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Course Summary

e Definitions of different type of PDE (linear, quasilinear, semilinear, nonlinear)
e Existence and uniqueness of solutions

e Solving PDEs analytically is generally based on finding a change of variable to transform
the equation into something soluble or on finding an integral form of the solution.

First order PDEs

Linear equations: change coordinate using n(x,y), defined by the characteristic equation

dy b

de a’

and &(z,y) independent (usually £ = x) to transform the PDE into an ODE.

Quasilinear equations: change coordinate using the solutions of
dx dy du
~ —a
ds T ds ds

to get an implicit form of the solution ¢(z,y,u) = F(¢(z,y,u)).

Nonlinear waves: region of solution.

System of linear equations: linear algebra to decouple equations.

Second order PDEs

a@—FQbﬂ—i—c@—kd@—ke@—kfu—
Ox? oxdy  Oy? Ox dy -9
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Classification Type Canonical form Characteristics
. 2 d b2 —
b> —ac >0 | Hyperbolic 885577 4+...=0 % = w
b —ac=0 | Parabolic 0%y +...=0 dy_b,_y (say)
6772 c dz a’ n y
o 2 d bt Vb2 —ac | a=8§+7
2 _ oy o'u 0|9y _bx VO —ac
b* —ac <0 Elliptic 8a2+8ﬂ2+ =00 = ) 7{5:1'(5—77)

Elliptic equations:

images.

Parabolic equations:

(Laplace equation.)

solution in terms of the diffusion variable

First and Second Maximum Principles and Comparison Theorem give bounds on the solution,

_.%'
n NG

and can then construct invariant sets.

Maximum Principle.

(heat conduction, diffusion equation.) Derive a fundamental so-
lution in integral form or make use of the similarity properties of the equation to find the

Solutions using Green’s
functions (uses new variables and the Dirac d-function to pick out the solution). Method of
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1.1 Motivation

Why do we study partial differential equations (PDEs) and in particular analytic
solutions?

We are interested in PDEs because most of mathematical physics is described by such equa-
tions. For example, fluids dynamics (and more generally continuous media dynamics), elec-
tromagnetic theory, quantum mechanics, traffic flow. Typically, a given PDE will only be
accessible to numerical solution (with one obvious exception — exam questions!) and ana-
lytic solutions in a practical or research scenario are often impossible. However, it is vital
to understand the general theory in order to conduct a sensible investigation. For example,
we may need to understand what type of PDE we have to ensure the numerical solution is
valid. Indeed, certain types of equations need appropriate boundary conditions; without a
knowledge of the general theory it is possible that the problem may be ill-posed of that the
method is solution is erroneous.

1.2 Reminder

Partial derivatives: The differential (or differential form) of a function f of n independent

variables, (z1,z2,... ,xn), is a linear combination of the basis form (dzi,dzs,...,dz,)
0 0
fd BPINLC  TOC  po
6902 8$n

where the partial derivatives are defined by

af . flxr, e, .. xi+hy oo ) — f(T1, 22, @iy oo, Tp)
—— = lim .
axi h—0 h




) 1.3 Definitions

The usual differentiation identities apply to the partial differentiations (sum, product, quo-
tient, chain rules, etc.)

Notations: I shall use interchangeably the notations
0% f

Of _ o, f= _2 fo
oo =0nf = oo G = 0, f = fas

for the first order and second order partial derivatives respectively. We shall also use inter-
changeably the notations

U

u=u,

for vectors.

Vector differential operators: in three dimensional Cartesian coordinate system (i, j, k)
we consider f(z,y,z): R — R and [ug(2,y, 2), uy (2, y, 2), us(2,y, 2)] : R — R3,

Gradient: Vf =0, fi+0,fj+ 0.fk.

Divergence: divu =V -u = dyu, + Oyuy + 0, uz.

Curl: V xu = (0;uy — Oyu.) i+ (0:uy — Opuz)j + (Opuy — Oyuz) k.
Laplacian: Af = V2f = 02f + 8§f + 0?f.

Laplacian of a vector: Au = V?u = V2u,i+ V2uyj + V2u, k.

Note that these operators are different in other systems of coordinate (cylindrical or spherical,
say)

1.3 Definitions

A partial differential equation (PDE) is an equation for some quantity v (dependent variable)
which depends on the independent variables x1, x2, 3, ..., 2,, n > 2, and involves derivatives
of u with respect to at least some of the independent variables.

F(x1,...,%p, 00y Uy ..., Op,u, 0% 1,02, u oy . u)=0.

Pt i Bt Rt o3 4 13, T AR Baltt o3 () 7%
Note:

1. In applications x; are often space variables (e.g. x,y,z) and a solution may be required
in some region ) of space. In this case there will be some conditions to be satisfied on
the boundary 0€2; these are called boundary conditions (BCs).

2. Also in applications, one of the independent variables can be time (¢ say), then there
will be some initial conditions (ICs) to be satisfied (i.e., u is given at ¢t = 0 everywhere

in Q)

3. Again in applications, systems of PDEs can arise involving the dependent variables
UT, U, U, - - -, U, T > 1 with some (at least) of the equations involving more than one

(78
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The order of the PDE is the order of the highest (partial) differential coefficient in the
equation.

As with ordinary differential equations (ODEs) it is important to be able to distinguish
between linear and nonlinear equations.

A linear equation is one in which the equation and any boundary or initial conditions do not
include any product of the dependent variables or their derivatives; an equation that is not
linear is a nonlinear equation.

0 0
a—Z: + ca—u =0, first order linear PDE (simplest wave equation),
x
0? 0?
8—;; + 8—;; = ®(x,y), second order linear PDE (Poisson).

A nonlinear equation is semilinear if the coefficients of the highest derivative are functions of
the independent variables only.

A nonlinear PDE of order m is quasilinear if it is linear in the derivatives of order m with
coefficients depending only on x, ¥, ... and derivatives of order < m.

2 2 2 2 2
14 @ 8u_23u8u 3u+1+ @ M:O
Ox Oy?

dy Ox? Ox Oy O0xdy
Principle of superposition: A linear equation has the useful property that if u; and us
both satisfy the equation then so does au; 4+ Buo for any o, € R. This is often used in
constructing solutions to linear equations (for example, so as to satisfy boundary or initial
conditions; c.f. Fourier series methods). This is not true for nonlinear equations, which helps
to make this sort of equations more interesting, but much more difficult to deal with.

1.4 Examples

1.4.1 Wave Equations

Waves on a string, sound waves, waves on stretch membranes, electromagnetic waves, etc.

&%u 1 d%u
ox2 2 o2’

or more generally

where ¢ is a constant (wave speed).



4 1.4 Examples

1.4.2 Diffusion or Heat Conduction Equations

ou_
ot~ "oa?
or more generally
% = /{Vzu,
or even
0
8—1: =V - (kVu)

where & is a constant (diffusion coefficient or thermometric conductivity).
Both those equations (wave and diffusion) are linear equations and involve time (t). They
require some initial conditions (and possibly some boundary conditions) for their solution.

1.4.3 Laplace’s Equation

Another example of a second order linear equation is the following.

o,
ox2  oyr

or more generally

V2u = 0.

This equation usually describes steady processes and is solved subject to some boundary
conditions.

One aspect that we shall consider is: why do the similar looking equations describes essentially
different physical processes? What is there about the equations that make this the cases?

1.4.4 Other Common Second Order Linear PDEs

Poisson’s equation is just the Lapace’s equation (homogeneous) with a known source term
(e.g. electric potential in the presence of a density of charge):

Vu = 9.
The Helmholtz equation may be regarded as a stationary wave equation:
V2u+k?u=0.
The Schrodinger equation is the fundamental equation of physics for describing quantum me-

chanical behavior; Schrodinger wave equation is a PDE that describes how the wavefunction
of a physical system evolves over time:

~V2u+Vu= i%.
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1.4.5 Nonlinear PDEs

An example of a nonlinear equation is the equation for the propagation of reaction-diffusion
waves:
ou 0%u
oo

or for nonlinear wave propagation:

u(l —u) (2° order),

ou ou ot
n + (u+ c)% =0; (1% order).

The equation

is an example of semilinear equation.

1.4.6 System of PDEs

Maxwell equations constitute a system of linear PDEs:

p . 1O0E
E=" B = uj+ — =
v g’ VX MJ+02(9t’
V.B—0, vxE-_-2

ot

In empty space (free of charges and currents) this system can be rearranged to give the
equations of propagation of the electromagnetic field,
9’B
ot?

O*E

W = CQVQB.

= 2V’E,

Incompressible magnetohydrodynamic (MHD) equations combine Navier-Stokes equation (in-
cluding the Lorentz force), the induction equation as well as the solenoidal constraints,

ou

W+U-VU=—VH+B-VB+N2U+F,
B
%—t:VX(UXB)+nV2B,

V-U =0, V-B=0.

Both systems involve space and time; they require some initial and boundary conditions for
their solution.



6 1.5 Existence and Uniqueness

1.5 Existence and Uniqueness

Before attempting to solve a problem involving a PDE we would like to know if a solution
exists, and, if it exists, if the solution is unique. Also, in problem involving time, whether
a solution exists V¢ > 0 (global existence) or only up to a given value of ¢t — i.e. only for
0 < t < to (finite time blow-up, shock formation). As well as the equation there could be
certain boundary and initial conditions. We would also like to know whether the solution of
the problem depends continuously of the prescribed data — i.e. small changes in boundary
or initial conditions produce only small changes in the solution.

Illustration from ODEs:

1.
d
d—QZ =u, u(0)=1.
Solution: u = e? exists for 0 < ¢t < 0o
2. d
d—? =u? u(0) = 1.
Solution: u = 1/(1 — ) exists for 0 <¢ < 1
3. q
d—? =V, u(0) =0,

has two solutions: u = 0 and u = ¢t2/4 (non uniqueness).

We say that the PDE with boundary or initial condition is well-formed (or well-posed) if its
solution exists (globally), is unique and depends continuously on the assigned data. If any
of these three properties (existence, uniqueness and stability) is not satisfied, the problem
(PDE, BCs and ICs) is said to be ill-posed. Usually problems involving linear systems
are well-formed but this may not be always the case for nonlinear systems (bifurcation of
solutions, etc.)

Example: A simple example of showing uniqueness is provided by:
VZu=F in Q (Poisson’s equation).
with © = 0 on 0f2, the boundary of €2, and F' is some given function of x.

Suppose u; and uy two solutions satisfying the equation and the boundary conditions. Then
consider w = u; — ug; V2w = 01in Q and w = 0 on 9Q. Now the divergence theorem gives

/wVw-ndS = /V-(wVw)dV,
o Q

= / (wV?w + (Vw)?) dV
0

where n is a unit normal outwards from (2.
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/(Vw)QdV:/ w2 ds — 0.
Q P)

N n

Now the integrand (Vw)? is non-negative in Q and hence for the equality to hold we must
have Vw = 0; i.e. w = constant in ). Since w = 0 on Jf2 and the solution is smooth, we
must have w = 0 in Q; i.e. u3 = ug. The same proof works if du/dn is given on 9 or for

mixed conditions.
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First Order Equations
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2.1 Linear and Semilinear Equations

2.1.1 Method of Characteristic

We consider linear first order partial differential equation in two independent variables:

0 0
a(w,y)a—z + b(x,y)a—z + el y)u = flz,y), (2.1)
where a,b,c and f are continuous in some region of the plane and we assume that a(x,y)
and b(x,y) are not zero for the same (z,y).

In fact, we could consider semilinear first order equation (where the nonlinearity is present
only in the right-hand side) such as

ou ou
a(l'ay)% + b(xvy)a_y - ﬁ(x,y,u), (22)

instead of a linear equation as the theory of the former does not require any special treatment
as compared to that of the latter.

The key to the solution of the equation (2.1) is to find a change of variables (or a change of
coordinates)

§=E&(z,y),n =n(w,y)

which transforms (2.1) into the simpler equation

2—2’ (e w = F(En) (2.3)

where w(f, 77) = u(m(f, 77)7 y(Ev 77))
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We shall define this transformation so that it is one-to-one, at least for all (z,y) in some set
D of points in the (z-y) plane. Then, on D we can (in theory) solve for z and y as functions
of £, 1. To ensure that we can do this, we require that the Jacobian of the transformation
does not vanish in D:

o] 0,
g w| _agon oeon
g_;l g_z Ordy Oy ox ’

for (z,y) in D. We begin looking for a suitable transformation by computing derivatives via
the chain rule

ou_owoc owon
oxr 0 dx  OnOx
We substitute these into equation (2.1) to obtain

Owog  owony  (OwoE  owdn)
“\ocor " oo ooy onoy) Y

Ou  OJw ¢ 8w@

oy~ ocay T ooy

We can rearrange this as

o€ o€\ Ow an on\ ow
s s it )= = f. 2.4
<a6m+b8y> 8§+<a6m+b8y 877+cw f (2.4)

This is close to the form of equation (2.1) if we can choose n = n(z,y) so that

a%—i—bg—Z:O for (z,y) in D.

Provided that dn/0y # 0 we can express this required property of 7 as
Ozm b

om  a

Suppose we can define a new variable (or coordinate) 1 which satisfies this constraint. What
is the equation describing the curves of constant n? Putting n = n(x,y) = k (k an arbitrary
constant), then

0 0
dn:—ndx—i——ndyzo

Oz y
implies that dy/dx = —0,1/0yn = b/a. So, the equation n(x,y) = k defines solutions of the
ODE d )
dy _ ¥ay) (2.5)
dz  a(z,y)

Equation (2.5) is called the characteristic equation of the linear equation (2.1). Its solution
can be written in the form F'(z,y,n) = 0 (where 7 is the constant of integration) and defines a
family of curves in the plane called characteristics or characteristic curves of (2.1). (More on
characteristics later.) Characteristics represent curves along which the independent variable
n of the new coordinate system (&, 7) is constant.

So, we have made the coefficient of dw/dn vanish in the transformed equation (2.4), by
choosing n = n(z,y), with n(z,y) = k an equation defining the solution of the characteristic
equation (2.5). We can now choose £ arbitrarily (or at least to suit our convenience), providing
we still have J # 0. An obvious choice is

&= &a,y) = a.
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Then
J= O om
T lom om| T 9y’
o &l

and we have already assumed this on-zero.
Now we see from equation (2.4) that this change of variables,

E=x,n=n(z,y),

transforms equation (2.1) to

ow
Oé(.CL', y)_ + C(.’ﬂ, y)w = f(x, y)7
23
where a = ad§/0x + bOE/Jy. To complete the transformation to the form of equation (2.3),

we first write a(x,y),c(x,y) and f(z,y) in terms of £ and 7 to obtain

w
9¢

Finally, restricting the variables to a set in which A(&,7n) # 0 we have

A(&,m) 57 + C(Emw = p(&,n).

ow C _»P
o AT Ao

which is in the form of (2.3) with

The characteristic method applies to first order semilinear equation (2.2) as well as linear
equation (2.1); similar change of variables and basic algebra transform equation (2.2) to

ow K

5 A
where the nonlinear term K(&,n,w) = k(x,y,u) and restricting again the variables to a set

in which A(¢,n) = a(z,y) # 0.

Notation: It is very convenient to use the function u in places where rigorously the function
w should be used. E.g., the equation here above can identically be written as du/0¢ = K/A.

Example: Consider the linear first order equation

50U Ou

— =1.
x ax—{—yay—l—xyu

This is equation (2.1) with a(z,y) = 22, b(x,y) = vy, c(z,y) = zy and f(x,y) = 1. The
characteristic equation is
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Solve this by separation of variables
1 1 1
/—dy:/—de:lny—i——:k, for y>0, and x #0.
Yy x x

This is an integral of the characteristic equation describing curves of constant 7 and so we
choose

1
n=n(z,y) =lny+—.
Graphs of In y+1/x are the characteristics of this PDE. Choosing £ = x we have the Jacobian

0 1
J = an_z #% 0 as required.
dy y
Since £ = x,

1
n:lny+g:>y:e’7*1/5.

Now we apply the transformation £ = x,n = Iny + 1/x with w(§,n) = u(x,y) and we have

du _ owoE owon _ow v (1Y _ow 1ow
Ox o0& d0x  Ondxr 06 On x2 o & 0on’
v owor owoy  ow 1 1 ow
oy oE 0y  Onoy on y enV€ on’
Then the PDE becomes

0 10 1 0
& (G- @)+ g e =,

which simplifies to

ow ow 1 1
227 —1/¢&, =1 th T ey = —
& 6§+€e w then to 8£+£e w e

We have transformed the equation into the form of equation (2.3), for any region of (£, n)-
space with £ # 0.

2.1.2 Equivalent set of ODEs

The point of this transformation is that we can solve equation (2.3). Think of

)
8_? + h(&,nw = F(&,n)

as a linear first order ordinary differential equation in &, with 7 carried along as a parameter.
Thus we use an integrating factor method

o)
ol h(&m) dé a_? + (e, ) el MEM ey, — (g p) el PEM S

0
Y ([ h(En)de _ J h(&n)d¢
¢ (e w> =F(n)e .
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Now we integrate with respect to £. Since 7 is being carried as a parameter, the constant of
integration may depend on 7

o hEm g ) / F(e,n) el MEMAE 4 4 ()

in which g is an arbitrary differentiable function of one variable. Now the general solution of
the transformed equation is

wln) = =S MEDE [ (e e HEME a4 g(g) e SHED .

We obtain the general form of the original equation by substituting back &(z,y) and n(z,y)
to get
u(z,y) = e* Y [B(x,y) + g(n(x,y))] - (2.6)

A certain class of first order PDEs (linear and semilinear PDEs) can then be reduced to a
set of ODEs. This makes use of the general philosophy that ODEs are easier to solve than
PDEs.

Example: Consider the constant coefficient equation

ou ou

Ao + ba_y +cu=0

where a,b,c € R. Assume a # 0, the characteristic equation is
dy/dx =b/a

with general solution defined by the equation

br —ay = k,k constant.

So the characteristics of the PDE are the straight line graphs of bx — ay = k and we make
the transformation with
E=a,m=0bxr — ay.

Using the substitution we find the equation transforms to

ow ¢

8—§+aw:0.

The integrating factor method gives

% <ec£/“w) =0

and integrating with respect to & gives
e“/*w = g(n),
where ¢ is any differentiable function of one variable. Then
w = g(n) e/
and in terms of x and y we back transform

—cz/a

u(z,y) = g(br —ay)e
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Exercise: Verify the solution by substituting back into the PDE.

Note: Consider the difference between general solution for linear ODEs and general solution
for linear PDEs. For ODEs, the general solution of

Yt gy = o)
contains an arbitrary constant of integration. For different constants you get different curves
of solution in (z-y)-plane. To pick out a unique solution you use some initial condition (say
y(xo) = yo) to specify the constant.
For PDEs, if u is the general solution to equation (2.1), then z = u(z,y) defines a family of
integral surfaces in 3D-space, each surface corresponding to a choice of arbitrary function g
n (2.6). We need some kind of information to pick out a unique solution; i.e., to chose the
arbitrary function g.

2.1.3 Characteristic Curves

We investigate the significance of characteristics which, defined by the ODE

dy _ blz,y)
dz  a(z,y)’

represent a one parameter family of curves whose tangent at each point is in the direction of
the vector e = (a,b). (Note that the left-hand side of equation (2.2) is the derivation of u in
the direction of the vector e, e - Vu.) Their parametric representation is (z = z(s),y = y(s))
where z(s) and y(s) satisfy the pair of ODEs

dx dy

- = _— = b . 2.7
5 = @y, =0y (2.7)
The variation of u with respect x = £ along these characteristic curves is given by

du  Ou dy Ou Ou b Ou

de oz Tdz oy or Taoy
_ n(a:,y,u)
a(z,y)

from equation (2.2),

such that, in term of the curvilinear coordinate s, the variation of u along the curves becomes

du_dude_ o
ds dxds - MY Y.

The one parameter family of characteristic curves is parameterised by 1 (each value of 7
represents one unique characteristic). The solution of equation (2.2) reduces to the solution
of the family of ODEs

%
ds

d d
= k(z,y,u) <0r similarly & 4o M) (2.8)

dz ~ d¢ ~ a(z,y)

along each characteristics (i.e. for each value of 7).

Characteristic equations (2.7) have to be solved together with equation (2.8), called the
compatibility equation, to find a solution to semilinear equation (2.2).
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Cauchy Problem: Consider a curve I' in (x,y)-plane whose parametric form is (z =
xo(0),y = yo(o)). The Cauchy problem is to determine a solution of the equation

F(x,y,u,0,u,0yu) =0

in a neighbourhood of T" such that u takes prescribed values ug(o) called Cauchy data on T'.

Notes:

1. u can only be found in the region between the characteristics drawn through the end-
point of I'.

2. Characteristics are curves on which the values of v combined with the equation are not
sufficient to determine the normal derivative of w.

3. A discontinuity in the initial data propagates onto the solution along the characteristics.
These are curves across which the derivatives of u can jump while u itself remains
continuous.

Existence & Uniqueness: Why do some choices of T in (x,y)-space give a solution and
other give no solution or an infinite number of solutions? It is due to the fact that the Cauchy
data (initial conditions) may be prescribed on a curve I' which is a characteristic of the PDE.
To understand the definition of characteristics in the context of existence and uniqueness of
solution, return to the general solution (2.6) of the linear PDE:

u(z,y) = e* @Y [B(z,y) + g(n(z,y))].

Consider the Cauchy data, ug, prescribed along the curve I' whose parametric form is (z =
xo(0),y = yo(o)) and suppose ug(zo(0),y0(0)) = gq(o). If T is not a characteristic, the
problem is well-posed and there is a unique function g which satisfies the condition

q(0) = @R [3(2(0), y0(0)) + g(20(0), y0(0))] -

If on the other hand (x = z¢(0),y = yo(o)) is the parametrisation of a characteristic
x,y) = k, say), the relation between the initial conditions ¢ and g becomes
n
q(0) = XN [5(20(0), yo(0)) + G, (2.9)

where G = g(k) is a constant; the problem is ill-posed. The functions «a(z,y) and [(zx,y)
are determined by the PDE, so equation (2.9) places a constraint on the given data function
q(z). If ¢(o) is not of this form for any constant G, then there is no solution taking on these
prescribed values on I'. On the other hand, if g(o) is of this form for some G, then there
are infinitely many such solutions, because we can choose for g any differentiable function so

that g(k) = G.
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Example 1: Consider

ou ou
2— +3— +8u=0.
ox * oy +ou
The characteristic equation is
dy _3
de 2

and the characteristics are the straight line graphs 3x — 2y = ¢. Hence we take n = 3z — 2y
and £ = x.
: y
&=cst:

(We can see that an n and £ cross only once they are independent, i.e. J # 0; n and & have
been properly chosen.)

This gives the solution

u(z,y) = e g(3x — 2y)
where ¢ is a differentiable function defined over the real line. Simply specifying the solution
at a given point (as in ODEs) does not uniquely determine g; we need to take a curve of
initial conditions.

Suppose we specify values of u(z,y) along a curve I' in the plane. For example, let’s choose
' as the z-axis and gives values of u(z,y) at points on I', say

u(z,0) = sin(z).

Then we need

u(z,0) = e 4 g(3z) = sin(z) ie g(3x) =sin(z)e’®,

and putting ¢ = 3,
g(t) = sin(t/3) e*/3.

This determines g and the solution satisfying the condition u(z,0) = sin(z) on I is
w(x,y) = sin(z — 2y/3) e Y/3,

We have determined the unique solution of the PDE with u specified along the z-axis.
We do not have to choose an axis — say, along x = y, u(z,y) = u(z,z) = z*. From the
general solution this requires,

u(z,x) =e”

to give the unique solution
u(z,y) = (3z — 2y)468(x7y)

satisfying u(z, z) = 2.
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However, not every curve in the plane can be used to determine g. Suppose we choose I' to
be the line 3z — 2y = 1 and prescribe values of u along this line, say

u(z,y) = u(z, (3z —1)/2) = 2°.
Now we must choose g so that

e g3z — 3z — 1)) = 2%

This requires g(1) = 2% (for all ). This is impossible and hence there is no solution

taking the value 22 at points (z,y) on this line.
Last, we consider again I" to be the line 3z — 2y = 1 but choose values of u along this line to
be

u(z,y) = u(z, (3z —1)/2) = e 42,

Now we must choose g so that
e g3z — 3z — 1)) = e,

This requires g(1) = 1, condition satisfied by an infinite number of functions and hence there
is an infinite number of solutions taking the values e~%* on the line 3z — 2y = 1.
Depending on the initial conditions, the PDE has one unique solution, no solution at all or
an infinite number or solutions. The difference is that the z-axis and the line y = x are not
the characteristics of the PDE while the line 3x — 2y = 1 is a characteristic.

Example 2:
0 0
x—u—y—u:u with wu=22 on y=2,1<y<2
ox oy
Characteristics:
dy g _ _
— = —==d(zy) =0= 2y =c¢, constant.
dx T
So, take n = xy and £ = . Then the equation becomes
ow . ow ow N gaw 0 = 0w 0
TY— + T —TY—— =W — —w= ——=0.
Yon "0~ oy B D€ €

Finally the general solution is, w = £ g(n) or equivalently u(z,y) = zg(zy). When y = =
with 1 <y <2, u =22 so 22 = r g(2?) = g(z) = /= and the solution is

This figure presents the characteristic curves given by zy = constant. The red characteristics
show the domain where the initial conditions permit us to determine the solution.
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Alternative approach to solving example 2:

x%— @—u with u = 2?
ox y(?y_ N

This method is not suitable for finding general solutions but it works for Cauchy problems.
The idea is to integrate directly the characteristic and compatibility equations in curvilin-
ear coordinates. (See also “alternative method for solving the characteristic equations” for

on y=2,1<y<2

quasilinear equations hereafter.)
The solution of the characteristic equations

dz d dy
— ==z an = =

ds ds

gives the parametric form of the characteristic curves, while the integration of the compati-

bility equation

du

& =Uu
gives the solution u(s) along these characteristics curves.
The solution of the characteristic equations is

r=ce® and y=-coe %,

where the parametric form of the data curve I' permits us to find the two constants of
integration ¢ & ¢ in terms of the curvilinear coordinate along I'.
The curve T' is described by

2o(f) =0 and yo(f) =6 with €€ [2,1]

and we consider the points on I' to be the origin of the coordinate s along the characteristics
x(s,0) =0¢*

(iie. s=0onT). So,
xozezcl
yOZH:CQ }:> y(sje):9e8}7 VHG[O,I]

For linear or semilinear problems we can solve the compatibility equation independently of
the characteristic equations. (This property is not true for quasilinear equations.) Along the

onTl (s=0)

characteristics u is determined by

du s
— =u=u=csge’.
ds

Now we can make use of the Cauchy data to determine the constant of integration cjs,
onT, at s =0, wug(ze(8),y0(0)) = up(f) = 6* = c3.

Then, we have the parametric forms of the characteristic curves and the solution
z(s,0) =0¢e°, y(s,0)=0e® and wu(s,0)=6%¢’,

in terms of two parameters, s the curvilinear coordinate along the characteristic curves and
0 the curvilinear coordinate along the data curve I'. From the two first ones we get s and 6

in terms of z and y.
E:ezs:s:ln\/? and zy=0°=0= 7y (0>0).
Yy

)
Then, we substitute s and 6 in u(s, 6) to find

ute.g) =y exp (10 [2) = [2 — oy
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2.2  Quasilinear Equations

Consider the first order quasilinear PDE

ou ou
a’(‘r7y7u)6_x —|—b(.’E,y, u)a_y = c(:n,y,u) (210)

where the functions a,b and ¢ can involve u but not its derivatives.

2.2.1 Interpretation of Quasilinear Equation

We can represent the solutions u(z,y) by the integral surfaces of the PDE, z = u(z,y), in
(x,y, z)-space. Define the Monge direction by the vector (a, b, ¢) and recall that the normal to
the integral surface is (0,u, dyu, —1). Thus quasilinear equation (2.10) says that the normal
to the integral surface is perpendicular to the Monge direction; i.e. integral surfaces are
surfaces that at each point are tangent to the Monge direction,

a Ozu o Su
b ’ a_yit :a(xvyau)a_x+b($ayau)a_y —C(x,y,u) =0.

With the field of Monge direction, with direction numbers (a, b, ¢), we can associate the family
of Monge curves which at each point are tangent to that direction field. These are defined

by

dx a cdy — bdz

d d d
dy | x| b | =| adz—cdz | =0& T y __ “ (= ds),
dz C bdzx — ady (Z($,y,u) b(x,y,u) C(‘T7y7u)

where dl = (dz,dy,dz) is an arbitrary infinitesimal vector parallel to the Monge direction.
In the linear case, characteristics were curves in the (z,y)-plane (see § 2.1.3). For the quasi-
linear equation, we consider Monge curves in (z,y, u)-space defined by

d

d_j = a(xayvu)a
% = b(z,y,u),
X — (o).

Characteristic equations (d{z,y}/ds) and compatibility equation (du/ds) are simultaneous
first order ODEs in terms of a dummy variable s (curvilinear coordinate along the characteris-
tics); we cannot solve the characteristic equations and compatibility equation independently
as it is for a semilinear equation. Note that, in cases where ¢ = 0, the solution remains
constant on the characteristics.

The rough idea in solving the PDE is thus to build up the integral surface from the Monge
curves, obtained by solution of the ODEs.

Note that we make the difference between Monge curve or direction in (z,y, z)-space and
characteristic curve or direction, their projections in (x,y)-space.
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2.2.2 (General solution:

Suppose that the characteristic and compatibility equations that we have defined have two
independent first integrals (function, f(x,y,u), constant along the Monge curves)

(b(%,y,'U/) =0 and w(ajagbu) = C2.

Then the solution of equation (2.10) satisfies F'(¢,1) = 0 for some arbitrary function F'
(equivalently, ¢ = G(¢) for some arbitrary G), where the form of F' (or G) depends on the
initial conditions.

Proof: Since ¢ and 9 are first integrals of the equation,

¢(x,y,u) = ¢(2(s),y(s), u(s)),

We have the chain rule

d¢ _ 0¢dx L9 ¢ dy L9 9¢ du
ds Oz ds oy ds ' Ouds

and then from the characteristic equations

op 09 09
8m +b6y te 6u

=0,

And similarly for 1

0 00, oY
as +b8 +eg-=0.

Solving for ¢ gives

(20 Bu00) (000 0u00)

Or du Oz du Oy Ou Oy Ou
99 99
dr1  Ox2
or aJu,z] =bJy,u] where J[xi, x| = o6 B ‘
dxy  Oxa

And similarly, solving for a,
bJx,y] = cJu, x|

Thus, we have J[u,z] = J[z,y]b/c and J[y,u] = J[u,z]a/b = J[z,y]a/c.
Now consider F (¢, ) = 0 — remember F(¢(x,y,u(z,y)), Y (x,y,u(x,y))) — and differentiate

oF oF
dF = o dm+a—dy—0

Then, the derivative with respect to z is zero,

OF dp ¢ du oY O ou\ _
oz a¢< +auax>+%<3m+3uax> 0

as well as the derivative with respect to y

OF _OF (86 000w\, OF (90 0vou\ _ |
dy 0 \dy Oudy oY \dy  Ou dy
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For a non-trivial solution of this we must have
06 000u\ (00 D0Ou (96 0vdu\ (96 060w\ _,
Odr  Oudx Oy  Oudy Or  OuOx oy  oudy)
dp oY 0P D¢\ Ou dpoY  OYop\ ou 0P oY  OY 0P
> |l -7+l | =
Oudxr Oudzx

Oy Ou Oy Ou ) Ox oy  Oxdy 0Oz dy’

)

ou

ou
= Jly,ul — + Ju,x
v G )

ox

Then from the previous expressions for a, b, and ¢

i.e., F(¢,%) = 0 defines a solution of the original equation.

Example 1:

(y + )au+ Ou i >0 <x<
U)— — = — n —0o<r<oo
y ax yay y y bl b

with w=1+z on y=1.

We first look for the general solution of the PDE before applying the initial conditions.
Combining the characteristic and compatibility equations,

. (2.11)
ds = y u, .
dy
- 2.12
dS y? ( )
du

o 2.13
5 -2V (2.13)

we seek two independent first integrals. Equations (2.11) and (2.13) give

i(ac—i—u)—a:—l—u
ds B ’

and equation (2.12)
1d
ldy _
yds

Now, consider

ds Yy y ds y2 ds’
:x+u_x+u:0.
Yy Yy

So, (x + u)/y = c; is constant. This defines a family of solutions of the PDE; so, we can

choose N
T+u
oz, y,u) = t




22 2.2 Quasilinear Equations

such that ¢ = c¢; determines one particular family of solutions. Also, equations (2.11)
and (2.12) give

d

&(‘T - y) = U,

and equation (2.13)

Now, consider

Ll —yy -] = L la—y?] - (),
=2 —y) S —y) ~ G =0

Then, (x — y)? — u? = ¢y is constant and defines another family of solutions of the PDE. So,

we can take
¢(l’ay>“) = (.73 - y)2 - U’Q'

The general solution is

F<x;—u,(m—y)2—u2> =0 or (m—y)Q—u2:G<$;—u>,

for some arbitrary functions F or G.
Now to get a particular solution, apply initial conditions (v = 1 + x when y = 1)

(—172—(z+1)*=G2x+1) = G2z + 1) = —4z.

Substitute § =2z + 1, i.e. z = (6 —1)/2, so G(#) = 2(1 — ). Hence,

(x—y)Q—u2:2<l—x;u> :g(y—a:—u).

We can regard this as a quadratic equation for u:

2 _
u2——u—[2x y—i—(m—y)Q]:O,
) )

2 1\? 1
u2——u—<x—y—|——> +—5=0.
Yy y

1 1 1\N? 1 1 1
ur=—+t\s+lz—y+-|) —s5=—-F|lz-y+-|.
Yy y y vy Yy

Consider again the initial condition u =14z ony =1

Then,

ur(r,y=1)=1+(z —1+41) =1+ x = take the positive root.

Hence,

2
u(x,y)::c—y—i-a.
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Example 2: using the same procedure solve

ou ou
—u)— = _ ith w=22+1 =z
x(y u)ax +y(x + u) oy (x+yu with vu=2"+1 on y=z

Characteristic equations

d
= =aly—u), (2.14)
d
d—g = y(z +u), (2.15)
du
P (x4 y)u. (2.16)
Again, we seek to independent first integrals. On the one hand, equations (2.14) and (2.15)
give
dx d
Y il zy? — zyu + yo? + zyu = zy (x + y),
ds ds
1d
=y ~Z fom equation (2.16).
u ds
Now, consider
lde 1dy 1du N dl <:Uy> 0
——— == —— —In(—) =0.
rds yds wuds ds U
Hence, zy/u = ¢ is constant and
ox.y,u) = =2
) y? U
is a first integral of the PDE. On the other hand,
de dy du

— — = =xy—zu—zy—yu=—u(r+y)=—

ds ds ds’

= %(m—i—u—y) =0.
Hence, x + u — y = ¢ is also a constant on the Monge curves and another first integral is
given by

¢(‘T7y7u) :$+u_ya

so the general solution is

ﬁ:G(JU—&—u—y).
u

Now, we make use of the initial conditions, u = z2 4+ 1 on y = z, to determine G-

2

x
= G(z* + 1);
set 0 =22 +1,ie 22 =6—1, then
0—1
)= ——
aw) =",

and finally the solution is

—y—1
Y _ u Rearrange to finish!
U r+u—y
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Alternative approach: Solving the characteristic equations. Illustration by an example,

0 0
x2—u+u—u:1, with u=0 on xz+y=1
ox 0
The characteristic equations are
dz 5 dy du
s 70 ds ¢ g ’
which we can solve to get
1
- , 2.17
i — (2.17)
§2
y=3 + co s+ c3, (2.18)
u=cy+s, forconstants ci,co,cs. (2.19)

We now parameterise the initial line in terms of :
=x,y=1-—0,

and apply the initial data at s = 0. Hence,

1 1
(2.17) gives = — =1 = -,
C1 0

(2.18) gives 1—60=c3=>c3=1-6,
(2.19) gives 0=cy = ca =0.
Hence, we found the parametric form of the surface integral,

0 52

le_—se, y:5+1—9 and u=s.
Eliminate s and 6,
0 Ny’ x
r =
1—s6 1+ sz’
then
2
v
4 2 14+ uzx

Invariants, or first integrals, are (from solution (2.17), (2.18) and (2.19), keeping arbitrary
c2=0) ¢p=u?/2 —yand ¢ = /(1 +ux).

Alternative approach to example 1:
(y + )au + Ou i >0 <z <
u)— — =x— in ,—00 < T < 00,
Yy O yay Yy Yy

with w=1+4+z on y=1.

Characteristic equations

dz

_ 2.20
1s Y+ u, ( )
dy
—Z = 2.21
&=V (2.21)
dv oy (2.22)
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Solve with respect to the dummy variable s; (2.21) gives,
y=cpe’,
(2.20) and (2.22) give

d S
—(@4u)=rz+u=c+u=coe’,

ds
and (2.20) give
& =c e’ +ee’ —ux,
ds
1 1
so, xz=cge °+ 5(01 +ceg)e® and wu=—cge °+ 5(02 —cp)e€’.

Now, at s =0,y =1 and z = 0, u = 1 + 6 (parameterising initial line I"),
c1=1, c=1+20 and c3=-—1.
Hence, the parametric form of the surface integral is,
r=—e°’+(1+0)e’, y=e and u=e°+0e’.

Then eliminate 6 and s:

1 1 1
x:——+(1+9)y:>0:—<x—y+—>,
Y Y Y

1 1 1
u=—-—+—-\x—-—y+-]y
y oy Y

2
u=x—1y+ —, as before.
Yy

SO

Finally,

To find invariants, return to solved characteristics equations and solve for constants in terms
of z,y and u. We only need two, so put for instance ¢; = 1 and so y = e€®. Then,

1 1
xzcy—3+§(1—|—02)y and u:—%g—i—§(02—1)y.
Solve for ¢y
T+ u T+ u
02: 7 SO ¢: 7
Y

and solve for c3

1

es= (@ —u—yly, so ¥=(r—u-yly

Observe v is different from last time, but this does not as we only require two independent
choices for ¢ and . In fact we can show that our previous ¢ is also constant,

=@ —ytu)(r—y—u),

(0

=(oy —y)—,
( ) ”

= (¢ — 1)1 which is also constant.

(x—y)?—u
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Summary: Solving the characteristic equations — two approaches.

1. Manipulate the equations to get them in a ’directly integrable’ form, e.g.

: i( +u)=1
ﬂ:—|—udsm v =

and find some combination of the variables which differentiates to zero (first integral),

e.g.
d
d <x+u> _0
ds Y

2. Solve the equations with respect to the dummy variable s, and apply the initial data
(parameterised by #) at s = 0. Eliminate # and s; find invariants by solving for

constants.

2.3 Wave Equation

We consider the equation

5 Ttog-=0 with u(0,2) = f(2),

where ¢ is some positive constant.

2.3.1 Linear Waves

If u is small (i.e. u?> < u), then the equation approximate to the linear wave equation

% —i—c% =0 with wu(z,0)= f(x).
The solution of the equation of characteristics, dz/dt = ¢, gives the first integral of the
PDE, n(z,t) = x — ct, and then general solution u(z,t) = g(z — ct), where the function g is
determined by the initial conditions. Applying u(z,0) = f(z) we find that the linear wave
equation has the solution u(x,t) = f(x — ct), which represents a wave (unchanging shape)
propagating with constant wave speed c.

t
u(xt)

& f(x) t=0

X X =cty

Note that u is constant where x — ¢t =constant, i.e. on the characteristics.
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2.3.2 Nonlinear Waves

For the nonlinear equation,

ou ou
N + (u+ C)% =0,
the characteristics are defined by
dt dx du
p— 1 - = _— =
P D I c+u and P 0,

which we can solve to give two independent first integrals ¢ =« and ¢ =z — (u+c)t. So,
u= flz—(u+tc),

according to initial conditions w(z,0) = f(x). This is similar to the previous result, but now
the “wave speed” involves u.

However, this form of the solution is not very helpful; it is more instructive to consider
the characteristic curves. (The PDE is homogeneous, so the solution u is constant along
the Monge curves — this is not the case in general — which can then be reduced to their
projections in the (x, t)-plane.) By definition, ¢ = x—(c+u)t is constant on the characteristics
(as well as u); differentiate ¢ to find that the characteristics are described by

dx n
— =u+c
dt

These are straight lines,

z=(f(0)+c)t+0,

expressed in terms of a parameter 6. (If we make use of the parametric form of the data curve
I': {x =0,t=0, 6 € R} and solve directly the Cauchy problem in terms of the coordinate
s = t, we similarly find, v = f(0) and = = (u + ¢)t + 6.) The slope of the characteristics,
1/(c+ u), varies from one line to another, and so, two curves can intersect.

t
tmin ———————
r
{x=6,t=0} (6)<0 X

Consider two crossing characteristics expressed in terms of 6 and 6s,

i.e.

(f(61) + o)t + 64,

xz = (f(02) + c)t + 02.

(These correspond to initial values given at x = #; and = = 65.) These characteristics
intersect at the time

01 — 02

L= T 6 — 16y
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and if this is positive it will be in the region of solution. At this point u will not be single-
valued and the solution breaks down. By letting 6o — 61 we can see that the characteristics

intersect at
1

f(0)
and the minimum time for which the solution becomes multi-valued is

gL
M max[—f1(0))

i.e. the solution is single valued (i.e. is physical) only for 0 < ¢ < ¢,i,. Hence, when f/(6) < 0
we can expect the solution to exist only for a finite time. In physical terms, the equation
considered is purely advective; in real waves, such as shock waves in gases, when very large
gradients are formed then diffusive terms (e.g. 0,,u) become vitally important.

u(x,t)

f(x) — multi—yalued

breéking

To illustrate finite time solutions of the nonlinear wave equation, consider

f(0)=0(1-0), (0<0<1),
1(0)=1-26.

So, f/(8) < 0 for 1/2 < 6 < 1 and we can expect the solution not to remain single-valued for
all values of t. (max[—f/(0)] = 1 80 tyin = 1. Now,

u= f(x—(utc)),
so u=[z—(ut+ct]x[1—z+(u+o)t], (ct<z<1+ct),

which we can express as
t2u? + (L +t — 22t + 2ct®)u + (22 — x — 2cta + ct + Pt%) = 0,

and solving for u (we take the positive root from initial data)

u:2—12<2t(x—ct)—(1—|—t)—|-\/(1+t)2—4t(x—ct)>.

Now, at t =1,

u=z—(c+1)+V1+c—uz,

so the solution becomes singular as ¢t — 1 and x — 1 + c.
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2.3.3 Weak Solution

When wave breaking occurs (multi-valued solutions) we must re-think the assumptions in
our model. Consider again the nonlinear wave equation,

ou ou
E—i—(u—i—c)% =0,

and put w(z,t) = u(z,t) + ¢; hence the PDE becomes the inviscid Burger’s equation

ou v,
ot Vor

or equivalently in a conservative form

ow 0 (v
o ox\ 2 ) 7

where w? /2 is the flux function. We now consider its integral form,

2 [ Ow o [ w? d [*2 29 [ w?
/ml [E—i—a—x(?)]dx—o = a/ml w(m,t)dx——/rl a—x<7>dx

where xo > z1 are real. Then,

d [* ?(zq,t ?(xa,t
“ w(x,t)da:: w (‘Tl’ ) _w (‘TQ’ )
dt /., 2 2

Let us now relax the assumption regarding the differentiability of the our solution; suppose
that w has a discontinuity in z = s(t) with z1 < s(t) < zs.

w(x,t)

w(s )

w(s',t)

I
|
|
|
|
:
X s(t) % X

Thus, splitting the interval [x1,x3] in two parts, we have

w(z1,t)  wi(wo,t) d [ d [*2
5 - 5 =5 /xl w(z,t)dx + T » w(z,t)dz,
s(t) 2
:w(s,t)s'(t)—i—/ml %—Ztudx—w(sﬂt)é(t) + " %—Z:dx,

where w(s™(t),t) and w(s™(t),t) are the values of w as x — s from below and above respec-
tively; § = ds/dt.

Now, take the limit 1 — s~ (t) and w9 — s*(t). Since Ow/dt is bounded, the two integrals
tend to zero. We then have
w?(s™,t)  w?(sT,t)

. _ . =5 (w(s™,t) —w(s,t).
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The velocity of the discontinuity of the shock velocity U = s. If [] indicates the jump across
the shock then this condition may be written in the form

The shock velocity for Burger’s equation is

_1w?(sh) —w?(sT) | w(st) +w(sT)
2 w(st)—w(s) 2 ’

The problem then reduces to fitting shock discontinuities into the solution in such a way
that the jump condition is satisfied and multi-valued solution are avoided. A solution that
satisfies the original equation in regions and which satisfies the integral form of the equation
is called a weak solution or generalised solution.

Example: Consider the inviscid Burger’s equation

ow ow
rn + w% =0,
with initial conditions
1 for 6<0,
wx=60,t=0)=f(@)=4¢ 1—-0 for 0<6<1,
0 for 6>1.

As seen before, the characteristics are curves on which w = f(6) as well as z — f(0)t = 6 are
constant, where 6 is the parameter of the parametric form of the curve of initial data, I'.
For all 6 € (0,1), f'(#) = —1 is negative (f' = 0 elsewhere), so we can expect that all the
characteristics corresponding to these values of 6 intersect at the same point; the solution of
the inviscid Burger’s equation becomes multi-valued at the time

tmin = 1/ max[—f'(0)] = 1,V0 € (0,1).
Then, the position where the singularity develops at ¢t =1 is
r=—fO)t+0=1—-0+60=1.

t
|2
X | / wn
& S|k -
Xy ¥ ¢ weak solution
N7 (Y oy w(x,H14 (shock wave)
7 /, -
% W g S t>1| - multi~valued
/ IS P solution
x=1 X t=0"~_ 1u
t) . b N - —
w(X,
( X
o ot=l
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As time increases, the slope of the solution,

1 for x <t,
1 —
w(z,t) = 1—? for t<zx<1, with 0<t<1,
0 for z>1,

becomes steeper and steeper until it becomes vertical at ¢ = 1; then the solution is multi-
valued. Nevertheless, we can define a generalised solution, valid for all positive time, by
introducting a shock wave.
Suppose shock at s(t) = Ut + «, with w(s™,t) = 1 and w(s*,t) = 0. The jump condition
gives the shock velocity,

U - w(st)+w(s™) 1

2 )
furthermore, the shock starts at z = 1,t = 1, so « = 1 —1/2 = 1/2. Hence, the weak solution
of the problem is, for ¢t > 1,

0 for z<s(t), 1
w(z,t) = { 1 for x> s(t), where s(t) = 5 (t+1).

2.4 Systems of Equations

2.4.1 Linear and Semilinear Equations

These are equations of the form

n

Z(aiju:(vj)—{—bijuéj)) =c¢, 1=12,....n (%:Ul),

J=1

for the unknowns v, ... 4 and when the coefficients a;; and b;; are functions only
of z and y. (Though the ¢; could also involve u(*).)
In matrix notation

Au, + Buy =c,
where
al AT b11 e bln
A= (aw) = ) B = (bi;) = )
Apl .. Qpnp bnl bnn
o u®
co el
c= and u=| .
Cp, u(n)
E.g.,

ug) - 2“;(132) + 3u§1) - u?(f) =z +y,

ug) + uf) - 5u§1) + 2u3(/2) = 2% + ¢,
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can be expressed as

1 2] [ufV
1 1] [@

or Au, + Buy = c where

12 (3 -1 [a+ty
St Y Bt s IR el

. B /3 2/3
1(_
If we multiply by A <— [_1/3 1/3])

A 'Au, + A7'B u, = A le,

we obtain u, + Du, = d,

meDzA”B(zLX% 3%{1 ;qz[lﬁgﬂ>aMd:A4&

We now assume that the matrix A is non-singular (i.e., the inverse A~! exists ) — at least
there is some region of the (z,y)-plane where it is non-singular. Hence, we need only to
consider systems of the form

u; + Du, =d.
We also limit our attention to totally hyperbolic systems, i.e. systems where the matrix D
has n distinct real eigenvalues (or at least there is some region of the plane where this holds).
D has the n distinct eigenvalues A1, Ag, ..., A\, where det(\;] — D) =0 (i = 1,...,n), with

Xi # A; (i # j) and the n corresponding eigenvectors e, e, ..., €, so that
Dei = )\iei.
The matrix P = [e1, ey, ...,e,] diagonalises D via P"1DP = A,
A1 O 0
0 X O 0
A=1o 0
0 0 X1 O
0 0 A

We now put u = Pv,
then Pv,+ P,v+ DPvy+ DPyv =d,
and P 'Pv,+ P 'P,v+P 'DPv,+ P 'DPyv=Pd,
which is of the form
vy +Av, =q,

where
q=P'd-P'P,v— P 'DP,yv.

The system is now of the form

W AP =g =1, )

where ¢; can involve {v(l),v(2), . ,U(”)} and with n characteristics given by
dy
= — A\
dx ’

This is the canonical form of the equations.
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Example 1: Consider the linear system

u 4+ 4u o,

(2

. with initial conditions u = [2x,3z]T on y = 0.
Uy ) +9 ug(/ ) = 0,

Here, u, + Du, = 0 with D = [0 4] .

9 0
Eigenvalues:
det(D—A)=0=\*—36=0= )\ = +6.

Eigenvectors:

-6 4| |z 0 T 2

e g R P RS

6 4| |z 0 x

b 0-B- - (2] e
Then,

2 2 . 1703 2 g, 60
p_[ ] P [3 _2} and P DP_[O _6]

So we put u = [2 } v and v, + [6 _0 } vy, = 0, which has general solution

oW = f(6z —y) and v® = g(6z +y),
ie.
uV) =200 +20@  and WM = 30M — 303,

Initial conditions give

2z = 2f(6x) + 29(6x),
3z = 3f(6x) — 3¢g(6x),

so, f(x) = x/6 and g(x) = 0; then

Example 2: Reduce the linear system

dy—x 2x—2y .
Uz + [2y—2x 4:z:—y} u; =0
to canonical form in the region of the (x,y)-space where it is totally hyperbolic.
Eigenvalues:
dy—x— XN 2x—2y

det[Qy—Qx dr —y— A

] = 0= \€ {3z,3y}.

The system is totally hyperbolic everywhere expect where x = y.
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Eigenvalues:

So,

12 1
r=ly i -

Then, with u = B ﬂ v we obtain
3z 0
Vet [ 0 3y} =0
2.4.2 Quasilinear Equations
We consider systems of n equations, involving n functions u(?) (z,y) (i =1,...,n), of the form
u,; + Du, =d,

where D as well as d may now depend on u. (We have already shown how to reduce a more
general system Au, + Bu, = c to that simpler form.) Again, we limit our attention to totally

hyperbolic systems; then
A=P 'DP <= D=PAP !

using the same definition of P, P~! and the diagonal matrix A, as for the linear and semilinear
cases. So, we can transform the system in its normal form as,

P lu, + AP 'y, = P14,

such that it can be written in component form as

sz‘;l <(%u(j)+ > ZP 'd;, (i=1,...,n)
j=1

where ); is the ith eigenvalue of the matrix D and wherein the ith equation involves differen-
tiation only in a single direction — the direction dy/dx = X\;. We define the ith characteristic,
with curvilinear coordinate s;, as the curve in the (x,y)-plane along which

dz dy i dy
a5, 1, 15, A; or equivalently P Ai-

Hence, the directional derivative parallel to the characteristic is

d =90 4520
oy

d_siu ox

and the system in normal form reduces to n ODEs involving different components of u

ZPZjld—u ZP 1d (i=1,...,n).
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Example: Unsteady, one-dimensional motion of an inviscid compressible adiabatic gas.
Consider the equation of motion (Euler equation)

ou ou 1 0P

E—i_u%_ p O’

and the continuity equation

If the entropy is the same everywhere in the motion then Pp~7 = constant, and the motion

equation becomes

ou . ou . c Op 0

e T et st

ot or p Ox ’
where ¢ = dP/dp = vP/p is the sound speed. We have then a system of two first order
quasilinear PDEs; we can write these as

ow ow
v, pZt
ot + ox 0,
with )
W:|:u:| and D:[u c/p].
p p o u

The two characteristics of this hyperbolic system are given by da/dt = X where X\ are the
eigenvalues of D;

u—X\ c/p

det(D — \I) = b w—A

‘:Oﬁ(u—)\)Q:cQ and A\ =uZc.

The eigenvectors are [c, —p]” for A_ and [c, p]” for Ay, such that the usual matrices are

T=|° C, Tﬁl:L P _C, such that A =7T"'DT=[""¢ 0 .
—p p 2pc |p ¢ 0 u+c

Put o and (3 the curvilinear coordinates along the characteristics dz/dt = u — ¢ and dz/dt =
u 4 ¢ respectively; then the system transforms to the canonical form

dt dt 1 dx dx du dp du

dp
— = = — =u— — =u+ — —c— = d p—+c—=0.
da dg * da O dg YO Pia T “da 0 an pdﬁ Cdﬂ 0
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Chapter 3

Second Order Linear and
Semilinear Equations in Two

Variables

Contents

3.1 Classification and Standard Form Reduction

3.2 Extensions of the Theory

3.1

Consider a general second order linear equation

&%u

0x2

d%u

O0xdy

2
o7 *

a(z,y)5— + 2b(z,y) + ¢, y)

d(, ) 2L

Classification and Standard Form Reduction

in two independent variables

Ou

Jy

+e(z,y) 5= + flz,y)u = g(z,y);

ox

in the case of a semilinear equation, the coefficients d, e, f and g could be functions of 0,u, Oyu

and u as well.

Recall, for a first order linear and semilinear equation, a du/dx+b0ou/dy = ¢, we could define
new independent variables, &(x,y) and n(x,y) with J = 9(&,n)/0(z,y) # {0,000}, to reduce
the equation to the simpler form, du/9¢ = (&, n).

For the second order equation, can we also transform the variables from (x,y) to (§,n) to put

the equation into a simpler form?

So, consider the coordinate transform (x,y) — (n

o
g &) o
d(w,y)  |%1

, &) where £ and 7 are such that the Jacobian,

o¢

# {0, 00}.

dy
on
9y

Then by inverse theorem there is an open neighbourhood of (z,y) and another neighbourhood
of (£,n) such that the transformation is invertible and one-to-one on these neighbourhoods.

As before we compute chain rule derivations

ou_ oo ouon
ox  0€0x  Onoz’

37

dy 9oy

Ou Oudf  Oudn

9 0y’
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Pu_u (06N, Fu 060y O (00N udi  oudy
oz 0€2 \ Ox 0E0n Ox Ox ~ On? \ Oz 0¢ 0x2  On 022’
Pu_oPu (06\? , Fu k00 0w (0 oudi ouhy
> 0g? 060 Oy Ay~ O

dy dy) T ocop " oy
0%u _@%% 0%u %@4_%@ +82u877877+8u 0%¢ ou 0%n
oxdy 02 0xdy  0&on \dxdy Oy ox

The equation becomes

on? 0z dy = 9E Oxdy + On Ozdy’

0u 0u 0u
A— +2B — + F = 1

where

2 2
A:a<g> +2b%%+c<g> ,

ox oz Oy oy
9€ In 9¢ On | 9¢ On 9¢ On
B=g252" RS il Sl
“or oz b <3x oy * Oy Ox c@y oy’

on\® . mon  (on\’
C=a|—=— 2b—— — ] .
¢ <3x> * Ox Oy e oy
We write explicitly only the principal part of the PDE, involving the highest-order derivatives
of u (terms of second order).

It is easy to verify that

2 (1 —ae) (26 0n _ 08 0m’
(B" - AC) = (b —aq) <8m oy 8y8m>

where (0;£0,m — 9,£0,n)? is just the Jacobian squared. So, provided J # 0 we see that the
sign of the discriminant b — ac is invariant under coordinate transformations. We can use
this invariance properties to classify the equation.

Equation (3.1) can be simplified if we can choose £ and 71 so that some of the coefficients A,
B or C are zero. Let us define,

0¢/0x on/ox

D: = and D, = ;

$ T 0g/oy " on/oy

then we can write
e\ ?
A= (aDg +20D¢ + c) <a_y> ,

_ 9¢ On
B = (aD¢Dy + b (D¢ + Dy) +¢) 9y Dy’

— (aD? o\’
C—(aDn—l—QbDn—i—c)(ay :

Now consider the quadratic equation

aD?+2bD + ¢ =0, (3.2)
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whose solution is given by
bV —ac

a

D

If the discriminant b? — ac # 0, equation (3.2) has two distinct roots; so, we can make both
coefficients A and C' zero if we arbitrarily take the root with the negative sign for D¢ and
the one with the positive sign for D,

_0§/0x  —b— b2 —ac

€= 75y = - ~ A=0, (3.3)
_0n/0x  —b+ Vb —ac L CO—0
onjoy a o
Then, using D¢D,, = ¢/a and D¢ 4+ D, = —2b/a we have
2 0& On
B="=(ac—b*) == = B #0.
- (ac ) 3y 3y = B#0

Furthermore, if the discriminant b> — ac > 0 then D¢ and D, as well as § and 7 are real. So,
we can define two families of one-parameter characteristics of the PDE as the curves described
by the equation £(z,y) = constant and the equation n(x,y) = constant. Differentiate £ along
the characteristic curves given by £ = constant,

0¢ 3

d¢ = =dz + —=dy =0
3 axw+ayy ;

and make use of (3.3) to find that this characteristics satisfy

%_b—i—vbQ—ac

= 3.4
dx a (34)
Similarly we find that the characteristic curves described by n(z,y) = constant satisfy
d b— Vb —
SRk L3 (3.5)

de a
If the discriminant > — ac = 0, equation (3.2) has one unique root and if we take this root
for D¢ say, we can make the coefficient A zero,

_85/833__9 B
5—8§/8y— a:>A—O.

To get n independent of £, D,, has to be different from D¢, so C' # 0 in this case, but B is

now given by
B b b oEon b? o0& On
B = (—aaDn+b<—a +Dn> —|—c> a0y <_a —|—c> By 0y’

so that B = 0. When b? — ac = 0 the PDE has only one family of characteristic curves, for
&(x,y) = constant, whose equation is now
dy b

= (3.6)

Thus we have to consider three different cases.
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1. If b> > ac we can apply the change of variable (z,y) — (1,£) to transform the original

PDE to
0%u
9En
In this case the equation is said to be hyperbolic and has two families of characteristics
given by equation (3.4) and equation (3.5).

+ (lower order terms) = 0.

If b = ac, a suitable choice for ¢ still simplifies the PDE, but now we can choose 7
arbitrarily — provided n and ¢ are independent — and the equation reduces to the
form
0%u
o
The equation is said to be parabolic and has only one family of characteristics given by
equation (3.6).

+ (lower order terms) = 0.

If b2 < ac we can again apply the change of variables (z,y) — (1,£) to simplify the
equation but now this functions will be complex conjugate. To keep the transformation
real, we apply a further change of variables (£,7) — («, 3) via
a=E+n=2%R(n),
B =il —n) =23M),
) 0%u 0%u . 0%u
ie. =
o0y 0?2 032
so, the equation can be reduced to
0%u . 0u
0a? 952

In this case the equation is said to be elliptic and has no real characteristics.

(via the chain rule);

+ (lower order terms) = 0.

The above forms are called the canonical (or standard) forms of the second order linear or
semilinear equations (in two variables).

Summary:
b? — ac >0 =0 <0
Canonical form | s + ... =0 2% + ... =0| 24+ 24+ . =0
anonical form | 775 4 ... = o T = ooz topE T =
Type Hyperbolic Parabolic Elliptic
E.g.

e The wave equation,

Pu 5 0%u

2 a2
is hyperbolic (b> — ac = ¢2, > 0) and the two families of characteristics are described
by dz/dt = £c¢, ie. £ =2 — ¢t and n = x + ¢,t. So, the equation transforms into its
canonical form 9%u/0¢0n = 0 whose solutions are waves travelling in opposite direction
at speed cy.

:0,
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e The diffusion (heat conduction) equation,

0%u  10u _0
0x2 kOt

is parabolic (b> — ac = 0). The characteristics are given by dt/dz = 0 ie. £ =t =

constant.

e Laplace’s equation,

Pu  0%u
4+ =0,
0x2 0y

is elliptic (b — ac = —1 < 0).
The type of a PDE is a local property. So, an equation can change its form in different regions
of the plane or as a parameter is changed. E.g. Tricomi’s equation
0%u . 0%u
Y or2 Oy?
is elliptic in y > 0, parabolic for y = 0 and hyperbolic in y < 0, and for small disturbances
in incompressible (inviscid) flow

=0,  (P-ac=0-y=—y)

1 0%u  O%u 1
————+=5=0 V¥ —ac=———
1—m28m2+8y2 ’ ( ac 1—m2)
is elliptic if m < 1 and hyperbolic if m > 1.
Example 1: Reduce to the canonical form
0%u 0u 0u 1 ou ou
2 2 3 3
) o (B3l
Y o2 xy@x(?y e oy xy <y or T ° 3y>
a=y?
Here b= —xy  so b —ac = (zy)? — 2%y*> = 0 = parabolic equation.
2
c=x

On ¢ = constant,

d b+ Vb2 —ac b x
—yziz—:——:f:xQ—FyQ.

dx a a Y
We can choose 7 arbitrarily provided & and 7 are independent. We choose n = y. (Exercise,
try it with n = x.) Then

ou ou ou ou Ou 0%u ou 4 5 0%u

o g T gy S hted o
oz - o oy YoacTany o2 Toe T o
0u 0%u 0u 0u ou 5 0%u Pu  *u
dry— + 20—, — =2—=+4y'—= +4y + =
Bxay 8{2 00 Oy? o€ 0€2 35877 on?
and the equation becomes
ou 0%u 0%u 0%u ou 0%u
202 42220 82,2 ~4g? 92 4z
Vge TV ge T8 ge W geg, T 9 TV e

o%u o%u 1 8 ou ou
42— 2 2 2 3
T Y aean T o xy( g TR e TG >
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2
1
ie. Ou_10u =0. (canonical form)
on*  non

This has solution

uw=f(&)+n9(5),

where f and g are arbitrary functions (via integrating factor method), i.e.
u=f(@®+y%) +y?g(z* +¢).

We need to impose two conditions on u or its partial derivatives to determine the functions
f and g i.e. to find a particular solution.

Example 2: Reduce to canonical form and then solve

0%u 0%u 0%u . ) ou
W—i—m—Qa—yQ—i—l:O n0<x<1,y>0, Wlthu:a—y:xonyzo.
a=1
Here b=1/2 3 sob* —ac=9/4 (> 0) = equation is hyperbolic.
c=—2
Characteristics:
1
%:—iéz—lorQ :—85/83601"—877/836 .
de 2 2 o€ /0y on/dy
Two methods of solving;:
1. directly:
d 1
& _ 2 = x — —y = constant and % = —1 = 2 4+ y = constant.
dx dx
2. simultaneous equations:
98 _ 508
C9r oy £:m—g z=5(n+2)
on _ on L 2
_on_ _on n=1x+y y=-n-9
Oz oy 3(

So,
ou Ou Ou ou 10u Ou ?u Q% ou 9%u
— ==+ =, — =——+ =, 25 = a2 T25:- 1t 533
or 0§ On oy 206 On Oz o€ o&dn  On
9%u 1 Pu 1 0%u d%u 0%u 1 9%u 0%u d%u

grdy  20€  20¢on o 0 d0¢  9€on | o

and the equation becomes

9%u ou ?u  10%u 1 0% Pu 10%u 0% 0%

u o 0u (Ou 10w 10w 0w 10w , 0w 0w
52 " 25eon "o 202 T 2oton "o 202 Caeay Cop T1TY
9 92
:535(;7—1—1:0, canonical form.
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So 0?u/0¢0n = —2/9 and general solution is given by

= u(En) =5 €0+ F(€) +9(n),

where f and g are arbitrary functions; now, we need to apply two conditions to determine
these functions.

When, y =0, £ =71 = x so the condition u = x at y = 0 gives

uE=rn=2)= 20"+ (@) + () =7 = (@) +gl@) =w+ g 2% (37)

Also, using the relation

ou 10u @ 1 1 2

a_y__§a_5+an_9 2 9

the condition Ju/dy = x at y = 0 gives

ou, 1 1, 2 O ()
. . 1 5 4
and after integration, g¢g(x) — §f(m) =37 + k, (3.8)

where k is a constant. Solving equation (3.7) and equation (3.8) simultaneously gives,

2 2 2 1 4 2
flx) = 3% §az2 - gk‘ and g(x) = 3% + §x2 + gkz,
2 2 2 1 4 2

or, in terms of £ and n  f(§) = 55 - §§2 - §k and g(n) = 3 + §n2 + §k

So, full solution is
2 2 2., 1 4,
1 2
=328 +n0) + 50 =) +&).
y?
= u(z,y) =2 +xy + 5 (check this solution.)
Example 3: Reduce to canonical form
0u n 0u n 0%u B
0x?  Oxdy  Oy?

a=1
Here b=1/2 3 so b* —ac= —3/4 (< 0) = equation is elliptic.

c=1
Find ¢ and 7 via

¢ = constant on dy/dz = (1 +1iv/3)/2 E=y—3(1+iV3)z
= .
n = constant on dy/dz = (1 —iv/3)/2 n=y—+(1-iV3)x
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To obtain a real transformation, put

a=n+&=2—2z and B=i(—n)=zV3.

So,
ou ou ou  Ou ou  0*u  0%u 0%u 0%u
o7 vy T T g
%= a0 V335 oy~ ° oa’ 8x2 502 =23 5005 2 55
0? (9 0? 0?
TR EA N Y
900y~ 2 0a da &8 dy da
and the equation transforms to
82u U 0%u
-2 — 4 — =0.
a 902 a 55397 2502+ 23 Gagg 1 50 =
= @ + @ =0 nonical form
90z Tom canonical form.

3.2 Extensions of the Theory

3.2.1 Linear second order equations in n variables

There are two obvious ways in which we might wish to extend the theory.

To consider quasilinear second order equations (still in two independent variables.) Such
equations can be classified in an invariant way according to rule analogous to those developed
above for linear equations. However, since a,b and ¢ are now functions of d,u, dyu and u its
type turns out to depend in general on the particular solution searched and not just on the
values of the independent variables.

To consider linear second order equations in more than two independent variables. In such
cases it is not usually possible to reduce the equation to a simple canonical form. However,
for the case of an equation with constant coefficients such a reduction is possible. Although
this seems a rather restrictive class of equations, we can regard the classification obtained as
a local one, at a particular point.

Consider the linear PDE

a; b +cu-d
2 e Z

Without loss of generality we can take the matrix A = (a;5), ¢,j = 1---n, to be symmetric
(assuming derivatives commute). For any real symmetric matrix A, there is an associate
orthogonal matrix P such that PT AP = A where A is a diagonal matrix whose element are
the eigenvalues, \;, of A and the columns of P the linearly independent eigenvectors of A,
e; = (e1i,€2i,"** ;€ni). SO

PZ(GZ‘j) and A:(/\Z‘(Sij), i,j=1,---,n

Now consider the transformation x = P¢, ie. € = P7'x = PTx (P orthogonal) where
x = (21,29, ,x,) and € = (§1,&2, -+ ,&y); this can be written as

n n

Tr; = Zelj 5]' and éj = Zeij Zy.

j=1 i=1
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So,

Ou i%e- and Ou = Y 73u €k €4
w 0wy = 9G0&

The original equation becomes,

i einein + (1 der t —0.
Z Z 3&35 a;j e €jr + (lower order terms)

u,j=1k,r

But by definition of the eigenvectors of A,

n
T _
e, Ae, = E €ik Wij €jr = Ay Opk-
ij=1

Then equation simplifies to
Z >\k 652 + (lower order terms) = 0.

We are now in a position to classify the equation.

e Equation is elliptic if and only if all A; are non-zero and have the same sign. E.g.

Laplace’s equation
Pu  %u  0%u

gu, gu g _y,
8m2+8y2+8z2

e When all the A\; are non-zero and have the same sign except for precisely one of them,
the equation is hyperbolic. E.g. the wave equation

Pu_ (0 Pu u)
ot? ox2  Oyr  022)

e When all the A\, are non-zero and there are at least two of each sign, the equation
ultra-hyperbolic. E.g.

Pu Fu_u Ou
oxr?  Ox3  Ox3  Oxl

such equation do not often arise in mathematical physics.

e If any of the A\, vanish the equation is parabolic. E.g. heat equation

u_ (% +82 Al
ot ar? oyt T 92)

3.2.2 The Cauchy Problem

Consider the problem of finding the solution of the equation

2 2 2
3u+2b8u +08u

- ou | o _
a@mQ 0xdy 0y2+ (Opu, Oyu, u,z,y) =0
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which takes prescribed values on a given curve I' which we assume is represented parametri-
cally in the form

ngb(a)v yZH(U)v

for o € I, where [ is an interval, oy < o < o1, say. (Usually consider piecewise smooth
curves.)
We specify Cauchy data on I': wu, du/0r and Ju/dy are given Vo € I, but note that
we cannot specify all these quantities arbitrarily. To show this, suppose u is given on I' by
u = f(o0); then the derivative tangent to I', du/do, can be calculated from du/do = f'(o)
but also

du Oudx Oudy

o~ godo Iy
= ()2 1002 = (o)
~ P\ 9% U@y_ )

so, on I', the partial derivatives du/0z,du/dy and u are connected by the above relation.
Only derivatives normal to I" and w can be prescribed independently.

So, the Cauchy problem consists in finding the solution u(x,y) which satisfies the following
conditions

u(¢(o),0(0)) = f(o)
and %w(a),a(a)) —g(o) |

where o € I and 9/0n = n -V denotes a normal derivative to I' (e.g. n = [0/, —¢/]T); the
partial derivatives du/0x and Ou/0y are uniquely determined on I" by these conditions.

Set, p = Ou/0x and q = Qu/dy so that on I', p and ¢ are known; then

d_Pude 0% dy da_ Pude dudy
ds  0z2ds = 0x0yds ds  0zdyds Oy?ds’

Combining these two equations with the original PDE gives the following system of equations
for 0%u/0z?%, 0*u/0xdy and 0%u/0y? on T' (in matrix form),

2

@ —F a 2b ¢
Ox?

d’u d_p d_ac % 0
ozoy | | 9¢ where M= [ 3 s

92 dg drz dy
gu ds 0 1L ds
Oy?

So, if det(M) # 0 we can solve the equations uniquely and find 0%u/0z2, 0%u/0xzdy and
0?u/0y* on I'. By successive differentiations of these equations it can be shown that the
derivatives of u of all orders are uniquely determined at each point on I for which det(M) # 0.
The values of u at neighbouring points can be obtained using Taylor’s theorem.

So, we conclude that the equation can be solved uniquely in the vicinity of I' provided
det(M) # 0 (Cauchy-Kowaleski theorem provides a majorant series ensuring convergence of
Taylor’s expansion).
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Consider what happens when det(M) = 0, so that M is singular and we cannot solve uniquely
for the second order derivatives on I'. In this case the determinant det(M) = 0 gives,

dy 2 dz dy dz )\ 2
— _2 - e — = .
¢ <ds> bdsds+c<ds> 0

dy _ dy/ds

dr  dz/ds
and so (dividing through by dx/ds), dy/dz satisfies the equation,

But,

dy\? dy o dy  bEVBE—ac dy b
a|l=—=] —2b—=4c¢=0, ile. —=——7"7—79¥—¥— o0or — = —.
dx dx dx a dx a

The exceptional curves I', on which, if 4 and its normal derivative are prescribed, no unique
solution can be found satisfying these conditions, are the characteristics curves.
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3.2 Extensions of the Theory
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4.1 Definitions

Elliptic equations are typically associated with steady-state behavior. The archetypal elliptic
equation is Laplace’s equation

Pu  O%u .
@ + a—yz = 01in 2-D,

Vu=0, eg.
and describes
e steady, irrotational flows,
e electrostatic potential in the absence of charge,

e equilibrium temperature distribution in a medium.

Because of their physical origin, elliptic equations typically arise as boundary value problems
(BVPs). Solving a BVP for the general elliptic equation

- 0%u " Ou
Llu] = i bj— =F
[u] Z ajj om0, + 2 gy +cu
i,7=1 i=1

(recall: all the eigenvalues of the matrix A = (a;;),4,j = 1---n, are non-zero and have the
same sign) is to find a solution u in some open region € of space, with conditions imposed
on I (the boundary of Q) or at infinity. E.g. inviscid flow past a sphere is determined by
boundary conditions on the sphere (u-n = 0) and at infinity (u = Const).

There are three types of boundary conditions for well-posed BVPs,

1. Dirichlet condition — u takes prescribed values on the boundary 92 (first BVP).

49
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2. Neumann conditions — the normal derivative, du/On = n - Vu is prescribed on the
boundary 92 (second BVP).

In this case we have compatibility conditions (i.e. global constraints):
E.g., suppose u satisfies V2u = F on Q and n - Vu = 9,,u = f on 0. Then,

/ ViudV = / V. -VudV = / Vu-ndS = 9u ds (divergence theorem),
Q Q o9

an on

= / FdV = fds for the problem to be well-defined.
Q a0

3. Robin conditions — a combination of u and its normal derivative such as du/0n + au
is prescribed on the boundary 02 (third BVP).

Yy

/’Jx
o1}

Sometimes we may have a mixed problem, in which u is given on part of 9Q and du/0On given
on the rest of 0f).

If © encloses a finite region, we have an interior problem; if, however, € is unbounded, we
have an exterior problem, and we must impose conditions ’at infinity’.

Note that initial conditions are irrelevant for these BVPs and the Cauchy problem for elliptic
equations is not always well-posed (even if Cauchy-Kowaleski theorem states that the solution
exist and is unique).

As a general rule, it is hard to deal with elliptic equations since the solution is global, affected
by all parts of the domain. (Hyperbolic equations, posed as initial value or Cauchy problem,
are more localised.)

From now, we shall deal mainly with the Helmholtz equation V?u 4+ Pu = F, where P and
F' are functions of x, and particularly with the special one if P = 0, Poisson’s equation, or
Laplace’s equation, if F© = 0 too. This is not too severe restriction; recall that any linear
elliptic equation can be put into the canonical form

and that the lower order derivatives do not alter the overall properties of the solution.

4.2 Properties of Laplace’s and Poisson’s Equations

Definition: A continuous function satisfying Laplace’s equation in an open region €2, with
continuous first and second order derivatives, is called an harmonic function. Functions u
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in C2(Q) with V2u > 0 (respectively V2u < 0) are call subharmonic (respectively superhar-
monic).

4.2.1 Mean Value Property

Definition: Let xq be a point in  and let Br(x¢) denote the open ball having centre xg
and radius R. Let Y r(xo) denote the boundary of Br(xg) and let A(R) be the surface area
of Xgr(xg). Then a function u has the mean value property at a point x¢ € Q if

1
m /ER u(x)dS

for every R > 0 such that Br(xp) is contained in €. If instead u(xq) satisfies

u(xo) =

1
u(xg) = V(R) /BR u(x)dV,

where V(R) is the volume of the open ball Br(xg), we say that u(xg) has the second
mean value property at a point xg € ). The two mean value properties are equivalent.

Y

b
RBR

;

g

X0

[3}9]

Theorem: If u is harmonic in 2 an open region of R”, then w has the mean value property
on ).

Proof: We need to make use of Green’s theorem which says,

ou ov B 2 o2
/q(v%—u%> dS—/V(vVu uV*v) dV. (4.1)

(Recall: Apply divergence theorem to the function vVu — uVv to state Green’s theorem.)

Since u is harmonic, it follows from equation (4.1), with v = 1, that

ou
[2as—o

Now, take v = 1/r, where r = |x — xg|, and the domain V to be B,(xq) — B:(xgp), 0 < & < R.

Then, in R™ — xg,
1 0 0 (1
2, 1 0 [ o0 (1 _
vv_r28r<rar<r>> 0



52 4.2 Properties of Laplace’s and Poisson’s Equations

so v is harmonic too and equation (4.1) becomes

/ﬁuﬁhs+/) s = /‘ ~as - /)w—dS—O
on
. 1 1
:>/ dS / u—dS i.e —2/ udS:—Q/ udS.
€ r

Since w is continuous, then as e — 0 the LHS converges to 47 u(zo, o, 2z0) (with n = 3, say),

SO )
u(xg) = o) /ErudS.

Recovering the second mean value property (with n = 3, say) is straightforward

T 3 1 r 1
/ p2u(x0)dpzr—u(x0):—/ / udep:—/ udV.
0 3 47[' 0 Zp 471' B,

The inverse of this theorem holds too, but is harder to prove. If u has the mean value property
then w is harmonic.

4.2.2 Maximum-Minimum Principle

One of the most important features of elliptic equations is that it is possible to prove theorems

concerning the boundedness of the solutions.

Theorem: Suppose that the subharmonic function u satisfies
VZu=F inQ, with F > 0in Q.

Then u(z,y) attains his maximum on 9.

Proof: (Theorem stated in 2-D but holds in higher dimensions.) Suppose for a contradiction
that u attains its maximum at an interior point (xg,yo) of . Then at (zg, yo),

ou ou 9%u 9%u
o 0, 3y 0, 92 = 0 and 37 = 0,

since it is a maximum. So,

?u  O%u

Py + (9—y2 <0, which contradicts F' > 0 in ).

Hence v must attain its maximum on 92, i.e. if u < M on 99, u < M in €.

Theorem: The weak Maximum-Minimum Principle for Laplace’s equation.
Suppose that u satisfies

V2u =0 in a bounded region

ifm<u<Mon 9, then m <u <M in Q.
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Proof: (Theorem stated in 2-D but holds in higher dimensions.) Consider the function
v =u+e(x? +9?), for any € > 0. Then V?v = 4 > 0 in Q (since V?(z? + 3?) = 4), and
using the previous theorem,

v<M+eR? inQ,

where u < M on 02 and R is the radius of the circle containing 2. As this holds for any ¢,
let £ — 0 to obtain
u<M in §,

i.e., if u satisfies V2u = 0 in ©, then u cannot exceed M, the maximum value of u on Of).
Also, if u is a solution of V?u = 0, so is —u. Thus, we can apply all of the above to —u to
get a minimum principle: if © > m on 0f2, then v > m in .

This theorem does not say that harmonic function cannot also attain m and M inside
though. We shall now progress into the strong Maximum-Minimum Principle.

Theorem: Suppose that u has the mean value property in a bounded region §2 and that u
is continuous in 2 = QU 9. If u is not constant in §2 then u attains its maximum value on
the boundary 0f2 of €2, not in the interior of 2.

Proof: Since u is continuous in the closed, bounded domain Q then it attains its maximum
M somewhere in € .
Our aim is to show that, if u attains its max. at an interior point of 2, then w is constant in

Q.

Suppose u(xg) = M and let x* be some other point of Q. Join these points with a path
covered by a sequence of overlapping balls, B,.

Y

i ;

o

Consider the ball with xg at its center. Since u has the mean value property then

M:u(xo):ﬁ/&udSSM.

This equality must hold throughout this statement and v = M throughout the sphere sur-
rounding xg. Since the balls overlap, there is x, centre of the next ball such that u(x;) = M;
the mean value property implies that w = M in this sphere also. Continuing like this gives
u(x*) = M. Since x* is arbitrary, we conclude that w = M throughout 2, and by continuity
throughout . Thus if u is not a constant in €) it can attain its maximum value only on the

boundary 0f2.
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Corollary: Applying the above theorem to —u establishes that if u is non constant it can
attain its minimum only on 0f.

Also as a simple corollary, we can state the following theorem. (The proof follows immediately
the previous theorem and the weak Maximum-Minimum Principle.)

Theorem: The strong Maximum-Minimum Principle for Laplace’s equation.

Let « be harmonic in Q, i.e. solution of V?u = 0 in Q and continuous in Q, with M and
m the maximum and minimum values respectively of u on the boundary 9. Then, either
m<u<MinQorelse m=u=M in Q.

Note that it is important that 2 be bounded for the theorem to hold. E.g., consider u(x,y) =
e® siny with Q = {(z,y)| — 00 < ¥ < 400, 0 < y < 2r}. Then V2u = 0 and on the boundary
of Q we have u = 0, so that m = M = 0. But of course u is not identically zero in 2.

Corollary: If u = C is constant on 02, then v = C is constant in 2. Armed with the
above theorems we are in position to prove the uniqueness and the stability of the solution
of Dirichlet problem for Poisson’s equation.

Consider the Dirichlet BVP

Vi =FinQ with u=fondQ
and suppose u1, us two solutions to the problem. Then v = u; — ug satisfies
Vi = V2(u1 —ug) =0 in Q, with v =0 on 0f.

Thus, v = 0 in (), i.e. u; = ug; the solution is unique.
To establish the continuous dependence of the solution on the prescribed data (i.e. the
stability of the solution) let u; and wuy satisfy

VQU{LQ} = Fin Q Wlth U{LQ} = f{172} on 89,

with max|f; — fo| = e. Then v = uy — ugy is harmonic with v = f; — fo on 9. As before,
v must have its maximum and minimum values on 0€; hence |u; — uz| < ¢ in Q. So, the
solution is stable — small changes in the boundary data lead to small changes in the solution.

We may use the Maximum-Minimum Principle to put bounds on the solution of an equation
without solving it.

The strong Maximum-Minimum Principle may be extended to more general linear elliptic

equations
n

Llu] = Z Zjax ij Zb -+ cu=F,

i,7=1
and, as for Poisson’s equation it is possible then to prove that the solution to the Dirichlet
BVP is unique and stable.

4.3 Solving Poisson Equation Using Green’s Functions

We shall develop a formal representation for solutions to boundary value problems for Pois-
son’s equation.
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4.3.1 Definition of Green’s Functions
Consider a general linear PDE in the form
L(x)u(x) = F(x) in €,

where £(x) is a linear (self-adjoint) differential operator, u(x) is the unknown and F(x) is
the known homogeneous term.

(Recall: L is self-adjoint if £ = L£*, where £* is defined by (v|Lu) = (L*v|u) and where
(vlu) = [v(x)w(x)u(x)dx ((w(x) is the weight function).)

The solution to the equation can be written formally
u(x) = L7F(x),

where £7!, the inverse of £, is some integral operator. (We can expect to have LL™! =
LL7! =T, identity.) We define the inverse £~! using a Green’s function: let

u(x) = L7LF(x) = /Q G(x. £)F(€)de, (4.2)

where G(x,&) is the Green’s function associated with £ (G is the kernel). Note that G
depends on both the independent variables x and the new independent variables &, over
which we integrate.

Recall the Dirac d-function (more precisely distribution or generalised function) §(x) which
has the properties,

I(x)dx =1 and d(x — &) h(€)dE = h(x).
R® Rn

Now, applying £ to equation (4.2) we get

Cu(x) = F(x) = - /Q LG(x,6)F(€) d:

hence, the Green’s function G(x, £) satisfies

u(x) = —/QG(X,E) F(¢)d¢ with LG(x,€) =—0(x— &) and x,€ € Q.

4.3.2 Green’s function for Laplace Operator

Consider Poisson’s equation in the open bounded region V with boundary S,

Viu=FinV. (4.3)
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/\j '
S
Then, Green’s theorem (n is normal to S outward from V'), which states

ov ou
2, o2 _ ov  ou
/V(uv v—oV u) dV /S<u6n Uan> ds,

for any functions u and v, with Oh/0n = n - Vh, becomes

/uv%dvz/ dev+/ (u@—u@> ds;
V4 \a S 8n 8n

so, if we choose v = v(x, £), singular at x = &, such that Vv = —§(x — &), then u is solution

of the equation
(ﬁ)——/ FdV—/ %) as (4.4)
u(g) = v : Ug Vg .

which is an integral equation since u appears in the integrand. To address this we consider
another function, w = w(x, §), regular at x = £, such that V2w = 0 in V. Hence, apply
Green’s theorem to the function u and w

/ <u8_w — w%> ds = / (uVQw — wV2u) dV = —/ wk dV.
S 8’0 871 1% 1%

Combining this equation with equation (4.4) we find

u(ﬁ):—/v(v—i—w)FdV—/S<u%(v+w)—(v+w)%> ds,

so, if we consider the fundamental solution of Laplace’s equation, G = v + w, such that
V232G = —§(x— &) inV,

0G  0u
u(g) = — | Grav - /S <ua—n - G%> ds. (4.5)

Note that if, F', f and the solution u are sufficiently well-behaved at infinity this integral
equation is also valid for unbounded regions (i.e. for exterior BVP for Poisson’s equation).

The way to remove u or du/dn from the RHS of the above equation depends on the choice
of boundary conditions.
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Dirichlet Boundary Conditions

Here, the solution to equation (4.3) satisfies the condition u = f on S. So, we choose w
such that w = —v on S, i.e. G = 0 on S, in order to eliminate du/dn form the RHS of
equation (4.5).

Then, the solution of the Dirichlet BVP for Poisson’s equation

V2u=FinV withu= fon S

is
u(€) = —/ GFdV — / fa—G ds,
1% S on
where G = v+w (w regular at x = £) with V2v = —§(x—¢) and V2w =0in V and v+w = 0
on S. So, the Green’s function G is solution of the Dirichlet BVP

VG = —6(x — &) inV,
with G =0on S.

Neumann Boundary Conditions

Here, the solution to equation (4.3) satisfies the condition du/dn = f on S. So, we choose
w such that dw/On = —0v/dn on S, i.e. OG/On =0 on S, in order to eliminate u from the
RHS of equation (4.5).

However, the Neumann BVP

V3G = -5(x—€)inV,

with 8_G =0on S,
on

which does not satisfy a compatibility equation, has no solution. Recall that the Neumann
BVP V2u = F in V, with u/0n = f on 8, is ill-posed if

/V FdV # /S £ds.

We need to alter the Green’s function a little to satisfy the compatibility equation; put
V2G = —6 + C, where C is a constant, then the compatibility equation for the Neumann

BVP for G is )

/(—5+C)dV:/OdS:O=>C:—,
% s vV

where V is the volume of V. Now, applying Green’s theorem to G and u:

ou oG
2, 2 — e
/V (GV?u —uV?G) dV /S (Gan uan> ds

we get

u(ﬁ):—/vGFdV—i—/SGde—i—%/vudV.

u
This shows that, whereas the solution of Poisson’s equation with Dirichlet boundary condi-
tions is unique, the solution of the Neumann problem is unique up to an additive constant u
which is the mean value of u over Q.
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Thus, the solution of the Neumann BVP for Poisson’s equation
ou

V2u=FinV with — = fon S
on

is
=u-— GFd G dS,
u(ﬁ) U / V —|—/ f

where G = v + w (w regular at x = £) with V20 = —§(x — &),VZw = 1/V in V and
Ow/On = —0v/dn on S. So, the Green’s function G is solution of the Neumann BVP

1
VQG:—a(x—g)+§inV,

with % =0onS.
on

Robin Boundary Conditions

Here, the solution to equation (4.3) satisfies the condition du/dn + au = f on S. So, we
choose w such that dw/dn + aw = —0v/dn — av on S, i.e. 9G/On + aG =0 on S. Then,

oG ou oG
A(u%—G%> dS:/S<u%+G(au—f)> dS:—/SGde.

Hence, the solution of the Robin BVP for Poisson’s equation
Vzu:FinVWith%—i—au:fonS
on
is
u(&) :—/ GFdV+/Gde,
% S

where G = v + w (w regular at x = &) with V2 = —§(x — £) and VZw = 0 in V and
Ow/on+ aw = —0v/dn —av on S. So, the Green’s function G is solution of the Robin BVP

V3G = -5(x—€)inV,

with a—G—|—ozG:00nS.
on

Symmetry of Green’s Functions

The Green’s function is symmetric (i.e., G(x,€) = G(£,x)). To show this, consider two
Green’s functions, G1(x) = G(x,£&;) and Ga(x) = G(x,€,), and apply Green’s theorem to

these,
0Go 0G4 ) 48,

2 _ 2 — ML bt 3
/V(le Gy — GoV2Gy) dV /S<G1 S G

Now, since, G1 and G4 are by definition Green’s functions, G1 = G2 = 0 on S for Dirichlet
boundary conditions, 0G1/0n = 0G2/0n = 0 on S for Neumann boundary conditions or
G2 0G1/0n = G1 0G5 /I0n on S for Robin boundary conditions, so in any case the right-hand
side is equal to zero. Also, V2Gy = —§(x—¢&;), V2Gy = —6(x—&,) and the equation becomes

/ G(x.6,) 6(x — £) AV = / G(x.£5) 6(x — £,)dV,
1% 174

G(€2,61) = G(£1,6)-
Nevertheless, note that for Neumann BVPs, the term 1/V which provides the additive con-
stant to the solution to Poisson’s equation breaks the symmetry of G.
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Example:
Consider the 2-dimensional Dirichlet problem for Laplace’s equation,
V2 =0in V, withu = f on S (boundary of V).

Since u is harmonic in V (i.e. V2u =0) and u = f on S, then Green’s theorem gives

/Vuv%dvz/ (f——v?) ds.

Note that we have no information about du/0n on S or w in V. Suppose we choose,

v:—%ln((m—ﬁ)Q—F(?J—n)Z)’

then V2v =0 on V for all points except P = (z = £,y = 1), where it is undefined.

To eliminate this singularity, we ’cut this point P out’ — i.e, surround P by a small circle of
radius € = v/(z — £)2 + (y — n)? and denote the circle by ¥, whose parametric form in polar
coordinates is

Yi{r—¢&=¢ccosb,y—n=csinf withe > 0and 0 € (0,27)}.

Y
X
V= 5\.5
x
S
Hence, v = —1/27 Ine and dv/de = —1/27e and applying Green’s theorem to u and v in

this new region V* (with boundaries S and ), we get

(% 8u ov ou

since V2u = V2v = 0 for all point in V*. By transforming to polar coordinates, d.S = df

and du/On = —0u/0e (unit normal is in the direction £) onto ¥; then
1 27
/v—dS-gnE @d0—>0asa—>0
2w 0 Oe
and also
o 2 o 1 2 1 1 2
ua—ZdS——/O ua—ZesdH—%/O usgdﬁzﬁ/o udf — u(&,n) ase — 0,

and so, in the limit € — 0, equation (4.6) gives

u(f,m:/S(@—f ) where v = ——-In ((z — €)% + (y —1)?)

7
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now, consider w, such that V2w = 0 in V but with w regular at (z = &,y = 7), and with
w = —v on S. Then Green’s theorem gives

ow ou ow ou
2, 2 _ _ _
/V(qu qu)dV /S<u3n w8>dS /S<f3n 8>dS 0

since V24 = V2w = 0in V and w = —v on S. Then, subtract this equation from equation
above to get

U(é,n)z/5< %—f > /(f—+vg—u>d5— /f— (v + w) dS.

Setting G(x,y;&,n) = v + w, then

) =— [ 1528
Such a function G then has the properties,
V3G =—6(x—€)inV, with G=0onS.
4.3.3 Free Space Green’s Function
We seek a Green’s function GG such that,
G(x,€) = v(x,€) +w(x,€) where V?v=—§(x—§&)inV.

How do we find the free space Green’s function v defined such that V?v = —§(x — £) in V?
Note that it does not depend on the form of the boundary. (The function v is a ’source term’
and for Laplace’s equation is the potential due to a point source at the point x = £.)

As an illustration of the method, we can derive that, in two dimensions,

1
| o 2 o 2
V= (- 2 (- ).
as we have already seen. We move to polar coordinate around (&, 7),
r—&=rcosf & y—mn=rsind,

and look for a solution of Laplace’s equation which is independent of # and which is singular
asr — 0.
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Laplace’s equation in polar coordinates is

=0

10 (o) _ o100
or2  ror

2o \"ar
which has solution v = Blnr + A with A and B constant. Put A = 0 and, to determine

the constant B, apply Green’s theorem to v and 1 in a small disc D, (with boundary C,), of
radius r around the origin (7, £),

0
as= [ vdv=— [ sx—¢)dv =1,
c, on D, Dy
so we choose B to make
ov
—dS=-1.
C, on
Now, in polar coordinates, dv/dn = dv/Or = B/r and dS = rdf (going around circle C..).
So,
27 B 2 1
/ —rd@zB/ dd=-1=B=——.
0 r 0 21
Hence,
v = —ilnr = —ilmr2 = —iln (= — €2+ (y—n)?)
27 47 47 ’

(We do not use the boundary condition in finding v.)

Similar (but more complicated) methods lead to the free-space Green’s function v for the
Laplace equation in n dimensions. In particular,

—%\x—{], n=1,
1
U(X7 ) - _E In (’X - 5‘2) ’ n=2,
1 .
T _ n >

\

where x and £ are distinct points and A, (1) denotes the area of the unit n-sphere. We shall
restrict ourselves to two dimensions for this course.

Note that Poisson’s equation, V2u = F, is solved in unbounded R" by

ue) = - [ o F(E) g

where from equation (4.2) the free space Green’s function v, defined above, serves as Green’s
function for the differential operator V2 when no boundaries are present.

4.3.4 Method of Images

In order to solve BVPs for Poisson’s equation, such as V?u = F in an open region V with
some conditions on the boundary S, we seek a Green’s function G such that, in V'

G(x,€) = v(x, &) +w(x,&) where VZv=—-§(x—-€) and V*w=0or1/V(V).
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Having found the free space Green’s function v — which does not depend on the boundary
conditions, and so is the same for all problems — we still need to find the function w, solution
of Laplace’s equation and regular in x = &, which fixes the boundary conditions (v does not

satisfies the boundary conditions required for G by itself). So, we look for the function which
satisfies

V2w =0o0r 1/V(V)inV, (ensuring w is regular at (£,n)),
with w=—v (i.e. G=0) on S for Dirichlet boundary conditions,
ow ov . %

or o = o (i.e. n

To obtain such a function we superpose functions with singularities at the image points of
(&,1)). (This may be regarded as adding appropriate point sources and sinks to satisfy the
boundary conditions.) Note also that, since G and v are symmetric then w must be symmetric

too (i.e. w(x,&) = w(§,x)).

= 0) on S for Neumann boundary conditions.

Example 1

Suppose we wish to solve the Dirichlet BVP for Laplace’s equation

O*u  0%*u . :
VQU:@ 8—y2:01ny>0 with w= f(xz) ony = 0.

We know that in 2-D the free space function is
1 2 2
o= (@ =€+ (- n)).
If we superpose to v the function
1
w=+— (=8 +@+n)?),

solution of V2w = 0 in V and regular at (x = £,y = 1), then

B 1 (= (y—n)
Glz,y,&m) =vtw=— ln<(x—f)2+(y+n)2>'

1 _ 2 2
G(z,0,&,n) = i In <M—in> = 0, as required.
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The solution is then given by

oG
. = [ £57as

Now, we want OG/dn for the boundary y = 0, which is

O_G
on

__ oG
s Ay

1 n . .
=————5—— (exercise, check this).

Thus,

+o0 T
u(€,n) = g/oo —(m _'2()2)+ 2 dz,

and we can relabel to get in the original variables

+00 A
u(z,y) = %/_OO —()\ —J:L’()Q)—i- 7 dA.

Example 2
Find Green’s function for the Dirichlet BVP

0? 0?
Viu = 8—2 + 8—1; = Fin the quadrantx > 0, y > 0.
€z Yy

We use the same technique but now we have three images.

Y1 v

(=&n) + _ &)

(=& -n) — + (&)

Then, the Green’s function G is

Gy, bm) = ——— I (@ — €2+ (4 — 1)) + = In((z— €2 + (v +n)°)

47 47

—% ln((m+§)2—|—(y+n)2)+% In((z+&)°+@y—n)?).

So,

x —_i n (($—§)2+(y—n)2) ((m+§)2+(y+n)2)
G( 73/;5777) - 47 1 ((x—€)2_|_(y+77)2) ((x+§)2+(y_n)2) ,

and again we can check that G(0,y,£,n) = G(z,0,£,m) = 0 as required for Dirichlet BVP.
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Example 3

Consider the Neumann BVP for Laplace’s equation in the upper half-plane,

u  0%u ou ou
2 . .
VUZW 6—312:0my>0 with %:—%:f(m)onyzo.
y i
1%
_.(57,’7) lzf ,/““ \\
S
z y="s !
(&) P |
T e L &

Add an image to make 0G /0y = 0 on the boundary:

G(z,y,&n) = —ﬁ In((z—&)>+ @y —n)?) - iﬂ In((z— &>+ (y+n)?).

4
Note that,
0_G:_i< 2(y —n) N 2(y +n) )
gy  Ar\(@-&?’+@w—-n? @->+w+n?)’
and as required for Neumann BVP,
oG oG 1 —2n 2n
anly Oyl A ((w—€)2+n2 " (m—€)2+772> -0

Then, since G(z,0,¢,1) = —1/27 In ((z — &) + 1?),

1 [t
u(é?”) = _% 3 f(IE) In ((:E - 5)2 + 772) dx’
1 [t
ie. u(z,y) = x| SO In ((z - AN +y?) dA,

Remind that all the theory on Green’s function has been developed in the case when the
equation is given in a bounded open domain. In an infinite domain (i.e. for external problems)
we have to be a bit careful since we have not given conditions on G and 0G/0On at infinity.

For instance, we can think of the boundary of the upper half-plane as a semi-circle with
R — +o00.

)
Sa
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Green’s theorem in the half-disc, for v and G, is

ou oG
2. 2 _ ou O
/(GVu uV G)dV—/q(Gn U n> ds.

Split S into Si, the portion along the x-axis and S5, the semi-circular arc. Then, in the above
equation we have to consider the behaviour of the integrals
0 T 0 oG T 0G
1) | ¢Zds ~ / GZLRAO and (2) [ uZ=dS ~ / uZ= Rd#

So 871 0 6R So 871 0 6R
as R — +oo. Green’s function G is O(In R) on Sy, so from integral (1) we need du/OR to
fall off sufficiently rapidly with the distance: faster than 1/(R1In R) i.e. u must fall off faster
than In(In(R)). In integral (2), 0G/OR = O(1/R) on Ss provides a more stringent constraint
since v must fall off more rapidly that O(1) at large R. If both integrals over S vanish as
R — +00 then we recover the previously stated results on Green’s function.

Example 4

Solve the Dirichlet problem for Laplace’s equation in a disc of radius a,

1 1o
V2u:_a < 8u>+ﬁ%:01nr<a with u = f(0) onr = a.

rar "ar

Consider image of point P at inverse point )
P = (pcos ¢, psing),
Q = (qeos ¢, gsing),
with pg = a® (i.e. OP-0Q = a?).

G(r,y,&,n) = —ﬁ In((z =&+ (y—n)?)
2 2
bt (o= Dosd 4 (= Ssing)?) + Mo €n) (uth €47 = ?)

We need to consider the function h(x,y,&,n) to make G symmetric and zero on the boundary.
We can express this in polar coordinates, x = rcosf,y = rsinf,

1 (rcosf — a?/p cos ¢)? + (rsinf — a?/p sin ¢)?
0 =1 h
G(r,6.p,¢) Ar < (rcos@ — pcos ¢)?2 + (rsinf — psin ¢)?2 +h

1 r2 4+ a*/p? — 2a%r/p cos( — ¢)

_47Tn< r2 4+ p2 — 2rp cos(6 — ¢) >+h'
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Choose h such that G =0 on r = a,

G L (3 cos0-0)\ |,
T 4q a? + p% — 2ap cos(6 — @) ’

1 a® p? + a® — 2ap cos(0 — ¢) 1 0>
= —In(= h= =h=—h|=].
4t n<p2 p? +a? —2ap COS(O—QS)) * 0 47 n<a2>

Note that,

1 4 2 1 2
w(r,0,p,¢) = o In <7"2 + % — 2a_pr cos(0 — ¢)> + o In <,0_2>

1

r2p?
=1 In <a2 + - 2rp cos(6 — ¢)>

is symmetric, regular and solution of V2w = 0in V. So,
a® +1r%p%/a® — 2rp cos(0 — ¢)
r2 4+ p? — 2rp cos(6 — @) ’

G is symmetric and zero on the boundary. This enable us to get the result for Dirichlet
problem for a circle,

1
— =]
G(r,@,p,qﬁ) v+ w 1 n(

2 oG
= — 0) — dé
u(p, ) 1O, _adf,
where
oG 1 2rp?/a? — 2p cos(6 — ¢) 2r — 2p cos(0 — ¢)
or  4m \a?2+712p2/a? — 2rp cos(f — ¢) 12+ p2—2rp cos(f — ¢) )’
o
0G| _ 0G| _ 1 ( Ha-peosd—9) _ a—poosih—0)
onl|g Or|,._, 2m\a*+p?—2apcos(d—¢) a®+p>—2apcos(f—¢)/)’
- 1 p2 _ a2
"~ 2ma a2+ p? —2ap cos( — @)’
Then

1 2 a? — p? 0 a6
u(p,¢)—%/0 a2+p2—2apcos(9—q§) f( ) )
and relabelling,

a2 f(9)
u(r,0) = —— /o a2+r2—2arCOS(9—¢)d¢.

Note that, from the integral form of u(r,#) above, we can recover the Mean Value Theorem.
If we put r = 0 (centre of the circle) then,

1 21

w(0) =o— [ f(o)de,

:27TO

i.e. the average of an harmonic function of two variables over a circle is equal to its value at
the centre.
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Furthermore we may introduce more subtle inequalities within the class of positive harmonic
functions v > 0. Since —1 < cos(f —¢) < 1 then (a—7)? < a®—2arcos(0—¢)+7r2 < (a+7)>.
Thus, the kernel of the integrand in the integral form of the solution u(r, ) can be bounded

la-— 1 22 1
a r< a r a-+r

2ra+r ~ 21 (a—r)2<a®—2arcos(0—¢)+r2 = 2ma—r’

For positive harmonic functions u, we may use these inequalities to bound the solution of
Dirichlet problem for Laplace’s equation in a disc

1la—r [?F

£(6) d6 < u(r,6) < ~— 21" / " 1) do,
0

2ra+r 0 T 2ra-—r
i.e. using the Mean Value Theorem we obtain Harnack’s inequalities

a_ru(O) < u(r,0) < atr
a+r a—rT

u(0).

Example 5

Interior Neumann problem for Laplace’s equation in a disc,

19 (0 162
Viu=-— (ra—z>+ﬁa—0§:0inr<a,

— =f@)onr=a.

Here, we need

2G = 5z — 80y — 1)+ ~ with 2G| =
VG = =d(x — £)d(y n)+v with ar | _ =0,

a

where V = ma? is the surface area of the disc. In order to deal with this term we solve the
equation

2
vznm—lg(%):iw(r): — el + o,

= — r—
ror \ Or ma? 4ma?

and take the particular solution with ¢; = ¢o = 0. Then, add in source at inverse point and
an arbitrary function A to fix the symmetry and boundary condition of G

1
G(r,0,p,¢) = - In (r? + p* — 2rp cos(f — ¢))

1 2 2,2 2
——1In [G—Q <a2+%—2rp cos(@—qﬁ))] + 4
a

A7 | p 4ma? ’
So,
oG 1 2r—2pcos(d —¢) 1 2r — 2a%/p cos(6 — ¢) r oh
or At 12+ p2 —2rpcos(0 — @) 4w r2+at/p? —2a3r/p cos(0 — @)  2ma®  Or’
oG _ 1 a—p cos(0 — o) N a—a?/p cos(f — ¢) N 1 oh
or|._, 2m\a®+p*—2apcos(f—¢) a2+ a*/p?—2a%/p cos(f — p) 2ra  Or|,._,

ia—pcos(@—qﬁ)+p2/a—pcos(0—¢) 1 0h
27 p? + a? — 2ap cos(6 — @) 2wa  Or

9
r=a
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oG 1 1 Oh

or r:a__27ra 2ra | Or

Then, put h = 1/27 In(a/p) ; so,

h
and (9_

or

0
=0 implies —— = 0 on the boundary.

or

r=a r=a

1 2, 2 o P r?
G(r,0,p,¢) = i In [(T + p* —2rp cos( — ¢)) <a + praie 2rp cos(f — ¢)>] +

4 a2’
Onr=a,
1 9 9 2 1
Glr=a = o In [(a + p* — 2ap cos(6 — ¢)) } +
=3 [ln (a® + p° — 2ap cos( — ¢)) — 5] .
Then,
2
u(p,d) = u + f(0) Glr=q adb,
0
a 2m ) ) 1
=U— — [ln(a +p° —2ap COS(H_¢))__:| f(0)de.
27T 0 2
Now, recall the Neumann problem compatibility condition,
2m
f(6)do = 0.
0
) ou ) 2m
Indeed, VudV = | ——dS from divergence theorem = f(8)do = 0.
1% s on 0

2
So the term involving f(0)d# in the solution u(p, ¢) vanishes; hence

0
2
u(p, @) = u — % ; In (a2 + p? — 2ap cos(H — ®)) f(0)do,
2
or u(r,0)=u-— % In (a2 + 1% — 2ar cos(f — ?)) f()do.
0

Exercise: Exterior Neumann problem for Laplace’s equation in a disc,

a

u(r,0) = Py /027r In (a2 + 72 — 2ar cos(h — qS)) f(o)do.

4.4 Extensions of Theory:

e Alternative to the method of images to determine the Green’s function G: (a) eigen-
function method when G is expended on the basis of the eigenfunction of the Laplacian
operator; conformal mapping of the complex plane for solving 2-D problems.

e Green’s function for more general operators.
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Parabolic Equations
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5.1 Definitions and Properties

Unlike elliptic equations, which describes a steady state, parabolic (and hyperbolic) evolution
equations describe processes that are evolving in time. For such an equation the initial state
of the system is part of the auxiliary data for a well-posed problem.

The archetypal parabolic evolution equation is the “heat conduction” or “diffusion” equation:

2
% = % (1-dimensional),
or more generally, for k > 0,
% =V (kVu)
=k V?u (k constant),
0%u
= K w (1—D)

Problems which are well-posed for the heat equation will be well-posed for more general
parabolic equation.

5.1.1 Well-Posed Cauchy Problem (Initial Value Problem)

Consider x > 0,

0
gu _ kVZ2u inR", ¢ >0,
ot

with uw= f(x) inR"att=0,
and |u|l <oco nR" t>0.

69
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Note that we require the solution u(x,¢) bounded in R™ for all ¢. In particular we assume
that the boundedness of the smooth function u at infinity gives Vu|o = 0. We also impose
conditions on f,

/n‘f(X)IQdX<OO=>f(X)—>Oas\x\—>oo.

Sometimes f(x) has compact support, i.e. f(x) = 0 outside some finite region.(E.g., in 1-D,
see graph hereafter.)

5.1.2 Well-Posed Initial-Boundary Value Problem
Consider an open bounded region 2 of R™ and x > 0;

%:KVQU inQ, t>0,

with w= f(x) att=01inQ,
and awu(x,t)+ %(X, t) = g(x,t) on the boundary 0S.
n

Then, $ = 0 gives the Dirichlet problem, v = 0 gives the Neumann problem (Qu/dn = 0
on the boundary is the zero-flux condition) and a # 0, 8 # 0 gives the Robin or radiation
problem. (The problem can also have mixed boundary conditions.)

If © is not bounded (e.g. half-plane), then additional behavior-at-infinity condition may be
needed.

5.1.3 Time Irreversibility of the Heat Equation

If the initial conditions in a well-posed initial value or initial-boundary value problem for an
evolution equation are replaced by conditions on the solution at other than initial time, the
resulting problem may not be well-posed (even when the total number of auxiliary conditions
is unchanged). E.g. the backward heat equation in 1-D is ill-posed; this problem,
ou 0%u
— =r—=—> n0<ax<l,0<t<T,
ot Ox?
with uw= f(x) att=T, z € (0,1),
and u(0,t) =u(l,t) =0 forte (0,7),

which is to find previous states u(z,t), (t < T') which will have evolved into the state f(x),
has no solution for arbitrary f(z). Even when a the solution exists, it does not depend
continuously on the data.

The heat equation is irreversible in the mathematical sense that forward time is distinguish-
able from backward time (i.e. it models physical processes irreversible in the sense of the
Second Law of Thermodynamics).



Chapter 5 — Parabolic Equations 71

5.1.4 Uniqueness of Solution for Cauchy Problem:

The 1-D initial value problem

ou  0%u
T Tl L eR t>0
ot oz TSN TD
o
with w= f(z)att =0 (x € R), suchthat/ |f(x)]?dz < oc.
—0o

has a unique solution.

Proof:

We can prove the uniqueness of the solution of Cauchy problem using the energy method.
Suppose that u; and ug are two bounded solutions. Consider w = w1 — ug; then w satisfies

ow  0*w
E:ﬁ (—OO<I‘<OO,t>0),
. ow
with w=0 att=0 (-oco<z<o0) and —| =0, Vt
or |
Consider the function of time
1 o
I(t) = 3 / w?(x,t)dz, suchthat I(0)=0 and I(t)>0Vt (asw?>0),
—0o0

which represents the energy of the function w. Then,

I 1 (% ouw? o © 9
d_:_/ aldx:/ wa—wdx:/ wa—wdm (from the heat equation),

a2/ . ot Y 022
ow]™ < /w2 ) )
= [w %] N — /_OO <%> dz (integration by parts),

</ 9w\ ? ow
= — —_— < 51 - = U.
/OO (63@) dxr <0 since pe 'OO 0

0<I(t)<I(0)=0, V¥t >0,

Then,

since d//dt < 0. So, I(t) =0 and w = 0 i.e. u; = ug, Vt > 0.

5.1.5 Uniqueness of Solution for Initial-Boundary Value Problem:

Similarly we can make use of the energy method to prove the uniqueness of the solution of
the 1-D Dirichlet or Neumann problem

ou_ o

ot Ox?
with w= f(zx) att=0, x € (0,1),

u(0,t) = go(t) and wu(l,t) = gi(t), Vt >0 (Dirichlet),

in0<z<l t>0,

ou ou
or %(O,t) = go(t) and %(l,t) =gi(t), Vvt >0 (Neumann).
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Suppose that u; and ug are two solutions and consider w = w1 — ug; then w satisfies

ow 0w
ot 0a?
with w=0 att=0 (0<uz<l),
and w(0,t) =w(l,t) =0, Vt >0 (Dirichlet),
ow ow

or %(O,t) = %(l,t) =0, Vvt >0 (Neumann).

O0O<z<l, t>0),

Consider the function of time

1 l
I(t) = 3 /0 w?(x,t)dz, suchthat I(0)=0 and I(t)>0V¢ (asw?>0),

which represents the energy of the function w. Then,

dar 1 ' ow? /l &%w
_ wlY
0

- = —d =
a2 ), ot 92"

Then,
0<1I(t) <I(0)=0, Vt>D0,

since d//dt < 0. So I(t) =0Vt > and w =0 and u; = ua.

5.2 Fundamental Solution of the Heat Equation
Consider the 1-D Cauchy problem,
ou  0%u

ot o2
with uw=f(z) att=0 (—oc0 <2z < 0),

on —oo < x<oo,t>0,

such that / |f(2)]? dz < oc.

— 00

Example: To illustrate the typical behaviour of the solution of this Cauchy problem, con-
sider the specific case where u(x,0) = f(x) = exp(—x?); the solution is

1 2
u(z,t) = ESTLE exp <— 1 f_ 4t> (exercise: check this).

Starting with u(z,0) = exp(—x2) at t = 0, the solution becomes u(x,t) ~ 1/2v/t exp(—x?/4t),
for ¢ large, i.e. the amplitude of the solution scales as 1/v/t and its width scales as v/%.
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Spreading of the Solution: The solution of the Cauchy problem for the heat equation

spreads such that its integral remains constant:

Qt) = / udx = constant.

—00

Proof: Consider

d@  Ou ® 92y .

B . 5 da = . 92 dz (from equation),
_ | ou T 0 (from conditions on w)
=152 = .

So, (Q = constant.

5.2.1 Integral Form of the General Solution

To find the general solution of the Cauchy problem we define the Fourier transform of u(z,t)

and its inverse by

+0o0 )
U(k,t) = —/ u(zx,t) e~ du,

1 [t ,
u(x,t) = \/—27/ Ul(k,t) e dk.

So, the heat equation gives,

1 +eo aU(k7t) 2 ikx _

which implies that the Fourier transform U (k,t) satisfies the equation

oU(k,t) B
o T KUk =0,

The solution of this linear equation is

U(k,t) = F(k)e ¥,



74 5.2 Fundamental Solution of the Heat Equation

where F(k) is the Fourier transform of the initial data, u(x,t = 0),

o0 )
P(k) = \/% / F(z)e ™ dg.

(This requires fj;o |f(z)]?dz < o0.) Then, we back substitute U(k,t) in the integral form
of u(x,t) to find,

1 oo —k2t ik 1 oo oo —ik€ —k?t _ika
u(x,t) = Nz F(k)e """ dk = — f&)e " de | e ¥ e dk,

2m —00 —00

1 +oo +oo 5, .
£(6) / oK otk(==8) g .

2m —00 —00

Now consider

H(w,t,f):/

—00 —00

+o0 ) 400 _ 2 A2
e*th elk(ll?*g) dk = / exp [_t <k _ ’Lx 6) _ (:L‘ 6) ] dk,
2t 4t

since the exponent satisfies

—k*t +ik(z — &) = —t </<:2 —ikx;5> = —t [(k—ix2_t€>2+ (x—§)2] ;

4¢2

and set k — i(x — €)/2t = s/+/t, with dk = ds, such that

+oo 2 T — 2 ds T (o2
H($7t75):/ e 7 exp [—( 45) ] %:\/;e (@=)7/at.

+oo
since / e 5" ds = V7 (see appendix A).

—0o0
So,

_ 1 +oo (‘,E_é')Q _ —+o00
wat) == [ a@ e |[-ETE ae= [ TR en roa

Where the function
1

22
exp | ——
VAart P [ 415}
is called the fundamental solution — or source function, Green’s function, propagator, diffu-
sion kernel — of the heat equation.

K(x,t) =

5.2.2 Properties of the Fundamental Solution

The function K (z,t) is solution (positive) of the heat equation for ¢ > 0 (check this) and has
a singularity only at x =0, ¢t = 0:

1. K(x,t) - 0ast— 0" with 2 # 0 (K ~ O(1/\/t exp[—1/t])),
2. K(z,t) — +oco ast — 01 with z = 0 (K ~ O(1/V/1)),
3. K(z,t) = 0ast — +oo (K ~ O(1/V1)),

4. /Oo Kx—¢&t)de=1

—00
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At any time ¢ > 0 (no matter how small), the solution to the initial value problem for the heat
equation at an arbitrary point x depends on all of the initial data, i.e. the data propagate
with an infinite speed. (As a consequence, the problem is well posed only if behaviour-at-
infinity conditions are imposed.) However, the influence of the initial state dies out very
rapidly with the distance (as exp(—r?)).

5.2.3 Behaviour at large t

Suppose that the initial data have a compact support — or decays to zero sufficiently quickly
as |z| — oo and that we look at the solution of the heat equation on spatial scales, z, large
compared to the spatial scale of the data £ and at ¢t large. Thus, we assume the ordering
2%/t ~ O(1) and €2/t ~ O(e) where € < 1 (so that, z£/t ~ O(c'/?)). Then, the solution

efx2/4t “+o0

\/_1 / gy et gg =
A7t J oo Vart J_

N e—m2/4t +00 N F(O) 22
= [ o= e (—E),

where F'(0) is the Fourier transform of f at k=0, i.e.

u(w,t) = F(€) e €/ MtemaE/2 ¢

+oo +oo
F(k) = \/LQ_W/_ Fx) e da ;»/_ () de = V27 F(0).

So, at large ¢, on large spatial scales = the solution evolves as u ~ ug/ Vit exp(—n?) where ug
is a constant and n = x/+/2t is the diffusion variable. This solution spreads and decreases as
t increases.

5.3 Similarity Solution

For some equations, like the heat equation, the solution depends on a certain grouping of the
independent variables rather than depending on each of the independent variables indepen-
dently. Consider the heat equation in 1-D

ou 0%
— —D— =0,
ot 0z2

and introduce the dilatation transformation

E=c%z, T7=¢ and w(&7T)=cu(e %, e707), e €R.

This change of variables gives

ou _.O0wor , 0w Ou 0w 08 0w

ot~ or ot - o 0w - o ow o€

2 2 2
and 8u:€a—ca_w%_2a—caw

oz? o€ or  © aer

So, the heat equation transforms into

ow d*w ow 0w
b—c 2a—c : b—c 2a—b
e D —_— = . . e D - =

€ € £ 0 ie ¢ ( € £ > 0,
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and is invariant under the dilatation transformation (i.e. Ve) if b = 2a. Thus, if u solves the
equation at z, t then w = ¢~ “u solve the equation at z = %¢, t =& 7.
Note also that we can build some groupings of independent variables which are invariant

under this transformation, such as

E _ T
Ta/b - (Eb t)a/b - ta/b

which defines the dimensionless similarity variable n(z,t) = x/v/2Dt, since b = 2a. (n — o
ifr —ooort—0andn=0if z=0.) Also,

wo o euu )
+c/b (6bt)c/b Toge/b v\n
suggests that we look for a solution of the heat equation of the form u = ¢¢/2@ v(n). Indeed,
since the heat equation is invariant under the dilatation transformation, then we also expect
the solution to be invariant under that transformation. Hence, the partial derivatives become,

Bu C c/2a— c/2a 377 1 c/2a— c
a7 = g (7 o) 1P () = e (av(n)—nv’(n)),

since On/0t = —x/(2tv/2Dt) = —n/2t, and

c/2a—1/2 2 c/2a—1
e S =T, =),
ox ox V2D 0z2 2D

Then, the heat equation reduces to an ODE
27 (0" () + o' () = yo(n)) = 0. (5.1)

with v = ¢/a, such that u = /2y and n = x/v2Dt. So, we may be able to solve the heat
equation through (5.1) if we can write the auxiliary conditions on w, z and t as conditions
on v and 7. Note that, in general, the integral transform method is able to deal with more
general boundary conditions; on the other hand, looking for similarity solution permits to
solve other types of problems (e.g. weak solutions).

5.3.1 Infinite Region
Consider the problem
ou_ o
ot Ox?
with wu=wug att=0,zc€R"', u=0 att=0,zeR’,

and u—ugasxr — —oo, u— 0asx — oo, Vi > 0.

on —oo<x<oo,t>0,
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We look for a solution of the form u = t7/2v(n), where n(x,t) = x/v/2Dt, such that v(n) is
solution of equation (5.1). Moreover, since u = t7/2v(n) — ug as n — —oo, where ug does
not depend on t, v must be zero. Hence, v is solution of the linear second order ODE

v"(n)+77v’(n)=0 with v —swupasn— —oco and v—0asn— +oo.

Making use of the integrating factor method,

2
n?/2 1 n / :i n%/2 1 _ n2/2 1 _
) 4 mesp () o) = 5 (720 0) =0 = 72 ) =
n n/v'2
V() = Xoe "2 = () = A0/ e dh = A2/ e ds + Ay

Now, apply the initial conditions to determine the constants Ao and A;. As n — —o0, we
have v = A\; = up and as n — 00, v = Aay/T + ug = 0, so Ao = —ug/+/m. Hence, the solution
to this Cauchy problem in the infinite region is

5.3.2 Semi-Infinite Region

Consider the problem

ou 0%u
E:DW on0<x<oo, t>0,
with u=0 att=0,z¢cR],
ou
and a—:—q atx=0,t>0, w—0asz— oo, Vt > 0.
x

Again, we look for a solution of the form u = /2 v(n), where n(z,t) = x/+/2Dt, such that
v(n) is solution of equation (5.1). However, the boundary conditions are now different

ou on  tl~1/2 on H=1)/2
. — t’Y/Z / — = / B = / = —
e vn)5, 55 " ()= . 55 " (0) = —q,

since ¢ does not depend on ¢, ¥ — 1 must be zero. Hence from equation (5.1), the function v,
such that u = vv/t, is solution of the linear second order ODE

v"(n) +nv'(n) —v(n) =0 with 2'(0) = —¢vV2D and v — 0asn — +oo.

Since the function v* = An is solution of the above ODE, we seek for solutions of the form
v(n) = n A(n) such that

vV =X+nX and " =2\ +n\.

Then, back-substitute in the ODE

N 22X+ N +9h = =0 ie. -




78 5.4 Maximum Principles and Comparison Theorems

After integration (integrating factor method or another), we get

2

1 2 -n?/2 n ,—s2/2
ln|)\'|:—21nn—%+k::1nﬁ—%+kz = N = koo = )\:/-;0/ 682 ds + Ky

An integration by part gives

—82/2 n n _772/2 n
A(n) = ko _¢ —/ e /2 ds + K1. = K9 ¢ —|—/ /2 ds + k3.
s n 0
Hence, the solution becomes,
n
v(n) = K (/ by [ ds> + rgn,
0

where the constants of integration xe and k3 are determined by the initial conditions:

n n
v = Ko (—ne_”2/2 + / e /2ds + ne_”2/2> + K3 = Ko / e /2 ds + K3,
0 0

so that v'(0) = k3 = —qv2D. Also

o
2
as n — +o0, v~17</@2/ e_52/2d5+/£3> :0$52:—/§3\/i,
0 T

since / e /2 ds = \/5/ e dh = vim = \/E
0 0 2 2

The solution of the equation becomes

n/V?2
v(n) = k2 (e”g/ 2+ nv2 / e " dh) + K31,
0

— 2/2 +oo —h? T
=ko [ e/ —nv2 e dh | +n(kKoy/= + K3,
n/v2 2
4D +oo
=q\/— e 22 e dn |,
& n/v2
|4Dt +eo
u(z,y) = qy/ — e @ /A _ L/ e dn .
™ v Dt Jz/vaDt

5.4 Maximum Principles and Comparison Theorems

Like the elliptic PDEs, the heat equation or parabolic equations of most general form satisfy
a maximum-minimum principle.
Consider the Cauchy problem,
ou 0%u
ot 0x?
and define the two sets V and Vr as

in —oco<r<oo, 0<tT.

V ={(z,t) € (—o0,+00) x (0,7},
and Vp = {(z,t) € (—o0,+00) x (0,71}
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Lemma: Suppose
ou  0%u
ot Ox?
then u(x,t) < M in Vp.

<0 inV and wu(x,0) <M,

Proof: Suppose u(zx,t) achieves a maximum in V', at the point (z¢,%y). Then, at this point,

ou ou 0%u

— =0, — =0 and —— <0.

ot T Oz or? —

But, 0%u/d2% < 0 is contradictory with the hypothesis 0%u/0x? > Ou/0t = 0 at (xg,to).
Moreover, if we now suppose that the maximum occurs in ¢ = T then, at this point

ou ou
_— > —_— = d — <
ot =V gp =0 wd 550

which again leads to a contradiction.

5.4.1 First Maximum Principle

Suppose

ou  *u
< i <
% 9 s 0 inV and wu(z,0) <M,

then u(z,t) < M in Vp.

Proof: Suppose there is some point (xg,t9) in Vp (0 < t < T') at which u(xg,ty) = My > M.
Put w(z,t) = u(x,t) — (t — to) € where ¢ = (M; — M) /tp < 0. Then,

ow _Ow _u_ Ou e <0 (in form of lemma)

O 92 Ot o2 ~——— ’

ot 0Ox ot 0Ox ~;
<0

and by lemma,

w(z,t) < max{w(z,0)} in Vp,
< M + ey,
M, — M

<M+ ———— o,
to

= w(z,t) < M; in Vp.

But, w(zg,ty) = u(xg,to) — (to — to)e = u(xg,tg) = M;; since (xg,t9) € Vr we have a
contradiction.
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5.4 Maximum Principles and Comparison Theorems




Appendix A

Integral of e in R

Consider the integrals

R 5 400 9
I(R) :/ e * ds and I:/ e * ds
0 0

such that I(R) — I as R — +o00. Then,

2o [ ear [ ey [ e dray = [ o=@
(R) = e ¥ dr e ¥ dy= e dxdy = e dz dy.
0 0 0Jo Qr

Since its integrand is positive, I?(R) is bounded by the following integrals

/ e_(x2+y2)dmdy</ e~ (@+y?) dxdy</ e_(x2+92)dmdy,
Qg Q.

where Q_ : {z € RT, y € R[22 + 9% = R?} and Q4 : {z € RT, y € RT|2? 4+ ¢? = 2R?}.

Yy
RV2

RV2
R

Qr
R
Q- | Oy
R Ry2*

Hence, after polar coordinates transformation, (x = pcosf, y = psinf), with dedy = pdpdé
and 2 + 32 = p?, this relation becomes

/2 R ) /2 pRV2 )
/ / pe P dpdf < I*(R) < / / pe P dpdd.
0 0 0 0

Put, s = p? so that ds = 2pdp, to get

R? 2R?
T —s 2 T —s . T (y R 2 T (.  _oR?
4/0 e °ds <I(R)<4/O e °ds ie. 4(1 e ><I(R)<4<1 e )
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Take the limit R — +o00 to state that

<Ir’<

N

So,

since exp(—x?) is even on R.



