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tr✐❣♦♥♦♠❡tr② ✇❛s ✉s❡❞ ✐♥ ❛♥t✐q✉✐t② ❛♥❞ ♣r❡s❡♥t s♦♠❡ s✐t✉❛t✐♦♥s ♣r♦❜❧❡♠s t❤❛t ❝❛♥ ❜❡
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AB
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AB
⌢

AB

B̂AC

BÂC

AB

C(O, r)

∆ABC

Ẑ

DN

Di

DH

DV

hi

hs

❙❡♠✐rr❡t❛ ❝♦♠ ♦r✐❣❡♠ ❡♠ A ♣❛ss❛♥❞♦ ♣♦r B✳

❘❡t❛ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦s ♣♦♥t♦s A ❡ B✳

❆r❝♦ ❞❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ♣❛ss❛♥❞♦ ♣❡❧♦s ♣♦♥t♦s A ❡

B✳

➶♥❣✉❧♦ ❝♦♠ ✈ért✐❝❡ ❡♠ A ❡ ❧❛❞♦s BA ❡ CA✳

▼❡❞✐❞❛ ❞♦ â♥❣✉❧♦ BÂC✳

▼❡❞✐❞❛ ❞♦ s❡❣♠❡♥t♦ AB✳

❈✐r❝✉♥❢❡rê♥❝✐❛ ❝♦♠ ❝❡♥tr♦ O ❡ r❛✐♦ r✳
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➶♥❣✉❧♦ ❩ê♥✐t❛❧✳

❉✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡❧✳
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✹✳✸ ◆✐✈❡❧❛♠❡♥t♦ ❚r✐❣♦♥♦♠étr✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✈✐✐



■♥tr♦❞✉çã♦

❊st❡ tr❛❜❛❧❤♦ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❛♣r❡s❡♥t❛r ❛♦ ❧❡✐t♦r✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦ ❛❧✉♥♦

❞❡ ❊♥s✐♥♦ ▼é❞✐♦✱ ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s ❞❛ tr✐❣♦♥♦♠❡tr✐❛✳ P❛r❛ t❛♥t♦✱ ❞✐✈✐❞✐♠♦s ♦ tr❛❜❛❧❤♦

❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✳

◆♦ ❝❛♣ít✉❧♦ ✶✱ ✐♥tr♦❞✉③✐♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ ●❡♦♠❡tr✐❛ ❊✉❝❧✐❞✐❛♥❛✱ ❛❧✲

❣✉♠❛s ♥♦t❛çõ❡s q✉❡ ✉s❛♠♦s ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦ ❡ t❛♠❜é♠ ❛♣r❡s❡♥t❛♠♦s

❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ●❡♦♠❡tr✐❛ ❊✉❝❧✐❞✐❛♥❛ q✉❡ ♥♦s s❡rã♦ út❡✐s ♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

◆♦ ❝❛♣ít✉❧♦ ✷✱ ❢❛❧❛♠♦s ✉♠ ♣♦✉❝♦ s♦❜r❡ ❛ ❤✐stór✐❛ ❞❛ tr✐❣♦♥♦♠❡tr✐❛ ❡ ♦ s✉r❣✐♠❡♥t♦ ❞❡

❛❧❣✉♥s t❡r♠♦s ❞❛ tr✐❣♦♥♦♠❡tr✐❛✳ ❉❡♠♦♥str❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱ ❛♣r❡s❡♥t❛♠♦s

♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ tr✐❣♦♥♦♠❡tr✐❛ ♥♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❡ ♥❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✳

◆♦ ❝❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ❛ ▲❡✐ ❞♦s ❙❡♥♦s ❡ ❛ ▲❡✐ ❞♦s ❈♦ss❡♥♦s✱ ❝♦♠ s✉❛s r❡s♣❡❝t✐✈❛s

❞❡♠♦♥str❛çõ❡s✳

◆♦ ❝❛♣ít✉❧♦ ✹✱ ❛❜♦r❞❛♠♦s ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❞❛ tr✐❣♦♥♦♠❡tr✐❛✱ ❛❧❣✉♠❛s ❡❧❡♠❡♥t❛r❡s✱

♦✉tr❛s ♥❡♠ t❛♥t♦✳ ❋❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❛❜♦r❞❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛ tr✐❣♦♥♦♠❡tr✐❛ ♥❛

❛♥t✐❣✉✐❞❛❞❡✱ ♦♥❞❡ ❢♦✐ ✉s❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ r❛✐♦ ❞❛ t❡rr❛✱ ❡ ❛s ❛t✉❛✐s✱ ❛♣❧✐❝❛çã♦ ♥❛

ár❡❛ ❞❡ ♥✐✈❡❧❛♠❡♥t♦ t♦♣♦❣r❛✜❝♦✳

✶



❈❛♣ít✉❧♦ ✶

❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞❡ ●❡♦♠❡tr✐❛

❊✉❝❧✐❞✐❛♥❛✱ q✉❡ s❡rã♦ út❡✐s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✳ ❊♠ ❣❡r❛❧ ♥ã♦ ❛♣r❡s❡♥✲

t❛♠♦s ❛s ❞❡♠♦♥str❛çõ❡s ❞❡st❡s r❡s✉❧t❛❞♦s✱ ♣♦ré♠ ♦ ❧❡✐t♦r ♣♦❞❡rá ❡♥❝♦♥trá✲❧❛s ❡♠ ❬✺❪✳

❊s♣❡r❛♠♦s q✉❡ ♦ ❧❡✐t♦r ❞♦♠✐♥❡ tó♣✐❝♦s ❜ás✐❝♦s ❞❛ ●❡♦♠❡tr✐❛ ❊✉❝❧✐❞✐❛♥❛ t❛✐s ❝♦♠♦✿

s❡❣♠❡♥t♦ ❞❡ r❡t❛s✱ ♠❡❞✐❞❛s ❞❡ s❡❣♠❡♥t♦s✱ s❡♠✐rr❡t❛s✱ tr✐â♥❣✉❧♦s✱ ❝♦♥❣r✉ê♥❝✐❛ ❡ s❡♠❡✲

❧❤❛♥ç❛ ❞❡ tr✐â♥❣✉❧♦s✱ ❝✐r❝✉♥❢❡rê♥❝✐❛s✱ q✉❛❞r❛❞♦s✱ ❡t❝✳

❖❜s❡r✈❛♠♦s q✉❡ ❛s ♥♦t❛çõ❡s ❛q✉✐ ✉s❛❞❛s sã♦ ❛s ❝❧áss✐❝❛s ❡ ❡♥❝♦♥tr❛❞❛s ♥❛ ♠❛✐♦r✐❛

❞♦s ❧✐✈r♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ●❡♦♠❡tr✐❛ ❊✉❝❧✐❞✐❛♥❛✳ ❈❛s♦ ♦ ❧❡✐t♦r t❡♥❤❛ ❞ú✈✐❞❛s q✉❛♥t♦ ❛

✐ss♦✱ ❜❛st❛ ❝♦♥s✉❧t❛r ♦ ❮♥❞✐❝❡ ❞❡ ◆♦t❛çã♦ ♥♦ ✐♥í❝✐♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

✶✳✶ ➶♥❣✉❧♦s

❖ ♣r✐♥❝✐♣❛❧ ✧♦❜❥❡t♦✧❞❡ ❡st✉❞♦ ❞❡ss❡ tr❛❜❛❧❤♦ é ♦ â♥❣✉❧♦✳ P❛r❛ ❞❡✜♥í✲❧♦✱ ♣r❡❝✐s❛♠♦s

❞♦ ❝♦♥❝❡✐t♦ ❞❡ r❡❣✐ã♦ ❝♦♥✈❡①❛ ❛♣r❡s❡♥t❛❞♦ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✶✳✶ ❯♠❛ r❡❣✐ã♦ R ❞♦ ♣❧❛♥♦ é ❞✐t❛ ❝♦♥✈❡①❛ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s

A,B ∈ R✱ t✐✈❡r♠♦s ♦ s❡❣♠❡♥t♦ AB ❝♦♥t✐❞♦ ❡♠ R✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞✐r❡♠♦s q✉❡ R é ✉♠❛

r❡❣✐ã♦ ♥ã♦ ❝♦♥✈❡①❛✳

✷



❆ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ❞✐③ q✉❡✱ ♣❛r❛ ✉♠❛ r❡❣✐ã♦ R s❡r ♥ã♦ ❝♦♥✈❡①❛ ❜❛st❛ q✉❡ ❡①✐st❛♠

♣♦♥t♦s A,B ∈ R t❛✐s q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ ❞♦ s❡❣♠❡♥t♦ AB ♥ã♦ ♣❡rt❡♥ç❛ ❛ R✳

❋✐❣✉r❛ ✶✳✶✿ ❘❡❣✐ã♦ ❝♦♥✈❡①❛ ✭❡sq✳✮ ❡ r❡❣✐ã♦ ♥ã♦ ❝♦♥✈❡①❛ ✭❞✐r✳✮

❉❡✜♥✐çã♦ ✶✳✷ ❉❛❞❛s ♥✉♠ ♣❧❛♥♦ ❞✉❛s s❡♠✐rr❡t❛s
−→
OA ❡

−−→
OB✱ ♥✉♠ ♠❡s♠♦ ♣❧❛♥♦✱ ✉♠

â♥❣✉❧♦ ✭♦✉ r❡❣✐ã♦ ❛♥❣✉❧❛r✮ ❞❡ ✈ért✐❝❡ O ❡ ❧❛❞♦s
−→
OA ❡

−−→
OB✱ é ✉♠❛ ❞❛s ❞✉❛s r❡❣✐õ❡s ❞♦

♣❧❛♥♦ ❧✐♠✐t❛❞❛s ♣❡❧❛s s❡♠✐rr❡t❛s
−→
OA ❡

−−→
OB✳

❋✐❣✉r❛ ✶✳✷✿ ❘❡❣✐ã♦ ❛♥❣✉❧❛r ♥♦ ♣❧❛♥♦

❯♠ â♥❣✉❧♦ ♣♦❞❡ s❡r ❝♦♥✈❡①♦ ♦✉ ♥ã♦ ❝♦♥✈❡①♦✳ ❉❡♥♦t❛♠♦s ✉♠ â♥❣✉❧♦ ❞❡ ❧❛❞♦s
−→
OA ❡

−−→
OB ♣♦r ÂOB✳ ❖ ❝♦♥t❡①t♦ ❞❡✐①❛rá ❝❧❛r♦ s❡ ❡st❛♠♦s ♥♦s r❡❢❡r✐♥❞♦ ❛♦ â♥❣✉❧♦ ❝♦♥✈❡①♦ ♦✉

❛♦ ♥ã♦ ❝♦♥✈❡①♦✳

P♦❞❡♠♦s ❛ss♦❝✐❛r ❛ t♦❞♦ â♥❣✉❧♦ ✉♠❛ ♠❡❞✐❞❛ ❞❛ r❡❣✐ã♦ ❞♦ ♣❧❛♥♦ q✉❡ ❡❧❡ ♦❝✉♣❛✳ P❛r❛

✐ss♦✱ ❞✐✈✐❞✐♠♦s ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ Π✱ ❞❡ ❝❡♥tr♦ O✱ ❡♠ 360 ❛r❝♦s ❝♦♥❣r✉❡♥t❡s ❡ ❝♦♥s✐❞❡✲

r❛♠♦s ♣♦♥t♦s A ❡ B✱ ❡①tr❡♠♦s ❞❡ ✉♠ ❞❡ss❡s ✸✻✵ ❛r❝♦s✳ ❉✐③❡♠♦s q✉❡ ❛ ♠❡❞✐❞❛ ❞♦ â♥❣✉❧♦

ÂOB é ✶ ❣r❛✉✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r 1♦✳ P❛r❛ ✐♥❞✐❝❛r q✉❡ ♦ â♥❣✉❧♦ ÂOB ♠❡❞❡ 1♦✱ ❡s❝r❡✈❡♠♦s

AÔB = 1♦✭✈❡r ✜❣✉r❛ ✶✳✸✮✳

❆ ❞❡✜♥✐çã♦ ❞❡ ❣r❛✉ ❞❛❞❛ ❛❝✐♠❛ ❛♣r❡s❡♥t❛ ✉♠❛ ❝❡rt❛ ✐♥❝♦♥s✐stê♥❝✐❛✳ ❈♦♠♦ ♣♦❞❡✲

♠♦s ❣❛r❛♥t✐r q✉❡ ❡❧❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡s❝♦❧❤✐❞❛❄ ❉❡ ♦✉tr♦ ♠♦❞♦✱ ❝♦♠♦

✸



❋✐❣✉r❛ ✶✳✸✿ ˆAOB = 1♦

♣♦❞❡♠♦s s❛❜❡r s❡✱ ❞✐✈✐❞✐♥❞♦ ♦✉tr❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ Σ✱ ❞❡ ❝❡♥tr♦ O✱ ❡♠ ✸✻✵ ♣❛rt❡s ✐❣✉❛✐s✱

♦❜t❡♠♦s ✉♠ â♥❣✉❧♦ Â′OB′ ♦ q✉❛❧ ♣♦❞❡♠♦s ❞✐③❡r t❛♠❜é♠ ♠❡❞✐r 1♦❄ P❛r❛ r❡s♣♦♥❞❡r ❡ss❛

♣❡r❣✉♥t❛✱ ❝♦♥s✐❞❡r❛♠♦s ❞✉❛s ❝✐r❝✉♥❢❡rê♥❝✐❛ Σ ❡ Π✱ ❞❡ ♠❡s♠♦ ❝❡♥tr♦ O✱ ❝♦♠♦ ♦s ♣♦♥t♦s

A,B ∈ Π ✭✈❡❥❛ ✜❣✉r❛ ✶✳✹✮✳ ❙❡❥❛♠ A′ ❡ B′ ♦s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s s❡♠✐rr❡t❛
−→
OA

❡
−−→
OB ❝♦♠ Σ✳ ❱❛♠♦s ❛ss✉♠✐r ❝♦♠♦ ❛①✐♦♠❛✱ q✉❡ ❛ ❢r❛çã♦ ❞❡ Π q✉❡ ♦ ❛r❝♦ ♠❡♥♦r

⌢

AB

r❡♣r❡s❡♥t❛ é ✐❣✉❛❧ ❛ ❢r❛çã♦ ❞❡ Σ✱ q✉❡ ♦ ♠❡♥♦r ❛r❝♦
⌢

A′B′ r❡♣r❡s❡♥t❛✳ P♦rt❛♥t♦✱ s❡✱ ♥❛

❞❡✜♥✐çã♦ ❞❡ ❣r❛✉✱ t✐✈éss❡♠♦s t♦♠❛❞♦ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ Σ ❞❡ r❛✐♦ ❞✐❢❡r❡♥t❡ ❞♦ r❛✐♦ ❞❡

Π✱ ♠❛s ❝♦♠ ♠❡s♠♦ ❝❡♥tr♦ O✱ t❡r❡♠♦s ✉♠ ♠❡s♠♦ â♥❣✉❧♦ r❡♣r❡s❡♥t❛♥❞♦ ❛ ♠❡❞✐❞❛ ❞❡ 1♦✳

❋✐❣✉r❛ ✶✳✹✿ ➶♥❣✉❧♦

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❣r❛✉✱ é ó❜✈✐♦ q✉❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✸✻✵♦✳ P♦r ♦✉tr♦

❧❛❞♦✱ ❞❛❞♦ ✉♠ â♥❣✉❧♦ ÂOB✱ ❝♦♠♦ ♣♦❞❡♠♦s ♠❡❞✐✲❧♦❄ P❛r❛ r❡s♣♦♥❞❡r ❡ss❛ ♣❡r❣✉♥t❛✱

❢❛③❡♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥str✉çã♦✿ tr❛ç❛♠♦s ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ q✉❛❧q✉❡r Π✱ ❞❡ ❝❡♥tr♦ O✱

❡ ♠❛r❝❛♠♦s ♦s ♣♦♥t♦s A′ ❡ B′ ❡♠ q✉❡ Π ✐♥t❡rs❡❝t❛ ♦s ❧❛❞♦s
−→
OA ❡

−−→
OB ❞❡ ÂOB✳ ❊♠

s❡❣✉✐❞❛✱ ✈❡♠♦s q✉❛❧ ❢r❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ t♦t❛❧ ❞❡ Π ♦ ❛r❝♦
⌢

A′B′ r❡♣r❡s❡♥t❛✳ ❆ ♠❡❞✐❞❛

✹



AÔB ❞♦ â♥❣✉❧♦ ÂOB s❡rá ❡ss❛ ❢r❛çã♦ ❞❡ 360♦✳ P♦r ❡①❡♠♣❧♦✱ s❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❛r❝♦
⌢

A′B′ ❢♦r
1

6
❞♦ ❝♦♠♣r✐♠❡♥t♦ t♦t❛❧ ❞❡ Π✱ ❡♥tã♦ ❛ ♠❡❞✐❞❛ ❞❡ ÂOB s❡rá

AÔB =
1

6
.360♦ = 60♦✳

❖❜s❡r✈❛çã♦ ✶✳✸

✐✳ ❉✐r❡♠♦s q✉❡ ❞♦✐s â♥❣✉❧♦s sã♦ ❝♦♥❣r✉❡♥t❡s s❡ s✉❛s ♠❡❞✐❞❛s ❢♦r❡♠ ✐❣✉❛✐s✳

✐✐✳ ▼✉✐t❛s ✈❡③❡s ✉s❛♠♦s✱ ♣♦r ❡❝♦♥♦♠✐❛ ❞❡ ♥♦t❛çã♦✱ ❧❡tr❛s ❣r❡❣❛s ♠✐♥ús❝✉❧❛s ♣❛r❛ ❞❡♥♦t❛r

♠❡❞✐❞❛s ❞❡ â♥❣✉❧♦s✳ P♦r ❡①❡♠♣❧♦✱ ❡s❝r❡✈❡♠♦s AÔB = θ ♣❛r❛ ❞✐③❡r q✉❡ ❛ ♠❡❞✐❞❛ ❞♦

â♥❣✉❧♦ ÂOB é θ ❣r❛✉s✳

✐✐✐✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❛ ♥♦t❛çã♦ AÔB ❞❡♥♦t❛ t❛♥t♦ ♦ â♥❣✉❧♦ ÂOB✱ ❝♦♠♦ s✉❛ ♠❡❞✐❞❛✳

❖ ❝♦♥t❡①t♦ ❞❡✐①❛rá ❝❧❛r♦ ❞❡ q✉❛❧ ❡st❛♠♦s ❢❛❧❛♥❞♦✳

❖❜s❡r✈❛♠♦s q✉❡ t♦❞♦ ❞✐â♠❡tr♦ ❞❡ ✉♠❛ ❝✐r✉♥❢❡rê♥❝✐❛ ❛ ❞✐✈✐❞❡ ❡♠ ❞✉❛s ♣❛rt❡s ❞❡

♠❡s♠❛ ♠❡❞✐❞❛✳ ❆ss✐♠✱ s❡ t✐✈❡r♠♦s ✉♠ â♥❣✉❧♦ AÔB t❛❧ q✉❡
−→
OA ❡

−−→
OB s❡❥❛♠ s❡♠✐rr❡t❛s

♦♣♦st❛s✱ ❡♥tã♦ AÔB = 180♦✳ ❚❛❧ â♥❣✉❧♦ é ❝❤❛♠❛❞♦ ❞❡ â♥❣✉❧♦ r❛s♦✳

❘❛r❛s ✈❡③❡s ✉t✐❧✐③❛♠♦s â♥❣✉❧♦s ♠❛✐♦r❡s q✉❡ 180♦✳ P♦r ✐ss♦✱ q✉❛♥❞♦ A ❡ B ❝♦✐♥❝✐❞❡♠✱

❞✐❣❛♠♦s q✉❡ ♦ â♥❣✉❧♦ AÔB ♠❡❞❡ 0♦✳ ❚❛❧ â♥❣✉❧♦ é ❝❤❛♠❛❞♦ ❞❡ â♥❣✉❧♦ ♥✉❧♦✳ ❆ss✐♠✱

♥♦ q✉❡ s❡❣✉❡✱ q✉❛♥❞♦ ❡s❝r❡✈❡r♠♦s AÔB ❡st❛♠♦s ♥♦s r❡❢❡r✐♥❞♦✱ ❛♦ â♥❣✉❧♦ AÔB t❛❧ q✉❡

0♦ ≤ AÔB ≤ 180♦✳ ❉✐r❡♠♦s q✉❡ ✉♠ â♥❣✉❧♦ AÔB é ❛❣✉❞♦ q✉❛♥❞♦ 0♦ < AÔB < 90♦✱

r❡t♦ q✉❛♥❞♦ AÔB = 90♦ ❡ ♦❜t✉s♦ q✉❛♥❞♦ 90♦ < AÔB < 180♦✳

❋✐❣✉r❛ ✶✳✺✿ ➶♥❣✉❧♦ ❛❣✉❞♦ ✭❡sq✳✮✱ â♥❣✉❧♦ ♦❜t✉s♦ ✭❝❡♥tr❛❧✮✱ â♥❣✉❧♦ r❡t♦ ✭❞✐r✳✮

❉✐③❡♠♦s q✉❡ ❞♦✐s â♥❣✉❧♦s sã♦ ❝♦♠♣❧❡♠❡♥t❛r❡s s❡ ❛ s♦♠❛ ❞❡ s✉❛s ♠❡❞✐❞❛s é 90♦✳

◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ✉♠ â♥❣✉❧♦ é ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞♦ ♦✉tr♦✳ ❚❛♠❜é♠ ❞✐r❡♠♦s q✉❡

✺



❞♦✐s â♥❣✉❧♦s sã♦ s✉♣❧❡♠❡♥t❛r❡s s❡ ❛ s♦♠❛ ❞❡ s✉❛s ♠❡❞✐❞❛s é 180♦✳ ◆❡ss❡ ❝❛s♦✱ ❞✐r❡♠♦s

q✉❡ ✉♠ â♥❣✉❧♦ é ♦ s✉♣❧❡♠❡♥t♦ ❞♦ ♦✉tr♦✳

❆ss✐♠ ❝♦♠♦ ♦ ♠❡tr♦ t❡♠ s✉❜♠❡❞✐❞❛s✱ ♦ ❣r❛✉ t❛♠❜é♠ t❡♠ s✉❜♠❡❞✐❞❛s✿ ♦ ♠✐♥✉t♦ ❡

♦ s❡❣✉♥❞♦✳ ❯♠ ♠✐♥✉t♦✱ ❞❡♥♦t❛❞♦ ♣♦r 1′✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ s❡①❛❣és✐♠❛ ♣❛rt❡ ❞❡ 1♦✱ ✐st♦

é✱ 1′ =
1

60
.1♦ ❡ ✉♠ s❡❣✉♥❞♦✱ ❞❡♥♦t❛❞♦ ♣♦r 1′′✱ é ✐❣✉❛❧ ❛ s❡①❛❣és✐♠❛ ♣❛rt❡ ❞❡ 1′✱ ✐st♦ é✱

1′′ =
1

60
.1′✳

✶✳✷ ❚r✐â♥❣✉❧♦s ❡ ❈✐r❝✉♥❢❡rê♥❝✐❛s

▲❡♠❜r❛♠♦s q✉❡ três ♣♦♥t♦s ♥ã♦ ❝♦❧✐♥❡❛r❡s A✱ B ❡ C✱ ❞❡✜♥❡♠ ✉♠ tr✐â♥❣✉❧♦ q✉❡

❞❡♥♦t❛♠♦s ♣♦r ∆ABC ♦✉ ABC✳

◆✉♠ tr✐â♥❣✉❧♦ ABC✱ ♦s s❡❣♠❡♥t♦s AB✱ AC ❡ BC sã♦ ♦s ❧❛❞♦s ❞♦ tr✐â♥❣✉❧♦✱ ❡ ❞❡♥♦✲

t❛♠♦s AB = c✱ AC = b ❡ BC = a✳

◆✉♠ tr✐â♥❣✉❧♦ ABC✱ ♦s â♥❣✉❧♦s ❝♦♥✈❡①♦s AB̂C✱ BÂC ❡ AĈB sã♦ ❝❤❛♠❛❞♦s ✐♥t❡r♥♦s✳

❖s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ sã♦ ❞❡♥♦t❛❞♦s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ Â = B̂AC✱

B̂ = ÂBC ❡ Ĉ = ÂCB✳

❚❡♦r❡♠❛ ✶✳✹ ❆ s♦♠❛ ❞❛s ♠❡❞✐❞❛s ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ é 180♦✳

❖s tr✐â♥❣✉❧♦s ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s ❞❡ ❞✉❛s ♠❛♥❡✐r❛s ❜ás✐❝❛s✿ ❡♠ r❡❧❛çã♦ ❛♦s ❝♦♠✲

♣r✐♠❡♥t♦s ❞❡ s❡✉s ❧❛❞♦s ♦✉ ❡♠ r❡❧❛çã♦ às ♠❡❞✐❞❛s ❞❡ s❡✉s â♥❣✉❧♦s✳ ◗✉❛♥t♦ ❛ ♠❡❞✐❞❛ ❞♦s

❧❛❞♦s✱ t❡♠♦s✿

❉❡✜♥✐çã♦ ✶✳✺ ❯♠ tr✐â♥❣✉❧♦ ❆❇❈ é ❞❡♥♦♠✐♥❛❞♦✿

✭❛✮ ❊q✉✐❧át❡r♦✱ s❡ s❡✉s três ❧❛❞♦s ❢♦r❡♠ ❝♦♥❣r✉❡♥t❡s✳

✭❜✮ ■sós❝❡❧❡s✱ s❡ ❛♦ ♠❡♥♦s ❞♦✐s ❞❡ s❡✉s ❧❛❞♦s ❢♦r❡♠ ❝♦♥❣r✉❡♥t❡s✳

✭❝✮ ❊s❝❛❧❡♥♦✱ s❡ ♥ã♦ ❤á ❧❛❞♦s ❝♦♥❣r✉❡♥t❡s ❡♥tr❡ s✐✳

❆❣♦r❛ ✈❛♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s tr✐â♥❣✉❧♦s q✉❛♥t♦ ❛♦s s❡✉s â♥❣✉❧♦s✳

✻



❉❡✜♥✐çã♦ ✶✳✻ ❯♠ tr✐â♥❣✉❧♦ ❆❇❈ é ❞❡♥♦♠✐♥❛❞♦✿

✭❛✮ ❆❝✉tâ♥❣✉❧♦✱ q✉❛♥❞♦ ♦s três â♥❣✉❧♦s ✐♥t❡r♥♦s sã♦ ♠❡♥♦r❡s q✉❡ 90♦✱ ♦✉ s❡❥❛✱ ♦s três

â♥❣✉❧♦s ✐♥t❡r♥♦s sã♦ ❛❣✉❞♦s✳

✭❜✮ ❖❜t✉sâ♥❣✉❧♦✱ q✉❛♥❞♦ ❛♣r❡s❡♥t❛ ✉♠ â♥❣✉❧♦ ✐♥t❡r♥♦ ♠❛✐♦r q✉❡ 90♦✱ ♦✉ s❡❥❛✱ q✉❡ ♣♦ss✉✐

✉♠ â♥❣✉❧♦ ♦❜t✉s♦✳

✭❝✮ ❘❡tâ♥❣✉❧♦✱ q✉❛♥❞♦ ❛♣r❡s❡♥t❛ ✉♠ â♥❣✉❧♦ ✐♥t❡r♥♦ r❡t♦✱ ♦✉ s❡❥❛✱ q✉❡ ♣♦ss✉✐ ✉♠ â♥❣✉❧♦

♠❡❞✐♥❞♦ 90♦✳

❆ s❡❣✉✐r ❞❡✜♥✐♠♦s três ❡❧❡♠❡♥t♦s ✐♠♣♦rt❛♥t❡s ❞❡ ✉♠ tr✐â♥❣✉❧♦s✳

❉❡✜♥✐çã♦ ✶✳✼ ❙❡❥❛ ABC ✉♠ tr✐â♥❣✉❧♦ ❡ D ✉♠ ♣♦♥t♦ ❞❛ r❡t❛
←→
BC✳

✭❛✮ ❙❡ D ❢♦r ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ BC✱ AD é ❝❤❛♠❛❞♦ ❞❡ ♠❡❞✐❛♥❛ ❞♦ tr✐â♥❣✉❧♦

ABC r❡❧❛t✐✈❛ ❛♦ ❧❛❞♦ BC ✭♦✉ ❛♦ ✈ért✐❝❡ A✮✳

✭❜✮ ❙❡ D é ✉♠ ♣♦♥t♦ t❛❧ q✉❡
−−→
AD ❞✐✈✐❞❡ ♦ â♥❣✉❧♦ CÂB ❡♠ ❞♦✐s â♥❣✉❧♦s ❞❡ ♠❡s♠❛ ♠❡❞✐❞❛✱

❞✐③❡♠♦s q✉❡ AD é ❛ ❜✐ss❡tr✐③ ❞♦ â♥❣✉❧♦ Â✳

✭❝✮ ❙❡ D é ✉♠ ♣♦♥t♦✱ t❛❧ q✉❡
←→
AD é ♣❡r♣❡♥❞✐❝✉❧❛r ❛ r❡t❛

←→
BC✱ ❞✐③❡♠♦s q✉❡ AD é ❛ ❛❧t✉r❛

❞♦ tr✐â♥❣✉❧♦ r❡❧❛t✐✈❛ ❛♦ ❧❛❞♦ BC ✭♦✉ ✈ért✐❝❡ A✮✳

❚❡♦r❡♠❛ ✶✳✽ ❊♠ ✉♠ tr✐â♥❣✉❧♦ ❡q✉✐❧át❡r♦✱ ❛ ❜✐ss❡tr✐③✱ ❛ ♠❡❞✐❛♥❛ ❡ ❛ ❛❧t✉r❛ r❡❧❛t✐✈❛ ❛

✉♠ ♠❡s♠♦ â♥❣✉❧♦ ❝♦✐♥❝✐❞❡♠✳

❚❡♦r❡♠❛ ✶✳✾ ❖s três â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ✐q✉✐❧át❡r♦ sã♦ ❝♦♥❣r✉❡♥t❡s ❡ ❝❛❞❛

✉♠ ♠❡❞❡ 60♦✳

❉❡✜♥✐çã♦ ✶✳✶✵ ❉✐③❡♠♦s q✉❡ ❞♦✐s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❉❊❋ sã♦ s❡♠❡❧❤❛♥t❡s s❡ ❡①✐st❡ ✉♠❛

❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ✈ért✐❝❡s✱ t❛❧ q✉❡ Â = D̂✱ B̂ = Ê✱ Ĉ = F̂ ❡

AB

EF
=

BC

FG
=

CA

GE
✳

❖ q✉♦❝✐❡♥t❡ ❝♦♠✉♠ ❡♥tr❡ ❛s ♠❡❞✐❞❛s ❞♦s ❧❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡s é ❝❤❛♠❛❞♦ ❞❡ r❛③ã♦ ❞❡

♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❡♥tr❡ ♦s tr✐â♥❣✉❧♦s✳

✼



❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ ABC ∼ DEF ♣❛r❛ ✐♥❞✐❝❛r q✉❡ ♦s ❞♦✐s tr✐â♥❣✉❧♦s sã♦ s❡♠❡❧❤❛♥t❡s

❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ✈ért✐❝❡s é ❞❛❞❛ ❡①❛t❛♠❡♥t❡ ♥❛ ♦r❞❡♠ q✉❡ ❡❧❡s ❛♣❛r❡❝❡♠✳

❖s ♣ró①✐♠♦s três t❡♦r❡♠❛s ❛✜r♠❛♠ q✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦ t♦❞❛s ❛s ❝♦♥❞✐çõ❡s ❞❛ ❞❡✜✲

♥✐çã♦ ❞❡ s❡♠❡❧❤❛♥ç❛ ❞❡ tr✐â♥❣✉❧♦s✱ ❜❛st❛ ✈❡r✐✜❝❛r ❛❧❣✉♠❛s ❞❡❧❛s✳

❚❡♦r❡♠❛ ✶✳✶✶ ✭❈❛ss♦ ❆❆❆ ❞❡ s❡♠❡❧❤❛♥ç❛✮ ❙❡ ❡♠ ❞♦✐s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❉❊❋ t❡♠✲

s❡ Â = D̂✱ B̂ = Ê✱ Ĉ = F̂ ✱ ❡♥tã♦ ABC ∼ DEF ✳

❋✐❣✉r❛ ✶✳✻✿ ❈❛s♦ ❆❆❆ ❞❡ s❡♠❡❧❤❛♥ç❛

❚❡♦r❡♠❛ ✶✳✶✷ ✭❈❛s♦ ▲❆▲ ❞❡ s❡♠❡❧❤❛♥ç❛✮ ❙❡ ❞♦✐s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❉❊❋ sã♦ t❛✐s

q✉❡ Â = D̂ ❡

AB

EF
=

BC

FG
✱

❡♥tã♦ ABC ∼ DEF ✳

❋✐❣✉r❛ ✶✳✼✿ ❈❛s♦ ▲❆▲ ❞❡ s❡♠❡❧❤❛♥ç❛

✽



❚❡♦r❡♠❛ ✶✳✶✸ ✭❈❛s♦ ▲▲▲ ❞❡ s❡♠❡❧❤❛♥ç❛✮ ❙❡ ❡♠ ❞♦✐s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❉❊❋ t❡♠✲

s❡

AB

EF
=

BC

FG
=

CA

GE
✱

❡♥tã♦ ABC ∼ DEF ✳

❋✐❣✉r❛ ✶✳✽✿ ❈❛s♦ ▲▲▲ ❞❡ s❡♠❡❧❤❛♥ç❛

❉❡✜♥✐çã♦ ✶✳✶✹ ❯♠ tr✐â♥❣✉❧♦ é ❝♦♥❣r✉❡♥t❡ ❛ ♦✉tr♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ♣♦ssí✈❡❧ ❡st❛❜❡✲

❧❡❝❡r ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ s❡✉s ✈ért✐❝❡s ❞❡ ♠♦❞♦ q✉❡✿

✶✳ ❙❡✉s ❧❛❞♦s sã♦ ♦r❞❡♥❛❞❛♠❡♥t❡ ❝♦♥❣r✉❡♥t❡s ❛♦s ❧❛❞♦s ❞♦ ♦✉tr♦ ❡

✷✳ ❙❡✉s â♥❣✉❧♦s sã♦ ♦r❞❡♥❛❞❛♠❡♥t❡ ❝♦♥❣r✉❡♥t❡s ❛♦s â♥❣✉❧♦s ❞♦ ♦✉tr♦✳

❍á q✉❛tr♦ t❡♦r❡♠❛s q✉❡ ♥♦s ❛❥✉❞❛♠ ❛ ❞❡❝✐❞✐r ❞❡ ♠❛♥❡✐r❛ ♠❛✐s rá♣✐❞❛ s❡ ❞♦✐s tr✐â♥✲

❣✉❧♦s sã♦ ❝♦♥❣✉❡♥t❡s✳

❚❡♦r❡♠❛ ✶✳✶✺ ✭❈❛s♦ ▲▲▲✮ ❙❡ ❞♦✐s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❆✬❇✬❈✬ ♣♦ss✉❡♠ AB = A′B′✱

BC = B′C ′✱ overlineAC = A′C ′✱ ❡♥tã♦ ♦s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❆✬❇✬❈✬ sã♦ ❝♦♥❣r✉❡♥t❡s✳

❋✐❣✉r❛ ✶✳✾✿ ❈❛s♦ ▲▲▲

✾



❚❡♦r❡♠❛ ✶✳✶✻ ✭❈❛s♦ ▲❆▲✮ ❙❡ ❞♦✐s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❆✬❇✬❈✬ ♣♦ss✉❡♠ AB = A′B′✱

Â = Â′ ❡ AC = A′C ′✱ ❡♥tã♦ ♦s tr✐â♥❣✉❧♦s ABC ❡ A′B′C ′ sã♦ ❝♦♥❣r✉❡♥t❡s✳

❋✐❣✉r❛ ✶✳✶✵✿ ❈❛s♦ ▲❆▲

❚❡♦r❡♠❛ ✶✳✶✼ ✭❈❛s♦ ❆▲❆✮ ❙❡ ❞♦✐s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❆✬❇✬❈✬ ♣♦ss✉❡♠ B̂ = B̂′✱

BC = B′C ′✱ Ĉ = Ĉ ′✱ ❡♥tã♦ tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❆✬❇✬❈✬ sã♦ ❝♦♥❣r✉❡♥t❡s✳

❋✐❣✉r❛ ✶✳✶✶✿ ❈❛s♦ ❆▲❆

❚❡♦r❡♠❛ ✶✳✶✽ ✭❈❛s♦ LAAo✮ ❙❡ ♦s tr✐â♥❣✉❧♦s ❆❇❈ ❡ ❆✬❇✬❈✬ ♣♦ss✉❡♠ BC = B′C ′✱

Â = Â′ ❡ B̂ = B̂′ ❡♥tã♦✱ ♦s tr✐â♥❣✉❧♦ ABC ❡ A′B′C ′ sã♦ ❝♦♥❣r✉❡♥t❡s✳

❋✐❣✉r❛ ✶✳✶✷✿ ❈❛s♦ LAAo

✶✵



❉✐③❡♠♦s q✉❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ Π ❡ ✉♠❛ r❡t❛ r sã♦ t❛♥❣❡♥t❡s✱ ♦✉ q✉❡ ❛ r❡t❛ r é

t❛♥❣❡♥t❡ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ Π✱ s❡ r ❡ Π t✐✈❡r❡♠ ❡①❛t❛♠❡♥t❡ ✉♠ ♣♦♥t♦ P ❡♠ ❝♦♠✉♠✳ ◆❡ss❡

❝❛s♦✱ P é ❞❡♥♦♠✐♥❛❞♦ ♦ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛ ❞❡ r ❡ Π✳

❚❡♦r❡♠❛ ✶✳✶✾ ❯♠❛ r❡t❛ é t❛♥❣❡♥t❡ ❛ ✉♠❛ ❝✐♥❝✉♥❢❡rê♥❝✐❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❛ é ♣❡r✲

♣❡♥❞✐❝✉❧❛r ❛ r❡t❛ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛ ❡ ♣❡❧♦ ❝❡♥tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳

❉❡✜♥✐çã♦ ✶✳✷✵ ❯♠ â♥❣✉❧♦ é ❞✐t♦ ✐♥s❝r✐t♦ ♥✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ s❡ s❡✉ ✈ért✐❝❡ é ✉♠ ♣♦♥t♦

❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡ s❡✉s ❧❛❞♦s ✐♥t❡r❝❡♣t❛♠ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡♠ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s ❞♦

✈ért✐❝❡✳ ❖ ❛r❝♦ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦s ❞♦✐s ♣♦♥t♦s ❡ q✉❡ ♥ã♦ ❝♦♥té♠ ♦ ✈ért✐❝❡ ❞♦ â♥❣✉❧♦

✐♥s❝r✐t♦✱ é ❞✐t♦ ❛r❝♦ s✉❜❡♥t❡♥❞✐❞♦ ♣❡❧♦ â♥❣✉❧♦ ♦✉ q✉❡ ♦ â♥❣✉❧♦ s✉❜❡♥t❡♥❞❡ ♦ ❛r❝♦✳

❋✐❣✉r❛ ✶✳✶✸✿ ➶♥❣✉❧♦ ✐♥s❝r✐t♦

❚❡♦r❡♠❛ ✶✳✷✶ ➶♥❣✉❧♦s ✐♥s❝r✐t♦s ♥✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ é q✉❡ s✉❜❡♥t❡♥❞❡♠ ♦ ♠❡s♠♦ ❛r❝♦

sã♦ ❝♦♥❣r✉❡♥t❡s✳

✶✶



❚❡♦r❡♠❛ ✶✳✷✷ ❙❡❥❛ Π ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❝❡♥tr♦ O ❡ r❛✐♦ r ❡ BÂC ✉♠ â♥❣✉❧♦

✐♥s❝r✐t♦ ❛ Π ❝♦♠ ✈ért✐❝❡ A✳ ❊♥tã♦ ❛ ♠❡❞✐❞❛ ❞❡ BÂC é ❛ ♠❡t❛❞❡ ❞♦ â♥❣✉❧♦ ❝❡♥tr❛❧

BÔC✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠ â♥❣✉❧♦ ✐♥s❝r✐t♦ BÂC q✉❡ s✉❜❡♥t❡♥❞❡ ✉♠ s❡♠✐❝✐r❝✉♥❢❡rê♥❝✐❛ é

r❡t♦✳

❋✐❣✉r❛ ✶✳✶✹✿ BÂC =
1

2
.BÔC

❉❡✜♥✐çã♦ ✶✳✷✸ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡stá ✐♥s❝r✐t❛ ❡♠ ✉♠ ♣♦❧í❣♦♥♦ s❡ t♦✲

❞♦s ♦s ❧❛❞♦s ❞♦ ♣♦❧í❣♦♥♦ sã♦ t❛♥❣❡♥t❡s à ❝✐r❝✉♥❢❡rê♥❝✐❛✳ ◆❡st❡ ❝❛s♦✱ ♦ ♣♦❧í❣♦♥♦ é ❞✐t♦

❝✐r❝✉♥s❝r✐t♦ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳

❉❡✜♥✐çã♦ ✶✳✷✹ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡stà ❝✐r❝✉♥s❝r✐t❛ ❛ ✉♠ ♣♦❧í❣♦♥♦ s❡ ❛

❝✐r❝✉♥❢❡rê♥❝✐❛ ✐♥t❡r❝❡♣t❛ t♦❞♦s ♦s ✈ért✐❝❡s ❞♦ ♣♦❧í❣♦♥♦✳ ◆❡st❡ ❝❛s♦✱ ♦ ♣♦❧í❣♦♥♦ é ❞✐t♦

✐♥s❝r✐t♦ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳

❚❡♦r❡♠❛ ✶✳✷✺ ❯♠ q✉❛❞r✐❧át❡r♦ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ♣♦ss✉✐ â♥❣✉❧♦s ♦♣♦st♦s

s✉♣❧❡♠❡♥t❛r❡s✳

❚❡♦r❡♠❛ ✶✳✷✻ ❆s ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ q✉❛❞r❛❞♦ sã♦ ❜✐ss❡tr✐③❡s ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❡ ♣❡r✲

♣❡♥❞✐❝✉❧❛r❡s ❡♥tr❡ s✐✳

✶✷



❈❛♣ít✉❧♦ ✷

❈♦♥❝❡✐t♦s ❇ás✐❝♦s ❞❡ ❚r✐❣♦♥♦♠❡tr✐❛

◆❡ss❡ ❝❛♣ít✉❧♦ s❡rá ❛❜♦r❞❛❞♦ ✉♠ ♣♦✉❝♦ ❞❛ ❤✐stór✐❛ ❞❛ tr✐❣♦♥♦♠❡tr✐❛✱ ❞❡s❝r❡✈❡♥❞♦

❛❧❣✉♥s ❢❛t♦s ❤✐stór✐❝♦s ♥❛ ❜✉s❝❛ ❞❡ ❥✉st✐✜❝❛t✐✈❛s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ss❛ ❢❡rr❛♠❡♥t❛ ♠❛✲

t❡♠át✐❝❛ tã♦ ✉t✐❧✐③❛❞❛ ♣♦r ♦✉tr❛s ❝✐ê♥❝✐❛s ❡ ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❤✉♠❛♥♦✳ ❆❧é♠ ❞✐ss♦✱

❛♣r❡s❡♥t❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱ ❛s r❛③õ❡s tr✐❣♦♥♦♠étr✐❝❛s ❡ ❛ r❡❧❛çã♦ tr✐❣♦♥♦♠é✲

tr✐❝❛ ❢✉♥❞❛♠❡♥t❛❧✳

✷✳✶ ❯♠ ❇r❡✈❡ ❍✐stór✐❝♦ ❞❛ ❚r✐❣♦♥♦♠❡tr✐❛

❆ tr✐❣♦♥♦♠❡tr✐❛ t❡♠ s✉❛ ♦r✐❣❡♠ ✐♥❝❡rt❛✱ ❡♥tr❡t❛♥t♦✱ ♣♦❞❡✲s❡ ❞✐③❡r q✉❡ ♦ ✐♥í❝✐♦ ❞♦ s❡✉

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ s❡ ❞❡✉ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡✈✐❞♦ ❛♦s ♣r♦❜❧❡♠❛s ❣❡r❛❞♦s ♣❡❧❛ ❛str♦♥♦♠✐❛✱

❛❣r✐♠❡♥s✉r❛ ❡ ♥❛✈❡❣❛çã♦✳ ❊st✐♠❛✲s❡ q✉❡ ✐ss♦ t❡♥❤❛ ♦❝♦rr✐❞♦ ❡♥tr❡ ♦ sé❝✉❧♦ ■❱ ❡ ❱ ❛✳❈✳✱

♥♦ ❊❣✐t♦ ❡ ♥❛ ❇❛❜✐❧ô♥✐❛✱ ♦♥❞❡ ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ❛ ❝♦t❛♥❣❡♥t❡✱

♥♦ P❛♣✐r♦ ❘❤✐♥❞✱ ❡ t❛♠❜é♠ ✉♠❛ tá❜✉❛ ❞❡ s❡❝❛♥t❡s ♥❛ tá❜✉❧❛ ❝✉♥❡✐❢♦r♠❡ ❜❛❜✐❧ô♥✐❝❛✱ ❛

P❧✐♠♣t♦♥ ✸✷✷✳

❯♠❛ ❝❡rt❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛♣✐r♦s ❡❣í♣❝✐♦s q✉❡ r❡s✐st✐r❛♠ ❝♦♠ ♦ ♣❛ss❛r ❞♦s ❛♥♦s✱

❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s ❝♦♠ ♠❛✐s ❞❡ ✸✵✵✵ ❛♥♦s ❞❡ ✐❞❛❞❡✳ ❖ ♠❛✐♦r ❞❡❧❡s✱ ❝♦♥t❡♥❞♦ ❝♦♥t❡ú❞♦s

♠❛t❡♠át✐❝♦s t❡♠ ❝❡r❝❛ ❞❡ ✵✱✸✵♠ ❞❡ ❛❧t✉r❛ ❡ ✺♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦✱ ❡ ❛t✉❛❧♠❡♥t❡ s❡ ❡♥❝♦♥tr❛

♥♦ ✧❇r✐t✐s❤ ▼✉s❡✉♠✧✳ ❚❛❧ ♣❛♣✐r♦ ❢♦✐ ❝♦♠♣r❛❞♦ ❡♠ ✶✽✺✽ ♥✉♠❛ ❝✐❞❛❞❡ à ❜❡✐r❛ ❞♦ ◆✐❧♦✱ ♣♦r
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✉♠ ❛♥t✐q✉ár✐♦ ❡s❝♦❝ês✱ ❍❡♥r② ❘❤✐♥❞✱ q✉❡ ❧❤❡ ❡♠♣r❡st♦✉ ♦ ♥♦♠❡✳ ➚s ✈❡③❡s✱ é ❝❤❛♠❛❞♦ ❞❡

P❛♣✐r♦ ❞❡ ❆❤♠❡s ❡♠ ❤♦♥r❛ ❛♦ ❡s❝r✐❜❛ q✉❡ ♦ ❝♦♣✐♦✉ ♣♦r ✈♦❧t❛ ❞❡ ✶✻✺✵ ❛✳❈✳ ❖ ❡s❝r✐❜❛ ❝♦♥t❛

q✉❡ ♦ ♠❛t❡r✐❛❧ ♣r♦✈é♠ ❞❡ ✉♠ ♣r♦tót✐♣♦ ❞♦ ❘❡✐♥♦ ❞♦ ▼❡✐♦✱ ❞❡ ❝❡r❝❛ ❞❡ ✷✵✵✵ ❛ ✶✽✵✵ ❛✳❈✳✱

❡ é ♣♦ssí✈❡❧ q✉❡ ♣❛rt❡ ❞❡ss❡ ❝♦♥❤❡❝✐♠❡♥t♦ t❡♥❤❛ ♣r♦✈✐♥❞♦ ❞❡ ■♠❤♦t❡♣✱ ♦ q✉❛s❡ ❧❡♥❞ár✐♦

❛rq✉✐t❡t♦ ❡ ♠é❞✐❝♦ ❞♦ ❋❛r❛ó ❩♦s❡r✱ q✉❡ s✉♣❡r✐♥t❡♥❞❡✉ ❛ ❝♦♥str✉çã♦ ❞❡ s✉❛ ♣✐râ♠✐❞❡ ❤á

❝❡r❝❛ ❞❡ ✺✵✵✵ ❛♥♦s✳

❆ ♣❛❧❛✈r❛ tr✐❣♦♥♦♠❡tr✐❛ ✈❡♠ ❞♦ ❣r❡❣♦ ✧tr✐❣♦♥♦♥✧✱ q✉❡ s✐❣♥✐✜❝❛ tr✐â♥❣✉❧♦✱ ❡ ✧♠❡tr♦♥✧✱

q✉❡ s✐❣♥✐✜❝❛ ♠❡❞✐❞❛ ✱ ♦✉ s❡❥❛✱ ♠❡❞✐❞❛ ❞❛s ♣❛rt❡s ❞❡ ✉♠ tr✐â♥❣✉❧♦✳ ◆ã♦ s❡ s❛❜❡ ❛♦ ❝❡rt♦

s❡ ♦ ❝♦♥❝❡✐t♦ ❞❛ ♠❡❞✐❞❛ ❞❡ â♥❣✉❧♦ s✉r❣✐✉ ❝♦♠ ♦s ❣r❡❣♦s ♦✉ s❡ ❡❧❡s✱ ♣♦r ❝♦♥t❛t♦ ❝♦♠ ❛

❝✐✈✐❧✐③❛çã♦ ❜❛❜✐❧ô♥✐❝❛✱ ❛❞♦t❛r❛♠ ❛s ❢r❛çõ❡s s❡①❛❣❡s✐♠❛✐s✱ ✉♠ s✐st❡♠❛ ❞❡ ♥✉♠❡r❛çã♦ ❞❡

❜❛s❡ ✻✵✱ ❝r✐❛❞♦ ♣❡❧❛ ❛♥t✐❣❛ ❝✐✈✐❧✐③❛çã♦ ❙✉♠ér✐❛✳ P♦ré♠✱ ♦s ❣r❡❣♦s ✜③❡r❛♠ ✉♠ ❡st✉❞♦

s✐st❡♠át✐❝♦ ❞❛s r❡❧❛çõ❡s ❡♥tr❡ â♥❣✉❧♦s ♦✉ ❛r❝♦s ♥✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡ ♦s ❝♦♠♣r✐♠❡♥t♦s

❞❡ s✉❛s ❝♦r❞❛s✳

❖ ❛strô♥♦♠♦ ❍✐♣❛r❝♦ ❞❡ ◆✐❝é✐❛✱ ♣♦r ✈♦❧t❛ ❞❡ ✶✽✵ ❛ ✶✷✺ ❛✳❈✳✱ ❣❛♥❤♦✉ ♦ ❞✐r❡✐t♦ ❞❡

s❡r ❝❤❛♠❛❞♦ ✧♦ ♣❛✐ ❞❛ ❚r✐❣♦♥♦♠❡tr✐❛✧✱ ♣♦r t❡r ❢❡✐t♦ ✉♠ tr❛t❛❞♦ ❡♠ ❞♦③❡ ❧✐✈r♦s ♥♦ q✉❛❧

tr❛t❛ ❞❛ ❝♦♥str✉çã♦ ♥❛ ♣r✐♠❡✐r❛ t❛❜❡❧❛ tr✐❣♦♥♦♠étr✐❝❛ ♣♦r ✈♦❧t❛ ♥❛ s❡❣✉♥❞❛ ♠❡t❛❞❡ ❞♦

sé❝✉❧♦ ■■ ❛✳❈✳ ◆❛ é♣♦❝❛✱ ❛ tr✐❣♦♥♦♠❡tr✐❛ ❜❛s❡❛✈❛✲s❡ ♥♦ ❡st✉❞♦ ❞❛ r❡❧❛çã♦ ❡♥tr❡ ✉♠ ❛r❝♦

❛r❜✐trár✐♦ ❞❡ ✉♠❛ ❝✐r❝✉♥❢êr❡♥❝✐❛ ❡ s✉❛ ❝♦r❞❛✳ ❍✐♣❛r❝♦ ❡s❝r❡✈❡ ❛ r❡s♣❡✐t♦ ❞♦ ❝á❧❝✉❧♦ ❞❡

❝♦♠♣r✐♠❡♥t♦s ❞❛s ❝♦r❞❛s ❛tr❛✈és ❞❡ ✉♠❛ r❡❧❛çã♦ ❝❤❛♠❛❞❛ s❡♥♦ ❞❡ ✉♠ â♥❣✉❧♦ ♦✉ s❡♥♦ ❞❡

✉♠ ❛r❝♦✳ ❆♣❡s❛r ❞❛ ❝♦r❞❛ ❞❡ ✉♠ ❛r❝♦ ♥ã♦ s❡r ♦ s❡♥♦✱ ✉♠❛ ✈❡③ ❝♦♥❤❡❝✐❞♦ ♦ ✈❛❧♦r ❞♦ s❡✉

❝♦♠♣r✐♠❡♥t♦✱ ♣♦❞❡✲s❡ ❝❛❧❝✉❧❛r ♦ s❡♥♦ ❞❛ ♠❡t❛❞❡ ❞♦ ❛r❝♦✱ ♣♦✐s ❛ ♠❡t❛❞❡ ❞♦ ❝♦♠♣r✐♠❡♥t♦

❞❛ ❝♦r❞❛ ❞✐✈✐❞✐❞♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ r❛✐♦ ❞♦ ❝ír❝✉❧♦ é ❥✉st❛♠❡♥t❡ ❡ss❡ ✈❛❧♦r✳ ❊♠

♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ ✉♥✐tár✐♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❝♦r❞❛ s✉❜t❡♥❞✐❞❛

♣♦r ✉♠ â♥❣✉❧♦ θ é 2.sen( θ
2
)✳

◆❛ ✜❣✉r❛ ❛ s❡❣✉✐r✱ ❛ ♠❡❞✐❞❛ ❞♦ s❡❣♠❡♥t♦ AB é 2.sen(
θ

2
)✱ ♦♥❞❡ θ é ♦ â♥❣✉❧♦ AÔB✳
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❋✐❣✉r❛ ✷✳✶✿ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❝♦r❞❛

❖ ❝♦♥❝❡✐t♦ ❞❡ ❝♦ss❡♥♦ ❞❡ ✉♠ â♥❣✉❧♦ s✉r❣✐✉ s♦♠❡♥t❡ ♥♦ sé❝✉❧♦ ❳❱■■✱ ❝♦♠♦ s❡♥❞♦ ♦

s❡♥♦ ❞♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ✉♠ â♥❣✉❧♦✳ ❖s ❝♦♥❝❡✐t♦s ❞❡ s❡♥♦ ❡ ❝♦ss❡♥♦ ❢♦r❛♠ ♦r✐❣✐♥❛❞♦s

♣❡❧♦s ♣r♦❜❧❡♠❛s r❡❧❛t✐✈♦s à ❆str♦♥♦♠✐❛✱ ❡♥q✉❛♥t♦ q✉❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ t❛♥❣❡♥t❡✱ ❛♦ q✉❡

♣❛r❡❝❡✱ s✉r❣✐✉ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝❛❧❝✉❧❛r ❛❧t✉r❛s ❡ ❞✐stâ♥❝✐❛s✳

Pt♦❧♦♠❡✉ ✉s❛♥❞♦ ❛s ✐❞❡✐❛s ❞❡ ❍✐♣❛r❝♦✱ ❞✐✈✐❞✐✉ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡♠ ✸✻✵ ♣❛rt❡s ❡ ♦

❞✐â♠❡tr♦ ❡♠ ✶✷✵ ♣❛rt❡s✱ ✉s❛♥❞♦ 377

120
❝♦♠♦ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦ ♥ú♠❡r♦ π✳ ❆✐♥❞❛ s❡♠

♠❡♥❝✐♦♥❛r ♦s t❡r♠♦s s❡♥♦ ❡ ❝♦ss❡♥♦✱ ♠❛s ❞❛s ❝♦r❞❛s✱ ✉t✐❧✐③♦✉ ♦ q✉❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦

❛ ♣r✐♠❡✐r❛ r❡❧❛çã♦ ❢✉♥❞❛♠❡♥t❛❧ sen(θ)2 + cos(θ)2 = 1✱ s❡♥❞♦ θ ♦ â♥❣✉❧♦ ❢♦r♠❛❞♦ ♣❡❧♦

❝❡♥tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡ ❞❛ ❡①tr❡♠✐❞❛❞❡s ❞❛ ❝♦r❞❛✳

❚❛♠❜é♠ ❝♦♥str✉✐✉ ✉♠❛ t❛❜❡❧❛ ❞❡ ❝♦r❞❛s ❞❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✱ ♣❛r❛ â♥❣✉❧♦s q✉❡

✈❛r✐❛♠ ❞❡ ♠❡✐♦ ❡♠ ♠❡✐♦ ❣r❛✉✱ ❡♥tr❡ ✵♦ ❡ ✶✽✵♦✱ ❝❛❧❝✉❧♦✉ ❝♦♠♣r✐♠❡♥t♦s ❞❡ ❝♦r❞❛s✱ ❛ ♣❛rt✐r

❞❡ ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s ❞❡ ✸✱ ✹✱ ✺✱ ✻ ❡ ✶✵ ❧❛❞♦s ✐♥s❝r✐t♦s ❡♠ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳ ■ss♦

❧❤❡ ♣♦ss✐❜✐❧✐t♦✉ ❡♥❝♦♥tr❛r ❛ ❝♦r❞❛ s✉❜t❡♥❞✐❞❛ ♣♦r â♥❣✉❧♦s ❞❡ ✸✻♦✱ ✻✵♦✱ ✼✷♦✱ ✾✵♦ ❡ ✶✷✵♦✳

▼❛✐s t❛r❞❡ s✉r❣✐✉ ✉♠❛ ♥♦✈❛ ✉♥✐❞❛❞❡ ❞❡ ♠❡❞✐❞❛ ♣❛r❛ ♦s â♥❣✉❧♦s✱ ♦ r❛❞✐❛♥♦✱ ❞❡♥♦♠✐♥❛❞♦

r❛❞✐❛♥✱ ♣♦r ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ✉t✐❧✐③❛r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ â♥❣✉❧♦ ❡♠ t❡r♠♦s ❞❡ π✱ q✉❡

♣r✐♠❡✐r❛♠❡♥t❡ ❢♦✐ ❝❤❛♠❛❞❛ π✲♠❡❞✐❞❛✱ ❝✐r❝✉❧❛r ♦✉ ♠❡❞✐❞❛ ❛r❝✉❛❧✳

✷✳✷ ❖ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s

❆ s❡❣✉✐r ✈❛♠♦s ✈❡r ✉♠ ✐♠♣♦rt❛♥t❡ t❡♦r❡♠❛ ❡♥✉♥❝✐❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♣❡❧♦ ✜❧ós♦❢♦

❡ ♠❛t❡♠át✐❝♦ ❣r❡❣♦ P✐tá❣♦r❛s✱ ♠❛s ❝♦♥❤❡❝✐❞♦ ♣❡❧♦s ❜❛❜✐❧ô♥✐♦s✱ q✉❡ s❡rá ♠✉✐t♦ ✉t✐❧✐③❛❞♦
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♥♦s ❝♦♥❝❡✐t♦s q✉❡ ❡♥✈♦❧✈❡♠ ❛s r❡❧❛çõ❡s tr✐❣♦♥♦♠étr✐❝❛s✳ ❊st❡ t❡♦r❡♠❛ ❡st❛❜❡❧❡❝❡ ✉♠❛

❢♦rt❡ r❡❧❛çã♦ ❡♥tr❡ ♦s q✉❛❞r❛❞♦s ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞♦s ❧❛❞♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✳

❚❡♦r❡♠❛ ✷✳✷✳✶ ✭❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✮ ❊♠ q✉❛❧q✉❡r tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✱ ♦ q✉❛❞r❛❞♦

❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❤✐♣♦t❡♥✉s❛ é ✐❣✉❛❧ à s♦♠❛ ❞♦s q✉❛❞r❛❞♦s ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞♦s ❝❛✲

t❡t♦s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♠♦s ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❆❇❈✱ r❡t♦ ❡♠ ❆✱ t❛❧ q✉❡ ♦s

❧❛❞♦s ❆❈ ❡ ❆❇ ♠❡❞❡♠ ❜ ❡ ❝✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❛ ❤✐♣♦t❡♥✉s❛ ❇❈ ♠❡❞❡ ❛✳

❆❣♦r❛ ❝♦♥s✐❞❡r❛♠♦s ❞♦✐s q✉❛❞r❛❞♦s✱ ❉❊❋● ❡ ❉✬❊✬❋✬●✬✱ ❛♠❜♦s ❝♦♠ ❧❛❞♦s ♠❡❞✐♥❞♦

b + c✳ ❙♦❜r❡ ♦s ❧❛❞♦s ❉❊✱ ❊❋✱ ❋● ❡ ●❉ ❝♦♥s✐❞❡r❛♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ♣♦♥t♦s ❍✱ ■✱

❏ ❡ ❑✱ t❛✐s q✉❡✿

DH = EI = FJ = GK = b

HE = IF = JG = KD = c

❆✜r♠❛çã♦✿ ❖ q✉❛❞r✐❧át❡r♦ ❍■❏❑ é ✉♠ q✉❛❞r❛❞♦ ❞❡ ❧❛❞♦ ♠❡❞✐♥❞♦ a✳

❉❡ ❢❛t♦✱ ♦s tr✐â♥❣✉❧♦s ❉❍❑ ❡ ❍❊■ sã♦ r❡tâ♥❣✉❧♦s ❡ ❝♦♥❣r✉ê♥t❡s ❛♦ tr✐â♥❣✉❧♦ ❆❇❈✳

❆ss✐♠ t❡♠♦s✿

✶✻



KH = HI = a✱

DĤK = EÎH

DK̂H = EĤI

❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✱ t❡♠♦s q✉❡

DK̂H +DĤK = 90♦

EĤI + EÎH = 90♦✳

❉✐ss♦ ❡ ❞ DĤK +KĤI + EĤI = 180♦ s❡q✉❡ q✉❡ KĤI = 90♦✳

❆♥❛❧♦❣❛♠❡♥t❡✱ HÎJ = JK̂H = IĴK = 90♦ ❡ IJ = KH = a✳ P♦rt❛♥t♦ ❍■❏❑ é ✉♠

q✉❛❞r❛❞♦ ❞❡ ❧❛❞♦ ♠❡❞✐♥❞♦ a✳

◆♦t❡ q✉❡✱ ♣♦r ❝♦♥str✉çã♦✱ ❛ ár❡❛ ❞♦ q✉❛❞r❛❞♦ ❉❊❋● é ✐❣✉❛❧ ❛ s♦♠❛ ❞❛s ár❡❛s ❞♦

q✉❛❞r❛❞♦ ❍■❏❑ ❡ ❞♦s tr✐â♥❣✉❧♦s ❉❍❑✱ ❍❊■✱ ■❋● ❡ ❏●❑✳ P♦rt❛♥t♦✱

(b+ c)2 = a2 + 4.
bc

2
= a2 + 2.b.c ✭✷✳✶✮

❈♦♥s✐❞❡r❛♠♦s ❛❣♦r❛ ♦ q✉❛❞r❛❞♦ ❉✬❊✬❋✬●✬ ❞❡ ❧❛❞♦ b + c ❡ s♦❜r❡ ♦s ❧❛❞♦s ❉✬❊✬✱ ❊✬❋✬✱

❋✬●✬ ❡ ●✬❉✬ ❝♦♥s✐❞❡r❛♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ♣♦♥t♦s ❍✬✱■✬✱❏✬ ❡ ❑✬✱ t❛✐s q✉❡✿

D′H ′ = E ′I ′ = G′J ′ = D′K ′ = c

H ′E ′ = I ′F ′ = J ′F ′ = K ′G′ = b✳

❙❡❥❛ ▲✬ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❡ ❍✬❏✬ ❡ ■✬❑✬ ❢♦r♠❛♥❞♦ ❛ss✐♠ q✉❛tr♦ q✉❛❞r✐❧át❡r♦s✿

❍✬❊✬■✬▲✬✱ ❏✬●✬❑✬▲✬✱ ❉✬❍✬▲✬❑✬ ❡ ▲✬■✬❋✬❏✬✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❍✬❊✬■✬▲✬ ❡ ❏✬●✬❑✬▲✬ sã♦ r❡tâ♥❣✉❧♦s

✶✼



❞❡ ❧❛❞♦s ❜ ❡ ❝ ❡ ♦s q✉❛❞r✐❧át❡r♦s ❉✬❍✬▲✬❑✬ ❡ ▲✬■✬❋✬❏✱ sã♦ ❛♠❜♦s q✉❛❞r❛❞♦s ❞❡ ❧❛❞♦s ❝ ❡

❜✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P♦t❛♥t♦ ♣♦r ❝♦♥str✉çã♦✱ ❛ ár❡❛ ❞♦ q✉❛❞r❛❞♦ ❉✬❊✬❋✬●✬ é ✐❣✉❛❧ ❛ s♦♠❛ ❞❛s ár❡❛s ❞♦s

q✉❛❞r❛❞♦s ❉✬❍✬▲✬❑✬ ❡ ▲✬■✬❋✬❏ ❡ ❞♦s r❡tâ♥❣✉❧♦s ❍✬❊✬■✬▲✬ ❡ ❏✬●✬❑✬▲✬✳ ▲♦❣♦✱

(b+ c)2 = b2 + c.b+ c.b+ c2 = b2 + c2 + 2.c.b. ✭✷✳✷✮

▲♦❣♦✱ ♣♦r ✭✷✳✶✮ ❡ ✭✷✳✷✮ t❡♠♦s✱

a2 + 2.b.c = b2 + c2 + 2.b.c

a2 = b2 + c2✳

✷

❊①❡♠♣❧♦ ✷✳✶ ❯♠❛ ❡s❝❛❞❛ ❞❡ ✶✷ ♠❡tr♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❡stá ❛♣♦✐❛❞❛ s♦❜ ✉♠ ♠✉r♦ q✉❡

é ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ s♦❧♦✳ ❆ ❜❛s❡ ❞❛ ❡s❝❛❞❛ ❡stá ❞✐st❛♥t❡ ❞♦ ♠✉r♦ ❝❡r❝❛ ❞❡ ✽ ♠❡tr♦s✳

❉❡t❡r♠✐♥❡ ❛ ❛❧t✉r❛ ❞♦ ♠✉r♦✳

❘❡s♦❧✉çã♦✿ ❈♦♠♦ t❡♠♦s ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❝♦♠ ❛ ❡s❝❛❞❛ ❡ ♦ s♦❧♦✳ ❈❤❛♠❛♥❞♦ ❛

❛❧t✉r❛ ❞♦ ♠✉r♦ ❞❡ x ❡ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱ t❡♠♦s✱

122 = 82 + x2✱

144 = 64 + x2✱

144− 64 = x2

x =
√
80

x ∼= 8, 94m✳

▲♦❣♦✱ ♦ ♠✉r♦ t❡♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 8, 94metros✳

✶✽



✷✳✸ ❘❛③õ❡s ❚r✐❣♦♥♦♠étr✐❝❛s

◆❡st❛ s❡çã♦ ❞❡✜♥✐♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ s❡♥♦✱ ❝♦ss❡♥♦ ❡ t❛♥❣❡♥t❡ ❞❡ ✉♠ â♥❣✉❧♦ α t❛❧

q✉❡ 0♦ ≤ α ≤ 180♦✳

❈♦♥s✐❞❡r❛♠♦s ✉♠ â♥❣✉❧♦ α ❂ AÔB t❛❧ q✉❡ 0♦ < α < 180♦✳ ❙♦❜r❡ ♦ ❧❛❞♦ OA✱

❝♦♥s✐❞❡r❛♠♦s ✉♠ ♣♦♥t♦ P✱ ❞✐st✐♥t♦ ❞♦ ✈ért✐❝❡ ❖✳ ❉❡♥♦t❛♠♦s ♣♦r ◗ ♦ ♣é ❞❛ ♣❡r♣❡♥❞✐❝✉❧❛r

❛♦ ❧❛❞♦ ❖❇ ❜❛✐①❛❞♦ ♣♦r P✳

❉❡✜♥✐çã♦ ✷✳✷ ❈❤❛♠❛♠♦s ❞❡ s❡♥♦ ❞❡ α✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r sen α✱ ♦ q✉♦❝✐❡♥t❡

sen α =
PQ

OP
✳

❉❡✜♥✐çã♦ ✷✳✸ ❙❡ 0♦ < α 6 90♦✱ ❝❤❛♠❛♠♦s ❞❡ ❝♦ss❡♥♦ ❞❡ α ♦ q✉♦❝✐❡♥t❡
OQ

OP
❡ s❡

90♦ < α < 180♦ ❝❤❛♠❛♠♦s ❞❡ ❝♦ss❡♥♦ ❞❡ α ♦ q✉♦❝✐❡♥t❡ −OQ

OP
✳ ❖ ❝♦ss❡♥♦ ❞❡ α é

❞❡♥♦t❛❞♦ ♣♦r cos α✳

❖❜s❡r✈❛çã♦ ✷✳✹ ❆s ❞❡✜♥✐çõ❡s ❞❡ s❡♥♦ ❡ ❝♦ss❡♥♦ ❞❛❞❛s ❛❝✐♠❛✱ ✐♥❞❡♣❡♥❞❡♠ ❞❛ ❡s❝♦❧❤❛

❞♦ ♣♦♥t♦ P✳ ❉❡ ❢❛t♦✱ ❡s❝♦❧❤❛ ♦✉tr♦ ♣♦♥t♦ P✬ s♦❜r❡ ♦ ❧❛❞♦ ❖❆✱ ❞✐❢❡r❡♥t❡ ❞❡ ❖ ❡ P✱ ❡ s❡❥❛

◗✬ ♦ ♣é ❞❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❜❛✐①❛❞❛ ♣♦r P✬ s♦❜r❡ ♦ ❧❛❞♦ ❖❇✳ ❈♦♠♦ ♦s tr✐â♥❣✉❧♦s ❖P◗ ❡

❖P✬◗✬ sã♦ s❡♠❡❧❤❛♥t❡s✱ t❡♠♦s q✉❡✿

✶✾



P ′Q′

OP ′
=

PQ

OP
= sen α (se 0♦ < α < 180♦)

❡

OQ′

OP ′
=

OQ

OP
= cos α (se 0♦ < α 6 90♦)

❡

−OQ′

OP ′
= −OQ

OP
= cos α (se 90♦ < α < 180♦)✳

❆✐♥❞❛ ❞❡✜♥✐♠♦s✿

sen 0♦ = sen 180♦ = 0

❡

cos 0♦ = 1 ❡ cos 180♦ = −1✳

❈♦♠ ❛ ♥♦t❛çã♦ ❛♥t❡r✐♦r✱ ♥♦t❡ q✉❡ s❡ α = AÔB = 90♦✱ ❡♥tã♦ ♦ ♣♦♥t♦ ◗ ❝♦✐♥❝✐❞❡

❝♦♠ ♦ ♣♦♥t♦ ❖✳ P♦rt❛♥t♦✱

sen 90♦ =
PQ

OP
=

PO

OP
= 1✳

❆❧é♠ ❞✐ss♦✱

cos 90♦ =
OQ

OP
=

OO

OP
=

0

OP
= 0✳

❋✐♥❛❧♠❡♥t❡ t❡♠♦s✿

❉❡✜♥✐çã♦ ✷✳✺ ❈❤❛♠❛♠♦s ❞❡ t❛♥❣❡♥t❡ ❞❡ α = AÔB✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r tanα✱ ♦ q✉♦❝✐❡♥t❡

tan α =
senα

cosα
✱

❞❡s❞❡ q✉❡ α 6= 90♦✳

◆♦t❡ q✉❡ ❛ tan 90♦ ♥ã♦ ❡stá ❞❡✜♥✐❞❛✱ ♣♦✐s cos 90♦ = 0✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ♦ s❡♥♦ ❡ ♦ ❝♦ss❡♥♦ ❞❡ ❛❧❣✉♥s â♥❣✉❧♦s ❛ ♣❛rt✐r

❞♦ s❡✉ s✉♣❧❡♠❡♥t♦✳

✷✵



❚❡♦r❡♠❛ ✷✳✸✳✶ P❛r❛ t♦❞♦ α✱ t❛❧ q✉❡ 0♦ ≤ α ≤ 180♦✱ t❡♠♦s q✉❡✿

✭✐✮ sen(180♦ − α) = senα✳

✭✐✐✮ cos(180♦ − α) = −cosα✳

❉❡♠♦♥str❛çã♦✿ ◗✉❛♥❞♦ α ❢♦r ✐❣✉❛❧ ❛ ✵♦✱ ✾✵♦ ❡ ✶✽✵♦ ♦ t❡♦r❡♠❛ é ❢❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛❞♦

♣♦r s✉❜st✐t✉✐çã♦ ❞✐r❡t❛✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❛♠♦s ♦s ♣♦♥t♦s ❈ ❡ ❈✬ ❡♠ ✉♠❛ s❡♠✐❝✐r❝✉♥❢❡rê♥❝✐❛

❞❡ ❞✐â♠❡tr♦ ❆❇ ❡ ❝❡♥tr♦ ❖✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ CÔA = α ❡ C ′ÔA = 180♦ − α✳ ❙❡❥❛♠ ❉ ❡

❉✬ ♦s ♣és ❞❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❜❛✐①❛❞❛s ♣♦r ❈ ❡ ❈✬✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ à r❡t❛ ❞❡t❡r♠✐♥❛❞❛

♣♦r ❆ ❡ ❇✳

❋✐❣✉r❛ ✷✳✷✿ ❚❡♦r❡♠❛ ✷✳✸✳✶

♣❡❧♦ ❝❛s♦ LAAo✱ ♦s tr✐â♥❣✉❧♦s OCD ❡ OC ′D′ sã♦ ❝♦♥❣r✉❡♥t❡s✱ ❡ ♣♦rt❛♥t♦✱ ♦s â♥❣✉❧♦s

OĈD ❡ OĈ ′D′ sã♦ ❝♦♥❣r✉❡♥t❡s ❡

CD = C ′D′ ❡ DO = D′O✳

P♦r ❞❡✜♥✐çã♦✱

sen(180♦ − α) =
C ′D′

C ′O
=

CD

CO
= senα

❡

|cos(180♦ − α)| = D′O

C ′O
=

DO

CO
= |cos α|✳

❈♦♠♦ α 6= 90♦✱ ❡♥tã♦ ♦✉ α ♦✉ (180♦ − α) é ♦❜t✉s♦✳ ▲♦❣♦ cosα ❡ cos(180♦ − α) t❡♠

s✐♥❛✐s ♦♣♦st♦s✳ P♦rt❛♥t♦✱

cos(180♦ − α) = −cosα✳

✷

✷✶



✷✳✹ ❆ ❘❡❧❛çã♦ ❚r✐❣♦♥♦♠étr✐❝❛ ❋✉♥❞❛♠❡♥t❛❧

❈♦♥s✐❞❡r❛♠♦s ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❝❡♥tr♦ ❖ ❡ r❛✐♦ ✶✳ ❚r❛❝❡♠♦s ✉♠❛ r❡t❛ ① q✉❡

♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ ❖ ❡ ✐♥t❡r❝❡♣t❛ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡♠ ❞♦✐s ♣♦♥t♦s ❆ ❡ ❆✬✳ ❋✐♥❛❧♠❡♥t❡

tr❛❝❡♠♦s ✉♠❛ r❡t❛ ② q✉❡ ♣❛ss❛ ♣♦r ❖ ❡ é ♣❡r♣❡♥❞✐❝✉❧❛r ❛ r❡t❛ ①✳ ❊st❛ r❡t❛ ✐♥t❡r❝❡♣t❛ ❛

❝✐r❝✉♥❢❡rê♥❝✐❛ ❡♠ ❞♦✐s ♣♦♥t♦s ❇ ❡ ❇✬✭✈❡r ❛ ✜❣✉r❛ ❛❜❛✐①♦✮✿

❋✐❣✉r❛ ✷✳✸✿

❈♦♥s✐❞❡r❛♠♦s ❛❣♦r❛ ✉♠ ♣♦♥t♦ ❈ s♦❜r❡ ♦ ❛r❝♦
⌢

AB ❞✐❢❡r❡♥t❡ ❞❡ A ❡ B✳ ❚r❛❝❡♠♦s ♣♦r

❈ ✉♠❛ r❡t❛ q✉❡ ✐♥t❡r❝❡♣t❛ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❛ r❡t❛ ① ♥♦ ♣♦♥t♦ ❉✳ ❙❡❥❛ CÔA = θ✳

❚❡♠♦s q✉❡ 0 < θ < 90♦✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱ ♥♦ tr✐â♥❣✉❧♦ ❖❉❈ t❡♠♦s

OD
2

+DC
2

= OC
2

✭✷✳✸✮

P♦❞❡♠♦s ❛✐♥❞❛ ❡♥✉♠❡r❛r ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s✿

OD = cos θ ✭✷✳✹✮

DC = sen θ ✭✷✳✺✮

✷✷



OC = 1 ✭✷✳✻✮

❋❛③❡♥❞♦ ❛s s✉❜st✐t✉✐çõ❡s ❞❡ ✭✷✳✹✮✱ ✭✷✳✺✮ ❡ ✭✷✳✻✮ ♥❛ r❡❧❛çã♦ ✭✷✳✸✮✱ ♦❜t❡♠♦s✿

sen(θ)2 + cos(θ)2 = 1✳

❆❣♦r❛ ❝♦♥s✐❞❡r❛♠♦s ✉♠ ♣♦♥t♦ ❈✬ s♦❜r❡ ♦ ❛r❝♦
⌢

A′B ❞✐❢❡r❡♥t❡ ❞❡ A′ ❡ B✳ ❚r❛❝❡♠♦s ♣♦r

C ′ ✉♠❛ r❡t❛ q✉❡ ✐♥t❡r❝❡♣t❛ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❛ r❡t❛ ① ♥♦ ♣♦♥t♦ D′✳ ❙❡❥❛ AÔC ′ = θ✳

❚❡♠♦s 90♦ < θ < 180♦✳

❋✐❣✉r❛ ✷✳✹✿

◆♦ tr✐â♥❣✉❧♦ OC ′D′ t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

OD′2 +D′C ′2 = OC ′2. ✭✷✳✼✮

❈♦♠♦ C ′ÔD′ = (180− θ)✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳✶ q✉❡✱

OD′ = cos(180♦ − θ) = −cos θ ✭✷✳✽✮

❡

D′C ′ = sen(180− θ) = sen θ. ✭✷✳✾✮

❆❧é♠ ❞✐ss♦✱

OC ′ = 1 ✭✷✳✶✵✮

❋❛③❡♥❞♦ ❛s s✉❜st✐t✉✐çõ❡s ❞❡ ✭✷✳✽✮✱ ✭✷✳✾✮ ❡ ✭✷✳✶✵✮ ♥❛ r❡❧❛çã♦ ✭✷✳✼✮✱ ♦❜t❡♠♦s✿

✷✸



sen(θ)2 + (−cos(θ))2 = 1

sen(θ)2 + cos(θ)2 = 1

▲♦❣♦✱ s❡ 0♦ < θ < 90♦ ♦✉ 90♦ < θ < 180♦ ❡♥tã♦ sen(θ)2 + cos(θ)2 = 1✳ P♦r s✐♠♣❧❡s

✈❡r✐✜❝❛çã♦✱ ♦❜t❡♠♦s q✉❡ ❡st❛ r❡❧❛çã♦ é ✈á❧✐❞❛ t❛♠❜é♠ ♣❛r❛ θ = 0♦✱ θ = 90♦ ❡ θ = 180♦✳

❊①❡♠♣❧♦ ✷✳✻ ❙❡♥❞♦ sen θ =
3

5
❡ 90♦ < θ < 180♦✱ ❝❛❧❝✉❧❡ cos θ✳

❘❡s♦❧✉çã♦✿ ❉❛ r❡❧❛çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❚r✐❣♦♥♦♠❡tr✐❛✱ senθ2+ cosθ2 = 1✱ s✉❜st✐t✉✐♥❞♦

♦ ✈❛❧♦r ❞❡ sen θ✱

(
3

5
)2 + cosθ2 = 1✱

(
9

25
) + cosθ2 = 1✱

cosθ2 = 1− 9

25
✱

cosθ = ±
√

16

25
✱

cosθ = ±4

5
✳

❈♦♠♦ 90♦ < θ < 180♦✱ ♦ ✈❛❧♦r cosθ = −4

5
✳

❊①❡♠♣❧♦ ✷✳✼ ❈❛❧❝✉❧❡ ♦ ✈❛❧♦r ❞❡ sen θ✱ s❛❜❡♥❞♦ q✉❡ cos θ =
1

5
❡ q✉❡ 0♦ < θ < 180♦✳

❘❡s♦❧✉çã♦✿ ❉❛ r❡❧❛çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❚r✐❣♦♥♦♠❡tr✐❛✱ senθ2+ cosθ2 = 1✱ s✉❜st✐t✉✐♥❞♦

cos θ =
1

5
t❡♠♦s

sen θ2 + (
1

5
)2 = 1✱

sen θ2 +
1

25
= 1✱

senθ2 = 1− 1

25
✱

senθ = ±
√

24

25
✱

senθ = ±2
√
6

5
✳

❈♦♠♦ 0♦ < θ < 180♦✱ sen θ =
2
√
6

5
✳

✷✹



✷✳✺ ❙❡♥♦✱ ❈♦ss❡♥♦ ❡ ❚❛♥❣❡♥t❡ ❞❡ ✸✵♦✱ ✹✺♦ ❡ ✻✵♦

❱❛♠♦s ❞❡t❡r♠✐♥❛r ♦ s❡♥♦✱ ❝♦ss❡♥♦ ❡ t❛♥❣❡♥t❡ ❞♦s â♥❣✉❧♦s ❞❡ ✸✵♦✱ ✹✺♦ ❡ ✻✵♦✱ ♣♦✐s ❛

♣❛rt✐r ❞❡st❡✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ s❡♥♦✱ ❝♦ss❡♥♦ ❡ t❛♥❣❡♥t❡ ❞❡ ❛❧❣✉♥s ♦✉tr♦s â♥❣✉❧♦s✳ P❛r❛

✐ss♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ tr✐â♥❣✉❧♦ ❡q✉✐❧át❡r♦ ❆❇❈✱ ❝✉❥♦s ❧❛❞♦s ♠❡❞❡♠ ❧✳ ❙❡❥❛ ❆❉ ❛

❜✐ss❡tr✐③ ❞❡ ❇➶❈✳ P❡❧♦ t❡♦r❡♠❛ ✶✳✽ t❡♠♦s q✉❡ ❆❉ é ❛ ♠❡❞✐❛♥❛ ❞❡ ❇❈ ❡ q✉❡ ❆❉ t❛♠❜é♠

é ❛ ❛❧t✉r❛ ❞♦ tr✐â♥❣✉❧♦ ❆❇❈ r❡❧❛t✐✈❛ ❛♦ â♥❣✉❧♦ ➶✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✾ t❡♠♦s q✉❡

Ĉ = 60♦ ❡ DÂC = 30♦✳ ❙❡❥❛ AD = h✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s t❡♠♦s q✉❡✿

l2 = h2 +

(

l

2

)2

h2 = l2 − l2

4

h2 =
3l2

4

h =
l
√
3

2
✳

▲♦❣♦ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s❡♥♦ ❡ ❝♦ss❡♥♦✱ ♦❜t❡♠♦s✿

sen(30♦) =

l

2
l
=

l

2
.
1

l
=

1

2
✳

sen(60♦) =
AD

l
=

l
√
3

2
.
1

l
=

√
3

2
✳

cos(30♦) =
h

l
=✳

l
√
3

2
.
1

l
=

√
3

2

✷✺



cos(60♦) =
h

l
=

l
√
3

2
.
1

l
=

√
3

2
✳

❋✐♥❛❧♠❡♥t❡✿

tan(30♦) =

1

2√
3

2

=

√
3

3
✳

tan(60♦) =

√
3

2
1

2

=
√
3✳

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ s❡♥♦✱ ❝♦ss❡♥♦ ❡ t❛♥❣❡♥t❡ ❞❡ 45♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ q✉❛❞r❛❞♦

❆❇❈❉ ❞❡ ❧❛❞♦s ♠❡❞✐♥❞♦ ❧ ❡ ❞✐❛❣♦♥❛❧ ❆❈ ♠❡❞✐♥❞♦ ❞✳

◆♦✈❛♠❡♥t❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱ t❡♠♦s✿

d2 = l2 + l2

d2 = 2l2

d =
√
2l2

d = l
√
2✳

▲♦❣♦✱

sen(45♦) =
l

d
=

l

l
√
2
=

√
2

2
✳

cos(45♦) =
l

d
=

l

l
√
2
=

√
2

2
✳

tan(45♦) =

√
2

2√
2

2

= 1✳

❆ss✐♠ ♣♦❞❡♠♦s ❝♦♥str✉✐r ❛ s❡❣✉✐♥t❡ t❛❜❡❧❛ tr✐❣♦♥♦♠étr✐❝❛✿

30♦ 45♦ 60♦

sen
1

2

√
2

2

√
3

2

cos

√
3

2

√
2

2

1

2

tan

√
3

3
1

√
3

✷✻



❈❛♣ít✉❧♦ ✸

▲❡✐ ❞♦s ❙❡♥♦s ❡ ▲❡✐ ❞♦s ❈♦ss❡♥♦s

❋❛r❡♠♦s ✉♠ ❡st✉❞♦ s♦❜r❡ ❛ ▲❡✐ ❞♦s ❙❡♥♦s ❡ ▲❡✐ ❞♦s ❈♦ss❡♥♦s ❡ ❛♥❛❧✐s❛r❡♠♦s ❛❧❣✉♠❛s

❞❡ s✉❛s ❛♣❧✐❝❛çõ❡s ♥❛ tr✐❣♦♥♦♠❡tr✐❛✳

✸✳✶ ▲❡✐ ❞♦s ❙❡♥♦s

❆ ▲❡✐ ❞♦s ❙❡♥♦s é ✉♠❛ r❡❧❛çã♦ ♠❛t❡♠át✐❝❛ ❞❡ ♣r♦♣♦rçã♦ ❡♥tr❡ ❛s ♠❡❞✐❞❛s ❞♦s ❧❛❞♦s

❞❡ tr✐â♥❣✉❧♦s ❛r❜✐trár✐♦s ❡ s❡✉s â♥❣✉❧♦s✳

❚❡♦r❡♠❛ ✸✳✶✳✶ ✭▲❡✐ ❞♦s ❙❡♥♦s✮ ◗✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ tr✐â♥❣✉❧♦ ❆❇❈✱ s❡✉s ❧❛❞♦s sã♦

♣r♦♣♦r❝✐♦♥❛✐s ❛♦s s❡♥♦s ❞♦s â♥❣✉❧♦s ♦♣♦st♦s ♥❛ ♠❡s♠❛ r❛③ã♦ ❞♦ ❞✐â♠❡tr♦ ❞❛ ❝✐r❝✉♥❢❡✲

rê♥❝✐❛ ❝✐r❝✉♥s❝r✐t❛ ❛♦ tr✐â♥❣✉❧♦✱ ♦✉ s❡❥❛✱

a

sen Â
=

b

sen B̂
=

c

sen Ĉ
= 2r✱

♦♥❞❡ BC = a✱ AC = b✱ AB = c ❡ r é ♦ r❛✐♦ ❞❛ ❝✐r❝✉❢❡rê♥❝✐❛ ❝✐r❝✉♥s❝r✐t❛ ❛♦ tr✐â♥❣✉❧♦

❆❇❈✳

❉❡♠♦♥str❛çã♦✿

❈♦♥s✐❞❡r❛♠♦s ✉♠ tr✐â♥❣✉❧♦ ❆❇❈ q✉❛❧q✉❡r ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ r

❡ s❡❥❛ ❇❉ ✉♠ ❞✐â♠❡tr♦ ❞❡ss❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳ ❙✉♣♦♥❤❛ Â 6 90♦✳ P❡❧♦ t❡♦r❡♠❛ ✶✳✶✽✱ ♦

tr✐â♥❣✉❧♦ ❇❈❉ é r❡tâ♥❣✉❧♦✱ ❝♦♠ ♦ â♥❣✉❧♦ r❡t♦ ❡♠ ❈✳

✷✼



❋✐❣✉r❛ ✸✳✶✿ ▲❡✐ ❞♦s ❙❡♥♦sÂ ≤ 90♦

❉❛í✱

sen D̂ =
a

2r

❖❜s❡r✈❡ q✉❡ D̂ = Â✱ ♣♦✐s ❛♠❜♦s sã♦ â♥❣✉❧♦s ✐♥s❝r✐t♦s ♥❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡ s✉❜❡♥t❡♥❞❡♠

♦ ❛r❝♦
⌢

BC✳

❉❡ss❡ ♠♦❞♦

sen Â = sen D̂ =
a

2r

▲♦❣♦✱

a

sen Â
= 2r

Pr♦❝❡❞❡♥❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ♣❛r❛ ♦s ♦✉tr♦s â♥❣✉❧♦s ❡ ❧❛❞♦s✱ t❡r❡♠♦s✿

a

sen Â
=

b

sen B̂
=

c

sen Ĉ
= 2r

P❛r❛ Â > 90♦✱ ❝♦♥s✐❞❡r❡ ✉♠ ♣♦♥t♦ E s♦❜r❡ ♦ ❛r❝♦ ♠❛✐♦r ❞❡t❡r♠✐♥❛❞♦ ♣♦r B ❡ C✳ ❖s

â♥❣✉❧♦s Â ❡ Ê sã♦ s✉♣❧❡♠❡♥t❛r❡s✳ ▲♦❣♦✱ sen Â = sen Ê✳ P❡❧♦ ❝❛s♦ ❛♥t❡r✐♦r✱
a

sen Ê
= 2r✳

▲♦❣♦✱
a

sen Â
= 2r✳

✷✽



❋✐❣✉r❛ ✸✳✷✿ ▲❡✐ ❞♦s ❙❡♥♦s Â > 90♦

✷

❊①❡♠♣❧♦ ✸✳✶ ❊♠ ✉♠ tr✐â♥❣✉❧♦ ❆❇❈✱ t❡♠♦s AC = 80cm✱ Â = 60♦ ❡ B̂ = 45♦✳ ❈❛❧❝✉❧❡

❛ ♠❡❞✐❞❛ ❞♦ ❧❛❞♦ BC✳

❘❡s♦❧✉çã♦✿ P❡❧❛ ▲❡✐ ❞♦s ❙❡♥♦s✱

BC

sen Â
=

AC

sen B̂
=✳

❙✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❛❞♦s✱ t❡♠♦s

BC

sen60♦
=

80

sen45♦
✱

BC√
3

2

=
80√
2

2

✱

BC = 80.

√
3√
2
✳

▲♦❣♦✱ BC = 40.
√
6cm✳

✷✾



✸✳✷ ▲❡✐ ❞♦s ❈♦ss❡♥♦s

❆ ▲❡✐ ❞♦s ❈♦ss❡♥♦s ♥♦s ❛❥✉❞❛ ❛ ❞❡t❡r♠✐♥❛r ✉♠ ❧❛❞♦ ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❡♠ ❢✉♥çã♦ ❞♦s

♦✉tr♦s ❞♦✐s ❧❛❞♦s ❡ ❞♦ â♥❣✉❧♦ ❡♥tr❡ ❡❧❡s✳

❚❡♦r❡♠❛ ✸✳✷✳✶ ✭▲❡✐ ❞♦s ❈♦ss❡♥♦s✮ ◆✉♠ tr✐â♥❣✉❧♦ ❆❇❈ q✉❛❧q✉❡r✱ ♦ q✉❛❞r❛❞♦ ❞❛ ♠❡✲

❞✐❞❛ ❞❡ ✉♠ ❧❛❞♦ é ✐❣✉❛❧ ❛ s♦♠❛ ❞❛s ♠❡❞✐❞❛s ❞♦s q✉❛❞r❛❞♦s ❞♦s ♦✉tr♦s ❞♦✐s ❧❛❞♦s ♠❡♥♦s

♦ ❞♦❜r♦ ❞♦ ♣r♦❞✉t♦ ❞❛s ♠❡❞✐❞❛s ❞❡ss❡s ❧❛❞♦s ♣❡❧♦ ❝♦ss❡♥♦ ❞♦ â♥❣✉❧♦ ♣♦r ❡❧❡s ❢♦r♠❛❞♦✱ ♦✉

s❡❥❛✱

a2 = b2 + c2 − 2.b.c.cosÂ✱

♦♥❞❡ a = BC✱ b = AC ❡ c = AB✳

❉❡♠♦♥str❛çã♦✿

❆ ❞❡♠♦♥str❛çã♦ é ❞✐✈✐❞✐❞❛ ❡♠ três ❝❛s♦s✿ Â < 90♦✱ Â > 90♦ ❡ Â = 90♦✳

❈❛s♦ Â < 90♦✳

❋✐❣✉r❛ ✸✳✸✿ Â < 90♦

❙❡❥❛♠ ❉ ♦ ♣é ❞❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❜❛✐①❛❞❛ ❞♦ ✈ért✐❝❡ ❇ s♦❜r❡ ❛ r❡t❛
←→
AC ❡ AD = x✳

❈♦♠♦ ➶ ❁ ✾✵♦✱ ❉ ❡stá ♥❛ s❡♠✐rr❡t❛
−→
AC✳ ❙❡ ♦ ♣♦♥t♦ ❉ ❡stá ❡♥tr❡ ❆ ❡ ❈✱ t❡♠♦s ♣❡❧♦

❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s q✉❡

BC
2

= BD
2

+DC
2

✱

♦✉ s❡❥❛✱

a2 = h2 + (b− x)2 = h2 + b2 + x2 − 2bx, ✭✸✳✶✮

✸✵



♦♥❞❡ h = BD✳

❙❡ ♦❝♦rr❡r ❞❡ ❉ ❡st❛r ❆ ❡ ❉ ❛ ✐❣✉❛❧❞❛❞❡ s❡rá ❛ ♠❡s♠❛✱ ♣♦✐s AD = ① ❡ DC = (x− b)✳

❆❣♦r❛✱ ❝♦♠♦ ♦ tr✐â♥❣✉❧♦ ❆❇❉ é r❡t♦ ❡♠ ❉✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s q✉❡

c2 = h2 + x2✳

❙✉❜st✐t✉í♥❞♦ x = c.cos Â ❡ c2 = h2 + x2 ♥❛ ❡q✉❛çã♦ ✭✸✳✶✮✱ t❡♠♦s q✉❡✿

a2 = b2 + c2 − 2.b.c.cos Â✳

❈❛s♦ Â > 90♦✳

❋✐❣✉r❛ ✸✳✹✿ Â > 90♦

❙❡❥❛♠ ❉ ♦ ♣é ❞❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❜❛✐①❛❞❛ ❞♦ ✈ért✐❝❡ ❇ s♦❜r❡ ❛ r❡t❛
←→
AC ❡ AD = x✳

❈♦♠♦ ➶ ❃ ✾✵♦✱ ❉ ❡stá ♥❛ s❡♠✐rr❡t❛
−→
CA✳ ❈♦♠♦ ♦ ♣♦♥t♦ ❆ ❡stá ❡♥tr❡ ❈ ❡ ❉✱ t❡♠♦s q✉❡

DC = b+ x✳ ▼❛s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱

BC
2

= BD
2

+ CD
2

✳

❆ss✐♠✱

a2 = h2 + (b+ x)2 ✭✸✳✷✮

♦♥❞❡ h = BD✳

❈♦♠♦ ♦ tr✐â♥❣✉❧♦ ❆❇❉ é r❡t♦ ❡♠ ❉✱ t❡♠♦s ❞♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s q✉❡ h2 = c2−x2✳

❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✷✮ t❡♠♦s✱

a2 = c2 − x2 + b2 + 2bx+ x2

a2 = b2 + c2 + 2bx

✸✶



❆❧é♠ ❞✐ss♦✱

cosBÂD =
AD

AB
=

x

c

❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✳✶ t❡♠♦s

cosBÂD = −cos(180♦ − BÂD) = −cosBÂC✳

❆ss✐♠

x = c.(−cosBÂC) = −c.cosÂ

❡ ♣♦rt❛♥t♦

a2 = b2 + c2 − 2.b.c.cos Â✳

❈❛s♦ Â = 90♦✳

❙❡ Â = 90♦✱ cos 90♦ = 0 ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s

a2 = b2 + c2 − 2.b.c.cos Â✳

✷

❊①❡♠♣❧♦ ✸✳✷ ❊♠ ✉♠ tr✐â♥❣✉❧♦ ❆❇❈ t❡♠♦s AC = 8m✱ AB = 12m ❡ BÂC = 120♦✳

❈❛❧❝✉❧❡ é ♦ ✈❛❧♦r ❞♦ ❧❛❞♦ BC ❞♦ tr✐â♥❣✉❧♦✳

❋✐❣✉r❛ ✸✳✺✿ ❊①❡♠♣❧♦ ✸✳✷

❘❡s♦❧✉çã♦✿ P❡❧❛ ▲❡✐ ❞♦s ❈♦ss❡♥♦s✱ t❡♠♦s

BC
2

= 82 + 122 − 2.8.12.cos 120♦✱

✸✷



BC
2

= 64 + 144− 2.8.12.(−0, 5)✱

BC =
√
304✳

▲♦❣♦✱

BC = 4.
√
19✳

✸✸



❈❛♣ít✉❧♦ ✹

❆♣❧✐❝❛çõ❡s ❞❛ ❚r✐❣♦♥♦♠❡tr✐❛

❈♦♠♦ ❛ tr✐❣♦♥♦♠❡tr✐❛ r❡❧❛❝✐♦♥❛ â♥❣✉❧♦s ❝♦♠ s❡❣♠❡♥t♦s✱ ❡❧❛ é ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♣❛r❛

♠❡❞✐r ❞✐stâ♥❝✐❛s ❡♥tr❡ ♣♦♥t♦s ✐♥❛❝❡ssí✈❡✐s✳ ❚❛✐s ❛♣❧✐❝❛çõ❡s ❞❛ tr✐❣♦♥♦♠❡tr✐❛ ❥á ❡r❛♠

❢❡✐t❛s ♥❛ ❛♥t✐❣✉✐❞❛❞❡✱ sé❝✉❧♦s ❛♥t❡s ❞❡ ❈r✐st♦✳ ❆t✉❛❧♠❡♥t❡ ❡stá ♣r❡s❡♥t❡ ❡♠ ✈ár✐❛s ár❡❛s

❞❛ t♦♣♦❣r❛✜❛✱ ❡♥❣❡♥❤❛r✐❛s✱ ❛rq✉✐t❡t✉r❛✱ ❛❣r♦♥♦♠✐❛✱ ❢ís✐❝❛ ❡ ♠❛t❡♠át✐❝❛✳

✹✳✶ ❆♣❧✐❝❛çõ❡s ❞❛ ❚r✐❣♦♥♦♠❡tr✐❛ ♥❛ ❆♥t✐❣✉✐❞❛❞❡

❚❡♥t❛♥❞♦ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ♥❛✈❡❣❛çã♦✱ ♦s ❣r❡❣♦s s❡ ✐♥t❡r❡ss❛r❛♠ ❡♠ ❞❡t❡r♠✐♥❛r

♦ r❛✐♦ ❞❛ ❚❡rr❛ ❡ ❛ ❞✐stâ♥❝✐❛ ❞❛ ❚❡rr❛ à ▲✉❛✳ P❛r❛ ❞❡t❡r♠✐♥❛r✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ♦ r❛✐♦

❞❛ t❡rr❛ ❡❧❡s ✉t✐❧✐③❛r❛♠ ❛ ♥♦çã♦ ❞❡ s❡♥♦✳ ❊♠ ❧✐♥❣✉❛❣❡♠ ♠♦❞❡r♥❛✱ ❡ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡

s❡r r❡s♦❧✈✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❝♦♥s✐❞❡r❛♠♦s ✉♠❛ t♦rr❡ ❞❡ ❛❧t✉r❛ ❤ ❡ r❡♣r❡s❡♥t❛♠♦s ♦

s❡✉ t♦♣♦ ♣♦r ✉♠ ♣♦♥t♦ B✳ ❈♦♥s✐❞❡r❛♠♦s t❛♠❜é♠ ✉♠ ♣♦♥t♦ C s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ❞❛ t❡rr❛

✭❛❧❣✉♥s ♠❡tr♦s ❞❡ ❞✐stâ♥❝✐❛ ❞❛ t♦rr❡✮✱ t❛❧ q✉❡ BC s❡❥❛ t❛♥❣❡♥t❡ ❛ s✉♣❡r❢í❝✐❡ ❡ ❞❡♥♦t❛♠♦s

♣♦r O ♦ ❝❡♥tr♦ ❞❛ t❡rr❛ ❡ θ ❛ ♠❡❞✐❞❛ ❞♦ â♥❣✉❧♦ OB̂C✳

❙❡ s✉♣♦♠♦s q✉❡ ❛ t❡rr❛ é ✉♠❛ ❡s❢❡r❛✱ ❡♥tã♦ ❛ ✐♥t❡rs❡çã♦ ❞♦ ♣❧❛♥♦ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦s

♣♦♥t♦s B✱ O ❡ C ❡ ❛ s✉♣❡r❢í❝✐❡ ❞❛ t❡rr❛ é ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❝❡♥tr♦ O ❡ r❛✐♦ r✱ ❞✐❣❛♠♦s

✭✈❡❥❛ ❛ ✜❣✉r❛ ✹✳✶✮✳

❆❧é♠ ❞✐ss♦✱ ♦ â♥❣✉❧♦ BĈO é r❡t♦✱ ♣♦✐s BC é t❛♥❣❡♥t❡ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❝❡♥tr♦ O ❡

✸✹



❋✐❣✉r❛ ✹✳✶✿ ❈á❧❝✉❧♦ ❞♦ r❛✐♦ ❞❛ t❡rr❛ ♣❡❧♦ ❣r❡❣♦s

r❛✐♦ r✳ P♦rt❛♥t♦✱

sen θ =
CO

BO
=

r

r + h
✱

♦✉ s❡❥❛✱

r =
h.sen θ

1− sen θ
✳

✹✳✷ Pr♦❜❧❡♠❛s ❊❧❡♠❡♥t❛r❡s

◆❡st❛ s❡çã♦ ✉s❛♠♦s ❛ tr✐❣♦♥♦♠❡tr✐❛ ♣❛r❛ r❡s♦❧✈❡r s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s✱ ✉t✐❧✐③❛♥❞♦ ❛s

r❡❧❛çõ❡s tr✐❣♦♥♦♠étr✐❝❛s ❞♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✱ ❛ ▲❡✐ ❞♦s ❙❡♥♦s ❡ ❛ ▲❡✐ ❞♦s ❈♦ss❡♥♦s ❡♠

s✐t✉❛çõ❡s ❞✐✈❡rs❛s✳ ❯t✐③❛♠♦s ♥♦s ❡①❡♠♣❧♦s ♦s â♥❣✉❧♦s ❞❡ 30♦✱ 45♦ ❡ 60♦ ♣♦r s❡r ❢á❝✐❧ ❞❡

❝❛❧❝✉❧❛r s❡✉s ✈❛❧♦r❡s ❞❡ s❡♥♦✱ ❝♦ss❡♥♦ ❡ t❛♥❣❡♥t❡✳ ◆❛ ♣rát✐❝❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ t❡r♠♦s

✉♠ ❞❡st❡s â♥❣✉❧♦s é ♣❡q✉❡♥❛✱ ♣♦ré♠ ❛ ✐❞❡✐❛ ❞❡ r❡s♦❧✉çã♦ é ❛ ♠❡s♠❛ ♣❛r❛ q✉❛❧q✉❡r â♥❣✉❧♦✳

❊①❡♠♣❧♦ ✹✳✶ P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❛❧t✉r❛ ❞❡ ✉♠ ❡❞✐❢í❝✐♦✱ ✉♠ ♦❜s❡r✈❛❞♦r ❝♦❧♦❝❛✲s❡ ❛ ✸✵♠

❞❡ ❞✐stâ♥❝✐❛ ❞❛ ❜❛s❡ ❡ ♦ ♦❜s❡r✈❛ s❡❣✉♥❞♦ ✉♠ â♥❣✉❧♦ ❞❡ 30♦✱ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛✳

❈❛❧❝✉❧❡ ❛ ❛❧t✉r❛ ❞♦ ❡❞✐❢í❝✐♦✳

✸✺



❋✐❣✉r❛ ✹✳✷✿ ❊①❡♠♣❧♦ ✹✳✶

❘❡s♦❧✉çã♦✿ ❈♦♠♦ ❛ ♣❛r❡❞❡ ❞♦ ♣ré❞✐♦ é ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ s♦❧♦✱ ✉s❛♠♦s ❛s r❛③õ❡s tr✐✲

❣♦♥♦♠étr✐❝❛s ❞♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✳ ❊♠ r❡❧❛çã♦ ❛♦ â♥❣✉❧♦ ❞❡ 30♦ ❛ ❛❧t✉r❛ h ❞♦ ♣ré❞✐♦

é ❛ ♠❡❞✐❞❛ ❞♦ ❝❛t❡t♦ ♦♣♦st♦ ❡ ❛ ❞✐stâ♥❝✐❛ ❞♦ ♣ré❞✐♦ ❛♦ ❛❜s❡r✈❛❞♦r é ❛ ♠❡❞✐❞❛ ❝❛t❡t♦

❛❞❥❛❝❡♥t❡✳

❙❡❥❛ A ❛ ❧♦❝❛❧✐③❛çã♦ ❞♦ ♦❜s❡r✈❛❞♦r ❡ B ♦ ♣♦♥t♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ t♦♣♦ ❞♦ ♣ré❞✐♦✳

Pr✐♠❡✐r❛♠❡♥t❡ ❝❛❧❝✉❧❛♠♦s ♦ ✈❛❧♦r ❞❛ ❞✐stâ♥❝✐❛ y ❞♦ ♦❜s❡r✈❛❞♦r ❛té ♦ t♦♣♦ ❞♦ ♣ré❞✐♦✱

✉t✐❧✐③❛♥❞♦ ♦ s❡♥♦ ❞♦ â♥❣✉❧♦ 30♦✳

❚❡♠♦s✱

sen 30♦ =
30

y

1

2
=

30

y
✱

y = 60.✳

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❛❧t✉r❛ h✱ ✐r❡♠♦s ✉t✐❧✐③❛r ♦ ❝♦ss❡♥♦ ❞♦ â♥❣✉❧♦ ❞❡ 30♦✳ P♦r

❞❡✜♥✐çã♦✱

cos 30♦ =
h

y
✳

❙✉❜st✐t✉✐♥❞♦ cos 30♦ =

√
3

2
❡ y = 60 t❡♠♦s✱

√
3

2
=

h

60

✸✻



h =
60.
√
3

2

▲♦❣♦✱ ❛ ❛❧t✉r❛ ❞♦ ♣ré❞✐♦ ❡

h = 30.
√
3✳

❊①❡♠♣❧♦ ✹✳✷ ❊♠ ✉♠ ❝❡rt♦ tr❡❝❤♦ ❞❡ ✉♠ r✐♦ ❞❡s❡❥❛✲s❡ ❝♦♥str✉✐r ✉♠❛ ♣♦♥t❡ ❞❡ ✉♠ ♣♦♥t♦

A ❛té ✉♠ ♣♦♥t♦ B✳ ❉❡ ✉♠ ♣♦♥t♦ P✱♥❛ ♠❡s♠❛ ♠❛r❣❡♠ ❞❡ ❇✱ ❛ ✶✵✵♠ ❞❡ ❇✱ ♠❡❞✐✉✲

s❡ ♦ â♥❣✉❧♦ AP̂B = 45♦ ❡ ❞♦ ♣♦♥t♦ ❆✱ ♠❡❞✐✉✲s❡ ♦ â♥❣✉❧♦ PÂB = 30♦✳ ❈❛❧❝✉❧❛r ♦

❝♦♠♣r✐♠❡♥t♦ ❞❛ ♣♦♥t❡✳

❘❡s♦❧✉çã♦✿ ❈♦♠ ♦s ❞❛❞♦s ❢♦r♥❡❝✐❞♦s ♣❡❧♦ ♣r♦❜❧❡♠❛✱ ❝♦♥❤❡❝❡♠♦s ❛♣❡♥❛s ❛ ♠❡❞✐❞❛ ❞❡

✉♠ ❞♦s ❧❛❞♦s ❡ ❞❡ ❞♦✐s â♥❣✉❧♦s ❞♦ tr✐â♥❣✉❧♦ APB✳ P♦r ✐ss♦✱ ✉t✐❧✐③❛r❡♠♦s ❛ ▲❡✐ ❞♦s ❙❡♥♦s

♣❛r❛ ❞❡t❡r♠✐♥❛r AB✱ q✉❡ é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♣♦♥t❡✳

P❡❧❛ ▲❡✐ ❞♦s ❙❡♥♦s t❡♠♦s✱

PB

senÂ
=

AB

sen P̂
✳

❈❤❛♠❛♥❞♦ AB = x ❡ s✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛ t❡♠♦s✱

100

sen 30♦
=

x

sen 45♦

100
1

2

=
x
√
2

2

✸✼



100.

√
2

2
= x.

1

2

50.
√
2 =

x

2
✳

❆ss✐♠ t❡♠♦s q✉❡✱

x = 100.
√
2✳

▲♦❣♦✱ ❛ ♣♦♥t❡ t❡♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 141, 40 ♠❡tr♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦✳

❊①❡♠♣❧♦ ✹✳✸ ❆ á❣✉❛ ✉t✐❧✐③❛❞❛ ♥❛ ❝❛s❛ ❞❡ ✉♠❛ ❢❛③❡♥❞❛ é ❝❛♣t❛❞❛ ❡ ❜♦♠❜❡❛❞❛ ❞❡ ✉♠

r✐♦ ♣❛r❛ ✉♠❛ ❝❛✐①❛✲❞✬á❣✉❛ ❛ 40m ❞❡ ❞✐stâ♥❝✐❛ ❞♦ r✐♦✳ ❆ ❝❛s❛ ❡stá ❛ 60m ❞❡ ❞✐stâ♥❝✐❛

❞❛ ❝❛✐①❛ ❞✬á❣✉❛ ❡ ♦ â♥❣✉❧♦ ❢♦r♠❛❞♦ ♣❡❧❛s ❞✐r❡çõ❡s ❝❛✐①❛ ❞✬á❣✉❛✲❜♦♠❜❛ ❡ ❝❛✐①❛ ❞✬á❣✉❛✲

❝❛s❛ é ❞❡ 60♦✳ ❙❡ ♣r❡t❡♥❞❡✲s❡ ❜♦♠❜❡❛r á❣✉❛ ❞♦ ♣♦♥t♦ ❞❡ ❝❛♣t❛çã♦ ❞✐r❡t♦ à ❝❛s❛ ❡♠

❧✐♥❤❛ r❡t❛✱ q✉❛♥t♦s ♠❡tr♦s ❞❡ ❡♥❝❛♥❛♠❡♥t♦ sã♦ ♥❡❝❡ssár✐♦s✱ ❞❡s❝♦♥s✐❞❡r❛♥❞♦ ♣♦ssí✈❡✐s

✐rr❡❣✉❧❛r✐❞❛❞❡s ♥♦ t❡rr❡♥♦❄

❘❡s♦❧✉çã♦✿ ❈♦♠♦ ❛ s✐t✉❛çã♦ ❡♥✈♦❧✈❡ ✉♠ tr✐â♥❣✉❧♦ ❡ ♦ ♣r♦❜❧❡♠❛ ♥♦s ❢♦r♥❡❝❡ ❞✉❛s

♠❡❞✐❞❛s ❞❡ ❧❛❞♦s ❡ ♦ â♥❣✉❧♦ ❢♦r♠❛❞❛ ♣♦r ❡❧❡s✱ ❡♥tã♦ ✉s❛♠♦s ❛ ▲❡✐ ❞♦s ❈♦ss❡♥♦s✳

❈♦♠ ♦s ❞❛❞♦s ❞♦ ♣r♦❜❧❡♠❛ ♣♦❞❡♠♦s r❡♣r❡s❡♥tá✲❧♦ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❘❡♣r❡s❡♥t❛♥❞♦ ❛ ❝❛✐①❛ ❞✬á❣✉❛ ♣❡❧♦ ♣♦♥t♦ A✱ ❛ ❜♦♠❜❛ ❞✬á❣✉❛ ♣❡❧♦ ♣♦♥t♦ B ❡ ❛ ❝❛s❛

♣❡❧♦ ♣♦♥t♦ C t❡♠♦s✿

BC
2

= 402 + 602 − 2.40.60.cos 60♦✱

BC
2

= 1600 + 3600− 4800.
1

2
✱

BC
2

= 2800✱

✸✽



BC =
√
2800✱

BC = 20.
√
7m✳

BC ∼= 52, 91m✳

▲♦❣♦✱ s❡rã♦ ♥❡❝❡ssár✐♦s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 52, 91 ♠❡tr♦s ❞❡ ❡♥❝❛♥❛♠❡♥t♦✳

❊①❡♠♣❧♦ ✹✳✹ ❊♥tr❡ ❞✉❛s ❝✐❞❛❞❡s ❡stá s❡♥❞♦ ❝♦♥str✉í❞❛ ✉♠❛ ❡str❛❞❛ ♥❛ ❞✐r❡çã♦ ▲❡st❡✲

❖❡st❡✳ ❊♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ tr❡❝❤♦ ❤á ✉♠❛ ♠♦♥t❛♥❤❛ q✉❡ ❡stá ❞✐✜❝✉❧t❛♥❞♦ ♦ tr❛❜❛❧❤♦✳

❈♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ❛❜❛✐①♦✳

❋✐❣✉r❛ ✹✳✸✿ ❊①❡♠♣❧♦ ✹✳✹

❖s ❡♥❣❡♥❤❡✐r♦s q✉❡r❡♠ s❛❜❡r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛ ❜❛s❡ ❞❛ ♠♦♥t❛♥❤❛ ❛ ▲❡st❡ ✭♣♦♥t♦ A✮ ❡

❜❛s❡ ❞❛ ♠♦♥t❛♥❤❛ ❛ ❖❡st❡ ✭♣♦♥t♦ B✮✳ P❛r❛ t❛♥t♦ ❡❧❡s ❡♥❝♦♥tr❛r❛♠ ✉♠ ♣♦♥t♦ C ❛♦ ❙✉❧

❞❛ ♠♦♥t❛♥❤❛✱ ❞✐st❛♥t❡ 5km ❞❡ B ❡ 4km ❞❡ A✱ t❛❧ q✉❡ ❞♦ â♥❣✉❧♦ AĈB ♠❡❞❡ 55♦✳ ❈♦♠

❡ss❡s ❞❛❞♦s✱ ❝❤❡❣❛r❛♠ ❛ ❝♦♥❝❧✉sã♦ q✉❡ ❡ss❡ t✉♥❡❧ t❡r✐❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 4, 25km✳ ❊❧❡s

❡st❛✈❛♠ ❝❡rt♦s❄

❘❡s♦❧✉çã♦✿ P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s A ❡ B✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ t❡♠♦s

q✉❡ AC = 4km✱ BC = 5km ❡ AĈB = 55♦✳ P❛r❛ ❡♥❝♦♥tr❛r♠♦s AB✱ ✉s❛♠♦s ❛ ▲❡✐ ❞♦s

❈♦ss❡♥♦s✳ ❚❡♠♦s✿

AB
2

= 42 + 52 − 2.4.5.cos55♦

AB
2

= 16 + 25− 40.(0, 57)

✸✾



AB
2

= 18, 05

AB =
√
18, 05

AB ∼= 4, 25km✳

▲♦❣♦✱ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s A ❡ B é ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 4, 25km ❡ ♣♦rt❛♥t♦✱

♦s ❡♥❣❡♥❤❡✐r♦s ❡st❛✈❛♠ ❝♦rr❡t♦s✳

❊①❡♠♣❧♦ ✹✳✺ ❖ t♦♣♦ ❞❡ ✉♠❛ t♦rr❡ ✈❡rt✐❝❛❧ AB é ✈✐st♦ ♣♦r ✉♠❛ ♣❡ss♦❛ ❞❡ ✉♠ ♣♦♥t♦ C

❞♦ s♦❧♦ s♦❜ ✉♠ â♥❣✉❧♦ ❞❡ 30♦✳ ❆ ❞✐stâ♥❝✐❛ ❞❛ ♣❡ss♦❛ ❛ ❜❛s❡ ❞❛ t♦rr❡ é 100m✳ ❙❡ ❛ ♣❡ss♦❛

♠❡❞❡ 1, 80m✱ q✉❛❧ ❛ ❛❧t✉r❛ ❞❛ t♦rr❡❄

❋✐❣✉r❛ ✹✳✹✿ ❊①❡♠♣❧♦ ✹✳✺

❘❡s♦❧✉çã♦✿ ❙❡❥❛ A ❛ ❧♦❝❛❧✐③❛çã♦ ❞❛ ♣❡ss♦❛ ❡ B ♦ ♣♦♥t♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ t♦♣♦ ❞❛ t♦rr❡✳

Pr✐♠❡✐r❛♠❡♥t❡ ❝❛❧❝✉❧❛♠♦s ❛ ❞✐stâ♥❝✐❛ y ❞❛ ♣❡ss♦❛ ❛té ♦ t♦♣♦ ❞❛ t♦rr❡✱ ✉s❛♥❞♦ ❛ ▲❡✐ ❞♦s

❙❡♥♦s✳

❚❡♠♦s✱

sen 30♦ =
100

y

1

2
=

100

y
✱

y = 200.

✹✵



❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❝❛❧❝✉❧❛r h ❛ ❛❧t✉r❛ ❞❛ t♦rr❡✱ ❡ x✱ ♦ ♣♦♥t♦ ❞❡ ✈✐sã♦ ❞❛ ♣❡ss♦❛ ❛té ♦

t♦♣♦ ❞❛ t♦rr❡✱ ❡s❝r❡✈❡♠♦s h = x+ 1, 80✳ ❚❡♠♦s✱

cos 30♦ =
x

y
✳

❙✉❜st✐t✉✐♥❞♦ ♦ cos 30♦ =

√
3

2
❡ y = 200 t❡♠♦s✱

√
3

2
=

x

200

x =
200.
√
3

2
✳

▲♦❣♦✱

x = 100.
√
3 ∼= 173, 20metros✱

❡ ♣♦rt❛♥t♦✱

h = x+ 1, 80 ∼= 173, 20 + 1, 80 = 175m✳

▲♦❣♦ ❛ ❛❧t✉r❛ ❞❛ t♦rr❡ é ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 175metros✳

❊①❡♠♣❧♦ ✹✳✻ ❘♦t❛❝✐♦♥❛♥❞♦✲s❡ ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❡♠ t♦r♥♦ ❞❡ ✉♠ ❞❡ s❡✉s ❝❛t❡t♦s✱

♦❜t❡♠♦s ✉♠ ❝♦♥❡ ❝✐r❝✉❧❛r r❡t♦✱ ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❡ ❞❡ r❡✈♦❧✉çã♦✳ ➱ ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r

✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ ♦ ✈♦❧✉♠❡ ❞❡st❡ ❝♦♥❡ ❝♦♥❤❡❝❡♥❞♦✲s❡ ❛♣❡♥❛s ❛ ♠❡❞✐❞❛ ❞❡ ✉♠ ❝❛t❡t♦ ❡ ♦

â♥❣✉❧♦ ❢♦r♠❛❞♦ ♣♦r t❛❧ ❝❛t❡t♦ ❡ ❛ ❤✐♣♦t❡♥✉s❛❄

❋✐❣✉r❛ ✹✳✺✿ ❊①❡♠♣❧♦ ✹✳✻

✹✶



❘❡s♦❧✉çã♦✿ ◆❛ ✜❣✉r❛ ✹✳✹ t❡♠♦s ✉♠ ❝♦♥❡ ❢♦r♠❛❞♦ ♣❡❧❛ r♦t❛çã♦ ❞♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦

OPQ✱ r❡t♦ ❡♠ ❖✱ ❡♠ t♦r♥♦ ❞♦ ❝❛t❡t♦ OQ✳ ❉❡♥♦t❛♠♦s OP = r✱ OQ = h ❡ PQ = a✳

❈♦♠♦ q✉❡r❡♠♦s ❞❡t❡r♠✐♥❛r ✉♠❛ ❢ór♠✉❧❛ ❞♦ ✈♦❧✉♠❡ ❞❡ss❡ ❝♦♥❡ ❝♦♥❤❡❝❡♥❞♦ ❛♣❡♥❛s ❛

♠❡❞✐❞❛ ❞❡ ✉♠ ❝❛t❡t♦ ❡ ♦ â♥❣✉❧♦ ❢♦r♠❛❞♦ ♣♦r ❡st❡ ❝❛t❡t♦ ❡ ❛ ❤✐♣♦t❡♥✉s❛✱ ♣♦❞❡♠ ♦❝♦rr❡r

❞♦✐s ❝❛s♦s✿

✶♦ ❝❛s♦✿ ❝♦♥❤❡❝❡♠♦s OP = r ❡ ♦ â♥❣✉❧♦ OP̂Q✳

✷♦ ❝❛s♦✿ ❝♦♥❤❡❝❡♠♦s OQ = h ❡ ♦ â♥❣✉❧♦ OQ̂P ✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♥♦ q✉❛❧ ❝♦♥❤❡❝❡♠♦s ♦ ✈❛❧♦r ❞❡ r ❡ ♦ â♥❣✉❧♦ OP̂Q = θ✱ t❡♠♦s✱

a =
r

cosθ
✭✹✳✶✮

❡

h = a.senθ. ✭✹✳✷✮

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✶✮ ❡♠ ✭✹✳✷✮✱ t❡♠♦s✿

h =
r

cosθ
.senθ

h = r.tanθ ✭✹✳✸✮

P❡❧❛ ●❡♦♠❡tr✐❛ ❊s♣❛❝✐❛❧✱ ❛ ❢ór♠✉❧❛ ❞♦ ✈♦❧✉♠❡ ❞♦ ❝♦♥❡ ❛❝✐♠❛ é ❞❛❞❛ ♣♦r V =
π.r2.h

3
✳

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✸✮ ♥❛ ❢ór♠✉❧❛ ❞♦ ✈♦❧✉♠❡ ❞♦ ❝♦♥❡ t❡♠♦s✱

V =
π.r2.r.tanθ

3

V =
π.r3.tanθ

3
✳

❏á ♥♦ s❡❣✉♥❞♦ ❝❛s♦✱ ✐st♦ é✱ s❡ ❝♦♥❤❡❝❡♠♦s ♦ ✈❛❧♦r ❞❡ h ❡ ♦ â♥❣✉❧♦ OQ̂P = θ✱ t❡♠♦s✱

a =
h

cosθ
✭✹✳✹✮

✹✷



❡

r = a.senθ. ✭✹✳✺✮

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✹✮ ❡♠ ✭✹✳✺✮✱ t❡♠♦s✿

r =
h

cosθ
.senθ

r = h.tanθ. ✭✹✳✻✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✻✮ ♥❛ ❢ór♠✉❧❛ ❞♦ ✈♦❧✉♠❡ ❞♦ ❝♦♥❡✱ t❡♠♦s✱

V =
π.(h.tanθ)2.h

3
✳

▲♦❣♦✱

V =
π.h3.tan2θ

3
✳

✹✳✸ ◆✐✈❡❧❛♠❡♥t♦ ❚r✐❣♦♥♦♠étr✐❝♦

P❡❧❛s ♥♦r♠❛s ❞❛ ❆ss♦❝✐❛çã♦ ❇r❛s✐❧❡✐r❛ ❞❡ ◆♦r♠❛s ❚é❝♥✐❝❛s ✭◆❇❘✮✱ ♥❛ ◆❇❘ ✶✸✶✸✸✴✶✾✾✹✱

q✉❡ tr❛t❛ ❞❛ ❡①❡❝✉çã♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ t♦♣♦❣rá✜❝♦✱ ♦ ♥✐✈❡❧❛♠❡♥t♦ tr✐❣♦♥♦♠étr✐❝♦ é ❞❡✜✲

♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ♥✐✈❡❧❛♠❡♥t♦ q✉❡ r❡❛❧✐③❛ ❛ ♠❡❞✐çã♦ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡❧ ❡♥tr❡ ♣♦♥t♦s

❞♦ t❡rr❡♥♦✱ ✐♥❞✐r❡t❛♠❡♥t❡✱ ❛ ♣❛rt✐r ❞❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ â♥❣✉❧♦ ✈❡rt✐❝❛❧ ❞❛ ❞✐r❡çã♦ q✉❡ ♦s

✉♥❡ ❡ ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡st❡s✱ ❢✉♥❞❛♠❡♥t❛♥❞♦✲s❡ ♥❛ r❡❧❛çã♦ tr✐❣♦♥♦♠étr✐❝❛ ❡♥tr❡ ♦ â♥✲

❣✉❧♦ ❡ ❛ ❞✐stâ♥❝✐❛ ♠❡❞✐❞♦s✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ❛❧t✉r❛ ❞♦ ❝❡♥tr♦ ❞♦ ❧✐♠❜♦ ✈❡rt✐❝❛❧

❞♦ t❡♦❞♦❧✐t♦ ❛♦ t❡rr❡♥♦ ❡ ❛ ❛❧t✉r❛ s♦❜r❡ ♦ t❡rr❡♥♦ ❞♦ s✐♥❛❧ ✈✐s❛❞♦✳

❖ ♥✐✈❡❧❛♠❡♥t♦ tr✐❣♦♥♦♠étr✐❝♦ ❜❛s❡✐❛✲s❡ ♥❛ ❛♥á❧✐s❡ tr✐❣♦♥♦♠étr✐❝❛ ❞❡ ✉♠ tr✐â♥❣✉❧♦

r❡tâ♥❣✉❧♦ ❡s♣❡❝í✜❝♦✳ P❛r❛ t❛♥t♦✱ é ♥❡❝❡ssár✐♦ ❝♦❧❡t❛r ❡♠ ❝❛♠♣♦✱ ✐♥❢♦r♠❛çõ❡s r❡❧❛t✐✈❛s à

❞✐stâ♥❝✐❛ ✭❤♦r✐③♦♥t❛❧ ♦✉ ✐♥❝❧✐♥❛❞❛✮ ❞♦s ♣♦♥t♦s ❞❡ ❞❡s♥í✈❡✐s✱ â♥❣✉❧♦s ✭✈❡rt✐❝❛✐s✱ ③❡♥✐t❛✐s✮✱

❛❧é♠ ❞❛ ❛❧t✉r❛ ❞♦ ✐♥str✉♠❡♥t♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❝♦❧❡t❛r ♦s ❞❛❞♦s ❡ ❞❛ ❜❛❧✐③❛✳ P♦❞❡ s❡r

✉t✐❧✐③❛❞♦ ♣❛r❛ ♣❡q✉❡♥♦ ❛❧❝❛♥❝❡✱ ❛té ✶✺✵♠✱ ♦✉ ❣r❛♥❞❡ ❛❧❝❛♥❝❡✱ ❛❝✐♠❛ ❞❡ ✶✺✵♠✱ ❞❡✈❡♥❞♦

✹✸



♥❡ss❡ ú❧t✐♠♦ ❝❛s♦ s❡r ❝♦♥s✐❞❡r❛❞❛ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ ❝✉r✈❛t✉r❛ ❞❛ ❚❡rr❛ ❡ r❡❢r❛çã♦ ❛t♠♦s❢é✲

r✐❝❛✱ ❛tr❛✈és ❞❛ ✐♥s❡rçã♦ ❞❡ ✉♠❛ ❝♦rr❡çã♦✳ ◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛r❡♠♦s ❛♣❡♥❛s ♦ ❝❛s♦ ❞❡

♣❡q✉❡♥♦ ❛❧❝❛♥❝❡✳

P❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❞❡s♥í✈❡❧ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s A ❡ B✱ ♣r✐♠❡✐r❛♠❡♥t❡ ✜①❛✲s❡ ♦ t❡♦❞♦✲

❧✐t♦ ✭✐♥str✉♠❡♥t♦ ó♣t✐❝♦ ❞❡ ♣r❡❝✐sã♦ ❡q✉✐♣❛❞♦ ❝♦♠ ❧✉♥❡t❛ ❡ ♠✐❝r♦s❝ó♣✐♦ q✉❡ ❧ê â♥❣✉❧♦s

❤♦r✐③♦♥t❛✐s ❡ â♥❣✉❧♦s ✈❡rt✐❝❛✐s t❛♠❜é♠ ❝❤❛♠❛❞♦s ③ê♥✐t❛❧ ❡ ❞❡ ✐♥❝❧✐♥❛çã♦✮✱ ❡♠ ✉♠ ♣♦♥t♦

❆✱ ❡♠ s❡❣✉✐❞❛ ♥♦ ♣♦♥t♦ ❇ ❝♦❧♦❝❛✲s❡ ✉♠❛ ❜❛❧✐③❛ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❝♦♠ ❛ ♥♦r♠❛❧✳

❉❡♥♦t❛♠♦s A′ ♦ ♣♦♥t♦ s✉♣❡r✐♦r ❞♦ t❡♦❞♦❧✐t♦ t❛❧ q✉❡ ❛ r❡t❛
←→
A′A é ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠

❛ ❧✐♥❤❛ ❞♦ ❤♦r✐③♦♥t❡ ❡ B′ ❞❡♥♦t❛ ♦ ♣♦♥t♦ s✉♣❡r✐♦r ❞❛ ❜❛❧✐③❛✱ ❡ C ❞❡♥♦t❛ ♦ ♣é ❞❛ ♣❡r♣❡♥✲

❞✐❝✉❧❛r ❛ ❧✐♥❤❛ ❞♦ ❤♦r✐③♦♥t❡ ❜❛✐①❛❞❛ ♣♦r B✳

❖ â♥❣✉❧♦ ③ê♥✐t❛❧ Ẑ é ♦ â♥❣✉❧♦ ❢♦r♠❛❞♦ ♣❡❧❛s s❡♠✐rr❡t❛s
−−→
AA′ ❡

−−→
A′B′ ♠❡❞✐❞♦ ♥♦ s❡♥t✐❞♦

❤♦rár✐♦ ❞❡
−−→
AA′ ♣❛r❛

−−→
A′B′✱ t❛❧ q✉❡ 0♦ < Ẑ < 180♦✳

❖ â♥❣✉❧♦ B′Â′C = α é ❝❤❛♠❛❞♦ â♥❣✉❧♦ ❞❡ ❡❧❡✈❛çã♦ ♦✉ ✐♥❝❧✐♥❛çã♦ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❡

❞❡s♥í✈❡❧✳ ❚❛♠❜é♠✱ hi é ❛ ♠❡❞✐❞❛ AA′ ✭❛❧t✉r❛ ❞♦ t❡♦❞♦❧✐t♦✮✱ hs é ❛ ♠❡❞✐❞❛ BB′✭❛❧t✉r❛ ❞❛

❜❛❧✐③❛✮ ❡ A′B′ = Di é ❝❤❛♠❛❞❛ ❞✐stâ♥❝✐❛ ✐♥❝❧✐♥❛❞❛✳ ❋✐♥❛❧♠❡♥t❡✱ A′C = Dh é ❛ ❞✐stâ♥❝✐❛

❤♦r✐③♦♥t❛❧✱ DN é ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡❧ ❡ B′C = DV é ❝❤❛♠❛❞❛ ❞✐stâ♥❝✐❛ ✈❡rt✐❝❛❧✳

◆♦ ♥✐✈❡❧❛♠❡♥t♦ tr✐❣♦♥♦♠étr✐❝♦ ♣♦❞❡♠♦s t❡r ❞♦✐s ❝❛s♦s ❞✐❢❡r❡♥t❡s ♥♦ ♠♦♠❡♥t♦ ❞❡

❞❡t❡r♠✐♥❛r ♦ ❞❡s♥í✈❡❧✿ Ẑ < 90♦ ❡ Ẑ > 90♦✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♦ ♦❜❥❡t✐✈♦ é ❞❡t❡r♠✐♥❛r

DN ✳

❈❛s♦ Ẑ < 90♦✳

❋✐❣✉r❛ ✹✳✻✿ ❉❡s♥í✈❡❧✿ ❩❁✾✵♦

✹✹



◆♦ tr✐â♥❣✉❧♦ ❆✬❇✬❈✱ t❡♠♦s A′B′ = Di✱ A′C = Dh ❡ B′C = DV ✳ P♦r ❝♦♥str✉çã♦✱ ♦

tr✐â♥❣✉❧♦ ❆✬❇✬❈ é r❡tâ♥❣✉❧♦ ❡♠ C✱ ❡ ❛ss✐♠ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

DV = Di.senα, ✭✹✳✼✮

❝♦♠ α = 90♦ − Ẑ✳

P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡❧ ❡♥tr❡ A ❡ B✱ ❝❛s♦ Ẑ < 90♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡

❡q✉❛çã♦✿

DN = DV + hi − hs ✭✹✳✽✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✼✮ ❡♠ ✭✹✳✽✮✱ t❡♠♦s✱

DN = Di.senα + hi − hs✳

❈❛s♦ Ẑ > 90♦✳

❋✐❣✉r❛ ✹✳✼✿ ❉❡s♥í✈❡❧✿ Ẑ > 90♦

◆❡ss❡ ❝❛s♦✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡❧ ❡♥tr❡ A ❡ B✱ ♦ ♣r♦❝❡ss♦ é s✐♠✐❧❛r ❛♦

❝❛s♦ Ẑ < 90♦✳

❚❡♠♦s q✉❡✱ B′C = Di.senα✱ ♦♥❞❡ α = Ẑ − 90♦✳

❈♦♠♦

DN = B′C +B′B − AA′

t❡♠♦s✿

DN = Di.senα + hs − hi
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▲♦❣♦✱ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡❧✱ DN é ✐❣✉❛❧ ❛ Di.senα + hi − hs✱ s❡ Ẑ < 90♦✱ ❡ é ✐❣✉❛❧

Di.senα + hs − hi✱ s❡ Ẑ > 90♦✳

❖❜s❡r✈❛çã♦ ✹✳✼ ❙❡ Ẑ = 90♦ ♥ã♦ ❤á ❞❡s♥í✈❡❧ ❡♥tr❡ A ❡ B✳

❊①❡♠♣❧♦ ✹✳✽ ❯♠ ❡♥❣❡♥❤❡✐r♦ ❝❛rt♦❣rá✜❝♦ ❢♦✐ ❝♦♥tr❛t❛❞♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❞❡s♥í✈❡❧ ❡♥✲

tr❡ ✉♠ ♠❛r❝♦ ❣❡♦❞és✐❝♦ ❧♦❝❛❧✐③❛❞♦ ♥❛ ♣r❛ç❛ ♣ú❜❧✐❝❛ ❞❡ ✉♠❛ ❝✐❞❛❞❡ ❡ ✉♠❛ ❝♦❧✐♥❛ ❛❢❛s✲

t❛❞❛ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✵✵ ♠❡tr♦s✳ ❖s ❞❛❞♦s ❝♦❧❡t❛❞♦s ♥♦ ❝❛♠♣♦ sã♦ ♦s s❡❣✉✐♥t❡s✿

Di = 124, 32m❀ Ẑ = 81♦10′25′′❀ hi = 1, 45m❀ hs = 1, 67m✳

❘❡s♦❧✉çã♦✿ ❚❡♠♦s q✉❡ Ẑ < 90♦ ❡ α = 90♦ − Ẑ✳ ❙✉❜st✐t✉✐♥❞♦ ♥❛ ❢ór♠✉❧❛ ❞❡ ❞✐❢❡r❡♥ç❛

❞❡ ♥í✈❡✐s t❡♠♦s✿

DN = Di.senα + hi − hs

DN = 124, 32.sen(8♦49′25”) + 1, 45− 1, 67

DN
∼= 124, 32.0, 148 + 1, 45− 1, 67✳

▲♦❣♦✱ DN
∼= 18, 179m✳

❊①❡♠♣❧♦ ✹✳✾ ❆ ✜♠ ❞❡ ♦❜t❡r ❛ ❛❧t✉r❛ ❞❡ ✉♠❛ t♦rr❡ ❞❡ ❛❧t❛ t❡♥sã♦✱ ❡st❛❝✐♦♥♦✉ s❡ ✉♠

t❡♦❞♦❧✐t♦ ❞❡ 1, 62m ❞❡ ❛❧t✉r❛✱ ❛ 98 ♠❡tr♦s ❞❛ t♦rr❡ ✈✐s❛♥❞♦ ♦ t♦♣♦ ❡ ❛ ❜❛s❡ ❞❛ ♠❡s♠❛✱

♦❜t❡♥❞♦✲s❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s â♥❣✉❧♦s ③❡♥✐t❛✐s Ẑ1 = 88♦14′48” ❡ Ẑ2 = 93♦30′13”✱ s❡♥❞♦

Ẑ1 ♦ â♥❣✉❧♦ ③ê♥✐t❛❧ r❡❧❛t✐✈♦ ❛ t♦♣♦ ❡ Ẑ2 ♦ â♥❣✉❧♦ r❡❧❛t✐✈♦ ❛ ❜❛s❡ ❞❛ t♦rr❡✳ ◗✉❛❧ é ❛ ❛❧t✉r❛

❞❛ t♦rr❡❄

✹✻



❋✐❣✉r❛ ✹✳✽✿ ❊①❡♠♣❧♦ ✹✳✾

❘❡s♦❧✉çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡ ✈❡♠♦s q✉❡ ♥❡ss❛ s✐t✉❛çã♦ t❡♠♦s q✉❡ ❝❛❧❝✉❧❛r ❞✉❛s ❞✐❢❡r❡♥ç❛s

❞❡ ♥í✈❡✐s ♣❛r❛ s❡ ♣♦ss❛ ❞❡t❡r♠✐♥❛r ❛ ❛❧t✉r❛ ❞❛ t♦rr❡✳ ❈♦♠♦ ♥ã♦ t❡♠♦s ❛s ❞✐stâ♥❝✐❛s

✐♥❝❧✐♥❛❞❛s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s ❞✐❢❡r❡♥ç❛s ❞❡ ♥í✈❡✐s✱ ✐r❡♠♦s ❝❛❧❝✉❧á✲❧❛s✳

❆ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ t❡♦❞♦❧✐t♦ ❛té ♦ t♦♣♦ ❞❛ t♦rr❡ ❞❡♥♦t❛❞❛ ♣♦r DN1✱ s❡rá ❞❡t❡r♠✐♥❛❞❛

✉s❛♥❞♦ ♦ ❝❛s♦ ❞❡ Ẑ1 < 90♦ ❡ α1 = 90♦ − Ẑ1✳ P❛r❛ ❞❡t❡r♠✐♥❛r Di1 ✭❞✐stâ♥❝✐❛ ❡♥tr❡ ♦

t❡♦❞♦❧✐t♦ ❡ ♦ t♦♣♦ ❞❛ t♦rr❡✮ ❞❡ss❛ s✐t✉❛çã♦✱ ✐r❡♠♦s ✉s❛r ♦ ❝♦ss❡♥♦✳ ❚❡♠♦s q✉❡✿

cosα1 =
Dh

Di1

cos1♦45′12′′ =
98

Di1

✱

Di1
∼= 98

0, 99
✱

Di1
∼= 99metros✳

❙✉❜st✐t✉✐♥❞♦ ♥❛ ❢ór♠✉❧❛ ❞❡ ❞✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡✐s t❡♠♦s✿

DN1 = Di1.senα1 + hi1 − hs1

DN1 = 99.sen(1♦45′12”) + 1, 62− 0

DN1
∼= 99.0, 035 + 1, 62− 0✳

▲♦❣♦✱

✹✼



DN1
∼= 5, 09m✳

◆❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡❧ ❡♥tr❡ ♦ t❡♦❞♦❧✐t♦ ❡ ❛ ❜❛s❡

♥❛ t♦rr❡✳ ❙❡❥❛ Di2 ❛ ❞✐stâ♥❝✐❛ ✐♥❝❧✐♥❛❞❛ ❡♥tr❡ ❡st❡s ❞♦✐s ♣♦♥t♦s✱ ❝♦♠♦ ♥ã♦ t❡♠♦s Di2

❝❛❧❝✉❧❛♠♦s ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❝♦ss❡♥♦✳ ❈♦♠♦ Ẑ2 > 90♦ ❡ α2 = Ẑ2 − 90♦✱ t❡♠♦s✿

cosα2 =
Dh

Di2

cos3♦30′13′′ =
98

Di2

✱

Di2 =
98

0, 998

Di2
∼= 98, 2metros✳

❙✉❜st✐t✉✐♥❞♦ ♥❛ ❢ór♠✉❧❛ ❞❡ ❞✐❢❡r❡♥ç❛ ❞❡ ♥í✈❡✐s t❡♠♦s✿

DN2 = Di2.senα2 + hs2 − hi2

DN2 = 98, 2.sen(3♦30′13”) + 0− 1, 62

DN2 = 98, 2.0, 061− 1, 62✳

▲♦❣♦✱

DN2
∼= 4, 37m✳

P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❛❧t✉r❛ H ❞❛ t♦rr❡✱ ✈❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡✱

H = DN1 +DN2✱

H = 5, 09 + 4, 37✱

▲♦❣♦✱

H = 9, 46m✳

P♦rt❛♥t♦✱ ❛ ❛❧t✉r❛ ❞❛ t♦rr❡ é ❞❡ 9, 46 ♠❡tr♦s✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✹✳✶✵ ◆♦s tr❛❜❛❧❤♦s ♣❛r❛ s❡ ❞❡t❡r♠✐♥❛r ❛ ♣r♦❢✉♥❞✐❞❛❞❡ ❞❡ ✉♠❛ ❡r♦sã♦ ❛❜❡rt❛

♣♦r ✉♠❛ ❢♦rt❡ ❝❤✉✈❛✱ ✉♠ ❡♥❣❡♥❤❡✐r♦ ♦❜t❡✈❡ ♦s s❡❣✉✐♥t❡s ❞❛❞♦s✿ Di = 66, 85m✱ Ẑ =

110♦14′55′′✱ hi = 1, 74m ❡ hs = 1, 65m✳ ❉❡t❡r♠✐♥❡ ❛ ♣r♦❢✉♥❞✐❞❛❞❡ ❞❛ ❡r♦sã♦✳

✹✽



❋✐❣✉r❛ ✹✳✾✿ ❊①❡♠♣❧♦ ✹✳✾

❘❡s♦❧✉çã♦✿ ❚❡♠♦s q✉❡ Ẑ > 90♦ ❡ α = Ẑ − 90♦✳ ❙✉❜st✐t✉✐♥❞♦ ♥❛ ❢ór♠✉❧❛ ❞❡ ❞✐❢❡r❡♥ç❛

❞❡ ♥í✈❡✐s t❡♠♦s✿

DN = Di.senα + hs − hi

DN = 66, 85.sen(20♦14′55′′) + 1, 65− 1, 74

DN = 66, 85.0, 346 + 1, 65− 1, 74✳

▲♦❣♦✱ DN
∼= 22, 23m✳ P♦rt❛♥t♦✱ ❛ ♣r♦❢✉♥❞✐❞❛❞❡ ❞❛ ❡r♦sã♦ é ❞❡ ❛♣♦①✐♠❛❞❛♠❡♥t❡ 22, 23

♠❡tr♦s✳
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