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Preface

Fractional Brownian motion (fBm) appears naturally in the modeling of
many situations, for example, when describing

The widths of consecutive annual rings of a tree,

The temperature at a specific place as a function of time,

The level of water in a river as a function of time;

The characters of solar activity as a function of time,

The values of the log returns of a stock,

Financial turbulence, i.e. the empirical volatility of a stock, and other
turbulence phenomena,

7. The prices of electricity in a liberated electricity market.

A S e

In cases 1 to 5 the corresponding fBm has Hurst coefficient H > 1/2, which
means that the process is persistent. In cases 6 and 7 the corresponding fBm
has Hurst coefficient H < 1/2, which means that the process is anti-persistent.
For more information about some of these examples we refer to [209].

In addition to the above, it is a mathematically tractable fact that fBm
represents a natural one-parameter extension (represented by the Hurst pa-
rameter H) of classical Brownian motion. Therefore, it is natural to ask if
a stochastic calculus for fBm can be developed. This is not obvious since
fBm is not a semimartingale (except when H = 1/2, which corresponds to
the classical Brownian motion case). Moreover, it is not a Markov process ei-
ther; so the most useful and efficient classical mathematical machineries and
techniques for stochastic calculus are not available in the fBm case. There-
fore, it is necessary to develop these techniques from scratch for the fBm. It
turns out that this can be done by exploiting the fact that fBm is a Gaussian
process.

The purpose of this book is to explain this in detail and to give applications
of the resulting theory. More precisely, we will investigate the main approaches
used to develop a stochastic calculus for f Bm and their relations. We also give
some applications, including discussions of the (sometimes controversial) use
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of f Bm in finance, stochastic partial differential equations, stochastic optimal,
control and local time for fBm.

As shown by the reference section, there is a large literature concerning
stochastic calculus for fBm and its applications. We have tried to cite rigor-
ously every paper, preprint, or book we were aware of, and we apologize if we
accidentally overlooked some works.

We want to thank Birgit Beck, Christian Bender, Catriona M. Byrne,
Alessandra Cretarola, Robert Elliott, Nils Christian Framstad, Serena Fuschini,
Thilo Meyer-Brandis, Kirsten Minkos, Sebastian Queiler, Donna Mary Salopek,
Agnes Sulem, Esko Valkeila, John van der Hoek, and three anonymous referees
for many valuable communications and comments. Yaozhong Hu acknowledges
the support of the National Science Foundation under Grant No. DMS0204613
and DMS0504783. We are also very grateful to our editors Karen Borthwick,
Helen Desmond and Stephanie Harding for their patience and support.

Any remaining errors are ours.

Francesca Biagini, Yaozhong Hu, Bernt @ksendal and Tusheng Zhang,

Munich, Lawrence, Oslo, and Manchester, November 2006.
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Introduction

This book originates from the need of a comprehensive account of the sto-
chastic integration theory of the fractional Brownian motion (fBm). However
there are many important aspects of fBm that are not discussed here. For
example, for an analysis of the theory and the applications of long-range de-
pendence from a more statistical point of view, we refer to [81]. Our selection
of topics is based mainly on our main interests and background in correspond-
ing research papers. However besides our (fractional and standard) white noise
approach, we have tried to provide an overview of some of the most important
methods of introducing a stochastic integral for fBm.

After reviewing in Chapter 1 the properties of the fractional Brownian
motion, in Chapter 2 we start our tour through several definitions of stochastic
integral for fBm by the Wiener integral since it deals with the simplest case
of deterministic integrands. We proceed then to introduce the divergence type
integral seen as adjoint operator of the stochastic derivative.

In Chapters 3 and 4 we present a stochastic integration based on the white
noise theory. In Chapter 3 the stochastic integral is introduced as an element
of fractional Hida distribution space for Hurst index 1/2 < H < 1 and then
conditions are clarified that guarantee the existence of this type of integral in
L?. In Chapter 4 the integral is defined as an element in the classical Hida
distribution space by using the white noise theory and Malliavin calculus for
standard Brownian motion introduced in Appendix A. The main advantage
of this method with respect to the one presented in Chapter 3 is that it
permits us to define the stochastic integral for any H € (0,1). In addition it
doesn’t require the introduction of the fractional white noise theory since it
uses the well-established theory for the standard case. However, the approach
of Chapter 3 can be seen as more intrinsic.

Finally, in Chapter 5 we investigate the definition and the properties of the
pathwise integrals, respectively, symmetric, forward, and backward integrals.

All through this part we underline and investigate the relations between
the different approaches and in Chapter 6 we provide what in our eyes is
a useful summary. Here we present a synthesis of all the definitions and
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relations of the several kinds of stochastic integration for fBm together with
an overview of the Itd formula relative to each approach, trying to emphasize
how they can derive from each other by using the connections among the
different stochastic integrals.

In the second part we illustrate some application to finance, stochastic par-
tial differential equations, stochastic optimal control, and local time for f Bm.
In the appendixes we gather the main results concerning the standard white
noise theory and Malliavin calculus for Brownian motion and fractional cal-
culus. Without aiming at completeness, for the reader’s convenience we also
provide a short summary of the main methods used to estimate the Hurst
parameter from sequences of data and some results concerning stochastic dif-
ferential equations for fBm.

In spite of its high level of technicality, we hope that this book will provide
a reference text for further development of the theory and the applications of
fBm.



1

Intrinsic properties of the fractional Brownian
motion

The aim of this book is to provide a comprehensive overview and system-
atization of stochastic calculus with respect to fractional Brownian motion.
However, for the reader’s convenience, in this chapter we review the main
properties that make fractional Brownian motion interesting for many appli-
cations in different fields.

The main references for this chapter are [76], [156], [177], [195], [209], [215].
For further details concerning the theory and the applications of long-range
dependence from a more statistical point of view, we also refer to [81].

1.1 Fractional Brownian motion

The fractional Brownian motion was first introduced within a Hilbert space
framework by Kolmogorov in 1940 in [141], where it was called Wiener Heliz.
It was further studied by Yaglom in [230]. The name fractional Brownian
motion is due to Mandelbrot and Van Ness, who in 1968 provided in [156]
a stochastic integral representation of this process in terms of a standard
Brownian motion.

Definition 1.1.1. Let H be a constant belonging to (0,1). A fractional Brown-
ian motion (fBm) (B (t));>¢ of Hurst index H is a continuous and centered
Gaussian process with covariance function

E [B(H)(t)B(H)(s)} = 1/2(t2H 1+ $2H _ |t — s2H),
For H = 1/2, the fBm is then a standard Brownian motion. By Definition

1.1.1 we obtain that a standard fBm BU?) has the following properties:

1. BH(0) =0 and E [BH)(t)] =0 for all t > 0.
2. BW) has homogeneous increments, i.e., B (t 4+ s) — BH)(s) has the
same law of BH)(t) for s,t > 0.
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3. B is a Gaussian process and F [B(H)(t)Q] =t2H ¢t >0, for all H €
(0,1).
4. BW) has continuous trajectories.

The existence of the fBm follows from the general existence theorem of cen-
tered Gaussian processes with given covariance functions (see [196]). We will
also give some constructions of the fBm through the white noise theory for
our special purposes in later chapters. The fBm is divided into three very
different families corresponding to 0 < H < 1/2, H =1/2,and 1/2 < H < 1,
respectively, as we will see in the sequel. It was Mandelbrot that named the
parameter H of BU) after the name of the hydrologist Hurst, who made
a statistical study of yearly water run-offs of the Nile river (see [129]). He
considered the values d1,...,d, of n successive yearly run-offs and their cor-
responding cumulative value A,, = Y"1 | §; over the period from the year
662 until 1469. He discovered that the behavior of the normalized values of
the amplitude of the deviation from the empirical mean was approximately
en'?, where H = 0.7. Moreover, the distribution of A, = Y1 | §; was ap-
proximately the same as n1d;, with H > 1/2. Hence, this phenomenon could
not be modeled by using a process with independent increments, but rather
the 9; could be thought as the increments of a fBm. Because of this study,
Mandelbrot introduced the name Hurst index.

1.2 Stochastic integral representation

Here we discuss some of the integral representations for the fBm. In [156], it
is proved that the process

20) = sy [, (=927 = (=9 7) a)

= rariym (. (9 = ) aseo

+/Ot(t - s)HjQ dB(s)) (1.1)

where B(t) is a standard Brownian motion and I' represents the gamma
function, is a fBm with Hurst index H € (0,1). If B(¢t) is replaced by a
complex-valued Brownian motion, the integral (1.1) gives the complex fBm.
By following [177] we sketch a proof for the representation (1.1). For further
detail we refer also to [207]. First we notice that Z(t) is a continuous centered
Gaussian process. Hence, we need only to compute the covariance functions.
In the following computations we drop the constant 1/I"(H +1/2) for the sake
of simplicity. We obtain

E [22(t)] = /R {(t _ 8)5—1/2 _ (78)5_1/2 2 s
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— tQH/R {(1 — u)f_l/2 — (fu)f_l/zr du
= C(H)t*H,

where we have used the change of variable s = tu. Analogously, we have that
2
H—1/2 H—1/2
E[|z(t) - Z(s)]] :/R[(tfu)+ /2 (s —u)TY ] ds

= tQH/R [(t — 85— u)f_l/2 - (fu)f_l/ﬂ ’ du
— C(H)|t — sM.
Now
B(2)2()] = 3 {E[12() ~ 2()) B [2()") — E [2(s)°]}

1
_ §(t2H + 52H _ |t _ 8|2H).
Hence we can conclude that Z(t) is a fBm of Hurst index H.

Several other stochastic integral representations have been developed in
the literature. By [207], we get the following spectral representation of fBm

eits —1 _
BUD() i o [ SR aB(s)
R 18

where B(s) = B! + iB? is a complex Brownian measure on R such that
BY(A) = BY(—A), B*(A) = —B*(—A), and E [B'(A)?] = E[B*(4)?’] =
|A]/2 for every A € B(R), and

s ()

where B'(A) := [, dB'(t). Equation (1.1) provides an integral representation
for fBm over the whole real line. By following the approach of [172], we can
also represent the fBm over a finite interval, i.e.,

B (4) .= /t Ky(t,s)dB(s), t>0,
0

where

1. For H > 1/2,
t
Ky(t,s) = cHsl/QfH/ lu — s|H=3/24 =172 gy, (1.2)

where cyy = [H(2H — 1)/8(2 — 2H, H — 1/2)]"/? and ¢ > s.
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2. For H < 1/2,

Ku(t,s) = by [(E)Hm (- s)H-1/2

t
_ (H _ ;) 81/27H/ (u— §)H-1/2,H=5/2 gy,

with by = [2H/((1 — 2H)B(1 — 2H, H + 1/2))]/* and t > s.

For the proof, we refer to [114], [172], and [177]. Note that this representation
is canonical in the sense that the filtrations generated by BU) and B coincide.

In Chapter 2 a definition of stochastic integral with respect to fBm will
be introduced by exploiting the stochastic integral representation of BH) in
terms of (1.2) and of (1.3).

(1.3)

Remark 1.2.1. Integral representations that change fBm of arbitrary Hurst
index K into fBm of index H have been studied in [191], [133] and [134]. In
Theorem 1.1 of [191] it is shown that for any K € (0, 1), there exists a unique
K-fBm B¥) such that for all ¢ € R there holds

B(H)(t):éH,K/R[(t—s)f’K—(—s)f’K] dB¥)(s), as., (1.4)

with ¢y g = 1/T(H — K + 1) (I'(2K + 1) sin (7K)/T'(2H + 1) sin (v H))"/*.
In Theorem 5.1 of [133] integration is carried out on [0, ¢] and showed that for
given K € (0,1), there exists a unique K-fBm BU)(t), t > 0, such that for
all t > 0 we have a.s. that

t
B(t) = e i / (t—s)=K
0

s—1t

~F<1—K—H,H—K,1+H—K, ) dB%)(s), (1.5)

where F' is Gauss hypergeometric function and

= ! 2HI(H +1/2)I'(3/2 — H)['(2 - 2K)\'/?
CHK = I'H-K+1) <2KF(K+ 1/2)F(3/2—K)F(2_2H)> .

In [134] an analytical connection between (1.4) and (1.5) is proved.

1.3 Correlation between two increments

For H = 1/2, BH) is a standard Brownian motion; hence, in this case the
increments of the process are independent. On the contrary, for H # 1/2 the
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increments are not independent. More precisely, by Definition 1.1.1 we know
that the covariance between B (t 4 h) — BH)(t) and BH) (s +h) — BH)(s)
with s+ h <tand t—s=nhis

pr(n) = %hQH[(n + 1) 4 (n — 1)1 —2n2H],

In particular, we obtain that two increments of the form B (t4-h)— B (t)
and BUH) (t 4 2h) — BH)(t + h) are positively correlated for H > 1/2, while
they are negatively correlated for H < 1/2. In the first case the process
presents an aggregation behavior and this property can be used in order to
describe “cluster” phenomena (systems with memory and persistence). In the
second case it can be used to model sequences with intermittency and anti-
persistence.

1.4 Long-range dependence

Definition 1.4.1. A stationary sequence (X, )nen exhibits long-range depen-
dence if the autocovariance functions p(n) := cov(Xy, Xgin) satisfy

fim Py
n—oo cn~ %

for some constant ¢ and « € (0,1). In this case, the dependence between Xy,
and Xpyn decays slowly as n tends to infinity and

> p(n) = oo

Hence, we obtain immediately that the increments X}, := B (k) — BUH) (k —
1) of BH) and Xy, := BH)(k +n) — B (k 4+ n — 1) of B) have the
long-range dependence property for H > 1/2 since

pr(n) = %[(n + 1) 4 (n— 1) —2n2H] ~ H(2H — 1)n?H~2

as n goes to infinity. In particular,

lim pi (1)

=1.
n—oo H(2H — 1)n?H—2

Summarizing, we obtain

1. For H > 1/2, 7", pu(n) = oc.
2. For H < 1/2, 5% |pu(n)| < co.
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There are alternative definitions of long-range dependence. We recall that a

function L is slowly varying at zero (respectively, at infinity) if it is bounded

on a finite interval and if, for all a > 0, L(az)/L(x) tends to 1 as x tends to
zero (respectively, to infinity).

We introduce now the spectral density of the autocovariance functions p(k)

1 o0

fA): e p(k)

zﬂ 2

for A € [—m, 7.

Definition 1.4.2. For stationary sequences (X, )nen with finite variance, we
say that (X, )nen exhibits long-range dependence if one of the following holds:

1. limy, oo (3n__, p(K))/(cnPLyi(n)) = 1 for some constant ¢ and 8 € (0,1).
2. limg o0 p(k)/ck™ " La(k) = 1 for some constant ¢ and v € (0,1).
8. limy g f(N)/c|A|7°L3(|]A]) = 1 for some constant ¢ and & € (0,1).

Here L1, Lo are slowly varying functions at infinity, while L3 is slowly varying
at zero.

Lemma 1.4.3. For fBm BY) of Hurst index H € (1/2,1), the three defini-
tions of long-range dependence of Definition 1.4.2 are equivalent. They hold
with the following choice of parameters and slowly varying functions:

1.8=2H 1, L(z) = 2H.
9.4y =2—2H, Lo(z) = H(2H — 1),
3.0 =2H —1, Ly(x) =7 'HI'(2H)sinwH.

Proof. For the proof, we refer to Section 4 in [221]. O

For a survey on theory and applications of long-range dependence, see also
[81].

1.5 Self-similarity

By following [209], we introduce the following:

Definition 1.5.1. We say that an R%-valued random process X = (X;)i>o is
self-similar or satisfies the property of self-similarity if for every a > 0 there
exists b > 0 such that

Law(Xgt,t > 0) = Law(bXy,t > 0). (1.6)

Note that (1.6) means that the two processes X,; and bX; have the same
finite-dimensional distribution functions, i.e., for every choice tg, ..., ¢, in R,

P(Xato S Zoy - - - 7Xat" S xn) = P(bXto S TOy--ny bth S mn)

for every zq,...,z, in R.
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Definition 1.5.2. If b = a~ in Definition 1.5.1, then we say that X =
(Xt)t>0 is a self-similar process with Hurst index H or that it satisfies the
property of (statistical) self-similarity with Hurst index H. The quantity D =
1/H is called the statistical fractal dimension of X.

Since the covariance function of the fBm is homogeneous of order 2H, we
obtain that BUT) is a self-similar process with Hurst index H, i.e., for any
constant a > 0 the processes B (at) and o= B(H)(t) have the same distri-
bution law.

1.6 Holder continuity

We recall that according to the Kolmogorov criterion (see [228]), a process
X = (Xt)ter admits a continuous modification if there exist constants o > 1,
B >0, and k£ > 0 such that

BX(t) = X(s)|*] < kft —s|'*?
for all s,t € R.

Theorem 1.6.1. Let H € (0,1). The fBm BY) admits a version whose sam-
ple paths are almost surely Hélder continuous of order strictly less than H.

Proof. We recall that a function f : R — R is Hélder continuous of order «,
0 < o<1, and write f € C*(R), if there exists M > 0 such that

lf (@) = f(s)] < Mt — s|%,

for every s,t € R. For any a > 0 we have
BB (1) - B (s)°] = E[IBD )] |t - 5|7,

hence, by the Kolmogorov criterion we get that the sample paths of BH) are
almost everywhere Holder continuous of order strictly less than H. Moreover,
by [9] we have

B (¢
lim sup & =cy
t—o+ t4/loglogt—1
with probability one, where ¢y is a suitable constant. Hence B'**) cannot have
sample paths with Holder continuity’s order greater than H. ad

(H)

1.7 Path differentiability

By [156] we also obtain that the process BU?) is not mean square differentiable
and it does not have differentiable sample paths.
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Proposition 1.7.1. Let H € (0,1). The fBm sample path B (.) is not
differentiable.
In fact, for every ty € [0, 00)

BUD() - B
limsup | ®) (fo)
t—to t—1o

with probability one.

Proof. Here we recall the proof of [156]. Note that we assume BU)(0) = 0.
The result is proved by exploiting the self-similarity of B(). Consider the
random variable
BI(t) — BH(t)

t—1to

Rt,to =

that represents the incremental ratio of B, Since B is self-similar, we
have that the law of R; ;, is the same of (t — to)# =1 BH)(1). If one considers

the event
> d} ,

then for any sequence (¢, )nen decreasing to 0, we have

BH) ()

Aty o= s [P

0<s<t

A(tn, (AJ) 2 A(tn-‘rhw)v

and )
BY (¢,
Altn,w) 2 (Z20 5 ) = B (1)) > 770,
The thesis follows since the probability of the last term tends to 1 as n — oo.

O

1.8 The fBm is not a semimartingale for H # 1/2

The fact that the fBm is not a semimartingale for H # 1/2 has been proved
by several authors. For example, for H > 1/2 we refer to [82], [150], [152].
Here we recall the proof of [195] that is valid for every H # 1/2. In order
to verify that B is not a semimartingale for H # 1 /2, it is sufficient to
compute the p-variation of BU).

Definition 1.8.1. Let (X(t)):c[o,r) be a stochastic process and consider a par-
titionm={0=1tg <t1 <...<t, =T}. Put

8,(X,m) == Z |X (tr) — X (te_1)[” .

The p-variation of X owver the interval [0,T) is defined as
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Vp(X,[0,T)) == S:p Sp(X,m),

where T is a finite partition of [0, T]. The index of p-variation of a process is
defined as
I(X,[0,7]) := inf {p > 0;V, (X, [0, T]) < o0}

We claim that 1

E.

g (L) _ g (121
n n

Since B has the self-similarity property, the sequence (Yo p)nen has the
same distribution as

1(B™) [0,T]) =

In fact, consider for p > 0,

n
Yn,p — an—l E

=1

p

n
Yop=n""Y |B (i) - BT —1)P.
i=1

By the Ergodic theorem (see, for example, [69]) the sequence ffn,p converges
almost surely and in L' to E [[BU)(1)|P] as n tends to infinity; hence, it

converges also in probability to E [|[BU*)(1)[P]. It follows that

BH) (2) _ g (Z - 1)

n n
converges in probability respectively to 0 if pH > 1 and to infinity if pH < 1
as n tends to infinity. Thus we can conclude that I(B®#) [0, T]) = 1/H. Since
for every semimartingale X, the index I(X, [0, 7]) must belong to [0, 1] U {2},
the fBm BU) cannot be a semimartingale unless H = 1/2.

As a direct consequence of this fact, one cannot use the It6 stochastic cal-
culus developed for semimartingales in order to define the stochastic integral
with respect to BY) . In the following chapters we will summarize the different
approaches developed in the literature in order to overcome this problem.

In [53] it has been introduced the new notion of weak semimartingale and
shown that BU?) is not even a weak semimartingale if H # 1/2. A stochastic
process (X (t))¢>o is said to be a weak semimartingale if for every T > 0 the
family of random variables

n

Vip =

i=1

p

{Zal[X(tl) 7X(ti_1)},n > 1,0 =t <... <ty :T, |a1| < l,ai S ggi(_l}

=1

is bounded in LY. Here F¥ represents the natural filtration associated to the
process X. Moreover, in [53] it is shown that if B(¢) is a standard Brownian
motion independent of B then the process
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M () := B (1) + B(t)

is not a weak semimartingale if H € (0,1/2) U (1/2,3/4), while it is a
semimartingale equivalent in law to B on any finite time interval [0,7T] if
H € (3/4,1). We refer to [53] for further details.

1.9 Invariance principle

Here we present an invariance principle for fBms due to [36].
Assume that {X,,,n = 1,2,...} is a stationary Gaussian sequence with
E[X;] =0 and E[X?] = 1. Define

[nt]—1
1
k=0

where [] stands for the integer part. We will show that if the covariance of
> h_o Xk is proportional to Cn*H for large n, Z,(t),t > 0 converges weakly

to \/aBt(H) in a suitable metric space. Let us first introduce the the metric
space. Let T = [0,1] and denote by LP(I) the space of Lebesgue integrable
functions with exponent p. For f € LP(I),t € I, define

1/p
wp(f,t) = sup ( |f(x+h)— f(m)pdx> ,
[h|<t Iy

where I, = {x € I,x + h € I}. For 0 < a < 1 and 8 > 0, consider the
real-valued function w§(-) defined by

1,3
a)y=t*(1+4log=) , t>0,
wg (1) <+0gt)

and we let

wp(f, t)
wg (t)
The Besov space Lip,(a,3) is the class of functions f in LP(I) such that

e
15" = [l fllecry + sup
0<t<1

Iflls? < oo. Lipy(e, B) endowed with the norm || - ||;” is a nonseparable
Banach space. Let Bg’ﬁ denote the separable subspace of Lipy(a, 5) formed
by functions f € Lip,(a, ) satisfying wy(f,t) = o(wj(t)) as t — 0. For
a continuous function f, denote by {C,(f),n > 0} the coefficients of the
decomposition of f in the Schauder basis given by

Co(f) = f(0),C1(f) = f(1) = f(0),
and forn =2/ + k,j>0,and k =0,...,27 — 1,
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Cu(f) =2~2”2{f<2§j;1) = [f (ﬁ) +f<2§:2>”

The following characterization theorem proved in [55] will be used.

Theorem 1.9.1. 1. If o > 1/p, then Lip,(c, B) is the space of continuous
functions with the following equivalence of norms:

1711 ~ max{|co<f>|,|cl<f>|,

2j(1/2a+1/p)[ 2! 1/p
w2 S o]
z0 (L+3)° n:zzf:ﬂ
2. f belongs to Bg‘ﬂ if and only if
 9-i/2—ati/p) [ 20 1/p
jll>nolo(:|_—|—j)ﬁ|: > |Cn(f)|p:| =0.
n=27+1

Lemma 1.9.2. Let 1 < p < o0, 1/p < a < 1, and B > 0. A set F of
measurable functions f : I — R is relatively compact in Bg’ﬁ if

w§
Losupsep || fllp” < oo,
2. limsups_,qsup e p Ks(f, o, B,p) = 0, where

_ wp(fat)
KS(fvavﬂap)*Oiltlg(; wg(t) .

Proof. Tt is a consequence of the Frechet—-Kolmogorov theorem: a subset K C
LP(I) is relatively compact if and only if

s ( / £(s)] ds) <0,

Jim sup /(\f(s 1) — f()[P)ds = 0.
=0 ek J1

Now assume (1) and (2) hold for a set F'. To prove that F is relatively compact,
we need to show that any sequence {f,,n > 1} C F admits a convergent
subsequence. Pick a sequence { f,,n > 1} from F. By the Frechet-Kolmogorov
theorem, {f,,n > 1} has a convergent subsequence in LP(I). Without loss of
generality, we assume that f, — f in LP(I). First we show that f € BZ‘}’B. By
the Fatou lemma,

1/p
oy (fot) = sup( 1 f(x+h)f(w)l”dw>

|n|<t
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1/p
< sup liminf < | fr(z+h) — fn(x)|pdx)
Iy,

1/p

< supy, sup ( | folx 4+ h) — fn(l‘)|pd$> .
[h|<t In

This together with assumption (2) implies wy(f,t) = o(w§(t)) ast — 0. Hence,

fe Bgﬁ. We will finish the proof by showing f, — f also in B]?’ﬁ. From the

definition of the norm in B;"ﬁ , it is sufficient to show

n at
lim sup M =0.
n—o0 gt wﬁ (t)
For any 0 < § < 1, we have
sup wp(fn — ft) < sup wp(fn = f11) + sup wp(fn — f7t>_
0<t<1 wg(t) - 0<t<éd wg(t) §<t<1 wg‘(t)

Let € > 0. By assumption (2) we can find 6 > 0 such that

o Wl = fit)
sup =
0<t<s Wg 5(t) 2
for all n > 1. On the other hand,
w, fn - fat
sup wplfn — J1t) ~ ) <cs sup wy(fu — f,t) < 2¢sl[frn — fllor-
s<t<1 - wi(t) s<t<1

Thus, there exists N > 0 such that for n > N,

p Golfn=£.0) _

€
s<t<1 wi(t) 2
Combining the above arguments, we arrive at

hm sup wp(fn - f’ t)

2 =0.
n—oo O<t§1 wﬁ (t)

a

Lemma 1.9.3. Let o > 1/p and 0 < § < . The space Lip,(a, 3) is com-
pactly embedded in Bg‘ﬂ/.

Proof. Let B = {f € Lipy(c,[); ||f|\p5 < M} be a bounded subset
of Lipp(a,ﬁ) It is clear that if 8 < [, then \|f||pﬁ/ < ||f\|p Hence,
SUPfep ||f\|:,j < 00. On the other hand,
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1) wp(f,t)
K , /7 = su wp(f < su P < Mw07 (0).
s(f,05'.p) 0<tI<)5 wg (t) — O<t25 wg(t)wg_g/@) N p-e(0)

Therefore,
lim sup sup K5 (f, o, ', p) = 0.
6—0 feB
By Lemma 1.9.2 this implies that B is relatively compact in Bg’ﬂ/. O

Lemma 1.9.4. Let (X]',t € I),>1 be a sequence of stochastic processes sat-
isfying
1. X§ =0 for alln > 1.

2. There exists a positive constant C and o €]0,1[ such that for p > 1,
E[| X} — XIP] < C|t — s|P™ for all s,t € 1.

Then (X7, t € I)p>1 is tight in Bg’ﬁ, 8 >0 for p>max(1/a,1/5).

Proof. By the assumptions, we have Co(X™) = 0 and C1(X™) = X7'. To prove
the lemma, by Lemma 1.9.3 it is enough to show that there exists a constant

C, > 0 such that , for A > 0 and 1/p < 8’ < 3, we have P(||X"||,”" > \) <
CpA7P for all n > 1. Applying the characterization Theorem 1.9.1 above, it
suffices to show that

P(M(X”) > )\) < CpA7P,
where M (X™) is the maximum of the set

9-i(1/2—at1/p) [ 2*!

{icocentiencenom 25 S

m=27+1

O] /}

Now, by the Chebyshev inequality, we have

9-i(1/2—at1/p) [ 2] R
(| 2 o] )

m=27+1
J+1
9—jp(1/2—a+1/p) 2 . _
<Y T T > E[Cn(X™M)PIATP
§>0 7) m=27+1
Recall that for m = 27 + k,

Crn(X"™) =2-27/2 [X(Qk—l)/21+1 = 5 (Xakjprer + X(op_2) 201 | -

Thus,
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9—ip(1/2—a+1/p) L4

[<CATY A > <E[|X&k—1)/2j+1 ~ X5 ae|']
7>0 k=1

+ EHX?%*D/W“ - X&kfz)/yﬂ |p]>

<A [OpZ /(1 +j>”ﬁ’] < CpAT?

Jj=0
which completes the proof. a

Let X; be a stationary Gaussian sequence with mean 0 and correlations
E[Xi X)) =r(k —1). Define

| =t
k=0

Theorem 1.9.5. Let H €]0,1[, 8> 0 and p > max(1/H,1/3). Assume

iir(kfl) ~Cn?M as. n— oo,

k=11=1

for some positive constant C. Then Z,(t) converges weakly to v/ C’Bt(H) n
BHS.

P
Proof. First we prove that the finite-dimensional distributions of (Z,,(¢),t € I)

converge weakly to those of (\FCBt(H)t €l). Fixany 0 < t; <t2 <---<
tm < 1, we need to show that the distribution of (Z,,(¢1), Zn(t1), ..., Zn(tm))

converges weakly to that of (\/5Bt(1H)7 \@Bg{), s \FCBt(H)) Since they are
jointly Gaussian, by considering characteristic functions , it is sufficient to
prove that C,,(¢;,t;) := E[Z,(t;)Z,(t;)] converges to
1
Clti,t;) = Ci(tfH + 37 — |t — ;27

as n — oo. Without loss of generality, let us assume t; > ¢;. We have

1 1 [nti]fl 2
k=0
[nt;]-1 2 [nt;]—1 2 (1.7)
we]| 3w ]2 3 xf])
k=0 k:[nti]

has the same behavior as

i 3 (Tt 4+ Ot P — O(lnt;] — [t
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for n — oo. Hence the limit of (1.7) is

1
C§{t?H + 27—t — 27} = C(ti, t),

Banach space Bfﬂ. Let s,t € I such that ¢t > s and p > 1/H. Using the
k=[ns]
_ E{
k=0

as n — oo. It remains to show that the sequence (Z,(t),t € I) is tight in the
stationarity, we see that
nt] 1 p
BI2a(t) - 2,601 = || 25 Y x| |
1 [nt]—[ns]—1
nH Z X
[nt] — [ns]
n

]
1 [nt]—

EH([nt]—[ns])H ]kz[j_lxk

pH

]
Note that for n large enough, we have |([nt] — [ns])/n|P? < |t — s|PH for all
t,s € I. Hence, by Lemma 1.9.4 it suffices to show that there exists a positive
constant C such that E Hl/nH ZZ;& ka < C for all n > 1, equivalently
to show E[|Z,(1)[?] < C for all n > 1.

Since S, = ZZ;S X}, is Gaussian, F[(S,,)?"] is proportional to (E[(S,)?])?

for all p > 1 and n > 1. By our assumption, E[(S,)?] is asymptotically
proportional to n?#. Thus,

B(ISa "] _ O((E[(Sa)*)?)

EZu()p) ~ Z0n = S — oq),

as n — oo. Hence, sup,,~; E[|Z,(1)[’] < oo, which proves the theorem. O

Corollary 1.9.6. Let H € (0,1), 8 > 0, and p > max(1/H,1/3). Assume
that {X,,n =1,2,...} is a stationary Gaussian sequence with spectral repre-
sentation

X, = / exp(in\)NY2HB(d)), n=1,2,..,
where B(dA) is a Gaussian random measure with E[B( AN)|?] = dX\. Then
there exists a positive constant C such that (Z,(t),t € [0,1]) converges weakly
to (CBt(H),t € [0,1]) in the space BI'5.

Proof. Let r(k) = E[X1Xk+1] be the covariance function of {X,,,n =1,2,...}.
It suffices to show that

ZZ C2 2H

k=11=1
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We have
nszzi:l:lr(k—l)—n H;é/ﬂ exp(i(k — DN)A[=2H 4
=n2H /_ ] ;exp(ik)\) |1=2H g\ 2
g2 /_’; exp(i (23;(12):))_—5;13(@'%)‘ A2 g
T

Hence n=2# 37 S~ r(k —1) tends to

J

as n — o0o. Therefore, the proof is complete.

exp(ir) — 1

2
D=1,
2
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Wiener and divergence-type integrals for
fractional Brownian motion

We start our tour through the different definitions of stochastic integration
for fBm of Hurst index H € (0, 1) with the Wiener integrals since they deal
with the simplest case of deterministic integrands. We show how they can
be expressed in terms of an integral with respect to the standard Brownian
motion, extend their definition also to the case of stochastic integrands, and
then proceed to define the stochastic integral by using the divergence operator.
In both cases we need to distinguish between H > 1/2 and H < 1/2.

The main references for this chapter are [6], [7], [8], [54], [68], [71], [72],
[75], [76].

2.1 Wiener integrals

Here we introduce stochastic integrals with respect to fBm by using its
Gaussianity. Stochastic integrals of deterministic functions with respect to
a Gaussian process were introduced in [171] and are called Wiener integrals.
In the case of Brownian motion, they coincide with It integrals. For fBm
they were defined for the first time in [76].

Fix an interval [0, 7] and let BU7)(t), t € [0, 7], be a fBm of Hurst index
H € (0,1) on the probability space (Q,?(H)ﬁ’gH)JP’H) endowed with the
natural filtration (fng))te[O’T] and the law P of BH) (for a construction of
the measure P we refer to Chapter 1 and for the case H > 1/2, to Section
3.1). Recall that if we define for s,t > 0,

1
Ry (t,s) := 5(52H + 2 )t —s]2H), st >0,

then the covariance E [BH)(t)BH)(s)] = Ry(t,s). By [177], we obtain the
following:

1. For H > 1/2, the covariance of the fBm can be written as
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t s
Ry (t,s) :aH/ / lr — |22 dudr,
0o Jo

where oy = H(2H — 1). We can rewrite

(TU)H_1/2
- B(2—2H,H —1/2)

rAu
. / Ul_QH(’I“ _ U)H_3/2(u _ U)H—3/2 dv,
0

|7“ _ u|2H—2

(2.1)

where (e, 7) = ' +7)/(I(8)1 (7)) and I(a) = [ e*~'e~*da is the
Gamma function, since

/u UI_QH(T‘ _ U)H_3/2(’LL _ U)H_3/2 dv
0
— (T_u)2H72/ (zu_r)172HZH73/2dZ
r/u
1
_ (TU)I/Q_H(T _ u)2H—2/ (1 _ .’13)1_2H.TH_3/2 dr
0

=32 —2H, H — 1/2)(ru)" /> H (r — u)*H =2,

where we have used the change of variable z = (r —v)/(u — v) and z =
r/(uz) and supposed r > u. Consider now the deterministic kernel

¢
Kg(t,s) = cH51/2*H/ (u— s)H=3/2 =112 gy, (2.2)

S

where ¢y = [H(2H —1)/(3(2 — 2H,H —1/2))]"/? and t > s. Then we
have that

tAs
Rir(t,s) = / Kot () K1 (s, w) du
0

since by (2.1) it follows that
tAs
/ Ky(t,u)Kg(s,u)du
0
tAs t
= C%r/ (/ (y—U)H_3/2yH_1/2dy>
0 u
. (/S(z B u)H3/2ZH1/2dZ) ’LL172H d'LL
t ps b YAz
Ci]/ / (yz)H’l/Q (/ ul2H(y_u)H3/2(Z_U)H3/2du> dz dy
0 Jo 0

1 t s
43 (2—2H,H—2>/ / (y—2)*"=2dzdy = Rpyl(t,s).
0 JO



2.1 Wiener integrals 25

Note also that with a change of variable in (2.2), Ky (¢, s) can be expressed
equivalently as

1 " H-1/2
Kyl(t,s) ch(t—s)f_1/2/ ut=3/2 <1—(1— S)u) du.
0

See also [72], [76] for further details.
2. For H < 1/2, the kernel

Ky(t,s) =by [ (2>H—1/2 (t — s)H-1/2

. (2.3)
_ <H— 1) 81/2—H/ (u — s)H=1/211=3/2,
2 s
with by = +/2H/((1 — 2H)B(1 — 2H, H 4+ 1/2)), and t > s satisfies
tAs
Ry (t,s) :/ Kg(t,u)Kg(s,u)du. (2.4)
0

For a detailed proof of equation (2.4), see [76], [189], where it is proved
by using the analyticity of both members as functions of the parameter
H. See also [177], where a direct proof is given by using the ideas of [172]
and the fact that

0Ky

W(t’ s)=cy(H — 1/2)(2)1171/2(15 _)H-3/2,

3. For H =1/2, we have K 3(t,s) = Ijp,4(s).

In order to define the Wiener integrals with respect to BH) | we introduce the
so-called reproducing kernel Hilbert space denoted by JH.

Definition 2.1.1. The reproducing kernel Hilbert space (RKHS), de-
noted by I, associated to B for every H € (0,1), is defined as the closure
of the vector space spanned by the set of functions {Rp(t,-),t € [0,T]} with
respect to the scalar product

(Ru(t,"),Ru(s,")) = Rul(t,s) Vt,s€l0,T]. (2.5)

In the case of standard Brownian motion, there exists a nice characteriza-
tion of H, which coincides with the space of absolutely continuous functions,
vanishing at 0, with square-integrable derivative.

In the case of fBm, it has been proved first in [12] for H > 1/2 and then
in [75] for every H € (0, 1) that the following holds:



26 2 Wiener and divergence-type integrals for fractional Brownian motion

Proposition 2.1.2. For any H € (0,1), H is the set of functions f which
can be written as

£(t) = / Ky (t,5)f(s) ds (2.6)

for some f € L%([0,T)). By definition, || f|s = ||fHL2([0,T])-

If Kg(t,s) is of the form (2.2), by [206, p. 187] we have that the integral
representation (2.6) induces an isomorphism from L?([0,7T]) onto the space

IEY2(L2([0, 7)) introduced in Definition B.1.3. Hence it follows that
considered as a vector space of functions (and not taking account of its
Hilbert space structure and its norm) coincides with the fractional space

I£+1/2(L2([0, T])) of functions 1 of the form

1 ’ —1/2
m/{) (x—y)H /f(y)dy,

for some f € L2([0,T]). For further details, see also the proofs of [75] and
Theorem 3.2 of [76].

() =

Definition 2.1.3. For any H € (0,1), the (abstract) Wiener integral with
respect to the fBm is defined as the linear extension from H in L*(PH) of the
isometric map J9 :

g7 . 9 — L2 (PH),
Ry (t,-) — B ().

By Definition 2.1.3, it follows that the abstract Wiener integral with respect
to finite combinations of Ry (¢,-) is given by

jH (Zn: Oz,'RH(ti, )) = Xn:aiB(H) (tz)

We consider now a general v € H. For any u € H, there exists a sequence
(un)neny C H such that every u, is a finite linear combination of functions of
the type Ry (t;,-) that converges to u in H. Hence we can define the abstract
Wiener integral of u € H with respect to BH) as

I (u) = lim I (uy,),
n—oo
where the limit is taken in L2(PH).

If we apply this construction to the standard Brownian motion, it follows
by the definition of the RKHS that the space of admissible integrands is given
by the deterministic functions which are continuous and whose first deriva-
tive is square integrable on [0,7]. This characterization determines uniquely
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the space of integrands in the standard Brownian motion case. This is a con-
sequence of the fact that the properties of Wiener integrals don’t change if
H is replaced by an isometrically isomorphic space. Since I} 4 is a bijective
isometry from L2([0,T]) to H, they are usually identified in the construction
of the Wiener integral for the Brownian motion. In order to obtain a similar
characterization of the space of integrands even in the case of the fBm, we
replace H by an isometrically isomorphic Hilbert space.

Definition 2.1.4. By a representation of H we mean a pair (F,1) composed
of a functional space § and a bijective isometry i between § and H.

By Proposition 2.1.2, we immediately get the following:
Theorem 2.1.5. There exists a canonical isometric bijection between L2([0, T))

and H given by

i LQ([O,T]) — H,
h— f(t) :/0 Ky (t,s)h(s)ds,

where H is endowed with the scalar product defined in (2.5) and L?*([0,T])
with the usual inner product. Hence (L?([0,T1)),41) is a representation of H.

According to this representation, for H = 1/2 we have iy = Ij,, ie.,
i1(h) = fot h(s)ds. In general, for any H € (0,1), Kg(¢,-) is associated by
il to RH(t, )

2.1.1 Wiener integrals for H > 1/2

We now focus on the case H > 1/2. From now on we denote by & the space
of step functions on [0,T]. Another representation of H is given by

Theorem 2.1.6. For any H > 1/2, consider L*([0,T)) equipped with the
twisted scalar product:

T T
(fg)e = H2H — 1) / / FS)a(t)]s —tPH2dsdt.  (27)

Define the linear map iy on the space € of step functions on [0,T] by

19 : (LQ([O,T]), <,>pg) — H,
Ijg — Rul(t,-).

Then the extension of this map to the closure of (L*([0,T)),<,>g) with re-
spect to the scalar product defined in (2.7) is a representation of H.
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Clearly, we have (L2([0,T)),<,>n) = (€,<,>g). In the sequel we still de-
note with iy even the extended map. In [188], it is proved that the space
(L3([0,T]),<,>p) is not complete; hence one needs to take its closure to
obtain a Hilbert space. Moreover, in [189] and [190] it is shown that the ele-
ments of Hy := (L2([0,T7]), <, >pm) may not be functions but distributions of
negative order.

To summarize, the Wiener integrals with respect to B#) with H > 1 /2
can be seen as the extensions of the following isometries:

1. Wiener integrals of first type:
KH(tv ) = B(H) (t)7

2. Wiener integrals of second type:

gi . (L2([0, 1)), <, >m) — L*(PH), (2.9)
Lo,y (+) = B (1),

induced by the representations i; and i, respectively. So either one keeps the
original scalar product on L?([0,T]) and changes the pre-image of BH)(t) to
Ky (t,-) or one changes the scalar product on L?([0,77) so that I}g 4(-) remains
the predecessor of BM)(t). This is the main point where the situation for the
fBm differs from the standard Brownian motion case. Moreover, the integrals
of first type (2.8) are not consistent with the isometry property required by
the abstract scheme of Wiener integrals since

E [\3{I(I[o,t])|z] = ||I[0,t]||2L2([0,T]) =t# Ry(t,t).

The process I (1 [0,4) is a centered Gaussian process with covariance kernel
equal to min(¢, s), hence it coincides with a standard Brownian motion. We
provide in the following a connection between the two types of Wiener inte-
grals.

Consider the operator Kz induced by the kernel K (t,s) on L2([0,T]) for
H > 1/2 as follows:

KHh /KHtS d

Let &% be the adjoint operator of Ky in L?([0,7]), i.e

/ K f)(5)as) ds = / F(5)(Rir9)(s) ds (2.10)

for every f,g € L?([0,T]). By Fubini theorem we obtain that

(Rig)(t / Kg(t,s)g(s)ds. (2.11)
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Since by exploiting fractional calculus (see Appendix B and also [206]) we can
rewrite the action of Ky as
1 _
(Kuf)it)=cul'(h— §)Ié+$H_1/2I£F 1/2($1/2—Hf)’

we deduce that

1 _
(Ri9)(1) = eul'(h— )27 P2 (212)

for f € L*([0,T]). From a formal point of view, one can think that the two
operator are linked by the relation

Ku(s,t) = R (0:)(s),
where d; is the Dirac measure with mass at ¢. Since I}, _§; = I, 0,5, We have

1 _
Kp(t,s)=cul'(h— 5)51/2*H(1§f_ R ) (2.13)

By using the characterization (2.13) we obtain another representation for K,

iz : L*([0,T]) — X,
s J(0) = el (h = )2 I 2 ),

that is valid even for H < 1/2 and can be considered as the “dual” represen-
tation of 41 (see [190]). The dual space of H contains the linear combinations
of Dirac masses as a dense subspace; hence, i3 is actually an isometrically
representation of the dual space of H. However, since a representation is up
to isomorphisms, i3 can also be considered as a representation of H.

By (2.12) we obtain the following relation between Wiener integrals of first
and second type.

Theorem 2.1.7. Let H > 1/2. For any function u € L*([0,T]), we have

01 (R (85 )2) " ) = 93 (w), (2.14)
where R}, is defined by (2.10).

Proof. Equation (2.14) is immediately verified for indicator functions Ijo 4 by
the definition of K%;. The result then follows by a limiting procedure. See [72]
for further details. O

In the sequel we focus on Wiener integrals of second type induced by the
isometry (2.9). For the sake of simplicity, from now on we identify the RKHS
H with Ho = (L2([0,T)), <, >n) through the representation map iz, i.e., we
put H = Hy. Note that the map (2.9) induced by iy that associates Ij 4 to
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B (t) extended to H is an isometry between H and the chaos of first order
associated with B#) i.e., the closed subspace of L? (PH) generated by B,
Since from now on we don’t need to distinguish anymore between Wiener
integrals of first and second type, we adopt the notation

B (p) =4 (¢), e H.

In order to characterize Wiener integrals of second type, by following the
approach of [7] and [177], we now introduce the linear operator Kj; defined
on ¢ € € as follows:

8K
(Ki)(s /w ORA (1, 5) at. (2.15)
Then

(KgI,)(s) = Ku(t,s)Ip,q(s). (2.16)

By equation (2.16) it follows that the operator K7}, is an isometry between
the space & of elementary functions and L2([0,7]) that can be extended to
the Hilbert space H. This is because

<K;II[O,t]v K;II[O,S]>L2([O,T]) = <KH(t, ')1[0715], KH(S, ')I[O,s]>L2([O,T])
=/ (KH(t,u)KH(s,u)du
0
= Ru(t,s) = (Lo, Lo,s)) 1

The operator K7; can be rewritten by using the means of fractional cal-
culus (see Appendix B). Note that by the representation (2.2) for the square-
integrable kernel Ky (t,s) we get

H-1/2
%(t, s)=cy (z) (t —s)H=3/2, (2.17)

Hence by equations (2.15) and (2.17) and by the definition of the fractional
integral (B.1) of Appendix B with « = H — 1/2 and b = T, we obtain imme-
diately the following fractional representation for Kj;:

(Ki)() = e T(H — 2)s /271 (120l 2 ) ). (2.18)

Moreover, by using the following relation between the fractional integral and
the fractional derivative

DTV P ) = v



2.1 Wiener integrals 31

for every v € L'(0,T) [see (B.3) of Appendix B], we also have that

1

msl/zilq(Dg:l/QuHil/Q’l/)(U))(S). (2.19)

(Ki) ') =

In particular, we obtain that the indicator function [y ) belongs to the im-
age of Kj; for a € [0,7] because putting ¢ = Ijg 4 in (2.19) and using the
characterization (B.2) of fractional derivative, we have

1

1/2—H
ara -1 P

B2 H=172) (6) 0,0 (5).

a—

(K3) ' (jo,a)) =

As a consequence of this result, we obtain that the image of the operator K7,
coincides with L2([0,T7), i.e.,

H = (Kp) = (L2([0,10)). (2.20)

Remark 2.1.8. The operator K}, defined in (2.15) is the adjoint of K in the
following sense:

Lemma 2.1.9. For any function ¢ € & and h € L?([0,T)]) we have

T T
| asinameya = [ veama.
Proof. For the proof, we refer to Lemma 1 in [6]. |
Note that the relation between R} introduced in (2.11) and K7j; is then
Kip = 8 0 & o
This follows directly by comparing (2.12) and (2.18) since
e = (3) = I

Consider now the process B(t) that is associated by the representation is
to (K}'})il(f[oﬂ), ie.,

B(t) := B ((Kjp) ™ Ijp). (2.21)
Since B(t) is a continuous Gaussian process with covariance given by
E[B(t)B(s)] = E B(H)((Kz*{)_l(I[o,t]))B(H)((K?I)_l(f[o,s]))}

= ((Kj;) oy, (Ki) os)u
= (I10,17, L[0,5]) L2([0,1)
=sAt,

we conclude that B(¢) is a standard Brownian motion. Analogously, the sto-
chastic process associated to
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Kiloy = Ku(t,s)p4(s)

by the isometry induced by B(t) on L?([0,T)]) is a fBm BU)(t) with integral
representation

B / Kii1jo.49dB(s) / Ky (t,s)dB(s). (2.22)

Remark 2.1.10. The representation (2.22) holds in law, and it is shown in
[76] that it holds in trajectorial sense with a fixed standard Brownian motion
constructed on (£2, FH ), pH ). This characterization is also quite useful to find
a numerical simulation of the fBm paths. By [76] we obtain the following:

Theorem 2.1.11. Let m, be an increasing sequence of partitions of [0, T such
that the mesh size |m,| of T, tends to zero as n goes to infinity. The sequence
of processes (W™)pen defined by

+(m)
tiva

n () = 1 (n) (n)
LECEID I 0 o Kt ds B - BE™M)|
M em, i+l &

converges to BH) in L2 (P®ds), where here P denotes the probability measure
induced by the standard Brownian motion B.

Proof. For the proof, we refer to Proposition 3.1 of [76]. O
For further results about discrete approximation for fBm for H > 1/2, see
also [30], [140] and [165].

By (2.21) and (2.22), it follows that B(t) and BU*)(t) generate the same
filtration. Moreover, we obtain an expression of the Wiener integral of second
type with respect to B in terms of an integral with respect to the Brownian
motion B.

Proposition 2.1.12. Let H > 1/2. If ¢ € H, then

BUD () = 95 () = / (K 3) (5)dB(s). (2.23)

Since by (2.18) the Hilbert space 3 coincides with the space of distribu-
tions 1) such that 51/2_H(I£71/2uH_1/21p)(s) is a square-integrable function,
the integral representation in (2.23) is correctly defined for i) € H.

In order to obtain a space of functions contained in H, we consider the linear
space |H| generated by the measurable functions ¢ such that

|W|||9f| —CYH/ / )| (t)]|s — t|*H 2 ds dt < oo, (2.24)

where ay = H(2H — 1). The space |H]| is a Banach space with the norm
Il - HIQWI’ and € is dense in |H]|. In [189] it is proved the space |H| is not
complete equipped with the scalar product (-, -) g

We discuss now the relation between |H|, H and LP([0,T7]),p > 1.
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Proposition 2.1.13. Let ¢ € |H|. Then

llae) < BrllvllLarm o)
for some constant Sy > 0.

Proof. Here we recall briefly the proof of [161] by following [8]. If one applies
the Holder inequality to

/ / w)||1(r) ||r7u|2H72d7"du

with ¢ = 1/H, then

T
||¢|||2}q <apg (/0 |w(T>|1/Hd’r>
T T
/ [/ [ (w)| |3 ()| |r — u|*~2du
0 0

By exploiting fractional calculus (see Appendix B, and also [206]) we have
that

H

1-H

1/(1-H)
] dr

15 (W) pas-a (go,7y)
1/(1—H) 1-H

T T
=4[] w2 ar
0 0
The thesis follows by the Hardy—Littlewood inequality (see [217])

154 ()| La0,00) < crpll¥ollr(0,00)5
applied to the particular case when « =2H —1,¢=1/(1-H) andp=H. O

As a consequence the following inclusions hold

L2([0,T)) c LYH ([0, T]) C |H| c K.

The inclusion L?([0,T]) C |H]| can also be seen directly since

[ [ e - a2 ar
// w)Plr — u*" 2 dr du

T2H 1 9
< .
<o | wka
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As we have seen, Wiener integrals are introduced for deterministic integrands.
In order to extend the definition of the Wiener integral of second type to the
general case of stochastic integrands, we follow the approach of [72] and use
Theorem 2.1.7 to give the following definition.

Definition 2.1.14. Consider H > 1/2. Let u be a stochastic process u.(w) :
[0,T] — H such that Kjju is Skorohod integrable with respect to the standard
Brownian motion B(t). Then we define the extended Wiener integral of u with
respect to the fBm BU) gs

T
B (u) = / (K u)(s)0B(s),

where the integral on the right-hand side must be interpreted as a Skorohod
integral with respect to B(t) (Definition A.2.1).

Definition 2.1.14 is an extension of (2.23) to the a case of a stochastic process
u seen as a random variable with values in H and such that Kju is Skorohod
integrable. Note that we have used the same symbol for the standard and the
extended Wiener integral.

2.1.2 Wiener integrals for H < 1/2

We now consider the case when the Hurst index H belongs to the interval
(0,1/2). Main references for this section are [5], [6], [54] and [177].

As for H > 1/2, we focus on the following representation for the RKHS
H. Consider the space € of step functions on [0,7] endowed with the inner

product
<I[0,t]a I[O,s]>H = RH<ta S)a 0<ts<T, (225)

and the linear map iz on & given by
iv: (&, <, >n) — H,

Ig 4y — Ru(t,-).

Then the extension of this map to the closure of (£, <,>p) with respect to
the scalar product defined in (2.7) is a representation of H. From now on we
identify H = (&, <,>g), and for H < 1/2 we define the Wiener integral for
1 € H as the extension of the isometry
B . (& <, >p) — L3(PH),
o () — BU(),

induced by the representation is.
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Remark 2.1.15. Note that the use of the same notation for the inner product
(2.25) and the twisted product (2.7) is justified since

T T
H(2H — 1)/ / T4 (u) 10,6 (V)| — ul*=2 dudv = Ry(t, s)
o Jo

for H > 1/2.

We now derive also for the case H < 1/2 a representation of BU) (¢, € K,
in terms of a stochastic integral with respect to a standard Brownian motion
that is analogous to the one of Proposition 2.1.12.

For H < 1/2, we recall that by equation (2.3) the covariance of the fBm
is generated by the kernel

S

¢
_ (H _ ;) sl/?—H/ (u — )H—1/2H=3/2 du]

S

Ku(t,s) =bu [(t>H_l/2 (t —s)H-1/2

that can be written in terms of fractional derivatives as

1 -
Kp(t,s) = byl <H + 2) S (D2 12 (),

Consider the linear operator Kj; from the space & of step functions on [0, T
to L2([0,T]) defined by

0Ky

T
(Ki0)(s) = Ku(Tos)wlo) + [ (60 - v) G2 to)de. (220)

It is immediate to verify that (2.26) evaluated for 1) = I 4 gives

(Kplion)(s) = Ku(t, s)Ijo,q(s)-

Consequently, we can rewrite the covariance Ry (¢, s) as
tAs
Ruts) = [ Knlt,u)Ku(su)du
0

T
- / Ky T () Ky T ) (u) ds
0

Hence, the linear operator K} induces an isometry between & and L?([0,77)
that can be extended to the Hilbert space H as in the case H > 1/2. Since
the following equality holds
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1/2—H_ H-1/2 _ (pl/2—-H H-1/2
(D212 I 4y (5) = (D2 a2 00 1) (s),

by equation (2.26) we obtain that
. 1, 1/ ~H [
(Kjy)(s) = b T(H + 3)s'/2~ (D2l =1 2 ) (s).

Using (B.3) from Appendix B, we obtain

1

RS TR e (D

(K3)~H(f)(s)
By [76] and by Proposition 8 of [6] we obtain, rewriting the kernel Ky as
t
Kr(s,1) = bar(t — )" 4 72 R (),

where

1 z—1
Fi(z) = bu (5 — H)/ w321 — (u+ 1)H712) du,
0

that one can prove for H < 1/2 (see Proposition 8 of [6] and [76])
90 = (KG) 7 (L0, 7)) = L2 (130, 7))). (2.27)

In addition (2.27) guarantees that the inner product space H is complete
endowed with

T
()= | Kif(9)Kig(s)ds,
0
as shown in Lemma 5.6 of [188]. Note also that by Definition B.2.1, the scalar
product in H can be written in the simpler form
(f.9)m = eiy (DY . DY g) oy, (2.28)

with ey = C1(H)I'(1/2+ H), f,g € H. Here we consider f(s) = g(s) =0 if
s ¢ 1[0,7].

Remark 2.1.16. We emphasize once more that the inner product space H is
complete for H < 1/2 and incomplete if H > 1/2. By [189] we obtain that
this difference in completeness is a consequence of the following two facts:

1. For H < 1/2 the equation

sM2 D2 M 2y () () = £(s)

has a solution t(s) = sH-V2(IHFTY2yH=1/2f(4))(s) for every f €
L*([0,T7).
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2. For H > 1/2 there exist functions f € L2([0,T]) for which the equation
$V2 I (IR P ) (s) = () (2.20)

cannot be solved. In fact, since I;I:l/ % is an integral operator, the left-
hand side of (2.29) will satisfy some smoothness conditions that may not
hold for a general f € L2([0,T]).

Note also that for the space of Holder continuous functions of order « in the
interval [0,T] (for a definition, see also the proof of Theorem 1.6.1), it holds

cr([0,T) c H
if y>1/2— H. As in the case H > 1/2, the process
B(t) = BUD((Kf) " (L))

is a Wiener process and the fractional Brownian has the integral representation

B (1) = / t K (t,s)dB(s). (2.30)
0

Hence we can conclude with the following

Proposition 2.1.17. For H < 1/2 the Wiener-type integral B (¢)) with
respect to fBm can be defined for functions ¢ € H = I;/_sz(Lz([O,T])) and
the following holds:

T
BUD () = / (K30)(t) dB(®).

2.2 Divergence-type integrals for fBm

We analyze now the properties and the main results concerning a stochastic
integral for fBm introduced as dual operator of the stochastic derivative. We
also investigate its relations with Wiener integrals and the ones defined in
Chapter 3. Main references for this part are [6], [8], [170] and [177].

Consider H € (0,1) and H = (€,<,>p). Let Sy be the set of smooth
cylindrical random variables of the form

F = f(B(H)(¢1), .. ,B(H)Wn)%

where n > 1, f € Cg°(R"), and ¢; € H. The derivative operator DU of
F € Sy is defined as the H-valued random variable

DIE =Y S B @), . B @), (231)
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The derivative operator D) is then a closable unbounded operator from
LP(92,PH) in LP(£2; H) for any p > 1. We denote by D) the iteration of the
derivative operator. The iterate derivative operator D)-* maps LP(02,PH)
into LP(£2, H®F).

Definition 2.2.1. For any k € N and p > 1 we denote by D’;{’p the Sobolev
space generated by the closure of Sy with respect to the norm

k
IFIR, = BIFF]+ Y E[I(DD)Y Fle, |
i=1

and by DFP(H) the corresponding Sobolev space of H-valued random variables.
We introduce the adjoint operator of the derivative.

Definition 2.2.2. We say that a random variable u € L?(£2;3) belongs to
the domain dom dy of the divergence operator if

B [(DHF,uu] | < ullFllpaony

for any F € Sy.

Definition 2.2.3. Let w € dom . Then dy(u) is the element in L?(PH)
defined by the duality relationship

B [Fon(u)] = B [(D"F,u)y]
for any F € ID)}J’Z.

Hence the divergence operator dp is the adjoint of the derivative operator
D) Note that by Definition 2.2.3 we obtain immediately that the space
DY2(H) of H-valued random variables is included in domdy and for u €
D2(H) the following holds:

B [61(w?) < B [|[ul] + B [ID™ulfeqn]
By the Meyer inequalities (see, for example, [176]), we also get for all p > 1
that
168 (Wl Lo ey < cpllullprro)-

If u is a simple H-valued random variable of the form
j=1

where F; € Dy;* and X; € H, then u belongs to domdy and by Definition
2.2.3 we obtain
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Su(u) = Fidu(X;) = (DY F;, X;)u. (2.32)
=1

Moreover, if F € Dy* and u € domdy are such that Fu, and Féy(u) +
(DUDF, u) g are square integrable, then Fu € dom 65 and (2.32) extends to

5 (Fu) = Fég(u) — (DD F u) . (2.33)

We now investigate separately the cases H > 1/2 and H < 1/2. We focus
first on the case H > 1/2; for H < 1/2 the definition of the divergence is more
delicate and will be studied in Section 2.2.2.

2.2.1 Divergence-type integral for H > 1/2

In the particular case of the Brownian motion, the divergence operator is
an extension of the Itd integral in the sense that the set of square-integrable
adapted processes is included in dom d i and the divergence operator restricted
to this set coincides with the Ito stochastic integral. More precisely, in the case
of the Brownian motion, the divergence operator coincides with the Skorohod
integral introduced in [213] (for a survey, see Section A.2). For further details
for the Brownian motion case, we refer also to [179).

The same relation holds for the fBm for H > 1/2, i.e., the divergence op-
erator coincides with the generalized Wiener integral introduced in Definition
2.1.14. To show this, we proceed as follows. First of all, by Definition 2.2.3 we
immediately obtain that

and, in particular,
i=1 i=1

for 0 <t <ty <--- <tpy1 <T. Then we study the relation between the
derivatives and the divergence operators defined with respect to BH) and to
B, respectively. By (2.20) we have that

3= (Kip) " (12(0,7)).
Hence, it also follows that
DY = (K7)~ (L"), (235)

where L2 := DY2(L2(]0,T])). Moreover, by [6] we obtain the following re-
lation between the derivative DY) with respect to BH) and the Malliavin
derivative D with respect to the standard Brownian motion B.
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Proposition 2.2.4. For any F € ]D)}f, we have

K;DWFE = DF. (2.36)
Proof. By following [6], let

F= (B () (2.37)
for f € C', and let v € . Then
E [, D F)yy| = E [(u, DU f(BH (1)) ]

(G, £ (B () KT 1o, |
= B [{KGu, £ (B 0) Kt ) o.0) 20 |

= B [(Kju, DA (B (1)) 20,1 -

=F

Since
B [(w. D F)u] = B [(KGyu K5 DU F) ooy

then (2.36) holds for random variables of the form (2.37). The result extends
to every F' € ]D);}z by a density argument. a

Hence, if F' € D}f, we have
E <7.L, D(H)F>H:| =F [(K}}u, DF>L2([O,T])]

for any u € H and the equality KI*{D(H )F = DF holds. This implies that
doméy = (K3;)"*(domd),

where § = §; /o denotes the divergence operator with respect to the standard
Brownian motion B. Hence, for any H-valued random variable u € dom dy it
holds

T
om(u) =6(Kpu) = /0 Kiru(s)oB(s), (2.38)

where the integral on the right-hand side must be interpreted as the Skorohod
integral with respect to the standard Brownian motion (Definition A.2.1).
Hence, we have proved the following:

Proposition 2.2.5. Let u € dom dy. Then 0 (u) coincides with the extended
Wiener integral of w (Definition 2.1.14), i.e.,

6 (u) = B (u).

Note that by (2.35) and (2.38) we obtain that Kj;(L'?) is included in the
domain dom dp.
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2.2.2 Divergence-type integral for H < 1/2

In this section we describe the approach of [54], [177] in order to introduce
the divergence-type integral for H < 1/2. The standard divergence integral
of BU) with respect to itself does not exist if H < 1/4 because the paths
becomes too irregular. In [54] the standard divergence operator is extended
by a change of the order of integration in the duality relationship that defines
the divergence operator as the adjoint of the Malliavin derivative. For the
extended divergence operator, a Fubini theorem and an It6 formula hold with
any H € (0,1/2) (see Chapter 6). In this approach, the integral of divergence
type is always a random variable, while in Chapter 4 the stochastic integral
is defined as an Hida distribution. Here we reformulate the results of [54] for
processes u; with ¢ in [0,7] for the sake of homogeneity with the previous
sections. In [54] the following results hold for processes (u;):cr defined on the
whole real line. Recall that H = (€, <,>p).

Proposition 2.2.6. Consider H < 1/2. Let 0 < a < b <T and set
u(t) =B ()T (t), teR.

Then

11
PH Hy=1, H - =
wesn =1, me(q.3)

and )
PAluecH)=0, Hc <0,4}.

Proof. Here we sketch for (u;).c(o,r] the proof provided in Proposition 3.2
of [54] for processes defined on the whole real line. Let H € (1/4,1/2). By
Kolmogorov’s Continuity Theorem there exists a measurable set 2 C 2 with
P (2) = 1 such that for all w € 2 there exists constant C'(w) such that

sup |BUD(t,w)| < C(w)
t€(a,b]

(11) w) — (11) w
S ‘ ( ? ) (8, )|

< C~'(w)
t,s€(a,b],t#s ‘t - S|1/4

Fix an w € 2 and set
U(t) = up(w) = B ()[4 4(t), tER,

and R o R
C = mC(u}).

Let € > 0. For ¢ € (0, a], consider

D¢ (t) = 0.
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For the definition of D¢ _ we refer to the Appendix B. For ¢ € (a,b],
o o TR — Wt —s)
D% 000 = 77 (T [

SlJra
T
()] ds)

(t—a)Ve

t—a T
< C (I{t—a>e}/ s34 ds +/( : Sl&dS)
€ t—a)Ve

ds

A 1 _ \1/4—a i PR et
SC[1/4a(t a) +a(t a) }
For t € (b,T),
t—a t—
|D$ ()] < F(loi a) /t_b |w(51+a8)| ds
L [ —l-a é —a —a
<C s ds=—(t=b)""—(t—a)™*).

t—b «Q

Hence, for all e > 0 and for all ¢ € [0, 7], we have
DS ()] < v(t),

where
0 if te(0,a),

P(t) = C[(t—a)1/47“—|—(t—a)7o‘] if te€(a,b,
Clt—0)"*=(t—a)"® if te (b T,

with C = C'[1/(1/4 — a) V 1/a)]. Since ¢ € L2([0,T]), by Theorem 6.2 of [206]
it follows that ¢ € .
We now consider the case H € (0,1/4]. The process

B () := B (t +a) — BH)(a), teR,

is also a fBm with Hurst parameter H. Since it is self-similar, for all ¢ €
(0,b — a), the random variable

b—a—t
2 / [BUD (s + 1) — B (s)]2ds
0
has the same distribution as

b—a—t B s B s
/ BUD(E 11y = BUD(E)2ds

; t t
(b—a)/t—1 _ B

—y / (BUD (2 + 1) — B (2))2da (2.39)
0

o (b—a)/t—=1 _ B
- (bba)a/ttl / B (2 + 1) — B (2))2da
- - 0
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The process (B (z 4 1) — B (z)),>0 is stationary and mixing. Therefore,
it follows from the ergodic theorem that (2.39) converges to

(b—a)E [[B<H>(1)]2} >0

in L' as t — 0. Hence, it follows that there exists a measurable set 2cn
with PH#(2) = 1 and a sequence of positive numbers (t4)ren that converges
to 0 such that for all w € 2 and k € N,

T bote ~
/0 g (0) — s (w)Pds / B (w) — B ()Pds

b—a—ty ~ 5
- [ B - B s
0

b—a
> 7

E [(Bﬁ”)ﬂ $2H (2.40)

Assume that there exists an w € 2 such that u(w) € H. By (6.40) of [206],
the function u(w) has the property

T
/O [tsyi(w) — us(w)]?ds = o(t?a) ast — 0.

But u(w) can only satisfy both (2.39) and (2.40) at the same time if H > o =
1/2 — H, which contradicts H < 1/4. Therefore, u(w) ¢ H for all w € 2. This
concludes the proof. a

By Proposition 2.2.6 it follows that processes of the form
B )1, 4(t), teR,

cannot be in domdy (Definition 2.2.2) if H < 1/4. Hence, we consider now
the following extension of the divergence dy to an operator whose domain
also contains processes with paths that are not in H by using the approach
of [54] and [177].
By (2.28) and the fractional integration by parts formula (B.5), for any f,g €
H we obtain that

(f,90n = (Ki f, Ki19) £2(j0,1))

_ d%{<51/27HD;/_2—H5H71/2f’ 81/27HD;/_2—H5H71/29>L2([O,T])

_ d%(ﬁ SH—1/281/2—HD(1)42—H(81—2HD;/3—HSH—1/29)>L2([07T])’
where for H < 1/2 the operator K7 is introduced in (2.26). This implies that
the adjoint K ;" of the operator K3 in L%([0,7]) is

(K" f)(s) = dys/*=H Dy 2~ (s =21 D 2712 ),
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In order to introduce an extended domain for the divergence operator dg as
in the approach of [54], we introduce the space

K= (Kg)~HE G THLA(0, 1))
Let Sg the space of smooth cylindrical random variables of the form

F = f(B(H)(¢1), .. .,B(H)(¢n))7

where n > 1, f € Cp°(R"), i.e., f is bounded with smooth bounded partial
derivatives, and ¢; € X.

Definition 2.2.7. Let u(t),t € [0,T] be a measurable process such that

E[ OT u?(t) dt} < oo0. We say that v € dom™ dy if there exists a random

variable 5y (u) € L*(PH) such that for all F € Sy we have
T
/ E [u(t)K,’;“K;ID,@F] dt = E [§(u)F] .
0

Note that if u € dom™ §g, then §g(u) is unique and the mapping
OH : dom™ Oy — Up>1Lp(PH)

is linear. This extended domain satisfies the following natural requirements:

1. domdy C dom™dp, and dy restricted to dom dy coincides with the di-
vergence operator (Proposition 3.5 of [54]).

2. In particular, domdy = dom™ 6y N [Up>1LP(£2; H)] (Proposition 3.5 of
54)).

3. If u € dom* 6y such that E[u] € L?([0,T]), then E [u] belongs to H
(Proposition 3.6 of [54]).

4. If u is a deterministic process, then u € dom* g if and only if v € .

5. The extended divergence operator §p is closed in the following sense.
Let p € (1,00] and ¢ € (2/(1 + 2H),00]. Let (u¥)g>1 be a sequence in
dom™ §y N LP (2, L9([0,T])) and w € LP(§2, L4([0,T7])) such that

lim v* = in  LP(2,L9(0,T7)).

k—o0

It follows that for all n € Ng and F' € Sy, we have

lim w*(t)K3;* Ky DY F = u(t)K;* Ky DY F

k—o0

in L1(§2 x [0,T)). If there exists a p € (1,00] and an X € LP({2) such that

lim 65 (u®) =X in LP(R2),

k—o0

then u € dom* dy and oy (u) = X.
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By Theorem 3.7 of [54] we also get the following theorem:

Theorem 2.2.8 (Fubini Theorem). Let (Y, Y, ) be a measure space and
u=u(w,t,y) € L°(2 x [0,T] x Y) such that

1. For almosty € Y, u(-,-,y) € dom™ dg.

2. For almost all (w,t) € 2x[0,T], u(w,t,-) e L' (Y) and [, |u(w,t,y)| du(y) €
L2(02 x [0,T7)).

3. For almost all w € 2, g (u)(w) € LY(Y) and [y, 0p(u) du(y) € L*(£2).

Then [, u(w,t,y)du(y) € dom™ dy and

o { [ wtertn du(y)] ~ [ butwauto)
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Fractional Wick It6 Skorohod (fWIS) integrals
for fBm of Hurst index H > 1/2

In this chapter we introduce the definition of stochastic integral with respect
to the fBm for Hurst index 1/2 < H < 1 by using the white noise analysis
method. At this purpose we define the fractional white noise and stochastic
integral as an element in the fractional Hida distribution space.

To obtain a classical It6 formula, we need the stochastic integral to be an
ordinary random variable. Hence the ¢-derivative is introduced to handle the
existence of the Wick product in L2. Classical It type formulas are obtained
and applications are discussed. The main references for this chapter are [32],
[83] and [121].

3.1 Fractional white noise
Fix H with 1/2 < H < 1. We put

b(s,t) = ¢g(s,t) = HR2H — 1)|s — t|*72 s teR, (3.1)
and recall that for s, > 0,

t s
/0 /0 d(u,v) dudv = %(SQH + 2 |t — s]?H) = Ry (t, 5). (3.2)

Let 8(R) be the Schwartz space of rapidly decreasing smooth functions on R,
and if f € §(R), denote

2 .= S S S Q. .
1712 = / / F(8)F(B)b(s, 1) ds dt < (3.3)

If we equip 8(R) with the inner product

(f.ghm = / / F($)g(t)o(s, 1) dsdt, g € S(R), (3.4)
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then the completion of $(R), denoted by Li(R), becomes a separable Hilbert
space. Similarly, we can define L3 (R ) or L3([0,T7]) on a finite interval. We
remark that elements of Li(R) may be distributions (see, for example, [190]).
For further comments we refer to Chapter 2. From now on we denote by
L% (R) the subspace of deterministic functions contained in Li(R).

Remark 3.1.1. We remark that in (3.3) and (3.4) we use the same notation as
in Theorem 2.1.6, since the inner product (3.4) extends (2.7) to the case of
functions defined on the whole real axis. Hence we start here with an analogous
setting to the one for Wiener integrals in Chapter 2, but we provide a different
construction of the stochastic integral for fBm for H > 1/2. Moreover, by
(2.7), (3.1), and (3.4) we obtain that L3([0,T]) = 3 = (L*([0,T]), <,>m)
and L3(R) 2 LZ([0,T]) = H if we identify ¢ € LZ([0,T]) with ¢ Ijo 7).

In particular we obtain the following representation of Li(R).

Lemma 3.1.2. Let

7124 0) = ey /Oo(t —u)H32 () dt,

u

where cy = VHQ2H — 1) (3/2—H) /(I' (H—1/2) (2 —2H)), and I" de-
notes the gamma function. Then I 7'/% is an isometry from Li(R) to L*(R).

Proof. By a limiting argument, we may assume that f and g are continuous
with compact support. By definition,

(P20 172 () oy

= [{ [T =0 as [T w0t i a
~ [ s { | eyt duf dsd

— 00

:// F(s)g(D)b(s, 6) ds dt = (f, g)ar,
R/R

where we have used the identity (see [103, p. 404])

sAt
C%/ (s —u)T=3/2(t —w)H=32du = ¢(s,t).

— 00

a

Now let 2 = 8'(R) be the dual of $(R) (considered as Schwartz space), i.e.,
(2 is the space of tempered distributions on R. The map f — exp(—1/2|f|%),
with f € §(R), is positive definite on $(R), and by the Bochner-Minlos the-
orem (see [144] or [109]) there exists a probability measure P¥ on the Borel
subsets B({2) of 2 such that
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/ D) qPH () = =210 yf  S(R), (35)
2

where (w, f) denotes the usual pairing between w € §'(R) and f € $(R) and
Il £z is defined in (3.3). It follows from (3.5) that

E[(~f]=0 and E[(-, )] =|fl% (3.6)

where E denotes the expectation under the probability measure P¥. Using
this we see that we may define

~H ~
B = B (1,0) = {w, Ip,()
as an element of L2(P) for each t € R, where

1 ifo<s<t
Ioy(s) =< —1 ift <s<0, except t =s=0,
0 otherwise.

By Kolmogorov’s continuity theorem B,EH) has a t-continuous version,

which we will denote by Bt(H), t € R. From (3.6) we see that BgH) is a

Gaussian process with
E {BEH >} =0

and
E {BLgH)Bt(H)} _ % (‘t|2H + |S|2H - |t - s|2H) .
It follows that BEH) is a fBm. From now on we endow {2 with the natural
filtration S"t(H) of BUH),
The stochastic integral with respect to fBm for deterministic function is
easily defined (see also Section 2.1).

Lemma 3.1.3. If f, g belong to L3, (R), then [, fs dB™ and Jg 9s dB™ are
well-defined zero mean, Gaussian random variables with variances | f||3; and
lgll%;, respectively, and

EL@ﬂﬂfﬂé%d@m}=AAJ@M@M&ﬂ%ﬁ=QﬁmH

Proof. This lemma is verified in [103]. It can be proved directly by verifying
it for simple functions »_" ; a; Iy, +,,,1(s) and then proceeding with a passage
to the limit. 0

Let LP(PH) = LP be the space of all random variables F : £2 — R such that

IF|| Loy = E[|F|P]YP < oo
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For any f € L% (R), define ¢ : L% (R) — LY(PH) as

— () _ 1
£(f) 1= exp ( /R fudB{™ /R /R fofid(s,) dsdt)
—exp ([ fan™ - S0 ).

If f € L% (R), then e(f) € LP(PH) for each p > 1 and (f) is called an ex-
ponential functional (e.g., [160]). Let & be the linear span of the exponentials,
that is,

(3.7)

&= {Zaks(fk) :neN a;, €R, fi ELZ(R) for k € {1,...,n}}.
k=1

Theorem 3.1.4. € is a dense set of LP(PH) for each p > 1. In particular, &
is a dense set of L*(PH).

Proof. A functional F': {2 — R is said to be a polynomial of the fBm if there
is a polynomial p(z1, 2, ..., 2,) such that

H H H
F=pBM B .. B

for some 0 < t; <ty < --- < t,. Since (BEH) ,t > 0) is a Gaussian process, it
is well known that the set of all polynomial fractional Brownian functionals
is dense in LP(PH) for p > 1. In this case, the denseness of the polynomials
follows from the continuity of the process and the Stone—Weierstrass theorem.
To prove the theorem it is only necessary to prove that any polynomial can be
approximated by the elements in €. Since the Wick product of exponentials
is still an exponential, it is easy to see that it is only necessary to show that
for any t > 0, BgH) can be approximated by elements in £.

Let fs(s) = Ijpy(s) 6, & > 0. Clearly fs is in L} (R). Then e(fs5) =

c(5)e§B§H) for some positive constant ¢(d). It is easy to see that
e(fs) —c(d) _ P 1

B=="0s =~

isin €. If § — 0, then F5 — Bt(H) in LP(PH) for each p > 1. This completes
the proof. O

The following theorem is also interesting.

Theorem 3.1.5. If f1, fa, ..., fn are elements in L% (R) such that ||f; —

filleg # 0 for i # j, then e(f1), (f2), ..., €(fn) are linearly independent in
L2(PH).
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Proof. This theorem is known to be true if the fBm is replaced by a standard
Brownian motion, (e.g., [160]).

Let fi,f2,..., fx be distinct elements in L% (R). Let A\;,A2,...,Ax be
real numbers such that

[Aie(f1) + Aoe(fa) + -+ + Mee(fi) | L2 ry = O.

Thus for any g € L% (R),
E[(Ae(f1) + dee(fa) + -+ + Me(fr)) e(9)] = 0.
By an elementary computation for Gaussian random variables it follows that
Aelram 4 xpelfzaim gy ) elfe i = g,
Replace g by dg for § € R to obtain
Al Fan 4 A df2ugdm ooy N 8kl — (),

Expand the above identity in the powers of § and compare the coefficients of
0P, for p € {0,1,...,k — 1} to obtain the family of equations

M9y + A (fe, )y + - F Ml fe,9) =0

forp=0,1,...,k—1. This is a linear system of k equations and k£ unknowns.
By the Vandermonde formula, the determinant of this linear system is

det ((fi, 9)%) = H<fz —fi9%

For every pair (7, 7) with ¢ # j, the set {g €ELLM) : (fi—fi.9)m # 0} is the
complement of a hyperplane in L% (R). Since the intersection of finitely many
complements of hyperplanes in L% (R) is not empty, there is a g € L%(R)
such that (f; — f;,9)m # 0 for all pairs 7 and j such that ¢ # j. Thus
A1 = Ag -+ = A = 0. This proves the theorem. O

In the following we let

dTL
ha(z) = (—1)"e wz/den (e—wgﬂ), n=01,2,..., (3.8)

be the Hermite polynomials. For further details on Hermite polynomials, we
refer to Appendix A.

Lemma 3.1.6. There is an orthonormal basis {e;};~, of LZ(R) such that for
any t € R there exists Cy < 0o such that

|/e” (s,t)ds| < Cynt/® (3.9)
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Proof. Define the Hermite functions as in (A.6),
En(z) =7 Y4 ((n— 1)) V2R, 1 (V22)e "2, n=1,2,....
Then from [223], {,(z), n=1,2,...} is an orthonormal basis of L?(R) and

Cn~Y12  when |z| < 2y/n,

n < 2
e (@)l < {Ce‘W when |z| > 2y/n

where v and C' are certain positive constants, independent of n. (See, for
example, [219] or [223, p. 26, Lemma 1.5.1]). Set

en(u) = (7727 g) (u). (3.10)

Then by Lemma 3.1.2, {e,,, n=1,2,...} is an orthonormal basis of Li(R).
We also have

en(s)o(s s=c2 enls SMsqufs/Z —w)7=3/2 qu ds
[ entsrots.as = [ ento) [ 5= 20— )0 dua

— 00

t o'}
= C%{/ (t— u)H73/2du/ (s — )32, (s)ds

—on / (- )T (e0) () d

—on / () (0 do

/ \v—t\H_3/2n_1/12 dv
v<2y/n

+/ |v—t|H_3/26_A*|”‘2 dv
lol>2v/m

S Otﬂl/G.

This proves the lemma. a

From now on we let {e,}52; be the orthonormal basis of Li(R) defined
in (3.10). Then the e;’s are smooth. Moreover, we see that

t— / ei(s)o(s,t)ds is continuous for each i. (3.11)
R

Let § = (Nl§)c denote the set of all (finite) multi-indices o = (o, ..., )
of nonnegative integers (N is the set of natural numbers and Ng = NU {0}).
Then if a = (a1, ..., ) € J, we put

Ho(w) := ha, ((w,e1)) - ha, (W, em)). (3.12)
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In particular, if we let € := (0,...,0,1,0,...,0) denote the ith unit vector,
then we get _
H.o)(w) = h1({w,e)) = (w,e;).

Remark 3.1.7. Note that H, (w) and H,(w) introduced in (A.8) are defined
on different probability spaces, but they have the same law.

The following result is a fractional Wiener It6 chaos expansion theorem. It is
well-known in a more general context (see, e.g., Theorem 2.6 of [131]).

Theorem 3.1.8. Let ' € L?(PH). Then there exist constants co, € R, a € J,

such that _
F(w) = Z caFHo(w), (3.13)
a€e]

where the convergence holds in L?(PH). Moreover,

P22 =Y ale2,
acd

where ol = aqlas! - a! if a = (aa,...,am) € 3.

Proof. The following proof is standard. For the reader’s convenience we repeat
it in the fBm framework. Consider

E(arer) = exp (ak(w,ek> - ;ai> = Z %%Lhn«w,ek)), (3.14)
n=0

where a;, € R, k= 1,2,.... If f € L% (R) has the expansion f = Y ;2 axe,
then

I
2,
83

3
VOEERS
[]=
SRS
>=
s
€

Q

K
~

k=1 \n=0
) o oap

= ]\}gnoo Z H aiklhak(«‘jaek))
acd(N) k=1

e -y e e 2 rmyH

= 1\}21100 Z caHo(w) (limit in L*(P7)), (3.15)
agd @)

where &) denotes the set of all multi-indices o = (a1, ..., ) of nonnegative

integers with o; < N and we have put

o0

ak
k .
ca:” ' if a=(ag,...,0m).
A1 (67’
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If we combine Theorem 3.1.4 with (3.15), we obtain that the linear span of

{f]ffa}aeg is dense in L?(PH).
It remains to prove that

E [:?caz}"%ﬁ} —0 if a#p (3.16)

and
E [ﬁi} =al.

To this end note that from (3.5) it follows that

Elf((wser)s s lwiem))) = | f(z) dAn(2)

R™

for all f € L*(\,,), where ), is the normal distribution on R™, i.e.,
A\ (x) = (27r)_7”“/26_1/2|m2 dzy - Ay, x=(21,...,2m) € R™.

Therefore, if & = (a1,..., ) and 8 = (B1,..., Bm) we have

=

E [:T{aﬂ?ﬁ] —E

hay ((ws k) s, ((w, e@)}

k

Il
—

hay (k) hg, (k) dAm (21, .., Tim)

e
Il

1

h’ak (xk)hﬁk (Jﬁk;) d>\m(xk)

[
3 %§\
s

k=1"R

e 0 ifa#p
= [[barmarl=1" .

i ol if a =0,

where we have used the following orthogonality relation for Hermite polyno-
mials:

/ hi(x)hj(x)e_l/%z dx = 0;;V2mj!.
R
O

Ezxzample 8.1.9. Note that by orthogonality of the family {tha}aeg in L2(PH)
we have that the coefficients ¢, in the expansion (3.13) of F are given by

Co = %E [F:?ca] .

Choose f € L% (R) and put F(w) = (w,f) = [ f(s) dB{"™). Then F is
Gaussian and by (3.16) we deduce that
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E {Fi{sm} = E[{w, f){w,ei)]
= (f,ei)n = /_O;/_Z f(u)e;(v)p(u,v) dudv.
Moreover,
E [F:T{Em} -0 if |a|> L

We conclude that we have the expansion

[ sty an - =S e uHo @), € Da®).

=1

In particular, for fBm we get, by choosing f = Ijg 4,

BH = f: [/Ot(/oo ei(v)o(u, v) dv) du} Ho (w).

i=1 >

We proceed to define the fractional Hida test function and distribution spaces
(compare with Definition A.1.4).

Definition 3.1.10. 1. The fractional Hida test function space: Define (8)g
to be the set of all Y(w) =Y, 5 aaHa(w) € L*(PH) such that

lol3s = ala?(2N)** < 00 forall k€N,
a€c]

where

@N) =JJ@)" if v=(n,....,7m) €4.
J
2. The fractional Hida distribution space: Define (8)%; to be the set of all

formal expansions _
= bs3s(w)
Bed
such that

Gl g = Zﬂ!b%(ZN)_QB < oo forsome ¢eN.
Bed

We equip (8)y with the projective topology and (8)%, with the inductive
topology. Then (8)%; can be identified with the dual of (8)x and the action
of G € (8)3 on ¢ € (8)y is given by

(G ) = (G V) (8) sy, = D Alagba.

acd

In particular, if G belongs to L*(PH) C (8)3; and ¢ € (8)y C L2(PH), then
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<<va>> =F [GZZJ] = (G,’L/J)Lz(]pH).

The construction of the fractional Hida space is analogous to the one for the
standard Brownian motion case. If we compare Definition 3.1.10 and Defin-
ition A.1.4), we note that here the fractional Hida distribution space (8)%;
is an extension of L2(P¥), while in the standard Brownian motion case (8)*
extends L?(P), where P is the Wiener measure associated to the Brownian
motion B.

We can in a natural way define (8)},-valued integrals as follows:

Definition 3.1.11. Suppose Z : R — (8)%; is a given function with property
that
(Z(t),) € L*(R,dt) for all Y € (8)g. (3.17)

Then f]R t)dt is defined to be the unique element of (8)5; such that

« / Z(t)ydt, b)) = / (2@ o) dt forall W€ (S)n. (3.18)

Just as in Proposition 8.1 of [109], one can show that (3.18) defines [, Z(t) dt
as an element of (8)%;
If (3.17) holds, then we say that Z(t) is dt-integrable in (8)%.

Ezample 3.1.12. The fractional white noise W) (t) at time t is defined by

M

{ / 6(t,v) dv} o (). (3.19)

We see that for ¢ > 4/3 we have

W (8)][3 - Za( ) [/ )o(t, U)dvr(ZN)_qE()
= Z [/R ei(v)o(t,v) dv]z (20)79 < 00

by (3.9). Hence, WU (t) € (8)% for all t. Moreover, by (3.11) it follows that
t — WWH)(t) is a continuous function from R into (8)%. Hence, W) (t) is
integrable in (8)%; for 0 < s <t and

/Ot WU (5)ds = 2 {/Ot [/R ei(v)o(u,v) dv] du} T (w) = BT (3.20)

by Example 3.1.9. Therefore, t — Bt(H) is differentiable in (8)7; and

d
dtB(H) WE(@) in (8)%. (3.21)

This justifies the name fractional white noise for W) (t).
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We remark that in (4.16) of Chapter 4 we have introduced the fractional
white noise W) as an element in the Hida space (8)*. Here the fractional
white noise W) is considered as an element of the fractional Hida space

(8)h-
Definition 3.1.13. Let
= Z aoHo(w) and Gw Z bg%g
a€el ped

be two members of (8)5;. Then we define the Wick product F oG of F and G
by

(FoG)(w)= > aabgHarpw)=> | Y aabs | H,(w). (3.22)

a,Bed yed \a+pB=v

Just as for the usual white noise theory one can now prove Lemma 2.4.4 of
[109]

Lemma 3.1.14. 1. F, Ge (8);; = F<+G € (8)}
2.0,m€ 8y =voneS)u
Ezample 5.1.15. Let f, g € L%(R). Then by (3.12)

(/ de<H>) o </ gdB<H>> (ig, ey H. >> o i (9, e;)aHo0r
R R j=1

=1

= Z(ﬁ ei) {9, €5) nH oo

) H (9, €5) (W €)W €5)

[
]
—~
=
@

# 3 (fednlg edn (e~ 1)

WACH

I
N
NE
=~
D
=
B
D
~
NE
)
H('I‘)
&

We conclude that

(/Rdeaﬂ) o (/RgdB(H))
(fpen®). fene) s

(3.23)
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Ezample 3.1.16. If X € (8)7%;, then we define its Wick powers X°" by
X"=XoXo - 0X (nfactors)

and we define its Wick exponential exp®(X) by
< > 1 on
exp®(X) = Z —X

n!
n=0

provided that the series converges in (8)%;. Note that by definition of the Wick
product we have

on ~
(w,ex)" = (j{s“@)) = Hpetm = hn({w, ex))-

Therefore, if ¢, € R, we get

exp® (e {w, ex)) = Z C—%(w@k)(}”

1
= exp <Ck<w, er) — 2012c>

by the generating property of Hermite polynomials. More generally, if f €
L% (R), we get

exp’({(w, f)) = exp® (ZU, ek>H<w,€k>>
k

= HOGXP fa ek <w7€k>)
= Hexp (f,exym{w,er))

=1lew <<fv )il er) = 50, >H>
k
o <Z<f nl s er) - Z<f7 eny )

k

exp (o) = 311 ) - (3.2)

Thus
exp®((w, f)) = &(f) forall f e L%(R). (3.25)
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More generally, if g : C — C is an entire function (C is the set of complex
numbers) with the power series expansion

— a1 Qn __. «
g(zl,...,zn)—g Cat o zym = E caz®,

[ [}

where we have put z® = z{"* --- 20" if @ = (ovq,...,a,) € §J, then we define,
for X = (X1,....X,) € ((8)3)",

go(Xla s 7Xn) = ZCQXOQ~

It is useful to note that with this notation we in fact have
jjf(l(w) = <w7 61>0a1 DAY <w7 en><>an
if o =(aq,...,0p) € J. Or, if we define

fk(u)):<w7€k>, 52(517527"')7

then

3.2 Fractional Girsanov theorem

With the white noise machinery just established in Section 3.1 one can now
verify that the proof of the Benth—Gjessing version of the Girsanov formula,
as presented in Corollary 2.10.5 in [109], applies to the fractional case.

At this purpose we now introduce the translation operator by following
[109]. Let wy € 8'(R). For F € (8), we define

T, F(w)=F(w+w), weS’8(R).

It is easy to verify, as in the proof of Theorem 2.10.1 of [109], that f — T,,, f
is a continuous linear map from (8)y to (8)g. We then define the adjoint
translation operator T7; from (8)3; to (8)3 by

<<T;0X?F>> = <<X>TwoF>>a X e (S)E’ Fe (S)H
Lemma 3.2.1. Let wy € L%(R) and define @o(t) = [ wo(u)o(t,u) du. Then
T35, X = X oexp® ((w,wo)) -
Proof. By a density argument it suffices to show that
(T2, X F) = (X o exp® ((w,wo)) , F)

for
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X =exp (o) = 5lolls ) F=exp (o f) = 171 )
where f,g € L% (R) and wy € §(R). In this case, we have by definition
(T3, X, FY) = (X, F(w+30)) = e (X, F(w)) = eleod)+Fatn,
On the other hand,

(X oexp® ({w,wo)) , F) = <<6<W19+w0>*%”9+WO||§1 ,FY)
= elotwo.fom

This shows the lemma. O

Theorem 3.2.2 (Fractional Girsanov formula I). Let ¢ € LP(PH) for
some p > 1 and let v € L3(R) N C(R) C 8'(R). Let 5 be defined by 7(t) =
Jg @(t, s)v(s) ds. Then the map w — (w+7) belongs to LP(PH) for all p < p
an

Y(w +7) dPH (w) = (w) - exp®((w, 7)) dP? (w).
S/ (R) 8'(R)

Proof. By Lemma 3.2.1, we have

(X, T5yp) = (X 0 exp® ((w, 7)), ) (3.26)

Let X = 1. We see that the left-hand side of (3.26) is fS’(R) P(w + 7) dPH (w)
and the right-hand side of (3.26) is [, ¥(w) - exp®({(w, 7)) dPH (w). This
completes the proof of this theorem. O

Corollary 3.2.3. Let g : R — R be bounded and let vy € Li(R) NC(R). Then,
with E(+) as in (3.7),
¢
B o™ + [ 36 9] =B s8] (3.27)
0

Proof. Define ¢(w) = g({w, Ijo,1])) = g(Bt(H)). Then

Blw+7) = 9w + 7 To)) = 9B + / 3(s) ds):

so the result follows from (3.25) and Theorem 3.2.2. O

Theorem 3.2.4 (Fractional Girsanov formula II). Let T > 0 and let
v be a continuous function with supp v C [0,T]. Let K be a function with
supp K C [0,T] and such that

<Ka f)H = <’77f>L2(R) 5 fO?" all f € S(R)7 supp f - [O’T]a
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i.€.,

/ K(s)p(s, t)ds=~(t), 0<t<T.
R

On the o-algebra ?(TH) generated by {BgH) :0 < s < T}, define a probability
measure PHY by

Then B (t) = B + fot Ysds, 0 <t < T, is a fBm under PH7.

Proof. Tt suffices to show that for any G(w) = exp({w, f)) with f € $(R),
supp f C [0, 7], we have

Eny [Glw+7)] = E[G(w +7) exp® [(w, K)]] = E[G(w)],
where Ep - [-] denotes the expectation under P#7. But in this case
B (GG +7) e [ 0] = B [oxp (w4 1) = (o ) = 511K )|

- E [eXp ((w,f —K)+ (7, 2w — ;KI%)}

1 1
exp (317 = KT + G oace) - 51K )

exp (=08 P+ 1+ 0 D)oo
_ 21k — g [e<w,f)} — E[G)].
O

Remark 3.2.5. Since Bt(H) is not a martingale, unlike in the standard Brownian

motion case, the restriction of dP7/dPH to fﬂ(H), 0 <t < T is in general
not given by exp®(—(w, Ij,4K)).

Remark 3.2.6. In [172], a special case of (3.27) was obtained.

Lemma 3.2.7 (Wick products on different white noise spaces). Let
P =PH Q =PHEY and BH)(t) = Bt(H) + fot ~vsds be as in Theorem 3.18.
Let the Wick products corresponding to P and Q) be denoted by op and oq,
respectively. Then

F op G=F oQ G

for all F,G € (8)3.

Proof. First let F = exp([; f(s) dBM™)y and G = exp( [ 9(s) dB™)), where
f and g are in L% (R). Then the Wick product of F and G is
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ForG=esp ( [17(6) + g 4B ~ (f.g)u ).
On the other hand
F=exp ( | #6)Bs) 1, 7>L2<R))

" G = exp (/RQ(S)dB(H)(S) - <g7'7>L2(1R)> :

Thus,
Fog G = exp (/R[f(s) +9(s)]dBH) (s) — (f, 9)m — (f + gﬁ)LZ(R))
—exp ([ 1)+ 9 aB™ ~ (1.0)).

Thus F' og G = F op G for exponential functions. Since the Wick product
is linear with respect to F' and G, we know that F'og G = F op G for
linear combinations of exponential functions. The identity follows by a density
argument. O

3.3 Fractional stochastic gradient

Now that the basic fractional white noise theory is established, we can proceed
as in [1] to define stochastic gradient.

Definition 3.3.1. Let F : 8'(R) — R be a given function and let v € §8'(R).

We say that F' has a directional derivative in the direction v if

F _F
D F(w) := lim (W+ey) - Flw)
E— £

exists in (8)5;. If this is the case, we call DE,H)F the directional derivative of
F' in the direction 7.

Ezample 3.3.2.If F(w) = (w,f) = [, (1) dBLEH) for some f € $(R) and
v € L*(R) C §/(R), then

DU F(w) 1311 [w+ev, £) = (w, )

e—0 ¢

— lim (e, /)] = (1. ) = / F((t)dt
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Definition 3.3.3. We say that F : 8'(R) — R is differentiable if there exists
a map ¥ : R — (8)% such that

U(t)y(t) =W (t,w)y(t) is (8)} -integrable
and

DU F(w) :/Lp(t,w)”y(t) dt Yy e L*(R).
R

In this case we put

ar
dw
and we call DgH)F(w) = dF(t,w)/dw the stochastic gradient (or the Hida
Malliavin derivative) of F' at t.

Ezample 3.3.4. Let F(w) = (w, f) with f € §(R). Then by Example 3.3.2 F
is differentiable and its stochastic gradient is

DI P (W) = S (t,w) = ¥(t,w),

Dt(H)F(w) = f(t) forallmostall (t,w).
Just as in Lemma 3.6 of [1], we now get

Lemma 3.3.5 (The chain rule I). Let P(y) = )" cay® be a polynomial in
n variables y = (y1,...,yn) € R™. Choose f; € 8(R) and putY = (Y1,...,Y,)
with

Yi(w) = (w, fi) = /Rfi(w B, 1<i<n,

Then P°(Y) and P(Y) are differentiable and

DI P(Y) = aapom,..., W) fi(t) —anZaY°<“ “D i),

=1 «

DI p(y) = ;’P (Vi Vo) filt) = Y ea DY =" filt)

i=1

Similarly, if we define Y® = (v;"), .. v{) with

t
") :/ fi(s)dB{) = /Rfi(S)I[O,t](S) dBH), 1<i<n,
0
]

then we obtain, as in Lemma 3.7 of [1

Lemma 3.3.6 (Chain rule II).

&P ij ( o ) (¥ ®) o W t).

We remark that Lemma 3.3.5 shows that definition 3.3.3 extends Definition
(2.31) of Chapter 2 of the derivative operator as an element of (8)%;.
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3.4 Fractional Wick It6 Skorohod integral

The following definition is an extension of the fractional stochastic integral of
1t6 type introduced in Theorem 3.6.1.

Definition 3.4.1. Suppose ¥ : R — (8)}; is a given function such that
Y (t) o WWH)(t) is dt-integrable in (8)% (Definition 3.1.11). Then we define its

fractional Wick It6 Skorohod (fWIS) integral, [, Y'( dB(H) by

/ Y(t)dBM™) = / Y (t) o W (¢) dt. (3.28)
R R

In particular, the integral on an interval can be defined as

T
| Y®as® = [ YOum i
0 R

Ezxample 3.4.2. Suppose

n

Y(t) =Y Fi(w)g, e, (), where F;e (8)y

i=1

Then by (3.20) we see that

(H) _ (H (H)
/Y t) dB ZF o (B - BI).
We illustrate how the fractional Wick calculus works in (8)}; by means of two

simple examples.

Ezxample 3.4.3. We compute the following integral.

/ B apH / ) o W) () ds

! d 1
= [ B o ZBUD gs = —(BI)o2
/O < dS s S 2( t )

S

1 1
_ 7(Bt(H))2 _ Z42H

S, (3.29)

where we have used (3.28), (3.21), standard Wick calculus, (3.23), and finally

the fact that -
// d(u,v) dudv = t>1
0J0

Ezample 8.4.4 (Geometric fractional Brownian motion). Consider the frac-
tional stochastic differential equation
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dX(t) = pX () dt + o X () dBI, X(0) =z >0,

where x, p and o are constants. We rewrite this as the following equation in

(&)

%@ = pX (1) + o X (1) o WU(1)
%t(t) _ (,u—f—aW(H)(t)) o X(1).

Using Wick calculus, we see that the solution of this equation is

t
X(t) = xexp® (ut + 0/ W (s) ds) = zexp® (,ut + JB,gH)) . (3.30)
0
By (3.25) and (3.29) this can be written

1
X(t) = zexp (aBgH) + ut — 202t2H) .

Note that
E[X(t)] = xe'.

3.5 The ¢-derivative

The stochastic integral defined (3.28) is a (8)7;-valued stochastic process. To
discuss the It6 formula for usual functions, we need to have stochastic integral
with value in L? or as an ordinary random variable. For this reason we study
the Malliavin derivative in more detail.

Definition 3.5.1. Let g € L%(R). The ¢-derivative of a random wvariable
F € LP(PH) in the direction of ®g is defined as

Doy F(w) = lim - {F(w +6 /O (Bg)(u) du) — F(w)}

5—0 0

if the limit exists in LP(PH). Furthermore, if there is a process (D¢F,s > 0)
such that

Dqng:/Dngs ds almost surely
R

for all g € L% (R), then F is said to be ¢-differentiable.

Remark 3.5.2. Note that by comparing Definition 3.3.3 and 3.5.1 we obtain
that

DfF:/qs(t,v)DgH)de. (3.31)
R
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The higher order derivatives can be defined in a similar manner.

Definition 3.5.3. Let F': [0,T] x 2 — R be a stochastic process. The process
F is said to be ¢-differentiable if for each t € [0,T], F(t,-) is ¢-differentiable
and D¢ Fy is jointly measurable.

It is easy to verify an elementary version of a chain rule, that is, if f: R — R
is a smooth function and F' : 2 — R is ¢-differentiable then f(F') is also
¢-differentiable and

Doy f(F) = f'(F)DgyF
and
Df(F) = f'(F)DZF

and the iterated directional derivatives are
Ddf'ng@ggf(F) = f/(F)Déngd’ng + fI/(F)D<1591FD¢g2F'

The following rules for differentiation, which can be verified as in the proof of
Proposition 3.5.4, are useful later:

Da, /R fodBUD = /R /R (s 0) fugo dudy = (f, g) s

¢ (H) — w, 8)f, du = s);
D /R fodB. /R o, 8) fu du = (B)(s):
Dage(f) = (f) /R /R 6, 0) fugo dudv = e(F)(f, g1,

DP(f) = <(f) /R o(u, 8) fu du = £(F)(@F)(s),

where f,g € L% (R).
We note that the Wick product of two exponentials e(f) and e(g) has the
following form

e(f)oelg) :==e(f+9) (3.32)

Since for distinct fi, fa, ..., fu in L% (R), e(f1), e(fa), - .., &(fn) are linearly
independent, this property uniquely defines the Wick product F' ¢ G of two
functionals F' and G in €.

Proposition 3.5.4. If g € L%(R), F € L?*(P®) and Dg,F € L*(PH), then

Fo/gs dB{) zF/gs dB\") — Dg,F (3.33)
R R
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Proof. By (3.32),
e(f)oe(dg) =e(f +0g), 0 €R. (3.34)

Differentiate the above identity with respect to ¢ and evaluate at § = 0, to
obtain

(1) [ g.an = <) [ [ 924880~ (.61
— () / g2 dBID — (f){f.hm.  (3.35)

By (3.5) it follows that the last term of the above expression is Dgge(f). Thus
the following equality is satisfied:

e(f)o / g2 B = &(f) / g5 B — Dyge(f). (3.36)

If F € € is a finite linear combination of €(f1), e(fz2), ..., €(fn), then extend
(3.36) by linearity

Fo/gsngm :F/gsngH)—Dqng
R R

=F / gs dB) — / D?Fg, ds. (3.37)
R R

The proof of the proposition is completed by Theorem 3.1.4. O

Now we compute the second moment of (3.33). Note that by a simple
computation for Gaussian random variables, it follows that

Ele(f)e(g)] = exp ((f,9)m) -
Thus for 4,7 € R
E[(e(f)oe(vg)) (e(h) 0c(d9))] = E[e(f +v9)e(h + dg)]
=exp((f +vg9,h+0dg9)n).

Both sides of this equality are functions of « and ¢. Taking the partial deriv-
ative 9%/(9v99) evaluated at v = & = 0, it follows that

E Ka(f)o/Rgs dB§H>> <€(h)<>/Rgs ngH))}

= exp (<f7 h>H) {<f7 g>H<ha g>H + <ga g>H}
— B [Daye(f) Dage(h) + e(He(h) g, )]

Thus
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E [(a(f)o/Rgs ngH)) <E(h)<>/RgS ngH))]

= E[(Dage(f)Dage(h) + e(f)e(h)(g: 9)m)] -

By bilinearity, for any F' and G in &, the following equality is satisfied

E [(Fo/gs dB§H>> <G<>/gs ngH)ﬂ = E[DgyFDg,G + FG(g,9)n].
R R

Let F be equal to G. Then

E

2
(Fo / gsngm) ] = F [(DggF)?* + F?|lg|1%] -
R

This result is stated in the following theorem.

Theorem 3.5.5. Let g € L% (R) and let &, be the completion of & under the
norm

|FI2 = B |(Day F)* + 2|,

where F' is a random variable. Then for any element F' € &, FofR Js dB(H)

18 well-defined and

2
(Fo/ s ngH))
R

By the polarization technique [160], there is the following corollary.
Corollary 3.5.6. Let g,h € L% (R) and F,G € &. Then

|(re foamm) (0o [roam)] g

=F [DqﬁhFDgng + FG<g, h)H] .

E = B |(DagF) + F2gll3] . (338)

3.6 Fractional Wick It6 Skorohod integrals in L?2
We now wish to define the stochastic integral fo F dB(H) for a suitable
integrand Fy, as an element in L?(P*). We recall that we are assuming H >
1/2.

Consider an arbitrary partition of [0,T], 7 : 0 =1tg <t; <tz < ...<t, =
T and the Riemann sum

H) H
ZFt o (B — B,

Note first that if Y(t) = Fil,<¢<,,,}, then by (3.28) we have
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tit1
/Y(t) aB) :/Y(t)oW(H)(t) dt:FZ-o/ W (t) dt
R R t

= Fio(B{) - B{")
Under some assumptions on ¢-derivative of F; we see that fR dB(H) is
square integrable. For the general case we shall use equality (3.39). From (3 34)
it easily follows that that for any F and G in €, E'[F ¢ G| = E [F] E [G]. This
identity extends to more general F' and G such that F oG is well-defined (e.g.
[109, p. 83]). Thus for any partition ,

t+1

Z B[R, o (B - B{")]

tit

_ZEFt]E[B(H - ”} 0.

tit1

To compute the L? norm of S(F,7), denote

[ (m o) ) (s, o 57 )

tit1 t+1

By Corollary 3.5.6, it follows that

tit1 tiy1 titr  ptjta
oi; = E / D?F, ds / D} F,, dt + F,, Fy, / / d(u,v) dudv| .
tj t; t; tj
Thus
n—1 tit1 tir1
E[S(Fm)’] =) E / D?F,, ds / D{Fy, dt
i,j=0 tj

i1 41
—|—Ft1FtJ/ / d(u,v) dudv| .

Denote |7| := max;(t;41 — t;) and FJ = F;, if t; <t < t;41. Assume that as
|r| — 0, E[||F™ — F||}] — 0 and

H )

i+l Jt+1 T T .
E Z /( /( ) D¢F (n)D?FtT(rn) dsdt — / / D?FtDt F,dsdt
" I 0 Jo

4,j=0

converges to 0. Then from the above it is easy to see that if (7,,n € N) is a
sequence of partitions such that |m,| — 0 as n — oo, then (S(F,m,),n € N) is
a Cauchy sequence in L2(PH). The limit of this sequence in L?(P) is defined
as fOT F,dB{™) | that is, define



70 3 fWIS integrals

T

F,dBU) = lim Zng — By (3.40)

t+1

so that

T T T
|/ FdBE| = B / / DEF,DYF, dsdt + ||l
0 0 0

Let £4(0,T') be the family of stochastic processes F on [0, T'| with the following
properties: F' € L4(0,T) if and only if E [||FH12LI] < 00, F'is ¢-differentiable,

the trace of D?F;,0 < s,t < T, exists, and E [fOT fOT | D¢ Fy|? ds dt} < oo and

for each sequence of partitions (m,,n € N) such that |r,| — 0 as n — oo,

SRR
Z E / D?F (n)Dng,ﬂ) — DYF,D{F,| dsdt
1,j=0 (n) !
and
E[FT - F|]
tend to 0 as n — oo, where m, : 0 = t(()") < tg") < (n)l <t =T.

The following result summaries the above constructlon of a stochastic in-
tegral.

Theorem 3.6.1. Let (F;,t € [0,T]) be a stochastic process such that F €
L4(0,T). The limit (3.40) exists, and this limit is defined as fOT F,dB{™.

Moreover, this integral satisfies

T
/ F,dBU
[ r.ap
T
[ Rasip
0

T T
//DthDngdsdtJr||1[07T]F||§{
0

E =0

and

T
I [ FdBI e om) = B (3.41)
0

=K

The following properties follow directly from the above theorem.
1. If F,G € L4(0,T'), then
t t t
/ (aF, +bG,)dBH) = ¢ / F,dB) +p / G,dBH)  as.
0 0 0

for any constants a and b.
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2. If F € L4(0,T), E [supg<s<r |[Fs|?] < 0o and supg<, <7 E [|[DEF?] <
00, then (fot FsngH) ,0 <t <T) has a continuous version.

Property 1 is obvious. To show property 2 let Y; = fot F, ngH) LO0<t<T.
By the equality (3.41) it follows that

t
E(lY,-Y,’)| =E [l/ F, dBSLH)l?}

t ot t et
SE[/ / |D$Fv|2dudv+/ / Fqu¢(u7v)dudv]
( 2

{ sup Fs} //d)(u,v)dudv
0<s<T s Js

<(t—s)2+C(t—s)H.
By the Kolmogorov’s lemma [218], the property 2 is satisfied.

<C(t—s)*+F

3.7 An Ito formula

Now an analogue of the It6 formula is established, that is, a chain rule for the
integral introduced in the last section.

At this purpose we need to introduce first the following theorem that shows
how to compute the ¢-derivative of a stochastic integral of Ito type. It can be
verified from the product rule and the Riemann sum approximations to the
stochastic integral.

Theorem 3.7.1. Let (F;,t € [0,T]) be a stochastic process in Ly(0,T) and
supg<s<r E [|DF,|?] < 00, and let n, = fot F,dB™ forte [0,T]. Then for
s,t € (0,71,

t t
D¢ :/ D?F, dB£H>+/ Fuo(s,u)du, a.s.
0 0

Now a general It6 formula is given. For further comments about It6 formulas
for fBm, we refer to Section 6.3.

Theorem 3.7.2. Letn; = fot E, dBfLH), where (F, ,0 < u < T) is a stochastic
process in L4(0,T). Assume that there is an o > 1 — H such that

E|[|F., — F,]’] < Clu—v]*,
where |u —v| < 0 for some § >0 and

lim E[|D¢(F, — F,))] =0.

0<u,v<t,|lu—v|—0
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Let f : Ry x R — R be a function having the first continuous derivative
in its first variable and the second continuous derivative in its second vari-
able. Assume that these derivatives are bounded. Moreover, it is assumed that

E [fOT |FsD¢ns| ds} < oo and (f'(s,ms)Fs,s €10,T)) is in L4(0,T). Then for
0<t<T,

tof tof
tne) = So(s,ms)d —=(s,1) Fs dB{")
e = 10,00+ [ Fismas+ [ Fisnorant
t 62
+ ; T;;(s,ns)Fstns ds a.s.
Proof. Let m be a partition defined as above by replacing 7" by ¢. Then

f(t,ne) — £(0,0)

1

S
|
—

[f(tk-‘rh ntk+1) - .f(tk7 ntk)]

k=0
n—1 n—1

= [f(tk+1a ntk-u) - f(tkv 77&«4-1)] + Z [f(tkv ntk+1) - f(tk’ ntk)]
k=0 k=0

by the mean value theorem. It is easy to see that the first sum converges to
fot 0f(s,ms)/0sds in L?(PH). Now consider the second sum. Using Taylor’s
formula, it follows that

0
f(tka ntk+1) - f(tkv ntk) = %(tka ntk) (Wt;m - ntk)

102%f . 2
+ iﬁ(tkvntk) (Wtkﬂ - ntk) >

where 7y, € (M., M., ). An upper bound is obtained for E [(ntk+1 - mk_)g]
as follows

9 tht1 tet1 4
E |:(77tk+1 - ntk) :| - E |:/ / DthDt FS dS dt:l
tr T

te4+1 tht1
+F {/ / F.Fyo(u,v) du dv]
tr tr

= C(tk‘Jrl - tk)Q
(228 th+1
+ E[F2D)Y2(E [F2)Y26(u,v) du d
/tk /tk ( [“]) ( [v]) d(u,v) dudv

tet1 tet1

¢l -wre [ [ stwnaual
tr tr

Ctpgr — ti)? + Cltpyr — ti)*

C

(tes1 — tr)*,

IN

<
<
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where ;41 —t; < 1 and C is a constant independent of the partition 7 that
may differ from line to line in this proof. Since

3
|
—

nlag

f 2
E 6 a2 (tka Utk) (ntk+1 ntk)

<C)» FE [(ntkﬂ - 77tk)2]

k=0

<O (thr —tr)?H,

then E {ZZ;& O f (tis ey ) /O (e, — ntk)ﬂ — 0 as || — 0. On the other
hand,

of of H
%(tkﬂ?tk) (Utk+1 - Utk) = %(tkﬂ?tk) (Ftk % (Bt(H_)l B( )))

9 tht1
# 5o ([0 - Rasm).

tr

The first term on the right-hand side can be expressed as
of H
%(tk,ntk) (Ftk O(Bt(k+)1 B( )))
8f tr+1
= %(tk, 77tk) (Ftk (Bt(k+)1 B(H)) / D?Ftk dS)
tr
of H H of fes
= S o) B (B~ B~ (tm) [ DERL s
t

0. k
0
= [di(tk’ntk)Ftk} (Blgﬁ)l Bt(;f[))

tht1 8 a tet1
w [0z (Femon ) as= e, [ p2r, as

tr
of " H bt »Of
=[Sm0 B0, - B+ [ R0 s
k
Thus
n—1 8f n—1 af
H H
Z 7,15 tkﬂ’rltk ntk+1 - ntk,) = Z |:al_(tk?777tk)Ftk:| (Blf(k+)1 Bt(k ))
k=0 k=0
n—1 th1 ¢af
+ Fy, Di ti, M, ) ds.

As || — 0, the first term converges to fot F.0f(s,ns)/0x dB{™ and the second

term converges to f(f 02f(s,ns)/0x® D®nsF,ds in L2. To prove the theorem,
it is only necessary to show that
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0 tr+1
SB[ ) [ 5 s
k=0 e

converges to 0 as |m| — 0. Since f has a bounded second derivative, it follows
that

0
9 tmal < €0+ ).
Thus o7
E [&E(tk)ntk)|2:| <C.
Furthermore

ZE [ gf tk,ntk)/thrl(Fs _ Ftk)ngH)|:|
_ ot 12
RN
tht1 2
{ JRNCCEN ds} 1
ty
e 1/2
E [/t /75 (Fy — Fy ) (Fy — Fy,)d(u, v) du dv]
t

1 th+1
_ O(F, — F,, 21 ds
<C 0{(7:,%1 tk)/ E[(DS (F— Fy)) }d

172

o
Il

tht1  pteti 1/2
+/t VE[(F.— Fi )Y E[(F, — F,)2]¢(u,v) du dv}

tr

te<s<tp+1

n—1
< CZ { sup  E [|DY(Fs — Fy,)I*] (ter — tr)?
k=0

1/2
+(tk+1 — tk)QH sup F [(Fis — Ftk)ﬂ }

L <s<tpt1

<C sup E[|DYF.—F,)P]"" + Clr|fret,

tp<s<tri1
The last term tends to 0 as |7| — 0. This proves the theorem. O

The equality (3.7.2) can be formally expressed as

0 0 0?
Y o (1 m)FeaB™ + 5L 4, m) FDPm, dt

df(t;ﬂt) o2

If F(s) = a(s) is a deterministic function, then (3.7.2) simplifies as follows.
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Corollary 3.7.3. Let n, = fot Gy, dB,aH), where a € L% (R) and f : Ry x R —
R satisfies the conditions in Theorem 8.7.2. Let (0f(s,ns)/0x as, s € [0,T])
be in L4(0,T). Then

t t
) = 10,00+ [ Fnas+ [ Fnecant

f
+/a2sns /qﬁsvavdvds
0

alomst surely, or formally,

of
ot

8f

0
f(t nt)at dB(H) + a 2

df(t’nt) or

t

—=(t,n) dt + (t,me)as / o(t,v)a, dv dt.
0

If ay = 1, then we find the same result as in Theorem 4.2.6 in the special case

H>1/2.

In the classical stochastic analysis, the stochastic integral can be defined
for general semimartingales and an It6 formula can be given. By the Doob—
Meyer decomposition [79], a semimartingale can be expressed as the sum of
a martingale and a bounded variation process. A semimartingale (X;,t > 0)
with respect to a Brownian motion can often be expressed as X; = Xy +
fot fsdBs + fg gsds. An It6 formula in the analogous form with respect to
fBm is given. This generalization of the It6 formula is useful in applications.

Theorem 3.7.4. Let (F,,u € [0,T]) satisfy the conditions of Theorem 3.7.2,
and let E [supg< <7 |Gs|] < co. Denote n = & + fo G du + f F,dB{™",

EER, fort €[0,T]. Let (0f(s,ns)/0xFs,s € [0,T]), be in L4(0,T). Thenfor
te 0,1,
to )
fen) = 10,0+ [ Semyas+ [ ai(s,ns)c:s ds

" of m o, [0
+/ %(S,Us)Fs dB{) + E. 5 (5, ns)FsD?nsds  a.s..
0

Proof. The proof is the same as for Theorem 3.7.2. g

We now present two applications of the It6 formula. First, we provide an LP
estimate of the fWIS integral. Second, we extend the so-called homogeneous
chaos to the fBm.

3.8 LP estimate for the fWIS integral

Let h,(z) be the Hermite polynomial of degree n, that is,

etr— 1/2t2 Ztn
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t ot 1/2
Vflle = [ / / ¢(u,v)fufvdudv] |

t
X
0

Let

Define

where f € L%(R) and
RES () = 1 1rhn () (3.42)
Theorem 3.8.1. If f € L% (R), then the following equality is satisfied
iy (£) = nhi" (1) £ B,
where t € [0,T].

Proof. Fix n and denote X; = hf:f(t) for t € [0,T]. Using the It6 formula
(3.7.2), it follows that

t ~
X, :n||f||;;jt2ft/0 d(u, t) fu duhy, (ft) dt

t t
— A1 o o / ou. 1) fu dutl, (1) 115 ( / fs ngH)) dt
0 0
Aty () 1A fe dBE™
t ~
I ube [ otust) o duty (72) 16117, de
0
= nll fl 2 (F2) fraBf™
t
IS5 [ 0t {nhal )~ Sl G0 + 1)}
0
It is well known that for each n € N the Hermite polynomial satisfies
nhy,(z) — zhl () + hll(z) = 0
for each € R. Thus nh,(f;) — fih!,(fi) + h”(f;) = 0. The first term is
b () £ dB.

Thus,
dh (t) = nh!M (1) £, dB™.

This proves the theorem. a



3.8 LP estimate for the fWIS integral 7

The following estimate for the LP norm is of Meyer inequality type and is
useful in some applications.

Theorem 3.8.2. Let (gs, s € [0,t]) be a stochastic process satisfying the as-
sumptions of Theorem 3.7.2. Let Fy := fot g5 dBS) andp > 2. IfE [fg lgs|P ds}

< o0, fotE [|D§bFs|p dS] < oo and FP~1g € L(0,t), then

E[FP] < p? {/Ot (E {|gstFS|P/2])2/p ds}p/2 :

Proof. Applying the It6 formula (Theorem 3.7.2) to F! (by the assumption
that FP=1g € L4(0,t), the restriction on the boundedness of f to its second
derivatives in Theorem 3.7.2 can be removed), it follows that

t t
Fyp =p/ FP~lg,dB{" + p(p — 1)/ FP=2g.DYF, ds.
0 0
Thus,
t
EWFY)=p(p 1) | B[P 20.DF.] ds.
0
and
t
B[F?) < p(p—1) / E[|F?2g,DYF,[] ds
0

} 2 ds

t
<p* [ Bl [lg.02R
0
By an inequality of Langenhop (e.g., [13]), we have

E[F}) <p” {/Ot (E [IgsD?Fslp/QDZ/p dS}

This completes the proof of the theorem. a

Corollary 3.8.3. Let the conditions of Theorem 3.8.2 be satisfied and let p >
2. Then

B[R] <p’ { / (B[P ds + /

Proof. From |ab| < a? + b2, it follows that

p/2

t

¢ g (p1)2/? v
(B (D2E) as)

B |lg.DIF|?] < Bllg.J?] + B [IDIF]
Thus
2/p
(2 [looD2Rl?]) " < (Bllgr) + B [IDEI])”

2/
< (Ellgsl")*” + (E [IDZE]) ™.
This verifies the corollary. O
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3.9 Iterated integrals and chaos expansion

As a second application of It6 formula, we now provide a Wiener It6 chaos
expansion theorem in terms of iterated integrals.

We recall that L% (R.) denotes the subspace generated by the deter-
ministic functions in Li(RQ. In the sequel we identify f € L% (R,) with

fTo400) € L% (R) to keep simple the notation concerning the norms. Let
f € L% (Ry) be such that || f||z = 1. Similar to [109], define ([~ fs ngH))O"
as the nth Wick power of [~ £.dB e,

[o'e) on o) <>(n71) ')
( / s dB§H>> = ( fs dB§H>) o / fsdBH)
0 0 0

o * (H) — (—1)"! >~ (H) o
log® (1+ fedB{M) ) =N " fsdB!
0

0
forn=2,3,....

Lemma 3.9.1. If f € L%(Ry) with ||f|lg = 1, then for each n € N,
on
> £.dB) " s well-defined and
0

(/Oo s ngH>) . R, </Oo fs dB§H>> , (3.43)
0 0

where hy, denotes the Hermite polynomial of degree n (see (3.8)).

Proof. The equality (3.43) is verified by induction. It is easy to see that (3.43)
is true for n = 1. Suppose that (3.43) is true for 1,2,...,n — 1. Then

00 on
( fsngH)) = hp—1(
0 0
=hn_1</ £, dBUD) / fsngm—Dqsf{hn_l( / fsngf”)}
0 0 0
— ([ fdBUD) / f.dB{ :H(/ F.dBE)| 112,
0 0 0

= B / f.dBUD) / fodBE 1 ( / f.dBUD)
0 0 0
= hn(/ fs ngH))
0

fsdB{)) o / fsdB
0

by an identity for Hermite polynomials. This verifies the equation (3.43). O
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For an arbitrary, nonzero f € L% (R, ), the product defined in (3.43) is ex-
tended as follows:

. on o SngH) on
(/ fsdBﬁH)> iy (ot 4B
. e

_ n OofooofsngH)
—IfIIth</0 o).

on
Lemma 3.9.2. If f € L%(Ry), then (fooo fs ngH)> is well-defined for

each n € N and . on
( | r dB£H>) — Wi (1),
0

where K1 (t) is defined in (3.42).

Since fooo fs ngH) is a Gaussian random variable, it is easy to estimate
its moments and to show that the series defining exp® ( fooo fs ngH)) is con-

vergent in L?(PH). Moreover, there is the following corollary.

Corollary 3.9.3. If f € L% (R), then

v ([ oan®) =ty = e ([ gm0 Lisiz).

Proof. 1t follows that

oo oo 1 [e's) on
exp® ( / I, ngm) -y < / £ ngm)
0 . 0

n=0

> o fsaB™
= — n hn = -

< fdBI 1
- e <||f|Hf°ff”H - 2f||%1>

o 1
e ([ fan - 511
0

This completes the proof of the lemma. O

The following lemma is also easy to prove.

Lemma 3.9.4. For any two functions f and g in L% (Ry) with (f,g)u = 0,
the following equality is satisfied



80 3 fWIS integrals

[e'e) on oo om
(/ fsdB§H>) o(/ gsngm)
0 0

o0 on o0 om
—( /0 fsdB§H>) (/0 gsdB£H>> = hf (c0) W9 (00).

Since [, fs dB™) /|| £l i and 157 9 dB{™) /||g|l;r are Gaussian random vari-
ables with mean 0 and variance 1, their covariance is

o) ([ ) o )
o K/ T / Tl 52 17T ol /s

It follows that

E [(/OO £y dB§H>)°n (/OO 7s ngH))Om}
0 0
- ['f“?‘f“g“%(/o ||J{S|HdB§H)>hm(/o |;SHdB§H)>]

0 ifm#n
ol (sl e, fm =
_JO ifm#n
S\ nifg)y ifm=n

By a polarization technique [160] it is easy to verify the following lemma.

Lemma 3.9.5. Let f',... f", g*, ...,9g™ € L%(Ry). The following equality
is satisfied

o0 oo
E K/ f;ngH><>-.-<>/ f;ngH))
0 0
</ g;ngH)o-~<>/ g;ﬂngH)ﬂ
0 0

_)o ifn#£m
SAL TN (P 7P (g7 M) if n=m,
where y _ denotes the sum over all permutations o of {1,2,...,n}.
Let eq1, ea, ..., €y, ... be a complete orthonormal basis of Li(RQ as defined

in (3.10). Consider the nth symmetric tensor product L% (R%) of L3 (R ):
() = L3RG BLY (R, ).
We denote by L,, the set of all functions of n variables of the following form:

for s = S an o per(s0)em () ex (), (344)

1<k1, . kn <k
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where f is a symmetric function of its variables s1, ..., s, and k is a positive
integer. For an element of the form (3.44), its multiple integral is defined by

In(f) = Z Ak - Ky, Aw ks (S) ngH)

1§k17~~-7kn§k

<>/ ekz(s)ngH)o---o/ ekn(s)ngH).
0 0

By Lemma 3.9.5, we have

E[|L(NH’] =n! d(ur,v1)P(uz, v2) - - G(un, vp) f(ur, ug, ..., uy)

RZn,
i
f(vr,vg,...,0,) duy dug - - - duy, dvy dog -+ - dvy,  (3.45)
=nl > ke kG 1, (€ks 1) (R, )
1<ky,...,kn<k
1<ly,.. 10 <k

=nl > 4} (3.46)

1<k1,....kn<k

Given f € ﬁi(R’}r), we define

1fllzz =) == n!/2 (ur,v1)p(uz,va) - G(Un, vp) f(ur, uz, - - ., un)
R2™
f(v1,09,. . vn) duy dug - - - duy, dvy dog - - - doy,.
We note that the completion of ﬁ%(Ri) with respect to the norm (3.9) is
L2(R?). A
Since every element f in L%{(Rf_) is a limit of elements in L,,, the multiple

integral I,,(f) for f € L% (R'}) can be defined by a limit from elements in £,,
and it follows that

E[(L(H1H] = a7
The following lemma can also be shown by the polarization technique.

Lemma 3.9.6. If f € L% (R?) and g € L} (R), then

E (L () Tn(o)] = {gw, o =,

Let f € IA/%I(RT;) The iterated integral can be defined by the recursive formula

/ f(s1y--.y82)dBID . B
0<51< <8, <t )

¢ (3.47)
:/ </ f(sl,...,sn)ngf”---ngf_>1> dB{™
0 0<81<<5p
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Theorem 3.9.7. If f € IA%(]R:‘_), then the iterated integral (3.47) exists and
L(f) = n!/ f(s1,.. 80)dBS - dB{F). (3.48)
0<s1 < <sp<t

Proof. First let f have the special form f = ¢g®", that is, f(s1,52,...,5n) =
9(s1)g2(s2) - g(sn). Then

L(f) = b9 (t)
and
dI,(f) = dh;19(t)
= nh!L9 ()g(t) dBMD
= nlua(g®" ) () aB;™.

This verifies (3.48) for the case where f = g®". By the polarization technique
[160], the theorem follows easily. a

Remark 3.9.8. For Brownian motion, a multiple integral was originally intro-
duced by Wiener [235]; Wiener’s original multiple integral is in fact a multiple
integral of Stratonovich type. The multiple integral of It6 type was introduced
in [131].

Theorem 3.9.9. Let F € L*(PY). Then there ewist f, € L3 (R%) for n =
0,1,2,... such that

F(w) = Z-rn(fn)a
n=0
where Iy(fo) := E [F]. Moreover,
o0
I ey = Zn!”fnuii(Ri)'
n=0

Proof. The result can be deduced from Theorem 3.1.8 by using the identity
o (w) = / BN Geam g(BUH))En (3.49)

if @« = (a1,...,0,) and n = |a] = ay + - -+ + @, where & denotes the sym-
metric tensor product. The identity (3.49) follows by Theorem 3.1.8, (3.12),
and (3.48). O
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3.10 Fractional Clark Hausmann Ocone theorem

In this section we prove a generalized Clark Hausmann Ocone formula in the
fractional case. For this purpose we extend the differentiation operator to a
space of random variables containing L?(PH). A convenient pair of spaces to
work with is the following:

Definition 3.10.1. ([1], [192])
1. Let k € N. We say that a function

Z BU)E(t) € LA®Y),  f. € LE(RY),

R"

belongs to the space Gy = Gi.(PH) if

o0

2 2 2k
||¢||9,c = Zn!Hf"HLi(Ri)e " < oo,

n=0

where Hf"Hﬁfb(Ri) is defined in (3.9). We put

G =G(PH) =N, G (PH)

and equip G with the projective topology.
2. Let g € N. We say that a formal expansion

G = Z/ gn d(BYNE™ (1), g, € L3 (RY),

belongs to the space G_, = G_4(PH) if

oo

1613, = 3 nllgalZa e e < oo
n=0

We define
§* = G*(P") = UgenG—q(P)

and equip G* with the inductive topology. Then G* is the dual of G, and
the action of G € G* on ¢ € G is given by

oo

<<G7¢>> = Zn'(gmfn)L2 (R7) -

n=0

Remark 3.10.2. Note that by Theorem 3.9.9 we have

(8)m € §(P") c L*(®T) = (L2(P"))" ¢ §*(PH) C (8)3:-
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Let Srt(H) be the o-algebra generated by B (s,-); 0 < s < t. The following
operator is useful:

Definition 3.10.3. 1. Let G = .07 [un gn(s) d(BU)®"(s) € G*. Then
+
we define the fractional (or quasi-) conditional expectation of G with
respect to f}”t(H) by

B [G\&f@] =Y /}R 9n(8) - Tposasey d(BUD)E"(s), (3.50)
n=0 +

fort>0.
2. We say that G € §* is S’t(H)—measurable if E [G|3"t(H)} =G, t>0.

Remark 3.10.4. The fractional conditional expectation E is different from
the ordinary conditional expectation. For example, it is easy to check that

E [Bt(H)\S'”gH)} = BgH) for 0 < s < t. But the computation of F [Bt(H)HgH)]

is much more complicated. See, for example, [103].

Note, however, that if G € L?(PH) then Definition , 2 coincides with the usual
definition of being ff"t(H)—Ineasurauble7 i.e., we have

E [G\?t“”] —C as.oF [G\:ﬂ(m] -G as.

This equivalence follows from the prediction formula for fBm. See [103], and
also [172] and [227] for related results.
As in Lemma 2.8 of [1], we can get

Lemma 3.10.5. 1. F € G, implies ||E [F|3"§H)} s, < IIFls. .
2. F € §" implies £ [FIF\"] € g°.
3. F,G € §* implies E [F0G|3"§H)} =E {F|§§H)} o F {G|S‘“§H)]

Motivated by Lemma 3.3.5 we now extend Definition 3.3.3 to elements in
g

Definition 3.10.6. Let F =) | caHalw) € G*. Then we define the stochas-
tic gradient of F' at t by

" dF -
DM F(w) = o (tw) = S > i, weilt)

> (Z Coreto (B + 1>ei<t>> H (). (3.51)

B
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Lemma 3.10.7 (Fractional Clark Hausmann Ocone formula for poly-
nomials). Let F'(w) be ?%H)-measumble and suppose F(w) = P°(Y) for some

polynomial P(y) = >, cay®, where Y = (Y1,...,Y,) withY; = (w, f;) as in
Lemma 8.3.5, 1 < j <n. Then

F(w)=P°(YD), where Y( ) = (w, filjo,m)),
and

T
F(w) :E[F]+/O E [Dt(H)F|9§H)] aB™.

Proof. The proof of Lemma 3.8 in [1] applies, with only conceptual modifica-
tions. 0

We now state the main result of this section:

Theorem 3.10.8 (Fractional Clark Hausmann Ocone theorem).

1. Let G(w) € G* be 3’( ) -measurable. Then D )G and E [D G|?(H)]
belong to G* for almost all t. Moreover, E [Dt(H G|f¥t } o WU (1) is

integrable in (8)3; and
G(w / D(H)G|9<H>} o W) (¢) dt.

2. Suppose G(w) € L*(PH) i 5"( ) -measurable. Define
w(tw) =B [T, te,1)

Then ¥ belongs to the space L(0,T) and
T ~
G(w) = E[G] + / B[ D63 ap™.
0

Proof. The proof of 1 is similar to the proof of Theorem 3.15 in [1] and is
omitted. The proof of 2 is similar to the proof of Theorem 3.11 in [1], but
with minor modifications. For completeness we include a proof of 2.

Let G(w) € L?(PH) have the expansion G(w) = Y, cq caHa(w). Define

dn={a€T: |a|<n and length(a)<n}

and put

Then
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where
XZ(Xl,...,Xn); Xi=<w,61'>.

Hence, by Lemma 3.10.7 we have

T
Gn(w) = E[Gn] + / E [DéH)Gn\Sﬂ(H)} aB{™
0

for all n. Since G,, — G in L?(PH) as n — oo, we deduce that

T
Gw) = E[G]+ lim | B DG, |7{™"] aB™.

n— o0 0

The sequence E Dt(H)Gn|3"t(H)] is a Cauchy sequence and hence convergent

in L4(0,T"). By 1 we know that this limit can be represented as
E[p{"ci].
This completes the proof of 2. O

We shall call E [Dt(H)G \SFEH)} the fractional Clark derivative of G in anal-
ogy with the classical Brownian motion case. We will use the notation

VG = E [D§H>G|3"§H)} .

Ezxample 3.10.9. Let £ € R and let

1

X(t) = exp <i§B,§H> + 252#’) . t>0.

Then from Example 3.4.4 it follows that

T

X(T)=1+ ig/ X (s)dBH)
0

Thus we have

VOX(T) = i€ X (t).

Consequently,
VPeiB  jgeieB" +1/26 (121 -T2 (3.52)

Let f € 8(R) and let f be the Fourier transform of f, i.e.f(€) = [pe " f(z) da.
Then f(z) =1/(27) [ €€ f(€) d¢. Consequently, we have

1

1B = 5 [P S € de
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Therefore, by (3.52) we obtain
1 o (H) o A
VIHBE) = o [ Ve ae

T JR
1 , . 1 .

= o / i€ exp (ng,EH’ - & (1 - tQH)> 1) de
™ JR 2

= g(B"),

where g is the inverse Fourier transform of the product of the following two
functions: f(§) and

Q&) = ige™ /X (T =),

However, Q(§) is the Fourier transform of dP, r(z)/dx, where

P _ 1 x?
rr(e) = o (T2H — (2H) s S (TP —2H) )

which is the heat kernel at time T2 — ¢2H_ Thus we have obtained
@) = [ arte =) d,

where g, r(x) = dP.r(x)/dx.

In general, we can obtain the following

Proposition 3.10.10. Let f be a function such that E [\f(B(TH))q < 0.
Then

Ve F(BYD) = / qur (B — ) f(y) dy, (3.53)

where g1 (z) = dP,r(z)/dx with

1 x?
rirte) = o= o (g 05
and 0 <t <T.

Remark 3.10.11. When H = 1/2, (3.53) and (3.54) reduce to known formulas.
(See [111].)

3.11 Multidimensional fWIS integral

We wish to extend the results of the first part of this chapter to the multidi-
mensional case. Let BY)(t) be an m-dimensional fBm with Hurst parameter
H = (Hy,...,H,) € (0,1)™ with respect to the probability measure P#
defined on §2 := (8'(R))< by
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PH .— P ... g PHm, (3.55)

Note that for the sake of simplicity we are using the symbol P¥ also to denote
the product measure (3.55). This is the (version of the) fBm we will work
with from now on. Similar to the one-dimensional case, we can define the
multidimensional fWIS integral over [0, T:

/ F(t,w) dBH (1 Z/ Fult ) dBI (1) € L2(PH)

for f: (.fla”'afm) in
L5(0,T) = L4, (0,T) x -+ x Ly, (0,7).

In particular, we have

| [ 2
R

It is useful to have an explicit expression for the norm on the left-hand side
of (3.56).

Theorem 3.11.1 (Multidimensional fWIS isometry I). Let f,g €
£™(0,T). Then

(f) ra)-( [ oum)

m

L2(PH) Z ’fk||£¢ (0,7)° (356)

(f, )L;j")(o,T)

where
m LT
(F.9) e = B |3 [ [ felations,o) ds
F=1o o (3.57)
+ DY, fr(s)Dy , ge(t)dsdt
3 ([ ) et )

Remark 3.11.2. Note the crossing of the indices ¢, k of the derivatives and the
components fi, g¢ in the last terms of the right-hand side of (3.57).

To prove Theorem 3.11.1, we proceed as in Section 3.6, but with the appro-
priate modifications. In the sequel we put

LH™(R) == L2, (R) x --- x L% (R).

Fa=(a,...,0m) € L?j(m)(R) we define the corresponding Wick exponential

E(oz):exp°</]R (t) dBU (t) )—exp Z/ak dB(H ))
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m " 1
:emo(§jjgaka>d32 (1)~ 5llaly ). (3.58)
k=1
where

el = Z/ ak(s)aw(t)or(s,t) dsdt =Y [lol|F, - (3.59)
k=1"R k=1

Let € be the linear span of all £(a); a € L2 (m) (R). By Theorem 3.1.4 we
have that € is a dense subset of LP(PH), for all p > 1, and we can reformulate
Theorem 3.1.5 for the multidimensional case as follows.

Theorem 3.11.3. Let g; = (giys---,9i,,) € Li}(m)(R) fori=1,2,... n such
that

g, — g5l e 0 if i#j, k=1,...,m
Then &(g1),-..,&(gn) are linearly independent in L?(PH).
If F e L*(P") and g; € L3}, (R), we put, as in [83],

Dy (g F = /RD,‘f’tF-gk(t) dt.

We list some useful differentiation and Wick product rules. The proofs are
similar to the one-dimensional case and are omitted.

Lemma 3.11.4. Let [ = (f1,...,fm) € L?}(m)(R), g = (91,-.-,9m) €
LE™(R). Then

1. Dk@(gk)( ;fR 7, dBi(H)) = {f,Qm., k=1,...,m, where
n= [ [ feoaots s, k=1..m.
RJR

D,‘f’s( _;fR i dBZ-(H)) Jo fe(w)on (s, u) du; k= 1,.

'Dk@(gk) g(f)_ (f) <f’ >Hk;k:1

DY E(f) = E(f) - Jp Fr(w)dr(s,u) du; k—l

SE(f)o&(g) —5(f+9)

CFo [ dBI(CH) =F- [k dB,(CH) — Dy I, k= 1,...,m, provided
that F € L*(P?) and Dy, g(y,) F € L*(PH).
7. EE(f) - E(g)] = exp(f, 9)n

Lemma 3.11.5. Suppose oy, € L3 (R), By € L}, (R), Dyg(s,) F € L*(PH)

and Dy ¢(ay) G € L*(PH?). Then

E [(Fo/akdB Go/ﬁédB(H )] (3.60)

= E [(Deos) F) - (Drg(ay) G) + 0ue FGlan, Br) i, |

ST NS
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where

0 otherwise.

1 if k=1{,
5ke={ /

Proof. We adapt the argument in Theorem 3.5.5 to the multidimensional case.
First note that by a density argument we may assume that

Fe) = e ( [ 10an0) - 113 )

and

G =) =eww ( [ a0 aB 0 - Sl )

for some f € L% (m)(R) ge L’ (m)( R). Choose 6 = (d1,...,0m,) € R™, and
)

Y= (717'-'77771) € Rm7 and pU.t 6 X f = (61f1,... mfm and v X g =
(7191, -+, YmGm). Then by Lemma 3.11.4
E[E(f) o €(6 x a)) - (&(g) o E(y x )] (3.61)

EE(f+dxa) &gty xp)=exp((f+dxa,g+7xB)u)

= exp Z// fi+ 8ici)(8)(gi +7iBi) (t)pi(s, 1) ds dt} (3.62)
i=1%
We now compute the double derivatives
92
061,07¢

of (3.61) and (3.62) at 6 = v = 0. We distinguish between two cases:
1. k # ¢: Then if we differentiate (3.61), we get

2
%ME [(E(f) 0 E(E x @) - (E(9) © E(v % B)]5——o
0 (H)
8W€E |:(8(f) 08(5 X a) /Ozk dB ) (8( )08(7 X ﬂ)):| P
5 [(af) [ owan) - (et [ oea) } )

On the other hand, if we differentiate (3.62) we get
82

06107¢

[exp(f+5 X o, g+ X 5>H]5:7:o

0
- a—w[expwwxa,gﬂxﬁm
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B

Cvk gk + ’Yk/Bk)( )¢k<87 t) ds dt:| S=r=0

//ak )01 (£) e (s, 1) ds di - //ﬁz VF(t)be(s. 1) ds d

=exp(f,9)m <05kagk>Hk (Be, fo)m,
=FEI[E(f) - (Be, foym, - E(9) - {ok, ) i)
= E [Dya(s) E(f) - Diaan) €(9)] - (3.64)

R/

This proves (3.60) in this case.
2. k = £: In this case, if we differentiate (3.61), we get

o B 0 5 x ) (Ele) o £ x )
9 g {(S(f)OE(éxa)o/akdB(H)) (g )Oe(wm)]g_%o

8%
—E [(E(f) /ak aB” /ﬁ dB! H> } (3.65)

On the other hand, if we differentiate (3.62), we get

82
5o [exp(f +6 x a,g+7 % Bu],_

0
[eXp fHoxa,g+vxpB)n
Mk

/ / (g + YBe) () b1 (5, 1) dsdthzv:o
R R
xp(f,

9" [<O‘kvgk>Hk . (ﬁk,fk)Hk+//ak(s)ﬁk(t)¢k(s,t) dsdt]
RR

= E [Dios,) E(f) - Dia(arn) €(9) + E(f)E(g) (ar, Br) ] - (3.66)

This proves (3.60) also for this case. Hence, the proof of the lemma is complete.
O

We are now ready to prove Theorem 3.11.1.

Proof. Put f(t) = f(t)Ijo.7y(t). Then [ f(t)dB{™ (t) = [, f(t)dB{™ (). We
may consider [, fe(t)dB H)( t) as the hmlt of sums of the form

N
> dett) o | B () - B (1)
=1
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when At; =t —t; — 0,81 < to < -+ < ty, N = 2,3,.... Hence,

E [(fR de(H))2] {( Z Je fr dB(H)) } is the limit of sums of the form
= H H 3 H H

> B[ty o (B (tisn) = BIV (1)) - (Jults) o (B (t50) = BV 0,)))]

.

which by Lemma 3.11.5 is equal to

Y E

i,k

tit1 tj41

/D?sfk( )sztfé( )dsdt‘|

ti t;

tig1tj4

E 5k€/ /fk(ti)fk(tj)ék(s,t)dsdt].

t; t;

When At; — 0, this converges to

> //D s)D? fé()dsdt)

+Z//fk ) fi(t qﬁkst)dsdt]

k=1p R

This proves (3.57) when f = g. By polarization the proof of Theorem 3.11.1
is complete. a

Using Theorem 3.11.1, we can now proceed as in the one-dimensional case
with appropriate modifications, and obtain a fractional multidimensional 1t
formula. We omit the proof (for a proof in n = 2, see also [83]).

Theorem 3.11.6 (The fractional multidimensional Ité6 formula). Let
X(t) = (X1(t),..., Xu(t)), with
dXi(t) = Y o4t w)dBy(t),
j=1

where o; = (0i1,...,0im) € L;m)(O,T), 1 < i < n. Suppose that for all
Jj=1,...,m there exists 0; > 1 — H; such that

0; .
supE[(UU( ) —0ij ()] <Clu—v|” if lu—v[<$
where d > 0 is a constant. Moreover, suppose that

@ _
e [Pt -] o
u—v|—0
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Let f € CL2(R x R™) with bounded second-order derivatives with respect to x.
Then for t € (0,7,

F6,X (1) = /a (5, X (s)) ds +/

/ {Zax 0, 7X<S>>Zws)D,‘i’,s(Xj(s))}ds
Rt k=1

:f(O,X(O))+/ %(S,X(s))ds

0

+_Zm:/0t [iggﬁ:(s,X(s))aij(s,w)} dB{™ (s)

+ Tr [AT () fra(s, X (5))] ds, (3.67)

X(s)) dXi(s)

where (-)T denotes matriz transposed, Tr[-] denotes matriz trace, and A =
IZAZ]} € R™ ™ with

s) = oD} (X;(s)), 1<i<n, 1<j<m, (3.68)

0% f

- 4 RTLXTL' .
O0x;0x; } 1<i,j<n < (3.69)

fou = |

If we combine Theorem 3.11.6 with Theorem 3.11.1, we get the following
result, which also may be regarded as a fractional It6 isometry:

Theorem 3.11.7 (Fractional It isometry II). Suppose f = (f1,..., fm)€
£8™(0,T). Then, for T > 0,

(/OT /OT th fk(s)D,f)s fe(?) dsdt)]

/0 o / D, fus) B (s
+folt / DY, fi(s)dB{™ (s )}dt]

Proof. By the It6 formula (Theorem 3.11.6) we have
T T
(H) (H)
E[(A frdBf )(/0 frdB )]
T t
— E[ /O feD, /O fuls) aB{(s)) dt]

=F
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ve| [ " nons,( ([ nrass) 4
:EUO fFult /D s)dB™ ()
+ felt /D B )(s)}dt}
b / /{fk (o) 4 L) (o) dsar]| . (370)

where we have used that, for u > 0,
Dl(ft / fols B(H) )]
/ D o els B(H) +5kz/ Jr(s)on(t,s)ds

On the other hand, the It6 isometry (Theorem 3.11.1) gives that

( /0 " aBi™) - ( /0 ' fedB{™)

T T
( / / D, fu(s)DY, Fo(t) ds ) +5ke||fk||%1k] .

(3.71)
=F

Comparing (3.70) and (3.71), we get the theorem. |

We end this section by proving a fractional integration by parts formula.
First we recall the following:

Theorem 3.11.8 (Fractional Girsanov formula). Let vy = (y1,...,vm) be
in € (L2(R)™ and 4 = (41, ...,%m) € Li}(m)(R) NC(R,R™) are related by

o(t) = / Se()on(s.t)ds,  tER, k=1,...m.  (3.72)
R
Let G € L*(PH). Then

E[G(w+ )] = E[G(w) exp®(w,4))] = B [G<w>e( / wB<H>)] .

The proof in the multidimensional case is similar to the one-dimensional case
(Theorem 3.2.2).

Definition 3.11.9. If F € L*(P¥) and v = (v1,...,9m) € (L*(R))™, the
directional derivative of F' in the direction v is defined by
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Flw+ey) - Fw)

)

(H) -1
DY) = iy =

provided the limit exists in L>(PH). We say that F is differentiable if there ex-
ists a process D( )F(w ) = (Dgfp F(w),..., DinHt) F(w)) such that D,(C{? F(w) e
L2(dPH x dt) for all k =1,...,m and

DINFE) = [ DIPFW) @i vy e (@)
R

Theorem 3.11.10 (Fractional integration by parts I). Consider F,G €
L*(PH) and v € (L*(R))™, and assume that the directional derivatives

DgH)F, DgH)G exist. Then
E[DF. G| = E [F~G~/§'dB(H)] - E[F-D{c],
R

where 4 is defined in (3.72).
Proof. By Theorem 3.11.8 we have, for all ¢ > 0,
E[F(w+&7)G(w)] = E[F(w)G(w —ey) exp®(e(w, 9))] -

Hence

E [DgHm : G} - E _lim 1{F(w Fen) — F(w)}G(w)}

s~>0 £

- E -F(w)£{G(w—€7)eXP( /vdB(H’ 2=l ) § —0}

_ p[m m«[(-ﬂwmw@wﬁ»—awﬂ

= F|F(w)G(w) / ’ydB(H)] —E [F(w)ngG(w)} .
L R

We now apply the above to the fractional gradient

DYF = /D<H>F stds—Z/D F - ¢p(s,t)ds

Theorem 3.11.11 (Fractional integration by parts II). Suppose F,G €
L2(PH) are differentiable with fractional gradients DY F, DYG. Then for each
teR, ke{l,...,m}, we have

E[D,F-G|=E[F-G-B W] -E[F D}, Gl
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Proof. Choose a sequence ﬁ,gj) € L%{k (R),j =1,2,...,such that lim; »?I(Cj) =
0¢(+) (the point mass at t) in the sense that if we define

o) = [ 3 0)on(sr)dr
then (b,(j)(-) — ¢1(+,t) in L2(R). Then by Theorem 3.11.10
E [le,tF'G} =E jli{goDd,g) F'G} Zjli_gloE [D¢(kj) F~G]

= lim E|F-G- [ 49WaBUH) —E{F~D mG}
. . &

J—

—E[F-G-B" )| -E[F-D},G|.

3.12 Relation between the fWIS integral and the
divergence-type integral for H > 1/2

We now investigate the relation between the stochastic integral and the
divergence-type integral introduced in Chapter 2 in the case when H > 1/2.
In the following we refer to the notation used in Chapter 2 and recall that
H = (L2([0,T]),<,>H).

First of all, by Remark 3.1.1 we have Li(R) 2 Li([O, T1) = H if we identify
NS Li([O,T}) with 1o ). Hence, for every deterministic 1) € H B (1))
coincides with the fWIS integral of ¥. Next we note that for any ¥ € H and
any random variable F € L?(PH), the Wick product FoBU)(¢)) exists in
L2(PH) if and only if ¢ F belongs to dom 6. Hence, the equality

FoBM(4) = 6 (F) (3.73)

follows by Proposition 3.5.4 and equations (2.33) to (2.34). The relation (3.73)
can also be seen as a consequence of the characterization of dom dg in terms
of the Wiener chaos expansion.

Proposition 3.12.1. Consider H > 1/2. Let u be a process that is A-Holder
continuous in the norm DY2(H) with X > H — 1/2. Then

n

lim > "y, o( B (ti41) — BY (1)) = 61 (u),

o+
7w =0+ “—

where m = {0 =80 < 1 < -+ < $pt1 = T’} is a partition of [0,
size |w| = max [tis1 — ti| and the convergence holds in L?(PH
i=1,...,n

)

T] with mesh
).
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Proof. We sketch here the proof of Proposition 4 of [6]. Consider u™(t) =
oy e Iy, 4,1y By (3.73) we obtain

S (u™) = iutio [B<H> (tign) — B (ti)] .

The thesis follows since u”™ converges to u in the norm ]D)}f. O

Hence we can conclude that under the hypotheses of Proposition 3.12.1, the
fWIS integral coincides with the divergence operator for H > 1/2. Moreover,
in Chapter 5 we will investigate the relation between the divergence operator
(respectively, the fWIS integral) and the forward integral.



4

Wick Ité Skorohod (WIS) integrals for
fractional Brownian motion

In this chapter we again study the stochastic integral for the fBm following the
white noise approach. However, the integral is defined here as an element in the
classical Hida distribution space by using the white noise theory and Malliavin
calculus for standard Brownian motion introduced in Appendix A. The main
advantage of this method with respect to the one presented in Chapter 3 is
that it permits to define the stochastic integral for any H € (0, 1). In addition,
it doesn’t require the introduction of the fractional white noise theory since
it uses the well-established one for the standard case.

On the other side, the approach of Chapter 3 can be seen as more intrinsic.
For a further discussion of the relation among these two types of integrals we
refer to Chapter 6. The main references for this chapter are [34] and [89].

4.1 The M operator

Let 8(R) denote the Schwartz space of rapidly decreasing smooth functions
on R, and let 2 := 8'(R) be its dual, the space of tempered distributions. Let
P be the white noise probability measure on the Borel sets B(8'(R)) defined
by the property that

[ ol <t )0 = e (<51 )« 1 € SR

s/(R)

where i2 = —1 and < w, f >= w(f) is the action of w € 2 = §'(R) on

f € 8(R).

Remark 4.1.1. Note that the underlying probability measure P is here the
same as for the standard Brownian motion B(t). For further details about
the white noise theory and Malliavin calculus for standard Brownian motion
applied in this chapter to the fBm case, we refer to Appendix A.
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The main idea of this approach is to relate the fBm BUT) (t) with Hurst
parameter H € (0,1) to classical Brownian motion B(t) (which corresponds
to H = 1/2) via the following operator M:

Definition 4.1.2. Let 0 < H < 1. The operator M = My is defined on
functions f € $(R) by

Mf(y) = y"* Hfly), yeR (4.1)

where

denotes the Fourier transform.

We remark that in the sequel we will usually use the notation M instead of
My, unless we need to specify the associated Hurst parameter H. Equiva-
lently, for every 0 < H < 1 the operator M can be defined as

M) =~ gt [ ole=al a4
R

where f € $(R) and where

= {or (- DYeus 2 (1~ Y]} e+ e

with I'(-) denoting the classical gamma function. This can be restated as
follows. Let f € §(R). For 0 < H < 1/2 we have

CH/fx_t fle=b = f(z) 4

|32 H
For H = 1/2 we have

For 1/2 < H < 1 we have
_ f(0)
R
See [89]. The exact domains and ranges of M have been characterized in [206].

The operator M extends in a natural way from S(R) to the space

L% (R) :={f : R — R (deterministic) : |y|"/>~ " f(y) € L*(R)}
={f:R—=R: Mf(z) € L*(R)}
={f:R—=>R: |[fla <oc},
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where
I flle = ||Mf||L2(R)-
The inner product on this space is

(f,90m = (Mf,Mg)r2 (). (4.4)

We remark that L% (R) is not closed with respect the inner product (4.4), as
we have seen in Chapter 2 (see also [188]).

In particular, the indicator function Ifg4(-) is easily seen to belong to
L% (R) for fixed t € R, and we write

Ml 4 (z) :== M0, t](x).
Note that if f,g € L*(R) N L% (R), then
(fiMg)r2m) = (f, m>L2(R) =

/ W2 H f)ay) dy = (VTT.§) e = (M Fog)re.  (45)
R

Remark 4.1.3. Note that by (4.1) it follows that for H € (0,1) we have

My(Mi-uf)=Ff, [fe8(R).

Ezample 4.1.4. We now compute Mla,b] := MIjp)(x), i.e., M f when f is
the indicator function of an interval [a,b] with a < b. By [89], M|[a, b] can be
calculated explicitly as

sin(wH)]'/? . a—
Mla,b](z) = — L ZH & Dsin(rH)] [b b

2T (H 4 1/2) cos[n/2(H +1/2)] | |b—z2/2~H  |a — z|3/2-H

This can be computed directly by using the characterization (4.2). We also

remark that M f € L?(R) for this choice of f.
Moreover, by using (4.1) we obtain by Parceval’s Theorem, for 0 < H < 1,

[ bapar = 5- [J\m](ﬁ)]zdf

b _ ,—ia&|2
1— 2H|e ¢ |
d
- / € X

(4.6)
where we have used the fact that
- [e—ib£ _ e—iag]
Ta b)) == |
[a, }(5) —Zf

Since M|[s,t] = M][0,t] — M|0,s] for s < ¢, by polar identity arguments we
obtain
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1
/RM[OJ](%)M[&S](%) dr = §(|1ﬁ|2H + s — |t — s, (4.7)

which holds for arbitrary s,t € R (see [89, (A.10)]). When t < 0, M|[0,¢] =
—M]0, —t]. Moreover, we also have, for 0 < H,L < 1,

/R Mayla, () My [a,B)(z) dz = |a — b7+, (4.8)
and
/RMH[O,t](x)ML[O,s](x) d = (7 4 [s|7E - s, (49)
If H=1L, (4.8) and (4.9) coincide with (4.6) and (4.7), respectively.
Remark 4.1.5. By (4.7) we have that for s,t > 0,
/}RM[O,t](x)M[O, s|(x)dx = Ry (t,s) = (ljo.4, Lj0,s])
as in (2.7) and (2.25). This justifies the use of the same notation for the two

inner products.
Moreover, comparing (3.2) and (4.7), by limit argument we obtain that

(M f,Mg)r2m) //f o(s,t) ds dt, (4.10)

where ¢ is defined in (3.1). Hence, for H > 1/2, L% (R) is the subspace of
deterministic functions of the space L7 (R) defined in Section 3.1.

We now define, for t € R,
B (1) := B (t,w) =< w, M[0,t](-) >, (4.11)

where < w, f >= w(f) is the action of w € 2 = §'(R) on f € §(R). Then
BU () is Gaussian, B (0) = E[BU ()] = 0 for all t € R, and by (4.7)

ELBU () B @) = [ M0, s)(0)MI0. 8 (2)da
Lojer 2H 2H
= S (™ 4[] = [s = 2]77).
Therefore, the continuous version BU)(t) of BH)(t) is a fBm, as defined in
Chapter 1.

Let f(z) =>_; ajl; 1,11 (%) be a step function. Then by (4.11) and linearity

<w,Mf> :Zaj <w,M[tj,tj+1] >
J
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= Zaj(B(H) (tj+1) — B(H)(tj))
= /f(t) dBI (¢). (4.12)
R

Since
| <w,Mf >l =IMfllr2w = Ifll=,

we see that definition (4.12) extends to all f € L% (R). Comparing with (A.4),
we obtain

[ t0ya e = [arwyas), se Ly (4.13)
R R
Since M f € L*(R) for all f € §(R), we can, by (A.2), define M : §'(R) —
§'(R) by
<Mw, f>=<w,Mf>, fe8(R)for P-ae. we 2=_8(R). (4.14)

Remark 4.1.6. By (4.11) and (4.13) we obtain
B = [ Mulo,tw) dB(u),
R
and because of the properties of My [see, e.g., (4.6)] we also have

B(t) :/RMl,H[at](u) dBH) (u).

4.2 The Wick Ité Skorohod (WIS) integral

Let {£x}32, be the Hermite functions as defined in (A.6) of Appendix A.
Define
ek(‘r):Milgk(w)v k:1727

Then {ex }72, is orthonormal in L% (R), and the closed linear span of {ej}?2 ;
contains L% (R). Note, however, that this closed linear span of also contains
distributions that do not belong to L% (R). See Chapter 2 for further details.

Ezample 4.2.1 (Fractional white noise). From (4.11) we see that for each ¢
the random variable BU) (¢, w) belongs to L?(P). Let H,(w) be defined as in
(A.8) and denote by £*) the unit vectors

™ =(0,0,...,0,1)

with 1 on the kth entry and 0 otherwise, k = 1,2,... By Theorem A.1.3 the
chaos expansion of B (t) can be found as follows:
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B (1) =< w, M[0,t](-) >=< Mw, Ijg.4(-) >
=< Mw,» (o, ex)mex() >
k=1

=< Mw, » (M[0,t], Mex)r2wyex(-) >
k=1

M

<M[0,t],fk>L2(R) < Mw,ep >

ol
Il
_

(Tio,17, M&k) r2(ry < w, Mey >

(]2 TEM8

t
/M{k ds g{s(k)( ) (4.15)
0

>
Il

1

where we have used (4.11), (4.14), and (4.5) and the fact that &, € L?(R) N
Ly (R).
Now define the fractional white noise W) (t) by the expansion

W (1) Z ME,(H)H o0 (w). (4.16)

Then it can be shown (see Example 8.2.3) that W) (¢) € (8)* for all ¢t and

% = WHE(t) in (8)*. (4.17)

For the definition of the Hida space (8)* stochastic distributions see Definition
Al4.

In view of Theorem A.2.2 the following definition is natural.
Definition 4.2.2 (The Wick Ité Skorohod integral).
Let Y : R — (8)* be such that Y (t) o WWH)(t) is dt-integrable in (8)* (De-
finition A.1.5). Then we say that Y is Wick It6 Skorohod integrable (WIS

integrable) and we define the Wick Ito6 Skorohod integral (WIS integral) of
Y (t) = Y(t,w) with respect to BH)(t) by

/thdB(H) /Y (t) o WH (1) dt,

where the Wick product o is introduced in Definition A.1.7 and W (t) is the
fractional white noise defined in (4.16).

Note that by (4.16) this definition coincides with (4.13) if Y = f € L% (R)
since in that case, by (4.5),
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/ £ty o WD @) dt = 3 [ / FIOMEL(E) dt| Hoo (@)
R k=1 [R
= > (i M&) p2m)yHew (w Z M f, &) L2y Hew (W)
=1 =1

MFoW(t)dt = /Mf )dB(1),

%\

where W(t) = dB(t)/dt is the white noise of the standard Brownian motion
[see (A.11)]. In particular, we define the stochastic integral over a finite interval
[0,T] as

T
/ Y (t,w)dBY) (1) := / Y ()0, 0 WUD(t) dt
0

R

Ezample 4.2.3. Using Wick calculus in (8)* ( see Definition A.1.7), we get

/B(H t)dBH)(t) /B<H> () o W (t) dt

= [0 2D = S - Loy
0
%(< w, M[0,T] >)°? %[(< w, M[0,T] >)* — (M[0,T], M[0,T]) 12(r)]
S(BUDD))? = JIMO, T ey = 5 (BID()? = 5721,

where we have used (A.12) and (4.6).

Ezample 4.2.4 (The WIS exponential).
Consider the fractional stochastic differential equation

dX (t) = a(t)X (t)dt + B(t)X (t) dBH) (1), t >0,

which is just a shorthand notation for

t t

X(t) = X(0) + / a(s)X (s)ds + / B(s)X (s) dBH)(s).

0 0

Here a(-), 5(+) are locally bounded deterministic functions. To solve this equa-
tion, we use (4.17) to rewrite it as a differential equation in (8)*:
dX(t)
dt

= a(t)X (1) + ()X () WD (1) = X(t) ofa(t) + BOW I (2)]. (4.18)
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This is the familiar differential equation for the exponential, but with ordi-
nary product replaced by Wick product. Thus, by analogy we guess that the
solution is

where

/ B(s) dBUD) (s) = / B(s) o (5) dB) ()
0 R

and, in general,

— 1
exp®F = Z —'FO"
n!

n=0

if convergent in (8)*. By Wick calculus (Appendix A) we see that (4.19) is
indeed the (unique) solution of (4.18).

In general we have (see [89, (3.5)] or [121, (3.15)])

1
exp’[< w, M f >] = exp (< w,Mf > —2||Mf|2L2(R)) .

Therefore, the solution can also be written

t

X(t) = X(0) o exp( / B(s) dB™ (s) + / a(s)ds
0

0

B %/(Msﬂ(8)1[07t1(5)>2 ds),
R

where M is the operator M acting on the variable s. If X(0) = z is deter-
ministic, this becomes

X(t) = 2 exp( /O B(s)dBU (s) + /0 a(s)ds

1

o 5/(Ms(ﬁ(s)j[ovt](s)))2 ds)

R

In particular, if 5(s) = 3, a(s) = «a are constants, we get, by using (4.7),

1
X(t) = zexp(BBH) (1) + ot — 5ﬁ%?H), t>0.
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Remark 4.2.5. Note that if the expansion of the process Y (s) is

s) = Z ca(8)Ha(w) for each s € R,
acd

then the expansion of its WIS integral is

/ ¥ (s)dBUD (5) = / (3 ca()Ha ZM& H, (w)] ds

ae]

JUS o Ma&Hsn @) ds

R aed,keN

= Z (Car ME&k) L2 (@) H g et (W)- (4.20)
a€ed,keN

Note that this expansion is not necessarily orthogonal since it may happen that
a+e®) = B+e0) for some a, B, 4, k, a # 3. In particular, if [ Y (s)dBH)(s) €
R

L?(P), then
E[/Y(s) dBH) (s)] = 0. (4.21)

Indeed, the WIS integral shares many of the properties of the Skorohod inte-
gral for classical Brownian motion (see Section A.2).

We end this section by presenting an Itd formula for fBm valid for all H in
(0,1). A formula for general H € (0,1) similar to ours has been obtained inde-
pendently in [14] and [90]. Our proof, given below, is different from the proofs
of these authors. A more general form for H > 1/2 is proved in Theorem 3.7.2
and Theorem 6.3.6. The relations among these It6 formulas will be clarified
in Chapter 6.

Theorem 4.2.6 (A fractional Itd formula). Let H € (0,1). Assume that
f(s,2) : R x R — R belongs to C12(R x R), and assume that the random
variables

t
f(t, B (1) /8—f s, BH)(s))ds and / f s, B ())s2H =1 ds
0

all belong to L*(P). Then

t
f(t, B (1)) /a—f s, BH)(s)) ds
) 0 ) (4.22)
/a—f s, B (5)) dBUD (s) / (s, B (5))s2H 1 ds.
0 0
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Proof. Let o € R be constant, and let 5 : R — R be a deterministic differen-
tiable function. Define

g(t,) = explaa + A(1)) (4.23)

and put
Y(t) = g(t, B(t)).

Then
Y (t) = exp(aB™(t))exp(5(1))

= exp®(aBY (1) + %a%m)expw(t)).

Therefore, by Wick calculus in (8)*,

%Y(t) = exp® (@B (t) + %a2t2H) o (W) (t) + Hot?H~Vexp(B(t))
e (@B (1) + Sa? P exp(B(0)B (1)

=Y ()8 (t)+Y(t) o (aWH () + Y (t)Ha* 11,

t t
Y (1) :Y(0)+/ ds+/Y adB(H) )+H/Y(s)a252H_1 ds.
0 0
This can be written
t
(H) dg (H)
g(t, BV (1)) = 9(0,0) + [ Z2(s, B (s)) ds
0

t (4.24)

- / @(s B ())dB" (s) + H / t@(s BWH) ()52~ 1s
Ox "’ o 0x2 ’
0

which is (4.22).
Now let f(¢,x) be as in Theorem 4.2.6. Then we can find a sequence f, (¢, z)
of linear combinations of functions g(¢,x) of the form (4.23) such that

Ofn of O fn of

fn(tax) *)f(tvfﬂ)? E(tax) ot (t (ﬂ), %(tvx) 8x(t ﬂf)

and 0% f,(t,z)/02* — 0 f(t,x)/0x? pointwise dominatedly as n — oo.
By (4.24) we have for all n
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Falt, (1) = £(0,0) + / %<573<H><s>>ds

t t (425)
/ai s, BUD (5))d B / (s, BUD) (5))52H 1 s,
0 0
Taking the limit of (4.25) in L?(PP) [and hence also in (8)*], we get
t
f(t, BE) (1)) /aff s, B (s)) ds
0
+ lim_ / %(S,BWMS)MB(H)(S)
t
> f (H) 2H-1
+H w(s, B (s))s ds. (4.26)

Since s — df, (s, BH)(s))/0z is continuous in (8)* we have

ox T
0 0

/af" (s, B (s))dBH)(s) :/%ﬁ(s,ﬂm(s))ow(m(s) ds.  (4.27)

Hence, (4.27) converges to

8f EMC , B (5)) o WH) (5) ds (4.28)
0

in (8)* as n — oo. Comparing (4.26) and (4.28), we see that fo df (s, B (s))/
Ox o W) (s)ds € L?(P) and (4.22) follows. a

4.3 Girsanov theorem
The first Girsanov-type theorem for fBm was obtained by [168]. Using the
approach of Section 5 of [89], we obtain the following version of the Girsanov

theorem for fBm valid for every Hurst index H € (0,1). Let v € L*(R)
and consider the new probability measure P on ({2, F) with Radon—Nikodym

density .
dP 1
7 = o ([ 06 dB) - Sl )

The classical Girsanov theorem then states that under P the process
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Blt) = B(t)—/o (s) ds

is a standard Brownian motion. Hence,

/M()t dB /MOt )dB(s /M()t (s)ds

is a fBm under P. To eliminate the drift, we have to solve equations of the
form

/R M0, £) ()b (s) ds = g(t),

/O M(s) ds = g(t).

In the particular case when g(t) = At for ¢t € [0,T] for some constant A and
g(t) = 0 otherwise, by [89] we obtain for 0 <t < T,

or equivalently,

A[(T _ t)l/Q—H + t1/2—H]
2I'(3/2 — H)cos (7/2(1/2 — H))’

4.4 Differentiation

We now recall the approach in [121] to differentiation, as modified and ex-
tended by [89].

Definition 4.4.1. Let F : {2 — R and choose v € (2. Then we say F has a
directional derivative in the direction  if

D F(w)

v

m %[F(w +eM~) — F(w)]

=1
e—0

exists in (8)*. In that case we call DS,H)F the directional derivative of F' in
the direction .

Ezample 4.4.2. 1. Suppose F(w) =< w, M f >™" for some f € L% (R), n € N.
Since

1
~[F(w+eM7) = F(w)
1
= Z[<wreMy, Mf>" = <w Mf>"]
1
= g[(< wMf>4e< My, Mf>"— <w, Mf>"],

we get the chain rule
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DN (<w,Mf>")=n<w Mf>""'< My, Mf>. (4.29)

In particular, choosing n = 1 and v € L% (R), we get

DSH’(/ F(&)dBH (1)) = (M, Mf)2@) = (v, )2, )-
R

2. Suppose G(w) =< w,Mg >°" for some g € L%(R), n € N. Assume
[Mg|lL2r) = 1. By Example A.1.8 we have < w, Mg >°"= hy(< w, Mg>)
with h, as in (A.5); hence, we get

lim 2 [G(w + eM7y) — G(w)]

ce—0 &

1
= lir%g[<w+5M7,Mg >N — < w, Mg >°"]

1
= 1111(1) g[h"(< wHeMy, Mg >)— hy(<w, Mg >)]

1
= 1ir% g[h”(< w,Mg>+e < My, Mg >) — hp(<w,Mg >)]

=hl(<w,Mg>) < My, Mg >=nh,_({w, Mg)){(M~, Mg),

by a well-known property of the Hermite polynomials {h,}>> ;. Hence,
the following Wick chain rule holds:

DgH)(< w, Mg >°") =n < w, Mg >°"" V< My, Mg > . (4.30)
By linearity this holds also if || Mg||z2) # 1.
Definition 4.4.3. A process Y (t) = >_,cqca(t)Ha(w) € (8)* belongs to M
if ca(-) € LH(R) and Y-, g Mco(t)Ha(w) converges in (8)* for all t.
If Y e M, we define MY (t) by the expansion

MY (t) := ) Mca(t)Ha(w). (4.31)
acd

In particular, by (4.16) we see that the relation between fractional and classical
white noise is given by

WEH () = MW (1).
Definition 4.4.4. We say that F : {2 — R is differentiable if there exists a
function ¥ : R — (8)* in M such that

DM F(w) = /My'/(t)M'y(t) dt Ve L%(R).
R

Then we write )
it 0
DI = o Fltw) = (1),
and we call DEH)F the Hida Malliavin derivative or the stochastic gradient
of F att.
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Ezample 4.4.5. From (4.29) to (4.30) we get, for f € L% (R),
DI (< w Mf>")=n<w Mf>""1ft) foraa.t

H>(/ F(s)dBU(5)) = f(t) for aa. t

DI (< w Mf>") =n<w Mf>"D f(4) foraa. t (4.32)

These examples illustrate that the stochastic gradient satisfies a chain rule
both with respect to ordinary products and with respect to Wick products.
Note that for a = (a1,...,a,) € J we have

Ha(W) = ha, (< w, &1 >) - ha,, (< w, §m >)
:<w7€1 >0a1 e < wag’m ><>am
=< w,Me; > ... <w, Me,, >°m

Therefore, by (4.32),

D(H)f}( ZO” ain (Sw, Me; >)j2iha,; (< w, & >)eq(t)

= Z ;Moo (w)ei(t).

This motivates the following:

Definition 4.4.6 (Fractional stochastic Sobolev spaces). Let ]D)}f be
the set of all F € L?(P) whose chaos expansion

w) = Z caJ
acd

satisfies
oo
Aoal < 0o
E E 2 a;al )
acd i=1

If F e ]D)}L}Q, we define the fractional stochastic derivative of F' by

(H)
D p(w) = S L =Y i (@)er(t).

acd i=1

Note that if F € D42, then E [||D§H)F(w)||§{} — 3 2azal < +oo. Next,

(e e
we extend this to (8)*:
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Definition 4.4.7 (The general fractional stochastic gradient). Let F' €
(8)* with chaos expansion

w) = Z CaFHo(w)
acd

Then we define the fractional stochastic gradient of F' by the expansion

()
DI () = 3 E chaaz e (W)es () (4.33)

acd i=1
= Z[ > camie(t)]H,(w)
YED aiia—e(D) =~
1(v)

=D 1> e (i + Dea()]3, (W), (4.34)

~y€g i=1

where I(y) = max{i : v; # 0} is the length of v. One can show that D,gH)F €
(8)* for almost allt € R (see [89]).

Remark 4.4.8. We note that for the fractional gradient we are using the same
notation as in Definition 3.3.3. We remark that here the gradient is defined as
an element in the classical Hida space (8)* of stochastic distributions (Defin-
ition A.1.4), while in Chapter 3 it belongs to the fractional Hida distribution
space (8)%; (Definition 3.1.10). The relation between the two stochastic gra-
dients is clarified in Proposition 6.3.8.

The following result gives a relation between the Wick product and the
ordinary product. It has been obtained with a different proof in Lemma 2 of
[155].

Lemma 4.4.9. Let g € L% (R) and F € ]D)}f. Then
Fo [ a®)aB ) = - [ glt)dB™() (5. D F)
Proof. For y € R define
Gy = expo(yég(t)dB(H)(t)) = exp (y/Rg(t)dB(H) (t) — ;zfllgllfy)

Choose F = exp®([p f(1)dBU)(t)) = exp ([, f(t)dBU(t) — 1/2||f|%),
where f € L% (R). Then

F oGy = exp® ( /}R 1) dB(H)(t)) o exp® (y /IR g(t) dB(H)(t))

- ( [0+ vst0) dB<H><t>)
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—exp ( [0+ 0(0) a8 0 = 170 + w11 )

— exp? ( / £() dB“”(t)) exp® (y / o(t) dB“”(t)) exp (g, )
=F Gy-exp(—y(g, f)m). (4.35)

Now differentiate with respect to y. We have

d d
@(FOG y) = FO@(G y) = FO{Gy ' [Ag(t)dB(H)(t)yllgllH]} (4.36)

and
—(F - Gy -exp (—y(g, f)m))

—FG, | / 9(t) dBI (1) — yllgllar) - exp (—ylg, Far)
— (g, Yal - Gyexp(—y(g, )u)- (4.37)

Comparing (4.36) and (4.37) and using (4.35), we get
d
Fo (G- ([ o0 aB™ @)~ slgll)) = (706G, -

—F Gy ( / o(t) dBUD(t) — ylgllar) exp (—ylg. F)ir)
(g, )nF - Gyexp (~lg, f)m) (4.38)

In particular, if we put y = 0, we get

Fo [ a®aB ) = - [ o)dB™0) - Flo. 1)
=P+ [ a)aB )~ F [ MooMms)a
By the chain rule Dt(H)F = Ff(t), and hence
F/RMg(t)Mf(t) dt = /RFf(t)MQg(t) dt
= /RDt(H)FMQg(t) dt = (g, D" F) .
Combined with (4.38), this proves the theorem in the case when F =

exp®( [ f(t) dBUH(t ))7 where f € L% (R). Since the linear combinations of
such F is dense in D H , the result follows. a



4.5 Relation with the standard Malliavin calculus 115
4.5 Relation with the standard Malliavin calculus

In this section we study the relation between the WIS integration for fBm and

the classical stochastic calculus. As before, DEH) denotes the Hida Malliavin
derivative with respect to BU)(.). In the classical case (H = 1/2) we use
the notation D, for the corresponding Hida Malliavin derivative (for further
details, see Appendix A).

Proposition 4.5.1 (Differentiation). Let F' € (8§)*. Then
D.F = MDI"™F  for a.a. t € R.
Proof. Let F have the expansion
= Z caH
a€d

Then by (4.34) and (4.31) we get

MDD F =M(>| chgm i+ Dei(t)]Hy (W)

7681 1

—chwm Yo+ D& (]G (w)

~ed i=1

:DtF
O

Proposition 4.5.2 (Integration). Suppose Y : R — (8)* is WIS integrable
(Definition 4.2.2) and Y € M. Then

/Y t) dBH) (t) /MY YOB(t),

where 0 B(t) denotes the Skorohod integral with respect to the standard Brown-
ian motion B(t) defined in Definition A.2.1.

Proof. Suppose Y (t) = 3" g ca(t)Ha(w). Then by (4.20) and (4.5) we have

[Y@as®n = 3 (o MEirHaren (@)

R a€ed,keN

= Z (Mca, §k) r2 ) Hoqetm (W)
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Note that

T
/ Y (t)dBH)(t) = / Y ()07 (t) dBUD (1)
0

= /M Y Ijo11)0B(t) # /MY(t)(SB(t).
R 0

Theorem 4.5.3. Let Y € M. SupposeY : R — (8)* and DEH)Y() ‘R — (8)*
are WIS integrable. Then

DD / Y(s)dBH) (s / DY (s)dB™) (s) + Y (t) (4.39)

Proof. £ Y(s) = 3, cg ca(s)Ha(w) then by (4.20) and (4.33) we get

DI / ¥ (s)dBH)(s))
R

=D ST (o M&) 2@ Haperwr (@)

acd,keN

> (o M&R) Loy (4 M) e (e ()

a€d,keN €N

= Z (Cos M&k) p2 ()i H oy o) — e €i(t)
a€d,keN,ieN

+ Y (Cas M&k) 2@y Ha(w)er(t). (4.40)

a€ed,keN

Applying (4.20) to the integrand D,EH)Y(S), we see that the right-hand side
of (4.39) is

> (eas M&G) 2@ iH e e W)ei(t) + > {cas en)ren(t)Ha(w),
agd,k,ieN a€d,keN
which coincides with (4.40) since by (4.4) and (4.5)
(Carer)m = (Mco, Meg)p2my = (Mca, §k) L2r) = (Car ME&k) L2 R)-
O
Theorem 4.5.4 (Integration by parts). Consider F € L*(P) and let Y :
R — (8)* be in M. Then
F/Y(s) dB(s) = /FY(S) dB™H) (s) +/MY(5)MDgH>Fds
R R

provided that at least two of the terms are well-defined and belong to L*(P).
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Proof. The classical (H = 1/2) integration by parts formula states that

F/Y(s)(SB(s) :/ Y (s)5B(s) /Y )D,F ds.

See, e.g., [176, (1.49)]. Combining this with Proposition 4.5.2 and Proposition
4.5.1, we get

F/ (s)dBH) (s) /MY )0B(s

R

- /FMY( )6 B(s) /MY VD F ds
R
/M (FY (s))6B(s /MY () p ds

= /FY(s) dB™H) (s) +/MY(5)MSD§H>FCZS.

R

O
Since WIS integrals have expectation 0 (see (4.21)), we deduce the following:
Corollary 4.5.5. Let F,Y (s) be such that F € L*(P), E [( [, Y:dB*)(s))?] <
00, E [( [ FYsdB*)(s))?] < co. Then

F/Y(s) dBH) ()] = E[/ MY (s)M D" F ds].

The following WIS isometry was first proved by [89]. We give a different proof,
based on the results above.

Theorem 4.5.6. (The WIS isometry)
Let Y : R — (8)* be WIS integrable and belong to M. Then

/ Y (£) dBUD (4))?] = E[/<MY<>> d)

//D(H)M2 ) - D M2Y (t) ds di]

provided that at least two of these terms are well-defined. Here My indicates
that the operator M acts on the vartable t, and similarly with M.
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Proof. By (4.5), Corollary 4.5.5, Theorem 4.5.3, and Corollary 4.5.5 again, we
get

E[/ / DU A2y (s) - D MY (t) ds dt]

= B[ ([ MDY (5) - ML (DI MY (1) ds) i
R

:E[/(MQYt -/Dt(H)Y(s) dBH) (s) di]
/ M2V (1) - (DI / Y (s) 4B () - Y (1)} ]

= E[ [ (M2Y(#)- D (| v(s)dBH)(s))dt] — E| | M2Y t) dt]
vt f v s

= B(([ ¥(5)dB(s)?) - B[ 01y ()" at|.

4.6 The multidimensional case

We now proceed to the multidimensional case. In the following we let
Hy,...,Hy be N numbers (Hurst coefficients) in (0,1), and we put

H = (Hy,...,Hy) € (0,1)".

With (£2,P) as in Section 4.1, we let (£1,P1),...,(22x,Px) be N copies of
(£2,P), and we put

QZ.QlX-“XQN, P:P1®®PN (441)

Note that here we are denoting the product measure (4.41) simply with P
for notational simplicity. Then the N-dimensional fBm with Hurst vector
H = (Hy,...,Hy) is defined by

B (1) = (B (1),..., By (1)),
where
B () = B (t,w) = B (twr), w=(w1,...,wn) € 2,

is a one-dimensional fBm with Hurst coefficient Hy € (0,1), k = 1,..., N.
Thus B (t) consists of N independent one-dimensional fBms BHV(t), ...,
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BUN) (1),
We let N be the set of all N-tuples a = (aM,...,a™)) with aU) =
(a§J)7,.. l((im yegforall j=1,...,N, and we put

Heo(w) = FH o (wi) - Hoymn (wy)  for a € gV (4.42)

Then the family {H, },ecgnv constitutes an orthogonal basis for L?(P) and
E[(Ho)?] = ol := aM1... oM,
Therefore, every F' € L?(PP) has a chaos expansion
Flw)= Y caHa(w),
aggN

where ¢, € R for all a € JV with

”F”%Q(IP’) = Z Cia!-

acgnN

The nth component of BU(t), B¢ (t), has the expansion

0o U
BﬁlH)( t) = BUH») (t,wn) = Z/M(H")fk(s) dsH ) (wn),

k=17

where M) ig as in Definition 4.1.2 with H = H,,. The corresponding ex-
pansion for the nth component of fractional white noise is

W'rS,H)( ) (Hn ZM(Hn)gk E(k’) (wn)

As in Section 4.4 we have W7(LH)(t) € (8)* and

d

—BH(t) in (8)* forn=1,...,N.

[See (4.15) to (4.17).]
The Wick product on (8)* is defined as in Appendix A. For the multidimen-
sional case we have

Z a0Ho(w) o Z bgHp(w) = Z aabgHorp(w).

aegnN BednN a,BedN
Note in particular that if m,n € {1,..., N} with m # n, then by (4.42)
Ha(wm) © Ha(wn) = Halwm)Ha(wn).

As in Definition 4.2.2 we now define the multidimensional WIS integral.
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Definition 4.6.1 (The multidimensional WIS integral).

1.If X : R — (8)* is such that X (t) ¢ Wi (t) is dt-integrable in (S)*, then
we define

/X( )dBH) () /X (t,w) o W (t) dt.

2.IfY : R — ((8)*)V is such that Yn(t)OW,(IH) (t) is dt-integrable in (8)* for
allm =1,...,N, we say that Y is WIS integrable with respect to B)
and define the multidimensional WIS integral as given by

/ Y () dBU (1) :— ZNj / Y, (£) dBUD (1) = ZNj / Y, (£) dBE (1),

R n:lR n:lR

Ezxample 4.6.2. Let m # n. Then

/B<H> 1) dBUD (1) /B<H> () o WD (1) di

o / W (#)dt = B (T) o BUD(T)

= BH»)(T,w,,,) BH) (T, w,).
Therefore, if we choose

BW(t) - Ip.ry(t) i k=n,

Yi(t) = § =B (t) - To.ny(t) if k = m,
0 otherwise,
then
/y t)dBH) (t) = BUH=) (1) BH») (1) — BUH») (7)) BH=)(T) = 0,

even though Y # 0.

Proceeding as in Section 4.4, we are led to the following definition of a
stochastic derivative in the direction n (see Definition 4.4.6).

Definition 4.6.3. Let D}L}Q be the set of all F € L*(P) whose chaos expansion

Fw)= Y caHa(w)

aegN
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satisfies

Z Zciagn)a! <oo forn=1,...,N. (4.43)

aggh i=1

If F e D}f, we define the fractional stochastic derivative of F' in direction n
m=1,2,...,N) by

o ")F
Dfﬁ:)F: 67 Z an It (W)en(t),

aegnN i=1

where ) .
e = (0,...,0,eD,0,...,0) e gV

with € on the nth place and e, ;(t) = (MHn)) (=D, (¢).
We define the fractional stochastic gradient of F' by

(H1) (Hn)
VI Pt w) = (88 (t,w>,...,at,w>>.

W1 3(4}]\]
Note that by (4.43) we have
VEP(tw) e LX (A x P) if F e Dy,

where as before \ denotes Lebesgue measure on R.
As in the one-dimensional case we extend this to F' € (8)* by setting

oM >
DVF = (tw)= 3 Y catdVHy s (W)es(t).

ow
n acdhN i=1

(See Definition 4.4.7.)

We now give the multidimensional versions of the results of Section 4.5.
These results can either be obtained similarly to those in Section 4.5, or by
reducing to the one-dimensional cases, and we therefore omit the proofs.

Proposition 4.6.4 (Differentiation). Let F' € (8)*. Then
DpyF =MPTIDIFE  forn=1,...,N.

Proposition 4.6.5 (Integratlon) Suppose Y : R — ((8)*)N is WIS inte-
grable with respect to B (Definition 4.6.1) and belongs to (M)N. Then

/Y t)dB" /M(H)Y( )OB(t),

where
MY (t) = (MY (t),..., MEINYy (1)),
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B(t) = (B'(t),---,BN(t)) is an N-dimensional standard Brownian motion,
and

/M 0y (£)5B(t) /MH Y (t)§B'(t)
i= 1]R

is a multidimensional Skorohod integral with respect to B(t).

Theorem 4.6.6. Suppose Y : R — ((8)*)Y is WIS integrable with respect to
B Then

N
DU / y(5)dBH(s) = 3 / DY, (s) dB) (s) + Ya(8).

]ZlR
Theorem 4.6.7 (Integration by parts). Let F € L*(P) and Y : R —
((8)*)N. Then

F / Y (s)dBH)(s) = / FY (s)dB")(s)

R R
+ / My (5). ME)VEHE B(s) ds,
R

(where the dot - denotes inner product in RN ), provided that at least two of
the terms are well-defined and belong to L*(P).

Theorem 4.6.8 (The multi-dimensional WIS isometry). Let Y : R —
((8)*)N. Then

Bl( [ Y (0 ap i/ (Y, ()2 d
/ P
Z//D“’ (MU)2Y, (5)

m,n= IR

DU (M) Y (1)) ds d],

provided that at least two of the terms are well-defined.
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Pathwise integrals for fractional Brownian
motion

We conclude our overview of the stochastic integrals for fBm with the pathwise
ones. A natural way to introduce a stochastic integral with respect to the fBm
is to consider the so-called Riemann sums:

> () (B (tin) — B ()]
i=1

where 0 = t; < --- < t,, = T is a partition of [0, T], and then to investigate the
conditions on f under which the convergence of this quantity holds at least in
probability. Here we summarize the main approaches and results for pathwise
integration with respect to fBm and investigate their relation with the other
definitions of stochastic integral (divergence, fWIS and WIS integrals) seen in
the previous chapters. For further details we also refer to Chapter 6.

We remark that since all definitions are made pathwise, adaptedness of in-
tegrands is not required and only sample-path regularity counts. This implies
that in general it is not trivial to compute the expectation of any of these
integrals. In the following sections, we recall some of the main results of [5],
(6], [33], [42], [46], [54], [55], [61],[62], [70], [72], [74], [94], [101], [102], [149],
[172], [173], [177], [237], [238], [239], [240].

5.1 Symmetric, forward and backward integrals for fBm

The symmetric (respectively, forward and backward) integral for the standard
Brownian motion has been introduced in [10], [24] and [145] and developed in
[198], [199] and [201]. These definitions have been extended to the fBm case
in [33], [101], [102],[177], [237], [238], [239], [240].

Here we consider the definition of the symmetric stochastic integral in the
fBm case as in the approach of [177].

Definition 5.1.1. Let H € (0,1). Let (ut)iefo,r) be a process with integrable
trajectories. The symmetric integral of u with respect to BH) is defined as
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T

— (H) _pH) (g _
lim - ; u(s) [B (s+¢€)—BY(s e)} ds,

provided that the limit exists in probability, and is denoted by fOTu(s)doB(H) (s)

We also define the forward and backward integrals for fBm as in the approach
of [201].

Definition 5.1.2. Let H € (0,1). Suppose that (u;)cjo, 1) s a process with

integrable trajectories. The forward integral of u with respect to B is defined

as
1 T BH) _ BH)
lim — u(s) (s +¢) ()
e—0 € 0 €

ds, (5.1)

provided that the limit exists in probability, and is denoted bnyTu(s)d_B(H)(s).
The backward integral is defined as
T B (s —¢) — BUH)(5)

lim — u(s)
e—0 € 0 €

ds,
provided that the limit exists in probability, and is denoted bnyTu(s)d+B(H) (s).

For a survey of all the different possible definitions of the forward integral
for fBm, we refer to [101] and to [240]. Here the “classical” forward integral
defined in [201] has been extended to the case of fBm in the general context
of m-order integrals for nonsemimartingale processes.

If f is a deterministic function with bounded variation, the symmetric in-
tegral fOT f(t)d°BUM)(t) can be obtained as the almost sure limit of Riemann
sums, as will be made precise in the sequel. The convergence of these Rie-
mann sums is equivalent to the convergence of the Riemann—Stieltjes integral
appearing on the right-hand side of the integration by parts formula

T T
| fo@sm© = B - [ B0 d ),
0 0
which holds because of the continuity of the sample paths of B().

For H = 1/2, the symmetric integral is a generalization of the Stratonovich
integral for standard Brownian motion, while the forward integral extends
the It6 integral. In order to clarify the relation between the forward and the
symmetric integral for every H € (0, 1), by following [101] and [201] we define
the (generalized) covariation.

Definition 5.1.3. If X, Y are two continuous (respectively, locally bounded)
processes, then their covariation is defined as the limit

t

1
(X, V] = lim = [ (Xure = Xo) (Yore — V) du
e—=0€ Jo
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if the limit exists uniformly on compacts in probability f[i.e., in uniform con-
vergence in probability (ucp)/.

If X is such that [X, X] exists, then X is called finite quadratic variation
process. Moreover, if [ X, X] = 0, then X is called zero quadratic variation
process.

If X,Y are two continuous (respectively, locally bounded) processes, the
following relation among the symmetric integral and the forward integral
holds:

t t
/ Y,d°X, = / Yod X, +[X,Y],
0 0

provided that two of these three terms exist. If X;,Y; are continuous semi-
martingales, the covariation coincides with the usual square bracket. Hence,
for H =1/2, [B, B]; = t. Since by Theorem 1.6.1 we have that sample paths
of a fBm with parameter H are, outside a negligible event, Holder continuous
with every exponent 3 < H, it follows that BU1) is a zero quadratic variation
process for H > 1/2. On the other hand, the quadratic variation is infinite
for H < 1/2. However, BW) admits for every H € (0,1) a strong a-variation
according to the following definition provided originally in [201].

Definition 5.1.4. Let X be a continuous process and o > 0. The strong a-
variation of X is the increasing continuous process given by

o 1
[X]l(t ) — lim -

e—0 €

t
/ | Xute — Xu|“du,
0

if this limit exists in ucp.

In Proposition 3.14 of [201] it is proved that BU") has a strong 1/H-variation
for every H € (0,1) and that

B = put,

where py = E [|G |1/ H | and G is a centered Gaussian random variable with
unit variance. For further details we also refer to [101], [102] and [201].

5.2 On the link between fractional and stochastic
calculus

In order to clarify the link between stochastic calculus for fBm and fractional
calculus presented in Appendix B, we follow the approach of [237] and intro-
duce the following definition:

Definition 5.2.1. Let (ht):epo,1) be a stochastic process. We define the ex-
tended forward integral of h with respect to B as
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/t h(s)d~ B (s)
0

1Tt BUD(s4u)— BUD(s)
—llg(l)m/o u /Oh(s) . ds du,

(5.2)

if the limit exists in ucp as a function of t € [0,T).

Definition 5.2.1 provides an extension of the definition of the forward integral
for fBm given in Definition 5.1.2. In fact, the existence of the limit

t (H) _ pHA)
lim [ n(s B 3w = B()

u—0 0 u

ds

in uniform convergence in probability implies the existence of (5.2). This no-
tion is a generalization of the one provided in [199]. This representation is the
key in order to describe the link between stochastic and fractional calculus as
described in the following.

Consider two deterministic functions f,g on [0,7] satisfying the condi-
tions of Definition B.1.4 and the fractal integral f; fdg,0 <a<b<T,as
introduced in (B.6) [respectively, in (B.7)]. Then the following approzimation
property of the integral holds:

b b
/ fdg:lim/ I3, fdg.
a =0 /g

By (B.4) we obtain that

b T b B 5
/a I, fdg = %/@ uéfl/a f(S)gb_(S—i_ui 9o )dsdu, (5.3)

where g, (7) = I(4)(9(7) — g(b—)) (see Definition B.1.4). This formula is
valid if the degrees of differentiability of f and g sum up at least to 1 —e. By
using (5.3), we extend the definition of fractal integral provided in Definition
B.14 as

b T g (st u) — gy (s)
/afdglgr(l)[,(e)/o U 1/af(s) " ds du,

whenever the limit on the right-hand side is determined. Applying this defini-
tion to stochastic processes via uniform convergence in probability, we obtain
the natural extension of fractional calculus to the stochastic case.

5.3 The case H < 1/2

The definition of a pathwise integral for fBm with Hurst index H < 1/2 is
more delicate since new difficulties appear. For example, the forward integral
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T (H) — p(H) <. s
Jo BY)(s)d™B")(s) does not exist in the sense of Definition 5.1.2 when the
limit (5.1) is meant in the L2sense, as it is shown in the following example pro-

vided in [177]. Given a partition ¢; = 4T'/n of the interval [0, 7], the Riemann
sums

i B (1) {B(H)(ti) - B (ti—l)}

have the expectation

S OB [BM () (B (1) - B (tio)| = 5 308 — 88— (1~ tia)
=1 =1

1
_ 5T2H(1 _ n1—2H)

that diverges as n goes to infinity if H < 1/2. On the other hand, the expec-
tation of the symmetric sums

(£ — £24]

I

En:E [(B(H) (ti) + BUD (1)) (B (t:) — B(H)(tifl))] =
i=1

1
2H

(2

|
N

is finite.

There are several approaches introduced in order to avoid these problems.
In [6], [42] and [46] the stochastic integral for fBm when H < 1/2 is defined by
regularizing the kernel Ky (t,s) that appears in the representation B (t) =
fot Kpyt,s)dB(s) of the fBm with respect to the standard Bm [see (2.30)],
in order to obtain a semimartingale. They then use the classical theory of
stochastic integration and pass to the limit after a stochastic integration by
parts in the sense of Malliavin calculus. Furthermore, they prove that under
suitable Holder continuity assumptions on the integrand, the integral is the
limit in probability of the Riemann sums.

In order to establish when the symmetric integral is well-defined for H <
1/2, here we follow the approach of [5], [54] and [177]. By Chapter 2, we
have that the operator Kj; defined in (2.26) induces an isometry between the
Hilbert space H = (€, <, >p) (introduced in Section 2.1.2) and L?([0,T7]). We
recall that for H < 1/2

oK 1\ /t\H1/2

S

that can be then estimated as follows:
1 .
O (1,5)] < cu (2 - H) (t— )1 -3/2 (5.4)

if ¢ > s. Using (5.4), we can introduce the following space of suitable inte-
grands.
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Definition 5.3.1. Consider on the space € of step functions on [0,T] the
following seminorm:

T
16l1%,, = / 62(5) K (T, )2 ds

T
+/
0

We denote by Hg,, the completion of & with respect to this seminorm.

T 2
AhW%w@W—W*wﬁ ds.

The space H,, is continuously embedded in the Hilbert space 3.

Proposition 5.3.2. Let H < 1/2 and (ut):e[o,1) be a stochastic process in the
space DY2(Hp,, ). Suppose that the trace defined as

1 T
Tr D(H)U :— lim —/O <D(H)U9; I[S—G,S+E]>H ds

e—0 2¢

exists as a limit in probability and that

E l/oT u?(s)(s* 171 (T - S)QH_l)dS] < 00,

T T
E / / (D) )2 (21 4 (T — 5)2H 1) ds dr] < 0.
o Jo

Then the symmetric integral fOTu(s)d"B(H)(s) of u with respect to the fBm
defined as the limit in probability

T BH)(s+4¢)— BH (s —¢) d

e :
exists and .
/ u(s) d°BT) (s) = 65 (u) + Tr DUy,
0
Proof. For the proof, we refer to [5]. ]

We can compute the trace in the particular case when the process u; =
f(Bt(H)), where f € C%(R) and satisfies the growth condition

max |f(2)], | f' ()], | (2)] < e, (5.5)

with ¢, A positive constants such that A\ < 1/(4T%). 1f 1/2 > H > 1/4, then

the process u; = f(B,gH)) belongs to D'2(H,, ), Tr DUy exists and

T
ﬁDwM:H/lﬂﬂmwwﬂ4ﬁ
0
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By Proposition 5.3.2 we get
T T
/ FBUI @) d"BUD(t) = o (f(BH) + H/ F/(BUE ()21 at.
0 0

where 07 (f(BM)) is the divergence-type integral introduced in Chapter 2.
In order to consider a wider class of integrands with respect to the one
considered in (5.5), we use the properties of the extended divergence operator
as in the approach of [54]. They have shown that the symmetric integral of a
general smooth function of B() with respect to BH) exists in L?(PH) if and
only if H > 1/6.
Note that if h : R — R is a continuous function, then

lim Th(s)h(s +e)—h(s—e¢)

ds
e—0 0 2e

T—e —e€
1 2 12
= — T -
SHA(T) — H2(0)

Hence it follows that for all H € (0,1),

b (H) _ BH) (g —
lim [ B () B (86 = B 6)ds:l[B<H>(b)2713<H>(a)2

e—0 a 2€ 2

almost surely. Since for H > 1/2, B®) is a zero quadratic variation process,
by Theorem 2.1 of [199] that for all H > 1/2 and g € C'(R)

/bg(B(H)(S)) a°B™(s) = GBI (1)*) - G(B(a)?),  (5.6)

where G'(z) := g(z),x € R. In [200], this formula is proved for H = 1/2
even in the case when g € L2, (R). For H < 1/2, B) has infinite quadratic
variation, but equation (5.6) holds for g € C1(R) if H € (1/4,1/2) as shown
in [5]. In Theorem 4.1 of [102], (5.6) is proved even for H = 1/4, but with
g € C3(R). The most general result in this direction is contained in Theorem
5.3 of [54], where they show that for g € C3(R), H = 1/6 is the critical value
for the existence of the symmetric integral in (5.6). Here we state the result
of [54].

Proposition 5.3.3. Let g € C3(R). Then the following results hold:
1. For every H € (1/6,1/2),
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b
[ B ) @ BI(s) = GBI ) - GBI (@),

where G(z fo s)ds,z € R.
2. On the other hand, sz € (0,1/6], then

[ 1By

a

does not exist.

Proof. The proof of this result is quite technical and we refer to [54, Theorem
5.3, Lemma 5.4, 5.5, 5.6 and Proposition 5.7] for further details. a

5.4 Relation with the divergence integral

In Proposition 5.3.2 we have already investigated the relation between the
symmetric and the divergence-type integrals for H < 1/2. Here we study the
case H > 1/2 following the approach of [8] and [177].

We recall that the space H = (L2([0,T]), <, >g) is introduced in Theorem
2.1.6, |3(| in (2.24), the stochastic derivative D) in Section 2.2 and that P¥
denotes the law of BUT),

Proposition 5.4.1. Let H > 1/2. Suppose (us)icjo,r) 95 a stochastic process
in DY2(|H|) and that

T T
| 10— s st < o, as (5.7)
o Jo
Then the symmetric integral exists and the following relation holds:
T
/ u(t) d°BH)(t)
0 (5.8)
=0 (u) + H(2H — 1) / / DIy(t)|t — s|*1 2 ds dt.

Under the assumptions of Proposition 5.4.1, the symmetric, backward and
forward integrals coincide. For example, a sufficient condition for (5.7) is that

T T

/ (/ |DE ()P dt)/P ds < oo
o Jo

for some p > 1/(2H —1).

Proof. Here we sketch a short proof of (5.8) by following [177]. For further
details, we refer to the proof of Proposition 3 of [8]. We start by approximating
u by
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1 t+€

uy = % u(s) ds.

t—e
Then
w32 qgac)y < darllullfreqa

for some positive constant dy depending on H. Since by (2.33) we have the
following integration by part formula

(SH(FU) = F(SH(U) — <D(H)F, u)H

it F e ]D)}f, u € dom dgr, and Fu, Fog(u)+ (DY F )y € L*(PH), we obtain

S

T H)(s+€)— B (s —e
[ty B2e+d =B,
0

T 1 s+e
= / u(s)—/ dBM) () ds
2€ J,_.

/ Su(u I EHe])ds—l——/ D(H) (8), I1s—e 54 1 ds

1 T
= 5H(U€) + Z / <D(H)’U,(S), I[s—e,s+e]>H ds.
0

The proposition follows taking the limit as € tends to 0. a

We now investigate when the symmetric integral coincides almost surely
with the limit of Riemann sums, i.e., with the pathwise Riemann—Stieltjes
integral. Using the representation (5.8), we obtain the following:

Proposition 5.4.2. Let H > 1/2. If u is an adapted process continuous in
the norm of DY2(H) such that

T
lim sup E ||D)u(s) — DﬁH)u(s')\Q} dr=0, (5.9)

= Jo s,8’€(r,r+1/n)N[0,T)

then we have

n

T
lim u(t;) (B (ti41) — BE (1)) = / u(s) d°BH) (s),
0

|| —0 4
i=1

where the convergence holds in L>(PH) and m: 0 =tg <t; < ... <ty =T is
a partition of [0,T] with mesh size |r| = sup (tiy1 — ;).

1=0,..., n

Proof. Here we adapt the proof of Proposition 5 of [6] to the fBm case for
H > 1/2. By (5.8) we have that

T
/ u(t) d°B) (1) = 65 (u) + H( 2H71/ / D (t)|t — |2 =2 ds dt.
0
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Since by Proposition 3.12.1

n

> ulti)o(BH (1) — B (t:)

= Zu(ti)(B(H)(tiH) - B () + Z<D(H)u(si)7I(5i75i+1]>H'

i=1 i=1

We need to study the convergence of the second term of the sum. By using
the properties of the operator Kj; defined in (2.15) with respect to (-, ), we
get

n n

Ar = U(Du(s), I, )i = D _(Dulsi), Kirl(s, s,010) 22 (0,7)
P i=1

n_ T
:Z/O D,u(s)(Kg(sit1,7) — Kg(si,r))dr,

where we have also applied (2.36). Then

T T
—/ / DUy (t)|t — s|*H =2 ds dt)?
o Jo
T n Sit1 2
<TFE (/ Z/ |Dyu(s) — Dyu(s;)||r — s|2H 2 ds) dr
0 i=1 Sq

_2H-2 LH N2 (. o2H—2
<T |T r| Z E [|Dyu(s) — Dyu(sy))?] | — s| ds dr

gT/ T — r[?CH=2) gy
0

T
/ sup E [|D§H)u(s) — Dt(H)u(s’)ﬂ dt.
0 s,8’€(t,t+|r|)N[0,T]
The last term converges to zero since (5.9) holds. O

5.5 Relation with the fWIS integral

We now investigate the relation between the fWIS integral introduced in Chap-
ter 3 and the pathwise integral in the case H > 1/2. Here fo (5) dBU)(s)
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must be interpreted as the fWIS integral defined in Definition 3.4.1 for
H > 1/2. Main reference for this section is [83]. For other approaches see
also [68] and [149].

Consider the symmetric integral as introduced in Definition 5.1.1 and
characterized in Proposition 5.4.2. We recall that in Chapter 3 the space
L4(0,T) of integrands is defined as the family of stochastic processes F' on
[0,T] with the following properties: F' € Ly(0,T) if E [||F||%] < oo, F is
¢-differentiable, the trace of D?Ft,O < s <T,0 <t < T exists, and
E [foT foT(DfFS)2 ds dt} < oo and for each sequence of partitions (m,,n € N)

such that |m,| — 0 as n — oo,

ZE

(”) (n)
i1
/< /m) |D¢FT">D¢F<TL> DthDst|dsdt

n)

and
E[|F™ - F|%]

tend to 0 as n — oo, where m, : 0 =t < t{™ < ... <t < =T,

Theorem 5.5.1. Let H > 1/2 and F € L4(0,T). Then the symmetric inte-
gral fOT F,d°B")(s) exzists and the following equality is satisfied

T
/Fsd"B(H)(s):/ F,dB") (s /D¢F ds a.s.,

0 0

where fOT F,dB")(5s) is the fWIS integral defined in Theorem 3.6.1 and D¢ F
in Definition 3.5.1.

Proof. Since if g € L% (R), F € L?(PH), and Dg,F € L?(PH), by Proposition
3.5.4 we have that

Fo/gsdB(H)(s) :F/gs dBW)(s) — Dg,F.
R R

Hence,
Z thn) (B(H) (tgini-)l) _ B(H) (tgn)))

= Z Ft§”> o (BUD (tz('i) ) - B t(n )+ Z DW QNN t(")

e

i4+1

n—1
n n +
= Z {Ft(.") o [B(H)(tl(-+)1) — B(H)(tg ))} + . D?thn,)ds} .
— i e i

This equality easily proves the theorem. a
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These two types of stochastic integrals are both interesting and present
different characteristics. The expectation of f(f F,dB™)(s) is 0, but the chain
rule for this type of integral is more complicated than for the pathwise integral.
On the contrary, we have that E [fot F, dOB(H)(S)} # 0 in general, as the
following shows.

It is well known that if X is a standard normal random variable, X ~
N(0,1), then

n!
E[X"] =1 (V2)"(n/2)!
0 if n is odd.

Let f(z) = ™. If n is odd, then

if n is even,

g[ HB(s) ep)| e[ " D¢(B () a

_ el B s Do B (s ds
—E_/Of(B (s)D¢B ()d]

=F :/Ot F (B (s)) /OS o(u, s) duds}

- H/Ot $2H-1p {f’(B(H)(s))] ds

_ nH/t 21 [(B<H>(s))”*1} ds
0

(B(H)(S) ) "‘1] g

sH

t
:nH/ $2H-1R
0

nlHt(+DH

= n—1
V2T (n+ 1)H ((n —1)/2)!
which is not 0. If n is even, then by the same computation, we obtain

5[ (B (s))" B <o

0

We now show another interesting phenomenon. Let m be a partition of
the interval [0,7]: 0 = 6o < t; < 2 < ... < t, = T.If (f(s),s > 0)is a
continuous stochastic process, the It integral with respect to the Brownian
motion (By,t € [0,T]) can be defined as the limit of the Riemann sums

n—1
Z fti (Bt71+1 - Btz)
=0

as the partition mesh size || — 0, where m: 0 =tg <t <ta <...<t, =T.
The Stratonovich integral in the standard Brownian motion case is defined as
the limit of the Riemann sums
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fti, + fti 1
Z %(Btii»l - Btz)

i=0

as the partition |r| — 0. Here we prove that the symmetric integral is a

Stratonovich-type integral for fBm BgH), t > 0, with H > 1/2 since in the
sequel we show that the above two limits are the same for a large class of
stochastic processes.

Initially the following lemma is given.

Lemma 5.5.2. Let p be a positive even integer. Then

B[(50) - 50)'] = g "

Proof. Since
E B (1) - BH(5)2] = |t — s,

we have that (BH)(t) — BH)(s))/|t — s|¥ is a standard Gaussian random
variable and
BH) () — BHE) (5)\”
|t —s|®

!
= grp it~
2¢/2(p/2)!

E[|BH 1) —B(H)(s)|p} —|t—sPPHE

Corollary 5.5.3. For each o > 1, there is a Cy, < 0o such that
E [|B<H>(t) — B (g)e] < Cult — s|oH.
Definition 5.5.4. The process (fs,0 < s < T) is said to be a bounded

quadratic variation process if there are constants p > 1 and 0 < C, < o0
such that for any partition m: 0=ty < t1 <to < ... <tp, =T,

n—1
Z E UftH»l - fti|2p:| e < CP'
=0

Ezxample 5.5.5. Let f : R — R be continuously differentiable with bounded
first derivative. Then f(B®)(s)) is a bounded quadratic variation process. In
fact, for any p > 1 and partition 7: 0 =t < t;1 <te < ... <t, =T,

ZE 7B = (B

1 2p 1/11
([ (50 ocmit i) ] - o422 - 50) ]

1/p

n—1
:ZE

=0
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< CZE (1) — e e

t+1
n—1
= CZ tis1 —t:*7 < CT.
i=0

Theorem 5.5.6. Let (f(t),0 < t < T) be a bounded quadratic variation
process. Let (mp)nen be a sequence of partitions of [0,T] such that |m,| — 0
as n — oo and

Zf EBH ) - BO (M), neN,

converges to a random variable G in L*(PH), where T, = {tén), cee 7(1")}
Then .
D SEPBI) - B M), neN,
i=0
also converges to G in L?(PH).
Proof. Tt suffices to show that Z?;Ol(fti“ - ft.)[B(fQ Bt(iH)] converges to

0 in L?(PH). Let p be a number as indicated in the definition of bounded
quadratic variation for (f;,0 <t <T),

n—1
E <Z(fti+l ft )( t+1 B(H))>

=0

o7 1/2

n—1

< ‘ (E [(ft,-ﬂ fi ) (B(i’1 _ BgiH))2:|)1/2

~
Il
=]

S
|
—

}1/(2‘1)

IN

1/(2
E [(fuor — £ BB — B

tit1

«
I
=}

n-t 1/2 n—1 1/q 1/2
(S et arr) {Selnn-nre] "}
= i=0

=0
_— 1/2
< L \H-1/2 _
_Cogf?gaf (tiv1 — i) Z%|tz+1 til
K3

< NH-1/2
< C\/Togrznéaf_l(tﬁl t;)

where 1/p + 1/g = 1. The proposition follows since maxo<i<n—1(ti+1 —
t;)1=12 0 as || — 0. O
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It can also be shown with a slightly more lengthy argument that if (fs, s >
0) is a process with bounded quadratic Variation and &; is any point in [t;, ;41],

then the limit of the Riemann sums ;" fgl [ ) —Bt(_H)] converge in L?(PH)

7,+l 3
to fOT fs d°BW)(s) if it is true for any particular choice of such a &;.

5.6 Relation with the WIS integral

We now clarify the relation between the forward integral and the WIS inte-
gral for every H € (0,1). Hence, in this section the integral f’t/)dB(H) must
then be interpreted in the sense introduced in Chapter 4 and our reference
probability space is here (£2,F,P), where P is the probability measure induced
by the standard Brownian motion (see Definition A.1.1). At this purpose we
first reformulate Definition 5.1.2 under the probability P and then extend it
to (8)* following the approach of [33].

Definition 5.6.1.

1. The (classical) forward integral of a realvalued measurable process Y with
integrable trajectories is defined by

/TY(t)dB(H)(t) i [ ypBtta =BT,
0

e—0 0 €

provided that the limit exists in probability under P.
2. The (generalized) forward integral of a realvalued measurable process Y
with integrable trajectories is defined by

dt,

e—0 0 €

/T Y (t) d_B(H)(t) ~ lim T Y(t)B(H) (t+¢€) — BUD (1)
0

provided that the limit exists in (8)*.

Note that in the generalized definition of forward integral, the limit is re-
quired to exist in the Hida space of stochastic distributions (8)* introduced
in Definition A.1.4. Convergence in (8)* is also explained in Appendix A.

Corollary 5.6.2. Let ¢(t) = ¢(t,w) be a measurable forward integrable
process and assume that v is caglad. The forward integral of ¥ with respect
to the fBm B coincides with

/ W(t)d~BH(1) ZIAl‘lm Zw (5.10)

whenever the left-hand limit exists in probability, where m : 0 = tg < t1 <
. <tn =T is a partition of [0,T] with mesh size |A| = sup  [tj11—t;]
Jj=0,...,N—

and AB{V = B{") — B{™").

tit1
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Proof. Let 1 be a caglad forward integrable process and

P (t) Zw () Lty t00) (F)

be a caglad step function approximation to ¥. Then () (t) converges bound-
edly almost surely to t(t) as |A| — 0. The forward integral of ¢(4)(t) is
then given by

0 €&

tk+1
_hmzw tr) / / B(H)
~ el ()
- 2%21&(@)/ g/u% ds dB“") (u)

- qu )ABI), (5.11)

(H) (H) (H)
where AB;, "’ = B,,"" — B, *’. Hence (5.10) follows by the dominated conver-
gence theorem and by (5.11). O

For the sequel we will use the same notation as in Appendix A. We recall
that J is the set of all multi-indices o = (@, @a,...) of finite length I(a) =
max {i : a; # 0} with a; € Ng = {0,1,2,...} for all 7 and that &, are the
Hermite functions defined in (A.6).

Definition 5.6.3. The space ng) consists of all caglad processes (t) =
Y ey Ca(t)Ha(w) € (8)* for every t € [0,T] such that

||¢||]L(H) = Z Zaza'llca\\m 0,1]) < 0
agd i=1
Note that if ¢(t) € (8)* for every t € [0,T], then D41 (t) exists in (8)* by
Theorem A.3.5. We recall that we denote by D the Malliavin derivative with
respect to a standard Brownian motion.
We recall a preliminary lemma needed in the following.

Lemma 5.6.4. Let (I, §,m) be a measure space. Let f. : I' — B, e € R, be
measurable functions with values in a Banach space (B, | - ||B). If fe(v) —
fo(7) as € = 0 for almost every v € I' and there exists K < oo such that

/ 13 dim(y) < K
I

for all e € R, then
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/ £ () dm(y) — / foly) dm()
I I

in |-
Proof. The proof is analogous to the one of Theorem I1.21.2 of [196]. a

Lemma 5.6.5. Suppose that ¢ € ng). Then

t+e
Mt+Dt+'L/J(t) = hmo - MSDS’(/)(t) ds
e—0 € J;
exists in L*(P) for all t. Moreover,
T Ty fthe
0 e—0%Jo L€ Jt
in L?(P) and
. 2
E </ My Dgip(s) ds) < 0. (5.13)
0

Proof. Suppose that 1(t) has the expansion
B(t) =Y calt)Ha(w).
aed

In the sequel we drop w in H, (w) for the sake of simplicity. Then, in the same
notation as in Appendix A, we have

Dap(t) = D> calt)aiH o &i(s)
acd i=1

and

MSDsz/}(t) = Z Z Ca (t)aij—(a—e(i)ni(s)7

agg i=1
where 7;(s) = M¢&;(s). Hence,

1 t+e oo 1 t+e
- MsDgp(t)ds = o () — i(s)ds| o Hy_ o) -
[ mpw0as = wo; [ ne ] e o
a€ed i=1
Since n;(s) = M&(s) is a continuous function, we have that

t+e
! / ni(s) ds — mi(t)

€

as € — 0.
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We apply now Lemma 5.6.4 with v = (a, ), dm(y) = 3,4 Yot Oy
where , denotes the point mass at z, B = L2(P), and functions f. =

[ca(t): :+e n;i(s) dslo;Ho_ iy We obtain

/Ilfe Wdm(n) = 35 150 ey

acd 1=1
1 [tte 2
—ZZ{cam / m(s)ds] azal
a€d i=1 € Jt
2H _ 42H 2
< [( +e) } S et
€ acd i=1
since
1

t+e 1 1
*/ ni(s)ds = (M&;, El[t,t+e]>L2(R) = (M?e;, z[[t,t+e]>L2(R)
t

€
1 1 (t +e)2H — 21
= (en M) < lleslln - el = ——————,

where we have used that the fact that |le;||z = 1 and (4.6). Since we have
> acg Doiet Calt)?aial < oo for almost every ¢, by Lemma 5.6.4 it follows that

t
Zaeﬂ Zfil[ca(t)% t+€ n;(8) dsla;H,,_ ) converges to

33 calt)nit)eidt, o

acd i=1

in L2(P).
We now prove (5.12). Consider

A /t M Dsp(t) ds dt = ZZ/ [ /6 i(S)dS] dta;Ho_ -

a€ggd i=1

t
(a,i), B=L*(P), dm(y) = Y, >oiey Oa,i» where &, denotes the point mass
at x, we use again Lemma 5.6.4. We obtain

/||f6 W dm() = 35 1) ey

acd i=1

Now assuming f, = fOT [ca(t)% e 7:(8) ds] dt a;H,_ . and as before v =

2

-y U /j“ m(s) ds dt] il

acd 1=1

<Yy [/ o (=) dtraia!

acd i=1
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<X 3| [ aeral

acd 1=1

. VO (W)Q dt] 0. (5.14)

Since 9 € ng) by Lemma 5.6.4, we can conclude that the limit (5.12) exists
in L?(P) and also that (5.13) holds. 0

Lemma 5.6.6. Suppose that ¢ € ng) and let
w(A)(s) = Zw(tk)‘l(tk7tk+1](s)
k

be a caglad step function approzimation to 1, where A = max; |At;| is the
mazximal length of the subinterval in the partition 0 =ty < ... < t, =T of
[0,T). Then v®) € LY for all A and

T T
/ M, Dy )@ (s)ds — / M Doyap(s)ds  in L2(P)  (5.15)
0 0

as |4 — 0.
Proof. Since ¢4 (s) =3 g (A)( YHa (w) with

A 3) = an(tk)I(tkatk+l](s)
k

and
e | 20,77y < const.||callrzory Vo

it follows that (4 € ]ng). We have

1 t+e
- / MDA (t) ds
€

- Z Z {/ { ()= /tt+677i(5)d3} dt} a;Ho_ e

a€ed i=1
If we assume v = (1), B = L*(P), m(dy) = Y. ocg > ie1 O(a,i)> where &, de-
notesthepoint massatx,and fa= {fo [ca t)1/e ft+5 ds} dt} a;Ho_ ey,
with the same argument as in (5.14) by Lemma 5.6.4, we obtain that

/OT [1 /ttﬁ M; Dy (t) ds} dt

T t+e (A)
= lim - M,D, t)ds| dt
[Al—0 Jg L t v ]

(5.16)
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in L2(P) for almost every s, since c((lA) converges by dominated convergence

to cq in L2(P) and (4) € ng). Using (5.16) and Lemma 5.6.5 we conclude
that (5.15) holds. ]

We now investigate the relation among forward integrals and WIS inte-
grals.

Theorem 5.6.7. Let H € (0,1). Suppose 1) € ng) and that one of the fol-
lowing conditions holds:

i) 1 is Wick-Ito-Skorohod integrable (Definition 4.2.2);
i1) v is forward integrable in (8)* (Definition 5.6.1).

Then

T
/ Y(t)d~BHE (¢ / Y(t) dBUD (t) + / My Dyyap(t)dt,  (5.17)
0
holds as an identity in (8)*, where here foT Y(t)dBUH) (t) is the WIS integral
of Definition 4.2.2.

Proof. We prove (5.17) assuming that hypothesis 4) is in force The argument

works symmetrically under hypothesis ii). Let ¢ € ]L . Since v is caglad,
we can approximate it as

= lim Zw Mt 5001 (F) a.e.,

|At]—0

where for any partition 0 = to < t; < ... < ty =T of [0,T], with At; =
tj+1 —t;, we have put |At| =  sup  At;.
j N-1

As before we put (4 (t) = Zé\:ol Y(te) Lty ty,,] () and evaluate

T
/ $O(1)d- B (1)
0

(H) _ p(H)
:hm/ (1, B = B0

e—0 €
. 1 t+e (1)
:gg%/o Zw Mty 5411(1) ;/t dB*" (u) dt
T i 1 t+e H
~ iy [ Zw oyt ot [ aB @
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The first limit is equal to

1 t+e
lim Zu} M 1,0,,1)(t) <>f/ dBY (u) dt
t

e—0 0 €

t+e

. 1
= hr% E V) )05, () | © - W) () du dt
2 Jo t

= lim / Zw Litsots0n) @) | 0 WU (u) du

:/ YA (u) o WU (1) du
0

which converges in (8)* to fo (u) o WH) (u) du = fo u) dBWH) (u). For the
second limit we get

g%EZ/ Iy, (8 / MZDF)y(t;) du dt

zlim/ 7/ M2D) ) (1) du dt
€ Jt

e—0 0

T 1 t+e€
= lim / - / My D™ () du dt.
€ Jt

e—0

By Lemmas 5.6.5 and 5.6.6 the last limit converges to

T
/O Mo Do th(u) du

in L2(P). |

An analogous relation to the one of Theorem 5.6.7 between Stratonovich
integrals and WIS integrals for fBm is proved under different conditions in
[164].

An It6 formula for forward integrals with respect to classical Brownian
motion was obtained by [201] and then extended to the fBm case in [101].
Here we prove the following It6 formula for forward integrals with respect to
fBm as a consequence of Lemma 5.6.8.

Lemma 5.6.8. Let G € (8)* and suppose that ¢ is forward integrable. Then

/w t)yd=BH)(1) / G(w)(t)d~ BHE)(¢). (5.18)

Proof. This is immediate by Definition 5.6.1. g
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Definition 5.6.9. Let ¢ be a forward integrable process and let o(s) be a

measurable process such that fot la(s)|ds < oo almost surely for all t > 0.
Then the process

X(t) ::m+/0ta(s)ds+/0tw(s)dB(H)(s), t>0 (5.19)

is called a fractional forward process. As a shorthand notation for (5.19), we
write

d=X(t) == a(t)dt+ () d” B (#), X(0) =z
Theorem 5.6.10. Let

d=X(t) = a(t)dt +¢¥(t)d"BH(t), X(0) ==z

be a fractional forward process. Suppose f € C?(R?) and put Y (t) = f(t, X (t)).
Then if 1/2 < H < 1, we have

of
ot

(t, X (t)) dt + g(t,X(t)) d- X (t).

dY(t) = o

Proof. Let 0 =1ty <t; <...<ty =t be a partition of [0,¢]. By using Taylor
expansion and by equation (5.18), we get

Y () - Y/(0)
_ zjzy(tﬁl) ~Y(ty)
- Zf(tjﬂ,X(tm)) — F(t. X (8)
_Zaf ) At; +Z INAX(t))
1 Z L X I o((AX (1))
Z ) At +Z/twaf (t;) d X,

+ 2 Z tJ,X +Z o((AX (t;))?),
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where AX (t;) = X (t;41) — X (¢;). Since 1/2 < H < 1, the quadratic variation
of the fBm is zero, and we are left with the first terms of the sum above, which

converges to
8f
| Ds ))ds + / e X(s).
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A useful summary

In Chapters 2 to 5 we have presented several ways of introducing a stochastic
calculus with respect to the fBm. We have already underlined the relations
among these different approaches, but in our opinion it is convenient to pro-
vide here a comprehensive summary, including a further investigation of their
analogies and differences.

Moreover, in this chapter we present a general overview of the It6 formulas
for the different definitions of stochastic integral for fBm together with an
investigation of their relations.

6.1 Integrals with respect to fBm
We recall shortly the main approaches to define a stochastic integral with

respect to fBm, and we refer the reader to the related chapters for further
details.

6.1.1 Wiener integrals

In order to define the Wiener integrals with respect to BU1) | we fix an interval
[0, T] and introduce the so-called reproducing kernel Hilbert space, denoted by
J{. Recall that

1
Ry(t,s) := 5(52H + 2 )t —s]2H), st >0,
and let Ky (t,s), H € (0,1), be a deterministic kernel such that
tAs
Ry(t,s) = / Ky (t,u)Kg(s,u)du.
0

For explicit expressions for Ky (t,s), we refer to Chapter 2.
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Definition 6.1.1. The reproducing kernel Hilbert space (RKHS ), denoted by
H, associated to BH) for every H € (0,1), is defined as the closure of the
vector space spanned by the set of functions {Ry(t,-),t € [0,T]} with respect
to the scalar product:

<RH(ta ')a RH(Sa )> = RH(ta 5) Vt, s € [O, T]

Definition 6.1.2. For any H € (0,1), the (abstract) Wiener integral with
respect to the fBm is defined as the linear extension from H in L*(PH) of the
1sometric map

H — L*(PH),
Ry (t,-) — B ().
We replace H by an isometrically isomorphic Hilbert space.

Definition 6.1.3. By a representation of H we mean a pair (F,1) composed
of a functional space § and a bijective isometry i between § and H.

First we study the case H > 1/2 and consider the following representation
for H.

Theorem 6.1.4. For any H > 1/2, consider L*([0,T]) equipped with the
twisted scalar product:

(f.9)e = HRH 1) / / f($)a(t)]s — A2 dsdt. (6.1)

Define the linear map ia on the space € of step functions on [0,T] by

2 (LQ([O7T])’ <7>H) I g{a
I[o,t] — Rp(t,-).

Then the extension of this map to the closure of (L?([0,T), <, > ) with respect
to the scalar product defined in (6.1) is a representation of H.

From now on we identify the RKHS H with (L2([0,T]), <,>p) through
the representation map io. Note that the map iy induces an isometry, that
associates I ;) to BH) (t), between H and the chaos of first order associated
with B i.e., the closed subspace of L?(02,P) generated by BM) We denote
the image of this isometry by B(H) (¢) for ¢ € H and call it the Wiener integral
(of second type) of ¢ € H. In the sequel we use only the name Wiener integral
dropping the additional specification “of second type”.

In order to characterize this kind of integral, we introduce the linear op-
erator Kj; defined on ¢ € € as follows:

(K36)(s /¢> ) 2R 1, 5) .
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Then (K3 1j0,4)(s) = Ku(t,s)Ijo4(s) and the process B(t) associated by
the representation iz to (K3) ™ (Ijo4), i-e.,

B(t) == B ((K};) o),

is a Brownian motion (for the proof of this, see Chapter 2). Analogously, the
stochastic process associated to

K;—II[O,t] =Ky (t, S)I[O,t] (S)
by the isometry induced by B(t) on L2([0,T]) is a fBm BU)(t) with integral
representation
¢

T
B (1) = / KjlogdB(s) = | Kg(t s)dB(s).
0 0

We obtain an expression of the Wiener integral with respect to B in terms
of an integral with respect to the Brownian motion B.

Proposition 6.1.5. Let H > 1/2. If ¢ € H, then

T
B (g) = / (I5,6)(s) dB(s).

As we have seen, Wiener integrals are introduced for deterministic inte-
grands. In order to extend the definition of the Wiener integral to the general
case of stochastic integrands, we follow the approach of [72] and use Theorem
2.1.7.

Definition 6.1.6. Consider H > 1/2. Let u be a stochastic process u.(w) :
[0,T] — H such that Kju is Skorohod integrable (Definition A.2.1) with
respect to the standard Brownian motion B(t). Then we define the stochastic
integral of u with respect to the fBm BW) gs

T T
/ u(s) dBH) (s) := / (Kiu)(s) 6B(s),
0 0

where the integral on the right-hand side is a Skorohod integral with respect to
B(t) (Definition A.2.1).

We now focus on the case H < 1/2. As before we consider the following
representation for the RKHS H. Consider the space € of step functions on
[0,T] endowed with the inner product

<I[O,t]a I[O,s]>H = RH(ta S)a 0<¢s<T,
and the linear map iz on & given by

io: (&, <, >n) — H,
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Ijg — Rul(t,-).

Then the extension of this map to the closure of (£, <,>p) with respect to
the scalar product defined in (2.7) is a representation of H. From now on we
identify H = (€,<,>p) and we define the Wiener integral for H < 1/2 as
the extension to 1 € H of the isometry
B . (& < >y) — L2(PH),
Iip 4 (-) ¥— B (1),
induced by the representation i5. Consider the linear operator K73, from the
space € of step functions on [0,7] to L?([0,T]) defined by
0Ky
ot

T
(K59)(s) := Ku (T, s)¢(s) +/ [6(t) — &(s)] (t,s)dt. (6.2)

Then (6.2) evaluated for ¢ = I, gives
(K lpo,0)(s) = K (t,s)1j0,4(s),
and for H < 1/2 we have
H = (K3p)~H(L£2((0, 7)) = I~ (L*((0, 7).

This representation of H guarantees in addition that the inner product
space H is complete when endowed with the inner product

(frq) = / K3 /() K g(s) ds,

as shown in Lemma 5.6 of [188].

Hence we can conclude with the following:
Proposition 6.1.7. For H < 1/2 the Wiener-type integral B (¢) with re-
spect to fBm can be defined for ¢ € H = I;/E_H(LQ([O,T])) and the following
holds:

T
B (g) = / (K3,0)(t) dB().

6.1.2 Divergence-type integrals

The divergence operator dg is the adjoint of the derivative operator. We say
that a random variable u € L?(§2;H) belongs to the domain domdy of the
divergence operator if

1B (DU F,u)p| | < cull Fllzz(o)

for any F' € Sy, where Sy is the set of smooth cylindrical random variables
of the form F = f(BY (¢y),..., BU(¢h,,)), where n > 1, f € C°(R"), and
1/11' e K.
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Definition 6.1.8. Let H > 1/2 and u € domdy. Then dg(u) is the element
in L?(82; H) defined by the duality relationship

E[Fég(u)]=FE [<D(H)F7 U>H]
for any F € D}f.

For H < 1/2, the definition of a divergence-type integral is more delicate.
Namely, by Proposition 2.2.6 it follows that processes of the form

B(H) (t)I(a,b] (t)7 t R,

cannot be in domdy if H < 1/4. We consider then an extended domain for
the divergence operator. Let Si the space of smooth cylindrical variables of
the form

F=fB%@),...,BM(y,)),

where n > 1, f € Cp°(R"), ie., f is bounded with smooth bounded partial
derivatives, and v; € X, where

K= (Kp) ™ (K"~ (L2([0, 1))
and K ;" is the adjoint of the operator K}, in L?([0,T7).

Definition 6.1.9. Let u(t),t € [0,T] be a measurable process such that
E[ OT u?(t) dt} < oo. We say that u € dom™ dy if there exists a random
variable dp(u) € L*(PH) such that for all F € Soc, we have

T
/0 E [u(t)K;;aK;IDﬁH)F} dt = E [ (u)F] .

Note that if v € dom™ §p, then d(u) is unique and the mapping
dp :dom™ 6y — Ups1 LP(02)

is linear.

6.1.3 fWIS integrals
Consider H > 1/2 and
B(s,t) = op(s,t) = H2H — 1)|s — t|*72, st eR.

Let £4(0,T) be the family of stochastic processes F' on [0, T'] with the following
properties: F' € L4(0,T) if and only if E [||FH%I] < 00, F' is ¢-differentiable,
the trace of D¢F, ,0 < s,t < T exists, and E [fOT fOT |D¢Fy|? dsdt| < oo and

for each sequence of partitions (m,,n € N) such that |7,| — 0 as n — oo,
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n-l tgi)l t;ﬂ P
> E / D? FWD F(n) D?F,DYF,| dsdt
i,5=0 CREE
and
E[|FT - F|]
tend to 0 as n — oo, where m, : 0 = t(()n) < t§”) < t(n)l < t( M =T,

Theorem 6.1.10. Let (F;,t € [0,T]) be a stochastic process such that F €
L4(0,T). The limit

T T
/O F,dB(H) ::/0 F,dB) = lim ZF” (B By (6.3)

t;
|7 —0 4 +

ezists in L2(PH), where PH is the measure induced by BW) . Moreover, this

integral satisfies
T
/ F,dB
0

T
| / F, dBUD ]2
0

T T
/ / D¢F,DYF,dsdt + |10 F||3
0

E =0

and

T
||/0 FodB e 0m) = E

=F

This definition can be extended in the following way.

Definition 6.1.11. Suppose Y : R — (8)% is a given function such that
Y () o WH)(t) is dt-integrable in (8)% (Definition 3.1.11) . Then we define

its fWIS integral, [, Y'( dB(H by
/ V() dBH) = / V() o WH (1) dt, (6.4)
R R
where the Wick product o is introduced in (3.22) and W) (t) is the fractional

white noise defined in (3.19).

Note that in Chapter 3 we have followed the opposite direction, i.e., we
have introduced the fWIS integral in the more general case (6.4) and then its
L? version (6.3).
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6.1.4 WIS integrals

Let M be the operator introduced in Definition 4.1.2. We define the WIS inte-
gral in the following way. We recall that the spaces (8) and (8)* are introduced
in Definition A.1.4.

Definition 6.1.12. Suppose that Z : R — (8)* is a given function with the
property that

(Z(t),y) € LYR,dt) Y € (8). (6.5)
Then fR t)dt is defined to be the unique element of (8)* such that

( /R Z(t) dt, ) = /R (Z(), Pyt Y € (S). (6.6)

Just as in [109, Proposition 8.1], one can show that (6.6) defines [, Z(t) dt as
an element of (8)*. If (6.5) holds, we say that Z(t) is dt-integrable in (S)*

Definition 6.1.13. Let H € (0,1). Let Y : R — (8)* be such that Y(t) ©
WU (t) is dt-integrable in (8)* (Definition 6.1.12). Then we say that Y is
WIS integrable and we define the WIS integral of Y (t) = Y (t,w) with respect
to BH)(t) by

/thdB(H) /Y t) o WU (1) dt

where the Wick product o is introduced in Definition A.1.7 and W) (t) is the
fractional white noise defined in (4.16).

In particular, we define the stochastic integral over a finite interval [0, T
as

/ Y (t,w)dBH) (1) .= / Y (). 0 WD (1) dt.
R
Consider now the space M of the processes Y (t) = ) 4 ca(t)Ha(w) € (8)*
such that c,(-) belongs to L4 (R) = {f : R — R; M f(z) € L*(R)} and
> aeg Mca(t)Ha(w) converges in (8)* for all t. Then the following fundamen-
tal relation holds.

Proposition 6.1.14. Let H € (0,1). If Y : R — (8)* is WIS integrable and

Y e M, then
/Y( t)dBH)(¢) /MY ) 6B(t),

R

where the integral on the right-hand side is a Skorohod integral with respect to
B(t) (Definition A.2.1).
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We remark that

T
/ Y (t)dBH) (1) = / Y (t)Ijo. 7 (t) dBYD ()
0 R
T
_ / M(Y Iy 7) 6B(t) # / MY (1) 5B(1).
R 0

6.1.5 Pathwise integrals

Consider H € (0,1).

Definition 6.1.15. Let (ut)icjo,r) be a process with integrable trajectories.
The symmetric integral of u with respect to B is defined as

T T
/ u(s) d°BH) (s) = lim — / u(s)[BH) (s + €) — B (s — €)] ds,
0 0
if the limit exists in probability.
The forward integral of u with respect to B is defined as

/OT u(s) d" B (s) = tim + [ u(e) B9 = BEOG)

e—0 € 0 €

ds,

if the limit exists in probability. On the other hand, the backward integral is
defined as

T T (H)(g — ¢) — BUH)
/ u(s)dt B (s) = lim 1 u(s) B (s=e) = B7s)
0 e=0¢€ Jo €

ds

7

if the limit exists in probability.

The definition of a pathwise integral for fBm with Hurst index H < 1/2 is

more delicate. For example, the forward integral fOT B (s)d=B™)(s) does
not exist in the L? sense, as it is shown in Chapter 5. However, sufficient
conditions can be established to guarantee the existence of the symmetric
integral for H < 1/2.

Let Kp(t,s) be the kernel defined in (2.3). Consider, on the space & of
step functions on [0, 7], the seminorm

T
nw@ﬁ:3é 6(5) K (T, 5)? ds

T T
H-3 2 ds
+A<A|ww—w@m—@ dt)? ds,

and denote by Hy,, the completion of € with respect to || - [|%,, .
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Proposition 6.1.16. Let H < 1/2 and (ut):eo,1) be a stochastic process in
the space DV2(H,, ). Suppose that the trace defined as

1 T
Tr D(H)u = lim —/O <D(H)Us; I[s—s,s-i-e]>H ds

e—0 2¢

exists as a limit in probability and that

E

/OT u?(s)(s* 171 (T - S)QH_l)ds] < o0,

E

T T
/ / (D)2 (21 4 (T — 5)2H 1) ds dr] < 0.
o Jo

Then the symmetric integral fOT u(s) d°BH) (s) of u with respect to the fBm
defined as the limit in probability
T BH)(s4¢)— BH) (s —¢) d

lim u S
e—0 0 s 2¢

exists.

Moreover, the symmetric integral fOT F(BUE (1)) d°BH) (t) of a general
smooth function f exists in L?(Pf) if and only if H > 1/6 (see [54]).

We consider the following extended definition of the forward integral, seen
as an element of (8)*.

Definition 6.1.17. The (generalized) forward integral of a measurable process
Y with integrable trajectories is defined by

/Ty(t) d”B™(t) = lim Ty(t)B(H)(t-l- €) — BUH(t)
0

e—0 0 €

dt,

provided that the limit exists in (8)*.

6.2 Relations among the different definitions of
stochastic integral

We investigate here the relations among the different definitions of stochastic
integrals for fBms summarized in Section 6.1. For the proofs of the following
results, we refer to the related chapter.



156 6 A useful summary
6.2.1 Relation between Wiener integrals and the divergence

For H > 1/2 the divergence operator coincides with the Wiener integral in-
troduced in Definition 6.1.2. In fact, it is sufficient to note that

or (> aily, 1) = Y ai(BH (tin) — B (1;))
=1 =1

for 0 <ty <ts <...<tyy1 <T. By a limiting procedure it follows that for
any ¥ € H, we have

0n () = BUD ().

This relation still holds for the extended Wiener integral for stochastic inte-
grands. In fact, if F' € ]D)}f, we have

E <U,D(H)F>H:| =F [<K;{U7DF>L2([O,T])]

for any u € JH, and the equality K}}D(H)F = DF holds. This implies that
dom 6y = (K3)~*(domd),

where § = d; /o denotes the divergence operator with respect to the standard
Brownian motion B. Hence, for any H-valued random variable v € dom dyy,
it holds that

T
511 (u) = 8(Ku) = / Kjyu(s) 6B(s).

where the integral on the right-hand side is a Skorohod integral with respect
to the standard Brownian motion (Definition A.2.1). Hence, we have proved
the following;:

Proposition 6.2.1. Let u € dom dy. Then 0 (u) coincides with the extended
Wiener integral of w (Definition 6.1.6), i.e.,

6r(u) = BH) ().

6.2.2 Relation between the divergence and the fWIS integral

Here we investigate the relation between the stochastic integral introduced
in Chapter 3 and the divergence-type integral for H > 1/2. By Remark
3.1.1 we have L3(R) 2 L3([0,T]) = H = (L*([0,T]), <,>m) if we identify
P € Li([O,T]) with 9 Ijo 7). Hence, for every deterministic ¢ € I, BW) (4))
coincides with the fWIS integral of ¢. Moreover, for any ¢ € J and any ran-
dom variable F' € L?*(PY), the Wick product FoBU) (1) exists in L?(PH) if
and only if ¥ F' belongs to dom dy, and we have that

FoB™(y) = 6 (F).
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Proposition 6.2.2. Consider H > 1/2. Let u be a process that is A-Hélder
continuous in the norm DY2?(H) with A > H — 1/2. Then

lim Zutio(B(H)(ti—H) — B(H)(ti)) = (SH(’LL),
=1

|7r|—>0+ ‘
1=

where m = {0 =59 < 81 < -+ < $py1 = T} is a partition of [0,T] with mesh
size |w| = max [tis1 — ti| and the convergence holds in L?(PH).
i=1,...,n

Hence we can conclude that under the hypotheses of Proposition 3.12.1 the
fWIS integral coincides with the divergence operator when H > 1/2.

6.2.3 Relation between the fWIS and the WIS integrals

Here we study the relation between the fWIS integral and the WIS integral
for H > 1/2 as defined in Chapters 3 and 4, respectively. The WIS integral
exists in (8)*, and the fWIS integral admits a generalized definition as an
element of (8)%;. Here we compare the generalized Definition 6.1.10 for the
fWIS integral with Definition 6.1.13 for the case H > 1/2. We obtain the
relations (6.10) and (6.11) that also justify why we use the same symbol to
denote both the fWIS and the WIS integrals. To distinguish between these
two types of integrals, we adopt in the sequel the symbols J, s and J,;, ¢ to
denote, respectively, the fWIS and the WIS integral.

In Chapter 4 we have seen that the operator M induces an isometry be-
tween L2, (R) and L?(R). Moreover, we have

/ M (1)]2 dt = H(2H — 1) / / F)f@)]s — o dsr

by (4.10). Hence, we can conclude that for H > 1/2, L%(R) coincides
with the subspace generated by the deterministic functions in Li(R). Let
{en, n=1,2,...} be an orthonormal basis of L7(R). Then

{&, n=1,2,...} ={Me,,, n=1,2,...} (6.7)

is an orthonormal basis of L*(R). Consider an element F(w)="_, caHo(w)e
(8)3, where if a = (aq, ..., ) € J, we put

Ha(w) := ha, ((w,€1)) - ha,,, (W, €m)) -
The operator M induces the function

M - (8)5 — (8)* (6.8)

such that
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M (Z ca:ﬁa(w)> =M (Z caha, ((w,e1))- '.ham(@,em)))

aed a€ed

= Z Calo, (W, Me1)) -+ hq,, ((w, Mep,))
a€e]d

=" caha, ((w,€1)) -+ Py, (W, Em))
= ca¥la(w). (6.9)

Then the following relations between the WIS integral and the fWIS integral
hold. If Y : R — (8)* is a given function such that Y (£)o W) () is integrable
in (8)*, then MY : R — (8)%, is such that M 1Y (t) o W) (t) is integrable
in (8)3 and

Twrs( /Y <>W )d

_ ( / MY (1) o W (1) dt> = M (. (M) . (6.10)
R

Analogously, suppose Y : R — (8)3 I Is a given function such that Y(t)
WU () is integrable in (8)%. Then MY : R — (8)* is such that MY(t)
WU)(t) is integrable in (8)* and

fWIS /Y W(H) )d
=M (/ MY (t) o W (1) dt) =M1 (JW,S(MY)) . (6.11)
R
For further details, we also refer to [116].

6.2.4 Relations with the pathwise integrals

We investigate here the relations among the stochastic integral of divergence,
fWIS and WIS types and the symmetric (respectively, forward) integral.

In the divergence case, we need to distinguish between H > 1/2 and
H<1/2.

Proposition 6.2.3 (Relation between the symmetric integral and the
divergence I). Let H > 1/2. Suppose (ut)icjo,r) s a stochastic process in
DY2(|H|) and that

T T
/ / DI ()|t — |2 dsdt < o0, a.s..
o Jo

Then the symmetric integral exists and the following relation holds:
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/ ") de B (1)

0
T T
— Su(u) + H(2H — 1)/ / DI (@)t — sPH-2 ds dt.
0 0

Note that under the assumptions of Proposition 6.2.3, the symmetric, back-
ward and forward integrals coincide.

Proposition 6.2.4 (Relation between the symmetric integral and the
divergence IT). Let H < 1/2 and assume that the hypotheses of Proposition

6.1.16 hold. Then the symmetric integral fOT u(s)d°BW)(s) of u exists, and
T
/ u(s) d°BH (s) = 8y (u) + Te Dy,
0

In Proposition 5.5.1 we already investigated the relation between the fWIS
integral and the symmetric integral.

Theorem 6.2.5 (Relation between the symmetric and fWIS
integrals). Let H > 1/2. If F € L4(0,T), then the symmetric integral

fOT F, d° B (s) exists and the following equality is satisfied

T T T
/FSdOB(H)(s):/ FsdB(H)(s)—i—/ D%F.ds a.s.,
0 0 0

where fOT F,dB™)(s) is the fWIS integral.

We note that the result of Theorem 6.2.5 also follows by Propositions 6.2.2
and 6.2.3 and by (6.16), that we prove in the sequel.
Moreover, we recall the following relation between the generalized forward

integrals and the WIS integral that holds for every H € (0,1). We recall that

)

the space ng consists of all caglad processes ¥(t) = > .4 ca¥Ha(w) such

that -
Ilelng) = Z Zaia!”COLH%Q([O,T]) < 0.
’ acd i=1
Lemma 6.2.6. Suppose that ¢ € ng), Then
t+e
Mt_;,_Dt_;,_'l,ZJ(t) = hmo - MSDS’(,Z)(t) ds
e—0¢€ J;

exists in L*(P) for all t. Moreover,

e—0

- 2
E (/ M+ Dsi9p(s) ds) < 0.
0

T T 1 t+e
0 o LE€Jt

in L?(P) and
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Theorem 6.2.7 (Relation between the (generalized) forward and

WIS integral). Let H € (0,1). Suppose ¥ € ng) and that one of the fol-
lowing conditions holds:

1. v is WIS integrable.
2.9 is forward integrable in (8)*.

Then
/1/1 t)yd~BH) (1) /w t)dBU (t) /MtaD(H) »(t) dt,

holds as an identity in (8)*, where fo (t)dBW)(t) is the WIS integral.

Remark 6.2.8. We show now that if (¢t):e[0,7) satisfies the hypotheses of
Proposition 6.2.3, then

/Mf+ Dty dt = 2H71/ / DI yt)|t — 5|2 dsdt (6.12)

if we identify v, with 9Ijo 7. We need only note that

T 1 t+e
/ [ M2DH(t) ds] dt
o L€ Jt

o (6.13)
= [ [ oes dopiu dsat,
o Jo €

where M?[t,t + €|(s) = MZ(Ijt44¢), and that by (4.3) and Lemma 3.1.2,

1 t+e
M2[t,t+€](s) — kH,/ (/ |U—IE|H_3/2|U—S‘H_3/2 du) dx
€Jt R

1 t+e
= H(2H — 1)7/ |s — x> =2 dx,
€ Jt

where ky = (H(2H — 1)I"(3/2—H))/(2I'(H —1/2)I'(2 — 2H)). By domi-
nated convergence the limit of (6.13) exists almost surely as e — 0 and (6.12)
holds.

6.3 Ito formulas with respect to fBm

Several It6 formulas have been proposed in the literature according to the dif-
ferent definitions of stochastic integral for fBm. Here we present some of them
and investigate their relations. We begin with the It6 formula for functionals
of BU),
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Theorem 6.3.1. Let H € (0,1). Assume that f(s,z) : R x R — R belongs to
CH2(R x R), and assume that the random variables

F(t, B (1)), /5f( B (s))ds, and /Z?;(S’Bm)@))sm_lds
0 0

are square integrable for every t. Then

ft, B (1)) = £(0,0) of s, BH) (s (s))dBH)(s)
[ [
+H/gi‘£(s,B(H)(s))82H_l ds. (6.14)

The It6 formula (6.14) is formulated in terms of WIS integrals and holds
for every H € (0,1). The same formula is valid also for fWIS integrals and
divergence-type ones for H > 1/2. To guarantee the existence of the diver-
gence for H < 1/2, we need more restrictive hypotheses. We consider the
following Theorem due to [54].

Theorem 6.3.2. Let H < 1/2. Let F be a function of class C*(R) that sat-
isfies the growth condition

max {|F(2)], |F (@), | F"(@)|} < ce*,
where ¢,\ > 0, and X < 1/(4T*"). Then for all t € [0,T), the process
F (B(H)(s))l[o’t] (s) belongs to dom™ 6, and we have
t
F(B"™) = F(0) +0u(F' (B Ipy)) + H / F (B (s))s* 1 ds
0

for allt €10,T7.

Proof. Here we sketch a proof by following [177]. For further details, we refer
to Lemma 4.3 of [54]. We have that F'(B®)(s))Ij 4(s) € L*(£2 x [0,T]) and

t
F(B]gH)) —F(O) _H i F//(B(H)(S))SQHfldS c L2(Q)

Hence, it is sufficient to prove that for any G € 8 we have
B [(F'(B ()10 (5), D™ G) |
t
—E [G(F(Bt(H)) — F(0) — H/ F"(BH)(s))s2H~14s)
0
This equality can be proved by choosing smooth cylindrical random variable

of the form G = h,,(B") (1)), where h,, denotes the nth Hermite polynomial
(see Appendix A), and applying the integration by parts formula. a
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We now present It6 formulas for functionals of integrals for the different
definitions of stochastic integral for fBm and clarify the relations among them.
We start with the one for fWIS integral. In Theorem 3.7.2 we have proved the
following result.

Theorem 6.3.3 (Itd formula for the fWIS integral). Let H > 1/2. Let
N = fot F, dBl(LH), where (F,,,0 < u <T) is a stochastic process in L4(0,T).
Assume that there is an o > 1 — H such that

E|[|F, — F,]’] < Clu—v]*,
where |[u—v| <6 for some 6 > 0 and

lim E[|D¢(F, — F,)|*] =0.

0<u,0<t, |u—v|—0 D% (Fu = Fo)I°]

Let f : Ry x R — R be a function having the first continuous derivative
in its first variable and the second continuous derivative in its second vari-
able. Assume that these derivatives are bounded. Moreover, it is assumed that

E [fOT |FsD¢ns| ds} < oo and (f'(s,ms)Fs,s €10,T)) is in L4(0,T). Then for
0<t<T,

Lo Lo
) = £0.0+ [ Lsnas+ [ Fisnor e

t an
+ | @(s, ns)FsD?nsds  a.s. (6.15)
By using the result of Proposition 6.2.2, Theorem 6.3.3 can be restated in
terms of divergence-type integrals for H > 1/2. We only need to note that the
stochastic gradient introduced in Definition 3.3.1 coincides with the derivative
operator DU of (2.31) [with respect to the particular representation H =
Li([O,T])] and that we have

T T
DYF = / D Fo(t,v)dv = H(2H — 1) / it — o2 2DH F dv. (6.16)
0 0

Here we recall an 1t6 formula for the divergence integral following the approach
of [8, Theorem 8§].

Theorem 6.3.4 (Ité6 formula for the divergence integral). Let H >
1/2. Let ¢ be a function of class C*(R). Assume that the process (ui)iejo,r)

belongs to D?2(|H|) and that the integral Xy = “u(s)dBH)(s) is almost
0

loc
surely continuous. Assume that E [|u|2}1/2 belongs to H. Then for each t €
[0,T] the following holds:

(Xe) = $(0) + 6m (¥ (X))



6.3 It6 formulas with respect to fBm 163

von | L (Xus) ( / s - o125 (D I[o,s])> s
+ag /Ot P (Xs)u(s) </03 u(v)|s — v|*7~2 dv) ds. (6.17)

Remark 6.3.5. Since [(2H —1)/s* 1] (s —v)** =21}y 4 (v) tends to the identity
as H goes to 1/2, we can formally recover the Ité formula for the Skorohod
integral with respect to the standard Brownian motion proved in [179] by
taking the limit as H converges to 1/2 of equation (6.17).

Moreover, we remark that conditions under which the integral process
admits a continuous modification are proved in [6] and [8].

Finally, we provide an It6 formula for the WIS integral proved in [33].

Theorem 6.3.6 (Ité6 formula for the WIS integral). Suppose 1/2 < H <

1. Let v(s) be a measurable process such that fot |v(s)|ds < oo almost surely
forallt > 0; let (t) = 3 gy ca(t)Ha(w) be caglad, WIS integrable and such

that o
Z Z Z llcallz2 (o, i (ar + 1)al! < oo.

acd i=1 k=1

Suppose that MyDyp(s) is also WIS integrable for almost all ¢t € [0,T]. Con-
sider

X(t):z:+/tv(s)dsqt/tilz(s)dB(H)(s), t e 0,7,
0rin5hoﬁhand7uﬁaﬁ0; 0
dX(t) = y(t)dt + () dBH) (1), X(0) = z.
Suppose X; has a cadlag version (Remark 6.5.5). Let f € C*(R?) and put
Y (t) = f(t, X(t)). Then on [0,T],

of

5 (6 X (0) dt + 5= (1, X(6) dX (1)
2
O’f

+ a—(t X)) (t) My Dy X (t) dt,

dY (1) = of

(6.18)

and equivalently,

av () = 2L x @) ae+ %(t,X(t)) dX (t)

ot
a2f ;
+ ;J;(t X(t / MQD(H)M YdBYD ()| dt,

where M?(¥x(0.4)e = M (1hx[0,0)(t)-
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We now show that if H > 1/2, then (6.14) is a particular case of (6.18)
when X (t) = BH)(¢).
Proposition 6.3.7. For every H € (0,1) we have
My Dy B (4) = H2H1 > 0.
Proof. Let t > 0. We recall that Dt(H)B(H)(u) = Ijo,u)(t). Hence, we need to
prove that
t+e

1
M Dy B () = lim - M2DMH) BH) (1) ds

s—tt € +

== [MEI[O,U) (t)]u:t - Ht2H71

We consider ¥ (u) = [ (MiIj)(t))? dt. Since, by [89], we have that ¥ (u) =
u?M, we only need to show that ¢'(u) = 2[M21[g ) (t)]i=u. We rewrite ¢ (u)
as follows:

(u) = / (M Tig,u) (1))? dt = / Tigu) ()M I 0 (1) dt = / M2 Ty (1) dt
R R 0

by using the properties of the operator M. We compute

u+e)—YP(u 1 ute “
Yutd =9l _1 (/ Mg 14 (t) dt —/ M I1o,,)(t) dt)
€ € 0 0
1 u+e 5
- g Mt I[O,u+e] (t) dt
[ ML) - M2 0] )

by adding and subtracting fou M?I1g 4 () dt. Since the operator M trans-
forms Ijg () into a continuous function, we obtain

1. f:+€ METg e (t) dt = [MEIg e (t)]i=c.€, where u < & < u+ e. By
writing

[MZT10 utq Oi=e. = [MZ(Tj0,use) — Tj0,u)) Oe=e. + [MP 0,0 ()] =

we obtain that when taking the limit as e — 0, the first term goes to
zero while the second term converges to [MEI[o,u)(t)]t:u since & — u

when € — 0.
2. We have that

1 [ 1 [
© ] Tt = 2Tt = [ Mg )
1 T

€

= E/0 I[OVu)(t)(ME[I(u,u-i-e] (t)] dt
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1 u+e 5
— 2 [ Mg o) e
u

converges to [MZ1jg ) (t)]—u as € — 0.

Hence,

Y+ vl

W) = Jim S

€

(M7 Iio,u) (8)]t=u

i.e., the equality [M2I[g ) (t)]i=u = Hu?" =1 holds for every H € (0,1).
]

We now show that Theorem 6.3.3 is a special case of Theorem 6.3.6 for
integrals seen as elements of L2(PH). At this purpose, we need only to prove
the following result that in addition justifies the use of the same notation
for the Malliavin derivative introduced, respectively, in Definitions 3.3.3 and
4.4.7. To distinguish between the two, we denote in the sequel by D) the
derivative in (8)% (Definition 3.3.3) and by DX the one in (8)* (Definition
4.4.7).

As before, let (e;)ien be the orthonormal basis of L7 (R) defined in (3.10)
and (&;);en be an orthonormal basis of L?(R) as in (6.7).

Proposition 6.3.8. Consider the stochastic derivatives EEH),Df,DgH) de-
fined, respectively, in Definitions 3.5.8, 8.5.1, and 4.4.4. Let F € (8)%;. Then
MF € (8)* and
MDY F = D) (MF). (6.19)
Moreover, for every differentiable F € L*(PH), we obtain
DYF = M2[M D) (MF)).

Proof. Let F' € (8)%;. Then

F(W) = anﬁa(w) = Z Caha1(<w7el>) T ham«wvem))

a€gf ae]
and by (6.9)
MF(w) =" caha, ({w, Me1)) -+ ha,, (&, Mey,))
a€e]
= Z caha, ({W,€1)) * + ha, (W, &m))-
aed

By Definition 4.4.7 we have that

i)

DIFMF(w) =YY epen (i + Des(0)]H, () (6.20)
ved i=1
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in (8)*. Comparing (6.20) with Definition 3.10.6, by (6.8) we obtain immedi-
ately the relation (6.19).

Consider now F € L?(PH). The second relation follows by (6.19), (3.31),
and the fact that

T
/ M2DYDMF du = (M2DS MF, I 1) 12wy
0

T
= (DY MPF, Iig 1y)n =/ /DﬁH)MF¢(t,u) dt du.
0 R

a

To finish our overview of Itd formulas for fBm, we conclude with some
remarks concerning other possible approaches. In [92] a basic stochastic cal-
culus and an It6 formula are developed for finite cubic variation processes,
which also apply to BU?) for H > 1/3. This extends a result from [42], where
an It6 formula is established for H > 1/6 but with respect to f € Cp. A more
general 1t6 formula for g € C3(R) valid for every H € (0,1) for cylindrical
integrands is stated in [73].
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Fractional Brownian motion in finance

As we all know, fBm cannot be used in finance, because it produces arbitrage. There-
fore, fBm in finance is forbidden. But, as we also know, boys like to do forbidden
things.

Esko Valkeila, in a talk given at the workshop Applications of Partial Differential
Equations, Institut Mittag-Leffler, November 2007.

In view of the success — and at the same time limitations — of the classical
Black Scholes market based on Brownian motion (H = 1/2), it is natural
to ask if an extension to fBm (0 < H < 1) could give interesting financial
models also. For example, if H > 1/2 then fBm has a certain memory (or
persistence) feature (see Chapter 1), and this has been used in the modeling
of weather derivatives (see, e.g., [38]). In addition if H < 1/2 then fBm has a
certain turbulence (or anti-persistence) feature, which seems to be shared by
electricity prices in the liberated Nordic electricity market (see [210]).

However, it is more controversial to let fBm simply replace classical Brown-
ian motion in the classical Black Scholes market. Basically the problems are
the following:

1. If we define, as in Chapter 5, the corresponding integration with respect
to fBm in the pathwise (forward) way (which is a natural form from a
modeling point of view and which makes mathematical sense for H > 1/2),
then the corresponding financial market has arbitrage.

2. If we define the corresponding integration with respect to fBm in the WIS
sense (see Chapter 4), then the corresponding market is free from (strong)
arbitrage, but this integration is hard to justify from a modeling point of
view.

We now discuss these two cases separately in more detail:

1. The pathwise (forward) integration (see Chapter 5).
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2. The WIS integration (see Chapter 4).

7.1 The pathwise integration model (1/2 < H < 1)

For simplicity we concentrate on the simplest nontrivial type of market,
namely, on the fBm version of the classical Black Scholes market, as follows.
Suppose there are two investment possibilities:

1. A safe or risk-free investment, with price dynamics
dSo(t) = rSp(t) dt; So(0) = 1. (7.1)
2. A risky investment, with price dynamics
d=S1(t) = pSi(t)dt + oS1(t)d~BH)(t);  S1(0)=z>0. (7.2)

Here r,u,0 # 0 and = > 0 are constants. By Theorem 5.6.10 we know that
the solution of this equation is

S1(t) = zexp(e BH () + pt), t>0.
Let {fﬂgH)}tZO be the filtration of B (.), i.e., fr",gH) is the o-algebra generated
by the random variables B (s), s < t.

A portfolio in this market is a two-dimensional SréH)—adapted stochastic
process 0(t) = (6o(t),0:1(t)), where 6;(t) gives the number of units of invest-
ment number ¢ held at time ¢, ¢ = 0, 1. The corresponding wealth process Ve(t)
is defined by

VO(t) = 0(t) - S(t) = 0o(s)So(t) + 01 (1) S (1),

where
S(t) = (So(t), So(1))-

We say that 0 is pathwise self-financing if
d-VOt)y=0(t)-d”S(t),

Vo) /00 ) dSo(s /01 d=Si(s

If, in addition, V() is lower bounded, then we call the portfolio 6 (pathwise)
admissible.

ie.,

Definition 7.1.1. A pathwise admissible portfolio 0 is called an arbitrage if
the corresponding wealth process VO (t) satisfies the following three conditions:

V?(0) =0, (7.3)
ViT)>0 a.s., (7.4)
P(VY(T) > 0) > (7.5)
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Remark 7.1.2. The nonexistence of arbitrage in a market is a basic equilib-
rium condition. It is not possible to make a sensible mathematical theory for
a market with arbitrage. Therefore, one of the first things to check in a math-
ematical finance model is whether arbitrage exists. In the above pathwise fBm
market the existence of arbitrage was proved by [195] in 1997. Subsequently
several simple examples of arbitrage were found. See, e.g., [70], [204], [208].
Note, however, that the existence of arbitrage in this pathwise model is already
a direct consequence of Theorem 7.2 in [77]: There it is proved in general that
if there is no arbitrage using simple portfolios (with pathwise products), then
the price process is a semimartingale. Hence, since the process Sp(t) given by
(7.2) is not a semimartingale, an arbitrage must exist.
Here is a simple arbitrage example, due to [70], [204], [208]. For simplicity
assume that
w=r and oc=xz=1 (7.6)

Define
Oo(t) =1 —exp(2BU0 (1)), 61(t) = 2[exp(BUD (1)) — 1]. (7.7)
Then the corresponding wealth process is
VO(t) = 00(t)So(t) + 01(£)S1(2)
= [1 — exp(2BY) (t))] exp(rt)
+ 2[exp(BH (1)) — 1] exp(BUYD (t) + rt)
By -12>0  foraa. (tw). (7.8)

This portfolio is self-financing, since

= —=

= exp(rt)[exp(B'

0o(t) dSo(t) + 01(t) d~S1(t) = [1 — exp(2BY(¢))]r exp(rt) dt
+ 2[exp(BUD (1)) — 1]S1(8)[rt + d~ B (¢)]
= rexp(rt)[exp(BH) (1)) — 1) dt
+ 26Xp(Tt)(eXp(B(H)(t)) —1) exp(B(H) ®)) d— BUH) (t)
= d(exp(rt)[exp(BUD (1)) — 1])?) = d~ V().

We have proved the following;:

Theorem 7.1.3. The portfolio 0(t) = (0o(t),01(t)) given by (7.7) is a (path-
wise) arbitrage in the (pathwise) fractional Black Scholes market given by
(7.1), (7.2), and (7.6).

In view of this result the pathwise fBm model is not suitable in finance, at least
not in this simple form (but possibly in combination with classical Brownian
motion or other stochastic processes; see, e.g., Section 9.6).
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7.2 The WIS integration model (0 < H < 1)

We now consider the WIS integration version of the market (7.1), (7.2). Math-
ematically the model below is an extension to H € (0,1) of the model intro-
duced in [121] for H € (1/2,1). (Subsequently a related model, also valid for
all H € (0,1), was presented in [89]). However, compared to [121] we give a
different interpretation of the mathematical concepts involved. This presen-
tation is based on [183]. We also remark that for H > 1/2 we can repeat
formally the same model construction by using the fWIS integration studied
in Chapter 3 instead of the WIS calculus.

Assume that the values Sp(t), S1(t) of the risk-free (e.g., bond) and risky
asset (e.g., stock), respectively, are given by

dSo(t) =rSo(t)dt,  Sp(0)=1  (bond) (7.9)
and
dSy(t) = pSi(t)dt + 0S8, (t)dBH) (),  8,(0)=z>0  (stock) (7.10)

where r, u, 0 # 0 and x > 0 are constants and the integral appearing in (7.10)
is the one introduced in Chapter 4.
By Theorem of 4.2.6 the solution of equation (7.10) is

S1(t) = zexp(o B (t) + ut — %UQtQH)7 t>0.

In this WIS model S;(t) does not represent the observed stock price at time
t, but we give it a different interpretation. We assume that S (¢) represents
in a broad sense the total value of the company and that it is not observed
directly. Instead we adopt a quantum mechanical point of view, regarding
S1(t,w) as a stochastic distribution in w [represented mathematically as an
element of (8)*] and regarding the actual observed stock price Sy(t) as the
result of applying Si(t,-) € (8)* to a stochastic test function ¢(-) € (8) (see
Definition A.1.4). We call S} (t) the generalized stock price.

Hence, we have

Si(t) = (S1(t, ), ¥ () = (S1(t), ¥),

where in general (F), 1) denotes the action of a stochastic distribution F' € (8)*
to a stochastic test function ¢ € (8).

We call such stochastic test functions 1y market observers. We will assume
that they have the form

wlw) = exp® ([ ne) B ™)

1
= exp (/Rh(t)dB(H)(t) - §||h||%{) for some h € L% (R). (7.11)
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The set of all linear combinations of such v is dense in both (8) and (8)*.
Moreover, these 1) are normalized, in the sense that

E{expo (/ h(t) dB(H)(t))} =1 vheI4(R).
R

We let D denote the set of all market observers of the form (7.11).
Similarly, a generalized portfolio is an adapted process

0(t) = 0(t,w) = (Oo(t,w),b1(t,w)), (t,w) € [0,T] x £2, (7.12)

such that A(t,w) is measurable with respect to B[0,T] @ FH) where B[0, T]
is the Borel o-algebra on [0,7] and FH) is the o-algebra generated by
{BU)(5)}4>0, representing a general strategy for choosing the number of units
of investment number ¢ at time ¢, ¢ =0, 1.

For example, 61(t) could be the usual “buy and hold” strategy, consisting
of buying a certain number of stocks at a stopping time 7y (w) and holding
them until another stopping time 2 (w) > 71 (w), or 61(¢) could be the strategy
to hold a fixed fraction of the current wealth in stocks. If the actual observed
price at time ¢ is Sy (t) = (S1(¢,-),9(+)), the actual number of stocks held is

9_1 (t) = <01 (tv ')7 ¢()>

Thus the actual observed wealth Vi (t) held in the risky asset corresponding
to this portfolio is

Vl(t) = <61(t)7¢> : <Sl(t)7¢>
By Lemma 7.2.1 below this can be written

Vl (t) = <91 (t) < Sl (t)a ’(/}>7 (713)

where ¢ denotes the Wick product. In fact, F' := 6;(t) o S1(¢) is the unique
F € (S)* such that

(F,p) = (01(1), %) - (S1(t),v) Ve € D.

In view of this it is natural to define the generalized total wealth process V (t,w)
associated to 6(t,w) by the Wick product

V(t,") =0(t,-) o S(t,-) = 0o(t)So(t) + 01(t) © S1(t). (7.14)
Similarly, if we consider a discrete time market model and keep the generalized
portfolio process 0(t) = O(tg,w), te <t < tpyir,

constant from t = t; to t = tx41, the corresponding change in the generalized
wealth process is
AV(tk) = G(tk) < AS(tk),

where
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AV (tr) = V(tgs1) — V(tk), AS(tr) = S(tr+1) — S(tr)-

If we sum this over k and take the limit as Aty = tx11 — tr goes to 0, we end
up with the following generalized wealth process formula:

T T
V(T) :V(0)+/0 0(t) o dS(t) :V(0)+/0 o(t) dS(t),

where dS(t) means that the integral is interpreted in the WIS sense.
Therefore, by (7.9) and (7.10) this argument leads to the following (WIS)
self-financing property:

T T
(7.15)

T
- / a01(t) o S1(t) dBUD (¢),
0

where the integral to the right of (7.15) is a WIS integral. We now prove the
fundamental result that explains why the Wick product suddenly appears in
(7.13) above:

Lemma 7.2.1. 1. Let F,G € (8)*. Then
(FoG,y)=(F,¢)-(G,Y) VpeD.
2. Moreover, if Z € (8)* is such that
(Z,4) =(F.¢) - (G,¥) VY eD,

then
Z =FodG.

Proof. 1. Choose 1 = exp® h(t)dBH) (1)) € D. We may assume that
R

F = exp® ( /R £(0) dB(H)(t)) and G = exp® ( /R g(t) dB(H)(t))

for some f,g € L?%(R), because the set of all linear combinations of such
Wick exponentials is dense in (8)*. For such F, G,y we have

<F71/)>:E[F1/)] and <G’¢>:E[G¢]
Therefore

(FoG,v) :E[exp° (/R(erg)dB(H)> -exp<>(/thB<H>ﬂ
= Blexp ([ (1+9)dB™ = 51f +ol)
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cexp ([ nan — Sjnl)

r 1 1
= Blexo ([ (F+9+m)dB™ — S111E - 5ol
1
—5ll% = (fg)m) |
= Blexp (([(7+9+maB — JIF +g-+ Al + ()
- R

= Blew® ([ (F+a+maBI) exp(f +g.mn]

=exp(f+9g,h)m. (7.16)

On the other hand, a similar computation gives

(F,0) - (G ) :E[exp°</Rde(H)) exp® (/thym)}

~E{exp°(/gdB(H)> . exp® (/thW))]
R R
=exp(f.h)m -exp(g,h)u = exp(f + g, h)u.  (7.17)

Comparing (7.16) and (7.17) we get 1.
2. This follows from the fact that the set of linear combinations of elements
of D is dense in (8) and (8)* is the dual of (8). O

Remark 7.2.2. We emphasize that this model for fBm in finance does not a
priori assume that the Wick product models the growth of wealth. In fact, the
Wick product comes as a mathematical consequence of the basic assumption
that the observed value is the result of applying a test function to a distrib-
ution process describing in a broad sense the value of a company. This way
of thinking stems from microcosmos (quantum mechanics), but it has been
argued that it is often a good description of macrocosmos situations as well.
Here is an example.

An agent from an opinion poll firm stops a man on the street and asks him
what political party he would vote for if there was an election today. Often this
man on the street does not really have a firm opinion about this beforehand
(he is in a diffuse state of mind politically), but the contact with the agent
forces him to produce an answer. In a similar sense the general state of a
company does not really have a noted stock price a priori, but it brings out a
number (price) when confronted with a market observer (the stock market).

In view of the above we now make the following definitions:

Definition 7.2.3. 1. The total wealth process V?(t) corresponding to a gen-
eralized portfolio 8(t) defined in (7.12) in the WIS model is defined by
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VOt) =0(t) o S(t). (7.18)
2. A generalized portfolio 0(t) is called WIS self-financing if
dve(t) = 0(t)dS(t),

i.e.,

0 = 0 t S S t S S
Vo) =V <o>+/0 fo(s) dSo >+/O 6, (s) dSy (), (7.19)

where the integral to the right of (7.19) is a WIS integral. In particular,
we assume that the two integrals in (7.19) exist.

By the Girsanov theorem for fBm for every H € (0,1), as described in
Section 4.3, there exists a probability measure P on (£2,F) such that P is
equivalent to P (i.e., P has the same null sets as P) with Radon—Nikodym
density

% = P (/Rl/f(s) B\ (s) - ;||¢||2L2(R)) ; (7.20)
where o) (b —1)[(T — t)1/2=H 4 1/2-H]

"~ 20I'(3/2 — H)cos[n/2(1/2 — H)]’
and such that .
B () .= L1y 4 ()

o

is a fBm with respect to P. Replacing B (¢) by BH)(t) in (7.19), we get
t
e "VO(t) = VO (0) + / e 061 (s) o S1(s) dBH) (). (7.21)
0

Definition 7.2.4. We call a generalized portfolio 0(t) WIS admissible if it
is WIS self-financing and 6,(s) ¢ S1(s) is Skorohod integrable with respect to
BUD(s).

Definition 7.2.5. A WIS admissible portfolio 6(t) is called a strong arbitrage
if the corresponding total wealth process VO (t) satisfies

V?(0) =0, (7.22)
VOT) e L*(P) and VO(T)>0 a.s., (7.23)
P(VY(T) > 0) > 0. (7.24)

The following result was first proved by [121] for the case 1/2 < H < 1 and
then extended to arbitrary H € (0,1) by [89] (in a related model):

Theorem 7.2.6. There is no strong arbitrage in the WIS fractional Black
Scholes market (7.9) and (7.10).
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Proof. If we take the expectation with respect to P of both sides of (7.21)
with t = T, we get, by (7.10),

e "TEVO(T)) = V(0).
From this we see that (7.22) to (7.24) cannot hold. O

Remark 7.2.7. Note that the nonexistence of a strong arbitrage in this market
[where the value process S1(t) is not a semimartingale] is not in conflict with
the result of [77] mentioned in Remark 7.1.2; because in this market the
underlying products are Wick products, not ordinary pathwise products.

We proceed to discuss completeness in this market.

Definition 7.2.8. The market is called (WIS) complete if for every ?(TH)—
measurable random variable F € LZ(]fD) there exists an admissible portfolio

0(t) = (09(t),61(t)) such that
F=VYT) as.
By (7.21) we see that this is equivalent to requiring that there exists g such
that ’
e "TF(w) = e "TE[F] + / g(s,w) dBH) (s),
0
where
g(s) = e "o b1(s) ¢ S1(s).
If such a g can be found, then we put
01(s) = o Le™ S (s)°Y o g(s).
It was proved by [121] (for 1/2 < H < 1) and subsequently by [89] in a related
market [for arbitrary H € (0,1)] that this market is complete. In fact,we have

Theorem 7.2.9. Let F € L2(P) be ?&H)-measumble. Then F = V%(T) almost
surely for 0(t) = (6o(t), 61(t)) with

01(t) = oL PT08, (1)°C V) o B[ DIV F | 5,

where Eg[|] denotes the quasi-conditional expectation and ﬁt(H) is the frac-

tional Hida—Malliavin derivative with respect to B(H)(~), The other compo-
nent, 0o (t), is then uniquely determined by the self-financing condition (7.19).

In the Markovian case, i.e., when
F(w) = f(BM(T))

for some integrable Borel function f : R — R, we can give a more explicit
expression for the replicating portfolio 6(¢). This is achieved by using the
following representation theorem, due to [14]. It has the same form as in the
well-known classical case (H = 1/2):
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Theorem 7.2.10. Let f : R — R be a Borel function such that
E[f*(BY(T))] < oo
Then "
FED) = BEBEN + [ aftw) an® o),
where

W)= d L prte 1 B (T _
o(t) = { Bl BT}

In view of the interpretation of the observed wealth V(¢) as the result of
applying a test function ¢ € D to the general wealth process V (t), i.e

the following alternative definition of an arbitrage is natural (compare with
Definition 7.2.5).

Definition 7.2.11. A WIS admissible portfolio 0(t) is called a weak arbitrage
if the corresponding total wealth process VO (t) satisfies

Ve(0) =0, (7.25)
(VUT), ) >0  VpeD, (7.26)
(VO(T),4) >0  for some ¢ € D. (7.27)

Do weak arbitrages exist? The answer is yes. Here is an example, found in
[17].

Ezample 7.2.12 (A weak arbitrage). For e > 0 define

-1 if |z|<e¢,
K = -
(@) {1 if |z >e.

Then there exists €9 > 0 such that

/R K., (x)exp (;:ﬁ) dz = 0. (7.28)

By a variant of Lemma 2.6 in [15] we have

E[K((w, ) exp({w, ) ~ 3 3]

_ (9m)1/2 Wexp (=o)L
) sl [ Ko (RGN a0

for all bounded measurable K : R — R, f,g € L% (R).
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Applying (7.29) to f = Ijoy and (w, f) = B (1), we get
B[k, (BU)(1))] = 0 (7.30)
B[K., (BU (1)) exp((w. ) - 1\\9\@1)] >0 VgeLi(®)

E[Keo(B(H)(l)) exp((w I[o 1] ) — ||Io 1]||H)] 0. (7.31)

Now consider the Skorohod fractional market (7.9) and (7.10) with r = u = 0,
o0 =T = 1. Then Sy(t) = 1 and S1(t) = zexp(BH)(t) — 1/2t>). Moreover,
BUN(t) = BU)(t) and P = P. Hence, by Theorem 7.2.9 and (7.28) there
exists a Skorohod self-financing portfolio 8(t) = (0y(t),61(t)) such that

T
KEO(B(H)(I)):Ve(l):/O 01(s)dS(s) a.s.

Then V9(0) = 0 and by (7.11), (7.30) and (7.31) we see that (7.26) and (7.27)
hold. Hence, 6(t) is a weak arbitrage.

7.3 A connection between the pathwise and the WIS
model

In spite of the fundamental differences in the features of the pathwise model
and the WIS model, it turns out that there is a close relation between them.
Assume H € (1/2,1).

Fix ¢ € D and define the function by : [0,7] — R by

b (t) = (B (t),9) = E[BY)(t) - ).

Then for p > 1 and any partition P: 0 =1ty <t; <--- <ty =T of |0,T], we
have

N-—1
Zum (t1) = b ()P = S BB (t551) — B (1)) - vl
j=0
N—-1
< ST(EIBM (t541) — B (1) )7 - B[] /)
7=0
N-—1

IN

CZ BB (1) — B (1)),
Jj=

where 1/p+ 1/q = 1. Hence, by a known property of fBm,

N—-1
1
sup Z |brr(tj41) — bu(t)P < o0 if and only if p > —.
R, H
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In this sense the continuous function by (t) is at least as regular as a generic
path of a fBm B (t,w). Therefore, we can define integration with respect
to by (t) just as we define pathwise integration with respect to BU1)(t). Now
suppose we start with the wealth generating formula in the WIS model

VO(T) = VO(0) + /0 " o5 w) B s).

Suppose ¢ is caglad and 1) € D. Then this gives

tj

=V’0) + im Z:(:) o(t) (b (tjr1) — ba(t;))

=Vv%0) + ! o(t) dby (t). (7.32)
0

We can summarize this as follows:

Theorem 7.3.1. If H > 1/2 the mapping F — (F,), F € L?(P), transforms
the WIS fBm model into the pathwise {Bm model. If H = 1/2 this mapping
transforms the Wick Ité Skorohod Brownian motion model into the classical
Brownian motion model.

7.4 Concluding remarks

At first glance there seems to be a disagreement between the existence of ar-
bitrage in the (fractional) pathwise model (see Theorem 7.1.3) and the nonex-
istence of a (strong) arbitrage in the WIS model (Theorem 7.2.6). The above
discussion, including, in particular, Theorem 7.3.1, serves to explain this ap-
parent contradiction. The arbitrages in the pathwise model correspond to the
weak arbitrages in the WIS model (see Example 7.2.12) and not to the (nonex-
istent) strong arbitrages. In addition in [104] and [105] it is shown that there is
no arbitrage with the fBm pathwise integral financial model when transaction
costs are taken into account.

In spite of the mathematical coherence of the WIS model, there is still a
lot of controversy about its economic interpretation and features. We refer to
the discussions in [35] and [215] for more details. For other models for financial
markets with fBm, we refer also to [21].
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Stochastic partial differential equations driven
by fractional Brownian fields

This chapter is devoted to the study of stochastic Poisson and stochastic heat
equations driven by fractional white noise. The equations are solved both in
the setting of white noise analysis and the setting of L? space. The main
references for this chapter are [126] and [184].

8.1 Fractional Brownian fields

We start by recalling the standard white noise construction of multiparameter
classical Brownian motion B(z),z € R?, because we need the construction
of the multiparameter fractional Brownian field for the study of stochastic
partial differential equations.

Let § = §(R?) be the Schwartz space of rapidly decreasing smooth func-
tions on R? and let 2 := §'(R?) be its dual, the space of tempered dis-
tributions. By the Bochner—Minlos theorem (see [144], [109]) there exists a
probability measure P on the Borel o-algebra F = B({2) such that

/ eHw-f) dP(w) = eil/QHfHQLQ(Rd% f € 8(R?) (8.1)
Q
where (w, f) = w(f) denotes the action of w € 2 = §'(R?) applied to f €
8(R%). From (8.1) one can deduce that

Elw,/)l=0  Vfe8R?),

where E denotes the expectation with respect to P. Moreover, we have the
isometry

E[<w7f><w’g>] = <fa g>L2(]Rd)7 fvg € S(Rd) (82)

Using this isometry, we can extend the definition of (w, f) € L?(P) from §(R%)
to L?(R?) as follows:

(w, Y= lim {(w, fr) [limit in L?(P)]

n—oo
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when f, € 8(R?), f, — f € L*(R?) [limit in L?(R%)].
In particular, we can now define, for z = (1, ...,24) € R?,

B(.’IJ) = B(wi) = <w7I[(],:v](')>7 w e _Q’
where

d
Io o (y) = HI[O,zi](yi> for y = (y1,...,ya) € R? (8.3)
=1

and
1 if 0<y; <oy,

Iowg (i) = =1 if x; <y; <0 except z; = y; =0, (8.4)

0 otherwise.

By Kolmogorov’s continuity theorem the process {B(z)} has a continuous
version, which we will denote by {B(x)}. By (8.1) to (8.2) it follows that
{B(z)} is a Gaussian process with mean

and covariance [using (8.2)]

E[B(z)B(Y)] = (j0,2], Lj0,y)) £2 (r)

d
T; N\ Y; if x;,y; > 0 for all 4,
_ lil
H (—ZL‘Z) A\ (_yi) if x;,y; <0 for all 7,
i=1
0 otherwise.

Therefore {B(x)},cra is a d-parameter Brownian motion.

We now use this Brownian motion in order to construct d-parameter fBm
BU) () for all Hurst parameters H = (Hy, ..., Hy) € (0,1)¢ extending the
approach of Chapter 4.

For 0 < H; <1 put

- o (3o 5 (- )] e o

and if g € S(RY), z = (21,...,24) € RY, define m;g(-) : R — R by

gz —te?)) — g(x) :
Kj/ el if 0 < Hj < 1/2,
R
mig(x) =\ g(x) ( : if Hj =1/2,
g$17~~~,$j71,t7$j+17.~~,$d dt .
Kj/ |:Ijj—t|3/27Hj if 1/2<Hj<1,
R

(8.5)
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where .
el = (0,0,...,1,...,0), the jth unit vector.

Then define
Mgy f(z) := my(ma(- - (ma—1(maf))---))(@),  fe8(RY.

Note that if f(z) = fi(x) - fa(zq) =: (f1 ® -+ @ fq)(x) is a tensor product,
then

s

My f(z) = [ | (M, f5)(x;), (8.6)
where .
Kj/fj(xj|t_|32_,{{j(xj) dt i 0< Hy < 1/2
Mp, fi(2;) = fj(fj) if Hy =1/2

fj(t)dt )
K; m if1/2< H; <1
R

Therefore, if

Fg(§) == 9(&) ¢:/ e eg(x)de, €= (&,... &) ERY, (8.7)

Rd
denotes the Fourier transform of g, by (8.6) we have

d

d
My f(€) =[] Mu, 1506 = [T 167> f(65) (8.8)

j=1 j=1
and
Mg f(&) = (H |£j|1/2_Hj) F(©).
j=1

We now construct d-parameter fBm BW)(z) with Hurst parameter H =
(Hy,...,Hy) € (0,1) as follows. First, define

B () = B (2,w) = (w, M (Tp4)("))) (8.9)
with Ijg 51(-) as in (8.3) and (8.4). Then B®) (1) is a Gaussian process with
mean N N

E[B®) (z)] = B (0) =0 (8.10)
and covariance (using (8.6) and [89, (1.13)])
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E[BU () By / Mt (Tio.a) (2)) Mz (T ) (2)) d=
d
= / H MHiI[O,zi] (zl) . H MHjI[O,yj](Zj) d21 s dzd
RE 51 J=1
d
=TI Mt o 00D Ty 0
d
% H |xj|2Hj + |yj|2Hj - |xj - yjPHj) ) T,y € Rd' (811)

By Kolmogorov’s continuity theorem we get that {B®#)(z)} has a continuous
version, which we denote by {B®)(z)}. From (8.10) and (8.11) we conclude
that BU)(z) is a d-parameter fBm with Hurst parameter H = (Hy, ..., Hy) €
(0,1)4.

If f is a simple deterministic function of the form

= Zajf[07y<j)](x), S Rd,

for some a; € R, y¥) € R? and N € N, then we define its integral with respect
to B by

f(z)dB™) (z Za B (),
Rd

Note that by (8.9) this coincides with < w, My f >, and we have the isometry
Bl f@) dB"(2))’] = E[< w, My f >*] = || My f|[72a)-

We can extend the definition of this integral to all g € L% (R?), where
Ly(RY) = {g: R* = R;|gllz2, re) := [ Mugl L2y < o0},

by setting
/ g(z)dBY (2) := (w, Mpg) Vg e L% (RY). (8.12)
Rd
Moreover, if f,g € L%{(Rd), then we have the isometry

B[( [ s@ap™@)( [ awan )]

= E[{w, My f){w, M g)]
= (Muf, Mug)r2wre) = (f,9) 12, (re)- (8.13)
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8.2 Multiparameter fractional white noise calculus

With the processes B (z) constructed in Section 8.1 as a starting point, we
proceed to develop a d-parameter white noise theory. Let

_(_1\n t2/2d7n —t%/2 _
ho(t) = (—1)"e dtn(e ) n=0,1,2,..., t e R,

be the , Hermite polynomials and let
&) =7 40— 1)1 Phy 1 (V20)e 2, m=1,2,..., teR

be the Hermite functions.
If a = (ag,...,aq) € N (with N={1,2,...}) and z = (21,...,74) € RY,
define
na(‘r) =&a, (3?1) o 'fad(‘rd) = (5041 ®---® éoéd)(x)

and
calr) = (Mp} €a,) (@) (Mg} €a,)(wa) = (Mp'na)(@). (8.14)

Let {a(?}2, be a fixed ordering of N with the property that, with |a()| =
D Leg, |
i <j=la?| <o)

This implies that there exists a constant C' < oo such that
la®| < CE V. (8.15)
With a slight abuse of notation let us write
() = N (€) = Mpen(z)

and
en(T) i= equm (T) = My na(2), n=12,...

Now let § = (N})). denote the set of all finite sequences a = (a, .. ., @y, ) With
a; € Ng=NU{0}, m=1,2,... Then if @ = (1, ..., ) € J, we define

Ho(w) = ha, ((w,m)) -~ ha,, ((W, 1)
In particular, note that by (8.12) we have
oo (@) = (o)) = o) = | (@) aB@)
= [ Mpye;(z)dB(z) = (w, Mpe;) = / ei(x)dBH) () (8.16)

R4 R4

fori=1,2,...
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Note that if f € §(R?), then My f € L?(R?). Moreover, if f,g € $(R?),
then -
(9 Mu f)r2mey = (9, Mu f) L2re)y = (Mug, )12 R4)-

Therefore, since the action of w € 2 = §'(RY) extends to L?(R?), we can
extend the definition of the operator My from §(R9) to 2 = §'(R%) by setting

(Mpw, f) = (w,Muf), f €8(R), we §R).

Ezample 8.2.1. The chaos expansion of classical Brownian motion B(z) €
L2(P) is

= i (/j nk(y)dy> - Heoo (W), (8.17)

where, in general, we put

/ dy_/ / y)dyi ... dya, z=(z1,...,24) € R™.

Hence, by (8.9) the chaos expansion of fBm BU (z) is

B (2) = (w, MyIjp 1) (8.18)
= (Mgl o), i) r2@ay (@, ) = 3 To,w)s Mumk) p2 (zeyHeoo (@)

k=1 k=1
= [ Migne(y) dy] oo (@) (8.19)

=1

Similarly, if f € L% (R?), then by (8.12)
/f(x) dB"™ (z) = (w, My f) :Z (Mpng, )2 @a)Heom ().
R k=1

Next, we define the d-parameter Hida test function and distribution spaces (8)
and (8)*, respectively.

Definition 8.2.2. 1. Fork =1,2,..., let (8)%) be the set of G € L*(P) with
exrpansion
w) = anﬂf

such that

IGIIE = alci(2N)*"
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where

187

@2N)? = (2- 1) (2-2)% ... 2m)’  if B=(B1,...,Bm) €.

The space of Hida test functions , (8), is defined by

equipped with the projective topology.
2. Forq=1,2,..., let (8)=9 be the set of all formal expansions

G =) cata(w)

such that
G2 = alel(2N) ™ < 0.

The space of Hida distributions, (8)*, is defined by

(g)(w)7

(@

(8)" =

qg=1

equipped with the inductive topology.
Note that with this definition we have
(8) c L*(P) C (8)*.

Ezample 8.2.3. Define fractional white noise, W) (z), by
oo
W) () = Z My (2)Hoom (W), z e R%
k=1
Then W) (z) € (8)* because in this case, by (8.14) and (8.15),

(Mymi)? (z)(2N) e

M

Z alc? (2N)
«

k=1

) d
<Sa(ITe) ™ ") e

k=1 j=1

(8.20)
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for ¢ > 4d/3 + 1 (C4 is a constant). Here we have used the estimate
| Mg, &n(t)] < Cyn?/3=1i/2 it (Cy constant), (8.21)

from Section 3 of [89].
Note that from (8.20) and (8.19) we have that

ad
This justifies the name fractional white noise for the process W) ().

Choose g € 8(R?) and let m;g be as in (8.5). We establish a useful formula
for the L*(R) norm of m;g.

Theorem 8.2.4. Let f and g be elements in S(R) (the space of rapidly de-
creasing smooth functions). If 0 < H; < 1/2, then there is a constant k such
that

[ mit@mgta)dz = [ [ o= @)g ) dody,
Proof. From (8.7) and (8.8) we have
F(m;f)(€) = Kl ().
Thus,
1 F ey
[ mis@migto)do = k2 [ 162 frepae) de.
For a > 0 define 0
I°6(2) = 7a /R Hj’bwdt,
where 7, = 2I'(a) cos(am/2). By [206], we have
F(179) (&) = €]7(8) -
Therefore,
/ o ! 1 D P/ A
[ r@reg@de= - [ 16 e .
R T JR
Hence,
[ mit@mjgla)de = K3 [ £ (x)da
R R
if 1 — 2H,; = 2 — a. That s,
a=1 + 2H]

When the above identity is true, we have
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[ rr@ing@de = [ oy p @) ) de dy
R R

where
K=Y K ]2

Remark 8.2.5. It is easy to extend the identity to more general functions.

8.3 The stochastic Poisson equation

We now illustrate the use of the theory above by solving the Poisson equation
with fractional white noise heat source. Let D C R? be a given bounded
domain with smooth (C*°) boundary. We want to find U(-) : D — (8)* such
that

{AU(J:) = -WWH)(z) forx € D, (8.22)

U(z)=0 for x € 0D,

where A = 1/2 2?21 9 /9x7 is the Laplacian operator, and such that U is
continuous on the closure D of D.
From classical potential theory we are led to the solution candidate

U(x) = /D G, )W) () dy = /D Glr.y)dBU(y),  (3.23)

where G is the classical Green function for the Dirichlet Laplacian.
We first verify that U(x) € (8)* for all . To this end, consider the expan-
sion of U(x):

Ux) = /D Gl 2) 3 M) ()

= Z ag(z)H.m (W),
k=1

where
a(z) = /D G, ) Mami(y)dy.

By the estimate (8.21) we have
on(o)] < Gk [ Glaydy < Cak”, (324
D

and therefore,
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Y@l (@)(2N) <03 (2k) P2k <
k=1 k=1

for ¢ > 4d/3 + 1. This proves that U(x) € (8)*, and the same estimate gives
that U : D — (8)* is continuous.
To prove AU (z) = —W®H)(z), introduce

Un(x) =Y ar()Hom ().
k=1
We have
AU, (z) = Z Aag(x)H o (w) = — Z My (2)H o (w).
k=1 k=1

By the estimate in (8.21), we see that AU, (x) converges to ~WH) (z) in
(8)* uniformly for x € D. On the other hand, (8.24) implies that U, (z)

converges to U(x) in (8)* uniformly for x € D. Therefore, we conclude
AU (z) = —WH)(z). Thus we have the following:

Theorem 8.3.1. Let H = (Hy,...,Hy) € (0,1)%. The stochastic fractional
Poisson equation (8.22) has a unique solution U(x) € (8)* given by

Ux) = /D G(z,y) dBH) (y), (8.25)

where G(x,y) is the classical Green function for the Laplacian.

Next we discuss when this solution U(x) belongs to L?(PP).

Theorem 8.3.2. Let H = (Hy,...,Hy) € (0,1)¢ and H := {i, H; < 1/2} .
Suppose that H contains at most 1 element and

d
> Hi>d-2 (8.26)
1=1

Then the solution U(x) given by (8.25) belongs to L*(P) for all x.

Proof. By (8.23) and (8.13) we have
E[U2(.’b)] = <G($7 ')7 G(l'v ')>L}{(Rd)
= (MpG(z,"), MpG(z, ")) 12(ra) = / [MyG(z,y))*dy, (8.27)

Rd

where the operator My acts on y, and we have extended the function G(z, -),
and MyG(x,-), to R? by defining it to be zero outside D. Without loss of
generality we can assume that



8.3 The stochastic Poisson equation 191
Hy <1/2 and H;>1/2 fori>1.
Since 0D is smooth, there exists a constant C' such that

ak

kal ‘xi - yz|
— Gz, < o=t il
‘3.@1“'5% ( y)’

|z — y|d+2k—2"

Recall that if 1/2 < H; < 1,

[mit@rae=c; [ [ s@le - P de dy

Hence, by (8.27) and Theorem 8.3.1

E[U*(z <c/ 1 = |d¢( )|7d|d dz, (8.28)

where

d
(y,2) = ’yl N 21|2H1 H |?/z - Zi‘QHi_Q.
i=2

Let 2/ = x — z and ¥ = z — y. Since D is bounded, there exists a positive
constant R such that, using (8.28),

R R
E[U?<x>}sc/-~-/ 'y1L¢<y’,z>|' Ly
R

ly'|
—R —
R R
_ o |2H: TT4 . |2H,—2
:C/-~/ |3/1||21||Z|‘/y1d 27 Ty |yzz|d7«’z dydz. (8.29)
—R —

Next, we are going to show that the integral above is finite.
For notational simplicity, we assume that R = 1. For any a > 0,0 > 0,d >
0, we claim that there is a constant ¢, independent of a and b, such that

bl o o
/ / d/2 22 + b)d/2 dy dz S CW. (830)

Indeed,

|y||Z||y—Z|2H1
/ / ( a)4/2(2% + b)d/2 dy dz

i |y||z|<\y|2H1 TP
(2 4 a)¥/2(22 + b)d/2

y2H1+1 1 -
dz
)d/z/o (22 + b)i/2
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1 ZQHlJrl 1 y
d d
e el

< C/1 y2h B2 — (1 4 b)) dy
o P ta)i?

S /2 1-d/2
+CA W[a —(1+a) ]dZ

1 1
1—d/2 Y 1—d/2 Z
<" || G o [ e o

H, H,
a +b
< b= d/2g 1= A/ 24 Hy | (1=d/21~d/2+ H

= CLdz—1pd/2—1

Applying (8.30) for a = Z Lyl b= Z _, 22, we have

1 1 d .
[ allznllyn = 220 T by — =2

[yl 2|

1 1 d
:/ / H|yi—zi\QHi*Qdyz'~'dydd22"'dzd
-1 —1;29
1,1 -
lyllz1llyn — 22
’ dy1d21
/ / ‘y|d|z|d
l 2y1 H1+(Ez 2 7)H1]
2)d/2- 1(Zd:2 22)d/2-1
.H|yi,z_|2H 2 dyy - dygdzs - - - dzg
z 2|yi_z"2Hl_2
dys - -dygdzy - d
/ / Z 2y d/2 1— Hl(Zfzgzig)d/Q*l Y2 Yd Az2 Zd

d/2 1(2101:2 Zig)d/Qflle Y2 - AYq Az - GZq
= I+1II.

We now prove that both I and IT are finite. By symmetry, we only look at
I. For any choice of positive numbers «; > 0 with Z:.i:2 a; = 1 and positive

numbers 3; > 0 with 2?22 B; = 1, we have

|y —Z"2H7"72
< Z ; : z t e
I / / H 5 |yi |vi (d=2-2H1) |, |B:(d~2) dys -+ - dygdzg - - - dzg.

Therefore, I is finite if the following conditions are met:
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ai(d—2—2H1)<1, iZQ,"‘,d;
Bi(d—2) < 1, 1=2,---,d;
ai(d—2—2H)) + Bi(d—2) —2H; +2 <2, i=2--,d (831)

Adding these inequalities in (8.31), we see that it is sufficient to have
d
2(d —2) — 2H, < Y 2H;,
i=2

namely,
d
Z H;>d-—2.
i=1

This completes the proof. a

Remark 8.3.3. It is natural to ask if condition (8.26) is also necessary to have
U(z) € L*(P). Now we give a discussion.

We need the following. For any a > 0,b > 0,d > 0 (a and b bounded),
there is a constant ¢, independent of a and b, such that

|y||z\|y—z|2H1 dy dz > a‘Hl
(12 + a)d/2(22 + bydrz W = Cpap—pdpT

and

yll=lly — 22 i
/ / (y% +a) d/2 (22 + b)d/g dydz > CW (8.32)

In fact,

pllelly - P
y +a d/2 22+b)d/2 Yy
dlelly =
y +Cl d/2 22+b)d/2 Yy
ylzf2 1
/ / (y2 + a)¥/2(22 + b)d/2 dy dz

y 1 2H 41
> d d
cﬁ<w+@w2yﬁ<ﬂ+ww2z

1/Va u Vb 2Hi+1
_ Ca—d/2+lb—d/2+1+H1 " du ——  _dv
0 ( )2 e

u? +1 v2 4 1)d/2
bt
z CLarz—1pd/2—1-

Let us consider (8.29) in the case when d = k = 2, namely,
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/1 /1 yillzllyr — 21 ™ [yal|zo|lys — 2of*2
1

|y|d+2 |Z‘d+2

dydz,

—1

where 0 < Hy, Hy < 1/2. Applying (8.32) for a = y3,b = 23, we have

Yill=1]1Y1 — 21 Y2[|z2||Y2 — 22
L gllal) 250 Jyallz| pre
-1 -1 |y|d+2 |Z|d+2 Y

1 1 H; _ 2H>
> c/ / 2 |y2||22|2|yg 22| dys dzs
—1J-1 Y325

which is divergent. Thus we conjecture that U(t,z) is in L? only if at most
one Hurst exponent is less than 1/2.

8.4 The linear heat equation

In this section we consider the linear stochastic fractional heat equation

%(t,x):%AU(t,$)+W(H)(t,IL'), te(0,00), * € DCRY
U(0,2) = 0, veD; (8.33)
U(t,x) =0, t>0, x€0D.

Here W) (¢, 2) is the fractional white noise with Hurst parameter H = (Hy,
Hy,...,Hy) € (0,1) A= 25:1 0?/0x? is the Laplace operator, and D C
R? is a bounded open set with smooth boundary dD. We are looking for a
solution U : [0,00) x D — (8)* that is continuously differentiable in (¢, ) and
twice continuously differentiable in x, i.e., belongs to C12((0,00) x D; (8)*),
and which satisfies (8.33) in the strong sense [as an (8)*-valued function].
Based on the corresponding solution in the deterministic case [with WU (¢, x)
replaced by a bounded deterministic function], it is natural to guess that the
solution will be

U(t,x):/o /DW(H)(s,y)Gt,S(a:,y) dyds (8.34)

where Gt_4(z,y) is the Green function for the heat operator 9/0t —1/2A. It
is well known [70] that G is smooth in (0, 00) x D and that

_ 2
Gl )| ~ u? exp (— '"””(f") in (0, 00) x D,
u

and

| Gy (2,y)
y;

lz — y|?

| ~u” 2z — ;| exp ( o

) in (0,00) x D,
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where the notation X ~ Y means that
1
EXngC'X in (0,00) x D

for some positive constant C' < oo depending only on D. We use this to verify
that U(t,x) € (8)* for all (¢,x) € [0,00) x D. Using (8.20), we see that the
expansion of U (¢, z) is

Ut x) = / /D Gimala,2)) 3 Mams )0 () dy s

= Z bi(t, 2)H ) (w), (8.35)
k=1

where
t

be(t,z) = bow (t, ) = // Gi—s(z,y)Muane(s,y) dy ds.
0D

In the following C' denotes a generic constant, not necessarily the same from
place to place. From (8.21) we obtain that

t
Ibi (£, )| < CR2(ED/3 / / Gia(z,y) dy ds
0JD
= CEAIHD/3¢ (8.36)

Therefore,

DB (ta)2N) T < O() YK (2k) 7 < oo
k=1 k=1
for ¢ > 4(d+1)/3 + 1.

Hence U(t,z) € (8)~7 for all ¢ > 4(d +1)/3 + 1, for all ¢,z. In fact, this
estimate also shows that U(t,z) is uniformly continuous as a function from
[0,T] x D into (8)* for any T < oo. Moreover, by the properties of G;_4(z, ),
we get from (8.34) that

oU
E(t’ x) — AU (¢, x)

t
= [ [winis (a - A) Gr_u(,y) dyds + W (1, 2)
0o Jb ot
= WH (L, z). (8.37)

So U (t, ) satisfies (8.33).

Next we study the L2-integrability of U(¢,x). In the standard white noise
case (H; = 1/2 for all 4) the same solution formula (8.34) holds. In this case
we see that the solution U(t, z) belongs to L?(P) if and only if
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Bl = [ [ @eayis <o

Now, if D C (=1/2R,1/2R)¢ and we put F = [-R, R]¢,

t t 2y2
/ / G?_(z,9) dsdyw/ / s exp <) dy ds
0 JD 0 JD ds
t 2
N/ {/ s4/? exp (22> dz] ds.
o L/r/vs 0

Hence, if H; =1/2 for all i = 0,1, ...,d, we have
E[U?(t,x)] < 0o <= d = 1. (8.38)
Now, consider the fractional case. Assume 1/2 < Hy < 1, and because of

(8.38) we may assume that at most one of the indices: Hy, Hs, ..., Hy is less
than 1/2, say, 0 < Hy; < 1/2. Then

BV (t,2)) = / (MGr_(z, )(s,9))?

. 0G—_(x, z)
82’1

8ths(x» y) ‘

‘7, _ S|2H072|y1 _ Z1|2H1

d
) H |yi - Z‘|21LI7"_2 dy1 . ~-dyd le . ~-dzd drds

pd/2=1g—d/2-1 | —9\2
|71 — [z — 21| exp

1772’2 _
- exp (_| 5 | >T—S|2H0 2|y1_21|2H1

d
i — =2 dys - dyadey - -~ dzq dr ds. (8.39)

=2

Note that

1/2R  ,1/2R _ 2 _ 2
/ / \xl—y1||x1—21|exp <_|l’1 yl‘ _|$1 Zl| )
1/2RJ—-1/2R or ds

Ny = 21 P dyr dzy
< Crs(rf 4 s, (8.40)

Using (see Inequality (2.1) of [161])

/R /R F@lg@)lle — g dedy < Cl\fllpmliglim,  (8.41)
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we have

1/2R  1/2R 12 2
/ / eXp( —ul il )Iyz 272 dy, dz;
1/2R 1/2R or ds
1/2R |IL‘ |2 H;
<eI{[ [ oo (Fr) o
g ~1/2R H;or

[/1/2R oxo <_|$z _Zi|2> dz:| Hi}
—1/2R H;és '

~ (rs) ' /2Xi (8.42)

Substituting (8.42) into (8.39), we have

tot
U2 t,x) SC’//(Ts)fd/2+1/2zf:2Hi(rHl _|_$H1)
0 0

e — 572 drds < 00

ifd/2—1/2% , H; <1and 2—2H, +2(d/2— Y\, 1/2H;) — H; < 2. From
this we obtain that

d
E[U(t,z)] <oo  if [(2Ho+ H1) A2/ + > H; > d.
=2

Now let 1/2 < H; < 1 for all 1 <4 < d. Then

E[U(t2)] = /(MHGt,.@c, 3(s,y))? ds dy

t t
0JOo JDJD

: H lys — 2|72 dyy - dyg dzy - - - dzq dr ds

L e )

S|2H0 2

d
: H lyi — zi|* 72 dyy - dyg dzy - - dzq dr ds. (8.43)

=1

By (8.41), we have

d 1/2R 1/2R 12 T — 2|2
H/ / eXP( 3 L 5 2 ) lys — 22172 dy; dz;
i—1J—-1/2RJ—-1/2R r $
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d 1/2R s — i 2 H;
i — yil
§C||{[/ exp<—> dyi]
i1 —1/2R Hz(ST’

H;
[ oe () ]}
(3
—1/2R Hiés
~ (7‘3)1/22?:1 i (8.44)

Substituting (8.44) into (8.43), we have

r— s 2drds < 0o (8.45)

t t
E[U2(t,2)] < C / / (rs)~4/241/2 5,
00

if 2Hy + Z?Zl H; > d. We summarize what we have proved:

Theorem 8.4.1. 1. For any space dimension d there is a unique strong so-
lution U(t,x) : [0,00) X D — (8)* of the fractional heat equation (8.33).
The solution is given by

t

Ut z) = / / WD (5, )Gy (2, ) dy ds.
0 D

It belongs to CH2((0,00) x D — (S)*) N C([0,00) x D — (S)*).
2. If0 < Hy <1/2,1/2 < Hi <1 fori=0,2,3,...,d and

d
[(2Ho + Hi) A2)+ Y H; > d,
i=2
then U(t,x) € L*(P) for allt >0, x € D.
3. If1/2 < H; <1 fori=0,1,...,d and
d
2H0+ZH7, > d,

i=1

then U(t,x) € L*(P) for allt >0, x € D.

8.5 The quasi-linear stochastic fractional heat equation

Let f: R — R be a function satisfying

[f(x) = f(y)
|f ()

Liz — y for all z,y € R (8.46)

| <
| < M1+ |z]) for all z € R, (8.47)
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where L and M are positive constants.
In this section we consider the following quasi-linear equation:

aa—lt](t,x) = %AU(t,x) + f(U )+ Wt 2), t>0, zeR", (8.48)
U(O,SC) = UO(z)7 T e an

where Up(z) is a given bounded deterministic function on R™. We say that
U(t,z) is a solution of (8.48) if

/ Ul(t,x)p(x)dx — Uo(z)p(z) dz
Rn R

_ 1/t/n U(s, 2) Ap(x) dmds—l—/ot [ UG e ds

/ / _p(x)dB (H) (s, z) (8.49)

for all ¢ € C§°(R™). As in Walsh [234] we can show that U(t, x) solves (8.49)
if and only if it satisfies the following integral equation:

U(t,z) = Uo(y)Ge(x,y) dy—i—/o . F(U(s,y))Gi—s(z,y) dy ds

Rn
t

+1/ Gi_u(z,y) dBM(s,y), (8.50)
0 R™

where

lz — y|?

Gi_s(z,y) = (2n(t — 5)) "% exp ( - M) s<t, ze€R" (851)

is the Green function for the heat operator 9/0t — 1/2A in (0, 00) x R™.
For the proof of our main result, we need the following two lemmas. Let
0 < a < 1. Define, for u > 0,

(u )—/| —z|_aiex —i dz
g\u,y) = Y Ju P % .
R

Lemma 8.5.1. Assume p > 1/(1 — ). Then g(u,y) < C(1 +u~1/20-1/p)),
where C' is a constant independent of y and u.

Proof. In the proof, we will use C' to denote a generic constant independent
of y and u. First, we have

o 1 22
s = [ s e (<)
+/ |y—z|_“iexp (—22> dz.
le—y|>1 Vu 2u
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By the Hoélder inequality,

(»=1)/p
g(u’ y) < C{l + l: / |y — z|_O‘P/(P—1)dZ:|
lz—y|<1
1 pz2 1/p
' [ / W@Xp(—%)dz} }
lz—y|<1

<C(1+ u*1/2(1*1/p))

Let F(y1,y2,---,yn) denote a function on R™.

(8.52)

Lemma 8.5.2. Let h = (hy,ha, ..., hy) with h; >0, 1 < i <n. Assume that
F and all its partial derivatives of first order are integrable with respect to the

Lebesgue measure. Then

Jirw=m-rwlar <> ([ |58 )
Rn i=1 “goo 0"

Proof. Observe that
Fly—h)—F(y)

_Z (W15 ¥io1,% — his Yigr — higrs oo Y — )

FZ/17~-~,yz 1Y Yir1 — Pigts oo Un — )

n
Z/ yla"'7yi—lvz7yi+1_hi+17"'7yn_hn)dz'
i=1vYi—

Integrating equation (8.54), we get
J1FG =1 - F@ldy
RW,

< Z / dyy -+ - dyi—1 dyiy1 -+ - dyy

(8.53)

RTL 1
'/dyi / ’aTh (W1, Y12 Yir1 — Pig1, o Yn — hi) dz
R yi—h;
n
:Z/dy1"'dyi71dyi+1"'dyn
i—1

=
S
|
=
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oF
Oy
R
n
|:/ ylay27 7yn)‘dy h
1

1=

S Yie1, % Ykl — Rig1, s Yn — hn) / dy;

z

Our main result is the following:

Theorem 8.5.3. Let H = (Hy, Hy,...,H,) € (1/2,1)"*! with
1 .
Hi>1—ﬁ fori=1,2,....n

Then there exists a unique L?(P)-valued random field solution U(t,z), t > 0,
x € R™ of (8.48). Moreover, the solution has a jointly continuous version in
(t,z) if Hy > 3/4.

Proof. Define
t
Vo = [ [ Greg)dB (s,
0 R’!L

Dividing R into regions {z : |z — y| < 1} and {z : |z — y| > 1}, we see that a
slight modification of the arguments in Section 8.4 gives E[V?(t,x)] < oo; so
V(t,x) exists as an ordinary random field. The existence of the solution now
follows by usual Picard iteration. Define

UO(t7 1‘) = UO(x)

and iteratively

Ussa(tia) = [ Ua(w)Gile. ) dy
t [ ] SO IGa dyds + V)
for j =0,1,2,... Then by (8.47) U;(t,z) € L*(P) for all j. We have
Vs (t,) — U (t,2) /"/n — F (U1 (5,9))|Cr—s(y) dy ds,

and therefore by (8.46) if ¢ € [0, T],

E [[Ujs1(t,2) = Uj(t, )]

<LEK/ /nIU $,y) — Uj—1(s,y)|Ge—s(z, y)dyds)z}
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SL(/t Gis(z, y)dyds)
[/ /n (5,9) = Uj-1(5,9)[*Gi—s(w, y) dy ds

<CT/ sup E[|U;(s,y) — Uj—1(s,y)|*] ds

<(ﬂ(/ /’ 1/ sup BV (5,) = Ui (s.)%) ds s -y

< A CJ
g <y>.

for some constants A7, Cr. It follows that the sequence {U;(t,z)}52; of ran-
dom fields converges in L?(P) to a random field U(t,z). Letting K — oo in
(8.53), we see that U(¢,x) is a solution of (8.48). The uniqueness follows from
the Gronwall’s inequality. It is not difficult to see that both

| vGamdy  and [ ] UG- (g dyds

are jointly continuous in (¢, x). So to finish the proof of the theorem, it suffices
to prove that V(¢,x) has a jointly continuous version. To this end, consider
for h € R,

V(t+ho)—V(ta)

t+h
N /t /]Rd Grin—s(2,9) aB™) (s,y) (8.55)
+A /n(thths(l’vy) _ths(l"y)) dB(H)(s,y)

By the estimate in (8.45) it follows that

t+h
< C’/ (u —t)*0=2 dy
¢

< Ch2Ho=1, (8.56)

t+h 2
[ ] GrneaB )|
t R™

To estimate the second term on the right-hand side of (8.55), we proceed as
follows:

E[| /Ot L(GtJrhfs(-%y) = Gi—s(z,y)) dB(H)(Svy)Q]

< C / I[O,t] (T)I[O,t](sﬂr - 5‘2H072

AL L esnemren (- 7555)
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—(t—r)""?exp ( - ;t_—ii ﬂ
: [(t+h—8)"/zeXp<_ M)
e (- Y]

‘ H lyi — 2|22 dy dz} drds

<c / / Lo, (1) .y (8) [ — 202
AL e (- g) e (<50

1w - zi2Hi_2dydz} dr ds. (8.58)
i=1

(8.57)

From (8.57) to (8.58), we first perform the change of variables, z — y = ¢/,
r—z=2,t—r=1',t—s=s"and then we change the name of v/, 2,7/, s’

back to y, z,7, s again for simplicity. Inequality (8.58) is less than

t s
C/ ds/ clr(s—r)QHo_2
(Lol Tl )
n ) 2v

S ly[?
1 nj2—2) 12 e
t5v ly| exp< 90 dv
2 2
. —n/2 B S G Gl
/n [(r +h) exp ( 50+ h)) r exp < o
H |yz - Zz|2H }
<C’/ ds/ dr(s —r)2Ho=2
s+h 2
{/ w [ [ o p( |y|>
n 2v

1 ly|?
n/2-2, 12
t5v ly] eXp< oy ﬂ dy
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. / (7«+h)—”/2 exp| — ﬂ +T_n/2 exp | — ﬁ
n 2(r+h) 2r
H lyi — 2?2 dz} : (8.59)
i=1

Choose p > 1 such that

n
_ fori=1,2,...
2H1-71<p<n72 or 7 , 2, ,n

This is possible since H; > 1 —1/n for i = 1,2,...,n. Then

2
gfpl>d and _1(2H D>-1, i=1,2....n

Now applying Lemma 8.5.1 repeatedly to this choice of p and to a = 2 —2Hj,

we get
(8.59) <C/ ds/ dr(s — r)?Ho=2

/ dv— (1—|—C’7‘71/2(1 1/7”))
gC’/ ds/ dr

. / dv— (1 + r_"/Z(l_l/p)) (s — r)2H°_2. (8.60)
S

Choose (3 such that 2 — 2Hy < 8 < 1. It follows that (8.60) is dominated by

t s 1 s+h 1 211/ S
C’/ ds/ drﬁ/ dv—(l—i—r_”/ (1- m)(s—r) 0o—

< Ch'~ ﬁ/ ds/ dr *"/2(1*1/’))(577“)2110*2
s/2 .
=Ch'~ ’8/ dss1 3 [/ _"/2(1_1/p)(5—r)2 0=2 gy
+/s T_n/2(1—1/p)(8_ T)QHO—Z d?":|
1/2

t
< Chl—ﬂ/ %ﬁsl—"/m—”m—@—wo) ds < Ch' 7. (8.61)
0 S

On the other hand, for k£ € R™ we have

V(to+k) —V(tz) = /0 / [Gis(@ 4k y) = Gos(2,9)]dB (s,y)
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Hence, by (8.51),

E[[V(t,2 + k) = V(t )]

<C’/ / | — ‘2HO 2
e (<
- (-5 )]}
{omore () - (EED))
' ﬁ lyi — 222 dy dz dr ds
Sc/t/tpn_swo—z
//{ n/2[ ( y+rk2> eXp(‘lgfﬂ}
) ()

: H lyi — 2?2 dy dz dr ds

SC’/ ds dr 2H° 2
0

0
2 2
L) ()
RE s 2s

[efropnl ) ()]

n

: H lys — 22772 (8.62)

i=1

Applying Lemma 8.5.1 and Lemma 8.5.2 we get

(8.62) <C/ ds/ dr(s —r)?Ho~ 2(1+r—1/2<1 1/p>)"

2
Z|kl|/ s_”/2_1exp (_ |Z2/| )|yidy
n S

<C|k\/ ds/ dr—-= 1/2 s—r)QHO*Qr*"/Q(lfl/p)
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t 1 s/2
< C|k| ds——= dr(s — T)2H0_2 pn/20-1/p)
1/2
0 S 0

+ /S dr(s — r)2Ho2 F—n/2(1=1/p)
s/2

t
< C|k\/ §Hlo—n/20-1/P)=3/2 4g < C|k|,  if Hy > 3/4. (8.63)
0

Combining the estimates (8.56), (8.61), and (8.63) we get, for some 3 < 1,
E[|[V(t+h,z+k)—V(t,z)]*] < ChP +k|].

Since V(t+h,xz+ k) — V(t,x) is a Gaussian random variable with mean zero,
it follows that for any m > 1,

E[|V({t+h,z+k)—V(t,z)*] <CLE[|V(t+hz+ k) = V()™
< Cnlh P 4 |E]]™ < Cp[h P + |K|™.

Hence, by Kolmogorov’s theorem we conclude that V (¢, z) admits a jointly
continuous version. g
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Stochastic optimal control and applications

Stochastic control has many important applications and is a crucial branch
of mathematics. Some textbooks contain fundamental theory and examples
of applications of stochastic control theory for systems driven by standard
Brownian motion (see, for example, [96], [97], [182], [231]). In this chapter we
shall deal with the stochastic control problem where the controlled system is
driven by a fBm.

Even in the stochastic optimal control of systems driven by Brownian
motion case or even for deterministic optimal control the explicit solution is
difficult to obtain except for linear systems with quadratic control. There are
several approaches to the solution of classical stochastic control problem. One
is the Pontryagin maximum principle, another one is the Bellman dynamic
programming principle. For linear quadratic control one can use the technique
of completing squares. There are also some other methods for specific prob-
lems. For example, a famous problem in finance is the optimal consumption
and portfolio studied by Merton (see [162]), and one of the main methods
to solve this problem is the martingale method combined with Lagrangian
multipliers. See [135] and the reference therein.

The dynamic programming method seems difficult to extend to fBm since
fBm — and solutions of stochastic differential equations driven by fBm — are
not Markov processes. However, we shall extend the Pontryagin maximum
principle to general stochastic optimal control problems for systems driven
by fBms. To do this we need to consider backward stochastic differential
equations driven by fBm.

9.1 Fractional backward stochastic differential equations
Let Bt > 0, be a fBm with Hurst index H > 1/2 on the probability
space (£2,FH) PH) endowed with the natural filtration ?t(H) of B and
FH) = thOS",EH). Let b : [0,7] x R x R — R be a given function and let
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F: 2 — R be a given S";H)—measurable random variable, where T > 0 is a
constant. Consider the problem of finding F)-adapted processes p(t), q(t)
such that

dp(t) = b(t, p(t), q(t)) dt + q(t) dBHD (t), ¢ € [0,T], (9.1)

P(T)=F as.. (9.2)

This is a fractional backward stochastic differential equation in the two un-
known processes p(t) and ¢(t) since the terminal condition instead of initial
condition is given. This equation is the generalization of backward stochas-
tic differential equation for Brownian motion case to fBm case. We will not
discuss general theory for such equations. Instead we shall present a detailed
study of linear variant of (9.1) and (9.2), namely,

dp(t) = [ou(t) + byp(t) + crq(t)] dt + q(t) dBF) (1), te[0,T], (9.3)

P(T)=F as., (9.4)

where b; and ¢; are given continuous deterministic functions and a(t) = a(t,w)

is a given F)_adapted process such that fOT |a(t,w)|dt < oo almost surely.
To solve (9.3) and (9.4) we proceed as follows. By the fractional Girsanov
theorem 3.2.4 we can rewrite (9.3) as

dp(t) = [a(t) + bep(t)] dt + q(t) dBYD (1), t € [0, 7], (9.5)

where .
B (1) = B (¢) —|—/ cs ds
0

is a fBm (with Hurst parameter H) under the new probability measure PH
on ?%H) defined by

AHw T
3£Hé$emf(@%®)exp<LL é@)dB“”@>5n6%>,

where ¢é = ¢ is the continuous function with supp (¢) C [0, 7] satisfying
T
/ Csod(s,t)ds =¢;, 0<t<T,
0
where ¢ is defined in (3.1) and here
T /T
el = [ [ ele)eterols.)ds
o Jo

If we multiply (9.5) by the integrating factor
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t
B = eXp(—/o bs ds),

we get A
d(Bsp(s)) = Bsa(s) ds + Baq(s) dBH)(s), (9.6)
or, by integrating (9.6) from s =t to s =T,

BrF = Bup(t) / Boa(s) ds + / Buals) B (). (9.7)
Assume from now on that

||aHL¢(OT) ]13’H

/OT /OT a(s)a(t)e(s, t) ds dt]

T T
+ Esn / / ﬁfa(t)ﬁf’a(s) ds dt] < 00, (9.8)
0o Jo

where D? denotes the ¢-derivative at s with respect to B(H)(~). By the frac-
tional Itd isometry (3.41) applied to BW) and PH we then have

2

E]}%H </O O‘(S) dB(H)(S)> = ||O‘H2ﬁ¢(07T)' (9'9)

From now on let us also assume that
Esn [F?] < oo. (9.10)
We now apply the quasi-conditional expectation operator (3.50)

Bun 17"

to both sides of (9.7) and get
BrEps [Fl:ﬂﬁ = Bip(t) / B.E PH 5|t } (9.11)

Here we have used that p(t) is ﬁFt(H)—measurable7 that the filtration éng) gen-
erated by B (s) ;s < t is the same as F\"), and that

E@H = 0, Vt S T,

T
/ F(s,w) dBU (5[4
t

for all f € L4(0,T).
From (9.11) we get the solution
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p(t) = exp <— /tT bs ds) Esn [F|H’£H)}

. ) (9.12)
+/t exp (—/t b, dr) E; [a(s)\&"t(H)} ds, t<T.
In particular, choosing ¢ = 0, we get
T
p(0) = exp <—/ bs ds) Epp [F]
0 (9.13)

4 /0 . (- /O ) brdr> Ean [a(s)] ds.

Note that p(0) is ?éH)—measurable and hence a constant. Choosing ¢ = 0 in
(9.7), we get

T
G:/ Bsq(s) dBH)(s), (9.14)
0
where -
G=Gw)=p0rF(w) - /0 Bsa(s,w)ds — p(0),

with p(0) given by (9.13).
By the fractional Clark Hausmann Ocone theorem (3.10.8) applied to
(BU) PH) we have

T
G =By [G) + / Bon [DSG@gH)} dBH)(s). (9.15)
0

Comparing (9.14) and (9.15), we see that we can choose

g(t) = exp (/Ot by dr) Bon [DtG|3"§H)} . (9.16)

We have proved the first part of the following result:

Theorem 9.1.1 ([31]).

Assume that (9.8) and (9.10) hold. Then a solution (p(t),q(t)) of (9.3) and
(9.4) is given by (9.12) and (9.16). The solution is unique among all FH)
adapted processes p(-), q(-) € ﬁ;¢(0,T),

Proof. Tt remains to prove uniqueness. The uniqueness of p(-) follows from
the way we deduced formula (9.12) from (9.3) and (9.4). The uniqueness of
q is deduced from (9.14) and (9.15) by the following argument: Substituting
(9.15) from (9.14) and using that Ejsy [G] = 0, we get

0= /OT {ﬁsq(s) — B [DSG|5—"§H)] } dBM(s).
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Hence by the fractional It6 isometry (9.9)

0= Ean ( /0 ' {Bua(s) — By [D,GIF] ) dB(H)(s)>

= 18sa(5) = Bpu [DGIF] |

2

2
£4(0,T)
from which it follows that
Beq(s) — By {/jSG|5—"gH>} =0 for aa. (s,w)€[0,T] x (2.
O

For more information about backward stochastic differential equations
driven by fBm, see [18].

9.2 A stochastic maximum principle

We now apply the theory in the previous section to prove a maximum principle
for systems driven by fBm. See, e.g., [107], [186] and [231] and the references
therein for more information about the maximum principle in the classical
Brownian motion case.

Consider an m-dimensional fBm BU)(t) with Hurst parameter H =
(Hy,Hs,...,Hy), 1/2 < H; < 1, ¢ = 1,...,m, on the probability space
(2,7,PH) endowed with the natural filtration ?t(H) generated by B,
where P is the probability measure defined in (3.55) of Chapter 3. Suppose
X(t) = X(t) is a controlled system of the form

dX (t) = b(t, X (t), u(t)) dt+o(t, X (t),u(t)) dBH(t), X(0) =z € R", (9.17)

where b: [0.T] x R" x U — R™ and o : [0,7] x R" x U — R™ ™ are given C*
functions. The control process u(-) : [0,T] x §2 — U C RF is assumed to be
FH)_adapted, and U is a given closed convex set in R¥.

Let f:[0,T] xR*"xU — R, g:R" - R, and G : R® — R¥ be given
lower bounded C! functions and define the performance functional J(u) by

T
T =B | [ 56X (0.ute)) dt+ 9(X(T)) (9.18)

and the terminal condition by
E[GX(T))]=0.

Definition 9.2.1. Let A denote the set of all ngH)-adapted processes u
[0,T]x 2 — U such that X (t) exists and does not explode in [0, T] and such
that (9.17) holds. If u € A and XW(t) is the corresponding state process, we
call (u, X)) an admissible pair.
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Consider the problem to find J* and u* € A such that
J* =sup{J(u);ue A} = J(u"). (9.19)
If such u* € A exists, then u* is called an optimal control and (u*, X*), where
X* = X¥" | is called an optimal pair.
Let C ([0,T];R™*™) be the set of continuous function from [0,T] into

R™*™ Define the Hamiltonian H : [0, T]|xR"xU xR"xC ([0, T];R"*™) — R
by

H(t,z,u,p, Q(>) = f(t7:r7u) + b(t,x,u)Tp

+ZZJik(t,$,u)/0 i (8) O, (s,t) ds,

i=1 k=1
where ¢, (s,t) is defined in Chapter 3, (3.1). Consider the following fractional

backward stochastic differential equation in the pair of unknown Srt(H)—adapted
processes p(t) € R™ and ¢(t) € R™"*™ called the adjoint processes:

{dp(t) = —H,(t, X (), u(t), p(t),q(-)) dt + q(t)dBH(¢), t € [0, T].
P(T) = go(X(T)) + A Go(X(T)).

where H, = V,H = (0H/0x1,... ,0H/dz,)" is the gradient of H with
respect to  and similarly with g, and G,. X(t) = X®(t) is the process
obtained by using the control u € A and A € R} is a constant. The equation
(9.20) is called the adjoint equation and p(t) is sometimes interpreted as the
shadow price (of a resource).

Lemma 9.2.2. Let X (t) and Y (t) be two processes of the form
dX (t) = p(t,w)dt + o(t,w) dBH (t), X(0) =z e R"

(9.20)

and
dY (t) = v(t,w) dt + 6(t,w) dBH) (1), Y(0)=yeR",
where p: [0,T] x 2 >R, v:[0,T] x 2 - R", 0:[0,T] x 2 — R*”*™_ and
0:[0,T] x £2 — R"™™ are given processes with rows o;, 0; € L((bm) (0,T) for
1 <i<n and BH(.) is an m-dimensional fBm.
1. Then, for T > 0,

E[X(T)-Y(T)]
T
=z y+E X(s)dY (s —|—E/Y dX()]
0
+E /0 /0 121;0— (t)bm, (s, t)dsdt]

1)

i=1 j,

M=

(/R/R DS ok (s) Dy, 0is (1) dtds)

1
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provided that the first two integrals exist.

2. In particular, if o(-) or 6(-) is deterministic, then

E[X(T)-Y(T)
—z.y+E /0 X(s)dY(s)| + B /0 Y(s)dX(s)]
+E /0 /0 Z};am ()b, (s, t)dsdt]

Theorem 9.2.3 (The fractional stochastic maximum principle). [31]
Suppose @ € A and put X = X®. Let (t),4(t) be a solution of the corre-
sponding adjoint equation (9.20) for some X € R}.. Put Ay equal to

[;J;//m oik(t, X (1), u(t)) = Uik(taX(t)»ﬂ(t))}D;fwz]()dtds}.

Assume that (9.21) to (9.23) hold,

H(t,-,+,p(t),q4(t)), g(-) and G(-) are concave, for all t € [0,T], (9.21)

H(t, X (t), a(t), p(t),d() = max H (t, X(t),0,5(1),4(-)), (9.22)
Ay <0, (9.23)

and that [X(t) — X (8)]4(t) and p(t)T [a(t,f((t),a(t)) —o(t, X (t),u(t)| are
WIS integrable for allu € A. Then if X € R} is such that (4, X) is admissible
fi.e., (9.17) holds], the pair (i, X) is an optimal pair for problem (9.19).

Proof. We first give a proof in the case when G(z) = 0, i.e., when there is no

terminal condition.

If dp(t) = &(t) dt +n(t) dBT)(t), then we put

T T T
o (H)
/0 p(t) dp(t) / p(OE(H) di + / p(t)n(t) dB (1),

where fOT p(t)n(t) dBU)(t) denotes the fWIS stochastic integral defined in
Chapter 3. With (4, X) as above, consider

/0 £t X (1), at)) dt — / f(t,X(t)w(t))dt]

=: Ay + Ay + Ag, (924)

A=F

where
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Ay =F

/HtX() dtf/ H(t, X (t B2, ())dt]

T
Ag =—F
0 0

b(t, X (1), a(t))"p(t) dt — b(t X (1), u(t)"B(t) dt]

and —Aj is equal to

{/ /Tz":i% (5, X(s),(s), X (5), (8))@ik(t)¢Hk(S,t)dsdt],

i=1 k=1

where Wi (s, X (s), 4(s), X (s),u(s)) := ou(s, X (s),0(s)) — oan(s, X(s), u(s)).
Since (z,u) — H(x,u) = H(t,x,u,p,q(-)) is concave, we have

for all (z,u), (&,1). Since v — H(X(t),v) is maximal at v = a(t), we have
Hy(#,a) - (u(t) —a(t)) <0 Vtel0,T].

Therefore,

A > FE

/0 —Hm(t,X(t),’l)(t),ﬁ(t),(j(')) ' (X(t) _X(t))dt]

=F

T . T R
|- xontase - [ xo - o) dB<H><t>] .
0 0
Since E [ S ) — X)74(t)dBH (t)} — 0, this gives

A > E

/0 (X(t) - X(t))Tdﬁ(t)] .
By (9.17) we have

Ay=—E /0 {b(t,f((t),a(t))—b(t,X(t),u(t))}.;s(t) dt]

/ ") (ax (o) - dX(t))]

/0 p(t)" {o(t, X (), (1) = o(t, X (1), u(t)) | dB“”(t)]

/0 ' (1) (dX(t) - dX(t))] .

=-F

-F
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Finally, since g is concave, we have

9(X(T)) — g(X(T) < g.(X(T)) - (X(T") — X(T)) (9-25)

Combining (9.24) through (9.25) with Lemma 9.2.2, we get, using (9.18),
(9.20), and (9.23),

+E

) D;f;qij(s) dt ds} }
>A— (A1 4+ Ay + Az + Ay) >0,

where Wy, (s, X (s),(s), X (s),u(s)) = oir(s, X(s),0(s)) — (s, X(s), u(s)).
This shows that J(@) is maximal among all admissible pairs (u(-), X(-)). This
completes the proof in the case with no terminal conditions (G = 0).

Finally consider the general case with G # 0. Suppose that for some \g €
R there exists #, satisfying (9.21) to (9.23). Then by the above argument
we know that if we put

T
Jro(u) = E / £t X (1), u())dt + g(X(T)) + NEGX(T)) | .

then Jy, (Gx,) = Ji, (u) for all controls u (without terminal condition). If Ay is
such that @, satisfies the terminal condition (i.e., Gy, € A) and w is another
control in A, then

J(ﬂ/\o) = (a)\o) = I, (u> = J(u)7

and hence 4y, € A maximizes J(u) over all u € A. O
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Corollary 9.2.4. Let & € A, X = X@® and (p(t),{(t)) be as in Theorem
9.2.3. Assume that (9.21) and (9.22) hold and that condition (9.23) is replaced
by the condition

() or o(, X(),a()) is deterministic .

Suppose that [X(t) — X(D)a(t) and p(t)" [o(t, X(8),(0)) — o(t, X (1), u(t)
are fWIS integrable for all u € A. Then if A € R’ is such that (ﬂ,X) is
admissible, the pair (a,f() is optimal for problem (9.19).

In the following sections we illustrate our main results with several exam-
ples.

9.3 Linear quadratic control

We start by extending the following classical control model to the fBm case.
The controlled dynamics is given by the following fWIS-type SDE where the
state is scalar-valued:

dry = (arwe + byug) dt + (cpve + dyuy) dB,EH),
(9.26)

9 €R is given and deterministic,

where ay, by, ¢, and dy, 0 < t < T, are given essentially bounded deterministic
functions of ¢. The process u; is assumed to be a Markov linear feedback
control, namely,

up = Kyxy

where K; is an essentially bounded deterministic function of ¢. Such a control
is also referred to as an admissible (Markov linear feedback) control in this
section.

Under each admissible control u; = Kz, the system (9.26) reduces to the
following linear SDE

dzy = (ar + b Ky )zedt + (cy + dy Ky)wpd B,
(9.27)

o € R is given and deterministic.

Hence K. itself, also known as the feedback gain, can be regarded as a control.
For every initial state 2y and admissible control u; = Kixy, there is an asso-
ciated cost

T
J(xo,u.) = J(xg, K.)=F / (Qex? + Ryu?) dt + G2 |, (9.28)
0
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where z. is the solution of (9.26) under the control u. (or equivalently, K.),
@Q: and R; are given essentially bounded deterministic functions in ¢, and
G is a given deterministic scalar. Our optimal stochastic control problem is
to minimize the cost functional (9.28), for each given g, over the set of all
admissible Markov linear feedback controls.

Theorem 9.3.1. Assume that for almost every t € [0,T)], di = 0, Q: > 0,
and Ry > & for some given § > 0, and G > 0. Then the following Riccati
equation

Pr + 2pelar + ci [ (t,s)cs ds] + Q; — Ry 'b2p2 = 0
(9.29)
pr =G

admits a unique solution p; over [0,T] with p > 0 for allt € [0,T]. Moreover,
the optimal Markov linear feedback control for the problem in (9.27) and (9.28)
is given by

’th = Ktl't with Kt = *Rt_lbtpt.

Finally, the optimal value is pox?.

Proof. The unique solvability of the (classical) Riccati equation (9.29) was
proved in, e.g., [231, p. 297, Corollary 2.10]. Next, for any admissible control
uy = Kixy, applying the Itd formula to the equation (9.27) with d; = 0, we
get

¢
d(per}) = a7 [Pt + 2p;(ar + b Ky ) + 2PtCt/ B(t, s)cs ds] dt + 2x7cipy dBt(H)~
0

Taking integration from 0 to T, we get
T t
pre = poxs + / x? [pt + 2pi(ar + b Ky) + 2ptct/ o(t, s)cs ds} dt
0 0

T
+2/ xfctptdBt(H).
0

Denote f; = z2¢ip;. It is easy to see that

T T
/0 /0 (s, ) E || fs ft]] dsdt < oo.

On the other hand, Dfxt =y fg o(t, s)cs ds. Tt is straightforward to check by
Corollary 9.2.2 that

sup F [|Dt¢zt\p} <oo Vp>1.
0<s<t<T

This implies that f; is integrable and
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T
FE / xfctptdBt(H)
0

=0.

Hence,

t

T
/ xf [pt + 2p;(ar + b Ky) + 2pecy /
0 0

E [pra}] = poaf+E

o(t, s)cs ds] dt] .
Since pr = G, we obtain
T
Hoo, K) = poa + B[ [ a3+ 2pi(a -+ bik)
0
t
+ (Qt + RtKE) + 2ptCt/ d)(t, s)csds)dt]
0

T "
= porg + E[/ x7 (Pr + 2prag + 2picy / o(t, s)csds + Q¢
0

+ Ry(K;: + R;lbtpt) - Ry lbtpt)dt}

T
=pozi+ E / Ri(K; + Rtlbtpt)%t] , (9.30)
0
where the last equality is due to the Riccati equation (9.29). Equation (9.30)
shows that the cost function achieves its minimum when K; = —R; 1btpt,
with the minimum value being poz3. This proves the theorem. a

Remark 9.5.2. Tt is interesting to note that the Riccati equation (9.29) cor-
responds to the following linear—quadratic control problem with (normal)
Brownian motion: Minimize (9.28) subject to

d(pt = (atl't + btut)dt + étl’ttha

9 €R is given and deterministic,

where & = \/2ct fo o(t, s)cs ds if ¢ fo o(t, s)csds > 0 for all t > 0. This sug-
gests that, in the current setting, the linear—-quadratic control problem with
fBm is equivalent (in the sense of sharing the same optimal feedback con-
trol and optimal value) to a linear—quadratic control problem with Brownian
motion where the diffusion coefficient of the state is properly modified.

9.4 A minimal variance hedging problem

We move now to consider some problems from mathematical finance. The
first one is a minimal variance hedging problem. For a discussion and an
introduction to the use of fBm in finance we refer to Chapter 7.
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Consider a financial market driven by two independent fBms Bi(t) =
BU)(t) and By(t) = BW2)(t), with 1/2 < H; < 1, i = 1,2, according to the
WIS integration model presented in Chapter 7, as follows:

Risk-free asset price: dSo(t) =0, (9.31)
Generalized value of company 1: dSi(t) =dBi(t), (9.32)
Generalized value of company 2: dSs(t) = dBy(t) + dB2(t), (9.33)

respectively, with initial values Sy(0) = 1,51(0) = s1,52(0) = so. If 6(¢) =
(Bo(t),01(t),02(t)) € R3 is a WIS admissible portfolio (Definition 7.2.4) (giving
the number of units of the risk-free asset, stock on company 1, and stock on
company 2, respectively, held at time ¢), then the corresponding generalized
value process is [see (7.14)]

VOt / 61(s)dS: (s / 05(s) dSs(s

It follows from the fractional Clark—Haussmann—Ocone theorem (Theorem
3.10.8) that this market is strong arbitrage free and complete. The latter means
that any bounded ?(TH)—measurable random variable F' can be hedged (or
replicated), in the sense that there exists a WIS admissible portfolio 6(t) and
an initial value z € R such that

F(w) —z+/ 01(s)dS1(s /92 ) dSa(s for a.a. w.

(See [233] for a general discussion about this.)

Let us now assume that we are not allowed to trade in stock 1, i.e., we
must have 6 (t) = 0. How close to, say, the value F'(w) = B1(T,w) can we get
at the terminal value if we must hedge under this constraint?

If we put 65(t) = u(t) and interpret “close” as having a small L?(PH)
distance to F', then the problem can be stated as follows: Find z € R and
u(t,w) € Lf;)(o, T), fﬂ(H)—adapted, such that

J(z,u) :=E (Bl(T) - {z + /T u(t)[dBy (t) + ng(t)]}>

T T 2
{ /O [u(t) — 1] dBy (t) + /0 u(t) dBs(1) ]

is minimal. We see immediately that it is optimal to choose z = 0; so it
remains to minimize over u(t) = u(t,w) the functional

T T 2
{ /O [u(t) — 1] dBy (1) + /0 u(t) dBa(r)} ]

2

=>4+ E

J(u):=F




220 9 Stochastic optimal control and applications

If we apply the fractional It isometry (3.41), we get, after some simplifica-
tions,

//{ t) = 1éu(s,t) + uls)u (t)¢2(8,t)}dsdt]

//{Duu — DY ju(s)}{D? ju(t) — DY jult }dtds].

However, it is difficult to see from this what the minimizing u(t) is.
To approach this problem by using the fractional maximum principle, we
define the state process X (t) by

dX (1) = (u(t) — 1)dBy(t) + u(t) dBa(t). (9.34)

Then the problem is equivalent to maximizing

Ji(u) :=E [—;XQ(T)} .

The Hamiltonian for this problem is

T
H(t, @, u,p,q()) = (u— 1)/0 q1(s)¢1(s, 1) ds + §)Pa2(s, ) ds

T
o [ ax(s)a(sn
0
T T
:(u—1)/ q1(3)¢1(3,t)ds+u/ (5)6a(s, 1) ds
0 0 (9.35)

= u[/OT q1(s)p1(s,t)ds + /OT q2(8)pa(s,t) ds}
— /OT q1(8)p1(s,t) ds

The adjoint equation is

dp(t) = q1(t)dB1(t) + q2(t)dBa(t), t<T,
p(T) = —X(T)

Comparing with (9.34), we see that this equation has the solution
a(t) =1—u(t), g =—-us(t), p)=-X(t), t<T.
Let 4(t) be an optimal control candidate. Then by (9.35)

H(t, X (t),v,5(t),4("))
T T .
:v[/o G1(s)p1(s,t) ds +/0 G2(s)p2(s,t) ds}—/o G1(s)b1(s,t)ds

v T(l—zl(t))(bl(s, t)ds — T&(s)@(s, t) ds|
0 0

T
- / G1(s)p1(s,t)ds
0
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The maximum principle requires that the maximum of this expression is at-
tained at v = u(t). However, this is an affine function of v; so it is natural to
guess that the coefficient of v must be 0, i.e.,

T T
/ (1= a(s))b1 (s, 8) ds — / (s)dals, 1) ds = 0,
0 0

which gives

/O 0(8)[61(5, 1) + da(s, £)] ds = /0 61(5, ) ds. (9.36)

This is a symmetric Fredholm integral equation of the first kind, and it is
known that it has a unique solution a(t) € L?[0,T).

This choice of 4(t) satisfies all the requirements of Theorem 9.2.3 (in fact,
even those of Corollary 9.2.4) and we can conclude that this @(t) is optimal.
Thus we have proved the following:

Theorem 9.4.1 (Solution of the minimal variance hedging problem).
The minimal value of
> 2

is attained when z = 0 and u = G(t) satisfies (9.36). The corresponding
minimal value is

T
J(zu) = E (Bl(T)— Z+ /0 u(t)[dBy (t) + dBa(t)]

it Je) = [ [ 4{a0) = a0 — 101 (5.6) + 6s)i00n(s. 0} st

Remark 9.4.2. Note that if ¢1 = ¢9, then 4(¢) = 1/2, which is the same as the
optimal value in the classical Brownian motion case (H; = Hy = 1/2).

9.5 Optimal consumption and portfolio in a fractional
Black and Scholes market

We address now the problem of finding the optimal consumption and portfolio
in two market models affected in different ways by long-range dependence: in
the first model the asset price is driven by a fBm; in the second one only the
volatility is a function of Bt(H)7 H>1/2.

We start by considering a WIS model of a fractional Black and Scholes (BS)
financial market driven by a one-dimensional fBm as introduced in Chapter 7.
Suppose now that we have the following two investment possibilities:



222 9 Stochastic optimal control and applications
1. A risk-free asset, where the price A(t) at time ¢ > 0 is given by
dA(t) = rA(t)dt; A(0) =1 [i.e., A(t) = €],

where 7 > 0 is a constant, 0 < ¢ < T (constant).
2. A stock on a company, whose generalized price process S(t) at time ¢ > 0
is given by

dS(t) = aS(t)dt + oS(t) dBU (t); S(0) = s > 0, (9.37)

where a > r > 0 and ¢ # 0 are constants, 0 <t <T.
The solution of (9.37) is

1
S(t) = S(0)exp (¢ B (t) + at — 5a?t”’), t>0,

by Example 3.4.4. Suppose an investor chooses a WIS admissible portfolio
(Definition 7.2.4) 6(t) = (a(t), 8(t)) giving the number of units «(t), 5(¢) held
at time ¢ of risk-free assets and stocks, respectively. Suppose the investor is also
free to choose a (t,w)-measurable, adapted consumption process c(t,w) > 0.
The generalized wealth process Z(t) = Z%(t) associated to a given assumption
rate ¢ and portfolio 8 = (a, 8) is defined by [see (7.18)]

Z(t) = a(t)A(t) + B(t)oS(t). (9.38)
We say that 0 is Wick Ité Skorohod self-financing with respect to c if
dZ(t) = a(t) dA(t) + B(t) dS(t) — c(t) dt. (9.39)
From (9.38) we get
a(t) = ATH6)[Z(t) = B(t)eS(1)], (9.40)
which substituted into (9.39) gives, using (9.38),
dZ(t) =rZ(t)dt + (a — 7)B(t)oS(t) dt + o B(t)oS(t) B (t) — c(t) dt
or

a—7T

d(e—rtzg))+e—rtc<t)dt:Ue—ﬁﬁ(ﬂos(t){ dt+dB<H><t>]. (9.41)

Define the measure P# on F/7) by

i = e (— | Kane) - §||K||%{>
C (9.42)
.= exp® (- /0 K(s) dB(H)(s)> =:(T),
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where we have

(a—7)(Ts— 32)1/2_HI[0,T](5)

K(s) = 20H - T'(2H) - I'(2 — 2H) cos[r(H — 1/2)]

(9.43)

and
T T
2 = S S S
K3 = / / K(s)K (t)6(s, 1) ds dt,

where I" is the gamma function and ¢ is defined in (3.1).
Then by the fractional Girsanov formula (Theorem 3.2.4), the process

a—rTr

B (1) .= t+ B (t) (9.44)

o
is a fBm (with Hurst parameter H) with respect to P, In terms of B (t),
we can write (9.41) as follows:

e " Z(t) + /0 e "e(u) du = Z(0) + /0 oe " B(u)oS (u) dBH) (u).  (9.45)

If Z(0) = z > 0, we write Z&(t) for the corresponding wealth process Z(t)
given by (9.45). We say that (c,0) is admissible with respect to z and write
(c,0) € A(z) if 0 = 0(t) = (a(t), B(t)) with a(t) satisfying (9.40) and S(t) =
0(t,w) satistying the condition

B()0S(:) € £4(0,T) (9-46)
and in addition @ is (WIS) self-financing with respect to ¢ and Z&%(T) > 0

almost surely.
Note that it follows from (9.46) and Theorem 3.2.4 that if we put

M(t) := /Ot oe " B(u)oS(u) dBH) (u), 0 <t < T,

then Esy [M(T)] = 0, where Ejpp is the expectation under P, Therefore,
from (9.45) we get the budget constraint

Esn

T
e T Ze9(T) + / e "e(u) du] =z,
0

valid for all (¢, 0) € A(z).
Conversely, suppose c¢(u) > 0 is a given consumption rate and F(w) is a
given fT(TH)—measurable random variable such that Fpy [G2] < 00, where

Gw) =e"F(w) +/0 e " e(u,w) du. (9.47)
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Then by the fractional Clark-Haussmann-Ocone theorem (Theorem 3.10.8)
applied to (B(H)(~),I@’H), we get

G(w) = Eo [G] + /0 U () B ), (9.48)
where
V(tw) = Bpu [ DG ]
ﬁ,EH) denotes the Malliavin derivative with respect to BH ), and
¥() € Lg(0, 7).
Therefore, if sy [G] = 2z and we define
B(t) := o™ ST (t)orp(t), (9.49)

then (B(t) satisfies (9.46) and with 6 = («, 8) with « as in (9.40) we have by
comparing (9.45) and (9.48)

Z9(T) =F as.
We have proved the following;:

Lemma 9.5.1. Let ¢(t) > 0 be a given consumption rate, and let F be a given
rJ"éfq)—measumble random variable such that the random variable

T
Gw) :=e "TF(w) —|—/0 e "e(u,w) du

satisfies
E@ [G2] < 00.

Then (9.50) and (9.51) are equivalent:

There exists a portfolio 0 such that (c,0)€A(x) and ZS%(T)=F a.s. (9.50)

By [G) = 2. (9.51)

Now let D; > 0,D3 > 0,7 > 0 and vy € (—00,1)\{0} be given constants.
Consider the following quantity

JeN () =E /0 ' Dy ae + %(Z?G(TW ; (9.52)

v

where (c,0) € A(z) and we interpret Z7 as —oo if Z < 0. We may regard
J9(2) as the total expected utility obtained from the consumption rate
c(t) > 0 and the terminal wealth Z&%(T). We now seek V(z) and (c*,6*) €
A(z) such that
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V(z)= sup JOD(2) =70 (2), z>0.
(c,0)eA(z)

By Lemma 9.5.1 we see that this problem is equivalent to the constrained
optimization problem

" D, Dy
V(z) = sup E / —(t)dt+ —F"|, (9.53)
¢,F>0 o 7 v
given that
T
E; / e "e(u)du +e T F| = 2, (9.54)
0

where the supremum is taken over all consumption rates c(t,w) > 0 and
?}H)—measurable F(w) > 0 such that

T
/ e "e(u)du+ e "TF e L2(PM).
0

Consider for each A > 0 the following related wunconstrained optimization
problem:

Va(z) = sup {E{/OT %C’Y(t)dt+ %Fv}

¢, F>0

(9.55)
— Ay {/OT e te(t) dt + e_TTF} }

Suppose that for each A > 0 we can find V) (z) and corresponding ¢ (¢, w) > 0,
F > 0. Moreover, suppose that there exists A* > 0 such that cy«, Fi\~ satisfies
the constraint in (9.54):

T
Esn / e "exs(u)du 4+ e TPy | = 2. (9.56)
0

Then, cy«, F)« actually solves the constrained problem (9.53) because if ¢ > 0,
F > 0 is another pair satisfying the constraint, then

T
D D
/ ZLaydt+ 22 F
o 7 Y

E

T
D D
=F / L) dt + =2 F7
o 7 Y

T
— XN Epn / e "e(u)du+ e TTF |4\ 2
0
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D
<E / LA @) dt+ ZFY
Y
T
— XN'Epn / e "exs (u) du + e T Fye | 02
0
T
D D
—E / L t)dt+ 2F.
o 7 gl

Finally, to solve the original problem (9.52), we use Lemma 9.5.1 to find 6*
such that (cy~,0%) € A(z) and

Z 9 (T) = Fy- as.

Then cy~,0* are optimal for (9.52) and

T
Ve =V =B | [ 2@ 2z (m)

In view of the above we now proceed to solve the unconstrained optimization
problem (9.55). Note that with

n(t) = exp® ( /K ydBW)( )> (9.57)

as in (9.42), we can write

VA(z) = sup E
c,F>0

= sup F
¢, F>0

+Z2F” —M(T)e _’"TF],

where
p(t) = B [n(1) | 5] .
In the above formula we have used that
E(T)e(t)] = B [E [n(D)e) | ]| = B [eE [n(7) | 7]
— Ble(t)p(t)].



9.5 Optimal consumption and portfolio in a fractional BS market 227

The problem (9.58) can be solved by simply maximizing pointwise (for each
t,w) the two functions

D
glc) = 71(;7 —Ap(t,w)e e, ¢ >0
h(F)= —F" = \(T,w)e "' F, F >0

for each t € [0,T] and w € £2.
We have ¢'(¢) = 0 for

1
c=c\(t,w) = D—l[)\efrtp(t,w)]l/(”**l) (9.59)

and by concavity this is the maximum point of g. Similarly,

1
=5

1/(v—=1)

F = F\(w) [Ae™ (T, w)] (9.60)

is the maximum point of h. We now seek \* such that (9.56) holds, i.e.,

g —rt 1 —rt 1/(v=1)
E e "p(t) = [Ae " p(1)] dt
0 Dy

1
+e (D) oD T O] = 5
2
or
AV/O-D N = z,
where

T
N=F l/ Diem/(l—v)tp(t)v/(w—l)dt + ;em/(l—v)Tn(T)w/(v—l)] > 0.
0

1 2
(9.61)
Hence,
z\7-1
A= (7) .
N
Substituted into (9.59) and (9.60) this gives
ex(t,w) = DliNer/(l_w)tp(t,w)l/('y_l) (9.62)
and .
Fye (W) = ———e"/ 0T (7, )/ =D, (9.63)

Dy N
This is the optimal ¢, F' for the constrained problem (9.53), and we conclude
that the solution of the original problem is
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T D1 D2
0

To find V(z) we need to compute E [p(t)’Y/('Y_l)]. For t = T, this was done in
(2.19) to (2.27) in [124].

Define K = K - Ijp4, where K(-) is defined in (9.43). From (3.6) and
(3.8) of [113], we obtain

t
H 1
pl0) = B [n(r) | 57] = exp ([ c(6) a5 (5) = 51cIE ).
where ( is determined by the following equation:

(~2)" B2 () = (-2 BVIED(s), o< s
¢(s)=0 s<0, or s>t

We have

t
C(S) — _ﬁHsl/Z—H%/ w2H—1(w _ 5>1/2—H dw

d [ H H
%/0 A2 H (- )2 H g (2) dz,

where g(z) = —(—A)"H-/2 KT (2) and

92H-2 /T (~1/2)
T(1— H)I2(3/2 — H) cos|r(H — 1)2)]

Rg =

B o0 = o (~ 12 [ [ ) an®) - Jicii ] )

= e (- 1 [ an) - 5l

) IR

e (=), |
—exp (5 gl ) (9.65)

In the special case t = T we see that ¢ = K(T) = K - Iip, 7}, where

- for0<t<T.

| K@olsvds -
0

a

Thus,
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I3 = K13 =

= 2%0%H - T(2H) - F(; - ;);) cos(r(H —1/2)) /OT(Tt )2

- (a;T) A -T2 2H, (9.66)
where

= *(3/2 — H)

 2H-(2—-2H)-T'(2H)-I'(2 - 2H) cos[r(H — 1/2)]’

Substituting (9.65) and (9.66) into (9.61), we get

(i
V=g [ e ((t el ) a

’ @) (9.67)
yla-—r 2—2H
+ —ex T+ T
D, P (1 7 21— )
and (9.64) gives
CAl PN Yy Y 2
V(z) = S D 'N exp { 7 fyt—'_ 31— 1< ) dt
0 _ _
(9.68)

iy Y Y(a—1)2 Al 0 on
DY N T T )
T eXp(l—v a2

We have proved the following:

Theorem 9.5.2. The value function V(z) of the optimal consumption and
portfolio problem (9.52) is given by (9.67) and (9.68). The corresponding
optimal consumption o is given by (9.62), and the corresponding optimal

terminal wealth Z~™ = Fy- is given by (9.63).

Remark 9.5.5. Tt is an interesting question how the value function V(z) =
VH) (%) of problem (9.52) depends on the Hurst parameter H € (1/2,1). We
will not pursue this question here, but simply note that since A;,, = 1, we
have )

li vE () = ()

i, (2) (2)

where V(2)(z) is the (well-known) value function in the standard Brownian
motion case.

It remains to find the optimal portfolio 8* = (a*, 3*) for problem (9.52).
For this we use the fractional Clark-Haussmann—Ocone theorem (Theorem
3.10.8) with
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T
Gw) =e " Fy-(w) —|—/ e~ e (u,w) du
0
as in (9.47). Then by (9.49)
B (t) = o~ e STV (t) B [b§H>G | fng)] . (9.69)

To compute this we first note that by Theorem 3.2.4, (9.57) and (9.44), we
have

w07 = e (12 [ K6 dB<H><>+2(11)|K“>||%I)

:exp< /K B(H) azr /Ks
@12
+ar 1K)
L 5(H) 1 )12
exp (== [ K(@dB(s) ~ s |KOI
1 a—r ¢
T} <Ol 77/1(“&9
a2 K = =y ), K

1
—||[K® 2

exp? (1_17 / K () dB<H><s>) R(t),

(o) = exp (55— IK Ol - / K(s)ds)
Hence, by (9.63)

where

E@H [ﬁgﬂ) (efrTF ) | ?(H)}
_ _F T T/ ’Y)E { ( )= 1)) ‘g(H)}

DN €
-z )Y/ G- | g
Dwﬂ >{ 1)
oz ryT \ K(t R(T)
7D2N 1—7~ 1—’y

 Ean [exp (1 /K dBUH) (s )’S"H)]

“pv e (725 i (25 [ K o)
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oy (55) M0 1 o (25 o

1
e IK®)2
IO

o zK(t) ox roT 1 t . (H)(g)_ 0T
= gt oy (155 + 1, KO8 - G

T 2 -~ 1
| K(s)ds+ —— |[KD)% - —— | KD|% ). (9.70
| B s+ g =IO~ KO ) e

Similarly, by (9.62) and (9.70),

T
ﬁt(H) (/ e~ "exx (u) du) | Sft(H)
0

Esn

_ D%NE / DI (7m0 p(a) 0D e | 0
DlN <1r’7u7> o D(H) ( )1/(vfl)> |§§H)} "
) o o
ﬁ/ (o + 5 53 )2||<||H—||<||H) du

:mféi(l)v)e’(p <11v/0 K(S)dB‘H“S)—MK“)n%,) .

9.71
./Texp( Y 2—v SIEZ - / K(s ds)
0 1—v  2(1—7)2

Adding (9.70) and (9.71) and using (9.69), we get the following:

Theorem 9.5.4. The optimal portfolio 6*(t) = (a*(t),5*(t)) for problem
(9.52) is given by
B5(t) = o~ STHE) (Y1 + Ya),

where

Y, = E]}E;H |:[)7EH) (e—rTF)\*) |3~§H):|

is given by (9.70) and

T
Y, = E@H lﬁEH) (/ e ey (u) du) |:—J_rft(H)
0

is given by (9.71), and
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a*(t) =e " [Z7(t) — B (1) S(1)]

with
t t R
e "ZH(t) + / e Tens (u)du = z + / oe 3 (u)S (u) dBH) (u)
0 0

and cy=(u) given by (9.62).

9.6 Optimal consumption and portfolio in presence of
stochastic volatility driven by fBm

As a final example we compute the optimal consumption and portfolio in a
market affected by stochastic volatility driven by fBm. Fix a terminal time
T > 0 and consider a market with two securities.

1. A risk-free asset whose price per share A; at time ¢ > 0 is given by
dA; =riAgdt 5 Ag =1 (L., Ay = el radsy

where r; > 0 is a given adapted stochastic process satisfying

T
/ |rtdt] < 0.
0

2. A stock whose price per share S; at time ¢ > 0 is given by the solution of
a generalized “geometric Brownian motion” on (£2,F,P) with stochastic
volatility

E

dSt == ,LLtStdt + O'tStdBt 5 S() > O,

where u:(> r¢) is a given adapted stochastic processes and o, = f(¢,Y;)
for a certain continuous function f and

dY, = a(t,Y;) dt + b(t,Y;) dBy + k(t,Y;) dB{™). (9.72)

Let F; = 0(Bs, 0 < s < t)be the o-algebra generated by B, 0 < s < ¢ and

t=0(Bs, 0<s<t)V U(BgH),O < s < T)be the o-algebra generated by
B,,0<s<tand BEH), 0 < s <T.A portfolio is a pair of Gs-adapted process
0 = (a,0t), 0 <t < T, where oy and §; denote the numbers of shares in
risk-free asset and stock, respectively, held by the investor at time t. Here
we assume that the volatility is observable to simplify the setting. We first
search the optimal portfolio among all portfolios which are adapted to the
filtration G;. Then we will show that the optimal portfolio in this class is, in
fact, H; = o(Bs, BgH), 0 < s < t) adapted. With this portfolio the investor’s
wealth at time instant ¢ is
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Zy =79 = a, Ay + 3.5, (9.73)
Let ¢ = (¢;,0 <t <T) be a given §;-adapted process, denoting the investor’s

consumption rate. We assume that ¢; > 0 and

T
/ ¢ dt < oo almost surely.
0

The set of all such (¢;, 0 < ¢ < T) is denoted by C.
A portfolio 0; = (ay, 8t),0 <t < T is called self-financing with respect to
the consumption rate c if

dZ¢ = aydA; + 3idS; — cpdt, 0<t<T, (9.74)

where Z{ is given by (9.73). Denote &; = exp (— fot Ts ds).
A self-financing G:-adapted portfolio 6 = (ay, 5;) is called admissible with
respect to ¢ if

E

T
/ |BtUtSt§t|2dt] < 00. (9.75)
0

The set of all admissible portfolios is denoted by A. We shall denote by Zf -
an investor’s wealth at time ¢ that is associated with the portfolio # and that
is self-financing with respect to ¢. Namely, Z7° satisfies (9.73), (9.74) and
(9.75).

Let g and ¥ be two given continuous concave functions. Define

T
J(0,¢) = E /0 (o) dt + g(Z0°)

The problem that will be studied in this section is the following:
Problem I. Find an admissible portfolio 0* € A and a consumption rate
c* € C such that

JO,c*)>J0,c) Yoe A, cel.

When 7, p; and o; are constants, a similar problem was proposed and
solved by R. Merton [162]. If ; is driven only by standard Brownian motion,
namely, in the equation (9.72), as(t, Y;) = 0, the problem has been discussed in
the literature (see for example, [98]). Here we shall assume that the volatility
process is observable and driven both by a standard Brownian motion and a
fBm. Unlike in the only one standard Brownian motion case, we are no longer
in a Markovian setup. We shall use the method which appeared in [63], [64]
and [124].
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Lemma 9.6.1. Define

Os

1 T
exp (2/ |ps|? ds)] < 0.
0

Let Q be a probability measure on (£2,F) defined by

dQ _
P~

t 1 t
77(75) ‘= exp (/ ps dBs — 7/ pg dS) s
0 2 0

Denote & = exp (— fot rsds) ,0<t<T. Assume that F' is a given random

and let
E

n(T), (9.76)

where

variable which is Fp measurable. Then the following statements about F are
equivalent:

1. There is an admissible portfolio 6 and a consumption rate ¢ such that
ZG,C _ O,c
o =zand Zp"=F.
2.G =& F + fOT &scs ds is square integrable and

E@ [G] = Zz.

Proof. From (9.73) we see that a self-financing portfolio is uniquely deter-
mined by ¢, 0 <t <T. In fact, we have

Zy — (¢S
Gy = tTﬂtt = ft(zt - ﬁtSt)a (9~77)
t
which substituted into (9.74) yields
dZt = TtZt dt — C¢ dt + (/Lt - Tt)ﬁtst dt + Utﬁtst dBt

This we can also write as

dZt — ’I"tZt dt + ¢ dt = O'tﬁtst (dBt + pe = T dt)

gt

= O'tﬁtst (dBt + Pt dt) .
Using the definition of £; we may write the above equation as
d(&Zy) + &er dt = 00&,3Sy dBy,

where

- —r
B =B, +M "
Ot
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Hence

T T
€TZT + / gscs ds =z + / Usgsﬂsss dés
0 0

If Q is a probability measure on (£2,5) defined by (9.76), then from the
Girsanov theorem, By is a Brownian motion on the probability space (2, F, Q).
Therefore, by (9.75) we have

Eq

T

ErZr +/ &scs ds] = z.
0

On the other hand, let

T
Gw)=¢&rF —l—/ Escq ds.
0

If Eg [G] = z and G is square integrable, then there is a unique G;-adapted
stochastic process f; such

T
G = Eg|G] +/0 fe dB;.

Define f
_
fe = o1&eSt
and oy by (9.77). Then 6, = (o4, B¢) is the portfolio that we seek. O

From this lemma we see that Problem I is equivalent to the following
problem.
Problem II: Find a G;-adapted nondecreasing process ¢, and a Sp-measurable
nonnegative random variable F' subject to

Eq

T
erF + / Eucs ds] . (9.78)
0

which maximizes

Eq

T
o(F) + / zp(cs)ds] |

We shall use the Lagrange multiplier method to solve this constrained Prob-
lem II. Consider for each A > 0 the following unconstrained optimization

problem

T T
9(F) + / (es) ds| — AEq / €ocrdt+ ErF

¢,F>0

Va(z) = sup {E
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Lemma 9.6.2. Suppose that for each A > 0 one can find V\(z) and cor-
responding optimal cx(t,w) > 0,F\ > 0. If there exists \* > 0 such that
c* = ey, F* = Fy« satisfy the constraint (9.78), i.e.,

E@ =2z,

T
/ gsC)\* (S) d5+£TFA*
0

then cx«, Fi\« solve the constrained Problem II.

Proof. If ¢ > 0, F > 0 is any pair satisfying the constraint, then

T T
B| [ wedtroB)| =E| [ vledt+ o)
0 0
T
— X"Eg / Escsds +ETF | + A2
0
T
<B| [ wldt+or)
0
T
— X"Eg / Escids + &P | + X\ 2
0
T
—B| [ ecds e
0
This proves the lemma. a

From this lemma it follows that Problem I is equivalent to the following prob-
lem.
Problem III: Find \*, F)\« and cy~ such that F' = F« and c = cy« maximize

T T
I (Fe)= E / W(e) dt + g(F)| = M Eqg / Cocods +ErF|  (9.79)
0 0
for the fized \* and the following holds for \*:
T
E@ / EsCn (5) ds + EpFy- | = 2. (980)
0

Now we outline the general method to solve the unconstrained optimization
problem (9.79) and (9.80). Using the definition of 7, we can write

VA(Z) = subpzo B | Jy (w(er) = Miréuer) dt + g(F) = nrérF |

= sup,, o0 B [y (¥(c) = Améeer) dt + g(F) = Npréo )
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The problem (9.79) can be solved by maximizing the following two functions:

fi(e) = ¥(c) — Apéee, ¢ >0,
hi(F) = g(F) = Anrér ', F >0,

for each ¢t € [0,T] and w € {2. Since g and v are continuous concave functions
for any given A, the maximum cy(t,w) and F)(w) exist as a function of .
Once this is done, one can substitute ¢y (t,w) and F(w) into (9.78) to obtain
an equation for A*. Then cy~(t,w) and F)~(w) is the solution to (9.79) and
(9.80). We shall give more explicit solutions for some specific utility functions.
Now we assume that

In this case D
file) = 7%” — Xyt w)éee, ¢ >0,

D
h(F) = TQFV — An(t,w)érF, F >0,

for all ¢ € [0,T] and w € 2. We have f{(c) = 0 for

e\ /G
c=c\(tw) = <%717T) (9.81)

and by concavity this is the maximum point of f;. Similarly,

1/(v=1)
F = Fy\(w) = (%T) ! (9.82)

is the maximum point of h;.
We now seek A\* such that (9.80) holds, i.e.,

T 1/(v=1) 1/(v—-1)
A&ene ATnr
dt + =
/O Seme ( Dy ) &rir ( Do z

A/O-DN = 2

T 1/(v=1) 1/(v=1)
Etne Ernr
/0 &y ( D, dt + &rnr Dy

T (v-1 /(y=1)
_ é-;// Y E |: 1/(7_1):| dt + LE [ 1/(7_1):|
o p/a-u LT pi/a=n T '

E

or

where

N=F
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e

Substituted into (9.81) and (9.82) yields the optimal consumption rate

1/(v=1)
ot 5 (1)

Hence,

and

1/(v-1)
z (&rnr
FA*W):N( Dy ) .

If g(z) = (logz)/D; and ¥ (z) = (logx)/D2, then in similar way we have

D+ D
PO + 27
z
«_ Do
AT
and D
" 2
c(t,w) =
( ) )\*gtnt

It is easy to see that ¢*(t,w) is H-adapted.
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Local time for fractional Brownian motion

In this chapter we present the main results concerning the local time of the
fBm and provide its chaos expansion. In addition, we investigate the definition
and the properties of the weighted and renormalized self-intersection local
time for fBm and present a Meyer Tanaka formula valid for every H € (0, 1).

The main references for this part are [28], [62], [87], [100], [110], [120],
[122], [123] and [177].

10.1 Local time for fBm

Fix a d-dimensional Hurst parameter
H = (Hy,Hy,...,Hy) € (0,1)¢,

and let BH)(t) = (B%Hl)(t), . .7Br(lHd)(t))7 t € R, be a d-dimensional fBm
n (£2,F,P), where P is the measure defined in (4.41). We are considering d
independent fBm with Hurst parameters Hy, Ho, ..., Hy, respectively, such
that

. 1
BB 0)B{"(s)] = 5 {|s/ + [t — s =t} 65, 1<k <d,

J

where

0 when j # k,
Ok = )
1 when j = k.

Given z € R?, the local time of fBm B (t) can be heuristically described
by

r(x) = 65 (2 / §(BH) (1) — x) dt,

where ¢ is the Dirac delta function, which is approximated by
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1 2 1 ) 2
Po(z) — ~loP?/(26) — / ing=1/22% RY, (10.1
where 72 = —1. This means that formally

1 )
§(z) = lim P (z) = @i /R e de.

The justification of this is similar to those in [4] and [112].
More rigorously we follow [123] and introduce the local time ¢r(x) of fBm

B (t) = (Bng)(t),...,BC(lHd)(t)) at points z € R? up to time T > 0 by
using the (Donsker) delta function

Spun ) (x) = §(BUD(t) — )

of B (t) at z € RY, a concept we will make precise using the fractional white
noise theory introduced in Chapter 4. We now proceed as in [2] and define the
Donsker delta function as follows:

Definition 10.1.1. Let Y : 2 — R? be a random variable which also belongs
to (8)*. Then a continuous function

Oy () : R — (8)*
is called a Donsker delta function of Y if it has the property that
/g(y)éy(y) dy =g(Y) a.s. (10.2)
Rd
for all (measurable) g : R* — R such that the integral converges in (8)*.
As in [2, Prop. 4.2] we can now prove the following:

Proposition 10.1.2. Suppose Y : 2 — R? is normally distributed with mean
m = (mi,ma,...,mq) = E[Y] and covariance matriz C' = [¢jr)i1<jk<a. Sup-
pose C' is invertible with inverse

A=C" = [anli<jp<d -

Then 0y (y) exists, is unique, and, is given by

d
_ 1
oy (y) = 2m) "2V TAT exp® (= 5 D0 a5 +my = yi) o (Ve +mu — ),
J,kzl
(10.3)
where |A| is the determinant of A.

Proof. The proof of Proposition 4.2 in [2] applies. We omit the details. O
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Proposition 10.1.3. Let Y,C = [cji], A= C~1 = [a;x] be as in Proposition
10.1.2. Then

d d
_ . 1
dy (y) = (2m) d/e>(]§><> (ZZ&'(YJ' +mj—y;) — 5 Z Cjkfjﬁk) d¢, (10.4)
Ra =1 k=1
where i = —1 is the imaginary unit.

Proof. Recall the well-known formula
/exp (ng — ;chg) de = (2m) 2| A|M? exp BbTAb] (10.5)
R4

valid for all b € CY. Using the fractional Hermite transform (see [109] for the
standard case), we obtain the following Wick analogue of (10.5):

1 1
/exp<> (ng — 2§Tcg) de = (2m) 2| A|M? exp® (2bT oAo b) ,
R4
valid for every d-dimensional square-integrable random variable b. In partic-

ular, if we apply (10.5) with b = 4(Y 4+ m — y), we get from (10.3) that

Sy () = (2m)~4/2| A2 exp® (;bT <>A<>b)

= (2m)~4 / exp® (ng - ;gT@) de,
R4

which is (10.4). O

From this we deduce the Hu formula for the Donsker delta function proved
in [110].

Theorem 10.1.4.

d
i) = 2n) " [e (IS 05 +m—))de (100)

R4
where the integral exists in (8)*.

Proof. Recall the following connection between the Wick exponential and the

ordinary exponential of a Gaussian random variable Z with values in R? and
with E [Z] = 0:

exp®(b"Z) = exp (bTZ - %bTE [(ZzZ"] b)

for all (deterministic) b € C?. If we apply this to (10.4) with Z =Y —m and
b = i€ we get (10.6). O
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We now focus on the case when Y = BU)(¢):

Corollary 10.1.5. The Donsker delta function gy (x) of fractional
Brownian BU)(t) € R? is given by
d 1 )
—d/2 j R 72Hj Jj o X 2
dpon ) (x) = / H expo( 5 Zt (B; () —z;)° )

j=1 j=1

Proof. The random variable Y := B (t) is normally distributed with mean
0 and with covariance matrix C = [c;i] given by

cix=E B§Hf>(t)B,§Hk>(t)] =?Hig,, 1<j k<d (10.7)
Thus C is diagonal with inverse A = [a,] given by

—2H;
ajk =t J5jk.

Then 4
Al =[]t
j=1
Hence the result follows from Proposition 10.1.2. O

Corollary 10.1.6. The Donsker delta function is also given by

dpan ) (x) = (2m)” /eXP ( Zf B(H) - ;)

Rd
1 H
— 5 DB (1) - @))% d.
j=1
Proof. This follows from Proposition 10.1.3 and (10.7). O

Remark 10.1.7. Note that this integral converges in the fractional distribution
space (8)*. This follows by considering the fractional Hermite transforms. See
[109].

Corollary 10.1.8.

Sn (&) = (2m)* [[ex Zej t) - o)) de,

Rd
where the integral converges in (8)*.

Proof. This is a direct consequence of Theorem 10.1.4. g
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We now proceed to define fractional local time:

Definition 10.1.9. Fiz T > 0 and a point x € R?. The local time of BU7)(t)
up to time T at the point x is defined by

6 (@) = 640 (w,2) = lim m)\l({s € 10,77 : B (5,0) € D(z,e)}),

where the limit is taken in (8)*,
D(x,e) :{yeRd :‘ y—x ‘<€}7

|D(z, )| = Aa(D(z,¢€)) is the volume of D(x,€), and Ay denotes the Lebesgue
measure in RY.

Remark 10.1.10. This definition is natural from the point of view that local
time at x is the amount of time spent at the point.

Proposition 10.1.11. 1. The local time of B (t) € R? at the point x € R?
exists in (8)* and is given by

T
0 () = / ) () ds.
0

2. Hence, for d-dimensional B™)(t) we have

(0 (z) = (2m) =92 / ) (f[ e
! (10.8)
exp® ( -3 Zt—QHj [B(HJ)(t) _ x]]oz) dt

and
T d "
H _ . ;
¢ (z) = (2n) d/o [/R exp (ngj[B§ f’(t)—xj])dg] dt.  (10.9)
j=1
3. In particular, for d =1 this gives

00 (@) = (2m)~1/? /OT = exp® (—;t‘QH(B(H)(t) - x)°2> dt (10.10)

(0 (@) = (2m) ! / ' [ / exp(i€[BU () — a])de] dt.
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Proof. If we apply (10.2) to the function

1 ifye D(z,e),
0 otherwise,

ge(y) = ID(m,E) (y) = {

we get

T
M({s € [0,7]: BI(s) € D(w,e)}) = / Iy [BU(s)] ds
OT
= [, oo s s d]

T
:/ [/ 6B(H)(s)(y)d8} dy.
D(z,e) 0

4 (1) = 1im %)\1({5 € 10,7]: B(s) € D(w,e)})

1 T 4
IS 5 dsldy = [ ds.
=20 [D(z, )| D(x.e) {/o 500G (¥) S} Y /0 B o) () ds

Formulas (10.8) and (10.9) now follow from Corollary 10.1.5 and Corollary
10.1.6. O

The generalized expectation operator E can be defined on (8)* in exactly
the same way as in the standard case (for example, see [109]): If X € (8)*,
then F [X] is the zero order element in the chaos expansion of X. In particular,
FE has the properties

E[YoZ|=E[Y|E[Z] forY,Zec (8)"
and
Elexp®Y]| =exp E[Y] if exp®(Y) € (8)*.
Therefore we obtain the following directly from (10.8) and (10.10):

Corollary 10.1.12. 1. The generalized expectation of fractional local time
of BED(t), 0<t < T at x € R? is

E (0 ()] = (2m)~9/2 / ' (f[tHf>

= (10.11)
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2. In particular, for d =1 we have
H T 1
E [t (x)] = (27r)—1/2/ t=H exp (—Qt—”fﬂ) dt. (10.12)
0

In the next section we will find the whole chaos expansion of €(TH)(:U). Then
we will find conditions which ensure that fng)(am -) € L%(P). If this is the case,
then (10.11) and (10.12) give the usual expectation of é(TH)(x, ).

It is well-known that L?(P) is a dense subset of (8)*. Thus E(TH) (x) can be
approximated by elements in L?(PP). It is easy to verify that

Proposition 10.1.13. Let P. be defined as in (10.1), and let

T T
1 .
gihir’) (z) = / Ps(B(H)(t) —x)dt = i / / eZ(B(H)(t)—Z)5—1/2552 de dt
’ 0 2m) Jo  Jra

Then
lim @) =6 @) i (8)

10.2 The chaos expansion of local time for fBm

In this section we will use the following formula for the Donsker delta function,

d
Spom (p(x) = (27r)—d/Rd exp (iZgj[B]ﬁHﬂ(t) —xj]) de € (8)*,  (10.13)
, <

obtained in Corollary 10.1.8, to find the chaos expansion of the fractional local
time

T
50 (@) = / S 1) () dt. (10.14)
0

For simplicity we will first assume that = 0 (the case x # 0 is similar), and
we will put

(B (1)) = Span 1 (0).

Let f(s) = (f1(s),..., fa(s)) be a (complex) deterministic function belonging
to Ly P (R) = L%, (R) x --- x L% (R), f = 0 outside [0, T]. Define

t
H. 1
el = exp ([ 1B (5) = 51T al):
0
where || fIo 4|3 is defined in (3.59). Then it is easy to see that

el =1+ / e[f)(s)£;(s) B (5).
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By iteration of this identity it follows that
r 1
exp / F$)dB () ~ S 1)
EOVED I A

n=11<j1,,jn<d

7 g B B ) B s
Note that

4253/ Io(s)dBS™(s)  for all € € R?
and

Tio4y(s1) -+ Tj0,4)(8n) = Ipmax{sy,...,sn},00) (£)-
Thus for any ¢ € RY,

exp (i¢B (1))
1< 1y
p (B0 + 5 301 e (- 5 20
j=1 =t
= Zz"exp(— iztﬂ[jg?)
n=0 Jj=1
T Sp—1 52
/ / / Z Eiv &t (s1) - Lo.n(sn)
o Jo 0 1<y, jn<d

/ / / j1 o gjnl[max{sl,...,sn},oo) (t)

1<j1,. 7]n<d

HJ' HJn
-dBY (51) - dB) (s,,).

Therefore by Proposition 10.1.11 item 2,

410 ) Z Z //3"1 /Szfjh_wjn(sl,...,sn)

= 1<j1,..,in<d

dme( D) dBI (s),
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where, for n > 1,

. I[max{sl,...,sn},oo] (t) dt dgl t dgd
To compute f;, .. ;.(s1,...,5), let us introduce
j = (jlana"'ajn)

and
v(j, k) =#{le{l,2,...,n}: ji = k}

for k=1,2,...,d. Thus v(j,1)+--- +v(j,d) =n for j =1,...,n. With this
notation, we obtain

fow (-3 ) e
k=1

d
1 v(g v(g,
- /eXp (=32 e)er o i Dagy - dey
a k=1
— KG) /671/2|n|27ﬁ(ﬂ'xl) D g g

Rd
=t~ KW (2m)d0(j),

where

0 when one of v(j, k) is odd,

CO) = (gy-arz ] V0!
(2) IEQV(j,k)/Q(V(j, k)/2)!

when all v(j, k) are even.

and

IS

K(j) =Y Hy(1+v(jk)).

k=1

T

fjl ~~~~~ jn(sl,"';sn) = C(]) tiK(J) dt
max{si,...,Sn }

_CU)  (pr-k() 1=K ()
T—K() (T max {S1,...,8n} )

Consequently,
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=¥ Z // /gnTmaX{sl,.. Jsn )

n even 1<jy,...,7, <d

: dB§f’>(sl) - dBI (s,),
where

gn(T,u) = (—1)”151;?() (Tl K@) 1—K<j>) forn>1. (10.15)

(When n = 0, we assume that max {s1,...,s,} =0.) Thus we obtain

Theorem 10.2.1. The chaos expansion of the fractional local time E;H)(O) =
fOT S(BE (1)) dt at z =0 is given by

T
400 = [ B
=Y Z // /gnTmaX{sl,.. s ))

n even 1<jq,...,j, <d

-dBj}! )(51) B (s0), (10.16)

where g(T,u) is given by (10.15).

Another proof of the chaos expansion for the fBm can be found in Proposition
4 of [87].

Remark 10.2.2. If the series in (10.16) converges in L?(P), then the expecta-
tion is the zero-order term in the chaos expansion. Thus, by choosing n = 0
in (10.15) we have, for d =1 (see Corollary 10.1.12),

/ S(BH) (1) dt] \/%(1—H)

Now we compute the L? norm of the local time of the fBm. We still use
expressions (10 13) and (10.14) for the Donsker delta function. It suffices to

show that E ( ) is a bounded sequence in L?(IP) as ¢ — 0+. For the sake of
simplicity, we let € = 0. Thus we need to estimate

sl - [ [ 0 o]
T [07T R2d
. - 1)2d/ / ¢~ 1/2Var(€BU0 () -nB M G)) ge qn s dt
s 0,712
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T Sn—1 s
sﬁ/ / / / e 1/2Vax (€8 (O=nB ) ge g ds dt.
m o Jo 0 JRr2

Here we have used that for any Gaussian random variable X,
E [eiX} — e~ 1/2Var(X)
Using the nondeterminism property of fBm we have that when 0 < s <t < T,
there is a positive constant k > 0 such that
Var (68U (1) = nB™)(s)) = Var (¢[BU (1) = B (s)] + (¢ = n) B (5))
>k [€2]t = 5|0 + (n — §)*s* ]
where
H() = max(Hl, ey Hd)

See [25], [26], [27], [28], [29], [119], [197] for the use of this property. Therefore,
we have when Hod < 1,

(H)(\2] « 2 —k/2[€% =3[0 4 (n—)?s> 0]
B[ @) < o [ e d€ dnds d

_ ;/ I S
C(2m)akY?2 Jocscraq sT0A(t — s)Hod

2 ot 1
-2 / / B SR
(27T)dkd/2 0 0 SHUd(t _ S)Hod

__20(1— Hyd)® /T f1-2Hod gy
(2m)dkd/2"(2 — 2Hod)
QF(l _ HOd)2 T272H0d
(2m)dkd/2(2 — 2Hyd)(2 — 2Hod)
2I'(1 = Hod)® 2 a0
(27m)¢k4/2(3 — 2Hod) '

Summarizing the above, we obtain

Theorem 10.2.3. Assume that Hod < 1. Then the local time K%H)(x) =
fOT d(B(t) — x) dt is square integrable, and for any x € R we have

r 2 _ 22—2Hod
lim F / 5(B(H)(t) —z)dt < 2I(1 Hod) T ’
Too0 0 (2m)VkI(3 — 2Hod)

where k is a constant depending on Hy.

Moreover, by [87] we obtain the following further regularity result concerning
il
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Theorem 10.2.4. The local time E(TH) of the one-dimensional fBm BU) be-
longs to the space ]D)?‘{’2 for every oo < (1 — H)/(2H).

This result can be obtained by using the Wiener chaos expansion for E%H) (see,
for example [177]). For further details on the proof of this Theorem, we refer
to Theorem 5 of [87].

By Theorem 1.6.1 of Chapter 1 we know that the fBm has §-Hoélder con-
tinuous trajectories for all 5 < H. Thus, when H becomes smaller, the paths
of BH) become less regular, but the regularity of its local time increases. If
H = 1/2, we obtain the regularity result for the standard Brownian motion
that holds for ax < 1/2.

10.3 Weighted local time for fBm

Let d = 1 and consider a one-dimensional BH) for H € (0,1). Now we
introduce the weighted local time as

B (g / §(BUD — )21 g, (10.17)

For H = 1/2, the usual local time is the same as the weighted local time.

(H)
In [62] the weighted local time Ll(tB ) is introduced as the density of the
occupation measure

t
my (') = 2H/ Ip(BUD) =1 g,
0
where I € B(R). By [28] and [100] it follows that the occupation measure

mr) = [ 1 (BE)as

0

has a density )\?) that has a continuous version in ¢ and x. In particular, by

[100] we have that /\EI) is Holder continuous respectively of order v < 1 — H
in t and of order o« < (1 — H)/(2H) in z. Since we have

() " oHo1, ()
L; (x)=2H | s Ay ds,
0

(H)
the weighted local time LEB )(x) inherits the continuity properties of )\Ez)
In particular, for any continuous function ¢g : R — R the following holds:

t - t ()
/ g(BU)2H1 g5 = / aeE W) dy.
0 0

Following the proof of [29], it can also be easily seen that the local time

()
ZEB )(z) is a jointly continuous function of ¢ and z for almost all w € 2. We
can now prove the following:
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Proposition 10.3.1.

H t 1
E [LgB( ))(x)] = (27r)_1/2/ =1 exp (—27"_2Hac2> dr. (10.18)
0

Proof. To prove (10.18), use integration by parts to write
t
LEB(H))(I) _ / 5(B£H) - x)S2H71 ds
0
t
— (B )21 (9 — 1)/ s2H=2B") 1y g5 (10.19)
0

By using equation (10.11), we have

E [/t SQH_QEgB(m)(x) ds}

0
"o 1 * _H L _om 2

:/0 s [\/%/0 r— " exp (—27" x ) dr}
1 t ¢ 2H—9 —H I _om o

:E/O (/73 ds)r exp(—zr ac)dr

t

== 01 (=21 Hexp <—;r2Hx2) dr

(2H-1

_ E [egB“”)(x)]

2H -1
¢ 1
=1 exp (—27“_2Hx2> dr. (10.20)

ds

1
C(2H - 1)V2r /o
Combining (10.19) and (10.20), we obtain (10.18). O

The exact second moment is harder to compute. However, we are able to
obtain an upper bound for the second moment.

(2 T
Proposition 10.3.2. The weighted local time L(TB = [4( (BU (¢
0

x)t2H =1 dt is square integrable, and for any v € R, we have

_ D(H)I(1— H)T7
- 2HmVk ’

where k is a constant depending on H and is defined by (10.21) below.

B [ )2

Proof. Using the representation (10.17), we follow the proof of Theorem 10.2.3
and get

E {(;;;B(H”(x))z] —F < /O ! §(BUD () — z)¢2H 1 dt>2



252 10 Local time for fractional Brownian motion

1 —(i€a+inz)
3 e
(2m)" Jio,1)2 Jr2

B [eifB(H)“)*”’B(H)(S)} (st)? 1 de dn s dt

= 1/2Var(€BUD () -nB () (4\2H-1 ge g ds dt

[0,T]?2 JR2

e~ 1/2Var(§B (0=nB ™ (9) ()2H-1 ge g ds dt.

0<s<t<T JR2

As in the proof of Theorem 10.2.1 by using the nondeterminism property of
fBm (see [29], [119], [122], and the references therein), we find that, when
0 <s<t<T, there is a positive constant k£ > 0 such that

Var (6BU(t) = nB(s)) = Var (¢B 1) = BH(s)] + (€ - m) B ()
> k[t — s + (n — €)?s*], (10.21)

Therefore, we have

E [(L%B‘%)ﬂ

S o~k /2[€%1t=s 12T +(n—€)%s 2H]( )2 =Y de dnds dt

W/ / g e
H 14,2H—1
2mf/ (/ e d)‘”

_ —H) 7wy, DH)TA - H) op
= 271_[ /0 t dt = e T

This proves the proposition. a

By [62] we obtain the Wiener chaos expansion for the weighted local time.

Proposition 10.3.3. Let H € (0,1) and B o one-dimensional fBm. The

()
weighted local time LgB ) has the following Wiener chaos expansion:

£ &) _2HZ / I (@) (7 ) n (B 5,)°") s

where pgon (z) = 1/(s"vV2m) exp (—2?/(25*)); hy, is the nth Hermite poly-
nomial, and K (s,t) is the reproducing kernel introduced in Chapter 2.
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10.4 A Meyer Tanaka formula for fBm

Here we provide a generalized It6 formula for convex functions valid for every
H € (0,1) following [123]. At this purpose we consider the stochastic integral
defined in Chapter 4. Let f : R — R be a convex function. Then it is well-
known that its left derivative D~ f(z) exists and is finite for every z € R,
where we have

_ B fle—h)—f(=z)
Dse =ty T 02

Define the second derivative measure of f by vy(dz) by
vi(la,b)) := D~ f(b) — D~ f(a), —o0 < a<b< oo (10.23)

Theorem 10.4.1. Let H € (0,1), B q one-dimensional fBm and f be a
convez function of polynomial growth. Then

t
FB) = 10 + [ D fEI) B 4 1 [ £ @)y (do),
0 R
where here the stochastic integral in terms of BH) is to be interpreted as the

one defined in Chapter 4.

Proof. Define a function p by

p(z) == cexp ((33—11)2—1) 7

for x € (0,2), and p(z) = 0 elsewhere, where ¢ is a normalizing constant such
that [, p(x)dz = 1. Let
on(@) i= np(na).
If
fu@) = [ one—w)fdy. nz1

then it is well-known that

lim f,(x) = f(x) and nILH;o fi(x) =D~ f(z)

n—oo

for every x € R. Moreover, if g is of class C'' and has compact support, then

i [ g(a)f@)do = [ g(o)vs(do).

Since f, is C?, we have by Theorem 4.2.6 in Chapter 4

t t
FuBD) = 1,000+ [ 2B B g [ B0 ds. (1020
0 0
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If n — oo, then it is easy to see that fn(Bt(H)) converges to f(Bt(H)) almost
surely, and f,,(0) converges to f(0).
Next, we consider the limit of the last term. Since

t t
H/ 52H71f,’{(B§H))ds=H/ sZH*l/f,’[(x)é(Bé(,H)—a:)d:cds
0 0 R
t
:H/f{l'(:r)/ sH=15(BH) — 2) ds dx
R 0
11 [ f1@el" @) ds
R

we have .
i [ B s — [ £ ) vyt
o R

as n goes to infinity. Finally we see that
t t
/ 1By o W) gg 2222, / D= f(BENYowH) ds  in (8)*
0 0

and also almost surely, by the convergence of the other terms in (10.24). So,
the result follows. O

The function f defined by f(z) = |x — z| for € R is convex, D~ f(z) =
sign (x — z), and v¢(dz) = 20,(dz). Thus we obtain the following representa-
tion for the reflection of fBm.

Corollary 10.4.2 (A Meyer Tanaka formula for fBm). Let H € (0,1)
and BH) g one-dimensional fBm. For any z € R,

t
B~ 2 = |zl + [ sign (B — 2)aB{D + 202", (10.29
0

In [62] a Meyer Tanaka formula for fBm is obtained for H > 1/3. Moreover
in [54] a Meyer Tanaka formula for fBm is provided for all H < 1/2 by using
the extended divergence operator ¢ introduced in Chapter 2, Definition 2.2.7.
We recall it for the sake of completeness.

Theorem 10.4.3. Let H < 1/2 and x € R. Then I(; o0\ (B (s)) (0,4 (s) €
dom™ § and

(T 00y (B (D) T0,0(3)) = [B (1) — 2] — () = 227" a).

For the proof of this result, we refer to Theorem 4.4 of [54].
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10.5 A Meyer Tanaka formula for geometric fBm
Let X; be a geometric fBm, defined by
dX; = pX,dt + o X, dB™,  t>0, Xo=2>0,

with z a constant, where B#) is a one-dimensional fBm and H € (0,1). Using
the Wick calculus (see Example 4.2.4), the solution of this equation is found
to be

1
X, = zexp (UBt(H) + put — 202t2H) : (10.26)
For this process, we define the local time EgX)(z) of X at the point z > 0 by
X ! 1
e,E )(z) = / §(Xs—2z)ds=1lm —X\ ({s €[0,t] : | X5 — 2] <¢e}),
0 e—0 2¢

where \; is the Lebesgue measure on R, and the weighted local time Lgx)(z)
of X at z by

t
LgX)(z) = /0 §(Xs — 2)s* 71 ds.

Since X, is a functional of Bt(H)7 we expect that the local time of X will also be
related to the local time of B). The approach that we are going to develop
is applicable more generally to any process of the form Y; = f(t, BU(¢)).
Let f(t,z) be a continuous function of ¢t and x such that as a function of x it
is invertible with continuously differentiable inverse function f~1(¢,z). Then
for any smooth function ¥ of compact support we have, fixing ¢ and writing

fly) = f(t,v),
/ 5(F() — 2)(2) dz = B (1),

R

On the other hand, if we make the substitution u = f~1(2), we get

[ o= 17160 1 [ @] ez = [ 6ty - ue(s ) du
R R
=v(f(y))

Thus we have p
5(fly) —2) =6y — (=) - [f71(2)]

(in the distribution sense). Now we consider the local time of Y; = f(t, BU) (t))
with

1
f(t,y) = zexp (Jy + put — 202t2H> .

Denote the inverse of y — f(¢,y) by h(t,y). Then
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1 2
h(t,z) = - (log; — pt + (;tQH‘l) . (10.27)

The derivative of h(t, z) with respect to z is

ih(m) _ [f71(t2)] = L

dz dz oz

Thus

LEX)(Z) = /t 5(f(S7B(H)(S)) _ Z)52H71 ds
0

z

t
= 1 //eié(B(H)(s)—h(s,z))d£82H—1d8.
0 JR

20zm

= /t S(BH) (5) — h(s, z))is”f—l ds
0 g

Now it is easy to see from our previous calculations of the first and second
moments of the local time of fBm (see Propositions 10.3.1 and 10.3.2) that
we have the following result.

Proposition 10.5.1. Let H € (0,1) and X, given in (10.26). Then

1 L h(s, z)?
E [LEX)(Z)} = 7/0 sH Lexp (— ésQH) ) ds,

2moz

where h(s, z) is defined by (10.27), and

E [(LEX)(Z))Q} g F(IQJILI;(\l/E—Ui);zH

where I' is the gamma function.

Remark 10.5.2. Similarly, we can obtain

1 bt h(s,z)?
E[ng)(z)} _ 27mz/0 s H exp (_ ;SQH) ) ds.

It is interesting to note that when f is independent of ¢, i.e., Y; = f(B")(t)),
then the local time of Y; is given by

e = [ BB )~ fu)s s
= t (H) (g} _ 1)) g2H-1 <
[ 8w s

1 t

_ (H) (¢) — )s2H-1 ds
f,(y)/ofxB (s) — y)s*1d
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_ 1 s

')t

(y)-

This means that we have

1 gB(H))
f'(y)
It is interesting to compare this formula to those in the semimartingale case

(see [194, p. 234]).
The above calculations also prove the following theorem.

LIE) (f(y)) = ).

Theorem 10.5.3. The weighted local time LEX)(Z) exists as an element of
L2, and it is a positive, jointly continuous function of t > 0 and z > 0.

Furthermore, we have the following theorem and its corollaries.

Theorem 10.5.4. Let f : RT — R be a convex function having polynomial
growth. Then

FX0) = f(X0) 1 [ D F(X) X+ o%H / 2207 (x) dvy (), (10.28)
0 R

where, as before, D™ f denotes the left derivative of f and vy denotes the
second derivative measure of f, as introduced in (10.22) and (10.23), respec-
tively.

Proof. We proceed as in the proof of Theorem 10.4.1. Let {f,} be a sequence
of smooth functions converging to f (as in the proof of Theorem 10.4.1).
Define g, (t,y) = fn(zexp (ay —1/20%2H + ut)). Then by the fractional Ito
formula (see Theorem 4.2.6), we have

Fu(X0) = ga(t, BI)
= gn(0 o)+/tag”(s B ds
n ) 0 88 Y S
9gn H H 2H71829n H
+/ = (5, BUDY dB¢ )+H/ 872(5,35 )Y ds

/f (—Ho?s* =1 ds + pds + o dBH))
+H/ A N(X )X 20 + f1(Xs) X 07] ds

/f ) dX, +H/ =L (XVX26%ds. (10.29)

Proceeding as in the proof of Theorem 10.4.1, we have

t
/ fN(X)o? X2Hs?H 1ds—/ [/ fN(X)o2x?5(X, — x)dx| Hs* =1 ds
o L/r



258 10 Local time for fractional Brownian motion
_ 2 " 20 (X)
=0 H/ fo(z)x“L;" (x) de, (10.30)
R
which converges to o?H [ :EQL,EX)(x) dvg(z) as n — oo. Letting n — oo in
(10.29) and using (10.30), we obtain (10.28). O
Corollary 10.5.5 (A Meyer Tanaka formula for geometric fBm). Let
H € (0,1) and X, given in (10.26). For any z > 0 we have
¢
| X — 2| = | Xo — 2] +/ sign (X, — 2)dX; + 202HzZL§X)(z).
0
Proof. In this case f(z) = | —z| in Theorem 10.5.4; so D~ f(x) = sign (x —z)
and vy(z) = 25, (x). O

Corollary 10.5.6. Let H € (0,1) and X; given in (10.26). For any z > 0 we
have

t
(X, —2)t = (Xo—2)t + / [y (Xy) dX + 2 HZ2L)(2).
0
Proof. In this case f(z) = (z — 2)* in Theorem 10.5.4; so D~ f(z) = I, ~)
and v¢(z) = 9. (x). a

A convergence of functionals of weighted sums of independent random
variables to local times of fBm can be found in [132], where discrete approxi-

. (B . . 9
mations of L; (z) are established in the L* sense.

10.6 Renormalized self-intersection local time for fBm

Let BU) = {BW)(t),t > 0} be a d-dimensional fBm of Hurst parameter
H € (0,1). The self-intersection local time of B! is formally defined as

T t
_ () () — B (6)) ds
z_/o/oaoua (t) — BU(s)) ds dt,

where do(z) is the Dirac delta function. It measures the amount of time that
the process spends intersecting itself on the time interval [0,7] and has been
an important topic of the theory of stochastic process. A rigorous definition
of this random variable may be obtained by approximating the Dirac function
by the heat kernel

pelo) = (2me) V2 ewp (121

as € > 0 tends to zero. We denote the approximated self-intersection local
time by
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T t
_ (H) _ np(H) s s .
&—Ahémw (t) — BUD(s)) ds dt, (10.31)

and a natural question is to study the behavior of I. as ¢ tends to zero. At
this purpose, we present some of the results of [120].

The following result extends a result from [197] to the case of arbitrary
dimensions and with Hurst parameter H < 3/4.

Theorem 10.6.1. Let I. be the random variable defined in (10.81). We have

1. If H < 1/d, then I. converges in L? as € tends to zero.
2.If1/d < H < 3/(2d), then

I. — TCyy ge~¥/2+Y/CH), (10.32)

converges in L? as € tends to zero, where

Cha= (277)*”1/2/ (22 +1) 2 g,
0

3. If1/d = H < 3/(2d), then

T 1
I, — ————1 - 10.
: QH@me<g(E>7 (10.33)

converges in L? as ¢ tends to zero.

4. If H > 3/(2d), then the difference I. — E[I.] does not converge in L?.

That means, if H < 3/(2d), the difference I. — E [I.] converges in L? as ¢ tends
to zero to the renormalized self-intersection local time. In the case H > 3/(2d)
we know from the above (10.33) that I. — E [I.] does not converge in LZ.
However, we have the following in this case.

Theorem 10.6.2. Suppose 3/(2d) < H < 3/4. Then the random variables

(log(2))"*(L. —~ B[L]) if H =3/(2d)
gd/2=3/UH) (1. — B[I.]) if H >3/(2d)

converge as € tends to zero in distribution to a normal law N(0,To?), where

o? is a constant depending on d and H.

We shall prove Theorem 10.6.1. The proof of Theorem 10.6.2 is more involved,
and the reader is referred to the paper [120].

Proof (Theorem 10.6.1). Let BH) = {BU)(t) ¢t > 0} be a d-dimensional fBm
of Hurst parameter H € (0,1).

Consider the approximation I of the self-intersection local time introduced
in (10.31). From the equality
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. 5||€||2L2(Rd)
exp (i (€ 2) yagaa ) oxp | ———o 0 ) de
and the definition of I, we obtain

= | ' / t [ exw (16 B0 = B (9) oy

ell€ll?
- exp (—;(R) de ds dt.

pe(o) = (20) 7 [

Rd

Therefore,

B[] = LAdE [exp (i€, B = BD) 2 gy

. H H
+ Z<7773t(/ )*B(E/ )>L2(Rd)>}

1 (10.34)
. WGXP (_ (€||€||2L2(Rd) +€||77||2L2(Rd)) /2)
-d¢dndsdtds' dt’,
where
T={(s,t,8,t):0<s<t<T,0<s <t <T}. 1035

Throughout this part we will make use of the following notation: for any
T = (s,¢,8,t),
Ar) =t —s*, p(r)=[t' &', (10.36)

and

,U(T) — (|S—t/‘2H+|S/—t|2H— ‘t—t/|2H— |S—S/‘2H). (1037)

N |

Notice that A is the variance of B{""' — BH:1| p is the variance of Bg,{’1 — B5’17

and p is the covariance between Bfl’l — BE1 and Bf’l = Bf’l, where B!
denotes a one-dimensional fBm with Hurst parameter H.
With this notation, for any &, € R?, we can write

2
E [(@7 BUD(t) — BU(s)) L2 gay + (n, BYD(t') — B(H)(S/)>L2(Rd)) }
= )‘H§||2L2(Rd) + P||77H%2(Rd) + 2p(&, M) L2 (m)- (10.38)
As a consequence, from (10.34) and (10.38) we deduce for all € > 0,
E(12) = (2m)~

// e[ OFMEIT2 gy #2062ty + o4l 0 | 12 g g iy
T JR2d
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—d/2

= (27r)*dl/Tr [(A+¢e)(p+e)—p°] dr. (10.39)

On the other hand, the expectation of the random variable I, is given by
T ot
E[l] = /0 /0 Peyjt—s2n(0) dsdt
T ot

— (zw)*d“/ / (e+1t— 5|2H)_d/2 ds dt

o Jo
—d/2 ’ 2H\—4/2

= (2m) (T —s) (e + ) ds. (10.40)

0

Assertion 1 follows easily from (10.39) and (10.40). From (10.40), making
the change of variables s = ze'/(2) we obtain, if 1/d < H < 3/(2d)

o1/ (2H)—d/2 Tel/(2H)

—d/2

= V/CH=d2PCy 1+ o(e).

For H =1/d we get
T'log(1/e)

Ell]= 2H (27)4/2

+o(e).

Hence, the convergence in L? of the random variables (10.32) and (10.33) is
equivalent to the convergence of I, — E [I,].
From (10.39) and (10.40) we obtain

BULL) = EUIE (L) = ) [ [(0+) (o) = )"
~((+2) (p+ )2 ar.

Therefore, a necessary and sufficient condition for the convergence in L? of
I. — E'[I.] is that

Zp = /(I [()\p — )" (Ap)*d/ﬂ dr < oo. (10.41)

This is a purely analysis problem and is solved by the following lemma. O

Lemma 10.6.3. Let =7 be defined by (10.41). Then Er < oo if and only if
dH < 3/2.

Proof. We divide the proof into three steps.

Step 1. We will denote by k a generic constant which may be different
from one formula to another one. We will decompose the region T defined in
(10.35) as follows:
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TN{s<s'}=TUTUT3,
where
Ty ={(t,s,t',8):0<s<s <t<t <T}
To={(t,s,t',s):0<s<s <t <t<T},
Ty={(t,s,t',s):0<s<t<s <t/ <T}
We will make use of the notation:

i If(t,s,t,8") € T, weput a =8 —s,b=t—¢ and ¢ =t/ — ¢. On this
region, the functions A, p and p defined in (10.36) and (10.37) take the
following values

A=\ = M(a,bc) == (a+ b p=p = (b+c)?H,

[(a+b+c)* + 027 — 2 — M),

—

1

2

ii. If (¢,8,t,8) € Ty, weput a = —s, b=t —s" and ¢ =t —¢'. On this
region we will have

p=p = p(a,b,c) =

A=Xo =0 p=py:=(a+b+c)?H,
1

=l ::i [(b+c)2H+(a—|—b)2H—c2H—a2H].

ii. If (¢,8,t',8") € T3, weput a =t —s,b =5 —t and ¢ = ¢’ — ¢'. On this
region we will have

2H . 2H
yP=pP3:=C",

[(a+b+c)* + 07 — (b+¢)* — (a+b)*"].

)\Z)\3Z:

Q

H=p3 =

DN =

For i = 1,2,3 we set §; = \ip; — p2, 6; = 6;‘1/2 — ()\ipi)_dﬂ. Note that A;,
piy Wi, and so on, ¢ = 1,2, 3, are functions of a, b, and c.

The following lower bounds for the determinant of the covariance matrix
of Bf'' — BE1 and Bf’l — B! were obtained in [119] using the local

s’

nondeterminism property of the fBm (see [29]).

i
51 >k [(a+ 0> + (b+ c)*a®H]. (10.42)

ii. Fori=2,3

Step 2. The following estimates are important.
k(a+ b+ c)2H_2ac < pg < kb*H2qe. (10.44)

For i = 2,3, we have
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O; < kp2 (Aipy) 4! (10.45)

and
0; <k (\ips) *. (10.46)

In fact, the inequalities in formula (10.44) follow from
1

Ha =5 [(@+b+c)* + 07 — (a+b)* — (b+c)*H]

1,1

= H(2H — 1)ac/ / (b+ve+ua)* 2 dudv.

o Jo

We have, for i = 2,3,

0; =

2 —d/2
i —d/2
1-— — 1| (Nips .
( )\ipi> ] (hap)

The estimate (10.43), assuming k < 1, implies u?/(\ip;) < 1 — k and (10.45)
holds. Moreover, (10.43) also implies (10.46).
Step 3. Suppose dH < 3/2. We claim that

/ O;dadbdec < 0o (10.47)
(0,772

for i =1,2,3. From (10.42) we deduce
61> k(a+b)2(b+c)al M
> k(abe)*H/3. (10.48)
Then, (10.48) together with the estimate
Ap1 = (a4 )2 (b+ ) > (abe)*H/3.

implies (10.47) for i = 1.

To handle the case ¢ = 2, we decompose the integral over the regions
{b>mna}, {b>nc}, and {b < na, b < nc} for some fixed but arbitrary n > 0.
We have, using (10.46)

da dbdc
== Oy dadbde < k .
/b>77a 2 c= /b>na (a + b + C)dedH

If dH < 1, then this integral is finite. If 1 < dH, then

k/T/Tdadc/TbHddb
dH
0 0 (a+c) na

T ,T
k/ / a74dH/3+1Cf2dH/3 dade < 0.
0 0

—

IN

IN
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It is also easy to show that = < oo in the case 1 = dH. The case b > nc can
be treated in a similar way.

To deal with the case both b < na and b < nc, we make use of the estimate
(10.45) and the following upper bound for 5.

1
pe =3 [(a+b)* —a®™ + (b+ )" — ]

< k(@ 2
for n small enough. In this way we obtain

@2 < k (a4H—2 +C4H_2) (a+ b+c)f2H7dH b2—2H—dH

<k (a(27d/3)Hde/3 T c(27d/3)Hde/3> (a+b+ C)szde p—dH

Hence,

/ Os dadbdc
b<na,b<nc
< k/ b= (a+b+¢) 2
b<na,b<nc

) [a(Q—d/S)Hde/3 +C(2—d/3)Hde/3} da db de

< k/ b= (a4 b+ ¢) 2T GC=d/3H AU/ g dp de
[0,7]?

< k/ biQdH/?’a*MH/?’c*QdH/?’dadbdc

~ Jorp

which is finite if dH < 3/2.

To handle the case i = 3, we decompose the integral over the regions {a >
mb,c > n2b}, {a < mb,c < mb}, {a > mb,c < n2b}, and {a < n1b,c > nab}.
By symmetry it suffices to consider the first three regions. We have, using

(10.46)
T T T
/ @gdadbdcgk/ db/ ;%/ ij—il
a>mb,c>n2b 0 n1b n2b
T ab
<k p2dii—2 < %
0

Let us now suppose both a < n1b and ¢ < n9b. Using (10.44) and (10.45) and
that H < 3/4 yields

Oy < kbH 42— 2H—dH 2-2H—dH _ | ~2/3dH —2/3dH —2/3dH

which implies that the integral over this region is finite. Finally, let us consider
the case ¢ < mb and a > nob. If Hd > 1, then (10.46) yields
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O3 < k(ac)~ 4

which is integrable. So we can assume H < 1/d < 1/2. Then

1
pa =5 [(a+ b+ — (a0 —(c+b)* + 7]
< kb* e (10.49)
if 15 is small enough. Hence, using (10.45) and (10.49) we get
Oy < kpAH—2q2H—dH 2—2H—dH

Consequently, if —dH +2H +1<0

/ Osdadbde <k / pAl—2q—2H—dH 2=2H—dH . qp dq
c<mb,a>n2b c<mb,a>n2b

IN

k/ a—dH—2Hb—dH+2H+1 dbda
a>mn2b

T
< k/ a*?dH+2 da,
0

which is finite if dH < 3/2. The case —dH + 2H + 1 > 0 is easier. Assume
that H = 3/(2d). We note that
B | (Lo (F2m))? | = @m0 fom.c g0 am (10.50)

(2m)! @m)~"
= (Qm)! Z (le)! . (de)! ((2m)!)2 04(12771)

M1+ Fmg=m
A (5+>\)7d/2fm(6+p)7d/27mu2m dr

(677 — —m — —-m m
:7(27T)d22m/7(5+)\) /2 (e+p) /2 pw2mdr,

where

2 2"
mi+-4+mg=m (ml') e (md')
Let us show that =7 = oo. It suffices to prove that

d
2(2m)d

Ay =

/ 12 (\p)~¥? Y ds dt ds' dt’ = oo, (10.51)
T

because from the identity (10.50) this is the second moment of the second
chaos of the renormalized self-intersection local time. In order to check (10.51)
we will show that

A= / (T —a—b—c)uz(Nsp3)~Y* Ldadbde = co.
0<a+b+c<T
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With the above notation, we have, using (10.44), for £ > 0 small enough,

A>k (b+ c+ a) =4 (ac)> " HI2H ga db dc := B.
[0,e]?

If d = 2, we get

1
B=k —————— dadbdc = 0.
0,3 (@+0b+cac

For d > 2, we have 2 — Hd —2H =1/2 — 3/d > —1. Hence,

k )
B= 54 Jy [((c+a) = — (e + c+a)*?] (ac)* """ dade,
and
/ (C+ a)4H—3(ac)2_Hd_2H da de
0<a<c<e
> 24H73/ g2~ Hd—2H 2H-1-Hd j, 1.
O0<a<c<e
£
> k/ a®> 2" g =
0
because 2H — 1 — Hd < —1. O

10.7 Application to finance

To show an application of the previous results, we now use Corollary 10.5.6 to
prove that the fractional analogue of the stop-loss—start-gain (SLSG) portfolio
is not self-financing in a fractional Black Scholes market. Our result includes
the classical Black Scholes market (H = 1/2), which was first proved in [49].
For further information on this portfolio from a p-variation approach, see [205]
and the references therein.

We adopt here the WIS model of a financial market driven by fBm, as
described in Chapter 7. The fractional Black Scholes market consists of a
bank account or a bond, and a stock . The generalized price process A; of the
bond, at time ¢ is given by

dAt = pAtdt, AO = 1, 0 <t< T‘7

where p > 0, T' > 0 are constants. The generalized price process X; of the
stock is given by a geometric fBm

dX, = pX,dt + o X, dB™ . Xo=2>0, (10.52)
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where p and o # 0 are constants. The solution of (10.52) is given in Example
4.2.4 of Chapter 4. This financial market is complete, and there exists an
explicit fractional Black Scholes formula for the price of Furopean call option
(see Section 9.5). By normalizing the market (i.e., by considering all prices in
units of A;), we may assume without loss of generality that

p=0, ie. Ay =1Vt
A European call option in this market gives the (generalized) payoff
Fw) = (Xr(w) —q)7"

at time T, for some given constant ¢ > 0 (the exercise price of the option).
The (generalized WIS) SLSG portfolio 8; = (cy, ;) for this payoff is defined
by

Qp = _qI[q,oo)(Xt);

i.e., the number of bonds or monetary units held at time t, and

ﬁt = I[q,oo) (Xt)v

i.e., the number of stocks held at time t. We may describe this as follows:
Assume that we start with initial fortune 0 and Xy < ¢. As long as X; < g,
we do nothing. However, as soon as X; > ¢, we immediately borrow the
amount ¢ from the bank to buy one stock at the price q. We keep this stock
until its price drops below g. Then we sell it immediately and pay g back to
the bank. The (generalized) value V¢ at time ¢ of this portfolio  is given by

VY = ap Ay + BroXy
= —ql[g,00) (Xt) + L[g,00) (Xt)0 Xy
=(X;—q)". (10.53)

Thus this portfolio replicates the (generalized) payoff (X; — ¢)" at all times
t < T with initial fortune 0 when Xy < ¢. Recall that 6 is self-financing (in
the WIS sense of Definition 7.2.3) if and only if

dVf = ay dA, + BrodX,.
That is, with p = 0, we have
AVy = Iy o0y (Xy) dX;.

By (10.53), this implies that

(Xi—q)"=(Xo—9)" +/0 Ijg.00)(Xs) dX. (10.54)

However, Corollary 10.25 states that
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t
(Xt - q>+ = (XO - q>+ + /0 I[q,oo)<Xs) dXs + U2Hq2£‘1(£X) (q) (1055)

Since LgX)(q) > 0 for all t > 0, we see that (10.55) contradicts (10.54). Hence
0 is not self-financing (in the WIS sense).

Thus in this model, we are able to extend the SLSG portfolio from the
geometric Brownian motion case of [49] to a geometric fBm. The fact that 0
is not self-financing is in agreement with the result that our fractional Black
Scholes model does not allow for strong arbitrage opportunities (Theorem
7.2.6). Further, we obtain new expressions for the value of European call and
put options in our fBm model. Like in [49], our expressions decompose option
prices into their intrinsic and time values. That is, we have

Proposition 10.7.1 (An alternative call valuation formula). Consider

a European call option with market value C(0), maturity date T, and exercise
price q. Assume the WIS {fBm model for H € (0,1) (Chapter 7). Then

C(0) = (Xo — q)* + 2 HPE[LE ) (g)].

where E denotes the expectation under the risk-free measure P defined in

(7.20).

Proof. By Corollary 5.6 in [121] and Section 6 in [89], we know that
C(0) = B[(Xr - ).

Combining this with (10.55), we get

~

T
CO) =B |[(Xo— " + / Ly (X) dXs + 02 H?LE (g)
0

= (Xo— @)t + o*HPE[LY) (g)]

since the expectation of the middle term, a quasi-martingale with respect to
P, is zero. a

Following [49], we call (Xo — ¢)* the intrinsic value of the option and
o?Hg*EH) [L(Tx)(q)] the time value of the option.

Note that, letting H — 1/2 in (10.55), we get the price process of a
geometric Brownian motion. Taking the expectation of (10.55), under the
risk-free measure for a geometric Brownian motion, the middle term again
vanishes, and the expectation of the local time remains in agreement with
Lemma A5 of [49]. This case is Proposition 2 of [49]. On the other hand,
letting H — 1 in (10.55), we get the case of a continuous price process of
bounded variation. Then the local time term disappears since L,gX) (q) is zero
for bounded variation processes. This complements the results of [49] and
[205] using Lebesgue and Riemann Stieltjes integrals. In the latter paper, the
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SLSG portfolio is shown to be self-financing for continuous price process of
bounded variation, and so arbitrage opportunities exist for this process.

The put—call parity implies that puts and calls have the same time value.
Hence, by the above proposition, we have a value for European put options.
Recall that we assume the bond process A; = 1 for all ¢.

Corollary 10.7.2 (Put Valuation). Let P(0) be the market price of the
European put with maturity date T and exercise price q. Assume the WIS
fBm model for H € (0,1) (Chapter 7). Then

P(0) = (¢ — Xo)* + 2 HPE[LT)(g)].



Part IV

Appendixes



A

Classical Malliavin calculus

For the reader’s convenience we recall the standard setup for the classical
white noise probability space. For further details, we refer to [1], [108], [109],
[144], [176] and [179].

A.1 Classical white noise theory

Definition A.1.1. Let 8(R) denote the Schwartz space of rapidly decreasing
smooth functions on R, and let 2 := 8'(R) be its dual, usually called the space
of tempered distributions. Let P be the probability measure on the Borelian
o-algebra F := B(8'(R)) defined by the property that

[ et <wp ) o) = e (<31 e ). FES®, (A)

s/ (R)

where i = /=1 and < w, f >= w(f) is the action of w € 2 = §(R) on
f € 8(R).

The measure P is called the white noise probability measure. Its ezistence
follows from the Bochner Minlos theorem (see, for example, [109] or [144]).

Using (A.1) one can prove that
El<w,f>]=0 VfeS8(R),

where in general

E[F(w)] = /F(w) dP(w)
Q

is the expectation of F' with respect to P. Moreover, we have the isometry

Bl<w,f>*=flZ:@ VI€SR). (A.2)
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Based on this we can now define < w, f > for an arbitrary f € L?(R) as
follows:
<w, f>= lim <w,f, > [limit in L?(P)],
n—oo

where f,, € §(R) is a sequence converging to f in L?(R). In particular, this
makes

B(t) := B(t,w) :==< w, Lo, (-) > (A.3)
well-defined as an element of L?(P) for all ¢t € R, where

1 ifo<s<t,
Ipy(s) =< —1 if t <s <0, except t =5 =0,
0  otherwise.

By Kolmogorov’s continuity theorem the process B(t) has a continuous ver-
sion, which we will denote by B(t). It can now be verified that B(¢) is a
Gaussian process and

min(|t1], |t2]) if ¢1,t2 > 0,
E[B(t1)B(t2)] = /RI[O,M](S)I[OJﬂ(S) ds = {O otherwise.

Therefore, B(t) is a Brownian motion with respect to the probability law P.
It follows from (A.3) that

<w, f>= / f(t)dB(t) for all deterministic f € L*(R). (A.4)
R

Let éQ (R™) be the set of all symmetric deterministic functions f € L2(R"). If
f € L?3(R™), the iterated It6 integral of f is defined by

I(f) = [ [f(t)dB®"(t)

R

— m/ﬂ@{/;[ t;f(tl,...,tn)dB(tl) dB(tg)mdB(tn)}.

We now recall the following fundamental result:

Theorem A.1.2 (The Wiener Ité chaos expansion theorem I). Let
F e L?(P). Then there exists a unique sequence {f,}°> of functions f, €
L?(R™) such that

F(w) = i L.(fn) [convergence in L*(P)],
n=0

where Io(fo) := E[F].
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Moreover, we have the isometry
o0
E[F?] = !l fall2@n)-
n=0

By convention we put Io(fo) = fo for constants fy, and then || fo||* = | fo|*.
Define the Hermite polynomials by

ha(z) = (—1)%””2/2;:—”((3—12/2)7 n=012,... (A.5)

For example, the first Hermite polynomials are

In the following we let
En(z) =7 Y4 ((n - 1)!)_1/2hn,1(\/§x)e_”’2/2; n=12..., (A.6)

be the Hermite functions (see [109] and [223]). Then &, € 8(R) and there
exist constants C and -~y such that
Cn~Y12 if |2| < 2y/n

(@) < {C s (A7)

for all n (see, for example, [223, Lemma 1.5.1]). It is also proved in [223] that
{£,}52, constitutes an orthonormal basis for L?(R).

Let J be the set of all multi-indices a = (a1, aa, . . .) of finite length l(a) =
max {i; o;; # 0}, with o; € Ng = {0,1,2,...} for all i. For @ = (ay,...,ap) €7
we put a! = aglag! - ap! and || = @y + -+ - + @y, and we define

Ho(w) = hoy (K w, &1 >)han (< w, € >) - ha, (K w, &, >). (A.8)
Thus, for example,

H2,0,3,1) (W) = ha(< w, & >)ho(< w, & >)h3(< w, 83 >)hi(< w, &y >)
= (< wvfl >2 _1)(< w,£3 >3 -3 < w7£3 >) < wa&l >

since

ho(x) = 1,hi(z) = x, ha(z) = 2* — 1, h3(z) = 2® — 3z.

Important special cases are the unit vectors
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e® =(0,0,...,0,1)

with 1 on the kth entry, 0 otherwise, K = 1,2,... Note that
Hem (W) = hi(< w, & >) =< w, & >= / &i(t) dB(t).
R

More generally we have, by a result of Itd [I]:
Holw) = [ €5 aB )
Rlal

where ® denotes symmetrized tensor product, i.e., f®0‘ (z) is the symmetriza-
tion with respect to the I(a) variables 1, ... , Ty(a) of the tensor product

§®0($> = fi@al (xla v 7:1:011) U g;%am (ml(a)fam+17 LRI >xl(a))7

where © = (21,...,%q)) and a = (a1, ..., q)) € J,am # 0. This is the link
between Theorem A.1.2 and the following result.

Theorem A.1.3 (The Wiener Ité6 chaos expansion theorem II). Let
F € L?(P). Then there exists a unique family {co}acg of constants c, € R
such that
Fw)= Z caHo(w) [convergence in L*(P)].
a€cd

Moreover, we have the isometry

E[FQ} = Z cia!.

ae]d

We now use Theorem A.1.2 and Theorem A.1.3 to define the following space
(8) of stochastic test functions and the dual space (8)* of stochastic distrib-
utions:

Definition A.1.4. 1. We define the Hida space (8) of stochastic test func-
tions to be all 1 € L*(P) whose expansion

Y(w) = Z aaHa(w)

a€e]d

satisfies
)2 == 3" a2al@N)F < 0o VR =1,2,...,
a€cd

where

@N)T = (2-1)7"(2-2) - (2-m)™ ify = (1,05 m) €3
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2. We define the Hida space (8)* of stochastic distributions to be the set

of formal expansions
w) = Z boFHo(w)
agd
such that

||GH3 = Z b2al(2N)71 < 0o for some q < oc.

aed
We equip (8) with the projective topology and (8)* with the inductive topol-
ogy. Convergence in (8) means convergence in || - || for every k = 1,2,.. .,
while convergence in (8)* means convergence in || - ||, for some ¢ < co. Then
(8)* can be identified with the dual of (8), and the action of G € (8)* on
P € (8) is given by

<G ¢ (8)*,(8) ‘= Za|aa -

aed

In the sequel, we will denote the action (-, - )(s)« sy simply with symbol (-, ).
In particular, if G belongs to L?(P) C (8)* and ¢ € (§) C L?*(P), then

(G,¥) = (G, ) L2p) = E[GY].
We can in a natural way define (8)*-valued integrals as follows:

Definition A.1.5. Suppose that Z : R — (8)* is a given function with
property that
(Z(0),6) € T\R,dt) Vi € (5). (A.9)

Then [ Z(t)dt is defined to be the unique element of (8)* such that

</]R Z(t)dt, ) = /R<Z(t),¢> dt Yy € (8). (A.10)

Just as in [109, Proposition 8.1], one can show that (A.10) defines [, Z(t)dt
as an element of (8)*. If (A.9) holds, we say that Z(t) is dt-integrable in (S)*.

Ezample A.1.6 (White noise).
For given t € R the random variable B(t) € L*(P) has the expansion

B(t) =< w,Tjo4(") >=<w, Y (o1, &) r2@mér(*) >
k=1

:i Er(s)ds <w, & >= Z §k(s) dsHom (w).
/ feto

k=17

From this and (A.7) we see that regarded as a map B(:) : R — (8)*, B(t) is
differentiable with respect to t and
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Z Ee(t)H oo (w)  in (8)™. (A.11)
The expansion on the right-hand side of (A.11) is called white noise and
denoted by W (¢).
The space (8)* is convenient for the Wick product.

Definition A.1.7. If F;(w) = Y ¢4 ¢ D3, (w);i = 1,2, are two elements of
(8)* we define their Wick product (Fy ¢ Fa)(w) by

(FroR)w) = > eWePtaisw) =Y (Y De)ac, (w).
a,Bed y€J at+pB=v

The Wick product is a commutative, associative, and distributive (over addi-
tion) binary operation on each of the spaces (8) and (8)*.

Example A.1.8. 1.1f F is deterministic, then F oG = F - G.
2. If f € L*(R) is deterministic, then

oo

[10dB0 =<, >= Y (161w < 0,60 >

2 k=1
= {f, 60 2@ Hew ().
=1

Moreover, if || f]l2 = 1, then < w, f >°"= h,(< w, f >).
3. If also g(t) € L?(R) is deterministic, we have

/ F(t)dB(t)| o / o(t) dB(t)
R

R

- Z (f, ) L2®)(9: &) L2y Hew e (W) (A.12)

4,5=1

_ { [ s dB(t)] . [ [0 dB(t)} Ty

A fundamental property of the Wick product is the following relation to It
Skorohod integration.

A.2 Stochastic integration
We recall the definition of Skorohod integral for the standard Brownian motion

and its relation with the Wick product. For further details we refer to [109],
[154], [179] and [176].
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This integral may be regarded as an extension of the It0 integral to inte-
grands that are not necessarily adapted. We first introduce some convenient
notation.

Let u(t,w), w € §2, t € [0,T], be a stochastic process [always assumed to
be (t,w)-measurable] such that

u(t, ) is F-measurable for all ¢t € [0, T] (A.13)

and
E[?(t,w)] <oo  Vte0,T]. (A.14)

Then for each ¢ € R we can apply the Wiener It6 chaos expansion to the
random variable w — u(t,w) and obtain functions f,+(t1,...,t,) € L*(R™)

such that -
Z fn t

The functions f,, +(-) depend on the parameter ¢, so we can write

fra(t1, o tn) = fu(te, ..o tn, ).

Hence, we may regard f, as a function of n+1 variables ¢4, ..., t,,t. Since this
function is symmetric with respect to its first n variables, its symmetrization
fn as a function of n + 1 variables ¢1,...,¢,,t is given by, with ¢,,41 = ¢,

~ 1
(e toan) = ——[fu(tr, -t
fn(ts +1) n+1[f(1 +1) +

+ ot s ticn tigty - tngr ta)
+ fn(t27 e 7tn+17t1)]7
where we only sum over those permutations o of the indices (1,...,n + 1)

which interchange the last component with one of the others and leave the
rest in place.

Definition A.2.1. Suppose u(t,w) is a stochastic process satisfying (A.13)
and (A.14) and with Wiener Ito chaos expansion

oo

u(t,w) = Z Lo (fn(-5 1))

n=0

Then we define the Skorohod integral of u by

o(u): = /]R u(t,w)dB(t ZI"‘H fn) (when convergent)  (A.15)

where fn is the symmetrization of fn(t1,...,tn,t) as a function of n+ 1 vari-
ables t1,...,tp,t.
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We say u is Skorohod integrable and write u € dom(d) if the series in
(A.15) converges in L?(P). This occurs if and only if

oo

EB(u)?) = (n+ D) fall o iy < o0.

n=0

Theorem A.2.2. Suppose Y (t,w) : R x 2 — R is Skorohod integrable. Then
Y(t,-) o W(t) is dt-integrable in (8)* and

Y (t,w)sB(t Y (t,w) o W(t)dt, (A.16)
[yesmmo = [

where the integral on the left is the Skorohod integral defined in (A.15).
Proof. See [109] for details. |

The Skorohod integral is an extension of the classical It6 integral in the
sense that if Y (¢,w) is adapted to the filtration F; generated by B and

E[/ Y2(t,w)dt} < 00,
R
then

/ Y(t)oB(t / Y(t)dB(t the classical Ito integral.

The integral on the right-hand side of (A.16) may exist even if Y is not
Skorohod integrable. Therefore, we may regard the right-hand side of (A.16)
as an extension of the Skorohod integral, and we call it the extended Skorohod
integral. We will use the same notation

/ Y (t)5B(t)
R

for the extended Skorohod integral.
If [a,b] C R is an interval and w is Skorohod integrable, we define

b
/ u(t) 5B(t) = / ()T (1) SB(D).
a R
More generally, if L C R is a Borel set, we define

/ u(t) 6B(t) := / u(t) I (t) 6B(t).
L R
Ezample A.2.3. Using Wick calculus in (8)*, we get

T
/ /B<>Wdt /Wt
0

B(T) = B*(T) -
by Example A.1.8 with f =g = I[O,T]-



A.3 Malliavin derivative 281

The following result gives a useful interpretation of the Skorohod integral
as a limit of Riemann sums:

Theorem A.2.4. LetY : [0,T] — (8)* be a caglad function, i.e., Y (t) is left-
continuous with right-sided limits. Then Y is Skorohod integrable over [0,T]

and
N-1

[y@ose = Jim 3" vit)o (Bltn) - B,
R J =0

where the limit is taken in (8)* and 0 =ty <t; < --- < t, =T is a partition
Of[O,T}, Atj :tj+1 —tj, j :0,...,N— 1.

Proof. This is an easy consequence of Theorem A.2.2. O
We also note the following:

Theorem A.2.5. Let Y : R — (8)*. Suppose Y (t) has the expansion

Y(t) =) calt)Halw), tER,

a€g]

where
ca € L*(R)  Va€g.

Then
[ Y OB = 305 car 1200 Hase (),

a€ed keN

provided that the right-hand side converges in (8)*.
In particular, if [, Y (t)0B(t) belongs to L*(P), then

E[/RY(t)(SB(t)} =0.

A.3 Malliavin derivative

We recall here the main results concerning stochastic derivatives and the main

relations between integral and differential stochastic calculus.

Definition A.3.1. 1. Let F : 2 — R, v € L?*(R). Then the directional
derivative of F' in the direction y is defined by

D, F(w) = lig 2] 1)
E— £

provided that the limit exists in (8)*.
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2. Suppose there exists a function i : R — (S)* such that

- / Pt dt vy € LA(R).

Then we say that F is differentiable and we call (t) the stochastic gra-
dient of F' (or the Hida Malliavin derivative of F'). We use the notation

D, F =(t)
for the stochastic gradient of F' at t € R.

Note that — in spite of the notation — D, F' is not a derivative with respect to
t but is a (kind of) derivative with respect to w € £2.

Ezample A.3.2. Suppose F(w) = =[x f( ) for some f € L%(R).
Then by linearity

DyF(w) = lim = ({w -+ 27, £) — (0, ) = {3 Doy = / £ () de

for all v € L?(R). We conclude that F is differentiable and

D, { /R £(s) dB(s)} = f(t) forae. t.

(Note that this is only valid for deterministic integrands f. See Theorem A.3.6
for the general case.)

‘We note two useful chain rules for stochastic differentiation.

Theorem A.3.3 (Chain rule I). Let ¢ : R™ — R be a Lipschitz continuous
function, i.e., there exists C' < oo such that

|p(z) — d(y)| < Cle —y|  Va,y € R™

Let X = (X1,...,X,), where each X; : 2 — R is differentiable. Then ¢(X)
is differentiable and

Dip(X) = a—‘b ) D¢ X . (A.17)

k=1
We refer to [176] for a proof.
If f(z) = > ama™ is a real analytic function and X € (8)* we put
m=0

oo
_ § :am){om7

m=0

provided the sum converges in (8)*.
We call f°(X) the Wick version of f(X). A similar definition applies to
real analytic functions on R™.



A.3 Malliavin derivative 283

Theorem A.3.4 (The Wick chain rule). Let f:R™ — R be real analytic
and let X = (Xy,...,X,) € ((8)*)". Then if f°(X) € (§)*,

Dt[fo(X)]—Z(gfk) (X) o D Xy, teR.
k=

We refer to [179] for a proof. Note that by Example A.3.2 and the chain rule
(A.17) we have

W)=Y M, W) € (8) v
i=1

where a = (aq,...,a,) € 3. In fact, using the topology for (8)*
prove, by using the approach of [1, Lemma 3.10], the following:
Theorem A.3.5. Let F € (8)*. Then F is differentiable, and if F has the

expansion

one can

F(w) = E oo (W),
aed
then

w) = anaiﬂ{a,g(i) (W)&(t) vt € R.
We now mention without proofs some of the most fundamental results from

stochastic differential and integral calculus. For proofs we refer to [179].

Theorem A.3.6 (Fundamental theorem of stochastic calculus). Sup-
pose Y(-) : R — (8)* and DY (-) : R — (8)* are Skorohod integrable. Then

Dt[/Y )OB(s } /Dt s)+Y(t).

Theorem A.3.7 (Relation between the Wick product and the ordi-
nary product). Suppose g € L*(R) is deterministic and that F € (8)*. Then

Fo/g(t)dB(t) :F-/g(t) dB(t)f/g(t)Dtht.
R R R
Corollary A.3.8. Let g € L*(R) be deterministic and F € L*(P). Then

E[F./Rg(t) dB(t)} :E[/Rg(t)Dtht]

provided that the integrals converge.

Theorem A.3.9 (Integration by parts). Let F € L*(P) and assume that
Y : R x 2 — R is Skorohod integrable with [, Y (t)6B(t) € L*(P). Then

F/RY(t)éB(t):/ Y (t)6B(t) /Y )D, F dt

provided that the integral on the extreme right converges in L*(P).
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This immediately gives the following generalization of Corollary A.3.8:

Corollary A.3.10. Let F' and Y (t) be as in Theorem A.3.9. Then

E[F/Y(t) 5B(t)} :E[/Y(t)Dtht]
R R

Theorem A.3.11 (The Ité6 Skorohod isometry). Suppose Y : Rx 2 — R
is Skorohod integrable with [, Y (t)6B(t) € L*(P). Then

E[(/RY(t) 5B(t))2] :E{/Ryz(t) dt} +E[/R/RDtY(s)DSY(t) dsdt].
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Notions from fractional calculus

In this appendix we briefly recall the main features of the classical theory of
fractional calculus by following [237]. For a complete treatment of this subject,
we refer to [206].

B.1 Fractional calculus on an interval

Definition B.1.1. Let f be a deterministic real-valued function that belongs
to L'(a,b), where (a,b) is a finite interval of R. The fractional Riemann
Liouville integrals of order « > 0 are determined at almost every x € (a,b)
and defined as the

1. Left-sided version:

19, f(z) = ﬁ / “@— ) () dy. (B.1)
2. Right-sided version:
b
I8 f(x) = ﬁ / (v — 2)* " £(y) dy. (B.2)

For o = n € N one obtains the n-order integrals

" f(x) :/: / / Fey) day das ... day

I f(x) :/b/b/b @) dar das ... .

Definition B.1.2. Consider a < 1. We define the fractional Liouville deriv-
atives as

and
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f_ Ila

and p
Db f = Il}—afa

if the right-hand sides are well-defined (or determined).

For any f € L'(a,b) one obtains
Do I f=f Dy L' f=f (B.3)

In order to guarantee that also the opposite order of operation holds, we
consider the following family of functions.

Definition B.1.3. We denote by I$, (L”(a,b)) [respectively, I (LP(a,b))]
the family of functions f that can be represented as an I3, -integral (respec-
tively, Iy -integral) of some function ¢ € LP(a,b), p > 1. Such ¢ is unique
(in LP sense) and coincides with D3 f (respectively, with Dy f).

In particular we denote by 15, (respectwely, I ) the map from LP(a,b)
into I$ (LP(a,b)) [respectively, If* (LP(a,b))].

This means that if f € I3, (LP(a,b)), we have
13 Dgyf =T

Moreover, given f € LP(a,b) the following Weyl representation holds:

w1l @ * fla) - 1)
Dard @) = 7oy [(w—a)& +0‘/& =gy dy}

D} @) = 77— [ S o [ DT y]

for almost every x € (a,b). The convergence of the integrals at the singularity
y = « holds pointwise for almost every = € (a,b) and moreover in L sense if
1<p<oo.

It is easy to verify that the fractional integrals satisfy the composition
formulas

and

o8I0 =13 f
and
I (I f) =177,

Moreover, the following integration by parts formula holds

/II dac—/ fl@) ) g(x (B.4)
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if f e LP,g € LYa,b), 1/p+1/qg < 1+ «, where p > 1 and ¢ > 1 if
1/p+1/¢ = 1 + «. This implies the following relations for the fractional

derivatives
e +
Da+(Dg+ ) = Dg—rﬂf
and

Dy (D) f)=Dy*"f

if f e I8P (L7 (a,b)) [respectively, f € I77(LP(a,b))], a > 0, 8> 0, a+f <
1. We introduce the boundary orders of differentiation 0 or 1 by taking the
limits in L”(a,b)

lim Dy, f=f,

a—1—

if f is differentiable in the LP sense with derivative f’, and
lim D&, f=f.
Jm Doy f=f

If p = 1, the latter limit is to be interpreted in pointwise convergence. The
corresponding integration by parts formula is

b b
/ g, f(2)g(x) dz = / f(2)D§_g(x) d, (B.5)

for f € 12, (LP(a,b)), g € I§ (L%a,b)), 1/p+1/¢g <1+a, 0<a <1 By
using these relations, we introduce the concept of fractal integral following
[238]. In the following we denote by C%, 0 < « < 1, the space of a-Hdolder
continuous functions on (a, b).

Definition B.1.4. Consider the “corrected” functions
Jar (@) = I(a)(f(2) = flat)),

fb*(‘r) = I(a,b) (f(.’L‘) - f(b_>)a
provided that f(a+) := hm+ f(x) and f(b—) := mil, f(x) exist. Then

r—a

LAf for € Ig (LP(a,b)), go— € I,~%(L9(a,b)), g(a+) ewists, 1/p+1/qg <1,
0<a<l, feC* VP ifap>1, we define the fractal integral

b b
/fdg ::/ Dgy far (2) Dy~ g (x) dz + f(a+)[g(b—) — g(a+)]. (B.6)

2. If fa-i- S Ig+(Lp(avb))7 Jb— S [bl__a(Lq(aab)): 1/p+ 1/q S 17 0 S (67 S 1:
ge ClmVa ap <1, we define the fractal integral

b b
[ fdgi= [ Dy fue @)D= (@) da. (B.7)
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These definitions do not depend on « and agree when f,g satisfy both condi-
tions. For further details, see [238].

For a = 0 or a = 1, the fractal integrals reduce to the well-known case of
Stieltjes integral in the smooth case:

b b
/ fdg = F(b-)g(b—) — f(at)glat) — / f(2)g() da

/a fag = / " f@)a() de.

If g is Holder continuous on [a,b], then for any f = Y1, fillz, 2,1 With
Ty = a, Tp41 = b, we have that

and

b n
/ Fdg=>" filg(wiy) — g(x))
a i=1

if the integral exists in the sense of (B.6). For further properties of fractional
integrals, we also refer to [74].

B.2 Fractional calculus on the whole real line

We can also introduce the following left- and right-sided fractional integral
and derivative operators on R for a € (0, 1) (see [206] and also [54] and [177]).

Definition B.2.1. Let a € (0,1). The fractional integrals 1§ and I¢ of a
function ¢ on the whole real line are defined, respectively, by

0@ = s [ @m0 W e

(@) )
and ) ) - -
0@ = g [ @-n T s ek

The Marchaud fractional derivatives D¢ and D% of a function ¢ on the whole
real line are defined by the following limits:

$f(x) = liH(l)Di’Ef(QTL T €R,

where

o o' Cht)—odtFs
$f(z) = F(l—a)/ ()SH(O‘ )ds, z € R.
By Theorem 6.1 of [206] we obtain that for ¢ € L?(R),

DYISf=f, ~ DIIZf=F



C

Estimation of Hurst parameter

Assume that we have a sequence of data B%H), BéH), ceey B](VH) from obser-
vations of a fBm B} at time instants t = 1,2,..., N. How can we estimate

the Hurst parameter H? There are many approaches that we will summarize
in this appendix (see [23], [91], [222], and the references therein for further
details).

In what follows we put ¥; = B v, = B vy = B{"). Since fBm
has stationary increments,

Xl :}anQ :}/2_5/137XN :YN_YN—l
is a stationary Gaussian time sequence. The covariance of this sequence is

pu(k) = E(X1Xk11) = E(XnXmk)
= % [(k+ 1) + (k — 1)*7 — 2k*H] (C.1)

We use the following convention to construct a statistic.

If a statistic f(m) behaves like m*H+° as m — oo for some constants a
and b, then
log f(m) =~ (aH + b)logm + R,

where R is independent of H. We may use linear regression to find the
slope aH + b for the log plot of f(m) against the log plot of m. Hence we
can find an estimator of H.
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C.1 Absolute value method

Given positive integers k and m, denote

km
1 N
X™M(k) = — E ; = B
(k) m X’l’ k 172’ ) [m} )
i=(k—1)m
where [%] denotes the integer part of %, and

1 N
i=1

Define
) 1 [NV/m)] - B
AM\™ = —— X"(k) — Xpn|.

Then AM (™) behaves like m™ 1 for large m.

C.2 Variance Method

Use the notation of the above subsection and define

1 [N/m]

VarX(™ = —
ar NJm 2

[X("O(k) — )‘(N} :

=1

Then VarX (™ behaves like m2H=2 as m — oco.

C.3 Variance residuals methods

The variance of residuals methods was introduced by [185]. Denote
o
LI/Q,H(t):/ |:|t_.,L,|H—1/2_|.,L,|H—1/2j| dBI,

the 1/2-stable fractional stable motion (see [207]), where B, is a Brownian
motion, and denote

1 1
Ay :/ Ly, 5 (t)dt, Ay :/ tLyo p(t)dt.
0 0

Define
b=m""1[124, — 6A4], a=m"[4A; —64,].

Then 1/m Y% (YV; —a — bi)? behaves like m?H in distribution.
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C.4 Hurst’s rescaled range (R/S) analysis

To use Hurst’s R/S analysis we first define the adjusted range

1/2

2|

k
S(n) = [ Z(Yi—YN)Q

and ) _
[maxlSiSN — mlnlSiSN} {Y; — Z/NYN}

S(n)
We have that RS(N) behaves like N¥ for large N (in distribution).

RS(N) =

C.5 Periodogram method

Let
2
1|~
In() =5— ;Xjeﬂ : (C.2)
When N — oo, In(v) is the spectral density of pg (k). Then In(v) behaves
like v'=2H as v — 0.

C.6 Discrete variation method

In this section we present a result from [56].
Let p > 1 be an integer. A filter of length [ + 1 and order p is an [ + 1

dimensional vector a = (ag,ay,...,a;) € R such that Z;:o a;j" = 0 for
all integers r such that 0 < r < p—1, and Z;:o a;j? # 0. Given a filter
a = (ag,a1,...,a;) define the random variable

¢
ar H
Vi) =Y agBE,
q=0
and define the kth empirical absolute moment as

Sn(k,a) = W Z VR (0)[*.

Denote

¢
a a (s 1
T4 =& [VN(z)]2 =—3 Z aqarlqg —r*".
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Set .
Ik.an(t) = WW?Ek,

where
_ 2,€/2F(K+ 1/2)

1 2
E = —/ z|Fe= 121 2dg
e ) T(1/2)
Lemma C.6.1. When N is large, gi o n(t) is a monotonic function of t.

Proof. 1t is easy to see that

d k _
Z0kaN(t) = —klog N + o ()"t Y agarlg —r*loglg — 7],

d 2
lg—r|>2

which is strictly negative if

N > max exp
0<t<1

<Z|qr>z agar|q —r|* log|q — TI)

7 )
Zq,r:l aqarlq - T|2t

O

From this lemma, the inverse g | (t) exists. The k-variation estimator is
defined as Hy(k,a) = g;.} y (Sn(k,a)).

Theorem C.6.2. As N — oo,
Hy(k,a) = H a.s.,
and if p > H +1/4,

VN log(N) | Ay (k,a) — H} N (o, Al(H”“"”)

k2
in distribution as N — 0o.

For the proof, we refer to [56].

C.7 Whittle method

For the following three subsections we shall use 6 to denote the Hurst para-
meter H. The spectral density of the time series X; = BY, Xy = Bf — BY,
oo Xy =B —B%_, is

o0 o0

f(z,0) := Z p(k)e*® = (1 — cosx) Z |z 4 2km) 1720, (C.3)

k=—o0 k=—o0

Set
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f(x,0) = exp (—;ﬂ /_: log f(z,6) dsc) f(z,0) (C4)
and
LK) = | Jfévx(xe)) dx+[wlog [f(x,@)] dz,

where In(x) is defined as in (C.2). Then the Whittle estimator is the mawi-
mizer 6 of L% (0), or

0 = arg Jnax, L% ((6).

C.8 Maximum likelihood estimator

The maximum likelihood estimator is a commonly used estimator in the theory
of statistics. Denote
Xy = (X1, Xo,..., Xn)T

and the covariance matrix of Xy

E(a) = (Jij)lgi,jgn’ where Oij = p0(|j — 74+ 1|)
The likelihood function L(#) is given by
= 1 -1/2 Ly -1
L(9) = W det(X(0)) exp (—2DCN2(9) Xy ).

Thus the maximum likelihood estimator én is the maximizer of the follow-
ing function:

1
f,, = arg max {—2 [log det(X(6)) + DC:[QE(H)AXN} } ,
or 0, is given by the following equation:
d d
— log det(2(0)) + X3 —
5 log det(2(0)) + X% =

The following theorem is proved in [67].

2(H) "Xy =0.

Theorem C.8.1. As n — oo, we have
én — 60 a.s.
and
n'/2(0, —0) —q €
where £ is a mean 0 normal distribution with variance o2 = 2D~ with

1 ["[9 ?
—% . |:6910gf(l',9):| dx

60=H
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C.9 Quasi maximum likelihood estimator

In this section we shall give a detailed discussion of the so-called quasi maxi-
mum likelihood estimator for the Hurst parameter H. Recall the autocorrela-
tion and the spectral density of the increments of the fBm are given by (C.1)
and (C.3).

We normalize f(x,0) by a constant as in (C.4) and denote the normalized
spectral density f(z,0) still by f(z,0) from now on.

Lemma C.9.1. f(x,0) has the following expression:
f(z,0) = Cy(1 — cosx) Z 275 + x| 201,
j=1
and when x — 0, we have
F(2,0) = cplz|=2 + of|zmin(3-20:2))

For the proof we refer to [212].
Now we consider

T Aw (0)Xn
Ln(0) = - N
where
AN(G) = (aj—k(a))lgj,kgn
with

ax(0) = ﬁ /ﬂ i [f(x,e)]*l dx.

—T

Recalling the definition Iy () defined by (C.2), we may write

Ln(6) ! /Tr [f(x,0)] " In(x)dz.

:% »

It is easy to see that as x — 0,

d

f(x,0) = z'=2, @f(a?ﬂ) ~ 2z 1ng.

The quasi maximum likelihood estimator 0 n is the minimizer of Ly (9):
Oy = argmeinLN(H).
Theorem C.9.2. 1.
On — 0p=H asmn — 0o

almost surely.



C.9 Quasi maximum likelihood estimator

VN —6y) — N(0,02)
in distribution, where
T 2

-1
0% =4n [ f(x,@)aawf(w,@)_ldx}

=47 l/_: [f(a:,@)(,fef(xﬁ)_l} : dx]

For a proof of this theorem see [99].

-1
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Stochastic differential equations for fractional
Brownian motion

In this appendix we present an overview of some results concerning stochastic
differential equations for fBm.

Several approaches have been considered in the literature, but a compre-
hensive theory has not yet been formulated. Here we summarize some of them
without aiming for completeness. Since these methods use different techniques,
it is in fact quite difficult to formulate them in a systematic way. However, in
our opinion this summary can be still of interest for the reader. In particular,
we consider here the approaches of [58], [60], [61], [149], [180], [203], [237].

Other possible methods are, for example, the following: In [92] they con-
sider ordinary stochastic differential equations with respect to integrators with
finite p-variation when p < 3. This applies to the case of fBm with H > 1/3.
In [39] they investigate for which given drift and volatility the solution of a
stochastic differential equation (SDE) in terms of a pathwise integral with re-
spect to fBm can be expressed as a monotone transformation of a stationary
fractional Ornstein—Uhlenbeck process. In [40] they also obtain a characteri-
zation of the maximum domain of attraction for stationary solutions.

A certain number of authors have also studied the problem of defining a
stochastic integration for fBm in Hilbert space. This goes beyond the aims of
this books and we refer the reader to [84], [85], [86], [224], [225] and [226] for
a complete survey on the subject.

Stochastic delay differential equations driven by fBm with Hurst index
H > 1/2 are studied in [95].

D.1 Stochastic differential equations with Wiener
integrals

Let Ky (t,s) be the reproducing kernel defined in (2.2) for H > 1/2 and in
(2.3) for H < 1/2. We follow here the approach of [58] and study for any Hurst
index H € (0,1) the existence, uniqueness, and regularity of the stochastic
equation
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X(t):x—i—/o KH(t,s)b(s,X(s))ds—i—/O Ku(t,$)o(s, X(s)) dB(s), (D.1)

where B(t) is a 1-dimensional standard Brownian motion. Here we note that
the Ky (t,s) term appears in the drift just in order to symmetrize the role of
b and o.

The following proposition guarantees that equation (D.1) makes sense:

Proposition D.1.1. Let X = (X¢)iejo,7] and Y = (Yi)iepo,) be two indistin-
guishable processes on (2, FH) PH) j.e., such that

X=Y dP? @ dt a.s.

For b,0 Lipschitz continuous, then
t t
/ Ku(t, s)b(s, X (s)) ds :/ Ku(t,s)b(s,Y(s)ds  dP" @ dt a.s.
0 0
and
t t
/ Ky (t,s)o(s, X(s))dB(s) = / Kg(t,s)o(s,Y(s))dB(s) dP? @dt a.s.
0 0

Proof. The proof follows by applying the Cauchy—Schwartz inequality and the
Burkholder—Davis—Gundy inequality. For further details, we refer to Proposi-
tion 3.1 of [58]. ]

We introduce now the definition of solution. Set ay, = (1 — p|H — 1/2[)"".

Definition D.1.2. Consider ay = (1 —2|H —1/2|)"". By a solution of the
SDE (D.1) we mean a real-valued adapted stochastic process X = (X¢)ie(o,1]
satisfying the equation (D.1) and such that the function (t) = E [X(t)?]
belongs t0 Un>a, LY([0,T7]).

The main result of [58] is then the following theorem.

Theorem D.1.3. Let b(t,z),o(t,x) be Lipschitz continuous in x, uniformly
with respect to t, i.e.,

|b(t,l‘) - b(tvy)| + |J(t,1’) - J(tvy)| < L|:L' - y|7

for some L > 0. If, in addition, there exists xg,y9 € R and ap > a1, ay > 205
such that
b(-7.%'0) € Lab([07T])7 U('7y0) € Laa([07T])7

then the SDE has a unique solution. Moreover, for this solution and for any
p € {p=>2p|H — 3| <1} the function ¢, (t) = E [X (t)?] is bounded on [0,T].
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Proof. The uniqueness of the solution follows by the Jensen inequality, the
Burkholder—Davis—Gundy inequality, the Lipschitz continuity of b,o, and
Lemmas D.1.5 and D.1.6.

The ezistence of the solution can be proved by using Picard iteration. For
further details, we refer to the proof of Theorem 3.1 in [58]. O

To prove Theorem D.1.3 we need some additional lemmas that we recall
here without proof. The Gronwall lemma is here replaced by the following
result on the resolvent kernel associated to Kp. Set Hy = |H — 1/2| and
Ag ={p>1:pHy < 1}, and for any p > 1 define

KY(t,s) == |Ku(t,s)P,

t
KEts) = [ KT 0 K2 (w.s) du,

Lemma D.1.4. For every p € Ay and for all t € [0,T], Kg(t,-) belongs to
L¥([0,T)]) and

sup [|Ku(t,)|lLe (o, < o0
te[0,T]

Lemma D.1.5. For every p € Ay, the resolvent series

400 t S1 Sn—1
Zz"/ |KH(t,sl)|pdsl/ |KH(31,52)|pd32---/ K (51, 50)|” dsn
— Jo 0 0

converges for all z € C.

A detailed proof of this Lemma can be found in [58]. A consequence of Lemma
D.1.5 and the Holder inequality is Lemma D.1.6.

Lemma D.1.6. For every p € Ap, let a, = (1 — pHy)~t. If ¢ belongs to
Uasa, L*([0,T]), then K{¢(t) = fot K¥(t,s)p(s)ds belongs to L>([0,T]).

Finally, we recall some regularity behavior of the solution, proved in The-
orems 3.2 and 3.3 of [58].

Theorem D.1.7. Let b, o satisfy the hypothesis of Theorem D.1.3 and assume
also that oy, > 2 and o is bounded. Then the solution of (D.1) has almost surely
continuous sample paths.

Moreover, we have the continuity with respect to the initial conditions.

Theorem D.1.8. Let b, o satisfy the hypothesis of Theorem D.1.3 and denote
with X*, XY the solution of (D.1), respectively, with, initial condition x and
y. There exists a positive constant ¢ > 0 such that

sup B [|X7 — X{"] < clo —yf?,
te[0,T)

and this upper bound is uniform with respect to x,y on any compact set of R.
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D.2 Stochastic differential equations with pathwise
integrals

Here we summarize the approaches of [149], [180], [203] and [237] for SDEs
with respect to pathwise integrals.

We begin with an existence-uniqueness theorem due to [203] for SDEs
driven by fBm with Hurst index H > 1/2, which derives from an analogous
result for ordinary differential equations with Hoélder continuous forcing. In or-
der to define the Riemann Stieltjes integral | f dg for functions of unbounded
variation, we recall the following result of [142] and [232]. For an interesting
introduction to Young integrals we refer to [82].

In the sequel for any 0 < v < 1 we denote by C7(R) the space of y-Holder
continuous functions f : [0,7] — R, equipped with the norm

[f(t) = f(s)l

flly = sup |[f@A)|+ sup —FF———— <o
171 t€[0,T]| ) o<s<t<T (t—8)7

Theorem D.2.1. Let f € C#(R),g € CY(R). If B+~ > 1, then fot f dg exists
as a Stieltjes integral for t > 0.

In [203] the previous theorem is proved by using the following result, which
turns out also to be the key to prove existence and uniqueness for differential
equations as we describe in the sequel.

Theorem D.2.2. Consider the interval [s,t] divided into 2" subintervals of
equal size and denote s the ith point of this partition. Let f € C(R),g €
C7(R) and suppose B3+~ > 1. Then

oo 2F-1_1

/ fu)dg(u) = f(s)(g(t) —g(s) + D D Af(s+s5,)Ag(s + shipa),

k=1 =0

where Af(s+ sk) = f(s+ sk, ) — f(s+ sk) and the similar expression for
Ag.

Proof. The idea behind Theorem D.2.2 is to write a recursion between the
Riemann sums on finer partitions of the interval and Riemann sums on coarser
partitions of the interval. We refer to [203] for further details. O

Theorem D.2.3. Let b0 : RT xR — R, g € C'(R) with 1/2 < v < 1.
Suppose b is globally Lipschitz int and x, and o € C*(RT x R) with o, 04,0,
globally Lipschitz in t and x. Then for every T > 0 and v > 8 > 1 — 7, the
ordinary differential equation

dx(t) = b(t, z(t)) dt + o(t, z(t)) dg(t), x(0) = o,

has a unique solution in CP([0,T]).
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Proof. For the proof of this Theorem we refer to the one given in [203, Sec-
tions 5.3 and 5.4], by the means of Theorem D.2.2. First local existence and
uniqueness are proved and then the global result is shown by applying the lo-
cal existence and uniqueness repeatedly, taking as initial condition the value
of the solution at the end of the previous interval. a

Since B (t,w) € C7Y(R) for v < H with probability 1 (see The-
orem 1.6.1), Theorem D.2.1 implies that the pathwise stochastic integral
f f(s)d=BU)(s) exists for all f € C(R) with 8 > (1— H). A special case of
this result for functions f(BU)(-,w)) is also contained in [149]. Analogously,
Theorem D. 2 2 holds with probability one also for the pathwise stochastic
integral fo s)d=BW)(s) for all f € CP(R) with 8 > (1 — H). Hence, The-
orem D.2.2 and Theorem D.2.3 imply the following existence and uniqueness
theorem for SDEs driven by fBm.

Theorem D.2.4. Let byo : RT xR - R, Z : 2 - Rand 1/2 < H < 1,
(1—-H) < B < H. Suppose b is globally Lipschitz in t and x, and o €
CH(RT x R) with o, 04,0, globally Lipschitz in t and x. Then for every T > 0
the SDE

dX (t) = b(t, X (t))dt + o(t, X (t))d" B (),  X(0)=Z,
has a unique solution in C®([0,T]) with probability 1.

If f(t,w) = f(t) is deterministic and f € L# (RT), then the stochastic
integral [; f(s)d~BH)(s) exists in L2(R* x £2) for all ¢ > 0. If, in addition,
f € L*0+8)([0,T)), where 0 < § < 2H — 1, then for almost every w, the
integral fot f(s)d=BU)(s) has a t-continuous version for all ¢ € [0,T]. For
further details, we refer to [203].

For H > 1/2 a solution of the SDE

dX (t) = b(t, X (t))dt + o(t, X (t))d" B (1),  X(0)=2Z (D.2)

for an arbitrary random initial value Z can be obtained under weaker assump-
tions by using the method developed in [237] for a continuous process X; with
generalized covariation process of the form [X]; = fo s) ds, for some con-
tinuous random function ¢. In [237] this approach is actually formulated for

m-~dimensional driving processes and extends a previous 1-dimensional result
by [139].

Remark D.2.5. In [149] a uniqueness and existence result for pathwise SDEs
is also provided in the case when the diffusion coefficient is a bounded deter-
ministic function, by using Gronwall’s lemma and Picard’s iteration.

In [178] they prove the existence and uniqueness of a strong solution for
a SDE with constant 0 = 1 , where b(s, ) is a bounded Borel function with
linear growth in x for H < 1/2 or a Hélder continuous function of order,
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respectively, strictly larger than 1—1/2H in z and than H—1/2 in ¢ for the case
H > 1/2. Existence of a weak solution with monotonous drift and constant
o = 1 can be found in [37] for the case H > 1/2. The ergodic properties
of finite-dimensional systems of SDEs driven by nondegenerate additive fBm
with arbitrary Hurst index H € (0,1) are studied in [106]. An SDE with
deterministic coefficients with respect to a sequence of fBms with Hurst index
H > 1/2 is solved in [41]. For the problem of identification and estimation of
the drift function for linear stochastic systems driven by fBm with constant
volatility, we refer to [193].

Here we sketch the method presented in [237], but only in the case m =1
for the sake of simplicity. Assume that the following conditions hold:

1. b(t,x) € C([0,T] x R,R), 9b/dx(t,z) is locally Lipschitz in x € R.
2. o(t,x) € C([0,T] x R,R), o(t,x) is locally Lipschitz in z € R.

Consider pathwisely the auxiliary partial differential equation on R™ x R x

[0,T] given by

oh

&(y,z,t) :b(t,h(y,z,t)), h(Yo,Z(),t()) :Xo, (DS)
where Zy = B (0) = 0 and Yj is an arbitrary random vector in R™. By
the classical theory, there exists a (nonunique) local solution h € C! in a
neighborhood of (Y, Zy, to) with Oh/0y # 0. For any such solution h consider
the ordinary differential equation in R™

0= | 0200 o hY(©).26).0) - G 0,200
— LA ROV (0), Z(0).0) S (Y (1, Z(0),1))] (D4)

with Y'(t9) = Yo, which has a unique solution in a neighborhood of .

Theorem D.2.6. Under the above conditions any representation
X(t)=hY(t),Z(¢),t),

with h satisfying (D.3) and Y (t) given by the unique solution of (D.4), provides
a solution of (D.2). In addition, the solution X of (D.2) is unique in the
mazximal interval of definition.

Proof. For the proof and further details, we refer to [237]. O

Note that this method reduces the problem of existence of a global solution
of (D.2) to a growth condition on the coefficients b and o for equations (D.3)
and (D.4).

By following this approach, in [180] they have established an existence and
uniqueness result for equation (D.2) using the a priori estimate (D.6) based
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on the fractional integration by parts formula. For the sake of simplicity, we
sketch only the 1-dimensional case. For the multi—dimensional case and further
details, we refer to [180]. We introduce now some useful space of functions.
Let 0 < o < 1/2. We denote by W">°(0,T') the space of measurable functions
f:[0,7] — R such that

”fHaoo = S[UP (|f “f‘/ |f_ai1)|d5> < 00.

Note that for all 0 < € < a,
Cote(0,T) € Wgo*°(0,T) € C*<(0,T).

Moreover, we denote by W%fo"oo((), T') the space of measurable functions g :
[0,7] — R such that

lg(t) — g(s)] / Ig >
9lli—a,c0 == sUp < 0.
lgli-a.co 0<s<t<T <| (t— 1 a

Then, for all 0 < € < a,
CL=aF€(0,T) € W, *>°(0,T) C C*=(0,T).

For g € W, *°°(0,T) we define
1

Ao(g) = =— su D} =g, _)(s)|.

9 = a5 D0 )6)

Finally we denote by Wy ’1(0, T') the space of measurable functions h : [0,T] —

R such that
T T st
|h(t)] / / |h(y) — h(t)]
= —dt + ——— dydt < co.
/0 [ o Jo (t—y)tt

If h e WS'(0,T) and g € W~ “>(0,T), then the generalized Stieltjes inte-
gral fot hdg exists for all t € [0,T] and

|/Othdg < (@)l

We come back to equation (D.2) and consider the following regularity assump-
tions for the coeflicients:

1. Assumption Hi: o(t,z) is differentiable in = and there exists some con-
stants M > 0,0 < 8,6 < 1, and for every N > 0 there exists My > 0
such that the following holds:

lo(t,z) —o(t,y)| < M|z —y|, VaxeR,Vte|0,T],
|00 (t, ) = 8y0(t,y)| < Myl —y|°,  Via|, |yl < N,vt € [0,T],
lo(t,z) — o(s,z)| + [0zo(t,x) — Dpo(s,2)| < M|t — s|°,

Vo € R,Vt,s €[0,T].



304 D Stochastic differential equations for fractional Brownian motion

2. Assumption Hy: There exists by € LP([0,T]) and for every N > 0 there
exists Ly > 0 such that

[b(t, ) = b(t,y)| < Lnlz —yl, Viz|,|y| < N, vt € [0,T],
|b(t, )| < Lolz| + bo(t), V|z| € R,V € [0,T].

3. Assumption Hjs: There exists v € [0,1) and My > 0 such that
lo(t,z)| < Mo(1+ |z|”), VzeR,Vtel0,T].

Denote
. (1 ]
Qg = min <2,ﬂ, 1+5)

Under these conditions, in [180] the following theorem on the existence and
uniqueness of a solution for equation (D.2) is proved. Recently this result has
been extend in [39], where they provide a method to find stationary solutions
of integral equations driven by B®) with only Hélder continuous drift and
volatility. Their hypotheses on b and o are weaker than the others usually

assumed in literature (see also [163]), but in this case the uniqueness of the
solution is in general lost.

Theorem D.2.7. Suppose X is an R-valued random variable, the coefficients
b(t,xz) and o(t,x) satisfy the previous hypotheses with 3 >1—H, § > 1/H —
1, and assume that the constants M, My, and Ly and the function by may
depend on w. Then

1.If « € (1 — Hyap) and p > 1/«, then there exists a unique stochas-
tic process X € LO(2;W™°(0,T)) that satisfies the stochastic equation
(D.2), and moreover, for PH-almost all w € 12

X(w,-) € ¢'=([0,T)).

2.Ifae(1-H,agN(2—=7)/4), p>1/a, X € L>®(2;R) and the constants
M, My, Ly,by are independent of w, then for all p > 1,

B [[IX]8 0] < o0.

Theorem D.2.7 is a consequence of the following result for deterministic
differential equations.

Theorem D.2.8. Let 0 < a < 1/2. Let g € Wy *°°(0,T) and consider the
deterministic differential equation on R

x(t)=x0+/0 b(s,x(s))ds—i—/o o (s, 2(5)) dg(s), (D.5)

where xg € R, and the coefficients b, o are measurable functions satisfying the
assumptions Hy and Hs, respectively with p=1/ca, >0, 6 <1, and
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0<a<a0:min( , 3,

1+§)

Then there exists a unique solution x € W3"°°(0,T) for equation (D.5). More-
over, the solution is (1 — «)-Holder continuous.

Proof. The existence is proved by using a fixed point argument in W;"*°(0, T').
The uniqueness is a consequence of the followmg estlmate for functions g €
Wy~ (0, T) and f € W (0,T). If h(t) = [ f( , then

h t)|+/0 stgAa(g)ca,T/o [(t — )72 4 579

[f(s)-i-/oswm ds,  (D.6)

where ¢, 7 is a constant depending on «,T'. For further details, we refer to
the proof of Theorem 5.1 of [180]. a

Hence Theorem D.2.7 is a direct consequence of Theorem D.2.8 because if
H > 1/2 the random variable

1
G=—" s DIz B (1
I'l—o) 0<5211?<T (D (t=))(s)

has moments of all orders (see Lemma 7.4 in [180]). Hence, if u(¢) is a stochas-
tic process whose trajectories belongs to WQ 1(O,T) with 1 — H < a < 1/2,

then the pathwise integral U(t fo d~BM)(s) exists and we have the
estimate

t
| [ ul)d BO )] < Gluln.
0

Moreover, if u(t) is such that its trajectories belongs to W;"°(0,7T'), then the
pathwise integral U (¢ fo s)d~ B (s) is Holder continuous of order 1—a
and the estimate (D 6) holds. For further details, we refer to [180].

D.3 Stochastic differential equations via rough path
analysis

In [153] an integration theory has been established for a class of nonsmooth
paths under the name of geometric rough paths. Here we sketch this framework
and its application to SDEs for fBm according to [61].

D.3.1 Rough path analysis

Let V be an Euclidean space with norm | - |/, and for each integer k let V®F
be the kth tensor product endowed with a compatible norm | - |,ox. Denote
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by T the truncated tensor algebra R @V & V&2 @ V®3. A multiplicative
functional w in T® is a map

w: A —s TG,

where A is given by the simplex A = {(s,¢) € [0,1] x [0,1]: 0 < s <t <1},
such that w,; = (1, w} ,, w2, w3,) satisfies the Chen equality

Ws oy = Ws,t @ Wy, Vs <t <.

)

Given a continuous path w in V with finite variation, we can define the mul-
tiplicative functional in T by taking

=Wt — Ws,

2 _
wyy = / dwy, @ dwy,,
s<t1<ta<t

3
wyy = / dwi, @ dwiy, @ dwy, .
s<t1<ta<tz<t

We say that w,; = (1w}, w?,,w?,) is a smooth rough path in T® over the
continuous path w. /

Let 3 < p < 4. A multiplicative functional w in T3 is said to have finite
p-variation if

z : i p/i .
Sup ‘wisz_l,tk‘v/®i < +OO, 1= 172737
™
k

where the supremum is taken over all the finite partitions 7 of [0, 1]. The space
of all smooth rough paths is denoted by 2>°(V), and it is endowed with the
p-variation distance

i/p

_ i i p/i

dp(w,v) = ~sSup | sup |wtk,1,tk. - Utk,l,tk.|v®i )
1=1,2,3 ™ b

where again the second supremum is taken over all the finite partitions 7w of
[0, 1]. The space (2,(V') of geometric rough paths is then the closure of £25°(V')
under the p-variation distance and an element in (2, (V) is called a geometric
rough path (of finite p-variation).

D.3.2 Stochastic calculus with rough path analysis

In [153] it is proved that solutions of differential equations with smooth vector
fields are continuous on 2,(V') under the p-variation distance.

Theorem D.3.1. Letp > 1 and let f : RxR™ — L(R%,R"™) be a differentiable
function with bounded derivatives up to degree [p] + 1. Denote by F(w,x) €
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£25° (R™) the smooth rough path associated with the unique solution y to the
differential equation

dyt = f(tvyt)dwta Yo =, (D7)

where w is a continuous path in R with finite variation and w is its associated
smooth rough path. Then the map, called the Ttd6 map determined by (D.7),
w — F(w,x) is continuous from §22°(R™) — Q7°(R™) with respect to the
p-variation distance. Therefore, there is a unique extension of the Itd6 map
F(w, ) to the space 2,(R?) of all geometric rough paths.

Theorem D.3.1 is a particular case of the main result of [153]. In [61]
they construct a canonical geometric rough path in 7' (RY) associated to
a d-dimensional fBm with Hurst index H > 1/4 by using the so-called the
dyadic approximations. More precisely, the dyadic approximation of B ig
the piecewise linear path

W (e) = BUD(E ) + [t — (G2 )JAR B for ity <t <, (D.8)

where 7' = k/2™ k = 1,...,2™ and ApPBH) = pWH)¢my — pHEH)(zm ),
Since W™ has finite variation, it can be associated to a smooth rough path

m m,1 2,m 3,m
ws,t - (st,t 7ws,t sz,t )7

where w;rft’i is the ith iterated path integral of W over the interval [s, t].

Theorem D.3.2. Consider the smooth rough path w™ associated to the dyadic
approzimation (D.8) of the fBm B,

1.If1/4 < H < 1/2, then for any p < 4 such that Hp > 1, w™ converges
almost surely to a geometric rough path w in p-variation distance and
w;t = B (t) — BH)(s).

2. If 1/4 > H, then even the second level paths w™? of its dyadic approxi-
mations do not converge in Ll(Q,fr"(H),PH) according to the p-variation
distance.

Proof. The proof relies on the Gaussian properties of B4 For further details,
we refer to Theorem 2 of [61]. O

Theorem D.3.2 is the key in order to use the universal limit Theorem D.3.1
to study pathwise SDEs driven by fBm. For the sake of simplicity, we again
consider the case of a 1-dimensional fBm. Let o be a smooth one form and
a®) denote its (k — 1)th derivative (so that o' = «). Then the pathwise
integral of a along BY) exists and can be seen as

/t a(B(r)d B (r) = lim Y > a®(BI @) (w)_ ,),

0
Iwl=05=
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where 0 < s <t <1 and |7| = max; |t; — t;—1| for a finite partition of [0, 1].
More precisely, f: a(BH) (r))d=B™)(r) is defined as a geometric rough path,
whose projection coincides with the above limit.

Let H > 1/4 and consider the SDE

dX(t) = b(t, X (1)) dt + f(t, X (1) d" B @),  X(0) =¢, (D.9)

where all the derivatives of f are bounded. Then if ™ () is the unique solution
of the following ordinary differential equation

dz™(t) = b(t,z™ (1)) dt + f(t, 2™ (t)) dW™(t),  2™(0) =¢&,

by Theorem D.3.2 and D.3.1 it follows that ™ (¢) converges to a continuous
path z(t) uniformly on any finite interval as m goes to oo and that z(0) = &.
The limit path x(t) actually gives the strong solution X (¢) for (D.9). Moreover,
the following stronger result holds.

Theorem D.3.3. If H > 1/4 and pH > 1, let v]* = (z]"", ..., x}"") with
v?ft’z denotes the ith iterated path integral of the unique solution x™ over

[s,t]. Then v" converges to the unique limit v}, in p-variation distance, as
m — 00,

m,i ) p/i
sup z : |Utk'—17tk vtk—17tk| —0
Tk

almost surely for anyi=1,2,..., U;,t = x(t) — z(s). Moreover, the solution x
s a flow of diffeomorphisms of R as a function of the initial value &.

Proof. For the proof and further details, we refer to [61]. O
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LY@®)o LV<H>()dt,64

Joa f(2)dBY)(z), 184
Jo Z(t)at, 277

JY(@®) QWWKMum4
R

Y (t,w)dB™)(t), 104
R

A, 121
A7), 260
A1, 243
Aa, 243
(S1(t),9), 172
(G, 7)), 55
(fi9)m, 27, 47
{ei}fil, 51
L%, 138
M, 111
D*P (), 38
DL?, 38

EP , 38
L12 39
%(S’UR)L 99, 273
H,, 112, 185, 275
8'(R), 99, 273
$(R), 99, 273
T1, 262
Ta, 262
T3, 262
u(7), 260
Vv?, 86
oD, 189
(s, 1), 47
ou(s,t), 47
g, 27, 50
H, 25
Hy, 29
g, 52, 275

Index of symbols and notation

3(N)’ 53

X, 44

o(7), 260
PH, 9

D3}, 112
L% (R), 88
0o(t), 173
01(t), 173
B(t), 274
e(f), 50

e 183
77, 26

VarX (™), 290
Ha, 54
B(x), 182
B (z), 183
3t 28
£9%(z), 276
£9%(x), 276
€n,y 52
&n(x), 275
bu(t), 179
dp(w,v), 306
ea(x), 185
ex, 103
en(z), 185
Fo(X), 282
Jat (), 287
fb*(m% 287
hn(x), 51, 275
hEL (1), 76
i, 273

i1, 27

ia, 27

i3, 29

my, 250
m;g(-), 182
me, 250

p(t), 208

q(t), 208
vf", 308
vl", 308
w, 306
w!;, 306
w? ¢, 306
w3 4, 306
ws,t, 306
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1/2-Stable fractional Stable motion, 290

L? Estimate, 75

M operator, 99

R/S analysis, 291

¢-Derivative, 65

¢-Differentiable, 66

dt-Integrable, 153, 277

k-th empirical absolute moment, 291
p-Variation, 12

p-Variation distance, 306, 307

Absolute value method, 290
Adjoint equation, 212
Adjoint operator, 28, 31, 38, 43
Adjusted range, 291
Admissible pair, 211
Anti-persistence, 9
Arbitrage, 170, 171
Autocorrelation, 294
Autocovariance functions, 9
Auxiliary partial differential equation,
302

Backward integral, 124
Banach space, 32

Bank account, 266

Besov space, 14

Black Scholes market, 170
Bochner Minlos theorem, 273
Budget constraint, 223

Chain rule, 282
Clark Hausmann Ocone formula, 83
Complete, 219

Constrained optimization problem, 225
Consumption process, 222

Continuous trajectories, 6

Corrected functions, 287

Correlation, 8

Covariance, 9, 23

Covariance matrix, 293

Covariation, 124

Derivative, 26

directional, 110

fractional, 31

fractional stochastic, 112

Hida Malliavin, 112

Malliavin, 281

operator, 37

stochastic, 37
Differentiable, 282
Differentiation, 115, 121
Dirac delta function, 258
Dirac measure, 29
Directional derivative, 62, 110, 281
Dirichlet Laplacian, 189
Discrete variation method, 291
Divergence operator, 38
Divergence-type integral, 41
Domain, 38
Domain of attraction, 297
Donsker delta function, 240
Doob Meyer decomposition, 75
Dual operator, 37
Dyadic approximations, 307

Estimation of Hurst parameter, 289
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Estimator, 289

European call option, 267
Existence-uniqueness theorem, 300
Exponential function, 50
Extended forward integral, 125
Extended Wiener integral, 34

Feedback gain, 216

Filter, 291

Finite length, 275

Forward integral, 124, 137

Fourier transform, 183

Fractal integral, 287

Fractional
backward stochastic differential

equation, 208, 212

Black Scholes formula, 267
Black Scholes market, 266
Brownian fields, 181
Brownian motion, 5, 49
Clark derivative, 86
conditional expectation, 84
Girsanov formula, 60
Hermite transform, 241
Hida distribution function space, 55
Hida test function space, 55
integration by parts, 95, 122
1t6 formula, 107
Liouville derivatives, 285
representation, 30
stochastic derivative, 112
stochastic differential equation, 64
stochastic gradient, 113, 121
stochastic integral of It6 type, 64
stochastic maximum principle, 213
stochastic Sobolev spaces, 112
white noise, 56, 104, 187
Wick calculus, 64
Wick It6 Skorohod integral, 64
Wiener 1t6 chaos expansion, 53

Fractional heat equation, 194
quasi-linear, 198

Fractional integrals
left-sided version, 285
of order v > 0, 285
right-sided version, 285

Fubini theorem, 45

Function
Holder continuous, 11, 37

monotonic, 292
slowly varying, 10
Fundamental theorem of stochastic
calculus, 283
fWIS integral, 64

Gamma function, 6, 24
Gaussian process, 6
Gaussianity, 23
Generalized

SLSG portfolio , 267

total wealth process, 173

value process, 219

wealth process, 222
Generalized expectation, 244
Generalized forward integral, 137
Generalized Stieltjes integral, 303
Geometric fractional Brownian motion,

64, 255, 266

Geometric rough path, 305, 306
Girsanov Theorem, 109
Global solution, 302
Green function, 189, 194
Growth condition, 302

Holder continuity, 11
Hélder continuous, 300, 305
Hamiltonian, 212
Heat kernel, 258
Heat operator, 194
Hermite
functions, 52, 103, 185, 275
polynomials, 51, 185, 275
Hermite polynomial, 252
Hida distributions, 187
Hida Malliavin derivative, 63, 111, 282
Hida space, 276, 277
Hida test functions, 187
Homogeneous chaos, 75
Homogeneous increments, 5
Hurst index, 5, 6
Hurst parameter, 289
Hurst’s rescaled range analysis, 291

Index of p-variation, 13
Inductive topology, 187, 277
Inner product space
complete, 36
incomplete, 36



Integral representation, 6
Integration, 115, 121
Integration by parts, 116, 283
Intermittency, 9
Invariance principle, 14
It6 Formula, 71, 161
for the divergence integral, 161, 162
for the fWIS integral, 162
for the WIS integral, 163
1t6 map, 307
It6 Skorohod isometry, 284
Iterated integrals, 78
Iterated It6 integral, 274
Iterated path integral, 308

Kolmogorov criterion, 11

Lagrange multiplier method, 235
Likelihood function, 293
Linear operator, 150
Linear quadratic control, 216
Linear regression, 289
Lipschitz continuous, 298
Local nondeterminism property, 262
Local time
approximated self-intersection, 258
fractional, 243
renormalized self-intersection, 259
self-intersection, 258
weighted, 250
Locally Lipschitz, 302
Long range dependence, 9

Malliavin derivative, 138, 281
Marchaud fractional derivatives, 288
Markov linear feedback control, 216
Maximum likelihood estimator, 293
Memory, 9
Method

absolute value, 290

Discrete variation, 291

periodogram, 291

variance, 290

variance residual, 290

Whittle, 292
Meyer inequality, 77
Meyer Tanaka formula, 254

Minimal variance hedging problem, 218

Multi-indices, 275
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Multidimensional

fractional Wick It6 Skorohod integral,

88
fractional Wick Ité6 Skorohod
Isometry, 88
WIS integral, 120
WIS isometry, 122
Multiparameter fractional
Brownian motion, 181
white noise calculus, 185
Multiple integral, 82
Multiplicative functional, 306

Normal distribution, 293

Observed wealth, 173
Optimal
consumption, 229
consumption rate, 238
control, 212
pair, 212, 213
terminal wealth, 229
Ordinary differential equation, 302

Path differentiability, 11
Pathwise integration model, 170, 180
Performance functional, 211
Periodogram method, 291
Persistence, 9
Poisson equation, 189
Polarization technique, 68
Polynomial fractional Brownian
functionals, 50
Portfolio, 170, 232
admissible, 170, 233
generalized, 173
pathwise self-financing, 170
self-financing, 233
Wick It6 Skorohod admissible, 176

Wick It6 Skorohod self-financing, 176

WIS admissible, 219

WIS self-financing, 176
Process

adjoint, 212

finite quadratic variation, 125

fractional forward, 144

mixing, 43

zero quadratic variation, 125
Projective topology, 187, 277
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Quasi maximum likelihood estimator,
294
Quasi-conditional expectation, 84, 177

Regularity behavior, 299

Relation between symmetric and fWIS
integrals, 159

Relation between the (generalized)
forward and WIS integral, 160

Relation between the symmetric integral
and the divergence I, 158

Relation between the symmetric integral
and the divergence II, 159

Representation, 27, 148

reproducing kernel Hilbert space, 25,
147

Resolvent

kernel, 299
series, 299

Riccati equation, 217

Riemann Stieltjes integral, 300

Riemann sum, 68, 300

Risk free investment, 170

Risky investment, 170

RKHS, 25, 148

Rough path analysis, 305

Schauder basis, 14
Schwartz space, 47
Second level paths, 307
Self-similarity, 10
Semimartingale, 12
Shadow price, 212
Skorohod integrable, 280
Skorohod integral, 278-280
extended, 280
Smooth cylindrical random variables,
37, 44, 150
Smooth rough path, 306
Solution, 194, 298, 301, 308
Space of tempered distributions, 48, 99
Spectral
density, 10
representation, 7, 19
Spectral density, 291, 294
Stationary Gaussian time sequence, 289
Statistic, 289
Statistical fractal dimension, 11
Stochastic

derivative, 37, 130
derivative in the direction n, 120
distributions, 277
gradient, 63, 84, 111, 282
integral in L2, 68
Stochastic calculus with rough path
analysis, 306
Stochastic delay differential equations,
297
Stochastic differential equation, 301
Stochastic differential equations, 297
via rough path analysis, 305
with pathwise integrals, 300
with Wiener integrals, 297
Stochastic maximum principle, 211
Stochastic volatility, 232
Stock, 266
Stock price
generalized, 172
observed, 172
Stop-loss—start-gain, 266
Stratonovich integral, 143
Strong a-variation, 125
Strong arbitrage, 176
Strong arbitrage free, 219
Strong solution, 301, 308
Symmetric Fredholm integral equation
of the first kind, 221
Symmetric integral, 123, 128
Symmetrization, 279
Symmetrized tensor product, 276

Tempered distributions, 273
Terminal condition, 211
Test functions, 276
Theorem
Wiener [t6 chaos expansion I, 274
Wiener It6 chaos expansion II, 276
Total wealth process, 175
Translation operator, 59
Twisted scalar product, 27, 148

Ucp, 125, 126

Unbounded variation, 300

Unconstrained optimization problem,
225

Uniform convergence in probability, 125

Value function, 229
Variance, 293



Variance Method, 290
Variance residuals methods, 290

Weak arbitrage, 178
Weak semimartingale, 13
Weak solution, 302
Wealth process, 170
Weyl representation, 286
White noise, 277
probability measure, 99, 273
Whittle estimator, 293
Whittle method, 292
Wick chain rule, 111, 283
Wick It6 Skorohod
complete, 177

fractional Black Scholes market, 176

integrable, 104

Index

integral, 104
integration model, 172, 180
isometry, 117
self-financing, 222
self-financing property, 174
Wick product, 50, 96, 156, 278
Wick version, 282
Wiener Helix, 5
Wiener integral, 23, 26, 148
of first type, 28, 29
of second type, 28, 29
WIS exponential, 105
WIS integrable, 104
WIS integral, 104, 120

Young integrals, 300
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