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BLOCK-I

UNIT-1 SPACE CURVES AND
SURFACES

Structure

1.1 Introduction

1.2 Objectives

1.3 Introductory remark about space curves
1.4 Check your progress

1.5 Summary

1.6 Keywords

1.7 Self Assessment Questions and Exercises
1.8 Further Readings

1.1 INTRODUCTION

In this chapter on space curves, first we shall specify a space curve as the
intersection of two surfaces. Then we shall explain how we shall arrive at a
unique parametric representation of a point on the space curve and also
give a precise definition of a space curve in E3 as set of points associated
with an equivalence class of regular parametric representations. With the
help of this parametric representation, we shall define tangent, normal and
binormal at a point leading to the moving triad(t,n,b) and their associated
tangent, normal and rectifying planes. Since the triad(t,n,b) at a point is
moving continuously as P varies over the curve,we are interested to know
the arc-ratae of rotation of t, n, b. This leads to the well-known formulae of
Serret — Frenet. The we shall establish the conditions for the contact of
curves and surfaces leading to the definitions of osculating circle and
osculating sphere at a point on the space curve and also the evolute an
involutes. Before concluding this unit, we shall explain what is meant by
intrinsic equations of space curves and establish the fundamental theorem
of space curves which states that if curvature and torsion are the given
continuous functions of a real variable s, then they determine the space
curve uniquely.

1.2 Obectives

After going through this unit, you will be able to:

Define a space curve

Define a regular function

Derive the unit tangent vector

Find the arclength of the of a curve

Find the solution of problems using arclength and tangent & normal.

1.3 Introductory remark about space curves

Definition: A curve is a locus of a point whose position vector r with
respect to the fixed origin is a function of single variable U as a parameter.
Definition: A curve in a plane can be given in the parametric form by the
equations x = X(u) and y = Y(u) where u € [a,b].

1
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Example:

The circle x? + y? = a® with centre at origin and radius ‘a’ as a
parametric form x = a cosu and y = a sinu.

Definition: A surface is a locus of a point whose certisian coordinate
(x,y,2) are the functions of two independent parameters u,v (say).

Thus, x = f(u,v),y = g(u,v), z = h(u,v)

A curve in a space is given by the equation x =X(u), y = Y(u) and z =Z(u)
where ue[a,b] can be represented in the parametric form x =asiné cos¢ ,
y = asinfsing, z = a cosd

Example:

The sphere x 2 + y2 + z2 = a? with centre at origin and radius G€"ad€™
can be represented in the parametric form X =asinfcosg ,y
= asingsing, z = acosé

Note:

r=xi+yj+zk = x(u)i+y(u)j+z(u)k = R(u)
Definition: A space curve may be expressed as the intersection of two
surface f(x,y,z) =0 ......(1) and g(x,y,z) =0

The parametric representation of the space curve is
X =X(u), y =Y (u), z=Z(u) .....(3)
Equation (3) can be transformed into equation (1) and (2) by eliminating u
from equation (3).
Problem:1
Find t he equation of the curve whose parametric equations are x=u, y=u 2,
y=u?
Solution:
xy=uu?=u3xy=z,xz=u.u3=ut=(u*? xz=y?
Definition: Let i be a real interval and m be a positive integer. A real
valued function f defined on I is said to be a class of m if
(i) f has m t" derivative at every point of i.
(i) Each derivative is continuous on i.

Definition: A function R is said to be regular if the derivative Z—i =R+#0

on the real interval i.

Definition: A regular vector valued function of the class m is called a path
of class m.

Definition: Two paths of R; and R , of same class m on the interval 1 ;
and | , are said to be equivalent if there exists a strictly increasing function
¢ of classm whichmap I, and I , suchthat R, =R ,. ¢

Theorem:

Derive an expression for the arc length of the curve in space of the form s

=s(u) = [, IR(w)|du.

Proof:

Let r = R(u) be a path and a,b are two real numbers where a< u < b
Take any subdivision A of the closed interval a,b.

Nowa=uy <u <u, <...<u,=b

The corresponding length



L a=3i; [R(w;) — R(wi—1)|du
=X | [, RGdul
< ¥ [t IR@)ldu
= [, IR@W)|du
L A< f;" |IR(w)|du
Let s =s(u) denote the arc length from a point a to any point
then the arc length

from u, to u is s(u)-s(ugy)< f:lo |IR(w)|du ....(1)
By the definition of arc length,

RGO = RGuo)| < | [RQ)Idu

|[R(u) — R(up)| < s(u) — s(up) -...(2)
= [R(w) = R(uo)| < s(u) = (o)
< [, IRG)ldu

= | R(u)—R(uo) | < s(u)—s(uo) < 1 fl: IR(u)ldu

u—ug T u-uyg T u-ug
R(w)—R(uo) s(w)—s(uo)
= ltu—>uo u——uo < ltu—>u0 u——uo
1 v
< ltu_,uomf |R(u)|du
0 Ug

= |R(uo)| < $(uo) < |R(up)|
= $(up) = [R(uo)| = s(w) = [R(w)]
=s=s) = [, |Rw)]|du

Problem.2

Expression of arc in cartesian parametric representation is
s=["\*% +y2 + 2%du

Solution

Let# = (x,y,2z) = R(w)

F= (17,2 = R@W)

IRW)| = |F| = /%% + y? + 22
s=[ a2+ 37+ 2%du
Problem.3

Prove that s = |F|
Solution

We know that s =[*/x2 + y2 + z2du

=J/%% + y? + 22

s= |7
Problem.4
Prove that §2 = x% + y? + 22
Solution:

We know that s = ||

=J/%% + y? + 22

§2 = x> +y* +2*
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4. Prove that $2 = dx? + dy? + dz*
Solution:
S=A gt
dz?
(H) (H) (du )+ ()
ds? = dx? + dy? + dz*
5. Prove that
(i) 7=(a cosu a sinu bu), 0 <u<w
(i7 = (a
helix
Solution:
Given that ?—(a cosu, asinu, bu) ...(1),0 S u <
7 = (a. 1+v2, "™ 2,wam 19)..(2),0<v <
To prove (1) and (2) are equivalent it is enough to prove that

2
(.)alv -
-'a3|nu

(iii) than v=hu
For (i)
Putv = tang

a(

,—— 2btan~1v) are equivalent representation for circular
1+v2 1402

2
1-p2 1-tany

)=a( Z) = acosZ—

2
1+v 1+tan—

For (ii)
u
2av 2atan— 2tan
== 2 =3[ ] asm2—
1+v l+tans 1+tan—
2av

2 — asinu

For(iii)

2btan™1v = than‘ltang :2b%

2btan™v =bu
6. Obtain the equation of the circular helix r =(acosu, asinu, bu),
—oo < u < oo Where a>0 referred to s as parameter and show that the
length of one complete turn of the helix is 2IIc where c=vVa? + b?

(or)
Find the length of the helix #(u) = acosui + asinuj + buk, —o <
u < o from (0,0,0) to (a,0,2I0c). Also obtain its equation interms of
parameters. Then find the length of the one complete turn of the

circular helix ¥ = acosui + asinuj + buk, —oo < u < ©
Solution:
Given r =(acosu, asinu, bu)....(1)

(or) # = acosui + asinuj + buk
7 = —asinui + acosuJ + bk
|7#(w)| = / (—asinu)? + (acosu)? + (b)2
= a?sin?u + a%cos?u + (b)2
= Ja%(sin?u + cos?u) + (b)2

4



P =vVaZ + b2 ......(2)
wkts= f;,/fcz + y2 + z2du
s=["VaZ + b2

s =cu
S _ N
S U= o=
1) =>r :(acos(i), asin(%), b(i))
S S S 7
7 = acos ———1 + asin j+b k
Va2 + b? va? + b? va? + b?

which is required equation of the circular helix.
The range of u corresponding to one complete turn of the helix is u, <
u<uy <uy+ 2l
(ie) THe length of limits of one complete turn of the circular helix is o to
21.
we have |7| = VaZ + b2
The length of circular helix from o to 2r is
2m 2

s = {0 |7(w)|du

= fon Va2 + b%2du

=+a? + b2 fozn du

= Va2 + b2[u]d"

=+a? + b?(2r - 0)

s = 2mc
Hence proved.
7. Find the length of the curve given as the intersection of the surface

z—z — Z—:zl, X = cosh(g) from the point (a,0,0) to (x,y,z)
Solution:

Let the equation of the curve in the parametric form is x =acoshu, y
=bsinhu and z =au

wkts= [*\/x2 + %+ 2z%du
# = acoshul + bsinhuj + auk
7 = asinhul + bcoshuj + ak
I7(w)| = v/ (asinhu)? + (bcoshu)? + (a)?

= \/a?sinh?u + b2cosh?u + (a)?
= /a?(sinh?u + 1) + (b)2cosh?u
|7(w)| =cosh?u[(a? + b?) ......(2)

s= [ X2+ y? + 22du

=J, IF@)l.du

= f; coshu./(a? + b?).du

=/(a? + b?) f; coshu.du

=/(@® + b?)[sinhu] [,

ZJmsinhu

=/(@+59)()

5=/ (@ + b))
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Tangent, normal and binomial

Tangent line:
The tangent line to the curve at the point p(u,) of C is defined as the
limiting position of a straight line L through a point p(u,) and the
neighbouring point Q(u) on C as Q tends to P along the curve.
Theorem 1.1
Find the unit tangent vector to the curve.
Proof:
Let ¥ be any curve represented by 7 = 7(u) and also y be aclass > 1
Let P and Q be the neighbouring points on the curve represented by the
parameter u, and u respectively.
Let OP = 7(u,) and 0Q = 7(w),then PQ = 0Q — OP

=r*(u) — 7(uy), since y is of class > 1
By taylor’s theorem,
7(u) = 7(ug) + (u — ug)7(ug) + 0(u — up) ....(1)
as u tends to u,.

B T(w-T(uo)
rw)—rite)  _ _ WU
NOWa th—>P |[7(w)—7(up)l th_)P W|
_ F(w)
=2 Tby (1)]

P
This is called the unit tangent vector to y at the point P and it is denoted by

Oscillating plane (or) plane of curvature:

Let y be a class > 2. Consider the two neighbouring points P and Q
on the curve C then the oscillating plane at the point P is the limiting
position of the plane which contains the tangent at P and at a point Q has Q
tends to P.

Theorem 1.2
Find the equation of the oscillating plane
Proof:
Let y be aclass > 2.
Let P and Q be two neighbouring points on the curve C represented by the
parameter O and S respectively.

OP = 7(0)

0Q = 7(s)

PQ =7(s) —7(0)
The unit tangent vector at the point p =70(0)
Let 7 be the position vector at the current point P on the plane.
PR = R-7(0)
t =r'(0)

PQ = 7(s) — 7(0) lie on the same plane.
The equation of the plane is



[R — 7(0),7"(0),7(s) — 7(0)] =0 ......(1)

Also by taylor’s expansion
7(s) = 7(0) + 7' (0) + 27" (0) + 0(s%) ...(2)
7(s) —7(0) = %77'(0) + ;?”(0) + 0(s%).....3)
Sub(3) in (1)
[R = 7(0),7'(0),1;7'(0) +5;7"(0)] = 0
= [R —7(0),7'(0), 3,7 (0)]
+HR = 7(0),7(0),57(0)] =0
=3[R —7(0),7'(0),7"(0)]
+=[R —7(0),7'(0),7"(0)] = 0
= 043 [R = 7(0),7'(0), 7" (0)] = 0
[R = 7(0),7"(0), 7"(0)] =0
Theorem 1.3
Show that if a curve is given interms of general parameter u then the
equation of oscillating plane is [R — 7(0),7(0),7(0)] =0
Proof:

We know that,
The equation of oscillating plane is

[R — F(o?i,rr_’(o),;”(o)] =0..(1)

dr

NOW, TT’ = E = z—}
Tdu
=7 = g ...... (2)
= Ly =4y o4y du
RO Rrles
_ST-1S§ _ST—7S§
T 5_2 ; - 5_3 ..... (3)
Sub(2), 3) in (1)
7 $F—7§

)= [R=7(0),5, T =0
= [R = 7(0),5, 5] — [R = 7(0), 5,51 = 0

= — [R = 7(0),7,#] - [R — 7(0),7,7] =0

51.53 .
=5 [R — 7(0),7,7#] =0
= [R — 7(0),7,#] =0
Theorem 1.4
Prove that the cartesian equation of the oscillating planr is
X—x Y-y Z—-2z
x y z =0
Proof:
We know that,
The equation of oscillating plane is
[R —7(0),7,#] =0 ....(1)
R=XWi+YW]+Zwk
7= x(W1 + y)j + z(Wk

7
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F =i+ yWj + zwk
# = 2T+ y)J + 2wk
Subin (1)
[(XQ)T+ Y W]+ ZWk) = ()T + y @] + 2(Wk), G +
yWJ + 2k), Gt +yWy +zwhk)]=0
(X =@+ Y = )W) + (Z = 2)Wk), Wi+ yW)j +
z(Wk), G+ yWJ + Z2(wk)] =0
X—x Y-y Z-2z
X y Z
3. Find the equation of the oscillating plane at the general point on a
cubic curve given by r =(u, u?,u3) and show the oscillating planes at
any 3 points of the cur e meet at a point lying in the plane determined
by these 3 points
Solution:
(i) We know that
The equation of the oscillating plane is
X—x Y-y Z-2z
x y Z
Given that r =(u, u?, u3)
(ie) x=u, y=u?, z=u3
x =1,y =2u,z = 3u?
¥=0,y=27%=6u
X—u Y—-u? Z-ud
1 2u 3u?
0 2 6u
(X —x)[12u? — 6u3] — (y —u®)[6u — 0] + (z — u®)[2 — 0]=0
X —x)[6u’] — (y —u?)[6u] + (z — u®)[2]=0
6u’x — 6uy + 2z — 2u3=0
3ulx — 3uy + z — u3=0
which is the required equation of the oscillating plane.
(i) Let (uq,u,,u3) be any 3 points on the given curve then the oscillating
plane at these 3 points are
3ulx —3uy+z—ud=0...02)
3ufx —3u,y +z—ud =0...(3)
3ulx —3uzy+z—ud =0...(4)
Suppose that these 3 planes meet at the point x, o, zo. We have,
3uxy —3uy,+zo—ud =0
ud — 3u?xy + 3uyy — 29 =0 ....(5)
Suppose the equation of plane passes through the 3 points (ur, ur?, ur?)
1=(1,2,3) be AX+BY+CZ=1 ....(6)
(uy, uy, u3) be the roots of the equation Au+Bu? + Cu® — 1=0 ...(7)
Comparing the eqn(5) and (7)
A

=0

=0

=0

_ B _ C _ -1
3, -3X, 1 -Z,
A4 _1
3¥, Zo
A:%, B:—SXO’ (_‘,:l
Zo Zo Zo



Sub in eqn(6)
T oy 1z

Zg Zg Zg
3YpX — 3X,Y + Z = z,
3YyX — 3X,Y + Z — 2,=0,
which is the required equation of planes determined by the points
(ur, ur?, ur?®)
4. Find the equation of the oscillating plane at the point on the helix x
=acosu, y=bsinu and z=bu
solution:
Given that #=(acosu, bsinu, bu)
We know that,
The equation of the oscillating plane is
X—x Y-y Z-2z

X y Z =0...(2)
X=acosu, y=asinu, z=bu
X = —asinu,y = acosu,zZ = b
X = —acosu,y = —asinu,Z =0
X —acosu Y —asinu Z—bu
—asinu acosu b =0
—acosu —asinu 0

= (X — acosu)[0 + absinu] — (Y — asinu)[0 + abcosu] + (z —
bu)[a?sin*u + a*cos*u=0

= xabsinu — a’bsinucosu — yabcosu + a’bsinucosu + za® —
bua?=0

= xabsinu — yabcosu + za* — bua®=0

= xbsinu — ybcosu + za — bua=0,

which is the required equation of oscillating plane.

5. Show that when the curve is analytic obtain a definite oscillating
plane at the point of inflection ’p’ unless the curve is the straight line
Solution:

We know that, £ = r’and . = r. 7'

t.t=1..(0)

Diff eqn(l) w.rtos

P+ " =02r.r"=0...(2)

T_I TII_O

Diff. eqn(2) w. r tos

o+ =01 " + 0=0

. 7"""=0....(3), since =0

Case 1

If 7" %0 then v’ and r'"" are linearly independent

The equation of the oscillating plane is [R — 7,7",7"""] =0

Case 2

If 7" =0

Diff. (3) w.rtos

, -

T'w + rIII II_O
7% + 0=0,
" #=0....(4), since =0

ﬁ

—
!
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In general 7. 7K=0 ....(4)
If 7% 0 for k> 2
Then the equation of the oscillating plane becomes [R — 7, 7', 7] =0
If #% =0 for k= 2, then ' = 0
(ie) ¥ = constant, t = constant
The curve is a straight line. since it is analytic.
Hence the point of inflection even a class infinity of the curve need not
posses an oscillating plane.
Normal plane:
The plane through the point P which is normal to the tangent at P is called
the normal plane on the curve.
The equation of the normal plane is
(R—7).7=0

(ie) (R —7).t=0
Principle normal:
The line of intersection of the normal plane and oscillating plane is called a
principle normal at a point p.
Binormal:
The normal which is perpendicular to the oscillating plane at a point p is
called binormal at p.
Note:
The unit vector along the principle normal and binormal are denoted by 7
and b.
The unitvectorsare L =R X b, b =t XA, R =b Xt
#i.b=0, £.71=0,t. h=0
(i) The oscillating plane containing t and 7 and its equation is (R — 7). b=0
(ii) The normal plane containing 7 and b and its equation is (R — 7). £=0
(iii) The principle plane containing 71 and £ and its equation is (R — 7).7=0

1.4 Check your progress

1.Define arc length

2. Define space curve

3. Define regular vector valued function
4. Define a function of class m

5. Define tangent, normal and binormal

1.5 Summary

A curve is a locus of a point whose position vector r with respect to the
fixed origin is a function of single variable U as a parameter.

A curve in a plane can be given in the parametric form by the
equations x = X(u) and y = Y(u) where u € [a,b].

A space curve may be expressed as the intersection of two surface
f(x,y,z) =0 and g(x,y,z) =0 ......(2)
The arc length of the curve in space of the form s = s(u) = f;o |R (w)|du.

The tangent line to the curve at the point p(u,) of C is defined as
the limiting position of a straight line L through a point p(u,) and the
neighbouring point Q(u) on C as Q tends to P along the curve.

The cartesian equation of the oscillating plane is

10



X—x Y-y Z-2z

X y Z =0

X Y Z

The equation of the normal plane is (R — 7).7" = 0
The unit vectorsare f =7 x b, b =t x#,i=b X f

7i.b=0, £.7=0,.b=0
(i) The oscillating plane containing t and 7 and its equation is

(R—7).b=0 B
(i) The normal plane containing n and b and its equation is
(R —7).t=0

(iii) The principle plane containing n and t and its equation is
(R —7).7=0

1.6 Keywords

Curve: A curve is a locus of a point whose position vector r with respect
to the fixed origin is a function of single variable U as a parameter
Arclength: The arc length of the curve in space of the form s = s(u) =
[, IRQ@)du

Oscillating plane (or) plane of curvature: Let y be a class = 2. Consider
the two neighbouring points P and Q on the curve C then the oscillating
plane at the point P is the limiting position of the plane which contains the
tangent at P and at a point Q has Q tends to P.

Regular function: A function R is said to be regular if the derivative Z—i =
R # 0 on the real interval i.

1.7 Self Assessment Questions and Exercises

1. Determine the function f(u) so that the curve given by r=(a
cosu, a sinu, f(u)) shall be plane.

2. Find the equation of the osculating plane at a point on the
helix r= (a cos u, a sin u, au tan o)

3. Find the equation of the osculating plane at a general point
on the cubic curve r=(u, u?, u®) and show that the osculating planes at
any three points of the curve meet at a point lying in the plane
determined by these three points.

4. Find the coordinates of the centre of spherical curvature of
the curve given by
r=(acosu, asinu, acos2u).

5. Prove that the curve given by x=asin?u, y=asinu cosu,
z=acosu lies on a sphere.

6. Show that the principal normal to a curve is normal to the
locus of centres of curvature at those points where the curvature is
stationary.

7. Determine the form of the function ¢(u) such that the principal normal
of the curve r=(a cos u, a sin u, ¢(u)) are parallel to the XOY plane.

8. Show that the principal normal at two consecutive points of a curve do
not intersect unless 1=0.

11
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9. If there is a one-one correspondence between the points of two curves
and tangents at the corresponding points are parallel, show that the
principal normals are parallel and so also their binormals. Also prove

tha K1 :E — T

K dsg T
10. A pair of curves Y, Y'; which have the same principal normals are
called Bertrand curves. Prove that the tangents to Y and Y'; are inclined at
a constant angle, and show that, for each curve there is a linear relation

with constant coefficients between the curvature and torsion.

1.8Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010).
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UNIT -1l CURVATURE AND
TORSION OF A CURVE

Structure

2.1 Introduction

2.2 Objectives

2.3 Curvature and torsion of a curve

2.4 Check your progress

2.5 Answers to check your progress questions
2.6 Summary

2.7 Keywords

2.8 Self Assessment Questions and Exercises
2.9 Further Readings

2.1 Introduction

At each point of the curve, we have defined an orthogonal triad t, n, b
forming a right handed system and also we have noted that at each point
this moving triad determines three fundamental planes which are mutually
perpenticular. Hence we can study their variations from point to point with
respect to the arcual length as parameter. This leads to the notion of
curvature and torsion of the space curve as defined below. Using the
concept of curvature and torsion, it is easily to derive Serret-Frenet
formulae.

2.2 Objectives

After going through this unit, you will be able to :
= Define curvature and torsion of a curve
= Solve the problems using curvature and torsion
= Derive Serret-Frenet formulae
= Derive the necessary and sufficient conditions for a curve to
be a straight line or a curve.

2.3 Curvature and torsion of a curve

Curvature:

The arc rate at which the tangent changed direction as p moves along the
curve is called curvature of the curve and its denoted by

By definition |x| = |t/|

Torsion:

As p moves along the curve the arc rate at which the oscillating
plane turns about the tangent is called the torsion of a curve and its denoted
by T
6. Derivation of serret-Frenet formula:

(i) Prove that & = ki

.., dn - —

(i) rrin b — Kt

....db _

_ (ii)— = —tn
Solution:

. d_f =

(i) To prove L = K

13

Urvature And Torsion Of A
Curve

NOTES

Self-Instructional Material



Urvature And Torsion Of A We know that,
Curve o _dr _dr du_=
. ?f _gu'd%
n_ % nN_2 2o
r —ds(r)_ ds(r.u) )
- du/ dar - dr du
NOTES =7 . "=+ —. —.u

=r.u" + . (u)?
Therefore, 7'’ lies in the oscillating plane.
We know that,
t is a unit tangent vector at the point p and

QwSL
W | o+
1%
G|

i

I

o

E17=0...(2)
(ie) " is perpendicular to t.
From eqn (1) and (2), we have " coincide with 7
(ie) = = K7t
Hence (i) is proved.
(i) we knowthatn = b x t

Diffw.rtos,
an db - dt
e (Exa+(b_XE)
=(—tmn X t) + (b X kn)
=—t(@ X ) + k(b X 71)
=—1(=b) + x(~f) =(zb) — (ki)
dan = _
ol th — Kkt
(iii) we know that, £ is perpendicular to b
(ie) t.b=0 ....(3)
Diffw.r.tos,

dt + — db

(5. B) + (£.59)=0
ab_

ds

_ o~ _db_
= k(7.D) + £..=0

= kn.b +t.

Therefore, t is perpendicular to % ...(4)
We know that,

b is the unit binormal

(ie)b.b =1

Diffw.rto s,

=db db 7
b'E-I_E'b =0,

Self-Instructional Material

14



b is perpendicular to % ....(5)
From (4) and (5) we have
ab . . _
— coincide with nn
ds i
(ie) | ;| = 77
Therefore, % = —1n
Theorem 1.5
Show that the necessary and sufficient that a curve to be a straight line is
that k=0 at all points.
Proof:
Necessary part:
The equation of the straight line is ¥ = as + b....(1), where @ and b are
constant vector.
Diff(1) w.rtos,
Teasr=a>i=a..()
Diff(2) w.rto s
Lot =0
ds
But we know that
dt _ _
—=knn 2> kn =20
ds
k = 0 at all points.
Sufficient part:
If k = 0 then £ = 0
ds
(ie) t” =0
(ie)r''=0 ....(3)
Integrating (3) w.rto s
r'=a
¥ = as + b ..(4) where a and b are constant vectoer.
Here eqn(4) represents straight line.
Theorem 1.6
Prove that a necessary and sufficient condition that a curve y be a plane
curve is that 7=0 at all points.
Proof:
Necessary part:
Assume that: A curve is a plane curve.
To prove: =0 at all points.
Since the curve is a plane curve the tangent and normalat all points are also
lie on the plane.
The plane is an oscillating plane for all points.
= The binormal vector is same at all points.
The binormal vector is constant.
= b = ¢ where ¢ is a constant vector.

15
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Urvature And Torsion Of A T :0_ at all points.
Curve Sufficient part:

Assume that: =0 at all points.

To prove: The curve y is a plane curve.

NOTES Now 7=0 = |% |=0

= |b'|=0=>b"=0

Integrating w. rto s

b = & where ¢ is a constant vector.

= The binormal vector is same at all points.

The plane is an oscillating plane.

The tangent plane and normal at all points are also lie on the plane.
The curve is a plane curve.

Theorem 1.7

Show that the necessary and sufficient condition for the curve to be the

plane curve is [r', 7", r"""]=0
Proof:

- ar

We have r' = —

_ ds

=>r=t =>r"' =t

But % = Kn
(ie) v’ = k7
“arr — i II)
4 ds
= (kn)
dnds dk  _
=K.——— .M

+ ds
=k(th — kt) + k'n
=xth — K*t + k'l
=—Kk?t+ k'n+ kb

11 0 o0
[TI, TII’ TII] =lo " 0 =0
—k? K Kkt
=1(k%*7) —0+0
=k?7 ....(1)

But given [r',r",7""] =0

(1) becomes k27=0

Either x =0 (or) =0

Now let 7 # 0 at some points of the curve there is the neighbouring of this
points T # 0

k = 0 is this neighbouring and hence the curve is a straight line.
7=0 on this line which is =<« to our assumption.

Thus T = 0 at all points and the curve is a plane curve.
Sufficient part:

Assume that: =0

= The curve is a plane curve.

From (1) [r',r"",7""]=0

Self-Instructional Material This is a sufficient condition for that a plane.
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7. Show that [, #,%]:0 is necessary and sufficient condition that a
curve to ba a plane

Solution:
dr
We have r' = —
ds
77 dr du T_' u,
du’ds "
71 ari_d ,- , ' - dus
=—=—({u)=—7.u +71.—
ds ds ( ds
dr du - -
=— u+ru’ =r.—.u +ru
du ds
=r.u'? +7r.u"
—,” _ r _d = 72 gy
= —= Tru ru
ds d [ t ]
dar - dur? _du/l
=—.u'? + + u” +7
d_?. ds ds
dr 2 17 ardu g =y
=—.—.u?+r. 2u u +——u +ru
du’ds du ds

1, = 7.1

=ru’3 +r.2u'u +ruu +ru'"

=ru'3 + 7. 3u'u + ru’

Now,

[

[Fu',7u'? + ru’”, r"u’3 +7.3u'u" +ru'"]
=[Fu, 7u'? + ru”, B + [P, ru? + L 3] +
[Fu', 7u'? + ru”, ru'"

[r r rlll] —

=[fu, #u'2, 7u'3] + [Fu, Fu, 7u'3] + [Ful, P2, 7 3w +
[Fu',7u", 7. 3u'u "] + [Fu, ru'? ru" ) + [P, ru, ru
=[Fu, 7u’ ru’3]+0+0+0+0+0

! "o

[, r",r [u][rrf]

Suppose [#,7,7] = 0
(ie) [u']"®(x%1)=0 .....(1)
= k21=0
= k=0 (or)7=0
Supposet =0 (ie) k =0
The curve is a straight line.
The binormal vector is same at all points.
b is constant

|1 1=

= 1= 0,whichisa=¢«
T = 0 at all points.
Sufficient part:

Assume that: T = 0

The curve is a plane curve.

From(1), we have [#,7, r] =0
This is the sufficient condition for the plane curve.

8. Prove that k = |1’ x 17/|:|F><17|

73]
Solution:
We know thatr’ =t
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Urvature And Torsion Of A
Curve

NOTES

—r _dr’ _adt _
r" =—=—=Kn
ds das _
r’ Xr "=t xkn=K(txXn)=kb
I xr'"| = |k| ...(1) .
g dr _dr du F
Now, 7" = ds _du'ds S ‘
ar .
=1 _ ( ) @@ _sT-rs 1
ds s ds $ $2 s
~, _ ST 18
. §3
=N = NN S
TsT o3 TsTs 578
X1 S - s
—5—3 — 5—4 (T' X T')
7 x 7| = % -2)
From (1) and (2)
1T o i rxT
k=|r"xr |__|r*3|
[Firinrin] [F,?,r]
9.Provethat Tt = —F——— = ==
|Frxiir)2 [7x7F|%
Solution:
We know that, ' =t
-, dr' d ®
r = — = —
ds ds
dr" d
nr —
=—=—(kn
i dds ds( )
= A, oA
—k ds + ds

Self-Instructional Material

=k (th — kt) + nx’
—K’t + kK'n+ xktb

o

T =
S b 0 O ,
r',r’,r ]= 0 k 0 |=k*t
o —k? k' Kkt
r'Xr" =t xkn =k(t X n)
"xr'" =kb
_ _
|r’ X' | = |Kb| =|k| =
= |r'xr"|? = k?
[Firinrin] k%t
= =1T... 1
|77 7112 K2 ( )
— dr dr du +
Also, r’' = —=—.,—=-
ds du ds N
) d 7 )
T _dr _d (r‘) ( u _ 73 _sr-rs 1
T ds ds s du s ds $ ‘_5'2 o8
—, Sr—7s
r'=—
S
( ”)_ ST TS)
d 5F-7s
_d s'r‘—r‘s:) du _@( =)
du® $3 7ds $

53[(ST+78)— (57 +57)] - (§7-78)3525

$65
3 (STHFS—§F—§F—383F5+375252

s7s
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_$4r+8375— 4351 —$r—383F5+315242

$75 .
_ [f SF—F$ $4f+s'3f§—$3§f—s'f—3s'3f§+3f§2$2]

r,r',r’ =,

s’ 83

— ] I
)

s7s

FosPE-Fs $h 7 St—Fs $37§ 7 SsP—-7$ 38378
:[S_.r _] ‘[—,— ] -[—’—,_]

2

]

S S.—r]-o-o-o-o-o-o-o
S

$3 757 s’ 3 7 g7 $7 83 7 g7

P osi-Fs 37§28

[z,

s’ §3 7 g7

i[r 7, r]
)

st—i§s _¥ st ¥ _ T8

_[77r]

! 7

r Xr =-=-X

FXT

5—3——(r><r)

<

s3 s s s s3

U)

From (2)

10. Determine the function f(u) so that the curve given by
r=(acosu,asinu,f(u)) should be a plane.

Solution:

Given that 7=(acosu,asinu,f(u)) and also a curve is a plane curve.
[F,#,7]

(ie) == O=>| ><r|2_0

= [7,7, 1"]—0

7=(acosu, asinu, f(u))
7 = (—asinu, acosu, f'(w))
 =(-acosu, -asinu, (1))
 =(asinu, -acosu, £’ (u))

= [, 7, 7]=0
—asinu acosu  f'(u)
—acosu —asinu f"'(u) | =0
asinu  —acosu f'"'(u)
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Urvature And Torsion Of A 0 0 frw) + "' (u)

Curve = |—acosu —asinu " (u) =0 (R, —» R* + R?)
asinu —acosu f'"'(u)
= (f' (W) + f"" (W) (a*cos®u + a®sin*u)=0
NOTES S (f'(w) + £ () (a?)=0

= (f'(w) + f""(w)=0...(1)
Integrating w.r to u,
f(u)+f(u)=c where c is a constant

=>f(U)+ f(U)C

= [1+ —]f (u)=c
= (D? + 1)f(u) =c ....(2), where D = %
This is the second order D.E
The solution is f(u)=C.F+P.I
To find C.F:
The A.E of (2) ism? + 1=0
= m=+i
C.F —eou(Acosu + Bsinu)

1= f(D) “p241C Tz €T
The solution is f(u) = C.F+P.1
(ie) f(u) = Acosu+Bsinu+c

11. Calculate the curvature and torsion in the cubic curve is given by

(u, u?,u?)
Solution:
We know that
'rl |T3| (Curvature), 7= I‘ _|2 (TorS|on)
Given, 7=(u, u?,u®),
7 = (1,2u, 3u?)
#=(0, 2, 6u)
#=(0, 0, 6)
£ A b
ITX7|=|11 2u 3u?
0 2 6u

=f(12u? — 6u?) — i (6w) + b(2)
=6u?t — 6ufi + 2b
|7 X 7|=V36u* + 36u? + 4
=/4(9u* + 9u? + 1)
=2vV9u* + 9u? + 1
Also, |7| = VOu* + 9u? + 1

1
=(1 + 9u? + 9u*)z

. 3

I7]® = (1 + 9u? + 9u*)2

2V9u* +9u? + 1

K=
3
Self-Instructional Material (14 9u? +9u*)2
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L[ 2u 3P
[r,7, f]:[o 2 6u ]
0 O 6
=1(12) — 2u(0) + 3u2(0)
=12

|¥ X 7| = 24/9u* + 9u2 + 1
|7 X 7|? = 4(9u* + 9u? + 1)
12

PT A1+ 9u? + 9uh
3

T =
_ _ 1+ 9u? + 9u*
12. Find the coordinates of a point interms of s.

Solution:
Let P be the point on the given curve.

Take O’ as origin and the axes OX, OY, OZ be along £, fi,B respectively.
Let X, Y, Z be the coordinates of the neighbouring point Q with position

vector 7 then, #=Xt+YR+Zb....(1)

If the curve is of class >4 and if s denotes the small arc length PQ.

By Taylor’s theorem

7(s) = 7(0) + 27(0) + 7(0) + 517"(0) + ZF¥(0) + 0(s%) ..(2) as
s— 0

We have, #(0) = 0,7/ (0) = £

—y __ dr? d dt —
r=—=—({)=—=kKn
cclls_ dsd( ) ds . 4
i r — n _dk
r =—=—=Kn)=K—rTn—
ds_ ds( ) ds + ds

=k (th — kt) + nk'
" = —Kk2F + k'L 4 kb

#(0) = = (r'"(0)) =5 (—1?E + K'Ti + cb)

=2 (k'n) — < (k2D + < (k1h)

ds ds ds
=k'"" + K'?i_rsl — (k28 + 2tkK’) + K't7 + kTP + KTb’
=x""7i + ' (th — kT) — k%t + 2kK'T + K'Th + k1'b + KTb’'
=k"™ + k'th — k'kE — K2t + 2Kkt + K'Th + KT'? + KTD’
=k'' + k'th — 3k'kt — k?(kn) + TK'b + KT’ + KT(—TN)

7%(0) = =3k'kt + (k' — k? — kt®)n + (K'T + 2K'T)D
(2) becomes

r(s) =0+ Sl(—'t) + 52—2' (ki) + 53—3| (—x%t + k' + ktb) + Z—T [(—3Kk'kt +
(k" — k? — kt®)n + (iK't + 2K'T)b)]

. k2s®  kK's* L O@s)]E+ Ks? N Ks3 N k' — k1 — K35t
7F=[s— - s
[ 6 ] [ 2 6 24
pae | KTSP 26T + KT's* —
+0(sH)n+ | + + 0(s")]b
2.3 4 6 24
Hence X =5 —— — ==+ 0(s*)
2 3 O S Y
Y=+ 2 B 4 0(sY)
2 6 L 24
7 =K’L’S + 2KIT+HKTIS + 0(54)
6 24
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Urvature And Torsion Of A 13. Provgythat
Curve (|) lte_o =z =K

.. 3Z
(i) It el

NOTES (iii) \/x2 2 = ";iz)

Solution:

2.3 , 3
(i) VTR = {ls - S OGP H

rrr—wr?—k3st +0(sM? + KTs3 n 2K1T+KTIS* +o(st !
o e e 56:(??}
(omlttlng hlgher power)
=[s? — 256" S: 32
2
=[s2? — 543162 1 s: B
=[s? ——T
=s[1 - 521'2(2]%

14. Show that the projection of the curve near ’p’ on the oscillating
. . _ I D S
plane is approximately the curve z=0, y = kx” its projection on the

rectifying plane is approximately y=0, z:% ktx3 and its projection on

the normal plane is approximately x=0, z? = %(TZK)yB
Solution:

We know that,

’p’ is any point on the curve and p(x,y,z) interms of s are
K 53 _ knst

X=s— — 4+ 0(sY
3 1"— -

Y:— % ot ———+0(s"
’ 4

z _m’s + 2KIT+KTIS + 0(54)

6 5 24 5
Consider X=s, Y:%, Z= %
Suppose we project the curve on the oscillating plane. (ie) z=0
y= S

T2 T 2
. x%K

Hence the curve is z=0 and Y=
Now we project the curve on the normal plane.

(ie) x=0 and z—s =
s®x?t?
Self-Instructional Material =z =
36
- 72 (2y3) 21
~ 36 “9 kY



2

Hence the curve is x= 0and Z=§.%.y3
Finally, we project the curve on the rectifying plane.
(ie) y:O

S KT 3
= —K'T =—X

6 3

Hence the curve is y=0 and z:% KT = %x3

Hence the curve is y=0 and z:% x3

15. Show that the length of the common perpendicular ’d’ of the

tangent at two near points distance ’s’ about is approximately given by

3
KTS
d —_

T 12
Solution:
Let y be any curve.
Let P,Q be any two points on the curve with parameters o’ and ’s’
respectively.

OP = #(0), 0Q = #(s)
Let the unit tangent vectors at the point P and Q be 7'(0), 7'(s)
respectlvely

(ie) r (o) and r (s) is common perpendicular to both r (o) Xr (s)
(ie) The length of the common perpendicular is
d= [F(s)=7(0),77(s),77(0)]
[77(s)x77(0)|
If the curve is of class > 3 then by taylor s theorem,

7(s) =7(0) += r(o) + r”(o) + r”’(o) + 0(sh)
We know that, r (o) =t
I E _a E N
- ds _ds()_ds_Kn
= dr” d
_r ds ( n)
' = —k t+Kn+m'b

3 —
Now, r(s)-r(0) = St+%SZKTl + % (—k%t + k'n + kth) + 0(s3)
Diff. w.r to s, we get
— 2 _
r'(s)=t+§ 2skn + 2% (—k*t + k'l + kTh) + 0(s®)
2 —
=t+skn + zi (—Kk%t + k'n + kTh) + 0(s3)

=t—%s K2t + skn + = ~s ;cn+”“’

[r(s) — r(o) r(s),T (0)]

k2s3  s%k | sk s3kt
— SE4E
6 2 6 6
=11 0 0
2,.2 2
5%k KTS
1- 2 SK +—s K
KTs? s3kt
—0) +—(sK+ SZK’)
2 6 2
_—s K’t skt n s*k?t | sSkwrt
4 12 6 12
=s*k T[ Ly ]
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— 42l 1
—SKT[4 6]

[F(s) — #(0), 7'(s), 7' (0)]=— = s*K?

¢ 7 b
T‘I(O) % T"(S): ! 5212 0 1 g‘rsz
1- sk + 5%k ——

2
=2(0) — A2 — 0) + B(skc + 2 SZK')

—-> K'TS

= + bSK +b s K’
ZOF r'<s>|:J (-7

KTS
—JTZ —+s 2K2 = SK’4

=Vs2Kk2 (omitting hlgher power)

K2

1
+ S2K2 + ZS4KI’4

=Sk
I A
T2 sk 12
—-s3kT . . . ..
d= , since distance is positive.

12

Curvature and torsion of a curve given as the intersection of two
surfaces:

Theorem 2.1

Find the curvature and torsion of a curve given as the intersection of two
surfaces.

Proof:

Let the given two surfaces are f(x,y,z)=0 .....(1)

and g(x,y,z)=0 .....(2)

Also the intersection (1) and (2) is in the curve.

Let t be the unit tangent vector at a given point p.

(ie) t lies on the tangent of two surfaces at the point p.

(ie) tis parallel to the common perpendicular of the normals.

Now, we denote the normal of the finite surfaces as
"’f "’f of _ (%9 99 99
Vf = ( )andv T \ox’oy’ oz

The common perpendlcular to the surface is

(say)
(ie) h is parallel to t.

(ie) h= At .....(3)
Now, At = 2Z =1% ()
ds ds
At =Ar
Put the operator A on both sides (3),
AAt =Ah
A d At) =Ah
AQAt + A't) =Ah

Vf x Vg, (ie) Vf x Vg=h

A2k + At =A h ....(4)
Taking the cross product of eqn(3) and (4)
() X (A?kn + A't) =h XA h
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(At) X (A%kn) = h XA h
ABr(tXn)=hxAh
MBkb=hxAh

A3k b=m ....(5) where m=h XA h
Taking modulus on both sides, we get

|23k bl=|m|
Jxb)?= m|
Br=m|, =" ..(6)

Put the operator A on both side (5), A (A3kb) =Am
/1% (A3kb) =am
A(A3kb" + 23k'b + 312A'kb) =Am
A(A3k(—1n) + 23'b + 3221'kb) =Aam
(—A*k(—1n) + 2*k’b + 3231'kb) =Am
—*k(—tn) + W'k’ + 3283 K)b =am ...(7)
Taking scalar product on eqn(4) and (7)
(A2kn + AV'E). (A% (—tn) + (A*k’ + 3231 k)b) =A h.Am
A2k, —A*k(—tn) =A h.Am
—A%k%T=Ah.Am

o Iml?
—A 7 T=AhAm
|m|?t =A h.Am
Ah.Am
e

16. Find the curvature and torsion of the curve of intersection of the
two quadratic surfaces ax?+ by? +cz?2 =1 ...(1), a'x* + b'y* +
cz2=1...(2)
Solution:
Given two surfaces are
f(x,y,z):% (ax?® + by? + cz? — 1)
g(x,y,z):% (a'x? 4+ 'by? + c'z?> — 1)
Then Vf=(ax, by, cz)
Vg=(a’x, b’y, c’z)
i # b
Vf xXVg=lax by «cz
ax by c'z
=t(bc' — b'c)yz +ii(a'c — c'a)xz + b(ab' — a'b)xy
=(Ayz, Bxz, Cxy), where A=bc’-b’c, B=a’c-c’a, C=ab’-a’b
=X Z(é E E)
y x ) y ) 7
— A B C
Put At = Ar'= (x,y,z) ..... (3)

Taking the scalar product (3)

A%? B?% c?
At = (5,055
12 = A% B? (?

- (x_z'ﬁ'z_z)

Taking operator A on both sides (3)
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A B C

Urvature And Torsion Of A A At =A (— — —)
Curve A B C
A (At) A( )
s ¢
A+ A't) =A (=,—-,=
NOTES ( ) (’; J’AZZ c
(APt +A0't) = A (— =)
(A2t +;uvt) = 1. @ i.d—y,‘—c.%) ..... (4)

dz Cc dz C
AE—;ﬁz—E ...... (5)
Sub in (4)
2eran =2 A BB CC
( )=z x? Ax" y? Ay’ z? '/12)
_ ., ,—A? -B? —c3
- (lx3'/1y3'/122)
_BZ _C3

(A2 }cn+/1/1t)—( paiev s
Taking the cross product of eqn(3) and (6)

-B A B C
(/1 Kn+/1/1t)><lt—(—3,F,Z—2 (; ot ;)
i j k)
A B ¢
MBkb=|x y =z
A2 BZ CZ
C?B A%C B2A
=i Zy3) J(— — ) (G5 ny))
Csz —B?Cz? C%Ax%2-A%Cz? B2 Ax?—A?By?
= ) I Y+ k(E )
3.4 _rBC Cy?—Bz?  AC ,Az?-Cx%, AB ,Bx*-—Ay?
b = ) Gy )'E( (D)

Eqn(l)x a' — (2) X a
= (aa'x? + ba'y? + ca'z* —a") — (d'ax? + b'ay? + c'az? —
a)=aa'x? + ba'y? + ca'z? —a' — a'ax? — b'ay? — c'az®* + a
= (ba' = b'a)y? + (ca’ —c'a)z?+ (a—a') = 0= (a'b—ab)y? +
(a'c —ac")z? = a’ — a, since B=a’c-ac’, C=a’b-ab’
= —cy?+Bz*=a-a
= cy?—Bz?’=ad —a ...(8a)
(W)X b’ — (2) X b
= (ab'x? + bb'y? + cb'z? — b") — (a’bx? + b'by? + c'bz? —
b)=ab'x? + bb'y? + cb'z?> — b' — a’'bx* — b'by? — c'bz* + b
= (ab' — a'b)x? + (cb' — c'b)z> — (b'—b) =0
= (ab' — a'b)x? + (cb’' — c'b)z*> = (b’ — b)
= (ab’' — a'b)x? — (¢'b — cb")z? = (b' — b)
=>Cx?—Az>=Db"—-b
~ Az2—Cx2=b—b'..(8h)
Self-Instructional Material Dxc=(@)xc
= (ac'x? + bc'y? + cc'z> — ') — (d'cx? + b'cy? + c'cz? — ¢)
= (ac'—a'c)x? + (bc' = b'c)y? — (¢ —©)
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= (ac’' —a'c)x? + (bc' = b'c)y? = (c — ¢")
= Bx? —Ay? =c— " ...(8¢c)

Sub 8a, 8b, 8¢ in(7),
BC ,a—a'\ AC ,b—br/, AB c—cr)]

Prb=[— (=)~ () (G

yz ~z2y27 xz “x2y27’ xy “x2y2

3.4 _ ABC (x3(a—ar) y3(b-br) z3(c—cr)

A Kb_x3y3z3[ T 5 T ¢ ]....(9)
~_x3(a-ar) y3(b-br) z3(c—cr)

put pb=[-4=22 X C=00 2 €y (10)

Taking the scalar product of eqn(10) itself
— = x6(a_a,)2 y6(b—b’)2 6(C—C’)2
pb. pb=[————,—— - =)

, Z xb(a — a")?
l’t - AZ
Taking the scalar product of eqn(9) itself

3 3. 4 _A%?B2C? x%(a—an? yS(b-bn? z°(c—cr)?
ABkb. A biz iyea 66[ e e ]
6.2 _ A°B°C x°(a—ar)
A (11)
6.2 _ AZBZCZ 2
20K = Tl (12)
, AZBZCZ ‘le
K X6y6Z6 /16
From eqn(12)
6. o x6y6z6
M A AZBZCZ
__ 13 x y Z
u=2 K= ...(13)

Diff. éqn(10) w.r to s,

ub' + u'b=[3x2. dx(aAfa'), 3 Z.Z—iw;fb'), 322.%@_—;')]

Sub in (5) in(10)
—tnu+ u'b = %[x(a —a"),y(b—-b"),z(c—c"]....(14)
Taking scalar product of eqn (6) and (14)

—_ A2 3
(R2kn + A0). (—tnp + i'b) = (—.Z ~x(a—a)

—A?
= Akut = (— z Ax(a—a)
3 32 A%(a—a)
- A2x3ku
A2
32 2(a ar)

/12 ,12 cx3y3273
ABC

3ABC Z 2 (a ar)

- A%B CZ
x3y3z3[WZA2(a ar?]

36288 & (a - @)

T =
ABC Y. F(a —a')?

2.4 Check your progress

1. Define curvature
2. Define torsion
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3. Write Serret-Frenet formula

2.6 Summary

The arc rate at which the tangent changed direction as p moves along the
curve is called curvature of the curve and its denoted by «.

By definition || = |t'|

As p moves along the curve the arc rate at which the oscillating plane turns
about the tangent is called the torsion of a curve and its denoted by ©
Serret-Frenet formula:

(i) Prove that Z_j = Kn
..\ dn N -
(i) rrin b — Kkt
(i) = —n
The necessary and sufficient that a curve to be a straight line is that k=0 at
all points.
The necessary and sufficient condition that a curve y be a plane curve is

that 7=0 at all points.
The > necessary and sufficient condition for the curve to be the plane curve

is [r ' r”’] 0
The necessary and sufficient condition that a curve to ba a plane is

[, 7, 7]=0

2.7 Keywords

//|_|7'XF|

Curvature: k=" (Curvature) k=|r'xr =

[Firirrin [i‘,i‘,i"]

Torsion: T—l_ _|2 (Tor3|on) T="C = ar

Coordinates of a point interms of s:
k?s3  KKrs*
X=s— +0(sY

6
Ks3 K'” KkT?—K3s*

_ks? 4
Y=t —t————+0(s"
6 . 24
7 _K‘L’S ZK"L'-ZI-;C‘L"S + 0(54)

2.8 Self Assessment Questions and Exercises

1. Find the curvature and torsion of the curves
i) r=(u, =2 1u“) i) r=(3u, 3u?, 2u3)

iii) r= (cos 2u, sin 2u, 2 sin u) iv) r=(4a cos3u, 4a sin3u, 3a cos 2u)

2. Find the curvature and the torsion of the curves given by
a) r=[a(3u-u?), 3au?, a(3u + u?)]

b) r=[a(u-sinu), a(1-cosu), bu]

¢) r=[a(1+cosu), asinu, 2asin% u]

3. Prove the following relations kt

i) r.r'=0 ii) r.r=-1?

i) r.r'=-3kx' iv) r'.r'"=«k«’'

V) r'r"=k(c"+13-kt?) Vil) rrt=r K2k KT T
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4. Prove that if the principal normals of a curve are binormal of another
curve, then a(k?+t?)=bx where a and b are constants.

5. Show that the angle between the principal normals at O and P is
s(x? + t2)Y/2 where s is the atcual distance between O and P.

6. Show that the unit principal normal and unit binormal of the involutes of

acurve C are

Tb—Kt Tt+xb
n,= , b= .
KK1(c-s) KK1(c-s)

2.9 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010)
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UNIT-111 CONTACT BETWEEN
CURVES AND SURFACES

Structure
3.1 Introduction

3.2 Objectives
3.3 Contact between curves and surfaces
3.4 Check your progress
3.5 Summary
3.6 Keywords
3.7 Self Assessment Questions and Exercises
3.8 Further Readings

3.1 Introduction

In this unit we shall establish the conditions for the contact of
curves and surfaces leading to the definitions of osculating circle and
osculating sphere at a point on the space curve and also the evolutes and
involutes. Before concluding this chapter, we can explain the radius of
curvature, centre of curvature and tangent surfaces and their uses.

3.2 Objectives

After going through this unit, you will be able to:
o Define osculating circle and osculating sphere
o Derive the properties of osculating sphere and osculating
circle
e Derive the equations of involutes and evolutes
e Find the equations of radius of curvature, centre of
curvature

e Solve the problems in contact between curves and
surfaces

e Find the conditions of tangent surfaces

3.3 Contact between curves and surfaces

Let F(x,y,z) =0 ....(1) be any surfaces.

Let y be any curve denoted by #(f (w), g(w), h(w)) ....(2)

The point (f(u),g(u),h(u)) lies on the surface F(x,y,z) =0

(ie) x =f(u), y =g(u), z =h(u)

The surface F(f(u),g(u),h(u)) =0

(ie) F(u) =0

If uy is a zero of F(u)=0 then F(u) can be expressed by the Taylor’s
theorem,

2 n
F(U)= eF' (o) + = F"'(ug)+-... + = F ™ (ug) + 0(™**), where & = u —

Ug
Then the following cases arise
(1) If F’(ug) # 0 then the curve has one point contact with the surface.
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(if) The curve and surface intersecting at one point.

(iii) If F’(ugy) = 0 and F”’(u,) # 0 then the curve has 2 points contact with
the surface.

(Proceeding like this) In general, if F’(uy)=F"(up)=....=F ™~V (u,)=0 and
F ™(uy) # 0 then the curve has n-points contact with the surface.
Osculating sphere:

The osculating sphere at a point on a curve is the sphere which has four
points contact with the curve at p.

Theorem 2.2

Find the oscillating sphere at p(s=0) to the given curve 7 = 7(s).

Proof:

Let 0 be the position vector of the center *¢’ and radius R of the osculating
sphere.

Then the equation of the sphere is (¢ — 7)? = R?

The point of intersecting with the curve is given by

F(s) =(¢ — #)? — R?=0, since the sphere has four points contact, we have,
F(0)=F’(0)=F(0)=F’(0)=0

F0)=0> (¢ —7)?=R?%?...(1)

F'(0)=0 = 2(Z — #)(—1") = 0

=>(E—-7).t=0..(2)

F(0)=0 = (& —7).t' + t.(-r) =0

StE@E—7)—1t=0

> ((C—-rPkn—tt=0

=>((C-MNkn—1=0

= (E—-Mkn=1...03)

F?(0)=0
= (¢ —Pkn' + (6 —Dk'R+ kA(-r) =0
= (¢ — P)k(th — ki) + (6 — k' — kiit = 0
= kt(¢ — )b — k2(E — F)E + k'(é — P)R) — kit = 0
. 1
= k(¢ —7)b + k’.; =0

We have, k ==, k’ =_—;p’, o= 7=1
p P T a
- >y 1 15 —p! _
(4):>(C—T');;b+(F)p—0
e—Hb p’
Le=nb_p
ap p

= (é—7)b =op’ ....(5)
(2) = (¢ — P)isperpendiculartot
= lies on the normal plane.
= (@—7) = AR + pb ....(6)
Sub. éqn (6) in (5)
(AR + ub)b = 0p’' = p = ap’
Sub. éqn (6) in (3)
(@ — Pki=1
(A + pb)kii=1=> kA=1 = A=+
(ie)d=p
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Contact Between Curves And 6)= (¢ —7) = pA+p'ob ...(7)
Surfaces The center of the osculating sphere is & = 7 + p7i + p'ob
Squaring on both sides, we have (@ — )2 = (pA + p'ob)?
R? = p? + p'2g2
R=,/p? + p'?0? is the radius of the osculating sphere.

NOTES

Corollary 2.3 If k is constant then R=p
Proof:
Given k is constant

1.
= % IS constant.

= p IS constant.
= p'=0
Let & = 7 + p7i + p'ob be the centre of the osculating plane.
¢ =7+ pnand R=,/p? + p'20?
R=p
1. Find the locus of the centre of the spherical curvature.
Solution:
Let ’c’ be the original curve and ¢, be the locus center of the spherical
curvature.
The position vector 7 of the centre of spherical curvature is given by,
i =7+pn+pab..(»1)
Diff. w.rtos,
drl - 3 1= 137 "n_7 o
E=r +pn' +pn+pob +p'ob+pbo
dT1 drl g "_z ’ N
I E—t+p(rb kt) + p'ii + p'a’b + p"'ob + p'(—ti)0
tis'y = B +p"'ab + p'a'b .....(2), since s is an increasing function of s,

so that s'; is non-negative.
We write t, =eb, where e=+1

t;.ty8'y = (g +p"'a+p'at,.b
s’y = (g + p"'a + p'a")b.eb
s'y = (3 +p"o+p'ce ....(3) since t; =eb .....(4)

QI'D

d db
Diff(4) w.rto s, == tl =e—
dt, ds; _
EE = e(—taun)
1
tll.sll = —etn
(klnl).S’1 = —emn
Putnn,; = e;nwheree; = 1
kien.s'y = —etn kye;s’'y = —et
2
T
2012 — 12 2 _
1
T Te
= k1 — iT = k1 — z
Te
I ional Material = k="
Self-Instructional Materia ( +p"o+ p'cNe
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Te

:>k1: [ (]
p+p'c?+pada
( ~ e
Te
=>klz +pllo_2+plo_lo_
(L e
T
1
=k, =

p+p'a?+pao
>k, =(p+p'c?+pdo)t..(5
The unit binormal vector b, is parallel to t.
Since, by =t; Xn, =eb Xemn
=ee;(b Xn) = —eeqt
b, = —ee;t
Diffw.rtos,
dby dt
E = —ee; %
db; ds;
ds; % ds
b',.s'y = —eejkn
= —1,n,8';1 = —ee kn
ee kn

= —ee;t’

=>T,ny8'; =

en

(g +p"'a+p'ae
1

-1
Trpmorpany O 5
Egn (5) and (6) given the curvature and torsion of the curve e, at a point p
corresponding to the curve c.
(5) ki (p+p"0*+p'ao)t
—_— =
6) 1w 1
<§ +p" "o+ p'a)p
— 1 p+plria?+prarc
_(p+pnaz+plara) X ( o )

:>T1:

kk1 = TTl

2. Prove that the radius of curvature of the locus of the centre of
curvature of a curve is given

pioc d op'

1 p'at 1
poa opy 2y
[Rgds(p) R) +

il 2
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Solution:
Let c be the given curvature and ¢ ; be the locus of the centre of curvature.
The position vector of the centre of curvature isry =7 + pnt ....(1)
Diff (1) w.r to (3),
dr1 dr dn
ds ds d
ar dn 5y o(eh — k) + p'i
. ds ds P )t
748’y = E+§b —t+p'n

+p;

t,s'y = 55 +p'n

Multiplying both sides by%

%Els’l =b+ %p’n (2

Taking scalar product on both sides,

2 2 12
2 P
?'Sl 1+ pz
0_2 ” p? + a2p’?
271 p?
= 02.5'2 = p? + 0%p?
RZ
2 _
=>Sl—;
R
51—_ (3)
D|ff(2)wrtos
O-,dtl-l-EX '"VY=p + n' + dO'p,
o ,dtl dsl+t d o +0 F— kD) + d ap'
= —, = — — —_
p 1d51 ds ds(p -$'1) m p P nds p

o d
=>—.5%kn, +t = —)—1T)n+ Tb—— 'kt
p“lld( )(()) Cp'th = Pk

=>; 51k1n1+t1—(— 1)_(g("”’ T)n+— b—— p't...(4)

Taking cross product (2) and (4)

- -
t n b
2 op!
g 13 . 0 —_— 1
?.S 1k1b1 - P
4 y d ,opr p’
_—, — — _T —
Rl ) p

—7ro 2 _ 4 cop’ =T 70 1
_t[pz'p ds(p)+T]+n(p2.p)+b(p3.p )
Taking scalar product on both sides,

2 S = (507 2y o+ Gy )
p p? ds” p p‘*z p64

ot d op'. o , o° a*

g (6—)6k [—(—)—?-PZ—T]2+(E-sz):'(p—- P
R® 1 d op o p'?p? + atp'

SEE= (3O = p? = + (g

pto 4)2 2 22k o

1 pto dap o a’p'*(p* + a°p'?)

7= e Ugg ) =50 =1l 4 (2P,

34



ap’ / a*pr?
R6 {[ds —)—= PZ—T]2+(p2R4)}

Since p = R, Rz—p +02p'2 l=%,r=%
_p’a apry 2, otpr?
(L (L) - Z.p7 P + (0!
d / ’ ’
[”R;’dsf’”)—“[f’ '+ +(‘;2’;4)
p%c d ,op! paopl+p opr?
S[Er L (oL LT 4 (20
1 p?cd op'. p?c R? o*p'?
R R T
! c A Géo o 2
p od op'. p“c R 2 atp” |
po d ap’ 04p’2 -1
Rl {[ R3 ds (_) ) p2R4}) 2
d / 2 L
Hence p; = {[&2 < - ("2’;4 DE

3. Show that the osculating plane at p has 3 points contact with the
curve.

Solution:

Let p be any point on the curve.

We know that,

The equation of the osculating plane is

F(s)= [r(s) — 7(0),7'(0),r""(0)] ....(1), where 7(0) is the position vector
of the point p(s=0) and s is measured from p.

Let the curve be of class > 3

Then by taylor’s theorem,

7(s) =7(0) += r(o) + —r”(o) += r”’(o) + 0(sh)
We know that, (o) =t

T drr_ d at
- ds - ds( ) - - K
= dr’"’ d
_r ~ds ds (Kn)_
r'" = —k?t + k'n + kb
3 —_
Now, r(s)-r(o) = St+%SZKTL + % (—k*t + k'l + kTb) + 0(s3)
. N Py U ETRCTRLEY 3!
[(s) = (o), 7 (o), P (0))= |} 2 .
0 sk+k 0
=s(0)+0+—— sk

3,2

N

TK

6
Osculating circle:
Osculating circle at any point p on a curve is a circle which has three
points contact with the curve at the point p. It is also known as circle of
curvature.
Theorem 2.4 Find the equation of the osculating circle at a point p to the
curve y.
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Contact Between Curves And Proof: _ N
Surfaces Let p be the radius and t be the position vector of the centre of the

osculating circle at p.
Clearly, the circle lies in the osculating plane at the point p .
NOTES It is the section of the osculating plane with the sphere.
(c—-7?%=p%..»0)
Since the circle has 3 points contact, we have
f(0)=0, £(0)=0, £°(0)=0, where F(s)=(¢ — 7)? = p? > F(s) = (¢ — 7)? —
,02
(c—7)*=p*
F(0)=0 = 2(¢—7)2.(-r") =0
=>r'.(c—7)=0
= t.(¢—7)=0
= (¢ — 1) is perpendicular to t.
= (¢ — 1) lies in the normal plane.
But (¢ — ) lies in the osculating plane. So (¢ — 1) is along .
(c—7)=pn..2
(ie) c=r+pn
F’(0)=0=> (c—7t'+ (-t =0
>(C—Tkn—t.t=0
>(—-Thkn—-1=0
> ((C—-tki=1
1
=>((C—m=—
__ 1
> pn.n=-—

=>p=

(3

eqn (2) and (3) are centre and radius of osculating plane.

bl

4. Find the coordinate of centre of spherical curvature given by the
curve ¥ = (acosu, asinu, acos2u)
solution:
Given 7 = (acosu, asinu, acos2u)
Let the centre of the osculating sphere be (a, 8,y)
we know that,
The curve has 4 point contact with the osculating sphere.
F(0)=0, F(0) = 0, F(0) =0, F(0) = 0
The equation of the osculating sphere is (¢ — 7)? = R?
Take F(0)=(¢ — 7)? = R?
Now, F(0)=0= (¢ —7)> —R?>=0
(c—-7?%=R%...Q0)
F(o)=0=2(—7)(-¥)=0
= (€ —-7FE)=0..02
Flo)=0= (E—-"@F) + @) (=) =0
=€ -r@F) - ({#)?*=0..03)
F(o)=0= (6—7)(F) +7(—F) = 2fF =0
= (c—7)F)—3rr =0..(4)
Given 7 = (acosu, asinu, acos2u)

Self-Instructional Material
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7 = (—asinu, acosu, —2asin2u)
7 = (—acosu, —asinu, —4acos2u)

P = (asinu, —acosu, 8asin2u)
Flo)=0=(c—-7)(#F) =0
(a — acosu, B — asinu,y — acos2u)(—asinu, acosu, —2asin2u) = 0
= (a — acosu)(—asinu) + (B — asinu)(acosu) + (y
— acos2u)(—2asin2u) =0
= —aasinu + a’cosusinu + facosu — a*cosusinu — 2aysin2u
+ 2a%sin2ucos2u = 0
= —aasinu + facosu — 2aysin2u + 2a?*sin2ucos2u = 0
= —aasinu + facosu — 2aysin2u + a*sindu = 0
= —a(asinu — fcosu + 2ysin2u — asin4du) = 0
= asinu — fcosu + 2ysin2u — asindu = 0 ....(5)
Flo)=0=>(—-7F) - (#)?*=0 [(a — acosu), (f —
asinu), (y — acos2u)|[(—acosu, —asinu, —4acos2u)]| —
[(asinu, —acosu, 8asin2u)] = 0
= —aacosu + a’cos*u — afsinu + a’sin*u — 4aycos2u +
4a?cos?2u — a’sin®u — a’cos*u — 4a?sin?2u=0
= —aacosu — afsinu + 4a’cos?2u — 4a?sin?2u — 4aycos2u = 0
= —aacosu — afisinu + 4a?[cos?2u — sin?2u] — 4aycos2u = 0
= —acosu — fsinu + 4acos4u — 4ycos2u = 0
= acosu + fsinu — 4acos4u + 4ycos2u = 0 ....(6)
F(o)=0= (¢—7)(F)—3Ffr=0
[(a — acosu), (B — asinu), (y — acos2u)]
(asinu, —acosu, 8asin2u)inu, acosu, —2asinu)
(—acosu, —asinu, —4acos2u)=0
=
[(@ — acosu)(asinu) + (B — asinu)(—acosu) + (y —
acos2u)(8asin2u)] — 3[a?sinucosu — a’sinucosu +
8a?sin2ucos2u]=0
= aasinu — facosu + 8yasin2u — 8a®sin2ucos2u
— 24a?sin2ucos2u = 0
= asinu — fcosu + 8ysin2u — 16asindu = 0
From (5) and (6)

a B
—4cosucos2u — 2sinusin2u  —8asin2ucosdu + 4aci‘052usin4u
14
—asinducosu + 4acosdusinu  sinu + cos?u

a = —4cosucos2u — 2sinusin2u
B = 4acos2usindu — 8asin2ucos4u

y = 4acos4usinu — asinducosu
5. The principle normal to the curve is normal to the locus of centre of
curvature at those points then the curvature is stationary.
Solution:
Assume that: The curvature is stationary
To prove: The principle normal is normal to the locus of centre of
curvature.
Since the curvature is stationary k=a where a is a constant.
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1
Contact Between Curves And >_=q

Surfaces 5
>p= % ..... *)
NOTES Diff w.rtos, ‘;_{: =0
(ie) p'=0 ...(1)

Since r is the position vector at any point on the curve p then we have
rn=r+pn..2)
Diff w.r tos, % =r'"+pn' +p'n
dr, ds;
ds, ds
r'y.s'y =t + ptb — pkt

=t+p(tb—kt)+0

1 1
=t+ p;b —p Et
=t+2b—t
r'y.s'y = gb
Taking scalar product by n on both sides,

p
'..s".n==(b.
ri.51.1 a( n)

, p
ti.s,.n=—(0
1-51-1 0()

t;.s'.n=0
t4.n=0
The principle normal is normal to the locus of centre of curvature.
6. Find the equation of the osculating plane, osculating circle,
osculating sphere at the point (1,2,3) on the curve x=2t+1, y=3t> + 2,
7=4t3+3.
Solution:
(i) Given x=2t+1, y=3t? + 2, z=4t3+3
(ie) # = (2t + 1,3t% + 2,4t + 3)
7 = (2,6t,12t%)

¥ = (0,6,24t)

7 = (0,0,24)

Clearly, t=0 at the point (1,2,3)

At t=0
7 =(1,2,3)
¥ =(2,0,0)
¥ = (0,6,0)
7 = (0,0,24)

We know that,
The equation of the osculating plane is [R — 7, 7,7] = 0
x—1 y—2 z-3
[R—77#7]=0= |2 0 0
0 6 0
= @x-1D0)--2)0)+(=-3)1A2)=0

. - " >0-0+12z-36=0
Self-Instructional Materia =12(z—-3)=0

2z—-3=0
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which is the required equation of the osculating plane.
(it) Now, To find the equation of the osculating sphere.
Let (a, B, y) be the centre of the osculating sphere.
We know that,
The equation of the osculating sphere is (¢ — 7)? = R?
Since the osculating sphere has 4 point contact, we have
f(0)=0, /(0) = 0, £(0) =0, f(0) =0
Here, f(s) =(c — r)? — R?
f(0)=0= (c—1)2=R?
f(0O)=0=2(c—7)(-7)=0
=>(c—-r)(-17)=0
(a—1,8—2,v—-13).(2,00)=0

= (a—1).2=0
= 2a — 2=0
200 = 2

a=1
f(0) = 0= (c =)@ + () (~7)=0
> (¢ = 1)(F) — 7220
(a—1,8—-2,7—3).(0,6,0) — (2,0,002 =0
= 6.(8 — 2) — (4,0,0) = 0
S68—12—4=0=68—16=0
S68=16 = f = %
8
F=3
£0) = 02 (c = ) + F)(=F) — 27#=0
= (¢ — 1)(F) — 37#=0
(@—1,8 -2,y —3).(0,0,24) — 3(2,0,0)(0,6,0) = 0
> 24(y —3) =3(0) = 0
= 24y — 72 — 0=0

=>y=3
To find the radius of the osculating sphere is
(c —7)? = R?
(a —1,8—2,y —3)?> =R?
8

(1-13-23-3)=FR

8—6
(0,——,0)? = R?

32
—-) = R?
o)
R—Z
3

The equation of the osculating sphere is (¢ — )? = R?
(@a—x,B—yy—2?>=R?

1 8 3 2 = *

( x’ 3 y’ Z) - 9
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(1—95)2‘|'(§_}’)2‘|'(3_Z)2:i
64 16
14 x2 —2x+?+y —?y+9+z —62—5
x? +y* + z* —2x—;y—6z+10+;—§=0
x2+y2+zz—2x—1—6y—6z+10+@—0
60+90 -0

x2+y?+z2 —Zx——y 6z +
x? +y? + z* —2x——y 6z +ﬂ 0
x2+y2+zz—2x—?y—6 +?—0
3x% + 3y? +3z%2 — 6x — 16y — 18z + 50=0 .....(2)
(iif) Osculating circle is the intersection of the osculating plane and the
osculating sphere.
Sub (1) in (2)
3x2 4 3y% 4+ 3(3)% — 6x — 16y — 18(3) + 50=0
3x% +3y%+ 27 — 6x — 16y — 54 + 50=0
3x%2 + 3y? — 6x — 16y + 23=0
which is the required equation of the osculating circle.
7. Show that the radius of spherical curvature of the helix x=acosu.
y=asinu, z=aucosa is equal to the radius of circular curvature of the
helix.
Solution:
Given 7 = (acosu, asinu, aucosa)
= (—asinu, acosu, acosa)
r = (—acosu, —asinu, 0)
. .o E ﬁ E
r X1 =|—qgsinu acosu  acosa
—acosu —asinu 0
=t(0 + a’sinucosa) + b(a?sin*u + a*cos?*u) — n(0 +
a’cosacosu)
=a’sinucosat + a’*b — a®cosacosui

| X #| = / (a%sinucosa)? + (a?)? + (a2cosacosu)?

= +Va*sin?ucos?a + a* + a*cos?acos?u

= a%\/cos2a(sin®u + cos?u) + 1
|7 X 7| = a®Vcos?a + 1 ....(1)
7| = \/(—asinu)? + (acosu)? + (acosa)?

= \/azsinzu + a?cos?u + a?cos?a

= a/(sin?u + cos?u) + cos?a
|7| = ay/1 + cos2a
. 3
|71 = a®(1 + cos?a)2
=a3(1 + cos?a)V1 + cos?a ....(2)
We know that,
k= x| _ a’Vcos2a+1 _
|73 a3(1+c052a)\/1+cosza “a(1+cos2a)
we know that,
R? =p?+p'%0?...(4)
k===bh
p

=b(say)
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=>—-—=p)
p
1
p'=0
(4) > R? = p?
R=p

The radius of the spherical curvature of the helix is equal to the radius of
the circular curvature of the helix.

Tangent surface:

A surface of a curve c is called a tangent surface if the surface generated bt
tangent to the curve c.

8. Find the equation of the tangent surface.

Solution:

Let 7 = 7(s) be the equation of the curve c.

Let p(r) be any point on the curve ¢ and Q(R) be the neighbouring point
corresponding to p on the tangent surface.

Now PQ is the tangent to c.

= PQ = At
=00Q—-0P=2At

>R-7=1At

S>R=At+7

(ie) R=r(s) + At
This is the equation of the tangent surface.
9. Find the equation of the tangent surface to the curve ¥ = (u, u?,u3).
Solution:
We know that,
The equation of the tangent surface is R=7(s) + At
R=7(s) + Ar
=(u, u?,u?) + A(1,2u, 3u?)
=(u + A, u? + 2uld, u® + 3u?21), which is the equation of the tangent
surface.
Let ¢ and c ; be the two curves. The curve ¢ is called involute of c if the
tangent to c isnormal to c 4.
If ¢ ; is the involute of c then c is called evolute of ¢ ;.

Theorem 2.5 Find the equation of the involute of the curve c.
Proof:
Let the equation of the given curve ¢ be r = 7(s) and the equation of the
involute of ¢; be 7 = 75(5s).
Let p(r) and p,(r;) be the corresponding points on ¢ and ¢ ; respectively.
Let *0’ be the origin then OP; = OP + PP,
=1+t ...(1)
Diff (1) w.r to s4,
dry, dr dt da

ds, ds, Ttds, s,
, _dr ds dt ds dA ds

Y=t A —tt—.—
17 ds ds, ds ds; ds ds;
ry=r.s+At.s"+t.A.s
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Contact Between Curves And ro=ts + A_ﬁ_sr + s
Surfaces S
r'y=ts +Lkns +t.A.s

ds ds , ds
NOTES t; = d1+/1knd—1+tﬂ &,
t1=;—ssl(t+/1.kn+t./1) ..... )
Nowt.t; =0

Taking scalar product on both sides by t
()= ty.t == (t+ A kit + t.2).t
1
=S [(t) + k(@) + (£.A)]
0=2(1+ 1)
dSl
0=ds(1+ ") = ds(1+ ") = 0
=> ds +dsA' =

da
>ds+—ds=0
ds

=2ds+di=0
Integrating
s + A=a where a is a constant.

Sub (3) in (1),
=7+ (a-s)t..(4)

Sub 4, 1" value in (2)

(2) > F = (t+ Akn + t2'). =

ds
=(t+(a—s)kn+ t(—l)).—

ds
= (t+(a—s)kn—t)
=(a — s)kn. ﬁ
1
dsq
> t.— Is = = (a—s)kn
Now, taking modulus, we get

5.2 = G
= Ja- o

ds,

() = (@—s)k
The equation of the involute is r; = r + (a — s)t and s can be obtain in
terms of s; from the egn (5).
Theorem 2.6 Find the equation of the evolute of the curve c.
Proof:
Let the equation of the curve be 7# = 7(s) and ¢’ be its evolute. Then c is
the involute of ¢’.
Let p(r) be any point on ¢ and Q(R) be the corresponding point on c’.
Then PQ lies on the normal plane at p to c.
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= PQ,#, b are coplanar.
= PQ = A7t + ub where A and y are scalars.
= 0Q — OP = AR + ub
= 0Q = OP + AR + ub
SR=7F4+ A +ub ...(1)
Diff (1) w.rtos,
dk I T l; 1 N
E:r +An'+An+ub +ub
=t + A(th + kt) + A'n + u(—wn) + u'b
=7(1 — kA) + (' — po)fi + (At + @b ....(2)
Here R’ is parallel to PQ = An + ub
>t(1—kD)+ @ —ut)n+ (At + u)b = A + ub
Equating the co-efficient of £, 72, b on both sides,
=>1—-kA=0..(3)
> —ur=21..(4)
>At+u =p..(5
@)=21==p
(4)=> X = 1 and
(5) = “% =1
AM—ut A+
= =
A p
= U’ —pt) = A4t + 1)
= pl' —plt =21+ A
St + A —pl +u?t=0
= (A +pH)T = (W' - )
pd' =y
[y P
d_ 2
T= &[mn (ﬁ)]

A
= tan"l(;) = J T.ds + ¢

A
:>(;)=tan[f T.ds + c]
:>/1=,utan[f T.ds + c]
=>/,¢=Acot[f T.ds + c]

> U= pcot[f T.ds + c]

Sub u and A in (1), we get

= R =7+ pit + pcot[[ t.ds + c]b
Theorem 2.7 Find the equation of the curvature and torsion of the involute
of the curve c.
Proof:
Let ¢, be the involute of c.
The unit tangent vector along c; isgiven t; = n; = n ....(1)
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Contact Between Curves And Diff (1) w.rto sy, - a4 - ;—n
Surfaces dn 115 51
=>t1—d— d_l_(b kt)(a 9k
b — kt
NOTES kin, = m
(14 kt
kin, = @k @k (@)

Taking scalar product on both sides,
TZ kZ
2 _
ki = (a — 5)2k? * (a — 5)2k?

2+k2
= (3
(a—s)2k?2
dt; _ th—kt
ds, - (a-9)k

)=
d dny th — kt
5>5—(——)=——
ds, "ds; (a—3s)k

d3 d th—kt_ d tb—kt_ds

ds 3( )= ds; [(a s)k]'E((a—s)k)'d_s1
_(a—s)k(‘rrb+rbr krt—ktr)—(zb—kt)[(a—s)k/+k(-1)] 1

(a—s)2k? "(a-s)k

_(a—s)k[t'b+r(-tn)—k't—k (k) |-(tb—kD)[(a—s)k' k]

- (a—s)3k3

_—(a—-s)kkr+(a-s)kkr—k?|t+[(a—s)k(-t%—k)|A+[(a—s)kt/—T(a—s)k/+Tk]b

- (a—s)3k3 B
- —k*t—[(a—s)(T*+kH)]a+ [((a—s)kt' — k") + tk]b
T =

(a—s)3k3

dr, d?r, d3n

20 = -
k=15 a5 s

=[n th—kt —kzt—[(a—s)(‘rz+k2)]ﬁ+[((a—s)k‘rl—rkl)+‘rk]5]
"(a-s)k’ (a—s)3k3
0 1 0
-k T
=|(a-s)k 0 (a-s)k
—k? —(a-s)(t?+k?) ((a—s)kri—tkr)+Tk
(a—s)3k3 (a—s)3k3 (a—s)3k3

_ —k ((a=s)kt/—tkN+tk.\ T —k?
B 1{{(a—s)k [ (a—s)3k3 1} {(a—s)k ) (a—s)3k3}}
_k(a—s)(kti—kit)+k?t—1k?

(a—s)*k*
5 k' — k't
M = ke
ki —k't 1
Tl =

(a—s)3k3 k2
_ ktr—kit  (a-s)%k?

(a—s)3k3 " T2+k2
ktr—kit

"1 = aooke+k2)
10. Show that the torsion of the involute of a given curve is equal to

p(op'—alp)
(p2+1%)(a-s)
Self-Instructional Material Solution:
The torsion of the involute of c is given by
_ ktr—krt
1 = m ..... (1)
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Putk=and 7 = =
p o

P! L
k—FandT— 2

1.-ol, —pl 1
2GR _portpro |, (a-s) (a2 +p?

)7 =2 o 7P

D=n (a—s)(%)(pl—ﬁﬁ) p2o? / p(p2a?)
_ _p(opr—arp)

LT (0 4r)(a-9)
Theorem 2.8 Prove that the locus of the centre of curvature of a given
curve is an evolute only when the curve is a plane curve.
Proof:
The position vector of a current point in the evolute is given by
R =7+ pn + pcot([ tds + c)b.....(1)
The locus of centre of curvature is givenby ¢ =+ + pn ....(2)
Eqgn (1) and (2) represent the same curve.

pcot(f tds+c)b=0
=>p= 0(or)cot(j tds + c)b =0
=>p# 0(or)cot(j tds +c)b =0

cos(f tds+c)b
sin([ tds +c)b

= cos(f tds+c)b=0

=>cos(j tds+c¢c)=0
= j 7ds + ¢ = cos~1(0)
I1
= j tds+c = multipleofE

=>dj ds=0
Is Tds =

=0
The curve is a plane curve.
Theorem 2.9 Show that the involute of a circular helix are plane curves.
Proof:
The torsion of the involute of a curve 7 = #(s) is given by

ktr—kit
T, = m (1)
Since the given curve is a circular helix, we have,

k - . . .
;=b where b is a circular helix.

=>k=1b
=>k'=1b
0= 7. = Tht/—T/bT
17 (a-s)k(r2+k2)
=27,=0

The involute of a circular helix is a plane curves.
Theorem 2.10 If the position vector  of a current point on a curve is a
function of any parameter u and dots denote differentiate with respect to u
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then prove that 7 = s, 7 =3¢+ ks, 7= (§ — k23T + sBk7A +
(kt$3)b and hence deduce that

E_FXF' __Si*—é'r'_
T ks T TksE
72 —§2 rrr
k? = — ,T=[._]
s* ks6
Proof:
. dr _dr ds
r_giu__ds'du
r=1r.s
r=S5t...(0)

Diff (1) w.rtou, # = 5t + (s?)t'
7 =38t + ks?n.....(2)
Diff (2) w.r to u,
¥ = $T+ 55t + (ks3 + 2ks$)A + ks3b'
=$t + §skn + (ks® + 2ks$)N + ks3(th — ki)
=(5 — k28t + $(3k§ + ks)n + (kts3)b ......(3)
Taking cross product (1) and (2)
rXr=(S§txt)+ (ks3t xn)

FXT

-
RTE

=7 — 57 = ks®n

k33
Taking scalar product of (2)
=712 =52 + k?s?
F2 g2
= k? = —
S4—
Taking scalar product of (3) and (4)
= (r Xr) xr = k?ts°
= [F7] = k2136

L= [f%‘%]
k26
3.4 Check your progress

1.Define osculating sphere.

2.Define centre of spherical curvature

3. Define osculating circle

4. Define involute and evolute of the curve.

3.5 Summary

The surface F(f(u),g(u),h(u)) =0. If u, is a zero of F(u)=0 then F(u) can be
expressed by the Taylor’s theorem,
2 n
F(u) = F'(uo) + 5 F"'(ug) ... + = F™ (uo) + O(e™*1), where ¢ = u —
Uo
The center of the osculating sphere is & = 7 + p7i + p'ob

R=,/p? + p'?0? is the radius of the osculating sphere.
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The radius of curvature of the locus of the centre of curvature of a
curve is given
20d op'. 1 ‘o _1
(Cr -2+ o2
s p R P*R
The equation of the osculating plane is [R — 7,7,7] = 0
Osculating circle is the intersection of the osculating plane and the
osculating sphere.
3.6 Keywords
Osculating sphere:The osculating sphere at a point on a curve is the
sphere which has four points contact with the curve at p.

Osculating circle: Osculating circle at any point p on a curve is a circle
which has three points contact with the curve at the point p. It is also
known as circle of curvature.

Tangent surface: A surface of a curve c is called a tangent surface if the
surface generated bt tangent to the curve c.

. . . _ ktr—krt
The torsion of the involute : 7; = EESYTEITE

3.7 Self Assessment Questions and Exercises

1.Find the equation of the osculating plane of the curve given by
r=(asinu+bcosu, acosu+bsinu, csin2u). Find also the radius of
spherical curvature at any point.

2. Find the osculating sphere and osculating circles at the point (1,2,3) on

the curve r=(2u+1, 3u? + 2, 4u3+3).

3. Find the osculating sphere at any point of a circular helix.

4. Prove that r=(a cos?u, a cosu sinu, a sinu) is a spherical curve.

5. Show that the tangent to the locus C; of the centres of curvature lies in

the normal plane of the given curve C. If 8 is the angle between the

tangent to C; and the principal normal of C, prove that tan 9=p%

6. If s is the arc length of the locus of centres of curvature, show that
dsl_\/mﬂc'2

ds K2

7. If Cis a curve of constant curvature k, show that the locus C; of centres

of curvature is also a curve of constant curvature k;such that k;=k and
2

that its torsion is given by 1'1=K7.
8. If Ris the radius of spherical curvature for any point P(x,y,z) on the

2
% pfaz'
9. Show that the torsion at corresponding points P and P; of two
Bertrand curves have the same sign and that their product is constant. If
C, C, are their centres of curvature, prove that the cross ratio (PCP; C;) is
the same for all corresponding pairs of points.
10. The locus of a point whose position vector is the binormal b of a curve

Y is called the spherical indicatrix of the binormal to Y. Prove that its

. . Ky+T TK —KT’
curvature Ky and torsion T, are given by K22= ZT 2, Ty =
2

curve, prove that (x")%+(y")? + (z')? =

T T(atTy)
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Surfaces 3.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
NOTES University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010)
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UNIT-1IV INTRINSIC EQUATIONS

Structure

4.1 Introduction

4.2 Objectives

4.3 Intrinsic Equations

4.4 Check your progress

4.5 Summary

4.6 Keywords

4.7 Self Assessment Questions and Exercises
4.8 Further Readings

4.1 Introduction

In this chapter we discuss about the intrinsic equations of space curves and
establish the fundamental theorem of space curves which states that if
curvature and torsion are the given continuous functions of a real variable
s,then they determine the space curve uniquely.

4.2 Objectives

4.3 Intrinsic Equations

The equation k=f(s), T = g(s) are called intrinsic equation.

Theorem 2.11 Fundamental existence theorem for space curve
If k(s) and (s) are continuous function of the real variable s=0 then there
exists a space curve for which k is a curvature and t is a torsion and s is an
arc length measured from suitable base point.
Proof:
Given k(s) and z(s) are continuous function of the real variable s>0.
To Prove: There exists a space curve for which k is a curvature and 7 is a
torsion and s is an arc length measured from suitable base point.
Consider the differential equation.
da _ ap
ds " ds
Then (1) have unique set of solution for given set of values «, 8,y
at s=0.
In particular there is a unique set (a4, 81,v1) Which assume values (1,0,0)
when s=0.
Similarly, there is a unique set (a,, 82,7,) Which assumes initial values
(0,1,0) and unique set (as, B3,¥3) wWhich assumes initial values (0,0,1) at
s=0.
Now, we prove that for all values of s, a? + 57 + y2=1.

d da, dBy dy,
2 24,2 _ n
ds (a1 + ﬁl + Y1 2a1 ds + 2,81 ds + 2)/1 ds

=20, (kBy) + 2B1(ty1 — kay) + 2y1(—7B1)

Integrating we get,
a? + BZ +yZ = A,(say) .....(A)
A)=>14+04+0=14
Al = 1
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Intrinsic Equations
(A)= ai + i +yi=1
Similarly we get
NOTES o} + B3 +y3=1
a4+ BZ+yi=1....(2)
Consider the point
d da, ap; dy
ds (a1 + BBz +v1¥2) = a4 ds + B ds + V1E
=a1(kBz) + az(kBy) + B1(ty2 — kaz) + Ba(tyr — kay) +
Y1(=1B2) + v2(—7B1)

Integrating we get,

a1y + B1f2 + v1v2 = ma(say)
At s=0, (a4, B1,71)=(1,0,0) and

(6‘(2, :82' ]/2):(0,1,0)
(ie) ayay + 18, + y1¥2=0

a,a3 + P23 + v2y3=0

asay + B3P+ v3¥1=0......(3)
a B n
a B2 V2
as Bz Vs
ar B 7
a B2 v

as Pz V3
0 0

0 1 0

_ 0 0 1l
A is a orthogonal matrix

(ie) AAT=I

Take A=

a, a, as
Br B2 P
Y1 Y2 V3

=

AAT =

AT =471
Post multiply by A,
AT A=|
We have,
a?+as+ai=1
Bi+ B3 +p5 =1
yi+vi+rvi=1
And
a1+ azfr + asfz =0
aiy1 +azy; +azy; =0
Bivi+ Bayi + Biya =0
There exists 3 mutually orthogonal unit vectors t = (aq, a3, @3), 1 =
(B1, B2, B3) b = (1,72, ¥3) defined for each value of s.
Now define r=r(s)=[’ tds .....(4)
Then |r'|=|t| = 1
, da; da, das
t=( ds’ ds ' ds
=(kPB1, kB2, kPB3)
=k(B1, B, Bs)
Self-Instructional Material t'=kn
k is a curvature of (4)

AISO, l_) = (V1,V2; y3)

)
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o & dra drs
ds ' ds’ ds
=(—1B1, —TB2 —TP3)
=—7(B1, B2 Bs3)
db

b’=%=—‘[ﬁ

)

T is a torsion of eqn(4). ~
Hence there exists a space curve given by (4) where t, b, n are unit vectors
along tangent, normal and binormal respectively.
Theorem 2.12  Uniqueness theorem
If the curvature and torsion of ¢ have the same values as the curvature and
torsion at the corresponding point of ¢, thenc; and ¢ are congruent.
Proof:
Let c and ¢, be two curves defined interms of respective arc length such
that the points with the same values of s (arc length) corresponds.
Also the curvature and torsion are same for the same value of s.
Let c; be moved so that the two points ¢ and c¢; corresponding to s=0 co-
incide. ~
(IE) (E' ﬁ' b):(fl' T_llJ bl)
Then == (t.ty) = t'.t; +t'1.t
=kn.t; + kynqt
d _
; (t tl) = k(n tl) + kl(nl. t) ..... (1)
Similarly == (n.ny) = (n'1.n) + (ny.7)
= (n.ny) = (tb — kt)ity + (t1by — kyt)gn ....(2)
d
— (b.by) = by(=tn) + (=74n1)b .(3)
d d d
(D)+(2)+(3) = = (t.ty) + = (n.ny) + = (b.b)=0
= & (t.ty +n.ny +b.b;)=0
Integrating,
t.t; +n.n, +b.b;=a
(ie)t.ty + n.ny + b.b;=3
Since the sum of the cosines is equal to 3 only, when each angle is 0 (s=0)
cosa + cosf + cosy=0
Now, cosa =t.t; =1
= a = cos (1)
>a=0
Similarly 8 =0,y =0
We know that ,
t = tl,n == nl,b == bl
dr dn
> —=—
ds ds
dr dr 0

T4 ds

d
= T (r—m)=0
=>d(r—-r)=0
Integrating,
r—nr=b
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Ats=0=>r=n
b=0
r—r,=0
Hence r — r; for corresponding points.
Hence the two curves are identical and k and 7 of ¢; and c are same.

4.4 Check your progress

e Define intrinsic equation
e State fundamental theorem for space curves
e State uniqueness theorem on space curves

4.5 Summary

e Intrinsic equation
The equation k=f(s), t=g(s) are called intrinsic
equation.
e Fundamental existence theorem for space curve
If k(s) and t(s) are continuous function of the real variable
s=>0 then there exists a space curve for which k is a curvature and 7 is a
torsion and s is an arc length measured from suitable base point.

e Uniqueness theorem
If the curvature and torsion of ¢ have the same values as the
curvature and torsion at the corresponding point of c¢; thenc, and ¢
are congruent.

4.6 Keywords

¢ Intrinsic equation
The equation k=f(s), t=g(s) are called intrinsic
equation.
e Fundamental existence theorem for space curve
If k(s) and z(s) are continuous function of the real variable
s=>0 then there exists a space curve for which k is a curvature and t is a
torsion and s is an arc length measured from suitable base point.

e Uniqueness theorem
If the curvature and torsion of ¢ have the same values as the
curvature and torsion at the corresponding point of c¢; thenc; and ¢
are congruent.

4.7 Self Assessment Questions and Exercises

1. Prove that the corresponding points of the spherical indicatrix of the
tangent to C and the indicatrix of the binormal to C have parallel tangent
lines.

2. Show that the spherical indicatrix of a curve is a circle if and only if the
curve is a helix.

3. Prove that for any curve lying on the surface of a sphere, % (op) + gzo.
4. Prove that corresponding points on the spherical indicatrix of the tangent
to Y" and on the indicatrix of the binormal to Y have parallel tangent lines.
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Intrinsic Equations

5. Find the equation of a tangent surface to the curve r=(u, u?, u3).
6. Find the Bertrand associate of a circle in a plane.
7. Prove that the position vector of a current point r=r(s) on a curve

- e . . . d d " d o p_r_
satisfies the differential equation = [G£ (pr )] +t% (gr ) tor =0.

NOTES

4.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010)
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BLOCK II: HELICES, HELICOIDS
AND FAMILIES OF CURVES

UNIT-V HELICES

Structure

5.1 Introduction

5.2 Objectives

5.3 Helices

5.4 Check your progress

5.5 Summary

5.6 Keywords

5.7 Self Assessment Questions and Exercises
5.8 Further Readings

5.1 Introduction

This chapter explains the brief discussion of the properties of a wide class
of space curves known as helices.

5.2 Objectives

After going through this unit, you will be able to:

o Define cylinderical helix and the axis of the helix
o Derive the properties of helix
o Define circular helix
e Solve the problems in helices
5.3 Helices

Cylinderical helices:

It is a space curve which lies on a cylinder and cuts a generator at a
constant angle a with a fixed line is known as the generator (or) axis.
Spherical helix:

If a curve on a sphere is a helix, then the curve is a spherical helix.
Theorem 2.13 A characteristic property of a helix is that a ratio of a
curvature to the torsion is constant.

Proof:

Part-I1

Assume that: The curve is a helix.

k .
To prove: ~lisa constant.

Let @ denote a unit vector along the axis of the helix and t denote the unit
vector along the tangent and a denote the angle between them.
Now, t.a = cosa ....(1)

t.a=0
=>kna=0
=> k(n.a)=0
=>na=20

(ie) a is perpendicular to 7.
= a lies in the rectifying plane. @ makes an angle a with ¢t, then it makes
an angle (90-a) with b.
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a = tcosa + bsina .....(2)
Diff (2) w.rtos,
O0=t'cosa + b'sina
kncosa — tnsina=0
= (kcosa — tsina)n=0
= kcosa — tsina=0
= kcosa = tsina

k sina
= — =
T cosa

k
— =constant

T
Part-11
5.3 Helices

Assume that: % IS a constant.
To prove: The curve is a helix.
Now, % =constant (say p)
k
=k =1p

=t +p.b'=0
dt a_g

= a + D. ds

= = (t + pb)=0
Integrating,
t + pb = a (constant vector)
Taking scalar product of t with (2),

t.t+p.t)=at
s>at=1
= a.t = a(constant)

=t makes a constant angle a with the direction ’a’. [where a =

0,211, 411, ....]
The curve is a helix.
Note:

If the curvature and torsion are both constant then the curve is called a
circular helix.

Circular helix:
A helix described on the surface of the cylindrical helix is called a circular
helix.
Theorem 2.14
A helix of a constant curvature is neccessarily a circular helix.
Proof:
Let a be the unit vector along the axis of the helix.
Let p(i) be any point on the helix and p,(;) be the projection of p(7) on
the plane which is perpendicular to ’a’ and the projection of ¢ on the plane.
Let s and s; be the arc length of the curve c and the projection of ¢ on the
plane.
Let a be the angle at which the curve cuts the generator.

= §; = ssina
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Helices
Diff w.rtos,
s’y = sina
NOTES Also, z=scosa
The position vector of any current point p on the helix is 7 = (x,y, z)
r = (x,y,scosa)

' Is cosa)

Diff w. r. to s, then
at . d%x

d*y
= sina,——sina, 0)
ds dsdsy d dsq

= [—( )s a—(—)sma 0]
d dx dsy . d dy ds;

= [—.—.—=sina,— —sina, 0]
ds; ds; ds ds; "ds; ds

d?
t' = (—sm a, d—fsm a,0)

We know that, k2 = |t/ |2
2

= ( )25m a+ (d }Zl)zsin“‘a
1

[(dSZ)Z +( ) ]sin a...... (*)
Since a = 90°, sm90° =1
= G+ G
We know that, if k1 is the curvature of projection curve, then
k= G+ G0
Sub (2) |n 1)
k? = k¥sin*a
= k = kysin’a

>k, = = kcosec’a

sin?a
= k, is a constant.

Since K is constant.

= Radius is constant.

= Helix is the circular cylinder.

= Helix is a circular helix.

5.4 Check your progress

1. Define cylinderical helix
2. Define circular helix
3.Define axis of helix

4. Define spherical curvature

5.5 Summary

The axis is the space curve which lies on a cylinder and cuts a generator at
a constant angle a with fixed line

Self-Instructional Material A characteristic property of a helix is that a ratio of a curvature to the
torsion is constant.
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A helix described on the surface of the cylindrical helix is called a circular
helix.

A helix of a constant curvature is neccessarily a circular helix.

5.6 Keywords

Axis: It is a space curve which lies on a cylinder and cuts a generator at a
constant angle a with a fixed line is known as the generator (or) axis.
Spherical helix:

If a curve on a sphere is a helix, then the curve is a spherical helix.
Circular helix: A helix described on the surface of the cylindrical helix is
called a circular helix.

5.7 Self Assessment Questions and Exercises

1. Prove that the curve r=(au, bu?, cu?®) is a helix if and only if 3ac=+ 2b2.
2. Show that if the curve r=r(s) is a helix, then find the curvature and
torsion of the curve r;=pt+ [ nds where p, t, n and s refer to the curve
r=r(s).

3. If the involutes of a twisted curve are pane curves, then show that the
curve is a helix.

4. Show that a necessary and sufficient condition that a curve be a helix is
that

[r,r", r']=- K5 % (%)ZO.

5. Show that the locus C of the centre of curvature of a circular helix of
curvature k is a coaxial helix. Show that the locus of a centre of curvature
of C is the original helix, and prove that the product of the torsion at
corresponding points of the two helices is equal to x2.

6. Prove that all osculating planes to a circular helix which pass through a
given point not lying on the helix have their points of contact in a plane.
Show that the same property holds for any curve for which xdy-ydx=cdz,
where c is a constant.

7. Show that the helices on a cone of revolution project on a plane
perpendicular to the axis of a cone as logarithmic spirals.

8. Find the coordinate of the cylindrical helix whose intrinsic equation are

1
K=T=.
S

9. Show that the helix whose intrinsic equation are p=t~! = (s? + 4)/v/2
lies upon a cylinder whose cross-section is a catenary.

10. Show that the locus of the center of curvature of a curve is an evolute
only when the curve is plane.

11. Find the involutes of a helix.

12. Find the involutes and evolutes of the twisted cubic given by x=u,
y=u?, z=us.

5.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010)
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UNIT- VI CURVES ON SURFACES

Structure

6.1 Introduction

6.2 Objectives

6.3 Curves on surfaces

6.4 Check your progress

6.5 Summary

6.6 Keywords

6.7 Self Assessment Questions and Exercises
6.8 Further Readings

6.1 Introduction

This chapter explains the concept of curves on surfaces. In this chapter we
consider the entire surface as a collection of parts,each part being given a
particular parameterisationanthe adjacent parts are relate by a proper
parametric transformation. Using these ideas,we shall define the
representation of a surface and discuss the properties of curves on surfaces.

6.2 Objectives

After going through this unit, you will be able to:
e Define a surface of a curve
e Derive the parametric equation of a surface
e Define the types of singularities
e Derive the equation of a normal equation

6.3 Curves on surfaces

Surface:

A surface is defined as the locus of a point whose cartesian co-ordinates
(x,y,z) are functions of two independent parameter uv say. Thus x=f(u,v),
y=g(u,v), z=h(u,v) ....... (1) are called parametric (or) freedom equation of a
surface.

The parameter u,v take real values and vary in some region D. The
representation (1) of the surface is an explicit form.

A surface is defined as the locus of a point whose position vector # can be
expressed interms of two parameters. Thus an equation of the form
r=7(u,v) ... (2) represent a surface.

Definition 2.15

The represent of a surface ¥ = 7(u, v) and x=f(u,v), y=g(u,v), z=h(u,v) are
due to Guass and therefore they are named as Guassian form of the
surface.

The parameters u and v are called curvilinear co-ordinates (or) surface co-
ordinates of the current point on the surface.

Monge’s form of the surface:

If the equation F(x,y,z)=0 to the surface can be represented in the form
z=f(x,y). Then this representation is called as monge’s form of the surface.
Theorem
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a) The parametric equation of the surface are not unique.
b) The constraints equation of the surface represents more than the
parametric equations some limes.

Proof:
a) Consider the two parametric equations x=u, y=v, z=u? —v?
................ (1)

and x=u+v, y=uU-v, Z=UV ............. 2
From eqn (1), we get

x2 =y =27 . (3) which represents the whole of cartesian
hyperboloid.

b) Let x=ucoshv, y=usinhv, z=u? ....(4) be the parametric equations of the
surface where u,v take a part of surface as z=0, since u takes only the real
values.

But if we eliminate u and v from eqn (4) we get x? + y2 = z, which is the
constraints equation of the surface and represent the whole of the
hyperboloid.

Class of a surface:

Let the parametric equation of a surface be x=f(u,v), y=g(u,v) and
z=h(u,v).

The surface is said to be of class r if the function f,g,h are single valued
and continuous and also possess the partial derivatives of r t* order.

Note:

If the partial differentiation with respect to the parameters u and v are

denoted by the use suffixes 1 and 2 respectively. Then r; = S_Z’ r, = %,
o%r o%r d9%r

T = P T2 =

— =1, Ty =
dudv 210 122 7 gy2

Regular (or) ordinary point and singularities on a surface:
Let the position vector 7 of the point p on a surface be given by r=(x,y,z)

(ie) r={x(u,v), y(u,v), zu,v)}
__ ,0x 0y 0z __ 0x 0y 0z
Thenrl-—((?—u,a,a),rz— 6_}7'5'5 - o
The point p is called regular point (or) ordinary point if r; X r, #0 ....(1)

(ie) if rank of matrix is 2

x oy oz

du OJdu Jdu

ox dy az| 2
. ov 0dv Ov ) )
(ie) atleast one of the second order determinant does not vanish.

But if r; X ,=0 at a point p we call the point p as a singularity of the
surface. There are two types:

Essential singularities:

There are inherent singularities. (ie) These singularities are due to the
nature [(or) geometrical features] of the surface and these are independent
of the choice of parametric representation.

Example:

The vertex of the cone is essential singularity.

Artificial singularities:

These singularities aries from the choice of particular parametric
representation.

Example:
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The pole ((or) origin) in the plane reffered to polar co-ordinates in an
artificial singularities.
Let 7 be the position vector of a point in a plane then reffered to polar co-
ordinates (r, 8), we have
r=(ucos6,usin6,0), then r; = (cos0, sinb, 0)

r, = (—usinf,ucosb, 0)

i Ji k
L X1, = |cosO sin@ 0
—usinf wucosf@ 0
=uk
=0 when u=0

(2) is not satisfied when u=0.

Hence the pole in the plane is artificial singularities.
Definition 2.17

A representation R of a surface s of class r in E 5 is a set of points
in E 5 covered parts {v;}, each part v; being given by parametric equation
of class r. Each point lying in the overlap of two points v;, v; is such that
the change of parameters from those of one part to those of other part is
proper and class of r.
R-equivalent:
Two representation R, R’ are said to be r-equivalent if the composite
family of parts (v;, v';) satisfies the condition that at each point p lying in
the overlap of any two points, the change of parameters from those of one
part to those os another is proper and class r.
Definition 2.18
A surface s of class r in E5 is an r-equivalent class of representation.
Transformation of parameters:
The set of parameters u,v expressing the co-ordinates of a point on a
surface can be transformed to another set of parameter transformation of
the form

U=¢(u,v), V=¢(u, v)
It is only for those transformed which transform regular points into regular
points.
We know that
The condition for regular point in parameters u,v is r; X r, #0
Now,

r __or

17 au

—or v or ov

T oUTAu AV ou
ar 6¢ aor dyY

= —.—
OU ou av du
ar d¢ , ar Y

=t

ou ov oV v

ar a¢  or oy or 0p  or o

Xr, =(—.—&
X" (au ou ' av’ 6u) (au v | ov’ 617)
ar 6(1) ar 0¢ or 6(1) ar oy ar 61,[1

= (OU' ou OU av) + (6U ou aV av) + (6V 6u
or 9¢
6U'6v) or o or ou
r r
RS
or
- (au av)(au ) TGy
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ar ar ,0¢p 0 oY 0
_Or Or @ 0b 2% v,
au av ~ou dv ou Jv

_ (O 0T\ 0(Y)
X1y = (au X av) TSR (2)
If r; X 1, #0 then the jacobian (Z—;) % #0 ...(3) in some domain D.

The transformation (1) under the condition (3) is called proper
transformation.
Curves on a surface
Curvilinear equation of the curves on the surface:
We know that, the curve is the locus of the point whose position vector 7
can be expressed as a function of a single parameter.
Let us consider a surface r=r(u,v) defined on a domain D and if u and v are
functions at single parameter ’t’ then the position vector r becomes
function of single parameter t and hence it is locus is a curve lying on a
surface r=r(u,v).
Let u=u(t), v=v(t) then r=r(u(t), v(t)) is a curve lying on a surface
r=r(u,v)in D. The equation u=u(t) and v=v(t) are called the curvilinear of
the curve on the surface.
Parametric curves:
Let r=r(u,v) be the equation of the surface defined on a domain D.
Now by keeping u=constant (or) v=constant, we get the curves of special
importance and are called the parametric curves.
Thus if v=c(say) then as u varies then the point r=r(u,c) describe a
parametric curves called u-curve.
For u-curve, u is a parameter and determine a sense along the curve. The
tangent to the curve in the sense of u increasing is along the vector r;.
Similarly, the tangent to v-curve in the sense v increasing is along the
vector ;.
We have 2 system of parametric curves viz. u-curve and v-curve and since
we know that r; X r, #0
The parametric curve of different systems can’t touch each other.
If r,.7,=0 at a point p, then 2 parametric curves through the point p are
orthogonal.
If this condition is satisfied at every point.
(ie) For all values of u and v in the domain D, the two system of parametric
curves are orthogonal.
Tangent plane:
Let the equation of the curve be u=u(t), v=v(t) then the tangent is parallel
to the vector 7, where
dr Or du OJr dv

r=—=—. —+—.—
dt du ot 0Jv 0t

=&,

Tar " "2ae

dr = ridu + rp,dv
But r; and r, are non-zero and independent vectors.

The tangent to the curve through a point p on the surface lie in the plane.
This plane is called the tangent plane at p.

Tangent line to the surface:

Tangent to the any curve drawn on a surface is called a tangent line to the
surface.

Theorem 2.19
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The equation of a tangent plane at p on a surface with position vector
r=r(u,v) is either R=r + ar; + b7, (or) (R-r).(r; X 1,)=0 where a and b
are parameter.

Proof:

Let 7 = r(u, v) be the position vector of a point p on the surface.

The tangent plane at p passes through r and contains the vector r; and .
So if R is the position vector of any point on the tangent plane at p, then
R — 7,1 and 1, are coplanar.

Hence we have R=r + ar; + bi, where a and b are arbitrary constant.
Also, r; X ry, is perpendicular to the tangent plane at p.

Hence r; X r, is perpendicular to R-r lying in the tangent plane.

(R-r).(r; x r,)=0 is another form of the equation of the tangent plane at p.
Definition 2.20

The normal to the surface at p is a line through p and perpendicular to the
tangent plane at p.

Since rand r, lie in the tangent plane at p and passes through p; the
normal is perpendicular to both r; and r, and it is parallel to r; X r,. The
normal at p is fixed by the following convention.

If N denotes the unit normal vector at p, then r;, r, and N should form
convention, a right handed system using this convention, we get

T XTy T XT;
=——2="2"2 where H=|F; X 7|
|71 X7

Since 1, X 7, #0, we have H=|r; X 15| #0

=> NH =17, XT15.

Theorem 2.21

The equation of the normal N at a point p on the surface r=r(u,v) is
R =7+ a(f X7).

Proof:

Let R be the position vector of any point on the normal to the surface at p
whose position vector is ¥ = 7(u, v).

Since 7; X 7, gives the direction of the normal and (R.7) lies along the
normal 7; X 7, and R — 7 are parallel.

We have R-r=a(r; X 7, ) where a is a parameter.

Hence R = 7 + a(#, X 73) is the equation of the normal at p.

Theorem 2.22

The proper parametric transformation either leaves every normal
unchanged or reverses the direction of the normal.

Proof:

Let ¥ =7(w,v) .oee. (1) be the given surface and let the parametric
transformation be ' = ¢(u, v) and v’ = Y (u, v) ......(2)

We know that,
or _or ow  or ow

ou  ow ou | o’ du (3)
or _ Or ow ar odvr ( )
v ow' dv  ow ov
Now, 6_1”)(@ _ Ow dvr  ow aur) (
v au av av ou 6u/ aw

= HN = a(y'v;)H N’ ....(5), where HN and H'N’ have usual meaning in

the two systems of parameter u,v and u’, v’ respectively.
Since the parametric transform is proper, we have,
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d(urvr)

] - a(u,v)

We know that, H and H' are always positive. Now N and N’ are of same

sign if ] > 0 and are of opposite sign J < 0.

Since J is continuous function of u,v of u,v in the whole domain D and J

does not vanish in D.

J retains the same sign.

Hence N and N’ have the same sign.

1. Obtain the surface equation of sphere and find the singularities,

parametric curves, tangent plane at a point and the surface normal.

Solution:

i) A sphere is the surface of revolution of a semicircle lying in xoz plane

about the z-axis.

The curve meets the revolution at 2 points if p is any point on the circle

lying in the xoz-plane then its equation can be written as x=asinu, y=0.

z=acosu where u is the angle made by op with the z-axis.

Here u is called co-lattitude of the point p.

After rotation through an angle v about z-axis.

Let PM be the perpendicular on the xoy-plane.

Then XOM is called longitude of the point p and it is denoted as v.

Hence the position vector p on the sphere is
x=0OMcosv; y=0OM sinv; z=acosu
=0Pc0s(90-u)cosv;=0P sinusinv; z=acosu
X=asinucosv; y=asinusinv

The surface equation of the sphere is r=(asinucosv,asinusinv,acosu) where

uand v are parameters, 0 < u <1II,0 < v < 2II

i) Singularities:

We know that, r=(asinucosv,asinusinv,acosu)
r=(acosucosv,acosusinv,-asinu)
r,=(-asinusinv,asinucosv,0)

Hence the matrix
M= acosucosv acosusinv —asinu

) —asinusinv  asinucosv 0
determinant minors of M are zero.

The rank of the matrix is 0.

Here u=0 and u=m are singularity point.

Since these singularities are due to choices of parameter. They are artificial
singularities.

By using r; X r, the result is same.

iii) Parametric curves:

First let us find the parametric curves of the system u=constant. When the
co-latitude u is constant, acosu is constant.

Let it be A.

Z=ais a plane parallel to the XOY-plane.

If p is the point of intersection of this plane and sphere, where u is the
constant then the locus of p is a small circle.

Hence the parametric curves of the system u=constant is a system of
parallel small circles which are called parallels.

When the longitude v=constant the plane ZOM is fixed and the point p
where v is the constant is the intersection of the sphere and the plane
passing through the centrew of sphere.

Hence the locus of p is a great circle.
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Thus the parametric curve of the system v=constant is a system of great
circle which are called merdians.
From subdivision (ii) r;.7,=0.
Hence the parametric curves are orthogonal.
iv) Tangent plane:

i j k
1 X p=|acosucosv acosusinv —asinu

—asinusinv asinucosv 0

= i(0 + a®sinucosv) — j(0 — a®sin*usinv) + k(a®cosusinucos?v
+ a?sinucosusin?v)
= a?[sin*ucosvi + sin2usinvj + sinucosvk|
11 X 1, = a’sinu[sinucosvi + sinusinvy + cost]
The equation of the tangent plane is (R-r).(ry X 1,)=0
X-X, Y-y, Z-z).(sinucosv, sinusinv, cosv)=0
= (X — x)(sinucosv) + (Y — y)(sinusinv) + (Z — z)(cosv)=0
Now, H=|r; X 1| = a?sinu
T1XTy . . .

N:T:(smucosv, sinusinv, cosv)

:if’, where 7 is the position vector of a point on the surface.

The surface normal is the outward drawn normal.
2. Obtain the surface equation of a cone with semi-vertical angle a and
find the singularities, the parametric curves, tangent plane at a point
and a surface normal.
Solution:
Taking the axis of the cone as the z-axis.
Let p(x,y,z) be any point on the cone.
Draw on PN and PM perpendicular to the axis of the cone and XQY plane.
Let NP=u and p be the angle of rotation of the plane.
XOM=v
Hence x=ucosv, y=usinv, z=ucota
The parametric representation of the point on the surface of the cone is
7 = (ucosv, usinv, ucota)
71, = (cosv, sinv, cota)
7, = (—usinv, ucosv, 0)
Singularities:
i j k
Here 7y X 1, = |cosv sinv cota
—usinv  ucosv 0 B
= 1(0 — ucosvcota) — j(0 + usinvcota) + k(ucos?v + usin?v)
71 X T, = —ucosvcotat — usinvcotaj + uk
71 X 7,=0 when u=0
The vertex of the cone is the only singularity. It is an essential singularity.
Parametric curves:
When u=constant the distance of p from z is also constant. p describe a
circle.
Hence when u=constant the system of parametric curves is a system of
parallel circles with centre on the z-axis.
When v=constant the plane of rotation through the z-axis makes the
constant angle with the x-axis so the parametric curves are the intersection
of this plane with the cone along a z-axis.
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Hence when v=constant the parametric curves are the generates of the cone
through the origin.

When r;.1,=0 the parametric curves are orthogonal.

Tangent plane:

The equation of the tangent plane is (R-r).(r; X r3)=0

(X-X, Y-y, Z-2).(—ucosvcota, —usinvcota, u)=0

(X-x)(—ucosvcota) — (Y — y)(—usinvcota) + (Z — z)u=0, which is the
equation of the tangent plane.

Surface normal:
_T1X7;

[r1X72|

|1y X 15| = VJuZcos?vcot?a + ulsin?vcot?a + u?

= Ju2cot?a(cos?v + sin?v) + u?
= Vu?cot?a + u?
=uvVcot?a +1

= uvcosec?a
|y X 1y| = ucoseca

Surface of revolution:
A surface generated by the rotation of a plane curve about an axis in its
plane is called surface of revolution.
Theorem 2.23
The position vector of any point on a surface of revolution generated by
the curve (g(u),0,f(u)) in the XOZ plane is 7=(g(u)cosv,g(u)sinv,f(u)) where
v is the angle of rotation about the axis.
Proof:
Take the z-axis as the axis of rotation.
Let (g(u),0,f(u)) be the parametric representation of the generation curve in
the XOZ-plane.
Let A be any point on the curve. Then its x-coordinate g(u) gives the
distance of A from the z-axis.
When the curve revolves about z-axis. A traces out a circle with radius
g(u).
When the plane thro’ the z-axis has rotated through an angle v. Let p be the
position of the point corresponding to A on the curve after rotation.
Draw PM.PN perpendicular to XOY and XOZ planes.
Then AN=PN=g(u) and OM=PN. If (x,y,z) are the coordinate of p. Then
we have,

x=0Mcosv=PNcosv=g(u)cosv

y=0OMsinv=PNsinv=g(u)sinv

z=PM=f(u)
Hence the position vector of a point p on the surface is
7 = (g(u)cosv, g(u)sinv, f (u))
Where the domain of (u,v) is 0 < v < 2II with suitable range for u which
depends on the surface.
i) Parametric curves:
Let p be any point on the surface wit u=constant.
= g(u) is also constant.
The locus of p is a circle with radius g(u) for a complete rotation as v axis
from 0 to 2.
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The parametric curves u=constant are circles parallel to XOY plane which
are called parallel.
Let v=constant.
Since v gives the angle of the plane of rotation in this position, the
parametric curves are the curves of intersection of this plane of rotation
with the surface.
These curves are called Meridians.
iii) Also r, = (g'cosv, g'sinv, ')
r, = (—gsinv, gcosv, 0)

71.1,=0

Hence the parametric curves are orthogonal.

iv) Normal:

r X1, = (—gf'cosv)i — (f'gsinv)j + gg'k
and |ry X 13| = g*(f"? + g'?)

T1XTy

Hence N:T
N:(—frcosv,—flsinv+gr)
Definition 2.24
The anchor ring is a surface generated by rotating a circle of radius about
a line in its plane at a distance b>a from its centre.
Note:
This does not meet the axis of rotation where as in the case of sphere, the
curve is a semi-circle meeting the axis of rotation at two point.
Theorem 2.25
The position vector of a point on the anchor ring is 7 =[(b+
acosu)cosv, (b + acosu)sinv, asinu] where (b,0,0) is the centre of the
circle and z-axis is the axis of rotation.
Proof:
Take the axis of revolution as the z-axis and the genrating circle in the
XO0Z plane with ¢(b,0,0) on the x-axis.
Let CA makes an angle u with x-axis. The coordinate of A is b+a cosu and
the z-coordinate of A is asinu.
A has coordinate (b+acosu,0,asinu)
Let p(x,y,z) be the position of the point A after the generating circle has
revolved through an angle v. since the points.
A describe the circle about the z-axis, the distance of p from the z-axis is
the radius of the circle given by (b+acosu).
Since it has been revolved through an angle v, its x and y coordinates are
(b+acosu)cosv,(b+acosu)sinv.
For the points: A and P its coordinates asinu is always constant.
Hence the position vector of the point p on the anchor ring is
7=((b+acosu)cosv,(b+acosu)sinv,asinu) where 0 <u < 2w and 0 < v <
2m when u=constant.
CA is fixed and revolves about the z-axis.
Hence it is a circle on the anchor ring and these curves are parallel. where
v=constant, the rotating plane is fixed.
Hence the parametric curve for 0 < u < 2m is the intersection of the cross
section of this plane and the anchor ring.
It is generating the circle. Thus the meridians are circle.

7, = (—asinucosv, —asinusinv, acosu)
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7y = (—(b + acosu)sinv, (b + acosu)scosv, 0), since 7;.7,=0

The parametric curves are orthogonal

7y X 7,=-(b+acosu)(-acosucosv, -acosusinv, asinu)

Since b > a the above vector is negative for the range of values of u and v.
The normal is directed inside the anchor ring.

Since |7, X 7| is always positive.

Great circle:

When a plane cuts the sphere we get the radius of sphere = radius of circle.

6.4 Check your progress

e Define surface

e Define class of R

e Define monge’s form

e Define tangent surface

e Define surface of revolution

6.5 Summary

A surface is defined as the locus of a point whose position vector  can be
expressed interms of two parameters. Thus an equation of the form
T =7W,v) ... (2) represent a surface.

Tangent to the any curve drawn on a surface is called a tangent line to the
surface.

If the equation F(x,y,z)=0 to the surface can be represented in the form
z=f(x,y). Then this representation is called as monge’s form of the surface.

6.6 Keywords

Surface: A surface is defined as the locus of a point whose position vector
7 can be expressed interms of two parameters. Thus an equation of the
formr =7(u,v) ....... (2) represent a surface.

Class of R: A representation R of a surface s of class r in E 5 is a set of
points in E ; covered parts {v;}, each part v; being given by parametric
equation of class r. Each point lying in the overlap of two points v;, v; is
such that the change of parameters from those of one part to those of other
part is proper and class of r.

Tangent line to the surface:

Tangent to the any curve drawn on a surface is called a tangent line to the
surface.

Monge’s form of the surface:

If the equation F(X,y,z)=0 to the surface can be represented in the form
z=f(x,y). Then this representation is called as monge’s form of the surface.

Surface of revolution:
A surface generated by the rotation of a plane curve about an axis in its
plane is called surface of revolution

6.7 Self Assessment Questions and Exercises

1. The following surface are given in the parametric form
i)Ellipsoid (a sinu cosv, b sinu sinv, ¢ cosu)

ii)Elliptic paraboloid (au cosv, bu sinv, u?)

iii)Cone (a sinhu sinhv, b sinhu coshv, ¢ sinhu)

67

Curves On Surfaces

NOTES

Self-Instructional Material



Curves On Surfaces

NOTES

Self-Instructional Material

iv)Cylinder (u cosv, u sinv, u)

v)Plane (u+v, u-v, u).

Obtain in each case the representation of the surface in the form
f(x,y,z)=0.

2. Discuss the nature of the points on the following surface.

1)r=(u,v,0)

ii)r=(u cosv, u sinv, 0)

iinr=(u, v, v1 —u? — v?)

3. Show that on the surface r=(a(u+v), b(u-v), uv), the parametric curves
are straight lines.

4. Find the parametric curves u=constant and v=constant on the surface of
revolution r=(u cosv, u sinv, f(u))

5. Show that the parametric curves are orthogonal on the surface r=(u

1
cosv, u sinv, alog [u+ (u? — a?)z])
6. Establish the formule
DN, r1,72]=H
“) T‘l X N = %(Frl - Erz)

i) 7, X N =~ (Gry — Fry)

6.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010)
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UNIT-VII HELICOIDS

Structure

7.1 Introduction

7.2 Objectives

7.3 Curves on surfaces

7.4 Check your progress

7.5 Summary

7.6 Keywords

7.7 Self Assessment Questions and Exercises
7.8 Further Readings

7.1 Introduction

This chapter deals with screw motion of a surface and representation of
helicoids in the surface. Also first fundamental form of a surface, direction
ratios and direction cosines are derived. Parametric directions and angle
between parametric directions are discussed.

7.2 Objectives

After going through this unit, you will be able to:

e Define screw motion
Derive the representation of generalized helicoid
Define direction ratios and direction coefficients
Derive first fundamental form of a surface.
Solve the problems related to helicoids.

7.3 Curves on surfaces

Screw motion:
There are surfaces which are generated not only by rotation alone but by a
rotation followed by a translation such a motion is called screw motion.
Right helicoid:
The surface generated by the screw motion of the x-axis about the z-axis is
called a right helicoid.
Representation of a right helicoid:
This is the helicoid generated by a straight line which meets the axis at
right angles. If we take the axis as the generating line it rotates about the z-
axis and moves upwards.
Let OP be the translated position of x-axis after rotating through an angle
V.
Let (x,y,z) be the coordinates of p. Draw PM perpendicular to XOY plane
and let OM=u. Then x=ucosv, y=usinv and z=PM.
By our assumption, the distance PM=z translated by the x-axis is
proportional to the angle v of rotation.
(ie) Let %za (constant)
The position vector of any point on the right helicoid is

7 = (ucosv, usinv, av)
Now, #1 = (cosv, sinv, 0)

72 = (—usinv, ucosv, a)

71.#2=0
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The parametric curves are orthogonal. when u=constant then the equation
of the helicoid becomes

7 = (ccosv, csinv, av), which are circular helices on the surface.

The parametric curves v=constant are the generators at the constant
distance from the XQOY plane.

Now 7, X 7,=(asinv, -acosv,u) and H=v'a? + u?

7 XTy

The unit normal N=——
|7y X732
N:(asinv,—acosv,u)
VaZ+u?
Pitch of helicoid:
If v=2m, then 2ma is the distance translated after one complete rotation.
This is called the pitch of helicoid.
Representation of general helicoid:
The general helicoid is with z-axis as the axis generated by the curve of
intersection of the surface with any plane containing z-axis.
Since the section planes of the surfaces by such planes are congruent
curves. We can take the plane to be XOZ plane and generate the helicoid.
Thus the equation of the generating curves in the XOZ plane can be taken
as x=g(u), y=0, z=f(u).
Let the curve in the XOZ plane rotate about the z-axis through an angle v
and let it have the translation proportional to the angle v of rotation which
we can take it as av.
Since any point on the curve traces a circle with centre on the z-axis and
radius g(u) and z-coordinate is translated through av. The position vector
of any point 7 on the general helicoid is
7=(g(u)cosv, g(u)sinv, f(u)+av)
71 = (g'(W)cosv, g'Wsinv, f'(u))
7y = (—g(u)sinv, g(u)cosv, a)
Also 7.7, = f'(u).a
Hence when the parametric curves are orthogonal then either f'(u)=0 (or)
a=0
If f'(u)=0 then f(u)=constant.
The surface if a right helicoid.
If a=0 we don’t have screw motion and we have only the rotation about z-
axis.
Hence the helicoid is a surface of revolution.
When v=constant, the parametric curves are the various position of the
generating curve on the plane rotation.
When u=constant (It follows from the equation of the helicoid) the
parametric curves are helices on the surface.

Metric

The first fundamental form:

Let ¥ = 7(u, v) be the given surface. Let the parameters u,v be the function
of a single parameter ’t’.

Then 7 = r(u(t), v(t)) .Hence it represent a curve on the surface with t as
parameter.

The arc length interms of parameter t is given by

dsy2 _ 47 dF _ d7y;
(dt) _dt'dt_(dt) (1)
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ar _ ar du . or dv du dv
But — —— =r.—+1r.—..(2
at  ou dt+6vdt 1dt+2dt (2)

Sub (2) |n(1)
d
(d_i)z (ry- o =41, dt)z
du d d
=1.1. (E) + 2r 1.r2.d—1:.d—: + 15. 1. (d—ltj)2 ...(3)
LetE =rn.rn=1r5F=r.n,and G = 1,.15. =17 ....(4)
Sub (4) in (3)
ds? = Edu? + 2Fdu.dv + Gdv?
This is called the first fundamental form (or) metric on the surface.
Note:1
Let P and Q be the neighbouring points on the surface with the position
vector r and r+dx corresponding to the parameter u,v and u+du, v+dv.
If ds denote the length of the elementary arc joining (u,v) and (u+du, v+dv)
Iying on the surface then ds? = Edu + 2Fdu.dv + Gdv?

2 _ 2 du dv 2
(ie) (dt) = E( ) +2F —— +G( )
ds £ +2F dudv +e dv 5
dt ( dt dt (dt
=>ds = Ed 2qudv+G 2 dt
s= B P e TG
Integrating, we get
_rt du dv
S—fto \/E(dt)z +2F——+ G( )2 dt

Note:2

Where v=constant, the metric it reduces to ds? = Edu?.
u=constant, the metric it reduces to ds? = Gdv?2.

Theorem 1.1 The first fundamental form of a surface is a positive definite
quadratic form in du,dv.

Proof:

The quadratic form Q=a,;x? + 2a,,x,x, + a,,x2 for the real values of
X1, X, is called a positive definite if >0 for every (x4, x,) #(0,0).

The condition for q to be positive definite are a,, = a,;, a;; > 0 and
11052 — a5, >0....(1)

Now we shall verify that,

I=Edu? + 2Fdu.dv + Gdv? ...(2) satisfies the above condition for a
positive definite quadratic form.

Since we are concered only with ordinary points r; x r, #0 and H? =
|1y X 1,2 >0

Where

H? = |ry X 1p|?

= |1y X 1al. |1y X 1]

=r{.17 = (1n1y)?

=EG — F?

Since H? > 0 always we get EG — F? > 0
Also, from the definition we have E=ryr; =12 > 0, G=ry,.1, =12 > 0
Hence the eqgn (2) satisfies the condition eqn(1) for the positive definite
quadratic form.
We have Edu? + 2Fdu.dv + Gdv? > 0 for all values of (x;,x,) # (0,0)
Theorem 1.2 The metric is invarient under the parametric transformation.
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Proof:

Let the parametric representation be u' = ¢(u,v),v' = @(u,v) in
parametric representation u’, v'.

Let the equation of the surface be r' = r(u/,v")

Jar
7Alzau-l
r,_r_a_r du ar 617 ()
1 1 au'aw v ovr
L _ar
L) —Tz—av,

_Or v , or du 2)
s _617'615/ ou ow
, u v
(l) = T'1 = rl.a_la‘l‘ 23_1723(3)
v u
(1) ﬁ rz —_ T1 617’ + 1’2.5 (4)
Also du-—du +—d ..... (5)

dv- d + Tdv’ ..... (6)
If E F ‘andG' are the first fundamental coefficient in the new parametric
system then We have,
E'du'? + 2F'du’.dv' + G'dv'?
=7"2du'? + 2r,/r,/du’. dv' + r,'?dv'?
=[rdu’ +1r,/'dv']? ...(7)
Using the egn (3) and (4) in (7)
(7):> (- 4 75 j—”)du’ + (11 oo + 1y 2) AV P =[r (et +
—dv') + rz(—)d + ~S)dv']? ...(8)
Sub (5) and (6) in egn (8)
(8) = (rdu + r,dv)? = r2du? + 2ryrydu. dv + r2dv?=Edu? +
2Fdu. dv + Gdv?
E'du'? 4+ 2F'dv'.dv' + G'dv'? = Edu? + 2Fdu.dv + Gdv?
The metric is invariant under parametric transformation.
Theorem 1.3 If w is the angle between the parametric curves at the point

of intersection then tanw = %

Proof:

Let P be the point of intersection of the two parametric curves with the
position vector ’r’.

Then we have

Zr r,=— are along the tangent to the parametric curves, u=constant

and v—constant
If w is the angle between the parametric curves then we have ry.7, =
|71]. |2 |cosw and

n=

|1 X 1y = |1y| X |rz|sinwN
Since F=r,.7, and H=|ry X 1,|, E= 2 and G=r%, we have
cosw = — and sinw = —=

VEG VEG
tanw = sinw _ H x VEG
- CoSw VEG F
H
tanw = —

F
Theorem 1.4 Prove that ds represent the elementary area PQRS on the

surface ds=Hdudv.
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Proof:
Let the parametric co-ordinates of P,Q,R and S be (u,v), (u,6u+v),(u+éu,
v+46V),(u,v+48V) respectively.
When éu, §v are small, the small position PQRS is a parallelogram.
Now PQ = OQ-OP
=7(u + éu,v) — 7(u, v)
Using approximate taylor’s expansion, we have
PQ=7(u,v) + Z—;Gu —r(u,v) =nrdéu
Similarly, PS=r,6v
By replacing éu, 6v by du and dv, the vector area of the parallelogram is
rdu + rydv
ds =|7du X 7, dv|
=7y, X y|dudv
ds =Hdudv
This proves that Hdudv gives the elementary area ds on a surface.
1. Find E,F,G and H for the paraboloid x=u, y=v, z=u? — v?
Solution:
Any point on the paraboloid has position vector r=(u,v,u? — v?)
Hence r,=(1,0,2u) and r,=(0,1,-2v)
E=r.1y =1+4u?
F=r,.r, =-4uv
G=r,.1; =1 + 4v?
Also, 7 X 1,=(-2u,-2v,1)
Hence H=|r; X 15| = V4u? + 4v2 + 1, which is also equal to VEG — F2
2. Calculate the first fundamental co-efficient and the area of the
anchor ring corresponding to the domain 0< u < 2w and 0< v < 2m.
Solution:
The position vector of any point on the anchor ring is
7 = {(b + acosu)cosv, (b + acosu)sinv, asinu}
7, = {—asinucosv, —asinusinv, acosu}
7y = {—(b + acosu)sinv, (b + acosu)cosv, 0}

Now,
E=r? = r.1y= a?sin*u(cos?v + sin?v) + a’cos?v
E=a?..(1)

Also, F=r;.7,=0 ...(2)

G=r? = 1,.1, =(b + acosu)?sin?v, (b + acosu)?cos?v
G=(b + acosu)? ....(3)

(1), (2), (3) give the first fundamental co-efficient.
To find: Area

Let us find H

We know that, H? = EG — F? =a?(b + acosu)?
H=a(b + acosu) ...(4)

Also, we know that,

The elementary area of the surface is Hdudv.
Entire surface area is given by

s=[7" [7" Hdudv
=f02n f02n a(b + acosu)dudv
S =2ma fozn (b + acosu)du
S =4n2ab
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Direction co-efficient on a surface:

Direction on the surface:

The direction of any tangent line to the surface at a point ’p’ is called a
direction on the surface at a point p.

Note:

The components of a tangential vector at a point p is of the form a=Ar; +
ury if a=(4, u) is the tangential vector at a point p on a surface then its
magnitude is

1
la| = (EA? + 2FAu + Gu®)z we have a=Ary + ur,
Hence |a|?> = a.a
=(Ary + pury). (Ary + pry)
=(A%rf + u?rf + 2rmAu)
We know that E=r?, F=r r,, G=r}
We get|a|? = EA%2 + Gu? + 2FAu
= |a| = VEA2 + Gu2 + 2FAu ...(1)
Direction co-efficient:
Let ’b’ be the unit vector along the tangential vector ’a’ at a point 'p’. Let
the components of ’b’ be (I,m).
Therefore b=Ir; + mr,
The component (I,m) of the unit vector be at the point ’p’ along the
tangential vector ’a’ is called the direction coefficient of ’a’.
Since b=Ir; + mr, and |a|=1 then by the definition(1), we have,
E?+Gm?+2Flm =1 ..(2)
Theorem 1.5 If (Im) and (I',m") are the direction coefficient of two
directions at a point p on the surface and "0’ is the angle between the two
directions at a point p then we have,
i) cosf = Ell' + F(lm' + I'm) + Gmm'
i) sin@ = H(Im' — I'm)
Proof:
If (I,m) and (I', m") are the direction coefficient of two directions at a same
point p on the surface r=r(u,v) then the corresponding unit vectors along
these directions at a point p are
a=lr; + mr,
a=Ur+mr..2)
Let 8 be the angle between these two directions.
Measuring 6 from the direction r; to r, through the smaller angle, we have
a.a = (lry + mny).(I'ry + m'ry)
=UU'r? +2(lm' + 'm)ryr, + mm'r}?
=EU'+ f(lm' +I'm) + Gmm’ ....(2)
Also, a.a’ = cosf and a X a’ = sinfN....(3)
Sub (3) in (2), we have
cosf = Ell' + f(lm' + I'm) + Gmm’
Now a X a’ = (Iry + mry) X (I'" + m'™2)=Im'(r; X 1) — U'm(ry X 1)
axa ={m'—1I'm)(r, Xry)
= sinN = a x a’
=(Im' — U'm)(ry X 1p)
=(lm' — I'm)NH
sinf == (Im' — I'm)H, where H=VEG — F?, when the two directions are
orthogonal.

cosf =0
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= Ell' + F(lm'+ I'm) + Gmm' = o

Note:
sin@
tanf =
cos@
(Im' = UI'm)H

tan = EU'+ F(Im' + I'm) + Gmm'

Direction ratio:

If (I,m) are the direction coefficient of a directions at a point p on the
surface then the scalars (4, u) which are proportional to (I,m) are called
direction ratios of that direction.

Result:1

Find the direction coefficient from the direction ratios (4, u).
Solution:

Given the direction ratios (4, u)

Since (4, u) are proportional to (I,m)

1 m
Let riionis k(say)

= =1k,m = uk ...(1)
We know that
The direction coefficient satisfy the identity E1? + 2FIlm + Gm?=1 ...(2)
Using (1) in (2), we have

E(AK)? + 2F (Ak) (uk) + G (uk)?=1

EA%k? + 2FAuk? + Gu®k?=1

K2(EA? + 2FAu + Gu?)=1

k? !

T EAZ+ 2FAu + G2
1

VEAZ+2FAu+G u?
(4, 1)

VEA? 4+ 2FAu + G2

= (,m) =

Result:2
Prove that the direction cosine of parametric direction v=constant and

u=constant are (\/if, 0) and (0, \/%) respectively.

Solution:

The vector r at the point p is the tangential vector to the parametric curve
v=constant passing through the point p.

(i), =1.n+0rn,=>1=1u=0

We know that

(I,m) = )

VEA24+2FAu+Gu?

— (1,0) _(10)
(lm) = JE(DZ+2F(0)+G6(0)2  VE

(L
_(\/E, \/E)
—(L
(Lm)=(z, 0)
Similarly, u=constant
rn,=0nrn+1n
=>A=0,u=1
_ (0,1) _(0,1)
(m) " JE(0)2+2F(1).04G(1)Z VG
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1

(1m)=(0, )
Result:3
Find the angle between two tangential directions at a point on the surface
interms of direction ratio.
Solution:
Let (A, u) and (A, ") be the two direction ratios of the directions on the
surface.
If (I,m) and (', m") be the direction cosines of the corresponding direction,
then we have,

_ (Au)
(lm) = EA2+2FApu+Gu? (1)
s oy (Arur)
(I";m’) VEAZ4+2FArur+Gur?

We know that, cos@ = Ell' + F(Im' + I'm) + Gmm'
and sinf = H(lm' — I'm) .....(2)
Sub (1) in (2), we get
EAN + F(Au' + A'u) + Guy!

VEAZ + 2Fu + Gu2\JEA'2 + 2FA'u + Gu'?
HQu' — 2w

VEAZ + 2FAu + Gu2JEA'2 + 2FA'y' + Gu'2
When 6 = g,cose =0
> 0=FEM'+FQu' + ) + Guy'
The two different at p cuts orthogonally iff the direction cosines of
direction satisfy the condition. EAA" + F(Au' + A'u) + Guu' =0
Result:4
If I and m are direction cosines of any direction at a point p on the surface.
Find the angle between this direction and parametric directions.
Solution:
The direction cosines of parametric direction corresponding to the curve
_ 1
v=constant are (\/—E, 0)
We know that, cos@ = Ell' + F(Im' + I'm) + Gmm’
and sinf = H(lm' — I'm)

, 1
Here I' = —,
If 6, is the angle between I,m and the direction v=constant corresponding
to (\/%, 0) then we have,

cosl =

sin@ =

m =0

1 1
cosG, =El.—+F(0+—,m)+ Gm.0

1 1 1
cosf, =—El + F(—E,m) =—(lE + Fm)

VE o NE™ VR

1
sin@, = HO——m
1 ( \/E )
1
sin, =—H—m=H—|m
1= gEm =1 eim]

Similarly, if 6, is the angle between I,m and the direction (O,
corresponding to u=constant.

1
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1 1
cos, =E.0+F(l.—=+0) + Gm.—

) 1\/5 VG
:F(\/—E)-l'Gm.\i—E
cos0, =—(Fl+ Gm
sinf, = H(lL.—=—-0
1 2 ( \/E )
sinf, =%

Theorem 1.6 If (I, m") of the direction coefficient of the line which makes
an angle g with the line whose direction coefficient are (I,m) then I' =
—— (FL+ Gm) and m' = — (EL + Fm)
Proof:
If (I,m) and (I',m") of the direction coefficient of two directions at a point
p on the surface then we have,

cosd = Ell' + F(Im' + I'm) + Gmm' ....(1)

sing = H(lm' — I'm) ....(2)
when 6 = >
Egqn (1) = EUI' + F(Im' + I'm) + Gmm’

(El+ Fm)l' + (FL+ Gm)m' =0

The above equation is satisfied for I' = —a(Fl + Gm),m' = a(El + Fm)
...(3) for some scalar «a.
To find: a
when 6 = g

1=H(lm' — I'm) ...(4)
Sub (3) in (4)
H[l(a(El + Fm)) + a(Fl + Gm)m]=1
H[aEl* + alFm + aFlm + aGm?]=1
H[aEl? + 2alFm + aGm?]=1
HaEl? 4+ 2aHIFm + aHGm?=1
a(HE?> + 2HIFm + HGm?*)=1

1
“ T H(ER + 2IFm + 6m?)
Since I,m are the direction coefficient of two directions at a point p on the
surface then we have,
1

El? + 2Flm + Gm?=1, a = -
Subin (3), I' = — (FL+ Gm), m' = — (EL + Fm)

1. Prove that if (I,m) are the direction coefficient of the tangential
direction to the curve u=u(t), v=v(t) at a point p on the surface r=r(u,v)

du _dv
thenl = = and m=—-

Solution:

The unit tangent vector at any point p on the surface is t :%
ig) =07 dw  Or dv _ - du w

(ie) t_au'ds + v ds Lds +r2'ds
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Since t:% represents the unit tangent vector at a point p along the
tangential direction to the curve, its coordinate its components are (%,%)

Then (%,%) give the direction coefficient of the tangent at a point p on
the surface.
dv

(i)1=22 and m=%
2. Find the parametric directions and the angel between the
parametric curves.
Solution:
When the parametric curve v=constant the parametric direction has the

direction ratio (du,0) by v.
. . . _(du,0) _ (1,0)
Its direction cosines are (I,m) = = IF

Similarly, When the parametric curve u=constant , the direction ratios of
the curve are (0,dv)

N : r oo _ (0dv) _ (01)
Its direction cosines are (I',m") = oz = 2

Let 8 be the angle between the parametric curves. Then

F . H
cosO = NG and sin@ = T

When 8 = g,cose =0

So the condition of orthogonality of parametric curves is F=0.

3. For the cone with vertex at the origin and semi-vertical angle «,
show that the tangent plane is the same at all point on the generating
line.

Solution:
The position vector of any point on the cone with semi-vertical angle a and
the axis of the cone as z-axis is
7 = (ucosv, usinv, ucota)
7, = (cosv, sinv, cota)
7y = (—usinv, ucosv, 0)
E=r,.7y = 1+ cot?a, F=r;.1,=0, G=r,.1, = u?
H? = EG — F? = u?cosec?a, H=ucoseca
Now, #; X 7, = (—ucosvcota, —usinvcota, u)
Hence N:% = (—cosvcosa, —sinvcosa, sina)
The surface normal N is independent.
4. For a right helicoid given by (ucosv,usinv,av) determine (14,73, N)
at a point on the surface and the direction of the parametric curves.

Find the direction making an angle g at a point on the surface with the

parametric curve v-constant.
Solution:
Any point on the right helicoid is

7 = (ucosv, usinv, av)

7, = (cosv, sinv, 0)

7, = (—usinv,ucosv, a)
E=r,.7y = 1, F=r.1,=0, G=ry,.7, = u? + a?

H? =EG — F?> =u? + a?

H=Vu? + a2
Now, #; X 7, = (asinv, —acosv,u)
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T1XTy _ T1XTy _ (asinv —acosv u )
|7y x75] H Vu2+a?’ Vu2+a2’ Vu2+a?

Let the component of N be (N;, N,, N3). Then the direction cosines of the
1

parametric curves are (\/iE, 0)=(1,0) and (0, \/15) = (O'W
If y is an angle made by N with the z-axis, then cosy = ﬁ
If (I',m’) is the direction coefficient orthogonal to parametric direction

v=constant, then we have I’ = _71 (Fl+ Gm), m' = %(El + Fm)

Hence N=

. r_ r_ 1
Sub for I,m,E,F,G and H in the above step we have, I' = 0,m’ = Nervh

which is the direction of parametric system v=constant.

7.4 Check your progress

Define screw motion
Define metric

Define direction ratio
Define direction coefficient
Define parametric direction

7.5 Summary

e Surfaces which are generated not only by rotation alone but by a
rotation followed by a translation such a motion is called screw
motion.

e The surface generated by the screw motion of the x-axis about the
z-axis is called a right helicoid.

e If v=2m, then 2ma is the distance translated after one complete
rotation. This is called the pitch of helicoid.

e If (I,m) are the direction coefficient of a directions at a point p on
the surface then the scalars (4, u) which are proportional to (I,m)
are called direction ratios of that direction.

e The direction coefficient from the direction ratios (A4,u) was
derived.

e The angle between two tangential directions at a point on the
surface interms of direction ratio is derived.

e If I and m are direction cosines of any direction at a point p on the
surface, then the angle between this direction and parametric
directions is established.

7.6 Keywords

Screw motion:

There are surfaces which are generated not only by rotation alone but by a
rotation followed by a translation such a motion is called screw motion.
Right helicoid:
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The surface generated by the screw motion of the x-axis about the z-axis is
called a right helicoid.

Pitch of helicoid:

If v=2m, then 2ma is the distance translated after one complete rotation.
This is called the pitch of helicoid.

7.7 Self Assessment Questions and Exercises

1.Find r;, , and also the tangent plane at an arbitrary point on the surface
r=(a cosu, a sinu, v).

2. Obtain the first fundamental form on the surface of revolution r=(u
cosv, u sinv,f(u)).

3. For the surface r=(a sinu cosv, a sinu sinv, a(cosu+log (tan %)).

Compute the first fundamental coefficient and unit normal at any arbitrary
point on the surface.

4. Taking x,y as parameter, calculate the first fundamental coefficients
and the unit normal to the surface, z:%(ax2 + 2hxy + by?).

5. Show that the angle between the curve u-v=constant and u=constant on
the right helicoid r=(u cosv, u sinv, cv) is %.

7.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010).
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UNIT- VIII FAMILIES OF CURVES

Structure

8.1 Introduction

8.2 Objectives

8.3 Curves on surfaces

8.4 Check your progress

8.5 Summary

8.6 Keywords

8.7 Self Assessment Questions and Exercises
8.8 Further Readings

8.1 Introduction

So far, we were concerned with a single curve lying on a surface and
associated tangential direction.This chapter introduces the families of
curves on a surface and explain some basic properties of such families.

8.2 Objectives

After going through this unit, you will be able to:
e Define family of curves.
o Define orthogonal trajectories
e Derive the properties of family of curves
e Define isometric correspondence

8.3 Curves on surfaces

Definition:

Let ¢(u,v) be a single valued function of u,v possessing continuous
partial derivative ¢,, ¢, which do not vanish.

Then the implicit equation ¢ (u, v)=c where c is a real parameter gives a
family of curves on the surface 7 = 7(u, v)

Properties:

i) Through every point (u,v) on the surface there passes one and only
member of the family.

i) Let ¢(u,,v,) = c; wWhere (u,,v,) is any point on the surface. Then
¢(u,,v,) = cq is a member of the family passing through (u,,v,). Hence
through every point (u,,v,) on the surface, there passes one and only one
member of the family.

iii) The direction ratios of the tangent to the curve of the family at (u,v) is
(_¢21 d)l )

Theorem

The curve of the family ¢ (u,v)=constant are the solution of the differential
equation ¢, du+¢,dv=0 ......(1)

and conversely a first order differential equation of the form
P(u,v)du+Q(u,v)dv=0 .....(2)

where P and q are differential functions which do not vanish
simultaneously define a family of curves.

Proof:

Since ¢, = % and ¢, = z_¢ we get from (1),

vl
22 du + 22 dv=0 giving d¢p=0
Hence we conclude that ¢(u,v)=c. Thus as the constant c varies, the curves
of the family are the different solutions of the differential equation.
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Conversely let us consider the equation (2). Unless the equation is exact, it
is not in general possible to find a single function ¢(u,v) such that ¢,=P
and ¢,=Q.

However we can find integrating factor A(u,v) such that ¢; = PA and
¢z = QA

Rewriting the equation (2) in the form APdu + AQdv=0, we get ¢,du +
¢,dv=0, so that the solution of the equation is ¢(u,v)=c.

Further from (2), Z—Z = —% so that the direction ratios of the tangent to the
curves of the family at the point P is (-Q,P).
Theorem

For a variable direction at P, |%| is maximum in a direction orthogonal to
the curve ¢(u,v)=constant through P and the angle between (-¢,, ¢,) and
the orthogonal direction in which ¢ is increasing is >

Proof:
Let P(u,v) be any point on the surface. We shall show that ¢ increases
most rapidly at P in a direction orthogonal to the curve of the family

passing through P. For this, we prove that % has the greatest value in such

a direction.

Let (I,m) be any direction through P on the surface. Let u be the magnitude
of the vector ¢p=(-¢p,, ¢,). Let 8 be the angle between (I,m) and the vector
b.

Let us take a=lry; + mry, b=—¢,1r; + P11

We shall find a x b expressing sing in terms of H and p where u = |b|
From the definition |a| = 1.

We have |a X b| = usinf ...(1)
and a X b = (¢, + me,)(ry X 1y) so that

la x b| = H(lgpy + me,) (2)
Equating (1) and (2), we obtain

usin@ = H(l$p, + me,) ... 3)

Since (I,m) are the direction coefficient of any direction through P, we
have

=2 m=22 (4
ds ds
Using (4) in (3) and simplifying, we get usiné = H%
Now p and H are always positive and do not depend on (I,m).

d . . . . .
Hence d—f has maximum value % when sing has maximum value in which

IT

case 0 = >
.. do - u I

In a similar manner, — has minimum value = when 8 = -5

Since H>0 and p > 0, the orthogonal direction for which % >0 is such
that = =.

Hence |%| has maximum in a direction orthogonal to ¢ (u, v)=constant.

Isometric Correspondence:
Theorem
To each direction of the tangent to a curve C at P in S, there corresponds a
direction of the tangent to C’ at P’ in S’ and vice-versa.
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Proof:
Let C be a curve of a class >1 passing through P ang lying on S. Let it be
parametrically represented bu u=u(t) and v=v(t). If S’ is the portion
corresponding to S under the relation (1) in the preceding paragraph, then
C on S will be mapped onto C' on S’ passing through P’ with the
parametric equations
u' = ¢{u(®), v} v = Pp{u), v()}

The direction ratios of the tangent at P to C are (u,v) where ut = %,

_

Tt o
Now the direction ratios of the tangents at P’ to C’ are (u', v") where

_du' 09 | L9 qb
dt du u av
_dv oy op
“w e’
Solving the above equation for u and v, we get
— 20
= ( av)
0¢
V= 7(17 P ﬁ)’ where J#0

which shows that a given direction to a curve C’ at P’ corresponds to a
definite direction at P to C and vice-versa.

Definition:

Two surfaces S and S’ are said to be isometric or applicable if there exists a
correspondence u' = ¢(u,v), v' = (u,v) between their parameters where

phi and 1 are single valued and (¢ 1’[)) #0 such that the metric of S is

transformed into metric of S’ The correspondence itself is called an
isometry.

Example:

Find the surface of revolution which is isometric with the region of the
right helicoid.

Proof:

Let S be r=(g(u) cosv, g(u) sinv, f(u)) the surface isometric with the right
helicoid S’ given by ' = (u'cosv’, u'sinv’, av")

Using the fact that the isometry preserves the metrics, we determine g(u)
and f(u) and then indicate the region of correspondence.

T = g—u = (91(W)cosv, g (Wsinv, f(u))
T, = Z—Z = (—g(u)sinv, g(u)cosv,0)

Now E=ry.7y = gZ(w) + f(w), F=ry.1,=0, G=ry.71, = g?
Hence the metric on S is (g7 (w) + f2(w))du? + g?dv? ....... (1)
For the surface S’, we have
r,' = (cosv', sinv’,0)
r,' = (—u'sinv’,u'cosv’, a)
Hence E' =r,'.ry'=1, F' = r,".1,'=0,
G' =157, = W?+a?)
Hence the metric on S” is du'? + (u? + a?)dv'? ....... ¥
The problem is to find the transformation from S to S’ such that (1) and (2)
are identical. Without loss of generality let us take u’ = ¢(u), v/ = v.
Then we have du’' = ¢, (w)du, dv' = dv ......(3)
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Using (3) in (2), we get ¢p2du? + (¢p? + a?)dv? ....(2)
(4) is the metric after transformation. Hence (1) and (4) are identical so that
we have

g*=(¢* +a®), g + f = ¢7 ...(5)
From the equation (5), we have to obtain f and g eliminating ¢.
However, we can guess the solution of (5) as follows.
Let us take ¢(u)=a sinh u and g(u)=a cosh u .....(6)
(6) satisfies g% = ¢2 + a?.
Using (6) in the second equation of (5), we get

a’sinh?u + f#(u) = a®cosh?u so that f?(u) = a?.
Thus f;(u) = a.
Integrating and choosing the constant of integration to be zero, we get
f(u)=au.
Hence the surface of revolution is generated by x=a cosh u, y=0, z=au
where the generating curve lies in the XOZ plane and the curve in the XOZ
plane is a catenary with parameter a and the direction as Z-axis. Such a
surface of revolution is known as catenoid.

Intrinsic properties:

Example:
A helicoid is generated by the screw motion of a straight line skew to the
axis. Find the curve coplanar with the axis which generates the same
helicoid.
Solution:
The helicoid is generated by a straight line which does not meet the axis of
rotation, since the z-axis of rotation and the straight line generating the
helicoid are skew lines.
Let a be the shortest distance between them and a be the angle between z-
axis and the skew line.
We shall find the coordinates of any point P on the generating skew line.
Let OP’ be parallel to CP in the YOZ plane where C is the point (a,0,0) at
which the skew line meets the x-axis. Hence the coordinates of P’ are (u
sina, ucosa) where u=0P'. Since CP and OP’ are parallel, the coordinates
of Pare (a, usina,ucosq) ......(1)
Let us rotate the axis about the z-axis through angle v and translate it
through a distance av parallel to the axis. Using the relation between
coordinates in (1) and after rotation, we get
X=a cos v- u sina sinv, Y=asinv + u sin a cosv
Since the z-coordinates is subjected to only translation, we obtain
Z=ucosa+cv
Hence the position vector of any point on the helicoid is
(a cosv-u sina sinv, a sinv+ u sina COSV, U COS @ +CV)........ (2)
The required plane curve is the section of the helicoid with the XOZ plane.
Since the equation to the XOZ plane is y=0, we get

. . . . t
a sinv+u sin & cosv=0 which gives u=— asii’;v ....... (3)

Substituting the value of u in (2), we get the equation of the generating
curves as

r=(a cosv+a tanv sinv, 0, cv-a cot a tanv)

=(a secv, 0, cv-a cot a tanv) where vis the parameter of the curve.
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Example:

The metric on the surface is v2du? + u?dv?. Find the family of curves
orthogonal to the curve uv=constant and find the metric referred to new
parameters so that these two families are parametric curves.

Solution:

From the given metric, the fundamental coefficients are E=v?, F=0 and
G=u? ....(1)

Using the given family of curves uv=constant,

v 4 uP=0sothat & = — 2
ds ds dv v

Hence the tangential direction at any point in the curve has the direction
ratios (-u,v).
Let (du,dv) be the direction ratios of the orthogonal direction.
Applying the orthogonality condition by taking A = —u, u=v, A'=du, u'=dv
and substituting for E,F,G from (1), we obtain —uv?du + u?vdv=0 giving
the differential equation of the orthogonal trajectory as vdu-udv=0.
Integrating this equation, we have = = ¢,
Hence uv=c; and % = c, are the orthogonal curves on the surface with the

given metric. To find the metric on the surface with respect to these two
families of curves as parametric curves, let us define the parametric
transformations as

U= v) =50 = P, v)=W ... (2)

a(op, 2u
Now J:% =
parametric transformation is proper, it transforms the given family of
curves and the orthogonal family into two families of pareametric curves.
Using (2), let us express u and v in terms of v’ and v’

2 2.2 _ VP 2

#0, the parametric transformation is proper. Since the

uc=ufvt = Ut orut =uv ... (3)
u
vr? vr? vr vr
vi=—= =—orvi=—..... (4)
u urv/ u/ ur

Further using the parameters u’, v', let the position vector r be r'. Using the

relations (3) and (4), we have
’ ar

ri1=

ouwr

__0r ou or dv
_6u'g}u av'a%
=nG,) — (5,2

g _Or _or ou or oy
27 v ou'avr | ov owr
=11(o) + 15 (5)

=N 02u 220w

Let us find the metric with respect to the new parametres. Since
F=r,.7,=0, we have,

! ! !
E == T'l .T‘l
2 2
! 2 v! 2
=—.1r + T3
42 4urtp?
vr? Gvr?
“4u? - 42wt
v pr? wivrvrtur
wr’ 4urvr qurtvyr
vr?
2ur?
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r__ ’ ’
G =11
2
us 2 1 2
= —.T — . T
quz 1 qurzp2 "' 2
ur? G

“au? 42w
1vr ur? worus

4w wvr  4uitvr
1

2
Hence the metric referred to the new parametric coordinates is ds’ =

1 vr?
2 ur?

1 . i
du'? +5dv’2 for which u'v' =¢; and Z_I,Z c, are the parametric

curves on the surface.

8.4Check your progress

Define family of curves

Define isometric correspondence

Derive the surface of revolution which is isometric with the
region of thr right helicoid.

8.5 Summary

Let ¢(u,v) be a single valued function of u,v possessing
continuous partial derivative ¢, ¢, which do not vanish.

Then the implicit equation ¢ (u, v)=c where c is a real parameter
gives a family of curves on the surface 7 = 7(u, v)

Through every point (u,v) on the surface there passes one and only
member of the family.

Two surfaces S and S’ are said to be isometric or applicable if there

exists a correspondence u' = ¢(u,v), v’ = yY(u,v) between their

parameters where phi and y are single valued and % +#0 such

that the metric of S is transformed into metric of S’. The
correspondence itself is called an isometry.

The surface of revolution which is isometric with the region of the
right helicoid.

A helicoid is generated by the screw motion of a straight line skew
to the axis. Find the curve coplanar with the axis which generates
the same helicoid.

8.5 Keywords

Definition:

Let ¢ (u,v) be a single valued function of u,v possessing continuous
partial derivative ¢,,¢, which do not vanish.Then the implicit
equation ¢ (u, v)=c where c is a real parameter gives a family of curves
on the surface 7 = 7(u, v)

Definition:

Two surfaces S and S’ are said to be isometric or applicable if there
exists a correspondence u' = ¢(u,v), v' =1(u,v) between their
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UCED)

parameters where phi and 1 are single valued and ——= 0 such that

a(u,v)

the metric of S is transformed into metric of S’. The correspondence
itself is called an isometry.
8.6 Self Assessment Questions and Exercises

1. If the parametric curves are orthogonal, show that the differential

equation of lines on the surface cutting the curves u=constant at a
. du G

constant angle Bis —— = tan \/;

2. Find the orthogonal trajectories of the parametric curves
u=constant on the surface. R=(u+v, 1-uv, u-v).

3. Ifthe curves du? = (u?+c?)dv? form an orthogonal system on the
surface r=(u cosv, u sinv, @(v)), determine .

4. If v2du? + u?dv? is the metric on a surface, find the family of

curves orthogonal to the curve % = constant and fid the metric

referred to the new parameter so that these two families are
parametric curves.

8.7 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford

University Press(1983).
2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010)
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BLOCK I11:GEODESIC PARALLELS
AND GEODESIC CURVATURES

UNIT IX GEODESICS
Structure

9.1 Introduction

9.2 Objectives

9.3 Geodesics

9.4 Check your progress

9.5 Summary

9.6 Keywords

9.7 Self Assessment Questions and Exercises
9.8 Further Readings

9.1 Introduction

Defining a geodesic on a surface, we shall obtain canonical geodesic
equation and its normal property. Also the Christoffel symbol of first and
second kinds are developed. Some properties of geodesics and existance
theorem are also derived.

9.2 Objectives

After going through this unit, you will be able to:

¢ Define geodesic
Derive the differential equation of geodesic
Define stationary point
Derive the normal property of geodesic.
Understand the existance theorem of geodesics

9.3 Geodesics

Geodesic on a surface

Geodesic:

Let A and B be two given points on a surfaces. Let these points be joined
by curves lyping on S. Then any curve possessing stationary length for
small variation over S is called Geodesic.

Note:

Let a be an arc and S(a) be the length of the arc a joining A and B on the
surface then,

S = [, $dt= [ EU?+Fuv+GV?dt,where ds*= Edu® +
2Fdudv + Gdv?
§% = Eu? + 2Fuv + Gv?

Stationary:
If « is such that variation s(a) is atmost at order £2 for all some variation
in « for different A(t) and u(t). Then S(«) is said to be stationary and « is
geodesic.
Theorem 1 Dif ferential equation of a geodesic

(OR) A necessary and sufficient condition for a curve u = u(t) and
v = v(t) on a surface r = r(u,v) to be a geodesic is that,
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at at d ot at 1 dT 0T
;Iaa—va—v—oa(l), where U—Ea—g—;aﬁ,
d 0T T 1 dT 0T
V—Ea—a—v—gaa ...... (2)
Proof:

To prove: (2)
This theorem, we have to prove that following lemma.

Lemma:1
If g(t) is continuous function for 0 <t <1 and if f01 v(t)g(t)dt =
0....... (3) for all admissible function v(t) as defined above, then g(t) = 0.

Proofof lemma
Suppose fol v(t)g(t) = 0 for all admissible function v(t) and g(t)# 0, then
there exists a t, between 0 and 1 such that g(t,) # 0
Take g(ty) > 0 Since g(t) is continuous on (0,1) and t,e(0,1)
There exists a neighborhood (a,b) such that g(t,) > 0 is (a,b), where
0<a<t<bh<l
Now define a function v(t) as follows,
V() = ((t —a)db—-1t)® fora<t<b

0 for0<t<aand b<t<1............ (%)

Then V(t) is an admissible function in (0,1) so that (3) can be rewritten as

Jy v(©g®)dt = [ v(©)g(®)dt + [ v(©)g(®)dt + [, v(D)g(t)dt =
0+ [. (t—a)?®(b — )% g(O)dt +0...... (4) [since by (*)]

Since (t —a)3(b —t)® > 0 in (a,b) and g(t) > 0 for a < t < b from (4),
we get,

J; v(t)g(£) > 0, which is a =« tohypothesis

fol v(t)g(t) = 0 for all admissible v(t)

Hence our assumption then there exists t, such that g(t,) # 0 is false.
Therefore, g(t) =0 for all t € (0,1)

Hence proved for lemma.

Proof of theorem:

To prove: (2)

Let f(u, v, 0, ¥) = V2T, where 2T (u, v, 11, V) = $? = EU? + Fuv + Gv?

The arc length S(a) = [ sdt = [, V2Tdt = [} f(u,v,1,v)dt

The arc length is S(a’) = fol fu+ el v+ eu, it + edv + g)dt
Hence the variation in S(a) is

S(a) — S(a) =J [f(u+ v+ eu i+ edv + gi)

0
- f(u,v,,v)]dt...... (5
Using Taylor's theorem for second variable, weget
fu+el,v+epu+ A, v+ ew)

B - of of .of  Of
= f(u,v,u,7) +sA—+s,u%+e/1—+€u%

Ju ou
+0(e2)unnnnnnnn, 6)
Using (6) in (5), we get,
/ a a : 0 .0
S(@)-S@=¢f, PL+uL+iZL+p2de+0().......... (7)

Using integrating by parts in (7)
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fA—d— g—fd(/l)— ﬁ f/l (—)d

Since A =0, wehave [A f]o—Oatt 0andt=1

fxl—d f/l (—)d ..... (8)

Similarly , fo Ma—fi,dt fo 2 af ----- €))
Sub. (8) and (9) in (7) ; ; )
S(a) —S(a) = gfol [Aé-l_“a_f_/l%(ﬁ) _'udt( )] dt +

0(e?) = e, [AL + uM]dt + 0(2)......(10), where

i’f of _of _4d
= (au) =@ (a ) for the arc to be geodesic on S.

S(a) should be statlonary, it is stationary iff the variation S(a) — S(a’) is
atmost of order £2 for all small variations.

Since ¢ > 0 and S(a) — S(a") is at 2.

Equation (10) = fol (AL + uM)dt = 0..... (11), for all admissible
function A, u class2in 0 <t < 1suchthatA =pu = 0att=0and t=1

Since E, F, G are of class 1, and A(t), u(t) are of class 2, function L,M are
continuous function satisfying the condition as that of g(t) lemma.

Apply lemma to (11), choosing 4, u and g as follows,
).vt)=Au=0and g(t) =1L

Then fol (AL + uM)dt = fol ALdt = 0 which implies L=0 by the lemma.
ii).A=0,v(t) =puand gt) =M

Then fol (AL + uM)dt = fol uMdt = 0 which implies M=0 by lemma.
Hence L=0,M=0 are the differential equations for u(t), v(t)

Since two equation L=0, M=0 are same for all geodesic on the surface.
Since two equation don’t involve this two points A, B explicitly.

Let us rewrite L=0, M=0 interms of T.

Since f =V2T,L = Z—i d (af) becomes

1 0T 1 oT 1 oT 1 d 0T daTr ,o0T
o~ ran) = e L G — (@D G G
1T _a ot L_dror
\/_[au dt (au)] [(ZT)3/2 dt au]
1 —
Since T # 0 canceling Nor throughout L=0 becomes,
d 0T OT 1 dT 0T

o dt( — e T oraian (12)
Similarly , we get
_ 1 T d 0T 1 dT 0T d ,0T aT 1 dr oT

il w2 T o e G T (13)

Equation (12), (13) give differential equation of geodesic.
They can be usually written as

. d oT 0T 1dT oT

=297 " 2ra o

d oT. 0T 1dT oT

E(%)_% ﬁ%% ...... (15)

where t(u, v, 7) =2 LEU? + Fuv + G2
This complete the proof of (2)

...... (14)
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Next to prove:
1.As necessary and sufficient condition for a to be a geodesic on
surface.
To prove necessary condition:

Let o be a geodesic on the surface then u(t),v(t) satisfy the differential

equation (2) from second expression of U and V in equation (14,15),

w 9T ,aT aT T . .
-= E/E' so that Ua_f; - Vﬁ = 0, which proves the necessary condition.

Toprove: The sufficient condition we have to prove the following lemma
Is true for any curve whether it is geodesic or not.
Lemma:

If uand v are in (1), then au + vv = % ...... (16)

Since each of u and v have two equal expression for it. we prove thus in
two cases.

Casel:

Consider the first expression for u and v.

Since T is homogeneous function of degree two in 2 and v

By Euler’s Theorem,

.6T+.6T_2T 17

uau vaf;_ ..... (17)

Since T is a function of u, v, u, v, we get
dT_aT.+aT.+6T“+ . 18
dt_auu avv auu 61’7” ...... (18)

Now,
. . ..d AT, 9T ..d 9T, dT
uu +vv = u(a (ﬁ) — ﬁ) + U(E (%) - 6_17) ...... (19)
d AT, , ..dT

. d . oT, _ .
Also consider, —@) =u— () +io
.d or_. d  oT_ 0T

() = — (A=) — ... 2
. Z”dtdau)aT dt (I;Tau) g (20
Slmllarly, 05(5) = E(‘U%) - 175 ..... (21)

Substitute (20, 21) in (19),

_— _d _aT _aT _6T+d _aT _oT oT
d““aT W;Tdt(l;Tau) ;311 aTuau 23 Ve Vo
:E[u£+vﬁ]—[£u+a—vv+£u+—v]

d dT _ dT
=— (2T) — —=—1[by (17,18)]

Case:2

Consider the second expression for u and v

Now,

. . . .1 dT oT .. 1 dT dT 1dT . 0T . OT 1dT
v = U asw Y P oraay) T et e = e 2T S
— [by (17) .

We have tu + vv = p

To prove: The sufficient it is enough to prove that condition (11) implies
that U and V satisfy.

The geodesic equation (2)

Let u and v satisfy the condition (11).

Assume that: u,v are not zero for some value of t for if u=v =20
simultaneously, then
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aT _ . : ar . .
—=FEu+Fv and —=Fu+Gv
T ar ou v
=—=0,—=0 simultaneously.

Therefore, condition is trivially satisfied from the given condition.
u

57 = 57 = 0 (say)

au v
U—HaT dV—HaT 22
=0.o- an = '61'7""( )

We know that tu + vv = % [lemma]

dT ,. 0T . dT
Therefore, = (uﬁ + vﬁ)e = 2T6

1 drT
=0 = E'E[by (22 and 17)3” N .
Substitute 6 in (22), U= Ezav = I RPTRTY

which are geodesic equation.

Hence [u(t),v(t)] is a point on the geodesic of a surface which proves the
theorem.

Theorem:

1). When v = constant ¢ from all values of u a necessary and sufficient
condition that the curve v=c is a geodesic is GG, + FG, —2GF =0
(i.e)EE, + FE, — 2EF, = 0

if). When u = constant Vv values of v on a surface, a necessary and
sufficient condition that the curve u= c is a geodesic is GG, + FG, —
2GF, =0

Proof:

On the curve v=c, u can be taken as a parameters.

The equation of the curve are u=t of v=constant.

We know that,

A curve on a surface is a geodesic iff,

aoT oT "
- 35 g~ O (D |
To get the condition for the parametric curve v=constant to be a geodesic,

we have to find u,v, Z—Z,% from the definition, we have

T = %[Eu2 + 2Fuv + Gv?], where E, F and G are function of u,v.

Now,

& = 2[Eyi? + 2Fy0 + Gyv?), 5= 2[Eu? + 2R + Gy
aT . 0T _ . .

Pl E1_1+Fv, v Fu+uv....(2)

According to choice of parameterst = 1,7 = 0

aT 1 aT 1 aT aT
He-nce,£—EE1, a—v—EEz,ﬁ—E,g—F ..... (3)
Using (3) , we get,

d oT_ oT dE 1

| N T T T TR |
Using the function of derivatives of E, as a function of u,v , we obtain
_ JF du OE dv 1

= — 4t — ——=
gu'dt ~ gv'dt 2 1
=E1u+E21.7_EE1
Since 1 = landv = 0 we have,
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Substitute (4) (5) in (1)

~E\F — (F, =~ Ey)E = 0 which gives EE, — 2EF, + FE; = 0

i1). When u=constant

Let V can be taken as a parameter ie. v=t.

Hence © = 0,7 = 1 using these two, (2) becomes,

or _1. 0T _1. or _ . 9T _

) ou 2 Yov 2%  ou  ov

T= > [E1? + 2Fuv + uv], where E, F and u are function of E as a function

of u,v . we obtain
_0E du O0E dv 1

_ U= atowa 28
Using (6) we get,
d oT 0T dF 1

" Tdtou ou dr 2 * _
By the formula for derivatives of F as a function of u, v. we obtain
U= OF du | OF dv 1

Touwar Tovar 2
U= Fii+ R0 — -G
Usingu=0,v=1

d 0T, 4T _dG 1
Also,wehave v = —(5) — — =— — -G,
dt “ov v dt 2
_9G du  9G dv 1
_61it'dt v dt 2
V:EGZ....(B)

Using (7),(8) inegn (1)
1 1
(FZ _EGl)G _EGzF = 0

= GG, +FG, —2GF, =0

Converse follows by retracing the steps in both (i) and (ii).
Corollary:
When the parametric curves are orthogonal.

1. v=constant is a geodesic iff E, =0

2. u=constant is a geodesic iff G;=0
Since the parametric curves are orthogonal F=0.
Taking F=0 in above theorem we get the above particular cases.
Theorem:
If  # 0 in the neighborhood of a point on geodesic, then taking u(t)=t, the
curve v=v(u) is a geodesic iff v satisfies the second order O.D.E ¥ +
Pv3 + Qv? + Rv + s = 0 where P,Q, R,S are functions of u, v determined
by E, F, and G.
Proof:
We know that,
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1 . . .
T = E(Eu2 + 2Fuv + Gv?)

To find: U
L = Eu+Fo=E+vF...(1)
d aT. dE dF .

— (=)= +
0E d 0E d d %t a%) ddt dt
_OE du  9F dv  OF du | OF dv. oo
_6u'dt+6v'dt+[au'dt+av'dt]v+FU

Asi=1, = (2) = E, + (E; + F)v + Fv? + Fi

or 1 _ e
_ZE(E1+2F1U+G]_U ),u: 1

Hence, U = < (a—T —a%—T)
' dt “ou  du
Therefore,
U=Fi+ (F,— %Gl)vz + E,v +%E1 ..... (2)
Tofind: V

aT—F’+G'—F+G’ 3
5y~ fu V= V..., 3)

d T dF . | OF . G . , 0G .. . .
H.encea(ﬁ)—(E.u+a—vv)+(£.u+£v)v+6v
Since u = 1, we get

d oT . 2y

E(% :F1+(F2+G1)U+G2U +GU
d 0T aT
SO'V_E(ﬁ ~

=F, + (F, + G)V + G,v% + GV —%(E2 + 2F, 0 + G,1?)
= G +5Gp0% + Gy + Fy — By (4)

Changing the sign we use the condition of a geodesic in the form
oT T 0 .
| F 55 = 0 (5)
Substitute (1),(2),(3) and (4)

1 1
(E +vF)[GV + 50202 +Gv+F — EEz] —(F + GO)[Fi + (F,

1 ) o1
— EGl)vz + Ezv + EEl] =0
1 1
= (EG = F)¥ +5[6Gy + FG, = 2GF,]0° + 5 (GoF + 3G, F — 2FF,

1 1
— E,E—EF] =0
This can be written as,
VaT UaT _ 0
o ov
H2[V + Pv® + Qv? + Rv + s] = 0, where
P=—.2[GGy + FG, — 2GF,]

Q= —.5 (G2E + 3G,F — 2FF, — 2E,G)
R=— .2 [2G,E + 2F,F — 3E,F — E4G]
S= —.~[2EF, — E;E — EyF)]
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Hence the equation of the geodesic is given by ¥ + Pv3 + Qv? + Rv +
s=0.

3
1. Prove that the curves of the family Z_Z = constant are geodesic on

surface with the metric v2du? — 2uvdudv + 2u?dv?,v > 0,u > 0
Solution:
32
% = C is geodesic iff UZ—:— VZTZ: 0
Choosing a parametric ’t’ a parametric representation of the curve u,v as
u=ctdv=ct..... (D
u = 3ct?; v = 2ct.. (2)
for a given metric, T = [ 202 = 2uvuw + 2u?v?)
OT B
ou 2 [
-1 2 2 3 2
—E[—Z(ct )(Bct?)(2ct) + 4(ct®)(2ct?)]
= [-12c3t5 + 4(ct?) (4c2t?)]

—2vuv + 4uv?]

%[ 12¢3t5 + 16¢3t5]
== [4c3t°]
aT
_=235
o = 2¢°t
aT 2 95— Yupt
au—z[v.u uvv]

= [((ct?)?).2(3ct?) — 2(ct®) (ct?) (2ct)]
= [(c2t%).2(3ct?) — 2(ct®) (ct?)(2ct)]
=~ (6c3t® — 4c3t5) = - (2c3¢°)

T
Therefore — = c3t°
ar

prs 2[2vu — 2uuv]

= [(2(ct?)). ((Bct?)?) — 2(ct®)(2ct) (3ct?)]=[2(ct?) (9c2t*) —
20632c3c2=12(18366—123£6)= 12(6326)

Therefore, a—T = 3c3t®

T =l 2uvu+2u 20]= 2 [~2(ct? (ct?) (3ct?) + 4((ct*)?) (2ct)]
== [=2(ct?(ct?) (3ct?) +4((c 2t6)(2¢t)]
=~ [-6c3t” +8c3t7] =~ [2%t"]
T
P t7
av ¢
By theorem :1
_dar
—\=) = c - C =C". - C = 4C
( ) ( ) t( 3t6) (2 3t5) 3 6t5) (2 3t5 4 3t5
G o
— () — = —(c3t7) — (2¢%t®) = ¢3.7t°%) — (3c3t® = 4c3t°
%l?r(a”)aTa” (7)) = .7t — (3c%t° = 4e
U. % - V. 3 = = 4c3t5(c3t7) — 4c3t5(c3t®) = 4cbt1? — 4c6t12 =0
Hence — = ¢ is geodesic.
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2. Prove that the parametric curves on a surface are orthogonal, the
curve v = constant in geodesic provided E is a function of U only and
the curve u = constant is geodesic provided G is a function of v only.
Proof:
By theorem (2) (i)
V= constant then the curve.
V=cisageodesicif EF, + E;F —2EF;, =0
By corollary:
(If parametric curves are orthogonal then F=0.)
Since F=0, consequently F; = 0
Therefore, E is a function of u.
E=0.
Since E, F and F; are zero, then EF, + E;F — 2EF;, = 0
Therefore, v=constant is a geodesic .
By theorem: (2) ,(ii)
u=constant then the curve u=c is a geodesic if GG, + G,F — 2GF, = 0.
Since parametric curves are orthogonal, then F=0.
F,=0
Therefore, G is a function of v.
G=0.
Since F,F, and G are zero.
Therefore, GG, + G,F — 2GF, = 0.
Hence, u=constant is a geodesic.
Theorem: Canonical Geodesic Equation
If the arc length ’S’ is the parameters of the curve then the geodesic
equation are,

d (0T\ 0T

T ds (%) ou
- d oT 0T _ 0 1
=55 G) ~5,=0...()

These are called canonical geodesic equation.

Proof:

Since as t is a parametric which is geodesic for S is a parametric which is
also called geodesic.

d oT 0T 10T 0T

T ds au’)_a_ZTas ou’ )
d or_ or 19T 0T

V=— - = ....(3
) ds (av’) dv 2Tods ov (3)
where T = ~[Eu'? + 2Fu'v' + Gv'?]

dv

. du
Sinceu' =—=Lv=—=m
ds ds

Here we know that Im are direction coefficient. EI? + 2Flm + Gm? =
[=T=2(1),5=0....(4)

Apply (4) in (2) and (3) weget, u =0,v =0

Theorem:

I). If the curves on a surface are not parametric curves, then the sufficient
condition for a curve to be a geodesic is either U=0, or V=0.

if). For a parametric curve u=constant to be a geodesic a sufficient
condition is U=0 and V=constant to be a geodesic, the sufficient condition
in v=0.
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Proof:

For (i):

Let S is used as a parameter.
By Previous lemma,

uu +Vv' = d—T,
ds

Since‘;—: = 0, then we have Uu' + Vv' = 0....(1)

If the curves are not parameters curves, u’ # 0andv’ # 0 [by (1)]

Then U and V are not independent.

Hence U is a scalar multiplication of v and v is a scalar multiple of U.

So that either U=0 or V=0 is a sufficient condition for a curve to be
geodesic.

For (ii):

For a curve to be a geodesic on a surface.

Then the canonical equation

U d (0T\ 0T
= &= )~ -
_d oT_ 9T _ 0 )

~dsov”’ ov - (2)

If we take parametric curve u=constant , so that u’ = 0,v' =0
By using (i), V=0 and conversely
Hence the condition for u=constant to be geodesic is U=0.
Similarly, v=0 is a sufficient condition for the parametric curve v=constant
to be a geodesic.
Theorem: Geodesic on surface of revolution:
Three types of geodesic on a surface of revolution.
r = (g(u)cosv, g(u)sinv, f (u))are
).v=a¢p(u,a) + fwherea, fareconstant
ii). Every meridian v=constant.
iii). A parallel u=constant is geodesic iff its radius is stationary.
Proof:
For (i):
Given r = (g(u)cosv, g(u)sinv, f (w))..... (D
Then r; = (g1(uw)cosv, g, (w)sinv, f(u))

r, = (—g(uw)sinv, g(u)cosv, 0)

So,

E =

n.r.= (91(11)(?05”’ g1(w)sinv, f1(u)) * (gl(u)cosv, g1(w)sinv, f1(u))

= (g?(w)cos?v, +(w)sin?v + (w)) = (g#(w)(cos?v + sin?v) + f(u)
=gi() + ff(W).....2(a)

F=nr.r,= (g(u)cosv,g(u)sinv,f(u)) * (—g(u)sinv, g(u)cosv, 0)

G =11, = (—g(u)sinv, g(u)cosv, 0) * (—g(u)sinv, g(u)cosv, 0)
= g?(uw)(sin?v + cos?v) + 0
G = g*(u)....2(c)
Let us consider u(t) # 0,v(t) # 0
By above theorem,
The canonical geodesic equation are given either by U=0 or V=0.
Without loss of generality,
Let us find v=0,
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Now T = %[Eu’2 +2Fu'v' + Gv'?] = %[(gf + fAu'? + g*v'?]
Since g and f are function of u only, we get,

aT_O daT_ 5
ov an av'_g”

_d (or aT\ _ d , 5,
Hence v = 2 (35) = (5) = 4 0"
Then, the canonical geodesic equation v = 0
Then, < (g%v') = 0....(3)
Integrating on both sides,
g*v' = a....(4), where a be arbitrary constant.
Now if the curves is in the direction v increasing.
v is position and g% > 0.
So that a can be taken to be a positive constant.
Hence %(gzv’) = 0 is the differential equation of the geodesic on the
surface of revolution.
Let us take g(u) #
Now, equation (4), squaring on both sides
g*dv? = a?ds? = a?[Edu® + 2Fdudv + Gdv?]
= a?[(g? + f2)du® + 0 + g?dv?]
= a?[(gf + fA)du?] + a®g*dv?
gtdv* — a’g*dv® = a?[(gf + fdu?)]
g%(g? — a®)d?*v = a?[g? + fdu?...(5)

a? gi+ft o o

NOTES

Then, we have dv? =

g292_a2
2 2
a +
dv =t %du
g\9*—a

where we have taken both signs, since the curve can be change direction as
u,v moves on the curves.
Equation (4), [ ing on both sides,

1 /gf+f12
U:ﬁia{fg gz_azdu

Then we can write v = a¢(u, a) + B, where a, B are constant.

For(ii):

Leta=0

Since g% #0, v' = 0 [by (4)]

Hence v=constant, which is the equation of meridian.

Then we prove , every meridian is a geodesic on the surface of revolution.
For(iii):

If g(u) = a. Then du=0 [by (5)]

Obviously u=constant.

By above theorem,
The parametric curve u=constant is a geodesic iff U=0.
Hence let us find U.
Since u’ = 0, we have T = %gzv'z
9T _ o = 2
Hence, P 0, 50 = 99V
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So, U = i(aT) Xy = —gg.v'2.....(6)

ds \au’ o’
Since u' = 0,ds? = g%d?v, so that, (%)2 = giz
Using equation (7) in equation (6) we get,
. 1 it
U= (—ggl)-?,U =—
Hence, U=0iff g; = 0
But g is the radius of the parameter u=constant on a surface of revolution.
A parallel is a geodesic on the surface of revolution if its radius is
stationary.
Theorem:
Any curve u=u(t), v=v(t) on a surface r=r(u,v) is a geodesic iff the
principal normal at every point on the curve is normal to the surface.
Proof:
To prove the theorem, we will establish that for a curve on a surface
r=r(u,v) to be a geodesic at a point P on the surface r".r, =
0 and r".r, = 0 showing that the principal normal r"" = kn of the curve
is orthogonal to the tangential direction r; and r, at P so that the principal
normal of the curve coincides with the surface normal.
Since we use canonical geodesic equation in establishing the above result,
we derive the canonical geodesic equation with the help of the following
identities.
oT . oT .
@ =T.Tr % =Tr.n
u(t) =r.ry; v(t) =1.n
To Prove above identities,
Let us consider
dr O0r du O0r dv

T ==2§E i—zﬂz.;¥z'+'2;;.zzz

=12 U2 + 2y U + 1702
= Eu? + 2Fuv + Gv?

We can take T = %7’“2.... (3)

Differentiate (3) partially, we get

or _ 97, o _ p0r 0T _ ;0r, 0T _ ;0 (4)
o ou’ w o ou ouwov o
Using,(2) and differential partially we have,
or ar
Fri and 35"
or i ) ar ) _
Evin U + 147, e T12U + TooV..... (5)
o%r 9%r 9%r a9%r
whereryy =——, T3 =5 ——Tp1 = 5—, Ty = —
Using (5) in (4), we get
or . . . ar . . :
) ou = 7[r i+ 10, En = 7[rp0 + 1557]
T T .
=TT gy =TT (6)
Let us find U(t) and V(t) as follows, we have,
Ucr) = d oT_ 0T
®O=%Gd
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Using (6),

dr
U(t) = d_t (T‘ T'l) - 7:'(7'111:[ + er“.]) = . 1} + d_tl r— T"(T'llll + T‘211'7))

= ‘i;. T1 + ‘f‘(T‘llﬂt + 7'121'7) - 7:‘(7‘111:(, + 1’211'7) ..... (7)
using ry, = 1,1 We get,

U(t) =7, r
d 0T\ 0T d , . .
a1s0.v®) = 7;(55) =5y = g ) = 7t + )

=11y + 7 (1 U + 150) — 1 (11 + 1957)

Hence, we have V(t) = #.1y..... (8)
From (7) and (8) we get the required identities(1).
Instead of taking the parameters t, we can use as well the parameters S.
Therefore, replace t by s, we have,

UGs)=r"-mmand V(s) =r".1,
Hence the canonical geodesic U(s) and V(s) = 0.
This impliesr”".7y, =0 and r"".r, =0..... 9
Therefore, (9) shows that r” is  perpendicular  to
riandr,lyinginthetangentplaneatP.
Hence r"’ is the surface normal of the geodesic at P.
Butr” = d—zg = i(ﬂ) = L0 = k.

ds ds \ds ds

Therefore r"’ is along the principle normal at every point of the geodesic is
normal to the surface at P.
Since all steps are reversible, the converse is also true.
Hence the proof.
Corollary:
A curve on a surface is a geodesic iff the rectifying plane is tangent to the
surface.
Proof:
Since the principle normal to the geodesic at any point P is the normal to
the surface the binormal lies in the tangent plane at P.
So the rectifying plane at a point of the geodesic is the tangent plane to the
surface.
Conversely, if the rectifying plane at a point of a curve on a surface is the
tangent plane to the surface at the point then the principle normal to the
curve is normal to the surface.
1. Prove that every helix on a cylinder is a geodesic and conversely.
Solution:
By normal property, we shall Prove that: the surface normal to the cylinder
coincide with the principle normal to the helix on the cylinder.
The helix is a geodesic on the cylinder.
Let the generators of the cylinder be parallel to a constant vector ’a’.
Let y be the helix on the cylinder and let P be any point on y.
Let t, n be tangent and principal normal at P to y.
Since te helix cuts the generator at a constant angle we have, ta =
constant ....(1)

Diff. (1), we have,
dt _ da

_ P
Since a is constant vector

(2= kn.a=0=>n.a=0
(Ast.n=0) The conditionn.a=0andt.n=0
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= that n is perpendicular to a and t.

Therefore, n is parallel to axt.

But a and t are tangential to surface of cylinder.

Therefore, axt is parallel to surface normal.

Thus axt gives the direction of both the principal normal to y and surface
normal.

So y is f=geodesic.

Conversely,

Let us take a geodesic y on a cylinder.

At every point P on y, we have n.a = N.a

Since ’a’ is parallel to the generator of the cylinder N.a=0
Therefore,n.a=0

Sincek#0,n.a=0.2kn.a=0

= E .a=0..(3)
As a’ is aconstant vector t —=0...(4)

From (3) and(4) ,— +t —= i(t a)=0

Integrating we get

t.a = constant

Hence the geodesic y cuts the generator at a constant angle.

Therefore, it is a helix.

Normal Property

Let ij.k = 1,2, then /ijk is defined as , Tijk = —{(ry. 1) + (ri-7i) —
(15.1)i} where (77.73); and other two similar symbols stand for partial
differential with respect to u,v according as i=1,2.

Note: Verify I'122 = %rl.rzz
1
Now, I'122 = E{(Tl 7"2)2 + (r1.12)2 — (7”2-7”2)1}

d
= { (T1 2)"‘ (T1 ) — u(rz-rz)}

= 9y - (r.1p) — (7"2 73)
=TTy 1.1 — 1. T21 = 7”1 T22

In general, Tijk = 7.7
Theorem:
If Tijki,j, k = 1,2, are the christoffel symbol of the first kind, then the
geodesic equation are,
Eu"” + Fv'" +T111u'? + 2I'112u'v' + T122v'2 = 0... (1)

Fu' + Gv'' +T211u'? + 2I'212u'v' + 22202 = 0...... (2)
Proof:
We know that,

Eu" + Fv'"' + %Elu’2 + E,u'v' + (F, — %Gl)v’2 =0..(3)
1 1
Fu'" + Gv' + (F, — EGz)u’Z + Gu'v' + EGZU’Z =0....(4)
Then the christoffel symbol of firstkind is Tijk = 7;. 75
F111 —_ T'l T'11 - - 2) —_ El (5)
1%
F112 = Tl.le = EE(T&Z = _EZ ..... (6)
Since r;, = 1,; We have,
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[112 = [121=13.15, = 2 Ep..... (7)
arz

ov

NOTES NOW, '122 = r.Ty = 17.

67‘22

To find: r;. 5

v

. d a
Let us consider = (r7) = 2r2.(,j—ru2 = 21y. Ty
From above equation we get,

0 10  , 1
—T.T2 = %(rl-rz) _Ea(rz) =F, - 561
1
F122 = T'l.rzz == FZ _EGl (8)

Also, 1222 = 15735 = 3= (13) = 3 G,.... (9)

221 = —16(2)—16
. —7'2-7’21—26u r; B
Since r;, = r,; We have,
1
F221 = F212 == Tz.rlz = EGl ....... (10)
orq

NOW, F211 = TZ.T'll = 7‘2.%

a(rz.rl) - Tz.rll + T‘l.T21

Therefore,ry.11, = %(7’2-7”1) — 1.7y
1
T‘Z.T‘ll = Fl - EEZ
From (7), 211 = F; = 2 E,.....(11)
Substitute (5),(6),and (8) in (3) we get(1)
Substitute (9),(10),and (11) we get(2)
Hence the proof.
Theorem:

au'' = —# [lu'? + 2mu'v’ + nv'?] where
| = (GE, — 2FF, + FE,),m = (GE, — FG,),

n = (ZGFZ - GGl - FG2)

b) v = —# [lw'? + 2uu'v' + vv'?] where
| = 2EF, — EE, — FE,); u = (EG, — EE,);
v = (EGZ - ZFFZ +FGI)

Proof:
Solve for u”and v"" from the geodesic equation (1) and (I1)

1 1
Eu" + Fv" + EEluIZ + Eu'v' + (Fz - §G1> v'?=0...(0)

Fu' + Gv' + (F, — %Ez)u’2 + Gu'v' + %sz'z =0....(2)
Now, (1). G - (2).F gives,
(EG — FH)u'" + % (GE, — 2FF, + FG)u'? + (GE, — FG)u'v' + % (2GF,
-GG, —FG,)v'?=0....(3)
Replacing the coefficient of u'?, v'u’ and v'2 by |, m, n respectively.
We obtain u"’ = — # [lu'? + 2mu'v’ + nv'?]
Similarly solve for v"’
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Now, (2).E - (1).F gives,
1 1
sz” + E(ZEF:[ - EEZ - FEl)uIZ + (EGl - FEz)u,U, + E(EGZ - ZFFZ

+ FG)V'? =0
Using A, u and v for coefficient of u'2, u'v', v'?
We obtain, v"’ = —# [Au'? + 2uu'v' + vv'?]
Differential equation of geodesic using Normal Property:
The normal property of geodesic is given by the identities r"'.r, =
Oandr''.r, =0
Using the equation of a surface r=r(u,v).
We shall express the normal property interms of r and its partial derivatives
and establish how the new equation derives from the normals property is
equivalent to the canonical geodesic equation derived earlier.
We also the christoffel symbols to express the new equations elegantly.
Theorem:

The  geodesic
1 ,
(F2 —EGl)v 2=0

equations are  Eu’ + Fv" + %Elu’2 + E,u'v' +

1 1
Fu' + Gv'" + (F, — EEZ)u’Z + Gu'v' + EGZUIZ =0

Proof:
Let the equation of the surface be r=r(u,v), where u=u(s) and V=v(s)
’ dar or du , dr dv
Now,r' = —=—.—+ —.—
ds du ds v ds

r'=r.u +nrnv....()
Differentiate (1) w.r.t S,

_dr’ _ar’ du+0r’ dv
ds  du'ds v ds

= (rpu + rvu + ru + (rpu’ + vV v (2)
From the normal property,
r'".r,=0and r'".r, =0....(3)
Taking the scalar product of (2) with r;andr, respectively and using (3)
we obtain,

P 4 1y V" 1y U 4 21 UV + 1o v' =0 ... (4)
.U + 1.1 0" + 1. U + 21 . UV + 1y v = 0....(5)
We shall rewrite (4) and(5) using the first fundamental coefficient and their
partial derivatives for the coefficients of u',v”,u'2andv'?andu’v’ as

follows,
Now, r,.1y =E, ., =F, 1.1, =G

10 10E
r.T = 5@(7’12) =3 .

.1 = §E1-- (6)
10 10E
r.T2 = 2?(7"12) = E%

T'l T‘lz - EEZ ..... (7)
10 ) 10G
12:T22 E@(Tz) = E%

rz T22 = EGZ (8)
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10 10G
i 2y —
7”2-7"21—261( 3) = > ou
T‘Z.T‘21 == EG]_. e (9)
Further aa_u (ry.1y) = 1y.1y1 + 11.791 Which gives

1
Tz.Tll == Fl - EEZ e (10)
0
EP (ry.1y) = 1y.7y, + 11. 19, Which gives
1
rl.rzz = Fz - EGl . (11)

Using (6),(7) and (11) in (4), we have,
1 1
Eu" + Fv" + E151u'2 + Eu'v' + (Fz — 261) v?=0...()
Uisng(8),(9) and (10) in (5) we have,
1 1
Fu" + Gv" + (F1 — EEZ) u? + Gu'v' + EGZUIZ =0....(ID

Theorem:
The equation (1) and (Il) of above theorem are the same as the canonical

geodesic equations.
d (0T aT
U =—(—) —( ) —0.....(1)

ds \ou’ @
d dT

v=tCh-Ch=0..@

Proof:
LetT = %[Eu’2 + 2Fu'v' + Gv’z], then we have

T
7=Eu’+FU’....(3)

d (0T 0E , OE ., (OF oF , .
%(W>=(% u +% v)u + Eu +(% u’ +a— U)U + Fv
= Eu? + E,u'v' + Eu' + Fu'v' + Bv'2 + Fv' ... (4)
i %[Eu’2 + 2Fu'v' 4+ Gv'?]....(5)

Further % =Fu' +Gv'.....(6)
ia—T=F'2F"F"G"G'ZG" 7
ds(f)v’) e+ FRu'v'+ Fu'' + Guu'v' + G + G L (7)

oT

1
oo =S [Eau’? + 2Fu'v’ + Gpv'?]....(8)

Hence, using equation (4) and(5) we have,

aT

1
= Eu" + Fv"' + E,u'v' + Fu'v' + EElu,Z — Fu'v' + (F,

1 !/
- E Gl)v 2
So that equation (1) becomes
1 1
Eu" + Fv'" + E,u'v' + EElu’2 + (F, — EGl)v’2 =0
Similarly, using equation (7) and (8) we get,
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d <6T> (6T)
ds \ov' ov L .
=Fu" + Gv"' + Gu'v' + EGZU'Z + (F, — EGZ)UIZ =0

Here equation (2) becomes,
Fu'" + Gv'"' + (F, — %Gz)v’z + Gu'v' + %sz’z =

This prove that equation (1) and (I1) are equivalent to (1) and (2).
Definition:
The christoffel’s symbols of the second kind denoted by Tjk! for i,
j, k = 1,2 are defined as

Tjk' = H-2(GT'1jk — FT'2jk)

jk? = H 2(ET2jk — FT1jk)
Theorem:
If [jk! and Tjk? are christoffel symbol of the second kind, the geodesic
equations are u” + I u'? + 2I'Lu'v' + TLv'? = 0.... (1)

v+ THW? 4+ 2TEu'Y + T4V'2 = 0....(2)

Proof:
We know that, the geodesic equation are,

1
H?u" + = (GEy —2FF, + FE)U* + (GE, — FG)u'v'
1
+ (2GF; = GG, - FGHV'* =0...(3)

1 1
and H*v'' + E(ZEF1 — EE, — FE)U'? + (EG, — FE)u'v' + 3 (EG,

— 2FF, + FG)v'? =0....(4)
Using christoffel symbol of 2™ kind we find the coefficient of different
derivatives of the above geodesic equation,

11! = H2(GT111 — FT211)=H 2 GE, — F(F, — 3 Ey)]
11! = H2[2GE, — FF, +2FF,)....(5), (since 111 =-E;T211 =
1
F, =2 Ep)
r12t = H=2(Gr112 — Fr112)ri2t

1 1
= H‘Z[EGEZ —5FG]..... (6)['22' = H™2(GT122 — FI222)
i 1 1
=H [G (Fz _561) ‘5”62]
1 1
r22' = H2[GF, — 5661 =5 FG,]....(7)

112 = H~2(ET211 — FT111)

. 1 1
=47 |5 (R~ 55,) -5 PR
112 = H2[EF, — < EE, — ZFE].....(8)

122 = H™2(ET212 — FT112)I'122
1 1
== H_Z[EEGl —EFEZ](g)
[22%2 = H 2(ET222 — FT122)

=H? 1EG —F|F —EG
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1! = H2[EG, — FF, +2FG,]....(10) , Since H72#0
substitute (5),(6) and(7) in (3) we get the equation (1) also substitute (8) (9)
(10) in (4), we get equation (2).

Theorem:

A geodesic can be found to pass through any given point and have any
given direction on a surface. the geodesic is uniquely determined by the
initial condition.

Proof:

To prove this theorem, we have to derive the second order differential
equation and deduce the existence of geodesic at a point from the
uniqueness of solution of initial value problem of such as differential

equation.

Now, we have & = & & ddz—v—i(2 E)
' du  ds du du? ~ du\ds du

_i<(d_v E)E)_dz_v(ﬁ)zﬂ (&)
ds\\ds du/du ds? “du ds du \du
_d?v ds 2, dv d (1\ d?v ds_, , ds dv
T ds? ‘du E@<_) F@_Zu'ﬂ'ﬂ

d’v d?v ds dv

du? _ ds? (du)2 u'z’ ( )2 du’ e (1)
We know that,

w' = —[w? + 2mu'v' +nv'? e (2)
V' = —[A'? + 2uu'v + yv'?]....(3)

Now (3) x ()2 = (2) X jj( =2
d 2 H 17 2
=" ()2~ (o )( )

A+2 d + dsz+ldv+2 dv2+ s
2+ 20y ()] + [+ 2m(5)” + n(5))]
Substitute (1) in (4)

d*v dv ds_, dv dv_, dv_,
= A=~y () + UG + 2 +n(5))
= n(@f) + 2y - m)(d—v)3 + (1 —=2p) @) —4...(5)
du du du

From the existence and uniqueness of solution of the initial value problem
of an ODE of second order there exists a unique solution of y of (5) with
initial condition y = y, and% =y, at u=1u,
Thus any solution u,v of (5) gives the direction coefficient of the tangent at
P.
Hence a geodesic is uniquely determined by the initial point P and

condition.
Hence the Proof.

9.4 Check your progress

Define geodesic parallel

Define geodesic curvature

Define geodesic parameters

Derive the orthogonal family of geodesic

106



Geodesics

9.5 Summary

e A geodesic can be found to pass through any given point and have NOTES
any given direction on a surface. the geodesic is uniquely
determined by the initial condition.

e If a is such that variation s(a) is atmost at order 2 for all some
variation in « for different A(t) and u(t). Then S(«) is said to be
stationary and « is geodesic.

e A necessary and sufficient condition for a curve u = u(t) and v =
v(t) on a surface r = r(u,v) to be a geodesic is that,

at at d at ot

o Uﬁ—vﬁ_o ...... (1), where U‘Eﬁ_ﬁ_
1 dT 0T _ d oT 6T_ 1 dT 0T (2)
27 "dt "ou' ~ ~ dtdv odv 2T dt av "

e When the parametric curves are orthogonal.

v= constant|is a geodesic iff E, =0
u=constant is a geodesic iff G;=0

9.6 Keywords

Geodesic:

Let A and B be two given points on a surfaces. Let these points be joined
by curves lyping on S. Then any curve possessing stationary length for
small variation over S is called Geodesic.

Stationary:

If « is such that variation s(«) is atmost at order £ for all some variation
in « for different A(t) and u(t). Then S(a) is said to be stationary and « is
geodesic.

9.7 Self Assessment Questions and Exercises

1. Show that the curve u+v= constant are geodesic on the surface with
the metric (1+u?) du? — 2uvdudv + (1 + v2)dv?.

2. Show that the curves of the family u=ct?, v=ct3 are geodesic on the
surface with the metric 2v2du? — 2uvdudv + u?dv?,u>0,
v>0.

3. Show that if E,F,G are functions of u only and %2 is constant, then
the parametric curves v= constant are all geodesics.

4. Show that the geodesics on the surface of revolution x=u cos 6,y =
usin @,z = f(u) are given by u? % = constant.

5. For the anchor ring r=((b+acosu)cosv, (b+acosu)sinv,z=a)

dT

i) Verify the relation Uu + Vv = -

i) Obtain the two differential equations of a geodesic other than the
merdians and parallels.

iii) Express g—z as a function of u for geodesic other than parametric
curves.
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9.8 Further Readings

NOTES 1. D.G. Willmore — An Introduction to Differential Geometry, Oxford

University Press(1983).
2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010)
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UNIT-X GEODESIC PARALLELS

Structure

10.1 Introduction

10.2 Objectives

10.3 Geodesic Parallels

10.4 Check your progress

10.5 Summary

10.6 Keywords

10.7 Self Assessment Questions and Exercises
10.8 Further Readings

10.1 Introduction

Since geodesics on surfaces behave like straight lines in planes, we
formulate a coordinate system on a surface with the help of geodesics. As a
prelude to this, we introduce geodesic parallels and geodesic curvature in
this chapter.

10.2 Objectives

After going through this unit, you will be able to:
¢ Define geodesic curve
¢ Derive the parametric system of geodesic parallel
e Derive the equation of orthogonal families of geodesic
parallel.
e Define orthogonal trajecotories of the given family of
geodesics

10.3 Geodesic Parallels.

Theorem:
For any gives family of geodesic on a surface, a parametric system can be
chosen so that metric takes the form ds? = du? + G(u, v)dv?. the given
geodesic are the parametric curves v=constant and their orthogonal
trajectories are given by u=constant, u being the distance measured along a
geodesic from a fixed parallel.
Proof:
For a given family of geodesic curves.
Let us take a system of parameters such that the geodesic of the family are
given by v=constat and their trajectories are given by u=constant.
Since v=constant and u=constantform an orthogonal parametric system
F=0.
We know that,
v=constant is geodesic iff EE, + FE; — 2EF; =0
Since E # 0 and F=0 the above condition reduce to E, = 0
E is independently of v and its a function of u only.
The metric becomes,
ds? = E(uw)du? + G(u,v)dv?.....(1)

Now consider, the orthogonal trajector’s u = u;andu, and find the
distance between them along the geodesic v=constant.
Since v=c, dv=0

(1) = ds? = E(u)du?ds

= JE(uwdu.....(2)

Integrating, (2)weget
109
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,s=f " (JE@)d..... (3)

Uq
Since S is independent of v=constant the distance between orthogonal
trajectories, is some along any geodesic v=constant.
Therefore, orthogonal trajectories are parallel.
Let the distance from some fixed point parallel to the neighboring parallel
be du.
Then ds=du and dv=0
(1) = du?® = E(u)du?
E(w)=1
(1) = ds? = du? + G(u,v). dv?
Hence the proof.
Geodesic parameteric:
Definition:
The orthogonal trajectories of the given v=constant on a surface called
Geodesic Parallels family of geodesic, u and v are called geodesic
parameters.
Definition:
The geodesic form du? + G (u, v)dv? is called the geodesic form of ds?.
Example:
In the plane, we know that the straight lines are geodesics. Now consider a
family of straight lines enveloping the given curve C. This family of
straight lines envelopes C so that C becomes the evolute and these family
of straight lines are normal to the involute. Hence the geodesic parallels are
the involutes of C.
Example:
Let the family of geodesics be the straight lines concurrent at a point O.
Then the geodesic parallels are the concentric circles with centre O. Since
the concentric crcles cut the family of straight line through O orthogonally,
the concentric circles form a family of orthogonal trajectories which are the
geodesic parallels.
Theorem:
If a surface admits two orthogonal families of geodesic then it is isometric
with the plane.
Proof:
Let U=constant be a family of geodesic.
Then the family of orthogonal trajectories is u=constant.
Suppose if we take u=constant is a family of orthogonal trajectories.
Therefore, the surface admits the two orthogonal family of geodesic
v=constant.
Let the distance from some fixed parallel to the neighboring parallel to du.
Hence ds=du and dv=0
= ds = E.dugives du=E.duE(u) =1
Similarly, measuring the distance along the geodesic u=constant. Let the
distance along the geodesic u=constant.
Let the distance from some fixed parallel to the neighboring parallel to dv.
Hence ds =dv and du =0

ds = G(u,v)dv
dv = G(u,v)dv
G(u,v)=1
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Thus the metric becomes, ds? = du? + dv? which is the metric of the
plane.

10.4 Check your progress

e Define geodesic parallel
e Define geodesic parametric
e Write the geodesic form

10.5 Summary

e For any gives family of geodesic on a surface, a parametric system
can be chosen so that metric takes the form ds? = du?+
G (u, v)dv?.

e If a surface admits two orthogonal families of geodesic then it is
iIsometric with the plane.

e The orthogonal trajectories of the given v=constant on a surface
called Geodesic Parallels family of geodesic

10.6 Keywords

Definition:

The orthogonal trajectories of the given v=constant on a surface called
Geodesic Parallels family of geodesic, u and v are called geodesic
parameters.

Definition:

The geodesic form du? + G (u, v)dv? is called the geodesic form of ds?2.

10.7 Self Assessment Questions and Exercises

1. Find the fundamental coefficients E, F, G and L, M, N for the
helicoid. R(u,v)= ((u) cosv, (u) sinv, f(u)+cv). Also find the unit
normal to the surface.

2. Find the position vector of a point on the surface generated by the
normals of a twisted curve. Find the fundamental coefficients and
the unit normal to the surface.

3. Prove that the family of geodesics on the paraboloid of revolution
r=(u, vu cosv,/u sinv) has the form u - ¢ =u(1+4c?) sin?{v-2c
log k[2Vu — c2 + +v/4u + 1]}, where ¢ and k are constant.

4. Show that any curve is a geodesic o the surface generated by its
binormals.

5. A particle is constrained to move on a smooth surface under no
force except the normal reaction. Show that its path is geodesic.

6. Using Christoffel symbols, obtain the geodesics equation on the
helicoid

r=(u cosv, u sinv, cv).

10.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram - Differential Geometry A First Course,
Narosa Publishing Pvt.Ltd.(2010)
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11.1 Introduction

This chapter deals with the concept of geodesic curvature. The normal
curvature, geodesic curvature are also defined and some theorems are also
derived.

11.2 Objectives

After going through this unit, you will be able to:
e Define geodesic curvature
e Understand the concept of geodesic curvature vector and normal
curvature
e Solve the problems in geodesic curvature

11.3 Geodesic curvature

Normal curvature:
The normal component k,, of r"’ is called the normal curvature at P where
r'" =Kk, N + Ary + ur,.
Geodesic curvature vector:
The vector Ary; + ur, with component (4, u) is tangential to the surface.
The vector with components (4, u) of the tangential vector Ar; + ur, to the
surface is called the geodesic curvature vector at P. It is denoted by K.
Theorem:
A curve on a surface is a geodesic iff if the geodesic curvature vector is
zero.
Proof:
Let r = r(s) be any curve on the surface with the principal normal n and
surface normal N at P.
If (1, u) is the geodesic curvature vector at P, then
"' =Kk, N + Ary + ury
or
Kn =KyN +Ary + ury....... (D
Let the curve be geodesic. then by the normal property of a geodesic
n=N....(2)
Using (2) in (1), we get kN = k,N + Ar; + ur,
Equating the coefficient of r;andr, on both sides, we get,
A=pu=0sothatk, =0
Conversely,
Letky;=0=>A=0;u=0
Hence from (1) we get kn = k,,N
Thus, the principal normal to the curve is parallel to the surface normal.

112



Therefore, the curve is geodesic by the normal property.

Theorem:
The geodesic curvature vector of any curve is orthogonal to the curve.
Proof:
If (4, ) is the curvature vector of the curve r=r(s) at P, then by previous
theorem,
Kn = KyN + Ary +ury....... (D
Since, t is tangent vector to the curve as well as to the surface n.t =0
and N.t =0....(2)
Taking dot product with t on both side of (1) and using (2).
We obtain, (Ar; + ury).t = 0 which proves that (4, u) is orthogonal to the
curve.
Theorem:
For any curve on a surface the geodesic curvature vector is intrinsic.
Proof:
To Prove: vector (4, p) is intrinsic.
We have to show that (4,u) can be found out from the metric of the

surface.
" U= d <6T) (6T>
T =Y = \aw ou

., aT aT

r.r, = V _E(W) - (0_17) = 0(1)
If (4, ) is the geodesic curvature, vector at a point on the surface, then
' =Kk,N + Ary + ury....(2)
Taking scalar product with r; andr, on the both sides of (2) respectively,

'y = Ky N.1 + Ar.ry + urymy

"1y = Kk N1y + Ary. 1y + Uy 1y, 3)
Using N.r; = 0andN.r; = 0 and the first fundamental coefficient, we
have from (1),

r'.r, =U = Er + uF
r''r,=V =AF +uG....(4)
Solving for (4, u) interms of U and V from (4) we obtain,
1 EV — FU
2= UG —HF); p=——;

which shows that the vector (4, ) is intrinsic.
Theorem:
The condition of orthogonality of the geodesic curvature vector (4, u) with
any vector (u,v) on a surface is u'(EA + Fu) + v'(FA+ Gu) = 0
Proof:
The tangential direction at a point (u,v) on a surface is (u’, v").
Since (4, 1) and (u',v") are orthogonal
Using I=4,m = u,I' = A',m' = ¢/, in the condition of orthogonality.

Ell' + F(lm'+I'm) + Gmm' =0
We obtain , EAu' + F(Av' + u'p) + G(uv') = 0,
which can be written as,

UW(EA+Fu) +v'(FA+Gu) =0
Since U = EA + FuandV = FA + Gu, we rewrite the above condition as
Uu' +Vv' =0

H? = EG — F?
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Theorem:
In the notation of the christoffel symbols, the components of the geodesic
curvature vector are,
A=u"+Thu'* 4+ 2ILu'v' + Thv'?
p=v"+THu'? + 2I5u'v' + THv'?
Proof:
Takingr =1r(s), r, =r! =nru’ + n,v"and
hencer” = ru" + rpv'" + ru'? + 2ru'v + 102 (1)
Taking dot product with r; on both sides,
r''.r =
r2u" + 1.V '+ 2rnu'v v (2), since
r'.rn=U=EA+Fu
Using the fundamental coefficient in (2) we obtain,
EA+ Fu=Eu'" + Fv" 4+ ri.ru'? + 2r,mqu'v' + rypr v, (3)
In a similar manner,
Taking scalar product with r, on both side and using r"'.7, =V = FA+
Gu, we have
o = iU oV o u? 4 2 v+ . v
FA+ Gu = Fu" + GV" + 1. 11,u'? + 21r,1u' v + 1551502, (4)
Solving for A from (3) and (4).
MEG — F?) = (EG — F2)u" + [Gryqy.1y — Fryp.1pJu’?
+2[Gry.11 — Frip. 1 Ju'v' + 2[Gryy. 1y — Fryp.1,]0"?
Using definition on christoffel of second kind,
A=u"+TLu'? + 2ILu'v' + Th,v'?
In a similar manner,
Solving for u from (3) and (4)
U(EG — F?) = (EG — F)v" + [Eryy.1y — Fryp.myJu'?
+2[ET12.75 — Frip. 1 UV + 2[ETyp. 75 — T9p. 15 |02
Using the definition of the christoffel symbol of the second kind we get,
p="v"+THu'? + 2I5u'v' + T4
Theorem:
With S as parameter, the components of the geodesic curvature vector are
given by,
1 U0dT -1V oT

T H2v' v HEu Qv
1Vaor -1UaT

S TENV AR TRRV Y
Proof:
From theorem (3), we have

From theorem:(4), we have Uu' + Vv' = 0 which gives V = %and— =

I
— (2)
Using the value V in A4 in (1), we get

1 —Uu’ u ,
A=27(GU+F—=) == (VG +uF).....(3)

To complete the proof, it is enough if show that:(v'G + u'F) = %
Now, T = %[Eu’2 + 2Fu'v' + Gv’z]
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Hence,
aT—E’+F’ aT—F’+G’ 4
- - P u v, p u v...... 4)
Using (3) in (4) we have,
_1UdT -1V 9T .
A= T waw = mEwow LSINCE DY (2)]
Substitute (2) in (1), for u we get,
ey = 228 i 4R 5
e EE AP = S WE AV (5)
Using (4) in (5), we get,
_-1U oT v aT

e = [since by (2)]
1. Obtain the geodesic curvature vector of a curve on a right helicoid
r = (ucosv, usinv, av) using different formula for it.
Solution:
We have derived three different formulae for the geodesic curvature vector
. we obtain the geodesic curvature vector using these three different
formulae.
Now, r; = (cosv, sinv, 0)
1, = (—usinv, ucosv, a)
Hence, E=r.mm=1;, F=0
G=a’+u? H=+a%+u?

()2 =—UG—-VF); p==(EV—FU)

Let us find U and V in the above formulae.

T = %[u’z + (@W? + a?)v'?

ar , oT _ W? + a2’
Foe u'; 3 u‘+a°)v
or . 0T 0 1
o a(# =uv's; 55 = 0o (D)
_a (ol o _ .y _ 12
Hence, U = = (au') o = U U (2)
d oT_ 0T

- (—) — — — 2 2\, [
V_ds(av’) F™ (w*+a®)v' +2uu'v..... 3)

aziuz (v —uw'®). (@ +uHr=u" —uwv'?

Hence A =

W= [(u? + a®)v" + 2uu'v']
ii). A = u"’ +Thu'” 4+ 2ILu'v' + TLv'?
p=v"+THu'? + 2I5u'v' + v’
First let us calculate the christoffel symbols in the above formula for a
curve on the right helicoid.

1 1
Mil=2E =0; T112=5E=0
1 1
[22="F-56 =~ T211=F--E=0
1 1
r212=56=w T222=50G,=0
Hence, I'11 = — (GT'111 — FI211) = 0
H
1
r2' =—(6r112 - Frz212) = 0
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1
r22! = - (GT'122 - FT222) = (a* +u®)(—uw) = —u

Therefore,A = u'' — uv'?
TO find: u
Let us find other christoffel symbol of the second kind.

1
ri1? = m(EFle —Fr111) =0

a? + u?

1
122 = —(ET212 — FT112) = ——
HZ( ) a? +u?

1
222 = m(GFZZZ —Fr122) =0
2uu'v’ B 1
a?+u?2 a2+ u?

Therefore,u =v" + [(u? + a®)v" + 2uu'v']

1 U oT -1V oT
). A= eor = mwaw
_1Var -1Uuar
_ K= mvow " HZv ow
Using (1), (2) and (3),
1 u’ —uv'?

=Ty ( = ).v'(a* + u?) = u'" — uv'?
The other expansion gives the formula for dintermsofv'asfollows,
!

v

= ———[W? + a®)v" + 2uu'v'].— (a® + u?)
a“+u u
v I .7
A =J[(u2 + a®)v" + 2uu'v']
Further using (1), (2) and (2) in the formula for u , we have,
H=—s [(u? + a®)v" + 2uu'v']
and the alternate expression for u, is
-1 u'-w?
_ _ -,u Bz + u? ( v )u _
Now we are in a position to define the geodesic curvature and derive the
formula for it interms of the parameter S and t.
Definition:
The geodesic curvature at any point of a curve denoted by «, is defined as
the magnitude of its geodesic curvature vector with proper sign. k, is
considered to be positive or negative according as the angle between the
. . I -1
tangent to the curve and the geodesic curvature vector is 50T —, SO we
have k; = +/A2 + p?
Theorem:
If r = r(S) is the position vector of a point P of a curve on a surface then,
). kg = [N,7',7"]
ii). kg = ST3[N,7,#]

Proof:
From theorem :2,
The geodesic curvature vector is orthogonal to the unit tangent vector

d

r' = atPp.
ds
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Since the geodesic curvature vector Ar; + ur, lies in the tangent plane at P.
it is orthogonal to this surface normal N at P. Thus the geodesic curvature
vector is orthogonal to both N and r’ and therefore it is parallel to the unit
vector N x r'.
Since k4 is the magnitude of the geodesic curvature vector,
We can take the geodesic curvature vector Ary +ur, as kg(N X
). (D
We know that, r'" = Kk, N + Ary + ur;,....(2)
Using (1) and (2) we obtain "’ = k, N + k(N X 17)..... 3)
Taking scalar product with unit vector (N x r") on both side of (3) we
obtain,
(Nxr).r" = (NX71").[k;,N + ks(N X 1")]
Since N.(N xr') = 0and(N x r").(N x r") = 1,we get from (4),
kg = [N,r’,7"] which proves (i)

if). we shall rewrite the formula (i) by using any parameter t.
dr _dr ds _ ¢

Now, 7 =—=—.—=
dt ds dt
T ) N T .
"r—dt(r )—ds(r ).dt—r r
Since r7 X 'S = 0 we have,
FXF =7 (r”sz +7%) =71"X s’
R P
rXT = % (r x 1)
Hence from the formula (i), we have
Kg = [N, 7", r"]
Kg = 5—3 [N, T.‘, T]
Corollary:
Kg = SPH™(1r.7) (1. 7) = (1. 7) (1. )]
Proof:
Since HN =1, X, we have N = H™(r; X ;) using this value of N in
the above lemma,
Kg = S3H Y (ry X 1) (F X #) ... ... (D
Now, (r; X 1) (7 X 1) = (11.7) (1. 7) — (12.7)(11.7)...(2)
Using (2) in (1) we obtain,
Kg = STPH T (ry. 7) (1. 7) = (12.7) (1. 1)]
As an application of the above corollary. we derive the formula for «, in

the most simplest form interms of the instrinsic quantities of a surface U
and V.

Theorem:
If the U and V are the intrinsic quantities of a surface at a point (u,v) then,
1V(s)
) g = ﬁ_’ and
o -1U@)
i) Kkg = T
Proof:

1' 1 !/ I..7 !
Tzzrzzz[Eu2+2Fuv + Gv'?]

oT . 0r 0T . dr
HenCE£—T.£.£—T.£....(1)
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dar or . or . . .
Butaza.u+£.v—rﬂ$.—|—rzv N
T T
NOTES S0 tf;at,% = rlaand 3= T 2)
Thus, from (1) and (2), % =1.17; a_z =1r.T..... €))

We know that, U(t) = #.1q; V(t) = F.15....(4)
From theorem 1 of 3.5
Using (3) and (4) in the corollary,

K

aT aT
o= VO3 -U@©.5]
If we take S as parameter in place of ti |n the above equation,

_ 1 V(S) or U(s) or S = 5
T I 3 as S=1..... (5)

Since W'U(S) + v'V(S) = 0, we have U(S) = —Z—’,.V(S) ..... (6)

Using (6) in (5)
v(es), , or oT

!
Kg = U.——-v.—
9 Hu' VU ou o
From Euler’s theorem on homogeneous function,
, T , T

u.— —v'.— = 2T so that the above equation becomes k
our ovr 9=

v(s)
Hur - 1 1
Since s is the parameter r'2 = 1, so that T = Er’z =3

Using this value of T in (7)
V(S)
T A /)
Similarly eliminating V(S) in (5), we obtain
L = 1 U(S)
_ 9 H v
which completes the proof of theorem.
Corollary:
If (4, 1) is the geodesic curvature vector of a curve then,
_ —HA  Hu
TR Y Gv T Eu + FY

Proof:
From theorem; 3 we have,

1 1
2= (GU=FV); p=15(EV =FU).....(1)

Since we take S as the parameter Uu' + Vv' = 0
Vur -Uws

SothatU——a dV =— e (2)
USIngﬂ.—E—,(GU —Fu’) ,u—ﬁ—,(Eu FU) ..... (3)
Using the theorem in (3),
1= Kg(Gl F/) _KQEI Fv'
=—5 G u');, u= H( u V)
So that , we have

—HA Hu
TGV —Fd  Eu —Fv

Self-Instructional Material . . .
1. Prove that all straight lines on a surface are geodesic.

Solution
Let r=r(S) be a point on a straight line on a straight.
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Thenr' =t
, dt B
r =—=Kn
- - - - ds
Since r=r(S) is a straight line k = 0 so that 7'’ = 0
The geodesic curvature of a curve on a surface is k, = [N,r',7"],

sincek =0andr' =

Thus the geodesic curvature of a straight line on a surface is zero which
implies by property (ii) after the definition of geodesic curvature all
straight lines on a surface are geodesics.

Theorem:

If k,andk, denotes the geodesic curvature of the parameter curve

u=constant and v=constant respectively. Then,
1 -3
Kyq = ?E z [2EF, — EE, — FE,]
-3
Kp = ﬁG 2 [FG, + GGy — 2GF,]
Proof:

For the parametric curve v=constant.
Let us take u itself as the parameter. so that 2 = landv = 0

Now, T = %[Euz + 2Fuw + Gv?]
aT—1E2'+12F'—E’+F'
gu 2 cuTpervERUTIV
aT—12F'+1GZ'—F'+G’
PP = > u ) LV =Tru v

or 1. ., . .
=32 [Eyu” + 2F,uv + G, v°]
or 1. ., - 2
3% =32 [E0” + 2F,uv + G,v7]
From our choice of parameter we have from the above equation,
oT £ T r

ou_ " ov
or_1 . or_1.
0 =25 3,57 5 . (1)
[since by u = 1,v = 0]
FurtherUzi(a—T)—(aT)

dt \ou ou
V- oT oT ,
T dt (61’7) (E)v """ )

Substitute (1) in (2), we have,
U - d(E) 1, _9E OE 1.
T zl_au“1 v’ 2t
=E1u+E2v—§E1

1
=FE, +0— EEl[sincebyu =1,v = 0]

1
= Flu + sz —EEZ
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1
=F+0- EEz[sincebyu =1,v=0]

NOTE 1

ds? = Edu® + 2Fdudv + Gdv? becomes $? = E so that S = VE....(5)
We know that,

1 oT aT .
Kg = 7=3 [V(t).ﬁ - U(t)'ﬁ]' ...(6) [ since by above theorem
equation (5)]
Substitute (1), (3),(4) and (5) in (6),

o = ez 18 (R = 28) = # (35
1

1 1
= 3[EF1_§]EE2_EFE1]
H(E)?
1

- 3
H(E)2
3
Ko = 5. (E)2. REF, — EE, — FEy)
ii). Let us take v itself as the parameter, sothat v = 1 and 1 = 0
Using these we have,

1
.E(ZEFl - EE2 - FE1)

ar aT_G
ou  9v
6T_1G_ aT_ c -
- - %—E. 1 %—_ AR ()
Substitute (7) in (2)
gLy L. _9F OF 1.
B TAA Al P w1

1
=Flll+F21'J—§Gl

1
=Fu+ Fv— 5 Gi[sincebyu = 0,v = 1]

1
U—FZ_EGI ..... (8)
V—d(G) s
T dt 22
_aG +BG. 1G
_(')uu 6vv 22
G+ ly-Lg
- av” 22
= G,U + G,V — = Gy [sincebyu = 0,V = 1]

Since ds? = Edu® + 2Fdudv + Gdv? becomes S%2 = G

Sothat S = VG....(10)
Substitute (7), (8),(9) and (10) in (6),

= H(vlﬁ)s [F(Ge) - o (r 36
__ ! . [%]FGZ - GF, +%GG1]
H(G)z

Self-Instructional Material
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1 -3
Kb = ﬁ. (G)T. (FGZ - ZGFZ - GGl)

Corollary:

When the parametric are orthogonal then,
. -1 8 . 1 d
l).K'a = \/T_Ga_v\/E ll).Kb = \/ﬁa\/ﬁ
Proof:

Since the parametric curves are orthogonal, F=0,

i). From above theorem,
3
Ka =5-.(E)2.(EF, — EE; — FE))

=% IsincebyF = 0,H = VEG — F2]
2VEG.EZ

—EE,

=—
2VEG.E2 !

2VEGVE

if). From above theorem,

1 -3
Kb = ﬁ (G)T (FGZ - ZGFZ - GGl)

_ 1 a66r _ 1 G _ 1 G
T3 T o3 . T oo
2H' 5 2H 51 2H VG
1 G _ 1 1 G
2VEG'VG VEG 2°VG
1 0
Ky = —.—
b EG Ou

1. Find the geodesic curvature of the curve U=constant on the surface
given by r = (ucosv, usinv,%auz)
Solution:
Now, r; = (cosv, sinv, au), r, = (—usinv, ucosv, 0)
Hence E = 1.1, = 1 + a?u?, F=0, G=r;.1, = u? and H=uV1 + a?u?
E; =2a%*u? E, =0, G, =2u
Using the above values in the formula for k;,, we have,
1 VG 1

Ky = ——.—/—, Ky = —F/—
b= VEG au’ "P T wirazuz

Theorem: Liouvillie’s Theorem
If 6 is the angle which the curve C makes with the parametric curve

v=constatn . then x, = 6"+ Pu’ + Qv’, where P = ﬁ(ZEF1 — FE, —
EE,)

Q =57 (EG, — FE3)
Proof:
We makes use of the formula k, = %&f) in the proof.

The direction coefficient of the curve at (u,v) and the curve v=constant are
respectively. (u',v") and (\/if, 0)
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So if 8 is the angle between the two direction (u’, v") and (\/if, 0), we have

from the formula, cos@ = Ell' + F(lm' + ml") + Gmm’, sin@ = H(lm' —
ml")

1 ' ' . HVr

cos6 =\/—E(Eu + Fv')..... (1), sinf v

Now, T = Z[Eu'? + 2Fu'v' + Gv'?], 2o = Eu' + Fv'

oT 1
=3 [Eiu'? + 2Fu'v' + Gv'?2)..... (2)
Using (2) in (1), we obtain,
g L or
cos BN TR 3)
Differential equation (3) w.r.t S,
0o - 1 d aT 1E—T3dE oT
siné. =75 ds au’) > TS au’) ..... (4)

dE du ,0E dv ,0E ’ '
BU.t,E = g(a +£(5) : Elu + EZU (5)
Using (5) in (4) , rewritting it as,
\/E'HH’—daT 11E’+E’6T 6
.-sm 0= (Ou’) 2.E( U 14 ).(au,) ...... (6)
Let us substitute for,
d (6T) U= d oT_ 0T
ds 0u(; from ~ds ou’ aau
i "= o, _11 ' ' r
Then - E.sinf.0' = U+8u 2.E(Elu + E,v )'(au’)
Using the value of sin@ in (4)
H’H’—U+6T 11E "+ Epv o
v - au ZE( 1u Zv)'(aul

Using (2) in the above equation , we have,

1 11
—HV'6'=U + > [Eu'? + 2Fu'v' + Gv'?] — >F (Equ' + Ev'). (Eu

+ Fv')
=U+ % [W'v'(2EF, — FEy — EE;) + v'*(EG,
— FE)]....(7)
Taking P = W'Q = ﬁ(Ecl —FEp)
-U

We have from (7), -8’ = —t u'P+v'Q....(8)
sinceky = ;—5 (8) becomes,
—6" = —k4 + Pu' + Q'
So that, we have x; = 6"+ Pu' + Qv which completes the proof of
liouville’s theorem.

Example:
If the orthogonal trajectories of the curve v=constant are geodesic prove

that (H?Z) is independent of v.

Proof:
If ¢ is the orthogonal trajectories of the parametric curve v=constatn , we

can take 6 = g in the theorem.

Since c is the given to a geodesic x,; = 0.
Using these the liouville’s formula becomes, Pu’ + Qv' = 0..... (1)
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Now, we shall find P and Q in the new situation.
If (u,v") and (\/iE,O) are the direction coefficient of the curve ¢ and

v=constant and 6 = g , we have from the formula,
cos@ = Ell' + F(Im' + ml') + Gmm' = Eu' + Fv' = 0...... (2)
Eliminating u'andv’between (1) and (2),
EQ—FP =0..... (8)
Substitute for P and Q in (3)
E(EG, — FE,) — F(2EF, — FE, —EE,) =0
Solving for G from the above equation ,
2EF, —F2E, 0 F?

N T ouE
So that we have G, — aa—u. (%) =0
0 F?
(0r) 5= (G = () =0
H2

Nothing G; — (FEZ) =

E
We find aa_u (H?) = 0 which implies thatg is independent of u.

Simply connected:

A region R of surface is said to be simply connected if every closed curve
lying in the region R can be contracted or shrunk continuously into a point
without learning R.

Described in a a positive sense:

A closed curve on a surface is said to described in a positive sense, if the
sense of description of the curve is always left. this is nothing, but the

positive rotation of g from the tangent to get the normal which point

towards the interior of the region.

Definition:

Let R(u,v) be the given surface of class, and k be a simply connected
region whose boundary is a closed curve of a class 2. Let ¢ contains of n
arcs AgA,A14,,..... ,An_14, whose n is finite.

Theorem: Gauss Bonet theorem:

For any curve ¢ which encloses a simply connected region R on a surface
e, C is equal to the total curvature of the R.

Proof:

We shall use liouville’s formula for the kg and find [ k. ds with the help
of Green’s theorem in the for a simply connected region R bounded by C.
Lemma:

If R is a simply connected region bounded by a closed curve C. then

J,Pdu+Qdv={ [, (Z—Z—g—:)dudv where P and Q are differential

function of uand v in R.
Proof:
From the liouville’s formula,
kg =06"+Pu + Qv
Integrating along the curve c, we have

ng.dS = f (0" + Pu' + Qv')ds....... (D
C C
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where 6 is angle between the curve ¢ and the parametric curve v=constant
and P and Q are differential function of u,v. Hence when we describe the
curve C, the tangent at various members of the family v=constant
described in the positive sense returns to the starting point after increasing
the angle of rotation by 2I1.

This increase 211 after complete rotation in the positive sense also includes
the angle between the tangent at the finite number of vertices.

Hence we have , [ d6 + 27 a, = 211

From the definition,

Using (1) and (2) in (3), obtain
e,C =2I1— [2H—fd9]—[fd0+Pdu+de]

(o

Thus, e,C = — [ Pdu + Qdv...... (4)
Since R is simply connected region and p and Q are different function of
u\v,
We have by Green’s theorem,
aQ P
fc (Pdu + Qdv) = | fR (5, — 3;)dudv....(5)

Since the surface element ds= H dudv we rewrite (5) as,

0 c’)P
f (Pdu + Qdv) = f f (% — % ...(6)
Using (6) in (4C), we get,

= [ &-Trus.c

exC = G = 77)d0...(7)
1.0Q 0P

Ifwetakek—— = "

We can rewrite (r) as,

where K is the function of u and v and it is independent of ¢ and defined
over the region R of the surface.

Next we shall show that the e, C is uniquely determined by k. If k is not
unique.

Let K be such that e,C = [ [, Kds....(9)
Using (8) and (9), we have

J [, (K —K)ds = 0....(10) for every region R.
Now, let k # k at some point A of R. Then we must have k > K or k < k
atA.
Let us first consider k > K. since the given surface is of class 3. Z—ganda—P

ov
are continuous in R.
So that these exists a small region R; of R containing the point A such that

k — k > 0 at every point of R;.
For this region R containing Ry, [ [, (K — K)ds > 0 which contradicts

(10), we get similar contradiction [ [, (K — K)ds < 0 at A where k < k.

These contradiction prove that k = K at every point of R. (ie)K is uniquely
determined as a function of u and v.

124



Defining fR Kds as the total curvature of R we have proved that the total

curvature is exactly e, C in any region R enclosed by c.

This completes the proof of Gauss Bonnet theorem.

Gaussian Curvature:

The invariant k as defined above is called the Gaussian curvature of the
surface and fR Kds is called the total curvature of integral curvature of R
where R is any region whether simply connected or not.

1. Find the curvature of a geodesic triangle ABC enclosing a region R
on the surface.

Solution:

Since e, C gives the total curvature of a region bounded by c.

It is enough , if we found e, C in the example where c is known ABC is
geodesic triangle enclosing a region R on the surface with interior angles
A, B,C so in the case the curve is the geodesic triangle ABC =
-1o (Zgi) — 291
2g0u - g g

Hence, the gaussian curvature K = %

In other words, K satisfies the differential equation g1 + k4, which proves
the theorem.

The origin of a geodesic polar coordinates system is artificial singularity.
since the singularity is artificial the Gaussian curvature is exists there so
we shall find the gaussian curvature k, at the origin.

Theorem:

If P is a given point on a surface and A is the area of geodesic triangle

ABC containing P, then Gaussian curvature k at P is K = A+B+C7 \where

the limit is taken as the vertices A, B,C = P

Proof:

From example 1:

For a geodesic triangle ABC with interior angle A, B,C on a surface the
total curvatureisA+ B + C —II.

Hence we have [, Kdx = A + B + C — IT where k is a constant.

]kds=kA=A+B+C—H
A

A+B+C—-1I
>k = A

Hence the Gaussian curvature at the point P is k = lim

limit is taken as the vertices tend to P.
2. Find the Gaussian curvature of every point of a sphere of radius a.
Solution:
On a sphere of radius a, the geodesic triangle is spherical triangle formed
by great circle the area A of a spherical triangle is A = a?(A+ B + C — 1)
. Hence using theorem 1.
The Gaussian curvature at a point P on a the sphere is

A+B+C—-1 _ 1
) a?A+B+C—-1 a%> _
Thus the gaussian curvature of every point of the sphere is constant and it
is equal to %
The total curvature of the sphere is

A+B+C-I1
————— where the

k =lim
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1 1
J.kdx=—2.fds=—2.4l]a2 = 4[]
S a S a

Theorem:
If E, F and G are the fundamental coefficient of a surface then,
1 a FEZ_EGI 1 a ZEFI_FEl_EFz)

T 208 tH o 2HE
Proof:
From the definition of x, we have
-1 0Q 0P
o= H “0u 0dv

where P and Q are given by the liouville’s formula ks = 8" + Pu' + Qv’
Substitute for P and Q in k

_ -1 0 EG,-FE, +1 0 2EF, — FE, —EF,
“TH o'\ 2HE TRETA 2HE )

or we have
" H ou®. 2HE H v 2HE )

where the parametric curves are orthogonal.
Hence the formula for k assumes the formula,

- T on au ( ) av(H

3. Find the Gau53|an at any point of a curve sphere with
representation r = a(sinu. cosv, sinu. sinv, cosu) where 0 < u <
2I1 and 0 < v < 2I1.
Solution:
We know that for the sphere E =a?%F =0,G = a?sinu,H =
a’?sinu and

E, = 0,G, = 2a?.sinu. cosu.
Using this formula in the above theorem when 0 < u < 2II,

2a?.sinu.cosu -1
K= = —. (2cosu
2a251n2u au( ) 2a2?sin?u " ou’ ( )
K_‘ =

a2
4. Find the Gaussian curvature at a point (u,v) of the anchor ring
r= ((b + acosu). cosv, (b + acosu). sinv, asinu) where 0 < u,
v <201
Solution:
For the anchor ring, we have E = a?,F = 0,H = a(b + acosu),G = (b +
acosu)?.
Since the parametric curve are orthogonal . we make use of the second

formula for k.
1.0 G 9 Ep

a?sin?u

=2 &)+ 2 ()]
Now, E, = O 61 = —2(b + acosu)asinu
1 d ,2a(b+acosu).sinv cosu
Hence k = —( ) =

2a(b+acosu) " du a(b+acosu) a(b+acosu)
which gives the gaussian curvature at any point P on the surface.
Hence the total curvature is,

21 200
fdeszf J KHdudv

fzn J‘ZH cosua(b + acosu)

a(b + acosu) dudy




= fozn dv foz cosu du =2I1(sinu)3™ = 0
Hence the total curvature of the whole surface is zero.
Using the geodesic polar coordinates the metric of a surface reduce to the
form ds? = du? + g?dv? where g% = G(u,v)

Theorem:
In the geodesic polar form, the gaussian curvature k = —

G of the surface.
Proof:
Using geodesic polar co-ordinate the metric is ds? = du? + g?dv?
Hence E =1,F = 0,6 = g>,H =G = g and G, = 2gg,
Since F=0 for formula for the gaussian curvature is
=—{—(— 9 Ez)}_ 10 Zggl)zﬁ.
2H “0u “H av H 2H 6u g g

Hence the gaussian curvature xk = —Z in other words x satisfies the

911 where g =

differential equation g;; + k4, = 0

(The origin of a geodesic polar coordinates system is an artificial
singularity.)

Theorem:

If i, is the Gaussian curvature at the origin of a geodesic polar coordinates

system then g(u,0) ~ u —

Proof:
Since the metric in the geodesic polar coordinates approximates to the
polar form in the plane.

We cantake G ~ u?,g ~u and lim,_, % -

Using theorem (3) we have g;; = —kog ~ —kou....(2)
Integrating (2)

2

u
91~ 61— k0-7
Sinceg ~u,g; =1sothatc; ~1asu — 0.
2
Thus we have g, ~ 1 — 2% (3)

Integrating (3), once again we have,

kou3
gi~u-— 06 + c?
Since g ~ u which is zero at the origin ¢, = 0.
k0u3

Hence we have g; ~ u —

Theorem:

If r is the radius of the geodesic circle with center at P then,

D). ())p = lim,_,. zln where ¢ is the circumference of the geodesic

3

6

circle.
i). (1), = lim,._,. S where A is the area of the geodesic disc.

Proof:
If P is the centre and r is the radius. then u = r is the geodesic circle in
geodesic polar coordinates.
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dv is the infinittesimal directed angle at P when we use the geodesic polar
coordinates.

The metric of the surface becomes ds? = du? + g*dv?.

Since u = r,du = 0 and then ds? = g?dv? so that ds = gdv.

If c is the circumference of the geodesic circle then,

21 21 2
=f dszf g(r,v)dv ~

Hence ¢ ~ 2I1(r — k"u ).... (1)[by theorem 1]
From the above formula
1
C —2Ir ~ —§Hk0r3....(2)

where k, is the Gaussian curvature at the origin at P.

From (2), we have (k), = lim,_,. Zlnnrr -

3

ii). The elementary area Hdudv = v/Gdudv where u varies from 0 to r and
v varies from 0 to 2I1.

Hence the area of the geodesic disc A= fr fzn VGduds [by theorem 1]

ku 211 3 r I
VG =u—-2 ff uk dudv—f (2Mu = 5. ko) du
0

=Ir? — Ekor
So solving k,, we have

Mr?—A

(K)p = limr_)o. W

11.4 Check your progress

Define geodesic curvature
Derive the equation of geodesic curvature vector and normal

e Define gaussian curvature
e State gauss bonnet theorem

11.5 Summary

e The geodesic curvature vector of any curve is orthogonal to the curve.

e For any curve on a surface the geodesic curvature vector is intrinsic.

e The condition of orthogonality of the geodesic curvature vector (A, i)
with any vector (u,v) on a surface is u'(EA+ Fu) +
VI(FA+Gu) =0

e If 6 is the angle which the curve C makes with the parametric curve
v-constatn . then k; =06+ Pu'+ Qv'where P =

— (2EF, — FE, — EE,)

2HE
Q = 57 (EG, ~ FE;)

e For any curve ¢ which encloses a simply connected region R on a
surface e, C is equal to the total curvature of the R.
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11.6 Keywords

Normal curvature:

The normal component k,, of r"" is called the normal curvature at P where
r'' =Kk N + Ary + ur,.

Geodesic curvature vector:

The vector Ary; + ur, with component (4, u) is tangential to the surface.
The vector with components (A, u) of the tangential vector Ar; + ur, to the
surface is called the geodesic curvature vector at P. It is denoted by K.
Definition:

The geodesic curvature at any point of a curve denoted by «, is defined as
the magnitude of its geodesic curvature vector with proper sign. k, is
considered to be positive or negative according as the angle between the

. oI -1
tangent to the curve and the geodesic curvature vector is 50T —, SO we

have k; = +/A2 + u?
Liouvillie’s Theorem:
If 6 is the angle which the curve C makes with the
parametric curve v=constatn . then x;, = 6’ + Pu’ + Qv

1

1
=——(EG, — FE
Gauss Bonet theorem:

For any curve ¢ which encloses a simply connected
region R on a surface e, C is equal to the total curvature
of the R.

11.7 Self Assessment Questions and Exercises

1. Prove that on a surface with the metric ds? = A*du? + p2dv? the
geodesic curvature of the curve u=constant is (Ap) ~* S—Z.

2. If the parametric curves u=constant and v=constant are orthogonal,
. 1 0 1 9
show that the geodesic curvature are - N (log VE), 75 o (log
VG).

3. Onthe surface with ds? = e?du® + g?dv? where e and g are
functions of u, v, show that the geodesic curvature of a curve which

cuts the curve v=constant at an angle 6 is kg:% + é(g1 sinf —

e,co0s0).

4. Find the total curvature of a pentagon enclosing a simply connected
region R on a surface.

5. Find the Gaussian curvature K of a geodesic equilateral triangle on
a surface.

6. Find the Gaussian curvature at a point on a cone and on a cylinder.

7. Show that the two surfaces r=(u cosv, u sinv, log u) and r=(u cosv,

u sinv, v) have the same Gaussian curvture - ;2 ata
(14u?)2

corresponding points.
8. Find the isothermic system corrsponding to the analytic function

f(u,v)=e*(cos v+i sin v).
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11.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
NOTES University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010)
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BLOCK IV: LINES OF CURVATURE
AND DEVELOPABLES

UNT X1l THE SECOND

FUNDAMENTAL FORM
Structure

12.1 Introduction

12.2 Objectives

12.3 Second fundamental form

12.4 Check your progress

12.5 Summary

12.6 Keywords

12.7 Self Assessment Questions and Exercises
12.8 Further Readings

12.1 Introduction

In this chapter, we studied the properties of surface in terms of the
associated metrics involving E,F and G. What we did was to introduce ds?
and to study the properties in relation to the metric which is embedded in
the surface. All our study at each stage reflected the properties of the first
fundamental form which are called the intrinsic properties of the surface.
In this chapter we shall study the second derivative " of a point on a
surface giving quantities pertaining to the Euclidean space in which the
surface is located leading to non-intrinsic properties of a surface. The
properties of surface involving normal component of vectors associated
with the surface are called non-intrinsic properties.

After finding a formula for normal curvature k, in terms of a
quadratic form called the second fundamental form, we classify different
points on a surface and find maximum and minimum curvature along a
given direction leading to the definition of Gaussian curvature, mean
curvature and principal directions. With the help of principal directions, we
introduce special class of curves on a surface called lines of curvature
which are characterised by Rodrique’s formula. Using principal direction
and normal at a point on a surface, we define Dupin’s indicatrix giving rise
to the definitions of conjugate and asymptotic directions on a surface. Then
the envelope of the single parameter family of planes results in many
developable surface whose properties we study with help of lines of
curvature and Gaussian curvature. We conclude this chapter, with a study
of minimal surfaces, ruled surfaces and third fundamental form.

12.2 Objectives

After going through this unit, you will be able to:
e Define envelope
Derive the second fundamental form
Derive Dupin’s theorem
Define lines of curvature
Solve the problems in second fundamental form
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12.3 The second fundamental form:

Just as the moving triad (t,n,b) serves as the coordinate system at any point
on a space curve, the three linearly independent vectors (N, 1y, 1,) at any
point P on a surface form a coordinate system at P so that any vector
through P can be represented as a linear combination of (N, 1, 13).
Theorem : If k,, is the normal curvature of a curve at a point on a surface,
then

Ldu?+2Mdudv+Ndv? _ _ _
k, = BduZ+2FaudvGdv? whe_re_ L=N.r ;;, M=N.r 5, N=N.r,, and
E,F,G are the first fundamental coefficients.

Proof:
Let r be the position vector of any point on the curve. If k,, is the normal
curvature of the curve at P on a surface, we know that

" =k,N + Ary + ury .....(1)
Since r;.N = 0,1,. N = 0, taking dot product with N on both sides of (1),
we obtain

k,=1r".N..(2)
Since r is a function of u and v, we have
o Ordu orav
] T ouds "ovas Y +7v'...(3)
Diff w.rtos,
r=nu'+nv'+ (@)U + () ...(4)
or: ar
But ()’ = a—;u' + a—vlv’ = + 1,0 ..(5)
! ar ! ar [ 1 !
(rp) = a—uzu +a—;v = 19U + 15,V ...(6)

Using (5) and (6) in (4), we get
" =ru’ + v+ ru? + v+ 2ruv L (7)
Taking dot product with N on both sides of (7) and using r;.N = 0,1,. N =
0 and (2), we have
N.r" =k, = (N.1y)u? + 2(N.1)u'v’' + (N.755)V' ....(8)
If L=N.r ;;, M=N.r ;,, N=N.r ,,, we have

k. = Lu,z +2Mu + Nv' _Ldu?+2Mdudv+Ndv?
n— - 2
ds

Since ds? = Edu? + 2Fdudv + Gdv?

Ldu?+2Mdudv+Ndv? . .
ky = — 7727 which gives the formula for the normal
Edu?+2Fdudv+Gdv?

curvature of a curve at a point P on a surface.

Definition:
The quadratic form Ldu? + 2Mdudv + Ndv? is called the second
fundamental form of the surface and L,M,N which are functions of u,v are
called second fundamental coefficients.
Theorem |) L= —Nl.T‘l,M == _Nl.rz == _NZ'TZI'N = _Nz.rz
[T21,71,72] ) N = [T22,71,72]

H

“) L = [T11'T1,T2]’M — [T12,71,72] _

H H
Proof:

At any point P on the surface r;andr, are tangential to the surface so that
we have N.r; =0 ....(1)
and in a similar manner N.7, = 0 ....(2)
Diff.(1) w.r to u,

N.ry; + N;.r; = 0 giving ;. N = —1ry. Ny, since L= N.r;; we get
L=—N,.1y
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Diff.(1) w.rto v,

N.ri, + N,.1r; = 0 giving ry,. N = —1;. N,, since M= N.r;, we get
M=—N,.n;
Diff.(2) w.r to u,

N.1y + N;.mp, = 0givingry,;. N = —1,. N;
So that we have M=—N;. 1,
Diff.(2) w.rto v,

N.71y5 + Ny.1, = 0 giving 155,. N = —1;,. N,, since N= N.r,, we get
N=—N,.1,

ii) To prove these formulae we use r; X r, = HN in theorem:1 for
L,M,N. Now [Tll,rl, rz] = "MM1- (T'l X rz) = T'11.HN = H(N.T'll) = HL
ThUS, [T‘ll, T‘l, rz] = HL SO that L:% [T‘ll, T‘l, rz]

Further [rlz, 1, rz] =T1i2- (T‘l X rz) = le.HN = H(N.rlz) = HM

Hence we have M:% [112, 71, 72] = %[rn, T, 12]

Now [rzz, 1, rz] = T72. (T‘l X rz) = rzz.HN = H(N.Tzz) = HN WhICh
gives N:% [122, 71, 72]

Example:

Find L,M,N for the sphere r=(acosucosv, acosusinv, asinu) where u is the
latitude and v is the longitude.

ry=(-asinu cosv, -asinu sinv, acosu)

E=qa?

r,=(-acosusinv , -acosu cosv, 0)

G=a’cos?u

F=r,.r,=0,

H=VEG — F2 = a®cosu
HN=r; X r, = (—a?cos?ucosv, —a®cos?usinv, —a?sinucosu)

Hence N:%r1 X 1,=(-CcoSu cosv, -cosu sinv, -sinu) which shows that the

normal is directed inside the sphere.
N;=(sinu cosv, sinu sinv, -cosu)
N,=(cosusinv , -cosu cosv, 0)

Thus L=—N,.7; = a, M=0 and N=—N,.7, = acos?u

Example:

Find the second fundamental form for the general surface of revolution.
r=(g(u)cosv, g(u)sinv,f(u)) ....(1)

From (1) r; = (g1 (w)cosv, g, (w)sinv, f;(w))
E=gi + f{

G=g2
F=r,.r,=0,
H=\/(g7 + fi*)g
1 X1y, = (—gficosv, —f1gsinv, gg:)
111 = (911 (W)cosv, g1, (u)sinv, f11(w))
Ty, = (—g(u)cosv, —g(u)sinv, 0)
151 = (—g1(w)sinv, g, (u)cosv, 0)

HL=ry;.(r; X 13) = g(91 (W) f11(w) — fi(w) g11(w))
HM=ry,.(ry X1p) =0

r, = (—g(w)sinv, g(u)cosv, 0)
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HN=ry,. (r; X 12) = f1 (W) g*(w)

Hence I1= ( 21 ~ [(9:(Wfi1 (W) — i) g1 (Wdu? + g(w) fr(w)dv?)],
9it/i

where Il denotes second fundamental form.

Example:
Find the normal curvature of the right helicoid r(u,v)=(ucosv, usinv, cv) at
a point on it.
Now r;=(cosv, sinv,0)
r,=(-u sinv, U cosv,c)
E=r;.7=1, F=r1.1,=0, G=1,.1, = u? + ¢?
r11=(0,0,0), ry,=(-sinv, cosv,0), r;;=(-ucosv, -usinv,0)
H=VEG — F? = Vu? + ¢2
_IXxr;
N==4
L=N.r;; =0, M=N.ry, = —%and N=N.ry, = 0

Thus we have

Ldu?+2Mdudv+Ndv? —2cdudv
k, = = where H = Vu? + ¢?2
N Edu?+2Fdudv+Gdv?  H[du?+(u2+c2)dv?]'

1, .
== )y )
- (csinv, —ccosv, u)

Example:
Prove that if L,M,N vanish at all points of a surface, then the surface is the
plane.
Let us suppose the surface be a plane surface. Then the surface normal N is
a constant vector so that N; = N, = 0 .....(1)
Now L=—N;.r;, M==—N,.1r;=—N;.15, N=—N,. 15, ...(2)
Using (1) in (2), we have L=M=N=0
Conversely, let us assume that L=M=N=0 and show that the surface is a
plane. For this it is enough if we show that the surface normal N is a
constant vector.
From hypothesis, we have N,.r; = N;.1,=0...(3)
We know that N.r; = N.r,=0...(4)
Eqgn (3) and (4) together imply N; and N, are parallel to N. So let them
N; = AN and N; = uN where Aandu are constants. since N.N=1, we have
from the above,

N.N; =Aand N.N, = pu ....(5)
Further from N.N=1, we get N.N; =0 and N.N,=0 ...(6)
Using (6) in (5), we find A=0, u=0.
This proves that N; =N, =0. Thus N is a constant vector which proves the
result.

Theorem: Meusnier theorem
If ¢ is the angle between the principal normal n to a curve on a surface and
the surface normal N then k,, = kcos¢
Proof:
We know that at any point on a curve on a surface r"” = k,, + Ar; + ur,
(1)
Taking dot product with N on both sides of (1), we obtain
k,=1r".N...(2)

But we know that " = % =kn...(3)
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Using (3) in (2) we get,

kp,kn.N = kcos¢
Thus the normal curvature k,, is the projection on the surface normal N of
a vector of length k along the principal normal to the curve.
Example:
Show that the curvature k at a point of the curve of intersection of two
surface is given by k?sina = k? + k3 — 2k k,cosa where k, and k, are
the normal curvature of the surface in the direction of the curve at P and «
Is the angle between their normals at the point.
Let P be a point on the curve of intersection C of two surfaces S; and S,
with unit surface normal N, and N, at P respectively.
By hypothesis N;. N, = cosa
Since N;, N, and n are perpendicular to the same tangent vector at P, they
are coplanar and lie in the normal plane. If 6 is the angle between N; and
n, then (o — @)or(a + ) is the angle between N, and n. If k;andk, are
normal curvature at P on S; andS,, we have by meusnier’s theorem

ki = kcosf and k, = kcos(a — 6) ...(1)

/kz—kz
Since k; = kcos@, sinf = p - .(2)

We shall eliminate 6 between equation (1) and (2)
k, = k[cosacos@ + sinasinf] ....(3)
Using (2) in (3), we get
k, = kicosa + k% — k¥sina which gives (k, — kjcosa)? =
(k? — k?)sin?a which gives on simplification.
k?sin*a = k? + k3 — 2k, k,cosa which proves the result.
The result is true if (a + 0) is the angle between N, and n.
Classification of points on a surface:
Depending upon the sign of the normal curvature, we shall classify the

points on the surface. To this end let us consider
__ Ldu®+2Mdudv+Ndv?

kn = Edu?+2Fdudv+Gdv? -(1)

Now LN — M? = (N;.71)(N,.75) — (N5.71)(N;.73)
=(Ny X Np)(ry X 13) ...(2)

which is not necessarily positive at a point P on a surface. Thus LN — M?
is not always of the same sign, whereas EG — F? is always positive.
Therefore we note that the denominator of k,, is always positive, whereas
numerator of k,, is not necessarily positive. Sp the sign k,, depends upon
the second fundamental form in the numerator of (1).
The second fundamental form Ldu? + 2Mdudv + Ndv? ..(3) is a
quadratic form in du and dv. The discriminant of the quadratic form is
LN — M2,
Using the discriminant, we can rewrite the second fundamental form as

1
Ldu? + 2Mdudv + Ndv? = I [(Ldu + Mdv)? + (LN — M?)dv?]

The above quadratic form is positive definite, a perfect square or indefinite
according as LN-M? >0, LN-M?2 =0 or LN-M?2 < 0. So we shall
consider the following three particular case.
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Case:1

Let LN-M2 > 0. since the discriminant is positive, the quadratic form is
positive at any point P on the surface. Hence k,, has the same sign for all
direction at P. In this case the point P is called an elliptic point.

Case:2

Let LN-M? = 0. since L#0, the quadratic form becomes(Ldu+Madv) 2.
Hence k,, has the same sign for all direction through P except when k,, = 0

which implies Z—Z = —%. In this case the point P is called a parabolic point.
The critical directions are called asymptotic directions.
Case:3

Let LN-M? < 0. The quadratic form is indefinite and k,, does not retain
the same sign for all direction at P. It may happen that k,, is zero, positive
or negative. If k ,=0, the two direction corresponding to k,=0 form an
angle with respect to the two roots (uq, v;) and (u,, v,) of the quadratic
form. k,, is positive for certain direction lying inside the angular region and
negative for directions outside this angular region. The point P is called a
hyperbolic point. The two critical directions bounding the angle are called
asymptotic directions.
Example:
Show that the point of the paraboloid r=(ucosv, usinv, u?) are elliptic but
the points of the helicoid r=(ucosv, usinv, av) are hyperbolic.
We find L,M,N
For the paraboloid, r=(ucosv, usinv, u?)
Then r; = (cosv, sinv, 2u)
1, = (—ucosv, —usinv, 0)
711 = (0,0,2), 15, = (—ucosv, —usinv, 0), 11, = (sinv, cosv, 0)

0
Now HL=[ry4, 1, 15]= [cosv sinv  2u
—usinv ucosv 0

=2u
In a similar manner HN=[r,, 11, 75] = 2u3and HM=[ry,,1;,75]=0
Hence LN-M 2 = %4 which is always positive so that every point on the
paraboloid is elliptic.
For the helicoid r=(ucosv, usinv, av)
11 = (cosv, sinv, 0)
r, = (—usinv, —ucosv, a)
111 = (0,0,0), 15, = (—ucosv, —usinv, 0),1,, = (—sinv, cosv, 0)

Using the same formula as in above,
HL=[r;1, 71, 12]=0, HN=[ry,, 1y, 75] = 0 and HM=[ry,, 11, 13]=-a

aZ

Hence LN-M 2 = —- which is negative so that every point of the helicoid

H2
is hyperbolic.
Example:
Show that the anchor ring contains all three types of points namely elliptic,
parabolic and hyperbolic on the surface.
Any point on the surface of the anchor ring is

r=[b+acosu)cos v, (b+acosu)sinv, asinu]
where0 <u <2mrand 0 <v <2m
Using the sign LN-M 2, we shall find the nature of points on the anchor
ring.
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r;=(-asinu cosv, -asinu sinv, acosu)
r,=(-(b+acosu)sinv,(b+acosu)cosv, 0)
11 X r,=(b+acosu)[-acosu cosv, -asinv cosv, -asinu]
E=r? = a?, F=r..1,=0, G=r7 = (b + acosu)?
and H=a(b+acosu)
r1,=(-acosu cosv, -acosu sinv, -asinu)
r1,=(-asinu sinv, -asinu cosv, 0)
r,=[-(b+acosu) cosv, -(b+acosu) sinv, 0)
L:rll.N _ (b+acosu)?acosu
H (b+acosu)a
=(b+acosu)cosu
Using the above values of L,M,N, we get
LN-M 2=a(b+acos u)cosu
Since b > a, (b+acosu) is positive for all values of u in its domain. So, the
sign of LN-M?2 is determined only by cosu alone. This leads to the
following three cases of u.
Case:1

Let 0 <u <§ or 37" < u < 2m. Then cosu is positive and so LN-M 2 is

positive. So all those points corresponding to these values of u are elliptic.
The points on the torus corresponding to these values of u are at a distance
greater than b from the axis of rotation. Hence the points on the torus
whose distance from the axis of rotation are greater than b are elliptic
points. These are outside points which can be obtained by rotating BCA.
Case:2

Let uzg or 3?” Then cosu=0 which implies LN-M 2=0. Hence all points for

which uzg or;” are parabolic. As v varies, the point lie on circles of radii

b at the top and bottom of the surface obtained by rotating B and A.

Case:3

Let g <u< 37” Since cos u is negative in this range, LN-M 2 is negative.
So all points in the redgion are hyperbolic. The points on the torus
corresponding to these values of u are at a distance less than b from the
axis of rotation. Hence the points on the torus whose distance are less than
b are hyperbolic points and these are inside points which are obtained by
rotating BDA.

Theorem 2.29

If D,, is the perpendicular distance of a point Q on the surface near the
given point P on the surface to the tangent plane at P, then

1
D, = > [Ldu? + 2Mdudv + Ndv?]

The second fundamental form at any point P(u,v) on the surface is equal to
twice the length of the perpendicular from the neighbouring point Q on the
tangent plane at P.

Proof:

Let r(u,v) be the given point P on the surface and let its neighbouring point
Q be r(u+du,v+dv) on the surface.

Let d be the perpendicular distance of Q from the tangent plane at P.

Then d=QM=Projection of BQonQM
=PQ. N=[r(u+du,v+dv)-r(u,v)].N
Using Taylor’s theorem and omitting higher order infinitesimals,
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d=[(rydu + 1dv) + 5 (rydu? + 2rypdudv + 13,dv?)]. N
Since N.r; = 0, N.r, = 0, we have
dZ% [r11. Ndu? + 27y,. Ndudv + 15,. Ndv?]

dZ% [Ldu? + 2Mdudv + Ndv?]

which proves the geometrical interpretation of the second fundamental
form.
Principal curvature:

—du

As the normal curvature k,, at P is a function of I—ds and m:% at P, the

normal curvature at P varies as (I,m) changes at P. Hence we seek to find
the direction at P along which the normal curvature at P has maximum or
minimum values. This leads to the notion of principal curvatures and
principal directions at P. Hereafterwards, let us denote k,, by k.

Definition:

If k, and K, are the principal curvature at a point P on the surface, then the
mean curvature denoted by u is defined as u = %(;ca + Kp)

From the sum of the roots of the equation, we have
EN + GL — 2FM

2(EG — F?)

1
.u:E(Ka-l'Kb):

Definition:
If k, and k;, are the principal curvature, the Gaussian curvature denoted by
K is defined as K=k,
From the product of the roots of the equation, we have K=k ,k}, %
Note:1
We shall prove later the definition of Gaussian curvature defined by exC
and the above definition are equivalent.
Note:2
The value of the Gaussian curvature is independent of the parametric
system chosen.
Let us consider the parametric transformation u=¢ (u’, v") and v=y(u', v")
We have

L'N' —M'? = J2(LN — M?),E'G' — F'? = J>(EG — F?)

where J is the jacobian of the transformation.

;  LINi—=Mr2  J2(LN-M?) LN-M?)

Hence K~ = E1Gr—Fr? - J2(EG—F?) - EG-F?) J#0
Thus we have K’ = K, showing that the Gaussian curvature is independent
of the parametric system chosen.
Note:3
Using the definition of Gaussian curvature, we can characterise different
points on a surface as follows.

From the definition of Gaussian curvature, we have K=k k;, %
We know that H? = EG — F? is always positive.
If K is positive at a point P on a surface, than LN — M? > 0 which means
that P is an elliptic point. Hence a point on a surface is an elliptic point if
and only if two principal curvature at a point P are of the same sign.
If K is negative at a point P on a surface, than LN — M? < 0 which means
that P is an hyperbolic point. Hence a point on a surface is an hyperbolic
point if and only if two principal curvature at a point P are of the opposite
sign.
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If K=0 at a point P on a surface, than LN — M? = 0 which means that P is
an parabolic point. Hence a point on a surface is an parabolic point if and
only if atleast one of the principal curvature is zero.
Example:
Find the principal direction and principal curvature at a point on the
surface x=a(u+v), y=b(u-v), z=uv.
The position vector of any point P on the surface is

r=[a(u+v),b(u-v), uv]
Thenr, = (a,b,v), 1, = (a,—b,u)

r; X rp=[b(u+v),a(v-u),-2ab]

r11 = (0,0,0), 112 = (0,0,1) = 154,75, = (0,0,0)

E=a? + b? + v?, F=a? — b? + uv, G=a? + b? + u?

L=N.7y,=0, M=22 = 2280 '\—g

- H H

Now LN — M? = _432" which is always negative.
Hence every point on the surface is a hyperbolic point.
The principal direction are given by

dv? —2dudv du?

E F G which gives Edu? — Gdv? =0, since

0 M 0

M=0
Substituting the value of E and G in above equation,
we get (a® + b? + v¥)du?® — (a® + b®> + u®)dv? =0
or =2 -4 & giving the principal directions.

VaZib?tuZ  —Val+bito?
The principal curvature are given by the equation

(EG — F*)k? — (GL + EN — 2FM)k + (LN — M?) = 0
Substituting the value of E,F,G and L,M,N and simplifying

H*k? — 4abH(a? — b? + uv)k — 4a*bh = 0

The principal curvature k, and k,, are the roots of the above equation.

14ab(a*-b*+
Hence the mean curvature p = Ew

—4a®b?
H4-

The Gaussian curvature K=

Example:

Show that all points on a sphere are umbilics.

The representation of a point on a sphere with colatitude u and longitude v
as parameter is r=(asinu cosv, asinu sinv, acosu)

For this parametric representation of a point on a sphere we shall find first

and second fundamental forms at a point and shoe that % = % = % so that

every point on a sphere is an umbilic.
r;=(acosu cosv, acosu sinv, -asinu)
r,=(-asinu sinv, asinu cosv, 0)
E=r,.7y = a?, F=r,.1,=0, G=r,.1, = a’sin*u
. X 1, = i(a?sin®ucosv) + j(a’sinusinv) + ksinucosu
and H? = a*sin®u
We shall use the scalar triple product formula to find L,M,N
—asinucosv —asinusinv —acosu
LH=[ry;,7,12] = H = |acosucosv acosusinv —asinu
—asinusinv  asinucosv 0
—a3sinu

Hence L =

2 =—a
a?sinu
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.. 112,71,T:
In a similar manner, M=1zrrel

3cin2
T2, 71,1 —a3sin®u .
and N=z2 el — —— = —asin*u
aZsinu
M -a 0 —asin®u 1
Now, —=—=—g|ves—=—=————.
F 0 a?sin?u

Thus aII points on a sphere are umbilics and the principal directions are
indeterminate at any point on the sphere.

Lines of curvature:

At each point on the surface, we have two mutually perpendicular
directions along which the normal curvature has extreme values. So the
question aries whether there exists curves on the surface such that the
tangent at each point on the curve on the surface coincide with one of the
principal directions. This leads to the notion of lines of curvature.
Definition:

A curve on a given surface whose tangent at each point is along a principal
direction is called a line of curvature.

From the above definition, first we note the following properties of the
lines of curvature.

1) Differential equation of lines of curvature. Taking I:Z—: and m:%

in equations, the principal directions are given by

(Ldu+Mdv)-k(Edu+Fdv) =0 ...(1)

(Mdu+Ndv)-k(Fdu+Gdv) =0 ....(2)
when x is one of the principal curvatures, we get the equations of the lines
of curvature as

(L—kE)du+ (M —kF)dv =20
(M —kF)du+ (N —kG)dv =0

ii) Eliminating k between (1) and (2), the combined equation of the
two families of lines of curvature is

(EM — FL)du? + (EN — GL)dudv + (FN — GM)dv? = 0 ...(3)
Since (3) also gives the orthogonal principal directions, the two lines of
curvature at any point on the surface are orthogonal. Thus the lines of
curvature at any point on the surface form two sets of curves intersecting at
right angles.
From the existence of solution of the ordinary differential equation (3), we
conclude that these curves cover the surface without gaps in the
neighbourhood of every point except umbilics. Since the curves cover the
surface simply without gaps, we can take them to be orthogonal parametric
curves in our future discussion.
Theorem: Rodrique’s formula
A necessary and sufficient condition for a curve on a surface to be a line of
curvature is kdr + dN=0 at each point of the lines of curvature, where x is
the normal curvature in the direction dr of the line of curvature.
Proof:
To prove the necessity of the condition, let the given curve on the surface
be a line of curvature. Then the direction (du,dv) at any point P on the
curve is a principal direction at (u,v) on the surface given by

(L —kE)du+ (M — kF)dv =0 ..(1)

(M — kF)du+ (N — kG)dv =0 ...(2)

when k is one of the principal curvatures at (u,v) Let us write (1)
and (2) by grouping the fundamental coefficient of the same kind

(Ldu+Mdv)-k(Edu+Fdv) =0
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(Mdu+Ndv)-k(Fdu+Gdv) =0 ....(3)
Using the values

L=—N;.7,M = =N,.1y,E = 1.1y, F = ry.1, in the first equation
of (3) we obtain

(Nidu + Nydv).r; + k(ridu + rpdv).1; =0 ....(4)
Now dr:Z—; du + Z—Zdv =rdu + rpdv ....(5)

AN=2"du + 52 dv = Nydu + Nodv ..(6)
Using (5) and (6) in (4), we get(dN + kdr)r; =0 ....(7)
Similarly using the values
M=—N;.7,,N = —=N,.1,, F = 1..1,,G = 1,.1, In the second equation of
(3) and simplifying using (5) and (6)
We obtain (dN + kdr)r, =0 ....(8)
We claim that (dN + kdr) = 0
Since N is a vector of constant modulus1, N2=1 so that N.dN=0 so that dN
is perpendicular to N. That is dN is tangential to the surface. Since dN and
dr are tangential to the surface at P, (dN + kdr) is also tangential to the
surface. Hence it lies in the plane of vectors r; and r,.
From (7) and (8), we conclude that (dN + kdr) is perpendicular to r; and
. Therefore (dN + kdr) is parallel to r; X r, which is the direction of the
surface normal. Hence (dN + kdr) is parallel to the surface normal
contradicting the fact that (dN + kdr) is tangential to the surface. This
contradiction proves that (dN + xdr)=0.
To prove the sufficiency of the condition, let us assume that there is a
curve on the surface for which (dN + kdr)=0 for some function k at a
point P on the surface. On this assumption, we must show that this curve is
a line of curvature on the surface having k for its normal curvature at P. To
prove this, it is enough if we show that at each point of the curve, its
direction coincides with the principal direction.
Since (dN + kdr)=0, we have (dN + kdr)r; =0, (dN + kdr)r, =0
...(9)
Hence if (du,dv) is the direction of the curve at a point (u,v), then by
retracing the steps, (9) gives the equation

(L=xE)du+ (M —kF)dv =20

(M —kF)du+ (N —kG)dv =0
so that the direction at (u,v) coincides with the principal direction.
Further since dN + kdr=0, we have —dN = kdr
Substituting for dr and dN from (5) and (6), we get

k(ridu + r,dv) = —(N;du + N,dv) ....(10)
Taking dot product with r;du + r,dv on both sides of (10), we have

k(rydu + rpdv). (ridu + r,dv) = —(N;du + N,dv). (r;du +
r,dv) ....(11)
Using the fundamental coefficients E,F, G and L,M,N

(11) gives k[Edu?+ 2Fdudv + Gdv?] = [Ldu® + 2Mdudv +

Ndv?]
_ Ldu?+2Mdudv+Ndv?

Sothatk = , Which proves that k is the normal curvature
Edu?+2Fdudv+Gdv?2

of the curve at P in the direction (du,dv). Since (du,dv) gives the principal
direction at P, x is the principal curvature at P. Therefore the direction at
each point of the curve is the principal direction having x for its normal
curvature in the principal direction. Hence the curve must be a line of
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curvature on the surface and this complete the proof of Rodrique’s
formula.
Theorem
A necessary and sufficient condition that the line of curvature be the
parametric curves is that F=0, M=0.
Proof:
Let the lines of curvature be taken as parametric curves. Since they are
orthogonal ,F=0. .....(1)
Since F=0, H? = EG >0 implies E#0 and G#0 ....(2)
The differential equation of the line of curvature is
(EM — FL)du? + (EN — GL)dudv + (FN — GM)dv? =0 ....(3)
The differential equation of the parametric curve is
dudv=0...(4)
Since (3) and (4) are identical, we must have
EM-FL=0 and FN-GM=0 .....(5)
Since F=0, E > 0 and G> 0 we get M=0 from (5)
Thus F=0, M=0, the differential equation of the lines of curvature to be
parametric curves.
Conversely, if F=0, M=0, the differential equation of the line of curvature
(3) reduce to (EN-GL)dudv=0
Since EN-GL+0, dudv=0 so that the lines of curvature become parametric
curves.
Theorem: Euler theorem
If x is the normal curvature in a direction making an angle i with the
principal direction v=constant, then k = k,cos?y + k,sin?y where Kk,
and x;, are principal curvature at the point P on the surface.
Proof:
Since EI? + 2Flm + Gm?=1, the normal curvature at any point P in the
direction (I,m) is
k = LI*> + 2MIm + Nm? ....(1)
Let us choose the lines of curvature at P as parametric curves.
Then by the theorem, M=0,F=0 so that (1) becomes
k=LI?+Nm?,...(Q2)
The direction coefficient of the parametric curves v=constant and
u=constant are (\/if, 0) and (0, \/%).

If x, and x;, are the normal curvature along these principal directions, then
from (2), we obtain

ko =LE)? =500 =NGE?* =2
If ¢ is the angle between the given direction (I,m) and the principal
direction (\/%,0), then using the cosine formula cos ¥ = ElIl' + F(Im' +
I'm) + Gmm'
We obtain cosy = El\/if = IWE so that Izci’/sE ..(d)
Since the parametric curves are orthogonal, the angle between the direction
(I,m) and (o.%) is (90 — )
Hence cos(90 — ) = sinmp = G.m\/% = my/G so that m=22% __(5)

VG
Using the values of (I,m) in (4) and (5) in (2), we get
— L 2 _|_N P02
K—Ecos P Gsm P
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. L N
Since k, = o Kp =

We obtain k = k,cos?y + kpsin?yp, which completes the proof of Euler’s
theorem.

Corollary: Dupin’s theorem

The sum of the normal curvature at any point on the surface in two
directions at right angles is constant and equal to the sum of the principal
curvature at that point.

Proof:

Let x, and k; be the principal curvature at any point P on the surface. Let
k; and k, be the normal curvature along the directions making angles v,

1, with the principal direction such that 1, = = + 1,

Hence by Euler’s theorem, we have
K| = Kqc052; + Kpsin?i; ....(1)
Ky = KoC08%Y, + Kpsin?y, ....(2)
Since Y, = % +1;, we get from (2)
Ky = KqC0S%Y; + Kpsin®yy ....(3)
Adding (1) and (3), we get
Ky + Ky = Kg(cos?Py + siny) + Kk, (sin?yP; + cos?y;)
Hence k; + k; = k4 + Ky
Example:
Show that the meridians and parallels of a surface of revolution are its lines
of curvature.
The position vector of any point on the surface of revolution is
r=(u cosv, u sinv, f(u)) .....(2)
We know that the meridian v=constant and the parallel u=constant are
parametric curves. By theorem, the parametric curves are lines of curvature
if an only if F=0 and M=0. So it is enough if we prove F=0, M=0.
From (1), we have r; = (cosv, sinv, f;) and
r,=(-usinv, ucosv,0)
Hence r;.,=F=0.
Further r; X r, = (—fiucosv, — fyusinv, u)
and ry,=(-sinv, cosv,0), since f; is a function of u only.

Now M _T12.(r1 X72)
H

1 . )
= [fiusinvcosv, — fyusinvcosv]
Since H+0, M=0

12.4 Check your progress

e State second fundamental form
e Define principal curvature

e State Rodrigue’s formula

e State Euler’s formula

12.5 Summary

If k,, is the normal curvature of a curve at a point on a surface, then

Ldu?+2Mdudv+Ndv?
n — Edu2+2qudv+de2 Where L—Nr 11 M—N.rlz, N_Nr 22 and

E,F,G are the first fundamental coefficients.

If ¢ is the angle between the principal normal n to a curve on a surface and
the surface normal N then k,, = kcos¢
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The second fundamental form at any point P(u,v) on the surface is
equal to twice the length of the perpendicular from the neighbouring point
Q on the tangent plane at P.
all points on a sphere are umbilics.

12.6 Keywords

Second fundamental form:The quadratic form Ldu? + 2Mdudv + Ndv?
is called the second fundamental form of the surface and L,M,N which are
functions of u,v are called second fundamental coefficients.

. . . . d
Principal curvature: As the normal curvature k,, at P is a function of I:d—z

and m:% at P, the normal curvature at P varies as (I,m) changes at P.

Hence we seek to find the direction at P along which the normal curvature
at P has maximum or minimum values. This leads to the notion of principal
curvatures and principal directions at P. Hereafterwards, let us denote k,
by k.

Mean Curvature: If k, and k,, are the principal curvature at a point P on
the surface, then the mean curvature denoted by u is defined as u =

%(K’a + k). From the sum of the roots of the equation, we have

1 EN + GL — 2FM

#_E(Ka-l_’cb)_ Z(EG_FZ)

Lines of curvature: At each point on the surface, we have two mutually
perpendicular directions along which the normal curvature has extreme
values. So the question aries whether there exists curves on the surface
such that the tangent at each point on the curve on the surface coincide
with one of the principal directions. This leads to the notion of lines of
curvature.

12.7 Self Assessment Questions and Exercises

1. For the surface r=(u cosv, u sinv, f(u)), find

i) The principal direction and principal curvature at any point on the
surface.

i) The normal curvature along a direction making an angle %with the

merdian of the surface.

2. Find the position vector of any point on a surface generated by
tangents to a twisted curve. Obtain the principal direction and
principal curvature at any point on the suface.

3. Find the Gaussian curvature of the conoid r(u,v)= (u cosv, u sinv, cos
2v).

4. Find the Gaussian curvature and mean curvature of the helicoid
r(u,v)=(u cosv, u sinv, f(u)+cv). Show that the Gaussian curvature is
a constant along a helx. Find also the mean curvature along the helix.

5. Show that the Gaussian curvatur and mean curvature on the surface

. 1 1
X=U+V, y=u-v, z=uv at the point x=2, y=0, z=1 are K=- P and W=7

6. Find the nature of the points on the following surface.
i) r(u,v)=(u,v,u?-v?) i) r(u,v)=(u,v,u?+v?3)

7. Show that all points on a tangent surface of a curve C are parabolic.
Show that the points of the paraboloid r(u,v) = (u cosv, v sinv, u?)
are elliptic but the points of the helicoid r(u,v) =(u cosv, u sinv, v) are
hyperbolic.

9. Find the differential equation of the lines of curvature of the surface
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generated by i) binormals and ii) principal normals of a twisted
curve.

10. Find the line of curvature on a plane. NOTES

11. Show that any curve on a sphere is a line of curvature.

12. If a plane or a sphere cuts a surface everywhere at a constant angle,
prove that a curve of intersection is a line of curvature on the surface.

12.8 Further Readings
1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010).
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UNIT X111 DEVELOPABLES

Structure

13.1 Introduction

13.2 Objectives

13.3 Developables

13.4 Check your progress

13.5 Summary

13.6 Keywords

13.7 Self Assessment Questions and Exercises
13.8 Further Readings

13.1 Introduction

This chapter deals with the concept of developable surfaces. In the
plane,we find the envelope of straight lines. The extension of the notion of
envelope of straight lines to envelope of planes in space leads to what are
called developable surfaces. When we specialise to different planes such as
osculating plane at a point on a space curve, we different developable
surfaces.

13.2 Objectives

After going through this unit, you will be able to:
e Define developable surface.
e Define characteristic line
e Derive the properties of developable surface
o Define osculating plane of surface

13.3 Developables

Developable surfaces:

In a plane, we find envelope of straight lines. For example the envelope of
the normals to a curve leads to the evolute in the plane. The extension of
the notion of envelope of straight lines to envelope of planes in space leads
to what are called developable surfaces. When we specialise to different
planes such as osculating plane at a point on a space curve, we get different
developable surface.

Definition:

The envelope of one parameter family of planes is called a developable
surface or a developable.

Definition:

The line of intersection of the two consecutive planes is called the
characteristic line.

Definition:

When the planes f(u)=0, f(v) and f(w)=0 intersect at a point, the limiting
position of the point of intersecting of the three planes as v—ou and w - u
is called the characteristic point corresponding to the plane u.

When v—u and w — u, it gives rise to two characteristic lines. So when
v,w—u, these two characteristic line will pass through the characteristic
point so that the characteristic point can be defined as the ultimate point of
intersection at the two consecutive characteristic lines.
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Theorem
The characteristic point of the plane u is determined by the equations
ra=p,r.a=pandr.d=p..(1)
Proof:
Let u,v,w be three neighbouring points such that f(u)=0, f(v)=0, f(w)=0.
Hence by Rolle’s theorem there exist points u;, u, such that u < u; <
v,v < u, <w foe which f(u;) =0and f(u,) =0
Using Rolle’s theorem again, there is a point us such that u; < u; < u,
for which f (u3)=0.
Hence when u,, u,, us all tends to u, we get

f(u)=0, f(u) = 0 and f(u) =0
or equivalently we get

ra=p,r.a=pandrd=7p

Example:
Let us consider a cylinder with its generators parallel to a. Then it has a
constant tangent plane along a generator. Since the tangent plane along the
generator depends upon only one parameter a, a cylinder can be considered
as a developable surfaces as the envelope of the single parameter tangent
planes along the generators. Since a is a constant vector [a, a, d]=0 so that
the equation (1) does not have a solution. Therefore the characteristic point
does not exist in this case.
Example:
A cone is a developable surface enveloped by the constant tangent planes
along the generators of the cone. The generators of the cone are the
characteristic lines. Since all the planes through the generator pass through
the vertex of the cone, the vertex is the characteristic point of the surface.
Example:
Let us consider a family of planes forming a pencil. Then since the
envelope of the planes is the axis, the developable is the axis of the pencil.
Hence the point of intersection of the characteristic lines are indeterminate.
Definition:
The locus of the characteristic points is called the edge of regression of the
developable.
Theorem
The tangent to the edge of regression are the characteristic lines of the
developable.
Proof:
Let the developable be the envelope of the one parameter family of planes
r.a=p.
Let r=r(s) be the position vector of any point P on the edge of regression.
Since P is on the edge of regression it is a characteristic point.
Hence by the above theorem, it is given by the equation

r.a=p....(1)
r.a=p...(2)
rd=p...(3)

where the solution r is a function of u.
Diff. (1) w.rtou
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Since % gives the tangent t to the edge of regression, using (2) in the above

equation (t$).a=0. Since s #0, we get t.a=0 .....(4)
Diff (2) wr tou

(t$).a+r.d=p
Using (3) in the above equation, we have (ts).a=0
Since $ #=0, we have t.a =0 ....(5)
(4) and (5) show that the tangent t to the edge of regression is parallel to
aXda.
Since the characteristic line lies in both the planes (1) and (2),it is
perpendicular to both a and a and hence it is parallel to a X a.
Since the tangent to the edge of regression and the characteristic line are
parallel to the same vector to a X a and pass through r(u), the tangent to
the edge of regression is the characteristic line of the developable.
Theorem
The osculating plane at any point on the edge of regression is the tangent
plane to the developable at that point.
Proof:
First note that the edge of regression is a curve on the developable surface.
From the equation (4) of the previous theorem, t.a=0 .....(1)

Diff (1) w.r to u,

dt ds

(Ed—)a+ta =0

Using (5) of the previous theorem, we have ()kns. a=0
Since ks #0, we get from the above step, n.a=0 ....(2)
From (1) and (2) we see that a is perpendicular to both t and n. Hence a is
parallel to tx n=b, the binormal at P on the edge of regression.
Thus the osculating plane at P is identical with the corresponding plane of
the parameter family. But each plane of the family is a tangent plane to the
developable surface so that the osculating plane at any point on the edge of
regression is the tangent plane to the developable surface at P.
Theorem
A developable consists of two sheets which are tangent to the edge
regression along the sharp edge.
Proof:
Let O be the point s=0 on the edge of regression curve C and choose the
orthogonal triad at O as the rectangular coordinate axes O(x,y,z). If R is the
position vector of the point P(x,y,z) on the developable with respect to O,
then we have

R=xt+yn+zb .....(1)
The position vector of any point on the developable surface is
R(s,v)=r(s)+Vvt(s) .....(2)
Let us expand r(s) and t(s) of (2) in power series of s by taylor series at the

origin O. Then we get
_.dr  s*d’r | s*d’r 4 1.2 d’t 3
R—sds+2dsz+3,d3+0(s)+v{t+s +2 +0( )}....(3)
Using Frenet- serret formulae we simplify r(s) and t(s) as follows
r(s)= st+ i S (Kn+nic)+0(s4)
=st + 7Kn + z(K n+ kth — k%t) + 0(s*) ....(4)

vt=v{t + skn + %SZ(K'n + kth — K%t) + 0(s2)}
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Using (4) and (5) in (3), we obtain, R(sv)=st + > n + < (k'n + Kt —
K%t) + 0(s*) + v{t + skn + %SZ(K,TI + kth — K*t) + 0(s3)} .....(6)
Now equating the coefficient of t in (1) and (6), we have

Let us find the point of intersection of the developable with the normal
plane x=0 at O. The value of the parameter of the point of intersection of
the normal plane with the surface is obtained from x=0 in (7). Hence when
x=0, we have from (7)

— 132 s? 2 -1
v=-(s — oSk +...)(1 — 5K +...)
2
=(s — %S3KZ2+. )+ %K2+. )
=s — %S?’K’Z + 0(s*
Substituting the above values of v in (3), we get the position vector of the

point of intersection of the surface and the normal plane at O.
Then we have

R(s,v)=st + ;K’TL + § (k'n + ktb — K*t) + 0(s*) + (s —
§S3K2 + 0(sM[t + skn + %SZ(K'TL + kth — K%t)] .....(8)
Equating the coefficients of t,n,b in (1) and (8), we get

X=0, y== 52K + 0(s%), z=— 2 ers® + 0(s*) ....(9)

which is a curve in the normal plane.
Eliminating s between the equation (9), we get

Equating (10) shows that the intersection of the developable with the
normal plane of the edge of regression has a cusp whose tangent is along
y=0 and z=0 which is the principal normal. Thus two sheets of the
developable surface are thus tangent to the edge of regression along a sharp
edge.

Example:

Find the equation of the developable surface which has helix r=(acosu,
asinu, cu) for its edge of regression.

Since the developable surface is generated by the tangent to the edge of

regression, let us find the tangent vector to the edge of regression.

dar dr ds .
Now, — = —— = (—asinu, acosu, c)
du ds du

Since %zt, we have (2—2)2 = (a? + c?) so that Z—i =+Va? + c?
—— Y (—asi
Henc?e t= \/az—ﬂ_z.( asinu, acosu,_c)
If R is the position vector of a point on the surface, then
=r+Vt=+—r— (—asi
- R-—r+vt—r+ W( asinu, acosu, c)
Substituting for r, we get the developable surface as
_ v . . vcosu . v
R(u,v)=a{a(cosu — sznu), a_(sznu + Wsmu), c(u+ W)}
Developables associated with space curves:
At each point of a space curve, we have three planes viz. osculating plane,
normal plane and rectifying plane. All the three planes contain only the
arc-length s as parameter so that they are one parameter family of planes.
So as in the previous section, we can find the envelopes of these single
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parameter family of planes. These lead to the three kinds of developable
surface viz. (i) the osculating developable (ii) the polar developable (iii)
the rectifying developable. In each case we find the edge of regression of
developable and finally, we obtain a criterian for a surface to be a
developable surface.
Definition:
The envelope of the family of osculating planes of a space curve is called
an osculating developables. Its characteristic lines are tangents to the curve
and hence this developable is also called the tangential developable.
Theorem
The space curve is itself the edge of regression of the osculating
developable.
Proof:
Let r=r(s) be the equation of the space curve and R be the position vector
of any point on the osculating plane. Then the equation of the osculating
plane is f(s)=(R-r).b=0 .....(1)
Since r and b are functions of s, (1) is a single parameter family of planes.
To find the equation of the osculating developable, let us differentiate (1)
with respect to s, then
f's)=R—-7r).b"—1r'.b=0
Using Serret-Frenet formula, we get
(R-7r).(—mm)—t.b=0
Since t.b=0 and = #0, we get (R-r).n=0 ....(2),
which is the rectifying plane at r=r(s) of the curve.
Since the characteristic line is the intersection of (1) and (2), it is the
tangent to C at r=r(s). Thus the characteristic lines to the osculating
developable are tangent to C.
To find the edge of regression, let us differentiate (2) with resprct to s,
(R—7r).n'—7r'.n=0giving (R — 7). (th — kt) — t.n=0
Since k #0 and t.n=0, using (1) in the last equation, we get
(R-r).t=0....(3)
which is the normal plane at r=r(s) to C.
The point of intersection of (1), (2) and (3) is the characteristic point and
its locus is the edge of regression. Since (1), (2) and (3) intersect at r=r(s)
on the curve, every point r=r(s) of the curve is the characteristic point so
that the characteristic points coincide with every point on the curve.
Hence the edge of regression is the given curve.
Definition:
The envelope of the normal planes to the space curve is called the polar
developables.
Theorem
The edge of regression of the polar developable of a space curve is the
locus of the centre of spherical curvature.
Proof:
Let r=r(s) be the given space curve and R be any point on the normal plane.
Then the equation of the normal plane is (R-r).t=0 .....(1)
Since r and t are function of single parameter s, (1) is a single parameter
family of planes whose envelope is the polar developable. To find the edge
of regression, we shall find the characteristic point from the following
equations.
Differentiate (1) with respect to s, we have
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(R—r).t'—7.t=0

Since t' = kn.r' = t and t.t=1, we have

(R—71).kn — 1 = 0 so that (R-r).n:% =p..(2
Differentiate (2) with respect to s,

(R-Nn' —r'.n=p
Since n' = th — ktandr'=t, we have

(R—71).(th—kt)—t.n=p'

Using (1) and t.n=0, we obtain

(R—71).b= % =p'o...(3)
The point of intersection (1), (2) and (3) is the characteristic point and its
locus is the edge of regression of the polar developable.
Since (R-r) is orthogonal to t, (R-r) lies in the plane of n and b so that we
can take

R—r=An+uborR=r+An+ub ....(4)
where we determine the scalars Aandpu.
Taking dot product with n on both sides of (4), we get

(R-r).n=1 ....(5)
Comparing (2) and (5), we obtain A = p
Taking dot product with b on both sides of (4), we get

(R=7).b=An.b+ub.b

Since b.b=1, n.b=0, using eqn (3), we have u = ap
Substituting the values of Aandu in (4), we get

R=r+pn+op'b...(6)
which gives the position vector of the characteristic point but we know that
R gives the position vector of the centre of spherical curvature. Thus the
characteristic point of the polar developable coincide with the centre of
spherical curvature.
Hence the edge of regression of the polar developable is the locus of the
centre of spherical curvature.
Definition:
The envelope of the family of the rectifying planes of a space curve is
called rectifying developable.
Theorem
The edge of regression of the rectifying developable has the equation
R=r + Kk(tt+kb)

KIT—KT/
Proof:
Let r=r(s) be the given space curve and R be any point on the rectifying
plane. The equation of the rectifying plane is (R-r).n=0 ...(1)
Since r and n are functions of s, (1) is a single parameter family of planes
whose envelope is the rectifying developable.
We shall find the edge of regression from the following equation.
Differentiate (1), we obtain

(R—r).n'—7r'.'n=0

Since n’ = th — kt,r’' = t and t.n=0, we get

(R-n).(tb — kt)=0 ....(2)
Differentiate (2) with respect to s, we get

(R-r).[tb" + b — kt' — K't] —r'.(th — kt) =0
Since b’ = —1n,t' = kt and r' = t, we get

(R-N.[-t>n+ b —Kk?*n—k't] —t.(th —kt) = 0
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Since t.b=0, t.t=1, using (1), we get from the above equation,
(R-r).(t'b — k't) + k=0 ....(3)
The edge of regression is the point intersection of (1), (2) and (3). From (1)
and (2), (R-r) is perpendicular to n and th — «kt.
So (R-r) is parallel to n X (th — kt) = tt + kb
Hence we can take (R-r)=A(tt + kb) ....... 4
where A is a scalar to be determined.
Since t.t=1, b.b=1, t.b=1, using (3) in the above equation,
—k = A(—7K’ + KkT') 50 that 1 = —=
Using this value of 4 in (4)
(R—17) = a (tt + kb) which gives the edge of regression.

Theorem

Every space curve is a geodesic on its rectifying developable.

Proof:

The position vector R on the rectifying developable of the given curve
r=r(s) is R=r(s)+u(tt + kb) ...... 1)

where u and s are parameter of the surface.

Let us find the surface normal N to the surface.
AR

From (1), R, = oy = Tt Kb and R, =t +uft't +tt' + k'b + kb']

=t + u[t't + tkn + k'b — kn]

=t(1 + t'u) + (ux'b)
Hence Ry X R, = tt + kb X [t(1 + t'u) + (uk'b)]

=k(1 + t'u) — Tuk'n

u=0 on the curve r=r(s) so that R; X R, = kn ....(2)
Since R; X R,=HN, we get from (2), HN=kn.
Hence at each point of the curve, the vector N and n are parallel so that (1)
is a geodesic on the surface which is the rectifying developable in this case.
Theorem
A necessary and sufficient condition for a surface to be a developable is
that is Gaussian curvature shall be zero.
Proof:
To prove the necessity of the condition, let us assume that the surface is a
developable and show that its Gaussian curvature is zero.
If the developable is a cylinder or a cone, the Gaussan curvature is zero,
since at each point on the cone or cylinder one of the principal directions is
the gernerating straight line whose curvature is zero.
Hence excluding these two cases of developables, we are left with
developable in general. Since a developable can be considered as the
osculating developable of its edge of regression, it is generated by the
tangent to the edge of regression.
Let r=r(s) be the equation of the edge of regression on the developable. If P
is any point on this curve, then the tangent at P is the characteristic line of
the developable.
R can be taken as R(s,v)=r(s)+vt(s) ....(1)
For this surface, let us find E,F,G,L,M and N and show that its Gaussian

LN—M?
curvature K = ——=0
EG—-F?

Using the suffixes 1 and 2 for differentiate with respect to s and v
respectively.

KIT—TIK

KIT—TIK
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_6R_dr+ dt_t+
17 6s  ds vds_ vKn
R —aR—t

dt
R, = s + vk'n + vkn' = kn + k'n + vk(th — kt)

R12 = R21 - Kn, RZZ:O
E=1 + v%k?, F=(t + vkn).t=1,
G=t.t=1, H?> = EG — F? = v?K?

N:Rl XR, —VKb _

=——=-b
H VK
L=N.Ry; = —b.[kn + vk'n + vk(th — kt)] = —vKT
M=N.R;, = —b. (kn)=0,
N=N.R,,=-b.0=0
Hence using the above values, the Gaussian curvature,
LN-M?
~ EG-F? =0
and this proves the necessity of the condition.
To prove the converse, let us assume that K=0 for a surface r=r(u,v) and
show that it is a developable surface.
To this end, we have to show that r=r(u,v) is generated by a single
parameter family of planes.
Since L=—r,.N;,M = —1;.N, = —N;.1,,N = —1;,.N,,
LN — M? = (r1. Ny) (r2. Np) — (N1.73) (71 N2)
=(ry X 12). (N1 X N7)
Since r; X ,=HN, we have LN — M? = HN.(N; X N,) = H[N, Ny, N,]
As H # 0, k = 0 implies LN — M? =0 so that [N, N;, N,]=0
Since N.N=1, we have N.N;=0and N.N, = 0
So N is perpendicular to both N; and N,. Hence N is parallel to N; X N,.
Thus [N, Ny, N,] = N.(N; X N,) cannot be zero unless N;=0 Or N,=0 or
N; is parallel to N,. So [N, Ny, N,]=0 under the given condition implies the
following two cases.
(i) N;=0 Or N,=0 (ii) N; = uN,
Case:1
Let us consider N, = 0 only, since a similar argument is true for N;=0.
The equation of the tangent plane at r=r(u,v) on the surface is
(R-r).N=0 .....(2)
where R is the position vector of any point on the tangent plane and R is
independent of u,v.
Differentiate (2) partially with respect to v, we have

Z[R=7).N] = =15.N + (R =1).N; ...(2)
Now N2 = 0, Tz.N = 0.
Hence equation (3) gives a% [(R —r).N]=0 so that (R-r).N is independent
of v.
Thus the surface is the envelope of a single parameter family of planes and
hence it is a developable.
Case:2
In this case, when N; = uN,, let us consider a suitable change of parameter

from u,v to u’, v’ so that we can use the previous case.
Let the transformationbeu = u' +v' and v = v’ — uv’
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This is a proper parametric transformation which preserves surface normal

N.
Now N’ = 20 = 9% 9t 4 OV 9N _ y, 4 N, %0

ow  du ow = v ow
, ON ON Oou ON ON

NZ _W_E.W-*—%.W_ Nl —,LLNZ
After the transformation N,’ and N, are not parallel as seen from the
above equations. Since N,' = 0, as in the previous case, the tangent plane
at P is a single parameter family of planes so that the given surface is a
developable surface.
Example
Find the osculating developable of the circular helix r=(acosu, asinu, cu)
Since the edge of regression of the osculating developable is the curve
itself, the given helix itself is the edge of regression. Hence we have to find
the developable surface having (1) as the edge of regression which is the
same as example :4 in the previous section.
Example
Find the radii of principal curvature at a point of a tangential developable
surface.
Let the equation of the tangential developable be
R(s,v)=r(s)+Vvt(s) ......(1)
By previous theorem, we can find
E=1 + v%k?, G=1, F=1, L=—vk1, M=0, N=0, and H=vk ....(2)
where k, T belong to the edge of regression.
The equation giving the principal curvature is

H?k2 — (EN — 2FM + GL)Kk,, + LN — M? = 0 ....(3)
Using (2) in (3), we get

v2K2K2 + Kk, vkt = 0 Or vk, [vkK, +T] =0

Hence the principal curvature are k, = 0, k, = — —

13.4 Check your progress

e Define developable surface

Define edge of regression

State the properties ofdevelopable surface
o Define osculating developable surface

13.5 Summary

e The envelope of one parameter family of planes is called a
developable surface or a developable.

e The characteristic point of the plane u is determined by the
equationsr.a=p,r.a=pandrid =p

e The osculating plane at any point on the edge of regression is the
tangent plane to the developable at that point.

e A developable consists of two sheets which are tangent to the edge
regression along the sharp edge.

13.6 Keywords

Developable: The envelope of one parameter family of planes is called a

developable surface or a developable.

Characteristic line: The line of intersection of the two consecutive planes

is called the characteristic line.

Characteristic Point: When the planes f(u)=0, f(v) and f(w)=0 intersect at

a point, the limiting position of the point of intersecting of the three planes
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as v—u and w — u is called the characteristic point corresponding to the
plane u.
Osculating Developable: The envelope of the family of osculating planes
of a space curve is called an osculating developables.
Tangential Developable: The characteristic lines of osculating
developable are tangents to the curve and hence this developable is also
called the tangential developable.
13.7 Self Assessment Questions and Exercises
1. Find the direction conjugate to u=constant on a surface
r(u,v)= (u cosv, u sinv,f(u))
2. Obtain the differential equation of the asymptotic lines on the
surface of revolution r(u,v)= (u cosv, u sinv, f(u))
3. Find the asymptotic lines on the paraboloid of revolution
z=x?+y?,
4. Prove that the generators of a ruled surface are asymptotic lines.
5. Find the condition for the asymptotic lines to be orthogonal.
6. Prove that the normal curvature in a direction perpendicular to
an asymptotic line is twice the mean normal curvature.

13.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford

University Press(1983).
2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010).
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UNIT XIV
DEVELOPABLES ASSOCIATED WITH

CURVES ON SURFACES
Structure

14.1 Introduction

14.2 Objectives

14.3 Developables associated with curves on surfaces.
14.4 Check your progress

14.5 Summary

14.6 Keywords

14.7 Self Assessment Questions and Exercises

14.8 Further Readings

13.1 Introduction

In this chapter, the concept of developables associated with curves on
surfaces are explained. Also the theorem of Monge formed by surface
normals along the curve and Rodrique’s formula are also derived. Some
properties of developable associated with curves are established and some
problems are given.

13.2 Objectives

After going through this unit, you will be able to:
e Derive the Monge’s form of surface.
e Derive the Rodrique’s formula
e Solve the problems in developables associated with curves on
surfaces.

13.3 Developables associated with curves on surfaces.

Theorem: Monge’s theorem

A necessary and sufficient condition that a curve on a surface be a line of
curvature is that the surface normals along the curve form a developable.
Proof:

Let r=r(s) be a curve on the surface r=r(u,v). Let N be the unit surface
normal at a point r=r(s) on the curve so that N can be considered as a
function of s only. We shall prove the theorem in the following two steps.
Step:1

In this step, we prove that the normals to the surface r=r(u,v) along the
curve r=r(s) form a developable if and only if [¢t, N, N']=0.

If R is the position vector of any point Q on the surface normal along the
curve, then R is a point on the developable generated by the normals and it
can be taken as R(s,v)=r(s)+VN(s), where v is the distance PQ along the
surface normal at P.

The surface generated by the surface normals is a developable if and only
if its Gaussian curvature is zero at every point. This implies that LN —
M?=0 at every point of the surface. Hence let us find L,M,N for the
surface.

_OR _dr dN_
17 9s ~ ds vds_ v

Ri; = kn+vN"
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R dR
2T dv N,
Riz =Rz; =N',Rp; =0

Now L=R;;.N = [kn + vN"'].N #0

HM=[R,,, Ry, R,] = [N',t + vN', N]
So we have HM=[N',t, N] + v[N’,N’,N] ....(1)
Since N’ is equal to N, [N',N',N] =0 .....(2)
As H #0, using (2) in (1),

M=—[N',t,N] =+ [t,N,N']
Since R,,=0 and H #0, HN=[R,,, R, R,]=0 so that N=0
As L #0, and N=0, LN —M?=0 if and only if M=0 which gives
[t, N, N']=0.
Step:2
To prove the theorem, it is enough if we show that [t, N,N']=0 is the
necessary and sufficient condition for r=r(s) to be a line of curvature on the
surface r=r(u,v).
To prove the necessity of the condition, let us assume that r=r(s) is a line of
curvature on r=r(u,v). Then we have by Rodrique’s formula

Using (3), we have [t,N,N'] = [t, N, —kt]=0
Hence the surface normal along the curve r=r(s) form a developable
surface.
Conversely, assuming [t,N,N']=0, we show that r=r(s) is a line of
curvature on the surface.
Now [t, N, N']=0 implies [t, N, N]=0 which is the same as (t x N').N =
0.
Further N #0 and N2 = 1 so that N. N'=0 showing N’ is perpendicular to
N. That is N is in the tangent plane at P.
Hence t x N' is parallel to N. So if t X N' #0. (t X N"). N cannot be zero
because two non zero parallel vectors ¢t x N' and N will have scalar
product different from zeros. So we conclude that (t x N"). N=0 implies
t X N'=0 which is true if and only if one vector is a scalar multiple of the
other.
So we can take N’ = —kt for some constant k.
Now N’ = —kt gives == = —ic =" or dN+kdr=0 which is the Rodrique’s
formula characterising the line of curvature. Thus r=r(s) is a line of
curvature on the surface.
This completes the proof.
Theorem
Let C be a curve r=r(s) lying on the surface r=r(u,v) and P be any point on
C. Then the characteristic line at P of the tangential developable of C is in
the direction conjugate to the tangent to C at P.
Proof:
If N is the surface normal at P, then the equation of the tangent at P is (R-
N.N=0 .....()
Diff w.r to s and using t.N=0, we get

(R=1).2520 ...(2)
Since N is a function of (u,v), we have
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dN ON du ., ON dv / P

E = EE + EE = Nlu + NZU (3)
where (u', v") gives the direction of the tangent at P.
Using (3) in (2), we get

(R —71).(Nu' + N,v")=0 ....(4)
The characteristic line is the intersection of the plane (1) and (4). If (I,m)
are the direction coefficient of the characteristic line at r=r(s), then (R-
N=lr; + mry ....(5)
where r; and r, are the tangential components of (R-r) at P.
Using (5) in (4), we have (Ir; + mry). (N,u’ + N,v")=0
Expanding the above equation

(Nt + (Ny.r) W' + (Ny.1p)mu’ + (Ny.rp)mv' =0

Hence Llu' + M(lv' + mu") + Mmv'=0 which is precisely the condition
for the direction (I,m) to be conjugate to the direction (u',v") which is the
direction of the tangent at P.

14.4 Check your progress

e  Define Monge’s form.

e Derive the necessary and sufficient condition that a curve on a
surface be a line of curvature is that the surface normals along the
curve form a developable

14.5 Summary

e A necessary and sufficient condition that a curve on a surface be a
line of curvature is that the surface normals along the curve form a
developable.

e Let C be acurve r=r(s) lying on the surface r=r(u,v) and P be any
point on C. Then the characteristic line at P of the tangential
developable of C is in the direction conjugate to the tangent to C at
P

14.6Keywords

Monge’s form: The necessary and sufficient condition that a curve on a
surface be a line of curvature is that the surface normals along the curve
form a developable.

14.7 Self Assessment Questions and Exercises

1. Prove that the surface generated by the tangents to a twisted curve is a
developable surface.
2. Obtain the tangential developable of the curve r=(u, u?, u3),
3. Show that the edge of regression of the polar developables of a curve
of constant curvature is the locus of its centre of curvature.
4. Find the curvature and torsion of the edge of regression of the
osculating developables.
Show that the surfce sin z= sinhx. sinhy is minimal.
Find the ruled surface formed by the principal normals of a curve.
Obtain the distribution of parameter and the striction line of the
surface r=(u cosv, u sinv, av).

No o

14.8 Further Readings

1. D.G. Willmore — An Introduction to Differential Geometry, Oxford
University Press(1983).

2. D.Somasundaram — Differential Geometry A First Course, Narosa
Publishing Pvt.Ltd.(2010).
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