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Chapter
MEeTRIC SPACES

[Bxercise 1

Write answers of the following short questions:

Define a metric. o
Let X be a nonempty set. A function d: X=X =R is said to be a

metric on X, if for all x,y.ze X, it satisfies the following axioms:

M,): d(xy)z0 (Non-negativity)

M,): d(xy)=0ex=¥ (Reflexive property)

M,): d(xy)=d(y.x) (Symmetric property)

M,): dixz)= d(xy)+d(yz) (Triangle inequality)

For all xyeR, dxy)=|x- y|. Verify the triangle
inequality.

d(xz)=|x-2

=|x—y+y-z|£|xey|+|y—z|
= d(x,2) < d(x.y)+d(y.2), VX.YZ € R
If ﬂ{x,f]sﬂ."ﬂ'r. y € R, then prove the triangle
_ 1+|x-y|
inequality.
[x-z1=|x-y+y—zis|x—y|+|y—z|
=1+|x—z| < 1+|x-y|+|y -2 (Adding 1on both sides)
1 1
=> e
1+|x-y|+|y-2| 1+|x - 2|
1 1
= - < - -
1+|x-2| 1+|x‘y|+|y—z|
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1 1
=1- <1-
1+[x-2]"  T+fx-y[+|y -7
1+|:-z|—1 1+|I-jf|+|.ll"-7[‘1
¢ .
1+|x-2| 1+|x—r[+|!"z|
|x-2  |x-yl+|ly-2
1+]x—-2| " 14|x-y|+|y -1

. |x -y N y-2|
* T1+fx-y|+ly -2 1+|x-y|+ly-2]
! ) -yl , lr-2

1+|x-y 1+|_-,r—z|
= d(x.z) < d(xy)+d(y.2).vxyZeR
(iv) Let d(P.P;)= ‘\I{E - X3)" + (v ~¥2)*, where P, =(x,y,),
P, =(x2.¥2), Xy X3:¥1¥2 €R. Show that
d(P,P;)=0eP,=P,. |
Sol: d(P.P,)=0& (X, —x;)* +(¥y - ¥,)* =0
(X=X +(y;-y,) =0
X=Xy =0y, -y, =0
=X =X.Y=Y
< (X)) =(X2.02)
R =h
(v}  Show that d(P,,P,) =[x, - x;|+|y, - y,| satisfies the triangle
inequality, where P, = (x,,¥;)P = (X2, 2 )%, 2,.¥,.¥; €R.
Sol:  d(PPy) =[x, —x5|+|y; -y,
=|x; = x; +x, _xil"'h'ﬁ —Yat)2 —]'":|
5|"1 = X +|x; - Xy |+ |y - ¥,| +|J"z '.'I"'a|
= dl:F',,Pg}EfI, '-"'2"*]."’1 "l"z| +|-"'z = I:-.l*‘lfi ‘.'I"a|
= d(FRFy) < d(P,P,)+d(P,P,), ¥ P, P, P € R?
(vi)  Let x(xy.x;,..x,), E“’n]"": ma¥n)€R", then show et

n

d(x,y) = Z| X; - y;| satisfies the triangle inequality.
=1 '

i n
Sol: dt’J_L;}=Z]I,- —z,-|=Z|x; ~Yi+¥; -]
= =1

P
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