
Blimp Model-Based Estimation Appendix   

 

1 

1 

 

 

 

 

 

 

 

Blimp Technical Appendix: Fully Bayesian Model-Based Estimation and 

Multiple Imputation for Multilevel Models 

 

Craig K. Enders, Han Du, & Brian T. Keller 

July, 2019 

 

  



Blimp Model-Based Estimation Appendix   

 

2 

2 

A. MCMC Sampling Steps and Distributions for Two-Level Imputation 

This document gives technical details of the two-level Gibbs sampler, 

specifically the full conditional distributions used to draw model parameters, random 

effects, latent means, and missing values for model-based imputation in Blimp. 

Gibbs Sampler Steps for the Analysis Model 

In this section we abandon the scalar notation from the manuscript in favor of 

a more succinct matrix representation of the multilevel model 

 

𝒚𝑗 = 𝐗𝑗𝜷 + 𝐙𝑗𝒃𝑗 + 𝜺𝑗 (SA1) 

 

where 𝒚𝑗 is the vector of outcome scores for cluster j, 𝐗𝑗 is the corresponding matrix 

of predictor variables (level-1 or level-2), including a unit vector for the intercept, 𝐙𝑗 

is a subset of the level-1 variables in 𝐗𝑗 that have a random influence on the outcome 

(e.g., a unit vector and any random coefficient predictors), 𝒃𝑗 is the column vector of 

level-2 residuals for cluster j, and 𝜺𝑗 is a vector of within-cluster residuals. A variety 

of sources give the full conditional distributions for this model (Browne, 1998; Browne 

& Draper, 2000; Enders et al., 2018; Lynch, 2007; Schafer & Yucel, 2002; Yucel, 

2008), which we summarize here for completeness. 

 To illustrate the following steps more concretely, we will refer to the following 

substantive model, which includes within-cluster and cross-level interaction effects. 

Between-cluster interactions involving pairs of level-2 variables are also possible, but 

it should become evident that the composition of the analysis model has no bearing 

on the covariate models. 
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𝑦𝑖𝑗 = 𝛽0 + 𝛽1(𝑥1𝑖𝑗) + 𝛽2(𝑥2𝑖𝑗) + 𝛽3(𝑥3𝑖𝑗) + 𝛽4(𝑥1𝑖𝑗)(𝑥2𝑖𝑗) + 𝛽5(𝑥4𝑗)

+ 𝛽6(𝑥5𝑗) + 𝛽7(𝑥3𝑖𝑗)(𝑥5𝑗) + 𝑏0𝑗 + 𝑏1𝑗(𝑥1𝑖𝑗) + 𝜀𝑖𝑗 

(
𝑏0𝑗
𝑏1𝑗

) ~ 𝑀𝑁(0, 𝚺𝑏)   𝜀𝑖𝑗 ~ 𝑁(0, 𝜎𝜀
2) 

(SA2) 

 

Step 1: Draw regression coefficients from 𝑝(𝜷| ∙) ∝ 𝑝(𝑌|𝜷, 𝒃𝑗, 𝚺𝑏, 𝜎𝜀
2, 𝑋)𝑝(𝜷). 

Assuming a uniform prior, 𝑝(𝜷) ∝ 1, the full conditional distribution is a multivariate 

normal distribution. 

 

𝜷 ∼ 𝑀𝑁(𝜷,̂ 𝚺𝜷̂) 

𝜷̂ = (∑ 𝐗𝑗
′ 𝐗𝑗

𝐽

𝑗=1
)

−1

∑ 𝐗𝑗
′ (𝒚𝑗 − 𝐙𝑗𝒃𝑗)

𝐽

𝑗=1
(SA3) 

𝚺𝜷̂ = 𝜎𝜀
2 (∑ 𝐗𝑗

′ 𝐗𝑗

𝐽

𝑗=1
)

−1

 

 

Applied to the model from Equation SA2, the 𝐗 matrix includes a unit vector for the 

intercept and a column for each explanatory variable and interaction term, the 𝐙 

matrix is comprised of a unit vector and 𝑋1. 

Step 2: Draw random effects for cluster j from a multivariate normal 

distribution. 

 

𝒃𝑗 ∼ 𝑀𝑁 (�̂�𝑗, 𝐕𝒃𝑗
) 

𝐕𝒃𝑗
= (𝜎𝜀

−2 𝐙𝑗
′ 𝐙𝑗 + 𝚺𝑏

−1)−1 (SA4) 

�̂�𝑗 = 𝜎𝜀
−2 𝐕𝒃𝑗

𝐙𝑗
′ (𝒚𝑗 − 𝐗𝑗𝜷) 
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Step 3: Draw the residual variance from 𝑝(𝜎𝜀
2| ∙) ∝ 𝑝(𝑌|𝜷, 𝒃𝑗, 𝚺𝑏, 𝜎𝜀

2, 𝑋)𝑝(𝜎𝜀
2). We 

define 1 𝜎𝜀
2⁄  as a gamma random variable and draw the reciprocal of the residual 

variance (i.e., the precision) from a gamma distribution 

 

1 𝜎𝜀
2⁄ ∼ G (

𝑁 + 𝑑𝑓𝑝

2 ,
𝑆 + 𝑆𝑝

2 ) 

𝑆 = ∑ 𝛆𝑗
′ 𝛆𝑗

𝐽

𝑗=1
(SA5) 

𝜺𝑗 = 𝒚𝑗 − 𝐗𝑗𝜷 − 𝐙𝑗𝒃𝑗 

 

with hyperparameters 𝑑𝑓𝑝 and 𝑆𝑝 for the prior distribution. The default setting in 

Blimp specifies 𝑆𝑝 = 1 and 𝑑𝑓𝑝 = 2, which corresponds to a gamma(1,.5) prior. Two 

other options are to set 𝑆𝑝 = 0 and 𝑑𝑓𝑝 = −2 (the PRIOR2 keyword of the OPTIONS 

command) and 𝑆𝑝 = 0 and 𝑑𝑓𝑝 = 0 (the PRIOR3 keyword), a Jeffreys prior. 

Step 4: Draw the between-cluster covariance matrix variance from 𝑝(𝚺𝑏| ∙) ∝

𝑝(𝑌|𝜷, 𝒃𝑗, 𝚺𝑏, 𝜎𝜀
2, 𝑋)𝑝(𝚺𝑏). We define the inverse of the covariance matrix (i.e., the 

precision matrix, 𝚺𝑏
−1) as a Wishart random variable. The level-2 precision matrix is 

sampled from a Wishart distribution, conditional on the current parameter estimates, 

level-2 residuals, and imputations. 

 

𝚺𝑏
−1 ∼ W ((𝐒 + 𝐒𝑝

−1)−1, 𝐽 + 𝑑𝑓𝑝) (SA6) 

𝐒 = ∑ 𝒃𝑗
′ 𝒃𝑗

𝐽

𝑗=1
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𝐒𝑝 can be viewed as the inverse of the prior sums of squares matrix based on 𝑑𝑓𝑝 

degrees of freedom (i.e., prior observations). As such, 𝐒 + 𝐒𝑝
−1 is a sums of squares 

and cross products matrix based on 𝐽 + 𝑑𝑓𝑝 observations. The default prior sets 𝐒𝑝
−1 

= I and 𝑑𝑓𝑝 = 𝑝 + 1, where p is the dimension of 𝚺𝑏. This prior corresponds to 

marginal uniform priors between -1 and 1 for all correlations and a marginal inverse 

gamma prior IG(1,.5) for variance elements. Specifying the PRIOR2 keyword of the 

OPTIONS command sets 𝐒𝑝
−1 = 0 and 𝑑𝑓𝑝 = −𝑝 − 1, which is equivalent to a uniform 

prior on the elements in 𝚺𝑏. Finally, the PRIOR3 keyword sets 𝐒𝑝
−1 = 0 and 𝑑𝑓𝑝 = 0. 

For random intercept models with a single level-2 variance component, we draw the 

reciprocal of the variance, 1 𝜎𝑏
2⁄ , from a gamma random variable with analogous 

univariate priors based on 𝑝 = 1. 

Step 5: Draw the imputation for observation i in cluster j from a univariate 

normal posterior distribution. 

 

𝑦𝑖𝑗(𝑚𝑖𝑠) = 𝑁(𝒙𝑖𝑗𝜷 + 𝒛𝑖𝑗𝒃𝑗, 𝜎𝜀
2) (SA7) 

 
Gibbs Sampler Steps for the Covariate Model r 

 To convey the estimation steps in the most general way possible, we introduce 

new notation that differs from that in the manuscript. To begin, index the P level-1 

predictors as p = 1, …, P, and index the Q level-2 predictors as q = 1, …, Q. As 

explained in the paper, each level-1 variable has a regression model for the 

observations and a regression model for its latent cluster means. Thus, level-1 

estimation involves P computational cycles, and level-2 estimation requires R = P + 

Q computational cycles. To simplify the notation, we index the entire set of variables 
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as r = 1, …, R, such that r ≤ P corresponds to either a level-1 observation or its 

corresponding level-2 group mean, and r > P refers to a manifest level-2 variable. 

Using generic notation, the level-1 and level-2 regression models are given 

below. 

 

 
𝑥𝑟,𝑖𝑗 = 𝜇𝑟,𝑗 + �̃�−𝑟,𝑖𝑗𝜸𝑟 + 𝑒𝑟,𝑖𝑗 

𝑒𝑟,𝑖𝑗 ~ 𝑁(0, 𝜎𝑒𝑟
2 ) 

(SA8) 

 
𝑥𝑟,𝑗 = 𝜇𝑟 + �̃�−𝑟,𝑗𝜼𝑟 + 𝜁𝑟,𝑗 

𝜁𝑟,𝑗 ~ 𝑁(0, 𝜎𝜁𝑟
2 ) 

(SA9) 

 

where 𝑥𝑟,𝑖𝑗 is the level-1 score for covariate r, �̃�−𝑟,𝑖𝑗 denotes the P – 1 row vector of 

all other level-1 predictor variables except r, centered at their latent group means. 

Turning to the between-cluster regression, the outcome, 𝑥𝑟,𝑗, is either a latent group 

mean (e.g., 𝑥𝑟,𝑗 = 𝜇𝑟,𝑗) when r ≤ P or a manifest level-2 variable when r > P, and 

�̃�−𝑟,𝑗 is a R – 1 row vector of grand-mean centered level-2 variables other than r. For 

some of the Gibbs sampling steps, it is convenient to concatenate observation-level 

quantities into matrices. For example, the N-row vector of level-1 outcome scores is 

𝒙𝑟,𝑖𝑗 and the corresponding N by P – 1 matrix of centered level-1 predictors is �̃�−𝑟,𝑖𝑗. 

Similarly, the J-row vector of level-2 outcome scores is 𝒙𝑟,𝑗 and the J by R matrix of 

mean-centered predictors is �̃�−𝑟,𝑗. 

 To make the notation more concrete, consider the analysis model from 

Equation SA2. The multivariate normality assumption induces the following level-1 

regression models. 

 

𝑥1𝑖𝑗 = 𝜇1𝑗 + 𝛾11(𝑥2𝑖𝑗 − 𝜇2𝑗) + 𝛾12(𝑥3𝑖𝑗 − 𝜇3𝑗) + 𝑒1𝑖𝑗  
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𝑥2𝑖𝑗 = 𝜇2𝑗 + 𝛾21(𝑥1𝑖𝑗 − 𝜇1𝑗) + 𝛾22(𝑥3𝑖𝑗 − 𝜇3𝑗) + 𝑒2𝑖𝑗 (SA10) 

𝑥3𝑖𝑗 = 𝜇3𝑗 + 𝛾31(𝑥1𝑖𝑗 − 𝜇1𝑗) + 𝛾32(𝑥2𝑖𝑗 − 𝜇2𝑗) + 𝑒3𝑖𝑗  

 

For any given model, 𝒙𝑟,𝑖𝑗 is N-row vector of outcome scores, 𝜸𝑟 is a 2-element vector 

of level-1 regression coefficients, and �̃�−𝑟,𝑖𝑗 is the N by 2 matrix of latent group mean 

centered predictors on the right side of each equation. The multivariate normality 

assumption also induces the following level-2 regression models. 

 

𝜇1𝑗 = 𝜇1 + 𝜂11(𝜇2𝑗 − 𝜇2) + 𝜂12(𝜇3𝑗 − 𝜇3) + 𝜂13(𝑥4𝑗 − 𝜇4) + 𝜂14(𝑥5𝑗 − 𝜇5) + 𝜁1𝑗          

𝜇2𝑗 = 𝜇2 + 𝜂21(𝜇1𝑗 − 𝜇1) + 𝜂22(𝜇3𝑗 − 𝜇3) + 𝜂23(𝑥4𝑗 − 𝜇4) + 𝜂24(𝑥5𝑗 − 𝜇5) + 𝜁2𝑗          

𝜇3𝑗 = 𝜇3 + 𝜂31(𝜇1𝑗 − 𝜇1) + 𝜂32(𝜇2𝑗 − 𝜇2) + 𝜂33(𝑥4𝑗 − 𝜇4) + 𝜂34(𝑥5𝑗 − 𝜇5) + 𝜁3𝑗         

𝑥4𝑗 = 𝜇4 + 𝜂41(𝜇1𝑗 − 𝜇1) + 𝜂42(𝜇2𝑗 − 𝜇2) + 𝜂43(𝑥3𝑗 − 𝜇3) + 𝜂44(𝑥5𝑗 − 𝜇5) + 𝜁4𝑗													 

𝑥5𝑗 = 𝜇5 + 𝜂51(𝜇1𝑗 − 𝜇1) + 𝜂52(𝜇2𝑗 − 𝜇2) + 𝜂53(𝑥3𝑗 − 𝜇3) + 𝜂54(𝑥4𝑗 − 𝜇4) + 𝜁5𝑗         

(SA11) 

 

For any given model, 𝒙𝑟,𝑗 is the J-row vector of outcome scores (latent means or 

manifest variables), 𝜼𝑟 is a 4-element vector of level-2 regression coefficients, and 

�̃�−𝑟,𝑗 is the J by 4 matrix of grand mean centered predictors on the right side of each 

equation. 

 

Step 6. If variable r is measured at level-1 (i.e., r ≤ P), draw its latent cluster 

means from 𝑝(𝜇𝑟,𝑗| ∙) ∝ 𝑝(𝑋𝑟|𝜇𝑟, 𝜇𝑟,𝑗, 𝜸𝑟, 𝜎𝑒𝑟
2 , 𝑋−𝑟)𝑝(𝜇𝑟,𝑗|, 𝒙−𝑟,𝑗, 𝜼𝑟, 𝜎𝜁𝑟

2 ), which is the 

univariate normal distribution below. 

 

𝑝(𝜇𝑟,𝑗| ∙) = 𝑁 (
𝜎𝜁𝑟

2 ∑ (𝑥𝑟,𝑖𝑗 − �̃�−𝑟,𝑖𝑗𝜸𝑟)𝑛𝑗
𝑖=1 + 𝜎𝑒𝑟

2 (𝜇𝑟 + �̃�−𝑟,𝑗𝜼𝑟)
𝜎𝑒𝑟

2 + 𝑛𝑗𝜎𝜁𝑟
2 ,

𝜎𝑒𝑟
2 𝜎𝜁𝑟

2

𝜎𝑒𝑟
2 + 𝑛𝑗𝜎𝜁𝑟

2 ) (SA12) 
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Note that 𝜎𝑒𝑟
2  and 𝜎𝜁𝑟

2  residual variance for covariate r’s observations and latent 

means, respectively. 

Step 7: Draw the grand mean of variable r from 𝑝(𝜇𝑟| ∙) ∝

𝑝(𝑋𝑟|𝜇𝑟, 𝜼𝑟, 𝜎𝜁𝑟
2 , 𝜇𝑟,𝑗, 𝜸𝑟, 𝜎𝑒𝑟

2 , 𝑋−𝑟)𝑝(𝜇𝑟). Assuming a uniform prior, 𝑝(𝜇𝑟) ∝ 1, the full 

conditional distribution is a univariate normal distribution. 

 

𝑝(𝜇𝑟| ∙) = 𝑁 (
∑ (𝑥𝑟,𝑗 − �̃�−𝑟,𝑗𝜼𝑟)𝐽

𝑗=1

𝐽 ,
𝜎𝜁𝑟

2

𝐽
) (SA13) 

 

where J the number of level-2 units. As noted previously, 𝑥𝑟,𝑗 is a latent cluster mean 

when variable r is measured at level-1, and it is a score when r is at level-2. 

Step 8: If variable r is measured at level-1 (i.e., r ≤ P), draw its within-cluster 

regression slopes from 𝑝(𝜸𝑟| ∙) ∝ 𝑝(𝑋𝑟|𝜇𝑟, 𝜼𝑟, 𝜎𝜁𝑟
2 , 𝜇𝑟,𝑗, 𝜸𝑟, 𝜎𝑒𝑟

2 , 𝑋−𝑟)𝑝(𝜸𝑟). Because latent 

group means replace the regression intercept, the level-1 regression requires that the 

outcome (i.e., a level-1 score) is centered at its current group mean from step 9. In 

line with our previous notation, we denote the N-row vector of centered outcome 

scores as �̃�𝑟,𝑖𝑗. Assuming independent uniform priors, 𝑝(𝜸𝑟) ∝ 1, the full conditional 

distribution is a multivariate normal distribution. 

 

𝑝(𝜸𝑟| ∙) = 𝑀𝑁(𝜸�̂�, 𝚺𝜸�̂�
) (SA14) 

𝜸�̂� = (�̃�−𝑟,𝑖𝑗
′ �̃�−𝑟,𝑖𝑗)

−1
�̃�−𝑟,𝑖𝑗

′ �̃�𝑟,𝑖𝑗 (SA15) 

𝚺𝜸�̂�
= 𝜎𝑒𝑟

2 (�̃�−𝑟,𝑖𝑗
′ �̃�−𝑟,𝑖𝑗)

−1
(SA16) 

 

Note that it is not necessary to account for clustering here because all scores are 

centered at their latent group means.  
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Step 9: If variable r is measured at level-1 (i.e., r ≤ P), draw the within-cluster 

residual variance from 𝑝(𝜎𝑒𝑟
2 | ∙) ∝ 𝑝(𝑋𝑟|𝜇𝑟, 𝜼𝑟, 𝜎𝜁𝑟

2 , 𝜇𝑟,𝑗, 𝜸𝑟, 𝜎𝑒𝑟
2 , 𝑋−𝑟)𝑝(𝜎𝑒𝑟

2 ). First, define 

a level-1 residual as follows 

 

𝑒�̂�,𝑖𝑗 = 𝑥𝑟,𝑖𝑗 − 𝜇𝑟,𝑗 − �̃�−𝑟,𝑖𝑗𝜸𝑟 (SA17) 

 

and stack these residuals into an N-row vector define a N-row vector 𝒆�̂�,𝑖𝑗. We define 

1 𝜎𝑒
2⁄  as a gamma random variable and draw the reciprocal of the residual variance 

(i.e., precision) from a gamma distribution 

 

1 𝜎𝑒
2⁄ ∼ G (

𝑁 + 𝑑𝑓𝑝

2
,
𝒆�̂�,𝑗

′ 𝒆�̂�,𝑗 + 𝑆𝑝

2
) (SA18) 

 

with hyperparameters 𝑑𝑓𝑝 and 𝑆𝑝 for the prior distribution. The default setting in 

Blimp (XPRIOR1) specifies 𝑆𝑝 = 1 and 𝑑𝑓𝑝 = 2, which corresponds to a gamma(1,.5) 

prior. Two other options are to set 𝑆𝑝 = 0 and 𝑑𝑓𝑝 = −2 (the XPRIOR2 keyword of 

the OPTIONS command) and 𝑆𝑝 = 0 and 𝑑𝑓𝑝 = 0 (the XPRIOR3 keyword), a 

Jeffreys prior. Our simulation used a Jeffreys prior, but we have found that the 

default setting prevents between-cluster variances from collapsing when covariates 

have very low intraclass correlations.  

Step 10: Draw between-cluster regression slopes for covariate r from 𝑝(𝜼𝑟| ∙) ∝

𝑝(𝑋𝑟|𝜇𝑟, 𝜼𝑟, 𝜎𝜁𝑟
2 , 𝜇𝑟,𝑗, 𝜸𝑟, 𝜎𝑒𝑟

2 , 𝑋−𝑟)𝑝(𝜼𝑟). Because the grand mean replaces the fixed 

regression intercept, the level-2 regression requires the outcome (i.e., a latent group 

mean or level-2 score) to be centered at its grand mean from step 6. In line with our 

previous notation, we denote the J-row vector of centered outcome scores as �̃�𝑟,𝑗. 
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Assuming independent uniform priors, 𝑝(𝜼𝑟) ∝ 1, the full conditional distribution is a 

multivariate normal distribution 

 

𝑝(𝜼𝑟| ∙) = 𝑀𝑁(�̂�𝑟, 𝚺�̂�𝑟
) (SA19) 

�̂�𝑟 = (�̃�−𝑟,𝑗
′ �̃�−𝑟,𝑗)

−1
�̃�−𝑟,𝑗

′ �̃�𝑟,𝑗 (SA20) 

𝚺�̂�𝑟
= 𝜎𝜁𝑟

2 (�̃�−𝑟,𝑗
′ �̃�−𝑟,𝑗)

−1
(SA21) 

 

Step 11: Draw the between-cluster residual variance for covariate r 

from 𝑝(𝜎𝜁𝑟
2 | ∙) ∝ 𝑝(𝑋𝑟|𝜇𝑟, 𝜼𝑟, 𝜎𝜁𝑟

2 , 𝜇𝑟,𝑗, 𝜸𝑟, 𝜎𝑒𝑟
2 , 𝑋−𝑟)𝑝(𝜎𝜁𝑟

2 ). First, define a J-row vector of 

level-2 residuals as  

 

𝜻�̂�,𝑗 = 𝒙𝑟,𝑗 − 𝟏𝜇𝑟 − �̃�−𝑟,𝑗𝜼𝑟 (SA22) 

 

where 𝟏 is a J-row unit vector. To reiterate, 𝒙𝑟,𝑗 contains latent group means (r ≤ P) 

or manifest level-2 variables (r > P). We define 1 𝜎𝜁𝑟
2⁄  as a gamma random variable 

and draw the reciprocal of the residual variance (i.e., the precision) from a gamma 

distribution 

 

1 𝜎𝜁𝑟
2⁄ ∼ G (

𝐽 + 𝑑𝑓𝑝

2 ,
𝜻�̂�,𝑗

′ 𝜻�̂�,𝑗+𝑆𝑝

2 ) (SA23) 

 

with hyperparameters 𝑑𝑓𝑝 and 𝑆𝑝 for the prior distribution. The default setting in 

Blimp (XPRIOR1) specifies 𝑆𝑝 = 1 and 𝑑𝑓𝑝 = 2, which corresponds to a gamma(1,.5) 

prior. Two other options are to set 𝑆𝑝 = 0 and 𝑑𝑓𝑝 = −2 (the XPRIOR2 keyword of 

the OPTIONS command) and 𝑆𝑝 = 0 and 𝑑𝑓𝑝 = 0 (the XPRIOR3 keyword), a 



Blimp Model-Based Estimation Appendix   

 

11 

11 

Jeffreys prior. Note keywords induce the same priors at all levels of the data 

hierarchy. 

Step 12: Draw missing values from 𝑝(𝑋𝑟) ∝ 𝑝(𝑌|𝑋𝑟, 𝑋−𝑟) × 𝑝(𝑋𝑟|𝑋−𝑟). For each 

missing score, the Metropolis algorithm draws a candidate imputation 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒) 

from a normal proposal distribution 

 

𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒)
(𝑡) = 𝑁 (𝑋𝑟(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)

(𝑡) , 𝜎(𝑝𝑟𝑜𝑝𝑜𝑠𝑎𝑙)
2 ) (SA24) 

 

where the mean 𝑋𝑟,𝑖(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)
(𝑡)  is the current imputation i at iteration t, and the 

variance 𝜎(𝑝𝑟𝑜𝑝𝑜𝑠𝑎𝑙)
2  is chosen to optimize the acceptance rate of the candidate 

imputations. We have found that setting 𝜎(𝑝𝑟𝑜𝑝𝑜𝑠𝑎𝑙)
2 = 9(𝜎𝑒𝑟

2 ) for level-1 variables and 

𝜎(𝑝𝑟𝑜𝑝𝑜𝑠𝑎𝑙)
2 = 2.25(𝜎𝜁𝑟

2 ) for level-2 variables tends to give optimal acceptance rates, 

although the Blimp application adaptively tunes the spread of the proposal 

distribution by increasing or decreasing the constant multiplier at regular intervals 

during the burn-in phase in an attempt to achieve an acceptance rate for the 

imputations between 0.25 and 0.45 (Gelman et al., 2014; Johnson & Albert, 1999; 

Lynch, 2007). For each incomplete variable, Blimp checks the acceptance rate every 

50 iterations by computing the proportion of accepted imputations for a particular 

variable across all incomplete observations during the 50-iteration interval (e.g., for 

10 incomplete cases, the acceptance rate for a particular variable is the proportion of 

the 500 draws that are accepted). If the acceptance rate does not fall between 0.25 

and 0.45, the program increases (if the acceptance rate is too high) or decreases (if 

the acceptance rate is too low) the variance multiplier. Once the burn-in iterations 

are complete, tuning checks are turned off. Normal proposal distributions are 

routinely used in Bayesian analysis texts (Gelman et al., 2014; Lynch, 2007), but a 
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strong rationale for adopting this distribution in our context is that the correct 

conditional distribution is, in fact, normal (see manuscript Equations 8 and 20). Thus, 

the Metropolis algorithm provides a way to model the true distribution of missing 

values without deriving the complex non-linear functions that define its mean and 

variance.  

After drawing a candidate imputation from the proposal distribution, the 

Metropolis algorithm calculates the natural logarithm of an importance ratio (IR) 

that quantifies the height of the target density evaluated at the candidate imputation 

proportional to its height when evaluated at the current imputation.  

 

 
𝑙𝑛(IR) = [𝑙𝑛[𝑝(𝑌 |𝑋1, … , 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒), … , 𝑋𝑅)] + 𝑙𝑛[𝑝(𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒)|𝑋−𝑟)]] 

− [𝑙𝑛[𝑝(𝑌 |𝑋1, … , 𝑋𝑟(𝑐𝑢𝑟𝑟𝑒𝑛𝑡), … , 𝑋𝑅)] + 𝑙𝑛[𝑝(𝑋𝑟(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)|𝑋−𝑟)]] 
(SA25) 

 

Note that 𝑝(𝑌 |𝑋1, … , 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒), … , 𝑋𝑅) and (𝑌 |𝑋1, … , 𝑋𝑟(𝑐𝑢𝑟𝑟𝑒𝑛𝑡), … , 𝑋𝑅) involve the 

product of likelihoods (or the sum of log likelihoods) when 𝑋𝑟 is at level-2; 

𝑝(𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒)|𝑋−𝑟) and 𝑝(𝑋𝑟(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)|𝑋−𝑟) always evaluate a single observation. The 

importance ratio defines the probability of a Bernoulli random variable that 

determines whether the candidate value is retained as the current imputation for the 

next iteration. If the importance ratio exceeds unity, the candidate imputation is 

automatically accepted. If the ratio is large but less than one, the candidate 

imputation is likely to be accepted because it has a high probability of originating 

from 𝑝(𝑌|𝑋𝑅) × 𝑝(𝑋𝑟|𝑋−𝑟). As the ratio decreases, so too does the chance of retaining 

the candidate value because it is unlikely to originate from the target density. To 

account for the natural logarithm, the Metropolis sampler draws a random number 𝑢𝑖 
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from a uniform distribution 𝑈(0,1) and accepts 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒)
(𝑡)   as the new current 

imputation for the next iteration t + 1 if 𝑙𝑛(IR) > 𝑙𝑛(𝑢𝑖 ).  

 For incomplete categorical variables, the Metropolis sampler computes the 

importance ratio as follows 

 

IR =
𝑝(𝑌|𝑋1, … , 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒), … , 𝑋𝑅)𝑝(𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒)

* |𝑋−𝑟)
𝑝(𝑌|𝑋1, … , 𝑋𝑟(𝑐𝑢𝑟𝑟𝑒𝑛𝑡), … , 𝑋𝑅)𝑝(𝑋𝑟(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)

* |𝑋−𝑟)
. (SA26) 

 

where 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒)
*  is a candidate imputation on the underlying latent variable metric. 

Consistent with the procedure for continuous variables, the algorithm draws a 

candidate latent variable score from a normal proposal distribution, and the current 

and candidate synthetic scores, 𝑋𝑟(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)
*  and 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒)

* , respectively, are then 

evaluated in the 𝑝(𝑋𝑟
*|𝑋−𝑟) components of the ratio. The corresponding discrete 

candidate 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒) for the first component of the numerator product is generated 

by comparing the latent candidate to the threshold parameter, such that 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒) 

= 0 if 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒)
* < 𝜅 and 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒) = 1 if 𝑋𝑟(𝑐𝑎𝑛𝑑𝑖𝑎𝑡𝑒)

* ≥ 𝜅. 

 

B.  
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Model-Based Imputation for a Three-Level Model 

The three-level analysis model for the third computer simulation is as follows. 

 

𝑦𝑖𝑗𝑘 = 𝛽0 + 𝛽1(𝑥1𝑖𝑗𝑘) + 𝛽2(𝑥2𝑗𝑘) + 𝛽3(𝑥3𝑘) + 𝛽4(𝑥1𝑖𝑗𝑘)(𝑥3𝑘) 

+ 𝑏0𝑘 + 𝑏1𝑘(𝑥1𝑖𝑗𝑘) + 𝑏0𝑗𝑘 + 𝑏1𝑗𝑘(𝑥1𝑖𝑗𝑘) + 𝜀𝑖𝑗𝑘 (SB1) 

(𝑏0𝑘
𝑏1𝑘

) ~ 𝑀𝑁(0, 𝚺𝑏𝑘
) (

𝑏0𝑗𝑘
𝑏1𝑗𝑘

) ~ 𝑀𝑁(0, 𝚺𝑏𝑗𝑘
)  𝜀𝑖𝑗𝑘 ~ 𝑁(0, 𝜎𝜀

2) 

 

Auxiliary variables enter the model as additional explanatory variables.  

The covariate distribution is multivariate normal 

 

𝒙(1) ~ 𝑀𝑁(𝝁𝑗𝑘, 𝚺1)  𝒙(2) ~ 𝑀𝑁(𝝁𝑘, 𝚺2)   𝒙(3) ~ 𝑀𝑁(𝝁, 𝚺3) (SB2) 

 

where 𝒙(1) = (𝑥1𝑖𝑗𝑘), 𝝁𝑗𝑘 = (𝜇1𝑗𝑘), 𝒙(2) = (𝜇1𝑗𝑘, 𝑥2𝑗𝑘), 𝝁𝑘 = (𝜇1𝑘, 𝜇2𝑘), 𝒙(3) =

(𝜇1𝑘, 𝜇2𝑘, 𝑥3𝑘) 𝝁 = (𝜇1, 𝜇2, 𝜇3), 𝚺1 is a scalar within-cluster variance, 𝚺2 is a 2 by 2 

between-cluster covariance matrix at level-2, and 𝚺3 is a 3 by 3 between-cluster 

covariance matrix at level-3.  

The covariate regression models are as follows, and analogous regressions are 

constructed for the latent variable cluster means. 

 

𝑥1𝑖𝑗𝑘 = 𝜇1𝑗𝑘 + 𝑒1𝑖𝑗𝑘 

𝑒1𝑖𝑗𝑘 ~ 𝑁(0, 𝜎𝑒1
2 ) 

𝑥2𝑗𝑘 = 𝜇2𝑘 + (𝜇1𝑗𝑘 − 𝜇1𝑘)𝜂21 + 𝜁2𝑗𝑘 (SB3) 

𝜁2𝑗𝑘 ~ 𝑁(0, 𝜎𝜁2
2 ) 

𝑥3𝑘 = 𝜇3 + (𝜇1𝑘 − 𝜇1)𝛼31 + (𝜇2𝑘 − 𝜇2)𝛼32 + 𝑟3𝑘 

𝑟3𝑘 ~ 𝑁(0, 𝜎𝑟3
2 ) 
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To make the following expressions more succinct, define 𝑦�̂�𝑗𝑘 as the linear 

predictor (i.e., predictor value) of 𝑌 for observation i in level-2 and level-3 clusters j 

and k, respectively. 

 

𝑦�̂�𝑗𝑘 = 𝛽0 + 𝛽1(𝑥1𝑖𝑗𝑘) + 𝛽2(𝑥2𝑗𝑘) + 𝛽3(𝑥3𝑘) + 𝛽4(𝑥1𝑖𝑗𝑘)(𝑥3𝑘) 

+ 𝑏0𝑘 + 𝑏1𝑘(𝑥1𝑖𝑗𝑘) + 𝑏0𝑗𝑘 + 𝑏1𝑗𝑘(𝑥1𝑖𝑗𝑘) (SB4) 

 

The Metropolis-Hasting algorithm samples imputations from the following functions 

 

 𝑝(𝑋1|𝑌, 𝑋2, 𝑋3) ∝ 𝑝(𝑌 |𝑋1, 𝑋2, 𝑋3) × 𝑝(𝑋1|𝑋2, 𝑋3) 

∝ 𝑁(𝑦�̂�𝑗𝑘, 𝜎𝜀
2) × 𝑁(𝜇1𝑗𝑘, 𝜎𝑒1

2 ) 
(SB5) 

 

 
𝑝(𝑋2|𝑌, 𝑋1, 𝑋3) ∝ 𝑝(𝑌 |𝑋1, 𝑋2, 𝑋3) × 𝑝(𝑋2|𝑋1, 𝑋3) 

∝ ∏ 𝑁(𝑦�̂�𝑗𝑘, 𝜎𝜀
2)

𝑛𝑖|𝑗

𝑖=1
× 𝑁(𝜇2𝑘 + (𝜇1𝑗𝑘 − 𝜇1𝑘)𝜂21, 𝜎𝜁2

2 ) 
(SB6) 

 

 

𝑝(𝑋3|𝑌, 𝑋1, 𝑋2) ∝ 𝑝(𝑌 |𝑋1, 𝑋2, 𝑋3) × 𝑝(𝑋3|𝑋1, 𝑋2) 

∝ ∏ 𝑁(𝑦�̂�𝑗𝑘, 𝜎𝜀
2)

𝑛𝑖𝑗|𝑘

𝑖=1

× 𝑁(𝜇3 + (𝜇1𝑘 − 𝜇1)𝛼31 + (𝜇2𝑘 − 𝜇2)𝛼32, 𝜎𝑟3

2 ) 

(SB7) 

 

where 𝑛𝑖|𝑗 denotes all level-1 observations in a given cluster j (i.e., all observations 

with a particular 𝑋2 score in common), and 𝑛𝑖𝑗|𝑘 represents the number of 

observations in a given level-3 cluster k (i.e., all observations with a particular 𝑋3 

score in common). 

 


