.c/4= (A2 — A1) = 7 (0-0792 —0.0954)

Cm.c/s = —0.0127

©

0.9335

0
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(d) From Equation c T
Xep = i_l 1+ C_g(Al — A2)

Xep | { ]
—=— |l 4+ — ) = [).2773
. 1 + 0559({} 0954 - 0.0792) 0.273

= The data for the NACA 23012 airfoil are shown 1
Figure.

* From this, we make the following tabulation

Calculated Experiment
(04 gry —1.09° —1L]® ;o
¢ (ata =4°) 0.559 0.55 i
- —0.0127 —0.01 ; B

Wonderful !

0 ] 1 | | | | [
-osb 205 3 716 3 [0 ] 6 2% 32
Section angle of anack o, degree
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The aerodynamic center:
additional considerations

Based on experimental and theoretical results, it seems
that the aerodynamic center exists.

For most conventional airfoils, the aerodynamic center
Is close to, but not necessarily exactly at, the quarter-
chord point.

If that center is different, we can calculate the location of AL
the aerodynamic center as follows.

We designate the location of the

aerodynamic center by ¢ x,. measured from v ( ac
; Me/4

the leading edge. ¢ )

Here, X, is the location of the aerodynamic |[e— /4 .|
center as a fraction of the chord length c.



Taking moments about the aerodynamic center, we
have

M. = L'(cXa —c/4) + M.,
Dividing Equation by g-Sc, we have

M’ L M/
B = (Xye — 0.25) + —*
Q'ooSf qu QOQSC

Cmac = C{Xae —0.25) + Cm.c/a

Differentiating Equation with respect to angle of attack
a, we have

(1(_‘.‘”1 ac dC[ _ (ICm C/4
— = X, —0.25 :
da da( * )+ da
dCy B
a0
dep df'm.c/4
0= —(¥.,. —0.25
o (Xqc ) + T

©
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= For airfoils below the stalling angle of attack, the slopes
of the lift coefficient and moment coefficient curves are

constant.

= Designating these slopes by g~ Aot

0= ag(x,e — 0.25) 4+ myg

i
Xge = —— +0.25
tp

= Equation proves that the aerodynamic center exists as
a fixed point on the airfoil.



SoZ

= Consider the NACA 23012 airfoil: « = 4°, ¢; = 0.55 and Cm.c/a = —0.005
The zero-lift angle of attack is —1.17
_— —403 Cm‘{_-‘fq_ = _0.0125

= From the given information, calculate the location of the
aerodynamic center for the NACA 23012 airfoll.

= The lift slope is 0.55-0
P ag = — = 0.1078
4 —(=1.1)

» The slope of the moment coefficient curve is

—0.005 — (—0.0125)

— =9375x 1074
o 4— (-3
= From Equation 0,375 104
_ my A/ x -
Xge = ——+0.25 = — 0.25 =.0.241
e ao 0.1078 T

©



h- 4

» For some airfoil family (NACA 230xx & NACA 64-2xX), the
location of the aerodynamic center depends on the

airfoil thickness,

0.26
X 0.24 I=_‘._
“ Q.\\
-
N
0.22 d
0 4 8 12 16 20 24
Airfoil thickness, percent of chord
(a) NACA 230XX Airfoil
0.28
/ —
//
Xy 0.26 ._/,F
0.24
0 4 8 12 16 20 24

Airfoil thickness, percent of chord
(b) NACA 64-2XX Airfoil

©
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The fact that M. for a flight vehicle is independent of
angle of attack simplifies the analysis of the stability and
control characteristics.

The use of the aerodynamic center therefore becomes
important in airplane design.

For example: the design of talil...

72"

¥

(e LEMAC 38727 #

“Fuselage Station 0"

Reference Datum Line

b
Centerof

“—MAC 166.22" —#
0%

100%
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

The thin airfoil theory applies only to thin airfoils at small
angles of attack.

The results compare favorably with experimental data
for airfoils of about 12 percent thickness or less.

However, the airfoils on many low-speed airplanes are
thicker than 12 percent.

Moreover, we are frequently interested in high angles of
attack, such as occur during takeoff and landing.

Finally, we are sometimes concerned with the
generation of aerodynamic lift on other body shapes,
such as automobiles or submarines.
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

= We need a method that allows us to calculate the
aerodynamic characteristics of bodies of arbitrary shape,
thickness, and orientation.

= Specifically, we treat the vortex panel method, which is a
numerical technique that has come into widespread use
since the early 1970s.

= We now return to the original idea of wrapping the vortex
sheet over the complete surface of the body.

Y(s)

Airfoil of
arbitrary shape
and thickness
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

We wish to find y (s) such that the body surface becomes
a streamline of the flow.

There exists no closed-form analytical solution for y (s);
rather, the solution must be obtained numerically.

This is the purpose of the vortex panel method.

Let the vortex strength y (s) per unit length be constant
over a given panel, but allow it to vary from one panel to

the next. n panels  y1,%2, ..., Vs e Va

These panel strengths are unknowns.

The main thrust of the panel technique is to solve for y,
such that the body surface becomes a streamline of the
flow and such that the Kutta condition is satisfied.
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

= The midpoint of each panel is a control point at which the
boundary condition is applied.

= That is, at each control point, the normal component of the
flow velocity is zero. Plx, y)

s
e
-
o s
d(\o/ g
e
NS
Q:&(\G/ -~ -
Panel 2 - - “eqpﬁ\
// - ‘E(GG%{XO“
< - - d'ﬁec
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

The velocity potential induced at P due to the j th panel,
AD;, is
]1 1

I
P; 27 /; piViasj
Y; Is constant over the ] th panel.

e dam¥ i

The angle 6,;isgivenby g . — an
X — .‘ﬂ.'j

The potential at P due to all the panels is
qb(P}:quj:_Zij_];/eﬂfdjj
j=I j=1 =7 ¥

Since point P is just an arbitrary point in the flow, let us
put P at the control point of the ith panel.

r
p=——08

21
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

The coordinates of this control point are (X; , Y; ).

. —
Then Equations become 4, = tan™' ——
X; — X

-
fn }/

Pxi,yi)=—) - / 6,; ds;
j=t <

Equation is physically the contribution of all the panels to
the potential at the control point of the ith panel.

At the control points, the normal component of the
velocity is zero.

This velocity is the superposition of the uniform flow
velocity and the velocity induced by all the vortex panels.




R

the vortex panel numerical method
The component of V-normal to the ith panel is given by
VDG,H = Vi COS ;81'

The normal component of velocity induced at (xi, y:) by
the vortex panels is

iy Vi)l

The boundary condition statesthat Ve, + V, =0

Vo COS B — / a”” ds; =0
I
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

Let J.;be the value of this integral when the control point
IS on the ith panel.

H
: : Yi
Then Equation can be written as Voo cos i — > ﬁd’s.j =0
j=r“
If Equation is applied to the control points of all the
panels, we obtain a system of n linear equations with n
unknowns.

For the lifting case with vortex panels, in addition to the
n equations applied at all the panels, we must also
satisfy the Kutta condition.

The Kutta condition is applied precisely at the trailing
edge and is given by y(TE) = 0.
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

= To approximate this numerically, if points i and i — 1
are close enough to the trailing edge, we can write

Vi = —Vi—1

= Such that the strengths of the two vortex panelsiandi -
1 exactly cancel at the point where they touch at the
trailing edge.

» Thus, in order to impose the Kutta condition on the solution of
the flow, Equation (or an equivalent expression) must be
included.

» to obtain a determined system, velocity Equation is not
evaluated at one of the control points on the body.

= We choose to ignore one of the control points, and we evaluate
velocity Equation at the other n — 1 control points.
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

» This, in combination with Kutta condition, now gives a
system of n linear algebraic equations with n unknowns,
which can be solved by standard techniques.

» The flow velocity tangent to the surface can be obtained

directly from y . v

From Equation

Ya Y

y =iy —uy =u; —0=u — Inside airfoil, ¥ =0

Vc; = Va

» Therefore, the local velocities tangential to the airfoll
surface are equal to the local values of y.

» In turn, the local pressure distribution can be obtained
from Bernoulli's equation.

N
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Lifting flows over arbitrary bodies:
the vortex panel numerical method

The total circulation due to all the panels is
j=l1
The lift per unit span is obtained from
n
L'= peaVes Y, %5
j=I

Such accuracy problems have also encouraged the
development of higher order panel techniques.

For example, a “second-order” panel method assumes a
linear variation of y over a given panel.
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Lifting flows over arbitrary bodies:

An approach is frequently called the direct problem,
wherein the shape of the body is given, and the
surface pressure distribution is calculated.

It is desirable to specify the surface pressure
distribution and calculate the shape of the airfoil that
will produce the specified pressure distribution.

This approach is called the inverse problem.

Today the power of computational fluid dynamics
(CFD) is revolutionizing airfoil design and analysis.

The inverse problem is being made tractable by CFD.
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Viscous flow: airfoil drag

The lift on an airfoil is primarily due to the pressure
distribution exerted on its surface.

The shear stress distribution acting on the airfoil, when
integrated in the lift direction, is usually negligible.

The lift, therefore, can be accurately calculated
assuming inviscid flow in conjunction with the Kutta
condition at the trailing edge.

When used to predict drag, however, this same
approach yields zero drag, d’Alembert’s paradox.

The paradox is immediately removed when viscosity
(friction) is included in the flow.
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Viscous flow: airfoil drag

»= Viscosity in the flow is totally responsible for the
aerodynamic drag on an airfoil.

= |t acts through two mechanisms:

= Skin-friction drag, due to the shear stress acting on
the surface,

» Pressure drag due to flow separation, sometimes
called form drag.

= As a first approximation, we assume that skin-friction
drag on an airfoil is essentially the same as the skin-
friction drag on a flat plate at zero angle of attack.

C o = e
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Viscous flow: airfoil drag

= We first deal with the case of completely laminar flow
over the airfoil (and hence the flat plate).

» There is an exact analytical solution for the laminar
boundary-layer flow over a flat plate.

— —
— -

et
X
- C

» The boundary-layer thickness for incompressible

laminar flow over a flat plate at zero angle of attack is
given by

5 5.0x _ ngx.-r

R =
JRe, & oo
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Viscous flow: airfoil drag

The skin-friction drag coefficient is a function of the
Reynolds number, and is given by

— ~y

f f.top f,bottom I o S oo S ; RC‘(-

- [)f top D f.bottom C 1.328

In contrast to the situation for laminar flow, there are no
exact analytical solutions for turbulent flow.

All analyses of turbulent flow are approximate.

The boundary-layer thickness for turbulent flow over a

flat plate at zero angle of attack is given by -
o X

~ Rel”
The skin-friction drag coefficient is 0.074
Cr — :

I = /5
RL{.
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Viscous flow: airfoil drag

In reality, the flow always starts out from the leading
edge as laminar.

Then at some point downstream of the leading edge,
the laminar boundary layer becomes unstable.

Small “bursts” of turbulence begin to grow in the flow.
Finally, over a certain region called the transition

region, the boundary layer becomes completely
turbulent.

Transition

Turbulent

Laminar
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Viscous flow: airfoil drag

The value of x where transition is said to take place is
the critical value X..

In turn, X. allows the definition of a critical Reynolds
number for transition as L
- Pro "'xﬁcr

Re; =
Jso

An accurate value for Re,., applicable to your problem
must come from somewhere—experiment, free flight,
or some semi empirical theory.

This may be difficult to obtain.
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= For the NACA 2412 airfoil and the conditions Re. = 3.1 x 10°

= Calculate the net skin friction drag coefficient assuming
that the critical Reynolds number is 500,000.

o Poc Vool

Rey, = PoYooXer _ 5. 1¢8 Re, = =3.1 x 10
Hoo Hoo
3]
Xer = X Rexee _ 3X10° _ 41613
Re, 3.1 x 106
- @ >| e @ >|
,,-—”" (PooVooX1/Hoo) _ X1
,/” (oo Vaol/ o) c
,/
-7 Turbulent x
A S W ke
Va, ,——”’ Laminar
# f |
-t ll + XQ
|t C
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Example 4.10

The Reynolds number in the equations for skin friction
drag coefficient is always based on length measured
from the leading edge.

We can not simply calculate the turbulent skin friction C
drag coefficient for region 2 by using Equation:

Assuming all turbulent flow over the entire length of the
plate, the drag (on one side of the plate) is (Ds  )wrmulent

where
{Dfm Jturbulent = ‘f-:*c-S{Cj'.c)mrhuleni'

S=c(l)
(D f.e)rbulent = GooC(C f.e)turbulent
The turbulent drag on just region 1 is (Ds 1)wmbutent:

'-(Df._l Jturbulent = QO;-S{CIJ )turbulent {Dj'.l Jturbulent = GooX1 ‘:Cj'. 1) turbulent
S = (x1)(1)

5=

~ 0.074

Re!/’
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= Thus, the turbulent drag just on region 2, (D;,)wrbulent: 1S

(D £.2)wrbulent = (D f,c)turhu]enl —(D f,l}tu:hulent

(D_f,Z)turbulent = QDOC(Cf.c)turbulent — o X (Cf.] )turbulent

= The laminar drag on region 1 is (Ds 1),aminar
(D f.1)1aminar = qooS(C f,1)laminar = 9ooX1(C f,1)laminar
= The total skin-friction drag on the plate, Dy, is then
D¢ = (D¢ 1 )iaminar + (D £,2)wrbulent
D¢ = qoox1(Cf,)1aminar + qoo€(C f,c)turbulent — Goo1(C f,1)turbulent

» The total skin-friction drag coefficient is

floe B . By
f_‘?mS GocC

©



X

Xl
1 (Cf,])[amina: 4 (Cﬁc)mrbuient — ?(Cf.I)turbulent

Cf_ 5

x1/c = 0.1613,

Cf =1, 1613(Cf,1)lami_uar 4+ (Cf.c)turbulent — 0-1613(Cf.1)turbulent

1.328 1.328

(C £.1)1aminar = = ——— =0.00188 =0. : .003
f,1)laminar \/H 5108 Cr=0.1613(0.00188) + 0.00372
—0.1613(0.00536) = 0.003158
0.074 0.074
(Cfdwbulest = —75 = = ~srgg = 0.00536 _ _
Rey,” ©x1F) = Taking into account both
0.074 0.074 sides of the flat plate,
Re./ (3.1 x 108)1/ Net Cy = 2(0.003158) = 0.0063
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Viscous flow: airfoil drag
Flow Separation

Pressure drag on an airfoil is caused by the flow
separation.

A f D'L%:«g;p

WO

Perfect Fluid Real fluid

If the flow is partially separated over the rear surface,
the pressure on the rear surface pushing forward will be
smaller than the fully attached case.

The pressure acting on the front surface pushing
backwards will not be fully counteracted, giving rise to a
net pressure drag on the airfoil




Flow Separation
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Viscous flow: airfoil drag

Flow Separation

What flow conditions are conducive /
possible to flow separation?

The main reason is the pressure
gradients: dpldx
Due to viscosity, the fluid particles inside
the boundary layer get slower.

This deceleration cause pressure
increase in the flow direction.

That is, the region where dp/dx is
positive.

In such a case, the real viscous flow
tends to separate from the surface.

Insert (@)

Separation
point

Flow from high pressure to low
pressure


https://www.youtube.com/watch?v=WFcW5-1NP60
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Viscous flow: airfoil drag
Flow Separation

= Two major consequences of the flow separating over an
airfoil are:

= Adrastic loss of lift (stalling).
= A major increase in drag, caused by pressure drag
due to flow separation.

» In the real case, flow separation occurs over the top
surface of the airfoil when the angle of attack exceeds a
certain value—the “stalling” angle of attack.




= 0.6

——————— C;=0.35 ]
_.__——————'—'—"__‘__h-_‘—--—_._____

(a) h

=16
=12 f\
‘A. T TT——
ﬂ
— T
g o =15%-) ﬂ
/——\\ N
a=10° W _______/,,,/_———___\_\__ﬁ____
] R —
m
() L o




L\

2
I“\\

Applied aerodynamics: the flow over

an airfoil—the real case
VN

i ——

for an NACA 4412 airfoll

|
Re = 2.1 x 10° and Vo, = 8 m/s |
|

Clmin
—==- 1oL

(f)
» The type of stalling phenomenon is called leading-edge stall.

» Flow separation takes place rather suddenly and abruptly
over the entire top surface of the airfoil, with the origin of this
separation occurring at the leading edge.
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Applied aerodynamics: the flow over
an airfoil—the real case

= A second category of stall is the trailing-edge stall.

= This behavior is characteristic of thicker airfoils such as
the NACA 4421.

= Here, we see a progressive and gradual movement of
separation from the trailing edge toward the leading edge
as ais increased.

- R - o =12
— ] ¢=06 Rﬁ: %
_,,/—\m S ——

(a) (h)




a=15°

o =22.5°

— o = 1.35
m ‘/\‘
/A\
N
—

(0)

(d)

TE stall (NACA 4421)

-0.5

20
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an airfoil—the real case

= There is a third type of stall behavior, namely, behavior
associated with the extreme thinness of an airfoll.

= This is sometimes labeled as “thin airfoil stall.”

— a separation bubble —

— ——) =07
¢,=025 R
m /_—\
o=3° Mm———ﬁ'ﬂmﬁ—h——— ﬁ a=7° &
- /f\\
/—__\\

almost the complete flat plate.
//_\ - T
/——“"\ C;=0.75 ﬁ—ﬁ ('{=0.7
- //—\\
a=9°A D a=15°& U
 — ————— 0 —""—\\\_/
m %

(c) “ {d)
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Applied aerodynamics: the flow over
an airfoil—the real case

» The amount of thickness will influence the type of stall
(leading-edge versus trailing-edge) and C,...

Re » Here, experimental data for cinfor the NACA 63-2XX
O 9.0x10° series of airfoils is shown as a function of the
O 6.0 thickness ratio.
o 3.0
20~ 4 Standard roughness 6 x 10°
=02 = We see a local maximum.
=0
1.6 _ _ _
= The simple generation of lift by an
i airfoil is not the prime consideration
12— In its design
- A
0.8 | | i ] 1 | I | | ] |
0 4 8 12 16 20 24

Airfoil thickness in percent of chord



J

d
<
\

J
\

Applied aerodynamics: the flow over
an airfoil—the real case

» There are two figures of merit that are primarily used to
judge the quality of a given airfoll;

» The lift-to-drag ratio, L/D
= The maximum lift coefficient ¢.mux determines the stalling
speed of the aircraft

v 2W
stall —
Poo S CL .max

» To increase cw.beyond such a value, we must carry
out some special measures.

= Such special measures include the use of flaps and/or
leading-edge slats.




= Effect of flap deflection

&



a=10°

a=30°-)

g2

an airfoil—the real case

o = 30%+)

€

LE slat

/C:_}—
t&:::‘_‘-:-

Kruger flp

LE droop

LED

/ activated.
T “““““ N\

20 // : \
Ac!.max / / ll
1.5+ ' |
|
!
}
1.0 Aa; =

LED unactivated

10 20 30

ao




2

/§//
| “\\\\\

Applied aerodynamics: the flow over
an airfoil—the real case

» The high-lift devices used on modern, high-performance
aircraft are usually a combination of leading-edge slats
(or flaps) and multi-element trailing-edge flaps.

A: Cruise configuration

Effect of leading-edge and multi-element
flaps on the streamline pattern around an
airfoll O



an airfoil—the real case
Spoilers

Flaps

- ';>\> |

= -

/ wing box

Flight spoilers



h- 4

an airfoil—the real case

- leading-edge
slats

f|apS \\\\\\\\\\\\\\\\\\\\\\\ 2

AR

MO

spoiler

multi-element
trailing-edge
flaps




an airfoil—the real case
A
Lift Coeffecient

Airfoil with
slats and flaps

m
q‘ A i
i

Plain airfoil

Chord

B

Airstream Incidence (Angle of Attack)

flaps leading-edge slats

= |ncreased area » increased wing camber

* increased wing = improved wing upper surface
camber boundary layer by means of the

slat-wing slot
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Historical note: Kutta, Joukowski, and
the circulation theory of lift

Frederick W. Lanchester (1868-1946), an English engineer,
automobile manufacturer, and self-styled aerodynamicist,
was the first to connect the idea of circulation with lift, 1894.

He published two books, entitled Aerodynamics and
Aerodonetics, where his thoughts on circulation and lift were
described in detail, 1907.

M. Wilhelm Kutta (1867-1944), born in Pitschen, Germany,
developed the idea that lift and circulation are related.

Kutta attempted theoretically to calculate the lift on the
curved wing surfaces used by Lilienthal.

In the process, he realized from experimental data that the
flow left the trailing edge of a sharp-edged body smoothly.

That this condition fixed the circulation around the body (the
Kutta condition, 1902.




L\

2
I“\\

Historical note: Kutta, Joukowski, and
the circulation theory of lift

Joukowski was born in Orekhovo in central Russia on
January 5, 1847.

The son of an engineer, he became an excellent
student of mathematics and physics.

Joukowski was deeply interested in aeronautics, and
he combined a rare gift for both experimental and
theoretical work in the field.

Much of Joukowski’'s fame was derived from a paper
published in 1906, wherein he gives, for the first time in
history, the relation

LU= oo Vol

Joukowski was unaware of Kutta’s 1902 note.




S

4.6 The NACA 4412 airfoil has a mean camber line given by

[ ¥ x\?2 x
0.2510.8— — | — for0<— <04
z & ¢ oy
_ =< .
C X X X
0.111 |02 +0.8— — [ — for04<—-<1
| C ¢ ¢

Using thin airfoil theory, calculate
(a) xp—y (b)c; when o = 3°

4.7 For the airfoil given in Problem 4.6, calculate ¢,, .4 and x.,/c when
o =37,
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Introduction

We pose the question: Are C, and C for the wing the
same as those for the airfoil (c, and c,)?

The answer is NO!

Surprised? How can this be? Why are the aerodynamic
coefficients of the wing not the same as those for the
airfoil shape from which the wing is made?

Surely, the aerodynamic properties of the airfoil must
have something to do with the aerodynamic properties
of the finite wing.

This chapter is focused on the aerodynamic properties
of real, finite wings.
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Downwash and induced drag

Airfoil data are frequently denoted as “infinite wing”
data.

However, all real airplanes have wings of finite span.
The flow over an airfoil is two-dimensional.

In contrast, a finite wing is a three-dimensional body,
and consequently the flow over the finite wing is three-

dimensional.

That is, there is a component of flow in the spanwise
direction.
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Downwash and induced drag
» The physical mechanism for generating lift on the wing is
the existence of a high pressure on the bottom surface
and a low pressure on the top surface.

= By-product of this pressure imbalance, the flow near the
wing tips tends to curl around the tips.

Top view
(planform)

Streamline over

the top surface
p surtac V.

t

b
o
K:
Wing roo

Wing span b

!
|
pe— Streamline over the bottom surface

Wing area =S

Wing tip
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Downwash and induced drag

Low pressure
Front

view

High pressure

» The tendency for the flow to “leak”™ around the wing
tips has another important effect on the aerodynamics
of the wing.

» This flow establishes a circulatory motion that trails
downstream of the wing; that is, a trailing vortex is
created at each wing tip.

Wingtip Vortex
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Downwash and induced drag

= The tip vortices are essentially weak “tornadoes” that
trail downstream of the finite wing.

» For large airplanes such as a Boeing 747, these tip
vortices can be powerful enough to cause light
airplanes following too closely to go out of control.

» Such accidents have occurred, and this is one reason
for large spacing between aircraft landing or taking off
consecutively at airports.



https://www.youtube.com/watch?v=L_8tQKVLzE0
https://www.youtube.com/watch?v=Lc86Akaq3KQ
https://www.youtube.com/watch?v=L_8tQKVLzE0

= . Upward speed

?T 'FT i

Downward speed

I

i
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Downwash and induced drag

» These wing-tip vortices downstream of the wing induce
a small downward component of air velocity in the
neighborhood of the wing itself.

» This downward component is called downwash,
denoted by the symbol w.

= |n turn, the downwash combines with the freestream
velocity Ve to produce a local relative wind.






L = lift = component of R perpendicular to Vy

D = drag = component of R parallel to V

O = O —

a

a;

— Geometric angle of attack
— Induced angle of attack

a.if — Effective angle of attack

Qeff = — O
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Downwash and induced drag

The presence of downwash, and its effect on inclining
the local relative wind in the downward direction, has two
important effects on the local airfoil section, as follows:

Although the wing is at a geometric angle of attack a, the
local airfoil section is seeing a smaller angle, namely, the
effective angle of attack — ¢ — ¢,

The local lift vector is aligned perpendicular to the local
relative wind, and hence is inclined behind the vertical by
the angle - «o;

Consequently, there is a component of the local lift
vector in the direction of Ve,

That is, there is a drag created by the presence of
downwash. This drag is defined as induced drag,
denoted by D..
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= Keep in mind that we are still dealing with an inviscid,
incompressible flow, where there is no skin friction or
flow separation.

= For such a flow, there is a finite drag - the induced drag
- on a finite wing.

» D’Alembert’s paradox does not occur for a finite wing.



Roadmap for the analysis

h- 4

General features of
finite-wing aerodynamics:
downwash, effective angle
of attack, and induced drag

Additional tools needed for finite
wing analysis:

I. Curved vortex filament

2. Biot-Savart Law

3. Helmholtz’s vortex theorems

Method of analysis

Prandtl’s classical
lifting-line theory

Modern numerical Lifting
lifting-line surface
method theory

Modern vortex
lattice numerical
method

©
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= For the two-dimensional bodies . b’, and M’,
Cps Cap; ANd Gy

= On a complete three-dimensional body such as a finite

wing
L.D.and M.
CL.. CD. and CM.
» The total drag coefficient for the finite wing Cois given
by CD = Cq + CDJ
D . the skin friction drag _ ook T2
profile drag d = g
D, the pressure drag oo
D;. the induced drag 6 ppi D,
» The parasite drag is the sum of the drag due to skin friction qo‘:‘S

and pressure drag due to flow separation associated with
the complete airplane, including the wing. :



= The segment dl induces a velocity at P
equal to
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The vortex filament, the Biot-Savart law, and
Helmholtz’s theorems

We discussed a straight vortex filament extending to +.

In general, a vortex filament can be curved.
The strength of the vortex filament is defined as I.
Consider a directed segment of the filament dl.

The radius vector from dl to an arbitrary point P in space
IST.

Vortex filament
of strength I

[dlXxr

dv =
47 |r)?

av
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The vortex filament, the Biot-Savart law, and
Helmholtz’s theorems

Equation is called the Biot-Savart law and is one of the
most fundamental relations in the theory of inviscid,
incompressible flow.

It resembles an analogy with electromagnetic theory, a
general result of potential theory.

Let us apply the Biot-Savart law to a straight vortex
filament of infinite length,

[DC" ["dlXr
e

The magnitude of the velocity, V = |V|, is given by

[ [ sin#
V= — =
AT Sy TE

dl




Helmholtz’s theorems

= From the geometry h
Fim=r
sin#
h
| =
tan#
h
dl = ——
sin“ A
= Substituting Equations
[ [% sin# [’ 0
V=— dl = ——— [ sin6do
4 J-oo I? dh Ju
I
V=—
2mh
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The vortex filament, the Biot-Savart law, and
Helmholtz’s theorems

= Consider the semi-infinite vortex filament
* The filament extends from point A to .

= Point A can be considered a boundary
of the flow, (6 = n/2).

* The velocity induced at P by the semi-

infinite vortex filament is

i
 4mh

» The German mathematician and physician Hermann von
Helmholtz (1821-1894) was the first to make use of the
vortex filament concept in the analysis of inviscid,
incompressible flow.
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The vortex filament, the Biot-Savart law, and
Helmholtz’s theorems

He established several basic principles
of vortex behavior which have become
known as Helmholtz’s vortex theorems:

» The strength of a vortex filament is

constant along its length.

A vortex filament cannot end in a
fluid;

It must extend to the boundaries of
the fluid (which can be +«) or form
a closed path.

We make use of these theorems in the
following sections.

Bound vortex
{at 14 c line)

el ¢ T

C-roon oo

RSt

S

Y
%Y starting

(Left - at airport
when plane takes
off - it does not
influence lift or

r
T eeoa
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The vortex filament, the Biot-Savart law, and
Helmholtz’s theorems

= Let us introduce the concept of lift distribution along the

span of a finite wing.

Front view L' =L ()= poclel'(y)

of wing

ZZZ T2 7 L T2

b
2

ST

= The lift distribution goes to zero at the tips; there is a
pressure equalization from the bottom to the top of the
wing, and hence no lift is generated at these points.

» The calculation of the lift distribution L(y) [or the
circulation distribution [(y)] is one of the central
problems of finite-wing theory.




L\

2
I“\\

Prandtl’s classical lifting-line theory

Prandtl reasoned as follows. A vortex filament of strength
that is somehow bound to a fixed location in a flow—a
so-called bound vortex.

Let us replace a finite wing of span b with a bound
vortex, extending fromy = -b/2 to y = b/2.

However, due to Helmholtz’'s theorem, a vortex filament
cannot end in the fluid.

Therefore, assume the vortex filament continues as two
free vortices trailing downstream from the wing tips to
infinity.

This vortex (the bound plus the two free) is in the shape
of a horseshoe, and therefore is called a horseshoe
vortex.
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Prandtl’s classical lifting-line theory

L
4

Free-trailing vortex

(0 hny

X
Replace finite
wing with
bound vortex

to) o

Free-trailing vortex

Finite wing Horseshoe vortex

= Consider the downwash w induced along the bound
vortex from —b/2 to b/2 by the horseshoe vortex.

= we see that the bound vortex induces no velocity
along itself; however, the two trailing vortices both
contribute to the induced velocity.
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Prandtl’s classical lifting-line theory

Trailing vortex
ﬁ

Trailing vortex

\o

If the origin is taken at the center of the bound
vortex, then the velocity at any point y along the
bound vortex induced by the trailing semi-

infinite vortices is,

F i

) = bty Anb/2—y)

Equation reduces to

I b
dm (b/2)* — y?

w(y)=—

Note that w approaches —«~ as y approaches —b/2 or b/2.
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Prandtl’s classical lifting-line theory

The downwash distribution due to the single horseshoe
vortex does not realistically simulate that of a finite wing.

The downwash approaching an infinite value at the tips
IS especially disconcerting.

Instead of representing the wing by a single horseshoe
vortex, let us superimpose a large number of horseshoe
vortices.

Each with a different length of the bound vortex, but with
all the bound vortices coincident along a single line,
called the lifting line.




» The circulation varies along the line of bound vortices -
the lifting line defined above.

©
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Prandtl’s classical lifting-line theory

= Let us extrapolate Figure to the case where an infinite
number of horseshoe vortices are superimposed along
the lifting line.

= Each with a vanishingly small strength df".
Ty ___ Is

- =1
AT
/ | \ x Y
7/ | \52’-. //
/ | \//
/ | dw e S
/ __
/ | Yo > .
/ 2 dy_éf 6 — \f“f {5 dar
/ N 2 d —
Voo / P
- x
! &
/ N
.{_\(\%/‘/
! \};‘4’ P
] S p-
f//
b~ o
2 -



4
L\

2
I“\\

Prandtl’s classical lifting-line theory

Note that the vertical bars in Figure have now become
a continuous distribution of I'(y) along the lifting line.

The value of the circulation at the origin is [.

The total strength of the sheet integrated across the
span of the wing is zero.

Because it consists of pairs of trailing vortices of
equal strength but in opposite directions.

The velocity dw at y, induced by the entire semi-
infinite trailing vortex located at y is given by

(dl'/dvy)dy
4 (Yo — V)

dw = —




A3

R

The total velocity w induced at y. by the entire trailing
vortex sheet is
1 9% (dT/dy)dy

(o) 4w J by2 Yo—)

By the way, the induced angle of attack aq; is given by

—w(Vp) -
| r 3
a;(Vp) = tan —
» Loca] relative wind

Generally, w is much smaller than V«, and hence q; is a
small angle,

, ] bI2 (dT /dv) dv
w( Vo) a; (Vo) = e / : ; : ]
o0 J—b/2 Yo — .

@;(Yo) = —

o0

©
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Prandtl’s classical lifting-line theory
Consider again the effective angle of attack ..

O.¢ IS the angle of attack actually seen by the local airfoll
section.

Since the downwash varies across the span, then a.; is
also variable. Gaer = et (Vo)
The lift coefficient for the airfoil section located at y = y0
IS

¢; = Ao[cter (Vo) — ap—o]= 27 [@err (Vo) — @r=0]

The local section lift slope arhas been replaced by the
thin airfoil theoretical value of 217.




g

From the definition of lift coefficient and from the Kutta-
Joukowski theorem, we have, for the local airfoil
section located at v,

L' = 305 VEC(¥0)C1 = poc VT (Vo)
2 (o)

VooC(Vo)

C; = dploer (Vo) — op—ol= 27 [ctesr (Vo) — ap—0]

C =

= Solving for a4, We have

o__Tow
T AVec() 0 G =
= \We obtain
I"(vo) 1 b/2 (dT /dv)dy
a(yo) = ' +ar=0(yo) + f ——
o) 7T Vo€ (Vo) =000 4V J_b2p  Yo— Y

©
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Prandtl’s classical lifting-line theory

» That is the fundamental equation of Prandtl’s lifting-line
theory.

= The only unknown is T.

= All the other quantities, a, c, Ve, and a,_,, are known
for a finite wing of given design at a given geometric
angle of attack in a freestream with given velocity.

= Based on I'(y) solution we have;

= The lift for an airfoil L' (Vo) = pac Voo ' (V0)

b/2

L'(v)dy L:pgg/ C(v)dy

—b/2

b/2
= The total lift for a wing L = /

J—b/2

L 2 b2
= The lift coefficient for a wing Cp = = : / C(y)dy
(]\,S v:x; S . —b/2
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Prandtl’s classical lifting-line theory

= The induced drag, an airfoll D; = L/ sing;
D: = L;O{;
b/2
= The total induced drag, a wing D; = e e L (y)ai(y)dy
] b/2
D; = prm/ F(y)ei(y) dy
—b/2
: . : D; 2 942
= The induced drag coefficient, awing C,; = = / ['(v)a;(v)dy
GocS Voo J—by2

= [(y) is clearly the key to obtaining the aerodynamic
characteristics of a finite wing.

= Before discussing the general solution of this equation, let
us consider a special case.
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Prandtl’s classical lifting-line theory

Consider/assume that a circulation e 2y\?
distribution given by W =tek" ~ Ky

Ellipse type 1:
G-hy | G-FY

7 7
¢ b

[, Is the circulation at the origin.

The circulation varies elliptically with distance y
along the span; hence, it is designated as an
elliptical circulation distribution.

Since  L(V) = pxoVac(v),

, : 2y\*
L'(y) = pooVacTop[ 1 = |

We now ask the question, ‘What are the aerodynamic
properties of a finite wing with such an elliptic lift
distribution?’




/A

4

4

First, let us calculate the downwash. Differentiating
Equation, we obtain

dT" 4@ y

dy b2 (1 —4y2/p2)12

Substituting it, we have the total velocity

o0 =2 " A ay
A= e ./;m(l — a2 Py — y)

The integral can be evaluated easily by making the
substitution

y =

2| =

b
cosf dy = g sinf de

I'es % cosé
w(fy) = — / de
2nb Jy cosB —cosf,

Hence, Equation becomes
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Prandtl’s classical lifting-line theory

The solution becomes s
w(bh) = —

2b

which states the interesting and important result that the
downwash is constant over the span for an elliptical lift
distribution.

In turn, from Equation, we obtain, for the induced angle
of attack, w Iy

¥ = — —
’ Voo  2bVa

The induced angle of attack is also constant along the
span.




For lift, we have

b/2 ( 4y2 1/2
l u

—b)2

L = px VDOFU/

s ECDSQ dy = —3 sinf df

U G b
F =i me‘ﬂ—/ sin0df = p Vo To—
2 Jo 4
e — 4L
= Forl, we have lo= V. b
28y
=3
b
o _ _ IV.SC: 1 SCr
- {I — —_— T
Substituting Equation, we obtain i bt 2bVe  mh?

= An important geometric property of a finite wing is the

aspect ratio, denoted by AR and defined as

2
AR =~ =
S

©
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Prandtl’s classical lifting-line theory

: C
= Hence, Equation becomes @ = —b
TAR
: .. : D; 2 b/2
= The induced drag coefficient, awing C,; = = / C(v)ai(v)dy
e  Veaid J-bp2
» The induced drag coefficient is
2e; [P/? 20;g b ™ . , ol
Chic= ’1 / C'(y)dy = & ?—} / sin“ 0 de = sl
VoS J_b/2 V'S 2ls 2V, S
= b C,r_ EV%SC;_
Cpi=-
2VeS \mMAR b
. » The dependence of induced drag on the lift
= \We obtain 5 : C
Cr . — €; IS not surprising,
D, — TAR

Even at relatively high cruising speeds,

induced drag is typically 25 percent of the
total drag.

&




High AR (low
induced drag)
. T

2
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Prandtl’s classical lifting-line theory

Another important aspect of induced drag is that, Co.is

inversely proportional to aspect ratio.

Hence, to reduce the induced drag, we want a finite

wing with the highest possible aspect ratio.

Unfortunately, the design of very high aspect ratio

wings with sufficient structural strength is difficult.

Therefore, the aspect ratio of a conventional aircraft is
a compromise between conflicting aerodynamic and

structural requirements.

Today the aspect ratios of conventional

AR =p?/S

/\

—

fe——————— p———————

subsonic aircraft range typically from 6 to 8.

Low AR (high
induced drag)
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Prandtl’s classical lifting-line theory

Another property of the elliptical lift distribution is related
to the geometry.

We have seen that aiis constant along the span, (with
no geometric twist and no aerodynamic twist).

Since the local section lift coefficient cl is given by

¢1 = ao(teff — @r—p) constant along the span

L'(¥) = geei

Solving Equation for the chord, we have  ¢(y) = =

(JocC]

Thus, Equation dictates that for such an elliptic lift
distribution, the chord must vary elliptically along the
span.

That is, for the conditions given above, the wing
planform is elliptical.




z 4
- T T~
- ~
e \\
N 7 Y
&y \
7/
,;gf’/ 3 o
) / v Elliptic wing
< t-
Ve / ~
—_— / L/t > X
/ b/{'ooﬁsx
W
II /b/
I -~
b/

= |llustration of the related quantities: an elliptic
circulation/lift distribution, elliptic planform, and constant
downwash.

©
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Prandtl’s classical lifting-line theory

General Lift Distribution

b | o

= Consider the transformation v = ——cos# 0<b<m
= Interms of 6, the elliptic lift distributionis  (g) = ', siné

= Equation hints that a Fourier sine series would be an
appropriate expression for the general circulation distribution
along an arbitrary finite wing.

N
= Hence, assume for the general case that [ () =2bVx) A, sinné
1

» The coefficients A.n(wheren=1, ..., N) are unknowns.

= However, they must satisfy the fundamental equation of Prandtl’s
lifting-line theory.
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» The fundamental equation of Prandtl’s lifting-line theory;
it simply states that the geometric angle of attack is
equal to the sum of the effective angle plus the induced
angle of attack.

' (o) 1 /-wz (dl'/dy)dy

a(vo) = + ar—o(Yo) +
(Vo) =TT L=0(Yo e 5 S

= Differentiating the general circulation Equation, we
obtain
dT‘_dFdQ

dy  dOdy

o do
— EmeZ nA, cosnt—
1

dy
= Substituting Equations, we obtain

2b

N N
: I [T >, nA,cosné
A, sinné, _ — L
7!'((90)2] n 0+ Q’L_()(g{)) + - /()

cosf — cos 6

() =

de

©
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Prandtl’s classical lifting-line theory

The integral in Equation becomes /Tf cosnfdd  msinnéo
Jo cos® —cos6,  sin
N N :
2b sin né,
a(6y) = A, sinnb, +a;_o(6y) + nA,;—
) ”"'(99}'2: . . Z|: " sinf,

Examine Equation closely.

It is evaluated at a given spanwise location; hence, 6.is
specified.

In turn, b, ¢(6), and ai-(6,) are known quantities from the
geometry and airfoil section of the finite wing.

The only unknowns in Equation are the A.’s.
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Prandtl’s classical lifting-line theory

= However, let us choose N different spanwise stations,
and let us evaluate Equation at each of these N
stations.

= We then obtain a system of N independent algebraic
equations with N unknowns.

= |n this fashion, actual numerical values are obtained for
the A,’s.

= Now that '(6) is known, the lift coefficient foN( the finite
wing follows [(©) =2bVa Y Ay sinné
|

2 o 252 *
C,=—— | redy==_5N"A4,| sinndsinode
L=V s - (v)d: : X,: I_/@ sin 10 sin @ ¢

Hence, Equation becomes

o . . /2
b2 / sinné@ sinf do = 0
C; = ,f-';,rr? = A;TAR J0

forn =1
forn # 1



» The induced drag coefficient is obtained from

) b/2

e — (Ve (v)dy
D.i VmS - () 1() )

sz T N
=) Y Ausinnd |a;(0)sin db
1

= \We know that 1 b2 (d[‘/dv) dv
a; (Vo) = / e
47 Voo Jopy2  Yo— ¥

N
dl’ dI' do de
— = 2bV, nA, cosnf—
dv ~ do dy C"’Zl: : dy
b
}?:—52059 0<f6<m

= Therefore,

.2 a cos né & sin ny
a;i(vo) = —Z HAH/ do = ZHA,] :
T 0 Cosh — cosb 7 sin fy

©
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» Gis simply a dummy variable which ranges from O to 17
across the span of the wing; it can therefore be
replaced by 6,

sinné

o(0) = ZHAH

siné
» Substituting Equation, we have

")[ )
Cp.i i (Z A, smn@)(z nA,sin 119) dé

* From the standard integral, E _ 0 form #k
sinmé sin kB =
0 /2 form =k

= Hence, Equation becomes

N N
2b°
Cpi = il (Z nA ) — = J'TARZ nAZ = mgAR (Af +Znﬂi)
2 ! 2
N 2
AII
L% # (—)

Cpi = AR A}

©
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Prandtl’s classical lifting-line theory

/ 2
We know that f, = AJ% — A, TAR
Substituting Equation, we obtain C:
Cop= g1 +9

§ =Y n(A,JAD? 8 >0

Let us define a span efficiency factor,e,as ¢ = (1 +6)"

e: span efficiency factor

: : Cf
Then Equation can be written as  Cp; = —— e <1
TeAR

Note that d = 0 and e = 1 for the elliptical lift distribution.

Hence, the lift distribution which yields minimum
induced drag is the elliptical lift distribution.
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Prandtl’s classical lifting-line theory

= However, elliptic planforms are more expensive to
manufacture.

= On the other hand, a simple rectangular wing generates
a lift distribution far from optimum.

= A compromise is the tapered wing.
» The tapered wing can be designed with a taper ratio,

that is, tip chord/root chord = cJ/c, such that the lift
distribution closely approximates the elliptic case.

Elliptic wing \/Tl: Rectangular wing

Tapered wing



The views of the Supermarine Spitfire, a

famous British World War |l fighter.

©
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Prandtl’s classical lifting-line theory

» For a specific aspect ratio, we have the
optimal taper ratio which provides the
minimum induced drag.

7

Coi = —SL (1 48)
DI AR

0.16 I
0.12 |
.\Q
Qf
0.08 |4 >/ %
o
0.04 A
0 1 | |
0.2 0.4 0.6 0.8 1.0

Taper ratio, ¢, /c,

» Induced drag factor d as a function
of taper ratio.
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Prandtl’s classical lifting-line theory

Effect of Aspect Ratio

Note that the induced drag coefficient for a finite wing
with a general lift distribution is inversely proportional to
the aspect ratio.

AR, which typically varies from 6 to 22 for standard
subsonic airplanes and sailplanes, has a much stronger
effect on Cp; than the value of 0.

Hence, the primary design factor for minimizing induced
drag is the ability to make the aspect ratio as large as
possible.

Recall from Equation that the total drag of a finite wing is
iven b

g y c2

TeAR

Cp=cqg+
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Prandtl’s classical lifting-line theory

Ca
T T p
17 e -~
V. i aun
LA
//j/ //’/"}? _;‘/
=
ﬁ///// AT
707
. ./f//
Cw
e

= This is a plot of lift coefficient versus

drag coefficient, and is called a drag
polar.

Ci

TeAR

Cp=ca+

Prandtl’'s classic rectangular wing data for
seven different aspect ratios from 1 to 7;
variation of lift coefficient versus drag
coefficient.

Note that, in his nomenclature, C, = lift
coefficient and C,, = drag coefficient.

Also, the numbers on both the ordinate and
abscissa are 100 times the actual values of
the coefficients.
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Infinite
wing

Cepp = A — &

Finite
elliptic
wing

Prandtl’s classical lifting-line theory

Also, recall that at zero lift, there are
no induced effects.

Thus, when C.= 0, a = Q.

As a result, a-is the same for the
finite and the infinite wings,

Ci
7eAR

Cp=cqg+

The values of acand a are related as

follows.
(ICL

—— =a
d(o — ;) !

C; = ap(ax — ;) + conslt
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Prandtl’s classical lifting-line theory

C
Recall that o = T;R for an elliptic finite wing.

Ci.

Substituting Equation, we obtain €. = ag (ﬁ' = m) + const
Differentiating Equation with respect to a, and solving
for dC./da, we obtain

HJ(__‘L ap
= d

do ] + ag/TAR

For a finite wing of general planform,

dp
14 (ap/TAR)(1 + 1)

a AR — o0, a — «qg

T IS a function of the Fourier coefficients A..

Values of 7 typically range between 0.05 and 0.25.
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Prandtl’s classical lifting-line theory

» The effect of aspect ratio on the lift curve is shown in

Figure;

h?
CL=Am— = ATAR

Physical Significance

Prandtl’s lifting-line model with its trailing-
vortex sheet is physically consistent with
the actual flow downstream of a finite wing.

20

\l/

/100

20Z4RP4
//// Pd
A i//,//
//




Consider the wing of the Beechcraft
Baron 58 at a 4-degree angle of attack.

The wing has an aspect ratio of 7.61 and
a taper ratio of 0.45.

Calculate C.and Cofor the wing.

From Figure, the zero-lift angle of attack
of the airfoil, which is the same for the
finite wing, is

wp—p = —1°

We arbitrarily pick two points on this
curve: a = 7> where cl = 0.9, and a = —1-
where cl = 0. Thus

09-0 0.9

apg = D) =-3 = 0.113 per degree

NACA 23015 Wing Section

=
B

o

=

Section lift coeflicient, ¢;

= EC

©
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= The lift slope in radians is:  ap = 0.113(57.3) = 6.47 per rad

» From Figure, for AR = 7.61 and taper ratio = 0.45; &§ =0.01

0.16 1 I
= — — 0.99
\ ‘T1+5 1400l
0.12 k .
= Assuming 1 = 0,
|
0.08 |y /% a= auaﬂ = 5.08 per rad
o 4 (JIAR) thm) 0.0887 per degree
0.04 A
» For the linear lift curve for the finite wing
0 | 1 | Cr=a(a —ap—p)
0.2 0.4 0.6 0.8 1.0
Taper ratio, ¢,/c, » fora-= 40, we have

Cr = 0.0887[4 — (=1)] = 0.0887(5)
C; = 0.443



» The drag coefficient is given by Cp=ca+

= We need c, for c;.

= We need q, for c,.
= we will assume an elliptical lift
distribution over the wing.

_CL (0.443)
"~ wAR  7(7.61)

= 0.0185 rad
= 1.06"

e = @ — o = 4° — 1.06° =2.94° = 3°

o

¢l = ap(oeff — cp—p)

2

L
meAR
024 %! }’
% 1
.
020
\ I
016 u
2
‘? 9‘ \ ‘A s
g on ~ N | 4
) L a
%_ 008 e -
£
12 -8 -4 0 4 8 12 1.6
Section lift coefficient, ¢;

=0.113[3—=(=1)] =0.113(4) = 0.452
» Taking the data at the highest Reynolds number

shown, for c.= 0.452, we have

cqd = 0.0065

©



Returning to Equation . = _

443)2
— 0.0065 + AT = 0.0148
7(0.99)(7.61)

The lift coefficient for the finite wing is 0.443 compared to
the airfoil value of 0.54.

18% lower than the airfoil value - a substantial difference.

The drag coefficient for the finite wing is 0.0148 compared to
the airfoil value of 0.0068.

More than a factor of two larger - a dramatic difference.
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A numerical nonlinear lifting-line method

The classical theory is essentially closed form; that is,
the results are analytical equations.

However, the elements of the lifting-line theory lend
themselves to a straightforward purely numerical
solution which allows the treatment of nonlinear effects.

Consider the most general case of a finite wing of given
planform and geometric twist, with different airfoil
sections at different spanwise stations.

Assume that we have experimental data for the lift
curves of the airfoil sections, including the nonlinear
regime

A numerical iterative solution for the finite-wing
properties can be obtained as follows:
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A numerical nonlinear lifting-line method

1. Divide the wing into a number of spanwise stations, here
k + 1 stations are shown, with n designating any specific
station.

-

12 i
| | [ : i ' l ' | fc k,H
| ! | | i
S R N B
[ [ ! [ I ! ]
| | Ay 1 v
I : : l! I
N L
L
!

>~y

2. For the given wing at a given a, assume the Ilift
distribution along the span; that is, assume values for at
all the stations 1,2, ...,n,..., k+1.

An elliptical lift distribution is satisfactory for such an
assumed distribution.
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A numerical nonlinear lifting-line method

3. With this assumed variation of [, calculate the induced
angle of attack a, at each of the stations:

1 /bf? (dT'/dy) dy
47 Vs .

a;(yp) = Simpson’s rule

—b/2  ¥n—Y

1 Ay <~ dT/dy);_ dT/dy);, (dT/dy);
& () = T‘Z{ L W e BB

'_;JT 1;!'}6:- j=246 (,".H il \‘j—l} ,\'H ! T_I .'Il'lﬂ = “'I_,ll—]

4. Using a, from step 3, obtain the effective angle of attack
a.¢ at each station from

Cefi(Vn) = a — o (Va)

5. With the distribution of aeff calculated from step 4,
obtain the section lift coefficient (c,), at each station.
These values are read from the known Ilift curve
(experimental data) for the airfoil.
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A numerical nonlinear lifting-line method

6. From (c), obtained in step 5, a new circulation

distribution is calculated from the Kutta-Joukowski
theorem and the definition of lift coefficient:

P

LJ(."'H} = P er(.\'n.) — %pc@ "!;c.{wn[('f)n
['(ya) = é_‘"!x('u (C1)n

where c.is the local section chord. Keep in mind that in
all the above steps, n ranges from 1 to k + 1.

. The new distribution of obtained in step 6 is compared
with the values that were initially fed into step 3.

If the results from step 6 do not agree with the input to
step 3, then a new input is generated.

If the previous input to step 3 is designated as .« and
the result of step 6 is designated as I e,
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A numerical nonlinear lifting-line method
ri]'I]JLIT. — rold -t D(Fnew = rnld)

where D is a damping factor for the iterations.

Experience has found that the iterative procedure
requires heavy damping, with typical values of D on
the order of 0.05.

8. Steps 3 to 7 are repeated a sufficient number of cycles
until T.. and .« agree at each spanwise station to
within acceptable accuracy.

9. From the converged ['(y), the lift and induced drag
coefficients are obtained. The integrations in these
equations can again be carried out by Simpson’s rule.
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The lifting-surface theory and
the vortex-lattice numerical method

Prandtl’s classical lifting-line theory gives reasonable
results for straight wings at moderate to high aspect
ratio.

However, for low-aspect-ratio straight wings, swept
wings, and delta wings, classical lifting-line theory is
inappropriate.

For such planforms, a more sophisticated model must
be used.

le lym |-

Low aspect ratio Swept wing Delta wing
straight wing
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The lifting-surface theory and
the vortex-lattice numerical method

Let us place a series of lifting lines on the
plane of the wing, at different chordwise
stations.

That is, consider a large number of lifting
lines all parallel to the y axis, located at
different values of x.

In the limit of an infinite number of lines of
infinitesimal strength, we obtain a vortex
sheet, where the vortex lines run parallel to
the y axis.

The strength of this sheet (per unit length in
the x direction) is denoted by y= y(X,y).

| Lifting

surface

-‘_-‘.—]-_-_-—‘_-""‘-'—-__
— [ [———
_Y(x, »)
Ad(x, y) h
[4
o Plx, y) _
i
. —
\ /
8, (v)

A

X -

|~ Wake
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The lifting-surface theory and
the vortex-lattice numerical method

In addition, recall that each lifting line has a system of
trailing vortices.

Hence, the series of lifting lines is crossed by a
series of superimposed trailing vortices parallel to the
X axis.

In the limit of an infinite number of infinitesimally weak
vortices, these trailing vortices form another vortex
sheet of strength & (per unit length in the y direction),
o = O(X, Y).

The two vortex sheets—the one with vortex lines
running parallel to y with strength y and the other with
vortex lines running parallel to x with strength & result
in a lifting surface distributed over the entire planform
of the wing,
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The lifting-surface theory and
the vortex-lattice numerical method

= Note that downstream of the trailing edge we have no
spanwise vortex lines, only trailing vortices.

» Hence, the wake consists of only chordwise vortices.

= The strength of this wake vortex sheet is given by 6,=9,, (V).

6(x, ¥)
4

= Consider point P located at (X, y) on the
wing. The lifting surface and the wake
vortex sheet both induce a normal
component of velocity at point P.

= Denote this normal velocity by w(x, y).

= Keep in mind that we are treating the
wing as a flat surface in this discussion.

v(x, ¥)
.

Y
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The lifting-surface theory and
the vortex-lattice numerical method

We want the wing planform to be a stream surface of the
flow.

That is, we want the sum of the induced w(x, y) and the
normal component of the freestream velocity to be zero at
point P and for all points on the wing.

This is the flow-tangency condition on the wing surface.
The central theme of lifting-surface theory is to find y (X, y)
and o(x, y) such that the flow-tangency condition is satisfied

at all points on the wing.

Let us obtain an expression for the induced normal velocity
w(X, y) interms of y, §, and 9J,,.
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The lifting-surface theory and

the vortex-lattice numerical method

Consider the sketch given in Figure.

Consider the point given by the coordinates
(¢, n). At this point, the spanwise vortex

strength is y (¢,n).

Consider a thin ribbon, or filament, of the
spanwise vortex sheet of incremental
lengths.

From the Biot-Savart law, the incremental
velocity induced at P due to y

I' dl x x

4 |r)?

y d& (dn)rsinf

3

dV]| =

4 r

Y

L
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the vortex-lattice numerical method

The induced velocity was  (dw), = —|dV| sinf = (x —&)/r
y (x —§)d&dn
Sy = ri

The incremental velocity induced at P due to &

d (y—mn)d&dn
4 r3

(dw); = —

The incremental velocity induced at P due to o,

Ow (y —n)d&dn

(dw); = ~2 3
T ' i
the normal velocity induced at P by both the lifting
surface and the wake is r=v@ —£2+(y—1n)

w(x,y) =

1 / (x —E)y(E N+ (v —SE, n)
4 [(x — &)2+ (v — )22

s 1 / / (y —md, (. n) de dn
- 2 y — mY213/2 -
; 4 / [(x — &)+ (v —n)?]

d& dn




the vortex-lattice numerical method

» The advent of the high-speed digital computer/codes
has made possible the implementation of numerical
solutions based on the lifting-surface concept.

Woasdward
2 panils

Boelng 737-800


http://tornado.redhammer.se/
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Design box

= The lift slope for a high-aspect-ratio straight wing with

an elliptical lift distribution is predicted by Prandtl’s
lifting-line theory and is given by

a= & AR > 4,
I +ap/mAR
The German aerodynamicist H. B. Helmbold in 1942
modified Equation to obtain the following form
applicable to low-aspect-ratio straight wings:

an

=
V1 + (ap/TAR)? + ap/ (T AR)

AR < 4

For swept wings, Kuchemann suggests the following
modification to Helmbold’s equation:

gy cos A

- \/] + [(agcos A)/(mAR)]* + (agcos A/(wr AR))

a

where A is the sweep angle of the wing, referenced to
the half-chord line -




= A special case of swept wings is those aircraft
with a triangular planform, called delta wings.

= |ndeed, there are several variants of the basic
delta wing used on modern aircraft;

L
[

NI |
. (

\ \
N

)
- A
-~

(a) Simple delta (b) Cropped delta
i /\ The Convair F-102A The space shuttle
(¢) Notched delta (d) Double delta

©
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Applied aerodynamics: the delta wing

» The subsonic flow pattern over the top of a delta wing at
angle of attack is sketched in Figure.

= The vortex formation is because of
pressure difference between upper and
lower surface of wing. ] Crossflow plane

/ \/ -~ i Primary vortex core

Secondary vortex

-----

Secondary attachment line (A;)

Attachment streamline
Primary attachment line (4;)

Flow visualization

Primary separation line (§)

Secondary separation line (55,)



https://www.youtube.com/watch?v=-GMg536L4PU
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Applied aerodynamics: the delta wing

= \ortex formation generates pressure drop on the upper
surface, especially near the Ileading edge and
reasonably constant over the middle of the wing..

@ o

-

Il

+
(SRR

+)



However, the aerodynamic effect of these o5
vortices is not necessarily advantageous.

In fact, the lift-to-drag ratio L/D for a delta
planform is not so high as conventional 051

wings.
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Applied aerodynamics: the delta wing

The suction effect of the leading-edge vortices enhances
the lift.

For this reason, the lift coefficient curve for a delta wing
exhibits an increase in C. for values of a at which
conventional wing planforms would be stalled.

A typical variation of C.with a for a 60- delta wing is
shown in Figure.

The lift slope is small, the stalling angle of
attack is on the order of 35e. ¢ 10

| I |

|

B

|

=20 -10 0 10

-10 |-

20

o, degrees

30

40
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Historical note: Ludwig Prandtl - the man

» Ludwig Prandtl was born on February 4, 1874, Iin
Freising, Bavaria/Germany.

* In his childhood, his father, a great lover of
nature, induced Ludwig to observe natural
phenomena and to reflect on them.

His Ph.D. thesis at Munich was in solid mechanics,
dealing with unstable elastic equilibrium in which bending
and distortion acted together.

Prandtl’s contributions in fluid mechanics had begun as
an engineer in the Maschinenfabrick Augsburg.

In 1904, Prandtl delivered his famous paper on the
concept of the boundary layer to the Third Congress on
Mathematicians at Heidelberg.
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Historical note: Ludwig Prandtl - the man

» Prandtl's Heidelberg paper established the basis
for most modern calculations of skin friction,
heat transfer, and flow separation.

= Later that year, he moved to the prestigious
University of Gottingen to become Director of the
Institute for Technical Physics, (1904-1953).

Prandtl’s water tunnel, 1902.

» Prandtl spent the remainder of his life at Gottingen, building
his laboratory into the world’s greatest aerodynamic
research center of the 1904-1930 time period.

= At Gottingen, during 1905-1908 Prandtl carried out

numerous experiments on supersonic flow through nozzles
and developed oblique shock- and expansion wave theory.

©
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Historical note: Ludwig Prandtl - the man

From 1910 to 1920, he devoted most of his efforts to low-
speed aerodynamics, principally airfoil and wing theory,
developing the famous lifting line theory for finite wings.

Prandtl remained at Gottingen throughout the turmoil of
World War |I, engrossed in his work and seemingly
insulated from the intense political and physical
disruptions.

Prandtl with his festitut -personnel

» Prandtl died in 1953 in Gottingen. He was clearly the father
of modern aerodynamics - a monumental figure in fluid
dynamics. His impact will be felt for centuries to come.

e

= Hsin Cheng, with her husband. and Johanna Vogel-Pra
Prandtl's grave




5.1 Consider a vortex filament of strength I" in the shape of a closed circular
loop of radius R. Obtain an expression for the velocity induced at the
center of the loop in terms of I and R.

5.2 Consider the same vortex filament as in Problem 5.1. Consider also a
straight line through the center of the loop, perpendicular to the plane of
the loop. Let A be the distance along this line, measured from the plane of

the loop. Obtain an expression for the velocity at distance A on the line, as
induced by the vortex filament.

5.3 The measured lift slope for the NACA 23012 airfoil is 0.1080 degree ™",
and «;—p = —1.3". Consider a finite wing using this airfoil, with AR = 8
and taper ratio = 0.8. Assume that 8 = 7. Calculate the lift and induced
drag coefficients for this wing at a geometric angle of attack = 7°.



5.4

5.6

The Piper Cherokee (a light. single-engine general aviation aircraft) has a
wing area of 170 ft* and a wing span of 32 ft. Its maximum gross weight is
2450 Ib. The wing uses an NACA 65-415 airfoil, which has a lift slope of
0.1033 degree™" and a;_g = —3°. Assume 7 = 0.12. If the airplane is

cruising at 120 mi/h at standard sea level at its maximum gross weight and

is in straight-and-level flight, calculate the geometric angle of attack of the
wing.

Consider a finite wing with an aspect ratio of 6. Assume an elliptical lift
distribution. The lift slope for the airfoil section is 0.1/degree. Calculate
and compare the lift slopes for (a) a straight wing, and (b) a swept wing,
with a half-chord line sweep of 45 degrees.
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Introduction

To this point in our aerodynamic discussions, we have
been working mainly in a two-dimensional world; so-
called planar flows.

The real world of aerodynamic applications is three-
dimensional.

However, because of the addition of one more
independent variable, the analyses generally become
more complex.

The accurate calculation of three-dimensional flow
fields has been, and still is, one of the most active
areas of aerodynamic research.
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Introduction

The purpose of this chapter is to introduce some very
basic considerations of three-dimensional incompressible
flow.

The governing fluid flow equations have already been
developed in three dimensions.
In particular, if the flow is irrotational,

V=V¢

If the flow is also incompressible, the velocity potential is
given by Laplace’s equation:
qub = {)

Solutions of Equation for flow over a body must satisfy the
flow-tangency boundary condition on the body, that is,

Ven=0
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n is a unit vector normal to the body surface.

= In all of the above equations, @ is, in general, a
function of three-dimensional space.

= For example, in spherical coordinates @ = @(r, 6, ?).

» Let us use these equations to treat some elementary
three-dimensional incompressible flows.



V =V_ =const.

= Consider the velocity potential given by

d=V_ r=(_i+v_j+w K)(xi+yj+zk)

We obtain

V=Vgp
= V’(umx +v_y+ wmz)
=u_i+v_j+wKk

=Vw
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Three-dimensional source

= Consider the velocity potential given by

where C is a constant and r is the radial coordinate from
the origin.

LA

= \We obtain V=V¢=—e

= In terms of the velocity components,
we have

Point source

|

|

C '
Vr:r—z g — i -

_ RN |

VH_ \\\ |

|

Vcb :D /\\ |

~d

= Such a flow is defined as a three-
dimensional source. Sometimes it is
called simply a point source
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» To evaluate the constant C, consider a sphere of
radius r and surface S centered at the origin.

» The mass flow across the surface of this sphere is

#pV-dS

5
» Hence, the volume flow, denoted by A, is 4 = ﬁv-ds
S

= On the surface of the sphere, the velocity is a constant

value V, = C/r?

C 2
X = —4xF- =4nC

)
= Hence, (_":i O . Q
4
2mr . 4

o 3




pZ

= Substituting Equation, we find

V, ;L
" 42
b= &

 dmwr

= In the above equations, A is defined as the strength of
the source.

= When A is a negative quantity, we have a point sink.
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Three-dimensional doublet

Consider a sink and source of equal but opposite
strength located at points O and A.

The distance between the source and sink is I.

Consider an arbitrary point P located a distance r from
the sink and a distance r.from the source.

A 1 |
The velocity potential at Pis ¢ = —— (— = —.)

" !

b= AT —T
T dnm i
Let [ —= 0 as L= DO
[ > 0,r—ri — OB =l[cos8,
rry — r?




Ar—r._ Alcos®  p cos

= — lim — = ——
¢ =0 A rry 47 r? 47 r?
n= Al

» The flow field produced by Equation is a three-
dimensional doublet.

= uis defined as the strength of the doublet. ‘

= We find

Lo
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Flow over a sphere

= Consider again the flow induced by the

three-dimensional doublet.
—
» Superimpose on this flow a uniform
velocity field of magnitude V- in the o
negative z direction. —_—
= The spherical coordinates of the —*
freestream are .
V, = -V cosé
Vg = V4, sinb '
V{p = U
: . . cosf
= We obtain, for the combined flow, V, = —V_ cos8 + ,:—’im:
P | S
2 s L sinf
9 = Voo 8in@ 4+ yp— =

Vq:,:o

& ‘\Z\\&

H e
— (Vg’ — F) cos
(‘yfx 4;:!‘3) siné@




» To find the stagnation points in the flow, set vV, = Vv, = 0

sinf = 0; .

1
V. — — !
> 2R3

= \We obtain

1/3
R= s
2 Vo

» There are two stagnation points, both on the z axis, with
(r, 6) coordinates

[(2;%) B 0] szﬂvm ) R H]
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» Insert the value of r = R from Equation into the
expression for V.. We obtain

V, = —=(Voo — Vxg) cos8 =0

= Thus, V.= 0when r = R for all values of 6 and ©.

= This is precisely the flow-tangency condition for
flow over a sphere of radius R.

= Hence, the velocity field is the incompressible
flow over a sphere of radius R.
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= On the surface of the sphere, where r = R, the
tangential velocity is obtained from

: 1/3
Vo=V, +—*—)sing )
4 R3 21V,
W 2 % _ 3
Vo = (Vm+4rr 73 )smé‘ =20 R Vi,
Vo = 2V sin 6

» The maximum velocity occurs at the top and bottom
points of the sphere, and its magnitude is 3y,
2 (o 8]

» For the two-dimensional flow, the maximum velocity is 2V
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Flow over a sphere

Hence, for the same V., the maximum surface
velocity on a sphere is less than that for a cylinder.

The flow over a sphere is somewhat “relieved” in
comparison with the flow over a cylinder.

The flow over a sphere has an extra dimension in
which to move out of the way of the solid body.

The flow can move sideways as well as up and down.
This is an example of the three-dimensional relieving

effect, which is a general phenomenon for all types of
three-dimensional flows.




W

i

)

-

» The pressure distributions over
sphere and a cylinder are compared in
Figure.

It dramatically illustrates the three-
dimensional relieving effect.

\

4
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Flow over a sphere

» The pressure distribution on the surface of the sphere
IS given by

%

Cp=1-—

Ky

1.0

~1.0

-3.0

—-80 —-60 —40
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General three-dimensional flows:
panel techniques

= In modern aerodynamic applications, three-dimensional,
inviscid, incompressible flows are almost always
calculated by means of numerical panel techniques.

» The general idea behind all such panel programs is to
cover the three-dimensional body with panels.

There is an unknown distribution of
singularities (such as point sources, doublets,
or vortices).

These unknowns are solved
» through a system of simultaneous linear
algebraic equations,

= generated by calculating the induced
velocity at control points on the panels
and applying the flow-tangency condition.




2

/§//
| “\\\\\

General three-dimensional flows:
panel techniques

» For a nonlifting body, a distribution of source panels is
sufficient.

= However, for a lifting body, both source and vortex
panels are necessary.

= The geometric complexity of distributing
panels over the three-dimensional
bodies...;

= How do you distribute the panels
over the body?

= How many panels do you use?

= —— — R

—— = A few months determining the
N e s best geometric distribution of

_ panels over a complex body...
Boeing 747-space shuttle

piggyback combination.
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Applied aerodynamics:
airplane lift and drag

A three-dimensional object of primary interest to aerospace
engineers is a whole airplane.

We emphasized that the aerodynamic force on any body
moving through the air is due only to two basic sources, the
pressure and shear stress distributions exerted over the
body surface.

Lift is primarily created by the pressure distribution; shear
stress has only a minor effect on lift.

Inviscid flow has given us reasonable predictions of the lift
on airfoils, and finite wings.

Drag, on the other hand, is created by both the pressure
and shear stress distributions, and analyses based on just
inviscid flow are not sufficient for the prediction of drag.
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Applied aerodynamics:
airplane lift and drag

Airplane Lift

Lift is produced by the fuselage of an airplane as well as
the wing.

Of course, other components of the airplane such as a
horizontal tail, canard surfaces, and wing strakes can
contribute to the lift, either in a positive or negative sense.

We emphasize that reasonably accurate predictions of lift
on a complete airplane can come only from

= wind tunnel tests,

» detailed computational fluid dynamic calculations
(such as the panel calculations),

» and, of course, from actual flight tests of the airplane.
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Applied aerodynamics:

_ _ airplane lift and drag
Airplane Lift

For subsonic speeds, however, data obtained using
different fuselage thicknesses, d, mounted on wings
with different spans, b, show that the total lift for a
wing-body combination is essentially constant for d/b
ranging from O to 6.

Hence, the lift of the wing-body combination can be
treated as simply the lift on the complete wing by itself,
including that portion of the wing that is masked by the
fuselage.

About the same as the lift on the
wing of planform area S, which
includes that part of the wing
masked by the fuselage
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Applied aerodynamics:

_ airplane lift and drag
Airplane Drag

= |t is important to produce this lift as efficiently as
possible, that is, with as little drag as possible.

» The ratio of lift to drag, L/D, is a good measure of
aerodynamic efficiency.

» As in the case of lift, the drag of an airplane can not
be obtained as the simple sum of the drag on each
component.

» For example, for a wing-body combination, the drag is
usually higher than the sum of the separate drag
forces on the wing and the body, giving rise to an
extra drag component called interference drag.
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_ airplane lift and drag
Airplane Drag

Ci
meAR

» For a finite wing; Cp=ci+

= Cois the total drag coefficient for a finite wing,

» Cqis the profile drag coefficient caused by skin friction
and pressure drag due to flow separation,

» and the induced drag coefficient with the span efficiency
factor e.
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Applied aerodynamics:
airplane lift and drag

Airplane Drag

"2
For the whole airplane, ¢, =cCp,+ ;
e

Colis the total drag coefficient for the airplane.
Co.lis defined as the parasite drag coefficient.

It contains not only the profile drag of the wing [c:] but
also the friction and pressure drag of the other surfaces.

Such as tail surfaces, fuselage, engine nacelles, landing
gear, and any other component of the airplane that is
exposed to the airflow.
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Applied aerodynamics:

_ airplane lift and drag
Airplane Drag

= We think that as the angle of attack is varied, Co.will
change with angle of attack.

= Because the lift coefficient, C., Iis a specific function of
angle of attack, we can consider that Co.is a function of
C..

= Areasonable approximation for this function is

Cp,e =Cpo+71C;
where r is an empirically determined constant.
= Since at zero lift, C.= 0, then Equation defines C.. as

the parasite drag coefficient at zero lift, or more
commonly, the zero-lift drag coefficient.
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Applied aerodynamics:
airplane lift and drag

Airplane Drag

We can rewrite Equationas ¢, = Cp, + (r =K ]ﬂ.R) 2
e, -

It is similar to a finite wing drag expression.

We can redefine e as Oswald efficiency factor (e is span
efficiency factor) and rewrite the equation

i 1
the drag polar for o Ci — _
the airplane Cp=Cpot TeAR € (rnAR + e)

e the Oswald efficiency factor is for a complete airplane.
the Oswald efficiency factor for different airplanes typically

varies between 0.7 and 0.85 whereas the span efficiency
factor typically varies between 0.9 and at most 1.0.




g2

_ airplane lift and drag
Airplane Drag

» Daniel Raymer gives the following empirical expression
for the Oswald efficiency factor for straight-wing
aircraft, based on data obtained from actual airplanes:

e =1.78 (1 — 0.045 AR"") — 0.64 AR <25
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airplane lift and drag

Airplane Lift-to-Drag Ratio
Cr

D 1.6
16 - 12

0.8

04

I I | I I I | |

0 2 4 6 8 10 12 14 16

| | | | | | | | Cpn Angle of attack, degrees

0O 2 4 6 8 10 12 14 16
Angle of attack, degrees

= Note that C. /Co first increases as a
increases, reaches a maximum value at a
certain value of a, and then subsequently
decreases as a increases further.

I | | | | | I I
0 2 4 6 8 10 12 14 16
Angle of attack, degrees

©
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airplane lift and drag
Airplane Lift-to-Drag Ratio

» The maximum lift-to-drag ratio, (L/D)nax= (C./Co)ma, IS @
direct measure of the aerodynamic efficiency of the
airplane.

» Therefore, its value is of great importance in airplane
design.
Cp c;
= Let us see (extremum point) Cp Cpo+Ci/(meAR)

CZ
d(Ce/Cp) _ Cp.o + —=— — CL[2CL/(weAR)]

meAR —6)
dC; [Cp.o+ C/(meAR)]?
C? 202 C?
C L _~—L 9 C ., &
Do+ mTeAR wTeAR By mTeAR

©
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Applied aerodynamics:
airplane lift and drag

Airplane Lift-to-Drag Ratio

Cr
Cp

C?
I
Cns =

Equation is an interesting intermediate result.

It states that when the airplane is flying at the specific
angle of attack where the lift-to-drag ratio Is
maximum, the zero-lift drag and the drag due to lift
are precisely equal.

Solving Equation for C., we have C; = \/7eAR Cp,

We obtain for the maximum lift-to-drag ratio

B meARC =
CD.U e i =& CD ZC.D.(J

- 1/2 /
) o (meAR Cp,) or, (C;_ ) . (meAR CD.HJHE
max B
max

meAR




6.1
6.2

6.3

Prove that three-dimensional source flow is irrotational.

Prove that three-dimensional source flow is a physically possible
incompressible flow.

A sphere and a circular cylinder (with its axis perpendicular to the flow)
are mounted in the same freestream. A pressure tap exists at the top of the
sphere, and this is connected via a tube to one side of a manometer. The
other side of the manometer is connected to a pressure tap on the surface
of the cylinder. This tap is located on the cylindrical surface such that no
deflection of the manometer fluid takes place. Calculate the location of
this tap.



