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Symmetrical Components

Intmr_]uctinn — Symmetrical Components of 3 Phase System — Operator ‘o’ — Some Trigonometrical
Relations — Zero Sequence Currents-Unbalanced Supply Voltage. Example 21.1 to 21.10.

21.1. INTRODUCTION

For unsymmetrical faults such a single phase to ground fault, phase to phase fault, double
phase to ground fault, simple single phase representation is not valid, The method of ‘Symmetrical
Components’is generally used. The method of symmetrical components is a very powerful approach
and has simplified the procedure of fault caleulation in a miraculous way, Dr. C.L. Fortesque in-
troduced the method of symmetrical components to the solution of polyphase networks in his paper
presented in the year 1918. The principle of symmetrical components is as follows. Suppose we
have to solve an unbalanced systems of n vectors, It is then resolved into n balanced systems, each
of which consists of n vectors. These balanced vectors are called symmetrical components of the
original components. Let us concentrate on unbalanced three-phase systems.

21.2, SYMMETRICAL COMPONENTS OF 3-PHASE SYSTEMS

In unbalanced systems of three vectors Uy Iy, 1, or
balanced systems of vectors, the vectors of the balan
of the original system, which are :

1. Positive Sequence Components V,,, Vi1, Voq or Iy, Iy, I, comprising three balanced sys-

te{n{s, of vectors, displaced mutually by 120° and having the same phase sequence as that of the
original system,

Va, Vi, V] can be resolved into three
ced system are called symmetrical components

’a1 'az

il b 120
2
I
I by
laa b2 leo I
A %

|

Fig. 21.1. Symmetrical components,
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2. Negative Sequence Components, [V,5, Vi3, Vo or I o, Ijo, I o] comprising three balanced
vectors of equal magnitude displaced mutually by 120° and having phase sequence opposite that
of the original system of vectors. (If the original system of vectors have a phase sequence
a—-b~c; then positive sequence components too have phase sequence a; — b — ¢y but negative
phase sequence components have phase (ag — cg — by).

3. Zero Phase Sequence Components. [V,g, Vyo, Vo 0r Ig, Ing, Lol comprising three equal
vectors having zero phase displacement, i.e. having same phase.

Symbolically,

Subscript 1 for positive sequence entities.

Subscript 2 is for negative sequence entities.
and subseript 0 for zero sequence entities.

Ve Vi Voo | Original System of Unbalanced Vectors [Meaning :

They may not be equal in magnitude or/and do
Tys Ip, I, | not have same phase displacement.]
Va,l! Vblt Vc
Iay, Ipy, I
Vaz, Vo, VCZ} Negative Sequence Components,
102» Ibf!' Ic‘z

Vaos Voo, V.
a0 “b0r Y0l goro Sequence Components. 'l
IﬂO’ Ibﬂ’ I

The original unbalanced system of vectors can be resolved into their symmetrical components
or the respective symmetrical components can be added to get the original system of vectors.
=N
Thus Va=Vao+ Va1 + Vo (DD
Vi =Vipo + Vi1 + Vig
Ve=Veo+ Vo1 +Vez
=
and I =lpg+1p + 10 1D
Iy =Ty +Ip1 +1pp
Ie=Ip+Ig+1p
Fig. 21.1, illustrates the Eqn. (II).

1} Positive Sequence Components

21.3. OPERATOR ‘a’

Letter ‘e’ is commonly used to designate the operator that causes a counter-clockwise rotation
of 120°,

It has unit magnitude and angle 120°. The vector operator ‘a’ is defined as :

2n a=1£120°
a=1e*’3 1
_— 23—” +j sin % =~ 0.5 +0.866 i

’ 120°
a=12120°=-0.5 +j0.866 5= 1£360"=14j0

A M0 N A At
a’=1e*'3 : REAL AXIS
=co8 Al +Jj sin - !
3 3 :
=~ 0.5 - j0.866 = 1/240° |
a®=1e*/2" =1 £360° = 1+,0 L

Fig. 21.2. Operator 'a’,
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21.4. SOME TRIGONOMETRIC RELATIONS

sin @ = Opposite side
Hypotenuse
i Base
ik Hypotenuse
sin8 _ . g Opposite side
cos 6 Base

/
sin 60° % = 0.866
sin 120° = sin (180° — 60°) = sin 60° = 0.866
sin 240° = sin (180° + 60°) = — sin 60° = — 0.866
cos 30° = ﬂl—; =(1.866
cos 60" = 0.5
A
cos B =— X
A
cos g =— ¥
: B
sin B =+ ¥
i B
8in By =— X—
cos 120° = cos (180° - 60°)=-0.5
cos 240° = cos (180° + 60°) =— 0.5
Remember : a=12£120° = cos 120° +/ sin 120°
=— 0.5 +0.866
a® =1 £240° = cos 240° +J sin 240°
=-0.5-10.866
a®=1-jo

Table of Operator ‘a’
a=1£120°=- 05 +j0.866
a* = 1£240° = - 0.5 - j0.866
a“ =14360°=1+j0
1+a_1é60"-05+j0866
1-a=v32-30°=15-0.866
l+a=1/-60°=05- +j0.866
a3—a =3 £80°= 1.5 +,0.866
a+a® '1[180"-—1-‘;0
l+a+a®=0 =0+j0.
From Balanced Vector to Symmetrical Components

Positive Sequence Negative Sequence

an ‘I"'ug
Vyy =a’Va, Vi = aVa,
V.=aVa, Vo=a 1«':

VHiAxIS

" REAL AXIS

1~ jAXIS

Fig. 21.3. Trigonometric relations.

Zero Sequence
Vao

a

Vio=Vay

Vo=V

—'T-—

SYMMETRICAL COMPONENTS

From set equation I
Va=Vyg+ Vi1 + Vo
V{, _Va0+a Vv 1+GVG.2
Ve=Vyo+aVa; +a Vaz
Written in matrix form,

Vel [1 1 17 Vao
Vol=[1 & al||Vg
[Ve] |1 @ aZJ Vaz
1 1
Let A=|1 6(2 a
1 a o
3 1 1 1
'l'hen A™ 1 = q 1 a az
11 4?2 g
Multiplying both 51de¢: of Eq. (IV} by A1
VaO? 1 1 1 Va
Va =7(1 a a‘.: VEJ
Vaz| "11 a® al|V,
1
Vao '_"'5'. (Vo + Vb + Vo)

Va1=3 (Vy +aVy +a? V)
Vaz = —1 (V + a?'V,-, +aV,)

From these equations, we can get symmetrical

Summarizing

, We get

441

. (IIT)

(IV)

(V)

(V)

components of unbalanced system of vectors,

Va T 1 1 Va[) 1
Vb =1 0‘,2 a Vo‘l
Vc 1 a C!z Va?
Vao 1 1 Va
Val =% 1 a® Vi
Vaz 1 &2 4 v,
A AT AT L=lg+ly+lL,
Vo=Ve+a V]*“"’raz Iy=l+a” "u}"““"ruz
Vo= "'«u““’uﬁ“ Vaz L= f,,a+a-’,,1 ta’l,y
ﬂo*_ Vot Vy+ Ve Iyp = [f,‘ I+ 1)
5 lV,‘ +aVy+a® V) Ay [fr,+afh+a21’r]
Vaz =73 EV +a'Vy +aV,) ag——H +a%l, +al)
Vh! =a2Vﬂ1, Vcl"aVul o
, Vs =aVa,, Vy=d V”_e
=Vho=Vy - -
I+ +1 = 3,

NO_G(V +ViJ+VJ
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In the following text, the word phase cuirents implies currents in R, ¥, B phases of a 3 phase
supply line,

21.5. ZERO SEQUENCE CURRENTS

In three-phase systems, when there is a neutral return path for currents,
=L+ +1,
We get
I, +1Iy+1,=3 [lag)
Ioo=1,/3

In delta connected load, the line currents do not find return neutral path. Hence line currents
do not have zero sequence components,

In star connected system without neutral path or neutral grounding, I, is zero. Hence zero
sequence currents are zero.

Example 21.1. Calculate the symmetrical components of the following unbalanced line to
neutral voltages.

Va=100£90°; V;, =116£0°: V, = 71,224.8°.
Solution.

Vo= -;- [V, +Vy+ V)]
Var=3 Va +aVy +a2V,)
Vaz = l} [V, +a?Vy, +aV,]
Vo= % [100 £90° + 116 £0° + T1 £224.8°)
= ; [0 + 100 + 116 +0 + (= 50 — j50))
=166 +,50] = -%?1 £37°
Va0 = 22 +,j16.66 = 27.77.£37°
Va1 =% [V, +aVj +a2V]
Vay =5 [100.£90° + 116.£0° + 120° + 71 £224.8° + 240°)
=3 (100 £90° + 116 £120° + 71 £104.87]
= 2100 +100) + (- 58 +100) + (- 18 +68)]
=2 (76 +j268) =~ 25,33 + /89,33 = 98.£106°
Vg = % (Vo +a*Vy +aV))
- % (100 £90° + 116 £0 + 240 + 71.£224.8° + 120]
= % [100.£90° + 116.£240° + 71./344.8°]
= ; [0 + 7100 + (- 58 - j100 + 68 — j18)]

=2 (10 - j18] = 3,33 - j6 = 6.85.£299.
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Check : Va=Vao+ Va1 + Ve
= (22 +j6.66) — (25.33 + j89.33) + (3.33 - j6.0)
=0+799.99 = app. j100 = V, = 100 £90°
Example 21.2. The given symmetrical components are Vap =22+ j16.66,
Va1 == 25.33 +j89.34 and V,9 = 3.33 - j6.00 ; calculate V,, V3, and V..
Solution. Va=Vao+ Va1 + Vo
V=V +a®Vyy +aV,y
Vo= Vo +aV,y +aV,,
Va 5T Vaﬂ + an + Vrl'.i
= (22 +/16.66) + (— 25.33 +j89.34) + (3.33 — j6.00)
=0+7100
V.J, = VaO &+ (IZV“] + G.Vﬂz
= (22 +/16.16) + (- 0.5 — j0.866) (~ 25.33 + j89.34)
+ (= 0.5 +0.866) (3.33 — j6.00)
=115.6 +j0 = 1156 20°
Ve=Vyo+aVy +a?V,,
= (22 +j16.16) + (- 0.5 +j0.866) (— 25.33 +789.34)
+ (- 0.5 — j0.866) (3.33 - j6.0)
=50 —j50,
Example 21.3. Determine I,,, I, I, from the symmetrical components :
Iy =5020° I,5=10290° I,3=102180°.
Solutien, I=1 g+ + 1,
Ip= IﬂO + azlal +alyp
Ic = ‘raO + a‘rrxl + 32102
I, =10£180° + 50£0° + 10290°
=10 [~ 1 +0) + 50[1 + 0] + 10[0 + 1]
=—10+5 0450 +j0+ 0 +,10 = 40 +j10
Iy, = 10£180° + 5020 + 240° + 10.£90 + 120°
—10+50 (- 0.5 - j0.866) + 10 (~ 0,866 — j0.5)
—10-25-8.66—;43 - j5
~ 43.66 —j48
I, =1y +al,) +a?l, =— 30 +34.84.
Example 21.4. A delta connected load is connected to three-phase supply. One line of supply is
open, The current in other two lines is 20 A. Find the symmetrical components of the line currents.

Solution. Let a, b, ¢ be the supply lines and ¢ is open. Therefore, currents in the two liens are
equal in magnitude,

1, = 20£0°;

nmnun

I, =202180° ; I,=0
Lop=3 U, +1;+1) = [20.£0° + 20£(180°) + 0] =0
Ly = [20.£0° + 20£(180° + 120) + 0]
= % (20 +70 + 20 (0.5 + j0.866) + 0] = % 130 —j17.32)
=10-75.77 = 11.56 £ — 30° Amp.
Ig =7 [20.£0° +20£(180° + 240°) + 0]
=10 +75.77 = 11.56.£30° Amp.
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Iy =a®l,; = 11564 — 30 + 240° = 11,562 — 210°
Iyo =al,p =11.56£30° + 120° = 11.56.£150°
Ipo =10 =0.
Iy =al,y = 11.56.£ — 30° + 120° = 11.56.£90°
Ig=a%l,p=11,56.£30° + 240° = 11.56./— 90°
Io=10=0. (Ref Sec. 21.5)
Check :
Ir: =lgp+ Jir(']. +Ic2
=0+ 11562 - 90° + 11.56.2 + 90° = 0,

Example 21.5. In a three-phase system, the voltage of phase of neutral had the following se-
quence components during phase to phase fault condition. Calculate the voltages of the phases with
respect to neutral, voltages between phases, Given :

Var = 0.584 +j0 p.u., Vg =0.584 +.0 p.u,,Vyg=0
Vﬂ = Vﬂl * Va2 * Vuﬂ
=0.584 +0.584 + 0 = 1.68.£0° p.u.
Vi =a?V,, + aVyo + Vg
= (- 0.5-j0.866) V1 + (- 0.5/ +0.866) V5 + 0 = — 0.584 p.u.
V,=Vy=-0.584 p.u.
Vab =V, — Vi = 1.168 + 0,584 = 1.752.20° p.u.
Vie=Vp+ V.=~ 0584 + 0584 =0
Vea=—0584-1.168 = 1,752 £180° p.u.
Fault is between phases b and ¢. Hence Vj, is zero, V,, =- V,,.

Solution.

Example 21.6. In a single phase equivalent circuit the positive sequence components of current
is given by
E,
lo=%—5—%
Xl + X2 + Xo

Further log is equal to Iy and I,y Calculate I,. Given E,=1+j0 p.u., X, =j0.25,
Xp=j0.35, X =70.10.

. , _ E
Solution. Given I,5= XXX,
Substituting the given values

=— —L‘LL = 1 S
I 70.25 +j0.35 +_j0.10 jo.70 Jj1.43 p.u.
It is given, Tg=Iy =1,

Ip=Tqo+Ia + T =3 [T,
=3 % [~j1.43] =— 4,29 p.u.
Example 21.7. In a problem on fault calculations, following expressions were obtained,

-~ S
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Determine I, and V,
Given : Z; =j0.25, Zy = j0.35, Z,=j0.1 p.w., B, =1+ j0 p.u.

Solution.
I Eﬂ' 1 +j 0
al = = . .
Zl - ZzZﬁ J 0.25 +j0.35 * fﬂlg
Zo+ 2y J0.35 +0.10
1.0 1.0 .
= j0.25 +,j0.0778 ~ j0.3278 - ~/3-:05 p-u.
Given :

Va1 =V = Vo =E, 1412y
=1+j0 - (- j3.05) (j0.25) = 1 - 0.763 = 0.237 p.u.

_~Vao _-0237

Io Z, = joa =j2.37 p.u
_~Var _—0237 .

Iﬂg Zg j0.35 =j0.68 p.u

I,=1I, + I+ 10 =—j3.05 +;0.68 +,2.37 = 0
Vo=V + Vag + Va9 =8V, =3x 0,237 = 0.711 p.u.

Example 21.8. The positive sequence network " '
of a system is shown in the figure given below. JO-05 J 005

Draw Thevenin's equivalent network and deter- :
mine the positive sequence component of fault cur- Jjou
rent, assuming zero fault impedance and voltage at F
fault point 1.0 p.u. ¥
Solution. Thevenin’s equivalent impedance E, /

V¢=Thevenin’s O.C. voltage 1 p.u. Fig. of Ex, 218,

Jjoos Jjoos Jjoos

joz J'M% F %jﬂ»r
&)
Jjos Jv jaus % joorsey
| cH

(e)
Positive sequence current

Ve _1+j0
=12~ 1335 pu.
X gy JO.0T5 e

Example 21.9. In a three-phase 4-wire system the phase currents in R, Y, B phases are
Ip=100,30° I y=60£300 A, Ip=302180° Calculate positive, negative and zero sequence com-
DPonents of current in the phase R and current in the return neutral current.

Solution. I =100£30° = 100 [cos 30° +; sin 30°]

=100 [0.866 +0.5] = 86.6 + j50

Jjoi
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Iy =50 £300°

= 50[cos 300° + j sin 300] =50 [0.5 - j0.866] = 25 — j43.3
Ip=30£180° = 30[- 1+0] =~ 30
I,, = Current in return neutral path

=Ig+Iy+Ip=86.6 +j50 + 25 - j43.3 - 30 =81.6 + /6.7 =82 A

Ipo=} Ug+Iy+1Ip) =3 (816 -j6.7) =27.2 +2.25
o :% g +aly + a?Ip)

- %I{SG,E +J50.0)] + (~ 0.5 + j0.866) X (25 —j43.3) + (- 0.5 — j0.866) (— 30)]
=42.2+j39.8
Iy = %[!R +a"EIY+ algl =17.2 +j8
Check : !R:IR0+IRI+IR2
=27.2+42.2+17.2 +j2.25 +739.8 + 8.0 = 86.6 +j50.05
which agrees closely with Ig.
Ans. I,=82A Check : I, =3I,
Ipo=27.2+j2.25 A
Ip1 =422 +39.8 A
Ipa=172+j8 A.

Example 21.10. Given current in neutral to ground connection 1.9 Amperes. Calculate zero se-
quence component of current in phases.

I
Solution. Ipo=lp =Ig= 3= —3% =3 Amperes. Ans.

21.6. PHASE DISPLACEMENT IN STAR-DELTA TRANSFORMERS

The angular difference between vectors representing the voltages induced between h.v. and Ly.
terminals having same marking letter and the corresponding neutral points (real or imaginary),
expressed with reference to h.v. side is termed as phase displacement of transformer. Even under
normal condition, the phase to phase voltages and phase to neutral voltages of h.v. side are dis-
placed from corresponding voltages of l.v. side, in case of star-delta transformers. The phase dis-
placement of + 30° comes in Group 4 and that of — 30° comes in Group 3 (IS : 2026, 1962 reprint
1972—Specifications for power transformers). Similarly the currents on the two sides are also dis-
placed. While applying the method of symmetrical components, the inherent phase shirt should be
considered. A phase shift can be expected in p.s,, n.s., z.s. components on either sides.

Generally in short-circuits calculations the phase displacement is neglected. The procedure is
as follows :

Consider a star-delta transformer. The analysis of the positive sequence currents and posi-
tive sequence voltages can be corrected if necessary for phase displacement by taking into account
the inherent phase displacement. Similarly, the same reasoning applies to negative sequence cur-
rents and negative sequence voltages. Magnitude of phase shift is same for positive sequence com-
ponents and negative sequence components. However, the direction of phase shift in case of negative
phase sequence components is reverse of that applicable to the positive sequence components (Due
to reverse phase sequence). The phase shifts pf p.s. components and n.s. components are equal in
magnitude but opposite in direction. The magnitude and direction of phase displacement depends
on transformer group and allocation of phase references. Phase displacement of zero-sequence quan-
tities need not be considered in star-delta transformer. Since the zero sequence currents do not
flow in lines on delta-connected side.
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QUESTIONS
1. Given V,=100+,0, V,=-2.7+;32.3, V.==-37.3+,23. Find the symmetrical components
Vaor Var, Vo [Ans. 20 - 18, 50 +j15, 30 - j5]
2. Given V, =100£0, V, = 50£225, V, = 1112.6. Find the sequence components.
[Ans. 66.66 +j16.66, 60.1 ~JB.17,-26.5 - j8.3]
3. The current in three line conductors, a, b, ¢ are 40 +j60, — 90, — 80 +710 Amp.
If the reactance per phase for positive, negative and zero sequence current is respectively 20, 20, 50
ohms, find the voltage drop in conductor ‘a’. [Ans. — 900 + 7400 V]
. (a) Show that
a+a®+1=0
a-a’= SAL]
a-1=15-0.866,
1+a° l-a l+a
l-a'l+a’1,.42
Given E , Ey, E_ =60+ j0, 45 —j75, — 51 + 7120 respectively.
Determine E,y, E,,, E,,.
. Given I, = 0+ 7100, I;, =20 +0, I, = 0. Find Iy, Ly 1o
Assume [, = 100 Amp., I, = 1,=-50 Amp, What are the sequence currents ?

The phase to phase voltage of a 3-phase system are 100, 150, 200 volts. Find the magnitudes of positive

and negative sequence components.

- A grounded neutral system has positive sequence voltage of E,,, show that if neutral ground be
removed and one phase wire grounded the sequence voltage remains unchanged,

10. Three resistors of 5, 10, 20 ohms are connected in delta across the bases A, B, C respectively to a

balanced supply to 100 volts. What are the sequence components of current in the resistors and the
supply line 7

[

(b) Evaluate the following :

<o

[Ans. 28 + 715, 72.2 + j11.5, - 40.2 — j26.5]

® 2

-]

11. Given I,;=j156 p.u.
I,5=71.56 p.u.
Iﬂﬂ =0
Calculate I, I,, I.. [Ans. I, =0,1,=-270 + jO p.u. I, = 2.70 + jO p.u.]

12. Given I,y =I5 =I,0=0.255—0.32 p.u.

Caleulate I, 7, 1, [Ans. T,=0.765-0.156 ; I, = 0 ; I = 0]

13. In a problem on fault ealeulations.
Iy =Ipp= “D:m%TZO p-u.
E=1+/0
Calculate I, I, I,
Given : Z, = 0.5, Z, = j0.5, Z, = 0.
14. Given I, =0 p.v,, I, ==2.70+j0. pu,, I.=-0.70 + 0. p.u.

Calculate Iy, I, 1. [Ans. - j1.560 p.u., j 1.560 p.u]

15. Explain the principle of symmetrical components. What is the difference between positive sequence
and negative sequence components ? Derive the relation between Vay Viy Ve and Vg Vg Voo,

16. Given Vo, V,,}, V.4 derive an expression to obtain Vo Vi, Vo

17, Show that the current is neutral to ground connection is three times zero sequence component of cur-
rent, ie. I, =3[,

18. A star connected three phase winding is with earthed neutral, During a fault, the current in neutral
to ground path was 9 Amp. Calculate the zero sequence component of current in the winding,




