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1. Summary

This paper reviews the accuracy of an electronic distance measurement (EDM) reflector cube corner prism with possible mis-pointing and various mounting offsets.

This report recommends that when possible the theodolite be pointed at a target frame that surrounds the prism and is plumbed over the point on the ground, so the horizontal and vertical angles are correct. Better angle and distance results are expected when this can be done, rather than pointing at the image of the prism apex (intersecting lines).

Not all prism/target assemblies (particularly cheap mini prisms) have the target over the plumbing point, requiring more careful examination.

When using a prism with no well-aligned target, or using a robotic instrument that points to the center of the prism, it gets more complicated. A nodal mounting is desirable.  Refer to the Kivioja 1981 paper in the references for analysis of this pointing method.

2. General Information

2.1. Prism Description

Reflector prisms are basically the corner of a cube, because that shape has the property of reflecting light back in the direction it came from regardless of the angle of incidence. The prism body is usually, but not always, cut down to fit a circular case.


[image: image1.wmf]d


Figure 1 Typical Prism Shape 

The important measure of prism size for understanding the effects of position and aiming is the depth d from the front face to the apex. Optical catalogs may call this h.

They are usually sold described by face diameter. The maximum circular face diameter is d√2 = 1.41 d (see Appendix), and is typically a bit less because a little more glass is rounded off to avoid a sharp edge where it fits the circular holder. The holder may hide a little around the rim, also. 

The assembly may put the prism in any of several positions with respect to the plumbing point, resulting in a different “prism constant” and different behavior when the prism is not pointed directly at the theodolite and EDM.

2.2. Principle of Corner Reflector

A principle that will be used but not proven here:

All rays entering the corner cube prism at a given angle of incidence and bouncing off the walls to exit will have the same internal path length and exit parallel to their entrance path.

Thus it simplifies the analysis to watch only the ray that goes to the apex of the prism. 

Rays entering at different angles will have different path lengths, which means that it is important to consider the effects of the incident angle.

2.3. Snell’s Law

Since the glass has an index of refraction  n  that is larger than air, the light bends according to Snell’s law. The ray that goes to the apex enters a little off the center of the glass if the angle of incidence θ ≠ 0, not straight on. Light takes n times as long to travel through the glass as it does in a vacuum or air. 
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Air has close enough to n=1 for analysis over the size of the prism, although the change in index of refraction with temperature and pressure are important over long distances.

Typical prisms once had an index n around 1.50 to 1.59 (Kivioja 1981), or 1.455 (Degner 2012), depending on the particular glass a manufacturer used. Higher index materials are now also in use.  See Table 1.  Kivioja 1981, 1983 also gives a procedure for measuring the index of a sample prism (See comments in section 6.1). 

3. Sighted on Target Frame over plumb point

If the total station is sighted on a target frame surrounding the prism, and the target is aligned with the pivot and plumbing point, then the horizontal and vertical angles will be correct, and we only need to examine the EDM measurement.  The results will be applicable for either a horizontal or vertical offset from the direction the prism is pointing, and if the prism is tilted from horizontal.  All that matters is the angle of incidence of the ray from the EDM to the prism face and the distances involved.

This is simpler than the case of either manually or robotically sighting the image of the prism apex (intersecting lines) where the angles are not taken to the pivot or plumb point, and tilt must also be considered. See discussion in section 5.

3.1. Simplifying Assumption – EDM not close
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Figure 2  Assumption of Near-Parallel Rays

For the case of sighting a target aligned with the pivot and plumb point, the analysis will first make the simplifying assumption that the EDM is distant enough that we can treat the ray from EDM to plumb point as parallel to the ray from EDM to the prism apex image. If the prism is pointed off θ=30° and the face is 60 mm from the pivot, then at a distance greater than 1.7 meters (5.5 ft) the rays are less than 1° from parallel.

The sensitivity of the distance error is small over an angle change of a couple degrees.  Thus we need not consider the complication of actual EDM distance when finding the error introduced by pointing if the EDM is far away.

Section 3.6 discusses how to calculate the small correction to the angle of incidence when the EDM is close.

This simplification can’t be used when the image of the prism apex is sighted because the difference is large relative to the usual tolerance for horizontal and vertical angle measurements.

3.2. Analysis of Distance Error

If we sight a target aligned with the pivot and over the plumb point, then we only need to consider distance errors.

Refer to Figure 3. The distance from the prism apex to the pivot is f, and may be positive or negative.

The actual path distance the ray travels in the prism glass to the apex (solid line) is 
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Using Snell’s law we find a relation that we will use again in terms of the angle of incidence:
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The effective length due to the slower speed in the glass is proportional to the index
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           [compare Kivioja 1981 Eq (1) ]

The apparent location of the apex moves around at point S as the angle changes.  For rays straight on to the face of the prism it is at Pg.
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Figure 3 Geometry with EDM angles to pivot over plumb point

The actual slope distance D that we want to measure, to the pivot and plumb point from the plane passing through where the ray enters the prism, is found in a series of steps.

This ray enters a little off center by actual distance
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The equations get very messy, so assume the EDM is far enough away that we can neglect ρ. It will be considered in section 3.6.
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Then the correction to the slope distance measurement (ideal prism constant) is
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Compare to Leica paper eq (3) referring to different point.

If straight on with θ = 0, this reduces to 
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3.3. Zero-offset Mounting

Zero offset (no correction) for straight-on alignment needs  f = d(n-1), putting the pivot and plumbing point to the left of the apex of the glass to coincide with Pg.  I.e., since the path in the glass looks longer, the prism must be offset toward the EDM.

A prism with n=1.54 and a depth of d=55.6 mm would need f = 30 mm measured behind the apex to the plumb point.  This depth is larger than typical prisms, which tend to be around either 40 or 50 mm depth (Kivioja examples).

However, zero offset mounting has potentially significant distance error for reasonable angles of incidence and large angle errors if the image of the apex is sighted (e.g., with a robot). 

3.4. Mounting at Apex

Moving the plumb point to the apex f = 0 of the example prism in section 3.3 would then need a correction of C0 = –30 mm. This will be less sensitive to θ than zero offset, but not the minimum sensitivity achievable.  

However, not all prisms will be the same size or have the same index of refraction. Manufacturers may mount the prism so that the straight-on constant is –30 mm to conform to a common value in industry, regardless of where that puts the apex.

3.5. Low Sensitivity Mounting

If we want low sensitivity to the angle of incidence, we can choose f so the error curve is flat near zero angle, and use whatever prism constant that implies. Exactly at zero angle, the curve will already be flat, so the common method of using a derivative to find an optimum tells us nothing new there.  We need to look at a neighborhood.

[image: image14.jpg]Correction, mm

-10

-12

Correction to Slope Distance. Large prism

----Losens C=-51
——C=-30 offset, far EDM |----
—— C=0 offset, far EDM

5 10 15 20 25 30 35 40

EDM off.axis angle, degrees





Figure 4 Slope distance error for Large Prism.

Replacing the trig functions and square root with one or two terms of their series expansion gives an approximation that is good for small angles. 
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      θ in radians

If we want the value to be independent of θ, the term in brackets must be zero.
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where the negative sign says the plumbing point should be to the right of the apex, opposite the sketch. This results in a prism constant with the lowest sensitivity:
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   in a small neighborhood around straight-on incidence.

More accurately, the correction versus incident angle is found by substituting this fLo into the general C equation.
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A common index of refraction   n=1.54, f= -0.35 d,  requires a large prism constant CLo=  -0.89 d.

A prism with n=1.54 and d=38.8 mm, slightly smaller than average, would have a CLo =  -34.4 mm, a number familiar to those who have interchanged Leica and other brand prisms. With this alignment, at 30° incidence, the distance error is 0.14 mm.

Another combination is n=1.52, C0=  -0.86 d, and d=40 for the same C0, thus showing how the parameters interact only a little.

If n=1.67 with f=0.42d  C0=1.07d = 41.6 mm.

This may not be exactly the best tradeoff, because allowing a tiny error at θ = 0 may allow an acceptably small error over a larger range of θ, but generally anything close will serve.

3.6. Correction to Angle of Incidence

The above derivations essentially assumed the distance to the EDM was large so that the angle to the pivot was nearly equal to the angle of incidence at the point the ray entered the prism (Section 3.1).

The small difference ρ can be found by using distance g in Figure 3, the exact equations in section 3.2, and putting the EDM at distance Dedm. 
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The angle of incidence is larger than the angle from theodolite to the pivot by
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Values of a, b, and D can be computed using the exact expressions given after Figure 3. The value for ρ will converge in a couple iterations from an initial guess.

Evaluating this at θest = 30° for the large prism example above, d= 55.6 mm, n=1.54, , and f=0 (C=-30)  gives g = 50.2  mm  and says for Dedm = 1.7 m, the true angle of incidence=30.4° showing the ρ correction is negligible.   

3.7. Nodal Mounting for Angle Off Axis

If the image of the apex (intersection of visible lines) is to be used for angle measurement, as for a robotic instrument, the most accurate mounting puts the plumbing point on the apparent line of sight on the center within the prism. This is called the Nodal mounting.
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Figure 5 Geometry for Nodal Mounting

This approximate analysis will ignore ρ, assuming the instrument is far enough away.
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For small angles, the cosines will be near 1 and approximately cancel. Then the mounting point will be
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This is the same mounting as for low distance sensitivity to pointing.

The angular error will grow very slowly with increasing angle.

3.8. Mini Prisms

3.8.1. Some Prisms

A “peanut” prism with a diameter of about an inch (25 mm) is quite common, and results in different values for the prism constant and sensitivity to incident angle than larger prisms.

The Leica GPH1P mini prism is advertised as CLeica= 0, which would be others’ C = -34.4 mm, and is optimized to handle angles of incidence. It has no target frame, so is intended for sighting to the image of the apex, as a robotic instrument would do. 

The much less expensive Leica mini GMP101 has a relatively large target frame which aligns with the plumbing point, and CLeica= +17.5 mm, which would be C = -16.9 mm. 

Many off-brand mini prisms would appear to be modeled on the Leica GMP101, but do not maintain its good attributes such as target location or near-nodal mounting. 

One could wonder why even smaller prisms are not common, further reducing sensitivity to pointing. A 7 mm diameter prism, d=5 mm, and exposed face of 5 mm, should have a range 40% of a 25 mm prism or 27% of a common larger prism. Most EDMs would operate out to beyond 1/4 mile or 500 meters. 
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Figure 6  Leica GPH1P, GMP101, and no-name mini prism

3.8.2. Mountings of No-name Mini Prism

The no-name mini prism in Figure 6 somewhat resembles the GMP01 but the target is smaller and offset behind the plumbing point, which introduces angle sighting errors if not pointed at the instrument.  If the target is sighted for angles, pointing the prism is important. 

They are set up for C0= 0 mm and –30 mm options, illustrated in Figure 7, for ease of use with the most common settings for larger non-Leica prisms. This introduces a small, perhaps tolerable distance error when not pointed at the EDM.
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Figure 7  Estimated Dimensions for no-name mini prism

The no-name mini prism has d=17 mm, 25 mm diameter, and exposes about 23 mm diameter face.  If n=1.54, then nd=25.8  If the index is a little different, it could make a mm or so difference in the dimensions. 

For this prism, the minimum sensitivity of distance measurement to angle of incidence would be at f = -6 mm and C0 =  -15 mm (very close to the dimensions for the GMP101). The available 0 and -30 positions give about equal sensitivity, in opposite directions.  At 30° incidence, the slope distance error is about 2 mm.
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Figure 8 Slope distance error for no-name Prism

For angle measurements, it is better to assemble it in the C0 = -30 mm position for sighting either the target or image of the prism apex (intersecting lines), because this keeps the measured angles closer to the pivot than the 0 position.  In the C= -30 mm configuration at 30° incidence, sighting the offset target gives a sideways error of 6.7 mm, and sighting the apex gives a sideways error of 5.8 mm, which can be significant.

For high angles of incidence, a theodolite should measure horizontal angles to the center of the bubble level if it is mounted below the prism, or the shaft of a tribrach adapter, and vertical angles to the apparent tilting axis. Even with the vagueness of these points, it will give better accuracy than the offset target or apex.

Mounting this prism for C=-15mm would be near modal and cure those defects.

4. Maximum Angle of Incidence

Two mechanisms limit the angle of incidence that will return a reflection, with the result depending on whether the prism operates surrounded by air or if it is coated on the back with metal.

Uncoated prisms of any but the very highest index will be limited by the requirement for Total Internal Reflection (Section 4.2).  Metal-coated prisms do not allow the ray to escape, so reflect at large angles as allowed by the geometry.

4.1. Maximum Angle of Incidence, High Index or Coated

For a very high index glass, or for a coated prism, the reflection approaches zero area when the incoming or emerging ray while inside the prism becomes parallel with the side (see Appendix for angles).  At this point the image of the apex disappears from the theodolite (or slightly sooner due to a rim around the prism). Since the reflection must come out on the opposite side of the apex from where it entered, there is no longer a reflection back to the EDM.
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See the last column of Table 1 for a range of theoretical angles. The mounting ring and the cut to slightly less than maximum circular face will limit that angle somewhat. Lackner’s paper Figure 10 (see references) shows data for Leica prisms that goes out to ~55° which supports this calculation.  In order to reach this angle, an uncoated glass must have one of the highest values for index of refraction.

4.2. Maximum Angle of Incidence, Low Index, Total Internal Reflection

However another brand of large prism and a mini prism were found to cut off at 31° or 37° incidence, which requires a different explanation.  This is probably due to a moderate index glass in an uncoated prism, which limits the range for total internal reflection. Degner seems to consider only silica prisms and lists the maximum angle of incidence as 17°, matching the table here.
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Figure 9 Angles for TIR on a cross section of uncoated prism

	Material
	Index of refraction
	Internal angle to facet ATIR
	Internal angle to face

φ 
	Uncoated External angle of incidence, 

θTIR
	Coated

Max external θ

	Water
	1.33
	48.7
	--
	--
	--

	Quartz silica
	1.455
	43.4°
	11.3°
	16.6°
	57.1°

	Glass, Kivioja 1981
	1.50
	41.8°
	12.9°
	19.6°
	60°

	Average old glass
	1.54
	40.5°
	14.2°
	22.2°
	62.8°

	Polycarbonate
	1.58
	39.26
	15.43
	24.9
	65.8°

	Glass, Kivioja 1981
	1.59
	39.0°
	15.7°
	25.5°
	66.6°

	Hi Ind. eyeglasses
	1.67
	36.8
	17.9
	30.9
	74.6°

	Coated limit
	1.732
	35.26
	19.5
	35.26
	89.99°

	Hi Ind. eyeglasses
	1.74
	35.1
	19.6
	35.7
	--

	Hi Index glass
	1.8
	33.7
	21.0
	40.1
	--

	Very hi index glass
	2
	30.0
	24.74
	56.8
	--

	Cube corner limit
	2.175
	27.37
	27.37
	90
	--

	Diamond
	2.417
	24.4
	--
	--
	--


Table 1 Limiting Angles of Incidence for Cube Corner Prisms

Again, as the prism is turned away from the EDM, the visible area that can reflect and maximum range will be reduced. For an uncoated prism with moderate index of refraction, the limit may be then the angle that results in Total Internal Reflection is reached. 

Once inside the glass, a ray will reflect from facet to facet to facet and exit back out the face in the direction it came from, providing that none of the angles of incidence on the internal facets are smaller than that required for total internal reflection.  

If the internal angle is large enough that it would make the sine in air greater than 1, which is not possible, the ray will be reflected inside the prism.  If the sine in air is less than 1, the ray will exit.  For uncoated prisms at some angles, you will see through the prism to the housing.  Thus the critical angle limit for uncoated prisms is 
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See the Appendix for the derivation of the angles in the cross section of the prism shown in Figure 9. By working through the angles we can fill in Table 1.
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Some uncoated prisms, when viewed at extreme angles, also give a reflection off the cut sides of the glass.  These reflections do not give good distances.
5. Sighting image of prism apex

Robotic instruments will point to the apparent center of the prism, and some prism assemblies may be intended for manually sighting the image. The assembly may not offer a target that is plumbed over the mark.

Note that when the prism apex is sighted, the simplifying assumption of parallel rays in Figure 2 cannot be used because we are trying to use a measurement of the apex image to determine all of distance, horizontal position, and vertical position of the pivot and plumb point.

A paper by Kivioja and Oren, 1981 analyzed the offsets when the theodolite and EDM were pointed at the image of the prism apex (intersecting lines).  The location of the prism relative to the pivot and tilt of the prism with respect to the ground are variables, as well as the basic horizontal and vertical angles to the theodolite and EDM; all affect both the angle and the distance readings.

Their equations give the error in slant distance, horizontal distance, and vertical distance by aiming at the image of the apex from above or below the height of the prism. 

5.1. Comments on Kivioja Section 1

It is clear in this discussion, although not explicit until page 7, that the theodolite is to be pointed at the image of the prism apex (crossing of lines).  This will also be the center of the visual portion of the prism reflection; a robotic instrument will find the correct place.

Figure 1 shows a cross section of a complete cube corner.  Most prisms are cut to a circular face.  Thus the top of the actual prism would be cut horizontally in the figure above point A by the same amount the bottom corner is below A. Dimension a, along the edge, is not an appropriate measure because of the way prisms are usually cut down to a circular face so there is no place to measure the full edge.  Dimension d is fundamental.

The alpha α in their Figure 1 is unrelated to the alpha used in their Section 3, Figure 2.

Equation (1), given without derivation, matches the expression for Dn derived above in this paper’s Section 3.2.

Comments on Kivioja Section 2

This section states the prism axis is horizontal, but also tacitly assumes it is pointed in azimuth directly toward the theodolite and EDM.

Their Δe fills the purpose of this paper’s f in moving the plumbing point, but is measured to a different point.

6. Measuring Index of Refraction of a Cube Corner Prism

A gross estimate of the index can be made from the maximum angle of incidence that returns a reflection (Table 1 in Section 4).  More accurate methods also exist.

6.1. Comments on Kivioja Section 5

Kivioja 1981 and 1983 present a method using two theodolites and a jig to hold the prism on top of one theodolite.  It looks like a good way to measure the index of a prism IF have the equipment and can accurately locate the physical apex, which is not usually accessible.  Placement of that point over the pivot is essential to getting an accurate measurement. Any offset of the apex from the pivot will alter the apparent motion of the image when measuring angle ε.

6.2. Measuring Index aided by Mark on Prism Face

Kivioja’s method involves several critical dimensions to accurately arrive at the index.  

Placing the apex at the pivot seems to be a good idea because it makes the dependence on the index over the distance d similar to the radius of the rotation.  Certainly moving the pivot to the face is bad because then a calculation of the index has error nearly proportional to the error in d.

What is most indicative of the index is the movement of the visual apex relative to the axis of the prism.  In order to measure that movement more directly, consider placing a mark that can readily be cleaned off, such as a wet piece of paper, above the center of the prism face and carefully aligned when viewed straight on. 

See Figure 10. The angle ξ between that mark and the image of the apex will increase with rotation and an offset angle ε can both be measured directly from the observing theodolite. Dp can be measured with the EDM, using the proper prism constant.

From Section 3.2, 
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If we can determine θ, d, and a, we can solve for the index n.  Finding those will involve the rotation angle α.

Squaring and rearranging, then taking the root again yields
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Although this expression becomes indeterminate as the angle and distance a go to zero, it does so in a well-behaved manner.

When sighting the center mark in the rotated position:
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Figure 10 Index Measurement with mark on Prism
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When sighting the image of the apex:
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Looking at face detail, find a
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EQUATIONS TBA

6.3. Ideas for other Methods of Measuring Index   TBA

It would be highly desirable to simplify the instrumentation. Whether enough measurements can be made from one theodolite to obtain the prism rotation angle needs to be researched, as that would reduce the setup from two theodolites and a special jig to one theodolite and a rotating tribrach.

Derivation of the equations for this is complicated and not yet complete.
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Figure 11 Figure to be adapted for index measurement methods TBA

Make a preliminary estimate of d as 0.71 times the face diameter.

Make a preliminary guess at the index of refraction n, possibly using the maximum angle of incidence as a guide.

Determine the prism constant, choosing the mounting that best matches the apex near the pivot.

Place the (easily removed) mark above the center of the prism face. Mount the prism on a rotatable tribrach and point it at the instrument.

Set up the instrument as close as it will focus to the prism.

Record the EDM reading.

Note the horizontal angle reading.

Measure the angle to an identifiable point where the horizontal diameter intersects the rim at each side.

Rotate the prism to obtain approximately the largest possible angle e.

Record the EDM reading on the mark, apex, and rim points.

Find angles z and e.

Rotate the prism the opposite direction and repeat the measurements.

DO A LOT OF ALGEBRA.

7. Other Reflector Forms

For precision work at shorter distances, polished metal or metal-coated spheres are sometimes used as reflectors.   While the amount of light returned is small, they have the advantage of an exactly constant correction for the distance to their center regardless of the angle of incidence.

A glass sphere with coating on one hemisphere (cat’s eye reflector)_ can also be used, obtaining a return larger than a metal sphere and similar to a cube corner.  There are some corrections needed for ultra-precise work when these are used.

Reflective sheets can be used for distance measurement.  The results may have more variation with at an angle of incidence because the area doing the reflecting is at a small range of distances.

While not precise, cheap “driveway reflectors” molded of plastic with many small cube corners can also be used.  The range depends on the dispersion caused by the molded angles, and some brands (e.g. Hillman) seem to give greater range than others.  Bicycle reflectors are similar but the common ones in the US don’t seem to work well because they have a large dispersion.  One user reported that bicycle reflectors obtained in France some years ago worked very well.
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9. Appendix – Relationship of Prism Depth to Circular Face

As an exercise in geometry, consider a prism such as shown above in Figure 1  before it is trimmed down, and determine the relationship between the depth d and the maximum circular front surface diameter. Consider it placed face down with circles inscribed and circumscribed. We can split the base into smaller equilateral triangles (interior angles 60°).  
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Figure 12 Prism sketch for derivation of diameter

If the inner circle, which will become the face after trimming, has diameter 2, radius = 1, we can form the small right triangle in the base view with the radius as the hypotenuse, and the sides are ½ and ½√3=0.866.  Then the sides of the smaller equilateral triangles are √3.

Looking at the facet view, we transfer those √3 values and know that the upper angle is 90° because the corner is cut from a cube.  Then the height of the facet triangle is also √3 and the hypotenuse is √2 √3.

Taking that value to a cross-section cut vertically through the 3-d view and copying the base dimensions from the other figures, we then find the height of the cross-section, which is the distance d from face to vertex used in other calculations, must be √2.

So diameter of the largest circular face that can be cut from the cube corner is d√2 = 1.41 d.

The angles in the cross-section plane at the apex to the line d are 35.2644° and its complement 54.7356°.  Thus the internal angle from the apex to the circular face is less than 35.3°.
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