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ABSTRACT

The Mathematics Fundamentals Handbook was developed to assist nuclear facility
operating contractors provide operators, maintenance personnel, and the technical staff with the
necessary fundamentals training to ensure a basic understanding of mathematics and its
application to facility operation.  The handbook includes a review of introductory mathematics
and the concepts and functional use of algebra, geometry, trigonometry, and calculus.  Word
problems, equations, calculations, and practical exercises that require the use of each of the
mathematical concepts are also presented.  This information will provide personnel with a
foundation for understanding and performing basic mathematical calculations that are associated
with various DOE nuclear facility operations.
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FOREWORD

The Department of Energy (DOE) Fundamentals Handbooks consist of ten academic
subjects, which include Mathematics; Classical Physics; Thermodynamics, Heat Transfer, and Fluid
Flow; Instrumentation and Control; Electrical Science; Material Science; Mechanical Science;
Chemistry; Engineering Symbology, Prints, and Drawings; and Nuclear Physics and Reactor
Theory.  The handbooks are provided as an aid to DOE nuclear facility contractors.

These handbooks were first published as Reactor Operator Fundamentals Manuals in 1985
for use by DOE category A reactors.  The subject areas, subject matter content, and level of detail
of the Reactor Operator Fundamentals Manuals were determined from several sources.  DOE
Category A reactor training managers determined which materials should be included, and served
as a primary reference in the initial development phase.  Training guidelines from the commercial
nuclear power industry, results of job and task analyses, and independent input from contractors
and operations-oriented personnel were all considered and included to some degree in developing
the text material and learning objectives.

The DOE Fundamentals Handbooks represent the needs of various DOE nuclear facilities'
fundamental training requirements.  To increase their applicability to nonreactor nuclear facilities,
the Reactor Operator Fundamentals Manual learning objectives were distributed to the Nuclear
Facility Training Coordination Program Steering Committee for review and comment.  To update
their reactor-specific content, DOE Category A reactor training managers also reviewed and
commented on the content.  On the basis of feedback from these sources, information that applied
to two or more DOE nuclear facilities was considered generic and was included.  The final draft
of each of the handbooks was then reviewed by these two groups.  This approach has resulted in
revised modular handbooks that contain sufficient detail such that each facility may adjust the
content to fit their specific needs.

Each handbook contains an abstract, a foreword, an overview, learning objectives, and text
material, and is divided into modules so that content and order may be modified by individual DOE
contractors to suit their specific training needs.  Each subject area is supported by a separate
examination bank with an answer key.

The DOE Fundamentals Handbooks have been prepared for the Assistant Secretary for
Nuclear Energy, Office of Nuclear Safety Policy and Standards, by the DOE Training
Coordination Program.  This program is managed by EG&G Idaho, Inc.
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OVERVIEW

The Department of Energy Fundamentals Handbook entitled Mathematics was prepared
as an information resource for personnel who are responsible for the operation of the
Department's nuclear facilities.  A basic understanding of mathematics is necessary for DOE
nuclear facility operators, maintenance personnel, and the technical staff to safely operate and
maintain the facility and facility support systems.  The information in the handbook is presented
to provide a foundation for applying engineering concepts to the job.  This knowledge will help
personnel more fully understand the impact that their actions may have on the safe and reliable
operation of facility components and systems.

The Mathematics handbook consists of five modules that are contained in two volumes.
The following is a brief description of the information presented in each module of the
handbook.

Volume 1 of 2

Module 1 - Review of Introductory Mathematics

This module describes the concepts of addition, subtraction, multiplication, and
division involving whole numbers, decimals, fractions, exponents, and radicals.
A review of basic calculator operation is included.

Module 2 - Algebra

This module describes the concepts of algebra including quadratic equations and
word problems.

Volume 2 of 2

Module 3 - Geometry

This module describes the basic geometric figures of triangles, quadrilaterals, and
circles; and the calculation of area and volume.

Module 4 - Trigonometry

This module describes the trigonometric functions of sine, cosine, tangent,
cotangent, secant, and cosecant.  The use of the pythagorean theorem is also
discussed.

http://www.doe.gov/html/techstds/standard/hdbk1014/h1014v2.pdf
http://www.doe.gov/html/techstds/standard/hdbk1014/h1014v2.pdf
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Module 5 - Higher Concepts of Mathematics

This module describes logarithmic functions, statistics, complex numbers,
imaginary numbers, matrices, and integral and derivative calculus.

The information contained in this handbook is by no means all encompassing.  An attempt
to present the entire subject of mathematics would be impractical.  However, the Mathematics
handbook does present enough information to provide the reader with a fundamental knowledge
level sufficient to understand the advanced theoretical concepts presented in other subject areas,
and to better understand basic system and equipment operations.

http://www.doe.gov/html/techstds/standard/hdbk1014/h1014v2.pdf
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TERMINAL OBJECTIVE

1.0 Given a basic mathematical problem,SOLVE for the answer with or without the
aid of a calculator.

ENABLING OBJECTIVES

1.1 IDENTIFY the following basic mathematical symbols and definitions.
a. = equals
b. is not equal to≠
c. ≡ is defined as
d. + plus or minus

e. nth root of a
n

a
f. absolute value of aa

g. sum of N values
N

i 1
xi

h. angle∠
i. % percent
j. x, , * multiplied by
k. ÷, / divided by
l. > greater than or equal to
m. < less than or equal to
n. ><, <> is not equal to (computer)
o. ∞ infinity
p. ∝ is proportional to
q. ≈ approximately equal to
r. perpendicular to⊥
s. parallel to

1.2 APPLY one of the arithmetic operations of addition, subtraction, multiplication,
and division using whole numbers.

1.3 Given a set of numbers,CALCULATE the average value.

1.4 APPLY one of the arithmetic operations of addition, subtraction, multiplication,
and division using fractions.

1.5 APPLY one of the arithmetic operations of addition, subtraction, multiplication,
and division of fractions by conversion to decimal form using a calculator.

Rev. 0 Page vii MA-01
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ENABLING OBJECTIVES (Cont.)

1.6 APPLY one of the arithmetic operations of addition, subtraction, multiplication,
and division using decimals.

1.7 APPLY one of the arithmetic operations of addition, subtraction, multiplication,
and division using signed numbers.

1.8 DETERMINE the number of significant digits in a given number.

1.9 Given a formula,CALCULATE the answer with the appropriate number of
significant digits.

1.10 CONVERT between percents, decimals, and fractions.

1.11 CALCULATE the percent differential.

1.12 APPLY one of the arithmetic operations of addition, subtraction, multiplication,
and division using exponential numbers.

1.13 Given the data,CONVERT integers into scientific notation and scientific notation
into integers.

1.14 APPLY one of the arithmetic operations of addition, subtraction, multiplication,
and division to numbers using scientific notation.

1.15 CALCULATE the numerical value of numbers in radical form.

MA-01 Page viii Rev. 0
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TERMINOLOGY

This chapter reviews the terminology and associated symbols used in mathematics.

EO 1.1 IDENTIFY the following basic mathematical
symbols and definitions.

a. = equals k. ÷, / divided by
b. is not equal to l. > greater than or equal to≠
c. ≡ is defined as m. < less than or equal to
d. ± plus or minus n. ><, is not equal to (computer)

e. nth root of a <>
n

a
f. absolute value of a o. ∞ infinitya

g. sum of N values p. ∝ is proportional to

h. angle q. ≈ approximately equal to∠
i. % percent r. perpendicular to⊥
j. x, , * multiplied by s. parallel to

In order to understand and communicate in mathematical terms and to lay the foundation for the
concepts and principles presented in this material, certain terms and expressions must be defined.
This section covers basic definitions used in mathematics. Once understood, such knowledge
should provide the foundation from which the principles of mathematics can be presented. By
no means are the terms here all inclusive; they are representative of those found within the
nuclear field.

Equals
An expression indicating values which are identical in mathematical value or logical
denotation. It is given the symbol =.

Is Not Equal to
An expression indicating values which are not identical in mathematical value or logical
denotation. It is given the symbol or ><, >< (computer).≠

Rev. 0 Page 1 MA-01
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Is defined as
A mathematical expression for defining a symbol or variable in mathematics. It is usually
given the symbol≡ .

Plus or Minus
While plus (+) and minus (-) are used individually to indicate addition and subtraction,
this form is used to denote a control band, or tolerance band, or error band, such as 100
+ 5 psig. It is given the symbol +.

nth root

For any integer (n greater than one), thenth root ( ) of a is defined as follows:
n

a
n

a

= b if, and only if, bn = a. The numbern, in , is called the index of the root. The nth
n

a
root of a number (a) is a number (b) which has the property that the product of n values
of b is a. For example, the third (or cube) root of 8 is 2, because 2x2x2
equals 8.

Absolute Value of a
This expression represents the magnitude of a variable without regard to its sign. It
signifies the distance from zero on a number line. That is, the absolute value of -6 is 6
because -6 is 6 units from zero. Likewise, the absolute value of +6 is 6 because it, too,
is 6 units from zero. It is given the symbol where A is any number or variable.A

Sum of N values

xi indicates the sum of numbered (indexed) values. For example, if the xi are grades

for the individual students in a class, the sum of the xi (grades) for the students in the
class of N students, divided by N, gives the average grade.

Angle
An angle is a set of points consisting of two rays with a common midpoint. It is given
the symbol .∠

Percent
An expression used to indicate a fraction of the whole, such as 50% of 90 is 45. It is
given the symbol %.

Multiplied by
A mathematical operation that, at its simplest, is an abbreviated process of adding an
integer to itself a specified number of times. It is given the symbols x, , or *
(computer).

MA-01 Page 2 Rev. 0
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Divided by
A mathematical process that subjects a number to the operation of finding out how many
times it contains another number. It is given the symbol ÷ or /.

Greater than or equal to
It is given the symbol >, and denotes one quantity is equal to or larger than another.

Less than or equal to
It is given the symbol <, and denotes one quantity is equal to or smaller than another.

Infinity
A mathematical expression meaning very large in magnitude or distance. It is so large
that it cannot be measured. It is given the symbol∞ .

Is Proportional to
The statement thata is proportionl tob (a α b) means thata = (some constant) xb. For
example, the dollars you earn in a week (straight rate) are proportional to the hours you
work, with the constant being the dollars per hour you earn.

Approximately Equal to
An expression indicating a value which is not exact, but rather close to the value. It is
given the symbol≈.

Perpendicular to
This expression means that two objects are at right angles (form a 90-degree angle) to
each other. It is given the symbol .⊥

Parallel to
Two lines extending in the same direction which are everywhere equidistant and not
meeting. It is given the symbol .

Summary

The important information from this chapter is summarized below.

Terminology Summary

This chapter reviewed the terminology needed in the application
and study of mathematics.
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CALCULATOR OPERATIONS

This chapter gives the student a chance to reacquaint himself with
basic calculator operations.

The teaching of the "mechanics of mathematics" (division, multiplication, logarithms, etc.) in
recent years has focused more on the skills of using a calculator than on the pure principles of
the basic subject material. With the decreased cost of hand calculators, virtually every person
owns, or has access to, a calculator. A nuclear plant operator would be wise to learn how to use
most of the calculators available today. Such knowledge will help the operator make quick
decisions when circumstances arise for the need of a "quick calculation" of flow rate or some
other parameter.

Many calculators are available on the market today, and each one is a little different. For the
purpose of this module, a scientific calculator will be needed. The Texas Instruments scientific
calculator TI-30 will be used for the examples in this module. Most calculators work on the
same principles, but some do not. Some calculators operate on a programming principle like
Hewlett-Packard (HP). An HP calculator does not use an equal key. To perform a mathematical
operation, the first number is inserted, the ENTER key is pressed, the second number is inserted,
and then the mathematical function key is pressed. The result will be displayed. If a different
calculator is used, the student will need to refer to the reference manual for his or her calculator.

The following section will review the general use function keys on a TI-30 calculator. In each
following chapter of this module, the applicable calculator operations will be addressed.

Appendix A of this module gives a representation of a TI-30 keyboard to assist the student.

Keys

Clear entry/Clear key
Pressing this key once will clear the last operation and the display. Pressing this
key twice will clear all operations except the memory.

Note: To clear the memory, press clear then STO.

Note: Many brands break this function into two separate keys, usually labeled
"clear" and "all clear," where the "clear" key clears the last entry and the
"all clear" key clears the display and all pending operations.
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Memory Key
The TI-30 has only one memory. Pressing the STO key enters the displayed
number into memory. Any number already in memory will be overwritten.

Note: Calculators with more than one memory will require a number to be entered with
the STO key. For example, STO 01 means store the displayed number in memory
01; STO 20 means store the number in memory 20.

Memory Recall Key
Pressing the RCL key will retrieve the number in memory and display it. Note
that the number is also still in memory. This allows the number to be used again.
Pressing the RCL will also overwrite any number previously displayed.

Note: Calculators with more than one memory will require a number to be entered with
the RCL key. RCL 01 means recall the number stored in the 01 memory. RCL
20 means recall the number stored in memory 20.

Constant Key
Certain calculations often contain repetitive operations and numbers. The K,
constant, is a time-saving function that allows a single key stroke to perform a
single operation and number on the displayed number.

For example, if 20 numbers are to be multiplied by -17.35, the K key can be used.
Enter -17.35, then press the times key, then the K key; this "teaches" the
calculator the required operation. From this point on when entering a number and
pressing the K key, the calculator will automatically multiply the displayed
number by -17.35, saving you six key strokes.

Summation Key
If a long list of numbers is to be added, the summation key will save time if used.
Pressing the summation key adds the displayed number to the number in memory.
The final sum is then retrieved from memory.

Memory Exchange Key
The EXC, memory exchange key, swaps the displayed number with the number
in memory.

Reciprocal Key
When pressed, it divides the displayed number into one.
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FOUR BASIC ARITHMETIC OPERATIONS

This chapter reviews the basic mathematical operations of addition,
subtraction, multiplication, and division of whole numbers.

EO 1.2 APPLY one of the arithmetic operations of
addition, subtraction, multiplication, and division
using whole numbers.

Calculator Usage, Special Keys

This chapter requires the use of the +, -, x, , and = keys. When using a TI-30 calculator, the÷
number and operation keys are entered as they are written. For example, the addition of 3 plus
4 is entered as follows:

3 key, + key, 4 key, = key, the answer, 7, is displayed

Parentheses
The parentheses keys allow a complicated equation to be entered as written. This
saves the time and effort of rewriting the equation so that multiplication/division
is performed first and addition/subtraction is performed second, allowing the
problem to be worked from left to right in one pass.

The Decimal Numbering System

The decimal numbering system uses ten symbols called digits, each digit representing a number.
These symbols are 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9. The symbols are known as the numbers zero,
one, two, three, etc. By using combinations of 10 symbols, an infinite amount of numbers can
be created. For example, we can group 5 and 7 together for the number 57 or 2 and 3 together
for the number 23. The place values of the digits are multiples of ten and given place titles as
follows:
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Numbers in the decimal system may be classified as integers or fractions. An integer is a whole
number such as 1, 2, 3, . . . 10, 11, . . . A fraction is a part of a whole number, and it is
expressed as a ratio of integers, such as 1/2, 1/4, or 2/3.

An even integer is an integer which can be exactly divided by 2, such as 4, 16, and 30. All other
integers are called odd, such as 3, 7, and 15. A number can be determined to be either odd or
even by noting the digit in the units place position. If this digit is even, then the number is even;
if it is odd, then the number is odd. Numbers which end in 0, 2, 4, 6, 8 are even, and numbers
ending in 1, 3, 5, 7, 9 are odd. Zero (0) is even.

Examples:

Determine whether the following numbers are odd or even: 364, 1068, and 257.

Solution:

1. 364 is even because the right-most digit, 4, is an even number.

2. 1068 is even because the right-most digit, 8, is an even number.

3. 257 is odd because the right-most digit, 7, is an odd number.

Adding Whole Numbers

When numbers are added, the result is called the sum. The numbers added are called addends.
Addition is indicated by the plus sign (+). To further explain the concept of addition, we will
use a number line to graphically represent the addition of two numbers.

Example: Add the whole numbers 2 and 3.

Solution: Using a line divided into equal segments we can graphically show this addition.
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Starting at zero, we first move two places to the right on the number line to represent the number
2. We then move an additional 3 places to the right to represent the addition of the number 3.
The result corresponds to the position 5 on the number line. Using this very basic approach we
can see that 2 + 3 = 5. Tworules govern the addition of whole numbers.

The commutative lawfor addition states that two numbers may be added in either order
and the result is the same sum. In equation form we have:

a + b = b + a (1-1)

For example, 5 + 3 = 8 OR 3 + 5 = 8.Numbers can be added in any order and
achieve the same sum.

The associative lawfor addition states that addends may be associated or combined in any
order and will result in the same sum. In equation form we have:

(a + b) + c = a + (b + c) (1-2)

For example, the numbers 3, 5, and 7 can be grouped in any order and added to
achieve the same sum:

(3 + 5) + 7 = 15 OR 3 + (5 + 7) = 15

The sum of both operations is 15, but it is not reached the same way. The first
equation, (3 + 5) + 7 = 15, is actually done in the order (3 + 5) = 8. The 8 is
replaced in the formula, which is now 8 + 7 = 15.

The second equation is done in the order (5 + 7) = 12, then 3 + 12 = 15.
Addition can be done in any order, and the sum will be the same.
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When several numbers are added together, it is easier to arrange the numbers in columns with
the place positions lined up above each other. First, the units column is added. After the units
column is added, the number of tens is carried over and added to the numbers in the tens column.
Any hundreds number is then added to the hundreds column and so on.

Example:

Add 345, 25, 1458, and 6.

Solution:

345
25

1458
+ 6
1834

When adding the units column, 5 + 5 + 8 + 6 = 24. A 4 isplaced under the units
column, and a 2 isadded to the tens column.

Then, 2 + 4 + 2+ 5 = 13. A 3 is placed under the tens column and a 1 is carried over
to the hundreds column. The hundreds column is added as follows:1 + 3 + 4 = 8.

An 8 is placed under the hundreds column with nothing to carry over to the thousands
column, so the thousands column is 1. The 1 is placed under the thousands column, and
the sum is 1834. To verify the sum, the numbers should be added in reverse order. In
the above example, the numbers should be added from the bottom to the top.

Subtracting Whole Numbers

When numbers are subtracted, the result is called the remainder or difference. The number
subtracted is called the subtrahend; the number from which the subtrahend is subtracted is called
the minuend. Subtraction is indicated by the minus sign (-).

86 Minuend
-34 -Subtrahend
52 Remainder or Difference

Unlike addition, the subtraction process is neither associative nor commutative. The commutative
law for addition permitted reversing the order of the addends without changing the sum. In
subtraction, the subtrahend and minuend cannot be reversed.

a - b =/ b - a (1-3)
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Thus, the difference of 5 - 3 is not the same as 3 - 5. The associative law for addition permitted
combining addends in any order. In subtraction, this is not allowed.

(a-b)-c ≠ a-(b-c)

Example: (10-5)-1≠ 10-(5-1)
4 ≠ 6

When subtracting two numbers, the subtrahend is placed under the minuend with the digits
arranged in columns placing the units place under the units place, the tens column next, and so
on.

Example:

Subtract 32 from 54.

Solution:
54

-32
22

Whenever the digit in the subtrahend is larger than the digit in the minuend in the same column,
one place value is borrowed from the next digit to the left in the minuend. Refer to the
following example.

Example:

Subtract 78 from 136.

Solution:
2

13/6
- 78

58

When subtracting the units column, 6 - 8, a 10 isborrowed from the tens column. This
now makes subtracting the units column 16 - 8. An 8 is placed under the units column.
Next the tens column is subtracted.

A 10 was borrowed from the tens column and now 7 is subtracted from 12, not 13. This
yields: 12 - 7 = 5. The 5 isplaced under the tens column and the difference is 58.

This can be done for any subtraction formula. When the digit in the subtrahend column
is larger than the digit in the minuend in the same column, a number from the next higher
place position column is "borrowed." This reduces the higher position column by one.
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Subtraction can be verified by adding the difference to the subtrahend, which should
result in the minuend.

Multiplying Whole Numbers

Multiplication is the process of counting a number two or more times. It can be considered a
shortened form of addition. Thus, to add the number 4 three times, 4 + 4 + 4, we can use
multiplication terms, that is, 4 multiplied by 3. When numbers are multiplied, the result is called
the product. The numbers multiplied are called factors. One factor is called the multiplicand;
the other is called the multiplier. Multiplication is indicated by the times or multiplication sign
(x), by a raised dot ( ), or by an asterick (*).

9 Multiplicand
x 4 x Multiplier
36 Product

In multiplying several numbers, the same product is obtained even if the numbers are multiplied
in a different order or even if some of the numbers are multiplied together before the final
multiplication is made. These properties are called the commutative and associative laws for
multiplication.

The commutative lawfor multiplication states that numbers can be multiplied in any
order, and the result is the same product. In equation form:

a x b = b x a (1-4)

Thus, the product of 8 x 3 is thesame as 3 x 8.

The associative lawfor multiplication states that factors can be associated in any order,
and the result is the same product. In equation form:

a x (b x c) = (a x b) x c (1-5)

Thus, the numbers 2, 3, and 5 can be multiplied by first multiplying 2 x 3 to equal 6 and
then multiplying 6 x 5 toequal 30. The equation may also be solved by first multiplying
3 x 5 to equal 15, and then multiplying 15 x 2 to equal 30. In either case, the product
is 30.

In multiplying two numbers, one number is placed under the other with the digits arranged in
columns placing units under the units place, tens under the tens place, and so on. Usually, the
larger number is considered the multiplicand and the smaller number is considered the multiplier.
The digit in the units place of the multiplier is multiplied first, the digit in the tens place of the
multiplier next, and so on.
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Example 1:

Multiply 432 by 8.

Solution:

432
× 8

3,456

In multiplying the multiplier in the units column to the multiplicand,8 x 2 = 16. A 6 isplaced
under the units column, and 1 ten is carried. Then, 8x 3 = 24, plus the 1 carried over equals
25.

A 5 is placed under the tens column, and 2 hundreds are carried over. Next, 8 x 4 = 32, plus
2 carried over, equals 34. A 4 is placed under the hundreds column and a 3 under the thousands
column.

Example 2:

What is the product of 176 x 59?

Solution:

176
x 59
1584 Multiplication by 9
880 Multiplication by 50

10384

Start by multiplying the digit in the units place of the multiplier,9 x 6 = 54. A 4 is
placed under the units column, and 5 tens are carried over.

Next, 9 x 7 = 63, plus the 5 carried over, equals 68. An 8 is placed under the tens
column, and 6 hundreds are carried over. Then, 9 x 1 = 9,plus 6 carried over, equals 15.
A 5 is placed under the hundreds column and a 1 under the thousands column.

The digit in the tens place of the multiplier is multiplied now: 5 x 6 = 30. Since the 5
in 59 is in the tens column, the zero is placed under the tens column, and 3 tens are
carried over. Next,5 x 7 = 35,plus the 3 carried over, equals 38. An 8 is placed under
the hundreds column, and 3 hundreds are carried over.

Then, 5 x 1 = 5, plus 3 carried over, equals 8. An 8 is placed under the thousands
column. The results of 176 multiplied by 9 and 50 are then added to give the final
product.
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Dividing Whole Numbers

Division is the process of determining how many times one number is contained in another
number. When numbers are divided, the result is the quotient and a remainder. The remainder
is what remains after division. The number divided by another number is called the dividend;
the number divided into the dividend is called the divisor. Division is indicated by any of the
following:

a division sign (÷)

a division sign ( )

a horizontal line with the dividend above the line and the divisor below the line








#
#

a slanting line a/b meaning a divided by b

Thus, the relationship between the dividend, divisor, and quotient is as shown below:

37 Dividend
÷ 4 Divisor
9 Quotient
1 Remainder

Unlike multiplication, the division process is neither associative nor commutative. The
commutative law for multiplication permitted reversing the order of the factors without changing
the product. In division the dividend and divisor cannot be reversed.

Using the equation form:

a ÷ b =/ b ÷ a (1-6)

For example, the quotient of 18 ÷ 6 is not thesame as the quotient of 6 ÷ 18. 18 divided by 6
equals 3; 6 divided by 18 equals 0.33.
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The associative law for multiplication permitted multiplication of factors in any order. In
division, this is not allowed.

(a÷b) ÷ c ≠ a ÷ (b÷c)

Example: (8÷4) ÷ 2≠ 8 ÷ (4÷2)

1 ≠ 4

When dividing two numbers, the divisor and dividend are lined up horizontally with the divisor
to the left of the dividend. Division starts from the left of the dividend and the quotient is
written on a line above the dividend.

Example 1:

Divide 347 by 5.

Solution:

Starting from the left of the dividend, the divisor is divided into the first digit or set of
digits it divides into. In this case, 5 is divided into 34; the result is 6, which is placed
above the 4.

This result (6) is then multiplied by the divisor, and the product is subtracted from the
set of digits in the dividend first selected.6 x 5 equals 30; 30 subtracted from 34 equals
4.

The next digit to the right in the dividend is then brought down, and the divisor is divided
into this number. In this case, the 7 is brought down, and 5 is divided into 47; the result
is 9, which is placed above the 7.

Again, this result is multiplied by the divisor, and the product is subtracted from the last
number used for division. 9 x 5 equals 45; 45 subtracted from 47 equals 2. This process
is repeated until all of the digits in the dividend have been brought down. In this case,
there are no more digits in the dividend. The result of the last subtraction is the
remainder. The number placed above the dividend is the quotient. In this case, 347 ÷
5 yields a quotient of 69 with a remainder of 2.
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Example 2:

Divide 738 by 83.

Solution:

Example 3:

Divide 6409 by 28.

Solution:

Division can be verified by multiplying the quotient by the divisor and adding the remainder.
The result should be the dividend. Using Example 3, multiply 228 by 28 to check the quotient.

228
x 28
1824
456

6384 → Product
+ 25 → Remainder of 25
6409
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Hierarchy of Mathematical Operations

Mathematical operations such as addition, subtraction, multiplication, and division are usually
performed in a certain order or sequence. Typically, multiplication and division operations are
done prior to addition and subtraction operations. In addition, mathematical operations are also
generally performed from left to right using this heirarchy. The use of parentheses is also
common to set apart operations that should be performed in a particular sequence.

Example:

Perform the following mathematical operations to solve for the correct answer:

(2 + 3) + (2 x 4) + ( ) = __________6 2
2

Solution:

a. Mathematical operations are typically performed going from left to right within
an equation and within sets of parentheses.

b. Perform all math operations within the sets of parentheses first.

2 + 3 = 5
2 x 4 = 8

Note that the addition of 6 and 2 was performed prior to dividing6 2
2

8
2

4

by 2.

c. Perform all math operations outside of the parentheses. In this case, add from left
to right.

5 + 8 + 4 = 17

Example:

Solve the following equation:

(4 - 2) + (3 x 4) - (10 ÷ 5) - 6 =______

Solution:

a. Perform math operations inside each set of parentheses.

4 - 2 = 2
3 x 4 = 12
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10 ÷ 5 = 2

b. Perform addition and subtraction operations from left to right.

c. The final answer is 2 + 12 - 2 - 6 = 6

There may be cases where several operations will be performed within multiple sets of
parentheses. In these cases you must perform all operations within the innermost set of
parentheses and work outward. You must continue to observe the hierarchical rules through out
the problem. Additional sets of parentheses may be indicated by brackets, [ ].

Example:

Solve the following equation:

[2 ( 3 + 5) - 5 + 2] x 3 =______

Solution:

a. Perform operations in the innermost set of parentheses.

3 + 5 = 8

b. Rewriting the equation:

[2 8 - 5 + 2] x 3 =

c. Perform multiplication prior to addition and subtraction within the brackets.

[16 - 5 + 2] x 3 =
[11 + 2] x 3 =
[13] x 3 =

d. Perform multiplication outside the brackets.

13 x 3 = 39
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Example:

Solve the following equation:

5 + [2 (3 + 1) - 1] x 2 =_____

Solution:

5 + [2 (4) - 1] x 2 =
5 + [8 - 1] x 2 =
5 + [7] x 2 =
5 + 14 = 19

Example:

Solve the following equation:

[(10 - 4) ÷ 3] + [4 x (5 - 3)] = _____

Solution:

[(6) ÷ 3] + [4 x (2)] =
[2] + [8] =
2 + 8 = 10
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Summary

The important information from this chapter is summarized below.

Four Basic Arithmetic Operations Summary

This chapter reviewed using whole numbers to perform the operations of:

Addition

Subtraction

Multiplication

Division

While this chapter discussed the commutative and associative laws for
whole numbers, it should be noted that these laws will also apply to the
other types of numbers discussed in later chapters and modules of this
course.
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AVERAGES

This chapter covers the concept of averages and how to calculate the average of
a given set of data.

EO 1.3 Given a set of numbers, CALCULATE the average
value.

An average is the sum of a group of numbers or quantities divided by the number of numbers
or quantities. Averages are helpful when summarizing or generalizing a condition resulting from
different conditions. For example, when analyzing reactor power level, it may be helpful to use
the average power for a day, a week, or a month. The average can be used as a generalization
of the reactor power for the day, week, or month.

Average calculations involve the following steps:

Step 1: Add the individual numbers or quantities.
Step 2: Count the number of numbers or quantities.
Step 3: Divide the sum in Step 1 by the number in Step 2.

Example 1:

Find the average cost of a car, given the following list of prices.
$10,200; $11,300; $9,900; $12,000; $18,000; $7,600

Solution:

Step 1: 10200 + 11300 + 9900 + 12000 + 18000 + 7600 = 69000
Step 2: Total number of prices is 6
Step 3: Divide 69000 by 6. The result is 11500

Thus, the average price of the six cars is $11,500.

Example 2:

Find the average temperature if the following values were recorded: 600°F, 596°F, 597°F,
603°F

Solution:

Step 1: 600 + 596 + 597 + 603 = 2396
Step 2: The number of items is 4.
Step 3: 2396/4 = 599°F
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Average Value

The summation symbol,∑, introduced in the first chapter, is often used when dealing with the

average value, .x

Using the first example in this chapter, the average value could have been expressed in the
following manner:

xcar

N
xι̇

ι̇ 1
N

where:

= the average value (cost) of a carxcar

xi = each of the individual car prices

N = total number of cars

The right side of the above equation can then be rewritten.

xcar

x1 x2 x3 x4 x5 x6

6

substituting 10,200 for x1, 11300 for x2, 9,900 for x3, etc.

xcar

10,200 11,300 9,900 12,000 18,000 7600
6

= 11,500xcar
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Example:

If we were to apply the average value equation from above to the second example
concerning temperature, how would it be written, and what would be the values for N1,
xi?

Solution:

xtemp

4
xι̇

ι̇ 1
4

x1 = 600
x2 = 596
x3 = 597
x4 = 603

xtemp

x1 x2 x3 x4

4

600 596 597 603
4

= 599
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Summary

The important information from this chapter is summarized below.

Averages Summary

Calculating the average of a set of numbers requires three steps:

1. Add the individual numbers or quantities.

2. Count the number of numbers or quantities added in previous
step.

3. Divide the sum calculated in step 1 by the number in step 2.
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FRACTIONS

This chapter covers the basic operations of addition, subtraction,
multiplication, and division using fractions.

EO 1.4 APPLY one of the arithmetic operations of addition,
subtraction, multiplication, and division using fractions.

A common fraction, such as , consists of the numerator 1 and the denominator 3. It is1
3

referred to as a rational number describing the division of 1 by 3 (division of the numerator by
the denominator).

Proper and Improper Fractions

There are two types of fractions: proper fractions and improper fractions. The value of the
numerator and the denominator determines the type of fraction. If the numerator is less than the
denominator, the fraction is less than one; this fraction is called a proper fraction. If the
numerator is equal to or greater than the denominator, the fraction is called an improper fraction.

Example:

proper fraction3
8

improper fraction8
3

improper fraction3
3

An improper fraction expressed as the sum of an integer and a proper fraction is called a mixed
number.

To write an improper fraction as a mixed number, divide the numerator by the denominator,
obtaining an integer part (quotient) plus a fractional part whose numerator is the remainder of
the division.
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Example:

= 2 + = 222
9

4
9

4
9

Here, 9 can be divided into 22 two times, with left over or remaining.4
9

Thus, the improper fraction is equivalent to the mixed number 2 .22
9

4
9

Every number may be expressed as a fraction or sum of fractions. A whole number is a fraction
whose denominator is 1. Any fraction with the same numerator and denominator is equal to one.

Examples:

5 = , = 15
1

10
1

10, 1 16
16

, 5
5

Equivalent Fractions

An equivalent fraction is a fraction that is equal to another fraction.

Example:

2
3

4
6

6
9

A fraction can be changed into an equivalent fraction by multiplying or dividing the numerator
and denominator by the same number.

Example:

because = 1, and 1 x any number = that number2
3

2
2

4
6

2
2

A fraction may be reduced by dividing both the numerator and the denominator of a fraction by
the same number.
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Example:

6
8

6
2
8
2

3
4

Addition and Subtraction of Fractions

When two or more fractions have the same denominator, they are said to have a common
denominator. The rules for adding fractions with a common denominator will first be explored.
Consider the example.

3
8

1
8

First of all, the fraction means three segments, i.e. = 3 x . Looking at this as the3
8

1
8

3
8

1
8

addition of pie segments:

It is obvious that three of these segments plus one of these segments equal four







1
8

ths 







1
8

ths

of these segments .







1
8

ths
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This graphic illustration can be done for any addition of fractions with common denominators.
The sum of the fractions is obtained by adding the numerators and dividing this sum by the
common denominator.

2
6

3
6

1
6

2×







1
6

3×







1
6

1× 







1
6

6× 1
6

1

Also, this general method applies to subtraction, for example,

The general method of subtraction of fractions with common denominators is to subtract the
numerators and place this difference over the common denominator.

5
8

2
8

5×







1
8

2×







1
8

(5 2)×







1
8

3×







1
8

3
8
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When fractions do not have a common denominator, this method must be modified. For example,
consider the problem:

1
2

1
3

?

This presents a problem, the same problem one would have if he were asked to add 6 feet to 3
yards. In this case the entities (units) aren’t equal, so the 6 feet are first converted to 2 yards and
then they are added to 3 yards to give a total of 5 yards.

6 feet + 3 yards = 2 yards + 3 yards = 5 yards

Going back to the fraction addition example, then and must both be expressed in the same1
2

1
3

segments to be added. Without developing the general method, is . Multiply by1
2

3
6

ths
1
2

3
3

or (one) to give the equivalent fraction. Similarly, equals .1
3

2
6
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Then,

The general method of adding or subtracting fractions which do not have a common denominator
is to convert the individual fractions to equivalent fractions with a common denominator. These
equally sized segments can then be added or subtracted.

The simplest method to calculate a common denominator is to multiply the denominators. This
is obtained if each fraction is multiplied top and bottom by the denominator of the other fraction
(and thus by one, giving an equivalent fraction).

1
3

8
6

1
3

6
6

8
6

3
3

6
18

24
18

30
18

For more than two fractions, each fraction is multiplied top and bottom by each of the other
denominators. This method works for simple or small fractions. If the denominators are large
or many fractions are to be added, this method is cumbersome.
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Example:

105
64

15
32

1
6

would require the denominator to be equal to 64 x 32 x 6 = 12,288. This kind of number is very
hard to use.

In the earlier example

was shown to equal1
3

8
6

6
18

24
18

30
18

.

You notice that both 30 and 18 can be divided by 6; if this is done:

30 ÷ 6
18 ÷ 6

5
3

By doing this we arrive at a smaller and more useful number: takes the place of .5
3

30
18

The sum of two or more fractions reduced to its simplest form contains the smallest possible
denominator common to both fractions. This denominator is called the least common
denominator (LCD).

Example:

1
3

1
6

1
8

Using trial and error we can find that 24 is the LCD or smallest number that 3, 6, and 8 will all
divide into evenly. Therefore, if each fraction is converted into 24ths, the fractions can be added.

1
3









8
8

1
6









4
4

1
8









3
3

8
24

4
24

3
24

15
24
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This is the simplest form the fraction can have. To eliminate the lengthy process of trial and error
used in finding the LCD, you can reduce the denominators to their prime numbers.

Least Common Denominator Using Primes

A prime number is a whole number (integer) whose only factors are itself and one. The first
prime numbers are:

1, 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, . . . .

By dividing by primes, you can find that the primes of 105 are:

7 = a prime number, therefore, stop dividing.105
3

35 35
5

7

The primes of 105 are: 3, 5, 7

A systematic way of finding the prime factors of larger positive integers is illustrated below. The
primes are tried in order, as factors, using each as many times as possible before going on to the
next. The result in this case is:

504 =(2)(252)
=(2)(2)(126)
=(2)(2)(2)(63)
=(2)(2)(2)(3)(21)
=(2)(2)(2)(3)(3)(7)

To add several fractions with different denominators, follow these steps:

Step 1: Express denominators in prime factors.

Step 2: Determine the least common denominator by using all of the prime
numbers from the largest denominator, and then include each prime
number from the other denominators so that each denominator can be
calculated from the list of primes contained in the LCD.

Step 3: Rewrite using the least common denominator.

Step 4: Add the fractions.
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Example 1:

Add and1
15

7
10

Solution:

Step 1: Find primes of each denominator.

15 = 5 x 3
10 = 5 x 2

Step 2: In the example, 15 is the largest denominator, so use the 5 and the 3; now
look at the second denominator’s primes—the five already appears in the
list, but the 2 does not, so use the 2.

5 x 3 x 2 = 30

Step 3: Rewrite with least common denominators.
1
15

2
30

7
10

21
30

Step 4: Add the new fractions.

2
30

21
30

23
30

Example 2:

Add 1
7

2
3

11
12

4
6

Solution:

Step 1: Find primes of each denominator.

7 = 7 (already is a prime number)
3 = 3 (already is a prime number)

12 = 2 x 6 = 2 x 2 x 3
6 = 2 x 3

Step 2: 12 is the largest, so start with
2 x 2 x 3
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Comparing this list to the others, the denominators of 3, 12, and 6
can all be calculated from the list, but 7 cannot be, so a 7 must be
included in the list.

2 x 2 x 3 x 7 = 84

Step 3: Rewrite the equation

1
7

12
12

2
3

28
28

11
12

7
7

4
6

14
14

Step 4: Add

12
84

56
84

77
84

56
84

201
84

Addition and Subtraction

Denominators of fractions being added or subtracted must be the same.

The resulting sum or difference is then the sum or difference of the numerators of the fractions
being added or subtracted.

Examples:

= = 12
3

1
3

2 1
3

= =4
7

1
7

4 1
7

5
7

= =4
9

2
9

4 2
9

2
9

= =8
11

2
11

5
11

8 2 5
11

1
11
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Multiplication

The methods of multiplication of fractions differ from addition and subtraction. The operation
of multiplication is performed on both the numerator and the denominator.

Step 1: Multiply the numerators.

Step 2: Multiply the denominators.

Step 3: Reduce fraction to lowest terms.

Example:

2
3

1
4

2
12

1
6

Multiplication of mixed numbers may be accomplished by changing the mixed number to an
improper fraction and then multiplying the numerators and denominators.

Example:

1 1
2

3
5

3
2

3
5

9
10

Division

The division of fractions can be performed by two methods. The first method employs the basic
concept of multiplying by 1.

Example:

= _____









4
5









2
9
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Solution:

Step 1: Multiply by , which is the same as multiplying by 1.









9
2









9
2

= _____









4
5









2
9









9
2









9
2

Step 2: Looking at the two division fractions we see that . This leaves2
9

9
2

1

us with the following.

4
5

9
2

1
4
5

9
2

Step 3: Multiply numerators and denominators.

4
5

9
2

36
10

Example:

= _____









3
8









6
7

Solution:

Step 1: Multiply by

7
6
7
6

.

=

3
8

7
6

6
7

7
6
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Step 2: Multiplication of division fractions equals 1.

=

3
8

7
6

1

Step 3: Multiplication of numerators and denominators yields:

3
8

7
6

21
48

The second method for dividing fractions is really a short cut to the first method. When dividing
one fraction by another, first invert the divisor fraction and then multiply.

Example:









4
5









2
9

Solution:

Step 1: Invert the divisor fraction to .







2
9









9
2

Step 2: Multiply the dividend fraction, , by the inverted fraction .







4
5









9
2









4
5









9
2

36
10

Step 3: Reduce fraction to lowest terms.









36
2









10
2

18
5

3 3
5

Division of mixed numbers may be accomplished by changing the mixed number into an
improper fraction (a/b), inverting the divisor, and proceeding as in multiplication.
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Invert the divisor fraction and then follow the rule for multiplication.

Example:

1 2
3
3
7

5
3

7
3

35
9

3 8
9

Summary

The important information from this chapter is summarized below.

Fractions Summary

Denominator - bottom number in a fraction

Numerator - top number in a fraction

Proper fraction - numerator is less than denominator

Improper fraction - numerator is greater than or equal to denominator

Mixed number - sum of an integer and a proper fraction

Fractions, like whole numbers can be:

a. Added

b. Subtracted

c. Multiplied

d. Divided

Rev. 0 Page 37 MA-01



DECIMALS Review of Introductory Mathematics

DECIMALS

This chapter covers the processes of addition, subtraction, multiplication, and
division of numbers in decimal form.

EO 1.5 APPLY one of the arithmetic operations of addition,
subtraction, multiplication, and division of fractions by
conversion to decimal form using a calculator.

EO 1.6 APPLY one of the arithmetic operations of addition,
subtraction, multiplication, and division using decimals.

When using numbers, the operator will use whole numbers at times and decimal numbers at other
times. A decimal number is a number that is given in decimal form, such as 15.25. The decimal
portion is equivalent to a certain "fraction-of-one," thus allowing values between integer numbers
to be expressed.

A decimal is a linear array of integers that represents a fraction. Every decimal place indicates
a multiple of a power of 10.

Example:

Fraction to Decimal Conversion

In the process of converting a fraction to a decimal, we must perform the operation of division
that the fraction represents.
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Example:

Convert to a decimal.3
4

Solution:

The fraction represents 3 divided by 4. To put this into decimal form, we first divide3
4

3 by 4. Add a decimal point and zeros to carry out this division.

Example:

Convert to a decimal.1
3

Solution:

In the above example we see that no matter how many zeros we add, there will always be a
remainder of 1. This is called a repeating decimal. A repeating decimal is indicated by a dash

over the last number to the right of the decimal point. So, . The bar is placed over1
3

0.333

the repeating portion. For a repeating single digit, the bar is placed over only a single digit. For
a repeating sequence of digits, the bar is placed over the whole sequence of digits.
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Decimal to Fraction Conversion

The process of decimal to fraction conversion involves the use of the fundamental rule of
fractions; the fraction should be written in its lowest terms. The following examples demonstrate
how to convert decimals to fractions.

Example 1:

Convert 0.65 to a fraction.

Solution:

Step 1: Note the number of place positions to the right of the decimal point. In
this example, 0.65 is 65 hundredths, which is two places to the right of the
decimal point.

65
100

Step 2: Although we have now converted the decimal into a fraction, the fraction
is not in its lowest terms. To reduce the new fraction into its lowest or
simplest terms, both the numerator and the denominator must be broken
down into primes.

65
100

5 13
5 20

5 13
5 4 5

5 13
5 2 2 5

Note that we can cancel one set of 5s, because = 1.5
5

This gives
65
100

13
20

and this is the simplest form of this fraction.

Example 2:

Convert 18.82 to a mixed number.
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Solution:

Step 1: 18.82 is 18 and 82 hundredths.

18.82 18 82
100

Step 2: Reduce to its simplest form82
100

41
50

82
100

2 41
2 50

2 41
2 2 25

2 41
2 2 5 5

41
2 5 5

41
50

The answer is .1841
50

Example 3:

Convert 1.73 to a fraction.

Solution:

Step 1: 1.73 =1 73
100

Step 2: 73 = 73 x 1
100 = 2 x 2 x 5 x 5

There are no common factors between 73 and 100, so it cannot be reduced.

1 73
100

Example 4:

Convert 0.333 to a fraction.

Solution:

Step 1: 0.333 333
1000

Step 2: There are no common factors between 333 and 1000, so it is already in its
simplest form.
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Addition and Subtraction of Decimals

When adding or subtracting decimals, each number must be placed to align the decimal points.
When necessary, zeros are used as place holders to make this possible. Then the operation of
addition or subtraction is performed.

Example:

0.423 + 1.562 + 0.0736 + 0.2 =

Solution:

Align decimal points
0.4230
1.5620
0.0736
0.2000
2.2586

Example:

0.832 - 0.0357 =

Solution:

0.8320
0.0357
0.7963

Multiplying Decimals

When multiplying decimals, the decimal points do not have to be aligned. Rather, it is important
to accurately position the decimal point in the product. To position the decimal in the product,
the total number of digits to the right of the decimals in the numbers being multiplied must be
equal to the number of digits to the right of the decimal in the product. This is best illustrated
in the following examples:

Step 1: Multiply numbers without inserting decimal in the products.

Step 2: Sum the number of digits to the right of the decimal in all of the numbers
being multiplied.

Step 3: Position the decimal in the product so the number of digits to the right of
the decimal equals the total number of digits to the right of the decimal in
the numbers multiplied (from Step 2).

MA-01 Page 42 Rev. 0



Review of Introductory Mathematics DECIMALS

Example:
0.056 x 0.032 =

Solution:

0.056
0.032

112
168

0.001792

NOTE: Since 0.056 has three digits to the right of the decimal point, and 0.032 has three
digits to the right of the decimal point, six digits must be to the right of the
decimal point in the product. To have six digits in the product, zeros are inserted
to the left of the computed digits.

To multiply a decimal by 10, move the decimal point one position to the right.

Example: 0.45 x 10 = 4.5. Similarly, when multiplying a decimal by 100, 1000, and 10,000,
move the decimal point to the right the same number of zeros that are in the
multiplier.

Example:
0.45 x 100 = 45
0.45 x 1000 = 450
0.45 x 10,000 = 4500

The reverse is true when multiplying by fractions of 10.

0.45 x 0.1 = 0.045
0.45 x 0.01 = 0.0045
0.45 x 0.001 = 0.00045
0.45 x 0.0001 = 0.000045

Dividing Decimals

When solving problems involving division of decimals, the following procedure should be
applied.

Step 1: Write out the division problem.

Step 2: Move the decimal in the divisor to the right.
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Step 3: Move the decimal in the dividend the same number of places to the right.
Add zeros after the decimal in the dividend if necessary.

Step 4: Place the decimal point in the quotient directly above the decimal in the
dividend.

Step 5: Divide the numbers.

Example:

3.00 ÷ 0.06

Solution:

Rounding Off

When there is a remainder in division, the remainder may be written as a fraction or rounded off.
When rounding off, the following rules should be applied:

Step 1: Observe the digit to the right of the digit being rounded off.

Step 2: If it is less than 5, drop the digit.
If the digit is 5 or higher, add 1 to the digit being rounded off.

Step 3: Write the new rounded number.
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Example:

Round off the following number to two decimal places.

3.473

Solution:

Step 1: 3 is the number to the right of the 2nd decimal place.

Step 2: 3 is less than 5, so drop the digit.

Step 3: 3.47 is the number rounded to two decimal places.

Example:

Round off the following number to two decimal places.

6.238

Solution:

Step 1: 8 is the number to the right of the 2nd decimal place.

Step 2: 8 is greater than 5, so drop the 8 and add one to the number in the
second decimal place (3 + 1 = 4).

Step 3: 6.24 is the number rounded to two decimal places.

Example:

Round off the following number to two decimal places.

6.2385

Solution:

Step 1: 8 is the number to the right of the 2nd decimal place.

Step 2: 8 is greater than 5, so drop the 8 and add one to number in the
second decimal place (3 + 1 = 4).

Step 3: 6.24 is the number rounded to two decimal places.
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Example:

Round off the following number to three decimal places.

6.2385

Solution:

Step 1: 5 is the number to the right of the 3rd decimal place.

Step 2: 5 is equal to 5, so drop the 5 and add one to the number in the
third decimal place (8 + 1 = 9).

Step 3: 6.239 is the number rounded to three decimal places.

Example:

Divide 2.25 by 6 and round off the answer to 1 decimal place.

= 0.3752.25
6

Solution:

Step 1: 7 is the number to the right of the 1st

decimal place.

Step 2: 7 is greater than 5, so drop the 7 and
add one to the number in the first
decimal place (3 + 1 = 4).

Step 3: 0.4 is .375 rounded to 1 decimal
place.
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Summary

The important information from this chapter is summarized below.

Decimals Summary

When using the decimal process:

Convert fractions to decimals by dividing the numerator by the denominator.

Convert decimals to fractions by writing the decimal in fraction format and
reducing.

Align decimal points when adding or subtracting decimals.

Before dividing decimals, move the decimal in the divisor and dividend to the
right by the same number of places.

When rounding, numbers less than 5 are dropped, and numbers 5 or greater
increase the number immediately to the left by one.
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SIGNED NUMBERS

This chapter covers the processes of addition, subtraction, division, and
multiplication of signed numbers.

EO 1.7 APPLY one of the arithmetic operations of addition,
subtraction, multiplication, and division using signed numbers.

Calculator Usage, Special Keys

Change Sign key
Pressing this key changes the sign of the number in the display. To enter
a negative number, the number is entered as a positive number and then
the change sign key is pressed to convert it to a negative. The display will
show a "-" in front of the number.

Addition

Addition of signed numbers may be performed in any order. Begin with one number and count
to the right if the other number is positive or count to the left if the other number is negative.

Example:
–2 + 3 = 0 - 2 + 3

Solution:

Begin with –2 and count 3 whole numbers to the right.

Therefore: -2 + 3 = 1
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Example:

(-2) + 3 + 4 = 0 - 2 + 3 + 4

Solution:

Therefore: (-2) + 3 + 4 = 5

Example:
(2) + (–4) =

Solution:

Begin with 2 and count 4 whole numbers to the left.

Therefore: (2) + (–4) = –2
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Adding numbers with unlike signs may be accomplished by combining all positive numbers, then
all negative numbers, and then subtracting.

Example:

10 + (–5) + 8 +(–7) + 5 +(–18) =

Solution:

+10 – 5 + 8 – 7 + 5 – 18 =

+10 + 8 + 5 – 18 – 7 – 5 =

+23 – 30 = –7

Subtraction

Subtraction of signed numbers may be regarded as the addition of numbers of the opposite signs.
To subtract signed numbers, reverse the sign of the subtrahend (the second number) and add.

For example, one could treat his incomes for a given month as positive numbers and his bills as
negative numbers. The difference of the two is his increase in cash balance. Suppose he buys
a window for $40. This gives a bill of $40 and adds as negative $40 to his cash balance. Now
suppose he returns this window to the store and the manager tears up his bill, subtracting the -
$40. This is equivalent of adding +$40 to his cash balance.

Example:
a – b = a + (–b)

Solution:

(+3) – (+5) = (+3) + (–5) = –2

(–4) – (–1) = (–4) + (+1) = –3

(–5) – (+8) = (–5) + (–8) = –13

(+7) – (–2) = (+7) + (+2) = +9
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Multiplication

Multiplication of signed numbers may be performed by using the following rules:

The product of any two numbers with like signs is positive:
(+)(+) = (+) or (–)(–) = (+).

The product of any two numbers with unlike signs is negative:
(+)(–) = (–) or (–)(+) = (–).

The product is negative if there is an odd number of negatives.
The product is positive if there is an even number of negatives.

Example:
(+3)(+3) = +9
(–2) (+4) = –8
(–1) (–2) (+1) (–2) = –4
(–2) (+2) (+2) (–2) = +16

Zero times any number equals zero.
Multiplying by –1 is the equivalent of changing the sign.

Division

Division of signed numbers may be performed using the following rules:

Rule 1: The quotient of any two numbers with like signs is positive:
(+)/(+) = (+) or (–)/(–) = (+)

Rule 2: The quotient of any two numbers with unlike signs is negative:
(+)/(–) = (–) or (–)/(+) = (–)

Rule 3: Zero divided by any number not equal to zero is zero.
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Examples:

a) Apply rule 3.0
5

0

b) Apply rule 1.3
1

3

c) Apply rule 2.4
2

2

Summary

The important information from this chapter is summarized below.

Signed Numbers Summary

When using signed numbers:

Adding a negative number is the same as subtracting a positive number.

Subtracting a negative number is the same as adding a positive number.

A product is negative if there is an odd number of negatives.

A product is positive if there is an even number of negatives.

Division of two numbers with like signs results in a positive answer.

Division of two numbers with unlike signs results in a negative answer.
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SIGNIFICANT DIGITS

This chapter presents the concept of significant digits and the application of
significant digits in a calculation.

EO 1.8 DETERMINE the number of significant digits in a given
number.

EO 1.9 Given a formula, CALCULATE the answer with the
appropriate number of significant digits.

Calculator Usage, Special Keys

Most calculators can be set up to display a fixed number of decimal places. In doing so,
the calculator continues to perform all of its internal calculations using its maximum
number of places, but rounds the displayed number to the specified number of places.

INV key
To fix the decimal place press the INV key and the number of the decimal places
desired. For example, to display 2 decimal places, enter INV 2.

Significant Digits

When numbers are used to represent a measured physical quantity, there is uncertainty associated
with them. In performing arithmetic operations with these numbers, this uncertainty must be
taken into account. For example, an automobile odometer measures distance to the nearest 1/10
of a mile. How can a distance measured on an odometer be added to a distance measured by a
survey which is known to be exact to the nearest 1/1000 of a mile? In order to take this
uncertainty into account, we have to realize that we can be only as precise as the least precise
number. Therefore, the number of significant digits must be determined.

Suppose the example above is used, and one adds 3.872 miles determined by survey to 2.2 miles
obtained from an automobile odometer. This would sum to 3.872 + 2.2 = 6.072 miles, but the
last two digits are not reliable. Thus the answer is rounded to 6.1 miles. Since all we know
about the 2.2 miles is that it is more than 2.1 and less than 2.3, we certainly don’t know the sum
to any better accuracy. A single digit to the right is written to denote this accuracy.
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Both the precision of numbers and the number of significant digits they contain must be
considered in performing arithmetic operations using numbers which represent measurement. To
determine the number of significant digits, the following rules must be applied:

Rule 1: The left-most non-zero digit is called the most significant digit.

Rule 2: The right-most non-zero digit is called the least significant digit except
when there is a decimal point in the number, in which case the right-most
digit, even if it is zero, is called the least significant digit.

Rule 3: The number of significant digits is then determined by counting the digits
from the least significant to the most significant.

Example:

In the number 3270, 3 is the most significant digit, and 7 is the least significant digit.

Example:

In the number 27.620, 2 is the most significant digit, and 0 is the least significant digit.

When adding or subtracting numbers which represent measurements, the right-most significant
digit in the sum is in the same position as the left-most least significant digit in the numbers
added or subtracted.

Example:

15.62 psig + 12.3 psig = 27.9 psig

Example:

401.1 + 50 = 450

Example:

401.1 + 50.0 = 451.1
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When multiplying or dividing numbers that represent measurements, the product or quotient has
the same number of significant digits as the multiplied or divided number with the least number
of significant digits.

Example:

3.25 inches x 2.5 inches = 8.1 inches squared

Summary

The important information from this chapter is summarized below.

Significant Digits Summary

Significant digits are determined by counting the number of digits from the most
significant digit to the least significant digit.

When adding or subtracting numbers which represent measurements, the right-
most significant digit in the sum is in the same position as the left-most
significant digit in the numbers added or subtracted.

When multiplying or dividing numbers that represent measurements, the product
or quotient has the same number of significant digits as the multiplied or divided
number with the least number of significant digits.

Rev. 0 Page 55 MA-01



PERCENTAGES Review of Introductory Mathematics

PERCENTAGES

This chapter covers the conversion between percents, decimals, and fractions.

EO 1.10 CONVERT between percents, decimals, and fractions.

EO 1.11 CALCULATE the percent differential.

A special application of proper fractions is the use of percentage. When speaking of a 30% raise
in pay, one is actually indicating a fractional part of a whole, 30/100. The word percent means
"hundredth;" thus, 30% is based on the whole value being 100%. However, to perform arithmetic
operations, the 30% expression is represented as a decimal equivalent (0.30) rather than using
the % form.

Calculator Usage, Special Keys

Percent Key
When pressed, the percent key divides the displayed number by 100.

Changing Decimals to Percent

Any number written as a decimal may be written as a percent. To write a decimal as a percent,
multiply the decimal by 100, and add the percent symbol.

Example:

Change 0.35 to percent.
0.35 x 100 = 35%

Example:

Change 0.0125 to percent.
0.0125 x 100 = 1.25%
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Example:

Change 2.7 to percent.
2.7 x 100 = 270%

Changing Common Fractions and Whole Numbers to Percent

When changing common fractions to percent, convert the fraction to a decimal, then multiply by
100 and add the percent symbol.

Example:

Change to a percent3
5

0.6 x 100 = 60%

When changing a whole number to a percent, multiply by 100 and add the percent symbol.

Example:

Change 10 to percent
10 x 100 = 1000%

Percents are usually 100% or less. Percents are most often used to describe a fraction, but can
be used to show values greater than 1(100%). Examples are 110%, 200%, etc.

Changing a Percent to a Decimal

Any number written as a percent may be written as a decimal. To change a percent to a decimal,
drop the percent symbol and divide by 100.

Example:

Express 33.5% in decimal form.

= 0.33533.5
100

Express 3.35% in decimal form.

= 0.03353.35
100
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Express 1200% in decimal form.
1200
100

12

Percent Differential

Percent differentials are used to provide a means of comparing changes in quantities or amounts.
Percent differentials express the relationship between some initial condition and another specified
condition.

The method of calculating percent differential involves the following:

Step 1: Subtract the original value from the present value.

Step 2: Divide by the original value.

Step 3: Multiply by 100.

Step 4: Add the percent symbol (%).

Example:

A tank initially contains 50 gallons of water. Five gallons are drained out. By what
percent is the amount of water in the tank reduced?

Solution:

Step 1: The difference between initial and final is given in the problem: 5 gallons.

Step 2: = 0.15
50

Step 3: 0.1 x 100 = 10% Five gallons represents 10% of the original 50 gals that
were in the tank.
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Ratio

Two numbers may be compared by expressing the relative size as the quotient of one number
divided by the other and is called aratio . Ratios are simplified fractions written with a colon
(:) instead of a division bar or slash.

Example:

One day Eric paid $700 for a stereo and Scott paid $600 for the same stereo. Compare
the amount that Eric paid to the amount that Scott paid, using ratios.

Solution:

Step 1: Divide the numbers to be compared. In this example the amount paid by
Scott is being compared to the amount paid by Eric. The amount paid by

Eric is divided by the amount paid by Scott = .700
600

Step 2: Simplifying this expression, both 700 and 600 can be divided by 100.

Step 3: Expressing this fraction as a ratio:

or Eric’s price : Scott’s price = 7:6Eric s price

Scotts price

7
6

Example:

If one yard equals three feet, what is the ratio of yards to feet?

Solution:

Step 1: 1 yd./ 3 ft.

Step 2: is already in simplest terms1
3

Step 3: or yards : feet = 1:3yards
feet

1
3
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Summary

Pertinent information concerning percentages and ratios is summarized below.

Percentages and Ratios Summary

Change decimals to percents by multiplying by 100 and
adding the percent symbol.

Change fractions to percents by first changing the fraction
into a decimal. Then change the decimal to a percent.

Compute percent differential by dividing the difference by
the original value, multiplying by 100, and adding the
percent symbol.

Ratios are fractions written with a colon instead of a
division bar or slash.
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EXPONENTS

This chapter covers the addition, subtraction, multiplication, and division of
numbers with exponents.

EO 1.12 APPLY one of the arithmetic operations of addition,
subtraction, multiplication, and division using exponential
numbers.

Calculator Usage, Special Keys

Exponent key
Raising a number to an exponent requires theyx key to be pressed twice. First,
the base number is entered and theyx key is pressed; this enters the base number
(y). Next, the exponent number is pressed and theyx key is pressed; this enters
the exponent and tells the calculator to complete the calculation. The calculator
will display the value.

x squared key
Pressing this key squares the displayed number. This key will save time over
using theyx key.

Exponents

The producta x a x a x a can be written asa4, where 4 is called the exponent ofa or power
to which a is raised. In this notation,a is often called the base.

Examples:

a4 a a a a
53 5 5 5

(a b)5 (a b) (a b) (a b) (a b) (a b)

When an exponent is not written, it is assumed to be 1. For example,a1 = a. An exponent
applies only to the quantity immediately to the left and below it. For example, in 3 + (-2)3 the
base is -2, but in 3 - 23 the base is 2.
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Basic Rules for Exponents

The following rules are applied to exponents.

Rule 1: To multiply numbers with the same base, add the exponents and keep the
base the same.

aman = am+n

Example:

22 x 23 = (2 x 2) x (2 x 2 x 2) = 2 x 2 x 2 x 2 x 2 = 25

Rule 2: When raising a power of a number to a power, multiply the exponents and
keep the base the same.

(am)n = amn

Example:

(a2)3 = (a x a) x (a x a) x (a x a) = a6

that is, you multiply (a x a) three times. Similarly, for (am)n, one multiplies (am) n times.
There are m values ofa in each parenthesis multiplied by n parenthesis or m x n values
of a to multiply.

Thus, (am)n = amn

Rule 3: When dividing two exponential numbers, subtract the powers.

a m

a n
am n

Example:

a5

a2

a×a×a×a×a
a×a

a
a

× a
a

×a×a×a a3
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Rule 4: Any exponential number divided by itself is equal to one.

a n

a n
1

Rule 5: To raise a product to a power, raise each factor to that power.

(ab)n = anbn

This arises from the associative law for multiplication, that is, order of multiplication does not
alter the product.

Example:

(ab)2 = (a x b) x (a x b) = (a x a) (b x b) = a2 x b2

If doubt exists in the student’s mind, try multiplying (2 x 3)2 out in different orders. All orders
will yield 36.

Rule 6: To raise a quotient to a power, raise both the numerator and denominator
to that power.









a
b

n a n

b n

Example:

To demonstrate this, consider 







3
2

2

1.52 2.25 2 1
4

9
4

But , the same value.32

22

9
4
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Zero Exponents

Using the rule for exponents (Rule 4) to evaluatean/an, then

a n

a n
1

This interpretation is consistent with the rulean/an = an-n = a0. Therefore,a0 = 1 whena is not
equal to 0. Any number to the zero power equals one.

Example:

30 = 1
(b2+2)0 = 1

Negative Exponents

The rules for positive exponents apply to negative exponents.a-n is defined as follows:

a-n = a n 1

a n

a n 1

a n

For example,a5/a2 = a5 - 2 as shown earlier. If is written asa-2, and the rules for1

a2

multiplication are applied to this,a5 x a-2 = a5-2 = a3. Thus, writing asa-n and applying the1

a n

rules for multiplication yields the same results as and applying the rules of division.1

a n

Examples:

c 2 1

c2

x3 1

x 3
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Fractional Exponents

Fractional exponents are defined as follows, . This permits manipulations witha
1
m ≡

n
a

numbers with fractional exponents to be treated using the laws expressed earlier for integers. For
example,

8
1
3 ≡

3
8 2 since 2×2×2 8

Taking the statement and cubing both sides, . But (am)n = am x n so8
1
3 2 8

1
3

3

23

which agrees with 23 = 8 for the right-hand side of the equality.8
1
3

3

81 8

A number such as can be written or alternately as since8
2
3 8

1
3

2

22 4 82
1
3 64

1
3 4

4 x 4 x 4 = 64;that is, 4 is the cube root of 64.

Examples:

a
1
3 a

2
3 a

1
3

2
3 a1 a

b
1
4

b
1
2

b
1
4

1
2 b

1
2 1

b2

d
1
3

9

d
1
3

×9

d3
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Summary

Pertinent information concerning exponents is summarized below.

Exponents Summary

BaseExponent= Product

Rule 1: To multiply numbers with the same base,
add the exponents and keep the base the
same.

aman = am+n

Rule 2: When raising a power of a number to a
power, multiply the exponents and keep the
base the same.

(am)n = amn

Rule 3: When dividing two exponential numbers,
subtract the powers.

am/an = am-n

Rule 4: Any exponential number divided by itself is
equal to one.

an/an = 1

Rule 5: To raise a product to a power, raise each
factor to that power.

(ab)n = anbn

Rule 6: To raise a quotient to a power, raise both
the numerator and denominator to that
power.

(a/b)n = an/bn

Any number to the zero power equals one.

The rules for positive exponents apply to negative exponents.

The rules for integer exponents apply to fractional exponents.
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SCIENTIFIC NOTATION

This chapter covers the addition, subtraction, multiplication, and division of
numbers in scientific notation.

EO 1.13 Given the data, CONVERT integers into scientific notation and
scientific notation into integers.

EO 1.14 APPLY one of the arithmetic operations of addition,
subtraction, multiplication, and division to numbers using
scientific notation.

Calculator Usage

Scientific Notation key
If pressed after a number is entered on the display, the EE key will convert the
number into scientific notation. If a number is to be entered in scientific notation
into the calculator, pressing the EE key tells the calculator the next entered
numbers are the exponential values.

Scientists, engineers, operators, and technicians use scientific notation when working with very
large and very small numbers. The speed of light is 29,900,000,000 centimeters per second; the
mass of an electron is 0.000549 atomic mass units. It is easier to express these numbers in a
shorter way called scientific notation, thus avoiding the writing of many zeros and transposition
errors.

29,900,000,000 = 2.99 x 1010

0.000549 = 5.49 x 10-4

Writing Numbers in Scientific Notation

To transform numbers from decimal form to scientific notation, it must be remembered that the
laws of exponents form the basis for calculations using powers.
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Using the results of the previous chapter, the following whole numbers and decimals can be
expressed as powers of 10:

1 =100 0.1 = 1/10 = 10-1

10 =101 0.01 = 1/100 = 10-2

100 =102 0.001 = 1/1000 = 10-3

1000 =103

10,000 =104

A numberN is in scientific notation when it is expressed as the product of a decimal number
between 1 and 10 and some integer power of 10.

N = a x 10n where 1 <a < 10 andn is an integer.

The steps for converting to scientific notation are as follows:

Step 1: Place the decimal immediately to the right of the left-most non-zero
number.

Step 2: Count the number of digits between the old and new decimal point.
Step 3: If the decimal is shifted to the left, the exponent is positive. If the decimal

is shifted to the right, the exponent is negative.

Let us examine the logic of this. Consider as an example the number 3750. The number will
not be changed if it is multiplied by 1000 and divided by 1000 (the net effect is to multiply it
by one). Then,

3750
1000

× 1000 3.750 × 1000 3.750 × 103

There is a division by 10 for each space the decimal point is moved to the left, which is
compensated for by multiplying by 10. Similarly, for a number such as .0037, we multiply the
number by 10 for each space the decimal point is moved to the right. Thus, the number must
be divided by 10 for each space.
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Example 1:

Circulating water flows at 440,000 gallons per minute. Express this number in scientific
notation.

Solution:

440,000 becomes 4.4 x 10n

n = +5 because the decimal is shifted five places to
the left.

440,000 = 4.4 x 105

Example 2:

Express 0.0000247 in scientific notation.

Solution:

n= -5 because the decimal is shifted five places to
the right.

0.0000247 = 2.47 x 10-5

Example 3:

Express 34.2 in scientific notation.

Solution:

n= 1 because the decimal is shifted one place to the
left.

34.2 = 3.42 x 101

Converting Scientific Notation to Integers

Often, numbers in scientific notation need to be put in integer form.

To convert scientific notation to integers:

Step 1: Write decimal number.

Step 2: Move the decimal the number of places specified by the power of ten: to
the right if positive, to the left if negative. Add zeros if necessary.
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Step 3: Rewrite the number in integer form.

Example:

Convert 4.4 x 103 to integer form.

Solution:

Addition

In order to add two or more numbers using scientific notation, the following three steps must be
used.

Step 1: Change all addends to have the same power of ten by moving the decimal
point (that is, change all lower powers of ten to the highest power).

Step 2: Add the decimal numbers of the addends and keep the common power of
ten.

Step 3: If necessary, rewrite the decimal with a single number to the left of the
decimal point.

For example, for 3.5 x 103 + 5 x 102 you are asked to add 3.5 thousands to 5 hundreds.
Converting 3.5 thousands to 35 hundreds ( 3.5 x 103 = 35 x 102) we obtain 35 hundreds + 5
hundreds = 40 hundreds or 3.5 x 103 = 35 x 102 + 5 x 102 = 4 x 103. The student should do
the same problem by converting the 5 x 102 to thousands and then adding.

Example:
Add (9.24 x 104) + (8.3 x 103)

Solution:

Step 1: 9.24 x 104 = 9.24 x 104

8.3 x 103= 0.83 x 104
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Step 2: 9.24 x 104

+0.83 x 104

Step 3: 10.07 x 104 = 1.007 x 105

Subtraction

In order to subtract two numbers in scientific notation, the steps listed below must be followed.

Step 1: As in addition, change all addends to have the same power of ten.

Step 2: Subtract one digit from the other and keep the power of ten.

Step 3: If necessary, rewrite the decimal with a single number to the left of the
decimal point.

Example:

Subtract (3.27 x 104) - (2 x 103)

Solution:

Step 1: 3.27 x 104 = 3.27 x 104

2.00 x 103 = 0.20 x 104

Step 2: 3.27 x 104

-0.20 x 104

Step 3: 3.07 x 104

Multiplication

When multiplying two or more numbers in scientific notation, the following steps must be used.

Step 1: Multiply the decimal numbers and obtain the product.

Step 2: Multiply the powers of ten together by adding the exponents.

Step 3: Put the product in single-digit scientific notation.

Step 4: If necessary, rewrite decimal with a single number to the left of the
decimal point.
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Example:

Multiply (3 x 103)(5 x 10-2)

Solution:

Step 1: 3 x 5 = 15

Step 2: 103 x 10-2 = 103 + -2 =101

Step 3: The product is: 15 x 101

Step 4: = 1.5 x 102

Division

Follow the steps listed below when dividing numbers in scientific notation.

Step 1: Divide one decimal into the other.

Step 2: Divide one power of ten into the other by subtracting the exponents.

Step 3: Put product in single-digit scientific notation.

Step 4: If necessary, rewrite decimal with a single number to the left of the
decimal point.

Example:

(1 x 106) ÷ 5 x 104 =

Solution:

Step 1: 1
5

0.2

Step 2: = 10(6-4) = 102106

104

Step 3: 0.2 x 102

Step 4: 2.0 x 101
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Summary

Pertinent information concerning scientific notation is summarized below.

Scientific Notation Summary

When changing from integer form to scientific notation:

If the decimal is shifted left, the exponent is positive.

If the decimal is shifted right, the exponent is negative.

When adding or subtracting numbers in scientific notation, change both
numbers to the same power of ten by moving the decimal point. Add or
subtract the decimal numbers, and keep the power of ten. Rewrite if
necessary.

To multiply two numbers in scientific notation, multiply decimal numbers
and add exponents. Rewrite if necessary.

To divide two numbers in scientific notation, divide decimal numbers and
subtract exponents. Rewrite if necessary.
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RADICALS

This chapter covers the addition, subtraction, multiplication, and division of
radicals.

EO 1.15 CALCULATE the numerical value of numbers in
radical form.

Calculator Usage, Special Keys

The exponent key can be used for radicals if the exponent is entered in decimal form.
Exponent key

Raising a number to an exponent requires theyx key to be pressed twice. First,
the base number is entered and theyx key is pressed. This enters the base number
(y). Next, the exponent number is entered and theyx key is pressed. This enters
the exponent and tells the calculator to complete the calculation. The calculator
will display the value.

Square-root key
Pressing this key takes the square root of the displayed number.

The Radical

A previous chapter explained how to raise a number to a power. The inverse of this operation
is called extracting a root. For any positive integern, a numberx is thenth root of the number
a if it satisfiesxn = a. For example, since 25 = 32, 2 is the fifth root of 32.

To indicate thenth root of a, the expressiona1/n is often used. The symbol is called the

radical sign, and thenth root of a can also be shown as . The lettera is the radicand, and
n

a
n is the index. The index 2 is generally omitted for square roots.

Example:

4 2

3
27 3
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Simplifying Radicals

An expression having radicals is in simplest form when:

The index cannot be reduced.

The radicand is simplified.

No radicals are in the denominator.

There are four rules of radicals that will be useful in simplifying them.

Rule 1:
n

a
n n

a n a

Rule 2:
n

ab
n

a
n

b

Rule 3:

Rule 4: , whenn is odd.
n

a
n

a

Examples: 102 10

3
26

3

26

27 9 3 9 3 3 3

3
54

3
( 27)(2)

3
27

3
2 3

3
2

When a radical sign exists in the denominator, it is desirable to remove the radical. This is done
by multiplying both the numerator and denominator by the radical and simplifying.

Example: 3

5

3

5

5

5

3 5
5
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Addition and Subtraction

Addition and subtraction of radicals may be accomplished with radicals showing the same
radicand and the same index. Add or subtract similar radicals using the distributive law.

Examples: 3 ab 2 ab (3 2) ab 5 ab

7 5 3 5 (7 3) 5 4 5

Multiplication

Multiplication of radicals having the same index may be accomplished by applying the rule used

in simplification:
n

ab
n

a
n

b

Examples:
3

3x4
3

9x2
3

27x6 3x2

xy 3x 3x2y x 3y

Division

Division of radicals having the same index, but not necessarily the same radicand, may be
performed by using the following rule and simplifying.

Examples:
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Dissimilar Radicals

Often, dissimilar radicals may be combined after they are simplified.

Example:
4

81x2 x
6

64x3

3 x x 2 x

(3 1 2) x 2 x

Changing Radicals to Exponents

This chapter has covered solving radicals and then converting them into exponential form. It is
much easier to convert radicals to exponential form and then perform the indicated operation.

The expression can be written with a fractional exponent as 41/3. Note that this meets the
3

4

condition , that is, the cube root of 4 cubed equals 4. This can be expressed in the4
1
3

3

4
following algebraic form:

a1/n
n

a

The above definition is expressed in more general terms as follows:

am/n
n

a
m n

a m

Example 1:

Express the following in exponential form.

3

272 272/3

2 21/2

Example 2:

Solve the following by first converting to exponential form.

27
3

27 271/2 271/3 275/6

but 27 = 33

substituting: 275/6 = (33)5/6 = 35/2
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Changing Exponents to Radicals

How to convert radicals into exponential form has been explained. Sometimes however, it is
necessary or convenient to convert exponents to radicals. Recognizing that an exponent is the
equivalent of thenth root is useful to help comprehend an expression.

The expression can be written as . It is algebraically expressed as:51/3
3

5

a
1
m

m
a

The above definition can be more generally described as:

n

am (am)
1
n a

m
n

and

n
b

m

b
1
n

m

b
m
n

Examples: 152/3
3

152

161/2
2

16 4
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Summary

Pertinent information concerning radicals is summarized below.

Radicals Summary

Used in simplification
n

a
n n

a n a

Used in simplification and multiplication
n

ab
n

a
n

b

Used in simplification and division

Used to change radicals to exponents
n

a a1/n

and exponents to radicals
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OBJECTIVES Algebra

TERMINAL OBJECTIVE

1.0 Given a calculator and a list of formulas,APPLY the laws of algebra to solve for
unknown values.

ENABLING OBJECTIVES

1.1 Given an equation,DETERMINE the governing algebraic law from the
following:
a. Commutative law
b. Associative law
c. Distributive law

1.2 SOLVE for the unknown given a linear equation.

1.3 APPLY the quadratic formula to solve for an unknown.

1.4 Given simultaneous equations,SOLVE for the unknowns.

1.5 Given a word problem,WRITE equations andSOLVE for the unknown.

1.6 STATE the definition of a logarithm.

1.7 CALCULATE the logarithm of a number.

1.8 STATE the definition of the following terms:
a. Ordinate
b. Abscissa

1.9 Given a table of data,PLOT the data points on a cartesian coordinate graph.

1.10 Given a table of data,PLOT the data points on a logarithmic coordinate graph.

1.11 Given a table of data,PLOT the data points on the appropriate graphing system
to obtain the specified curve.
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ENABLING OBJECTIVES (Cont)

1.12 OBTAIN data from a given graph.

1.13 Given the data,SOLVE for the unknown using a nomograph.

1.14 STATE the definition of the following terms:
a. Slope
b. Intercept

1.15 Given the equation,CALCULATE the slope of a line.

1.16 Given the graph,DETERMINE the slope of a line.

1.17 Given a graph,SOLVE for the unknown using extrapolation.

1.18 Given a graph,SOLVE for the unknown using interpolation.
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Algebra ALGEBRAIC LAWS

ALGEBRAIC LAWS

This chapter covers the laws used for solving algebraic equations.

EO 1.1 Given an equation, DETERMINE the governing
algebraic law from the following:

a. Commutative law
b. Associative law
c. Distributive law

Most of the work in basic mathematics completed by DOE facility personnel involves real
numbers, as mentioned in the last section. As a result, one should be very familiar with the basic
laws that govern the use of real numbers. Most of these laws are covered under the general area
called Algebra.

Algebraic Laws

Many operations on real numbers are based on the commutative, associative, and distributive
laws. The effective use of these laws is important. These laws will be stated in written form as
well as algebraic form, where letters or symbols are used to represent an unknown number.

The commutative laws indicate that numbers can be added or multiplied in any order.

Commutative Law of Addition:a + b = b + a

Commutative Law of Multiplication:a(b) = b(a)

The associative lawsstate that in addition or multiplication, numbers can be grouped in any
order.

Associative Law of Addition: a+(b+c) = (a+b)+c

Associative Law of Multiplication: a(bc) = (ab)c

The distributive laws involve both addition and multiplication and state the following.

Distributive law: a(b + c) = ab + ac

Distributive law: (a + b)c = ac + bc
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The following list of axioms pertains to the real number system wherea, b, andc represent any
real numbers. These properties must be true for the algebraic laws to apply.

Closure Properties 1. a + b is a real number
2. ab is a real number

Identity Properties 3. a + 0 = a
4. a(l) = a

Inverse Properties 5. For every real number,a, there exists a real
number, -a, such that
a + (-a) = 0

6. For every real number,a ≠ 0, there exists a
real number, l/a, such that
a (1/a) = 1

An equation is a statement of equality. For example, 4 + 3 = 7. An equation can also be written
with one or more unknowns (or variables). The equationx + 7 = 9 is anequality only when the
unknown x = 2. Thenumber 2 is called the root or solution of this equation.

The end product of algebra is solving a mathematical equation(s). The operator normally will
be involved in the solution of equations that are either linear, quadratic, or simultaneous in
nature.
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Summary

The important information in this chapter is summarized below.

Algebraic Laws Summary

Commutative Law of Addition a + b = b + a

Commutative Law of Multiplication a(b) = b(a)

Associative Law of Addition a+(b+c) = (a+b)+c

Associative Law of Multiplication a(bc) = (ab)c

Distributive Law a(b + c) = ab + ac
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LINEAR EQUATIONS

This chapter covers solving for unknowns using linear equations.

EO 1.2 SOLVE for the unknown given a linear equation.

The rules for addition, subtraction, multiplication, and division described in previous lessons will
apply when solving linear equations. Before continuing this course it may be worthwhile to
review the basic math laws in Module 1 and the first chapter of this module.

Solutions to Algebraic Equations

The equation is the most important concept in mathematics. Alone, algebraic operations are of
little practical value. Only when these operations are coupled with algebraic equations can
algebra be applied to solve practical problems.

An equation is a statement of equality between two equal quantities. Most people are familiar
with the concept of equality. The idea of equal physical quantities is encountered routinely. An
equation is merely the statement of this equality. There are three key ideas in an equation: an
equation must involve two expressions, the expressions must be equal, and the equation must
indicate that the expressions are equal. Thus, the statement that the sum of three and one equals
four is an equation. It involves two expressions, (four and the sum of three and one), the
expressions are equal, and the equation states that they are equal.

The equal sign (=) is used to indicate equality in an equation. In its most general form, an
algebraic equation consists of two algebraic expressions separated by an equal sign. The equal
sign is the key sign in algebra. It is the sign that defines one expression in terms of another.
In solving practical problems, it is the sign that defines the unknown quantity in terms of known
quantities.

Algebraic Equations

There are two kinds of equations: identities and conditional equations. An identity is an equation
that is true for all values of the unknown involved. The identity sign (≡) is used in place of the
equal sign to indicate an identity. Thus,x2 ≡ (x)(x), 3y + 5y ≡ 8y, andyx + yz ≡ y(x + z) are all
identities because they are true for all values ofx, y, or z. A conditional equation is one that is
true only for some particular value(s) of the literal number(s) involved. A conditional equation
is 3x + 5 = 8, because only the valuex = 1 satisfies the equation. When the word equation is
used by itself, it usually means a conditional equation.
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The root(s) of an equation (conditional equation) is any value(s) of the literal number(s) in the
equation that makes the equation true. Thus, 1 is the root of the equation 3x + 5 = 8 because
x = 1 makes the equation true. To solve an algebraic equation means to find the root(s) of the
equation.

The application of algebra is practical because many physical problems can be solved using
algebraic equations. For example, pressure is defined as the force that is applied divided by the
area over which it is applied. Using the literal numbersP (to represent the pressure),F (to
represent the force), andA (to represent the area over which the force is applied), this physical

relationship can be written as the algebraic equation . When the numerical values of theP F
A

force, F, and the area,A, are known at a particular time, the pressure,P, can be computed by
solving this algebraic equation. Although this is a straightforward application of an algebraic
equation to the solution of a physical problem, it illustrates the general approach that is used.
Almost all physical problems are solved using this approach.

Types of Algebraic Equations

The letters in algebraic equations are referred to as unknowns. Thus,x is the unknown in the
equation 3x + 5 = 8. Algebraic equations can have any number of unknowns. The name
unknown arises because letters are substituted for the numerical values that are not known in a
problem.

The number of unknowns in a problem determines the number of equations needed to solve for
the numerical values of the unknowns. Problems involving one unknown can be solved with one
equation, problems involving two unknowns require two independent equations, and so on.

The degree of an equation depends on the power of the unknowns. The degree of an algebraic
term is equivalent to the exponent of the unknown. Thus, the term 3x is a first degree term; 3x2

is a second degree term, and 3x3 is a third degree term. The degree of an equation is the same
as the highest degree term. Linear or first degree equations contain no terms higher than first
degree. Thus, 2x + 3 = 9 is a linear equation. Quadratic or second degree equations contain up
to second degree terms, but no higher. Thus,x2 + 3x = 6, is a quadratic equation. Cubic or third
degree equations contain up to third degree terms, but no higher. Thus, 4x3 + 3x = 12 is a cubic
equation.

The degree of an equation determines the number of roots of the equation. Linear equations have
one root, quadratic equations have two roots, and so on. In general, the number of roots of any
equation is the same as the degree of the equation.
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Exponential equations are those in which the unknown appears in the exponent. For example,
e-2.7x = 290 is an exponential equation. Exponential equations can be of any degree.

The basic principle used in solving any algebraic equation is: any operation performed on one
side of an equation must also be performed on the other side for the equation to remain true.
This one principle is used to solve all types of equations.

There are four axioms used in solving equations:

Axiom 1. If the same quantity is added to both sides of an
equation, the resulting equation is still true.

Axiom 2. If the same quantity is subtracted from both sides of
an equation, the resulting equation is still true.

Axiom 3. If both sides of an equation are multiplied by the
same quantity, the resulting equation is still true.

Axiom 4. If both sides of an equation are divided by the same
quantity, except 0, the resulting equation is still true.

Axiom 1 is called the addition axiom; Axiom 2, the subtraction axiom; Axiom 3, the
multiplication axiom; and Axiom 4, the division axiom. These four axioms can be visualized by
the balancing of a scale. If the scale is initially balanced, it will remain balanced if the same
weight is added to both sides, if the same weight is removed from both sides, if the weights on
both sides are increased by the same factor, or if the weights on both sides are decreased by the
same factor.

Linear Equations

These four axioms are used to solve linear equations with three steps:

Step 1. Using the addition and subtraction axioms, Axioms
1 and 2, eliminate all terms with no unknowns from
the left-hand side of the equation and eliminate all
terms with the unknowns from the right-hand side
of the equation.

Step 2. Using the multiplication and division axioms,
Axioms 3 and 4, eliminate the coefficient from the
unknowns on the left-hand side of the equation.
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Step 3. Check the root by substituting it for the unknowns
in the original equation.

Example 1:

Solve the equation 3x + 7 = 13.

Solution:

Step 1. Using Axiom 2, subtract 7 from both sides of the
equation.

3x + 7 - 7 = 13 - 7
3x = 6

Step 2. Using Axiom 4, divide both sides of the equation by
3.

3x
3

6
3

x = 2

Step 3. Check the root.

3(2) + 7 = 6 + 7 = 13

The root checks.

Example 2:

Solve the equation 2x + 9 = 3(x + 4).

Solution:

Step 1. Using Axiom 2, subtract 3x and 9 from both sides
of the equation.

2x + 9 = 3(x + 4)
2x + 9 - 3x - 9 = 3x + 12 - 3x - 9

-x = 3

Step 2. Using Axiom 4, divide both sides of the equation by
-1.

x
1

3
1

x = -3
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Step 3. Check the root.

2(-3) + 9 = -6 + 9 = 3
3[(-3) + 4] = 3(1) = 3

The root checks.

These same steps can be used to solve equations that include several unknowns. The result is
an expression for one of the unknowns in terms of the other unknowns. This is particularly
important in solving practical problems. Often the known relationship among several physical
quantities must be rearranged in order to solve for the unknown quantity. The steps are
performed so that the unknown quantity is isolated on the left-hand side of the equation.

Example 1:

Solve the equationax - b = c for x in terms ofa, b, andc.

Solution:

Step 1. Using Axiom 1, addb to both sides of the equation.

ax - b + b = c + b
ax = c + b

Step 2. Using Axiom 4, divide both sides of the equation by
a.

ax
a

c b
a

x
c b

a

Step 3. Check the root.

a
c b

a
b c b b c

The root checks.
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Example 2:

The equation relating the pressure,P, to the force,F, and the area,A, over which

the force is applied is . Solve this equation forF, in terms ofP andA.P F
A

Solution:

Step 1. Axioms 1 and 2 do not help solve the problem, so
go to Step 2.

Step 2. Using Axiom 3, multiply both sides of the equation
by A.

P(A) F
A

(A)

F = PA

Step 3. Check the root.

PA
A

P

The root checks.

The addition or subtraction of the same quantity from both sides of an equation may be
accomplished by transposing a quantity from one side of the equation to the other. Transposing
is a shortened way of applying the addition or subtraction axioms. Any term may be transposed
or transferred from one side of an equation to the other if its sign is changed. Thus, in the
equation 5x + 4 = 7, the 4 can betransposed to the other side of the equation by changing its
sign. The result is 5x = 7 - 4 or 5x = 3. This corresponds to applying the subtraction axiom,
Axiom 2, subtracting 4 from both sides of the equation.
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Example:

Solve the equation 4x + 3 = 19 bytransposing.

Solution:

Step 1. Transpose the 3 from the left-hand to the right-hand
side of the equation by changing its sign.

4x = 19 - 3

4x = 16

Step 2. Using Axiom 4, divide both sides of the equation by
4.

4x
4

16
4

x = 4

Step 3. Check the root.

4(4) + 3 = 16 + 3 = 19

The root checks.

Solving Fractional Equations

A fractional equation is an equation containing a fraction. The fraction can be either a common
fraction or a decimal fraction. The unknowns can occupy any position in the equation. They
may or may not be part of the fraction. If they are part of the fraction, they can be either in the
numerator or the denominator. The following are three examples of fractional equations:

5x
1
2

8 2x 6
3x

9 y 0.67x 1.25y 9

Fractional equations are solved using the same axioms and approach used for other algebraic
equations. However, the initial step is to remove the equation from fractional form. This is done
by determining the lowest common denominator (LCD) for all of the fractions in the equation
and then multiplying both sides of the equation by this common denominator. This will clear
the equation of fractions.
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Example 1:

Solve the fractional equation .3x 8
x

5 0

Solution:

Multiply both sides of the equation by the LCD (x).

(x) 







3x 8
x

5 (0)(x)

3x + 8 + 5x = 0

8x + 8 = 0

Now solve the equation like an ordinary linear equation.

Step 1. Transpose the +8 from the left-hand to the right-
hand side of the equation by changing its sign.

8x = 0 - 8

8x = -8

Step 2. Using Axiom 4, divide both sides of the equation by
8.

8x
8

8
8

x = -1

Step 3. Check the root.

3( 1) 8
1

5 3 8
1

5 5 5 0

The root checks.
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Example 2:

Solve the fractional equation 1
x 2

1
x 3

0

Solution:

The LCD is (x - 2)(x + 3); therefore, multiply both sides of the equation by (x -
2)(x + 3).

(x 2)(x 3)







1
x 2

1
x 3

(0)(x 2)(x 3)

(x 2)(x 3)
(x 2)

(x 2)(x 3)
(x 3)

0

(x + 3) + (x - 2) = 0

2x + 1 = 0

Now solve the equation like an ordinary linear equation.

Step 1. Transpose the +1 from the left-hand
to the right-hand side of the equation
by changing its sign.

2x = 0 - 1

2x = - 1

Step 2. Using Axiom 4, divide both sides of
the equation by 2.

2x
2

1
2

x 1
2
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Step 3. Check the root.

1
1
2

2

1
1
2

3

1

2 1
2

1

2 1
2

2
5

2
5

0

The root checks.

Ratio and Proportion

One of the most important applications of fractional equations is ratio and proportion. A ratio
is a comparison of two like quantities by division. It is written by separating the quantities by
a colon or by writing them as a fraction. To write a ratio, the two quantities compared must be

of the same kind. For example, the ratio of $8 to $12 is written as $8:$12 or . Two unlike$8
$12

quantities cannot be compared by a ratio. For example, 1 inch and 30 minutes cannot form a
ratio. However, two different units can be compared by a ratio if they measure the same kind
of quantity. For example, 1 minute and 30 seconds can form a ratio, but they must first be
converted to the same units. Since 1 minute equals 60 seconds, the ratio of 1 minute to 30

seconds is written 60 seconds:30 seconds, or , which equals 2:1 or 2.60 seconds
30 seconds

A proportion is a statement of equality between two ratios. For example, if a car travels 40 miles
in 1 hour and 80 miles in 2 hours, the ratio of the distance traveled is 40 miles:80 miles, or

, and the ratio of time is 1 hour:2 hours, or . The proportion relating these40 miles
80 miles

1 hour
2 hours

two ratios is:

40 miles:80 miles = 1 hour:2 hours

40 miles
80 miles

1 hour
2 hours

A proportion consists of four terms. The first and fourth terms are called the extremes of the
proportion; the second and third terms are called the means. If the lettersa, b, c andd are used
to represent the terms in a proportion, it can be written in general form.

a
b

c
d
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Multiplication of both sides of this equation bybd results in the following.

(bd) a
b

c
d

(bd)

ad = cb

Thus, the product of the extremes of a proportion (ad) equals the product of the means (bc). For
example, in the proportion 40 miles:80 miles = 1 hour:2 hours, the product of the extremes is (40
miles)(2 hours) which equals 80 miles-hours, and the product of the means is (80 miles)(1 hour),
which also equals 80 miles-hours.

Ratio and proportion are familiar ideas. Many people use them without realizing it. When a
recipe calls for 1½ cups of flour to make a serving for 6 people, and the cook wants to determine
how many cups of flour to use to make a serving for 8 people, she uses the concepts of ratios
and proportions. When the price of onions is 2 pounds for 49 cents and the cost of 3½ pounds
is computed, ratio and proportion are used. Most people know how to solve ratio and proportion
problems such as these without knowing the specific steps used.

Ratio and proportion problems are solved by using an unknown such asx for the missing term.
The resulting proportion is solved for the value ofx by setting the product of the extremes equal
to the product of the means.

Example 1:

Solve the following proportion forx.

Solution:

5:x = 4:15

The product of the extremes is (5)(15) = 75.
The product of the means is (x)(4) = 4x.
Equate these two products and solve the resulting equation.

4x = 75

4x
4

75
4

x 18 3
4

MA-02 Page 14 Rev. 0



Algebra LINEAR EQUATIONS

Example 2:

If 5 pounds of apples cost 80 cents, how much will 7 pounds cost?

Solution:

Using x for the cost of 7 pounds of apples, the following proportion can be
written.

5 pounds
7 pounds

80 cents
x

The product of the extremes is (5)(x) = 5x.
The product of the means is (7)(80) = 560.
Equate these two products and solve the resulting equation.

5x = 560

5x
5

560
5

x = 112

The unit ofx is cents. Thus, 7 pounds of apples cost 112 cents or $1.12.

Example 3:

A recipe calls for cups of flour to make servings for 6 people. How much1 1
2

flour should be used to make servings for 4 people?

Solution:

Using x for the flour required for 4 people, the following proportion can be
written.

6 people
4 people

1 1
2

cups

x

The product of the extremes is (6)(x) = 6x.

The product of the means is .(4) 11
2

6
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Equate these two products and solve the resulting equation.

6x = 6

6x
6

6
6

x = 1

The unit ofx is cups. Thus, servings for 4 people require 1 cup of
flour.

Summary

The important information in this chapter is summarized below.

Linear Equations Summary

There are four axioms used in solving linear equations.

Axiom 1. If the same quantity is added to both sides
of an equation, the resulting equation is still
true.

Axiom 2. If the same quantity is subtracted from both
sides of an equation, the resulting equation
is still true.

Axiom 3. If both sides of an equation are multiplied
by the same quantity, the resulting equation
is still true.

Axiom 4. If both sides of an equation are divided by
the same quantity, except 0, the resulting
equation is still true.

Axiom 1 is called the addition axiom; Axiom 2, the subtraction axiom; Axiom
3, the multiplication axiom; and Axiom 4, the division axiom.
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QUADRATIC EQUATIONS

This chapter covers solving for unknowns using quadratic equations.

EO 1.3 APPLY the quadratic formula to solve for an unknown.

Types of Quadratic Equations

A quadratic equation is an equation containing the second power of an unknown but no higher
power. The equationx2 - 5x + 6 = 0 is a quadratic equation. A quadratic equation has two roots,
both of which satisfy the equation. The two roots of the quadratic equationx2 - 5x + 6 = 0 are
x = 2 andx = 3. Substituting either of these values forx in the equation makes it true.

The general form of a quadratic equation is the following:

ax2 - bx + c = 0 (2-1)

Thea represents the numerical coefficient ofx2 , b represents the numerical coefficient ofx, and
c represents the constant numerical term. One or both of the last two numerical coefficients may
be zero. The numerical coefficienta cannot be zero. Ifb=0, then the quadratic equation is
termed a "pure" quadratic equation. If the equation contains both anx andx2 term, then it is a
"complete" quadratic equation. The numerical coefficientc may or may not be zero in a
complete quadratic equation. Thus,x2 + 5x + 6 = 0 and 2x2 - 5x = 0 are complete quadratic
equations.

Solving Quadratic Equations

The four axioms used in solving linear equations are also used in solving quadratic equations.
However, there are certain additional rules used when solving quadratic equations. There are
three different techniques used for solving quadratic equations: taking the square root, factoring,
and the Quadratic Formula. Of these three techniques, only the Quadratic Formula will solve all
quadratic equations. The other two techniques can be used only in certain cases. To determine
which technique can be used, the equation must be written in general form:

ax2 + bx + c = 0 (2-1)

If the equation is a pure quadratic equation, it can be solved by taking the square root. If the
numerical constantc is zero, equation 2-1 can be solved by factoring. Certain other equations
can also be solved by factoring.
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Taking Square Root

A pure quadratic equation can be solved by taking the square root of both sides of the equation.
Before taking the square root, the equation must be arranged with thex2 term isolated on the left-
hand side of the equation and its coefficient reduced to 1. There are four steps in solving pure
quadratic equations by taking the square root.

Step 1. Using the addition and subtraction axioms, isolate
the x2 term on the left-hand side of the equation.

Step 2. Using the multiplication and division axioms,
eliminate the coefficient from thex2 term.

Step 3. Take the square root of both sides of the equation.

Step 4. Check the roots.

In taking the square root of both sides of the equation, there are two values that satisfy the
equation. For example, the square roots ofx2 are +x and -x since (+x)(+x) = x2 and
(-x)(-x) = x2. The square roots of 25 are +5 and -5 since (+5)(+5) = 25 and (-5)(-5) = 25. The

two square roots are sometimes indicated by the symbol ±. Thus, . Because of this25 ±5
property of square roots, the two roots of a pure quadratic equation are the same except for their
sign.

At this point, it should be mentioned that in some cases the result of solving pure quadratic
equations is the square root of a negative number. Square roots of negative numbers are called
imaginary numbers and will be discussed later in this section.

Example:

Solve the following quadratic equation by taking the square roots of both sides.

3x2 = 100 - x2

Solution:

Step 1. Using the addition axiom, addx2 to both sides of the equation.

3x2 + x2 = 100 - x2 + x2

4x2 = 100
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Step 2. Using the division axiom, divide both sides of the equation by 4.

4x 2

4
100
4

x2 = 25

Step 3. Take the square root of both sides of the equation.

x2 = 25

x = +_5

Thus, the roots arex = +5 andx = -5.

Step 4. Check the roots.

3x2 = 100 - x2

3(±5)2 = 100 - (±5)2

3(25) = 100 - 25

75 = 75

If a pure quadratic equation is written in general form, a general expression can be written for
its roots. The general form of a pure quadratic is the following.

ax2 + c = 0 (2-2)

Using the subtraction axiom, subtractc from both sides of the equation.

ax2 = -c

Using the division axiom, divide both sides of the equation bya.

x2 = - c
a
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Now take the square roots of both sides of the equation.

x = (2-3)

Thus, the roots of a pure quadratic equation written in general formax2 + c = 0 are

x = + andx = - .

Example:

Find the roots of the following pure quadratic equation.

4x2 - 100 = 0

Solution:

Using Equation 2-3, substitute the values ofc anda and solve forx.

x =

x =

x = ± 25

x = ±5

Thus, the roots arex = 5 andx = -5.
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Factoring Quadratic Equations

Certain complete quadratic equations can be solved by factoring. If the left-hand side of the
general form of a quadratic equation can be factored, the only way for the factored equation to
be true is for one or both of the factors to be zero. For example, the left-hand side of the
quadratic equationx2 + x - 6 = 0 can be factored into (x + 3)(x - 2). The only way for the
equation (x + 3) (x - 2) = 0 to be true is for either (x + 3) or (x - 2) to be zero. Thus, the roots
of quadratic equations which can be factored can be found by setting each of the factors equal
to zero and solving the resulting linear equations. Thus, the roots of (x + 3)(x - 2) = 0 are found
by settingx + 3 andx - 2 equal to zero. The roots arex = -3 andx = 2.

Factoring estimates can be made on the basis that it is the reverse of multiplication. For
example, if we have two expressions (dx + c) and (cx + g) and multiply them, we obtain (using
the distribution laws)

(dx + c) (fx + g) = (dx) (fx) + (dx) (g) + (c) (fx) + cg =
= dfx2 + (dg + cf)x + cg.

Thus, a statement (dx + c) (fx + g) = 0 can be written

df x2 + (dg + cf)x + cg = 0.

Now, if one is given an equationax2 + bx + c = 0, he knows that the symbola is the product
of two numbers (df) andc is also the product of two numbers. For the example 3x2 - 4x - 4 =
0, it is a reasonable guess that the numbers multiplyingx2 in the two factors are 3 and 1,
although they might be 1.5 and 2. The last -4 (c in the general equation) is the product of two
numbers (eg), perhaps -2 and 2 or -1 and 4. These combinations are tried to see which gives the
proper value ofb (dg + ef), from above.

There are four steps used in solving quadratic equations by factoring.

Step 1. Using the addition and subtraction axioms, arrange the equation in the
general quadratic formax2 + bx + c = 0.

Step 2. Factor the left-hand side of the equation.

Step 3. Set each factor equal to zero and solve the resulting linear equations.

Step 4. Check the roots.
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Example:

Solve the following quadratic equation by factoring.

2x2 - 3 = 4x - x2 + 1

Solution:

Step 1. Using the subtraction axiom, subtract (4x - x2 + 1) from both sides of the
equation.

2x2 - 3 - (4x - x2 + 1) = 4x - x2 + 1 - (4x - x2 + 1)

3x2 - 4x - 4 = 0

Step 2. Factor the resulting equation.

3x2 - 4x - 4 = 0

(3x + 2)(x - 2) = 0

Step 3. Set each factor equal to zero and solve the resulting equations.

3x + 2 = 0

3x = -2

3x
3

2
3

x = 2
3

x - 2 = 0

x = 2

Thus, the roots arex = andx = 2.2
3
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Step 4. Check the roots.

2x 2 3 4x x 2 1

2







2
3

2

3 4







2
3









2
3

2

1

2







4
9

3 8
3

4
9

1

8
9

27
9

24
9

4
9

9
9

19
9

19
9

2x 2 3 4x x 2 1

2(2)2 3 4(2) (2)2 1

2(4) 3 8 4 1

8 3 5

5 5

Thus, the roots check.

Quadratic equations in which the numerical constantc is zero can always be solved by factoring.
One of the two roots is zero. For example, the quadratic equation 2x2 + 3x = 0 can be solved

by factoring. The factors are (x) and (2x + 3). Thus, the roots arex = 0 andx = - . If a3
2

quadratic equation in which the numerical constantc is zero is written in general form, a general
expression can be written for its roots. The general form of a quadratic equation in which the
numerical constantc is zero is the following:

ax2 + bx = 0 (2-4)

The left-hand side of this equation can be factored by removing anx from each term.

x(ax + b) = 0 (2-5)
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The roots of this quadratic equation are found by setting the two factors equal to zero and solving
the resulting equations.

x = 0 (2-6)

x = - (2-7)b
a

Thus, the roots of a quadratic equation in which the numerical constant c is zero arex = 0 and

x = - .b
a

Example:

Find the roots of the following quadratic equation.

3x2 + 7x = 0

Solution:

Using Equation 2-6, one root is determined.

x = 0

Using Equation 2-7, substitute the values ofa andb and solve forx.

x = - b
a

x = - 7
3

Thus, the roots arex = 0 andx = - .7
3
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The Quadratic Formula

Many quadratic equations cannot readily be solved by either of the two techniques already
described (taking the square roots or factoring). For example, the quadratic equation
x2 - 6x + 4 = 0 is not a pure quadratic and, therefore, cannot be solved by taking the square roots.
In addition, the left-hand side of the equation cannot readily be factored. The Quadratic Formula
is a third technique for solving quadratic equations. It can be used to find the roots of any
quadratic equation.

(2-8)x b ± b 2 4ac
2a

Equation 2-8 is the Quadratic Formula. It states that the two roots of a quadratic equation written

in general form,ax2 + bx + c = 0, are equal tox = andb b 2 4ac
2a

x = . The Quadratic Formula should be committed to memory because it isb b 2 4ac
2a

such a useful tool for solving quadratic equations.

There are three steps in solving a quadratic equation using the Quadratic Formula.

Step 1. Write the equation in general form.

Step 2. Substitute the values fora, b, andc into the Quadratic Formula and solve
for x.

Step 3. Check the roots in the original equation.
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Example 1:

Solve the following quadratic equation using the Quadratic Formula.
4x2 + 2 = x2 - 7x:

Solution:

Step 1. Write the equation in general form.

4x 2 2 x 2 7x

3x 2 7x 2 0

Step 2.

a 3, b 7, c 2

x
b ± b 2 4ac

2a

x 7 ± (7)2 4(3)(2)
2(3)

x 7 ± 49 24
6

x 7 ± 25
6

x
7 ± 5

6

x
7 5

6
, 7 5

6

x 2
6

, 12
6

x 1
3

, 2

Thus, the roots arex = - andx = -2.1
3
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Step 3. Check the roots.

4x 2 2 x 2 7x

4 







1
3

2

2 







1
3

2

7 







1
3

4 







1
9

2 1
9









7
3

4
9

18
9

1
9

21
9

22
9

22
9

and,

4x2 + 2 = x2 - 7x

4(-2)2 + 2 = (-2)2 - 7(-2)

4(4) + 2 = 4 -(-14)

16 + 2 = 4 + 14

18 = 18

Thus, the roots check.
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Example 2:

Solve the following quadratic equation using the Quadratic Formula.

2x2 + 4 = 6x + x2

Solution:

Step 1. Write the equation in general form.

2x 2 4 6x x 2

x 2 6x 4 0

a 1, b 6, c 4

x b ± b 2 4ac
2a

x ( 6) ± ( 6)2 4(1)(4)
2(1)

x 6 ± 36 16
2

x 6 ± 20
2

Step 2.

x 3 ± 1
2

20

x 3 ± 1
2

(4)(5)

x 3 ± 5

x 3 5 , 3 5

x 3 2.236, 3 2.236

x 5.236, 0.746
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Step 3. Check the roots.

2x 2 4 6x x 2

2(3 5 )2 4 6(3 5 ) (3 5 )2

2(9 6 5 5) 4 18 6 5 9 6 5 5

18 12 5 10 4 18 12 5 9 5

32 12 5 32 12 5

and,

2x 2 4 6x x 2

2(3 5 )2 4 6(3 5 ) (3 5 )2

2(9 6 5 5) 4 18 6 5 9 6 5 5

18 12 5 10 4 18 12 5 9 5

32 12 5 32 12 5

Thus, the roots check.

The Quadratic Formula can be used to find the roots of any quadratic equation. For a pure
quadratic equation in which the numerical coefficientb equals zero, the Quadratic Formula (2-8)
reduces to the formula given as Equation 2-9.

(2-8)x b ± b 2 4ac
2a
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For b = 0, this reduces to the following.

(2-9)
Summary

The important information in this chapter is summarized below.

Quadratic Equations Summary

There are three methods used when solving quadratic equations:

Taking the square root

Factoring the equation

Using the quadratic formula

x b± b 2 4ac
2a
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SIMULTANEOUS EQUATIONS

This chapter covers solving for two unknowns using simultaneous equations.

EO 1.4 Given simultaneous equations, SOLVE for the
unknowns.

Many practical problems that can be solved using algebraic equations involve more than one
unknown quantity. These problems require writing and solving several equations, each of which
contains one or more of the unknown quantities. The equations that result in such problems are
called simultaneous equations because all the equations must be solved simultaneously in order
to determine the value of any of the unknowns. The group of equations used to solve such
problems is called a system of equations.

The number of equations required to solve any problem usually equals the number of unknown
quantities. Thus, if a problem involves only one unknown, it can be solved with a single
equation. If a problem involves two unknowns, two equations are required. The equationx +
3 = 8 is anequation containing one unknown. It is true for only one value ofx: x = 5. The
equationx + y = 8 is an equation containing two unknowns. It is true for an infinite set ofxs and
ys. For example:x = 1, y = 7; x = 2, y = 6; x = 3, y = 5; andx = 4, y = 4 are just a few of the
possible solutions. For a system of two linear equations each containing the same two unknowns,
there is a single pair of numbers, called the solution to the system of equations, that satisfies both
equations. The following is a system of two linear equations:

2x + y = 9
x - y = 3

The solution to this system of equations isx = 4, y = 1 because these values ofx andy satisfy
both equations. Other combinations may satisfy one or the other, but onlyx = 4, y = 1 satisfies
both.

Systems of equations are solved using the same four axioms used to solve a single algebraic
equation. However, there are several important extensions of these axioms that apply to systems
of equations. These four axioms deal with adding, subtracting, multiplying, and dividing both
sides of an equation by the same quantity. The left-hand side and the right-hand side of any
equation are equal. They constitute the same quantity, but are expressed differently. Thus, the
left-hand and right-hand sides of one equation can be added to, subtracted from, or used to
multiply or divide the left-hand and right-hand sides of another equation, and the resulting
equation will still be true. For example, two equations can be added.
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3x 4y 7
(x 5y 12)
4x 9y 19

Adding the second equation to the first corresponds to adding the same quantity to both sides of
the first equation. Thus, the resulting equation is still true. Similarly, two equations can be
subtracted.

4x 3y 8
(2x 5y 11)
2x 8y 3

Subtracting the second equation from the first corresponds to subtracting the same quantity from
both sides of the first equation. Thus, the resulting equation is still true.

The basic approach used to solve a system of equations is to reduce the system by eliminating
the unknowns one at a time until one equation with one unknown results. This equation is solved
and its value used to determine the values of the other unknowns, again one at a time. There are
three different techniques used to eliminate unknowns in systems of equations: addition or
subtraction, substitution, and comparison.

Solving Simultaneous Equations

The simplest system of equations is one involving two linear equations with two unknowns.

5x + 6y = 12
3x + 5y = 3

The approach used to solve systems of two linear equations involving two unknowns is to
combine the two equations in such a way that one of the unknowns is eliminated. The resulting
equation can be solved for one unknown, and either of the original equations can then be used
to solve for the other unknown.

Systems of two equations involving two unknowns can be solved by addition or subtraction using
five steps.

Step 1. Multiply or divide one or both equations by some factor or factors that
will make the coefficients of one unknown numerically equal in both
equations.

Step 2. Eliminate the unknown having equal coefficients by addition or
subtraction.

Step 3. Solve the resulting equation for the value of the one remaining unknown.
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Step 4. Find the value of the other unknown by substituting the value of the first
unknown into one of the original equations.

Step 5. Check the solution by substituting the values of the two unknowns into the
other original equation.

Example:

Solve the following system of equations using addition or subtraction.

5x + 6y = 12

3x + 5y = 3

Solution:

Step 1. Make the coefficients ofy equal in both equations by multiplying the first
equation by 5 and the second equation by 6.

5(5x + 6y = 12) yields 25x + 30y = 60

6(3x + 5y = 3) yields 18x + 30y = 18

Step 2. Subtract the second equation from the first.

25x 30y 60
(18x 30y 18)

7x 0 42

Step 3. Solve the resulting equation.

7x = 42

7x = 42
7 7

x = 6
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Step 4. Substitutex = 6 into one of the original equations and solve fory.

5x 6y 12

5(6) 6y 12

30 6y 12

6y 12 30

6y 18

6y
6

18
6

y 3

Step 5. Check the solution by substitutingx = 6 andy = -3 into the other original
equation.

3x 5y 3

3(6) 5( 3) 3

18 15 3

3 3

Thus, the solution checks.

Systems of two equations involving two unknowns can also be solved by substitution.

Step 1. Solve one equation for one unknown in terms of the other.

Step 2. Substitute this value into the other equation.

Step 3. Solve the resulting equation for the value of the one remaining unknown.

Step 4. Find the value of the other unknown by substituting the value of the first
unknown into one of the original equations.

Step 5. Check the solution by substituting the values of the two unknowns into the
other original equation.
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Example:

Solve the following system of equations using substitution.

5x + 6y = 12
3x + 5y = 3

Solution:

Step 1. Solve the first equation forx.

5x 6y 12

5x 12 6y

5x
5

12 6y
5

x 12
5

6y
5

Step 2. Substitute this value ofx into the second equation.

3x 5y 3

3







12
5

6y
5

5y 3
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Step 3. Solve the resulting equation.

3 







12
5

6y
5

5y 3

36
5

18y
5

5y 3

(5) 







36
5

18
5

y 5y 3(5)

36 18y 25y 15

7y 15 36

7y 21

7y
7

21
7

y 3

Step 4. Substitutey = -3 into one of the original equations and solve forx.

5x 6y 12

5x 6( 3) 12

5x 18 12

5x 12 18

5x 30

5x
5

30
5

x 6

Step 5. Check the solution by substitutingx = 6 andy = -3 into the other original
equation.

3x + 5y = 3
3(6) + 5(-3) = 3

18 - 15 = 3
3 = 3

Thus, the solution checks.
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Systems of two equations involving two unknowns can also be solved by comparison.

Step 1. Solve each equation for the same unknown in terms of the other unknown.

Step 2. Set the two expressions obtained equal to each other.

Step 3. Solve the resulting equation for the one remaining unknown.

Step 4. Find the value of the other unknown by substituting the value of the first
unknown into one of the original equations.

Step 5. Check the solution by substituting the values of the two unknowns into the
other original equation.

Example:

Solve the following system of equations by comparison.

5x + 6y = 12
3x + 5y = 3

Solution:

Step 1. Solve both equations forx.

5x 6y 12

5x 12 6y

5x
5

12 6y
5

x
12 6y

5

3x 5y 3

3x 3 5y

3x
3

3 5y
3

x 3 5y
3
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Step 2. Set the two values forx equal to each other.

12 6y
5

3 5y
3

Step 3. Solve the resulting equation fory.

12 6y
5

3 5y
3

(3)(5) 12 6y
5

3 5y
3

(3)(5)

3(12 6y) 5(3 5y)

36 18y 15 25y

25y 18y 15 36

7y 21

7y
7

21
7

y 3

Step 4. Substitutey = -3 into one of the original equations and solve forx.

5x 6y 12

5x 6( 3) 12

5x 18 12

5x 12 18

5x 30

5x
5

30
5

x 6
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Step 5. Check the solution by substitutingx = 6 andy = -3 into the other original
equation.

3x 5y 3

3(6) 5( 3) 3

18 15 3

3 3

Thus, the solution checks.

Quite often, when more than one unknown exists in a problem, the end result of the equations
expressing the problem is a set of simultaneous equations showing the relationship of one of the
unknowns to the other unknowns.

Example:

Solve the following simultaneous equations by substitution.

3x + 4y = 6 5x + 3y = -1

Solution:

Solve forx:

3x = 6 - 4y

x = 2 - 4y
3
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Substitute the value forx into the other equation:

5 (2 - 4y) + 3y = -1
3

10 - 20y + 3y = -1
3

10 - 20y + 9y = -1
3 3

10 - 11y = -1
3

-11y = -11
3

y = 3

Substitutey = 3 into the first equation:

3x + 4(3) = 6

3x = -6

x = -2

Check the solution by substitutingx = -2 andy = 3 into the original equations.

3x + 4y = 6 5x + 3y = -1

3(-2) + 4(3) = 6 5(-2) + 3(3) = -1

-6 + 12 = 6 -10 + 9 = -1

6 = 6 -1 = -1

Thus, the solution checks.
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Summary

The important information in this chapter is summarized below.

Simultaneous Equations Summary

There are three methods used when solving simultaneous equations:

Addition or subtraction

Substitution

Comparison
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WORD PROBLEMS

This chapter covers ways of setting up word problems and solving for
the unknowns.

EO 1.5 Given a word problem, write equations and SOLVE for
the unknown.

Basic Approach to Solving Algebraic Word Problems

Algebra is used to solve problems in science, industry, business, and the home. Algebraic
equations can be used to describe laws of motion, pressures of gases, electric circuits, and nuclear
facility operations. They can be applied to problems about the ages of people, the cost of
articles, football scores, and other everyday matters. The basic approach to solving problems in
these apparently dissimilar fields is the same. First, condense the available information into
algebraic equations, and, second, solve the equations. Of these two basic steps, the first is
frequently the most difficult to master because there are no clearly defined rules such as those
that exist for solving equations.

Algebraic word problems should not be read with the objective of immediately determining the
answer because only in the simpler problems is this possible. Word problems should be initially
read to identify what answer is asked for and to determine which quantity or quantities, if known,
will give this answer. All of these quantities are called the unknowns in the problem.
Recognizing all of the unknowns and writing algebraic expressions to describe them is often the
most difficult part of solving word problems. Quite often, it is possible to identify and express
the unknowns in several different ways and still solve the problem. Just as often, it is possible
to identify and express the unknowns in several ways that appear different but are actually the
same relationship.

In writing algebraic expressions for the various quantities given in word problems, it is helpful
to look for certain words that indicate mathematical operations. The words "sum" and "total"
signify addition; the word "difference" signifies subtraction; the words "product," "times," and
"multiples of" signify multiplication; the words "quotient," "divided by," "per," and "ratio" signify
division; and the words "same as" and "equal to" signify equality. When quantities are connected
by these words and others like them, these quantities can be written as algebraic expressions.

Sometimes you may want to write equations initially using words. For example, Bob is 30 years
older than Joe. Express Bob’s age in terms of Joe’s.

Bob’s age = Joe’s age plus 30 years
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If we let Bob’s age be represented by the symbolB and Joe’s age by the symbolJ, this becomes

B = J + 30 years

Examples:

Equations:

1. The total electrical output of one nuclear facility is 200 megawatts more
than that of another nuclear facility.

Let L be the output of the larger facility andS the capacity of the smaller facility.
The statement above written in equation form becomesL = 200MW+ S.

2. The flow in one branch of a piping system is one-third that in the other
branch.

If B is the flow in the branch with more flow, andb is the flow in the smaller

branch, this statement becomes the equation .b 1
3

B

3. A man is three times as old as his son was four years ago.

Let M = man’s age andS = son’s age. ThenM = 3 (S-4).

4. A car travels in one hour 40 miles less than twice as far as it travels in the
next hour.

Let x1 be the distance it travels the first hour andx2 the distance it travels the
second then,x1 = (2) (x2) -40.

Steps for Solving Algebraic Word Problems

Algebraic word problems can involve any number of unknowns, and they can require any number
of equations to solve. However, regardless of the number of unknowns or equations involved,
the basic approach to solving these problems is the same. First, condense the available
information into algebraic equations, and, second, solve the equations. The most straightforward
type of algebraic word problems are those that require only one equation to solve. These
problems are solved using five basic steps.

Step 1. Let some letter, such asx, represent one of the unknowns.
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Step 2. Express the other unknowns in terms ofx using the information
given in the problem.

Step 3. Write an equation that says in symbols exactly what the problem
says in words.

Step 4. Solve the equation.

Step 5. Check the answer to see that it satisfies the
conditions stated in the problem.

Example 1:

What are the capacities of two water storage tanks in a nuclear facility if one holds 9
gallons less than three times the other, and their total capacity is 63 gallons?

Solution:

Step 1. Letx = Capacity of the Smaller Tank

Step 2. Then, 3x - 9 = Capacity of the Larger Tank

Step 3. Total Capacity = Capacity of the Smaller Tank + Capacity of the
Larger Tank

63 = x + (3x - 9)

Step 4. Solving forx:

x + (3x - 9) = 63

4x - 9 = 63

4x = 63 + 9

4x = 72

x = 18
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Solving for the other unknown:

3x - 9 = 3(18) - 9

3x - 9 = 54 - 9

3x - 9 = 45

Answer: Capacity of the Smaller Tank = 18 gallons
Capacity of the Larger Tank = 45 gallons

Step 5. The larger tank holds 9 gallons less than three times the smaller
tank.

3(18) - 9 = 54 - 9 = 45

The total capacity of the two tanks is 63 gallons.

18 + 45 = 63

Thus, the answers check.

Example 2:

A utility has three nuclear facilities that supply a total of 600 megawatts (Mw) of
electricity to a particular area. The largest facility has a total electrical output three times
that of the smallest facility. The third facility has an output that is 50 Mw more than half
that of the largest facility. What is the electrical output of each of the three facilities?

Solution:

Step 1. Letx = Electrical Output of the Smallest Facility.

Step 2. Then,

3x = Electrical Output of the Largest Facility,

and,

3x + 50 = Electrical Output of the Third Facility.
2
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Step 3. Total Electrical Output = Sum of the Electrical Outputs of the
Three Facilities.

600 x 3x 3x
2

50

Step 4. Solving forx:

x 3x 3x
2

50 600

2x
2

6x
2

3x
2

600 50

11x
2

550

11x = 1100

x = 100

Solving for the other unknowns:

3x = 3(100)

3x = 300

1
2

(3x) 50 1
2

(300) 50

1
2

(3x) 50 150 50

1
2

(3x) 50 200

Answers: Electrical Output of the Smallest Facility = 100 Mw
Electrical Output of the Largest Facility = 300 Mw
Electrical Output of the Third Facility = 200 Mw
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Step 5. The largest facility has a total electrical output three times that of
the smallest facility.

3(100) = 300

The other facility has an output which is 50 Mw more than half that of the
largest facility.

1
2

(300) 50 150 50 200

The total output of the three facilities is 600 Mw.

100 + 200 + 300 = 600

Thus, the answers check.

Example 3:

The winning team in a football game scored 7 points less than twice the score of
the losing team. If the total score of both teams was 35 points, what was the final
score?

Solution:

Step 1. Letx = Winning Team’s Score

Step 2. Then, = Losing Team’s Score1
2

(x 7)

Step 3. Total Score = Winning Team’s Score + Losing Team’s Score

35 x 1
2

(x 7)
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Step 4. Solving forx:

x 1
2

(x 7) 35

2x x 7 70

3x 70 7

3x = 63

x = 21 points

Solving for the other unknowns:

1
2

(x 7) 1
2

(21 7)

1
2

(x 7) 1
2

(28)

1
2

(x 7) 14 points

Answers: Winning Team’s Score = 21 points
Losing Team’s Score = 14 points

Step 5. The winning team’s score is 7 points less than twice the score of
the losing team.

2(14) - 7 = 28 - 7 = 21points

The total score of both teams is 35 points.

21 + 14 = 35 points

Thus, the answers check.
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Example 4:

A man is 21 years older than his son. Five years ago he was four times as old as his son.
How old is each now?

Solution:

Step 1. Letx = Son’s Age Now

Step 2. Then,

x + 21 = Father’s Age Now
x - 5 = Son’s Age Five Years Ago
(x + 21) - 5 =Father’s Age Five Years Ago

Step 3. Five years ago the father was four times as old as his son.

(x + 21) - 5 = 4(x - 5)

Step 4. (x + 21) - 5 = 4(x - 5)
x + 16 = 4x - 20
x - 4x = -20 - 16

-3x = -36
x = 12 years

Solving for the other unknowns:

x + 21 = 12 + 21
x + 21 = 33 years

Answers: Son’s Age Now = 12 years
Father’s Age Now = 33 years

Step 5. The man is 21 years older than his son.

12 + 21 = 33 years

Five years ago he was four times as old as his son.

33 - 5 = 28 =4(12 - 5) = 4 x 7

Thus, the answers check.
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Word Problems Involving Money

The five basic steps for solving algebraic word problems can be used for solving word problems
involving money. Writing algebraic expressions for these problems depends on the general
relationship between the total value and the unit value of money. The total value of a collection
of money or a collection of items with a certain monetary value equals the sum of the numbers
of items each multiplied by their unit values. Thus, the total value of five pennies, three nickels,
four dimes, and two quarters is found by solving the following equation:

x = 5($0.01) + 3($0.05) + 4($.10) + 2($0.25)

x = $0.05 + $0.15 + $0.40 + $0.50

x = $1.10

The total value of 25 tickets worth $1.50 each and 30 tickets worth $0.75 each is
25($1.50) + 30($0.75) which equals $37.50 + $22.50 or $60.00. Algebraic word problems
involving money are solved using this general relationship following the same five basic steps
for solving any algebraic word problems.

Example 1:

The promoter of a track meet engages a 6,000 seat armory. He wants to gross
$15,000. The price of children’s tickets is to be one-half the price of adults’
tickets. If one-third of the crowd is children, what should be the price of tickets,
assuming capacity attendance?

Solution:

Step 1. Letx = Price of an Adult Ticket (in dollars)

Step 2. Then,

= Price of a Child’s Ticket (inx
2

dollars)

= Number of Children’s Tickets1
3

(6,000) 2,000

6,000 - 2,000 = 4,000 = Number of Adults’ Tickets
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Step 3. Gross Income = (Number of Children’s Tickets times their Unit
Price) + (Number of Adults’ Tickets times their Unit Price)

$15,000 2,000







x
2

4,000(x)

Step 4. Solving forx:

15,000 2,000







x
2

4,000(x)

15,000 1,000x 4,000x

15,000 5,000x

x $3.00

solving for the other unknown:

= Price of a Child’s Ticket (in dollars)x
2

x
2

$3.00
2

x
2

$1.50

Answers: Price of Adults’ Tickets = $3.00
Price of Children’s Tickets = $1.50
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Step 5. The price of children’s tickets is one-half the price of adults’
tickets.

1
2

($3.00) $1.50

The gross is $15,000.

4,000($3.00) + 2,000($1.50) = $12,000 + $3,000 = $15,000

Thus, the answers check.

Example 2:

A collection of coins consists of nickels, dimes, and quarters. The number of
quarters is twice the number of nickels, and the number of dimes is five more than
the number of nickels. If the total amount of money is $5.05, how many of each
type of coin are in the collection?

Solution:

Step 1. Letx = Number of Nickels

Step 2. Then,

2x = Number of Quarters
x + 5 = Number of Dimes

Step 3. Total Value = (Number of Nickels)(Value of a Nickel) + (Number
of Dimes)(Value of a Dime) + (Number of Quarters)(Value of a
Quarter)

$5.05 = (x)($0.05) + (x + 5)($0.10) + (2x)($0.25)

Step 4. Solving forx:

$5.05 = (x)($0.05) + (x + 5)($0.10) + (2x)($0.25)

$5.05 = $0.05x + $0.10x + $0.50 + $0.50x

$5.05 = $0.65x + $0.50

$0.65x = $5.05 - $0.50

$0.65x = $4.55
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x = $4.55
$0.65

x = 7

Solving for the other unknowns:

2x = 2(7)

2x = 14

x + 5 = 7 + 5

x + 5 = 12

Answers: Number of Nickels = 7

Number of Dimes = 12

Number of Quarters = 14

Step 5. The number of quarters is twice the number of
nickels.

2(7) = 14

The number of dimes is five more than the number
of nickels.

7 + 5 = 12

The total value is $5.05.

7($0.05) + 12($0.10) + 14($0.25) =

$0.35 + $1.20 + $3.50 = $5.05

Thus, the answers check.
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Problems Involving Motion

Many algebraic word problems involve fundamental physical relationships. Among the most
common are problems involving motion. For example, the definition of speed is distance

traveled divided by the time it takes. or multiplying both sides byt, dVave

distance
time

d
t

= Vave x t. For example, if a car travels at 50 miles per hour for 2 hours, the distance traveled
equals (50 mi/hr)(2 hr) or 100 miles. This relationship applies for constant velocity motion only.
In practice, it is applied more generally by using an average speed or average rate of travel for
the time involved. The distance traveled is often represented bys; the average speed or average
rate of travel, also called the average velocity, byvav; and the time of travel byt.

s = vavt (2-13)

This same basic physical relationship can be written in two other forms, obtained by dividing
both sides of the equation byvav or by t.

(2-14)t s
vav

(2-15)vav

s
t

Example 1:

How far can a car traveling at a rate of 52 miles per hour travel in 2½ hours?

Solution:

Using Equation 2-13:

s = vavt

s = (52 miles/hour)(2½ hours)

s = 130 miles
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Example 2:

How long does it take a plane traveling at 650 miles per hour to go 1430 miles?

Solution:

Using Equation 2-14:

t
s

vav

t 1430 miles

650miles
hour

t = 2.2 hours

Example 3:

What is the average speed of a train that completes a 450-mile trip in 5 hours?

Solution:

Using Equation 2-15:

vav

s
t

vav

450 miles
5 hours

vav 90 miles/hour

Algebraic word problems involving motion are solved using the general relationship among
distance, time, and average velocity following the same five basic steps for solving any algebraic
word problem.

Example 1:

A plane flying at 525 miles per hour completes a trip in 2 hours less than another
plane flying at 350 miles per hour. What is the distance traveled?
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Solution:

Step 1. Letx = Distance Traveled (in miles)

Step 2. Then, using Equation 2-14,

= Time Taken by Faster Plane (in hours)x
525

= Time Taken by Slower Plane (in hours)x
350

Step 3. Time Taken by Faster Plane = Time Taken by Slower Plane - 2
hours

x
525

hours x
350

hours 2 hours

x
525

x
350

700
350

x
525

x 700
350

(350)(525)






x
525









x 700
350

(350)(525)

350x = 525 (x - 700)

350x = 525x - 367,500

350x - 525x = -367,500

-175x = -367,5000

175x
175

367,500
175

x = 2100 miles
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Solving for the other unknowns:

= Time Taken by Faster Plane (in hours)x
525

x
525

2100
525

= 4 hoursx
525

= Time Taken by Slower Plane (in hours)x
350

x
350

2100
350

= 6 hoursx
350

Answers: Distance Traveled = 2100 miles
Time Taken by Faster Plane = 4 hours
Time Taken by Slower Plane = 6 hours

Step 5. The faster plane takes 2 hours less to complete the trip than the
slower plane.

6 hours - 2 hours = 4 hours

Thus, the answer checks.

Example 2:

It takes a man 4 hours to reach a destination 1325 miles from his home. He
drives to the airport at an average speed of 50 miles per hour, and the average
speed of his plane trip is 500 miles per hour. How far does he travel by each
mode of transportation?

Solution:

Step 1. Letx = Distance Traveled by Car (in miles)

Step 2. Then,

Rev. 0 Page 57 MA-02



WORD PROBLEMS Algebra

1325 -x = Distance Traveled by Plane (in miles)
and, using Equation 2-14,

= Time Traveled by Car (in hours)x
50

= Time Traveled by Plane (in hours)1325 x
500

Step 3. Total Time = (Time Traveled by Car) + (Time Traveled by Plane)

4 hours x
50

hours 1325 x
500

hours

Step 4. Solving forx:

4 x
50

1325 x
500

4 10x 1325 x
500

(500)4 9x 1325
500

(500)

2000 = 9x + 1325

2000 - 1325 = 9x

685 = 9x

9x
9

675
9

x = 75 miles

Solving for the other unknowns:
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= Time Traveled by Car (in hours)x
50

x
50

75
50

x
50

1 1
2

hours

= Time Traveled by Plane (in hours)1325 x
500

1325 x
500

1324 75
500

1325 x
500

1250
500

2 1
2

hours

1325 -x = Distance Traveled by Plane (in miles)

1325 -x = 1325 - 75

1325 -x = 1250 miles

Answers: Distance Traveled by Car = 75 miles
Distance Traveled by Plane = 1250 miles

Step 5. The total distance traveled is 1325 miles.

75 miles + 1250 miles = 1325 miles

The average speed by car is 50 miles per hour.
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= 50 miles per hour75 miles

1 1
2

hours

The average speed by plane is 500 miles per hour.

= 500 miles per hour1250 miles

2 1
2

hours

The total time traveling is 4 hours.

1½ hours + 2½ hours = 4 hours

Thus, the answers check.

Solving Word Problems Involving Quadratic Equations

Many algebraic word problems involve quadratic equations. Any time the algebraic expressions
describing the relationships in the problem involve a quantity multiplied by itself, a quadratic
equation must be used to solve the problem. The steps for solving word problems involving
quadratic equations are the same as for solving word problems involving linear equations.

Example:

A radiation control point is set up near a solid waste disposal facility. The pad on which
the facility is set up measures 20 feet by 30 feet. If the health physicist sets up a
controlled walkway around the pad that reduces the area by 264 square feet, how wide
is the walkway?

Solution:

Step 1. Letx = Width of the Walkway

Step 2. Then,
30 - 2x = Length of Reduced Pad
20 - 2x = Width of Reduced Pad
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Step 3. Area of Reduced Pad = (Length of Reduced Pad)(Width of Reduced
Pad)

600 264 (30 2x)(20 2x)

336 600 100x 4x 2

Step 4. Solve this quadratic equation.

4x2 - 100x + 264 = 0

Using the Quadratic Formula, substitute the coefficients fora, b, andc and
solve forx.

x b ± b 2 4ac
2a

x
( 100) ± ( 100)2 4(4)(264)

2(4)

x 100 ± 10,000 4,224
8

x 100 ± 5,776
8

x
100 ± 76

8

x
100 76

8
, 100 76

8

x
176
8

, 24
8

x 22, 3

The two roots arex = 22 feet andx = 3 feet. Sincex = 22 feet is not
physically meaningful, the answer isx = 3 feet.
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Step 5. Check the answer.

The area of the reduced area pad is 264 square feet less than the area of
the original pad.

600 264 (20 2x)(30 2x)

336 [20 2(3)][30 2(3)]

336 (20 6)(30 6)

336 (14)(24)

336 336

Thus, the answer checks.

Summary

The important information from this chapter is summarized below.

Algebraic Word Problems Summary

Algebraic word problems can easily be solved by following these five basic
steps:

Step 1. Let some letter, such asx, represent one of
the unknowns.

Step 2. Express the other unknowns in terms ofx
using the information given in the problem.

Step 3. Write an equation that represents in
symbols exactly what the problem states in
words.

Step 4. Solve the equation.

Step 5. Check the answer to see that it satisfies the
conditions stated in the problem.
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LOGARITHMS

This chapter covers changing the base of a logarithm and solving problems with
logarithms.

EO 1.6 STATE the definition of a logarithm.

EO 1.7 CALCULATE the logarithm of a number.

Calculator Usage, Special Keys

This chapter will require the use of certain keys on a calculator to perform the necessary
calculations. An understanding of the functions of each key will make logarithms (logs) an easy
task.

Common Logarithm key

This key when pressed will compute the common log (base 10) of the
numberx in the display, wherex is greater than zero.

Natural Logarithm key

This key when pressed will compute the natural logarithm (basee) of the
numberx in the display, wherex is greater than zero.

This key when pressed before the log and ln keys will compute the anti-
log of the numberx in the display. When used with the log key it will
raise 10 to the displayed power (107.12) and when used with the ln key will
raise (e) to the displayed power (e-381).

Introduction

Logarithms are exponents, as will be explained in the following sections. Before the advent of
calculators, logarithms had great use in multiplying and dividing numbers with many digits since
adding exponents was less work than multiplying numbers. Now they are important in nuclear
work because many laws governing physical behavior are in exponential form. Examples are
radioactive decay, gamma absorption, and reactor power changes on a stable period.
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Definition

Any number (X) can be expressed by any other numberb (except zero) raised to a power x; that
is, there is always a value ofx such thatX = bx. For example, ifX = 8 andb = 2, x = 3. For
X = 8 andb = 4, 8 = 4x is satisfied ifx = 3/2.

4
3
2 (43)

1
2 (64)

1
2 8

or

4
3
2 (4

1
2)3 23 8

In the equationX = bx, the exponent x is the logarithm ofX to the baseb. Stated in equation
form, x = logb X, which readsx is the logarithm to the baseb of X. In general terms, the
logarithm of a number to a base b is the power to which base b must be raised to yield the
number. The rules for logs are a direct consequence of the rules for exponents, since that is what
logs are. In multiplication, for example, consider the product of two numbersX and Y.
Expressing each as b raised to a power and using the rules for exponents:

XY = (bx) (by) = bx+y

Now, equating the logb of the first and last terms, logb XY = logb bx+y.

Since the exponent of the baseb (x+y) is the logarithm to the baseb, Logb bx+y = x+y.

logb XY = x+y

Similarily, sinceX = bx and Y = by, logb X = x and logb Y = y. Substituting these into the
previous equation,

logb XY = logb X + logb Y

Before the advent of hand-held calculators it was common to use logs for multiplication (and
division) of numbers having many significant figures. First, logs for the numbers to be
multiplied were obtained from tables. Then, the numbers were added, and this sum (logarithm
of the product) was used to locate in the tables the number which had this log. This is the
product of the two numbers. A slide rule is designed to add logarithms as numbers are
multiplied.

Logarithms can easily be computed with the calculator using the keys identified earlier.
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Examples:

log2 8 = 3 since 8 = 23

log10 0.01 = -2 since 0.01 = 10-2

log5 5 = 1 since 5 = 51

logb 1 = 0 since 1 =b

From the above illustration, it is evident that a logarithm is an exponent. 34 is called the
exponential form of the number 81. In logarithmic form, 34 would be expressed as log3 81 = 4,
or the logarithm of 81 to the base 3 is 4. Note the symbol for taking the logarithm of the
number 81 to a particular base 3, is log3 81, where the base is indicated by a small number
written to the right and slightly below the symbol log.

Log Rules

Since logs are exponents, the rules governing logs are very similar to the laws of exponents.

The most common log rules are the following:

1. logb (ABC) = logb A + logb B + logb C

2. logb (A/B) = logb A - logb B

3. logb (An) = nlogb A

4. logb b = 1

5. logb = logb A1/n = (1/n)logb A
n

A

6. logb 1 = 0

7. logb (1/A) = logb 1 - logb A = -logb A
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Example 1: y = gt2 whereg = 321
2

Solution:

y = 16 t2

Find y for t = 10 using logs.

log10y = log10 (16 t2)

log10y = log10 16 + log10 t2

log10y = log10 16 + (2 log10 t)

log10y = 1.204 + 2 log10 10

log10y = 1.204 + 2 x 1

log10y = 3.204

but this means 103.204 = y

y = 1600

Example 2: Calculate log10 2 - log10 3.

Solution:

Rule 2. log10 (A/B): log10 A - log10 B

log10 2 - log10 3

= log10 (2/3)

= log10 (.667)

= -0.176

MA-02 Page 66 Rev. 0



Algebra LOGARITHMS

Example 3: Calculate 3log10 2.

Solution:

Rule 3. logb (An) = nlogb A

3log10 2

= log10 (23)

= log10 8

= 0.903

Example 4: Calculate 4log10 10.

Solution:

Rule 4. logb b = 1

4log10 10

= 4(1)

= 4

Example 5: Calculate (1/3)log10 2.

Solution:

Rule 5. logb = logb A1/n = (1/n)logb A
n

A

(1/3)log10 2

= log10

3
2

= log10 1.259

= 0.1003
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Example 6: Calculate log10 1.

Solution:

Rule 6. logb 1 = 0

log10 1 = 0

Example 7: Calculate -log10 2.

Solution:

Rule 7: logb (1/A) = -logbA

-log10 2

= log10 (1/2)

= -log10 0.5

= -0.3010

Common and Natural Logarithms

In scientific and engineering practice, the natural system of logarithms uses the number
2.718281828459042. Since this number is frequently encountered, the lettere is used. Many
natural occurrences can be expressed by exponential equations withe as the base. For example,
the decay of radioactive isotopes can be expressed as a natural logarithm equation. These
logarithmic expressions are called natural logs becausee is the basis for many laws of nature.

The expressionln is used to represent a logarithm whene is the base. Therefore, the exponential
equation is written as

ex = N.

and the logarithm expression is written as

loge N = x or lnN = x.

As with base 10 logs (common logs), natural logs can be determined easily with the aid of a
calculator.
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Base 10 logs are often referred to as common logs. Since base 10 is the most widely used
number base, the "10" from the designation log10 is often dropped. Therefore, any time "log" is
used without a base specified, one should assume that base 10 is being used.

Anti-Logarithms

An anti-logarithm is the opposite of a logarithm. Thus, finding the anti-logarithm of a number
is the same as finding the value for which the given number is the logarithm. If log10 X = 2, then
2.0 is the power (exponent) to which one must raise the base 10 to obtainX, that is,X = 102.0

= 100. The determination of an anti-log is the reverse process of finding a logarithm.

Example:

Multiply 38.79 and 6896 using logarithms.

Log 38.79 = 1.58872 Log 6896 = 3.83860

Add the logarithms to get 5.42732

Find the anti-log.

Anti-log 5.42732 = 2.675 x 105 = 267,500

Thus, 38.79 x 6896 = 2.675 x 105 = 267,500

Natural and Common Log Operations

The utilization of the log/ln can be seen by trying to solve the following equation algebraically.
This equation cannot be solved by algebraic methods. The mechanism for solving this equation
is as follows:

Using Common Logs Using Natural Logs

2X 7

log 2X log 7

X log 2 log 7

X
log 7
log 2

0.8451
0.3010

2.808

2X 7

ln 2X ln 7

X ln 2 ln 7

X
ln 7
ln 2

1.946
0.693

2.808
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How would you calculatex in the following equation?

log x = 5

The easy way to solve this equation is to take the anti-log. As division is the reverse of
multiplication, so anti-log is the reverse of log. To take the anti-log log10 x = 5:

anti-log (log X) = anti-log 5

x = anti-log 5

x = 100,000

This is accomplished on a calculator by pressing the 5, INV, then the LOG key. This causes the
inverse of the log process.
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Summary

The important information in this chapter is summarized below.

Logarithms Summary

A numberL is said to be the logarithm of a positive real numberN to the
baseb (whereb is real, positive, and not equal to 1), ifL is the exponent to
which b must be raised to obtainN, or the function can be expressed as

L = Logb N

for which the inverse is

N = bL

Simply stated, the logarithm is the inverse of the exponential
function.

Product = baseexponent

Logbaseproduct = exponent

Logb (ABC) = logb A + logb B + logb C

Logb (A/B) = logb A - logb B

Logb (An) = nlogb A

Logb = logb A1/n = (1/n)logb A
n

A

Logb 1 = 0

Logb (1/A) = logb 1 - logb A = -logbA

• Common logs are base 10

• Natural logs are base e

• Anti-log is the opposite of a log
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GRAPHING

This chapter covers graphing functions and linear equations using
various types of graphing systems.

EO 1.8 STATE the definition of the following terms:
a. Ordinate
b. Abscissa

EO 1.9 Given a table of data, PLOT the data points on a
cartesian coordinate graph.

EO 1.10 Given a table of data, PLOT the data points on a
logarithmic coordinate graph.

EO 1.11 Given a table of data, PLOT the data points on the appropriate
graphing system to obtain the specified curve.

EO 1.12 Obtain data from a given graph.

EO 1.13 Given the data, SOLVE for the unknown using a nomograph.

In work with physical systems, the relationship of one physical quantity to another is often of
interest. For example, the power level of a nuclear reactor can be measured at any given time.
However, this power level changes with time and is often monitored. One method of relating
one physical quantity to another is to tabulate measurements. Thus, the power level of a nuclear
reactor at specific times can be recorded in a log book. Although this method does provide
information on the relationship between power level and time, it is a difficult method to use
effectively. In particular, trends or changes are hard to visualize. Graphs often overcome these
disadvantages. For this reason, graphs are widely used.

A graph is a pictorial representation of the relationship between two or more physical quantities.
Graphs are used frequently both to present fundamental data on the behavior of physical systems
and to monitor the operation of such systems. The basic principle of any graph is that distances
are used to represent the magnitudes of numbers. The number line is the simplest type of graph.
All numbers are represented as distances along the line. Positive numbers are located to the right
of zero, and negative numbers are located to the left of zero.
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The coordinate system of a graph is the framework upon which the graph is drawn. A coordinate
system consists of numbered scales that give the base and the direction for measuring points on
the graph. Any point on a graph can be specified by giving its coordinates. Coordinates describe
the location of the point with respect to the scales of the coordinate system. There are several
different coordinate systems commonly encountered.

The Cartesian Coordinate System

The Cartesian Coordinate System, also known as the rectangular coordinate system, consists of
two number scales, called the x-axis (at y = 0) and they-axis (at x = 0), that are perpendicular
to each other. Each scale is a number line drawn to intersect the other at zero. The zero point
is called the origin. The divisions along the scales may be any size, but each division must be
equal. Figure 1 shows a rectangular coordinate system. The axes divide the coordinate system
into four regions called quadrants. Quadrant I is the region above the x-axis and to the right of
the y-axis. Quadrant II is the region above the x-axis and to the left of the y-axis. Quadrant III
is the region below the x-axis and to the left of the y-axis. Quadrant IV is the region below the
x-axis and to the right of the y-axis.

Figure 1 The Cartesian System
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The use of a graph starts with the plotting of data points using the coordinate system. These data
points are known as theabscissa and the ordinate. The abscissa, also known as the
y-coordinate, is the distance along the y-axis. The ordinate, also known as the x-coordinate, is
the distance along the x-axis. A point on a Cartesian coordinate graph is specified by giving its
x-coordinate and its y-coordinate. Positive values of the x-coordinate are measured to the right,
negative values to the left. Positive values of the y-coordinate are measured up, negative values
down. For example, the x- and y-coordinates are both zero at the origin. The origin is denoted
as (0,0), where the first zero refers to the value of the x-coordinate. Point A in Figure 1 is
denoted as (0,4), since the value of the x-coordinate is zero, and the value of the y-coordinate
is 4. In Quadrant I, every point has a positive x-coordinate and a positive y-coordinate. Point
B in Figure 1 is located in Quadrant I and is denoted by (4,2). Fractional values of coordinates
can also be shown. Point C in Figure 1 is denoted by (1,1.5). In Quadrant II, every point has
a negative x-coordinate and a positive y-coordinate. Point D is denoted by (-2,2). In Quadrant
III, every point has a negative x-coordinate and a negative y-coordinate. Point E is located in
Quadrant III and is denoted by (-2,-4). In Quadrant IV, every point has a positive x-coordinate,
but a negative y-coordinate. Point F is located in Quadrant IV and is denoted by (5,-4).

Cartesian Coordinate Graphs

The most common type of graph using the Cartesian Coordinate System is one in which all
values of both the x-coordinate and the y-coordinate are positive. This corresponds to Quadrant
I of a Cartesian coordinate graph. The relationship between two physical quantities is often
shown on this type of rectangular plot. The x-axis and the y-axis must first be labeled to
correspond to one of the physical quantities. The units of measurement along each axis must also
be established. For example, to show the relationship between reactor power level and time, the
x-axis can be used for time in minutes and the y-axis for the reactor power level as a percentage
of full power level. Data points are plotted using the associated values of the two physical
quantities.

Example: The temperature of water flowing in a high pressure line was measured at regular
intervals. Plot the following recorded data on a Cartesian coordinate graph.

Time (min) Temperature (°F)
0 400°

15 420°
30 440°
45 460°
60 480°
75 497°
90 497°

105 497°
120 497°
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The first step is to label the x-axis and the y-axis. Let the x-axis be time in minutes and
the y-axis be temperature in °F.

The next step is to establish the units of measurement along each axis. The x-axis must
range from 0 to 120, the y-axis from 400 to 500.

The points are then plotted one by one. Figure 2 shows the resulting Cartesian coordinate
graph.

Figure 2 Cartesian Coordinate Graph of
Temperature vs. Time

Example: The density of water was measured over a range of temperatures. Plot the
following recorded data on a Cartesian coordinate graph.

Temperature (°C) Density (g/ml)
40° 0.992
50° 0.988
60° 0.983
70° 0.978
80° 0.972
90° 0.965

100° 0.958
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The first step is to label the x-axis and the y-axis. Let the x-axis be temperature in °C and
the y-axis be density in g/ml.

The next step is to establish the units of measurement along each axis. The x-axis must
range from approximately 40 to 100, the y-axis from 0.95 to 1.00.

The points are then plotted one by one. Figure 3 shows the resulting Cartesian coordinate
graph.

Figure 3 Cartesian Coordinate Graph of Density of Water vs. Temperature

Graphs are convenient because, at a single glance, the major features of the relationship between
the two physical quantities plotted can be seen. In addition, if some previous knowledge of the
physical system under consideration is available, the numerical value pairs of points can be
connected by a straight line or a smooth curve. From these plots, the values at points not
specifically measured or calculated can be obtained. In Figures 2 and 3, the data points have
been connected by a straight line and a smooth curve, respectively. From these plots, the values
at points not specifically plotted can be determined. For example, using Figure 3, the density
of water at 65°C can be determined to be 0.98 g/ml. Because 65°C is within the scope of the
available data, it is called an interpolated value. Also using Figure 3, the density of water at
101°C can be estimated to be 0.956 g/ml. Because 101°C is outside the scope of the available
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data, it is called an extrapolated value. Although the value of 0.956 g/ml appears reasonable, an
important physical fact is absent and not predictable from the data given. Water boils at 100°C
at atmospheric pressure. At temperatures above 100°C it is not a liquid, but a gas. Therefore,
the value of 0.956 g/ml is of no significance except when the pressure is above atmospheric.

This illustrates the relative ease of interpolating and extrapolating using graphs. It also points
out the precautions that must be taken, namely, interpolation and extrapolation should be done
only if there is some prior knowledge of the system. This is particularly true for extrapolation
where the available data is being extended into a region where unknown physical changes may
take place.

Logarithmic Graphs

Frequently, the function to be plotted on a graph makes it convenient to use scales different from
those used for the Cartesian coordinate graphs. Logarithmic graphs in which one or both of the
scales are divided logarithmically are common. A semi-log plot is used when the function is an
exponential, such as radioactive decay. A semi-log plot is obtained by using an ordinary linear
scale for one axis and a logarithmic scale for the other axis. A log-log plot is used when the
function is a power. A log-log plot is obtained by using logarithmic scales for both axes. Table
1 gives data on the amount of radioactive strontium 90 present as a function of time in years.
Every twenty-five years one-half of the material decays. Figure 4 is a Cartesian coordinate graph
of the data given in Table 1. It can be seen from Figure 4 that it is difficult to determine from
this plot the amount of strontium 90 present after long periods of time such as 125 years, 150
years, or 175 years.

TABLE 1
Data on the Radioactive Decay of Strontium 90

Time (years) Amount of Strontium 90 (grams)

0 100
25 50
50 25
75 12.5

100 6.25
125 3.125
150 1.5625
175 0.78125
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Figure 4 Cartesian Coordinate Plot of Radioactive Decay
of Strontium 90

If the same data, the decay of strontium 90, is plotted on semi-log, the resulting plot (Figure 5)
will be a straight line. This is because the decay of radioactive material is an exponential
function. The resulting straight line of the semi-log plot allows a more accurate extrapolation
or interpolation of the data than the curve obtained from the cartesian plot.

For graphs in which both of the quantities (x,y) vary as a power function, a log-log plot is
convenient. A log-log plot is obtained by using logarithmic scales for both axes. Table 2 gives
data on the frequency of electromagnetic radiation as a function of the wavelength of the
radiation. Figure 6 is a log-log plot of the data given in Table 2.
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Figure 5 Semi-log Plot of Radioactive Decay of Strontium 90

TABLE 2
Data on Frequency vs. Wavelength

of Electromagnetic Radiation

Wavelength (cm) Frequency (s-1)

1.0 x 10-8 3 x 1018

0.5 x 10-7 6 x 1017

1.0 x 10-7 3 x 1017

0.5 x 10-6 6 x 1016

1.0 x 10-6 3 x 1016
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Figure 6 Log-Log Plot of Frequency vs. Wavelength
of Electromagnetic Radiation

In summary, the type of coordinate system used to plot data, cartesian, semi-log, or log-log,
should be based on the type of function to be graphed and the desired shape (curve or line) of
the curve wanted.

Cartesian system - Linear (y = mx + b) type functions
when plotted will provide straight
lines; exponential functions (y = ex)
will plot as curves.

Semi-log system - Should not plot linear type functions
on semi-log. Exponential functions,
such as radioactive decay and reactor
power equations when plotted will
graph as straight lines.

Log-log - Rarely used; used to plot power equations.
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Graphing Equations

Algebraic equations involving two unknowns can readily be shown on a graph. Figure 7 shows
a plot of the equationx + y = 5. The equation is solved for corresponding sets of values ofx
andy that satisfy the equation. Each of these points is plotted and the points connected. The
graph ofx + y = 5 is a straight line.

The x-intercept of a line on a graph is defined as the value of the x-coordinate when the

Figure 7 Plot of x + y = 5

y-coordinate is zero. It is the value ofx where the graph intercepts the x-axis. The y-intercept
of a graph is defined as the value of the y-coordinate when the x-coordinate is zero. It is the
value ofy where the graph intercepts the y-axis. Thus, the x-intercept of the graph ofx + y =
5 is +5. For a linear equation in the general formax + by = c, the x-intercept and y-intercept
can also be given in general form.

Any algebraic equation involving two unknowns of any function relating two physical quantities
can be plotted on a Cartesian coordinate graph. Linear equations or linear functions plot as
straight lines on Cartesian coordinate graphs. For example,x + y = 5 and f(x) = 3x + 9 plot as
straight lines. Higher order equations or functions, such as quadratic equations or functions and
exponential equations, can be plotted on Cartesian coordinate graphs. Figure 8 shows the shape
of the graph of a typical quadratic equation or function. This shape is called a parabola. Figure
9 shows the shape of the graph of a typical exponential equation or function.
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Figure 8 Cartesian Coordinate Graph of
Quadratic Equation or Function

Figure 9 Cartesian Coordinate Graph of
Exponential Equation or Function

Nomographs

Figure 10 Typical Nomograph

A nomograph is a device used to relate the
physical quantities in such a way that the value of
an unknown quantity can be determined given the
values of the other related quantities. Nomographs
normally involve the relationship among three
physical quantities. The scales are located in
such a way that, when a straight line is drawn
between the values of the known quantities on
their respective scales, the line crosses the value
of the unknown quantity on its scale. Figure 10
is a typical nomograph that relates the distance
traveled, the average speed, and the time traveled.
It should be noted that, as with any graphical
representation, the values determined are only
approximations.
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Example:

Using Figure 10, find the distance traveled if the average speed is 20 mph and the time
traveled is 40 minutes.

The line labeled A in Figure 10 connects 20 mph and 40 minutes. It passes through 14.5
miles.

Thus, the distance traveled is 14.5 miles.

Example:

Using Figure 10, find the time required to travel 31 miles at an average speed of 25 mph.

The line labeled B in Figure 10 connects 31 miles and 25 mph. It passes through
70 minutes.

Thus, the time required is 70 minutes.
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Summary

The important information in this chapter is summarized below.

Graphing Summary

Ordinate - x-coordinate

Abscissa - y-coordinate

Cartesian Coordinate System

- Rectangular Coordinate System
- Divided into four quadrants by x- and y-axis

Logarithmic Coordinate System

- One or both of the scales are divided logarithmically
- Semi-log graphs contain linear x-axis and logarithmic y-axis
- Log-log graphs contain logarithmic x- and y-axis

Linear functions are usually plotted on Cartesian coordinate graph.

Exponential functions (y = ex) are usually plotted on semi-log graphs to
provide a straight line instead of the resulting curve placed on a Cartesian
coordinate graph.

Power functions (Y = ax2, y = ax3, etc.) are usually plotted on log-log
graphs.
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SLOPES

This chapter covers determining and calculating the slope of a line.

EO 1.14 STATE the definition of the following terms:
a. Slope
b. Intercept

EO 1.15 Given the equation, CALCULATE the slope of a line.

EO 1.16 Given the graph, DETERMINE the slope of a line.

Many physical relationships in science and engineering may be expressed by plotting a straight
line. The slope(m), or steepness, of a straight line tells us the amount one parameter changes for
a certain amount of change in another parameter.

Slope

For a straight line, slope is equal to rise over run, or

slope rise
run

change iny
change inx

∆y
∆x

y2 y1

x2 x1

Consider the curve shown in Figure 11. PointsP1 andP2 are any two different points on the
line, and a right triangle is drawn whose legs are parallel to the coordinate axes. The length of
the leg parallel to the x-axis is the difference between the x-coordinates of the two points and
is called "∆x," read "deltax," or "the change inx." The leg parallel to the y-axis has length∆y,
which is the difference between the y-coordinates. For example, consider the line containing
points (1,3) and (3,7) in the second part of the figure. The difference between the x-coordinates
is ∆x = 3-1 = 2. The difference between the y-coordinates is∆y = 7-3 = 4. The ratio of the
differences,∆y/∆x, is the slope, which in the preceding example is 4/2 or 2. It is important to
notice that if other points had been chosen on the same line, the ratio∆y/∆x would be the same,
since the triangles are clearly similar. If the points (2,5) and (4,9) had been chosen, then∆y/∆x
= (9-5)/(4-2) = 2, which is the same number as before. Therefore, the ratio∆y/∆x depends on
the inclination of the line,m = rise [vertical (y-axis) change] ÷ run [horizontal (x-axis) change].
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Figure 11 Slope
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Since slopem is a measure of the steepness of a line, a slope has the following characteristics:

1. A horizontal line has zero slope.

2. A line that rises to the right has positive slope.

3. A line rising to the left has negative slope.

4. A vertical line has undefined slope because the calculation of the slope would
involve division by zero. ( approaches infinity as the slope approaches∆y/∆x
vertical.)

Example: What is the slope of the line passing through the points (20, 85) and (30, 125)?

Solution: m 125 85
30 20

40
10

4

Given the coordinates of the y-intercept where the line crosses the y-axis [written (0,y)] and the
equation of the line, determine the slope of the line.

The standard linear equation form isy = mx + b. If an equation is given in this standard form,
m is the slope andb is they coordinate for the y-intercept.

Example: Determine the slope of the line whose equation isy = 2x + 3 and whose
y-intercept is (0,3).

Solution: y = mx + b

y = 2x + 3

m = 2
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Example: Determine the slope of the line whose equation is 2x + 3y = 6 and whose
y-intercept is (0,2).

Solution: y = mx + b

2x + 3y = 6 Write in standard form.

3y = 6 - 2x

3y = -2x + 6

y = -2x + 6
3

y = -2/3x + 2

m = -2/3

Example:

Plot the graph of the following linear function. Determine the x-intercept, the y-intercept,
and the slope.

7x + 3y = 21

Solution: y = mx + b

y = (-7/3)x + 7

x-intercept = 3
y-intercept = 7

Slope = -2.333
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Summary

The important information in this chapter is summarized below.

Slopes Summary

For a straight line, slope is equal to rise over run, or

Slope Rise
Run

Change iny
Change inx

∆y
∆x

Since slopem is a measure of the steepness of a line, a slope has the following
characteristics:

1. A horizontal line has zero slope.

2. A line that rises to the right of vertical has positive slope.

3. A line rising to the left of vertical has negative slope.

4. A vertical line has undefined slope because the calculation of the
slope would involve division by zero (∆y/∆x approaches infinity as
the slope approaches vertical).
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INTERPOLATION AND EXTRAPOLATION

This chapter covers the use of interpolation and extrapolation to solve for
unknowns on various types of graphs.

EO 1.17 Given a graph, SOLVE for the unknown using
extrapolation.

EO 1.18 Given a graph, SOLVE for the unknown using
interpolation.

Definitions

Interpolation Interpolation is the process of obtaining a value from a graph or table that is
located between major points given, or between data points plotted. A ratio
process is usually used to obtain the value.

Extrapolation Extrapolation is the process of obtaining a value from a chart or graph that
extends beyond the given data. The "trend" of the data is extended past the last
point given and an estimate made of the value.

Interpolation and Extrapolation

Developing a curve from a set of data provides the student with the opportunity to interpolate
between given data points. Using the curve in the following example, the value of the dependent
variable at 4.5 can be estimated by interpolating on the curve between the two data points given,
resulting in the value of 32. Note that the interpolation is the process of obtaining a value on
the plotted graph that lies between two given data points. Extrapolation is the process in which
information is gained from plotted data by extending the data curve beyond the points of given
data (using the basic shape of the curve as a guide), and then estimating the value of a given
point by using the extended (extrapolated) curve as the source. The above principles are
illustrated in the example that follows.
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Example:

Given equationy = x2 + 2x + 3:

Plot the curve forx from 0 to 5.

Extrapolate the curve and give the value ofy at x = 6.

Put 6 into the equation evaluatingy, then compare the values.

Interpolate the curve atx = 4.5.

Put 4.5 into the equation evaluatingy, then compare the values.

Extrapolatingx = 6 gives a value ofy = 48.

Using the equation, the actual value ofy is 51.

Interpolatingx = 4.5 gives a value ofy = 32.

Using the equation, the actual value ofy is 32.25.
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Summary

The important information in this chapter is summarized below.

Interpolation and Extrapolation Summary

Interpolation Interpolation is the process of obtaining a value from a graph or table that
is located between major points given, or between data points plotted. A
ratio process is usually used to obtain the value.

Extrapolation Extrapolation is the process of obtaining a value from a chart or graph
that extends beyond the given data. The "trend" of the data is extended
past the last point given and an estimate made of the value.
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