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Abstract
This tutorial introduces factored structural equation modeling (FSEM), an alternative to multivariate
structural equation modeling, and demonstrates its implementation in the Blimp software and the rblimp
R package. FSEM reconceptualizes the joint distribution of observed and latent variables as a set of uni-
variate and multivariate submodels—each specified via simple regression equations—and treats latent
variables as missing data to be imputed via Bayesian data augmentation. This approach seamlessly
accommodates combinations of continuous (normal and nonnormal), binary, ordinal, nominal, count,
and two-part variables; interactions; nonlinear effects; heteroscedasticity; and multilevel data structures
without violating distributional assumptions. We first outline the theoretical foundations of factored
regression specification and its connection to the probability chain rule. We then describe the Markov
chain Monte Carlo estimation and missing-data imputation algorithms that underlie FSEM. Next, we
present a series of illustrative models—ranging from basic confirmatory factor analysis to complex
dynamic, multilevel, and hybrid generalized-linear-structural equation modeling applications—providing
Blimp syntax excerpts and a real-data example. We conclude by discussing practical considerations,
limitations, and directions for future methodological research. This tutorial aims to equip researchers
with a flexible, user-friendly framework for modeling complex data in behavioral and social sciences.

Translational Abstract
Structural equation modeling (SEM) is a statistical framework that allows researchers to test complex
theories about linkages among observed and unobserved (latent) variables. Classic SEM methods in
wide use today often assume that all variables follow a normal distribution, which limits the types of
data analysis problems they can be applied to. This tutorial introduces a factored structural equation
modeling framework that divides a complex model into simpler submodels, allowing each part to follow
its own distribution. This equation-wise representation supports diverse variable types and complex
functional forms without violating the assumptions of multivariate SEM. The method is implemented in
Blimp, a free, cross-platform software program (Mac, Windows, and Linux), and its companion R pack-
age, rblimp. The tutorial provides a conceptual overview of the factored structural equation modeling
framework and demonstrates how to fit these models in Blimp and rblimp.

Keywords: SEM, missing data, MCMC estimation, generalized linear models, measurement models

Researchers familiar with the structural equation modeling
(SEM) framework have likely learned the method through a

multivariate lens, as described in numerous popular textbooks
(Bollen, 1989; Bollen & Curran, 2005; Kaplan, 2009; Kline, 2023;
Mulaik, 2009). A key feature of this framework is that the fitted
model parameters combine to produce predictions for the mean vector
and covariance matrix of a multivariate normal distribution. This arti-
cle introduces a factored regression approach to SEM, implemented
in the Blimp software (Keller, 2024b; Keller & Enders, 2021), that
recasts a multivariate distribution as a set of simpler submodels, each
with its own distribution. For example, a factored specification repre-
sents a confirmatory factor analysis as a series of simple regression
equations whose dependent variables potentially follow different
conditional distributions. This equation-wise representation allows
different variable types and complex nonlinear effects to coexist
seamlessly without violating multivariate distributional assumptions.

At its core, Blimp’s factored regression framework is a missing
data methodology that incorporates latent variables, treating them
as unobserved data to be imputed rather than integrated out of the
likelihood (i.e., data augmentation; Schafer, 1997; Tanner &
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Wong, 1987). The theory for factorization traces to Ibrahim and
colleagues (Ibrahim, 1990; Ibrahim et al., 2002; Lipsitz &
Ibrahim, 1996), who developed the method to address incomplete
covariates in generalized linear models. Factored specifications
received considerable attention in the missing data literature,
where they have been applied to interactive and nonlinear effects
(Keller, 2025b; Kim et al., 2015, 2018; L€udtke et al., 2020b;
Zhang & Wang, 2017), discrete and nonnormal continuous varia-
bles (Lee & Mitra, 2016; L€udtke et al., 2020b), models for missing
not at random processes (Du et al., 2022; Huang et al., 2005; Ibra-
him et al., 1999), auxiliary variable models (Daniels et al., 2014;
L€udtke et al., 2020b), multilevel models (Enders et al., 2020; Erler
et al., 2016, 2019; Goldstein et al., 2014; Grund et al., 2021; Keller
& Enders, 2023), and scale scores with missing item responses
(Alacam et al., 2025).
Blimp generalizes these ideas to a wide range of structural equa-

tion models. The software supports both linear and generalized lin-
ear models for data structures with up to three levels (four if the
lowest level is a wide-format latent curve model for repeated
measurements). Models can include virtually any combination of
normal continuous (manifest and latent), nonnormal continuous
(manifest and latent), binary, ordinal, multicategorical nominal,
count, and two-part variables. Individual regression equations can
include two-way and higher interactions, nonlinear effects, hetero-
scedastic variation, and functions of predictor variables (e.g., devi-
ation scores, sum scores, residualized scores). Missing data
architecture is integrated throughout the framework, allowing
researchers to fit the same models to incomplete data that they
would specify for complete data with no additional effort. The pur-
pose of this tutorial is to provide a conceptual overview of this fac-
tored SEM framework and to demonstrate its implementation in
Blimp and rblimp.
We refer to Blimp’s modeling framework as a factored struc-

tural equation model (FSEM) for simplicity of exposition. We do
not intend to suggest that FSEM represents a new form of SEM.
Rather, the acronym emphasizes that FSEM handles distributional
assumptions differently from multivariate SEM. Blimp builds on
earlier work in Bayesian SEM (Lee, 2007; Lee & Shi, 2000;
L€udtke et al., 2020b; Merkle & Rosseel, 2018; Palomo et al.,
2007; Song & Lee, 2012), and its underlying factorization strategy
also relates to likelihood-based formulations that use analogous
conditional distribution representations (Boker et al., 2023; Priti-
kin et al., 2018; Rabe-Hesketh et al., 2004; Rockwood, 2020).

Getting Started With Blimp and rblimp

Blimp and rblimp are free software tools available at https://
www.appliedmissingdata.com/blimp. A detailed user guide with
dozens of analysis examples is available at the same URL. The
native graphical interface, Blimp Studio, runs on macOS and Win-
dows, with command-line versions available for Linux.1 The
rblimp R package allows researchers to interact with Blimp
through R, providing access to R’s scripting and visualization
capabilities, including plotting functions not available in the
graphical interface. Because rblimp uses the Blimp computational
engine, the native application must be installed before installing
the R package. The online materials include detailed installation
instructions, and Section 1.3 of the software’s user guide provides
additional details about rblimp.
Model specification uses a simple scripting language that

requires no prior knowledge of factored regression or Bayesian

estimation. To illustrate, the Appendix shows the Blimp Studio
and rblimp scripts for the basic SEM in Figure 1a, with inline
comments (#) explaining the purpose of each line. A typical Blimp
script consists of several major commands (ending with a colon),
each with its own subcommands or keywords (ending with a semi-
colon). Broadly speaking, most Blimp commands fall into three
categories: those that describe variables and their attributes (e.g.,
DATA, VARIABLES, MISSING, ORDINAL, NOMINAL,
COUNT, and LATENT), define the analysis model (e.g., CEN-
TER, MODEL, SIMPLE, PARAMETERS), or control the MCMC
algorithm (e.g., BURN, ITER, SEED). With the exception of vari-
able attributes stored in the R data frame, the commands in a
Blimp Studio script correspond to input arguments in the rblimp()
function. For brevity, the syntax excerpts in this article focus pri-
marily on the MODEL section. The online materials include a
quick start guide summarizing key commands, annotated working
scripts for all examples in the article, and an R Markdown file
describing the syntax and output for a real-data analysis example.
Finally, several YouTube training videos are available at https://
www.appliedmissingdata.com/videos.

Factored Structural Equation Models

Blimp’s FSEM framework uses combinations of three distribu-
tion types to construct models: univariate conditional distributions
for outcome variables, multivariate distributions for manifest exo-
geneous variables, and multivariate distributions for outcome vari-
ables. Table 1 summarizes the permissible variable types for each
of the three submodels. Univariate submodels provide options that
span most behavioral science applications: normal and nonnormal
continuous variables (manifest or latent), common discrete met-
rics, and two-part models for floor and ceiling effects. These mod-
els can include myriad interactive and nonlinear effects with no
special adjustments or specification tricks. The two types of multi-
variate submodels also allow various combinations of continuous
and discrete variables. As explained later, binary and ordinal varia-
bles appear as normally distributed latent response variables in
these multivariate functions. The univariate outcome options in
Table 1 include functionality for nonnormal variables, but they
otherwise overlap with Mplus. Distinctions between Blimp and
other SEM software are more evident in multivariate models,
where Blimp provides a wider array of options, particularly with
missing data. We highlight some of these differences throughout
the article.

To illustrate a basic factored regression specification, consider
the model in Figure 1a. To establish connections with the multi-
variate SEM, we temporarily assume that all variables are continu-
ous and multivariate normal. FSEM represents Figure 1a as six
submodels, each with its own univariate distribution assumption.
We use shaded rectangles to enclose variables that belong to the
same submodel (and thus share a distribution). To reduce visual
clutter, we use black dots to represent intercepts and means.

To begin, the exogenous latent variable is the outcome in an
empty regression model with just a mean and disturbance term.

1 The Blimp computational engine is written in Cþþ for efficiency. Its
performance is comparable with, or faster than, other competing programs.
The online materials include a detailed speed comparison of the MCMC
estimators implemented in Blimp, Mplus, and blavaan (https://github.com/
blimp-stats/fsem/tree/main/benchmark).
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gi ¼ b0g þ eg;i ¼ g i þ eg;i
f ðgÞ ! Nðg i;r

2
egÞ

(1)

Our notation warrants brief clarification. First, to emphasize that
an FSEM consists of a collection of regression models, we use bs
to denote coefficients and attach the dependent variable’s name as
an index (e.g., b0h is the intercept in h’s equation). Second, the
overbar indicates the model-implied or systematic part of the vari-
able for person i (i.e., a conditional mean or predicted score).
Third, f(·) is generic shorthand for the model-implied distribution
associated with a regression equation. In this case, f(h) in the sec-
ond line represents a univariate distribution involving only the
latent variable (i.e., a marginal distribution). We do not use a tilde
(�) because this function alone does not define the predictive dis-
tribution of the latent variable (i.e., the distribution that generates
its imputations). Instead, f(h) serves as shorthand for one of the

density functions that collectively define the model structure.
Finally, the arrow (?) assigns a specific functional form to the
generic distribution function. In this case, f(h) corresponds to a
normal distribution with a conditional mean (predicted value) and
variance as its parameters.

Next, the measurement model consists of four univariate sub-
models, one per indicator. The first line in the following equation
shows indicator p’s measurement model, and the second line is its
model-implied conditional distribution.

Xp;i ¼ b0Xp
þ b1Xp

ðgiÞ þ eXp ;i ¼ Xp;i þ eXp;i

f ðXp jgÞ ! NðXp;i;r2
eXp

Þ (2)

The f(Xpjh) term can be read as “the distribution of Xp given h,”
with a vertical pipe separating the outcome on the left from its pre-
dictors on the right. To reiterate, we use bs for the measurement

Figure 1
(a) Path Diagram of a Factorized Structural Equation Modeling Where
a Normally Distributed Outcome is Regressed on a Latent Predictor
With Continuous Indicators. (b) Path Model That Corresponds to a
Saturated Factorization Where Every Variable Links to all Others

Note. The ellipse represents the latent factor, rectangles denote normally distrib-
uted manifest variables, and black dots symbolize intercepts and means. The
shaded rectangles enclose variables that share a common distribution.
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model parameters to deemphasize the link to multivariate SEM. In
this example, the indicator submodels are also conditional normal
distributions, with predicted values (conditional means) and residual
variances defining the center and spread, respectively. Finally, the
structural regression and its conditional distribution are as follows:

Yi ¼ b0Y þ b1YðgiÞ þ eY;i ¼ Y i þ eY;i
f ðY jgÞ ! NðY i;r2

eY Þ
(3)

The key feature of FSEM is that it recasts a multivariate distri-
bution into a sequence of simpler submodels, each with its own
conditional distribution. The statistical theory behind this approach
uses the probability chain rule to express a multivariate distribu-
tion as the product of conditional distributions that exactly repro-
duce the original joint function (Huang et al., 2005; Ibrahim et al.,
1999, 2002; Lipsitz & Ibrahim, 1996). Throughout the article, we
use the following shorthand to describe a model’s underlying
factorization.

f ðY;X4;X3;X2;X1;gÞ ¼ f ðY jX4;X3;X2;X1;gÞ
� f ðX4 jX3;X2;X1;gÞ � f ðX3 jX2;X1;gÞ
� f ðX2 jX1;gÞ � f ðX1 jgÞ � f ðgÞ

¼ f ðY jgÞ � f ðX4 jgÞ � f ðX3 jgÞ � f ðX2 jgÞ
� f ðX1 jgÞ � f ðgÞ

(4)

The first line is the multivariate or joint distribution. The linear
SEM defines f(·) as a multivariate normal distribution. Beyond
acknowledging that the multivariate distribution exists, FSEM
makes no assumptions about its shape or form. Rather, it works
with the submodels and distributions on the second and third lines.
As a reminder, each f(·j·) represents the model-implied distribution
associated with a univariate regression model, where the vertical
pipe separates an outcome on the left from its predictors on the
right. Applying the probability chain rule to the multivariate distri-
bution produces the saturated factorization on the second line,
where each variable links to all others. Figure 1b shows a path dia-
gram of this model, which includes all possible associations
among the six variables. Reading from right to left, the order of
terms on the second line follows the flow of the directional arrows
in the path diagram. Finally, the third line eliminates the Xs from
the right side of the vertical pipes to match the omitted paths in
Figure 1a. In practical terms, the equation implies that FSEM
defines the (unspecified) multivariate distribution as the product of

six conditional submodels whose dependent variables potentially
follow different distributions.2

Although its underlying assumptions and estimation machinery
differ from those of multivariate SEM, model specification in
Blimp closely parallels that of other SEM software. To illustrate,
consider the SEM in Figure 1a. The appendix shows the complete
Blimp and rblimp scripts for this example. The following syntax
excerpt illustrates how to specify every model parameter explicitly.

LATENT: eta;
MODEL:
# regression equations
eta� intercept@0;
x1� intercept eta@1;
x2� intercept eta;
x3� intercept eta;
x4� intercept eta;
y� intercept eta;
# variances and residual variances
eta; x1; x2; x3; x4; y;

The LATENT command defines a new latent variable called eta.
The MODEL command lists six regression equations, each with
an outcome variable to the left of a tilde and its predictors to the
right. For identification, the first regression equation fixes the
latent variable’s mean to zero (intercept@0), and the second fixes
the first indicator’s loading to 1 (eta@1). The final line specifies
variances and residual variances.

The model can be specified more succinctly by relying on the
following software defaults: Latent variable means are fixed at 0,
manifest variable intercepts are estimated, the first threshold (for
categorical variables) is fixed at 0, whereas the remaining thresh-
olds are estimated, and all variances and residual variances are
freely estimated. The following simplified syntax excerpt lever-
ages these defaults.

LATENT: eta;
MODEL:
x1� eta@1;
x2� eta;

Table 1
Variable Types and Link Functions for Three Submodels

Variable type

Submodel

Univariate (outcomes) Multivariate (manifest predictors) Multivariate (outcomes)

Normal manifest � � �
Normal latent � �
Nonnormal manifest � (Yeo–Johnson) � (Yeo–Johnson)
Nonnormal latent � (Yeo–Johnson) � (Yeo–Johnson)
Binary � (logit or probit) � (probit) � (probit)
Ordinal � (probit) � (probit) � (probit)
Multicategorical � (logit) � (probit)
Count � (Negative-binomial)
Two-part � (any type) � (any type)

2 Factorization assumes a directed ordering of variables in which earlier
variables appear on the right-hand side (conditioning set) of later ones.
Nonrecursive models with feedback loops are not statistically compatible with
this formulation because the conditional specifications f X1jX2ð Þ and f X2jX1ð Þ
cannot, in general, simultaneously define a coherent joint distribution.
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x3� eta;
x4� eta;
y� eta;

An even more compact specification uses the right-arrow short-
cut to assign the latent variable on the left as a predictor of the out-
comes to the right.

# model 1 excerpt
LATENT: eta;
MODEL:
eta –. x1:x4;
y� eta;

When applying this approach to measurement models, Blimp auto-
matically fixes the first loading to 1 for identification.
We generally prefer a fixed-factor identification strategy (Klopp &

Klößner, 2021) that constrains the factor variance or disturbance
variance to 1, as it eliminates variance priors that inherently
introduce some information into the structural model. Simulation
studies indicate that pairing MCMC with this approach has better
small-sample properties than the fixed marker strategy (Keller,
2025b). The following syntax excerpt shows a compact version
of this specification.

# model 1 excerpt
LATENT: eta;

MODEL:
eta@1;
eta –. x1@lo1 x2:x4;
y� eta;

Using the @ symbol to attach an arbitrary label to the first loading
frees it for estimation, and attaching @1 to the factor variance
fixes its scale.

Of course, building realistic models solely from univariate
regressions is not feasible. As explained previously, Blimp
uses factorizations that incorporate two types of multivariate
submodels: one reserved for manifest exogenous variables and
another for outcomes. To illustrate the former, consider the
model in Figure 2. The h and Y models now include two addi-
tional predictors, but their conditional distributions are still
univariate normal curves.

gi ¼ b0g þ b1gðM1;iÞ þ b2gðM2;iÞ þ eg;i
¼ gi þ eg;i

f ðg jM1;M2Þ ! N ðgi;r
2
egÞ

Yi ¼ b0Y þ b1YðgiÞ þ b2YðM1;iÞ þ b3YðM2;iÞ þ eY;i
¼ Y i þ eY;i

f ðY jg;M1;M2Þ ! NðY i;r2
eY Þ

(5)

The measurement models are the same as Equation 2. The
underlying factorization is as follows:

Figure 2
Path Diagram of a Factorized Structural Equation Modeling, Where a
Normally Distributed Outcome Is Regressed on a Latent Predictor With
Continuous Indicators and a Pair of Normally Distributed Manifest
Regressors

Note. The ellipse represents the latent factor, rectangles denote normally dis-
tributed manifest variables, and black dots symbolize intercepts and means. The
shaded rectangles enclose variables that share a common distribution.
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f ðY;X4;X3;X2;X1;g;M1;M2Þ ¼ f ðY jX4;X3;X2;X1;g;M1;M2Þ
� f ðX4 jX3;X2;X1;g;M1;M2Þ
� . . . � f ðg jM1;M2Þ
� f ðM1;M2Þf ðY jgÞ � f ðX4 jgÞ
� f ðX3 jgÞ � f ðX2 jgÞ � f ðX1 jgÞ
� f ðg jM1;M2Þ � f ðM1;M2Þ:

(6)

The second line again shows a saturated model factorization, and
the third line simplifies the expression to match the constraints (omit-
ted paths) depicted in the figure. Notice that the submodel sequence
ends without factoring the bivariate distribution of the manifest predic-
tors, f(M1, M2). The shaded rectangle enclosing these variables in
Figure 2 conveys that they share a distribution. To ensure appropriate
missing data handling, Blimp constructs this distribution automatically,
so users need to specify this part of the model only when using a vari-
able type restricted to univariate models (Table 1).
The following Blimp syntax excerpt specifies the model in

Figure 2. To reiterate, the script uses a fixed-factor scaling that
constrains the disturbance variance to 1 (see Klopp & Klößner,
2021; Table 4).

# model 2 excerpt
MODEL:
eta@1;
eta� m1 m2;
eta –. x1@lo1 x2:x4;
y� eta m1 m2;

Importantly, the manifest predictors appear only on the right
side of the tildes; they do not have their own regression equa-
tions. Manifest exogeneous variables like M1 and M2 do not
require distributional assumptions or an explicit model when
their data are complete, but they do when values are missing.
Because Blimp was developed with missing data in mind, the
software automatically invokes a multivariate normal distribu-
tion for these variables with no input from the user, and it omits
unnecessary components in situations where it makes sense to
do so.

Dependent variables to the left of a tilde can also share a multi-
variate submodel. To illustrate, consider the model in Figure 3.
The two covariances (double-headed curved arrows) require a pair
of bivariate submodels: one connecting the latent and manifest
predictors and another for the correlated residuals. Again, the
shaded rectangles enclosing these variables convey a common dis-
tribution. The bivariate normal submodel for the predictors is
shown in the following text.

gi ¼ b0g þ eg;i ¼ g i þ eg;i
Mi ¼ b0M þ eM;i ¼ Mi þ eM;i

f ðg;MÞ ! N gi

Mi

� �
;

r2
eg regeM

reMeg r2
eM

 ! ! (7)

Notice that the manifest variable M does not require a proxy
latent variable (a factor with M as its sole indicator) to correlate
with h. The bivariate normal submodel for the correlated indica-
tors has the same form.

Figure 3
Path Diagram of a Factored Structural Equation Modeling, Where a
Normally Distributed Outcome Is Regressed on Normally Distributed
Manifest and Latent Predictors

Note. The ellipse represents the latent factor, rectangles denote normally dis-
tributed manifest variables, and black dots symbolize intercepts and means. The
shaded rectangles enclose variables that share a common distribution.
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X3;i ¼ b0X3
þ b1X3

ðgiÞ þ eX3 ;i ¼ X3;i þ eX3;i

X4;i ¼ b0X4
þ b1X4

ðgiÞ þ eX4 ;i ¼ X4;i þ eX4;i

f ðX3;X4 jgÞ ! N X3;i

X4;i

� �
;

r2
eX3

reX3 eX4

reX4 eX3
r2
eX4

 ! ! (8)

Historically, residual correlations like these have been the
Achilles heel of factorized specifications, and early implementa-
tions disallowed these associations (Lee, 2007). Subsequent work
used phantom latent variables to induce these associations (Merkle
& Rosseel, 2018; Palomo et al., 2007), but this approach is very
slow and too limited for general use. Embedding multivariate dis-
tribution functions into the factorization addresses this limitation
(see Keller, 2025a, 2025b).
The underlying FSEM factorization for the model in Figure 3 is

as follows:

f ðY;X1;X2;X3;X4;g;MÞ ¼ f ðY jX4;X3;X2;X1;g;MÞ
� f ðX4;X3 jX2;X1;g;MÞ
� f ðX2 jX1;g;MÞ � f ðX1 jg;MÞ
� f ðg;MÞ f ðY jg;MÞ � f ðX4;X3 jgÞ
� f ðX2 jgÞ � f ðX1 jgÞ � f ðg;MÞ:

(9)

The second line again shows the factorization for a saturated
model, and the third line simplifies the expression to match the
restrictions (omitted paths) in the diagram. Multivariate submodels
with correlations are invoked by connecting pairs of variables with
a double tilde, as follows:

# model 3 excerpt
MODEL:
eta@1;
eta�� m;
eta –. x1@lo1 x2:x4;
x3�� x4;
y� eta m;

Again, the underlying factorization is completely invisible to the user.

MCMC and Missing Data Imputation

Blimp uses MCMC algorithms developed in the Bayesian para-
digm. Bayesian analyses have increasingly gained a strong foot-
hold in social and behavioral science research applications
(Andrews & Baguley, 2013; König & van de Schoot, 2018; van de
Schoot et al., 2017). There are numerous reasons to use Bayesian
methods and different perspectives one can adopt when applying
them (Levy & McNeish, 2023). Some find the Bayesian frame-
work appealing on philosophical grounds. Representing uncer-
tainty as a distribution of plausible parameters that could have
produced the sample data can be more intuitive than imagining a
distribution of estimates from other hypothetical samples. For
entirely different reasons, researchers are increasingly turning to the
Bayesian framework because its flexible computational algorithms
are adept at fitting models for complex data structures. Researchers
adopting this approach may even use MCMC-generated parameter

summaries for frequentist inference (computational frequentism;
Levy & McNeish, 2023). Blimp supports both inferential approaches
(see the later section on model fit).

Blimp’s MCMC algorithm iterates between two main steps.
First, it estimates the parameters of each submodel using a com-
plete data set of imputed observed scores and latent variables. Sec-
ond, it updates the data by imputing missing scores and latent
data, using the latest model parameters to derive the predicted val-
ues and spread of the imputations. Repeating this two-step process
thousands of times produces posterior distributions of plausible
parameter values that could have produced the sample data. The
median and standard deviation of the parameters are Bayesian
point estimates and “standard errors.” The 2.5% and 97.5% quan-
tiles of the posterior distribution define 95% interval limits, which
are analogous to frequentist confidence intervals but do not rely on
the notion of repeated sampling.

Blimp primarily uses a Gibbs sampling algorithm, although cer-
tain estimation steps require Metropolis-within-Gibbs (Hastings,
1970) approximations. Gibbs sampling with data augmentation is
appealing because MCMC estimation steps leverage simple, exact
solutions for linear regression models. This is also true for general-
ized linear models, which represent discrete outcomes as continu-
ous latent variables. Blimp’s estimation steps are described in
various resources, online supplements, and technical appendixes
(Du et al., 2022; Enders, 2022; Enders et al., 2020; Keller, 2025a,
2025b; Keller & Enders, 2023). By default, the software adopts
common noninformative (or minimally informative, in the case of
variances and covariances) prior distributions described in the lit-
erature. Our preference to fix the factor variance or disturbance
variance to 1 is largely driven by the desire to eliminate or mitigate
the impact of variance priors on the structural model. Keller and
Enders (2021; Section 1.7) summarized Blimp’s default prior dis-
tributions, and advanced users can also specify custom priors.

After updating the model parameters, MCMC uses computer
simulation to “sample” imputations from distributions based on
those quantities. The software treats three quantities as missing
data to be imputed: incomplete manifest variables, latent factors,
and latent response variables underlying categorical and discrete
measures. Computationally, latent factors behave like other con-
tinuous manifest variables (normal or skewed) except that they are
fully missing. The generalized linear models described in the next
section use a link function to map discrete responses onto a contin-
uous scale. This transformed variable, which we denote Y*,
becomes the outcome in a linear regression. Blimp’s MCMC algo-
rithm uses a data augmentation strategy that pairs each person’s
discrete response with one or more continuous latent variables rep-
resenting the transformed metric. MCMC imputes these latent
response scores at each computational cycle, after which it uses
them to estimate the generalized linear model parameters. Aug-
menting estimation with latent data is computationally appealing
because MCMC can utilize simple Gibbs sampling steps for linear
regression models. Data augmentation has a long history with pro-
bit regression (Albert & Chib, 1993; Cowles, 1996), and more
recent work has extended this strategy to logit and Negative-
binomial link functions (Asparouhov & Muthén, 2021a; Neelon,
2019; Pillow & Scott, 2012; Polson et al., 2013; Windle et al.,
2014). The latent response framework is perhaps the most widely
used approach for imputing incomplete discrete variables in the
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missing data literature, and numerous studies have examined its
performance (Carpenter et al., 2011, 2023; Enders, 2022; Enders
et al., 2018; Goldstein et al., 2009; Quartagno & Carpenter, 2019).
At a high level, an imputed score can be viewed as the sum of a

predicted value and a computer-generated random noise term (typ-
ically drawn from a normal distribution). In a factored specifica-
tion, a variable’s imputation-generating distribution (its posterior
predictive distribution) depends on every submodel in which it
appears. To illustrate, reconsider the path diagram in Figure 1a.
Each manifest variable serves as the outcome in a simple regres-
sion model and has no outgoing arrows. In these cases, imputa-
tions depend only on that single model. For example, MCMC
imputes the dependent variable by substituting the current parame-
ters and latent data into the regression equation to obtain a per-
son’s predicted score, Y i. It then adds a synthetic eY term,
simulated from a normal distribution with a mean of 0 and a var-
iance equal to the current value of r2

eY . This process aligns with the

conditional distribution shown on the bottom line of Equation 3,
where Y scores are normally distributed around points on the regres-
sion line. MCMC imputes each Xp using the same process.
Imputing latent variables is the secret sauce that simplifies com-

plex estimation problems. MCMC also creates latent variable impu-
tations as the sum of a predicted value and noise term. However,
these inputs now depend on multiple models. In Figure 1a, the latent
variable appears as the outcome in one model (Equation 1) and as a
predictor in five others (Equations 2 and 3). Applying probability
rules gives the symbolic expression for h’s conditional distribution
given all other variables (i.e., its imputation-generating distribution).

f ðg jY;X4;X3;X2;X1Þ / f ðY jgÞ � f ðX4 jgÞ � f ðX3 jgÞ � f ðX2 jgÞ
� f ðX1 jgÞ � f ðgÞ

(10)

In practical terms, the equation states that every model includ-
ing h contains information about its imputations. In this example,
the posterior predictive distribution on the left side of Equation 10
is obtained by multiplying six normal distribution functions and
then performing algebraic manipulations to express the result as a
function of h. This distribution is also a normal curve, but the pre-
dicted values (conditional means) and conditional variance are
complex composites of the submodel parameters. Interested read-
ers can find a derivation of h’s posterior predictive distribution in
the online materials (https://github.com/blimp-stats/fsem).
Beyond generating multiply imputed factor scores, there is no

compelling advantage to imputing latent variables in simple mod-
els like the one in Figure 1a. However, composite distributions
such as the one in Equation 10 adapt to nonlinear features in the
submodels. For example, we later present an application where h

interacts with a multicategorical nominal variable represented by
two dummy codes. In this situation, h’s imputations originate
from a mixture of heteroscedastic normal distributions in which
the conditional variance depends on a simple slope and a person’s
dummy codes. In some cases, these distributions can be solved
algorithmically (Keller, 2025a); in others, their complexity
requires a Metropolis-within-Gibbs approximation. This occurs,
for example, when h (or another predictor) is involved in a curvi-
linear effect with polynomial terms (L€udtke et al., 2020b). For

additional information on these composite distributions and
worked examples of the Metropolis-within-Gibbs step, see Enders
(2022).

Generalized Linear Models for Discrete Variables

One compelling advantage of FSEM is that any given model
can include myriad combinations of linear and generalized linear
regression equations. Returning to Table 1, Blimp currently offers
generalized linear models for binary (probit or logit link), ordinal
(probit link), multicategorical nominal (logit link), and overdis-
persed count outcomes (Negative-binomial link) that take nonneg-
ative integer values indicating the number of times an event
occurs. Blimp places minimal restrictions on generalized linear
models within an FSEM. Discrete variables can serve as exoge-
nous predictors, intermediate variables (e.g., mediators), or termi-
nal outcomes. Furthermore, discrete variables can interact with
any other variable in a model. For instance, an FSEM might
include a latent-by-manifest variable interaction involving a multi-
categorical moderator and a latent factor. Finally, Blimp incorpo-
rates multivariate submodels that enable correlations among
binary and ordinal variables via their latent response scores.
Among other things, this functionality supports residual correla-
tions between discrete indicators and associations involving dis-
crete and continuous predictors.

Currently, the only restriction on generalized linear models is
that an incomplete count variable modeled with Negative-
binomial regression cannot have an outgoing arrow; all other vari-
able types can. One of the unique features of Blimp’s factorization
is that a variable can exist in two states. For example, a binary pre-
dictor functions as a latent response variable in the exogenous sub-
model but as a dummy code in the structural model. In essence,
variables with both incoming and outgoing arrows can occupy dif-
ferent metrics depending on the direction of the arrow. This flexi-
bility contrasts with other SEM programs, which impose stricter
limits on variable types with outgoing arrows, especially with
incomplete missing data (e.g., multivariate normality is often
assumed, with limited or no functionality for categorical predic-
tors). Several examples in this section cannot be estimated with
incomplete data in other software packages.

Probit Regression

Blimp defaults to the probit regression method for binary and
ordered categorical outcomes, and it also uses a multinomial pro-
bit model for multicategorical exogenous variables. The probit
link for binary and ordered categorical outcomes introduces a
normally distributed latent response variable representing a con-
tinuous dimension of the measured characteristic. To illustrate,
consider the model in Figure 4a. This is a modified version of
Figure 3, where M is a binary dummy code, and the factor indica-
tors are five-point rating scales. The four measurement models
feature latent response dependent variables, as does the empty
model for the binary predictor. The following regression equa-
tions use an asterisk superscript to denote the underlying latent
variables.

8 ENDERS AND KELLER

T
hi
s
do
cu
m
en
t
is
co
py
ri
gh
te
d
by

th
e
A
m
er
ic
an

Ps
yc
ho
lo
gi
ca
l
A
ss
oc
ia
tio

n
or

on
e
of

its
al
lie
d
pu
bl
is
he
rs
.

T
hi
s
ar
tic
le

is
in
te
nd
ed

so
le
ly

fo
r
th
e
pe
rs
on
al

us
e
of

th
e
in
di
vi
du
al

us
er

an
d
is
no
t
to

be
di
ss
em

in
at
ed

br
oa
dl
y.

A
ll
ri
gh
ts
,
in
cl
ud
in
g
fo
r
te
xt

an
d
da
ta

m
in
in
g,

A
I
tr
ai
ni
ng
,
an
d
si
m
ila
r
te
ch
no
lo
gi
es
,
ar
e
re
se
rv
ed
.

https://github.com/blimp-stats/fsem


X�
p;i ¼ b0X�

p
þ b1X�

p
ðgiÞ þ eX�

p ;i ¼ X
�
p;i þ eX�

p ;i

M�
i ¼ b0M� þ eM�;i ¼ M

�
i þ eM� ;i

(11)

The figure uses ellipses to represent latent responses and rectan-
gles to denote discrete variables. For identification, both residuals
are defined as standard normal variables (i.e., latent response vari-
ables are standardized within subgroups defined by the same pre-
dicted value).
The probit model also introduces threshold parameters that seg-

ment the latent response distribution. The areas under the normal
curve between these thresholds define the discrete category proba-
bilities. The binary covariate requires a single threshold, and five-
point indicators require four cut points each. The following
expression gives the relationship between a latent response vari-
able V* and a discrete variable V with response options numbered
c5 1 to C.

Vi ¼ c if sc�1 ,V�
i # sc (12)

In words, the equation says that the latent response scores for dis-
crete category c fall between two adjacent cut points in the normal
curve, sc�1 and sc. The lowest category c5 1 is bounded by an imag-
inary threshold at negative infinity (i.e., s05 –1), and the highest cat-
egory c5 C is similarly bounded at positive infinity (i.e., sC 5 þ1).
To identify the mean structure, Blimp fixes s1 to 0. Thresholds are esti-
mated following the procedure in Cowles (1996).

The factorization shown in the bottom line of Equation 9 also
applies to the models in Figure 4a. The bivariate normal distribu-
tion in the rightmost term now reflects the association between the
latent factor and the latent response variable for M. The indicator
distributions all describe the underlying latent response variables,
with the residual correlation in the bivariate distribution expressed
on the latent-response metric. The following Blimp syntax excerpt
shows the model specification. Listing the categorical variables on
the ORDINAL command line invokes probit regression. To sim-
plify specification, the software automatically adds the threshold
parameters and introduces the necessary identification constraints.
All other aspects of the script are the same as before.

# model 4 excerpt
ORDINAL: m x1:x4;
MODEL:
eta@1;
eta�� m;
eta –. x1@lo1 x2:x4;
x3�� x4;
y� eta m;

It is important to reiterate that distributional assumptions enter
via the submodels. Different types of continuous and categorical
variables can coexist within the same model because the diverse
set of univariate and bivariate submodels is guaranteed to repro-
duce some multivariate distribution. The advantage of factored

Figure 4
Diagram of a Factored Structural Equation Modeling, Where a Normally Distributed Outcome Is Regressed on Binary
and Latent Predictors. (b) Factored Structural Equation Modeling Where a Normally Distributed Outcome Is Regressed
on the Latent Response Variable and the Latent Factor

Note. The factor indicators are ordered categorical variables. Ellipses represent the latent factor and underlying latent response varia-
bles, rectangles denote normally distributed manifest variables, black dots symbolize intercepts and means, and broken arrows represent
inverse link functions that convert the latent responses back to the discrete metric. The shaded rectangles enclose variables that share a
common distribution.
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specifications is that we do not need to specify or assume anything
about the form of the joint distribution of the analysis variables.
In Figure 4a, the binary covariate correlates with h via its latent

response scores, but the dummy variableM acts as the predictor in the
structural regression. Software packages like blavaan and Mplus can-
not fit this exact model, although they can estimate a model where the
underlying latent response variable serves as the predictor. Figure 4b
shows this alternative model, which Blimp also supports. The follow-
ing structural regression equation corresponds to a modified path dia-
gram with a directed arrow fromM* to Y.

Yi ¼ b0Y þ b1YðgiÞ þ b2YðM�
i Þ þ eY;i (13)

Because M* is standardized, b2 reflects the expected difference
in the outcome between two people with the same h value, but

who differ by one standard deviation on the latent response vari-
able. Adding .latent to M’s variable name in the structural regres-
sion equation invokes this specification (e.g., y � eta m.latent;).

The final application of probit regression involves multicate-
gorical exogenous variables. Blimp uses a multinomial model
that assigns a latent response variable to each discrete category
(Aitchison & Bennett, 1970). These so-called indicants or util-
ities represent a continuous propensity for category membership.
Following the logic of dummy coding, the full set of utilities is
replaced by one fewer latent difference scores. In the interest of
space, we provide a high-level discussion here and point readers
to the online materials for a description of the multinomial probit
model (https://github.com/blimp-stats/fsem). To illustrate the
multinomial model, consider the model in Figure 5. This is a
modified version of Figure 2, where the factor indicators are

Figure 5
Path Diagram of a Factored Structural Equation Modeling, Where a
Normally Distributed Outcome Is Regressed on a Three-Category
Nominal Predictor and a Latent Factor

Note. The multicategorical predictor is represented as two dummy codes. The
factor indicators are ordered categorical variables. Ellipses represent the latent
factor and underlying latent response variables, rectangles denote normally dis-
tributed manifest variables, black dots symbolize intercepts and means, and bro-
ken arrows represent inverse link functions that convert the latent responses back
to the discrete metric. The shaded rectangles enclose variables that share a com-
mon distribution.
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ordinal rating scales, and M1 and M2 are dummy codes represent-
ing three nominal categories, coded as 0, 1, and 2. The factoriza-
tion in the bottom line of Equation 6 also applies to this model.
The term f(M1, M2) now references the multivariate submodel for
the incomplete dummy codes (or equivalently, the multicategori-
cal variable, M). The multinomial probit model includes two
latent difference scores that contrast an individual’s propensities
for belonging to groups M1 5 1 and M2 5 1 relative to the refer-
ence group with M1 5 0 and M2 5 0.
The following Blimp syntax excerpt specifies the model in

Figure 5. To simplify specification, the software creates a set of
dummy codes for binary and multicategorical variables listed on
the NOMINAL command line, defining the lowest numeric code
as the reference group. Listing the categorical variable as a pre-
dictor in the MODEL section introduces these dummy codes into
the regression equation.

# model 6 excerpt
NOMINAL: m;
ORDINAL: x1:x4;
LATENT: eta;
MODEL:
eta@1;
eta� m;
eta –. x1@lo1 x2:x4;
x3�� x4;
y� eta m;

The dummy codes can also be manually entered into an equation
by appending their corresponding numeric codes to the predictor’s
name (e.g., eta � m.1 m.2). To facilitate model-wide missing data
handling, the software automatically constructs the multinomial pro-
bit model without user input, and it iteratively updates dummy
codes to reflect the most current imputations. To our knowledge,
other SEM programs do not currently support incomplete nominal
predictors, although the MCMC routines in Mplus and blavaan can
fit this model if the dummy codes are complete.

Logistic Regression

Blimp also provides logistic regression models for binary and
multicategorical outcomes. MCMC estimation uses a data aug-
mentation strategy like that of the probit model, but the composi-
tion of the latent response scores is more-complex (Asparouhov &
Muthén, 2021a; Polson et al., 2013; Windle et al., 2014), and they
do not have an intuitive interpretation as they do in the probit
model. The online materials provide additional technical details.
To illustrate binary logistic regression, consider a modified version
of the model in Figure 5 with a dichotomous outcome coded Y 5
0 or Y 5 1. The following logistic regression equation shows the
predicted log-odds as a linear function of the regressors.

ln
PðYi ¼ 1Þ
PðYi ¼ 0Þ
� �

¼ b0Y þ b1YðgiÞ þ b2YðM1;iÞ þ b3YðM2;iÞ
f ðY jg;MÞ ! BernoulliðPðYi ¼ 1ÞÞ

(14)

The factorization in the bottom line of Equation 6 also applies
here, but the model-implied conditional distribution of Y simply
changes from a normal curve to a Bernoulli distribution.

The following Blimp syntax excerpt specifies the logistic struc-
tural model. Listing an outcome variable on the NOMINAL com-
mand line triggers logistic regression. All other aspects of the
script remain unchanged.

# model 7 excerpt
NOMINAL: m y;
ORDINAL: x1:x4;
LATENT: eta;
MODEL:
eta@1;
eta�� m;
eta –. x1@lo1 x2:x4;
x3�� x4;
y� eta m;

To reiterate, the underlying factored regression specification,
which now integrates logit, probit, and normal submodels, is
entirely hidden from view.

Next, consider a multicategorical outcome variable with K
groups, numbered k 5 1 to K. The following first equation shows
the predicted log-odds of group k (for k > 1) versus the reference
group (k5 1) as a linear function of the regressors.

ln
PðYi ¼ k j k 2 2; . . . ;KÞ

PðYi ¼ 1Þ
� �

¼ b0Yk þ b1YkðgiÞ þ b2YkðM1;iÞ

þ b3Yk ðM2;iÞ

f ðY jg;MÞ ! Multinomial ðPðYi ¼ 1Þ;PðYi ¼ 2Þ; . . . ;PðYi ¼ KÞÞ
(15)

The factorization in the bottom line of Equation 6 also applies
to this model. In this case, the model-implied conditional distribu-
tion of Y simply changes from a normal curve to a multinomial
distribution. The previous Blimp script remains unchanged; when
more than two outcome categories are detected, the software auto-
matically applies multinomial logistic regression, treating the low-
est numeric code as the reference group.

Negative Binomial Regression

Blimp also offers Negative-binomial regression models for
count outcomes—dependent variables that take nonnegative inte-
ger values representing the number of times an event occurs (e.g.,
the number of heavy drinking days (HDD) per month or aggres-
sive acts during a play period). Researchers frequently use Poisson
regression for this type of data. The Poisson distribution is defined
by a single parameter, l, which represents both the mean and var-
iance of the counts. In practice, however, count data often display
greater variability than the Poisson model allows (a phenomenon
known as overdispersion). Overdispersion can arise from factors
such as model misspecification or dependent events within indi-
viduals (Coxe et al., 2009). Negative-binomial regression provides
a more flexible alternative by adding a dispersion parameter that
captures heterogeneity among individuals with the same predicted
count. When the dispersion parameter equals 0, the Negative-
binomial model reduces to the Poisson model.

To illustrate Negative-binomial regression, consider a modified
version of the model in Figure 5 where Y is a count outcome. The
following Negative-binomial regression equation shows the
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logarithm of the predicted count (li) as a linear function of the
regressors.

lnðliÞ ¼ b0Y þ b1YðgiÞ þ b2YðM1;iÞ þ b3YðM2;iÞ ¼ Y
�
i

f ðY jg;MÞ ! NBðY �
i ;/Þ (16)

The factorization in the bottom line of Equation 6 also applies here,
but the model-implied conditional distribution of Y changes from a
normal curve to a Negative-binomial distribution with the predicted
log-count and dispersion as its parameters (Y

�
i and /, respectively).

Blimp once again uses data augmentation with an auxiliary latent vari-
able to simplify estimation of the regression coefficients (Asparouhov
&Muthén, 2021a; Neelon, 2019; Pillow & Scott, 2012).
The following Blimp syntax excerpt specifies a structural model

with a count outcome. Listing an outcome variable on the COUNT
command line triggers Negative-binomial regression. All other
aspects of the script remain unchanged.

# model 8 excerpt
NOMINAL: m;
ORDINAL: x1:x4;
COUNT: y;
LATENT: eta;
MODEL:
eta@1;
eta�� m;
eta –. x1@lo1 x2:x4;
x3�� x4;
y� eta m;

As mentioned previously, the only current limitation with
Negative-binomial regression is that incomplete count variables
cannot influence downstream variables. Other generalized linear
models do not share this limitation.

Nonnormal Continuous Variables

Blimp offers three strategies for modeling nonnormal continuous
data: normalizing transformations, heterogeneous variation models,
and two-part models for floor and ceiling effects. Because it is novel
among competing software programs, we focus on the Yeo–Johnson
normalizing transformation in this section and refer readers to the
online materials for additional information on heterogeneous varia-
tion and two-part models (https://github.com/blimp-stats/fsem).

Yeo–Johnson Normalizing Transformation

Researchers routinely use transformations to address nonnormal
outcomes in univariate regression models. This strategy can be
challenging to implement because the data’s shape dictates the
optimal transformation. Missing data further complicate this issue
because systematic missingness can alter the observed-data distri-
bution. Blimp implements the Yeo–Johnson transformation (Yeo
& Johnson, 2000), which attempts to normalize a variable using
an iteratively estimated shape parameter. The Yeo–Johnson
method is a generalized version of the Box–Cox transformation
(Box & Cox, 1964) that accommodates both positive and negative
values as well as positively and negatively skewed distributions.
Blimp can apply the Yeo–Johnson transformation to univariate

and multivariate submodels involving manifest or latent variables.
The application of Yeo–Johnson to nonnormal latent variables is
analogous to procedures for modeling nonnormal trait scores in the
item response theory framework (Reise et al., 2018). We focus on
nonnormal manifest variables in this article and refer interested
readers to Keller (2024a) for information about nonnormal latent
variables. Additional discussion and empirical evaluations of the
Yeo–Johnson transformation can be found in the broader statistical
literature (Atkinson et al., 2020; Keller & Enders, 2023; Kim,
2024; L€udtke et al., 2020a, 2020b; Riani et al., 2023; Woller &
Enders, 2024).

To illustrate the Yeo–Johnson procedure, consider a variable X
that is continuous and nonnormal. The Yeo–Johnson transforma-
tion is analogous to a generalized linear model in the sense that a
function links the nonnormal variable to a normalized version of
itself. For notational consistency, we use X* to represent the nor-
malized variable, even though it is a deterministic function of X.
The transformation function has four regimes that depend on a
shape parameter j and whether X is positive or negative.

X�
i ¼

�
ðXi þ 1Þj � 1

�
=j

lnðXi þ 1Þ
�
�
ð�Xi þ 1Þ2�j � 1

�
=ð2� jÞ

�lnð�Xi þ 1Þ

if Xi $ 0 and j 6¼ 0

if Xi $ 0 and j ¼ 0

if Xi , 0 and j 6¼ 2

if Xi , 0 and j ¼ 2

8>>>>>>>><
>>>>>>>>:

(17)

The transformation modifies a variable’s distribution by rais-
ing a shifted version of it to an exponent controlled by j, an
iteratively estimated shape parameter that governs how strongly
the variable is stretched or compressed to reduce skewness and
make the distribution more symmetric. When j 5 1, there is
no change. When j < 1, the transformation compresses high
values and stretches low values, counteracting right skewness
and a long right tail. When j > 1, it does the opposite, stretching
high values and compressing low values to counteract left skew-
ness. The logarithmic cases at j 5 0 and j 5 2 maintain continuity
where the power function would otherwise be undefined (the de-
nominator of the transformation would equal 0). The transformed
variable X* preserves the sign and rank ordering of the original
scores while reshaping their distribution toward normality.

To apply the Yeo–Johnson procedure within an SEM, recon-
sider the model in Figure 4, this time assuming that the indica-
tors are continuous and nonnormal. In this context, the ellipses
represent the normalized variables, and the rectangles denote
their nonnormal manifest counterparts. The broken arrows indi-
cate the function linking the raw and normalized scores (the
inverse of Equation 17). The path diagram highlights that the
latent factor influences the normalized versions of the indicators.
The corresponding measurement model equations are as follows:

X�
p;i ¼ b0X�

p
þ b1X�

p
ðgiÞ þ eX�

p ;i

¼ X
�
p;i þ eX�

p ;i

f ðXp jgÞ ! N YJðX�
pi;r

2
eX�p

;jpÞ (18)

The factorization from the bottom line of Equation 9 also
applies here, but the model-implied conditional distribution of
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each Xp is now the Yeo–Johnson normal distribution function
(L€udtke et al., 2020b) in the bottom line of the previous equation.
The following Blimp syntax excerpt applies the Yeo–Johnson

transformation to the four factor indicators. The transformation is
applied by listing the indicator’s name inside the yjt() function.
All other aspects of the model specification are the same.

# model 9 excerpt
MODEL:
eta@1;
eta�� m;
eta –. yjt(x1)@lo1 yjt(x2:x4);
x3�� x4;
y� eta m;

To reiterate, the measurement models reflect associations
between the latent variable and normalized indicators, and the re-
sidual correlation between X3 and X4 is likewise defined on the
normalized metric.

Heterogeneous Variation

Nonnormal data can arise for many reasons. One common
source is heterogeneous residual variation that occurs when the
spread of a variable differs systematically across individuals or
groups. Even if residuals are conditionally normal, combining
observations with different variances produces an overall distri-
bution that departs from normality, often appearing skewed or
heavy-tailed. Rather than transforming variables, an alternative
strategy is to model this heterogeneity directly by allowing the
residual variance to depend on covariates. This idea has a long
history in the statistical literature on variance modeling (Cepeda
& Gamerman, 2000; Goldstein, 2005; Harvey, 1976) and has
recently gained attention in the SEM framework as a tool for cap-
turing measurement or structural heterogeneity, most notably in
moderated nonlinear factor analysis applications (Bauer, 2017,
2023). The online materials illustrate an example in which the fac-
tor variance from Figure 5 differs as a function of a covariate, and
Enders et al. (2024) provided a more detailed application of this
procedure in the context of moderated nonlinear factor analysis.
We return to variance modeling later in the article in the section
on multilevel SEM.

Two-Part Models

Two-part models are a strategy for nonnormal data resulting
from floor or ceiling effects (often called semicontinuous data).
For example, a factor indicator could have a high proportion of
scores at its minimum value, perhaps because it measures an
extreme aspect of the construct that is not relevant to all respond-
ents. As its name implies, a two-part model represents the data
with a dichotomous variable coding whether an observation is
above the floor and a continuous part that is observed only when
the value exceeds the floor. Blimp generally supports numerous
variants of two-part models, both for single-level and multilevel
regression models (Blozis et al., 2020; Muthén et al., 2024; Neelon
& O’Malley, 2019; Olsen & Schafer, 2001; Smith et al., 2017). In
the interest of space, we refer interested readers to the online mate-
rials for information about two-part modeling and the correspond-
ing Blimp scripts (https://github.com/blimp-stats/fsem).

Interactions and Nonlinear Effects

Factored regression specifications for incomplete interaction
and nonlinear effects are an important development that has
received considerable attention in the missing data literature (Bart-
lett & Morris, 2015; Enders et al., 2020; Erler et al., 2016, 2019;
Keller & Enders, 2023; Kim et al., 2015, 2018; L€udtke et al.,
2020b; Zhang & Wang, 2017). Because our FSEM framework
treats latent variables as missing data to be imputed, it uses the
same estimation machinery to model higher-order latent effects.
Parallel developments in the likelihood framework (Boker et al.,
2023; Kelava & Brandt, 2023; Klein & Moosbrugger, 2000; Klein
& Muthén, 2007) address latent variable interactions. When the
interacting variables are continuous, these likelihood-based
approaches yield results similar to those from factored specifica-
tions (Keller, 2025b). However, they are generally limited to nor-
mally distributed variables, whereas factorization accommodates a
broader range of variable types. Keller (2025b) provided an in-
depth explanation of Blimp’s latent variable interaction frame-
work, including latent-by-latent, manifest-by-latent, three-way
latent variable interactions, and regression diagnostics with latent
variables. In addition, Keller (2022) discussed latent variable inter-
actions in the context of mediation models, and Enders et al.
(2024) applied the methodology to moderated nonlinear factor
analysis.

Building on previous examples, we use a scenario where a mul-
ticategorical nominal variable moderates the influence of a latent
factor. Figure 6 shows a path diagram of the model, with M1 and
M2 representing dummy codes that contrast the groups with the
highest numeric codes against the reference group (the lowest
code). The diagram illustrates that there is no interaction latent
variable with its own product indicators. Rather, the dummy codes
and latent factor combine to produce the interaction effect
(denoted as black diamonds). In line with standard procedures
from linear regression (Aiken & West, 1991; Cohen et al., 2002),
the structural model includes products of the dummy codes and
the latent variable.

Yi ¼ b0Y þ b1YðgiÞ þ b2YðM1;iÞ þ b3YðM2;iÞ þ b4YðgiÞðM1;iÞ
þ b5YðgiÞðM2;iÞ þ eY;i

¼ Y i þ eY;i

f ðY jg;MÞ ! NðY i;r
2
eY Þ (19)

The structural model is fundamentally no different from any
other regression with a multicategorical moderator; h is simply a
continuous predictor with a 100% missing data rate. The lower-
order b1 term represents the influence of the latent variable in the
reference group, whereas b4 and b5 are slope differences for the
M1 5 1 and M2 5 1 groups, respectively. Importantly, the product
terms are not unique variables with their own distributional prop-
erties. Rather, imputations for h and M are generated from a com-
posite distribution that incorporates parameters from multiple
submodels (see Equation 10). The presence of an interaction term
in the factorization produces nonnormal latent variable imputa-
tions, with h values drawn from a mixture of heteroscedastic nor-
mal distributions whose conditional variance depends on the
simple slope and the person’s dummy codes.
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When modeling latent predictors, it is important to preserve their
associations with other covariates, as this ensures that the structural
model’s partial slopes are accurate. Blimp currently does not sup-
port multivariate distributions with multicategorical variables (Ta-
ble 1). The dummy codes and latent variable must now be linked
with regressions rather than correlations. The dummy codes can pre-
dict the latent variable in a linear regression, or the latent variable
can predict the nominal outcome in a multinomial logistic model.
Figure 6 uses the former approach, which is consistent with the fac-
torization in the bottom line of Equation 6. The following Blimp
syntax excerpt shows how to specify the model.

# model 11 excerpt
ORDINAL: x1:x4;
NOMINAL: m;

LATENT: eta;
MODEL:
eta@1;
eta� m;
eta –. x1@lo1 x2:x4;
x3�� x4;
y� eta m eta*m;
SIMPLE: eta j m;

Recall that Blimp automatically creates a set of dummy codes
for binary and multicategorical variables listed on the NOMINAL
command line. Listing the categorical variable as a predictor in the
MODEL section introduces the dummy codes into the regression
equation. Joining the latent variable and moderator with an aster-
isk similarly enters the product terms in Equation 20. Finally, the
SIMPLE command computes and evaluates the conditional effect

Figure 6
Path Diagram of a Factored Structural Equation Modeling, Where a
Normally Distributed Outcome Is Regressed on a Three-Category
Nominal Predictor, a Latent Factor, and Their Interaction

Note. The factor indicators are ordered categorical variables. The multicategori-
cal predictor is represented as two dummy codes, each of which interacts with the
latent factor. Ellipses represent latent variables and underlying latent response vari-
ables, rectangles denote normally distributed manifest variables, triangles represent
interaction effects, black dots symbolize intercepts and means, and broken arrows
denote inverse link functions that convert the latent responses back to the discrete
metric. The shaded rectangles enclose variables that share a common distribution.
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of the latent variable within each group (simple slopes). The
rblimp package also has built-in functionality for plotting these
conditional effects and determining Johnson–Neyman significance
regions. To our knowledge, no other SEM software can fit this
model.
The factorization in Equation 6 accommodates a variety of other

nonlinear effects involving the latent variable. For instance, sup-
pose that h also exerts a curvilinear influence on the outcome. The
following structural model includes group-specific quadratic
effects. The conditional distribution of the outcome is unchanged.

Yi ¼ b0Y þ b1YðgiÞ þ b2Yðg2
i Þ þ b3YðM1;iÞ þ b4YðM2;iÞ

þ b5YðgiÞðM1;iÞ þ b6YðgiÞðM2;iÞ þ b7Yðg2
i ÞðM1;iÞ

þ b8Yðg2
i ÞðM2;iÞ þ eY;i

¼ Y i þ eY;i

f ðY jg;MÞ ! NðY i;r
2
eY Þ (20)

The corresponding Blimp syntax excerpt is shown here.

# model 12 excerpt
ORDINAL: x1:x4;
NOMINAL: m;
LATENT: eta;
MODEL:
eta@1;
eta� m;
eta –. x1@lo1 x2:x4;
x3�� x4;
y� eta eta^2 m eta*m (eta^2)*m;

Residual Structural Equation Models

Residual structural equation modeling (RSEM; Asparouhov &
Muthén, 2023) builds on the established idea of representing resid-
uals as latent variables by adding directed paths among the latent
residuals to capture structured dependencies beyond the primary
model’s covariance structure. Compelling applications include
latent growth curve models with an autoregressive error structure
(Curran et al., 2014) and random intercept cross-lagged panel
models (Hamaker et al., 2015; Mulder & Hamaker, 2021), among
others. Blimp can accommodate certain residualized associations,
but it does so without residual latent variables. We use a latent
curve model to illustrate the approach and refer readers to the
online materials for details and a script for the random intercept
cross-lagged panel model (https://github.com/blimp-stats/fsem).
Continuing with the variables from previous examples, now

assume the Xs represent repeated measurements (indexed p 5 1,
2, 3, and 4), M is a binary dummy code, and Y is a distal outcome.
Figure 7a shows a path diagram of the linear latent curve model in
the RSEM framework. Each repeated indicator loads on the inter-
cept and slope latent variables, ai and hi, which represent each per-
son’s initial status and linear rate of change. The residuals of the
indicators are also represented as latent variables (shown as ovals).
Directed arrows among these residuals define an autoregressive
structure in which each residual depends on the one preceding it.
This secondary residual model captures temporal dependencies
that remain after accounting for the primary growth process.

One of the unique features of Blimp’s factorization is that a variable
can exist in two states. For example, a binary predictor functions as a
latent response variable in the exogenous variable submodel but as a
dummy code in the structural model (Figure 4a). In essence, variables
with both incoming and outgoing arrows can occupy different metrics
depending on the direction of the arrow. Residual associations can be
incorporated by exploiting this property. In the latent curve example,
the repeated measurements have incoming arrows from the latent vari-
ables, in which the raw Xp scores serve as the dependent variables.
The first three indicators also have an outgoing arrow to the next indi-
cator, in which Xp is centered at its predicted value from the growth
curve. This centering defines the outgoing arrow as the effect of Xp–1’s
residual on Xp. The measurement model with the residualized predictor
(occasions p > 1) is shown here:

Xp;i ¼ ai þ tpðgiÞ þ bXp
ðXp�1;i � Xp�1;iÞ þ eXp;i

Xp�1;i ¼ ai þ tp�1ðgiÞ
(21)

In Figure 7b, we represent the residualized predictor as a deter-
ministic manifest variable that does not have its own distribution
(i.e., it is not enclosed in a shaded rectangle). The primary distinc-
tion between this approach and RSEM lies in the definition of the
standardized estimates: RSEM standardizes the residual pathways
using the residual latent variable’s variance, whereas Blimp stand-
ardizes effects using each Xp’s total variation.

The following Blimp syntax excerpt specifies the latent curve
model in Figure 7b.

# model 13 excerpt
ORDINAL: m;
LATENT: alpha eta;
MODEL:
intercept m -. alpha eta;
alpha�� eta;
x1� intercept@alpha eta@0;
x2� intercept@alpha eta@1 (x1 – alpha –
0*eta)@rho;

x3� intercept@alpha eta@2 (x2 – alpha –
1*eta)@rho;

x4� intercept@alpha eta@3 (x3 – alpha –
2*eta)@rho;

Blimp’s scripting language is unique because it allows functions
to serve as predictors on the right side of regression equations (i.e.,
equations-within-equations). Among other things, these functions
can define deviation scores, product terms, squares, transforma-
tions, and sum scores. In the bottom three lines, a residualized pre-
dictor is specified by centering the previous indicator at its
predicted value on the right side of the equation. Finally, attaching
the same label to all three residuals (i.e., @rho) imposes an equal-
ity constraint on the autoregressive slope. This constraint can be
relaxed, degrees of freedom permitting.

Sum Scores

In recent years, sum scores have experienced a revival within
the methodology literature, as researchers continue to debate their
merits and deficiencies relative to latent variable models and factor
scores (Liu & Pek, 2024; McNeish, 2024; McNeish & Wolf,
2020; Mislevy, 2024; Rhemtulla & Savalei, 2025; Sijtsma et al.,
2024; Widaman & Revelle, 2023, 2024). The previous example
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highlighted that Blimp’s scripting language allows functions
to serve as predictors on the right side of regression equations
(i.e., equations-within-equations). Among other things, these inline
functions can define deviation scores, product terms, squares, trans-
formations, and sum scores. The primary advantage of this sum
score functionality is missing data handling; MCMC incorporates
item-level imputation models, and the resulting sum scores update
at every iteration to reflect the most recent imputations.
To illustrate, consider a linear regression model with dummy

code and sum score predictors. The structural regression model is
shown here, with the sum of four ordinal indicators in parentheses.

Yi ¼ b0Y þ b1YðX1;i þ X2;i þ X3;i þ X4;iÞ þ b2YðMiÞ þ eY;i

¼ Y i þ eY;i

f ðY jX1;X2;X3;X4;MÞ ! NðY i;r
2
eY Þ (22)

The following Blimp syntax excerpt shows how to specify a
sum score predictor directly within a regression equation.

# model 14 excerpt
ORDINAL: x1:x4;
NOMINAL: m;
MODEL: y� (x1þ x2þ x3þ x4) m;

This excerpt leverages the software’s default joint distribution for
manifest exogenous variables, represented as f(X1, X2, X3, X4, M) in
our notation scheme. Because all variables are categorical, this multi-
variate normal distribution represents associations among the underly-
ing latent response scores (i.e., the X�

p and M* variables). This

saturated item-level missing data model maximizes power, but it may
be challenging to estimate in high-dimensional settings with many
incomplete items. Alacam et al. (2025) described some straightforward
strategies for simplifying these background models that work well in
small samples. Finally, the inline sum score specification also supports
interaction effects, as shown in the excerpt here, in which a sum score
interacts with a categorical moderator.

# model 15 excerpt
ORDINAL: x1:x4;
NOMINAL: m;
MODEL:
y� (x1þ x2þ x3þ x4) m (x1þ x2þ x3þ x4)*m;

To reiterate, the primary advantage of this sum-score functionality
is that it handles item-level missing data using an appropriate im-
putation model for categorical variables.

Figure 7
Path Diagram of a Factored Structural Equation Modeling Linear Latent Curve Model With a Binary Predictor

Note. Ellipses represent the latent factor and underlying latent response variables, rectangles denote normally distributed manifest
variables, black dots symbolize intercepts and means, and broken arrows represent inverse link functions that convert the latent
responses back to the discrete metric. The shaded rectangles enclose variables that share a common distribution. In Panel a, the
directed arrows connecting the residual latent variables in the measurement model capture an AR1 error structure. In Panel b, these
same effects are captured by centering repeated measurements at their predicted values. The figure shows the residualized predictor
as a deterministic manifest variable that does not have its own distribution (i.e., it is not enclosed in a shaded rectangle). AR1 5
First-Order Autoregressive model.

16 ENDERS AND KELLER

T
hi
s
do
cu
m
en
t
is
co
py
ri
gh
te
d
by

th
e
A
m
er
ic
an

Ps
yc
ho
lo
gi
ca
l
A
ss
oc
ia
tio

n
or

on
e
of

its
al
lie
d
pu
bl
is
he
rs
.

T
hi
s
ar
tic
le

is
in
te
nd
ed

so
le
ly

fo
r
th
e
pe
rs
on
al

us
e
of

th
e
in
di
vi
du
al

us
er

an
d
is
no
t
to

be
di
ss
em

in
at
ed

br
oa
dl
y.

A
ll
ri
gh
ts
,
in
cl
ud
in
g
fo
r
te
xt

an
d
da
ta

m
in
in
g,

A
I
tr
ai
ni
ng
,
an
d
si
m
ila
r
te
ch
no
lo
gi
es
,
ar
e
re
se
rv
ed
.



Multilevel SEMs

Factored regression specifications for multilevel models have
received considerable attention in the missing data literature
(Enders et al., 2020; Erler et al., 2016, 2019; Goldstein et al.,
2014; Grund et al., 2018, 2021; Keller & Enders, 2023). Leverag-
ing this work, Blimp can fit multilevel structural equation models
(MLSEMs) with up to three levels (four if the lowest level is a
wide-format latent curve model for repeated measurements). With
few exceptions, MLSEMs use the same variable and distribution
types shown in Table 1. Multilevel models can include latent
group means (L€udtke et al., 2008; Hamaker et al., 2015; Asparou-
hov & Muthén, 2019), random within-cluster variation (Hedeker
et al., 2008, 2012; McNeish, 2021), and dynamic effects with
lagged variables (Asparouhov et al., 2018; Hamaker et al., 2021;
McNeish & Hamaker, 2020), among others. We demonstrate key
features in this section and direct readers to the online materials
for information about dynamic SEM with lagged predictors
(https://github.com/blimp-stats/fsem). Kim et al. (2025) provided
a tutorial about MLSEM in Blimp.
There are two ways to fit an MLSEM in Blimp. The first is con-

sistent with a Mixed model formulation that designates terms as
fixed or random effects. The second way is to define the random
effects as explicit Level 2 latent variables. We detail this approach
because it provides greater flexibility and broadens the scope of
accessible models. Conventional MLSEMs decompose lower-
level outcome variables into orthogonal within- and between-
cluster latent variables (Muthén & Asparouhov, 2011; Preacher
et al., 2010, 2016). In Blimp, there is no under-the-hood decompo-
sition—the “full” dependent variable always serves as the out-
come. Following the hierarchical linear modeling tradition,
decomposition is achieved by centering predictors.
To illustrate an MLSEM, consider a two-level random slope

regression model where a binary Level 2 variable, M, moderates
the within- and between-cluster parts of a Level 1 predictor, X.
The latent variable specification uses hierarchical regression equa-
tions that mimic those from Raudenbush and Bryk (2002). The
Level 1 regression equation includes just the within-cluster (group
mean centered) predictor.

Yij ¼ aj þ gjðXij � lX;jÞ þ eY;ij
¼ Y ij þ eY;ij

f ðY jX;a;gÞ ! NðY ij;r
2
eY Þ (23)

The aj and hj terms are Level 2 latent variables representing clus-
ter j’s random intercept and slope, respectively. We isolate the
within-cluster component of X by centering each cluster’s scores
at the Level 2 latent group mean, lX,j. This centering defines hj as
the pure within-cluster association for cluster j.
At Level 2, the random intercept and slope latent variables each

have their own regression equation, and they share a bivariate nor-
mal conditional distribution.

aj ¼ b0a þ b1aðlX;jÞ þ b2aðMjÞ þ b3aðlX;jÞðMjÞ þ ea;j ¼ aj þ ea;j
gj ¼ b0g þ b1gðMjÞ þ eg;j

¼ g j þ eg;j

f ða;g jMÞ ! N aj

g j

� �
;

r2
ea rea;eg

reg ;ea r2
eg

 ! !
(24)

Finally, X and M also require models, both for missing data han-
dling and for estimating the latent group means. We again leverage
the software’s default joint distribution for manifest exogenous varia-
bles, which decomposes Level 1 predictors like X into within-cluster
deviations and latent group means (Enders et al., 2020, pp. 91–92).

The multilevel model uses a three-part factorization that assigns
a univariate conditional distribution to the outcome, a bivariate
conditional distribution to the Level 2 latent variables, and a
bivariate distribution to the manifest predictors.

f ðY;X;M;a;gÞ ¼ f ðY jX;M; a;gÞ � f ða;g jX;MÞ � f ðX;MÞ
(25)

The following Blimp syntax excerpt specifies the multilevel
latent variable model.

# model 16 excerpt
NOMINAL: m;
CLUSTERID: l2id;
LATENT: l2id5 alpha eta;
CENTER: groupmean5 x;
MODEL:
alpha� intercept x.mean m x.mean*m;
eta� intercept m;
alpha�� eta;
y� intercept@alpha x@eta;

The CLUSTERID line is a new command identifies the Level 2 clus-
tering variable. The LATENT line now defines the Level 2 latent var-
iables representing the random intercepts and slopes (listing the
Level 2 identifier before the latent variable names specifies the sec-
ond level). Next, the CENTER command requests latent group mean
centering. The first three lines of the MODEL command specify the
Level 2 models from Equation 25. Listing the intercept keyword
requests latent variable means, which are normally set to 0 by
default.3 Appending .mean to the Level 1 predictor’s name introduces
its latent cluster means. The final line specifies the Level 1 regression
model from Equation 24. The @ symbol fixes the coefficients to the
values of the Level 2 random intercept and slope latent variables.

The following Blimp syntax excerpt shows the corresponding
mixed-model specification for the same analysis. The entire model
is written on a single line, with the fixed component to the left of
the vertical pipe and the random component to the right. The
excerpt omits the intercept from both parts because these terms are
estimated automatically.

# model 17 excerpt
NOMINAL: m;
CLUSTERID: l2id;
CENTER: groupmean5 x;
MODEL:
y� x x*m x.mean m x.mean*m | x;
y_�_x_x*m_x.mean_m_x.mean*m_|_x;

In the last line, joining regressors with an asterisk creates the
cross-level and between-cluster interactions, and listing the

3 The exception to latent means being fixed at zero occurs in MLSEMs,
where the @ symbol constrains coefficients to the values of the Level-2
random intercept and slope latent variables. Although the latent means are
estimated in this case, we include the intercept term for clarity.
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within-cluster predictor to the right of the vertical pipe introduces
a random slope. Although this specification accommodates a nar-
rower range of models, it offers two useful features: it interfaces
with the SIMPLE command (for computing simple slopes) and
corresponding rblimp graphing functions for conditional effects,
and the output includes MLM effect sizes described by Rights and
Sterba (2019).
Multilevel regression analyses typically assume that within-

cluster residual variation is constant across Level 2 units. Blimp
offers two methods for modeling heterogeneous variation. The
first, described by Kasim and Raudenbush (1998), treats cluster-
specific residual variation as a random variable following a chi-
square distribution. MCMC uses this distribution to generate
cluster-specific residual variance terms, which then propagate to
the estimation steps for both the fixed and random effects. Impor-
tantly, the Kasim and Raudenbush method does not include a sub-
model linking variance heterogeneity to covariates. Instead,
estimating cluster-specific variation serves as a corrective mecha-
nism, analogous to using heteroscedasticity-robust standard errors
in maximum likelihood. This method is implemented by adding
the OPTIONS command and hev keyword to the earlier scripts.
A location–scale model provides a second way to introduce het-

erogeneous within-cluster variation. These models have a long his-
tory in the multilevel literature (Hedeker et al., 2008, 2012;
Raudenbush & Bryk, 2002), with more recent applications to
MLSEM (Asparouhov et al., 2018; McNeish, 2021). A common
use case involves intensive repeated-measures data in which indi-
viduals exhibit different levels of intraindividual variability. Fol-
lowing the procedure described earlier for heteroscedastic factor
variation, observation-level heterogeneity at Level 1 (e.g., days
within persons) can vary deterministically as a function of Level 1
predictors. In an MLM, the dispersion submodel also incorporates
a Level 2 (e.g., person-level) latent variable, xj, that represents
within-cluster variation on the logarithmic scale. The first line
below shows the Level 2 regression for this random intercept, and
the second line defines the Level 1 dispersion model:

xj ¼ b0x þ b2xðlX;jÞ þ b3xðMjÞ þ ex;j
lnðr2

eY;ijÞ ¼ xj þ b1xðXij � lX;jÞ (26)

In addition to the overall variation captured by xj, the
observation-level model includes deterministic “shocks” associ-
ated with X that cause temporary deviations from the typical varia-
tion regime (e.g., daily observations that depart from an
individual’s usual pattern of intraindividual variability). Finally,
the additional logarithmic random effect is permitted to correlate
with the random intercepts and slopes in the multivariate normal
distribution from Equation 25.
The following Blimp syntax excerpt illustrates a location-scale

model specification. Following the procedure for single-level
regression, log-variance models are introduced by listing the out-
come variable’s name inside the var() function. The LATENT
command now defines an additional Level 2 random effect, which
has its own regression equation on the third line of the MODEL
command.

# model 19 excerpt
ORDINAL: m;
CLUSTERID: l2id;
LATENT: l2id5 alpha eta omega;

CENTER: groupmean5 x;
MODEL:
alpha� intercept x.mean m x.mean*m;
eta� intercept m;
omega� intercept x.mean m;
alpha eta omega�� alpha eta omega;
y� intercept@alpha x@eta;
var(y)� intercept@omega x;

The MLSEM functionality in Mplus implements a Level 2 disper-
sion model (McNeish, 2021), but to our knowledge, it does not
support Level 1 predictors of the log variance.

Evaluating Model Fit

The defining feature of FSEM is that distributional assumptions
are introduced through multiple submodels. The previous applica-
tions highlight that these submodels can invoke myriad combina-
tions of distributions and effects that are incompatible with
conventional multivariate functions. Abandoning the multivariate
normality assumptions changes how model fit is evaluated,
because FSEM parameters do not combine to reproduce a mean
vector and variance–covariance matrix as they do in linear
SEMs. Consequently, global fit indices such as the chi-square, root
mean square error of approximation, standardized root mean resid-
ual, and comparative fit index are not defined. To be fair, the same
limitation applies to other likelihood-based and MCMC estimators
that accommodate multiple distribution types. Blimp instead pro-
vides three tools for evaluating model fit: residual correlations to
identify sources of local misfit, Bayesian model comparison indi-
ces (deviance information criterion [DIC] and Watanabe–Akaike
information criterion [WAIC]), and MCMC-based frequentist
Wald statistics.

Correlations Among Residuals

A typical FSEM consists of several regression models. As
MCMC iterates, Blimp computes each outcome variable’s resid-
uals by subtracting the current scores from their predicted values
(the variables denoted with overbars throughout the article). For
binary and ordinal outcomes, predicted values and residuals are on
the latent response metric; for nonnormal outcomes, they are on
the transformed metric. After computing these deviations, Blimp
uses the residual data matrix to estimate a saturated model that
includes all possible correlations. Importantly, these residual corre-
lations are not differences between the sample and model-predicted
correlations, as in a multivariate SEM. Rather, they reflect remain-
ing sources of linear association that persist in the latent and mani-
fest data after fitting the model. These correlations are analogous to
modification indices because they signal localized sources of misfit
that manifests as linear dependence. In models involving nonlinear
relationships, such as quadratic effects, residual correlations may
remain close to 0 even when substantive misfit is present. Nonethe-
less, linear dependencies are often a salient and interpretable indica-
tor of local misfit, making this diagnostic a useful starting point for
evaluating model adequacy. Graphical diagnostics can detect these
types of misspecification, however (Keller, 2025b).

Residual correlations are available for binary and ordinal out-
comes with a probit link and any continuous outcome (normal,
nonnormal, manifest, latent). To illustrate, reconsider the model in
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Figure 4a. MCMC would iteratively compute residuals for Y, X�
1,

X�
2, X

�
3, X

�
4, M*, and h. Their correlations could reveal unmodeled

associations among the indicators (e.g., X�
p with X�

�p), omitted
direct effects (e.g., X�

p with M*), or an incorrect functional form
(e.g., h with Y or X�

p). Residual diagnostics are not currently avail-
able for outcomes with logit or Negative-binomial links because
the underlying latent response scores are nonnormal. In addition,
residuals are not available for manifest exogenous variables with
autogenerated supporting models (variables that appear only to the
right of a tilde). For instance, the M1 with M2 variables in Figure 2
would not have residuals by default. To obtain residuals for these
variables, you must explicitly specify a multivariate submodel by
adding their correlation to the MODEL section.

Bayesian Model Comparison Indices

Blimp provides two Bayesian model comparison indices, the
DIC (Spiegelhalter et al., 2002) and the WAIC (Watanabe, 2010).
These indices are useful for comparing nested or non-nested mod-
els. The DIC and WAIC both attempt to produce an unbiased esti-
mate of out-of-sample prediction error, which is the error obtained
when applying the fitted model parameters to new data. They do
this by first calculating the predictive accuracy of the observed
data and then applying a bias correction to account for the fact that
the fitted model’s predictions will be less accurate when applied to
new, unseen data (Gelman et al., 2014). A desirable feature of the
WAIC is that it uses parameters from every MCMC iteration to
estimate a model’s predictive accuracy, whereas the classic ver-
sion of the DIC uses the average parameters. Following ideas from
Celeux et al. (2006), Blimp implements a modified version of the
DIC that similarly uses the entire posterior distribution. Both indi-
ces accommodate multilevel data and missing data (Du et al.,
2024).
Three features of Blimp’s DIC and WAIC are worth highlight-

ing. First, like residual correlations, manifest exogenous variables
with autogenerated supporting models (variables that appear only
to the right of a tilde) do not contribute information. For instance,
the supporting models for M1 and M2 in Figure 2 would not con-
tribute to the DIC and WAIC. Second, Blimp generally uses a con-
ditional formulation of the DIC and WAIC where the imputed
latent data function like observed data. In contrast, a marginal
approach would use the mean and variance of the latent data rather
than the latent scores themselves. Third, the combined-model
specification for MLSEMs offers both marginal and conditional
versions of the DIC and WAIC. The former uses variances of the
random effects, whereas the latter uses the random effect imputa-
tions as though they are observed data. Multilevel models with a
logit or Negative-binomial link are restricted to the conditional
approach. The optimal definitions for information-based indices
and the identification constraints needed to elicit valid compari-
sons remain an active area of research (Du et al., 2024; Graves &
Merkle, 2022; Merkle et al., 2019).

Frequentist Significance Tests

Blimp’s output provides a regression summary table for each
outcome variable that includes unstandardized coefficients, stand-
ardized weights, and variance explained effect sizes (Rights &
Sterba, 2019). For each quantity, the summary table reports

posterior medians, standard deviations, and credible intervals
obtained from MCMC estimation. These quantities are the Bayes-
ian analogs of frequentist point estimates, standard errors, and con-
fidence intervals, but they summarize a distribution of plausible
parameter values that could have produced the realized sample
data. Of course, these summaries can be used for Bayesian infer-
ence, but they can also serve as direct substitutes for frequentist in-
ference—a perspective that Levy and McNeish (2023) described
as “computational frequentism.”

A researcher adopting the computational frequentism perspec-
tive may do so because a frequentist estimator is either unavailable
or computationally impractical. Although we strongly appreciate
the philosophical appeal of Bayesian inference, several of the
example models are compelling use cases for computational fre-
quentism. For example, likelihood-based estimators do not cur-
rently support interactions involving a multicategorical moderator
and a latent factor (Figure 6). Missing data analyses are another
compelling application, where likelihood (and even other Bayesian
approaches) substantially limit the types of incomplete variables
that can be included in a model. To facilitate MCMC-based fre-
quentist inference, Blimp’s output includes univariate “Bayesian
Wald tests” (Asparouhov & Muthén, 2021a) for most parameters.
Custom tests of multiple parameters are also available from the
WALDTEST command. Limited research to date suggests that the
MCMC-based Wald test provides good frequentist properties,
potentially offering more accurate type I error rates and power
estimates than likelihood-based Wald statistics (Asparouhov &
Muthén, 2021b; Woller & Enders, 2024).

Real Data Analysis Example

The real data analysis uses a moderated mediation model that
showcases several of the features described in the article, namely,
mixtures of linear and generalized linear regressions, interaction
effects, and nonnormal variables. The analysis uses data from N 5
99 participants in a trial investigating the effect of early life stres-
sors on alcohol use via systemic inflammation as a mediator
(McManus et al., 2026). Figure 8 shows a path diagram of the
model with histograms depicting the score distributions and
shaded rectangles enclosing submodels with unique distributional
assumptions. Interested readers are referred to the original study
for detailed information on data collection, study design, meas-
ures, and the physiological and behavioral processes represented
in the path diagram. The online materials at include an annotated
PDF describing the Blimp syntax and output for various modeling
steps (https://github.com/blimp-stats/fsem).

To begin, the manifest exogenous variables include a binary
focal predictor (early life stress; ELS), a binary moderator (biolog-
ical sex; SEX), and a numeric covariate (age in years; AGE). As
depicted in the diagram, the binary predictors appear as dummy
codes in the structural model (the rectangles), but their relation-
ships with age and each other utilize latent response variables
(ellipses). The broken arrows represent inverse link functions that
convert the latent responses to the manifest metric.

Next, an inflammation latent variable—indicated by three
plasma biomarkers (TNF-a, IL-6, and C-reactive protein)—served
as the mediator. Two of the inflammation indicators, C-reactive
protein and IL-6, exhibited substantial positive skew. In the origi-
nal study, these variables were log-transformed before forming a
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composite mediator. Here, we instead applied a Yeo–Johnson
transformation that incorporates an iteratively estimated shape pa-
rameter that optimizes the transformation to the observed data’s
distribution. In the diagram, the ellipses represent normalized indi-
cators, and rectangles are the manifest (untransformed) variables.
The broken arrow corresponds to a function that converts

normalized scores to their skewed observed values (the inverse of
the transformation in Equation 17).

Finally, the model featured two alcohol consumption outcomes:
drinks per drinking day and the number of HDD. In lieu of a log
transformation, we again applied the Yeo–Johnson transformation
to the positively skewed drinks per drinking day variable. The

Figure 8
Factored Structural Equation Modeling Path Diagram of the Moderated Mediation
Model From the Real Data Analysis

Note. Two of the predictors (ELS and gender) are binary dummy codes, and one is continuous.
Two of the factor indicators (CRP and IL6) and the drinks per drinking day (DPDD) outcome
are skewed variables that are normalized with a Yeo–Johnson transformation. The number of
heavy drinking days (HDD) outcome is a count variable with a Negative-binomial regression.
Ellipses represent the latent factor and underlying latent response variables, rectangles denote
manifest variables, black dots symbolize intercepts and means, the triangle represents an interac-
tion effect, and broken arrows represent link functions that convert the latent responses (or nor-
malized variables) to the manifest metric. Shaded rectangles enclose variables that share a
common distribution. CRP 5 C-reactive protein; ELS 5 early-life stress. IL�6 5 inflammatory
cytokines interleukin; TNF 5 tumor necrosis factor.
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path diagram elements are the same as before. The number of
HDD was modeled as a count outcome using a Negative-binomial
regression with a log link function. In the path diagram, the ellipse
represents the linear predictor, and the rectangle denotes the dis-
crete HDD variable. Although the drinking outcomes undoubtedly
correlate beyond their common predictors, correlated residuals are
unavailable for count outcomes, and we could not form a latent
drinking factor with only two indicators. Because the outcomes
share the same predictor set, omitting the residual association still
yields consistent (i.e., asymptotically unbiased) estimates of each
equation’s regression coefficients, although some precision will be
lost.
McManus et al. (2026) hypothesized that the indirect effect of

ELS on drinking via systemic inflammation would be moderated
by sex. To evaluate this prediction, the model incorporated an
interaction effect where the influence of ELS on inflammation dif-
fered by sex. Conditional indirect effects were quantified by com-
puting the product of coefficients estimator separately by sex.
When using count outcomes, indirect effects are further condi-
tional on the values of the exogenous manifest variables. These
conditional indirect effects were computed following procedures
described in Hayes and Preacher (2010) and Geldhof et al. (2018;
Table 2). Consistent with the original study, which used a compos-
ite score as a mediator, the conditional indirect effect of ELS on
drinks per drinking day was significant for females but not for
males, because the association between ELS and inflammation
was stronger among women. Although the count outcome pro-
vided evidence of mediation, its 95% asymmetric confidence inter-
val just included 0, which likely reflects the reduced power of the
Negative-binomial regression model.

Discussion

This article introduced a factored regression approach to SEM,
which recasts a multivariate distribution as a set of simpler submo-
dels, each with its own corresponding distribution. At its core,
Blimp’s modeling framework is a missing data methodology that
treats latent variables as unobserved data to be imputed rather than
integrated out of the likelihood. Latent variable imputation with
equation-wise distributional assumptions provides substantial flex-
ibility, as the realized latent variable scores naturally adapt to com-
plex data structures that are incompatible with standard multivariate
distributions. Important use cases include analyses with discrete and
numeric variables, nonnormal continuous variables, and models
involving interaction and nonlinear effects.
When would a researcher adopt FSEM over a multivariate

SEM? The FSEM framework offers no advantages when variables
are continuous and approximately normal. In such cases, FSEM is
equivalent to the multivariate SEM, and the latter is preferable
based on its familiarity alone. A primary use case for FSEM in
that context is to generate multiply imputed latent variable scores
rather than estimated factor scores (Asparouhov & Muthén, 2010;
Rhemtulla & Savalei, 2025). FSEM is ideally suited for applica-
tions involving nonnormal variables, broadly defined. Factored
regression supports myriad combinations of variable types and
nonlinear effects that are incompatible with standard multivariate
functions. Applications include models with mixed variable types,

nonnormal continuous variables, heteroscedastic variation, interac-
tions, nonlinear effects, and dynamic effects, among others. Many
combinations of these features are not available in other software pro-
grams, particularly when data are incomplete. A final consideration is
that Blimp is free. The development team’s philosophy is to democra-
tize powerful MCMC modeling for the broadest possible audience.

Although imputing latent variables simplifies usually complex
estimation problems, that flexibility comes with a price, which is
slightly larger mean squared errors. Intuitively, imputing latent
variable scores that are 100% missing adds noise to the system.
All things being equal, the multivariate SEM will be more precise
(have less sampling error) than its FSEM counterpart. However,
simulation evidence and personal experience suggests that mean
squared error differences are often quite subtle and do not translate
into noticeable power differences (Keller, 2025b). This is an im-
portant avenue for future research. Additional methodological
studies are needed to clarify the sample size requirements for
FSEM and to determine when and how these requirements differ
from those of multivariate SEM counterparts.

FSEM also introduces opportunities for evaluating and develop-
ing new fit measures and test statistics. Avoiding multivariate
assumptions changes the way we evaluate model fit because
FSEM parameters do not combine to predict the mean vector and
variance–covariance matrix as they do in conventional SEMs that
assume normality. This limitation applies to virtually any variant
of SEM that does not rely on multivariate normality, including
popular likelihood-based methods. To address this challenge, we
developed novel residual correlations that can be used to identify
local sources of misfit. Somewhat anecdotally, we have found
these correlations to be quite useful in situations where other fit
measures are unavailable (e.g., factor models with ordinal indica-
tors; Enders et al., 2024). Additional methodological studies are
needed to evaluate the utility of these diagnostics and adapt new
measures of fit for submodel factorizations.

In summary, FSEM offers numerous modeling opportunities for
complex data structures that do not align with multivariate distri-
butional assumptions. This encompasses a wide range of multivar-
iate linear SEMs as well as newer models reflecting recent
innovations in the literature. The Blimp software allows research-
ers to access the benefits of FSEM with minimalistic syntax and
no deep knowledge about factored regression or Bayesian
statistics.
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Appendix

Blimp Studio and rblimp Script for a One-Factor Confirmatory Factor Analysis Model

The following script for the Blimp Studio graphical interface fits the structural model in Figure 1a. The # denotes the beginning
of a comment.

DATA: example.dat; # raw text file

VARIABLES: y x1 x2 x3 x4; # variable names

MISSING: 999; # missing value code

LATENT: eta; # define latent variable

MODEL: # model equations

eta –. x1@lo1 x2:x4; # measurement model

eta@1; # identification constraint

y� eta; # structural model

BURN: 10000; # warm-up iterations

ITER: 10000; # analysis iterations

SEED: 90291; # random number seed

The following code shows the corresponding rblimp script. The variable names and missing data are encoded in the R data object.

mymodel,- rblimp( # rblimp function call

data5 example # R data frame

latent5 ’eta’, # define latent variable

model5 ’ # model equations

eta –. x1@lo1 x2:x4; # measurement model

eta@1; # identification constraint

y� eta;’, # structural model

burn5 10000, # warm-up iterations

iter5 10000, # analysis iterations

seed5 90291) # random number seed

output(mymodel) # print output
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