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Abstract Among population-based optimization algo-
rithms guided by meta-heuristics, Particle Swarm Optimiza-
tion (PSO) has gained significant popularity in the past two
decades, particularly due to its ease of implementation and
fast convergence capabilities. This paper seeks to translate
the beneficial features of PSO from solving typical contin-
uous single-objective problems to solving multi-objective
mixed-discrete problems, which is relatively a new ground
for PSO application. The original Mixed-Discrete PSO
(MDPSO) algorithm, which included an exclusive diversity
preservation technique to significantly mitigate premature
particle clustering, has been shown to be a powerful single-
objective solver for highly constrained MINLP problems.
This papers makes fundamental advancements to MDPSO,
enabling it to solve complex multi-objective problems with
mixed-discrete design variables. Specifically, in the veloc-
ity update equation for any particle, the explorative term
is modified to point towards a stochastically selected non-
dominated solution at that iteration − thereby adopting the
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concept of multi-leader swarms. The fractional domain in
the diversity preservation technique, which was previously
defined in terms of the best global particle, is now formu-
lated as a function of the extreme members in the set of
intermediate Pareto optimal solutions. With this advance-
ment, diversity preservation not only mitigates premature
particle stagnation, but also promotes more uniform cov-
erage of the Pareto frontier. The multi-objective MDPSO
algorithm is tested using a set of benchmark problems
and a wind farm layout optimization problem. To illus-
trate the competitive benefits of the new MO-MDPSO
algorithm, the results are compared with those given by
other popular multi-objective solvers such as NSGA-II
and SPEA.

Keywords Diversity preservation · Mixed-discrete ·
PSO · Multi-objective · Wind farm layout optimization

1 Introduction

1.1 Introduction to multi-objective optimization

Multi-Objective Optimization (MOO) seeks to simultane-
ously improve multiple objectives in a design problem.
Instead of searching for a single optimum in the objective
space, MOO searches for a set of best tradeoff solutions or
designs, which are called Pareto optimal solutions. These
solutions represent the best compromise among the different
objectives.

The objective of this paper is to develop (and investigate
the performance of) a new multi-objective implementation
of the Particle Swarm-based optimization algorithm, which

http://crossmark.crossref.org/dialog/?doi=10.1186/10.1007/s00158-015-1319-8-x&domain=pdf
mailto:messac@ae.msstate.edu


W. Tong et al.

is targeted towards solving complex engineering problems
with the following attributes:

– high nonlinearity;
– multimodality;
– non-convex Pareto frontiers;
– highly constrained search space; and
– mixed-discrete design variables.

Evolutionary Algorithms (EAs) and Particle Swarm Opti-
mization (PSO) are among the most popular nature-inspired
algorithms for solving highly nonlinear optimization prob-
lems. Multi-Objective EAs (MOEAs) that are used for
solving MOO problems include Vector Evaluated Genetic
Algorithm (VEGA) developed by Schaffer (1984,1985),
Non-dominated Sorting Genetic Algorithm II (NSGA-II)
developed by Deb et al. (2002), Strength Pareto Evolution-
ary Algorithm (SPEA) (Zitzler and Thiele 1999; 1998),
SPEA2 (Zitzler et al. 2001), Predator-Prey Evolutionary
Strategy (PPES) (Laumanns et al. 1998), and Modified
Predator Prey (MPP) (Chowdhury et al. 2009). Some of
these MOEAs are also capable of handling integer and
discrete design variables, e.g., NSGA-II.

PSO on the other hand is well-known for its fast conver-
gence and ease of implementation, particularly in solving
single objective, unconstrained, and continuous optimiza-
tion problems. Since 1999, there has been an increasing
thrust towards translating the key advantages of PSO into
solving MOO problems. Figure 1 provides an overview of
the areas of application of multi-objective PSO reported in
the literature. Popular multi-objective versions of the PSO
algorithm (MOPSO) include: (i) the early study of MOPSO
by Parsopoulos and Vrahatis (2002), (ii) the MOPSO
developed by Coello et al. (2004), (iii) the Dynamic
Neighborhood PSO algorithm (DNPSO) (Hu et al. 2002;

Fig. 1 Publications on MOPSO by field of scientific/engineering
applications (Lalwani et al. 2013)

2003), (iv) the Non-dominated Sorting PSO (NSPSO)
developed by Li (2003), and (v) the MOPSO that uses
crowding distance (MOPSO-CD), developed by Raquel and
Naval Jr (2005).

The numerous variants of MOPSO, developed over the
past few decades, primarily focus on the search strategy
with respect to the multi-objective space. Mechanisms have
also been developed to handle constraints and select indi-
viduals. Unfortunately, there exists only a handful of studies
in MOPSO where mixed-discrete variables are consid-
ered (Javanshir et al. 2012; Chen et al. 2009; de Carvalho
and Pozo 2008; Rahimi and Iranmanesh 2008; Sharaf and
El-Gammal 2009; Venkatesan and Kumanan 2012; Ren
et al. 2012); and even fewer studies where diversity preser-
vation is also incorporated (Li 2003; Coello et al. 2004;
Cabrera and Coello 2010; Pires et al. 2013).

In this paper, we develop a new Multi-Objective Mixed-
Discrete Particle Swarm Optimization (MO-MDPSO) algo-
rithm by making fundamental advancements to the sin-
gle objective PSO called Mixed-Discrete PSO algorithm
(MDPSO), developed earlier by Chowdhury et al. (2013a).
In addition to thorough benchmark testing, the original
MDPSO algorithm has been applied to solve complex
practical Mixed Integer Nonlinear Programming (MINLP)
problems such as wind farm layout optimization (Chowd-
hury et al. 2013b), and to explore novel variable fidelity
optimization methods such as adaptive model switching
(Mehmani et al. 2015). The MO-MDPSO algorithm is
aimed to address a more comprehensive set of challenging
attributes presented by complex engineering optimization
problems, namely, multi-objective, constrained, highly non-
linear, high dimensional, and mixed-discrete characteristics,
as shown in Fig. 2. Important features of the MO-MDPSO
include (i) a search strategy driven by multiple global lead-
ers and (ii) a novel Pareto-cognizant diversity preservation.
An overview of the major search strategies employed in
MOPSO is provided in the following section.

Mixed-discrete 
variables

Mul�-modalityConstrained

High nonlinearity Non-convex       
Pareto fron�er

MO-MDPSO

Fig. 2 Attributes of complexity handled by MO-MDPSO
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1.2 Multi-objective search strategies in PSO

In multi-objective optimization (MOO) problems, the selec-
tion of individual particles must account for the tradeoffs
among the multiple objective functions. One of the fol-
lowing three search strategies is generally used for finding
the Pareto optimal solutions in MOPSO (Reyes-Sierra M
2006; Parsopoulos and Vrahatis 2008): (i) aggregating func-
tion, (ii) single objective-based, and (iii) Pareto dominance
principle.

In the context of generating the entire Pareto fron-
tier using the PSO algorithm, one of the most com-
mon search strategies adopted is the aggregating function
approach. Baumgartner et al. (2004) used the weighted
sum approach to solve MOO problems and vector opti-
mization problems, where the basic PSO was used as the
single objective optimizer for the aggregating function.
Parsopoulos and Vrahatis (2002) tested three different
aggregating approaches to solve MOO problems: conven-
tional weighted sum, dynamic weighted sum, and Bang-
Bang weighted sum (abruptly changing inertia weight). The
majority of these implementations derives from conven-
tional aggregating function strategy (e.g., weighted sum),
which often suffer from the following limitations: no well-
defined approach to assign weights, need for objective scal-
ing, and poor capture of non-convex Pareto frontier. There
exists advanced aggregating function methods that generally
search for the most attractive best trade-off design(s), and
adequately address the major limitations of the conventional
aggregating function strategies. Physical Programming is
one such advanced method, introduced by Messac (1996).
The physical programming paradigm (Messac and Chen
2000; Tappeta et al. 2000; Messac and Mattson 2002) is one
of the pioneering methods for preference-driven decision-
making in multi-objective optimization problems. It is
uniquely capable of delivering the best trade-off decision
(in multi-objective optimization) that is physically mean-
ingful, or in other words cognizant of the user’s physical
preferences for each objective (Messac 2015). However, the
application of such advanced aggregating function methods
(such as Physical Programming) in conjunction with PSO is
nearly non-existent in the literature. In addition, assuming
that the user aims to obtain the entire Pareto frontier (e.g.,
for further exploration or visualization of the trade-offs), the
conventional aggregating function strategies could become
computationally expensive. This expense can be excessive
when one Pareto optimal solution is evaluated at a time with
each run of a single-objective PSO.

Single objective-based strategies optimize one objective
at a time. In the DNPSO algorithm proposed by Hu et al.
(2002), bi-objective optimization problems were solved
using the lexicographic ordering scheme. This scheme
compares a particle only with two neighboring particles,

where the performance of optimization is likely to be
sensitive to the assigned ordering of importance of objec-
tives (Reyes-Sierra M 2006). Similarly, in a multi-swarm
variant of PSO called Vector Evaluated PSO (VEPSO)
method, developed by Parsopoulos et al. (2004), the evalu-
ation of each sub-swarm is based on one assigned objective
(local search); while the global search depends on the infor-
mation exchange between multiple sub-swarms. It is noted
that both lexicographic ordering scheme and the multi-
swarm based approach are generally applicable for only
bi-objective problems.

One of the MOPSO algorithms that uses the Pareto
dominance search strategy to compare solutions is the
MOPSO algorithm developed by Coello et al. (2004). In
this MOPSO, an external repository is used to store the
non-dominated solutions, and the search space is divided
into hypercubes that are adaptively controlled by the num-
ber of particle enclosed by them. There also exist MOPSO
algorithms that combine multiple approaches to search in
the multi-objective space. Ray and Liew (2002) proposed a
“swarm metaphor” algorithm, where they introduced a non-
dominance based sorting in PSO, and where the selection of
individuals was driven by a probabilistic crowding radius.
The NSPSO developed by Li (2003) also applied the con-
cept of non-dominance sorting. The selection of individuals
in this algorithm is based on two criteria, the niche count
and the crowding distance.

In the basic PSO, the comparison of individual parti-
cles is based on their objective function values (and their
constraint violations). For multiobjective problems, com-
parisons guided by the principle of non-dominance is used
in the Pareto dominance strategy. The search strategy in this
paper is motivated by the Pareto dominance strategy, since
this strategy is expected to retain the original dynamics of
PSO. However, a majority of the existing MDPSO algo-
rithms using the Pareto dominance strategy do not explicitly
seek to generate evenly distributed Pareto solutions, which
is one of the core measures of goodness of the Pareto
optimal solutions (obtained in MOO). A more evenly (and
densely) distributed set of Pareto points provides the user
greater flexibility in exploring the best trade-offs, and iden-
tifying the most attractive trade-off(s) (for further analysis
or as design decisions). The commonly-observed (and often
unresolved) issue in evenly capturing the entire Pareto fron-
tier can be attributed to a loss of population diversity in parts
of the design variable space (as the swarm converges to the
global Pareto solutions). Investigation of this hypothesis,
and development of potential solutions (to this issue) that
leverage explicit diversity preservation techniques is rare in
the literature. In this paper, we formulate a multi-domain
diversity preservation technique that is dedicated towards
generating a desirably even distribution of Pareto solutions
(while also mitigating pre-mature particle stagnation).
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Dealing with discrete design variables (or a mixed-
integer/mixed-discrete design space) is another scarcely
charted territory in the context of multiobjective implemen-
tations of PSO. In this paper, we therefore also explore
how the powerful discrete-variable-handling capabilities of
the MDPSO algorithm (Chowdhury et al. 2013a) can be
preserved in a multi-objective implementation of PSO.

In Section 2, we discuss the development of the new
MO-MDPSO algorithm, including the leader selection and
the multi-domain diversity preservation techniques. Numer-
ical experiments using a suite of benchmark test problems
(continuous MOO problems) are then conducted in
Section 3 to investigate the new MO-MDPSO algorithm,
and compare its performance with other multi-objective
solvers such as NSGA, SPEA, PAES, and MPP. The perfor-
mance of the new PSO algorithm on a MINLP test problem
and the following two practical mixed-discrete MOO prob-
lems are studied in Section 4.2: disc brake design and wind
farm layout optimization.

2 Developing multi-objective mixed-discrete PSO
algorithm

In this section, we start with an overview of the origi-
nal single-objective MDPSO algorithm, followed by the
description of the new MO-MDPSO algorithm.

2.1 Overview of single objective MDPSO

Particle Swarm Optimization (PSO) is a population-based
algorithm that was originally developed for single-objective
optimization by Kennedy and Eberhart (1995). In PSO,
a candidate solution is represented by the position of a
particle in the design space, which is updated through
a velocity vector. The particle dynamics is governed by
two basic equations: (i) the position update and (ii) the
velocity update. The Mixed-Discrete Particle Swarm Opti-
mization (MDPSO) algorithm, developed by Chowdhury
et al. (2013a), retains the fundamental dynamics of the orig-
inal PSO. In addition, a special diverging velocity vector
is introduced in the standard velocity update formulation
in MDPSO. The purpose of this additional vector is to
preserve population diversity, and hence prevent premature
particle clustering and stagnation of solutions (a major issue
in PSO). The position and velocity update equations in
MDPSO are respectively given by

xi (t + 1) = xi (t) + vi (t + 1) (1)

vi (t + 1) = wvi (t) + r1C1

[
Pl

i (t) − xi (t)
]

+r2C2
[
Pg(t) − xi (t)

] + r3γcv̂i(t) (2)

In (1) and (2), xi(t) and vi(t) respectively denote the
position and the velocity of Particle-i at the t th iteration; w

is the inertial weight that balances the local search (exploita-
tion) and the global search (exploration); Pl

i is the local
leader of Particle-i at the t th iteration, which represents the
best local solution found in the motion-history of Particle-
i; Pg(t) is the global leader of the entire swarm at the t th

iteration, which is determined through a social information
exchange among all local leaders and particles; C1 and C2

represent cognitive and social parameters, respectively; r1,
r2, and r3 are random real numbers between 0 and 1; and
γcv̂i(t) is the diversity preservation vector component.

In MDPSO, the diversity is measured by the effective
spread of all candidate solutions in the design variable
space, which also seeks to avoid false impression of diver-
sity attributed to outlier particles. Diversity preservation
is implemented on continuous and discrete variables sepa-
rately. The diversity preservation in the continuous variable
space, as defined by the last term of (2), includes (i) a
preservation coefficient (γc) that is evaluated adaptively as a
function of the prevailing diversity in the population at every
iteration; and (ii) a diverging velocity vector (v̂i (t)) that is
defined as the vector opposite to that directed towards the
position of the current global leader, as given by

v̂i (t) = xi(t) − Pg(t) (3)

After the discrete variables are updated in the continuous
domain using (2), the discrete component of each candidate
solution is moved to one of the vertices in its neighborhood
(in the discrete design space), based on a stochastic process.
The stochastic update is so designed that a particle could
have the opportunity to jump out of its local hypercube.

The net constraint violation concept, fc(x), is used to
handle constraints in MDPSO, as given by

fc(x) =
P∑

p=1

max(ḡp, 0) +
Q∑

q=1

max(|h̄q | − ε, 0) (4)

where ḡp and h̄q respectively represent the normalized
inequality and equality constraints; P and Q are the number
of constraints of each type; and ε is the specified tolerance
for equality constraints. When comparing two particles,
their net constraint violations are given preference over their
objective function values.

2.2 Introducing the multi-objective capability to
mixed-discrete PSO

The principle of constrained non-dominance compari-
son (Deb et al. 2002) is applied to compare solutions in MO-
MDPSO. According to this principle, candidate solution-x
is said to be better than candidate solution-y if and only if
one of the following scenarios occur:
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I. Solution-x is feasible and solution-y is infeasible or,
II. Both solutions are infeasible and solution-x has a

smaller net constraint violation than solution-y or,
III. Both solutions are feasible and solution-x dominates

solution-y in terms of the objective functions.

The general form of a constrained multi-objective opti-
mization problem with mixed-discrete variables can be
expressed as

min
xj ∈x

[f1(x), f2(x), . . . , fN(x)]
x = (x1

d , x2
d , . . . , xm

d , x1
c , x2

c , . . . , xn
c )

s.t.

gp(�x) ≤ 0, p = 1, 2, . . . , P

hq(x) = 0, q = 1, 2, . . . , Q (5)

where m denotes the number of discrete design variables
(xd ), and n denotes the number of continuous design vari-
ables (xc); the generic f k denotes the kth objective function,
and the generic gp and hq denote the pth inequality con-
straint and the qth equality constraint, respectively; P and Q

respectively represent the number of inequality and equality
constraints.

In the new MO-MDPSO algorithm, the position update
equation is the same as that defined in MDPSO (2). Impor-
tant modifications are made in the velocity update equation,
particularly to the leader selection mechanism and the diver-
sity preservation technique.

2.2.1 Leader selection mechanism

In MO-MDPSO, there are two types of leader selection
methods, i.e., identifying the local leaders and the global
leaders. The local leader for Particle-i is selected from a set
of solutions known as the local set, Li (t). The candidate
solutions at the locations that a particle has visited till the
tth iteration (location history) are compared with each other,
and the ones that are not strongly dominated by any other
solution in that particle’s history are stored in the local set.
Hence, the eligibility of the current location of Particle-i (xi)
to be stored in Li (t) is defined as

xi (t) ∈ Li (t)

if
f k(xi)(t) ≮ f k(yi)(t), for at least one k

where ∀k = 1, 2, . . . , N and ∀yi ∈ Li (t − 1)

(6)

Then the local set is updated by applying a Pareto filter
(Messac et al. 2003) to it.

The size of each local set, |Li |, is pre-defined and reg-
ulated using the concept of crowding distance (Deb et al.
2002): the most crowding solution is eliminated when the
size of a local set exceeds the pre-defined size. The local

leader of each particle is selected randomly from the follow-
ing two solutions: (I) the local set solution with the shortest
Euclidean distance to the concerned particle, and (II) the
least crowding solution from the local set.

The global leader for each particle is selected from a set
of solutions known as the global set, G, defined for the
entire population. The global set can be obtained by apply-
ing the Pareto filter to the solutions stored in all of the
local sets. This Pareto filter follows the rule of weak dom-
inance. The size of the global set, |G|, is also pre-defined,
and this definition is guided by the number of Pareto opti-
mal solutions desired by the user. We again use the crowding
distance concept to regulate the size of the global set, G. If
|G| > |G|desired , based on the values of crowding distance,
only the top |G|desired solutions (least crowding) are kept in
the global set. Now, since the global set, G, is shared by the
entire particle population at any given iteration, it is impor-
tant to identify the global leader, Pg

i (t), for each Particle-i.
The solution from the global set that has either the smallest
or the largest Euclidean distance to Particle-i in the objec-
tive space is chosen to be the global leader of Particle-i. The
choice between the closest/farthest global solution is driven
by a stochastic diversity preservation process, discussed in
Section 2.3.

An illustration of the leader selection mechanism in MO-
MDPSO is shown in Fig. 3.

Each local set is allowed to store three local non-
dominated solutions (symbols enclosed by a dashed rectan-
gle). A solid symbol represents the current position of a par-
ticle, while the hollow ones represent the (non-dominated)
historical positions that the particle has visited. For each
local set, a local leader is indicated by a triangle symbol.
By applying the Pareto filter, 6 candidate solutions (which

Intermediate global Pareto solu�on

Current posi�on of a par�cle
Historical posi�on of a par�cle
Local leader of a local set

f1

f2

Fig. 3 Illustration of MO-MDPSO dynamics in the objective space
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includes some of the local set solutions) are selected to form
the global set, marked by circle symbols.1

2.2.2 Dynamics of MO-MDPSO

The position and velocity update equations for the MO-
MDPSO algorithm are given by

xi (t + 1) = xi (t) + vi (t + 1) (7)

vi (t + 1) = wvi (t) + r1C1

[
Pl

i (t) − xi (t)
]

+r2C2
[
Pg

i (t) − xi (t)
]

+r3γc,i

[
xi (t) − Pg

i (t)
]

(8)

While (7) is similar to that defined in MDPSO, important
modifications are inherent in the velocity update equation.
In (8), Pg

i represents the global leader of Particle-i, selected
from the global set G(t) at the t th iteration; and Pl

i is the
local leader of Particle-i selected from its local set Li (t).
The term γc,i(xi (t) − Pg

i ) is the diversity preservation vec-
tor in the continuous variable space. The multi-domain
diversity preservation is further described in the following
subsection.

2.3 The multi-domain diversity preservation in
MO-MDPSO

In MO-MDPSO (similar to MDPSO), different diversity
preservation schemes are defined for continuous and dis-
crete variables, since the nature in which particles lose
diversity in the continuous and the discrete variable spaces
can be quite different.

For continuous variables, the diversity metric, Dc, is
defined as the smallest hypercube enclosing all candidate
solutions in the continuous variable space, as given by

Dc =
⎡
⎣

n∏
j=1

xmax,j − xmin,j

Xmax,j − Xmin,j

⎤
⎦

1
n

(9)

In (9), xmax,j and xmin,j are respectively the maximum
and minimum values of the j th design variable within the
entire set of candidate solutions; Xmax,j and Xmin,j repre-
sent the defined upper and lower bounds of the j th design
variable, respectively. Hence, Dc essentially represents the
normalized side-length of the smallest hypercube enclosing
the entire set of candidate solutions.

The generic m-dimensional discrete design space can be
prescribed as a hypergrid, where each grid cell (hypercell)
is defined by the allowed values of the discrete variables.
The discrete space diversity metric is defined such that it

1Wherever color is mentioned in any figure, please refer to the
electronic version.

mitigates the stagnation of particles within its current hyper-
cell. The diversity metric for a discrete variable, D

j
d , is thus

defined as

D
j
d = xmax,j − xmin,j

Xmax,j − Xmin,j
(10)

where xmax,j and xmin,j are respectively the maximum
and minimum values of the j th discrete variable within the
entire set of candidate solutions.

It is important to note that the entire set of candidate
solutions include both the current location of the particles
in the population and the historical solutions stored in all
the local sets. As a result, in (9) and (10), Dc defines the
normalized spread of solutions in the continuous domain,
whereas D

j
d describes the spread of solutions in each dimen-

sion of the discrete space. However, owing to the potential
impact of outlier candidate solutions on the measurement of
diversity, a fractional domain concept is applied (Chowd-
hury et al. 2013a), where the fractional domain boundaries
are guided by the best global particle that is generally the
source of attraction. Only particles enclosed by this frac-
tional domain are selected to represent the diversity. In
MO-MDPSO, as there are multiple global leaders, we mod-
ify the fractional domain concept. Here, the boundaries of
this fractional domain is determined by the location of each
particle’s global leader, Pg

i . For Particle-i, the upper and
lower bounds of the fractional domain in the j th dimension
are respectively given by

x̄
max,j
i = max

{
xmin,j + λiδx

j ,

min [Pg,j
i + 1

2λiδx
j , xmax,j ]

}

x̄
min,j
i = min

{
xmax,j − λiδx

j ,

max [Pg,j
i − 1

2λiδx
j , xmin,j ]

} (11)

where Pg,j
i is the value of the j th variable for Particle-

i’s global leader; δxj = Xmax,j − Xmin,j defines the
side-length of the smallest hypercube enclosing all candi-
date solutions; and λ is a user-defined parameter between
0 and 1, representing a fractional side-length of the small-
est enclosing hypercube. If λ = 1, no outlier solutions are
discarded.

Therefore, based on the number of particles enclosed by
the fractional domain, the modified diversity metrics for
both continuous and discrete variables are expressed as

Dc,i = �iDc (12)

D
j

d,i = �iDd,j (13)

where

�i =
(

λ
Np + 1

Ni + 1

) 1

m + n (14)
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where �i is the diversity modification factor of Particle-i. In
(14), Np is the number of candidate solutions at the current
iteration, and Ni is the number of particles enclosed by the
fractional domain defined with respect to the global leader
of Particle-i.

The diversity preservation coefficient for continuous
variables (for each particle), γ i

c , is given by Chowdhury
et al. (2013a), as stated below:

γc,i = γc0 exp

(−D
2
c,i

2σ 2
c

)
, and

σc = 1√
2 ln 1/γmin

(15)

whereγc0 and γmin are user-defined scale and shape param-
eters for the diversity coefficient.

For discrete design variables, the diversity preservation
coefficient, γ

j
d,i , is also given by Chowdhury et al. (2013a),

as stated below:

γ
j
d,i = γd0 exp (

−D
j

d,i

2

2σ 2
d

), and

σd = 1√
2 ln 1/Mj

∀j = 1, 2, . . . , m (16)

where the Mj is the total number of allowed values for the
j th (discrete) variable; and γd0 is a user-defined parameter
that represents the probability of position update for discrete
variables.

Based on the value of γ
j
d,i and a random real number r4

between 0 and 1, the position of a candidate solution, xj , is
updated using the following rules:

i When r4 is less than or equal to γ
j
d,i , xj is randomly

approximated to either Xmax,j or Xmin,j .
ii When r4 is greater than γ

j
d,i , xj is approximated to

Xmin,j if |xj − Xmin,j | ≤ |xj − Xmax,j |; otherwise, xj

is approximated to Xmax,j .

It is important to note that γc,i is used to control the
magnitude of a directional repulsion away from the loca-
tion of Pg

i . As more particles approach a particular global
leader, the repulsion among the followers of this global
leader increases, thus slowing down a potential premature
clustering process. On the other hand, γ

j
d,i is used to apply

the stochastic update within the grid-like discrete variable
space, as stated above. In the context of MOO problems,
this diversity preservation strategy is expected to facili-
tate convergence of the particles to different regions of the
global Pareto frontier, which helps to capture the full Pareto
frontier.

3 Numerical experiments

Two different classes of popular benchmark MOO problems
are first considered to validate and investigate the perfor-
mance of MO-MDPSO. These two classes of problems
are: (I) continuous unconstrained MOO problems, and (II)
continuous constrained MOO problems. Table 1 provides
the parameter settings of MO-MDPSO for these numeri-
cal experiments. Description of the numerical experiments
with the benchmark problems are presented in the following
subsections.

3.1 Numerical experiments with continuous nonlinear
multiobjective optimization problems

First, the MO-MDPSO algorithm is validated using a series
of well-known unconstrained (benchmark) bi-objective
optimization problems (Class I), which include the sec-
ond function used by Fonseca and Fleming (1995), the test
function used by Coello et al. (2007), two Schaffer func-
tions (Schaffer 1985), and five Zitzler Deb Thiele’s (ZDT)
functions (Zitzler et al. 2000). The number of design vari-
ables and the nature of the Pareto frontier for each of
these problems, and the allowed number of function evalu-
ations are listed in Table 2. It is important to note that the
Pareto frontiers of Coello, Shaffer 2, and ZDT 3 are discon-
nected, whereas those of Fonseca 2, ZDT 2, and ZDT 6 are
nonconvex.

The maximum number of function evaluations allowed
for the ZDT test problems in the existing literature is 25,000.
To demonstrate and test the fast convergence feature of
PSO, the maximum allowed number of function evaluations
for the five ZDT functions is deliberately set to 10,000, as
opposed to the 25000 function evaluations used for bench-
mark testing of other heuristics MOO algorithms (with these
same problems). For the rest of the test problems in Class I,
2000 function evaluations are allowed.

In Class II, we apply the MO-MDPSO algorithm to
five continuous constrained (benchmark) MOO problems.
Table 3 lists the characteristics of these five test prob-
lems and the corresponding allowed number of function
evaluations. The maximum allowed number of function
evaluations for each of these five test problems is set to
10,000. A brief description of each constrained problem is
provided below:

BNH This is the second test function used by Binh and
Korn (1997). The Pareto frontier for this problem is
connected and has a convex geometry.

CONSTR This problem was recommended by Deb et al.
(2002). The Pareto frontier of CONSTR is a concatena-
tion of an unconstrained region and the boundary of the
first constraint.
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Table 1 User-defined
parameters in MO-MDPSO Mixed-Integer Wind farm

Parameter Class I Class II optimization optimization

problems problem

w 0.5 0.5 0.5 0.5

C1 1.5 1.5 1.5 1.5

C2 1.5 1.5 1.5 1.5

γc0 1.0 1.0 1.5 3.0

γmin 1e − 06 1e − 06 1e − 08 1e − 05

γd0 NA NA 1.0 1.5

λ 0.2 0.1 0.1 0.1

Capacity of local set |L| 5 6 8 10

Capacity of global set |G| 50 50 100 20

Population size Np min(2n, 100) min(2n, 100) min(5(m + n), 500) 500

KITA This test problem was used by Kita et al. (1996).
It includes three linear inequality constraints. The Pareto
frontier in this case lies inside the feasible space.

SRN This problem was used in the study by Srinivas
and Deb (1994). It includes two second-order nonlinear
objective functions, one linear inequality constraint, and
one second-order nonlinear inequality constraint. The
Pareto frontier of SRN comprises three subsets of the
unconstrained region.

TNK This test problem was suggested by Tanaka et al.
(1995). The design space of TNK is the same as the
objective space. The Pareto frontier of TNK is discon-
nected, and lies along the boundary of the first constraint.
The two anchor points are the intersection points of its
two constraints.

Table 2 Continuous unconstrained bi-objective optimization
problems

Function Number of Max. function Analytical

name variables evaluations Pareto frontier

Coello 2 2,000 D

Fonseca 2 3 2,000 C/NV

Schaffer 1 1 2,000 C/V

Schaffer 2 1 2,000 D/V

ZDT 1 30 10,000 C/V

ZDT 2 30 10,000 C/NV

ZDT 3 30 10,000 D/V

ZDT 4 10 10,000 C/V

ZDT 6 10 10,000 C/NV

C: connected

D: disconnected

V: convex

NV: nonconvex

3.2 Performance metrics

Two metrics introduced by Deb et al. (2002) for testing
multi-objective optimizers are used to evaluate the perfor-
mance of MO-MDPSO. All distance parameters (d) consid-
ered in the two metrics are defined in the objective space.
The first metric, �, is the accuracy metric, which mea-
sures the convergence or closeness of the computed Pareto
optimal solutions to the analytical Pareto frontier (assumed
known) of the MOO problem. It is given by

� =

|S∗|∑
k=1

d̂k

|S∗|
d̂k = min ‖ x∗

k − yl ‖, ∀yl ∈ R∗, l = 1, 2, . . . , |R∗|
where x∗

k ∈ S∗, k = 1, 2, . . . , |G| (17)

In (17), R∗ is the reference set of uniformly distributed
solutions lying on the actual Pareto frontier, and S∗ is the set

Table 3 Continuous constrained bi-objective optimization problems

Function Number of Max. function Analytical Pareto

name variables evaluations frontier

BNH 2 10,000 C/V

CONSTR 2 10,000 C/V

KITA 2 10,000 D/V

SRN 2 10,000 D/V

TNK 2 10,000 D/NV

C: connected

D: disconnected

V: convex

NV: nonconvex



A multi-objective mixed-discrete particle swarm optimization

of Pareto optimal solutions computed by MO-MDPSO; d̂k

represents the Euclidean distance between the kth solution
in S∗ and its closest neighbor from the reference set R∗.
In this paper, 500 solutions are uniformly generated in R∗
(|R∗| = 500) to evaluate �. Based on (17), a smaller value
of � indicates a better accuracy.

The second metric, 	, measures the uniformity of the
computed Pareto-optimal solutions in terms of their spa-
tial distribution along the obtained Pareto frontier (w.r.t.
the reference Pareto front); this metric also as indicates
whether the computed Pareto solutions have an adequate
spread in the objective space. The uniformity metric is
given by

	 =
df + dl +

|S∗|−1∑
k=1

|dk − d̄|
|S∗| − 1

df + dl + (|S| − 1)d̄
(18)

In (18), df and dl are the Euclidean distances between
the two extreme solutions in R∗ and S∗, respectively; and d̄

is the averaged inter-solution distance in S∗, which is given
by

d̄ =

|S∗|−1∑
k=1

dk

|S∗| − 1
(19)

Here dk is the distance between two consecutive (the kth and
the (k + 1)th) Pareto optimal solutions in S∗, assuming that
the solutions in S∗ are sorted in the increasing order of one
of the objectives. The closer the value of 	 to 0, the better
the distribution of the obtained Pareto optimal solutions.

3.3 Results and discussion

In this subsection, the results for the Classe I and II bench-
mark problems for MO-MDPSO are discussed. The Sobol’s
quasirandom sequence generator (Sobol 1967) is applied to
prepare the initial population of particles for each test prob-
lem. Additionally, each test problem in Classes I and II is
run 30 times to compensate for the impact of random param-
eters and then compared with the known analytical Pareto
frontier both graphically and through the performance met-
rics, � and 	.

3.3.1 Class I: unconstrained continuous bi-objective
optimization problems

Figures 4a–i show the best Pareto optimal solutions (among
the 30 runs) obtained for each test problem (circles), as well
as the boundary of the feasible region (curve line)2. The

2This is the boundary of the feasible region in the objective space also
containing the actual Pareto frontier

results obtained using MO-MDPSO show promising agree-
ment with the actual solutions in all the nine Class I test
problems. Only in the case of Fonseca 2 problem, a few
of the computed Pareto optimal solutions are not fully con-
verged to the analytical Pareto frontier. It is also observed
that the Pareto optimal solutions are evenly distributed in all
the Class I test problems.

Tables 4 and 5 present the mean and standard deviation
of � and 	, respectively, estimated over 30 runs for each
Class I test problem. It is important to note that 30 runs is
the reported number of runs used for benchmark testing of
the other popular MOO algorithms (e.g., NSGA, SPEA, and
MPP); multiple runs are used to account for the potential
variations caused by the random operators in these heuristic
algorithms. The mean of the performance metrics repre-
sents the goodness and the standard deviation represents
the robustness in the context of the respective performance
metrics. The smaller the value, the better it is in all these
cases. The performances of other powerful population-
based MOO algorithms (as reported in the literature) are
also included in this table for the purpose of explorative
comparison. These algorithms are: (i) NSGA-II (real-coded
and binary-coded) (Deb et al. 2002), (ii) SPEA (Zitzler and
Thiele 1999), (iii) PAES (Knowles and Corne 1999), and
(iv) MPP (Chowdhury et al. 2009). The performance metrics
of these algorithms, as shown in Tables 4 and 5, are adopted
from Deb et al. (2002) and Chowdhury et al. (2013a).
Performance metrics information of SPEA, NSGA-II, and
PAES for Schaffer 2 and Coello test functions, and that of
MPP for Schaffer 1 and Schaffer 2 test functions, are how-
ever not readily available. The standard deviation values of
� and 	 are also not provided by Chowdhury et al. (2013a),
and hence not included here.

Compared to NSGA-II, SPEA, PAES, and MPP, MO-
MDPSO provides better performance in terms of solution
convergence and uniformity (mean values) for the Schaffer
1 and all the ZDT test functions except ZDT 4. The two
versions of the NSGA-II algorithm perform the best in the
cases of Fonseca 2 and ZDT 4 test functions. However, it is
important to note that the performance metrics of NSGA-II
were obtained under 25,000 function evaluations, and both
versions of NSGA-II were unable to converge to the analyt-
ical Pareto frontier of ZDT 4 in any of the test runs, whereas
MO-MDPSO converged to the analytical Pareto frontier 10
times out of the 30 runs in this test problem. The standard
deviation of the two performance metrics for MO-MDPSO
is greater than that for the other algorithms in several cases,
which can be attributed to the use of a relatively high
number of random parameters in MO-MDPSO.

In order to specifically explore the computational effi-
ciency of the MO-MDPSO algorithm, we also solve the
ZDT test problems by using only 2,000 function evalua-
tions. The Pareto optimal solutions are computed thereof
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Fig. 4 Pareto optimal solutions obtained by MO-MDPSO for Class I problems (best results over 30 runs of each problem)

shown in Figs. 5a–d. It is observed that the Pareto solutions
obtained in all these problems (when allowed 2,000 func-
tion calls) agree well with the actual solutions, except in
ZDT2. The plots of the two performance metrics over the
iterations of MO-MDPSO, as shown in Figs. 6a–d, provide
further evidence regarding the fast-converging capability of
the MO-MDPSO algorithm3.

3Solutions of ZDT4 are far away from the feasible region, so the result
of ZDT4 is not provided.

3.3.2 Class II: constrained continuous bi-objective
optimization problems

The best Pareto optimal solutions obtained by MO-MDPSO
(circles) and the boundary-sections of the feasible region
(representing the analytical Pareto front) for the Class II
test problems are shown in Figs. 7a–e. The Pareto opti-
mal solutions are observed to be well distributed, and show
promising agreement with the know analytical Pareto fron-
tier. A slight exception is observed in the case of the TNK
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Table 4 Accuracy (�) metric for test problems in Class I (continuous unconstrained MOO problems)

Test function MO-MDPSO NSGA-II Real-coded NSGA-II Binary-coded SPEA PAES MPP

Coello
μ� 8.2e − 3 N/A N/A N/A N/A 5.0e − 2

σ� 1.2e − 3 N/A N/A N/A N/A N/A

Fonseca 2
μ� 4.4e − 3 1.9e − 3 2.6e − 3 1.3e − 1 1.5e − 1 8.2e − 3

σ� 4.6e − 4 0.0 0.0 3.8e − 5 9.1e − 4 N/A

Schaffer 1
μ� 9.0e − 3 3.4e − 3 2.8e − 3 3.4e − 3 1.3e − 3 N/A

σ� 1.1e − 3 0.0 1.0e − 6 0.0 3.0e − 6 N/A

Schaffer 2
μ� 1.3e − 2 N/A N/A N/A N/A N/A

σ� 1.1e − 3 N/A N/A N/A N/A N/A

ZDT 1
μ� 8.9e − 4 3.3e − 2 8.9e − 4 1.8e − 3 8.2e − 2 4.5e − 2

σ� 1.2e − 4 4.7e − 3 0.0 1.0e − 6 8.7e − 3 N/A

ZDT 2
μ� 7.5e − 4 7.2e − 2 8.2e − 4 1.3e − 3 1.3e − 1 1.2e − 1

σ� 7.5e − 3 3.2e − 2 0.0 0.0 3.7e − 2 N/A

ZDT 3
μ� 4.2e − 3 1.1e − 1 4.3e − 2 4.8e − 2 2.4e − 2 2.0e − 2

σ� 4.0e − 4 7.9e − 3 4.2e − 5 4.7e − 5 1.0e − 5 N/A

ZDT 4
μ� 1.4 5.1e − 1 3.2 7.3 8.5e − 1 6.5e − 1

σ� 2.0 1.2e − 2 7.3 6.6 5.3e − 1 N/A

ZDT 6
μ� 4.6e − 2 3.0e − 1 7.8 2.2e − 1 8.6e − 2 2.3e − 1

σ� 5.3e − 2 1.3e − 2 1.7e − 3 4.0e − 4 6.7e − 3 N/A

problem, where some regions of the Pareto frontier are more
sparsely covered than others (although the entire Pareto
frontier has been adequately captured). The evenness of
the distribution of the Pareto optimal solutions in TNK

could be improved if the prescribed parameters are specif-
ically tuned for this problem. Table 6 lists the mean and
the standard deviation of � and 	 for the Class II test
problems.

Table 5 Uniformity (	) metric for test problems in Class I (continuous unconstrained MOO problems)

Test function MO-MDPSO NSGA-II Real-coded NSGA-II Binary-coded SPEA PAES MPP

Coello
μ	 0.57 N/A N/A N/A N/A 1.17

σ	 2.9e − 2 N/A N/A N/A N/A N/A

Fonseca2
μ	 0.58 0.38 0.39 0.79 1.16 0.42

σ	 1.5e − 2 6.4e − 4 1.3e − 3 5.5e − 3 8.9e − 3 N/A

Schaffer 1
μ	 0.21 0.48 0.45 1.02 1.06 N/A

σ	 1.2e − 2 3.5e − 3 2.1e − 3 4.4e − 3 2.9e − 3 N/A

Schaffer 2
μ	 0.96 N/A N/A N/A N/A N/A

σ	 2.9e − 3 N/A N/A N/A N/A N/A

ZDT 1
μ	 0.20 0.39 0.46 0.78 1.23 0.59

σ	 4.0e − 2 1.9e − 3 4.2e − 2 4.4e − 3 4.8e − 3 N/A

ZDT2
μ	 0.20 0.43 0.43 0.75 1.17 0.78

σ	 4.0e − 2 4.7e − 3 2.5e − 2 4.5e − 3 7.7e − 3 N/A

ZDT 3
μ	 0.54 0.74 0.58 0.67 0.79 0.73

σ	 4.0e − 2 2.0e − 2 5.1e − 3 3.6e − 3 1.6e − 3 N/A

ZDT 4
μ	 0.83 0.70 0.48 0.80 0.87 1.48

σ	 1.6e − 2 6.5e − 2 9.8e − 3 1.5e − 2 1.0e − 1 N/A

ZDT 6
μ	 0.60 0.67 0.64 0.85 1.15 0.71

σ	 2.4e − 2 9.9e − 3 3.5e − 2 2.7e − 3 3.9e − 3 N/A
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Fig. 5 Pareto optimal solutions obtained by MO-MDPSO for the ZDT problems, under the allowance of only 2,000 function evaluations

4 Case Studies with mixed integer and practical
MOO problems

In this section, we apply MO-MDPSO to solve three mixed-
integer MOO problems: (i) an analytical MINLP problem,
(ii) a disc brake design problem, and (iii) a wind farm
layout optimization problem. Table 1 lists the prescribed
parameters used for these three mixed-discrete MOO prob-
lems. The characteristics of these problems and the corre-
sponding allowed number of function evaluations are given
in Table 7.

4.1 Results of mixed-integer MOO problems

For the MINLP problems, the actual or analytical
Pareto frontier is not known. Hence, to investigate the
performance of MO-MDPSO in these two test prob-
lems, the computed Pareto optimal solutions are com-
pared with those obtained using NSGA-II (binary-coded).
The comparison is made between the best results of
MO-MDPSO and NSGA-II, over 10 runs of each
algorithm.

4.1.1 Analytical MINLP problem

The analytical MINLP problem, which is adapted from
Dimkou and Papalexandri (1998), involves three continuous

variables, x1, x2, x3, and three binary variables, y1, y2, y3 ∈
{0, 1}. The formulation of this problem is given by

min f1 = x2
1 − x2 + x3 + 3y1 + 2y2 + y3

min f2 = 2x2
1 + x2 − 3x3 − 2y1 + y2 − 2y3

s.t.

g1 = 3x1 − x2 + x3 + 2y1 ≤ 0

g2 = 4x2
1 + 2x1 + x2 + x3 + y1 + 7y2 ≤ 40

g3 = −x1 − 2x2 + 3x3 + 7y3 ≤ 0

g4 = −x1 + 12y1 ≤ 10

g5 = x1 − 2y1 ≤ 5

g6 = −x2 + y2 ≤ 20

g7 = x2 − y2 ≤ 40

g8 = −x3 + y3 ≤ 17

g9 = x3 − y3 ≤ 25 (20)

Figure 8 shows the Pareto frontiers obtained using MO-
MDPSO and NSGA-II. It is observed that the overall distri-
bution of Pareto optimal solutions yielded by MO-MDPSO
(squares) is practically similar to that yielded by NSGA-
II (triangles). Starting with the same initial population size
(100), MO-MDPSO is able to obtain 100 Pareto optimal
solutions, whereas NSGA-II obtained 78 Pareto optimal
solutions (might be attributed to the prescribed parameter
values).
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Fig. 6 Convergence history of performance indicators for ZDT problems under 2,000 function evaluations
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Fig. 7 Pareto optimal solutions obtained by MO-MDPSO for Class II problems

4.1.2 Disc brake design

In the disc brake design problem, reported by Osyczka and
Kundu (1995), there are two design objectives: minimize
the mass of the brake and minimize the stopping time. Four
design variables are considered, namely the inner radius of
the discs (x1), the outer radius of the discs (x2), the engaging
force (x3), and the number of friction surfaces (x4), where x4

is an integer variable. There are five inequality constraints
that relate to the surface area, length of the brake, pres-
sure, torque, and temperature. The optimization problem is
formulated as

Table 6 Performance indicators for Class II problems (constrained
MOO problems)

Function
Accuracy (�) Uniformity(	)

μ� σ� μ	 σ	

BHN 0.1342 0.0157 0.3519 0.0221

CONSTR 0.0071 7.6e − 4 0.5554 0.0397

KITA 0.0090 8.1e − 4 0.2998 0.0239

SRN 0.5435 0.0844 0.7284 0.0040

TNK 0.0085 0.0010 0.7299 0.0835

min f1 = 4.9 × 10−5(x2
2 − x2

1)(x4 − 1)

min f2 = 9.82 × 106(x2
2 − x2

1)

x3x4(x
3
2 − x3

1)

s.t.

g1 = 20 − (x2 − x1) ≤ 0

g2 = 2.5(x4 + 1) − 30 ≤ 0

g3 = x3

π(x2
2 − x2

1)
− 0.4 ≤ 0

g4 = 2.22 × 10−3x3(x
3
2 − x3

1)

(x2
2 − x2

1)2
− 1 ≤ 0

g5 = 900 − 2.66 × 10−2x3x4(x
3
2 − x3

1)

(x2
2 − x2

1)
≤ 0 (21)

Table 7 Mixed-integer constrained multi-objective optimization
problems

Function MINLP Disc brake Wind farm

property design optimization

No. of design variables 6 4 150

No. of discrete variables 3 1 50

No. of constraints 9 5 300

Max. function evaluations 10,000 5,000 750,000
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Fig. 8 Pareto optimal solutions for the MINLP problem

where

55 ≤ x1 ≤ 80

75 ≤ x2 ≤ 110

1000 ≤ x3 ≤ 3000

2 ≤ x4 ≤ 20

Figure 9 shows the Pareto optimal solutions for the disc
brake design problem, obtained using MO-MDPSO and
NSGA-II. The Pareto optimal solutions yielded by MO-
MDPSO and NSGA-II are observed to lie on the actual
boundary of the feasible region in the objective space. On
a detailed examination of the Pareto frontier (Fig. 9), it is
found that NSGA-II does not capture the section of the
Pareto frontier close to the upper anchor point (the solution
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Fig. 9 Pareto optimal solutions for disc brake design

with the minimum stopping time). This observation might
be due to the use of original authors’ prescribed values of
NSGA-II parameters (with no dedicated tuning).

4.2 Wind farm layout optimization

The energy losses in a wind farm can be primarily attributed
to the wake effects, which causes velocity deficits down-
stream of a turbine. In practice, wind farm layout optimiza-
tion can be applied to plan the micro-siting of turbines,
generally with the objective to minimize the wake-induced
energy losses. On the other hand, the scope of layout design
itself depends on the specified farm land usage, where the
latter also regulates the net impact on surroundings (e.g.,
noise impact and impact on local wildlife) (Tong et al.
2013). The wind farm layout optimization problem consid-
ered here involves two objectives: (i) minimize the land area
per MW installed and (ii) maximize the wind farm capacity
factor (CF), which is the ratio of the actual energy produc-
tion to the energy that could have been produced if the wind
farm always operated at its rated capacity. The optimization
problem is defined as

min [CF(V), AMW(V)]
V = {

x1, x2, . . . , xNt , y1, y2, . . . , yNt ,

T1, T2, . . . , TNt

}

s.t.

g(V) ≥ 1.5(DTk + DTl )

k, l ∈ 1, 2, . . . , Nt (22)

where AMW is the land area per MW installed; Nt is the
number of turbines; D is the turbine rotor diameter; and V
represents the design vector, which includes 2Nt continuous
variables representing turbine coordinates (x and y) and Nt

integer variables representing turbine configurations (T ). In
this case study, Nt = 25, and 16 candidate turbine config-
urations are considered for selection. Figure 10b lists the
principal features of these turbines, which are adopted from
specifications reported by major turbine manufacturers.

4.2.1 Disc brake design

In the disc brake design problem, reported by Osyczka and
Kundu (1995), there are two design objectives: minimize
the mass of the brake and minimize the stopping time. Four
design variables are considered, namely the inner radius of
the discs (x1), the outer radius of the discs (x2), the engaging
force (x3), and the number of friction surfaces (x4), where x4

is an integer variable. There are five inequality constraints
that relate to the surface area, length of the brake, pres-
sure, torque, and temperature. The optimization problem is
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Fig. 10 Results of multi-objective wind farm optimization
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formulated as

min f1 = 4.9 × 10−5(x2
2 − x2

1)(x4 − 1)

min f2 = 9.82 × 106(x2
2 − x2

1)

x3x4(x
3
2 − x3

1)

s.t.

g1 = 20 − (x2 − x1) ≤ 0

g2 = 2.5(x4 + 1) − 30 ≤ 0

g3 = x3

π(x2
2 − x2

1)
− 0.4 ≤ 0

g4 = 2.22 × 10−3x3(x
3
2 − x3

1)

(x2
2 − x2

1)2
− 1 ≤ 0

g5 = 900 − 2.66 × 10−2x3x4(x
3
2 − x3

1)

(x2
2 − x2

1)
≤ 0 (23)

In (22), the capacity factor of the wind farm, CF , is
computed using the power generation model and wind dis-
tribution model provided by the Unrestricted Wind Farm
Layout Optimization (UWFLO) framework (Chowdhury
et al. 2013b). This model estimates the wind farm power
generation as a function of the incoming wind conditions,
the turbine features, and the location of turbines. The land
area per MW installed, AMW , is determined by a layout-
based land usage model (Tong et al. 2014), where the land
area for any given layout of turbines can be estimated
without prescribing the farm boundaries. The constraint
g(V) in (22) represents the minimum inter-turbine spacing
requirement, where the distance between any two turbines
(Turbine-k and Turbine-l) must be no less than 1.5 times of
the sum of their rotor diameters, i.e., 1.5(DTk + DTl ). Here,
g(V) can be expressed as

g(V) =
√

(xk − xl)2 + (yk − yl)2

∀k, l ∈ 1, 2, . . . , Nt , and k 
= l

(24)

where (xk , yk) and (xl , yl) respectively represent the coordi-
nates of Turbine-k and Turbine-l.

The wind distribution considered in this case study
is generated using the daily averaged data for wind
speed and direction (from years 2000 to 2009) at the
Baker station in NDSU (2014). The variation of wind
conditions at this site is illustrated by the wind rose
diagram in Fig. 10a. The user-defined parameters in
MO-MDPSO for this optimization problem are listed in
Fig. 10b.

Figure 10c shows the best tradeoffs between CF and
AMW obtained using MO-MDPSO. Based on the user-
specified pruning of the global set, 20 Pareto optimal solu-
tions are obtained, and are observed to be well-distributed

in the objective space. From these results, the Pareto fron-
tier for this wind farm layout optimization problem appears
to be non-convex. The solid lines and the dashed lines in
Fig. 10c represent the averaged land usage of US commer-
cial wind utilities in 2009 (34.5 ha/MW), and the standard
deviation in land usage (22.4 ha/MW) (Denholm et al.
2009). It is observed from the Pareto optimal solutions
that the wind farm capacity factor varies from 44.1 % to
54.7 %, at the cost of an increase in unit land footprint
from 19.0 ha/MW to 83.5 ha/MW. This observation indi-
cates that on average a 1.0 % increase in capacity factor
requires 6.1 ha/MW more land usage under optimal turbine
selection and placement for the given wind conditions. At
the same time, from the nature of the Pareto solutions, it
can be inferred that increasing land area beyond 45 ha/MW
provides diminishing returns in terms of capacity factor
appreciation.

Figures 10d to 10f respectively illustrate the opti-
mal wind farm layouts for Solution-A, Solution-B, and
Solution-C, which are three widely distributed Pareto opti-
mal solutions (as indicated in Fig. 10c).

These optimal layout designs provide the location of tur-
bines, the selected turbine types, and the site orientation.
The location of turbines is represented by square sym-
bols with the turbine type number (associated with the
type listed in Fig. 10b) shown in the center of the sym-
bol. The turbine symbols are colored based on their rated
power. The dashed line represents the optimal layout-based
wind farm boundary. It is observed that both Solution-
A and Solution-B include 10 different types of turbines,
while Solution-C includes 6 different types of turbines.
Turbine types No.1 and No.7 to No.11 are selected in
all the three Pareto solutions (A, B, and C). No.8 is the
most popularly chosen turbine type among the optimal
layout designs.

It is interesting to note (from Figs. 10d–f) that, although
the three optimal layout designs offer very different trade-
offs between CF and land area, they involve strikingly
similar land orientation (NE-SW). Essentially, the farm site
is stretched out along the direction that is approximately
perpendicular to the dominating wind direction for this par-
ticular site (wind coming from NW as shown in Fig. 10a).
The aspect ratio of the land (length/breath ratio) spanned by
the optimal layout however varies significantly − decreases
with increasing land usage.

5 Concluding remarks

In this paper, we developed a multi-objective implementa-
tion of the mixed-discrete PSO algorithm. This algorithm is
designed to coherently address the major attributes of com-
plex engineering optimization problems, namely, multiple
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objectives, high nonlinearity, non-convex Pareto frontier,
constraints, and mixture of continuous and discrete design
variables. With a multi-domain diversity preservation tech-
nique, MO-MDPSO not only preserves the original dynam-
ics of the basic PSO, but also coherently manages discrete
variables and population diversity. Specifically, a dynamic
control scheme is applied to each particle to explicitly adjust
their motion, which involves (i) applying an increasing
repulsion velocity away from the global leader of a particle
when a greater number of particles appear to be clustering
towards that particular global leader, and (ii) improving the
evenness of the distribution of non-dominated solutions in
the global set.

A special particle-centric concept for the selection of
local and global leaders is developed and used to introduce
multi-objective capabilities into the MDPSO algorithm.
This concept is based on the overall crowding distance of
the members in the concerned local/global set and a stochas-
tic process regulated based on the estimated population
diversity.

Three classes of benchmark test problems are used to
investigate the performance of MO-MDPSO. For uncon-
strained and constrained continuous MOO problems, MO-
MDPSO provides promising results, as evident from the
successful convergence of its Pareto solutions to the ana-
lytical/exact Pareto front. When the results of MO-MDPSO
are compared with those yielded by five major MOO algo-
rithms, MO-MDPSO comes out on top (in terms of accuracy
and uniformity) in more than 35 % of the cases. The MO-
MDPSO algorithm is then tested on two MINLP problems,
where the results obtained compare favorably with those
yielded by NSGA-II.

We also applied MO-MDPSO to solve a wind farm
layout optimization problem, which is a highly nonlin-
ear, high-dimensional, multimodal, and constrained MINLP
problem. The Pareto optimal solutions obtained by MO-
MDPSO, provided important insights into the best tradeoffs
between capacity factor and land footprint. For certain
problems, the robustness of MO-MDPSO demands fur-
ther improvement, which could be accomplished through
parametric analysis of this algorithm. Future application of
MO-MDPSO to higher dimensional (> 100D) MOO prob-
lems and problems with greater than two objectives would
further establish the full potential of this new PSO algo-
rithm. The MO-MDPSO algorithm presented in this paper
involves 12 prescribed parameters, compared to 5 in bin-
NSGA-II and 6 in SPEA, which (while providing flexibility
in controlling the algorithm) often calls for experience-
based parameter setting. Hence, future research efforts
should include exploring the sensitivity of the algorithm’s
performance to the various prescribed parameters, and
investigating new schemes for problem-adaptive parameter
setting.
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