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Preface

View the promotional video on YouTube

These are the lecture notes for my online Coursera course, Vector Calculus for Engineers. Students
who take this course are expected to already know single-variable differential and integral calculus to
the level of an introductory college calculus course. Students should also be familiar with matrices,
and be able to compute a three-by-three determinant.

I have divided these notes into chapters called Lectures, with each Lecture corresponding to a
video on Coursera. I have also uploaded all my Coursera videos to YouTube, and links are placed at
the top of each Lecture.

There are some problems at the end of each lecture chapter. These problems are designed to
exemplify the main ideas of the lecture. Students taking a formal university course in multivariable
calculus will usually be assigned many more problems, some of them quite difficult, but here I follow
the philosophy that less is more. I give enough problems for students to solidify their understanding
of the material, but not so many that students feel overwhelmed. I do encourage students to attempt
the given problems, but, if they get stuck, full solutions can be found in the Appendix. I have also
included practice quizzes as an additional source of problems, with solutions also given.

JEFFREY R. CHASNOV
Hong Kong
October 2019

iii


https://www.youtube.com/watch?v=qUseabHb6Vk&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=2&t=0s
https://www.coursera.org/learn/vector-calculus-engineers




Contents

I

10

11

IT

12

13

14

15

Vectors

Vectors

Cartesian coordinates

Dot product

Cross product

Practice quiz: Vectors

Analytic geometry of lines
Analytic geometry of planes
Practice quiz: Analytic geometry
Kronecker delta and Levi-Civita symbol
Vector identities

Scalar triple product

Vector triple product

Practice quiz: Vector algebra

Scalar and vector fields

Differentiation
Partial derivatives
The method of least squares
Chain rule

Triple product rule

11

13

15

17

19

21

23

25

27

29

31

33

37

39

41

43



vi

16

17

18

19

20

21

22

23

III Integration and Curvilinear Coordinates

24

25

26

27

28

29

30

31

32

33

34

Triple product rule: example
Practice quiz: Partial derivatives
Gradient

Divergence

Curl

Laplacian

Practice quiz: The del operator
Vector derivative identities

Vector derivative identities (proof)
Electromagnetic waves

Practice quiz: Vector calculus algebra

Double and triple integrals

Example: Double integral with triangle base
Practice quiz: Multidimensional integration
Polar coordinates (gradient)

Polar coordinates (divergence & curl)

Polar coordinates (Laplacian)

Central force

Change of variables (single integral)
Change of variables (double integral)
Practice quiz: Polar coordinates

Cylindrical coordinates

Spherical coordinates (Part A)

Spherical coordinates (Part B)

Practice quiz: Cylindrical and spherical coordinates

CONTENTS

45

47

49

51

53

55

57

59

61

63

65

67

71

73

75

77

79

81

83

85

87

89

91

93

95

97



CONTENTS

IV Line and surface integrals

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

Line integral of a scalar field
Arc length

Line integral of a vector field
Work-Energy theorem

Practice quiz: Line integrals
Surface integral of a scalar field
Surface area of a sphere
Surface integral of a vector field
Flux integrals

Practice quiz: Surface integrals

Fundamental Theorems
Gradient theorem
Conservative vector fields
Conservation of energy
Practice quiz: Gradient theorem
Divergence theorem
Divergence theorem: Example I
Divergence theorem: Example II
Continuity equation
Practice quiz: Divergence theorem
Green’s theorem
Stokes’ theorem

Practice quiz: Stokes’ theorem

Meaning of the divergence and the curl

Maxwell’s equations

vii

99

103

105

107

109

111

113

115

117

119

121

123

127

129

131

133

135

137

139

141

143

145

147

149

151

153



viii

Appendix

A Matrix addition and multiplication
B Matrix determinants and inverses

C Problem solutions

CONTENTS

155
157
159

161



Week 1

Vectors






In this week’s lectures, we learn about vectors. Vectors are line segments with both length and direc-
tion, and are fundamental to engineering mathematics. We will define vectors, how to add and subtract
them, and how to multiply them using the scalar and vector products (dot and cross products). We
use vectors to learn some analytical geometry of lines and planes, and introduce the Kronecker delta
and the Levi-Civita symbol to prove vector identities. The important concepts of scalar and vector
fields are discussed.






Lecture 1

Vectors

View this lecture on YouTube

We define a vector in three-dimensional Euclidean space as having a length (or magnitude) and a
direction. A vector is depicted as an arrow starting at one point in space and ending at another point.
All vectors that have the same length and point in the same direction are considered equal, no matter
where they are located in space. (Variables that are vectors will be denoted in print by boldface, and
in hand by an arrow drawn over the symbol.) In contrast, scalars have magnitude but no direction.
Zero can either be a scalar or a vector and has zero magnitude. The negative of a vector reverses its
direction. Examples of vectors are velocity and acceleration; examples of scalars are mass and charge.

Vectors can be added to each other and multiplied by scalars. A simple example is a mass m acted
on by two forces F; and F>. Newton’s equation then takes the form ma = F; 4 F,, where a is the
acceleration vector of the mass. Vector addition is commutative and associative:

A+B=B+A, (A+B)+C=A+(B+C);
and scalar multiplication is distributive:
k(A+ B) =kA+kB.

Multiplication of a vector by a positive scalar changes the length of the vector but not its direction.
Vector addition can be represented graphically by placing the tail of one of the vectors on the head of
the other. Vector subtraction adds the first vector to the negative of the second. Notice that when the
tail of A and B are placed at the same point, the vector B — A points from the head of A to the head
of B, or equivalently, the tail of — A to the head of B.

B-A
A+B=B+A
+ + A
B
Vector addition Vector subtraction


https://www.youtube.com/watch?v=Su4nfJ_PrM4&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=2&t=26s

6 LECTURE 1. VECTORS

Problems for Lecture 1

1. Show graphically that vector addition is associative, thatis, (A+ B) +C = A+ (B+C).

2. Using vectors, prove that the line segment joining the midpoints of two sides of a triangle is parallel
to the third side and half its length.

Solutions to the Problems



Lecture 2

Cartesian coordinates

View this lecture on YouTube

To solve a physical problem, we usually impose a coordinate system. The familiar three-dimensional
x-y-z coordinate system is called the Cartesian coordinate system. Three mutually perpendicular
lines called axes intersect at a point called the origin, denoted as (0,0,0). All other points in three-
dimensional space are identified by their coordinates as (x,y,z) in the standard way. The positive
directions of the axes are usually chosen to form a right-handed coordinate system. When one points
the right hand in the direction of the positive x-axis, and curls the fingers in the direction of the
positive y-axis, the thumb should point in the direction of the positive z-axis.

A vector has a length and a direction. If we impose a Cartesian coordinate system and place the
tail of a vector at the origin, then the head points to a specific point. For example, if the vector A has
head pointing to (A3, Ay, A3), we say that the x-component of A is Aj, the y-component is A, and
the z-component is A3. The length of the vector A, denoted by |A]|, is a scalar and is independent of
the orientation of the coordinate system. Application of the Pythagorean theorem in three dimensions

|A| = (/AT + A3+ A3

We can define standard unit vectors 4, j and k, to be vectors of length one that point along the

results in

positive directions of the x-, y-, and z-coordinate axes, respectively. Using these unit vectors, we write

With also B = Bji + Byj + B3k, vector addition and scalar multiplication can be expressed component-

wise and is given by
A+ B=(A1+B1)i+ (A2+B)j+ (A3 + Bs)k, cA = cAji+ cArj + cAsk.

The position vector, , is defined as the vector that points from the origin to the point (x,y,z), and is
used to locate a specific point in space. It can be written in terms of the standard unit vectors as

r = xt+yj+zk.

A displacement vector is the difference between two position vectors. For position vectors r; and r,
the displacement vector that points from the head of r; to the head of r; is given by

ry—ry = (x2—x1)i+ (y2 —y1)j + (22 — 21) k.

7


https://www.youtube.com/watch?v=2-xHwk7rB94&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=2

LECTURE 2. CARTESIAN COORDINATES

Problems for Lecture 2

b)

a) Given a Cartesian coordinate system with standard unit vectors 1, j, and k, let the mass m; be
at position 1 = x1¢ + 11J + z1k and the mass my be at position r; = x2¢ + Y25 + zok. In terms
of the standard unit vectors, determine the unit vector that points from m to mj.

Newton’s law of universal gravitation states that two point masses attract each other along the
line connecting them, with a force proportional to the product of their masses and inversely
proportional to the square of the distance between them. The magnitude of the force acting on

each mass is therefore
minip
r2 7

F=G

where m; and m; are the two masses, r is the distance between them, and G is the gravitational
constant. Let the masses m1 and m; be located at the position vectors r; and rp. Write down the

vector form for the force acting on m; due to its gravitational attraction to m,.

Solutions to the Problems



Lecture 3

Dot product

View this lecture on YouTube

We define the dot product (or scalar product) between two vectors A = Aji + Ayj + Aszk and
B = Bt + Byj + B3k as
A-B = A1B1+ AyB; 4+ A3B;s.

One can prove that the dot product is commutative, distributive over addition, and associative with

respect to scalar multiplication; that is,
A-B=B-A, A-(B+C)=A-B+A-C, A-(cB)=(cA)-B=c(A-B).

A geometric interpretation of the dot product is also possible. Given any two vectors A and B,
place the vectors tail-to-tail, and impose a coordinate system with origin at the tails such that A is
parallel to the x-axis and B lies in the x-y plane, as shown in the figure. The angle between the two
vectors is denoted as 6.

Then in this coordinate system, A = |B|sinf
|Ali, B = |B|cosbfi+ |B|sinfj, and

A-B = |A|B|cosb,

|
!
!
!
|
B |
a result independent of the choice of co- > |
ordinate system. If A and B are paral- }
lel, then 6 = 0 and A - B = |A||B| and |
in particular, A- A = |A2. If A and |
B are perpendicular, then 0 = 71/2 and 0 |
A-B=0. . =
|B| cos 6 |A|

X


https://www.youtube.com/watch?v=Y0-iT0c-6vg&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=3

10 LECTURE 3. DOT PRODUCT

Problems for Lecture 3
1. Using the definition of the dot product A - B = A1By + AyBy + A3B3, prove that
a) A-B=B-A;
by A-(B+C)=A-B+A-C;
c) A-(kB)=(kA)-B=k(A- B).
2. Determine all the combinations of dot products between the standard unit vectors i, j, and k.
3. Let C = A — B. Calculate the dot product of C with itself and thus derive the law of cosines.

Solutions to the Problems



Lecture 4

Cross product

View this lecture on YouTube

We define the cross product (or vector product) between two vectors A = A% + Ayj + Azk and
B = Bt + Byj + B3k as

ik
AXB=|A; Ay Ajz| = (AB3— A3By)i+ (A3By — A1B3)j + (A1By — AyBy k.
By By B3

Defining the cross product by a determinant serves to remember the formula. One can prove that
the cross product is anticommutative, distributive over addition, and associative with respect to scalar

multiplication; that is

AXxB=-BxA, Ax(B+C)=AxB+AxC, A X (¢cB)=(cA) x B=c(A x B).
*axb
|B|sing -

IB|

Blcosd A
Right-hand rule (from Wikipedia)

A geometric interpretation of the cross product is also possible. Given two vectors A and B with
angle 6 between them, impose a coordinate system so that A is parallel to the x-axis and B lies in the
x-y plane. Then A = |Ali, B = |B|cosfi + |B|sinfj, and A x B = |A||B|sin0k. The coordinate-
independent relationship is

|A x B| = |A||B|sin6,

where 6 lies between zero and 180°. Furthermore, the vector A x B points in the direction perpendic-
ular to the plane formed by A and B, and its sign is determined by the right-hand rule. Also, observe
that | A x B]| is the area of the parallelogram whose adjacent sides are the vectors A and B.

11


https://www.youtube.com/watch?v=QRU37u2Q-KY&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=4

12 LECTURE 4. CROSS PRODUCT

Problems for Lecture 4

1. Using properties of the determinant, prove that
a) AxB=-BxA,
b) Ax(B+C)=AxB+AXC;
c) Ax (kB) = (kA) x B=k(A x B).
2. Determine all the combinations of cross products between the standard unit vectors %, j, and k.

3. Show that the cross product is not in general associative. That is, find an example using unit vectors
such that
Ax(BxC)#(AxB)xC.

Solutions to the Problems



Practice quiz: Vectors

1. Let A, B and C be any vectors. Which of the following statements is false?
) A-B=B-A
by A+ (B+C)=(A+B)+C
c) Ax (BxC)=(AxB)xC
d A (B+C)=A-B+A-C
2. Let A = a1i + a3 + azk and B = byi + bpj + bzk. Then (A x B) - j is equal to
a) aybs — azby
b) azby — a1bs
¢) a1by —arby
d) a1bs — azby
3. Which vector is not equal to zero?
a) 1 x (7 x k)
b) (ixj)xk
¢) (ix1)xjg
d) i x (i x7)

Solutions to the Practice quiz

13
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Lecture 5

Analytic geometry of lines

View this lecture on YouTube

In two dimensions, the equation for a line in slope-intercept form is y = mx + b, and in point-slope
form is y —y; = m(x — x1). In three dimensions, a line is most commonly expressed as a parametric
equation.

Suppose that a line passes through a point with position vector 9 and in a direction parallel to
the vector u. Then, from the definition of vector addition, we can specify the position vector r for any
point on the line by

r =19+ Uut,

where t is a parameter that can take on any real value.

This parametric equation for a line has clear physical meaning. If r is the position vector of a
particle, then w is the velocity vector, and ¢ is the time. In particular, differentiating » = r(t) with
respect to time results in dr/dt = u.

A nonparametric equation for the line can be obtained by eliminating ¢ from the equations for the

components. The component equations are
X = X0+ uit, Yy = Yo + uzt, z = zg + usk;

and eliminating ¢ results in

X—X _¥Y—Y _z—20
uq Uz uz

Example: Find the parametric equation for a line that passes through the points (1,2,3) and (3,2,1). Determine
the intersection point of the line with the z = 0 plane.

To find a vector parallel to the direction of the line, we first compute the displacement vector between
the two given points:
u=383-1)i+ (2-2)j+ (1 -3)k =2i—2k.

Choosing a point on the line with position vector ry = ¢ + 2j + 3k, the parametric equation for the

line is given by
r=ro+ut=1+25+3k+1t2t—2k) = (1+2t)i+25 + (3 —2t)k.

The line crosses the z = 0 plane when 3 — 2t =0, or t = 3/2, and (x,y) = (4,2).

15


https://www.youtube.com/watch?v=Os1nnqzw29Y&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=6&t=0s

16 LECTURE 5. ANALYTIC GEOMETRY OF LINES

Problems for Lecture 5

1. Find the parametric equation for a line that passes through the points (1,1,1) and (2,3,2). Deter-

mine the intersection point of the line with the x = 0 plane, y = 0 plane and z = 0 plane.

Solutions to the Problems



Lecture 6

Analytic geometry of planes

View this lecture on YouTube

A plane in three-dimensional space is determined by three non-collinear points. Two linearly indepen-
dent displacement vectors with direction parallel to the plane can be formed from these three points,
and the cross-product of these two displacement vectors will be a vector that is orthogonal to the
plane. We can use the dot product to express this orthogonality.

So let three points that define a plane be located by the position vectors 71, 2, and r3, and construct
any two displacement vectors, such as s; = r; — r1 and s; = r3 — rp. A vector normal to the plane is
given by N = s1 x s, and for any point in the plane with position vector r, and for any one of the
given position vectors r;, we have N - (r —r;) = 0. With r = xi +yj +zk, N = ai+bj + ck and
d = N - r;, the equation for the plane can be written as N - = N - r;, or

ax +by+cz=d.
Notice that the coefficients of x, ¥ and z are the components of the normal vector to the plane.

Example: Find an equation for the plane defined by the three points (2,1,1), (1,2,1), and (1,1,2). Determine
the equation for the line in the x-y plane formed by the intersection of this plane with the z = 0 plane.

To find two vectors parallel to the plane, we compute two displacement vectors from the three points:
s1=1-2)i+2-1)j+(1-1)k=—i+j, so=(1-1)i+(1-2)j+2-1k=—j+Ek.

A normal vector to the plane is then found from

i ik
N=sixs=|-1 1 O0|l=i+j+k
0 -1 1

And the equation for the plane can be found from N - = N -7y, or
(i+j+k) - (xi+yj+zk)=(+j+k)-2i+j+k), or x+y+z=4.

The intersection of this plane with the z = 0 plane forms the line given by y = —x + 4.

17


https://www.youtube.com/watch?v=4GJiz6jxOac&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=6

18 LECTURE 6. ANALYTIC GEOMETRY OF PLANES

Problems for Lecture 6

1. Find an equation for the plane defined by the three points (—1,—1,—-1), (1,1,1) and (1,—1,0).
Determine the equation for the line in the x-y plane formed by the intersection of this plane with the

z = 0 plane.

Solutions to the Problems



Practice quiz: Analytic geometry

1.

3.

The line that passes through the points (0,1,1) and (1,0, —1) has parametric equation given by
a) ti+ (1+1)j + (1+2t)k
by ti+ (1—t)j+ (1+2t)k
o) ti+(1+1t)j+ (1 -2tk

dy ti+(1—-1t)7+ (1 -2tk

. The line of Question 1 intersects the z = 0 plane at the point

11
Ll) (E/ 510)

b) (7 ,0)

1

2/
1

c) (E'_

1 1

d) (_El _E/

The equation for the line in the x-y plane formed by the intersection of the plane defined by the

NI~ NI~

0)

points (1,1,1), (1,1,2) and (2,1,1) and the z = 0 plane is given by

a y=x
by y=x+1
y=x—1
dy=1

Solutions to the Practice quiz

19
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Lecture 7

Kronecker delta and Levi-Civita

symbol

View this lecture on YouTube

We define the Kronecker delta §;; to be +1 if i = j and 0 otherwise, and the Levi-Civita symbol
€jjk tobe +1if 7, j, and k are a cyclic permutation of (1,2,3) (that is, one of (1,2,3), (2,3,1) or (3,1,2));
—1 if an anticyclic permutation of (1,2,3) (that is, one of (3,2,1), (2,1,3) or (1,3,2)); and 0 if any two
indices are equal. More formally,

0, ifi#j;

+1, if (i,7,k)is (1,2,3),(2,3,1) or (3,1,2);
€ijk = -1, if (i,j,k)is (3,2,1), (2,1,3) or (1,3,2);
0, ifi=jorj=kork=i.

and

For convenience, we will use the Einstein summation convention when working with these symbols,
where a repeated index implies summation over that index. For example, d;; = d11 + 02 + b33 = 3; and
€jk€ijk = 6, where we have summed over i, j, and k. This latter expression contains a total of 33 =127
terms in the sum, where six of the terms are equal to one and the remaining terms are equal to zero.
There is a remarkable relationship between the product of Levi-Civita symbols and the Kronecker

delta, given by the determinant

0t Oim  Oin
€ijk€imn = |01 Ojm  Ojn| = 0it(jmOkn — OjnOkm) — Sim (0j10kn — SjnSkr) + Gin (Sj10km — SjmOk1)-
01 Okm  Okn

Important identities that follow from this relationship are
€ijk€imn = OjmOkn — OjnOkm,  €ijk€ijn = 20kn-

The Kronecker delta, Levi-Civita symbol, and the Einstein summation convention are used to
derive some common vector identities. The dot-product is written as A- B = A;B;, and the Levi-
Civita symbol is used to write the ith component of the cross-product as [A x BJ; = €;jxA;By, which
can be made self-evident by explicitly writing out the three components. The Kronecker delta finds

use as 51/A] = Ai-

21


https://www.youtube.com/watch?v=CWIaPrwLyjM&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=7

22 LECTURE 7. KRONECKER DELTA AND LEVI-CIVITA SYMBOL

Problems for Lecture 7
1. Prove the following cyclic and anticyclic permutation identities:
a) €ijk = €jki = €kij;
b) €ijk = —€jik, €ijk = —€kjir  €ijk = —Eikj-
2. Verify the cross-product relation [A x B]; = €;jxA;B; by considering i = 1,2,3.
3. Prove the following Kronecker-delta identities:
a) 6;jA;j = A
b) Sixbxj = bij.
4. Given the most general identity relating the Levi-Civita symbol to the Kronecker delta,
€ijk€mn = 0i1 (OjmOkn — OjnSkm) — Oim (810kn — Sjndk1) + Oin(6j10km — SjmSk1),
prove the following simpler and more useful relations:
a) €ijk€imn = OjmOkn — OjnOkm;
b) €ijk€ijn = 20kp-

Solutions to the Problems



Lecture 8

Vector identities

View this lecture on YouTube

Four sometimes useful vector identities are

(scalar triple product) A- (BxC)=B-(CxA)=C-(AxB),

(vector triple product) Ax(BxC)=(A-C)B—(A-B)C

(scalar quadruple product) (AxB)-(CxD)=(A-C)(B-D)—(A-D)(B-C)
(vector quadruple product) (A x B)x (Cx D)= ((AxB)-D)C—-((AxB)-C)D

Parentheses are optional when expressions have only one possible interpretation, but for clarity they
are often written. The first and third identities equate scalars whereas the second and fourth identities
equate vectors. To prove two vectors A and B are equal, one must prove that their components are
equal, that is A; = B; for an arbitrary index i.

Proofs of these vector identities can make use of the Kronecker delta, the Levi-Civita symbol and
the Einstein summation convention, where repeated indices are summed over. The algebraic toolbox
that we will need contains the cyclic permutation identities for the Levi-Civita symbol:

€ijk = €jki = €kijs
the contraction of two Levi-Civita symbols:
€ijk€imn = OjmOkn — OjnOkm;
the contraction of the Kronecker delta with a vector:
6ijAj = Ai;
and the scalar and vector products written as

A-B= AiBi/ [A X B]z = GijkAjBk-

We will use the notation |...]; to mean the ith component of the bracketed vector.

23


https://youtu.be/Ce0MV56LSm8

24 LECTURE 8. VECTOR IDENTITIES

Problems for Lecture 8

1. Remove all optional parentheses from the four vector identities

(scalar triple product) A- (BxC)=B-(CxA)=C-(AxB),

(vector triple product) Ax(BxC)=(A-C)B—(A-B)C

(scalar quadruple product) (AxB)-(CxD)=(A-C)(B-D)—(A-D)(B-C)
(vector quadruple product) (A x B) x (Cx D)= ((AxB)-D)C—-((AxB)-C)D

Solutions to the Problems



Lecture 9

Scalar triple product

View this lecture on YouTube

The scalar triple product, which can be written as either A - (B x C) or A - B x C, satisfies
A-(BxC)=B-(CxA)=C-(AxB),

that is, its value is unchanged under a cyclic permutation of the three vectors. This identity can be

proved using the cyclic property of the Levi-Civita symbol:
A- (B X C) = Aiei]'kB]'Ck = BjejkiCkAi =B- (C X A),

and

B - (C X A) = B]-ejk,»CkAl- = CkekiinBj =C- (A X B)

We can also write the scalar triple product as a three-by-three determinant. We have

i § k| A Ay A,
A(BXC):AB1 Bz Bg = Bl Bz B3.
C1 Cz C3 C1 CZ C3

The absolute value of a three-by-three determinant, and therefore that of the scalar triple product, is
the volume of the parallelepiped defined by the three row vectors A, B and C, as shown in the figure

below.

25


https://youtu.be/iB_zweg384M

26 LECTURE 9. SCALAR TRIPLE PRODUCT

Problems for Lecture 9

1. Consider the scalar triple product A - (B x C). Prove that if any two vectors are equal, then the
scalar triple product is zero.

2. Show that swapping the positions of the operators without re-ordering the vectors leaves the scalar
triple product unchanged, that is,
A-BxC=AxB-C.

Solutions to the Problems



Lecture 10

Vector triple product

View this lecture on YouTube

The vector triple product satisfies
Ax(BxC)=(A-C)B—-(A-B)C.

This identity can be proved using Kronecker delta and Levi-Civita symbol identities as follows:

[A % (B x C)|; = €jjxAj[B x Cl using [A x X|; = € Aj X
= €jjxAj€ximBICn using [B x Clx = €k BiCh
= €kij€kmA;BICm using €;jx = €xjj
= (6i10jm — Sim0j1) AjBiCin using €xji€xim = 0i16jm — Simdji
= A;B;C; — A;B;C; using 6;B; = B;, etc.
=[(A-C)B—-(A-B)C].. using A;C; = A-C, etc.
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https://youtu.be/JRXlaZEg1fY

28 LECTURE 10. VECTOR TRIPLE PRODUCT

Problems for Lecture 10

1. Prove the Jacobi identity:
Ax(BxC)+Bx(CxA)+Cx(AxB)=0.
2. Prove that the scalar quadruple product satisfies
(AxB)-(CxD)=(A-C)(B-D)—-(A-D)(B-C).
3. Prove Lagrange’s identity in three dimensions:
|Ax B = |AP|B]* — (A B)*.

4. Prove using vector triple products that the vector quadruple product satisfies

(AxB)x (CxD)=((AxB)-D)C—-((AxB)-C)D.

Solutions to the Problems



o o
Practice quiz: Vector algebra
1. The expression €;jx€j;y, is equal to

@) OjmOkn — OjnOkm

b) 6inbkm — SjmOkn

€) Okmdit — Ok1Oim

d) Sxiim — Skmdin
2. The expression A x (B x C) is always equal to

a) Bx (CxA)

b) Ax (C x B)

c) (AxB)xC

d (CxB)x A
3. Which of the following expressions may not be zero?

a) A-(B x B)

b) A-(Ax B)

) Ax (AXxB)

d) B-(Ax B)

Solutions to the Practice quiz
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LECTURE 10. VECTOR TRIPLE PRODUCT



Lecture 11

Scalar and vector fields

View this lecture on YouTube

In physics, scalars and vectors can be functions of both space and time. We call these types of functions

fields. For example, the temperature in some region of space is a scalar field, and we can write
T(r,t) =T(x,y,zt),

where we use the common notation of a semicolon on the right-hand side to separate the space and
time dependence. Notice that the position vector r is used to locate the temperature in space. As
another example, the velocity vector u of a flowing fluid is a vector field, and we can write

w(r, t) = uy(x,y,z; )i +up(x,y,z;t)j +us(x,y,z t)k.

The equations governing a field are called the field equations, and these equations commonly take
the form of partial differential equations. For example, the equations for the electric and magnetic
vector fields are the famous Maxwell’s equations, and the equation for the fluid velocity vector field
is called the Navier-Stokes equation. The equation for the scalar field (called the wave function) in
non-relativistic quantum mechanics is called the Schrodinger equation.

There are many ways to visualize scalar and vector =~~~ °~~ -~~~ "~~~ " " " " "~

\\\\\\\\\\\\\\\\\\

fields, and one tries to make plots as informative as

\\\\\\\\\\\\\\\\\

possible. On the right is a simple visualization of L T L
the two-dimensional vector field given by P S SN
L )y e AN N N N T Y
. . C oy ///_é_,\\ NNV Ny
—yi+xj Vb

B(x y) = - - Ly / f
s x2 +y2 4 I | T
N // Pt
. I N ~ A A Y I R
where the vectors at each point are represented by NN o A A
arrows O N = A A
. \ \ N N N N N~ — = - - 7 / 4 ’ ’ ’
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https://www.youtube.com/watch?v=_hI3-VVFmLQ&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=9

32 LECTURE 11. SCALAR AND VECTOR FIELDS

Problems for Lecture 11

1. List some physical examples of scalar and vector fields.

Solutions to the Problems



Week 11

Differentiation

33
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In this week’s lectures, we learn about the derivatives of scalar and vector fields. We define the partial
derivative and derive the method of least squares as a minimization problem. We learn how to use
the chain rule for a function of several variables, and derive the triple product rule used in chem-
istry. From the del differential operator, we define the gradient, divergence, curl and Laplacian. We
learn some useful vector derivative identities and how to derive them using the Kronecker delta and
Levi-Civita symbol. Vector identities are then used to derive the electromagnetic wave equation from
Maxwell’s equations in free space. Electromagnetic waves are fundamental to all modern communica-

tion technologies.
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Lecture 12

Partial derivatives

View this lecture on YouTube

For a function f = f(x,y) of two variables, we define the partial derivative of f with respect to x

of _ . flr+hy) — flxy)

0x  h—0 h !

as

and similarly for the partial derivative of f with respect to y. To take a partial derivative with respect
to a variable, take the derivative with respect to that variable treating all other variables as constants.
As an example, consider
3.2 4 .3

floy) =2y +y
We have of of
2L =6x%y?, L =448 312,
ox Yy dy y+3y
Second derivatives are defined as the derivatives of the first derivatives, so we have

*f 2 Ff _ 48

2
xy*, 32

and for continuous differentiable functions, the mixed second partial derivatives are independent of

the order in which the derivatives are taken,

Pf 2 Pf
0xdy vy = dyox’

To simplify notation, we introduce the standard subscript notation for partial derivatives,

_9f _9f _ P _Pf _Pf
fx = ar fy = @/ fxx = @/ fxy = W/ fyy = ay2/ etc.

The Taylor series of f(x,y) about the origin is developed by expanding the function in a multivariable
power series that agrees with the function value and all its partial derivatives at (x,y) = (0,0). We

have
1
f(x'y) :f+fxx+fy]/+ E (fxxxz +2fxyxy+fyy]/2> +....

The function and all its partial derivatives on the right-hand side are evaluated at (0,0) and are
constants. By taking partial derivatives it is evident that f(0,0) = f, fx(0,0) = fy, f,(0,0) = f;, and
so on as the infinite series continues.
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https://www.youtube.com/watch?v=HKwScWiPSfw&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=11&t=0s

38 LECTURE 12. PARTIAL DERIVATIVES

Problems for Lecture 12

1. Compute the three partial derivatives of

1
feds) = sy

2. Given the function f = f(t, x), find the Taylor series expansion of the expression
f(t+aAt, x + BALf(t, x))

to first order in At.

Solutions to the Problems



Lecture 13

The method of least squares

View this lecture on YouTube

Local maxima and minima of a multivariable function can be found by computing the zeros of the
partial derivatives. These zeros are called the critical points of the function. A critical point need not
be a maximum or minimum, for example it might be a minimum in one direction and a maximum in
another (called a saddle point), but in many problems maxima or minima may be assumed to exist.
Here, we illustrate the procedure for minimizing a function by solving the least-squares problem.

Suppose there is some experimental data that you want to fit
by a straight line (illustrated on the right). In general, let the

data consist of a set of n points given by (x1,v1), ..., (Xn, Yn)-
Here, we assume that the x values are exact, and the y values
are noisy. We further assume that the best fit line to the data >
takes the form y = Bp + B1x. Although we know that the line
can not go through all the data points, we can try to find

the line that minimizes the sum of the squares of the vertical X
distances between the line and the points.

Define this function of the sum of the squares to be

n

f(Bo,B1) =Y (Bo+ Brxi — i)

i=1
Here, the data is assumed given and the unknowns are the fitting parameters Sy and ;. It should be

clear from the problem specification, that there must be values of By and ; that minimize the function
f = f(Bo, B1)- To determine, these values, we set df /9By = df /9B1 = 0. This results in the equations

n

(Bo+B1xi—yi) =0, Y xi(Bo+ B1xi —yi) = 0.

i=1

=

Il
MR

We can write these equations as a linear system for Sy and B as
n n n n 5 n
Bon+PB1Y xi=Y yii  PoY Xi+P1Y Xi=) Xy
i=1 i=1 i=1 i=1 i=1
The solution for By and B in terms of the data is given by
_ Y2y Y — Ly L
nyx?—(Tx)?

_ nXxiyi — (Ex) (X yi)
nyx? — (L x;)?

Po B1

7

where the summations are from i = 1 to n.
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https://www.youtube.com/watch?v=J8Y7p5tbkWs&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=12&t=0s

40 LECTURE 13. THE METHOD OF LEAST SQUARES

Problems for Lecture 13

1. By minimizing the sum of the squares of the vertical distance between the line and the points,
determine the least-squares line through the data points (1,1), (2,3) and (3,2).

Solutions to the Problems



Lecture 14

Chain rule

View this lecture on YouTube

Partial derivatives are used in applying the chain rule to a function of several variables. Consider
a two-dimensional scalar field f = f(x,y), and define the total differential of f to be

df = f(x+dx,y +dy) — f(x,y)-

We can write df as

df = [f(x +dx,y +dy) — f(x,y +dy)] + [f(x,y +dy) — f(x,y)]

e
= axdx + 3y dy.

If one has f = f(x(t),y(t)), say, then division of df by dt results in

df _3fdx  of dy
dt  dxdt dydt’

And if one has f = f(x(r,0),y(r,0)), say, then the corresponding chain rule is given by

of _9dfox  ofdy  df ofox ofdy

or  oxor dyor’ 90 0xo0 dyado

2

Example: Consider the differential equation % = u(t,x(t)). Determine a formula for ZT;C in terms of u and its

partial derivatives.

Applying the chain rule, we have at time ¢,

Px _ou  oudx
dt2 ot = ox dt
= al + ua—u
ot ox’
The above formula is called the material derivative and in three dimensions forms a part of the Navier-

Stokes equation for fluid flow.
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https://www.youtube.com/watch?v=NHoD6yuKPe4&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=13&t=0s

42 LECTURE 14. CHAIN RULE

Problems for Lecture 14

1. Let f(x,y) = e, with x = rcos 6 and y = rsinf. Compute the partial derivatives 9f/dr and 9f /96
in two ways:

a) Use the chain rule on f = f(x(r,0),y(r,0));
b) Eliminate x and y in favor of r and 6 and compute the partial derivatives directly.

Solutions to the Problems



Lecture 15

Triple product rule

View this lecture on YouTube

Suppose that three variables x, y and z are related by the equation f(x,y,z) = 0, and that it is possible
to write x = x(y,z), y = y(x,z) and z = z(x,y). Taking differentials of x and z, we have

ox dx 0z 0z
dx = ady + Edz, dz = adx + gdy.

We can make use of the second equation to eliminate dz in the first equation to obtain

Jx dx [ dz Jz
dx = @dy+ 5> (axdx+ aydy) ;

1—a—xa—Z dx = a—x+a—x% d
0z dx - \dy 0z ay Y

Since dx and dy can be independent variations, the terms in parentheses must be zero. The left-hand-

or collecting terms,

side results in the reciprocity relation
ox 0z

ozox
which states the intuitive result that dz/dx and dx/0z are multiplicative inverses of each other. The

right-hand-side results in
dx  dxoz

dy  0zoy

which when making use of the reciprocity relation, yields the counterintuitive triple product rule,

0x dy 0z

dy 0z dx
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https://www.youtube.com/watch?v=Efwcq-kW-FM&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=14&t=0s
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LECTURE 15. TRIPLE PRODUCT RULE



Lecture 16

Triple product rule: example

View this lecture on YouTube
Example: Demonstrate the triple product rule using the ideal gas law.
The ideal gas law states that

PV = nRT,

where P is the pressure, V is the volume, T is the absolute temperature, n is the number of moles of
the gas, and R is the ideal gas constant. We say P, V and T are the state variables, and the ideal gas
law is a relation of the form

f(P,V,T) =PV —nRT = 0.

We can write P = P(V,T),V=V(P,T) and T = T(P,V), that is,

and the partial derivatives are given by

JdP nRT dV.  nR aT v

oV vZ’ 9T P’ 9P R

The triple product results in

9POVIT _  (nRT\ (nR\ (V\ _ nRT _ |
oV oT oP V2 Pp)\nR) " PV

where we make use of the ideal gas law in the last equality.
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https://www.youtube.com/watch?v=uK-tSnrwpxM&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=15&t=0s

46 LECTURE 16. TRIPLE PRODUCT RULE: EXAMPLE

Problems for Lecture 16

1. Suppose the three variables x, y and z are related by the linear expression ax + by + cz = 0. Show
that x, y and z satisfy the triple product rule.

2. Suppose the four variables x, y, z and t are related by the linear expression ax + by + cz + dt = 0.
Determine a corresponding quadruple product rule for these variables.

Solutions to the Problems



Practice quiz: Partial derivatives

1 . . . 0f
LRt The mixed second partial derivative 50y

1. Let f(x,y,2z) = is equal to
2(x+y)

a) (21 2+ 22)5/2

(x+y)?

b
) (XZ +y2 +Z2)5/2

x2+y2
(xZ +y2 _|_Z2)5/2

c)

3xy

d
) (xZ +y2 +ZZ)5/2

2. The least-squares line through the data points (0,1), (1,3), (2,3) and (3,4) is given by

7 9x
5 9x
7 10x
V=5t
5  10x
Dy=7+45
3. Let f = f(x,y) with x = rcos @ and y = rsin 6. Which of the following is true?
of _ of  of
%) %‘xaxﬂay
of __of  of
of _ of  of
9 36 = Yax T 5y
of _ _ of  of
9 3 = yax+x8y

Solutions to the Practice quiz
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LECTURE 16. TRIPLE PRODUCT RULE: EXAMPLE



Lecture 17

Gradient

View this lecture on YouTube

Consider the three-dimensional scalar field f = f(x,y,z), and the differential df, given by

f of .., of
af = dx + 3y =—dy + e dz.

Using the dot product, we can write this in vector form as

9
af = (f —I—ai —l-af >~(dxi+dyj+dzk:):Vf~dr,
where in Cartesian coordinates,
af of .. of

Vf= =i+ ayg + az
is called the gradient of f. The nabla symbol V is pronounced “del” and Vf is pronounced “del-f".
Another useful way to view the gradient is to consider V as a vector differential operator which has
the form 3 3 3
Because of the properties of the dot product, the differential df is maximum when the infinitesimal
displacement vector dr is along the direction of the gradient V f. We then say that V f points in the
direction of maximally increasing f, and the magnitude of V f gives the slope (or gradient) of f in that
direction.
Example: Compute the gradient of f(x,y,z) = xyz.
The partial derivatives are easily calculated, and we have

Vf=yzi+xzj+axyk.
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https://www.youtube.com/watch?v=W8N8XswNei8&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=16&t=0s

50 LECTURE 17. GRADIENT

Problems for Lecture 17

1. Let the position vector be given by r = xi + yj + zk, with r = |r| = /x% + y? + z2. Compute the
gradient of the following scalar fields and write the result in terms of  and r.
a) ¢(x,y,z) = x* + y* + 2%
1

b) ¢(x,y,z) = W

Solutions to the Problems



Lecture 18

Divergence

View this lecture on YouTube

Consider in Cartesian coordinates the three-dimensional vector field, w = u;(x,y,z)i + u2(x,y,2)7 +

7

usz(x,y,z)k. The divergence of u, denoted as V - u and pronounced “del-dot-u”, is defined as the

scalar field given by
.0 .0 ) . .
V-u= (’Lax +Jay+kaz) (13 + upg + uzk)
_dm | dup , dug
“ox T Ay T

Here, the dot product is used between a vector differential operator V and a vector field u. The diver-
gence measures how much a vector field spreads out, or diverges, from a point. A more math-based
description will be given later.

Example: Let the position vector be given by r = xt +yj + zk. Find V - r.

A direct calculation gives

0 d 0
V"I”— $x+@y+gz—3
Example: Let F = ﬁfor allr #0. Find V - F.
r

Writing out the components of F', we have

x y . z

F =Fi+ Fkhj+ Bk = (x2+y2+zz)3/21+ (x2+y2+22)3/23+ (x2+y2+22)3/2k'

Using the quotient rule for the derivative, we have

oF, _ (P +y 422323+ +A)YE 1 3P
dx (x2 4y +22)3 [r]3  |r]5’

and analogous results for dF, /dy and dF;/0z. Adding the three derivatives results in

VF: —_— e = — :0/

valid as long as |r| # 0, where F diverges. In electrostatics, F' is proportional to the electric field of a

point charge located at the origin.
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https://www.youtube.com/watch?v=gLsoAjuRWCw&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=17&t=0s
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Problems for Lecture 18

1. Find the divergence of the following vector fields:

a) F = xyi+yzj + zxk;
b) F = yzi + xzj + xyk.

Solutions to the Problems

LECTURE 18. DIVERGENCE



Lecture 19

Curl

View this lecture on YouTube

Consider in Cartesian coordinates the three-dimensional vector field u = uq(x,y,2)i + u2(x,y,2)7 +
u3(x,y,z)k. The curl of u, denoted as V x u and pronounced “del-cross-u”, is defined as the vector

field given by
2 J k p) ) 0 d ) d
B _ (duz  oup) . up _dug . (Oup dig
V xu=19/0x 9/dy 9/0z _(ay az)”(az ax)’+<ax ay)k'
Uy Up us

Here, the cross product is used between a vector differential operator and a vector field. The curl
measures how much a vector field rotates, or curls, around a point. A more math-based description
will be given later.
Example: Show that the curl of a gradient is zero, that is, V x (Vf) = 0.
We have
] J k
d/dx d/dy d/oz
of/dx df/dy 0df/oz

2 2 2 2 2 2
SEaN s APRN K - A PRNE KA P
oyoz  dzdy 0zox  0dx0z dxdy  dyox

using the equality of mixed partials.

V x (Vf)

Example: Show that the divergence of a curl is zero, that is, V - (V x u) = 0.

We have
_ 9 (%us _dup) 9 (owy Qus) 9 (oup Ouy
V(qu)_8x<ay az>+8y<az ax ) "oz Uox dy
o 82u1 . a2u1 + 82u2 . 82u2 + 82u3 . 82u3 -0
- \dyoz  9zdy 0z0x  0x0z doxdy dyox)

again using the equality of mixed partials.
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https://www.youtube.com/watch?v=N7dH9P7D2z8&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=18&t=0s

54 LECTURE 19. CURL

Problems for Lecture 19
1. Find the curl of the following vector fields:

a) F = xyi+yzj + zxk;

b) F = yzi + xzj + xyk.
2. Consider a two-dimensional velocity field given by

w=uy(x,y)t+ux(x,y)j.
Show that the vorticity w = V X u takes the form
w = ws(x,y)k.

Determine w3 in terms of 11 and u,.

Solutions to the Problems



Lecture 20

Laplacian

View this lecture on YouTube

The Laplacian is the differential operator V - V = V2, given in Cartisian coordinates as

, P PR
axz 9y 022’

The Laplacian can be applied to either a scalar field or a vector field. The Laplacian applied to a scalar
field, f = f(x,y,z), can be written as the divergence of the gradient, that is,

E)Zf 82f azf
270 . - J - J —J
V= VAV = 5o+ st o

The Laplacian applied to a vector field, acts on each component of the vector field separately. With

u=1u(x,y,2)i+ux(x,y,2)7 +us(x,y,z)k, we have
V2u = V2uii + Vuyj + Vusk.

The Laplacian appears in some classic partial differential equations. The Laplace equation, wave

equation, and diffusion equation all contain the Laplacian and are given, respectively, by

2P od
V20 =0, s = ¢ V20, > DV?®.

Example: Find the Laplacian of f(x,y,z) = x> + y> + z°.

We have V2 f =242 +2 = 6.
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https://www.youtube.com/watch?v=X6TYgvh0lEY&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=19&t=0s

56 LECTURE 20. LAPLACIAN

Problems for Lecture 20

1. Compute V> <1> for r # 0. Here, r = /x2 +y2 + z2.

Solutions to the Problems



Practice quiz: The del operator

1
1. Let r = xi +yj +zk and r = /x% +y? 4 z2. What is the value of V (12)7

a) _r%
b) —%
c) —;4
oz

2. Let F = ; The divergence V - F' is equal to
a)
b)

c)

= S| -
N‘H SN |

2
4 =
) 2
3. The curl of the position vector, V x r, is equal to
r
a) m
b) 0

0 (V-r)r
7
di—j+k

Solutions to the Practice quiz
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Lecture 21

Vector derivative identities

View this lecture on YouTube

Let f = f(r) be a scalar field and u = u(r) and v = v(r) be vector fields, where u = uyi + uzj + uzk,
and v = v1% + v2j + v3k. Here, we will change notation and define the position vector to be
r = X1t + x2j + x3k (instead of using the coordinates x, y and z). We have already shown that
the curl of a gradient is zero, and the divergence of a curl is zero, that is,

VxVf=0, V- (V xu)=0.
Other sometimes useful vector derivative identities include

V x (V X u)
V- (fu)

X (fu)
) =

)

)

V(V -u) - V?u,

=u-Vf+fV-u,

Vfxu+fV xu,

(u-V)v+ (v - Vu+ux (Vxv)+vx(Vxu),
v-(Vxu)—u-(Vxwo),

u(V-v)—v(V-u)+ (v-V)u— (u-V)v.

( ‘v
V. (uxwv

X (uXv

Two of the identities make use of the del operator in the expression

u-V=u J +u J +u J
9x; T o, | oy
which acts on a scalar field as
_ . of of of
u - Vf ula +u28x +M3%,

and acts on a vector field as
(u-V)v=(u-Vv1)i+ (u-Vvy)j+ (u-Vu3) k.

In some of these identities, the parentheses are optional when the expression has only one possible
interpretation. For example, it is common to see (u - V)v written as uw - Vv. The parentheses are
mandatory when the expression can be interpreted in more than one way, for example V x u X v
could mean either V x (u X v) or (V x u) X v, and these two expressions are usually not equal.
Proof of all of these identities is most readily done by manipulating the Kronecker delta and Levi-

Civita symbols, and I give an example in the next lecture.
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https://www.youtube.com/watch?v=PCIQueiemzY&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=20&t=0s
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LECTURE 21. VECTOR DERIVATIVE IDENTITIES



Lecture 22

Vector derivative identities (proof)

View this lecture on YouTube

To prove the vector derivative identities, we use component notation, the Einstein summation con-
vention, the Levi-Civita symbol and the Kronecker delta. The ith component of the curl of a vector

field is written using the Levi-Civita symbol as

auk
(V xu); = GijkaTCj;
and the divergence of a vector field is written as
ou;
V-ou=—".
axi

We will continue to make use of the usual Kronecker delta and Levi-Civita symbol identities.

As one example, I prove here the vector derivative identity
V-(uxv)=v-(Vxu)—u-(Vxwv).

We have

ox
_ au] dvy
= Cilk gy, Uk + €k B,
ou; avk

]
= Uk€kijn — Ui€jik5
]axi 1= ax,-

0 . . .
V- (uxv)=-— (eijkujvk) (write using component notation)
i
(product rule for the derivative)
(€ijk = €kij,  E€ijk = —€jik)
=v-(Vxu)—u-(VXxv). (back to vector notation)

The crucial step in the proof is the use of the product rule for the derivative. The rest of the proof just

requires facility with the notation and the manipulation of the indices of the Levi-Civita symbol.
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https://www.youtube.com/watch?v=odcv5Z5OfcM&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=21&t=0s

62 LECTURE 22. VECTOR DERIVATIVE IDENTITIES (PROOF)

Problems for Lecture 22

1. Use the Kronecker delta, the Levi-Civita symbol and the Einstein summation convention to prove
the following identities:

a) V-(fu)=u-Vf+fV .y
b) Vx(Vxu)=V(V- u)— Vu.
2. Consider the vector differential equation

dr
o = ultr(t)),

where

r = x1t + X237 + x3k, u = uqt + upg + usk.
a) Write down the differential equations for dx; /dt, dxp/dt and dx3/dt;
b) Use the chain rule to determine formulas for d?x; /dt?, d%x, /dt* and d®x3/dt?;
c) Write your solution for d?r/dt? as a vector equation using the V differential operator.

Solutions to the Problems



Lecture 23

Electromagnetic waves

View this lecture on YouTube

Maxwell’s equations in free space are most simply written using the del operator, and are given by

Here I use the SI units familiar to engineering students, where the constants €y and y are called the
permittivity and permeability of free space, respectively.
From the four Maxwell’s equations, we would like to obtain a single equation for the electric field

E. To do so, we can make use of the curl of the curl identity
Vx(VxE)=V(V-E)-V2E.

To obtain an equation for E, we take the curl of the third Maxwell’s equation and commute the time

and space derivatives

Vx(VxE):—%(VxB).

We apply the curl of the curl identity to obtain

V(V-E)-V*E = —%(V x B),

and then apply the first Maxwell’s equation to the left-hand-side, and the fourth Maxwell’s equation

to the right-hand-side. Rearranging terms, we obtain the three-dimensional wave equation given by

*E

_ 272
ﬁfCVE,

with ¢ the wave speed given by ¢ = 1/ /g€y =~ 3 x 108 m/s. This is, of course, the speed of light in

vacuum.
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https://www.youtube.com/watch?v=-LsXjVfucHU&list=PLkZjai-2JcxnYmkg6fpzz4WFumGVl7MOa&index=22&t=0s

64 LECTURE 23. ELECTROMAGNETIC WAVES

Problems for Lecture 23

1. Derive the wave equation for the magnetic field B.

Solutions to the Problems



Practice quiz: Vector calculus algebra

1. Using the vector derivative identity V(u - v) = (u- V)v+ (v- V)u+u X (V xv) +v X (V X u),
determine which of the following identities is valid?

a) %V(u~u):u><(V><u)+(u-V)u
b) %V(u-u):ux(VXu)f(u'V)u
C) %V(u-u)z(VXu)Xu—l—(u-V)u

d) %V(uu) =(Vxu)xu—(u-V)u
2. Which of the following expressions is not always zero?
a) V x (Vf)
b) V-(V xu)
) V- (Vf)
d) Vx(V(V-u))

3. Suppose the electric field is given by E(r,t) = sin(z — ct)i. Then which of the following is a valid
free-space solution for the magnetic field B = B(r,t)?

a) B(r,t) = %sin (z—ct)i
b) B(rt) = %sin(zfct)j
¢) B(r,t) = %sin (x —ct)i

d) B(r,t) = %sin(x—ct)j

Solutions to the Practice quiz
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LECTURE 23. ELECTROMAGNETIC WAVES



Week II1

Integration and Curvilinear

Coordinates
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In this week’s lectures, we learn about multidimensional integration. The important technique of using
curvilinear coordinates, namely polar coordinates in two dimensions, and cylindrical and spherical
coordinates in three dimensions, is used to simplify problems with circular, cylindrical or spherical
symmetry. Differential operators in curvilinear coordinates are derived. The change of variables

formula for multidimensional integrals using the Jacobian of the transformation is explained.
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Lecture 24

Double and triple integrals

View this lecture on YouTube

Double and triple integrals, written as

AfdA:fo(x,y)dxdy, /Vde:fffo(x,y,z)dxdydz,

are the limits of the sums of AxAy (or AxAyAz) multiplied by the integrand. A single integral is the
area under a curve ¥ = f(x); a double integral is the volume under a surface z = f(x,y). A triple
integral is used, for example, to find the mass of an object by integrating over its density.

To perform a double or triple integral, the correct limits of the integral needs to be determined,
and the integral is performed as two (or three) single integrals. For example, an integration over a
rectangle in the x-y plane can be written as either

Y1 rx X1 rn
/ / f(x,y)dxdy or / / f(x,y)dydx.
Yo JXo X0 Yo

In the first double integral, the x integration is done first (holding y fixed), and the y integral is done
second. In the second double integral, the order of integration is reversed. Either order of integration
will give the same result.

Example: Compute the volume of the surface z = x2y above the x-y plane with base given by a unit square with
vertices (0,0), (1,0), (1,1), and (0,1).

To find the volume, we integrate z = x%y over its base. The integral over the unit square is given by
either of the double integrals

1,1 1,1
/ / X2y dx dy or / / X2y dydx.
0o Jo 0o Jo

The respective calculations are

=1

1 01 1/.3, %=1 1 a1y
//xzydxdy:/ Y dyzl/ ydy:ly— :1;
0 Jo 0 3 |0 3 Jo 32|,
1 rl 1 /2,2 =1 1 /1 13151 1
dedx:/ L dx:f/ gy = -1
/0/0 S T N 2 Y723, 6

In this case, an even simpler integration method separates the x and y dependence and writes

112 12 1 1 1 1

x“ydxd :/xdx/ d :<)<>:

/0/0 ey 0 oyy 3/ \2 6
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https://youtu.be/5nW4DcGi5l4

72 LECTURE 24. DOUBLE AND TRIPLE INTEGRALS

Problems for Lecture 24

1. A cube has edge length L, with mass density increasing linearly from p; to p2 from one face of the
cube to the opposite face. By solving a triple integral, compute the mass of the cube in terms of L, p;

and p».

Solutions to the Problems



Lecture 25

Example: Double integral with triangle

base

View this lecture on YouTube
Example: Compute the volume of the surface z = x>y above the x-y plane with base given by a right triangle
with vertices (0,0), (1,0), (0,1).

1 1
0.8 ] 08l
0.6 ] 06

> r=1—y > y=1—=x

0.4 ] 0.4+
0.2 ] 02l
0 : 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

x xr

The integral over the triangle (see the figures) is given by either one of the double integrals

1 rl-y 1 rl—x
/ / x*ydxdy, or / / Xy dy dx.
0 Jo 0o Jo

The respective calculations are
e 1! 3 1 2 3_ .4
dy=z | (L=yPydy=z [ (y=38y" +3y" —y")dy
x= 0

1 ,l-y 1/,3
/ / x2ydxdy = / <xy
0 Jo 0 \ 3 l=o

AT A
_3(2 Y+ s5)| T

y=l-x 1 /1 1
)dx— xz(l—x)zdx:f/ (x? —2x% 4+ x*) dx
0

1 1y 1/.2,2
/ / Py dy dx :/ <x y
o Jo 0 2 |-



https://youtu.be/nhBvkFQbHxw

74 LECTURE 25. EXAMPLE: DOUBLE INTEGRAL WITH TRIANGLE BASE

Problems for Lecture 25

1. Compute the volume of the surface z = x%y above the x-y plane with base given by a parallelogram
with vertices (0,0), (1,0), (4/3,1) and (1/3,1).

Solutions to the Problems



Practice quiz: Multidimensional

[ ] [ ]

integration

1. The volume of the surface z = xy above the x-y plane with base given by a unit square with vertices
(0,0), (1,0), (1,1), and (0,1) is equal to

a)

b)

©)

NI—= Ql— &= Ol

d)

2. A cube has edge length of 1 cm, with mass density increasing linearly from 1g/cm? to 2 g/cm?
from one face of the cube to the opposite face. The mass of the cube is given by

a) 3.0g
b) 1.5g
c) 1.33g
d) 10g

3. The volume of the surface z = xy above the x-y plane with base given by the triangle with vertices
(0,0), (1,1), and (2,0) is equal to

a)

b)

c)

W= == Q= O

d)

Solutions to the Practice quiz
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LECTURE 25. EXAMPLE: DOUBLE INTEGRAL WITH TRIANGLE BASE



Lecture 26

Polar coordinates (gradient)

View this lecture on YouTube
In two dimensions, polar coordinates is the most com-

monly used curvilinear coordinate system. The relation-
ship between Cartesian and polar coordinates is given by

x =rcosb, y = rsiné.

The unit vectors # and @ are defined to be orthogonal and 9

X - X%

in the direction of increasing r and 6, respectively, and the
position vector is given by r = r#. X
The #-0 unit vectors are rotated an angle 6 from the i-j unit vectors. Trigonometry shows that

A

7 = cos 0% + sin 67, 0 = —sinfi + cosj.

Notice that the direction of the unit vectors in polar coordinates are not fixed, but depend on their
position. Here, # = #(#) and 8 = (), and their derivatives are given by

dr _0 dié_iA
a0 i~

We begin by considering a two-dimensional scalar field given by f = f(r,6) and derive the polar form
of the gradient operator. By using the definition of the two-dimensional gradient or by applying the
chain rule, the differential df can be written as

df =V f.-dr or df:% g{;dﬂ

Now, R
dr =d(rf) = pdr + r%dG = 7dr +r8de,

so that equating the two forms for df results in

V- (#dr+1r0d0) = afdr—l— o 0.

or 00
By inspection, we see that
f L1y
Vi= 89
and the two-dimensional gradient operator in polar coordinates is given by
0 .19
= r— 0 —_—_—
Vet
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https://youtu.be/csF3EkH1hN4

78 LECTURE 26. POLAR COORDINATES (GRADIENT)

Problems for Lecture 26

1. The inverse of a two-by-two matrix is given by
-1
a b 1 d —b
c d Cad—bc\ —c a)’

7 = cos i +sin by, 0 = —sinbi + cos 8y,

Given

invert a two-by-two matrix to solve for ¢ and j.
2. Transform the Cartesian partial derivatives into polar form.

a) Let f = f(x(r,0),y(r,0)). Using the chain rule and the definition of polar coordinates, show that

of of . ,9f of . 0f of
g—coseg—i—smG@, 50 = rsm9$+rcos(9@.
b) Invert the result of Part (a) to show that
i_ ei_sinGE i_in92+cos92
ax Vo T Tr o vy oo r 90’

3. Determine expressions for r# and r6 in Cartesian coordinates.

Solutions to the Problems



Lecture 27

Polar coordinates (divergence & curl)

View this lecture on YouTube

Define a vector field in polar coordinates to be
= uy(r,0)7 + ug(r,0)0.

To compute the divergence and curl in polar coordinates, we will use # = #(#) and 8 = (), and

e _ 5 d6 .0 419
The polar unit vectors also satisfy
Pr=0-0=1 7-0=0-7=0, #xP=0x0=0, #x0=—-(0x+)=k,

where k is the standard Cartesian unit vector pointing along the z-axis.

The divergence is computed from

Vou= (faaﬁéiaag) (urP 4 18)
:f-%(urﬁ)—i—f-%(ugé)—i-e ;E%(urﬁ)—i—é %% (ug0)
%—FO—F%MH—%%
ST
And the curl is computed from

quz( J +91§9> x (ur? + ugh)
:f*x%( rﬁ)—i—ﬁx%(u90)+9><%;—G(urr)—i-éx%aa—e(ugé)
=0+ 2 (5 )+ 10 (9 7) — Lug (65 7)

10 10u,
_k<r8r< ru )_r89>'
Note that the curl of a two-dimensional vector field defined in a plane points in the direction perpen-
dicular to the plane following the right-hand rule.
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https://youtu.be/tXxbAXeb9RI

80 LECTURE 27. POLAR COORDINATES (DIVERGENCE & CURL)

Problems for Lecture 27

1. Let u be a two-dimensional vector field given in polar coordinates by

N | =

(k17 + k20) ,

u =

where ki and k; are constants. For 7 # 0, determine V - v and V X u.

Solutions to the Problems



Lecture 28

Polar coordinates (Laplacian)

View this lecture on YouTube
The two-dimensional Laplacian operator in polar coordinates can be computed using

d 10
2 _ . — P R
Vs=(V-V), where V rar+0r89'
We have
d 410 0 410
2_ /\7 —_—— . /\7 —_——
V= <r8r+0r89 <r8r+0ra(9)

. d (.0 . d (190 ~ 19 (. 0 ~ 19 (510
’“'ar( ar)”'ar(‘)rae)*‘"rae(’“a)*"‘rae("rae)
P g2 1

or2 ror  r2 o062

19 (0, 19
Cror \'or)  r206%
The Laplacian operator can act on both a scalar or vector field. For the case of a vector field, one needs

to take into account the derivatives of the unit vectors with respect to 6.
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https://youtu.be/Wt0t1rtqi5Y

82 LECTURE 28. POLAR COORDINATES (LAPLACIAN)

Problems for Lecture 28

1. Consider the fluid flow through a pipe of circular cross-section radius R with a constant pressure
gradient along the pipe length. Define the z-axis to be the symmetry axis down the center of the pipe
in the direction of the flowing fluid. The velocity field in a steady flow then takes the form u = u(r)k,
where r = /x2 + y2 and u satisfies the Navier-Stokes equation given by

G

Viu=-—.
vp

Here, G is the pressure gradient, v is the kinematic viscosity, and p is the fluid density, all assumed to

be constant. You may further assume that the interior surface of the pipe has no slip so that the fluid

velocity is zero when r = R. Solve for the velocity field u(r) in the pipe’s cross section using the polar

coordinate form for the Laplacian. What is the maximum value of the velocity?

Solutions to the Problems



Lecture 29

Example: Central force

View this lecture on YouTube

A central force is a force acting on a point mass and pointing directly towards a fixed point in space.
The origin of the coordinate system is chosen at this fixed point, and the axis orientated such that the
initial position and velocity of the mass lies in the x-y plane. The subsequent motion of the mass is
then two dimensional, and polar coordinates can be employed.

The position vector of the point mass in polar coordinates is given by

r = r7.

The velocity of the point mass is obtained by differentiating r with respect to time. The added dif-
ficulty here is that the unit vectors # = #(6(t)) and § = ((t)) are also functions of time. When
differentiating, we will need to use the chain rule in the form

di  drdo  do Ao dode  do

dr ~ dedt  dt dr dedt ar
As is customary, here we will use the dot notation for the time derivative. For example, x = dx/dt
and ¥ = d?x/dt?.
The velocity of the point mass is then given by

Jf .
P =P e — b 4 r00;

dt

and the acceleration is given by

A

DN £ PPN A .de
r—rr—i-rE—i-rGO—i-rGO%—rGE

= (7 — r6*)7 + (210 +16)8.

A central force can be written as F = — f#, where usually f = f(r). Newton’s equation m# = F then

becomes the two equations
m(i —ré?) = —f, m(20 +rf) = 0.

The second equation is usually expressed as conservation of angular momentum, and after multipli-

cation by r, is written in the form

—(mr*¢) =0, or mr’0 = constant.
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https://youtu.be/bI9xI5ULg6M

84 LECTURE 29. CENTRAL FORCE

Problems for Lecture 29

1. The angular momentum [ of a point mass m relative to an origin is defined as
l=7rxp,
where r is the position vector of the mass and p = mr is the momentum of the mass. Show that

1| = mr?|6|.

di’_i 1m| ‘2
U T ar \ 20 )

This result will be used to derive the conservation of energy.

2. Prove that

Solutions to the Problems



Lecture 30

Change of variables (single integral)

View this lecture on YouTube
A double (or triple) integral written in Cartesian coordinates, can sometimes be more easily computed
by changing coordinate systems. To do so, we need to derive a change of variables formula.

It is illuminating to first revisit the change-of-variables formula for single integrals. Consider the

integral

I:/x:ff(x)dx.

Let u(s) be a differentiable and invertible function. We can change variables in this integral by letting

x = u(s) so that dx = u'(s) ds. The integral in the new variable s then becomes
uil(xf)
1= / F(u(s))u'(s) ds.
u=(xo)

The key piece for us here is the transformation of the infinitesimal length dx = u/(s) ds.
We can be more concrete by examining a specific transformation. Consider the calculation of the

area of a circle of radius R, given by the integral

R
A:4/ v/ R2 — x2dx.
0

To more easily perform this integral, we can let x = Rcos 6 so that dx = —Rsin6df. The integral then
becomes /2 P
T 7T
A = 4R? v'1—cos20sinfdf = / sin% 6 de,
0 0

which can be done using the double-angle formula to yield A = 7tR?.
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LECTURE 30. CHANGE OF VARIABLES (SINGLE INTEGRAL)



Lecture 31

Change of variables (double integral)

View this lecture on YouTube
I = ff f(x,y)dxdy.
A

We would like to change variables from (x,y) to (s,t). For simplicity, we will write this change of

We consider the double integral

variables as x = x(s,t) and y = y(s, t). The region A in the x-y domain transforms into a region A’ in
the s-t domain, and the integrand becomes a function of the new variables s and f by the substitution
f(x,y) = f(x(s,t),y(s,t)). We now consider how to transform the infinitesimal area dx dy.

The transformation of dxdy is obtained by considering how an infinitesimal rectangle is trans-
formed into an infinitesimal parallelogram, and how the area of the two are related by the absolute

value of a determinant. The main result, which we do not derive here, is given by
dxdy = |det (])|dsdt,

where | is called the Jacobian of the transformation, and is defined as

]_a(x,y)_ ox/ds 0x/ot
~d(st) dy/ds dy/ot)

To be more concrete, we again calculate the area of a circle. Here, using a two-dimensional integral,

A:ffdxdy,
A

where the integral subscript A denotes the region in the x-y plane that defines the circle. To perform

the area of a circle can be written as

this integral, we can change from Cartesian to polar coordinates. Let
X =rcosb, y =rsin6.

We have

dxdy =

det cos6  —rsinf drdf = rdrdo.
sin 6 rcos 6

det dx/or 0Jx/00 dr o —
dy/dr dy/df

The region in the -6 plane that defines the circle is 0 < r < R and 0 < 6 < 27. The integral then

21 rR 27 R
A:/ / rdrd():/ dG/ rdr = R2.
0 0 0 0

becomes
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88 LECTURE 31. CHANGE OF VARIABLES (DOUBLE INTEGRAL)

Problems for Lecture 31

1. The mass density of a flat object can be specified by ¢ = ¢(x,y), with units of mass per unit area.
The total mass of the object is found from the double integral

M://Aa(x,y)dxdy.

Suppose a circular disk of radius R has mass density pg at its center and p; at its edge, and its density
is a linear function of the distance from the center. Find the total mass of the disk.

oo}

2. Compute the Gaussian integral given by I = / e dx. Use the well-known trick

—00

© 2 ) ) oo oo
= </ e dx) :/ e dx/ eV dy:/ / g_(x2+y2)dxdy_

Solutions to the Problems



Practice quiz: Polar coordinates

1. 70 is equal to
a) xt+yj
b) xi—yj
) yi+xj
d) —yi+xj

A

ae .
2. 7 I8 equal to

A

a) #
b) —7
c) 0

d) —6

3. Suppose a circular disk of radius 1cm has mass density 10g/cm? at its center, and 1g/cm? at its
edge, and its density is a linear function of the distance from the center. The total mass of the disk is
equal to

a) 8.80g
b) 10.21g
c) 12.57¢g
d) 17.23¢g

Solutions to the Practice quiz
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LECTURE 31. CHANGE OF VARIABLES (DOUBLE INTEGRAL)



Lecture 32

Cylindrical coordinates

View this lecture on YouTube

z

Cylindrical coordinates extends polar coordinates to three
dimensions by adding a Cartesian coordinate along the z- )

. . Z
axis. To conform to standard usage, we change notation / _-_‘____\“\
and define the relationship between the Cartesian and the ¥> <- )

o . .
cylindrical coordinates to be p

X = pcos¢, y = psing, z=2z

with inverse relation

p=\/x2+y3 tan¢ = y/x. -7 -

P -

A spatial point (x,y,z) in Cartesian coordinates is now
specified by (p, ¢, z) in cylindrical coordinates (see figure). X

The orthogonal unit vectors p, @, and 2 point in the direction of increasing p, ¢ and z, respectively.
The position vector is given by r = pp + zZ£. The volume element transforms as dxdydz = pdp d¢ dz.
The del operator can be found using the polar form of the Cartesian derivatives (see the problems).

The result is 3 1 a 8

The Laplacian, V - V, is computed taking care to differentiate the unit vectors with respect to ¢:
P 1o 1P P

o> pdp  p2op? " 922

1o oy, 19 &
T oo \Pop) T 2097 T a2

The divergence and curl of a vector field, A = A,(p, ¢,2)p + Ap(p, ¢,2)d + A=(p, ¢, z) 2, are given by

VZ =

19 1045  9A,
V- A= pAy) + ==

PETAGRRET:

_(10A. 9Ag\ L (A, BA.\ (10 194,
VA= (L5 ) o (G ) 2 (e o)
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92 LECTURE 32. CYLINDRICAL COORDINATES

Problems for Lecture 32

1. Determine the del operator V in cylindrical coordinates. There are several ways to do this, but a
straightforward, though algebraically lengthy one, is to transform from Cartesian coordinates using
.90 9 0
V = CCg + y@ + Z&/
& = cos¢pp — sin (/)q3, Y = sin¢gp + cos ([)g?),

and
cos¢ 9

PP

i—cos 9 _sing o 9 _ in i—i—
ox (Pap -8 (Pap

poop’ 9y
2. Compute V - p in two ways:

a) With the divergence in cylindrical coordinates;

b) By transforming to Cartesian coordinates.

3. Using cylindrical coordinates, compute V x p, V - ¢ and V x .

Solutions to the Problems



Lecture 33

Spherical coordinates (Part A)

View this lecture on YouTube

Spherical coordinates are useful for problems with
spherical symmetry. The relationship between the Carte- / 9

sian and the spherical coordinates is given by

x = rsinf cos ¢, y = rsinfsing, z =rcos#, -7

where 0 < 6 < wand 0 < ¢ < 27. A spatial point {
(x,y,z) in Cartesian coordinates is now specified by \
(r,0, ¢) in spherical coordinates (see figure). The orthog- )
onal unit vectors #, 8, and (;3 point in the direction of N

increasing r, 6 and ¢, respectively. \
The position vector is given by
and the volume element transforms as
dx dydz = r*sin 0 dr d0 d.
The spherical coordinate unit vectors can be written in terms of the Cartesian unit vectors by

7 =sinfcos¢i+sinfsing j + cosO k,
cosfcospi+ cosfsingj —sindk,

0,\ p—
¢ = —singi+cospj;
with inverse relation

i =sinfcosd# + cosfcospf —sing ¢,
j =sinfsing# + cosfsing @ + cos ¢ ¢,

k=cosf# —sinf 0.

By differentiating the unit vectors, we can derive the sometimes useful identities

or 4 20 R ¢ o

Er 5= " a0 =~

a—r = sin@é&, a—a = cos 6(]3, 87(]5 = —sin 07 — cos 66.
d¢p P o


https://youtu.be/BkfGb44Krm8

94 LECTURE 33. SPHERICAL COORDINATES (PART A)

Problems for Lecture 33

1. Write the relationship between the spherical coordinate unit vectors and the Cartesian unit vectors
in matrix form. Notice that the transformation matrix Q is orthogonal and invert the relationship

using Q! = QT.
2. Use the Jacobian change-of-variables formula for triple integrals, given by
ox/or 9dx/d0 dx/d¢p

dxdydz = |det | dy/or dy/00 dy/d¢ || drdode,
dz/dr 0z/d0 0z/0d¢

to derive dx dy dz = r?>sin 0 dr d d¢.

3. Consider a scalar field f = f(r) that depends only on the distance from the origin. Using dx dy dz =
r?sin 0 dr df d$, and an integration region V inside a sphere of radius R centered at the origin, show
that

/‘/de:éln/Oerf(r)dr.

4. Suppose a sphere of radius R has mass density pg at its center, and p; at its surface, and its density
is a linear function of the distance from the center. Find the total mass of the sphere. What is the
average density of the sphere?

Solutions to the Problems



Lecture 34

Spherical coordinates (Part B)

View this lecture on YouTube

First, we determine the gradient in spherical coordinates. Consider the scalar field f = f(r,6,¢).

Our definition of a total differential is

d 3
df = fd +a£d0+ {;ahp V- dr.

In spherical coordinates,

r=r70,¢),

and using
or 4 or N
ﬁ—e, %—Sm9¢,
we have 36 3
dr—drr+ra ag +r (Pdcp dr#+rdo @ +rsinfdg .

Using the orthonormality of the unit vectors, we can therefore write df as

Oy 105, LN e 00t remadod
af = < +r890+rsin98<p¢) (drd+rdo0+rsinfdg @),

showing that
19f 4 g 1 of

r 96 rsin 6 %gb.

Vf= af+

Some messy algebra will yield for the Laplacian

Vif = 12 <728f> + 1 (sm()af) - *f

or 2sin 6 90 00 2 sin2 6 9¢p2’

and for the divergence and curl of a vector field, A = A,(r,0,¢)7 + Ay(r,6, 4))9 + Aq)(r, 6,4))@,

19 d 1 94y
VA= 7287( Ar)+r51 GBG(SIHB 9)+rsin9$

P [0 0Ag] O 1 2A, 0 0 oA,
VX A= [39(51“9A4’) a(p] r[smeagb ar“ﬂ*[a (rAo) ae]
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96 LECTURE 34. SPHERICAL COORDINATES (PART B)

Problems for Lecture 34

1. Using the formulas for the spherical coordinate unit vectors in terms of the Cartesian unit vectors,

prove that
o ot

2. Compute the divergence and curl of the spherical coordinate unit vectors.

3. Using spherical coordinates, show that for r # 0,

V2 <1) =0.

Solutions to the Problems



Practice quiz: Cylindrical and spherical

coordinates
1. With p = /x2 + 12, the function V2 (;) is equal to
a) 0
b) =
0 =
3
D

2. Let r = xi. Then (7,0, ¢) is equal to
a) (i,3,k)
b) (i,k,3)
¢) (¢, —k,j)
d) (i,k,—3)

3. Suppose a sphere of radius 5cm has mass density 10 g/cm? at its center, and 5g/cm? at its surface,
and its density is a linear function of the distance from the center. The total mass of the sphere is given

by
a) 3927 g
b) 3491¢g
¢) 3272¢g
d) 3142g

Solutions to the Practice quiz
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LECTURE 34. SPHERICAL COORDINATES (PART B)



Week IV

Line and surface integrals
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This week we learn about line integrals and surface integrals. We learn how to take the line integral
of a scalar field and use line integrals to compute arc lengths. We then learn how to take line integrals
of vector fields by taking the dot product of the vector field with tangent unit vectors to the curve.
Consideration of the line integral of a force field results in the work-energy theorem. Next, we learn
how to take the surface integral of a scalar field, and compute the surface areas of a cylinder, cone,
sphere and paraboloid. We then learn how to take the surface integral of a vector field by taking
the dot product of the vector field with normal unit vectors to the surface. The surface integral of a
velocity field is used to define the mass flux of a fluid through the surface.
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Lecture 35

Line integral of a scalar field

View this lecture on YouTube

Define the line integral of a scalar field f = f(r) over a curve C by subdividing the curve into
small scalar elements of length ds, multiplying each ds by the average value of f on the element, and

summing over all elements. We write the line integral as

/Cf(r)ds.

For simplicity, we restrict our discussion here to curves in the x-y plane. By the Pythagorean theorem,

we can write
ds = 1/ (dx)% + (dy)?,

and it is possible to convert a line integral into an ordinary one-dimensional integral in one of two
ways. First, if the curve can be specified by a one-dimensional function, such as y = y(x) from x = x

ds = \/mdx.
[ rends= [ fyo) 1+ yora

Second, if the curve can be parameterized by t, such as x = x(t) and y = y(t), with t ranging from
t = tg to tr, then dx = x(t)dt and dy = y(t)dt, and

to x¢, then dy = y'(x)dx and

We then have

ds = \/%()2 4+ y(t)2dt.

The line integral then becomes

[ fwds = [ fxe,y0) \xer + e ar
C to
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104 LECTURE 35. LINE INTEGRAL OF A SCALAR FIELD

Problems for Lecture 35

1. Suppose that a curve can be specified by the one-dimensional function y = y(x). Parameterize the

curve to show that the two forms of the line integral are equivalent.

Solutions to the Problems



Lecture 36

Arc length

View this lecture on YouTube

The arc length P of a curve C is given by

P:/ds.
C

For even simple curves, this integral may not have an analytical solution. For example, consider the
circumference of an ellipse. The equation for an ellipse centered at the origin with width 2a and height
2b is given by

22

a? = b?

Assuming a > b, the eccentricity of this ellipse is defined as

e=/1—(b/a)2.

To compute the circumference of an ellipse, we parameterize the ellipse using
x(0) = acosb, y(0) = bsin,

where 6 goes from 0 to 27t. The infinitesimal arc length ds is then given by

ds = \/ (dx)2 + (dy)2 = \/x'(0)2 +'(6)2 db
= Va2sin?0 + b2 cos2 0 df

= a\/l —[1—(b/a)?| cos?0db

=a+\/1—e?cos?6do.
Therefore, the circumference of an ellipse — or perimeter P — is given by the line integral

27

P:/ds:a V' 1—e?cos? 0df

C 0
/2
= 4a/ V1 —e2cos20do,

0

where the final integral is over one-quarter of the arc length of the ellipse , and is called the complete
elliptic integral of the second kind.
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106 LECTURE 36. ARC LENGTH

Problems for Lecture 36

1. Compute the circumference of a circle of radius R by parameterizing the circle and performing a

line integral.

Solutions to the Problems



Lecture 37

Line integral of a vector field

View this lecture on YouTube

Let u(r) be a vector field, C a directed curve, and dr the infinitesimal displacement vector along
C. Define a unit vector £ such that dr = £ds. Then the line integral of u along C is defined to be

/u-dr:/u'fds,
C C

which is a line integral of the scalar field w - £. If the curve is closed, sometimes a circle is written in
the middle of the integral sign.

A general method to calculate the line integral of a vector field is to parameterize the curve. Let
the curve be parameterized by the function r = r(t) as t goes from fy to t;. Using dr = (dr/dt)dt, the

/Cu-dr = /ttfu(r(t)) . Z—:dt.

0

line integral becomes

Sometimes the curve is simple enough that dr can be computed directly.

Example: Compute the line integral of v = xi + yj in the x-y plane along two curves from the origin to the
point (x,y) = (1,1). The first curve Cq consists of two line segments, the first from (0,0) to (1,0), and the
second from (1,0) to (1,1). The second curve Cy is a straight line from the origin to (1,1).

The computation along the first curve requires two separate integrations. For the curve along the

x-axis, we use dr = dxi and for the curve at x = 1 in the direction of j, we use dr = dyj. The line

1 1
/r~dr:/xdx+/ydy:1.
G 0 0

For the second curve, we parameterize the line by r(t) = t(i + ) as t goes from 0 to 1, so that

integral is therefore given by

dr = dt(i+ j), and the integral becomes

1
/ r-dr:/ 2tdt = 1.
G, 0

The two line integrals are equal, and for this case only depend on the starting and ending points of

the curve.
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108 LECTURE 37. LINE INTEGRAL OF A VECTOR FIELD

Problems for Lecture 37

1. In the x-y plane, calculate the line integral of the vector field u = —yi + xj counterclockwise around
a square with vertices (0,0), (L,0), (L,L), and (0, L).

2. In the x-y plane, calculate the line integral of the vector field u = —yt + xj counterclockwise around

the circle of radius R centered at the origin.

Solutions to the Problems



Lecture 38

Work-Energy theorem

View this lecture on YouTube

Newton'’s second law of motion for a mass m with velocity v acted on by a force F' is given by

dv
= =F.
T

The conservation of energy is an important concept in physics and requires a definition of work. We
first take the dot product of both sides of Newton’s law with the velocity vector and use the identity

v _d 1m| |?
U T ar \ 2™

d 1 2\ _

Integrating from an initial time #; to a final time ¢¢, with v(#;) = v; and v(tf) = vy, we have

to obtain

1 1 by
fm|vf|2—fm|'ui|2:/ F~Udt:/F-dr,
2 2 t C

i

where we have used dr = wvdt. The line integral is taken along the curve C traversed by the mass
between the times t; and t;. We define the kinetic energy T of a mass m by

1
T = §m|’U|2,

and the work W done by a force on a mass as it moves along a curve C as

W:/F«dT.
C

We these definitions, the work-energy theorem states that the work done on a mass by a force is equal

to the change in the kinetic energy of the mass, or in equation form,

W =TT,
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110 LECTURE 38. WORK-ENERGY THEOREM

Problems for Lecture 38

1. A mass m is dropped from a building of height . Assuming the mass falls with constant accel-
eration —g, calculate the work done by gravity and compute the velocity of the mass as it hits the

ground.

Solutions to the Problems



Practice quiz: Line integrals

1. The arc length of the parabola y = x2 for 0 < x < 1 is given by the integral

1
a)/ V1+4+2xdx
0
1
b)/ V14 4xdx
0
1
c)/ V1+2x2dx
0
1
d)/ V14 4x2dx
0

2. The line integral of the vector field w = —y¢ + xj counterclockwise around a triangle with vertices
(0,0), (L,0), and (0, L) is equal to

a) 0

1 2
b) 5L
) L?
d) 212

3. A mass m is shot upward from the ground with a speed vy, attains a maximum height, and then
falls back to ground. Calculate the work done by gravity on the mass.

a) 0
b) v5/4g
c) v3/2¢
d) v5/g

Solutions to the Practice quiz
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112 LECTURE 38. WORK-ENERGY THEOREM



Lecture 39

Surface integral of a scalar field

View this lecture on YouTube

Define the surface integral of a scalar field f = f(r) over a surface S by subdividing the surface into
small elements dS, multiplying each element by the average value of f on the element, and summing

over all elements. We write the surface integral as

/S F(r)ds.

A parameterization of the surface S is given by
r(u,v) = x(u,0)i +y(u,v)j + z(u,v)k,

where the position vector r points to the surface, and the surface is spanned as the parameters u and
v vary. The surface integral is performed over u and v, and the infinitesimal surface element 4S5 is
found from the area defined by the tangent vectors dr/du and dr/0dv to the surface by way of the

cross product, that is,
Jor or

— X —

45 = Ju dv

du dv.

If the surface lies over the x-y plane and can be describe by z = z(x, y), then we can use x and y as our
parameters and write
r(x,y) = xi+yj +z(x,y)k.

Therefore,

SO
ax T ax ay—J ay

and the cross product is given by

or or |11 )
T~ 1 o az/axZ——z——Zj—f—k
dx  dy ox 9y

0 1 oz/dy

The surface integral in this case becomes

/Sf(r)dS—//Af(r(x,y))\/1+ (gf{)Z (g}j)zdxdy.
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114 LECTURE 39. SURFACE INTEGRAL OF A SCALAR FIELD

Problems for Lecture 39

1. Compute the lateral surface area A = [¢ dS of a cylinder (see figure) in two ways.

a) Unroll the cylinder and compute the area of the resulting rectangle.

b) Define the cylinder parametrically as
r=acosfi+asinfj+zk, for0<z<b and 0<6<2m,

and compute the surface integral.

2. Compute the lateral surface area A = [¢ dS of a cone (see figure) in two ways.

a) Unroll the cone and compute the area of the resulting circular sector.

b) Define the cone parametrically as

az . az
r=-—cosfi+ —

b bsin9j+zk:, for0<z<b and 0<60<2r7,

and compute the surface integral.

Solutions to the Problems



Lecture 40

Surface area of a sphere

View this lecture on YouTube

Surface area is given by the integral

S:/dS,
S

where the integral is evaluated by parameterizing the surface. Here, we compute the surface area of a
sphere of radius R. The sphere can be parameterized using spherical coordinates as

r(0,¢) = Rsinf cos ¢i + RsinOsin$pj + R cos Ok, for 0<0<m and 0<¢ <2m.

To find the infinitesimal surface element, we compute the partial derivatives of r:

or

ad
£ = Rcosflcos¢i+ RcosOsingj — Rsinbk, % = —Rsinfsin¢g i+ Rsinfcos¢ j.
The cross product is
. ; k
or or ’ ! . .
FTR % = | Rcosficos¢p Rcostlsingg —Rsinf
—Rsinfsing Rsinfcos¢ 0
= R*sin*fcos i + R?sin*fsing j + R*>sinf cos O k,
so that
g—g X g; =R? \/sin4 0 cos? ¢ + sin* @ sin® ¢ + sin’ 6 cos?
= R%sinf \/sin2 0(sin? ¢ + cos? ¢) + cos? 0
= R%sin®.
Therefore,
or or 5 .
s = 3 % 3% d0dp = R*sinfdo d¢.

Note that for a sphere, dV = r?sin 0 dr d0 d¢, so that dSdr is equal to dV at r = R.

The surface area of a sphere can be found from the integral
2w 27 T
S= /dS = / / R?sinfdfdp = RZ/ d¢/ sin6d6 = 47R>.
S o Jo 0 0
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116 LECTURE 40. SURFACE AREA OF A SPHERE

Problems for Lecture 40

1. Compute the lateral surface area S = |. g dS of a paraboloid (see figure), defined by
azz—b(x2+ 2) for0<z<b
= v, or0<z<h.

Compute the resulting two-dimensional integral using polar coordinates.

Solutions to the Problems



Lecture 41

Surface integral of a vector field

View this lecture on YouTube

Let u = u(r) be a vector field, and let S be a surface with normal unit vector f. The surface in-

/u-dS:/u-ﬁdS,
S S

which is a surface integral of the scalar field u - 7. The integration surface can be either open or closed.

tegral of u over S is defined to be

For an open surface, the direction of the normal vectors needs to be specified (such as up or down),

but for a closed surface, 7t is always assumed to be in the outward direction.

Example: Compute the surface integral of r = xt + yj + zk over a cube centered at the origin with sides parallel

to the axes and side lengths equal to L .

The faces of the cube are located at x = +L/2,y = £L/2 and z = +L/2, and the surface area of each
face is L2. For the face at x = L/2, say, we have r = (L/2)i +yj + zk and dS = idS. The integral over

this face is given by
L L3
r-dS:f/dS:—.
/s 2 s 2

One can see that the surface integrals over all six faces of the cube are equal, and we obtain for the

surface integral over the entire cube,
L3
ygr-dS:6><—:3L3,
S 2

equal to three times the volume of the cube. The circle notation on the integral sign signifies integration

over a closed surface.

Example: Compute the surface integral of v = xi + yj + zk over a sphere centered at the origin with radius R .

Using spherical coordinates, on the surface of a sphere of radius R centered at the origin, we have
r = R#, dS = 7dS and the surface area of the sphere is 47tR2. Therefore,

yﬁr-dS:RyﬁdszanR%
S S

equal to three times the volume of the sphere.
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118 LECTURE 41. SURFACE INTEGRAL OF A VECTOR FIELD

Problems for Lecture 41

1. Compute the surface integral of » = x¢ + yj + zk over a closed cylinder centered at the origin with

with radius a and length I.

Solutions to the Problems



Lecture 42

Flux integrals

View this lecture on YouTube

The surface integral of a vector field is often called a flux integral. If u is the fluid velocity (length
divided by time), and p is the fluid density (mass divided by volume), then the surface integral

/pu-dS
S

computes the mass flux, that is, the mass passing through the surface S per unit time. Flux integrals

for the electric and magnetic vector fields are also defined.

Example: Find the flux of the electric field through a sphere of radius R centered at the origin, where a point
charge q is located. The electric field due to the point charge is given in spherical coordinates by Coulomb’s law,

q
7.
47egr?

To compute the flux integral, we use dS = #dS, where the surface area of the sphere is given by

S = 47t1R2. We have
q
E- =1
§£ 47'ce0R2 %ds e’

which is observed to be independent of R because of the Coulomb inverse square law.
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120 LECTURE 42. FLUX INTEGRALS

Problems for Lecture 42

1. Calculate the mass flux of a laminar fluid of density p, viscosity v and constant pressure gradient
G passing through a cross section of a pipe of radius R. Choosing z as the symmetry axis for the pipe,

the velocity of the fluid is given by

A2
u(r) = Um (1 - (ﬁ) ) k,
where r is the radial coordinate in the cross section and

_ GR?
~ dup

Um

is the maximum velocity of the fluid in the center of the pipe.

Solutions to the Problems



Practice quiz: Surface integrals

1. The shape of a donut or bagel is called a torus. Let R be the radius from the center of the hole to the
center of the torus tube and r be the radius of the torus tube. Then the equation for a torus symmetric

2
(R \/x2+y2> +22 =7

about the z-axis is given by

The torus may be parameterized by
x = (R+rcosb)cos¢, y = (R+rcosf)sin¢, z =rsinb,

where 0 < 6 <27 and 0 < ¢ < 27. The infinitesimal surface element dS for the torus is given by
a) R(r+ Rcos¢)dbdp
b) r(R+rcos¢)dbde
¢) R(r+ Rcos0)dodep
d) r(R+rcosb)dbdp

2. Consider a right circular cylinder of radius R and length L centered on the z-axis. The surface
integral of w = xi 4 yj over the cylinder is given by

a) 0
b) TR2L
c) 2nR%L
d) 4mR%L
3. The flux integral of u = zk over the upper hemisphere of a sphere of radius R centered at the origin

with normal vector # is given by

27
3
47
3

¢) 2R3

a) R®

b) —R3

d) 4nR3

Solutions to the Practice quiz
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Week V

Fundamental Theorems

123






125

In this week’s lectures, we learn about the fundamental theorems of vector calculus. These include
the gradient theorem, the divergence theorem, and Stokes’” theorem. We show how these theorems are
used to derive the law of conservation of energy, continuity equations, define the divergence and curl
in coordinate-free form, and convert the integral version of Maxwell’s equations to differential form.
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Lecture 43

Gradient theorem

View this lecture on YouTube

The gradient theorem is a generalization of the fundamental theorem of calculus for line integrals.
Let V¢ be the gradient of a scalar field ¢, and let C be a directed curve that begins at the point r; and
ends at rp. Suppose we can parameterize the curve C by r» = r(t), where t; < t < t,, r(t;) = r1, and
r(t2) = 7. Then using the chain rule in the form

d dr
E‘P(T) = Ve(r)- PTL

and the standard fundamental theorem of calculus, we have

b2 dr kg
/Cng~dr— vl Gra= [ et a

= ¢(r(t2)) — ¢(r(t1)) = ¢(r2) — ¢p(r1).

ty

A more direct way to derive this result is to write the differential
dp =V¢-dr,
so that
[0-dr= [ dp=pra) =i

We have thus shown that the line integral of the gradient of a function is path independent, depending
only on the endpoints of the curve. In particular, we have the general result that

?équ-dr:O

for any closed curve C.
Example: Compute the line integral of r = xi + yj in the x-y plane from the origin to the point (1,1).
We have r = %V(x2 + y?), so that the line integral is path independent. Therefore,

(L1

/r~dr:1/V(x2+y2)-dr:1(x2+y2) =1
c 2Jc 2 00)
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128 LECTURE 43. GRADIENT THEOREM

Problems for Lecture 43
1. Let ¢(r) = X%y + xy* + z.
a) Compute V.
b) Compute [~ V¢ -dr from (0,0,0) to (1,1,1) using the gradient theorem.
¢) Compute [~ V¢ -dr along the lines segments (0,0,0) to (1,0,0) to (1,1,0) to (1,1,1).

Solutions to the Problems



Lecture 44

Conservative vector fields

View this lecture on YouTube

For a vector field u defined on R3, except perhaps at isolated singularities, the following conditions

are equivalent:
1. Vxu=0;

2. u = V¢ for some scalar field ¢;

3. / u - dr is path independent for any curve C;
C

4. §£ u - dr = 0 for any closed curve C.
C

When these conditions hold, we say that u is a conservative vector field.

Example: Let u(x,y) = x*>(1+y3)i + y*(1 + x3)j. Show that w is a conservative vector field, and determine
¢ = ¢(x,y) such that u = V.

To show that u is a conservative vector field, we can prove V x u = 0:

i j k
Vxu=| 9/ d/dy  9/9z| = (3x*y* — 3x*y*)k = 0.
21+ ya+2%) 0

To find the scalar field ¢, we solve

% =x*(1+9°), ?;5 =P (1+2).

Integrating the first equation with respect to x holding y fixed, we find

¢ = [P+ dx = 31+ + £,

where f = f(y) is a function that depends only on y. Differentiating ¢ with respect to y and using the

second equation, we obtain
PP+ fy) =y 1+x7)  or o fily) =yt
One more integration results in f(y) = y3/3 + ¢, with ¢ constant, and the scalar field is given by
L o3, .33 3
¢l y) =3 (& + 27y +y7) +e.
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Problems for Lecture 44

1. Let u = (2xy +22)i + (2yz + x2)j + (2zx + y?)k.

a) Show that u is a conservative vector field.

b) Calculate the scalar field ¢ such that u = V¢.

Solutions to the Problems

LECTURE 44. CONSERVATIVE VECTOR FIELDS



Lecture 45

Conservation of energy

View this lecture on YouTube

The work-energy theorem states that the work done on a mass by a force is equal to the change

in the kinetic energy of the mass, or

/C F-dr=T;-T,
where the kinetic energy of a mass m moving with velocity v is given by
1 2

T = §m|'v

If F is a conservative vector field, then we can write
F=-VV,
where V is called the potential energy. Using the gradient theorem, we have
Tf—Ti:—/CVV-dr:V,-—Vf,
where V; and V¢ are the initial and final potential energies of the mass. Rearranging terms, we have
Ti+Vi=Tr+ Vs

In other words, the sum of the kinetic and potential energy is conserved.
Example: Find the potential energy of a mass m in the gravitational field of a mass M.

We place the origin of our coordinate system on the mass M. The gravitational force on m at position

r is then given by the inverse square law, written as

mMr
r3

F=-G

In the problems of Lecture 17, we have shown that V(1/r) = —r/r3. Therefore, the potential energy

of m is given by
V= —Gg.
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132 LECTURE 45. CONSERVATION OF ENERGY

Problems for Lecture 45

1. The escape velocity is the smallest initial velocity for a mass on the Earth’s surface to escape from
the Earth’s gravitational field. Using the conservation of energy, determine the escape velocity of a
mass m. Define M to be the mass of the Earth, and R its radius. The gravitational constant G and the

acceleration due to gravity on the surface of the Earth g are related by

GM

R’
Write the escape velocity in terms of ¢ and R.

Solutions to the Problems



Practice quiz: Gradient theorem

1. Let ¢(r) = xyz. The value of/ V¢ -dr from (0,0,0) to (1,1,1) is equal to
C

d) 3

d) 3
3. Letu = (2x+y)i + (2y + x)j + k. If u = V¢, then ¢ can be equal to
a) (x+y)*+2
b) (x—y)*+z
Q) ¥ +xy+y*+z
dy > —xy+y*+z

Solutions to the Practice quiz
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Lecture 46

Divergence theorem

View this lecture on YouTube

Let u be a differentiable vector field defined inside and on a smooth closed surface S enclosing a
volume V. The divergence theorem states that the integral of the divergence of u over the enclosed

volume is equal to the flux of u through the bounding surface; that is,

/V(Vu) de?éuwiS.

We first prove the divergence theorem for a rectangular solid with sides parallel to the axes. Let
the rectangular solid be defined by a < x <b,c <y <d,ande <z < f. With u = uy¢ + upj + usk,

the volume integral over V becomes

/V u) dV = ///(8u1 au2+aau3) dxdydz.

The three terms in the integral can be integrated separately using the fundamental theorem of calculus.

Each term in succession is integrated as

[ (L o) e [ [ it v

/gf/ﬂb (/Cd aauyzdy> dxdz = /ef/ab (up(x,d,z) —us(x,c,z)) dxdz;
' ( [ dz) vy = [ [ sy, ) ustey,e)) vy

The integrals on the right-hand-sides correspond exactly to flux integrals over opposite sides of the
rectangular solid. For example, the side located at x = b corresponds with dS = ¢dydz and the side
located at x = a corresponds with dS = —idydz. Summing all three integrals yields the divergence
theorem for the rectangular solid.

Now, given any volume enclosed by a smooth surface, we can subdivide the volume by a very fine
three-dimensional rectangular grid and apply the above result to each rectangular solid in the grid. All
the volume integrals over the rectangular solids add. The internal rectangular solids, however, share
connecting side faces through which the flux integrals cancel, and the only flux integrals that remain
are those from the rectangular solids on the boundary of the volume with outward facing surfaces.

The result is the divergence theorem for any volume V enclosed by a smooth surface S.

135


https://youtu.be/D0CJKYJ1AAs

136 LECTURE 46. DIVERGENCE THEOREM

Problems for Lecture 46

1. Prove the divergence theorem for a sphere of radius R centered at the origin. Use spherical coordi-

nates.

Solutions to the Problems



Lecture 47

Divergence theorem: Example I

View this lecture on YouTube

The divergence theorem is given by

/V(V-u)dV:?éudS.

Test the divergence theorem using w = xy i + yz j + zx k for a cube of side L lying in the first octant with a
vertex at the origin.

Here, Cartesian coordinates are appropriate and we use V - u = y + z + x. We have for the left-hand

side of the divergence theorem,

L L L
/(V~u)dV:///(X-i-y—i—z)dxdydz
14 0 0 0
=L*/24+1%/2+1%)2

= 3L%/2.
For the right-hand side of the divergence theorem, the flux integral only has nonzero contributions

from the three sides located at x = L, y = L and z = L. The corresponding unit normal vectors are ¢,

J and k, and the corresponding integrals are

L L L L L L
%u-dS:/ / Lydydz+/ / dexdz+/ / Lxdxdy
s 0o Jo 0o Jo 0o Jo

=L*241%2+1%)2
=3L%/2.
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138 LECTURE 47. DIVERGENCE THEOREM: EXAMPLE I

Problems for Lecture 47

1. Test the divergence theorem using u = x?yi + y?z j + z?x k for a cube of side L lying in the first

octant with a vertex at the origin.

2. Compute the flux integral of » = x% + yj + zk over a square box with side lengths equal to L by

applying the divergence theorem to convert the flux integral into a volume integral.

Solutions to the Problems



Lecture 48

Divergence theorem: Example 11

View this lecture on YouTube

The divergence theorem is given by

/V(V-u)dV:?éudS.

Test the divergence theorem using u = r># for a sphere of radius R centered at the origin.
To compute the left-hand-side of the divergence theorem, we recall the formula for the divergence of
a vector field u in spherical coordinates:

1 au¢
rsinf ¢

J sinfug) +

19,, 1
V'U—f*(?’ Mr)‘i‘m@(

r2 or
Here, u, = 2 is the only nonzero component of u, and we have

V'u:%% (r4) =4r.

Therefore, using dV = r?sin 6 dr d0 d¢, we have

27 m R
/(V-u)dV:/ / / 473 sin 0 dr do d¢
%4 0 0 0

27 T R
:/ dcp/ sinGdB/ 4r3 dr = 4nR*.
0 0 0

For the right-hand-side of the divergence theorem, we have u = R*# and dS = #R?sin 0 d6 d¢, so that

27T 7T
yﬁu-dsz/ / R*sinfdfdp = 4mR*.
S 0 0
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140 LECTURE 48. DIVERGENCE THEOREM: EXAMPLE II

Problems for Lecture 48

1. Test the divergence theorem using u = 7/ for a sphere of radius R centered at the origin.

2. Compute the flux integral of » = x¢ + yj 4 zk over a sphere of radius R by applying the divergence

theorem to convert the flux integral into a volume integral.

/sz C) dav.

By computing V?(1/r) when r # 0, show that the volume integral equals zero when the volume V

3. Consider the volume integral

does not include the origin. When V includes the orgin, compute the integral by using the divergence

theorem to convert the volume integral into a flux integral.

Solutions to the Problems



Lecture 49

Continuity equation

View this lecture on YouTube

The divergence theorem is often used to derive a continuity equation, which expresses the local con-
servation of some physical quantity such as mass or electric charge. Here, we derive the continuity
equation for a compressible fluid such as a gas. Let p(r,t) be the fluid density at position r and time
t, and u(r, t) be the fluid velocity. We will assume no sources or sinks of fluid. We place a small test
volume V in the fluid flow and consider the change in the fluid mass M inside V.

The fluid mass M in V varys because of the mass flux through the surface S surrounding V, and

M

Now the fluid mass is given in terms of the fluid density by

M:/pdV,
1%

and application of the divergence theorem to the surface integral results in

one has

i/pdV:—/V-(pu)dV.

Taking the time derivative inside the integral on the left-hand side, and combining the two integrals

/V(aa’;JrV-(pu)) AV = 0.

Since this integral vanishes for any test volume placed in the fluid, the integrand itself must be zero,

yields

and we have derived the continuity equation

9 _
§+V-(pu)—0.

For an incompressible fluid for which the density p is uniform and constant, the continuity equation

reduces to
V-u=0.

A vector field with zero divergence is called incompressible or solenoidal.
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142 LECTURE 49. CONTINUITY EQUATION

Problems for Lecture 49
1. Show that the continuity equation can be written as

g—i—i—u-Vp%—pV-u:O.

2. The electric charge density (charge per unit volume) is give by p(r,t) and the volume current
density (current per unit area) is given by J(r,t). Local conservation of charge states that the time
rate of change of the total charge within a volume is equal to the negative of the charge flowing out of

that volume, resulting in the equation

i/p(r,t)dvz—¢J.ds.

From this law of charge conservation, derive the electrodynamics continuity equation.

Solutions to the Problems



Practice quiz: Divergence theorem

1. The integral of w = yzi + xzj + xyk over the closed surface of a right circular cone with radius R

and length L and base in the x-y plane is given by
a) 0
b) mTRLV/R2 4 L2
¢) 2nRLV/R2 + 12
d) 3mRLV/R2+ L2

2. The surface integral fé r - dS over a right circular cylinder of radius R and length L is equal to
a) 0
b) mR?L
c) 2mR?L
d) 37wR2L
3. Which velocity field is not incompressible (V - u # 0)?
a) u = xyi— %ij
by u=1+x)i+(1-y)j
) u=(x*—xy)i+ (;yz - ny) J
d) u=(x+y)%i+(x -y

Solutions to the Practice quiz
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Lecture 50

Green’s theorem

View this lecture on YouTube
Green'’s theorem is a two-dimensional version of Stokes’ theorem, and serves as a simpler introduction.

Let u = uq(x,y)% + ua(x,y)j be a differentiable two-dimensional vector field defined on the x-y plane.
Green’s theorem relates an area integral over S in the plane to a line integral around C surrounding

dup,  Jduy B

We will first prove Green’s theorem for a rectangle with sides

this area, and is given by

parallel to the axes. Let the rectangle be defined by a <=
x <=band ¢ <=y <=d, as pictured here. The area integral
is given by

b d
/<a”2_a”1> 5_/ / auzdxdy //a Ly dx. T
S ax

The inner integrals can be done using the fundamental theorem of calculus, and we obtain

d b
/5 <a;;2 — a;;) as = /C [u2(b,y) —uz(a,y)] dy—i—/a [u1(x,c) —ui(x,d)] dx = 51%(141 dx + up dy).
Note that the line integral is done so that the bounded area is always to the left, which means coun-
terclockwise.

Now, given any closed smooth curve in the x-y plane enclosing an area, we can subdivide the
area by a very fine two-dimensional rectangular grid and apply the above result to each rectangle
in the grid. All the area integrals over the internal rectangles add. The internal rectangles share
connecting sides over which the line integrals cancel, and the only line integrals that remain are those
that approximate the given bounding curve. The result is Green’s theorem for any area S in the plane
bounded by a curve C.
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146 LECTURE 50. GREEN’S THEOREM

Problems for Lecture 50

1. Test Green's theorem using u = —yi + xj for a square of side L lying in the first quadrant with

vertex at the origin.
2. Test Green’s theorem using u = —y2 + xj for a circle of radius R centered at the origin.

Solutions to the Problems



Lecture 51

Stokes’ theorem

View this lecture on YouTube

Green’s theorem for a differentiable two-dimensional vector field v = uq(x,y)4 + up(x,y)j and a

smooth curve C in the x-y plane surrounding an area S is given by

du,  duy B
/S <ax — ay) dS = %:(ul dx+u2dy).

Green’s theorem can be extended to three dimensions. With u = u1(x,y,z) ¢ + up(x,y,z) j, we see that

au2 aul_ .
W*@—(VXU) k,

and with dS = kdS and w1 dx + up dy = u - dr, Green’s theorem can be rewritten in the form

/S(qu)-dS:ygcu-dr.

This three-dimensional extension of Green’s theorem is called Stokes’ theorem. Here, S is a general
three-dimensional surface bounded by a closed spatial curve C. A simple example would be a hemi-
sphere located anywhere in space bounded by a circle. The orientation of the closed curve and the
normal vector to the surface should follow the right-hand rule. If your fingers of your right hand point
in the direction of the line integral, your thumb should point in the direction of the normal vector to

the surface.
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148 LECTURE 51. STOKES’ THEOREM

Problems for Lecture 51

1. From Stokes’ theorem, determine the form of Green’s theorem for a curve lying in the
a) y-z plane;
b) z-x plane.

2. Test Stokes’ theorem using v = —yi + xj for a hemisphere of radius R with z > 0 bounded by a

circle of radius R lying in the x-y plane with center at the origin.

Solutions to the Problems



Practice quiz: Stokes” Theorem

R

1. Let u = —yi + xj. Compute 515 u - dr for the quarter circle >

C
of radius R as illustrated. Here, it is simpler to apply Stokes’
theorem to compute an area integral. The answer is

a) 0 0 ) R
b) J7mR?
c) mR?
d) 2R?
-y . x o . .
2. Letu = + . Compute the value of / V x u)-dS over a circle of radius R centered
u x2+yzz x2+y2'7 P \¢ ( u) Vi

at the origin in the x-y plane with normal vector k. Here, because u is singular at r = 0, it is necessary
to apply Stokes’ theorem and compute a line integral. The answer is

a) 0
b)
c) 2r

d) 4m

3. Let u = —x?yi + xy?j. Compute 95 u - dr for a unit square in the first quadrant with vertex at the
C
origin. Here, it is simpler to compute an area integral. The answer is

S b
N N
R WIN W= O

[ o)
~ ~

Solutions to the Practice quiz
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Lecture 52

Meaning of the divergence and the curl

View this lecture on YouTube

With v a differentiable vector field defined inside and on a smooth closed surface S enclosing a
volume V, the divergence theorem states

/V-udV:ygu'dS.
1% S

We can limit this expression by shrinking the integration volume down to a point to obtain a coordinate-
free representation of the divergence as

V-u= liml u-dS.
v=oV Js
Picture V as the volume of a small sphere with surface S and u as the velocity field of some fluid of
constant density. Then if the flow of fluid into the sphere is equal to the flow of fluid out of the sphere,
the surface integral will be zero and V - u = 0. However, if more fluid flows out of the sphere than in,
then V - u > 0 and if more fluid flows in than out, V - u < 0. Positive divergence indicates a source
of fluid and negative divergence indicates a sink of fluid.
Now consider a surface S bounded by a curve C. Stokes’ theorem states that

/S(qu)-dS:yéu-dr.

We can limit this expression by shrinking the integration surface down to a point. With n a unit

normal vector to the surface, with direction given by the right-hand rule, we obtain

1
. = lim = - dr.
(Vxu)n Slg(l)sygu dr

Picture S as the area of a small disk bounded by a circle C and again picture u as the velocity field
of a fluid. The line integral of u - dr around the circle C is called the flow’s circulation and measures
the swirl of the fluid around the center of the circle. The vector field w = V X w is called the vorticity
of the fluid. The vorticity is most decidedly nonzero in a wirling (say, turbulent) fluid, composed of
eddies of all different sizes.
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152 LECTURE 52. MEANING OF THE DIVERGENCE AND THE CURL

Problems for Lecture 52
1. The incompressible Navier-Stokes equation governing fluid flow is given by

ou - 1 2
§+(U~V)u— _EVP—H/V u,

with V - u = 0. Here, p and v are fluid density and viscosity.

a) By taking the divergence of the Navier-Stokes equation, derive the following equation for the
pressure in terms of the velocity field:
du; O
25— g2t
v P= ‘Uax] E)xi '
b) By taking the curl of the Navier-Stokes equation, and defining the vorticity as w = V X u, derive

the vorticity equation

aa—(': +(u-Vw = (w-V)u +1rViw.

You can use all the vector identities presented in these lecture notes, but you will need to prove
that ,
ux(Vxu)= EV(uu)—(uV)u

Solutions to the Problems



Lecture 53

Maxwell’s equations

View this lecture on YouTube

Maxwell’s equations in SI units and in integral form are given by

yﬁ E-dSs = %, (Gauss's law for electric fields)

S 0

§£ B-dS =0, (Gauss’s law for magnetic fields)
S

515 E-dr = _4 / B-ds, (Faraday’s law)
C dt Js

}15 B -dr =g (Ienc + 80% / E- dS> , (Ampere-Maxwell law)
C S

where E and B are the electric and magnetic fields, genc and Ienc are the charge or current enclosed
by the bounding surface or curve, and ¢y and pg are dimensional constants called the permittivity and
permeability of free space.

The transformation from integral to differential form is a straightforward application of both the
divergence and Stokes’ theorem. The charge g and the current I are related to the charge density p

q:/pdV, I:/J-dS.
14 S

We apply the divergence theorem to the surface integrals and Stokes’ theorem to the line integrals,

and the current density J by

replace genc and Ienc by integrals, and combine results into single integrals to obtain

/(V~E—p> AV =0, /(VxE+aB>«dS:O,
v €0 3 ot

OF
/(V-B)dV:O, /(VxB—yo(J—{—eo))-dS—O.

Since the integration volumes and surfaces are of arbitrary size and shape, the integrands must vanish
and we obtain the aesthetically appealing differential forms for Maxwell’s equations given by

v.E=L, vxE~-_2B
€0 ot
FE
V.-B=0, VXB—;LI()(J—FEOaat).
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154 LECTURE 53. MAXWELL'S EQUATIONS

Problems for Lecture 53

1. Using Gauss’s law for the electric field given by

%E-dS:@,
S €0

determine the electric field of a point charge g at the origin. Assume the electric field is spherically

symmetric.
2. Using Ampere’s law given by
% B.dr = ,uOIenc;
C

determine the magnetic field of a current carrying infinite wire placed on the z-axis. Assume the

magnetic field has cylindrical symmetry.

Solutions to the Problems



Appendix
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Appendix A

Matrix addition and multiplication

View this lecture on YouTube

Two-by-two matrices A and B, with two rows and two columns, can be written as

Ao (M1 a2 ’ B— bi1 b2 _
ar 4 bo1 by

The first row of matrix A has elements a7 and apy; the second row has elements ay; and a;. The
first column has elements a1; and a,7; the second column has elements a1, and a,,. Matrices can be

multiplied by scalars and added. This is done element-by-element as follows:

k k b b
KA — a1 Kaip , AL4B— a;1 +o11 a4 +012 '
ka1  kax ax1 +bor ax + by

Matrices can also be multiplied. Matrix multiplication does not commute, and two matrices can be
multiplied only if the number of columns of the matrix on the left equals the number of rows of the
matrix on the right. One multiplies matrices by going across the rows of the first matrix and down the
columns of the second matrix. The two-by-two example is given by

an a2\ (b bz _ (anbi +apby anbip +abx
ay axp ) \bxn by b1+ anby  anbiz +axnbyn
Making use of the definition of matrix multiplication, a system of linear equations can be written
in matrix form. For instance, a general system with two equations and two unknowns is given by

anxy +apxs =by,  axnxy +anxs =by;
and the matrix form of this equation is given by
(ﬂn au) <x1> _ <b1>
Ay axp) \x2 by)
In short, this matrix equation is commonly written as

Ax =b.
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Appendix B

Matrix determinants and inverses

View this lecture on YouTube

We denote the inverse of an n-by-n matrix A as A~!, where
AATT=ATlA =],

and where [ is the n-by-n identity matrix satisfying IA = Al = A. In particular, if A is an invertible
matrix, then the unique solution to the matrix equation Ax = b is given by x = A~ 'b.

It can be shown that a matrix A is invertible if and only if its determinant is not zero. Here, we only
need two-by-two and three-by-three determinants. The two-by-two determinant, using the vertical bar
notation, is given by

= a11422 — a12421;

a1 a2
that is, multiply the diagonal elements and subtract the product of the off-diagonal elements.

The three-by-three determinant is given in terms of two-by-two determinants as

a1 412 413 a 4
21 23

az1  4as3

ayy a3
asy 4ass

a1 ax
a1 as2

a1 az 43| = a1 —ag + a3

az1 4a32 4as3

The rule here is to go across the first row of the matrix, multiplying each element in the row by the
determinant of the matrix obtained by crossing out that element’s row and column, and adding the
results with alternating signs.

We will need to invert two-by-two and three-by-three matrices, but this will mainly be simple
because our matrices will be orthogonal. The rows (or columns) of an orthogonal matrix, considered

as components of a vector, are orthonormal. For example, the following two matrices are orthogonal

matrices:
. sinfcos¢ sinfsin¢ cos @
cosf sinf 0 0si 10
, cosfcos¢d cosbsin —sin
—sinf cosf . ¢ ¢
—sing¢ cos ¢ 0
For the first matrix, the row vectors # = cos 6¢ + sin 05 and @ = — sin 6¢ + cos #5 have unit length and

are orthogonal, and the same can be said for the rows of the second matrix.
The inverse of an orthogonal matrix is simply given by its transpose, obtained by interchanging

the matrices rows and columns. For example,

cosf sin@ _1_ cosf —sinf
—sinf cosf ~ \sing cosb /]’
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160 APPENDIX B. MATRIX DETERMINANTS AND INVERSES
For more general two-by-two matrices, the inverse can be found from

o b\ 1 d —b
c d ad—bc\ —c a)’

In words, switch the diagonal elements, negate the off-diagonal elements, and divide by the determi-

nant.
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Problem solutions
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162 APPENDIX C. PROBLEM SOLUTIONS

Solutions to the Problems for Lecture 1

1. We show the associative law graphically:

(A+B)+C=A+(B+C)

2. Draw a triangle with sides composed of the vectors A, B, and C, with C = A 4 B. Then draw the
vector X pointing from the midpoint of C to the midpoint of B.

From the figure, we see that

1 1
EC—FX-A—I-EB.

Using C = A + B, this equation becomes

1(A+B)+X:A+%B,

N

and solving for X yields X = 1 A. Therefore X is parallel to A and one-half its length.
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Solutions to the Problems for Lecture 2

a) The unit vector that points from m; to mj is given by

ra—r _ (o-x)it@-y)it(-—a)k
ra=ml V(=) + 2 —y1)?+ (22— 21)?

b) The force acting on mj; with position vector r; due to the mass m, with position vector r; is

written as

(2 —x1)i+ (Y2 —y1)j + (22 —z1)k
[(x2 = x1)% + (y2 — y1)? + (22 — 21)?]3/%

T — 711

F = GmlT}’lz "I“z — r1|3

= Gml my




164 APPENDIX C. PROBLEM SOLUTIONS

Solutions to the Problems for Lecture 3

a) A-B = A{B; + AyBy + A3B3; = BiA1 + BoAy + B3A3s = B - A;

b) A-(B+C) = A1(B1 + C1) + A2(By + Co) + A3(Bs + C3) = A1B1 + A1Cy + ABy + A2Co +
A3B3 + A3C3 = (AlBl + AxBy + A3B3) + (A1C1 + ArCr + A3C3) =A-B+A-C;

) A-(kB) = Ay (kB1)+ Az(kBz) + A3(kBs) = (kA1)B1 + (kA2)Ba + (kA3)Bs = k(A1B1) +k(A2B2) +
K(A3Bs) = (kA)- B = k(A - B)

2. The dot product of a unit vector with itself is one, and the dot product of a unit vector with one
perpendicular to itself is zero. That is,

3. Consider the triangle composed of three vectors pictured below.

With C = A — B, we have
ICP=C-C=(A-B)-(A—-B)=A-A+B-B—-2A-B=|A]>+ |BJ> - 2|A||B| cos¥,

where 6 is the angle between vectors A and B. In the usual notation, if A, B and C are the lengths of
the sides of a triangle, and 0 is the angle opposite side C, then

C2 = A2 + B2 —2ABcosH.
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Solutions to the Problems for Lecture 4

1.
a)
T 3 k t 3 k
AXxXB= Al A2 A?,:*Bl B2 B3 = —-B x A.
By B, Bs A1 Ay Az
b)
i j k
Ax(B+C)=| A Ay As
Bi+Cy By+Cy B3+GCs
i ik i j k
—[A; Ay As|+|Ay Ay A3l=AxB+AXC.
Bl B2 Ba Cl CZ C3
c)
) J k i 3 k ) J k
A X (kB) = Al Az A3 =k A1 Az A3 = kA1 kAz kA3
kB; kB, kBs B, B, Bs B, B, B

— k(A x B) = (kA) x B.

2. The cross product of a unit vector with itself is equal to the zero vector, the cross product of a unit
vector with another (keeping the order cyclical in 3, j, k) is equal to the third unit vector, and reversing
the order of multiplication changes the sign. That is,

i x1=0, Ix3=0, kxk=0;

1Xj=k, IxX k=1, kxi=y;

kxj=—1, jxXt=—k, it xXk=—j3.

3. One such example is

ix (ixk)=—-ixj=—k,
(ixi)xk=0xk=0.



166 APPENDIX C. PROBLEM SOLUTIONS

Solutions to the Practice quiz: Vectors

1. c. As an example, ¢ X (¢ X j) # (4 X ¢) X j.

2. b.
i j k
(AXB)'j: ap dapy 4as -j=[13b1—111b3.
by by b3
3. d.

ix(fxk)=ix1=0, (ixjg)xk=kxk=0, (ixi)xj=0x7=0, ix(ixj)=ixk=—j.
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Solutions to the Problems for Lecture 5
1. We first compute the displacement vector between (1,1,1) and (2, 3,2):
u=02-1)3i+B-1)j+2-1k=1i+2j5+k.
Choosing a point on the line to be (1,1, 1), the parametric equation for the line is given by
r=rotut=(i+j+k)+(1+2j+k)t=(1+t)i+ (1+2)5+ (1+1)k.

The line crosses the x = 0 and z = 0 planes when t = —1 at the intersection point (0, —1,0), and

crosses the y = 0 plane when t = —1/2 at the intersection point (1/2,0,1/2).
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Solutions to the Problems for Lecture 6

1. We find two vectors parallel to the plane defined by the three points, (—1,—1,—1), (1,1,1), and
(1,-1,0):

s1=(14+1)i+(1+1)j+(1+Dk=2i+2j+2k,  sy=(1-1)i+(—1—-1)j+(0—1)k = —2j — k.

We can divide s by 2 to construct a normal vector from

. i § ok
N= sixs=[1 1 1/=i+j-2k
0 -2 -1

The equation for the plane can be found from N - (r —r;) =0,0or N -7 = N -1y, or
(i+7—2k) - (xi+yj+zk)=(i+j—2k)-(i+j+k), or x+y—2z=0.

The intersection of this plane with the z = 0 plane forms the line given by y = —x.
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Solutions to the Practice quiz: Analytic geometry

1. d. Write the parametric equation as r = rg + ut. Using the point (0,1,1), we take rop = j + k and
from both points (0,1,1) and (1,0,—1), we have u = (1—-0)i + (0—1)j + (-1 —-1)k = i — 5 — 2k.
Thereforer = j+k+ (i — 7 —2k)t =ti+ (1 —t)j + (1 —2t)k.

2. a. The line is parameterized as r = ti + (1 — t)j + (1 — 2f)k. The intersection with the z = 0 plane
11
occurs when t = 1/2 so that r = Ei + 2 J- The intersection point is therefore <§' X 0).

3. d. We first find the parametric equation for the plane. From the points (1,1,1), (1,1,2) and (2,1,1),
we construct the two displacement vectors

s1=(1-1)i+(1-1)j+@2-Dk=k
s5=(2-1)i+(1-1)j+(1-2k=1i—k.

The normal vector to the plane can be found from
N=si;xsy=kx(i—-k)=kxi—kxk=j.
Therefore, the parametric equation for the plane, given by N - (r — r1) = 0, is determined to be
j-((x=1i+(y—1)i+(z-1k)=0,

or y = 1. This plane is parallel to the x-z plane and when z = 0 is simply the line y = 1 for all values
of x. Note now that we could have guessed this result because all three points defining the plane are
located at y = 1.
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Solutions to the Problems for Lecture 7

a) If ijk is a cyclic permutation of (1,2,3), then €ijk = €jki = €x;j = 1. If ijk is an anticyclic per-
mutation of (1,2,3), then €ijk = €jki = €xj = —1. And if any two indices are equal, then
€ijk = €jxi = €xjj = 0. The use is that we can cyclically permute the indices of the Levi-Civita
tensor without changing its value.

b) If ijk is a cyclic permutation of (1,2,3), then €; = 1 and €j; = €;; = €j; = —1. If ijk is an
anticyclic permutation of (1,2,3), then €ijk = —1 and € = €ji = € = 1. And if any two
indices are equal, then €, = €jix = €j; = 0. The use is that we can swap any two indices of the
Levi-Civita symbol if we change its sign.

2. We have
€1jkAjBx = €123A2B3 + €13243B = AxB3 — A3By = [A x By,
€2jkAjBr = €231A3B1 + €213A1B3 = A3By — A1B3 = [A X Bl,
€3k AjBr = €312A1B2 + €321A2B1 = A1By — A3By = [A X Bl;.
3.

a) Now, 6;;A; = 6;1A1 + Az + d;3A3. The only nonzero term has the index of A equal to i,
therefore 51]A] = Ai'

b) Now, 6x0kj = 61101 + 6ind2j + 0303 If i # j, then every term in the sum is zero. If i = j, then only
one term is nonzero and equal to one. Therefore, 6;Jy; = J;;. This result could also be viewed as
an application of Part (a).

4. We make use of the identities J;; = 3 and Jydjx = J;;. For the Kronecker delta, the order of the
indices doesn’t matter. We also use

€ijk€tmn = Oi1 (OjmOkn — jnOkm) — Oim (0j10kn — Ojndk1) + Gin (810km — Sjmdi)-

€ijk€imn = 0ii (OjmOkn — OjnSkm) — Oim (8ji0kn — Ojndki) + 6in(6ji0km — OjmOki)
= 3(5jm5kn - ‘Sjnékm) - (5]‘m5kn - 5jn5km) + (5jn‘5km - 5jm5kn)
= jmOkn — OjnOkm-

b) We use the result of a) and find

€ijk€ijn = 0jjOkn — Ojndkj = 30kn — Okn = 20kn-
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Solutions to the Problems for Lecture 8

1. We need take care only that the vector product is not associative. We can write without any
ambiguity,

(scalar triple product) A-BxC=B-CxA=C-AXxB,

(vector triple product) Ax(BxC)=A-CB-A-BC

(scalar quadruple product) AxB-CxD=A-CB-D—-A-DB-C
(vector quadruple product) (A X B)x (CxD)=AxB-DC—-AxB-CD
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Solutions to the Problems for Lecture 9

1. Consider A- (BxC). If A= B,then A- (BxC) =A-(A xC) = 0since A x C is orthogonal
to A. A similar results holds for A = C. If B = C, then A- (BxC) = A- (B x B) = 0 since
Bx B =0.

2. We use the fact that the value of the scalar triple product is unchanged under a cyclic permutation

of the three vectors, and that the dot product is commutative. We have

A-BxC=C-AxB=AxB-C.
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Solutions to the Problems for Lecture 10

1. We prove the Jacobi identity:

AX(BxC)+Bx(CxA)+C x(AxB)
[(A-C)B—-(A-B)C|+[(B-A)C—-(B-C)A]+[(C-B)A—(C-A)B]
[(A-C)B—(C-A)B]+[(B-A)C —(A-B)C]+[(C-B)A— (B-C)A]
0.

2. We want to prove that the scalar quadruple product satisfies

(AxB)-(CxD)=(A-C)(B-D)—(A-D)(B-C).

We have
(Ax B)-(C x D) =[Ax BJ;[C x DJ; using X - Y = X;Y;
= €;jx AjBk€itmC1Dm using [X x Y; = € XYk
= €;jk€ilm AjBkCiDim
= (8j1km — 0jm0x1) AjBrCiDm using €;jx€im = 6j16km — SjmOkl
= A;C;BxDy — A;jD;BiCy using 4;;C; = Cj, etc.
=(A-C)(B-D)—(A-D)(B-C). using A;C; = A - C, etc.

3. We can prove Lagrange’s identity using the scalar quadruple product identity (A x B) - (C x D) =
(A-C)(B-D)—(A-D)(B-C). We have

|JAxB?=(AxB) (AxB)=(A-A)(B-B)—(A-B)(B-A)=|A]?)|B|*>- (A-B)2
An alternative proof uses

|Ax B2 = |A]2|BPsin?6 = |A]2| B]2(1 — cos?8) = |A]2| B|> — |A]2|B|? cos? 0 = |A2| B]2 — (A- B)%.

4. We want to prove that the vector quadruple product satisfies
(AxB)x (CxD)=((AxB)-D)C—-((AxB)-C)D.
We will make use of the vector triple product identity given by
Ax(BxC)=(A-C)B-(A-B)C.
Let X = A x B. Then using the vector triple product identity, we have

(AxB)x (CxD)=X x(Cx D)
=(X-D)C—-(X-C)D
=((AxB)-D)C—-((AxB)-C)D.
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Solutions to the Practice quiz: Vector algebra

1. c. The relevant formula from the lecture is €;x€;1; = 616k — 6jmdy1- To directly apply this formula,
we permute the indices of the Levi-Civita symbols without changing their cyclic order:

€iik€ljm = €jki€jml = Okmbil — Ok1im-

2. d. The other expressions can be shown to be false using A x B = —B x A and, in general,
Ax (BxC)#(AxB)xC.

3. c. Use the facts that A x B is orthogonal to both A and B, A - B is zero if A and B are orthogonal,
and A X B is zero if A and B are parallel.
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Solutions to the Problems for Lecture 11

1. Scalar fields: electrostatic potential, gravitational potential, temperature, humidity, concentration,

density, pressure, wavefunction of quantum mechanics.
Vector fields: electric and magnetic fields, magnetic vector potential, velocity, force fields such as gravity.
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Solutions to the Problems for Lecture 12

1. Using the chain rule,

of —2nx of —2ny of —2nz

ox  (R2Hy2 42 9y (2242 9z (a2 42 4 22l

2. Define
flt+e,x+0) = g(e,9).

Then the first-order Taylor series expansion of g is given by
8(e,0) = g(0,0) +€g:(0,0) +gx(0,0),
which in terms of f becomes
flt+e,x+9) = f(t,x) +efe(t,x) + dfx(t, x).
Applying this expansion to f(t + aAt, x + BAtf(t,x)), we have to first-order in At,

f(t+alt,x + BAtf(t,x)) = f(t,x) + aAtfi(t, x) + BALf(t, x) fr (£, x).
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Solutions to the Problems for Lecture 13

1. The formulas derived in the text are

LYy — Ly DX
oL (Tx)?

nyxy — (LX) (Zyi)
nyx? — (L x;)?

; Pr1=

Bo

7

where the sum is fromi =1to 3. Here, x; =1, xp =2, x3 =3, andy; =1, yp =3 and y3 = 2. We

(14)(6) — (13)(6) _ (3)(13)— (6)(6) _
P="Gan-ez " P Eag-ez ~V*

The best fit line is therefore y = 1+ x/2. The graph of the data and the line are shown below.

have
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Solutions to the Problems for Lecture 14

a) With f(x,y) = e, x = rcosf, and y = rsin 6, application of the chain rule results in

o _opox ofay
or  9xodr dyor

= ye'¥ cos 0 + xe*¥ sin 6

2 cos Osin 6 2 cos 0 sin 0

= rsin @ cos fe + rsin 6 cos fe

. 2 ;
= 2rsin 6 cos B’ cosfsin®

and
of _afax  ofdy
00  dxd0  Jydb
= ye*Y(—rsinf) + xe™¥(r cos 6)
— _2gin2 g’ cosfsing + 72 cos? ge!” cosOsin®

. 2 i
— TZ(COSZ 0 — San 9)67 cos(—)smG_

b) Substituting for x and y, we have f = er?cosOsing Then

i = 2rcos 6 sin fe
oar

of
29

2 cos Osin 0
7

. 2 i
— FZ(COSZ 0 — smz H)Er cosGsme.
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Solutions to the Problems for Lecture 16

1. Suppose ax + by + cz = 0. We have the relations

_ —by—cz _ —ax—cz , —ax — by

X

a b c
The partial derivatives are
ox b ady ¢ 0z a

ay  a oz b ox ¢’
and the triple product is

e (D))

2. Suppose ax + by + cz +dt = 0. We have the relations

_ —by—cz—dt _ —ax—cz—dt —ax — by —dt t_—ax—by—cz

X

a ! y= b ’ z c ! - d

The partial derivatives are

ox b dy ¢ dz _ d ot a
dy  a’ oz b ot ¢’ ox d

and the quadruple product is

dx dy dz d b d
ﬁa%a%i = (a) (-3) (c> (-3)=1

Apparently an odd number of products yields —1 and an even number of products yields +1.
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Solutions to the Practice quiz: Partial derivatives

1. d. The partial derivative with respect to x is given by

of _ X .
ox  (x2+y2 +22)3¥/2

and the mixed second partial derivative is then given by

%f 3xy
oxdy  (x2 +y2 +22)5/2

2. a. From the data points (0,1), (1,3), (2,3) and (3,4), we compute

Yxi=6 Y xr=14 Yy=11, Y xy =2L

Then using
_ Y2y — DXy DX
nyx? — (L x;)?

nyxy — (LX) (Zyi)
nyx? — (L x;)?

ﬁO ’ ,61 =

7

we have

_ (14)(11) — (21)(6) _ 154—126 28 7
Po= (4)(14) — (6)2 ~ 56—-36 20 5
_ (4)(21)—(6)(11) _84—66 18 9

pr= (4)(14)—(6)2 ~56-36 20 10

The least-squares line is therefore given by y = 7/5 + 9x/10.

3.d. Let f = f(x,y) with x = rcos6 and y = rsin6. Then application of the chain rule results in

of _9fdx  df oy

20  0x 00 Oy a0

= —rsineg —l—rcos@g
ox ay

_ . of  9df

= Vet



Solutions to the Problems for Lecture 17

a) Let ¢(x,y,z) = x*> + y* + z2. The gradient is given by

Vo =V (x* +y? +22) = 2xi + 2yj + 2zk.

In terms of the position vector, we have

V(1) = 2r.

b) Let ¢(x,y,z) = . The gradient is given by

1
VX2 +y? + 22

1
V"’”(m)

X Y

Z

In terms of the position vector, we have

1 r
v <r> = a

T2 (22 2y

k.
(xz 4 ]/2 4 22)3/2

181
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Solutions to the Problems for Lecture 18

a) With F' = xyi + yzj + zxk, we have

) ) )
V- -F = a(xy) +@(yz) + E(zx)

=yt+z+x=x+y+z

b) With F' = yzi + xzj + xyk, we have



Solutions to the Problems for Lecture 19

a) With F' = xyi + yzj + zxk, we have

i J k
VXF=|d/ox 9d/dy 9/dz| = —yi—zj — xk.
xy yz zX

b) With F' = yzi + xzj + xyk, we have

i ik
VxF=19/dx 9/dy 9/dz|=(x—x)i+(y—y)j+(z—2)k=0.
yz xz Xy

2. With u = uq(x,y)¢ + ua(x,y)j, we have

. . k
‘ J au2 _ 8u1

w=VXxu=| d/dx d/dy 8/8220i+0j—|—< )kzcugkz.

ox oy
m(xy) uaxy) 0

Therefore, ws = dup/dx — duy/dy.
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Solutions to the Problems for Lecture 20

1. We have

(1) 1 0? 1 0? 1
Vild ) Toe\ sz ) T\ ez ) T2\ e )
r X x>ty +z Y x*+y-+z z X 4+y*+z

We can compute the derivatives with respect to x and use symmetry to find the other two terms. We

have
o N s
ox \ /a2t y2+22) (P Hyr+22)%Y
and
9 —x (P P+ 2232 43 (P + 2212
ox \ (x2 +y2 +22)3/2 o (242 4 22)3

1 N 3x?
(x2+y2+22)3/2 (x2+y2+z2)5/2'

It is easy to guess the derivative with respect to y and z, and we have

(1) 3 3(x* +y* +2°)
P (2412 422)3/2 " (2242 +22)5/2
3 3

7

121 2P (R 2P

a result only valid for r # 0.
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Solutions to the Practice quiz: The del operator

1. d. We have
1 1
v (rz> -V <x2+y2+zz>

. —2x it -2y L —2z

T2+ T R+ 2 T it 22

_2r

-7
2. b. We use
V.F_V. xi+yj+zk
Vaa+yri+22 )

Now,

El N TR 2R+ 22) 12
ox \ /X tyr+z2) x2+y? 422
22

r3’

N | =

and similarly for the partial derivatives with respect to y and z. Adding all three partial derivatives

results in ) 5 )
V_Fzé_%:il:%,
r r roor
3.
b. We have
7 7 k

V xr=|a/ox 9/dy 09/dz|=0.
x Y z
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Solutions to the Problems for Lecture 22

a) To prove V- (fu) =u-Vf+ fV - u, we compute

8
V- (fu) = —(fu;) (divergence in component notation)
l
aa)]; uj+ f gzz (product rule for the derivative)
=u-Vf+fV-u. (back to vector notation)

b) To prove V x (V x u) = V(V - u) — V?u, we compute for the ith component:

[V X (V xu)]; = eijki (eklmaum) (curl in component notation)
ax]- axl
%y, ,
= €ijk€klmm (€xim doesn’t depend on x;)
%,
= €kij€klmm (€ijk = €kif)
%u,,
= (6i10jm — 5im5jl)m (€xij€xim = 0itOm — 6j10im)
— ﬂ _ P (6; Puuw P etc.)
©0xj0x; 00X, i oxjox;  0xjox;’
= [V(V -w)]; — [V?u);. (back to vector notation)
Therefore, V x (V x u) = V(V - u) — V?u.
2.
a) With dr/dt = u(t,r(t)), the component equations are given by
dx dx dx
71:1 = u1<t;X1,xz,X3), 7: = uZ(t;x1/x2/x3>/ 7: = u3(t;x1,x2,X3).
b) Using the chain rule, we can compute the second derivative of x; as
d%x; _ Bﬂ 49 Juq dxq 49 duq dxy L9 duq dxs
dr? ot | Oxy dt | Oxp dt | Ox3 dt
B L L L |
TR T PR T
Similarly for x, and x3, we have
dZXZ auz auz auz au2 d2X3 8u3 aug aug au3
T o Moy Ty, TRek aR T o T Man "k T

c) Using the operator

u-V=u i—i—u i+u 2
T T ok, T P oxg”
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the three components can be combined into the vector expression

d2r  du

—_— = -Vu.

iz oo WV
This expression is called the material acceleration, and is found in the Navier-Stokes equation of
fluid mechanics.
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Solutions to the Problems for Lecture 23

1. Start with Maxwell’s equations:

V-E=0, V-B=0, Vsz—aa—?, VXB:yoeo%?

Take the curl of the fourth Maxwell’s equation, and commute the time and space derivatives to obtain
]
V x(VxB)= yoeog(v x E).
Apply the curl of the curl identity to obtain
2 d
V(V-B)—-V°B = yoeog(v x E).

Apply the second Maxwell’s equation to the left-hand-side, and the third Maxwell’s equation to the

right-hand-side. Rearranging terms, we obtain the three-dimensional wave equation given by

9°B

_ 292
ﬁ—cVB,

where ¢ = 1/ ,/Hpé€p.
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Solutions to the Practice quiz: Vector calculus algebra
1. a. We make use of the vector identity
Vu-v)=(u-V)v+ (v-V)u+ux (Vxv)+vx(Vxu).

Setting v = u, we have
V(u-u)=2(u-V)u+2ux (V xu).

Therefore,

%V(u-u):ux(qu)—i-(u-V)u.

2. c. The curl of a gradient (a. and d.) and the divergence of a curl (b.) are zero. The divergence of a
gradient (c) is the Laplacian and is not always zero.
3. b. With E(r,t) = sin(z — ct)i, we have V - E = 0, and

7 J k

VxE=| 9d/dx d/dy 9/0z| = cos(z —ct)j.
sin(z—ct) 0 0

oB
Maxwell’s equation V x E = T then results in

0B

5 = T os (z—ct)g,

which can be integrated (setting the constant to zero) to obtain

1
B = - sin (z — ct)j.
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Solutions to the Problems for Lecture 24

1. In general, the mass of a solid with mass density p = p(x,y, z) is given by

M= fffvp(x,y,z) dxdydz.

To determine the mass of the cube, we place our coordinate system so that one corner of the cube is at
the origin and the adjacent corners are on the positive x, y and z axes. We assume that the density of

the cube is only a function of z, with

z

p(z) = p1+ (o2 —p1).

The mass of the cube is then given by

L oL pL z L L L z
M:/ // o1+ £tez= ) d"dyd‘z:/ dx/ dy/ [o1+ 2 (02— p1)] az
0 JOo JO 0 0 0
2 L

z 1 1
=1? {P12+ i(Pz —Pl)]o =0’ {Pl + §(P2 —Pl)] = §L3(P1 + 02).



Solutions to the Problems for Lecture 25

1r / ]
r=1y/3 / //
08} / /
/ /
/ /
0.6+ / /
= / /
04 / /
/ /
/ /
0.2} / /
// /a; =1+y/3
0 1 1 1 1 / 1
O 02 04 06 08 1 12
X

The integral over the parallelogram (see the figure) is given by

x=1+y/3
dy

1 l+y/3 1.3
/ / ydxdy = / Y
0 Jy/3 o 3

() () s
/ <1+y+3y)d]/
(37
(3+

1
3y +12y)

~3
_1
3
1172
3273 36
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Solutions to the Practice quiz: Multidimensional integration

1. b. To find the volume, we integrate z = xy over its base. We have
1 1 1 1 1 2 N2 1
/ / xydxdy:/ xdx/ ydy = / xdx | = () =,
0 Jo 0 0 0 2 4

2. b. To determine the mass of the cube, we place our coordinate system so that one corner of the
cube is at the origin and the adjacent corners are on the positive x, ¥ and z axes. We assume that the

density of the cube is only a function of z, with
p(z) = (1+2) g/cm®

The mass of the cube in grams is then given by

1 1 g1 1 1 1 .
M:/O /O/O(l—i—z)dxdydz:/o dx/o dy/o (1+z)dz:(z+§z)|0:1.5g_

3. d. We draw a picture of the triangle and illustrate the chosen direction of integration.

0.6

04r

Integrating first along x and then along y, the volume is given by
2—y 1
ydy = 5/ y[@=p?-v*|dy
Y

12—y 1 1

// xydxdy:/ 1x2

0 Jy 0o 2 0
1

=2/0 (y—y2>d1/=2(;_—;)=;-




Solutions to the Problems for Lecture 26

1. The matrix form for the relationship between #, § and i, j is given by

A cosf sinf 1
) \—sin® cos il

Inverting the two-by-two matrix, we have
t\ [cosf —sinf 7
7 ~ \sin6 cos 6 0/

i = cos 07 — sin 00, § = sin6# + cos 6.

Therefore,

a) We use
x = rcoso, y = rsinf.

With f = f(x(r,0),y(r,0)), we have using the chain rule,

of ofox afoy  df . .of
ar “axor Tayar 05 Teinf5,

of afox afdy . .of of
39 = 3230 @%_ rsmGg—i—rcosG@.

b) We can write the result of Part (a) in matrix form as

of/or\ [ cos® sin 6 of /ox
of/00) \ —rsin® rcos6) \of/dy)"

Inverting the two-by-two matrix results in

of /ox _1 rcosf —sinf of /or
af/dy) v \rsinf cosf af/a8 )’

of _ of _sin6df of . ,df cosbof
ax—COSGar .Y ay—sm()a

or

r 00

The Cartesian partial derivatives in polar form are therefore

] d sinf 0 0 . .0 cosf 0
= =cosf— — = — =sinf— + =

dx or r 96’ Iy or r 90’

3. We have
rf =rcosfi+rsinfj = xi+yj,

and
1 = —rsinfi+rcosfj = -yt +xJ.

r

193



194 APPENDIX C. PROBLEM SOLUTIONS

Solutions to the Problems for Lecture 27

1. We have ,
u = ; (kl’ﬁ—i‘kzé) = Mrf—i‘llgé,
so that
r = r/ 0 — 7"
The divergence is given by
10 18149
Vo= e )t e
10 (, (R, 12 (k
~ror r raf \ r

and the curl is given by

10 18ur>

VXu:k(r(TM9)+raG

+(26(2)-136)

=0.

It is important to emphasis that these results are only valid for r # 0. The vector field is singular when
r = 0 and is not differentiable in the usual sense.
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Solutions to the Problems for Lecture 28

1. With u = u(r), we solve

G
vp’

with boundary condition u#(R) = 0. Writing the Laplacian in polar coordinates, we have

1d (duy_ G
rdr\ dr)  vp’

We multiply by r and integrate from 0 to r:

"d ( du G [T
/0 I (rdr) dr——% ; rdr,

du Gr?

VE - _M'

Vi =

or

We now divide by r and integrate from r to R:

R R
d—u dr = —i/ rdr,
, dar 2vp J,

G

u(R) —u(r) = —M(R2 —?).

or

Applying the no-slip boundary condition at r = R, we obtain

0= (- ()

The maximum velocity occurs in the center of the pipe and is given by

_ GR?

Um = TI/ID ’

so we can write the velocity field as
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Solutions to the Problems for Lecture 29

1. We have
l=7xp=rx(mi)=mri x (it + r60) = mr*0(# x ).

Now, # and 8 are perpendicular unit vectors so that |# x 8| = 1, and

l| = mr?|6]|7 x 8] = mr?|6).

2. Using the Einstein summation convention, we have

d (1 2y 1 d
at <2m|’0| ) = Ema(vlvl)
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Solutions to the Problems for Lecture 31

1. The mass density of the disk is given by

o(r) = po + (p1 — po)(r/R).

Integrating the mass density in polar coordinates to find the total mass of the disk, we have

2w rR
MZ/O /O[po+(pl—po)(r/R)}rdrd9

por (o1 —po)r }
=27 { +
2 3R o
1
= 37TR(po +2p1).

2. It is simplest to do this integral by transforming to polar coordinates. With x? + y?> = r? and
dx dy = rdr df, we have

2w oo, 21 o0 2 * 2
? :/ / e " rdrdb :/ d@/ re”" dr =27T/ re”" dr.
0 0 0 0 0

Let u = r? and du = 2r dr. Then the integral transforms to

[ee)

(o]
? = 7'(/ e tdu=—me | =nm.
0

0

Therefore,

I:/ e dx = Tt
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Solutions to the Practice quiz: Polar coordinates
1. d. Using § = — sin 04 + cos 8, we have

1 = —rsin@i +rcos0j = —Yi+xJ.

2. b. With # = cos 0i + sin 5 and 6 = — sin #i + cos 65, we have

dé

¥ i —cos i —sinfj = —+.

3. The mass density of the disk is given in polar coordinates by
oc=o(r) = (10 — 9r) g/cm?.

The mass is found by integrating in polar coordinates using dx dy = rdr df. Calculating in grams, we

2t 1
M:/ / (10 — 9r)rdrdo
0 0
27T 1
:/ d@/ (10 = 9r)rdr
0 0

1

have

=2m(5r* - 3°)| =4mr ~1257g.

0



Solutions to the Problems for Lecture 32

1. We have
.90 .9 0
V=datig, T
s d sing d
= (cos¢pp — sinpp (cos —
(cos ¢ 99) (costz — =55

. 0 cos¢sing 0 . sin¢ cos¢ 9
2
=p(cos?p— — —TF _ tsinp— + ——T —
( Pap p 99 (Pa P 99
—I—cf) — sin ¢ cos sin” ¢ 0 + cos ¢ sin
peosga = agcosg 4>a
~10 5 d
+¢ ¢ 2o
2. The calculations are
a)
10 1
V.p’\zf— = —
pap(p) p

b)

p =V - (cos i +sin¢y)

=V =it ———j
VR e

0 X 0 y
= — —_— +7 —_——
ax<1/x2+y2> ay<4/x2_|_y2

-1/2

-2+

> + (singp + cos ¢p¢b) (sin 4’aap +

199

cos¢ 9 +Ai
o O¢ *oz

)

cos?¢ 9

EAYN
o o¢ oz

)

LV

) 1/2

B x2 +y?

_ 2V 42— /a2y

B X2+ y?
11

NEET

3.Vxp=0,V-¢p=0and

x2+y
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Solutions to the Problems for Lecture 33

1. The spherical coordinate unit vectors can be written in terms of the Cartesian unit vectors by

7 =sinfcos ¢ i+ sinfsing j + cosO k,
costlcos i+ cosBsing j —sinbk,

é:
¢ = —singi+cos¢j.

In matrix form, this relationship is written as

& sinfcos¢ sinfsing¢ cos 6 i
| =|cosfcosp cosfsing —sinf J
é —sin¢ cos ¢ 0 k

The columns (and rows) of the transforming matrix Q are observed to be orthonormal so that Q is an

orthogonal matrix. We have Q1 = QT so that

1 sinffcos¢ cosBcos¢ —sing 7
j| = |sinfsing cosfOsing cos ¢ 6 |;
k cos 6 —sinf 0 1)

or in expanded form
i = sinf cos ¢ 7 + cos f cos ¢ & — sin ¢ P,
j =sinfsing# + cosfsing @ + cos ¢ ¢,

k=cosf7 —sinf 0.

2. We need the relationship between the Cartesian and the spherical coordinates, given by

x = rsinf cos ¢, y = rsinfsing, z = rcos 0.

The Jacobian to compute is

dox/dr 0x/00 0x/d¢ sinfcos¢ rcosfcos¢ —rsinfsing
oy/dr dy/df dy/d$| = |sinBsin¢ rcosOsing  rsinfcos¢
0z/dr 0dz/d0 0dz/d¢ cos B —rsinf 0
sinfcos¢ cosfcos¢ —sing
= r*sinf [sinfsing cosOsin¢ cos ¢
cos 6 —sin6 0

= r*sinf (sin2 0 cos® ¢ + cos® 8 cos? ¢ + sin® @ sin? ¢ + cos? § sin’ 47)
= 1?sin#f (sin2 0 + cos® 9) (sin2 ¢ + cos? 4>)

= % sin 6.

Therefore, dx dy dz = r? sin 0 dr d6 d¢.
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3. We have
2m pm pR
/de:/ / / f(r)r*sin@dr d dg
14 0 0 Jo
27T T R
:/ d¢ sin9d9/ r2f(r)dr
0 0 0
R
:47'[/ r2f(r) dr,
0
where we have used fozn dp =2 and [)"sin0d6 = —cos 6| = 2.

4. To find the mass, we use the result

M= fff o(x,y,z)dxdydz,

14

where p is the object’s mass density. Here, the density p is given by

o(r) = po+ (o1 = po)(r/R),
and the total mass of the sphere is given by

2mr e pR
M= [ [ [ lpo+ (o1~ po) (r/R)] P sinedrds dg
o Jo Jo
R 3 RB _ RS
= 47'5/ [POVZ+ (01 —Po)%] dr = 4r {po + (01— po)
0

3 4
4 1 3

The average density of the sphere is its mass divided by its volume, given by

1
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Solutions to the Problems for Lecture 34

1. We begin with
7 =sinfcos ¢ i+ sinfsing j + cosO k,
costlcos i+ cosBsing j —sinbk,

é:
¢ = —singi+cosgj.

Differentiating,
g—g = cosfcospi+cosfsingj—sinfk = 6;
and
or e e A
% = —sinfsin¢ i +sinfcos¢pj = sinb .

2. The computations are

L 190, , _2 L
V’r—rfz$(r)fr, VXT*O,

s 1 9 . ~ cosf® A_éaa _qﬁ.
V.G_rsinﬂﬁ(sm )_rsinG’ VX0_7§(Y)_7’

N X £ 9, . 690 _ Pcos0 0
V=0 VX¢_rsin0%(51n9)_?§(r)_ rsin 1’

3. Using spherical coordinates, for r # 0 for which 1/r diverges, we have

1 10 J /1 10
2 — = — — 2— — = —=—(— =
v (r) r2 or (r or (r)) rzar( 1)=0.
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Solutions to the Practice quiz: Cylindrical and spherical coordinates

1. b. We compute using the Laplacian in cylindrical coordinates:
v (1) -12,2 (1) 1o, L1y 1oty 1
p) pop dp\p) pdp \ p? pop \p) P>

2. c. When r = xi, the position vector points along the x-axis. Then # also points along the x-axis, 8
points along the negative z-axis and ¢ points along the y-axis. We have (#,8, ) = (i, —k, j).

3. c. To find the mass, we use the result

M= fff p(x,y,z)dxdydz,
14

where p is the object’s mass density. Here, with the density p in units of g/cm?, we have

p=p(r)=10—r.

The integral is easiest to do in spherical coordinates, and using dxdydz = r?sin 0 dr d0 d¢, and com-

27w e 5
M:/ / / (10 — ) r* sin O dr d6 d¢
0 0 Jo

5
= 47'(/ (107> — r3) dr
0

5
1 1
=4 <30r3 — 4r4)

~ 3272 g ~ 3.3kg.

puting in grams, we have

31257
0 a 3 &
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Solutions to the Problems for Lecture 35

1. Let y = y(x). On the one hand, the line integral over a curve C is given by
/fxyds—/ fx,y(x 1—|—y()2dx

On the other hand, we can parametrize the curve by x =t and y = y(t). Then,

i

[ fGas = [ pexo,pe) \xw+perar
0
by
f(Ly(0) \J1+y () dt

/ flx,y(x 1+y()2dx
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Solutions to the Problems for Lecture 36
1. We parameterize a circle of radius R by
x(0) = Rcos®, y(6) = Rsinb,
where the angle 0 goes from 0 to 27r. The infinitesimal arc length ds is given by

ds = \/(dx)? + (dy)?

= \/x'(0)2 +1/(8)2 46

— /R2sin2 6 + R2 cos? 0 df
— Rd6.

The circumference of a circle — or perimeter P — is then given by the line integral

27T
P:/ds:/ RdO = 27tR.
c 0
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Solutions to the Problems for Lecture 37

1. We integrate u = —yi + xj counterclockwise around the square. We write

ygudr:/ u-dr—l—/ u-dr+/ u-dr—i—/ uw-dr,
C G G Cs Cy

where the curves C; represent the four sides of the square. On C; from (0,0) to (L,0), we have y = 0

and dr = dxi so that / u-dr = 0. On C; from (L,0) to (L,L), we have x = L and dr = dyj so
G

L
that / u-dr = / Ldy = L% On C3 from (L,L) to (0,L), we have y = L and dr = dxi so that
C, 0

0
/ u-dr = / —Ldx = L* The sign of this term is tricky, but notice that the curve is going in
G, L

the -¢ direction and so is the x-component of the vector field so the dot product should be positive.
On C4 from (0,L) to (0,0), we have x = 0 and dr = dyj so that / uw-dr = 0. Summing the four

Cy
contributions, we found
}15 w-dr =212,
C

which is twice the area of the square.

2. We integrate u = —yi + xj counterclockwise around a unit circle. To parameterize a circle with
radius R, we write

X = Rcos¥, y = Rsin6.

Therefore, u = —Rsin0i + Rcos#j and dr = (—Rsin8i + R cos 05)d6. We have u - dr = R?df and

27T
y§u.d7«:/ R?d6 = 27tR?,
C 0

which is twice the area of the circle.
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Solutions to the Problems for Lecture 38

1. We define our coordinate system with the x-axis pointing downward and the origin at the initial
position of the mass. With
F =mgq, dr = dxz,

the work done by gravity as the mass falls a distance h is given by

h
W:/F-dr:/ mg dx = mgh.
C 0

With vy the final velocity of the mass, and with the initial velocity equal to zero, we have from the
work-energy theorem,

1
mgh = §m|vf|2,

or

|’Uf| = 4/ 2gh
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Solutions to the Practice quiz: Line integrals

ds = \/ (dx)2 + (dy)> = \/1+ (dy/dx)2dx = \/1+ (2x)2 .

Therefore, the arc length is given by

1. d. We have

1
/ vV 14+4x2dx.
0

2. c. We integrate u = —yi + xj counterclockwise around the right triangle. We write

ygu-dr:/ u-dr—l—/ u-dr+/ u-dr,
C G Cy Cs

where the curves C; represent the three sides of the triangle. On C; from (0,0) to (L,0), we have y = 0

and dr = dxi so that / u-dr = 0. On C; from (L,0) to (0,L), we parameterize the line segment by
C

r = (L —s)i+sj as s goes from zero to L so that dr = —dsi 4 dsj. Therefore, on this line segment,

L
w-dr = (x +y)ds = Lds. We have / u-dr = / Lds = L. On C3 from (0,L) to (0,0), we have
G, 0

x =0 and dr = dyj so that / u - dr = 0. Summing the three contributions, we found

Cy
§£u-dr:L2,
C

which is twice the area of the triangle.

3. a. Define the x-axis to point vertically upward. The gravitational force is given by F = —mgi and
the work done by gravity on the way up is —mgxmax and the work done by gravity on the way down
is MgXmax, where Xmax is the maximum height attained by the mass. The total work done is zero.



209

Solutions to the Problems for Lecture 39

a) The unrolled cylinder is a rectangle with dimensions as shown on the figure below:

2ma

The lateral surface area is A = 27mab.

b) Define the cylinder parametrically as
r=acosfi+asinfj+zk, for0<z<b and 0<6<2m.

To find the infinitesimal surface element, we compute the partial derivatives of r:

or Lo . or
%——asm(h—i—acosﬂg, g—k.
The cross product is
7 J k
a—rx—r— —asinf @ 0|=acosfi+asinfyj
59 X 95 — |~asinb acos = 2,
0 0 1
so that
Jor or

= Va2cos?0 + a2sin?0 = a.

20 " oz

The surface area is given by

b r2n
A:/dS:/ / adfdz = 2mab.
S 0 JO

a) The unrolled cone is a circular sector with dimensions as shown on the figure below:
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Va? + b?

The lateral surface area is the sector of a circle of radius v a? + b2. Its area is found from

arc length of sector

circumference of circle
27ma

:Zn\/aZ—i-bZ
2
—na\/a2+b2=nab\/l+<%) .

b) Define the cone parametrically as

x area of circle

x m(a® + b?)

r= %cos@z—l—bsm63+zkz for0<z<b and 0<0<2m,

To find the infinitesimal surface element, we compute the partial derivatives of r:

or az az or a a
. — Q1 9 — ) _— = = L —si k?
50 2 sinf ¢ + b cosfj, e bcos()z—i— bsmf)—i—
The cross product is
1 J k
Jor or az a2z
= X o= = Zsinf %cosf® 0| = cos@z—i— sm9 ——k
90 = oz —% b b b p2
bcos() %sin() 1
so that
E)r 2272 22 a4z2
—cos 9+b—zsm 9+W

The surface area is given by

b 27 2
:/%://‘gdeﬂMz
27T
\/1+b2/ zdz de

= ab/ 1+ (b)



Solutions to the Problems for Lecture 40

1. For the paraboloid, we have
b
2(xr,y) = — (2 +1?)

The surface area is given by

9z \ 2 0z \?
s— [as- | W() () aay
S S 8x 8y y

Here,
Jdz _ 2bx Jdz _ 2by

ox a2’

ay a2’

so that

S = /S \/1 +4b2x2 /a* 4 4b2y? /a* dx dy
2b a*
:u—z/s @vL(xZ—i—yz)dxdy.
We integrate in polar coordinates. Let
x =rcosb, y =rsiné,
and dx dy = r dr df. The integral becomes

)l A
S—afz‘/o /0 @"‘T rdrdo

2. 442

o [Ata /4b
=— u? du
a a4 /4b?

_dnb (o at N et
342 4p? 4p2
4 a2\ 2 a\3

211
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Solutions to the Problems for Lecture 41

1. Using cylindrical coordinates with the z-axis down the center of the cylinder of length / and radius
a, we have for the surface integral on the lateral surface,

r=ap+zZ2, dsS = pds,
and for the total surface area of the lateral surface, S = 27tal. Therefore,

/r-dSzu/dSzZrmzl.
S S

On the top disk of the cylinder, we have

r=pp+=%2  dS=32dS,

N[~

and for the total surface area of the top disk, S = mta®. Therefore,
I mal
The bottom disk of the cylinder will yield the same result, so that
mal
ygr-dS = 27a?l + 2 x — = 37a?l,
S

which is three times the volume of the cylinder.
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Solutions to the Problems for Lecture 42

1. To find the mass flux, we use
A2
u(r) = up <1 - (E) ) k.

With dS = krdrdf, the mass flux through a cross section of the pipe is given by

2t R 2
/Spu-dS:/O /0 OPUm (1—(R> )rdrd@
1
:27TR2pum/ (1—sz)sds
0

1
= inRzpum.

This is one-half of what it would be if the entire fluid was moving with velocity uy. Using the formula
for u,,, we have

This result is called the Hagen-Poiseuille equation, which relates the pressure gradient to the radius

of the pipe for a fixed mass flux.
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Solutions to the Practice quiz: Surface integrals

1. d. The parameterization of the torus is given by
x = (R+rcos@)cos¢, y = (R+rcosf)sing, z =rsiné,
so that the position vector is given by
r=(R+rcos@)cos¢pi+ (R+rcosb)singj+rsinfk.

The partial derivatives are

% = —rsinfcos¢i—rsinfsingj+rcosbk,
d
£ = —(R+rcosf)singi+ (R+rcosb)cos¢j,
and
i j K
or or . . .
ﬁx%: —rsinf cos ¢ —rsinfsin¢ rcosf
—(R+rsinf)sing (R4 rcosf)cos¢ 0
= —r(R+rcos@)cosbcospi—r(R+rcosf)cosOsingj—r(R+ rcosf)sinbk.
Therefore,
d ) 1/2
£ X £ = {rZ(R + 7 cos )% cos? B(cos? ¢ 4 sin” ¢) + r*(R + r cos #)? sin? 9}
1/2
= |:7’2(R+7’C050)2(C0826+Sin2 9)} =r(R+rcos?),
and

dS =r(R+rcosb)dode.

2. c. In cylindrical coordinates, u = xi + yj = pp. The cylinder ends have normal vectors 2 and —2,
which are perpendicular to u. On the side of the cylinder, we have u = Rp and dS = pdS, so that

51§u -dS = R/ds = R(27tRL) = 27tRL.
S

3. a. We perform the flux integral in spherical coordinates. On the surface of the sphere of radius R,

we have
u = zk = (R cos 8)(cos 7 — sin 09),

and
dS = # R*sin 0 df d¢.
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Therefore, the surface integral over the upper hemisphere becomes

2 /2
/u-dS:/ / R3 cos? 0sin 0 do d¢
S 0 0

/2 1
= 27IR3/ cos?fsinfdo = 27TR3/ w?dw = ——R3.
0 0
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Solutions to the Problems for Lecture 43
1. With ¢(r) = x%y + xy* + z:

a) Vo = (2xy +y?)i + (x® +2xy)j + k

b) Using the gradient theorem, [~ V¢ -dr = ¢(1,1,1) — ¢(0,0,0) = 3.

¢) Integrating over the three directed line segments given by (1) (0,0,0) to (1,0,0); (2) (1,0,0) to
(1,1,0), and; (3) (1,1,0) to (1,1,1):

/CV¢-dr:/CV4)-dr+/C V4>~dr—|—/c V¢ -dr

1 1
:0+/(1+2y)dy+/ dz
0 0

=3.
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Solutions to the Problems for Lecture 44
1. With u = (2xy +z%)i + (2yz + x2)j + (2zx + y?)k:
a)
i j k

VXu=| 9/dx 9/9y d/0z
2xy +z% 2yz+x? 2zx+y?

=2y —2y)i+ (2z —2z)5 + (2x — 2x)k
=0.

b) We need to satisfy

dp 2 dp 2 9 2
ax_ny—i—z, ay—ZyZ—l—x, az—sz-l-y.

Integrate the first equation to get

¢ = /(2xy+22) dx = ¥y + x22 + f(y, 2).
Take the derivative with respect to y and satsify the second equation:

of of
2 _——= 2 —_——=
x4+ 3y 2yz +x or 3y 2yz.

Integrate this equation for f to get

f= /2yzdy =’z +g(2).

Take the derivative of ¢ = x%y + xz% + y?z + g(z) with respect to z and satisfy the last gradient
equation:
2xz+y*+¢(z) =2zx+y*  or  ¢(z) =0.

Therefore, g(z) = ¢ where c is a constant, and ¢ = x?y + y%z + z%x +c.
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Solutions to the Problems for Lecture 45

1. Let Descape be the magnitude of the escape velocity for a mass launched perpendicular to the Earth’s
surface. When the mass reaches infinity, its velocity should be exactly zero. Conservation of energy

results in

1 mM

Emvgscape - GT =0,
or GM

Vascape = 207 R=2R.

Therefore, we have

Uescape = V/ 2gR.
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Solutions to the Practice quiz: Gradient theorem

llx/V¢dr:MLLD—M&Q®:L
C

2. a. Since V xu = V x (yi +xj) = 0, the line integral w around any closed curve is zero. By

inspection, we can also observe that u = V¢, where ¢ = xy.

3. c. To solve the multiple choice question, we can always take the gradients of the four choices.
Without the advantage of multiple choice, however, we need to compute ¢ and we do so here. We
solve

¢ ¢ ¢

asz—i—y, @:2y+x, &:1.

Integrating the first equation with respect to x holding y and z fixed, we find

¢ = [@rey)ar =3+ xy+ fly,2)
Differentiating ¢ with respect to y and using the second equation, we obtain

of _ of _
X+ =2y+x or By_z

ay Y

Another integration results in f(y,z) = y* + g(z). Finally, differentiating ¢ with respect to z yields
¢'(z) =1, or g(z) = z + c. The final solution is

¢(x,y,2) =x>+xy+y*+z+c.

Answer c. is correct with the constant ¢ = 0.
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Solutions to the Problems for Lecture 46

1. Using spherical coordinates, let w = u,(r,0,$)7 + ug(r,6, 4))9 + ug (1,6, 4))q?> Then the volume
integral becomes

Vo dav= [ 2 (sinbug) + —— 22 2gingdrdod
/ u) / // rza tr) rsmGaG sin B utg rsinf ¢ rsinGdrdt dg.

Each term in the integrand can be integrated once. The first term is integrated as

/h/ / <r28r r Uy ) rsinfdrdfdg = /Zn/ (/ 5 (r*uy) )sinQdegb

27
= / / ur(R, 9,¢)R2 sinfdo d¢.
0 0

The second term is integrated as

2t pm R 1 d . 5 .
/0 /0 /0 <rsineag(sm(9u9)>r sinfdrdfdp =

(sin (77) ug(r, 77, ) — sin (0) ug(r,0,¢)) rdrde

2t R T 9
/ / / —(sinBug)db | rdrd¢p
o Jo \Jo 00
27
bl
0,
since sin (77) = sin (0) = 0. Similarly, the third term is integrated as

/271/ / <rsm@a4>) r?sin 0 dr df dp = / / </zna ¢d¢>rdrd9

= / / (ug(r,0,2m) — ug(r,0,0)) rdrdo
0 JO
= O,

since u¢(r, 6,2rm) = u¢(r, 6,0) because ¢ is a periodic variable with same physical location at 0 and 27t.
Therefore, we have

2w 7
/(V~u) dV:/ / u,(R,6,<p)stin6d6d¢:ygu-dS,
\%4 0 0 S

where § is a sphere of radius R located at the origin, with unit normal vector given by #, and infinites-

imal surface area given by dS = R?sin 0 df d¢.
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Solutions to the Problems for Lecture 47

1. With u = x?yi + y?zj + z%x k, we use V - u = 2xy + 2yz + 2zx. We have for the left-hand side of
the divergence theorem,

L oL (L
/(V~u)dV:2/ / / (xy +yz +zx) dx dy dz
14 o Jo Jo

L L L L L L L L L
=2 / xdx/ ydy/ dz+/ dx/ ydy/ zdz+/ xdx/ dy/ zdz
0 0 0 0 0 0 0 0 0

=2(L°/4+L°/4+1°/4)
=3L°/2.

For the right-hand side of the divergence theorem, the flux integral only has nonzero contributions
from the three sides located at x = L, y = L and z = L. The corresponding unit normal vectors are 1,
j and k, and the corresponding integrals are

L (L L (L L (L
%’uwdS:/ / Lzydydz—i—/ / Lzzdxdz+/ / L2x dx dy
S 0o Jo 0o Jo 0o Jo

=L°/2+1°/2+1°/2
=3L°/2.

2. With r = x% + yj + zk, we have V - r = 3. Therefore, from the divergence theorem we have

/r-dS:/V-rdV:3/dV:3L3.
S \%4 14

Note that the integral is equal to three times the volume of the box and is independent of the placement

and orientation of the coordinate system.
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Solutions to the Problems for Lecture 48

1. With u = #/r, we use spherical coordinates to compute

1d 1

V‘u: ZE(T) = 7‘2'

Therefore, for the left-hand side of the divergence theorem we have

R
/(V-u)dV:4n/ <r12> r?dr = 4nR.
Vv 0

For the right-hand side of the divergence theorem, we have for a sphere of radius R centered at the

1 477R?

2. With r = x% + yj + zk, we have V - r = 3. Therefore, from the divergence theorem we have

/r-dS:/V-rdV:3/dV:3<4nR3> = 47tR5.
S v % 3

Note that the integral is equal to three times the volume of the sphere and is independent of the

origin, dS = #dS and

placement and orientation of the coordinate system.
3. Computing in spherical coordinates, the Laplacian of 1/r is given by

1 1d d [1 1d
2= = —= — 2 (= = — —(— =
v (r) r2 dr (T dr (r)) r2 dr( n=0

provided r # 0 where ¢ is singular. Therefore, if the volume V does not contain the origin, then

/v2 <1> AV =0, (0,0,0)¢V.
74 r

However, if V contains the origin, we need only integrate over a small sphere of volume V' € V
centered at the origin, since V?(1/r) = 0 outside of V/. We therefore have from the divergence

[ ()= [ ()

where the surface S’ is now the surface of a sphere of radius R, say, centered at the origin. Using

1\ _ .d/1\ ¢
v (r) =Ta (r) L

1 1
%/V (r> dS — _ﬁ S/ds — —4:7T,

since the surface area of the sphere is 477R?. Therefore,

0, (0,0,0)¢V;
few-{
voo\T —47, (0,0,0) € V.

theorem

spherical coordinates,

and since dS = #dS, we have
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For those of you familar with the Dirac delta function, say from my course Differential Equations for

v2 C) — _4rs(r),

where §(r) is the three-dimensional Dirac delta function satisfying

Engineers, what we have here is

é(r)=0, when r # 0,

and
/ S(r)dv =1, provided the origin is in V.
14
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Solutions to the Problems for Lecture 49

1. The continuity equation as derived in the lecture is given by

9 _

Using the vector identity V - (pu) = u - Vp + pV - u, the continuity equation becomes

g—(z—i—u-Vp—i—pV-u:O.

2. We begin with
i/ o(r,£)dV = —7§J.ds.

The divergence theorem applied to the right-hand side results in

?gJ-dS:/V-JdV;
S v

and combining both sides of the equation and bringing the time derivative inside the integral results

9 _
/V<at+V-J> dv = 0.

Since the integral is zero for any volume V, we obtain the electrodynamics continuity equation given

by

in

dp _
§+V-J—0.
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Solutions to the Practice quiz: Divergence theorem

1. a. With u = yzi + xzj + xyk, we have V - u = 0. Therefore,

}éu-dS:/V(V-u)dV:Q

9§r-dsz/(v-r)dvz3/dV:3nR2L.
S 1% %4

3. d. Computing the divergences, we have
[ 1,
- |xyi— zyzﬂ] =y-y=0,
A+ x)i+ (1 -y)s]=1-1=0,
[ 1
|2 =i (32 -2)d] = @x-n+ -2 -0,

[yt (-] =2+ y) —2(x - y) = 4y,

4 4 4 d
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Solutions to the Problems for Lecture 50

1. With uw = —yi + xj, we use dup/0x — duy/dy = 2. For a square of side L, we have for the left-hand

/(auz—aul>dA—2/dA—2L2.
A\ox  dy A

When the square lies in the first quadrant with vertex at the origin, we have for the right-hand side of

side of Green’s theorem

Green’s theorem,

L 0 0 L
?ﬁ(uldx—i—uzdy) :/ 0dx+/ (—L)dx+/ Ody—i-/ Ldy =212
c 0 L L 0

2. With uw = —yi + xj, we use duy/dx — duy /dy = 2. For a circle of radius R, we have for the left-hand

/ duy _ oy dAzz/dAzanZ.
A\Ox  dy A

For a circle of radius R centered at the origin, we change variables to x = Rcos 6 and y = Rsin6. Then

side of Green’s theorem,

dx = —Rsinf and dy = R cos 8, and we have for the right-hand side of Green’s theorem,

27T
7§ (uydx +updy) = %(—y dx +xdy) = / (R?sin? 0 + R? cos? 0)do = 271R2.
c c 0
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Solutions to the Problems for Lecture 51

1. Letw = uq(x,y,z) ¢ + uax(x,y,z) j + us(x,y,z) k. Then

_ (OJuz  Qduy\ . Ju; duz\ . dup,  duy
qu_(ay az)”(az ax )7 ax dy k.
a) For an area lying in the y-z plane bounded by a curve C, the normal vector to the area is i.

Therefore, Green’s theorem is given by

8u3 auz o .
A (ay az) dA = %(;(uzdy + uadZ),

b) For an area lying in the z-x plane bounded by a curve C, the normal vector to the area is j.

Therefore, Green’s theorem is given by

Jui; duj _ )
\/A <az - ax> dA — é(u3d2 + Mldx),

The correct orientation of the curves are determined by the right-hand rule, using a right-handed

coordinate system.

2. We have u = —yi + xj. The right-hand side of Stokes’ theorem was computed in an earlier problem
on Green'’s theorem and we repeat the solution here. For a circle of radius R lying in the x-y plane
with center at the origin, we change variables to x = Rcos¢ and y = Rsin¢. Then dx = —Rsin¢ and
dy = R cos ¢, and we have for the right-hand side of Stokes’ theorem,

27
§1§u.d7~ = %(ul dx + up dy) = yg(—ydx+xdy) :/ (R*sin? ¢ + R? cos? ¢)df = 27TR>.
C C C 0

The left-hand side of Stokes’” theorem uses

i J k
V xu=|9/dx 9/dy 0/0dz| =2k;
-y X 0

so that with dS = #R?sin 6 d0 dp, we have

2 /2
/(qu)-dS:2R2/ / k-7sinfdfdg.
S 0 0

With
k= cosf7 —sinb 0,
we have
k-7 = cosb;
and

27T /2
/(qu)~dS:2R2/ d¢/ cos 0sin 0 d6
s 0 0

/2

_ 2
0 = 27TR”~.

= 27tR? sin? 9|
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Solutions to the Practice quiz: Stokes’ theorem

1. b. With u = —yi + xj, we have V x u = 2k and we use Stokes’ theorem to write

%u-dr:/(qu)'dS:Z/dA:lnRz,
C S 2

1
where we have used dS = kdA and the area of the quarter circle is ZnRz.

2. c. Withu = x2_—|—yy2i + 2 _T_yz j, one can show by differentiating that V x u = 0 provided
(x,y) # (0,0). However, the integration region contains the origin so the integral is best done by

applying Stokes’ theorem. We use cylindrical coordinates to write

-y x .
u_x2+y2z+x2+yzj_p'

Then,

N

27T ¢ R 27
/(VXu)~dS:§Z§u~dr:/ (>~(¢pd¢):/ dp = 2m.
S C 0 p 0
3. c. With u = —x2yi + xy?j, we have V x u = (x2 + y2)k. Therefore,

1 1 1 1 1 1
yg'wdr:/(qu)-dS:/ / (x2+y2)dxdy:/ dex/ dy+/ dx/ y2dy:%,
C S 0 Jo 0 0 0 0 3

where we have used dS = kdxdy.
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Solutions to the Problems for Lecture 52

1.

a) The Navier-Stokes equation and the continuity equation are given by

Taking the divergence of the Navier-Stokes equation and using the continuity equation results in

V- ((u-V)u) = —;Vzp.

Now,
. 0 du; . ou; au]
v ((u V)u) a axi (u] ax]> N E)x] ax,«'
Therefore,
ou; ou;
2 — gt
v P= pax] axl- '

b) Taking the curl of the Navier-Stokes equation, and using w = V x w and V x Vp = 0, we obtain

%+Vx(u-V)u:VV2w.

To simplify the second term, we first prove the identity
1
ux (Vxu)= EV(u-u)—(u-V)u.

We prove by considering the ith component of the left-hand side:

du ou
[ x (V< w)l; = egttjerin 5= = ety -
Uy, ou; ou;
= (= SOy = g, ~ Midg
19 ouL:
=20 ) ”faTc;

— [;V(wu)} —[(w- V)ul;.

1

Therefore, using that the curl of a gradient and the divergence of a curl is equal to zero, and

w=Vxwuand V -u = 0, we have

2
=-V x(uxw)
=—[uV-w)—wV-u)+ (w-V)u—(u-V)w]
=—(w-V)u+ (u-V)w.

VX (u-V)u=V x (1V(u-u)—u><(V><u)>

Putting it all together gives us the vorticity equation, given by

%—f +(u-Vw = (w-V)u +1rViw.
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Solutions to the Problems for Lecture 53

1. The electric field from a point charge at the origin should be spherically symmetric. We therefore
write using spherical coordinates, E(r) = E(r)?. Integrating Gauss’s law over a spherical shell of

radius 7, we have
5I§E .S = E(r);ﬁds — 4n?E(r) = 1.
S S €0

Therefore, the electric field is given by
E(r) 1 4

= 7.
4regr?

2. The magnetic field from a current carrying infinite wire should have cylindrical symmetry. We
therefore write using cylindrical coordinates, B(r) = B(p)¢. Integrating Ampere’s law over a circle
of radius p in the x-y plane in the counterclockwise direction, we obtain

56 B -dr = B(p) 515 dr = 2mpB(p) = pol,
C C
where [ is the current in the wire. Therefore,

B(r)=1lg
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