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❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✺✳✼ ■♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ sen (θi) [cos (θi)− cos (θi+1)] ♥❛ r❡s♦❧✉çã♦ ❞♦ Pr♦✲

❜❧❡♠❛ ✶✵✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✽ ❉✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ♠❡❞✐❞❛ ♣♦r ✉♠❛ ❝♦r❞❛ ♥❛ s❡♠✐❝✐r❝✉♥❢❡rê♥❝✐❛ tr✐❣♦✲

♥♦♠étr✐❝❛✱ q✉❡ t❡♠ r❛✐♦ ❞❡ ♠❡❞✐❞❛ 1✱ ♣❛r❛ r❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✶✶✳ ❱❡rsã♦

✐♥t❡r❛t✐✈❛ ❛q✉✐✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/pzaw5n6k
https://www.geogebra.org/m/sfksqgn4
https://www.geogebra.org/m/dnvnxwar
https://www.geogebra.org/m/azshaue6
https://www.geogebra.org/m/mnuyexbj
https://www.geogebra.org/m/mqejqgqw
https://www.geogebra.org/m/sccjbky5
https://www.geogebra.org/m/g4kprtuh
https://www.geogebra.org/m/qtzuhm7a
https://www.geogebra.org/m/tbmehb4b
https://www.geogebra.org/m/tbmehb4b
https://www.geogebra.org/m/sqkdszga
https://www.geogebra.org/m/p6dk4rdy
https://www.geogebra.org/m/p6dk4rdy
https://www.geogebra.org/m/mqkxtrse
https://www.geogebra.org/m/aeyryx5x
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▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶ ■♥tr♦❞✉çã♦ ✶✷

✶✳✶ P♦r q✉❡ ❡st✉❞❛r tr✐❣♦♥♦♠❡tr✐❛❄ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✷ ❯♠ ♣♦✉❝♦ ❞❡ ❤✐stór✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✸ ❚r✐❣♦♥♦♠❡tr✐❛ ♥❛s ♦❧✐♠♣í❛❞❛s ❞❡ ♠❛t❡♠át✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✹ ❖r❣❛♥✐③❛çã♦✱ ●❡♦●❡❜r❛ ❡ ♣✉❜❧✐❝❛çõ❡s ❛♥t❡r✐♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷ ❋✉♥❞❛♠❡♥t♦s ❞❡ tr✐❣♦♥♦♠❡tr✐❛ ✶✼

✷✳✶ ❘❡❧❛çõ❡s ♠étr✐❝❛s ♥♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✷ ❘❛❞✐❛♥♦ ❝♦♠♦ ✉♥✐❞❛❞❡ ❞❡ ♠❡❞✐❞❛ ❞❡ â♥❣✉❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✸ ❋✉♥çõ❡s ❙❡♥♦✱ ❈♦ss❡♥♦ ❡ ❚❛♥❣❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✹ ❘❡❧❛çã♦ tr✐❣♦♥♦♠étr✐❝❛ ❢✉♥❞❛♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✺ ❋✉♥çõ❡s ❈♦ss❡❝❛♥t❡s✱ ❙❡❝❛♥t❡ ❡ ❈♦t❛♥❣❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✻ ❈á❧❝✉❧♦ ❞❡ s❡♥♦ ❡ ❝♦ss❡♥♦ ❞❡ â♥❣✉❧♦s ♥♦tá✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✼ ❊q✉✐✈❛❧ê♥❝✐❛s ❞❡ s❡♥♦s ❡ ❝♦ss❡♥♦s ♥♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✽ ❙❡♥♦ ❡ ❝♦ss❡♥♦ ❞❛ s♦♠❛ ❞❡ ❞♦✐s â♥❣✉❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✾ ▲❡✐ ❞♦s ❙❡♥♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✶✵ ▲❡✐ ❞♦s ❈♦ss❡♥♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✶✶ ❘❡❧❛çã♦ ❞❡ ❙t❡✇❛rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸ ❈♦♥str✉çõ❡s✱ ❡①❡r❝í❝✐♦s ❡ ❞❡s❛✜♦s ✸✸

✸✳✶ ❈♦♥str✉çã♦ ❞♦ ❆r❝♦ ❈❛♣❛③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✷ ❆r❛♠❡✱ tr✐â♥❣✉❧♦ ✐sós❝❡❧❡s ❡ ❜✐ss❡tr✐③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✷✳✶ ❘❡s♦❧✉çã♦ ❞♦ ❊①❡r❝í❝✐♦ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✸ P♦♥t♦ ❡♠ q✉❛❞r❛❞♦ ❡q✉✐❞✐st❛♥t❡ ❞❡ ❞♦✐s ✈ért✐❝❡s ❡ ✉♠ ❧❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✸✳✶ ❘❡s♦❧✉çã♦ ❞♦ ❊①❡r❝í❝✐♦ ✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✹ ➶♥❣✉❧♦ ❞❡ ✈✐sã♦ ❞❡ ✉♠ ♣ré❞✐♦✱ ❞✐stâ♥❝✐❛s ❡ ❛❧t✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✹✳✶ ❘❡s♦❧✉çã♦ ❞♦ ❊①❡r❝í❝✐♦ ✹✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✺ ❊①❡r❝í❝✐♦ ❡♥✈♦❧✈❡♥❞♦ ❛ ▲❡✐ ❞♦s ❙❡♥♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽



❙❯▼➪❘■❖
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✸✳✻ Pr♦❜❧❡♠❛ ❡♥✈♦❧✈❡♥❞♦ ❛ ▲❡✐ ❞♦s ❙❡♥♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
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✸✳✽ ❘❡❧❛çã♦ ❞❡ ❙t❡✇❛rt ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠í♥✐♠♦ ❞❛ s♦♠❛ ❞♦s q✉❛❞r❛❞♦s ❞❛s ❞✐stâ♥✲
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■♥tr♦❞✉çã♦

✶✳✶ P♦r q✉❡ ❡st✉❞❛r tr✐❣♦♥♦♠❡tr✐❛❄

❆ tr✐❣♦♥♦♠❡tr✐❛ é ✐♠♣♦rt❛♥t❡ ♣♦r ✈ár✐♦s ♠♦t✐✈♦s✿

❼ ❆ tr✐❣♦♥♦♠❡tr✐❛ é ♦ r❛♠♦ ❞❛ ♠❛t❡♠át✐❝❛ q✉❡ ❧✐❞❛ ❝♦♠ ❛s r❡❧❛çõ❡s ❡♥tr❡ ♦s â♥❣✉❧♦s ❡ ♦s

❧❛❞♦s ❞♦s tr✐â♥❣✉❧♦s✳ ❊❧❡ ❢♦r♥❡❝❡ ✉♠❛ ❡str✉t✉r❛ ♣❛r❛ ❡♥t❡♥❞❡r ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s r❡❧❛✲

❝✐♦♥❛❞♦s ❛ â♥❣✉❧♦s✱ ❞✐stâ♥❝✐❛s ❡ ❢♦r♠❛s✳ ❊ss❡ ❝♦♥❤❡❝✐♠❡♥t♦ é ❝r✉❝✐❛❧ ❡♠ ✈ár✐♦s ❝❛♠♣♦s✱

✐♥❝❧✉✐♥❞♦ ❡♥❣❡♥❤❛r✐❛✱ ❛rq✉✐t❡t✉r❛✱ ♥❛✈❡❣❛çã♦✱ ❢ís✐❝❛ ❡ ❛str♦♥♦♠✐❛✳

❼ ❆ tr✐❣♦♥♦♠❡tr✐❛ é ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞❛ ❡♠ ✈ár✐❛s ❞✐s❝✐♣❧✐♥❛s ❝✐❡♥tí✜❝❛s ❡ ❞❡ ❡♥❣❡♥❤❛r✐❛✳

❆❥✉❞❛ ♥❛ ❛♥á❧✐s❡ ❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s ❛ ♦♥❞❛s✱ ♦s❝✐❧❛çõ❡s✱ ✈✐❜r❛çõ❡s✱

s♦♠✱ ❧✉③✱ ❡❧❡tr✐❝✐❞❛❞❡ ❡ ♦✉tr♦s ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s✳ P♦r ❡①❡♠♣❧♦✱ ❡♥t❡♥❞❡r ❛s ❢✉♥çõ❡s tr✐✲

❣♦♥♦♠étr✐❝❛s é ❡ss❡♥❝✐❛❧ ♣❛r❛ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦rr❡♥t❡s ❛❧t❡r♥❛❞❛s✱ ❝❛❧❝✉❧❛r

❛s tr❛❥❡tór✐❛s ❞❡ ♦❜❥❡t♦s ❡♠ ♠♦✈✐♠❡♥t♦ ♦✉ ♣r♦❥❡t❛r ❡str✉t✉r❛s ❡stá✈❡✐s✳

❼ ❆ tr✐❣♦♥♦♠❡tr✐❛ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ✈✐t❛❧ ♥❛ ♥❛✈❡❣❛çã♦ ❡ ♥♦s s✐st❡♠❛s ❞❡ ♣♦s✐❝✐♦♥❛✲

♠❡♥t♦ ❣❧♦❜❛❧ ✭●P❙✮✳ ❯s❛♥❞♦ ♦s ♣r✐♥❝í♣✐♦s ❞❛ tr✐❣♦♥♦♠❡tr✐❛✱ ♦s ❞✐s♣♦s✐t✐✈♦s ●P❙ ♣♦❞❡♠

❞❡t❡r♠✐♥❛r ❧♦❝❛❧✐③❛çõ❡s ♣r❡❝✐s❛s ❡ ❝❛❧❝✉❧❛r ❞✐stâ♥❝✐❛s ❡♥tr❡ ❞✐❢❡r❡♥t❡s ♣♦♥t♦s ♥❛ s✉♣❡r❢í❝✐❡

❞❛ ❚❡rr❛✳ ❊ss❛s ✐♥❢♦r♠❛çõ❡s sã♦ ❝r✉❝✐❛✐s ♣❛r❛ s✐st❡♠❛s ❞❡ ♥❛✈❡❣❛çã♦✱ ❝r✐❛çã♦ ❞❡ ♠❛♣❛s ❡

r❛str❡❛♠❡♥t♦ ✉t✐❧✐③❛❞♦s ♥❛ ❛✈✐❛çã♦✱ tr❛♥s♣♦rt❡ ♠❛rít✐♠♦s ❡ ❧❡✈❛♥t❛♠❡♥t♦ t❡rr❡str❡✳

❼ ❆ tr✐❣♦♥♦♠❡tr✐❛ t❡♠ ✉t✐❧✐③❛çõ❡s ♣rát✐❝❛s ♥❛ ✈✐❞❛ ❝♦t✐❞✐❛♥❛✳ P♦r ❡①❡♠♣❧♦✱ é ✉s❛❞♦ ♥❛

❝♦♥str✉çã♦ ❡ ❛rq✉✐t❡t✉r❛ ♣❛r❛ ❝❛❧❝✉❧❛r â♥❣✉❧♦s✱ ❞❡t❡r♠✐♥❛r ❛ ❛❧t✉r❛ ❡ ❛ ❞✐stâ♥❝✐❛ ❞❛s

❡str✉t✉r❛s ❡ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡✳ ❆ tr✐❣♦♥♦♠❡tr✐❛ t❛♠❜é♠ é ✉s❛❞❛ ♥♦s ❝❛♠♣♦s ❞❛

❛rt❡✱ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛ ❡ ❛♥✐♠❛çã♦ ♣❛r❛ ❝r✐❛r ✐♠❛❣❡♥s r❡❛❧✐st❛s ❡ ✈✐s✉❛❧♠❡♥t❡ ❛tr❛❡♥t❡s✱

♠❛♥✐♣✉❧❛♥❞♦ â♥❣✉❧♦s✱ r♦t❛çõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s✳

❼ ❊st✉❞❛r tr✐❣♦♥♦♠❡tr✐❛ ❛❥✉❞❛ ❛ ❞❡s❡♥✈♦❧✈❡r ❤❛❜✐❧✐❞❛❞❡s ❞❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❡ ♣❡♥✲

s❛♠❡♥t♦ ❛♥❛❧ít✐❝♦✳ ❊❧❡ tr❡✐♥❛ ✐♥❞✐✈í❞✉♦s ♣❛r❛ ❞✐✈✐❞✐r ❞❡s❛✜♦s ❝♦♠♣❧❡①♦s ❡♠ ❝♦♠♣♦♥❡♥t❡s
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♠❛✐s s✐♠♣❧❡s✱ ✐❞❡♥t✐✜❝❛r ♣❛❞rõ❡s ❡ ❛♣❧✐❝❛r ❝♦♥❝❡✐t♦s ♠❛t❡♠át✐❝♦s ♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉✲

çõ❡s✳ ❊ss❛s ❤❛❜✐❧✐❞❛❞❡s sã♦ ✈❛❧✐♦s❛s ❡♠ ✈ár✐❛s ❝❛rr❡✐r❛s✱ ❝♦♠♦ ❡♥❣❡♥❤❛r✐❛✱ ❢ís✐❝❛✱ ❝✐ê♥❝✐❛

❞❛ ❝♦♠♣✉t❛çã♦✱ ❡❝♦♥♦♠✐❛ ❡ ✜♥❛♥ç❛s✳

◆♦ ❣❡r❛❧✱ ❛ tr✐❣♦♥♦♠❡tr✐❛ é ✐♠♣♦rt❛♥t❡ ♣♦rq✉❡ ❢♦r♥❡❝❡ ✉♠❛ ❜❛s❡ ♣❛r❛ ❡♥t❡♥❞❡r ❡ ❛♥❛❧✐s❛r

â♥❣✉❧♦s✱ ❢♦r♠❛s ❡ r❡❧❛çõ❡s ❡s♣❛❝✐❛✐s✳ ❙✉❛s ❛♣❧✐❝❛çõ❡s sã♦ ❛♠♣❧❛s ❡ s❡ ❡st❡♥❞❡♠ ❛ ✈ár✐♦s ❝❛♠♣♦s✱

t♦r♥❛♥❞♦✲s❡ ✉♠ r❛♠♦ ❡ss❡♥❝✐❛❧ ❞❛ ♠❛t❡♠át✐❝❛ ❡♠ ❝♦♥t❡①t♦s t❡ór✐❝♦s ❡ ♣rát✐❝♦s✳

✶✳✷ ❯♠ ♣♦✉❝♦ ❞❡ ❤✐stór✐❛

❆ tr✐❣♦♥♦♠❡tr✐❛✱ ♦ r❛♠♦ ❞❛ ♠❛t❡♠át✐❝❛ q✉❡ ❧✐❞❛ ❝♦♠ ❛s r❡❧❛çõ❡s ❡♥tr❡ ♦s â♥❣✉❧♦s ❡ ♦s ❧❛❞♦s

❞♦s tr✐â♥❣✉❧♦s✱ t❡♠ ✉♠❛ ❤✐stór✐❛ ❝❛t✐✈❛♥t❡ q✉❡ s❡ ❡st❡♥❞❡ ♣♦r ♠✐❧ê♥✐♦s✳ ❉❡s❞❡ s✉❛s ♣r✐♠❡✐r❛s

r❛í③❡s ♥❛s ❝✐✈✐❧✐③❛çõ❡s ❛♥t✐❣❛s ❛té s❡✉ ♣r♦❢✉♥❞♦ ✐♠♣❛❝t♦ ♥❛ ❝✐ê♥❝✐❛ ❡ t❡❝♥♦❧♦❣✐❛ ♠♦❞❡r♥❛s✱ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ tr✐❣♦♥♦♠❡tr✐❛ é ✉♠❛ ♣r♦✈❛ ❞❛ ❝✉r✐♦s✐❞❛❞❡ ❤✉♠❛♥❛✱ ❞❛ ❡♥❣❡♥❤♦s✐❞❛❞❡ ❡ ❞❛

❜✉s❝❛ ♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦✳

❆ tr✐❣♦♥♦♠❡tr✐❛ ❡♥❝♦♥tr❛ s❡✉ ✐♥í❝✐♦ ♥❛s ❛♥t✐❣❛s ❝✐✈✐❧✐③❛çõ❡s ❞♦ ❊❣✐t♦✱ ▼❡s♦♣♦tâ♠✐❛ ❡ ❱❛❧❡

❞♦ ■♥❞♦✳ ❊ss❛s ❝✉❧t✉r❛s r❡❝♦♥❤❡❝❡r❛♠ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ♣r✐♥❝í♣✐♦s ❣❡♦♠étr✐❝♦s✱ ♣❛rt✐❝✉❧❛r✲

♠❡♥t❡ ♥❛ ♠❡❞✐çã♦ ❞❡ t❡rr❡♥♦s✱ ♥❛ ❝♦♥str✉çã♦ ❞❡ ❡❞✐❢í❝✐♦s ❡ ♥❛ ♣r❡✈✐sã♦ ❞❡ ❡✈❡♥t♦s ❛str♦♥ô♠✐❝♦s✳

❊♠❜♦r❛ s❡✉s ♠ét♦❞♦s ❝❛r❡❝❡ss❡♠ ❞❛ ❧✐♥❣✉❛❣❡♠ ❢♦r♠❛❧ ❞❛ tr✐❣♦♥♦♠❡tr✐❛✱ ❡❧❡s ❞❡s❡♥✈♦❧✈❡r❛♠

té❝♥✐❝❛s r✉❞✐♠❡♥t❛r❡s ♣❛r❛ ❝❛❧❝✉❧❛r â♥❣✉❧♦s ❡ ❞✐stâ♥❝✐❛s✱ ❧❛♥ç❛♥❞♦ ❛s ❜❛s❡s ♣❛r❛ ❞❡s❡♥✈♦❧✈✐✲

♠❡♥t♦s ❢✉t✉r♦s✳

❖s ❛♥t✐❣♦s ❣r❡❣♦s ❡❧❡✈❛r❛♠ ❛ tr✐❣♦♥♦♠❡tr✐❛ ❛ ♥♦✈♦s ♣❛t❛♠❛r❡s ❝♦♠ s✉❛ ❛❜♦r❞❛❣❡♠ ❣❡♦✲

♠étr✐❝❛✳ P♦r ✈♦❧t❛ ❞♦ sé❝✉❧♦ ■■ ❛❈✱ ♦ ♠❛t❡♠át✐❝♦ ❍✐♣❛r❝♦ ❞❡ ◆✐❝é✐❛ ❬✹✸❪ ❞❡s❡♥✈♦❧✈❡✉ ❛ ♣r✐♠❡✐r❛

t❛❜❡❧❛ tr✐❣♦♥♦♠étr✐❝❛✳ ❆♦ ✈✐♥❝✉❧❛r ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❝♦r❞❛s ❡♠ ✉♠ ❝ír❝✉❧♦ ❛♦s â♥❣✉❧♦s

❝♦rr❡s♣♦♥❞❡♥t❡s✱ ❍✐♣❛r❝♦ ♣r❡♣❛r♦✉ ♦ ❝❛♠✐♥❤♦ ♣❛r❛ ❝á❧❝✉❧♦s ♣r❡❝✐s♦s ❞❡ ✈❛❧♦r❡s tr✐❣♦♥♦♠étr✐❝♦s

❬✶❪✳

◆♦ ❡♥t❛♥t♦✱ ❢♦✐ ♦ r❡♥♦♠❛❞♦ ♠❛t❡♠át✐❝♦ ❡ ❛strô♥♦♠♦ ❈❧❛✉❞✐✉s Pt♦❧♦♠❡✉ ❬✹✷❪✱ q✉❡ ✈✐✈❡✉

♥♦ sé❝✉❧♦ ■■ ❞❈✱ q✉❡ ❝♦♠♣✐❧♦✉ ♦ tr❛❜❛❧❤♦ ♠❛✐s ✐♥✢✉❡♥t❡ s♦❜r❡ tr✐❣♦♥♦♠❡tr✐❛ ❡♠ s❡✉ ❧✐✈r♦

✏❆❧♠❛❣❡st♦✑✳ ❖ tr❛❜❛❧❤♦ ❞❡ Pt♦❧♦♠❡✉ ♥ã♦ ❛♣❡♥❛s ❡①♣❛♥❞✐✉ ❛ t❛❜❡❧❛ ❞❡ ❛❝♦r❞❡s ❞❡ ❍✐♣❛r❝♦✱

♠❛s t❛♠❜é♠ ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✏trí❣♦♥♦✑ ❝♦♠♦ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ ♠❡❞✐❞❛ ♣❛r❛ â♥❣✉❧♦s✳

❙❡✉s ♣r✐♥❝í♣✐♦s tr✐❣♦♥♦♠étr✐❝♦s ❢♦r♠❛r❛♠ ❛ ❜❛s❡ ❞❛ tr✐❣♦♥♦♠❡tr✐❛ ♥♦ ♠✉♥❞♦ ♦❝✐❞❡♥t❛❧ ❞✉r❛♥t❡

sé❝✉❧♦s✳

❉✉r❛♥t❡ ❛ ■❞❛❞❡ ❞❡ ❖✉r♦ ✐s❧â♠✐❝❛ ♠❡❞✐❡✈❛❧✱ ♦s ❡st✉❞✐♦s♦s ✜③❡r❛♠ ❝♦♥tr✐❜✉✐çõ❡s s✐❣♥✐✜❝❛✲

t✐✈❛s ♣❛r❛ ✈ár✐♦s ❝❛♠♣♦s✱ ✐♥❝❧✉✐♥❞♦ ❛ ♠❛t❡♠át✐❝❛✳ ❖ ♠❛t❡♠át✐❝♦ ♣❡rs❛ ❆❜✉ ❏❛✬❢❛r ▼✉❤❛♠♠❛❞

✐❜♥ ▼✉s❛ ❆❧✲❑❤✇❛r✐③♠✐ ❬✹✶❪✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ✏P❛✐ ❞❛ ➪❧❣❡❜r❛✑✱ ❡s❝r❡✈❡✉ ❡①t❡♥s✐✈❛♠❡♥t❡ s♦✲

❜r❡ tr✐❣♦♥♦♠❡tr✐❛ ❡♠ s❡✉ ❧✐✈r♦ ✏❚❤❡ ❈♦♠♣❡♥❞✐♦✉s ❇♦♦❦ ♦♥ ❈❛❧❝✉❧❛t✐♦♥ ❜② ❈♦♠♣❧❡t✐♦♥ ❛♥❞

❇❛❧❛♥❝✐♥❣✑✳ ❆❧✲❑❤✇❛r✐③♠✐ r❡✜♥♦✉ ♦ tr❛❜❛❧❤♦ ❞❡ Pt♦❧♦♠❡✉ ❡ ✐♥tr♦❞✉③✐✉ ❛ ❢✉♥çã♦ t❛♥❣❡♥t❡✱ q✉❡

❛❜r✐✉ ♥♦✈❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❝á❧❝✉❧♦s tr✐❣♦♥♦♠étr✐❝♦s✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳



❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖ ✶✹

❖✉tr♦ ♠❛t❡♠át✐❝♦ ✐s❧â♠✐❝♦✱ ▼♦❤❛♠♠❛❞ ❆❜✉✬❧✲❲❛❢❛ ❆❧✲❇✉③❥❛♥✐ ❬✹✼❪✱ ❛✈❛♥ç♦✉ ❛✐♥❞❛ ♠❛✐s

❛ tr✐❣♦♥♦♠❡tr✐❛ ♥♦ sé❝✉❧♦ ❳✳ ❊❧❡ ✐♥tr♦❞✉③✐✉ ❛s ❢✉♥çõ❡s ❝♦t❛♥❣❡♥t❡s ❡ s❡❝❛♥t❡s ❡ ❞❡s❡♥✈♦❧✈❡✉

♠ét♦❞♦s ♣❛r❛ r❡s♦❧✈❡r tr✐â♥❣✉❧♦s ❡s❢ér✐❝♦s✱ ♣❡r♠✐t✐♥❞♦ ❝á❧❝✉❧♦s ❛str♦♥ô♠✐❝♦s ♣r❡❝✐s♦s✳

❆ ❡r❛ ❞♦ ❘❡♥❛s❝✐♠❡♥t♦ t❡st❡♠✉♥❤♦✉ ✉♠ r❡ss✉r❣✐♠❡♥t♦ ❞♦ ✐♥t❡r❡ss❡ ♣❡❧♦s t❡①t♦s ❣r❡❣♦s

❛♥t✐❣♦s✱ ✐♥❝❧✉✐♥❞♦ ♦ ✏❆❧♠❛❣❡st♦✑ ❞❡ Pt♦❧♦♠❡✉✳ ❋ís✐❝♦s✲▼❛t❡♠át✐❝♦s ❝♦♠♦ ❘❡❣✐♦♠♦♥t❛♥✉s ❬✹✹❪✱

❈♦♣ér♥✐❝♦ ❬✹✽❪ ❡ ❑❡♣❧❡r ❬✹❪ ❡①♣❧♦r❛r❛♠ ❛ tr✐❣♦♥♦♠❡tr✐❛ ♥♦ ❝♦♥t❡①t♦ ❞❛ ❛str♦♥♦♠✐❛✱ r❡✈♦❧✉❝✐✲

♦♥❛♥❞♦ ♥♦ss❛ ❝♦♠♣r❡❡♥sã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❝❡❧❡st❡✳ ❆ tr✐❣♦♥♦♠❡tr✐❛ t♦r♥♦✉✲s❡ ✉♠❛ ❢❡rr❛♠❡♥t❛

❡ss❡♥❝✐❛❧ ♣❛r❛ ♥❛✈❡❣❛❞♦r❡s✱ ❝❛rtó❣r❛❢♦s ❡ ❛strô♥♦♠♦s✱ ♣❡r♠✐t✐♥❞♦ ♠❡❞✐çõ❡s ❡ ❝á❧❝✉❧♦s ♣r❡❝✐s♦s

♥❡ss❛s ár❡❛s✳

◆♦ sé❝✉❧♦ ❳❱■■✱ ♦ ♠❛t❡♠át✐❝♦ ✐♥❣❧ês ❚❤♦♠❛s ❍❛rr✐♦t ❬✹✾❪ ❞❡s❡♥✈♦❧✈❡✉ ♦ ❝♦♥❝❡✐t♦ ❞❛ ❢✉♥çã♦

s❡♥♦ ❡✱ ♥♦ sé❝✉❧♦ ❳❱■■■✱ ▲❡♦♥❤❛r❞ ❊✉❧❡r ❬✹✺❪ ✐♥tr♦❞✉③✐✉ ❛ ♥♦t❛çã♦ q✉❡ ✉t✐❧✐③❛✲s❡ ❛té ❤♦❥❡✳ ❖

tr❛❜❛❧❤♦ ❞❡ ❊✉❧❡r ❧❛♥ç♦✉ ❛s ❜❛s❡s ♣❛r❛ ♦ ❝❛♠♣♦ ♠♦❞❡r♥♦ ❞❛ tr✐❣♦♥♦♠❡tr✐❛✱ tr❛♥s❢♦r♠❛♥❞♦✲♦

❡♠ ✉♠ s✐st❡♠❛ ♠❛t❡♠át✐❝♦ ❛❜r❛♥❣❡♥t❡✳

❆ tr✐❣♦♥♦♠❡tr✐❛ ❡♥❝♦♥tr♦✉ ✐♥ú♠❡r❛s ❛♣❧✐❝❛çõ❡s ♥❛ ❝✐ê♥❝✐❛✱ t❡❝♥♦❧♦❣✐❛ ❡ ❡♥❣❡♥❤❛r✐❛ ♠♦✲

❞❡r♥❛s✳ ❉❛ ❛rq✉✐t❡t✉r❛ ❡ t♦♣♦❣r❛✜❛ à ❢ís✐❝❛✱ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛ ❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛✐s✱ ♦s

♣r✐♥❝í♣✐♦s tr✐❣♦♥♦♠étr✐❝♦s s✉st❡♥t❛♠ ✈ár✐♦s ❝❛♠♣♦s✳ ❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❝❛❧❝✉❧❛❞♦r❛s ❡ ❝♦♠✲

♣✉t❛❞♦r❡s ❛✈❛♥ç❛❞♦s ❡①♣❛♥❞✐✉ ❛✐♥❞❛ ♠❛✐s ♦ ❛❧❝❛♥❝❡ ❡ ❛ ♣r❡❝✐sã♦ ❞♦s ❝á❧❝✉❧♦s tr✐❣♦♥♦♠étr✐❝♦s✱

t♦r♥❛♥❞♦✲♦s ✉♠❛ ❢❡rr❛♠❡♥t❛ ✐♥❞✐s♣❡♥sá✈❡❧ ♥♦ sé❝✉❧♦ ❳❳■✳

✶✳✸ ❚r✐❣♦♥♦♠❡tr✐❛ ♥❛s ♦❧✐♠♣í❛❞❛s ❞❡ ♠❛t❡♠át✐❝❛

❆s ❖❧✐♠♣í❛❞❛s ❞❡ ▼❛t❡♠át✐❝❛ sã♦ ❝♦♠♣❡t✐çõ❡s ❞❡ ♣r❡stí❣✐♦ q✉❡ ❞❡s❛✜❛♠ ❛s ♠❡♥t❡s ❥♦✲

✈❡♥s ♠❛✐s ❜r✐❧❤❛♥t❡s ❞❛ ♠❛t❡♠át✐❝❛✳ ❊ss❛s ❝♦♠♣❡t✐çõ❡s r✐❣♦r♦s❛s ❡①✐❣❡♠ q✉❡ ♦s ♣❛rt✐❝✐♣❛♥t❡s

r❡s♦❧✈❛♠ ♣r♦❜❧❡♠❛s ♠❛t❡♠át✐❝♦s ❝♦♠♣❧❡①♦s ❡ ❝r✐❛t✐✈♦s✱ ♠✉✐t❛s ✈❡③❡s ❡①✐❣✐♥❞♦ ✉♠❛ ❝♦♠♣r❡❡♥✲

sã♦ ♣r♦❢✉♥❞❛ ❞❡ ✈ár✐♦s ❝♦♥❝❡✐t♦s ♠❛t❡♠át✐❝♦s✳ ❊♥tr❡ ❡❧❡s✱ ❛ tr✐❣♦♥♦♠❡tr✐❛ s❡ ❞❡st❛❝❛ ❝♦♠♦

✉♠❛ ❢❡rr❛♠❡♥t❛ ♣♦❞❡r♦s❛ q✉❡ ❞❡s❡♠♣❡♥❤♦✉ ✉♠ ♣❛♣❡❧ s✐❣♥✐✜❝❛t✐✈♦ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

♦❧í♠♣✐❝♦s ❛♦ ❧♦♥❣♦ ❞♦s ❛♥♦s✳

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♣♦♥t♦s ❢♦rt❡s ❞❛ tr✐❣♦♥♦♠❡tr✐❛ r❡s✐❞❡ ❡♠ s✉❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❡st❛❜❡❧❡❝❡r

❡ ❛♥❛❧✐s❛r r❡❧❛çõ❡s ❣❡♦♠étr✐❝❛s✳ Pr♦❜❧❡♠❛s ❞❡ ♦❧✐♠♣í❛❞❛s ❣❡r❛❧♠❡♥t❡ ❡♥✈♦❧✈❡♠ ❝♦♥✜❣✉r❛çõ❡s

✐♥tr✐♥❝❛❞❛s ♦♥❞❡ â♥❣✉❧♦s✱ ❝♦♠♣r✐♠❡♥t♦s ❡ ár❡❛s ✐♥t❡r❛❣❡♠✳ ■❞❡♥t✐❞❛❞❡s ❡ ♣r♦♣♦rçõ❡s tr✐❣♦♥♦✲

♠étr✐❝❛s✱ ❝♦♠♦ s❡♥♦✱ ❝♦ss❡♥♦ ❡ t❛♥❣❡♥t❡✱ ♣♦❞❡♠ ❛❥✉❞❛r ❛ ❡st❛❜❡❧❡❝❡r ❝♦♥❡①õ❡s ❡♥tr❡ â♥❣✉❧♦s

❡ ❧❛❞♦s ❞❡ tr✐â♥❣✉❧♦s✱ ❝ír❝✉❧♦s ❡ ♦✉tr❛s ✜❣✉r❛s ❣❡♦♠étr✐❝❛s✳ ❆♦ ❡♠♣r❡❣❛r ❡ss❛s r❡❧❛çõ❡s✱ ♦s

♣❛rt✐❝✐♣❛♥t❡s ❞❛ ❖❧✐♠♣í❛❞❛ ♣♦❞❡♠ ❞❡s✈❡♥❞❛r ❝♦♠♣❧❡①♦s q✉❡❜r❛✲❝❛❜❡ç❛s ❣❡♦♠étr✐❝♦s ❡ ♥❛✈❡❣❛r

❡♠ ❞✐r❡çã♦ ❛ s♦❧✉çõ❡s ❡❧❡❣❛♥t❡s✳

■❞❡♥t✐❞❛❞❡s tr✐❣♦♥♦♠étr✐❝❛s s❡r✈❡♠ ❝♦♠♦ ❢❡rr❛♠❡♥t❛s ♣♦❞❡r♦s❛s ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡✲

♠❛s ❞❡ ❖❧✐♠♣í❛❞❛s ❞❡ ▼❛t❡♠át✐❝❛✳ ❊ss❛s ✐❞❡♥t✐❞❛❞❡s✱ ❞❡r✐✈❛❞❛s ❞❡ r❛③õ❡s tr✐❣♦♥♦♠étr✐❝❛s

❜ás✐❝❛s✱ ♣❡r♠✐t❡♠ ❛ ♠❛♥✐♣✉❧❛çã♦ ❡ s✐♠♣❧✐✜❝❛çã♦ ❞❡ ❡①♣r❡ssõ❡s✳ ❆s ✐❞❡♥t✐❞❛❞❡s ♣✐t❛❣ór✐❝❛s✱

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳



❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖ ✶✺

❞❡ â♥❣✉❧♦ ❞✉♣❧♦ ❡ ❞❛ s♦♠❛ ❡ ❞✐❢❡r❡♥ç❛ ❡stã♦ ❡♥tr❡ ❛s ♠❛✐s ✉s❛❞❛s ♥❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

❞❛ ❖❧✐♠♣í❛❞❛✳ ❆♦ ❡♠♣r❡❣❛r ❤❛❜✐❧♠❡♥t❡ ❡ss❛s ✐❞❡♥t✐❞❛❞❡s✱ ♦s ♣❛rt✐❝✐♣❛♥t❡s ♣♦❞❡♠ tr❛♥s❢♦r✲

♠❛r ❡q✉❛çõ❡s tr✐❣♦♥♦♠étr✐❝❛s ❝♦♠♣❧✐❝❛❞❛s ❡♠ ❢♦r♠❛s ♠❛✐s s✐♠♣❧❡s✱ t♦r♥❛♥❞♦ ♠❛✐s ❢á❝✐❧ ❞❡r✐✈❛r

s♦❧✉çõ❡s ❡ ❞❡s❝♦❜r✐r ♣❛❞rõ❡s ♦❝✉❧t♦s✳

❖s ♣r♦❜❧❡♠❛s ❞❛s ♦❧✐♠♣í❛❞❛s ❞❡ ♠❛t❡♠át✐❝❛ ❣❡r❛❧♠❡♥t❡ ❡①✐❣❡♠ ❛ ✐♥t❡❣r❛çã♦ ❞❛ tr✐❣♦✲

♥♦♠❡tr✐❛ ❝♦♠ ♦✉tr♦s r❛♠♦s ❞❛ ♠❛t❡♠át✐❝❛✱ ❝♦♠♦ á❧❣❡❜r❛ ❡ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✳ ❆s ❢✉♥çõ❡s

tr✐❣♦♥♦♠étr✐❝❛s ♣♦❞❡♠ s❡r ❡❢❡t✐✈❛♠❡♥t❡ ❝♦♠❜✐♥❛❞❛s ❝♦♠ té❝♥✐❝❛s ❛❧❣é❜r✐❝❛s ♣❛r❛ r❡s♦❧✈❡r ❡q✉❛✲

çõ❡s ❡ ✐♥❡q✉❛çõ❡s ❡♥✈♦❧✈❡♥❞♦ ❡①♣r❡ssõ❡s tr✐❣♦♥♦♠étr✐❝❛s✳ ❆❧é♠ ❞✐ss♦✱ ♣r♦❜❧❡♠❛s ❞❡ ❛r✐t♠ét✐❝❛

❝♦♥t❡♥❞♦ ♥ú♠❡r♦s ✐♥t❡✐r♦s ❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ ♣♦❞❡♠ s❡r ❛❜♦r❞❛❞♦s ✉s❛♥❞♦ ❢❡rr❛♠❡♥t❛s tr✐❣♦♥♦♠é✲

tr✐❝❛s✱ ♣♦✐s ♦s ✈❛❧♦r❡s tr✐❣♦♥♦♠étr✐❝♦s ❣❡r❛❧♠❡♥t❡ ❡①✐❜❡♠ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❡ ♣r♦♣r✐❡❞❛❞❡s ❝í❝❧✐❝❛s

q✉❡ ♣♦❞❡♠ s❡r ❛♣r♦✈❡✐t❛❞❛s ♣❛r❛ ❞❡❞✉③✐r ✐❞❡✐❛s ❞❛ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✳

❆ tr✐❣♦♥♦♠❡tr✐❛ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❛♥á❧✐s❡ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❣❡✲

♦♠étr✐❝❛s✱ ❝♦♠♦ r♦t❛çõ❡s✱ r❡✢❡①õ❡s ❡ tr❛♥s❧❛çõ❡s✳ ❆♦ ❝♦♠♣r❡❡♥❞❡r ❛ ❝♦♥❡①ã♦ ❡♥tr❡ r❛③õ❡s

tr✐❣♦♥♦♠étr✐❝❛s ❡ tr❛♥s❢♦r♠❛çõ❡s ❣❡♦♠étr✐❝❛s✱ ♦s ♣❛rt✐❝✐♣❛♥t❡s ♣♦❞❡♠ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡

❖❧✐♠♣í❛❞❛s q✉❡ ❡♥✈♦❧✈❡♠ s✐♠❡tr✐❛✱ ❝♦♥❣r✉ê♥❝✐❛ ❡ tr❛♥s❢♦r♠❛çõ❡s ❣❡♦♠étr✐❝❛s✳ ❆❧é♠ ❞✐ss♦✱ ❛

❣❡♦♠❡tr✐❛ ❝♦♦r❞❡♥❛❞❛✱ q✉❡ ✉t✐❧✐③❛ ❡q✉❛çõ❡s ❛❧❣é❜r✐❝❛s ♣❛r❛ r❡♣r❡s❡♥t❛r ✜❣✉r❛s ❣❡♦♠étr✐❝❛s✱

♣♦❞❡ s❡ ❜❡♥❡✜❝✐❛r ♠✉✐t♦ ❞♦s ❝♦♥❝❡✐t♦s tr✐❣♦♥♦♠étr✐❝♦s✳ ❆s ❢✉♥çõ❡s tr✐❣♦♥♦♠étr✐❝❛s ♣♦❞❡♠

❛❥✉❞❛r ❛ ❞❡t❡r♠✐♥❛r â♥❣✉❧♦s✱ ✐♥❝❧✐♥❛çõ❡s ❡ ❞✐stâ♥❝✐❛s ❡♠ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❢♦r♥❡❝❡♥❞♦

✉♠❛ ❢❡rr❛♠❡♥t❛ ✈❛❧✐♦s❛ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❛ ❖❧✐♠♣í❛❞❛✳

❆ ♥❛t✉r❡③❛ ✈✐s✉❛❧ ❞❛ tr✐❣♦♥♦♠❡tr✐❛ ❛✉♠❡♥t❛ ❛ ✐♥t✉✐çã♦ ❣❡♦♠étr✐❝❛ ❡ ❛❥✉❞❛ ♥❛ r❡s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s✳ ❆♦ ✈✐s✉❛❧✐③❛r ✜❣✉r❛s ❣❡♦♠étr✐❝❛s ❡ ❡♥t❡♥❞❡r ❛ ✐♥t❡r❛çã♦ ❞❡ â♥❣✉❧♦s ❡ ❧❛❞♦s✱ ♦s ♣❛rt✐✲

❝✐♣❛♥t❡s ♣♦❞❡♠ ❢❛③❡r ❝♦♥❥❡❝t✉r❛s ✐♥t✉✐t✐✈❛s ❡ ❞❡s❡♥✈♦❧✈❡r ❡str❛té❣✐❛s ♣❛r❛ ❧✐❞❛r ❝♦♠ ♣r♦❜❧❡♠❛s

❝♦♠♣❧❡①♦s✳ ❖s ❝♦♥❝❡✐t♦s tr✐❣♦♥♦♠étr✐❝♦s ♣❡r♠✐t❡♠ q✉❡ ♦s ♣❛rt✐❝✐♣❛♥t❡s ❝♦♥✈❡rt❛♠ ❞❡s❛✜♦s

❣❡♦♠étr✐❝♦s ❛❜str❛t♦s ❡♠ r❡♣r❡s❡♥t❛çõ❡s ✈✐s✉❛✐s ❝♦♥❝r❡t❛s✱ ❛❜r✐♥❞♦ ❝❛♠✐♥❤♦ ♣❛r❛ ❛❜♦r❞❛❣❡♥s

✐♥♦✈❛❞♦r❛s ❡ s♦❧✉çõ❡s ❡❧❡❣❛♥t❡s✳

✶✳✹ ❖r❣❛♥✐③❛çã♦✱ ●❡♦●❡❜r❛ ❡ ♣✉❜❧✐❝❛çõ❡s ❛♥t❡r✐♦r❡s

❖ ❧✐✈r♦ ❢❛③ ♣❛rt❡ ❞❡ ✉♠ ♣r♦❥❡t♦ ❞❡ ❧♦♥❣♦ ♣r❛③♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❞❡ ❡st✉❞❛♥t❡ ❡ ♣r♦❢❡ss♦✲

r❡s ❝♦♠ ♣r♦❜❧❡♠❛s ❞❡ ❖❧✐♠♣í❛❞❛s ❞❡ ▼❛t❡♠át✐❝❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡st❡ ♠❛t❡r✐❛❧ ❞✐❞át✐❝♦ ❢♦✐

✉t✐❧✐③❛❞♦ ❞✉r❛♥t❡ ❛❧❣✉♠❛s ❞❛s ❛✉❧❛s ❞♦ ❝✉rs♦ ✏●❡♦♠❡tr✐❛ ❖❧í♠♣✐❝❛ ❝♦♠ ●❡♦●❡❜r❛✑ ♣❛r❛ ♣r♦✲

❢❡ss♦r❡s ❞❡ ▼❛t❡♠át✐❝❛ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ❡ ▼é❞✐♦ ❞❡ t♦❞♦ ♦ ❇r❛s✐❧✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡✉

♥❛ ♠♦❞❛❧✐❞❛❞❡ ❞❡ ❊♥s✐♥♦ à ❉✐stâ♥❝✐❛ ✭❊❛❉✮ ♣❡❧❛ ♣❧❛t❛❢♦r♠❛ ▼♦♦❞❧❡ ❞❡ ❈✉❧t✉r❛ ❡ ❊①t❡♥sã♦

❞❛ ❯❙P✳ ❖ t❡①t♦ ❝♦♥t❛ ❝♦♠ ✹✵ ✜❣✉r❛s q✉❡ ❢❛❝✐❧✐t❛♠ ♦ ❛❝♦♠♣❛♥❤❛♠❡♥t♦ ❞❛s r❡s♦❧✉çõ❡s✳ ❈♦♠♦

❝♦♠♣❧❡♠❡♥t♦✱ ❧✐♥❦s ♣❛r❛ ♦s ❣rá✜❝♦s ✐♥t❡r❛t✐✈♦s sã♦ ❞✐s♣♦♥✐❜✐❧✐③❛❞♦s ❡♠ ♣á❣✐♥❛s ❞♦ ●❡♦●❡❜r❛✳

❱ár✐♦s ♣r♦❜❧❡♠❛s ❝♦♥t❛♠ ❝♦♠ ❛♣r❡s❡♥t❛çã♦ ❡♠ ✈í❞❡♦ ❞✐s♣♦♥í✈❡✐s ♥✉♠❛ ♣❧❛②❧✐st ❞♦ ❨♦✉❚✉❜❡✳

❆ ❞✐s❝✉ssã♦ é ♦r❣❛♥✐③❛❞❛ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✿ ❋✉♥❞❛♠❡♥t♦s ❞❡ tr✐❣♦♥♦♠❡tr✐❛❀ ❈♦♥str✉çõ❡s✱

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.GeoGebra.org/m/vsfydv2v
https://www.youtube.com/watch?v=AEOTmoHzOoQ&list=PL8v7luSb9qi6tg7XIcqfG_hT-qU-r4qS_&index=117&t=300s


❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖ ✶✻

❡①❡r❝í❝✐♦s ❡ ❞❡s❛✜♦s❀ ❈♦♥❥✉❣❛❞♦s ■s♦❣♦♥❛✐s❀ Pr♦❜❧❡♠❛s ❞❡ ♦❧✐♠♣í❛❞❛s ✐♥t❡r♥❛❝✐♦♥❛✐s✳ ▼❛s s❡♠

❛ ♣r❡t❡♥sã♦ ❞❡ ❡s❣♦t❛r ♦s t❡♠❛s ❛❜♦r❞❛❞♦s✳

❖ ❞✐❢❡r❡♥❝✐❛❧ ♥❛ ✉t✐❧✐③❛çã♦ ❞♦ ●❡♦●❡❜r❛ ❡stá ❜❛s❡❛❞♦ ♥❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❣r❛t✉✐t❛ ❞♦ s♦❢t✲

✇❛r❡✱ t❛♥t♦ ♦♥❧✐♥❡ ❝♦♠♦ ❛♣❧✐❝❛t✐✈♦s ♣❛r❛ ❝♦♠♣✉t❛❞♦r❡s ❡ ❝❡❧✉❧❛r❡s✳ ❆s ❝♦♥str✉çõ❡s ❣❡♦♠étr✐❝❛s

♣♦❞❡♠ s❡r ❢❡✐t❛s ❞❡ ❢♦r♠❛ ❞✐♥â♠✐❝❛✱ ♦♥❞❡ ❡①♣❧♦r❛♠✲s❡ ❞✐✈❡rs❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ✉♠ ♠❡s♠♦

♣r♦❜❧❡♠❛✳ ❖ ●❡♦●❡❜r❛ s❡r✈❡ t❛♥t♦ ❝♦♠♦ ❝❛❧❝✉❧❛❞♦r❛ ❣rá✜❝❛ ❡ ♥✉♠ér✐❝❛✱ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛ ✈❡✲

r✐✜❝❛çã♦✱ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❛ ❛♣r❡s❡♥t❛çã♦✱ ♣❛ss♦ ❛ ♣❛ss♦✱ ❞❡ ✉♠❛ ❞❡♠♦♥str❛çã♦ r✐❣♦r♦s❛✳

❈♦♠ ✉♠❛ ❜♦❛ ♦r❣❛♥✐③❛çã♦ ❡ ♣r♦❣r❛♠❛çã♦ ❛❞❡q✉❛❞❛ ❞✐s❝✉t✐r ♣r♦❜❧❡♠❛s ♥❛ t❡❧❛ ❞♦ ●❡♦●❡❜r❛

♣❡r♠✐t❡ ❛♦ ❧❡✐t♦r ✈✐s✉❛❧✐③❛r s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❣rá✜❝♦s ❡ t❡①t♦s✳ ❊♥ ❝♦♥tr❛ ♣❛rt✐❞❛✱ ♥❛ ✈❡rsã♦

✐♠♣r❡ss❛ tr❛❞✐❝✐♦♥❛❧ ♦ ❛♣r❡♥❞❡♥t❡ ♣r❡❝✐s❛ ✜❝❛r ❛❧t❡r♥❛♥❞♦ ❡♥tr❡ ♣á❣✐♥❛s ♣❛r❛ ❛❝♦♠♣❛♥❤❛r ✉♠❛

r❡s♦❧✉çã♦✳

❖ ●❡♦●❡❜r❛ t❛♠❜é♠ ❝♦♥✈✐❞❛ ♦ ❧❡✐t♦r ❛ ✐♥t❡r❛❣✐r ❡ ❛♣r❡♥❞❡r ❢❛③❡♥❞♦✳ ■st♦ é✱ ♣♦❞❡ ♠♦✈✐✲

♠❡♥t❛r ♣♦♥t♦s ❞❛ ❝♦♥str✉çã♦✱ ❝♦❧♦r✐r✱ ♠♦❞✐✜❝❛r ♣❛râ♠❡tr♦s ❞❡ ❡♥tr❛❞❛✱ ❡t❝✳ ❆♦s ♠❛✐s ♦❜st✐✲

♥❛❞♦s é ♣❡r♠✐t✐❞♦ ❝♦♣✐❛r ❡ ♠❡❧❤♦r❛r tr❛❜❛❧❤♦s ❥á ❡①✐st❡♥t❡s✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❛ ✈❡rsã♦ ♦♥❧✐♥❡

❞♦ ●❡♦●❡❜r❛ ❢✉♥❝✐♦♥❛ ❝♦♠♦ ✉♠❛ r❡❞❡ s♦❝✐❛❧ ❞❡ ❛♣r❡♥❞✐③❛❞♦ ❡ ❝♦❧❛❜♦r❛çã♦✳ ❖s ♣r♦✜ss✐♦♥❛✐s

❡ ❛❧✉♥♦s ♣♦❞❡♠ ❞✐s♣♦♥✐❜✐❧✐③❛r ❡ ❜✉s❝❛r ❝♦♥str✉çõ❡s✱ ❜❛✐①❛r ❡ ♠♦❞✐✜❝❛r ♦✉ ❛❧t❡r❛r ❡ s❛❧✈❛r ♥♦

♣ró♣r✐♦ s✐t❡✳ ❊♠ r❡s✉♠♦✱ é ✉♠ ❧♦❝❛❧ q✉❡ ❢♦r♥❡❝❡ ♠❛t❡r✐❛✐s ❡ ♠❡✐♦s ❛❧t❡r♥❛t✐✈♦s ♣❛r❛ ❛ tr♦❝❛ ❞❡

❝♦♥❤❡❝✐♠❡♥t♦ r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❡♥s✐♥♦ ❞❡ ▼❛t❡♠át✐❝❛✳

❋♦r❛♠ ✉t✐❧✐③❛❞❛s ❛s ♥♦t❛s ❞❛s ❛✉❧❛s ❞♦ Pr♦❣r❛♠❛ ❖❧í♠♣✐❝♦ ❞❡ ❚r❡✐♥❛♠❡♥t♦✱ ❝✉rs♦ ❞❡

●❡♦♠❡tr✐❛✱ ◆í✈❡❧ ✷✱ ❞♦ Pr♦❢✳ ❇r✉♥♦ ❍♦❧❛♥❞❛ ❬✺❪✱ ❞♦ Pr♦❢✳ ❘♦❞r✐❣♦ P✐♥❤❡✐r♦ ❬✺✵❪ ❡ ❞♦ Pr♦❢✳

❈í❝❡r♦ ❚❤✐❛❣♦ ❬✺✹❪✳ ❚❛♠❜é♠ s❡r✈✐r❛♠ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♦s ❧✐✈r♦s ❞❡ ●❡♦♠❡tr✐❛ ❬✹✵❪✱ ●❡♦♠❡tr✐❛

❆♥❛❧ít✐❝❛ ❬✷❪ ❡ ▼❛t❡♠át✐❝❛ ❉✐s❝r❡t❛ ❬✸✾❪ ❛❞♦t❛❞♦s ♣❡❧♦ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛

❡♠ ❘❡❞❡ ◆❛❝✐♦♥❛❧ ✭P❘❖❋▼❆❚✮✳ ❉❡③ ❧✐✈r♦s ❡❧❡trô♥✐❝♦s ❣r❛t✉✐t♦s ❝♦♠ ❛s ♥♦t❛s ❞❡ ❛✉❧❛s ❞♦

❝✉rs♦ ●❡♦♠❡tr✐❛ ❖❧í♠♣✐❝❛ ❝♦♠ ●❡♦●❡❜r❛ ❡stã♦ ❞✐s♣♦♥í✈❡✐s ❡♠ ❬✷✺❪✱ ❬✷✻❪✱ ❬✷✼❪✱ ❬✷✶❪✱ ❬✶✾❪✱ ❬✶✻❪✱

❬✶✼❪✱ ❬✼❪✱ ❬✶✶❪ ❡ ❬✾❪✳ ❚❛♠❜é♠ ❢♦r❛♠ ♣✉❜❧✐❝❛❞♦s q✉❛tr♦ ❧✐✈r♦s ❡❧❡trô♥✐❝♦s ❞❡❞✐❝❛❞♦s ❛ r❡s♦❧✉çã♦

❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♦❧✐♠♣í❛❞❛s ✐♥t❡r♥❛❝✐♦♥❛✐s ❞❡ ▼❛t❡♠át✐❝❛ ♣❛r❛ ♦ ❊♥s✐♥♦ ▼é❞✐♦✿ ❬✷✹❪✱ ❬✶✷❪✱ ❬✶✸❪

❡ ❬✶✹❪✳ ❖✉tr♦s tr❛❜❛❧❤♦s ❞❛ ár❡❛ ❞❡ ▼❛t❡♠át✐❝❛ sã♦ ❬✶✽❪✱ ❬✷✽❪✱ ❬✷✾❪✱ ❬✸✵❪✱ ❬✷✸❪✱ ❬✸✶❪✱ ❬✸✷❪✱ ❬✻❪✱ ❬✸✸❪✱

❬✸✺❪✱ ❬✸✻❪✱ ❬✸✼❪✱ ❬✸✽❪✱ ❬✺✶❪✱ ❬✸✹❪✱ ❬✺✷❪✱ ❬✷✵❪✱ ❬✷✷❪✱ ❬✶✺❪✱ ❬✺✸❪✱ ❬✶✵❪ ❡ ❬✽❪✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳



✶✼

❈❛♣ít✉❧♦ ✷

❋✉♥❞❛♠❡♥t♦s ❞❡ tr✐❣♦♥♦♠❡tr✐❛

✷✳✶ ❘❡❧❛çõ❡s ♠étr✐❝❛s ♥♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✳

❆ ❋✐❣✉r❛ ✷✳✶ s❡rá ✉t✐❧✐③❛❞❛ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❞✐s❝✉t✐r ❛s r❡❧❛çõ❡s ♠étr✐❝❛s ♥♦ tr✐â♥❣✉❧♦

r❡tâ♥❣✉❧♦✳

❋✐❣✉r❛ ✷✳✶✿ ❘❡❧❛çõ❡s ♠étr✐❝❛s ♥♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❙❡❥❛ AD ❛ ❛❧t✉r❛ r❡❧❛t✐✈❛ ❛♦ ✈ért✐❝❡ A ❞♦ △ABC, r❡tâ♥❣✉❧♦ ❡♠ A. ❙❡❥❛♠ ∠B = β,

∠C = γ, BD = m, DC = n ❡ AD = h. ❙❡❣✉❡ q✉❡ a = m + n, ∠DAC = β, ∠DAB = γ ❡

β + γ = 90◦. P❡❧♦ ❝r✐tér✐♦ ❞❡ s❡♠❡❧❤❛♥ç❛ ❆❆ ♦❜tê♠✲s❡✿

△ABC ∼ △DBA,

https://www.geogebra.org/m/uwt9jjmz
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△ABC ∼ △DAC,

△DBA ∼ △DAC.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ ✈❛❧❡♠ ❛s ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡s ❡♥tr❡ ♦s ❧❛❞♦s✿

c

m
=

b

h
=

a

c
, ✭✷✳✶✳✶✮

c

h
=

b

n
=

a

b
, ✭✷✳✶✳✷✮

m

h
=

h

n
=

c

b
. ✭✷✳✶✳✸✮

❉❡ ✭✷✳✶✳✷✮ ❡ ✭✷✳✶✳✶✮ ❡♥❝♦♥tr❛✲s❡✿

b2 = n · a, ✭✷✳✶✳✹✮

c2 = m · a. ✭✷✳✶✳✺✮

❊♠ ♣❛❧❛✈r❛s✱ ❝❛t❡t♦ ❛♦ q✉❛❞r❛❞♦ é ✐❣✉❛❧ ❛♦ ♣r♦❞✉t♦ ❞❛ s✉❛ ♣r♦❥❡çã♦ ♣❡❧❛ ❤✐♣♦t❡♥✉s❛✳

❙♦♠❛♥❞♦ ✭✷✳✶✳✹✮ ❡ ✭✷✳✶✳✺✮ ❝❤❡❣❛✲s❡ ♥❛ ❡q✉❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✿

b2 + c2 = n · a+m · a = (n+m)a = a2,

b2 + c2 = a2. ✭✷✳✶✳✻✮

❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❞❡ ✭✷✳✶✳✸✮ ♠♦str❛✲s❡ q✉❡ h é ❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❞♦ ♣r♦❞✉t♦ ❞❛s ♣r♦❥❡çõ❡s✿

h2 = m · n ⇔ h =
√
m · n. ✭✷✳✶✳✼✮

❋✐♥❛❧♠❡♥t❡✱ ❞❡ ✭✷✳✶✳✶✮ ❡♥❝♦♥tr❛✲s❡ q✉❡ ❛ ❤✐♣♦t❡♥✉s❛ ✈❡③❡s ❛ ❛❧t✉r❛ é ✐❣✉❛❧ ❛♦ ♣r♦❞✉t♦ ❞♦s

❝❛t❡t♦s✿

a · h = b · c. ✭✷✳✶✳✽✮

❈♦❧❡t✐✈❛♠❡♥t❡ ❛s ❡q✉❛çõ❡s ✭✷✳✶✳✹✮✱ ✭✷✳✶✳✺✮✱ ✭✷✳✶✳✻✮✱ ✭✷✳✶✳✼✮ ❡ ✭✷✳✶✳✽✮ sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦

r❡❧❛çõ❡s ♠étr✐❝❛s ❞♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✳

✷✳✷ ❘❛❞✐❛♥♦ ❝♦♠♦ ✉♥✐❞❛❞❡ ❞❡ ♠❡❞✐❞❛ ❞❡ â♥❣✉❧♦s

❉❡✜♥✐çã♦ ✶ ✭❘❛❞✐❛♥♦✮✳ ❉❡♥♦♠✐♥❛✲s❡ ❘❛❞✐❛♥♦✱ ❡ ❞❡♥♦t❛✲s❡ r❛❞✱ à ♠❡❞✐❞❛ ❛♥❣✉❧❛r ❞♦ ❛r❝♦ ❞❡

✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ r✱ q✉❛♥❞♦ ♦ ❛r❝♦ t❛♠❜é♠ ♠❡❞❡ r✳ ❖✉ s❡❥❛✱ ✉♠ â♥❣✉❧♦ ❝❡♥tr❛❧ ❞❡ 1

r❛❞ ♥✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ r ❞❡t❡r♠✐♥❛ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ r✳

❆ ❋✐❣✉r❛ ✷✳✷ ✐❧✉str❛ ❛ ❉❡✜♥✐çã♦ ✶✳ ❆ ✈❡rsã♦ ✐♥t❡r❛t✐✈❛ t❛♠❜é♠ ♠♦str❛ q✉❡ ❝❛❞❛ ♣♦♥t♦ A

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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s♦❜r❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ k ♣♦❞❡ s❡r ♠❛♣❡❛❞♦ ♥♦ ♣♦♥t♦ A′ s♦❜r❡ ✉♠❛ r❡t❛ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛s

♠❡❞✐❞❛s ❞❡ OA′ ❡ BA ❝♦✐♥❝✐❞❛♠✳

❋✐❣✉r❛ ✷✳✷✿ ❉❡✜♥✐çã♦ ❞❡ ❘❛❞✐❛♥♦ ❡ ♠❛♣❡❛♠❡♥t♦ ❞♦s ♣♦♥t♦s ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ♥✉♠❛ r❡t❛✳ ❱❡rsã♦
✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❯♠ â♥❣✉❧♦ ❞❡ 360◦ ✭✉♠❛ ✈♦❧t❛ ❝♦♠♣❧❡t❛✮ ❡q✉✐✈❛❧❡ ❛ 2π r❛❞✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ 2π ✭♦♥❞❡

❛ ✉♥✐❞❛❞❡ r❛❞ ✜❝❛ ✐♠♣❧í❝✐t❛✮✳ ❖ ❝♦♠♣r✐♠❡♥t♦ l ❞❡ ✉♠ ❛r❝♦ ❞❡ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ â♥❣✉❧♦ θ ✭❡♠

❘❛❞✐❛♥♦s✮ ❡ r❛✐♦ r é✿

l = θ · r.

❯t✐❧✐③❛♥❞♦ ✉♠❛ r❡❣r❛ ❞❡ três ❡♥❝♦♥tr❛✲s❡✿

θ = 1 r❛❞ =
360◦

2π
≈ 57, 29◦.

✷✳✸ ❋✉♥çõ❡s ❙❡♥♦✱ ❈♦ss❡♥♦ ❡ ❚❛♥❣❡♥t❡

❆ ❋✐❣✉r❛ ✷✳✸ ♠♦str❛ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ tr✐❣♦♥♦♠étr✐❝❛ ✭❞❡ r❛✐♦ ✉♥✐tár✐♦✮ ❡ três tr✐â♥❣✉❧♦s

OAB, OGE ❡ ODC, r❡tâ♥❣✉❧♦s ❡♠ B, E ❡ C, r❡s♣❡t✐✈❛♠❡♥t❡✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/mefrt8zz
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❋✐❣✉r❛ ✷✳✸✿ ❋✉♥çõ❡s ❙❡♥♦✱ ❈♦ss❡♥♦ ❡ ❚❛♥❣❡♥t❡✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

P❡❧♦ ❝r✐tér✐♦ ❞❡ s❡♠❡❧❤❛♥ç❛ ❆❆ ✈❛❧❡ q✉❡✿

△DCO ∼ △GEO ∼ △ABO.

P♦rt❛♥t♦✱
DC

DO
=

GE

GO
=

AB

AO
,

CO

DO
=

EO

GO
=

BO

AO
,

DC

CO
=

GE

EO
=

AB

BO
.

❆s ✐❣✉❛❧❞❛❞❡s ❛♥t❡r✐♦r❡s ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ♣♦s✐çã♦ ❡s♣❡❝í✜❝❛ ❞♦ ♣♦♥t♦ C s♦❜r❡ ♦ ❡✐①♦ x,

s♦♠❡♥t❡ ❞♦ ∠AOB = ∠GOE = ∠DOC = α. ■st♦ ❧❡✈❛ à ❞❡✜♥✐çã♦ ❞❛s ❢✉♥çõ❡s s❡♥♦✱ ❝♦ss❡♥♦ ❡

t❛♥❣❡♥t❡✳

❉❡✜♥✐çã♦ ✷ ✭❋✉♥çõ❡s ❙❡♥♦✱ ❈♦ss❡♥♦ ❡ ❚❛♥❣❡♥t❡✮✳ ◆✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✱ r❡❧❛t✐✈♦ ❛♦ â♥❣✉❧♦

❞❡ ♠❡❞✐❞❛ α ❢♦r♠❛❞♦ ♣♦r ✉♠ ❞♦s ❝❛t❡t♦s ❡ ❛ ❤✐♣♦t❡♥✉s❛✱ ✈❛❧❡✿

sen (α) =
cateto oposto

hipotenusa
,

cos (α) =
cateto adjacente

hipotenusa
,

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/n9d2ba6e
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tg (α) =
cateto oposto

cateto adjacente
.

❘❡❧❛t✐✈♦ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ tr✐❣♦♥♦♠étr✐❝❛ ❞❛ ❋✐❣✉r❛ ✷✳✸ ✈❛❧❡✿

sen (α) =
AB

AO
= AB,

cos (α) =
OB

AO
= OB,

tg (α) =
GE

OE
= GE.

❆ ❋✐❣✉r❛ ✷✳✸ s✉❣❡r❡ q✉❡ ♣❛r❛ t♦❞♦ â♥❣✉❧♦ 0 ≤ α < π
2
✈❛❧❡✿

sen (α) ≤ α ≤ tg (α) .

✷✳✹ ❘❡❧❛çã♦ tr✐❣♦♥♦♠étr✐❝❛ ❢✉♥❞❛♠❡♥t❛❧

❚❡♦r❡♠❛ ✶ ✭❘❡❧❛çã♦ tr✐❣♦♥♦♠étr✐❝❛ ❢✉♥❞❛♠❡♥t❛❧✮✳ P❛r❛ t♦❞♦ â♥❣✉❧♦ ❞❡ ♠❡❞✐❞❛ α ✈❛❧❡✿

cos2 (α) + sen2 (α) = 1. ✭✷✳✹✳✶✮

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ♥♦ △OBA ❞❛ ❋✐❣✉r❛ ✷✳✸✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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✷✳✺ ❋✉♥çõ❡s ❈♦ss❡❝❛♥t❡s✱ ❙❡❝❛♥t❡ ❡ ❈♦t❛♥❣❡♥t❡

❋✐❣✉r❛ ✷✳✹✿ ❋✉♥çõ❡s ❈♦ss❡❝❛♥t❡s ❡ ❙❡❝❛♥t❡s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

◆♦ △IAO, r❡tâ♥❣✉❧♦ ❡♠ A, ❛♣❧✐❝❛✲s❡ ✉♠❛ ❞❛s r❡❧❛çõ❡s ♠étr✐❝❛s ✭❖ q✉❛❞r❛❞♦ ❞♦s ❝❛t❡t♦s

é ✐❣✉❛❧ ❛♦ ♣r♦❞✉t♦ ❞❛ ♣r♦❥❡çã♦ ❝♦♠ ❛ ❤✐♣♦t❡♥✉s❛✮✿

OA2 = OJ ·OI,

12 = 1 = OI · senα,

OI =
1

senα
= cscα.

◆♦ △HAO, r❡tâ♥❣✉❧♦ ❡♠ A, ❛♣❧✐❝❛✲s❡ ✉♠❛ ❞❛s r❡❧❛çõ❡s ♠étr✐❝❛s ✭❖ q✉❛❞r❛❞♦ ❞♦s ❝❛t❡t♦s

é ✐❣✉❛❧ ❛♦ ♣r♦❞✉t♦ ❞❛ ♣r♦❥❡çã♦ ❝♦♠ ❛ ❤✐♣♦t❡♥✉s❛✮✿

OA2 = OH ·OB,

12 = 1 = OH · cosα,

OH =
1

cosα
= secα.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/fq7scdsv
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✷✳✻ ❈á❧❝✉❧♦ ❞❡ s❡♥♦ ❡ ❝♦ss❡♥♦ ❞❡ â♥❣✉❧♦s ♥♦tá✈❡✐s

❋✐❣✉r❛ ✷✳✺✿ ❈á❧❝✉❧♦ ❞❡ ❙❡♥♦ ❡ ❈♦ss❡♥♦ ❞❡ ➶♥❣✉❧♦s ◆♦tá✈❡✐s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

sen(45◦) = cos(45◦) =
1√
2
=

√
2

2
,

sen(30◦) = cos(60◦) =
1

2
,

sen(60◦) = cos(30◦) =

√
3

2
.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/eaxmxgt2
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✷✳✼ ❊q✉✐✈❛❧ê♥❝✐❛s ❞❡ s❡♥♦s ❡ ❝♦ss❡♥♦s ♥♦ ♣r✐♠❡✐r♦ q✉❛✲

❞r❛♥t❡

❋✐❣✉r❛ ✷✳✻✿ ❊q✉✐✈❛❧ê♥❝✐❛s ❞❡ s❡♥♦s ❡ ❝♦ss❡♥♦s ♥♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

sen(π − α) = sen(α),

cos(π − α) = − cos(α),

sen(π + α) = − sen(α),

cos(π + α) = − cos(α),

sen(−α) = − sen(α),

cos(−α) = cos(α).

❚❛♠❜é♠ ✈❛❧❡✿

cos
(π

2
− α

)

= sen(α),

sen
(π

2
− α

)

= cos(α).

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/hzhmduqg


❈❆P❮❚❯▲❖ ✷✳ ❋❯◆❉❆▼❊◆❚❖❙ ❉❊ ❚❘■●❖◆❖▼❊❚❘■❆ ✷✺

✷✳✽ ❙❡♥♦ ❡ ❝♦ss❡♥♦ ❞❛ s♦♠❛ ❞❡ ❞♦✐s â♥❣✉❧♦s

❚❡♦r❡♠❛ ✷ ✭❙❡♥♦ ❡ ❈♦ss❡♥♦ ❞❛ ❙♦♠❛ ❞❡ ❞♦✐s ➶♥❣✉❧♦s✮✳ P❛r❛ q✉❛✐sq✉❡r ❞♦✐s â♥❣✉❧♦s ❞❡ ♠❡❞✐❞❛s

α ❡ β ✈❛❧❡♠✿

sen(α + β) = sen(α) cos(β) + cos(α) sen(β),

cos(α + β) = cos(α) cos(β)− sen(α) sen(β).

❋✐❣✉r❛ ✷✳✼✿ ❙❡♥♦ ❡ ❈♦ss❡♥♦ ❞❛ ❙♦♠❛ ❞❡ ❞♦✐s ➶♥❣✉❧♦s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❛✲s❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✉♥✐tár✐❛ k, ❞❡ ❝❡♥tr♦O, ❡ ♦s ♣♦♥t♦s C,D,L,M ∈
k ❝♦♠ OL ⊥ OM. ❙❡❥❛♠ ∠DOL = α ❡ ∠COD = β. ❆ ♣r♦✈❛ ♥❛ ❋✐❣✉r❛ ✷✳✼ ❡stá ✐❧✉str❛❞❛ ♥♦

❝❛s♦ α + β < 90◦, ❡♠❜♦r❛ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r ♦✉tr♦ ✈❛❧♦r ❞❛ s♦♠❛✳ ❙❡❥❛♠ ♦s ♣♦♥t♦s E,

I ❡ F ❛s ♣r♦❥❡çõ❡s ♦rt♦❣♦♥❛✐s ❞♦ ♣♦♥t♦ C s♦❜r❡ ♦s s❡❣♠❡♥t♦s OD, OL ❡ OM, r❡s♣❡t✐✈❛♠❡♥t❡✳

❉♦ △OEC ✈❛❧❡ q✉❡✿

OE = cos(β),

CE = sen(β).

❉♦ △OIC t❡♠✲s❡✿

OI = FC = cos(α + β),

FO = CI = sen(α + β).

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/rj4shfhm
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❙❡❥❛ ♦ ♣♦♥t♦ H ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞♦ ♣♦♥t♦ E s♦❜r❡ ♦ s❡❣♠❡♥t♦ OL. ❉♦ △OHE ✈❛❧❡

q✉❡✿

EH = OE · sen(α) = cos(β) sen(α),

OH = OE · cos(α) = cos(β) cos(α).

❙❡❥❛ ♦ ♣♦♥t♦ G = HE ∩ FC. ◆♦t❛✲s❡ q✉❡ ∠OEH = 90◦ − α ❡ ∠GEC = α. ❉♦ △EGC

s❡❣✉❡✿

EG = CE · cos(α) = sen(β) cos(α),

CG = CE · sen(α) = sen(β) sen(α).

P♦rt❛♥t♦✱

OF = IC = HE + EG,

sen(α + β) = sen(α) cos(β) + cos(α) sen(β),

FC = FG− CG = OH − CG,

cos(α + β) = cos(α) cos(β)− sen(α) sen(β).

❈♦r♦❧ár✐♦ ✸ ✭❙❡♥♦ ❡ ❈♦ss❡♥♦ ❞❛ ❙♦♠❛ ❞♦ ➶♥❣✉❧♦ ❉✉♣❧♦✮✳ P❛r❛ q✉❛❧q✉❡r â♥❣✉❧♦ α ✈❛❧❡✱

sen(2α) = 2 sen(α) cos(α), ✭✷✳✽✳✶✮

cos(2α) = cos2(α)− sen2(α). ✭✷✳✽✳✷✮

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❝♦❧♦❝❛r α = β ♥❛s ❢ór♠✉❧❛s ❞♦ ❚❡♦r❡♠❛ ✷ ✭❙❡♥♦ ❡ ❈♦ss❡♥♦ ❞❛ ❙♦♠❛ ❞❡

❞♦✐s ➶♥❣✉❧♦s✮✳

❯♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ❡stá ❞✐s♣♦♥í✈❡❧ ❡♠ ✈í❞❡♦✳

❈♦r♦❧ár✐♦ ✹✳ P❛r❛ q✉❛❧q✉❡r â♥❣✉❧♦ α ✈❛❧❡✱

cos(2α) = 2 cos2(α)− 1 = 1− 2 sen2(α). ✭✷✳✽✳✸✮

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ✉t✐❧✐③❛r ❡♠ ✭✷✳✽✳✷✮ ❛ ❡q✉❛çã♦ ✭✷✳✹✳✶✮ ♣❛r❛ ❡❧✐♠✐♥❛r ♣♦r s❡♣❛r❛❞♦ sen2(α)

♦✉ cos2(α)✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.youtube.com/watch?v=AYxBZb3z8Bw&list=PL8v7luSb9qi4ddC9f3f0rRVB13XQ69YnX&index=207
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✷✳✾ ▲❡✐ ❞♦s ❙❡♥♦s

❚❡♦r❡♠❛ ✺ ✭▲❡✐ ❞♦s ❙❡♥♦s✮✳ ❙❡❥❛ ♦ △ABC ❞❡ ❧❛❞♦s BC = a, CA = b ❡ AB = c ❡ R ♦ r❛✐♦

❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❝✐r❝✉♥s❝r✐t❛✳ ❊♥tã♦✱

2R =
a

sen(Â)
=

b

sen(B̂)
=

c

sen(Ĉ)
.

❋✐❣✉r❛ ✷✳✽✿ ❉❡♠♦♥str❛çã♦ ❞❛ ▲❡✐ ❞♦s ❙❡♥♦s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥str✉✐r ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❝✐r❝✉♥s❝r✐t❛ d ✉t✐❧✐③❛♥❞♦ ❞✉❛s ♠❡❞✐❛tr✐③❡s ✭❋✐❣✉r❛ ✷✳✽✮✳

❚r❛ç❛r ❛ s❡♠✐rr❡t❛BO ❡ ♠❛r❝❛r ♦ ♣♦♥t♦D t❛❧ q✉❡BD é ❞✐â♠❡tr♦ ❞❡ d. ❙❡❣✉❡ q✉❡ ∠BCD = 90◦.

P♦r ❡♥①❡r❣❛r❡♠ ❛ ♠❡s♠❛ ❝♦r❞❛ BC ✈❛❧❡✿

∠BAC = ∠BDC = Â.

◆♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ DCB t❡♠✲s❡✿

sen(Â) =
a

2R
.

❖✉ s❡❥❛✱

2R =
a

sen(Â)
.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/sb5zc7mg
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❆♥❛❧♦❣❛♠❡♥t❡✱ ♥♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ FAC ✈❛❧❡ q✉❡✿

sen(B̂) =
b

2R
.

P♦rt❛♥t♦✱

2R =
b

sen(B̂)
.

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♥♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ EBA s❡❣✉❡✿

sen(Ĉ) =
c

2R
.

■st♦ é✱

2R =
c

sen(Ĉ)
.

✷✳✶✵ ▲❡✐ ❞♦s ❈♦ss❡♥♦s

❚❡♦r❡♠❛ ✻ ✭▲❡✐ ❞♦s ❈♦ss❡♥♦s✮✳ ❙❡❥❛ ♦ △ABC ❞❡ ❧❛❞♦s BC = a, CA = b ❡ AB = c ✭❋✐✲

❣✉r❛ ✷✳✾✮✳ ❊♥tã♦✱

b2 = a2 + c2 − 2ac cos(B̂).

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✷✳✾✿ ▲❡✐ ❞♦s ❈♦ss❡♥♦s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ❉❡✈❡♠✲s❡ ❡st✉❞❛r ❞♦✐s ❝❛s♦s✿ ✐✮ 90◦ < B̂ < 180◦ ❡ ✐✐✮ 0 < B̂ < 90◦.

✐✮ 90◦ < B̂ < 180◦. ❙❡❥❛ D ♦ ♣é ❞❛ ❛❧t✉r❛ ❞♦ ✈ért✐❝❡ A s♦❜r❡ ❛ r❡t❛ BC, AD = h ❡ BD = i.

❆♣❧✐❝❛♥❞♦✲s❡ ♦ ❚❡♦r❡♠❛ ❄❄ ✭■❞❛ ❞❡ P✐tá❣♦r❛s✮ s❡❣✉❡✿

△ADB ⇒ h2 = c2 − i2,

△ADC ⇒ h2 = b2 − (i+ a)2,

c2 − i2 = b2 − i2 − 2ia− a2,

b2 = a2 + c2 + 2ia,

cos(180◦ − B̂) =
i

c
= − cos(B̂) ⇒ i = −c · cos(B̂),

b2 = a2 + c2 − 2 · a · c · cos(B̂).

✐✐✮ 0 < B̂ < 90◦. ❙❡❥❛ D ♦ ♣é ❞❛ ❛❧t✉r❛ ❞♦ ✈ért✐❝❡ A s♦❜r❡ ❛ r❡t❛ BC, AD = h ❡ BD = m.

❆♣❧✐❝❛♥❞♦✲s❡ ♦ ❚❡♦r❡♠❛ ❄❄ ✭■❞❛ ❞❡ P✐tá❣♦r❛s✮ s❡❣✉❡✿

△ADB ⇒ h2 = c2 −m2,

△ADC ⇒ h2 = b2 − (a−m)2,

c2 −m2 = b2 − a2 + 2am−m2,

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/whk3rf69
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b2 = a2 + c2 − 2am,

cos(B̂) =
m

c
⇒ m = c · cos(B̂),

b2 = a2 + c2 − 2 · a · c · cos(B̂).

✷✳✶✶ ❘❡❧❛çã♦ ❞❡ ❙t❡✇❛rt

▼❛tt❤❡✇ ❙t❡✇❛rt ❬✹✻❪ ❢♦✐ ✉♠ ❝✐❡♥t✐st❛ ❡s❝♦❝ês q✉❡ ❡s❝r❡✈❡✉ s♦❜r❡ ❣❡♦♠❡tr✐❛ ❡ ♠♦✈✐♠❡♥t♦

♣❧❛♥❡tár✐♦✳ ◆❛s❝❡✉ ❡♠ ✶✼✶✼ ❡ ♠♦rr❡✉ ❡♠ ✶✼✽✺✳ ❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❞❡✈❡✲s❡ ❛ ❡❧❡✳

❚❡♦r❡♠❛ ✼ ✭❘❡❧❛çã♦ ❞❡ ❙t❡✇❛rt✮✳ ❙❡❥❛ D ✉♠ ♣♦♥t♦ ♥♦ ❧❛❞♦ BC ❞♦ △ABC✳ ❙❡❥❛♠ BC = a,

CA = b, AB = c, BD = x, CD = y ❡ AD = z. ❱❛❧❡ q✉❡✿

b2

y
+

c2

x
= a+ z2

(

1

x
+

1

y

)

.

❖✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✿

z2 =
b2

a
x+

c2

a
y − xy. ✭✷✳✶✶✳✶✮

❊st❛ r❡❧❛çã♦ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠❛ ❝❡✈✐❛♥❛ AD s❡♠ ♣r❡❝✐s❛r ❝♦♥❤❡❝❡r

♦s â♥❣✉❧♦s ♣♦r ❡❧❛ ❞❡t❡r♠✐♥❛❞♦s✳ ❆ ❋✐❣✉r❛ ✷✳✶✵ ♣❡r♠✐t❡ ❛❝♦♠♣❛♥❤❛r ❛ ♣r♦✈❛✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✷✳✶✵✿ ●✉✐❛ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✼✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✻ ✭▲❡✐ ❞♦s ❈♦ss❡♥♦s✮ ♥♦ △ABD t❡♠✲s❡✿

c2 = x2 + z2 − 2xz cos(180◦ − α).

▼❛s cos(180◦ − α) = − cos(α). ▲♦❣♦✱

c2 = x2 + z2 + 2xz cos(α),

c2

x
= x+

z2

x
+ 2z cos(α). ✭✷✳✶✶✳✷✮

P❡❧♦ ❚❡♦r❡♠❛ ✻ ✭▲❡✐ ❞♦s ❈♦ss❡♥♦s✮ ♥♦ △ACD t❡♠✲s❡✿

b2 = y2 + z2 − 2yz cos(α),

b2

y
= y +

z2

y
− 2z cos(α). ✭✷✳✶✶✳✸✮

❙♦♠❛♥❞♦ ✭✷✳✶✶✳✷✮ ❡ ✭✷✳✶✶✳✸✮ s❡❣✉❡✿

b2

y
+

c2

x
= x+ y + z2

(

1

x
+

1

y

)

= a+ z2
a

xy
,

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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b2x+ c2y

axy
= 1 +

z2

xy
,

z2 =
b2x+ c2y

a
− xy.

❖❜s❡r✈❛çã♦ ✶✳ ❆✐♥❞❛ ❝♦♠ r❡❢❡rê♥❝✐❛ ❛ ❋✐❣✉r❛ ✷✳✶✵✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ D é ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡

BC ✈❛❧❡ x = y = a
2
❡ z = ma ✭♠❡❞✐❛♥❛ r❡❧❛t✐✈❛ ❛♦ ✈ért✐❝❡ A✮✳ ❯t✐❧✐③❛♥❞♦ ✭✷✳✶✶✳✶✮ ❡♥❝♦♥tr❛✲s❡✿

m2

a =
b2 + c2

2
− a2

4
.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳



✸✸

❈❛♣ít✉❧♦ ✸

❈♦♥str✉çõ❡s✱ ❡①❡r❝í❝✐♦s ❡ ❞❡s❛✜♦s

✸✳✶ ❈♦♥str✉çã♦ ❞♦ ❆r❝♦ ❈❛♣❛③

❊①❡r❝í❝✐♦ ✶✳ ❈♦♥str✉✐r ♦ ❆r❝♦ ❈❛♣❛③ ❞❛❞♦ ✉♠ s❡❣♠❡♥t♦ AB ❡ ✉♠ ∠CDE = α. ■st♦ é✱

❡♥❝♦♥tr❛r t♦❞♦s ♦s ♣♦♥t♦s ❞♦ ❡s♣❛ç♦ q✉❡ sã♦ ✈✐st♦ s♦❜ ♦ ♠❡s♠♦ â♥❣✉❧♦ α ❞❡s❞❡ AB.

❋✐❣✉r❛ ✸✳✶✿ P❛ss♦s ✐♥✐❝✐❛✐s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦ ❆r❝♦ ❈❛♣❛③✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❙❡rá ❝♦♥str✉í❞♦ ❛ ♣❛rt❡ ❞♦ ❆r❝♦ ❈❛♣❛③ q✉❡ ✜❝❛ ❛❝✐♠❛ ❞❛ r❡t❛ AB. ❆ ♣❛rt❡ q✉❡ ✜❝❛ ❛❜❛✐①♦

é ❡♥❝♦♥tr❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳

✶✳ ❈♦♥str✉✐r ❞✉❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ❞❡ ✐❣✉❛❧ r❛✐♦ ❝♦♠ ❝❡♥tr♦ ❡♠ D ❡ A. ▼❛r❝❛r ♦s ♣♦♥t♦s ❞❡

✐♥t❡rs❡çã♦ H, G ❡ I ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✸✳✶✳

https://www.GeoGebra.org/m/g3zrpnfs
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✷✳ ❈♦♠ ❝❡♥tr♦ ❡♠ I tr❛ç❛r ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ HG, ♠❛r❝❛r ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ J

❡ ❡s❜♦ç❛r ❛ s❡♠✐rr❡t❛ i = AJ.

✸✳ P♦r ❝♦♥str✉çã♦✱ AI = AJ = DH = DG ❡ HG = IJ. P❡❧♦ ❝r✐tér✐♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛ ▲▲▲

s❡❣✉❡ q✉❡ △DHG ≡ △AIJ.

✹✳ ❈♦♥str✉✐r ❛ ♠❡❞✐❛tr✐③ m ❞♦s ♣♦♥t♦s A ❡ B. ❉❡♥♦t❛r ♣♦r M ♦ ♣♦♥t♦ ♠é❞✐♦ ❡♥tr❡ A ❡ B.

▼❛r❝❛r L = m ∩ i.

✺✳ P❛ss❛♥❞♦ ♣♦r A ❝♦♥str✉✐r ✉♠❛ ♣❡r♣❡♥❞✐❝✉❧❛r à s❡♠✐rr❡t❛ AL. ▼❛r❝❛r ❛ ♦ ♣♦♥t♦ O, ✐♥✲

t❡rs❡çã♦ ❞❡st❛ ❝♦♠ m. ❈♦♠♦ ∠LAO = ∠AML = ∠OMA = 90◦, s❡❣✉❡ q✉❡ ∠LAM =

∠AOM = α.

✻✳ ❈♦♥str✉✐r ♦ ❛r❝♦ c, ♠❛✐♦r ❞❡ AB, ❝♦♠ ❝❡♥tr♦ ❡♠ O ❡ r❛✐♦ OA. ❈♦♠♦ O ❡stá ♥❛ ♠❡❞✐❛tr✐③

❞❡ AB t❡♠✲s❡ q✉❡ OA = OB, ♦ △AOB é ✐sós❝❡❧❡s ❡ ∠AOM = ∠BOM = α. ❉❡ LA s❡r

t❛♥❣❡♥t❡ ❛ c ❡♠ A ♦ â♥❣✉❧♦ LAB é ❝❤❛♠❛❞♦ ❞❡ s❡❣♠❡♥t♦ ❡ ∠LAB = 1

2
∠AOB. ❖ ∠AOB

❞❡✜♥❡✲s❡ ❝♦♠♦ ❝❡♥tr❛❧✳ ❊♠ ♣❛❧❛✈r❛s✱ ♦ â♥❣✉❧♦ ❞❡ s❡❣♠❡♥t♦ é ♠❡t❛❞❡ ❞♦ ❝❡♥tr❛❧✳

✼✳ ◗✉❛❧q✉❡r ♣♦♥t♦ X ♦✉ Y ♥♦ ❛r❝♦ c, ♠❛✐♦r ❞❛ ❝♦r❞❛ AB ✭❆r❝♦ ❈❛♣❛③✮✱ é ✈✐st♦ ❝♦♠ ♦

♠❡s♠♦ â♥❣✉❧♦✳ ❱❛❧❡ q✉❡ ∠AXB = ∠AY B = α ❡ ❡st❡s sã♦ ❝❤❛♠❛❞♦s ❞❡ â♥❣✉❧♦s ✐♥s❝r✐t♦s

✭❋✐❣✉r❛ ✸✳✷✮✳

❋✐❣✉r❛ ✸✳✷✿ ❈♦♥str✉çã♦ ❞♦ ❆r❝♦ ❈❛♣❛③ ♥♦ s❡♠✐♣❧❛♥♦ s✉♣❡r✐♦r ❞♦ s❡❣♠❡♥t♦ AB. ❱❡rsã♦ ✐♥t❡r❛✲
t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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✸✳✷ ❆r❛♠❡✱ tr✐â♥❣✉❧♦ ✐sós❝❡❧❡s ❡ ❜✐ss❡tr✐③

❊①❡r❝í❝✐♦ ✷✳ ❉♦❜r❛✲s❡ ✉♠ ♣❡❞❛ç♦ ❞❡ ❛r❛♠❡ ❞❡ 32 ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❢♦r♠❛♥❞♦ ✉♠ tr✐â♥❣✉❧♦

✐sós❝❡❧❡s ❞❡ 12 ❞❡ ❜❛s❡✳ ❈❛❧❝✉❧❛r ❛ ♠❡❞✐❞❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❜✐ss❡tr✐③ ❞♦ â♥❣✉❧♦ ♦♣♦st♦ à

❜❛s❡✳

✸✳✷✳✶ ❘❡s♦❧✉çã♦ ❞♦ ❊①❡r❝í❝✐♦ ✷

❙❡❥❛ AB ❛ ❜❛s❡ ❞♦ tr✐â♥❣✉❧♦ ✐sós❝❡❧❡s ABC. ❈♦♠♦ AB = 12 ❡ ♦ ♣❡rí♠❡tr♦ é 32 s❡❣✉❡

q✉❡ BC = CA = 10. ❆ ❜✐ss❡tr✐③ ❞♦ â♥❣✉❧♦ ♦♣♦st♦ à ❜❛s❡ ❞♦ △ABC ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❛❧t✉r❛ ❡

❛ ♠❡❞✐❛♥❛ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ■st♦ é✱ s❡♥❞♦ ♦ ♣♦♥t♦ D ♣é ❞❛ ❜✐ss❡tr✐③ ✈❛❧❡ q✉❡ AD = DB = 6

✭❋✐❣✉r❛ ✸✳✸✮✳ ❯t✐❧✐③❛♥❞♦ ❛ ✐❞❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ♥♦ △CDB ❡♥❝♦♥tr❛✲s❡✿

DB2 + CD2 = BC2,

62 + CD2 = 102,

CD2 = 102 − 62 = (10− 6)(10 + 6) = 4 · 16,

CD = 2 · 4 = 8.

❋✐❣✉r❛ ✸✳✸✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ♦ ❊①❡r❝í❝✐♦ ✷✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/tmqxq74t
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✸✳✸ P♦♥t♦ ❡♠ q✉❛❞r❛❞♦ ❡q✉✐❞✐st❛♥t❡ ❞❡ ❞♦✐s ✈ért✐❝❡s ❡ ✉♠

❧❛❞♦

❊①❡r❝í❝✐♦ ✸✳ ❙❡❥❛ P ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛ ✉♠ q✉❛❞r❛❞♦ ABCD t❛❧ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❞❡ P ❛♦s

✈ért✐❝❡s A ❡ D ❡ ❛♦ ❧❛❞♦ BC sã♦ ✐❣✉❛✐s ❛ 10. ❈❛❧❝✉❧❛r ♦ ❧❛❞♦ L ❞♦ q✉❛❞r❛❞♦✳

✸✳✸✳✶ ❘❡s♦❧✉çã♦ ❞♦ ❊①❡r❝í❝✐♦ ✸

❋✐❣✉r❛ ✸✳✹✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ♦ ❊①❡r❝í❝✐♦ ✸✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❆ ❋✐❣✉r❛ ✸✳✹ ♠♦str❛ ✉♠❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛✳ ❙❡❥❛♠ G ❡ H ❛s ♣r♦❥❡çõ❡s ♦rt♦❣♦♥❛✐s

❞♦ ♣♦♥t♦ P s♦❜r❡ AD ❡ BC, r❡s♣❡t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ♦ △APD é ✐sós❝❡❧❡s✱ ❞❡ ❜❛s❡ AD, ♦ ♣♦♥t♦

G, t❛♠❜é♠ é ♣♦♥t♦ ♠é❞✐♦ ❞❡ AD. ❈♦♠ ✐ss♦ AG = L
2
. ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❞❡✈✐❞♦ ❛ ❞✐stâ♥❝✐❛ ❞♦

♣♦♥t♦ P ❛♦ ❧❛❞♦ BC s❡r ♠❡❞✐❞❛ ♣❡❧❛ ♣❡r♣❡♥❞✐❝✉❧❛r PH, GH ∥ DC, PH = 10 ❡ PG = L− 10.

❆♣❧✐❝❛♥❞♦ ❛ ✐❞❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ♥♦ △PGA :

(

L

2

)2

+ (L− 10)2 = 102,

L2

4
+ L2 − 20L+✟✟100 =✟✟100,

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/fjvxzmcs
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5L2

4
= 20L,

L2 − 16L = L(L− 16) = 0,

L = 16.

✸✳✹ ➶♥❣✉❧♦ ❞❡ ✈✐sã♦ ❞❡ ✉♠ ♣ré❞✐♦✱ ❞✐stâ♥❝✐❛s ❡ ❛❧t✉r❛

❊①❡r❝í❝✐♦ ✹✳ ❯♠ ♦❜s❡r✈❛❞♦r ❡st❛♥❞♦ ❛ 25m ❞❡ ✉♠ ♣ré❞✐♦ ♦ ✈✐s✉❛❧✐③❛ s♦❜ ✉♠ ❝❡rt♦ â♥❣✉❧♦✳

❆❢❛st❛♥❞♦✲s❡✱ ♥❛ ❞✐r❡çã♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ ♣ré❞✐♦ ♠❛✐s 50m ♦ â♥❣✉❧♦ ❞❡ ✈✐s✉❛❧✐③❛çã♦ é ❛ ♠❡t❛❞❡

❞♦ ❛♥t❡r✐♦r✳ ◗✉❛❧ ❛ ❛❧t✉r❛ ❞♦ ♣ré❞✐♦❄

✸✳✹✳✶ ❘❡s♦❧✉çã♦ ❞♦ ❊①❡r❝í❝✐♦ ✹✳

❋✐❣✉r❛ ✸✳✺✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ ❊①❡r❝í❝✐♦ ✹✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❆ ❋✐❣✉r❛ ✸✳✺ ♠♦str❛ ✉♠❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ✐♥✐❝✐❛❧✳ ❖ ♣ré❞✐♦ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦

s❡❣♠❡♥t♦ BC = h. ❖ ♦❜s❡r✈❛❞♦r✱ ✐♥✐❝✐❛❧♠❡♥t❡ ♥♦ ♣♦♥t♦ D, ❞❡s❧♦❝❛✲s❡ ❛té ♦ ♣♦♥t♦ A. ❙❡❥❛

∠CDB = α. P♦r ❤✐♣ót❡s❡✱ BD = 25m, DA = 50m ❡ ∠CAD = α
2
.

❊♠ r❡❧❛çã♦ ❛♦ △ADC ♦ ∠CDB é ❡①t❡r♥♦ ♥♦ ✈ért✐❝❡ D ✭❋✐❣✉r❛ ✸✳✻✮✳ ■st♦ é✱ s♦♠❛ ❞♦s

â♥❣✉❧♦s ✐♥t❡r♥♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s✳ ▲♦❣♦✱ ∠ACD = ∠CAD = α
2
. ❖✉ s❡❥❛✱ ♦ △ADC é ✐sós❝❡❧❡s✱ ❞❡

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/u8p3agwg
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❜❛s❡ AC. ❙❡❣✉❡ q✉❡ CD = DA = 50m. P❡❧❛ ✐❞❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ❛♣❧✐❝❛❞♦ ♥♦ △CDB

❡♥❝♦♥tr❛✲s❡✿

h2 + 252 = 502,

h2 = 502 − 252 = (2 · 25)2 − 252 = 3 · 252,

h = 25
√
3.

❋✐❣✉r❛ ✸✳✻✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ♦ ❊①❡r❝í❝✐♦ ✹✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

✸✳✺ ❊①❡r❝í❝✐♦ ❡♥✈♦❧✈❡♥❞♦ ❛ ▲❡✐ ❞♦s ❙❡♥♦s

❊①❡r❝í❝✐♦ ✺✳ ◆✉♠ △ABC sã♦ ❞❛❞♦s ∠A = 60◦, ∠B = 45◦ ❡ BC = 4. ❉❡t❡r♠✐♥❛r ❛ ♠❡❞✐❞❛

❞❡ AC.

✸✳✺✳✶ ❘❡s♦❧✉çã♦ ❞♦ ❊①❡r❝í❝✐♦ ✺✳

❆ ❋✐❣✉r❛ ✸✳✼ ♠♦str❛ ✉♠❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/u8p3agwg
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❋✐❣✉r❛ ✸✳✼✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ♦ ❊①❡r❝í❝✐♦ ✺✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

P❡❧❛ ▲❡✐ ❞♦s ❙❡♥♦s t❡♠✲s❡✿

x

sen (45◦)
=

4

sen (60◦)
.

❙❡❣✉❡ q✉❡✿

x =
4 · sen (45◦)
sen (60◦)

= 4 ·
√
2

2√
3

2

= 4 ·
√
2√
3
= 4 ·

√
6

3
.

✸✳✻ Pr♦❜❧❡♠❛ ❡♥✈♦❧✈❡♥❞♦ ❛ ▲❡✐ ❞♦s ❙❡♥♦s

Pr♦❜❧❡♠❛ ✶✳ ◆✉♠ tr✐â♥❣✉❧♦ ❛❝✉tâ♥❣✉❧♦ ABC, ♦ â♥❣✉❧♦ ❡♠ A é 30◦. H é s❡✉ ♦rt♦❝❡♥tr♦ ❡

M é ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ BC. ❙♦❜r❡ ❛ r❡t❛ HM t♦♠❛✲s❡ ✉♠ ♣♦♥t♦ T ❞✐❢❡r❡♥t❡ ❞❡ H t❛❧ q✉❡

HM = MT. ▼♦str❛r q✉❡ AT = 2BC.

✸✳✻✳✶ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✶✳

❆ ❋✐❣✉r❛ ✸✳✽ ♠♦str❛ ✉♠❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ✐♥✐❝✐❛❧✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/decf5k3e
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❋✐❣✉r❛ ✸✳✽✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✶✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❖ q✉❛❞r✐❧át❡r♦ HBTC é ✉♠ ♣❛r❛❧❡❧♦❣r❛♠♦ ♣♦✐s M é ♣♦♥t♦ ♠é❞✐♦ ❞❡ BC ❡ HT. ❙❡❣✉❡

q✉❡ CE ∥ TB ❡ CT ∥ BD. ▲♦❣♦✱ ∠ACT = ∠ABT = 90◦.

❈♦♠♦ ∠ABT +∠ACT = 180◦ t❡♠✲s❡ q✉❡ ABTC é ✉♠ q✉❛❞r✐❧át❡r♦ ✐♥s❝r✐tí✈❡❧✳ P♦rt❛♥t♦✱

T ❡stá ♥❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❝✐r❝✉♥s❝r✐t❛ ❛♦ tr✐â♥❣✉❧♦ ABC.

❖ s❡❣♠❡♥t♦ AT é ✉♠ ❞✐â♠❡tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❝✐r❝✉♥s❝r✐t❛ ❛♦ tr✐â♥❣✉❧♦ ABC ♣♦✐s ♦s

tr✐â♥❣✉❧♦s ATC ❡ ATB sã♦ r❡tâ♥❣✉❧♦s ❡♠ C ❡ B. ❙❡❣✉❡ q✉❡✿ AT = 2R.

P❡❧❛ ▲❡✐ ❞♦s ❙❡♥♦s ❛♣❧✐❝❛❞❛ ❛♦ ❧❛❞♦ BC ❞♦ tr✐â♥❣✉❧♦ ABC t❡♠✲s❡✿

BC

sen(30◦)
= 2R,

BC = R.

❈♦♥❝❧✉✐✲s❡ q✉❡ AT = 2BC. ❆ ❋✐❣✉r❛ ✸✳✾ ♠♦str❛ ♦ ♣r♦❜❧❡♠❛ r❡s♦❧✈✐❞♦✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✸✳✾✿ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✶✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

✸✳✼ Pr♦❜❧❡♠❛ ❡♥✈♦❧✈❡♥❞♦ ❛ ▲❡✐ ❞♦s ❈♦ss❡♥♦s

Pr♦❜❧❡♠❛ ✷✳ ❙❡❥❛ ABCD ✉♠ q✉❛❞r✐❧át❡r♦ ✐♥s❝r✐t♦ ♥✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❞✐â♠❡tr♦ AD. ❙❡

AB = BC = 1 ❡ AD = 3, ❛❝❤❛r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❝♦r❞❛ CD.

✸✳✼✳✶ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✷✳

❆ ❋✐❣✉r❛ ✸✳✶✵ ♠♦str❛ ✉♠❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ✐♥✐❝✐❛❧✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✸✳✶✵✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✷✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

➱ ❝♦♥str✉í❞♦ ♦ s❡❣♠❡♥t♦ BD. ❈♦♠♦ AD é ❞✐â♠❡tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ♦ △ABD é r❡tâ♥✲

❣✉❧♦ ❡♠ B ✭❋✐❣✉r❛ ✸✳✶✶✮✳ P❡❧❛ ✐❞❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s s❡❣✉❡✿

BD =
√
32 − 12 =

√
8 = 2

√
2.

❈♦♠♦ AB = BC = 1 ♦s â♥❣✉❧♦s ✐♥s❝r✐t♦s q✉❡ ❡♥①❡r❣❛♠ ❡ss❛s ❝♦r❞❛s sã♦ ❝♦♥❣r✉❡♥t❡s✿

∠CDB = ∠BDA = α.

❉♦ tr✐â♥❣✉❧♦ ABD t❡♠✲s❡✿

cos (α) =
2
√
2

3
.

▲♦❣♦✱ ❛♣❧✐❝❛♥❞♦ ❛ ▲❡✐ ❞♦s ❈♦ss❡♥♦s ♥♦ △BCD ❡♥❝♦♥tr❛✲s❡✿

BC2 = BD2 + CD2 − 2 · BD · CD · cos (α) ,

1 = 8 + x2 − 2 · 2
√
2 · x · 2

√
2

3
,

x2 − 16

3
x+ 7 = 0,

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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x ∈
{

7

3
, 3

}

.

❈♦♠♦ AD é ❞✐â♠❡tr♦ ♦ ✈❛❧♦r ❞❛ ❝♦r❞❛ CD ❞❡ ♠❡❞✐❞❛ x ♣r❡❝✐s❛ s❡r ✐♥❢❡r✐♦r ❛ 3. ❈♦♥❝❧✉✐✲s❡

q✉❡ x = 7

3
. ❆ s♦❧✉çã♦ x = 3 ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ q✉❛❞r✐❧át❡r♦ ❞❡❣❡♥❡r❛❞♦ ♦♥❞❡ ♦s ♣♦♥t♦s C ❡ A

❝♦✐♥❝✐❞❡♠✳ ❆ ❋✐❣✉r❛ ✸✳✶✶ ♠♦str❛ ♦ ♣r♦❜❧❡♠❛ r❡s♦❧✈✐❞♦✳

❋✐❣✉r❛ ✸✳✶✶✿ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✷✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

✸✳✽ ❘❡❧❛çã♦ ❞❡ ❙t❡✇❛rt ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠í♥✐♠♦ ❞❛ s♦♠❛

❞♦s q✉❛❞r❛❞♦s ❞❛s ❞✐stâ♥❝✐❛s ❞❡ ✉♠ ♣♦♥t♦ ❛♦s ✈ért✐❝❡s

Pr♦♣♦s✐çã♦ ✽✳ ❆ s♦♠❛ ❞♦s q✉❛❞r❛❞♦s ❞❛s ❞✐stâ♥❝✐❛s ❞❡ ✉♠ ♣♦♥t♦ P ❛♦s ✈ért✐❝❡s ❞❡ ✉♠ tr✐✲

â♥❣✉❧♦ ABC é ♠í♥✐♠❛ q✉❛♥❞♦ P é ♦ ❜❛r✐❝❡♥tr♦ G ✭❋✐❣✉r❛ ✸✳✶✷✮✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✸✳✶✷✿ ❉❡♠♦♥str❛çã♦ ♣❡❧❛ ❘❡❧❛çã♦ ❞❡ ❙t❡✇❛rt✳ ❖ ❜❛r✐❝❡♥tr♦ G ♠✐♥✐♠✐③❛ ❛ s♦♠❛ ❞♦s
q✉❛❞r❛❞♦s ❞❛s ❞✐stâ♥❝✐❛s ❞❡ ✉♠ ♣♦♥t♦ P ❛♦s ✈ért✐❝❡s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ABC. ❱❡rsã♦ ✐♥t❡r❛t✐✈❛
❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ◆♦ △ABC t♦♠❛✲s❡ BC = a. ❙❡❥❛ A′ ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ BC, G ♦ ❜❛r✐❝❡♥tr♦ ❞♦

△ABC ❡ P ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r✳ ❯t✐❧✐③❛♥❞♦ ❛ ❘❡❧❛çã♦ ❞❡ ❙t❡✇❛rt ♥♦ △PBC, ❝♦♠ ♠❡❞✐❛♥❛

PA′, t❡♠✲s❡✿

PB2 + PC2 = 2(PA′)2 +
a2

2
. ✭✸✳✽✳✶✮

❈♦♠♦ ♦ ❜❛r✐❝❡♥tr♦ G é t❛❧ q✉❡ GA = 2GA′, s❡❥❛ GA′ = m ❡ GA = 2m. ❆♣❧✐❝❛♥❞♦ ♦

❚❡♦r❡♠❛ ❞❡ ❙t❡✇❛rt ♥♦ △APA′, ❝♦♠ ❝❡✈✐❛♥❛ PG, s❡❣✉❡✿

PA2 + 2(PA′)2 = 3PG2 + 6m2. ✭✸✳✽✳✷✮

❙♦♠❛♥❞♦ ✭✸✳✽✳✶✮ ❝♦♠ ✭✸✳✽✳✷✮ ❡♥❝♦♥tr❛✲s❡✿

PA2 + PB2 + PC2 = 3PG2 + 6m2 +
a2

2
.

❈♦♠♦ a ❡ m sã♦ ❝♦♥st❛♥t❡s ✭♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ P ✮✱ ❡♥tã♦ PA2 + PB2 + PC2 é ♠í♥✐♠♦

q✉❛♥❞♦ PG = 0.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/y9pv2drp
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✸✳✾ ▲❡✐ ❞♦s ❈♦ss❡♥♦s ❡ ❙❡♥♦s

Pr♦❜❧❡♠❛ ✸✳ ❙❡❥❛ ABC ✉♠ tr✐â♥❣✉❧♦ ❝✉❥❛ ♠❡❞✐❞❛ ❞♦s ❧❛❞♦s sã♦ ♥ú♠❡r♦s ✐♥t❡✐r♦s ❡ ❝♦♥s❡❝✉✲

t✐✈♦s✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♠❛✐♦r â♥❣✉❧♦ é ♦ ❞♦❜r♦ ❞♦ ♠❡♥♦r✳ ❉❡t❡r♠✐♥❛r ❛ ♠❡❞✐❞❛ ❞♦s ❧❛❞♦s ❞❡st❡

tr✐â♥❣✉❧♦✳

✸✳✾✳✶ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✸✳

❆ ❋✐❣✉r❛ ✸✳✶✸ ♠♦str❛ ✉♠❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛✳

❋✐❣✉r❛ ✸✳✶✸✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✸✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❈♦♥s✐❞❡r❛✲s❡ ♦ ❝❛s♦✿

∠A => ∠B > ∠C = α.

❉❛s ❝♦♥❞✐çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ∠A = 2α. ❈♦♠♦ ♦s ❧❛❞♦s sã♦ ✐♥t❡✐r♦s ❝♦♥s❡❝✉t✐✈♦s s❡❣✉❡ q✉❡

a = x+ 1, b = x ❡ c = x− 1. P❡❧❛ ▲❡✐ ❞♦s ❙❡♥♦s t❡♠✲s❡ q✉❡✿

x+ 1

sen(2α)
=

x+ 1

2 sen(α) cos(α)
=

x− 1

sen(α)
.

❉❡s❡♥✈♦❧✈❡♥❞♦ t❡♠✲s❡✿

cos(α) =
x+ 1

2(x− 1)
.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/cyupzmsm
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P❡❧❛ ▲❡✐ ❞♦s ❈♦ss❡♥♦s ♥♦ △ABC✿

(x− 1)2 = (x+ 1)2 + x2 − 2x(x+ 1) cos(α).

❈♦♠❜✐♥❛♥❞♦ ❛s ❞✉❛s ú❧t✐♠❛s ❡q✉❛çõ❡s ❡♥❝♦♥tr❛✲s❡✿

(x− 1)2 = (x+ 1)2 + x2 − x(x+ 1)2

x− 1
.

❉❡s❡♥✈♦❧✈❡♥❞♦ ❡ s✐♠♣❧✐✜❝❛♥❞♦✿

��x
2 − 2x+ ✁1 =��x

2 + 2x+ ✁1 + x2 − x(x+ 1)2

x− 1
,

x(x+ 1)2

x− 1
= 4x+ x2 = x(x+ 4),

(x+ 1)2 = (x+ 4)(x− 1),

��x
2 + 2x+ 1 =��x

2 + 3x− 4,

x = 5.

❈♦♥❝❧✉✐✲s❡ q✉❡ ❛s ♠❡❞✐❞❛s ❞♦s ❧❛❞♦s sã♦ a = 6, b = 5 ❡ c = 4. ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱

cos(α) =
6

2(4)
=

3

4
,

α = arccos

(

3

4

)

≈ 41, 41◦.

P♦❞❡ s❡r ✈❡r✐✜❝❛❞♦✱ ✉t✐❧✐③❛♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦✱ q✉❡ ♥♦ ❝❛s♦

∠B > ∠A = 2α > ∠C = α

♥ã♦ ❡①✐st❡ s♦❧✉çã♦✳

✸✳✶✵ ■♥✈❛r✐❛♥t❡ ❡♥tr❡ ❝✐r❝✉♥❝❡♥tr♦s ❞❡ ❞♦✐s tr✐â♥❣✉❧♦s ♥✉♠

tr❛♣é③✐♦

Pr♦❜❧❡♠❛ ✹✳ ◆✉♠ tr❛♣é③✐♦ ABCD ✈❛❧❡ q✉❡ AD ∥ BC. ❙❡❥❛♠ E ∈ AB, O1 ❡ O2 ♦s ❝✐r❝✉♥✲

❝❡♥tr♦s ❞♦s △AED ❡ △BEC, r❡s♣❡❝t✐✈❛♠❡♥t❡✳ Pr♦✈❛r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ s❡❣♠❡♥t♦ O1O2

é ✜①♦✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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✸✳✶✵✳✶ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✹✳

❋✐❣✉r❛ ✸✳✶✹✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✹✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❆ ❋✐❣✉r❛ ✸✳✶✹ ♠♦str❛ ✉♠❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ✐♥✐❝✐❛❧✳ ❙❡❥❛♠

∠AEO1 = α,

∠ADE = β.

❯t✐❧✐③❛♥❞♦ ♦s tr✐â♥❣✉❧♦s ✐sós❝❡❧❡s O1AE, O1AD ❡ O1DE ✭O1 ❡q✉✐❞✐st❛ ❞❡ A, D ❡ E✮

❡♥❝♦♥tr❛✲s❡✿

α = 90◦ − β. ✭✸✳✶✵✳✶✮

❙❡❥❛♠

∠BEO2 = γ,

∠ECB = δ.

❯s❛♥❞♦ ♦s tr✐â♥❣✉❧♦s ✐sós❝❡❧❡s O2BE, O2CE ❡ O2BC ❝❤❡❣❛✲s❡ ❡♠✿

γ = 90◦ − δ. ✭✸✳✶✵✳✷✮

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/pzaw5n6k
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❙❡❥❛ ∠O2EO1 = ϵ ✭❋✐❣✉r❛ ✸✳✶✺✮✳ ❈♦♠♦ ∠BEA = 180◦, ❞❡ ✭✸✳✶✵✳✶✮ ❡ ✭✸✳✶✵✳✷✮ s❡❣✉❡✿

ϵ = β + δ. ✭✸✳✶✵✳✸✮

❙❡❥❛ ♦ ♣♦♥t♦ F t❛❧ q✉❡✿

EF ∥ AD ∥ BC.

P♦r ❛❧t❡r♥♦s ❡♥tr❡ ♣❛r❛❧❡❧❛s✿

∠DEF = ∠ADE = β,

∠CEF = ∠ECB = δ.

❉♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ❡ ✭✸✳✶✵✳✸✮ ❡♥❝♦♥tr❛✲s❡✿

∠DEC = ∠O1EO2 = ϵ.

❙❡❥❛♠ ∠EAD = Â ❡ ∠CBE = B̂. P❡❧❛ ▲❡✐ ❞♦s ❙❡♥♦s ❛♣❧✐❝❛❞❛ ♥♦s △EAD ❡ △CBE

t❡♠✲s❡✿
DE

sen
(

Â
) = 2O1E,

EC

sen
(

B̂
) = 2O2E.

❉✐✈✐❞✐♥❞♦ ❛s ❞✉❛s ❡q✉❛çõ❡s ❛♥t❡r✐♦r❡s✿

DE

EC
=

O1E sen
(

Â
)

O2E sen
(

B̂
) . ✭✸✳✶✵✳✹✮

❙❡❥❛ ♦ ♣♦♥t♦ G ♥♦ ♣r♦❧♦♥❣❛♠❡♥t♦ ❞♦ s❡❣♠❡♥t♦ CB, ❛ ❡sq✉❡r❞❛ ❞❡ B. P♦r ❛❧t❡r♥♦s ❡♥tr❡

♣❛r❛❧❡❧❛s✿

∠ABG = ∠EAD = Â.

▲♦❣♦✱

Â = 180◦ − B̂,

sen
(

Â
)

= sen
(

180◦ − B̂
)

= sen
(

B̂
)

.

❙✉❜st✐t✉✐♥❞♦ ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ❡♠ ✭✸✳✶✵✳✹✮ ❡♥❝♦♥tr❛✲s❡✿

DE

EC
=

O1E

EO2

. ✭✸✳✶✵✳✺✮

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❈♦♠♦ ∠DEC = ∠O1EO2 ❡ ✭✸✳✶✵✳✺✮✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ s❡♠❡❧❤❛♥ç❛ ▲❆▲✱ s❡❣✉❡ q✉❡✿

△DEC ∼ △O1EO2.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✿
O1O2

DC
=

O1E

DE
.

❉❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r ❡ ✉t✐❧✐③❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ▲❡✐ ❞♦s ❙❡♥♦s ♥♦ △ADE t❡♠✲s❡✿

O1O2

DC
= ✟✟✟O1E

2✟✟✟O1E sen
(

Â
) ,

O1O2

DC
=

1

2 sen
(

Â
) .

❖✉ s❡❥❛✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ s❡❣♠❡♥t♦ O1O2, ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ♣♦s✐çã♦ ❞♦ ♣♦♥t♦ E ∈ AB.

P♦rt❛♥t♦✱ O1O2 é ✉♠❛ ❝♦♥st❛♥t❡✿

O1O2 =
DC

2 sen
(

Â
) .

❋✐❣✉r❛ ✸✳✶✺✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✹✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/pzaw5n6k


✺✵

❈❛♣ít✉❧♦ ✹

❈♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s

✹✳✶ ❉❡✜♥✐çã♦ ❞❡ ❝♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s

❉❡✜♥✐çã♦ ✸✳ ❙❡❥❛♠ ✉♠ tr✐â♥❣✉❧♦ ABC ❡ k s❡✉ ❝✐r❝✉♥❝ír❝✉❧♦✳ ❖ ❝♦♥❥✉❣❛❞♦ ✐s♦❣♦♥❛❧ P ′ ❞♦

♣♦♥t♦ P ̸∈ k é ♦❜t✐❞♦ r❡✢❡t✐♥❞♦ ❛s r❡t❛s PA, PB ❡ PC ❡♠ r❡❧❛çã♦ às ❜✐ss❡tr✐③❡s ✐♥t❡r♥❛s ❞❡

ABC, q✉❡ ♣❛ss❛♠ ♣♦r A, B ❡ C, r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ■st♦ é✱ P ′ é t❛❧ q✉❡ ✈❛❧❡♠ ❛s ✐❣✉❛❧❞❛❞❡s ❞❡

â♥❣✉❧♦s ❛ s❡❣✉✐r ✭❋✐❣✉r❛ ✹✳✶✮✿

∠BAP = ∠CAP ′,

∠ABP = ∠CBP ′,

∠ACP = ∠BCP ′.
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❋✐❣✉r❛ ✹✳✶✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❝♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

✹✳✷ ❈♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s ❞❡ ♣♦♥t♦s ♥♦tá✈❡✐s

❖s ❝♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s ✭❋✐❣✉r❛ ✹✳✶✮ ❞❡ ❛❧❣✉♥s ♣♦♥t♦s ♥♦tá✈❡✐s sã♦✿

❼ ❉♦ ✐♥❝❡♥tr♦ I é ❡❧❡ ♠❡s♠♦✳

❼ ❉♦s ❡①✲✐♥❝❡♥tr♦s Ia, Ib ❡ Ic t❛♠❜é♠ sã♦ ❡❧❡s ♠❡s♠♦s✳

❼ ❉♦ ❝✐r❝✉♥❝❡♥tr♦ O é ♦ ♦rt♦❝❡♥tr♦ H ❡ ✈✐❝❡✲✈❡rs❛ ✭Pr♦♣♦s✐çã♦ ✾✮✳

❼ ❉♦ ❜❛r✐❝❡♥tr♦ G é ♦ ♣♦♥t♦ K, ❝❤❛♠❛❞♦ s✐♠❡❞✐❛♥♦ ♦✉ ❞❡ ▲❡♠♦✐♥❡✱ ❡ ✈✐❝❡✲✈❡rs❛✳

Pr♦♣♦s✐çã♦ ✾✳ ❖ ❝✐r❝✉♥❝❡♥tr♦ O ❡ ♦rt♦❝❡♥tr♦ H ❞♦ △ABC sã♦ ❝♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s ✭❋✐✲

❣✉r❛ ✹✳✷✮✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/sfksqgn4
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❋✐❣✉r❛ ✹✳✷✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ♣r♦✈❛r q✉❡ ❝✐r❝✉♥❝❡♥tr♦ O ❡ ♦rt♦❝❡♥tr♦ H sã♦ ❝♦♥❥✉✲
❣❛❞♦s ✐s♦❣♦♥❛✐s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ O é ♦ ❝❡♥tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ k, ❝✐r❝✉♥s❝r✐t❛ ❛♦ △ABC, ❡♥tã♦✿

∠AOC = 2∠ABC = 2β.

■st♦ é✱ ♦ â♥❣✉❧♦ ❝❡♥tr❛❧ é ❞✉❛s ✈❡③❡s ♦ ✐♥s❝r✐t♦ ✭❋✐❣✉r❛ ✹✳✷✮✳

P♦r ❝♦♥str✉çã♦✱ AD = DC, AO = OC ❡ OD ⊥ AC. ▲♦❣♦✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛

▲▲▲ ✈❛❧❡ q✉❡✿

△ADO ≡ △CDO

❡ ∠DOA = ∠DOC = β. ❚❡♠✲s❡ q✉❡ H ∈ AE ❡ AE ⊥ BC. ❙❡❣✉❡ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ s❡♠❡❧❤❛♥ç❛

❆❆ q✉❡✿

△ADO ∼ △AEB

❡ ∠DAO = ∠EAB = α. ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛s r❡t❛s AO ❡ AE sã♦ s✐♠étr✐❝❛s ❡♠ r❡❧❛çã♦ ❛

❜✐ss❡tr✐③ ❛♦ ∠BAC. ❯♠❛ ❝♦♥str✉çã♦ ❛♥á❧♦❣❛ ♣♦❞❡ s❡r ❢❡✐t❛ ♣❛rt✐♥❞♦ ❞♦s ♦✉tr♦s ❞♦✐s ✈ért✐❝❡s✳

✹✳✸ ❚❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ❝♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s

▲❡♠❛ ✶✵ ✭❈r✐tér✐♦ ❞❡ ✐s♦❣♦♥❛❧✐❞❛❞❡ r❡❧❛t✐✈♦ ❛ ✉♠ ✈ért✐❝❡✮✳ ❙❡❥❛♠ ✉♠ △ABC, ❞♦✐s ♣♦♥t♦s P ❡

Q ❡ D ❡ E ✭F ❡ G✮ ❛s ♣r♦❥❡çõ❡s ♦rt♦❣♦♥❛✐s ❞❡ P ✭Q✮ s♦❜r❡ ♦s ❧❛❞♦s AB ❡ AC, r❡s♣❡❝t✐✈❛♠❡♥t❡

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/dnvnxwar
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✭❋✐❣✉r❛ ✹✳✸✮✳ ❆s r❡t❛s AP ❡ AQ sã♦ ✐s♦❣♦♥❛✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱

PD

PE
=

QG

QF
.

❋✐❣✉r❛ ✹✳✸✿ ❈r✐tér✐♦ ❞❡ ✐s♦❣♦♥❛❧✐❞❛❞❡ r❡❧❛t✐✈♦ ❛ ✉♠ ✈ért✐❝❡✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛✲s❡ s✉♣♦♥❞♦ q✉❡ AP ❡ AQ sã♦ ✐s♦❣♦♥❛✐s ✭❋✐❣✉r❛ ✹✳✸✮✳ ■st♦ é✱

∠PAB = ∠QAC = α.

❈♦♠♦ ∠ADP = ∠AEP = 90◦ ♦ q✉❛❞r✐❧át❡r♦ ADPE é ✐♥s❝r✐tí✈❡❧ ❡

∠DEP = ∠DAP = α.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♠♦

∠AFQ = ∠AGQ = 90◦

♦ q✉❛❞r✐❧át❡r♦ AFQG é ❝í❝❧✐❝♦ ❡

∠GFQ = ∠GAQ = α.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/azshaue6
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❆❞✐❝✐♦♥❛❧♠❡♥t❡✱

∠DPE = 180◦ − ∠A = ∠GQF = β.

P❡❧♦ ❝r✐tér✐♦ ❞❡ s❡♠❡❧❤❛♥ç❛ â♥❣✉❧♦✲â♥❣✉❧♦ s❡❣✉❡ q✉❡ △DPE ∼ △GQF. ▲♦❣♦✱

PD

PE
=

QG

QF
.

❘❡✈❡rt❡♥❞♦ ♦s ♣❛ss♦s ♣r♦✈❛✲s❡ ❛ r❡❝í♣r♦❝❛✳

❚❡♦r❡♠❛ ✶✶ ✭❚❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ❝♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s✮✳ ❉❛❞♦ ✉♠ tr✐â♥❣✉❧♦ ABC, k s❡✉

❝✐r❝✉♥❝ír❝✉❧♦ ❡ três ❝❡✈✐❛♥❛s AA′, BB′ ❡ CC ′ q✉❡ ❝♦♥❝♦rr❡♠ ❡♠ ✉♠ ♣♦♥t♦ P ̸∈ k, ❛s ❝❡✈✐❛♥❛s

✐s♦❣♦♥❛✐s ❛ ❡❧❛s AA′′, BB′′ ❡ CC ′′, ♦❜t✐❞❛s ❛tr❛✈és ❞❛ r❡✢❡①ã♦ ❡♠ r❡❧❛çã♦ às ❜✐ss❡tr✐③❡s ✐♥t❡r♥❛s✱

sã♦ ❝♦♥❝♦rr❡♥t❡s ♥♦ ❝♦♥❥✉❣❛❞♦ ✐s♦❣♦♥❛❧ P ′ ✭❋✐❣✉r❛ ✹✳✹✮✳

❋✐❣✉r❛ ✹✳✹✿ ❚❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ❝♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ x, y ❡ z ❛s ❞✐stâ♥❝✐❛s ❞❡ P ❛♦s ❧❛❞♦s BC, CA ❡ AB, r❡s♣❡❝t✐✈❛♠❡♥t❡

✭❋✐❣✉r❛ ✹✳✹✮✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❙❡❥❛♠ x′, y′ ❡ z′ ❛s ❞✐stâ♥❝✐❛s ❞❡ P ′ ❛♦s ❧❛❞♦s BC, CA ❡ AB,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙✉♣♦♥❞♦ q✉❡ AA′′ ∩ BB′′ = P ′, q✉❡r✲s❡ ♣r♦✈❛r q✉❡ BB′′ ∩ CC ′′ = P ′. ❈♦♠♦ P ❡ P ′ sã♦

❝♦♥❥✉❣❛❞♦s ✐s♦❣♦♥❛✐s✱ ♣❡❧❛ ✐❞❛ ❞♦ ▲❡♠❛ ✶✵✱ r❡❧❛t✐✈♦ ❛♦ ✈ért✐❝❡ A ✈❛❧❡ q✉❡

z

y
=

y′

z′
⇔ zz′ = yy′,

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/mnuyexbj
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❡ r❡❧❛t✐✈♦ ❛♦ ✈ért✐❝❡ B
z

x
=

x′

z′
⇔ zz′ = xx′.

❙❡❣✉❡ q✉❡ yy′ = xx′ ⇔ y

x
= x′

y′
. ❖✉ s❡❥❛✱ ♣❡❧❛ ✈♦❧t❛ ❞♦ ▲❡♠❛ ✶✵✱ tê♠✲s❡✿

BB′′ ∩ CC ′′ = P ′.

▲♦❣♦✱

AA′′ ∩ BB′′ ∩ CC ′′ = P ′.

✹✳✹ Pr♦❜❧❡♠❛ r❡s♦❧✈✐❞♦ ♣❡❧♦ ✉s♦ ❞❡ ✐s♦❣♦♥❛✐s

Pr♦❜❧❡♠❛ ✺✳ ◆♦ tr✐â♥❣✉❧♦ ABC, P ❡ Q sã♦ ♣♦♥t♦s ♥♦ ✐♥t❡r✐♦r t❛✐s q✉❡✿

∠CBP = ∠PBQ = ∠QBA =
1

3
∠ABC,

∠BCP = ∠PCQ = ∠QCA =
1

3
∠ACB.

❙❡❥❛♠ D ❡ E ❛s ♣r♦❥❡çõ❡s ♦rt♦❣♦♥❛✐s ❞❡ P s♦❜r❡ AB ❡ AC, r❡s♣❡❝t✐✈❛♠❡♥t❡✳ Pr♦✈❛r q✉❡ AQ é

♣❡r♣❡♥❞✐❝✉❧❛r ❛ DE.

✹✳✹✳✶ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✺

❆ ❋✐❣✉r❛ ✹✳✺ ♣❡r♠✐t❡ ❛❝♦♠♣❛♥❤❛r ❛ r❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✺✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✹✳✺✿ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✺✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❙❡❥❛ ∠PAD = θ. ❊♥tã♦ ∠APD = 90◦−θ ❡✱ ❝♦♠♦ ∠ADP = ∠AEP = 90◦, ♦ q✉❛❞r✐❧át❡r♦

ADPE é ✐♥s❝r✐tí✈❡❧✳ ▲♦❣♦✱ ∠AED = ∠APD = 90◦ − θ.

❙❡❥❛ ♦ ♣♦♥t♦ F = AQ ∩DE. P❡❧♦ △AFE r❡st❛ ♣r♦✈❛r q✉❡ ∠EAQ = θ. ❈♦♠♦ ∠PBC =

∠QBA ❡ ∠BCP = ∠QCA, ♦s ♣❛r❡s ❞❡ r❡t❛s BP ❡ BQ ❡ CP ❡ CQ sã♦ s✐♠étr✐❝♦s ❡♥tr❡ s✐

❡♠ r❡❧❛çã♦ às ❜✐ss❡tr✐③❡s ❞❡ ∠ABC ❡ ∠ACB, r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖✉ s❡❥❛✱ P ❡ Q sã♦ ❝♦♥❥✉❣❛❞♦s

✐s♦❣♦♥❛✐s ❡ ∠PAB = ∠QAE = θ.

✹✳✺ ▲❡✐ ❞♦s ❙❡♥♦s ❡ ■s♦❣♦♥❛✐s

❚❡♦r❡♠❛ ✶✷ ✭▲❡✐ ❞♦s ❙❡♥♦s ❡ ■s♦❣♦♥❛✐s✮✳ ❙❡❥❛ ♦ △ABC ❡ ♦s ♣♦♥t♦s P,Q ∈ AB t❛✐s q✉❡

∠ACP = ∠BCQ ✭❋✐❣✉r❛ ✹✳✻✮✳ ❊♥tã♦✱

PA

PB
· QA

QB
=

(

AC

BC

)2

. ✭✹✳✺✳✶✮

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/mqejqgqw
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❋✐❣✉r❛ ✹✳✻✿ ▲❡✐ ❞♦s ❙❡♥♦s ❡ ■s♦❣♦♥❛✐s✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ P = Q ❛ ❡q✉❛çã♦ ✭✹✳✺✳✶✮ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❄❄ ✭❇✐ss❡tr✐③

■♥t❡r♥❛✮✳

❙❡❥❛♠ ∠ACP = α, ∠BCQ = β, ∠PCQ = ε ❡ ∠APC = γ. P❡❧♦ ❚❡♦r❡♠❛ ✺ ✭▲❡✐ ❞♦s

❙❡♥♦s✮ ❛♣❧✐❝❛❞❛ ♥♦s tr✐â♥❣✉❧♦s APC ❡ BPC t❡♠✲s❡✿

PA

AC
=

sen(α)

sen(γ)
,

PB

BC
=

sen(β + ε)

sen(180◦ − γ)
.

❈♦♠♦ sen(γ) = sen(180◦ − γ) s❡❣✉❡ q✉❡✿

PA

PB
=

AC · sen(α)
BC · sen(β + ε)

. ✭✹✳✺✳✷✮

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡❥❛ ∠BQC = δ. P❡❧♦ ❚❡♦r❡♠❛ ✺ ✭▲❡✐ ❞♦s ❙❡♥♦s✮ ❛♣❧✐❝❛❞❛ ♥♦s tr✐â♥❣✉❧♦s

AQC ❡ BQC t❡♠✲s❡✿
QA

AC
=

sen(α + ε)

sen(180◦ − δ)
,

QB

BC
=

sen(β)

sen(δ)
.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/sccjbky5
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❈♦♠♦ sen(δ) = sen(180◦ − δ) s❡❣✉❡ q✉❡✿

QA

QB
=

AC · sen(α + ε)

BC · sen(β) . ✭✹✳✺✳✸✮

❈♦❧♦❝❛♥❞♦ α = β ❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✹✳✺✳✷✮ ❡ ✭✹✳✺✳✸✮ ❡♥❝♦♥tr❛✲s❡✿

PA

PB
· QA

QB
=

(

AC

BC

)2

.

✹✳✻ ❊①❡♠♣❧♦ ❞❡ ✉t✐❧✐③❛çã♦ ❞❛ ▲❡✐ ❞♦s ❙❡♥♦s ❡ ■s♦❣♦♥❛✐s✳

Pr♦❜❧❡♠❛ ✻✳ ❙❡❥❛ ABC ✉♠ tr✐â♥❣✉❧♦ t❛❧ q✉❡ AB = 13, BC = 15 ❡ CA = 14. ❙❡❥❛ D ♦ ♣♦♥t♦

❞♦ s❡❣♠❡♥t♦ BC t❛❧ q✉❡ CD = 6. ❙❡❥❛ E ♦ ♣♦♥t♦ ❞❡ BC t❛❧ q✉❡ CE > CD ❡ ∠BAE = ∠CAD.

❉❡t❡r♠✐♥❛r BE.

✹✳✻✳✶ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✻

◆❛ ❋✐❣✉r❛ ✹✳✼ ✐❧✉str❛✲s❡ ❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳

❋✐❣✉r❛ ✹✳✼✿ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✻✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/g4kprtuh
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P❡❧♦ ❚❡♦r❡♠❛ ✶✷ ✭▲❡✐ ❞♦s ❙❡♥♦s ❡ ❛s ■s♦❣♦♥❛✐s✮ ✈❛❧❡✿

BE

EC
· BD

DC
=

(

BA

CA

)2

,

x

15− x
· 9
6
=

(

13

14

)2

.

x =
15 · 132

132 + 6 · 72 =
2535

463
.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳



✻✵

❈❛♣ít✉❧♦ ✺

Pr♦❜❧❡♠❛s ❞❡ ♦❧✐♠♣í❛❞❛s ✐♥t❡r♥❛❝✐♦♥❛✐s

✺✳✶ ❈♦ss❡♥♦ ❡ ❙❡♥♦ ❞❡ â♥❣✉❧♦s ♥♦tá✈❡✐s✳ ❆r❝♦ ❈❛♣❛③✳ ❚r✐✲

â♥❣✉❧♦ ❆❝✉tâ♥❣✉❧♦✳ P✶ ◆■ ■●❖ ✷✵✶✼✳

Pr♦❜❧❡♠❛ ✼✳ ❙❡❥❛ ABC ✉♠ tr✐â♥❣✉❧♦ ❛❝✉tâ♥❣✉❧♦ ❝♦♠ â♥❣✉❧♦ ❡♠ A ❞❡ 60◦✳ ❙❡❥❛♠ E ❡ F ♦s

♣és ❞❛s ❛❧t✉r❛s ♣♦r B ❡ C✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ Pr♦✈❛r q✉❡✿

CE − BF =
3

2
(AC − AB). ✭✺✳✶✳✶✮

Pr♦❜❧❡♠❛ 1 ✭◆í✈❡❧ ■♥t❡r♠❡❞✐ár✐♦✮ ❞❛ 4a ❖❧✐♠♣í❛❞❛ ■r❛♥✐❛♥❛ ❞❡ ●❡♦♠❡tr✐❛ ✭■●❖✱ ■r❛♥✐❛♥

●❡♦♠❡tr② ❖❧②♠♣✐❛❞✮ ❞❡ 2017✳

✺✳✶✳✶ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✼

◆❛ ❋✐❣✉r❛ ✺✳✶ ✐❧✉str❛✲s❡ ❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳



❈❆P❮❚❯▲❖ ✺✳ P❘❖❇▲❊▼❆❙ ❉❊ ❖▲■▼P❮❆❉❆❙ ■◆❚❊❘◆❆❈■❖◆❆■❙ ✻✶

❋✐❣✉r❛ ✺✳✶✿ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✼✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

◆❡st❡ ❝❛s♦✱ ✉♠❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ♣r❡❝✐s❛ ♥ã♦ é ✐♠♣r❡s❝✐♥❞í✈❡❧ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦✲

❜❧❡♠❛✱ ❜❛st❛r✐❛ t❡r ❢❡✐t♦ ✉♠ ❡s❜♦ç♦✳ P♦ré♠✱ ❛♣r♦✈❡✐t❛✲s❡ ❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❛ ✜❣✉r❛ ♣❛r❛ ❧❡♠❜r❛r

❞❛ ❝♦♥str✉çã♦ ❞♦ ❆r❝♦ ❈❛♣❛③ k ❡ ❞❡ tr✐â♥❣✉❧♦s ❛❝✉tâ♥❣✉❧♦s✳ ❆ s❡q✉ê♥❝✐❛ ❞❡ ♣❛ss♦s ♣❛r❛ ❛

❝♦♥str✉çã♦ ❞♦ ❆r❝♦ ❈❛♣❛③ ♣♦❞❡ s❡r ✈✐st❛ ❛q✉✐✳ ❖ ♣♦♥t♦ A ❞❡✈❡ ❡st❛r ♣♦s✐❝✐♦♥❛❞♦ s♦❜r❡ k.

▲❡♠❜r❛✲s❡ q✉❡ cos (60◦) = 1

2
✱ ❧♦❣♦✱ ♥♦ tr✐â♥❣✉❧♦ AEB ✭r❡tâ♥❣✉❧♦ ❡♠ E✮ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r✿

cos (60◦) =
AE

AB
=

1

2
. ✭✺✳✶✳✷✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ♥♦ tr✐â♥❣✉❧♦ AFC ✭r❡tâ♥❣✉❧♦ ❡♠ F ✮ t❡♠✲s❡✿

cos (60◦) =
AF

AC
=

1

2
. ✭✺✳✶✳✸✮

❆ s❡❣✉✐r tr♦❝❛✲s❡ AE ♣♦r AC − CE ❡ AF ♣♦r AB − BF ❡♠ ✭✺✳✶✳✷✮ ❡ ✭✺✳✶✳✸✮✿

AC − CE

AB
=

1

2
,

AB − BF

AC
=

1

2
.

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/qtzuhm7a
https://www.GeoGebra.org/m/g3zrpnfs
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❈♦❧♦❝❛♥❞♦ ❡♠ ❡✈✐❞ê♥❝✐❛ CE ❡ BF s❡❣✉❡ q✉❡✿

CE = AC − 1

2
AB,

BF = AB − 1

2
AC.

❉❛ ❞✐❢❡r❡♥ç❛ ❞❛s ❞✉❛s ❡q✉❛çõ❡s ❛♥t❡r✐♦r❡s ❝♦♥❝❧✉✐✲s❡ ❛ ✈❛❧✐❞❛❞❡ ❞❡ ✭✺✳✶✳✶✮✳ ❯♠❛ r❡s♦❧✉çã♦

❞❡st❡ ♣r♦❜❧❡♠❛ t❛♠❜é♠ ❡stá ❞✐s♣♦♥í✈❡❧ ❡♠ ✈í❞❡♦✳

✺✳✷ ❚r✐❣♦♥♦♠❡tr✐❛✱ tr✐â♥❣✉❧♦s ✐sós❝❡❧❡s ❡ r❡tâ♥❣✉❧♦s✳ P✸

◆❊ ■●❖ ✷✵✶✺✳

Pr♦❜❧❡♠❛ ✽✳ ◆❛ ❋✐❣✉r❛ ✺✳✷ s❛❜❡✲s❡ q✉❡ AB = CD ❡ BC = 2AD✳ Pr♦✈❛r q✉❡ ∠BAD = 30◦.

❋✐❣✉r❛ ✺✳✷✿ ■❧✉str❛çã♦ ❞♦ Pr♦❜❧❡♠❛ ✽✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

Pr♦❜❧❡♠❛ 3 ✭◆í✈❡❧ ❊❧❡♠❡♥t❛❧✮ ❞❛ 2a ❖❧✐♠♣í❛❞❛ ■r❛♥✐❛♥❛ ❞❡ ●❡♦♠❡tr✐❛ ✭■●❖✱ ■r❛♥✐❛♥

●❡♦♠❡tr② ❖❧②♠♣✐❛❞✮ ❞❡ 2015✱ ♣r♦♣♦st♦ ♣♦r ▼♦rt❡③❛ ❙❛❣❤❛✜❛♥✳ ❆ s❡❣✉✐r sã♦ ❛♣r❡s❡♥t❛❞❛s

❞✉❛s r❡s♦❧✉çõ❡s✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.youtube.com/watch?v=4Tar1BnyaBc&list=PL8v7luSb9qi6tg7XIcqfG_hT-qU-r4qS_&index=52
https://www.geogebra.org/m/tbmehb4b
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✺✳✷✳✶ ❘❡s♦❧✉çã♦✲✶ ❞♦ Pr♦❜❧❡♠❛ ✽

P❛rt✐♥❞♦ ❞♦ ♣♦♥t♦ D tr❛ç❛♠✲s❡ ❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛ BC ❡ AB. ❙❡❥❛♠ ♦s ♣♦♥t♦s E ❡ F

❛s ✐♥t❡rs❡çõ❡s✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ∠FBE = 90◦ ♦ q✉❛❞r✐❧át❡r♦ FBED é ✉♠ r❡tâ♥❣✉❧♦ ❡

FB = DE. ◆♦ △DCE t❡♠✲s❡✿

sen(30◦) =
1

2
=

DE

DC
.

▼❛s✱ ♣♦r ❤✐♣ót❡s❡✱ DC = AB✱ ❧♦❣♦ F é ♣♦♥t♦ ♠é❞✐♦ ❞❡ AB. ❈♦♠♦DF é ❛❧t✉r❛ ❡ ♠❡❞✐❛♥❛✱

♦ △DAB é ✐sós❝❡❧❡s ❞❡ ❜❛s❡ AB✳ ▲♦❣♦ AD = DB ❡ ∠DAB = ∠DBA. ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❞❡

BC = 2AD s❡❣✉❡✿
DB

BC
=

AD

BC
=

1

2
= sen(30◦).

■st♦ é✱ ♦ △BDC é r❡tâ♥❣✉❧♦ ❡♠ D ✭❞❡✈✐❞♦ à ▲❡✐ ❞♦s ❙❡♥♦s✮✳ P♦rt❛♥t♦✱ ∠DBC = 60◦ ❡

∠DBA = ∠BAD = 30◦. ❆ ❋✐❣✉r❛ ✺✳✸ ♠♦str❛ ❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡st❛

r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳

❋✐❣✉r❛ ✺✳✸✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ❘❡s♦❧✉çã♦✲✶ ❞♦ Pr♦❜❧❡♠❛ ✽✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

✺✳✷✳✷ ❘❡s♦❧✉çã♦✲✷ ❞♦ Pr♦❜❧❡♠❛ ✽

P❛rt✐♥❞♦ ❞♦ s❡❣♠❡♥t♦ CD é ❝♦♥str✉í❞♦ ✉♠ tr✐â♥❣✉❧♦ ❡q✉✐❧át❡r♦ DCP ✳ ❙♦♠❛♥❞♦ ♦s

â♥❣✉❧♦s BCD ❡ DCP s❡❣✉❡ q✉❡✿ ∠BCP = 90◦. ❖ q✉❛❞r✐❧át❡r♦ ABCP é ✉♠ r❡tâ♥❣✉❧♦ ❝♦♠

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/tbmehb4b
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AB = CP = DC. ❚❡♠✲s❡✿

∠APD = ∠APC − ∠DPC = 90◦ − 60◦ = 30◦ = ∠BCD.

❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ AP = BC ❡ PD = CD. P❡❧♦ ❝r✐tér✐♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛ ▲❆▲ s❡❣✉❡△APD ≡
△BCD. ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ AD = BD, ♦ △DAB é ✐sós❝❡❧❡s ❞❡ ❜❛s❡ AB ❡ ∠DAB = ∠DBA.

◆♦t❛✲s❡ ❛✐♥❞❛ q✉❡ BC = 2AD✱ ❧♦❣♦✿

DB

BC
=

AD

BC
=

1

2
= sen(30◦).

■st♦ é✱ ♦ △BDC é r❡tâ♥❣✉❧♦ ❡♠ D ✭❞❡✈✐❞♦ à ▲❡✐ ❞♦s ❙❡♥♦s✮✳ ❈♦♥❝❧✉✐✲s❡ q✉❡ ∠DBC = 60◦

❡ ∠DBA = ∠BAD = 30◦. ❆ ❋✐❣✉r❛ ✺✳✹ ♠♦str❛ ❛ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡st❛

r❡s♦❧✉çã♦✳ ❯♠❛ ❞✐s❝✉ssã♦ ❞❡st❡ ♣r♦❜❧❡♠❛ t❛♠❜é♠ ❡stá ❞✐s♣♦♥í✈❡❧ ❡♠ ✈í❞❡♦✳

❋✐❣✉r❛ ✺✳✹✿ ❈♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ❘❡s♦❧✉çã♦✲✷ ❞♦ Pr♦❜❧❡♠❛ ✽✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.youtube.com/watch?v=KRBpoa5_xeY&list=PL8v7luSb9qi6tg7XIcqfG_hT-qU-r4qS_&index=85
https://www.geogebra.org/m/sqkdszga
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✺✳✸ ❚r✐❣♦♥♦♠❡tr✐❛ ❡ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❡♠ ✉♠ tr✐â♥❣✉❧♦

❛r❜✐trár✐♦✳ P✷ ■▼❖ ✶✾✼✹✳

Pr♦❜❧❡♠❛ ✾✳ ❙❡❥❛ ABC ✉♠ tr✐â♥❣✉❧♦ ❛r❜✐trár✐♦✳ Pr♦✈❛r q✉❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ D ♥♦ ❧❛❞♦ AB

t❛❧ q✉❡ CD é ❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❞❡ AD ❡ BD s❡✱ ❡ s♦♠❡♥t❡ s❡✱

√

sen
(

Â
)

sen
(

B̂
)

≤ sen

(

Ĉ

2

)

. ✭✺✳✸✳✶✮

❆ ■▼❖ ✶✾✼✹ ❢♦✐ r❡❛❧✐③❛❞❛ ♥❛ ❝✐❞❛❞❡ ❞❡ ❊r❢♦rt❡✱ ♥❛ ❆❧❡♠❛♥❤❛✳ ❖ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ❢♦✐

♣r♦♣♦st♦ ♣♦r ▼❛tt✐ ▲❡❤t✐♥❡♥ ❞❛ ❞❡❧❡❣❛çã♦ ❞❛ ❋✐♥❧â♥❞✐❛ ❬✸❪✳

✺✳✸✳✶ ❈❛s♦ ❞♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ♥♦ Pr♦❜❧❡♠❛ ✾✳

❆ ❋✐❣✉r❛ ✺✳✺ ♠♦str❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ △ABC é r❡tâ♥❣✉❧♦ ❡♠ C. ❙❛❜❡✲s❡ q✉❡ ❡①✐st❡♠ ❞♦✐s

♣♦♥t♦s D ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ r❡q✉❡r✐❞❛✿ D1 = H ❡stá ♥♦ ♣é ❞❛ ❛❧t✉r❛ ❡♠ r❡❧❛çã♦ ❛♦ ✈ért✐❝❡ C

❡ D2 = O ❡stá ♥♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ AB✳ ◆♦s ❞♦✐s ❝❛s♦s ✈❛❧❡✿

CD2

AD · BD
= 1. ✭✺✳✸✳✷✮

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ CD é ❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❞❡ AD ❡ BD✳ P❛r❛ D1 ❛ ❡q✉❛çã♦ ✭✺✳✸✳✷✮

é ✉♠❛ ❞❛s r❡❧❛çõ❡s ♠étr✐❝❛s ❞♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✱ ♦ q✉❛❞r❛❞♦ ❞❛ ❛❧t✉r❛ r❡❧❛t✐✈❛ ❛♦ ✈ért✐❝❡

❝♦♠ â♥❣✉❧♦ r❡t♦ é ♦ ♣r♦❞✉t♦ ❞❛s ♣r♦❥❡çõ❡s ♦rt♦❣♦♥❛✐s ❞♦s ❝❛t❡t♦s s♦❜r❡ ❛ ❤✐♣♦t❡♥✉s❛✳ P❛r❛ D2

✈❛❧❡ q✉❡ CO = AO = BO✱ ❛ ♠❡❞✐❛♥❛ r❡❧❛t✐✈❛ à ❤✐♣♦t❡♥✉s❛ ♠❡❞❡ ❛ ♠❡t❛❞❡ ❞❡st❛✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✺✳✺✿ ❊♠ ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❡①✐st❡♠ ❞♦✐s ♣♦♥t♦s ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ r❡q✉❡r✐❞❛✳
❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❈♦♠ Â = α✱ B̂ = β = 90◦ − α ❡ Ĉ
2
= 45◦ ❛ ❡q✉❛çã♦ ✭✺✳✸✳✶✮ tr❛♥s❢♦r♠❛✲s❡ ❡♠✿

√

sen (α) sen (90◦ − α) ≤ sen (45◦) ,

sen (α) cos (α) ≤ 1

2
. ✭✺✳✸✳✸✮

❯♠ ❢♦r♠❛ ❞❡ ♠♦str❛r q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✺✳✸✳✸✮ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ α é ♥♦t❛♥❞♦ q✉❡✿

sen (α) cos (α) ≤ 1

2
⇐⇒ sen (2α) = 2 sen (α) cos (α) ≤ 1,

♦ q✉❡ s❡♠♣r❡ é ✈❡r❞❛❞❡ ♣♦✐s ♦ ❝❛t❡t♦ ♦♣♦st♦ é s❡♠♣r❡ ♠❡♥♦r q✉❡ ❛ ❤✐♣♦t❡♥✉s❛✳

✺✳✸✳✷ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✾✳

❖ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦ ❞á ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠

♣♦♥t♦ D∗ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ r❡❢❡r✐❞❛ ❡♠ ✉♠ tr✐â♥❣✉❧♦ ❛r❜✐trár✐♦✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ r❡tâ♥✲

❣✉❧♦✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✻✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✺✳✻✿ ❚r✐â♥❣✉❧♦ ❝♦♠ ♣♦♥t♦ D q✉❡ s❛t✐s❢❛③ q✉❡ CD é ❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❞❡ AD ❡ BD✳
❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

■♥✐❝✐❛✲s❡ ❞❡✜♥✐♥❞♦ ✉♠❛ ❢✉♥çã♦ r❡❛❧ f ✱ ❝♦♠ ✈❛r✐á✈❡❧ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣♦s✐çõ❡s

♣♦ssí✈❡✐s ❞♦ ♣♦♥t♦ D ♥♦ ❧❛❞♦ AB✱ D ̸= A ❡ D ̸= A✱ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦✿

f (D) =
CD2

AD · BD
. ✭✺✳✸✳✹✮

❙❡❥❛♠ ♦s â♥❣✉❧♦s Â = α✱ B̂ = β✱ Ĉ = γ✱ ˆACD = γ1 ❡ ˆBCD = γ2✳ ❚❡♠✲s❡✿

γ = γ1 + γ2.

❆♣❧✐❝❛♥❞♦ ❛ ▲❡✐ ❞♦s ❙❡♥♦s ♥♦ tr✐â♥❣✉❧♦ DCA ❡♥❝♦♥tr❛✲s❡✿

CD

sen (α)
=

AD

sen (γ1)
,

CD

AD
=

sen (α)

sen (γ1)
. ✭✺✳✸✳✺✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ❛♣❧✐❝❛♥❞♦ ❛ ▲❡✐ ❞♦s ❙❡♥♦s ♥♦ tr✐â♥❣✉❧♦ DCB ❡♥❝♦♥tr❛✲s❡✿

CD

sen (β)
=

BD

sen (γ2)
,

CD

BD
=

sen (β)

sen (γ2)
. ✭✺✳✸✳✻✮

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❈❆P❮❚❯▲❖ ✺✳ P❘❖❇▲❊▼❆❙ ❉❊ ❖▲■▼P❮❆❉❆❙ ■◆❚❊❘◆❆❈■❖◆❆■❙ ✻✽

❈♦♠ ❛s ❡q✉❛çõ❡s ✭✺✳✸✳✺✮ ❡ ✭✺✳✸✳✻✮ r❡❡s❝r❡✈❡✲s❡ ✭✺✳✸✳✹✮ ❝♦♠♦✿

f (D) =
sen (α) sen (β)

sen (γ1) sen (γ2)
. ✭✺✳✸✳✼✮

▼♦✈✐♠❡♥t❛♥❞♦ ♦ ♣♦♥t♦ D ♥♦ ❧❛❞♦ AB ❞♦ tr✐â♥❣✉❧♦ ❛r❜✐trár✐♦ ABC ♠✉❞❛rã♦ γ1 ❡ γ2 ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ f (D)✳ ◗✉❡r✲s❡ ❡♥❝♦♥tr❛r ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✱ ♦ q✉❡ ♣❡r♠✐t✐rá

❞❡t❡r♠✐♥❛r ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ❞❛ ❡①✐stê♥❝✐❛ ❞♦ ♣♦♥t♦ D∗ q✉❡ s❛t✐s❢❛③ f (D∗) = 1✳

P❛r❛ ✐ss♦ s❡rá ♣r♦❝✉r❛❞❛ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ q✉❡ r❡❧❛❝✐♦♥❡ sen (γ1) sen (γ2) ❝♦♠ sen (γ)✳

❈♦♥✈é♠ ♥❡st❡ ♣♦♥t♦ ❧❡♠❜r❛r ❞❡ ❞✉❛s ✐❞❡♥t✐❞❛❞❡s tr✐❣♦♥♦♠étr✐❝❛s✿

cos (γ1 − γ2) = cos (γ1) cos (γ2) + sen (γ1) sen (γ2) , ✭✺✳✸✳✽✮

cos (γ1 + γ2) = cos (γ1) cos (γ2)− sen (γ1) sen (γ2) . ✭✺✳✸✳✾✮

❙✉❜tr❛✐♥❞♦ ✭✺✳✸✳✾✮ ❞❡ ✭✺✳✸✳✽✮ ❡♥❝♦♥tr❛✲s❡ q✉❡✿

sen (γ1) sen (γ2) =
1

2
[cos (γ1 − γ2)− cos (γ1 + γ2)] ,

sen (γ1) sen (γ2) =
1

2
[cos (γ1 − γ2)− cos (γ)] .

❈♦♠♦ cos (γ1 − γ2) ≤ 1✱ ✈❛❧❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ q✉❛♥❞♦ γ1 = γ2 =
γ

2
✱ s❡❣✉❡ q✉❡✿

sen (γ1) sen (γ2) ≤
1

2
[1− cos (γ)] . ✭✺✳✸✳✶✵✮

P❛rt✐♥❞♦ ❞❡ ✭✺✳✸✳✾✮ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r✿

cos
(γ

2
+

γ

2

)

= cos
(γ

2

)

cos
(γ

2

)

− sen
(γ

2

)

sen
(γ

2

)

,

cos (γ) = cos2
(γ

2

)

− sen2

(γ

2

)

,

cos (γ) = 1− 2 sen2

(γ

2

)

,

1

2
[1− cos (γ)] = sen2

(γ

2

)

. ✭✺✳✸✳✶✶✮

❙✉❜st✐t✉✐♥❞♦ ✭✺✳✸✳✶✶✮ ❡♠ ✭✺✳✸✳✶✵✮ ❡♥❝♦♥tr❛✲s❡✿

sen (γ1) sen (γ2) ≤ sen2

(γ

2

)

. ✭✺✳✸✳✶✷✮

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❆❣♦r❛ s✉❜st✐t✉✐♥❞♦ ✭✺✳✸✳✶✷✮ ❡♠ ✭✺✳✸✳✼✮ ❝❤❡❣❛✲s❡ ❛✿

f (D) =
sen (α) sen (β)

sen (γ1) sen (γ2)
≥ sen (α) sen (β)

sen2
(

γ

2

) .

■st♦ é✱ ❛ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦ f ♥ã♦ ♣♦❞❡ s❡r ♠❡♥♦r q✉❡ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❛❞♦ ♣♦r✿

sen (α) sen (β)

sen2
(

γ

2

) .

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

sen (γ1) sen (γ2)

t❡♥❞❡ ❛ ③❡r♦ ♣♦r ✈❛❧♦r❡s ♣♦s✐t✐✈♦s q✉❛♥❞♦ ♦ ♣♦♥t♦ D t❡♥❞❡ ❛♦ ♣♦♥t♦ A ♦✉ ❛♦ ♣♦♥t♦ B✱ t❡♠✲s❡

q✉❡ ❛ ❢✉♥çã♦ f é ✐❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ✈❛❧❡ q✉❡✿

sen (α) sen (β)

sen2
(

γ

2

) ≤ f (D) < ∞.

❈♦♠♦ ♣r♦❝✉r❛✲s❡ q✉❡ ♦ ✈❛❧♦r f (D∗) = 1 ❡st❡❥❛ ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✈❛❧♦ ❛❝✐♠❛ ❝♦♥❝❧✉✐✲s❡ q✉❡

✐st♦ é ♣♦ssí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
sen (α) sen (β)

sen2
(

γ

2

) ≤ 1,

√

sen (α) sen (β) ≤ sen
(γ

2

)

. ✭✺✳✸✳✶✸✮

◗✉❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r é s❛t✐s❢❡✐t❛ ❡①✐st❡♠ ❞✉❛s ♣♦s✐çõ❡s ❞♦ ♣♦♥t♦ D, ✉♠❛ ♣❡rt♦

❞❡ A ❡ ♦✉tr❛ ♣❡rt♦ ❞❡ B, t❛✐s q✉❡ f(D) = 1. ◆♦ ❝❛s♦ ❞❛ ✐❣✉❛❧❞❛❞❡✱ ♦s ❞♦✐s ♣♦♥t♦s D ❞❡❣❡♥❡r❛♠

❡♠ ✉♠✳

❈♦♠♦ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ é 180◦ ❡s❝r❡✈❡✲s❡ γ = 180◦ − α − β

❡♠ ✭✺✳✸✳✶✸✮✿

sen (α) sen (β) ≤ sen2

(

90◦ − α + β

2

)

,

sen (α) sen (β) ≤ cos2
(

α + β

2

)

. ✭✺✳✸✳✶✹✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✺✳✸✳✶✹✮ é ✉♠❛ ❢♦r♠❛ ❛❧t❡r♥❛t✐✈❛ ❞❡ ❡s❝r❡✈❡r ✭✺✳✸✳✶✮✳

✺✳✹ ❚r✐❣♦♥♦♠❡tr✐❛ ❡ s♦♠❛ ❞❡ ár❡❛s✳ P✶✷ ❙▲ ❞❛ ■▼❖ ✶✾✼✺✳

Pr♦❜❧❡♠❛ ✶✵✳ ❙❡❥❛♠ A = (1, 0) ❡ Mi ♣♦♥t♦s ♥♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡ ❞♦ ❝ír❝✉❧♦ tr✐❣♦♥♦♠étr✐❝♦

❞❡ ❝❡♥tr♦ O = (0, 0)✳ ❈♦♥s✐❞❡r❛r ♦s ❛r❝♦s AM1 = θ1✱ AM2 = θ2✱ AM3 = θ3✱· · · ✱ AMν = θν✱

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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t❛✐s q✉❡✿

θ1 < θ2 < θ3 < · · · < θν .

Pr♦✈❛r q✉❡✿

ν−1
∑

i=1

sen (2θi)−
ν−1
∑

i=1

sen (θi − θi+1) <
π

2
+

ν−1
∑

i=1

sen (θi + θi+1) . ✭✺✳✹✳✶✮

❆ ■▼❖ ✶✾✼✺ ❢♦✐ r❡❛❧✐③❛❞❛ ♥❛ ❝✐❞❛❞❡ ❞❡ ❇✉r❣❛s✱ ❇✉❧❣ár✐❛✳ ❖ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ❢♦✐ s❡❧❡❝✐♦♥❛❞♦

♣❛r❛ ❛ ❧✐st❛ ❝✉rt❛ ✭❙❤♦rt ▲✐st✱ ❙▲✮ ❞❛ ❝♦♠♣❡t✐çã♦ ❡ ♣r♦♣♦st♦ ♣❡❧❛ ❞❡❧❡❣❛çã♦ ❞❛ ●ré❝✐❛ ❬✸❪✳

✺✳✹✳✶ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✶✵✳

■♥✐❝✐❛❧♠❡♥t❡ r❡❡s❝r❡✈❡✲s❡ ✭✺✳✹✳✶✮ ❝♦♠♦✿

ν−1
∑

i=1

sen (2θi)−
ν−1
∑

i=1

sen (θi − θi+1)−
ν−1
∑

i=1

sen (θi + θi+1) <
π

2
,

ν−1
∑

i=1

[ sen (2θi)− sen (θi − θi+1)− sen (θi + θi+1)] <
π

2
. ✭✺✳✹✳✷✮

❈♦♥✈é♠ ♥❡st❡ ♣♦♥t♦ ❧❡♠❜r❛r ❞❡ ❞✉❛s ✐❞❡♥t✐❞❛❞❡s tr✐❣♦♥♦♠étr✐❝❛s✿

sen (θ + β) = sen (θ) cos (β) + sen (β) cos (θ) , ✭✺✳✹✳✸✮

sen (θ − β) = sen (θ) cos (β)− sen (β) cos (θ) . ✭✺✳✹✳✹✮

◗✉❛♥❞♦ θ = β ❡♠ ✭✺✳✹✳✸✮ t❡♠✲s❡✿

sen (2θ) = 2 sen (θ) cos (θ) ✭✺✳✹✳✺✮

❡ s♦♠❛♥❞♦ ✭✺✳✹✳✸✮ ❡ ✭✺✳✹✳✹✮ ❡♥❝♦♥tr❛✲s❡✿

sen (θ + β) + sen (θ − β) = 2 sen (θ) cos (β) . ✭✺✳✹✳✻✮

❯t✐❧✐③❛♥❞♦ ✭✺✳✹✳✺✮ ❡ ✭✺✳✹✳✻✮ ♣♦❞❡✲s❡ r❡❡s❝r❡✈❡r ♦ ✐♥t❡r✐♦r ❞♦ s♦♠❛tór✐♦ ❡♠ ✭✺✳✹✳✷✮✿

sen (2θi)− sen (θi − θi+1)− sen (θi + θi+1) = 2 sen (θi) cos (θi)− 2 sen (θi) cos (θi+1) ,

sen (2θi)− sen (θi − θi+1)− sen (θi + θi+1) = 2 sen (θi) [cos (θi)− cos (θi+1)] .

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳



❈❆P❮❚❯▲❖ ✺✳ P❘❖❇▲❊▼❆❙ ❉❊ ❖▲■▼P❮❆❉❆❙ ■◆❚❊❘◆❆❈■❖◆❆■❙ ✼✶

❙❡❣✉❡ q✉❡ ✭✺✳✹✳✷✮ tr❛♥s❢♦r♠❛✲s❡ ❡♠✿

ν−1
∑

i=1

sen (θi) [cos (θi)− cos (θi+1)] <
π

4
,

sen (θ1) [cos (θ1)− cos (θ2)] + · · ·+ sen (θν−1) [cos (θν−1)− cos (θv)] <
π

4
. ✭✺✳✹✳✼✮

❊①✐st❡ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ s✐♠♣❧❡s ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s s♦♠❛♥❞♦s ❞❛ ❢♦r♠❛✿

sen (θi) [cos (θi)− cos (θi+1)] .

❆ ❋✐❣✉r❛ ✺✳✼ ♠♦str❛ ♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡ ❞❡ ✉♠ ❝ír❝✉❧♦ tr✐❣♦♥♦♠étr✐❝♦ ✭raio = 1✮ ❡ três

♣♦♥t♦s ❣❡♥ér✐❝♦s s♦❜r❡ ♦ ❛r❝♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✿ Mi✱ Mi+1 ❡ Mi+2✳ ▲❡♠❜r❛✲s❡ q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱

t❡♠✲s❡✿ θi < θi+1 < θi+2✳

❋✐❣✉r❛ ✺✳✼✿ ■♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ sen (θi) [cos (θi)− cos (θi+1)] ♥❛ r❡s♦❧✉çã♦ ❞♦ Pr♦✲
❜❧❡♠❛ ✶✵✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

❙❡❥❛♠ ♦s ♣♦♥t♦s C✱ E ❡ H ♦s ♣és ❞❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛♦ ❡✐①♦ x ♣❛ss❛♥❞♦ ♣♦r Mi✱ Mi+1 ❡

Mi+2✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ ❙❡❥❛♠ ♦s ♣♦♥t♦s D✱ F ❡ I ♦s ♣és ❞❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛♦ ❡✐①♦ y ♣❛ss❛♥❞♦

♣♦r Mi✱ Mi+1 ❡ Mi+2✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ ❙❡❥❛ ♦ ♣♦♥t♦ G ❛ ✐♥t❡rs❡çã♦ ❞♦s s❡❣♠❡♥t♦s DMi ❡ EMi+1

❡ s❡❥❛ ♦ ♣♦♥t♦ J ❛ ✐♥t❡rs❡çã♦ ❞♦s s❡❣♠❡♥t♦s FMi+1 ❡ HMi+2✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳

https://www.geogebra.org/m/mqkxtrse
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◆♦t❛✲s❡ q✉❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♣♦♥t♦s Mi sã♦ (cos (θi) , sen (θi)) ❡ ♦s s❡❣♠❡♥t♦s EC✱

HE✱ MiC ❡ Mi+1E t❡♠ ❝♦♠♣r✐♠❡♥t♦s cos (θi) − cos (θi+1)✱ cos (θi+1) − cos (θi+2)✱ sen (θi) ❡

sen (θi+1)✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱ ❛s ár❡❛s ❞♦s r❡tâ♥❣✉❧♦s MiGEC ❡ Mi+1JHE sã♦✿

sen (θi) (cos (θi)− cos (θi+1)) ,

sen (θi+1) (cos (θi+1)− cos (θi+2)) ,

r❡s♣❡t✐✈❛♠❡♥t❡✳

❈♦♠♦ ❛ ár❡❛ ❞❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ r❡tâ♥❣✉❧♦s ✈✐③✐♥❤♦s é ③❡r♦✱ ❛s s♦♠❛s ❞❛s s✉❛s ár❡❛s é s❡♠✲

♣r❡ ✐♥❢❡r✐♦r ❛ ár❡❛ ❞❡ 1

4
❞❡ ❝ír❝✉❧♦ ✉♥✐tár✐♦✳ ❖✉ s❡❥❛✱ π

4
✳ ■st♦ é✱ ✈❛❧❡ ✭✺✳✹✳✼✮ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

✭✺✳✹✳✶✮✳

✺✳✺ ❉✐stâ♥❝✐❛ ❡♥tr❡ ♣♦♥t♦s ♥❛ s❡♠✐❝✐r❝✉♥❢❡rê♥❝✐❛ tr✐❣♦♥♦✲

♠étr✐❝❛✳ P✶✺ ❙▲ ❞❛ ■▼❖ ✶✾✼✺✳

Pr♦❜❧❡♠❛ ✶✶✳ ➱ ♣♦ssí✈❡❧ ❝♦❧♦❝❛r 1975 ♣♦♥t♦s ♥✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ 1 ❞❡ t❛❧ ❢♦r♠❛ q✉❡

❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s ✭♠❡❞✐❞❛ ♣❡❧❛ ❝♦r❞❛ q✉❡ ♦s ❝♦♥❡❝t❛✮ s❡❥❛ ✉♠ ♥ú♠❡r♦

r❛❝✐♦♥❛❧❄

❆ ■▼❖ ✶✾✼✺ ❢♦✐ r❡❛❧✐③❛❞❛ ♥❛ ❝✐❞❛❞❡ ❞❡ ❇✉r❣❛s✱ ❇✉❧❣ár✐❛✳ ❖ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ❢♦✐ s❡❧❡❝✐♦♥❛❞♦

♣❛r❛ ❛ ❧✐st❛ ❝✉rt❛ ✭❙❤♦rt ▲✐st✱ ❙▲✮ ❞❛ ❝♦♠♣❡t✐çã♦ ❡ ♣r♦♣♦st♦ ♣❡❧❛ ❞❡❧❡❣❛çã♦ ❞❛ ❛♥t✐❣❛ ❯♥✐ã♦

❙♦✈✐ét✐❝❛ ❬✸❪✳

✺✳✺✳✶ ❈♦♥s✐❞❡r❛çõ❡s ✐♥✐❝✐❛✐s s♦❜r❡ ♦ Pr♦❜❧❡♠❛ ✶✶✳

❆ ❋✐❣✉r❛ ✺✳✽ ♠♦str❛ ♦s ♣♦♥t♦s Ai ❡ Aj ❡♠ ✉♠❛ s❡♠✐❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ 1 ❡ ❝❡♥tr❛❞❛

❡♠ O = (0, 0)✳ ❖ s❡❣♠❡♥t♦ BA1 r❡♣r❡s❡♥t❛ ❛ ❤♦r✐③♦♥t❛❧✳ ❙❡❥❛♠ ♦s â♥❣✉❧♦s ∠AiOA1 = αi ❡

∠AjOA1 = αj✳ ❙✉♣♦♥❤❛✲s❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ αj > αi✳

▲ÓP❊❩ ▲■◆❆❘❊❙✱ ❏✳❀ ❇❘❯◆❖✲❆▲❋❖◆❙❖✱ ❆✳ ❚r✐❣♦♥♦♠❡tr✐❛✿ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s
❛té ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s P♦rt❛❧ ❞❡ ▲✐✈r♦s ❆❜❡rt♦s ❞❛ ❯❙P✱ P✐r❛ss✉♥✉♥❣❛✿ ❋❛❝✉❧❞❛❞❡ ❞❡
❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✻✵✻✴✾✼✽✻✺✽✼✵✷✸✸✺✾✳
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❋✐❣✉r❛ ✺✳✽✿ ❉✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ♠❡❞✐❞❛ ♣♦r ✉♠❛ ❝♦r❞❛ ♥❛ s❡♠✐❝✐r❝✉♥❢❡rê♥❝✐❛ tr✐❣♦♥♦✲
♠étr✐❝❛✱ q✉❡ t❡♠ r❛✐♦ ❞❡ ♠❡❞✐❞❛ 1✱ ♣❛r❛ r❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✶✶✳ ❱❡rsã♦ ✐♥t❡r❛t✐✈❛ ❛q✉✐✳

❋♦♥t❡✿ ❖s ❛✉t♦r❡s✳

Pr♦♣♦s✐çã♦ ✶✸✳ ❆ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s Ai ❡ Aj ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❝♦♠♦✿

d (Ai, Aj) = 2 sen

(

αj − αi

2

)

. ✭✺✳✺✳✶✮

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ OAi = OAj = 1 ♦ △AiOAj é ✐sós❝❡❧❡s ❞❡ ❜❛s❡ AiAj✳ ❙❡❣✉❡ q✉❡ ❛ ❛❧t✉r❛

OM t❛♠❜é♠ é ❜✐ss❡tr✐③ ❡ ♠❡❞✐❛♥❛✳ ▲♦❣♦✱

∠AiOM = ∠MOAj =
αj − αi

2
,

AiM = MAj =
d (Ai, Aj)

2
.

P❡❧♦ △OMAi✱ r❡tâ♥❣✉❧♦ ❡♠ M ✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ q✉❡✿

sen

(

αj − αi

2

)

=
d (Ai, Aj)

2
,

d (Ai, Aj) = 2 sen

(

αj − αi

2

)

.
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❩♦♦t❡❝♥✐❛ ❡ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❆❧✐♠❡♥t♦s✱ ✷✵✷✸✳ ✽✸ ♣✳ ■❙❇◆ ✾✼✽✲✻✺✲✽✼✵✷✸✲✸✺✲✾ ✭❡✲❜♦♦❦✮✳
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https://www.geogebra.org/m/aeyryx5x
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✺✳✺✳✷ ❘❡s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✶✶✳

❆ss✉♠❡✲s❡ q✉❡ ♦ ❝❡♥tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡stá ♥♦ ♣♦♥t♦ O = (0, 0) ❡ q✉❡ ♦s ♣♦♥t♦s

A1, A2, ..., A1975 sã♦ ❝♦❧♦❝❛❞♦s ♥❛ s❡♠✐❝✐r❝✉♥❢❡rê♥❝✐❛ s✉♣❡r✐♦r✳ ❉❡♥♦t❛♠✲s❡ ♦s â♥❣✉❧♦s ♣♦r

∠AiOA1 = αi ❝♦♠ 1 ≤ i ≤ 1975✱ α1 = 0 ❡ αi < αj ♣❛r❛ t♦❞♦ i < j✳

❯t✐❧✐③❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ♦ s❡♥♦ ❞❛ ❞✐❢❡r❡♥ç❛

sen(x− y) = sen (x) cos (y)− sen (y) cos (x) ,

♣♦❞❡✲s❡ ❡s❝r❡✈❡r ✭✺✳✺✳✶✮ ❝♦♠♦✿

d (Ai, Aj) = 2 sen
(αj

2

)

cos
(αi

2

)

− 2 sen
(αi

2

)

cos
(αj

2

)

. ✭✺✳✺✳✷✮

❆ ❞✐stâ♥❝✐❛ s❡rá ✉♠ ♥ú♠❡r♦ r❛❝✐♦♥❛❧ s❡ sen
(

αi

2

)

❡ cos
(

αi

2

)

sã♦ r❛❝✐♦♥❛✐s ♣❛r❛ t♦❞♦ 1 ≤
i ≤ 1975✳

▲❡♠❜r❛✲s❡ ❞❡ ♦✉tr❛s ❞✉❛s ✐❞❡♥t✐❞❛❞❡s tr✐❣♦♥♦♠étr✐❝❛s q✉❡ r❡❧❛❝✐♦♥❛♠ ❛s ❢✉♥çõ❡s s❡♥♦ ❡

❝♦ss❡♥♦ ❝♦♠ ❛ t❛♥❣❡♥t❡✿

sen(2x) =
2 tg (x)

tg2 (x) + 1
,

cos(2x) =
1− tg2 (x)

tg2 (x) + 1
.

◆♦t❛✲s❡ ❛❣♦r❛ q✉❡ é ♣♦ssí✈❡❧ ✐♥tr♦❞✉③✐r ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✿ t = tg(x)✳ ❈♦♠ ✐st♦✱

❞❛❞♦ t ∈ Q ❡①✐st❡ x ∈ R t❛❧ q✉❡ s❡❥❛♠ ✈á❧✐❞❛s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❛s ❡q✉❛çõ❡s ❛ s❡❣✉✐r✿

sen(x) =
2t

t2 + 1
,

cos(x) =
1− t2

t2 + 1
.

❱❡r✐✜❝❛✲s❡ q✉❡✿

−1 ≤ 2t

t2 + 1
≤ 1, ∀t ∈ [−∞,∞],

−1 ≤ 1− t2

t2 + 1
≤ 1, ∀t ∈ [−∞,∞].

▲♦❣♦✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ✈❛❧♦r❡s ❞❡ t r❛❝✐♦♥❛✐s✱ ❡ tã♦ ♣❡q✉❡♥♦s q✉❛♥t♦ s❡ q✉❡✐r❛✱

♣❛r❛ ♦s q✉❛✐s sen (x) ❡ cos (x) sã♦ ♥ú♠❡r♦s r❛❝✐♦♥❛✐s ❡ ♣♦r ✭✺✳✺✳✷✮ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s

Ai ❡ Aj s❡rá ✉♠ ♥ú♠❡r♦ r❛❝✐♦♥❛❧✳

❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ ✐♥s♣✐r❛❞♦s ♥❛ ❝♦♥str✉çã♦ ❞❡ t❡r♥♦s ♣✐t❛❣ór✐❝♦s✱ ♣♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ s❡
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t é r❛❝✐♦♥❛❧✱ ❡♥tã♦ ♦ tr✐â♥❣✉❧♦ ❞❡ ❧❛❞♦s

(

1,
2t

t2 + 1
,
1− t2

t2 + 1

)

é r❡tâ♥❣✉❧♦✳ ❚♦♠❛♥❞♦ t r❛❝✐♦♥❛❧ ❡ ♣❡q✉❡♥♦✱ ❡♥❝♦♥tr❛♠✲s❡ ❞✐✈❡rs♦s â♥❣✉❧♦s ♣❛r❛ ♦s q✉❛✐s s❡♥♦s

❡ ❝♦ss❡♥♦s sã♦ r❛❝✐♦♥❛✐s✳
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