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We consider a framework for solving optimal liquidation problems in limit order
books. In particular, order arrivals are modeled as a point process whose intensity
depends on the liquidation price. We set up a stochastic control problem in which the
goal is to maximize the expected revenue from liquidating the entire position held.
We solve this optimal liquidation problem for power-law and exponential-decay order
book models explicitly and discuss several extensions. We also consider the continuous
selling (or fluid) limit when the trading units are ever smaller and the intensity is ever
larger. This limit provides an analytical approximation to the value function and the
optimal solution. Using techniques from viscosity solutions we show that the discrete
state problem and its optimal solution converge to the corresponding quantities in the
continuous selling limit uniformly on compacts.

KEY WorDs: Limit order books, controlled intensity, optimal control of point processes, optimal
control of queueing networks, fluid limit.

1. INTRODUCTION

Liquidation of large securities positions has emerged as an important problem in financial
mathematics, linking together models of market microstructure and control theory. In
this paper, we consider an investor who liquidates a position through limit orders placed
in a limit order book (LOB). The investor does so by choosing the price of the limit
order; the higher the price of the limit order, the smaller the probability that it would be
filled. The objective of the investor is to come up with an optimal limit order strategy
that maximizes her expected revenue by date 7.

Our model for the above problem is based on a point-process view of LOBs, which
treats liquidation as a sequence of discrete events, i.e., order matches. More precisely,
we assume that the investor effectively controls the frequency of her trades by choosing
the spread s above the current bid price P,. The trade intensity is controlled as A(s)
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and when a trade occurs, the investor generates a liquidation profit of s. Similar setups
have been proposed in Avellaneda and Stoikov (2008), Cont, Stoikov, and Talreja (2010),
Cont and De Larrard (2010) and rely essentially on a queueing system representation of
LOBs.

A crucial modeling difference is whether execution takes place through market or
limit orders. If investor trades via market orders, she necessarily encounters price impact
through “eating away” a portion of the LOB. The precise price impact depends on the
shape of the LOB, as well as its resilience. Conversely, there is no transactions or fill risk
as market orders execute instantaneously. This point of view is taken in, for example,
Obizhaeva and Wang (2005), Alfonsi, Fruth, and Schied (2010), and Alfonsi and Schied
(2010). On the other hand, if the investor trades through limit orders, liquidation depends
on being “lifted” by a sufficiently large market order, leading to substantial fill risk that
again depends on the shape and depth of the LOB. The fill risk is related to the concept
of virtual price impact (Weber and Rosenow 2005) and is the focus of our model here.
Related approaches to trading via limit orders can be found in Avellaneda and Stoikov
(2008), Cartea and Jaimungal (2010), Guéant, Lehalle, and Tapia (2011), and Guilbaud
and Pham (2011). Also, in our previous work Bayraktar and Ludkovski (2011), we
considered the same LOB as here but with an uncontrolled trade intensity and temporary
price impact from order size.

Ideally, a fully specified model will reconcile the two approaches above, as well as
consider the underlying risk preferences of the investor. This is especially important for
dealing with simultaneous trading on multiple exchanges; see the very recent preprints
Kratz and Schoeneborn (2010), Klock, Schied, and Sun (2011), as well as Section 5.5. A
full treatment of this problem will be the subject of a separate paper.

Our starting point is a discrete-state problem for an investor holding » shares of an
illiquid asset, » € N. Since practically speaking 7 is often large (on the order of hundreds
of thousands), we also investigate the fluid limit of our setup. On a technical level, the
fluid limit provides asymptotic results for the discrete-state problem (see Remark 3.6),
which is the main focus of our paper.

On a formal level, our control problem is equivalent to a controlled death process and
is closely related to fluid approximations of some queueing problems. We refer to Bauerle
(2000, 2001, 2002), Day (2011), Piunovskiy (2009), Piunovskiy and Zhang (2011) and
references therein for the most relevant strand of this rich literature. In contrast with the
previous literature, which uses probabilistic arguments, we utilize viscosity techniques to
show convergence (both of the value functions and the corresponding optimal controls)
from the discrete- to the continuous-state problems.

An investor holds n shares of an asset. Let (P;),~¢ be the bid price process for the
underlying asset. Let r > 0 be the risk-free rate. We assume that e’ P, is a martingale with
respect to the optimization measure [P on a filtered probability space (2, F, (G,)). This
assumption is consistent with standard market microstructure models; see, for example,
Alfonsi and Schied (2010). Let A, be the (controlled) intensity of order fill, and let
s; > 0 be the spread between the bid price and the limit order of the investor. Denote
by N, the G-adapted counting process of order fills and 7; the corresponding arrival
times,

N, = Z l{r/\vsr}-
k

Then N, — f0' Ay ds is a martingale and expected revenue is
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(1.1) E [Z e"(P, +sf,1{f,<r})} :

i=l1

We assume that the investor has a deadline date 7" < +oo by which all trades must be
completed. Remaining shares are liquidated at zero profit at 7.

To introduce the liquidation control, we assume that A, = A(s;), so that the intensity
of order fills is a function of the offered spread above the bid price. Moreover, we assume
that the bid price P is unaffected by the limit orders created via (s,). Since e™" P, is a
martingale, the first term in (1.1) is independent of ;. Indeed, E[Y." e """ P,]=nP
and we may ignore P in the subsequent analysis.

We define

n
(12) ¥(n.T):= sup E[Ze’f'sr,»l{n<ﬂ}

(s:)eSr i=1

TArt(X) TAt(X)
(1.3) = sup E / e "'s;,dN,| = sup E / e s, N(s)dt |,
0 0

(s:)eST (s:)EST

where
(X):=inf{t > 0: X, =0}

is the time of liquidation. Here, X; = Xy — N,, with X( = n, is a “death” (or inventory)
process with intensity A(s;). Note that 7' in (1.2) represents time-to-maturity and Sy
is the collection of F-adapted controls, s; > 0 with F, := o(N; : s < t). The boundary
conditions on V' are V(n, 0) = 0Vn (terminal condition in time) and V(0, 7) = 0V T
(exhaustion).

REMARK 1.1. Our modelis related to the LOB setup of Avellaneda and Stoikov (2008),
which assumes that limit orders are “lifted” through sufficiently large market buy orders.
Namely, a market buy order of size ¢, hits all limit sell orders that are within 7(g) of
the best bid. Assuming that buy market orders arrive in the form of a Poisson random
measure on R, x R, with arrival intensity Ad¢ and volume (mark) distribution f(dg),
q > 0, a sell limit order at a given spread u is lifted with probability P(/(g) > u). By the
thinning lemma on Poisson processes, such matching buy orders form a Poisson pro-
cess with intensity A [ [o,cl @ f(dq). Empirical studies suggest a power-law depth function
f(dq) o< g~'~?dq (Avellaneda and Stoikov 2008) and therefore if A(0) < oo, we can view
our model within the Avellaneda and Stoikov (2008) framework, A(s) o< [I~'(s)] ¢, with
17! the virtual price impact function (Weber and Rosenow 2005).

As in Bauerle and Rieder (2009), the above control problem can be transformed into
a discrete-time Markov decision problem and the classical results from Bertsekas and
Shreve (1978, ch. 8) can be used to prove a dynamic programming principle. Using the
latter result one can show that the value function is a viscosity solution of
(1.4) —Vr+ iligA(s)[V(n -1, D)= Vn, 1) +s]—rVn T)=0,
with boundary conditions V(0, T) = V'(n, 0) = 0 and V7 denoting partial derivative with
respect to time-to-expiration. Standard results also imply that an optimal control can
be taken of Markov feedback type, s; = s(X}, T — t). However, in most of the examples
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below we will obtain explicit solutions to this dynamic programming equation. Then a
verification lemma can be used to justify that the solution of (1.4) is indeed the value
function.

The optimization problem described in (1.2) is simplified but highly tractable. In
most of the examples below, we are able to obtain closed-form solutions which provide
direct insight into the relationship between the LOB model and its depth function and the
investor’s liquidation strategy. In Section 2, we give an explicit solution for (1.2) in the case
of a power-law intensity control A(s). Section 3 then studies convergence of the discrete
problem (1.4) to its continuous-state fluid limit. Our key Theorem 3.2, complemented
by Proposition 3.4 and Corollary 3.5, gives a full account of this convergence using
techniques from viscosity solutions of nonlinear partial differential equations (PDE).
In Section 4 we return to (1.2) for the case where A(s) is of exponential shape; we
are again able to provide several closed-form solutions. Finally, Section 5 considers
several extensions and numerical illustrations of (1.2), including generic A(s), which
shed additional light on the problem structure.

2. POWER-LAW LIMIT ORDER BOOKS

In this section, we assume that incoming buy orders have a power-law distribution for
the spread, A(s) = %u for some « > 1. It can be observed from the computations below
that if @ < 1, then no optimal control exists. Similar assumption was made (and justified
empirically) by Avellaneda and Stoikov (2008) who write that in realistic markets « €
[1.5, 3].

PROPOSITION 2.1. Assume that A(s) = As~% with boundary conditions V (0, T) = V(n,
0) = 0 for all n. Then the solution of (1.4) and the optimal spread are, respectively

. A\ e .
2.1) Vn, T) = cp(1 — efraT)l/a’ S*(l’l, T) = ( ) (1 - eflaT)l/a’

arc,

with ¢, satisfying the recursion

(2.2) ren = Agh(cn —cno1)' ™%, n>=1, ¢ =0,
where
(Ol _ l)a—l
2.3 =t
(2.3) Ay —

REMARK 2.2. Note that V' is “concave” in » in the sense that

Vin+1, )=V, T)<Vn,T)-Vn—-1,T),

i.e., its linear interpolation in # is concave in the usual sense. This follows immediately
from (2.2) since

1/(1—a) 1/(1-a)
re re,
Chtl — Cp = s =< = =Cp — Cp—1,
* A Ay A Ay

where the inequality follows from the fact that ¢, (or V(n, T)) is increasing in n. The
latter follows directly from (1.2).
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Also observe from (2.1) and (2.2) that

o

s*(n, T) =

o

which implies that n — s*(n, T) is a decreasing function, because n — V(n, T) is
“concave.” One can also think of s* as the derivative of the linear interpolation of V'
in n.
Proof. With the power law assumption (1.4) reduces to

A

2.4) —Vr+sup—(Vin—-1,7)—V(n, T)+s)—rV =0,
s 8¢

and therefore the candidate optimal policy is ¢ — s*(X;, T — ¢) in which s*(n, T) =
4 (V(n, T) — V(n — 1, T)). To begin solving this equation, we start with n = 1. Since
V(0, T) = 0 for all T, we obtain for V' = V (1, T)

~Vr+ AV =1V =0,
This is a separable ordinary differential equation (ODE) which simplifies to

. Voz—l
T+C=| ———dV.
+ / A —r Ve
Using the boundary condition V(1, 0) = 0 we integrate to obtain
Aa)" —raT Ve
log(Aur =1 V)= —ra(T+C) = V0, T)=7— A —-e7""") .
r

Considering the equation for general n > 1 we therefore make the ansatz V(n, T) =

co(1 — e7@T)l/* and plugging into (2.4) the relation (2.2) follows. 0

REMARK 2.3. If no discounting is present r = 0, one can verify that the solution of
(1.4)is V(n, T) = d,T"/*, where the sequence (d,) satisfies the recursion

_ 1 a—1
dy = A (“ ) (dy—dp-)'™,  dy=0.
o

This result can also be obtained by taking the limit » — 0 in (2.1), (2.2).
Fixing X = n, the inter-trade intervals o; = t; — 7,_1, i < n have survival functions
given by

1
P(o; > t|ti—1) = exp (—/ A n—i+1,T—1_1— s))ds) .
0

Noting that A(s*(n, 7)) = lf;(f,.L,. for some constant C(n), it follows that
fos A(s*(n, T))dT = 400 for all n and ¢ and therefore P(o; < T —1,_1) = 1 for all
i < n. We conclude that even though there is no direct penalty if some orders remain at
T, with probability one, the full inventory is liquidated by 7', X3 = 0 P-a.s. In particular,
the problem with a hard liquidation constraint ¥'(x, 0) = —M 1~y for any liquidation
penalty M > 0 will have the same solution as in Proposition 2.1.
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2.1. Infinite Horizon

As the execution horizon T grows, the investor faces a weaker liquidation constraint.
Nevertheless, she still prefers to sell earlier than later due to the discount parameter r
that incentivizes faster liquidation. For the limit 7 — oo we obtain an infinite-horizon
model whereby strategies are time-homogenous.

Taking T — oo in (2.1) we find that V(n) = ¢, and s*(n) = A/© D(are,)/1=%). To
understand how quickly execution takes place let us introduce expected time to liquidate
S(n) which is defined to be S(n) := E[t(X*)| Xj = n], in which X™* is the death process
whose intensity at time ¢ is A(s*(X})) (representing optimally controlled inventory at 7).
When the inventory is X} = n, liquidation occurs at rate A(s*(n)), so that the interval
until the next trade has an exponential distribution with mean 1/ A(s*(n)). It follows that

(2.5) Sy =D A=AV are,) e,

j=1 j=1

3. CONTINUOUS SELLING LIMIT

To better understand the results of Proposition 2.1 we consider a limiting continuous
model. Let us denote the number of shares initially held by x.

We first introduce a sequence of discrete control problems that converge to the con-
tinuous selling limit. For 0 < A < 1, consider the problem where shares are sold at A
increments and the intensity of order fills is A%(s) = A(s)/A. We will denote by X the
“death” process with this intensity and decrements of size A. Then the resulting value
function

(s:)eSr i=1
3.1)

TAT(XD)
= sup E / e s, A(s,)dt |,
(s:)eST 0

x € {0, A, 2A, ...}, T € R, would satisfy

xX/A
VA(x, T) == sup E |:Z e'tA 'Snl{r/<r}]

A
(3.2) —VTA+sup—A(VA(x—A,T)— VAx, T)+sA)—rV2 =0
SO(

5>0

in viscosity sense.
Let us consider the first-order PDE

(3.3) —vT—I—supk%—rv:O,

>0

which can be written as

—vr+ Aakvl"" —rv =0,
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with boundary conditions v(x, 0) = v(0, 7)) = 0. The solution of (3.3) has the following
deterministic control representation

e "dt,

TAT(XO)
(3.4) v(x, T) = sup /
0

—1
(51)€81 ;

Sy

where dX\" = —rs7 d1, Xf)o)’x = x. In fact, the solution of (3.3) is explicitly given by

A 1/ ‘
(3.5) vix, T) = () x@= /(] — gmraTyl/a
ro

We denote the optimizer in (3.3) by s©(x, T), which is explicitly given by

ar x1/e

AN\l
S(O)(x7 Tv) — < ) (1 _ efrotT)l/ot'

REMARK 3.1. Plugging the optimizer back into the dynamics for X(©* we obtain that

ar Xﬁ‘”’x

O _
de - 1 — e*l‘ﬂt(T*I)

dt,

which can be explicitly solved as

(3.6) X = xexp (— /I 1ardu> )
0

_ e—ar(T—u)

Observe that the function ¢ Xﬁo)’x is strictly decreasing and strictly convex with
0),.
X(T ' = 0. . . .
Let x € R, be fixed and let us consider all the collections {0, A, 2A, ... } of grids that
contain x as an element. In the next result, we will show that as A — 0 then V2(x) —
v(x). In fact, the next result shows that this convergence is uniform on compacts.

THEOREM 3.2. As A — 0, V2 — v uniformly on compact sets.

Proof. Let us consider the regularized stochastic control problem

xX/A
(3.7 VA'/"(x, T):= sup E |:Z e "TA - sT,I{,,<T}:| , xe€{0,A2A, ...},
soesk Lo

where S’} :={s € Sy :s, €[l/k, k]}, k > 1. Using a representation similar to the one in
(3.1) and using the lower bound on the controls s € S%, it can be seen that

A
(3.8) VAKX, T) < ;k“”.

We will follow the arguments of Barles and Souganidis (1991) in the proof of their
Theorem 2.1 (also see theorem 4.1 on page 334 of Fleming and Soner 2006) to show that
2k converges uniformly on compacts to the unique viscosity solution of

s —vk

(3.9 —v’} 4+ sup A X _ k=0, v x,0)=0.
sell/k i 8%
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Let 7¥ and v* be defined by:

7 (x, T) := limsup lim sup sup{ V2 (y, S) : [x — y| +|T — S| <8, y € {0, A,...}},

§—0 A—0

vi(x, T) == 1nggf1nglgfinf{ VAR, S) i |x —y|+|T— 8 <8, ye{0,A,...}}.
By definition we have that vK < vk < %% and that v* is lower semi-continuous, and *
is upper semi-continuous; see for example, proposition 5.2.1 of Bardi and Capuzzo-
Dolcetta (1997). We will show that 7% is a subsolution and that v* is a supersolution
of (3.9). It follows from theorem 5.4.20 in Bardi and Capuzzo-Dolcetta (1997) that a
comparison result holds for this PDE (the compactness of the control space is required
in order to apply this result). This comparison theorem would then imply that 7¥ < v,
As a result, v€ = 7* = v is the unique continuous viscosity solution of (3.9). This fact
together with the way the functions 7 and y* are defined also imply the local uniform
convergence of V2 to vk, (For a similar argument see page 35 of Crandall, Ishii, and
Lions (1992).)

We now prove that ¥ is a viscosity subsolution of (3.9); the fact that v¥ is a viscosity
supersolution follows similarly. Let (xo, T) be a local maximum of 7% — ¢ for some test
function ¢ € C"!'. Without loss of generality, we will assume that (xo, T) is a strict local
maximum and that 7¥(xo, 75) = ¢(x, Tp), and ¢ > 22k*~" outside the ball B(xo, T; t),
where t > 0is chosen so that (xo, 7) is the maximum of ¥¥ — ¢ on B(xp, Tp; t). Thanks to
the choice of the test function outside this ball, (xg, T) is in fact a global maximum of the
function ¥¥ — ¢ and it is attained on B(xy, Tj; t). (This is where the uniform boundedness
assumption in (3.8) is used.)

Let (x, T%) € {0, A, ...} x R, be a point at which V2% — ¢ attains its (global)
maximum. It follows from the definition of #* and the fact that (xo, T) is a strict global
maximum of #* — ¢ that there exists a sequence A, — 0 such that (x*, T%) — (x, Tp),
VAnk _ ¢ attains its global maximum at that point and V2K(x2, T) — 7(xp, Tp).
From the global maximality

VAnvk(x’ ]") _ VA/hk(xAn’ TAH) S ¢(x’ T’) _ ¢(XA/Y’ TAN).

Moreover, it can be argued as in Bauerle and Rieder (2009) using the discrete dynamic
programming principle (see Bertsekas and Shreve 1978) that 12+ satisfies

! A ' )
_ VTA”’k + sup (VA”’]‘(XA” — A, TAH) _ VA”’]‘(XA”, TA”) + A, —r pAnk —

sell sk 5% An

in the viscosity sense. Then

A
—¢r+ sup ((p(xAn — A, TAH) _ ¢(XAH’ TA”) +5A) —rd+r(p— VA"'k) > 0.

se[l/kk] SY Ay

Taking the limit as A,, — 0 we obtain from this equation that

A
_¢T(-X09 76) + sup 7(‘9 - ¢X(X0’ ]6)) - r¢('X07 ]6) Z 07
se[l/kk] S

which proves the subsolution property of #*. Here, we exchange the limit in A, and the
supremum with respect to s using proposition 7.32 in Bertsekas and Shreve (1978) which
we can apply thanks to the compactness of the control space.
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It follows again from theorem 5.4.20 in Bardi and Capuzzo-Dolcetta (1997) that the
unique solution of (3.9) is given by

2(xth-x _
(310) Vk(x, T) — sup fTA (xR re 't ldt,
(s)eSr Jo (s v 1/k) N k)=

where dX (,k)‘x = —=A/((s; v 1/k) A k) dt, X(()k)’x = x. We will show that v¥ converges point-
wise to v:

. Tat(Xh-x) re 't
lim v*(x, T) = sup sup / dt
k—o0 K (s)esrJo ((s: v 1/k) A k)=t
/\T/\T(X(k"‘) re 't it
= sup sup
soesr k Jo ((s; v 1/k) A Ky

TAt(X) re 't
> sup / — dt =v(x, T),
(s0eSrJo Ry

where the inequality follows from the lower semi-continuity of the map X — t(X);
see lemma 5 in Day (2011). On the other hand, since v is a supersolution of (3.9), the
comparison result theorem 5.4.20 in Bardi and Capuzzo-Dolcetta (1997) implies that v*
<y for each k, and as a result

Jlim vE(x, T) < v(x, T).

Combining the last two inequalities, we obtain the pointwise convergence of v* to v.
Pointwise convergence, on the other hand, implies uniform convergence on compacts
due to Dini’s theorem, since we already know that v is a continuous function of its
arguments, and that v¥ is an increasing sequence of functions. The latter fact follows
from the fact that v*! is a supersolution of the PDE v satisfies. ]

REMARK 3.3. Results somewhat similar to Theorem 3.2 appeared in Béuerle (2000,
2001, 2002); Day (2011); Piunovskiy (2009); Piunovskiy and Zhang (2011) which are on
the optimal control of queueing networks. (Among these papers only Day 2011 consid-
ered optimal time-to-empty queueing control problems.) To prove Theorem 3.2 we used
a completely different approach than the above literature, which had relied on probabilis-
tic arguments. Our approach relies in contrast on the analytical approximation ideas of
Barles and Souganidis (1991). We see the prelimit control problem as the discretization
(only in the space variable but not in the time variable) of the “fluid limit” first-order
nonlinear PDE (3.3) and rely on convergence of the approximation schemes to the vis-
cosity solutions of such nonlinear PDEs. This approach could be fruitful in general in
proving “fluid limit” results associated to controlled queueing networks.

The following is a strengthening of Theorem 3.2 which is an interesting result in its
own right.

PROPOSITION 3.4. For any sequence (Ay) with Ay = 8275, we have V> 4 v as k — oo.



636 E. BAYRAKTAR AND M. LUDKOVSKI

Proof. We show that for any A > 0, V*4 < V2. Due to the factoring of 7 and x in
Proposition 2.1, it suffices to establish this result on the infinite horizon where strategies
are constant between trading times.

Fix ¢ > 0 and let s> be an e-optimal strategy for 722, This policy is defined over x €
{0, 2A, 4A, ... }. We will recursively construct a policy s® over the domain x € {0, A,
2A, ...} that outperforms s*~. The dynamic programming principle implies that

1?22nA) < Ele " M[25*22nA)A + V2((2n — 2)A)] + ¢

_ A(s*2(2nA)) A A
= m{% (nA)A + V2((2n — 2)A)} +&.

Similarly, given the liquidation strategy s* and corresponding trading times %;, the re-
sulting expected profits denoted as V2(x), x € {0, A, 2A, ... } satisfy for y = 2nA,
VA = Ele M52 (A + e 2 s (y — M)A+ PA(y = 24))]

_2A(%(») A 2A(s2(y — A))
CO2A(A () +r [S DA+ 2A(s2(y — A) +r

[s2(y — A)A + VA(y — ZA)]} .

Given 52, = s°2(2nA) we prove below that there exists # € R, such that

Als2n) 2A(u) {A+ 2A(u)

O N G L Oty v e 20w) +r

(uA + V)} :
for any ¥ > 0. This would establish V2(2nA) > V2(2nA) > V**(2nA) — & by induction
on n after setting s*(2nA) = s2((2n — 1)A) = u. Since ¢ is arbitrary, the statement of
the proposition would then follow. Note that in the above construction, the A-investor
trading in smaller increments and twice as much, uses the same spread u to trade when
her inventory is 2nA or 2n — 1)A.

Let z2 := 2620 4nd define u implicitly through

. Alsa)+r =7 .
u in terms of z and using A(s) = As~* we obtain

M=\ 21 =)\
o (AUA) (may

Observe that by construction

2A(u)
2A(u)+r

:= z < 1. Solving for s,, and

A(s2,) 4A(u)2

A(SZn) +r N (ZA(M) + r)Z '

so that the Laplace transform at r of the duration to execute two trades by the A-
investor is equal to the Laplace transform at r of the duration to execute one trade by
the 2A-investor. Using this fact, (3.11) is equivalent to

2A(s21) 2A(u) { 2A(u) }
Son = u
A(s2) +1 2A(u) +r 2A) +r

— 2%, < z(1 + Z)u.
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Since o > 1 and the terms on both sides of the above inequality are positive, we may raise
both sides to the a-power and plug-in the expressions for s,, and u to find

A1 = 22) 20(1 —z)
rz

Q2)"ss, — (1 4 2)%u” = 22°)" — 2%(1 + 2)*

rz?
=201 =21+ 222 Q2 = (1 +2* '] <0,

where the last inequality follows since z < 1 and « > 1. This shows that (3.11) holds and
concludes the proof of the proposition. |

Next, we show that the strategies also converge thanks to the concavity of all the
functions involved.

COROLLARY 3.5. Let us denote by s the pointwise optimizer in (3.2). Then we have
that s®(x, T) — sO(x, T). (Here, x is fixed and we take the limit over the grids that pass
through x.)

Proof. On the one hand, as in Remark 2.2 we can think of s(*) as something propor-
tional to the left derivative of the linear interpolation of V2, denoted by ¥2, which is
increasing and concave. On the other hand, s is proportional to the derivative of the
concave differentiable function v. By theorem 24.5 on page 233 of Rockafellar (1997) it
however follows that for any x > 0,

|D; VA, T) —vi(x, T)| < &

for small enough A, where D denotes the left derivative operator with respect to x. O

REMARK 3.6. Theorem 3.2 tells us about the asymptotics of ¢, in (2.2):

A 1/
Cy ~ () n@ Ve a5 n— oco.
roa

Corollary 3.5 can be used to find out the marginal price asymptotics in Proposition 2.1:

A 1/
(3.12) s*(n, T) ~ <>
ar
Clearly, the spread will go to zero as n — oco. But here we are able to obtain the rate of
convergence to zero as a function of the remaining inventory.
For time to execution on infinite horizon we have for 7, = inf{r: X, < x;} and
S(x1, ) = E[11| Xo = x»] that

X2 1
3.13 S(x1, X2 =/ —————du,
( ) ( 1 7) N A(S(O)(M))
since intuitively when inventory is of size u, the expected time to liquidate an infinitesimal
quantity du is inversely proportional to the current trading rate A(s”(«)). Plugging in

0)(y\ — (> /e : 0 — _ 1 x :

sO@w) = ()Y we obtain A.(s( ?(u)) = aru or S(xi. %) = - log.(;fl) which shows that
orders are filled in logarithmic time (as x; — 0 the remainder is executed arbitrarily
slow).
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4. EXPONENTIAL-DECAY ORDER BOOKS

The power-law order book implies that trades can be made arbitrarily quickly as the
spread goes to zero: lim,_, g A(s) = +00. Also, it gives a relatively good chance of executing
trades deep in the book, i.e., when s is large. For less liquid markets, both of these features
might not be realistic. Accordingly, we consider an exponential-decay LOB, with

4.1) A(s) =2re™, k>0,

where « controls the exponential depth of the book and A = A(0) is the order intensity
at the bid price. The optimization problem for the spread is now of the form

sup Ae ' (V(in—1)— V(n)+s),

5>0

which leads to the candidate optimizer s*(n) = % + (V(n) — V(n — 1)). We observe that
s* is bounded away from zero so no trades are ever placed close to the bid.

4.1. Finite Horizon

With a finite horizon and no discounting we obtain the following closed-form solutions
to the execution problem.

PROPOSITION 4.1. Consider again V>(x, T) defined in (3.1) with boundary condition
VA(x,0) = V20, T) =0, r =0 and A(s) given in (4.1). Then for x = nA,

A "1 (AT
4.2 VA =1 il
(4.2) (x, T) = —log ;ﬂ(m)
and
A7)
1 N
s*mA, T)=—11+1log I+M
« i (Ty
= Loy !

As AN 0, VA(mA, T) — v(x, T)uniformly on compacts, where v(x, T) solves the nonlinear
first-order PDE

A .
4.3) yr(x, T) = Zem 10D
K

with boundary conditions v(0, T) = v(x, 0) = 0. The solution to this PDE satisfies

A A
(4.4) Y log ( T) <y, T)< 2T
K X Ke

REMARK 4.2. In the above notation x is the number of shares, which is fixed across
the problems. When we are taking the continuous liquidation limit, we let A0, the size
of trading units, while taking the number of units n as nA = x, for x constant.
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Proof. VA(nA, T) satisfies the HIB equation
—3rVA(nA, T)+ sup,_g AA e (VA ((n — DA, T) — VA(n, T) + sA) = 0,
which can be written as
4.5 o VimA,T) = i exp (—1+ A (VA (n — D)A, T) — V2(n, 7))).
Letting B := ﬁ, integrating and using V2(-, 0) = 0 we find for n = 1 that
(4.6) VAA, T) = %log(l + BcAT'T).

Iterating over n the separable ODE for V2(n, -) in (4.5) we obtain (4.2). The expression
for the optimal spread follows from s*(nA, T) = % + w.

The proof thatas A | 0, V2(mA, T) — v(x, T) uniformly on compacts can be proven
as in Theorem 3.2.

Observe that both bounds in (4.4) satisfy (4.3). To prove the lower bound, let us
introduce the following function:

- A 1 /AT\"
VAx, T) = - log (n' (Ae) ) )

Clearly, ' < V2. From Stirling’s formula we know that

n! ~«2mrn (E>n ,
e

where we use ~ to indicate that the ratio of the left- to the right-hand side converges
to 1 as n — oo. As a result, V2(x, T) ~ x/k log(AT/x), recalling that x = nA. Now
the lower bound in (4.4) follows since v(x, T) > lima o 2. We could have provided an
alternative proof using a comparison theorem for the first-order nonlinear PDE (4.3)
since in fact x/klog (AT /x) also satisfies this PDE with a smaller boundary value at 7' =

0. We preferred to be more constructive in our proof.
The fact that A7/ (ke) is an upper bound on v follows directly from the observation
that vy < A/(ke) (recalling that v is increasing in x) and that v(x, 0) = 0. O

REMARK 4.3. Since the trading rate is bounded A(s*) < re~!, for x > re~!' T the full
inventory cannot be liquidated by horizon T Therefore, in the region D := {(x, T) : x >
Le'T}, v is independent of x and the upper bound is tight: v(x, T) = 2 T on D.

REMARK 4.4. Here, we will determine the shape of ¢t — Xﬁo)"" in Remark 3.1 for the
exponential order books. First,

4.7 dXO = —A(s(X, T —1))d1,

where A is given by (4.1). On the other hand, s(X\”*, T — 1) = 1y (X T — 1.
Using this relationship, along with (4.3), which implies that ¢ — s(XfO)‘x, T—1t)isa
constant function (let us denote that value by s*), it follows from (4.7) that

a2 X0
dl’z =0, tel0,T],
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ie,t— Xfo)’x, t € [0, T, is a strictly decreasing linear function. In fact, one can compute
s* by maximizing the value function (3.4) (after replacing power rate with exponential)
over constant spreads (since the optimal spread is known to be a constant). This yields
that s* = Llog (%) if AT/x > e. Otherwise s* = 1/k. The expression for the optimal

spread and (4.7) in turn imply that if x < e~ ! T, X;O)‘x = x(1 — %) (which is 0 at 7') and
if x > e~ ! T we have that Xﬁo)"" = x — At/e (which remains strictly positive at 7).

4.2. Infinite Horizon
We also have closed-form expressions for the infinite horizon case.

PROPOSITION 4.5. For exponential-decay LOB with T = +oo and discounting rate r >
0 we have

Ay —
4.8) VA(x)=fW()LrlAleXp<KV(xAA)—1)>, xef{0,A,..},

with V2(0) = 0, where W is the Lambert-W function (or the double-log function defined
asz=W(y) for ze* = y).
As A |0, VA(x) — v(x) uniformly on compacts where

(exkrv(x))  erx
4.9) ll( ; )__A’

and li(y) := foy @ dt is the logarithmic integral function.
Proof. The HIB equation for V2(x) is

—rVA(x) + supAA~ e ™ (P2 (x — A) — VA(x) + sA) = 0.
5>0

VA (x)— VA (x—A)
A

Using the optimizer s = 1 + we reduce to

VA(x — A) — VA(x)>

AA
VA (x) = — exp (—1 +k
Kr A

which has closed-form solution given by equation (4.8). Arguments similar to Theorem
3.2imply that * — v uniformly on compacts and the continuous inventory limit satisfies

(4.10) —rv(x) 4+ supre (s — v'(x)) = 0.

5>0

V(x) = _% {1 4 log <KV‘;(X))} '

The last nonlinear first-order ODE has closed-form solution given in (4.9). Asymptoti-
cally limy_, o, v(x) = ﬁ and the optimal spread is

1
4.11) sO) = - {log (Krj(x))} . -

Solving for v’ we obtain
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Spread s (z)

FIGURE 4.1. Optimal controls for power-law and exponential-decay order books. We
take r = 0.1 and depth functions A(s) € {572, 573, ¢!}, which have been normalized
such that A(1) = 1 in all three cases. The plot shows the resulting fluid limit spreads
sO(x).

We note that since v is increasing in x, x — s©(x) in (4.11) is decreasing and so v
is concave. As before, lim,_,os”(x) = +o0 so the control space remains unbounded,
however the pay-off rate s© A(s®) is bounded. Moreover, a direct check verifies that 72
and v are inversely proportional to the exponential depth parameter «, i.e., doubling «
(making the order book more shallow) halves V' and v, and correspondingly halves the
optimal spreads s*) and s©.

Figure 4.1 graphically illustrates the difference between exponential-decay and power-
law LOBs. As observed, for an exponential LOB, s* is bounded away from zero, while
lim,_, oos*(x) = 0 in power LOBs. Moreover, while lim,os®(x) = +oc in any LOB,
the rate is much slower in an exponential LOB (due to thinner tail for large spreads)
compared to power-LOB.

5. DISCUSSION AND FURTHER EXTENSIONS
5.1. Numerical Example: Convergence to the Fluid Limit

To illustrate the convergence to the fluid limit consider the problem of selling up to
x = 5 blocks of shares in a power-law LOB with A(s) = s~2. We suppose that a block
corresponds to 100 shares and that the minimal trading unit is either 5 or 1 shares, i.e.,
A =0.05and A = 0.01, respectively. For a fixed A, we can easily compute V2(x = nA)
or v(x) using the results in Section 2. Figure 5.1 illustrates the percent difference between
V2 and the fluid limit v. As shown in Proposition 3.4, V* is decreasing in A and
lima o V7 = v. We observe that the convergence is quite rapid in x.
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FIGURE 5.1. Convergence to the fluid limit. Left panel: the ratio between discrete and
continuous V2(x)/v(x) for A = 0.05 and A = 0.01. Additionally, we plot 72/ V2 as
defined in equation (5.1). Right panel: ratio of the fluid limit optimal control s (x) to
the discrete s*)(x) for A € {0.01, 0.05}.

The right panel of Figure 5.1 shows that the controls themselves are also very close.
We observe that 5 N\ 5”). Note that here we are essentially comparing s with its right-
sided Riemann-sum approximation, since s*)(x) corresponds to the spread charged for
all sharesin [x, x — A) while s©V(x) corresponds to the marginal spread at x. Accordingly,
better approximations, such as 3*)(x) := L [, s©(u) du, would make the discrete and
fluid controls even closer.

Given the simple expression for the fluid limit control s (x), a useful approximation
is to use a discretized version of s”) as an approximately optimal control for V2. Let

x/A

(5.1 VA(x):=E [Z e isO(x — iA):| . xef{0,A,2A, ...},

i=1

represent the expected gains from a discrete strategy which uses a spread of sO((n — i)A)
for the ith trade of size A. In the left panel of Figure 5.1 we see that this approximation
is excellent for V2 even for moderate values of x (less than 1% difference for A = 0.01
and x > 1).

5.2. Execution Curves

A popular way of describing a trade execution algorithm is through the execution
curve t — X,/ Xy, see, e.g., Almgren (2000, 2003); Guéant et al. (2011). In our model
with execution risk, X; is a random variable, and we will therefore consider the natural
analogue of average execution curve E(x,f) := E[X]"], where X* is the remaining
inventory at ¢ < T starting with initial condition X" = x . The baseline case where
E(x, t) = x(1 — t/T) is linear, corresponds to “linear price impact” or zero-risk-aversion
in Almgren (2000) and implies that the average trading rate is constant.

For notational convenience we temporarily fix A = 1. Recall that

dX;* = —A(s* (X5, T—1))dt + d M,
where (M) is a martingale (the compensated order departure process), which implies by

an application of 1t6’s formula that (E(x, t))}2, satisfies the system of inhomogenous
linear ODEs
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FIGURE 5.2. Execution curves for different power-law books. We take Xy =6, r = 0.1,
T = 1, and depth functions A(s) € {s~2, s~*}. Left panel: average inventory E(x, f) as
a function of time ¢. Right panel: average trading rate as a function of time.

dE(x,1)
dt

with E(0, /) = 0. Any finite collection of these ODEs can be solved analytically using
integrating factors, or numerically with any standard solver.

Thus, whenever we have an explicit formula for the optimal spread s*(n, T), E(x, f) is
also available analytically (or more practically as a solution of an ODE). For the case of
power-law order books, we obtain from Proposition 2.1 that

=AG*(x, T— ) E(x—1,t)— E(x,1)), E(x,0)=x,

A (o )/ @D
1 —exp(—ar(T — 1))

Ak, T — 1)) =

We observe that depending on the parameter values (in particular initial inventory k vis-
a-vis order shape «), A(s*(k, T)) could be smaller or bigger than k/7, i.e., the ordering
between the initial trading rate and constant trading is ambiguous. At the other end, as
t — T, the spread s*(k, ) goes to zero and consequently lim,_, 7dE(x, t)/dt = —oo.

Figure 5.2 shows that as « increases, the shape of # — E(x, ¢) changes substantially. In
particular for large @ (corresponding to “thinner” power laws), the execution curve has
an S-shape, with trading rate high in the beginning and end of the time interval. On the
other hand, for @ small, the execution curve lies entirely above the baseline, i.e., the limit
order trader consistently executes slower. This occurs due to the two competing effects of
trying to extract profit (which slows execution) and the time decay, i.e., the need to make
the deadline which speeds up trading. We observe that when the LOB is deep (small «),
the profit effect dominates; this is a new phenomenon compared to most existing models,
such as Guéant et al. (2011).

Finally, as a comparison, Figure 5.2 also shows the deterministic case ¢ X;o)”", see
(3.6). In the latter case, ¢ — Xﬁo)‘x is strictly convex, which contrasts strongly with the
pre-limit situation. As A — 0, execution risk vanishes and the discounting effect takes
over, making the investor sell more in the beginning. Indeed, in the fluid limit the investor
can smoothly drive X(©-* to zero, while for A > 0, P(X;"* > 0) > 0 for any t < T, but
X7" = 0since dE(x, 1)/ dt|;=7— = —o0.

In the exponential order book case with no discounting, we observe that the trading
rate A(s*(n, T — t)) is independent of the depth parameter x. Moreover, numerical exper-
iments suggest that E(x, ) is (slightly) convex in ¢, i.e., the trading rate is monotonically
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decreasing in time. This agrees with the classical results of Almgren (2000). Finally, we
recall that Remark 4.4 shows that in the fluid limit, the execution rate is constant over
time, and 7 > X is linear. This occurs because (X\”%, 7) is the characteristic curve of
the PDE given by (4.3). This phenomenon resembles the constant trading rate in Alfonsi
et al. (2010) who studied (continuous) trading through market orders only, with the LOB
depth function driving the price impact mechanism. Again, we find a sharp dichotomy
between the deterministic limit where Xg(?) = 0 for x < e~ ! T and the stochastic version
where E(x, T) > 0 strictly for all x > 0.

5.3. General Order Book Depth Functions

Our basic setting can be readily extended to allow for more sophisticated or complex
models. Below we review several such extensions; for ease of presentation we treat them
in the stationary infinite-horizon setting.

Let us revisit the optimal execution problem for a generic order book depth function
A(s). In general, there are no closed-form expressions for V' (n) and the continuous fluid
limit v(x) becomes a useful analytic tool to understand the solution structure. In that
regard, both Theorem 3.2 and Corollary 3.5 continue to hold under some reasonable
assumptions on the intensity function A.

THEOREM 5.1. Consider the optimal liquidation problem on infinite horizon with a general
intensity depth function A. Then the statements of Theorem 3.2 hold, and if we further
assume that the function x — A(x) is decreasing and that

A(x)A"(x)

2 -
62 O

<2, VxeR,,

then both V2 and v are concave, the corresponding controls s and s are decreasing and
the conclusion of Corollary 3.5 still holds.

REMARK 5.2. For power-law LOBs, condition (5.2) holds precisely when @ > 1, while
for exponential LOBs it always holds. Both of these order books have decreasing intensity
functions.

Proof'. The proof of Theorem 3.2 can be done without much change since we did not
make use of any special properties of A(s) there. We will prove the stated concavity and
monotonicity properties from which the statement of Corollary 3.5 follows immediately
as before.

By time-stationarity between trading dates the controls are constant and the dynamic
programming principle until the first jump time for V2(x) gives

<A g,
VA(x) = sup / —f)e—mm FsA + VA (x = A))dr
s>0 JO
AG)

= — 7 (sA+ VA(x = A)).
S YO

Differentiating the right-hand side with respect to s, the first-order condition for s* =
)
sA(x) is
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FA (A 4+ VA (x — A) + A AGH) +rA) =0
A(s™)
A'(s*)

= rVAXx—-A)=—rs*A— (A" +rA) = F(s¥).

A is non-decreasing; therefore, if the derivative of F is negative, then s*)(x) decreases
in x. Explicitly,

"

(A)?

A(s*)N"(s*)
(A'(s))?

Thus, (5.2) is sufficient for x — s*(x) to be decreasing. Under this assumption and the

assumption that A is decreasing we would have that x — CHE increasing, and as

(5.3) F'(s*) = — (1 A+ A(s)) [2 - (s*)j| <0 & 2>

AGF))+HrA
a result
VA — VAGx— A) = %@*(m VA )
A(s* (x—A)
_A(S*(x —A)+ }’A(s (x—=A)A+ VA(x —2A))
A(s*(x))

< m{s*(x — M)A+ VA(x = A) = s (x — A)A — VA (x — 2A)}

VA(x — A) — VA(x — 2A),

IA

so that ' is concave.

Concavity of V2 on the other hand implies the concavity of v. This is thanks to the
first assertion of the theorem from which we know that V2 converges to v uniformly on
compacts. Next we will show that s is a decreasing function. The value function v satisfies
the first-order PDE:

sup A(s)(s —v)—rv=0, v(0)=0.
5>0

Optimizing over s yields

AV (%)

V/(x) = s(o)(x) —+ 7[\’(3(0)()())'

Hence v is concave if and only if the right-hand side above is a decreasing function of x.
However, it follows from (5.2) that the function

A(y)
yey+——=, yeR,,
A'(y)
is increasing. As a result the concavity of v, which we have already shown, is equivalent
to x5 (x) decreasing. O

5.4. Regime Switching Market Liquidity

Empirical evidence suggests that market liquidity is not constant (Cartea and Jaimun-
gal 2010). As a first step toward capturing more complex liquidity behavior, we consider
a simple regime-switching model for market activity level in the power-law LOBs. More
precisely, suppose that arrival rates are modulated by a two-state Markov chain M with
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states {0, 1}, 0 representing an active market and 1 representing a slow market. We will
denote the transition rate from 0 to 1 by 6y, and the transition rate from 1 to 0 by 6.
Under regime 0, the arrival rates of the orders are Ag(s) = Ao/s%, and under regime 1,
the arrival rates of the orders are A (s) = A1/s*. We will take 1o > 1. We assume that M
is observed and known by market participants.

Denote by U(n) (respectively W (n)) the infinite-horizon value function for an inventory
of n shares under the active (resp. slow) market regime. The value functions satisfy the
following system of equations:

AudolU(n) = U — D]'™ = r U(n) + 6o[ W(n) — U(n)] = 0,
Ay [W(n) — Wn — D)]'™* — r W(n) + 61[U(n) — W(n)] = 0,

with terminal condition U(0) = W(0) = 0. The continuous selling approximation of
these functions, which we denote by u and w, respectively satisfy the following system of
ODEs:

{ Ahul™ = (r + 60)u(x) + 6w (x) = O,
(5.4)

Agw =% — (r +0)w(x) + O1u(x) = 0,
with 1(0) = w(0) = 0.

PROPOSITION 5.3. The solutions to (5.4) are u(x) = cjx* and w(x) = c{x? where p =
(¢ — 1)/ and

A 1/ A 1/
(5.5 (I> < <¢h < <0) .
ro ra

Observe that the bounds in (5.5) correspond to the single-regime solutions given in (3.5)
with 7' = 4o0.

Proof. We begin with an ansatz of u(x) = cox” and w(x) = c;x” with p given in the
statement of the proposition. Comparing with (5.4), the coefficients ¢y and ¢; need to
satisfy

Aghop' ™)™ = (r + Bo)co + Oocy = 0,
Aa}\lpliacllia —(r+6))c1 +61¢co =0.

Re-writing as

r+ 0 Al l—a
c) = 9 c1 — Ecl y
(5.6) : :
] = ! +90€ — ﬂcl’“
1= 90 0 019() 0

it easily follows that this system of equations has a unique solution (cj, ¢}). Indeed, co
as a function of ¢; is strictly increasing and goes from —oo at ¢; = 0 to oo and ¢; = oo.
Similarly, ¢; as a function of ¢ is also strictly increasing from —oo at ¢y = 0 to oo at ¢y =
oo. It directly follows from these facts that these two curves intersect and do so at only
one point. Moreover, the identity function ¢y = ¢; intersects the first function (5.6) first,
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FIGURE 5.3. Regime switching model. We take «g =2, Ao = 1.5, A; = 0.5, and r = 0.1.
The regime-switching rates are equal g =6 = 6.

and the second function in the same equation last. This proves the ordering in (5.5) and
concludes the proof. O

Proposition 5.3 shows that the asking spread will always be higher under the active
market regime when the order book is deeper.

Figure 5.3 illustrates the impact of multiple liquidity regimes. We take Ao = 1.5, A;
= 0.5 so that trade intensity is tripled in the active regime. We plot ¢ as a function of
Op=01=0forr=0.1 anda =2. As 9 — 0, we have ¢; — /0.51;r~!, while as § — oo,
¢f — v 3- 222 the fast-switching limit.

5.5. Two-Exchange Multi-Scale Model

Another possibility is to consider an investor trading on multiple venues. For example,
suppose the investor can liquidate her holdings through two different exchanges, with
each exchange possessing its own LOB. To distinguish the two exchanges, we suppose that
on exchange C(ontinuous) the orders are infinitesimally small, but on exchange L(arge)
they are of large but finite size relative to the total order size. More precisely, we assume
that in the continuous limit, the exchange C orders are infinitesimal, but exchange L
orders are of size 8. If the remaining inventory is less than x we assume that the next
trade on exchange L will liquidate the entire x. In other words, actual trades on exchange
L are of size min (8, x).

To keep the model tractable, we assume that each exchange has power-law depth with
identical depth parameter « > 1. The resulting time-stationary value function v(x) solves

(5.7) supio ;vx +supa, EADZ 0D —v(x=9) |

o
50>0 So 5120 5]

S0

v=0, v0)=0.
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Plugging in the first-order optimizers leads to

(5.8) AuroV' ()" 4+ A M (X A S ((x) = v((x = 8) ) —rv =0, v(0)=0.
LEMMA 5.4. There is a unique solution to (5.8).

Proof. Equation (5.8) is a first-order nonlinear delay ODE and can be solved by
successive patching. Namely, first solve the ODE

(5.9) Auhov(o ()7 + Auh x*(v(0)(X)' 7 = rvg) =0,
with v(g)(0) = 0 on [0, 5]. We then solve
(5.10) Aa,)»gv(’l)(x)lf"‘ + Aa)qaa(l/(])(x) - V(o)(x - 5))170{ — v = 0

on [§, 26] with initial condition v(1)(8) = v(0)(6). In (5.10) we treat v(g) as a source term,
observing that v(g)(x — 8) with x € [§, 28] has already been computed before. Proceeding
in this fashion, we finally set v(x) = v(,(x) for x € [18, (n 4+ 1)3] to recover the global
solution. On each of the intervals [#§, (n 4+ 1)8] the corresponding ODE has a locally
Lipschitz driver so classical results give existence/uniqueness of solution v ). ]

REMARK 5.5. Numerical computation of the solution of (5.9) should be handled with
care since v, (0) = oo. We get around this singularity using the following observation:
For x small enough, the benefit of large orders is negligible since the probability of getting
alarge order is very small. Therefore, close to zero, v(x) >~ vo(x) = (%)1/ *x*7 from (3.5).

We also remark that the solution to (5.9) is in general no longer concave, with concavity
likely to fail around the knots 8, 26, ..., where the derivative v’ does not exist.

Typically, trading intensity on the small-order exchange is several magnitudes larger
than via the big trades (done through, e.g., a proprietary dark pool, see, e.g., Klock et al.
(2011) where a single large dark pool trade liquidates the entire position), so Ag > Aj.
Fixing the time-scale as Ao = 1, we are therefore led to consider an asymptotic expansion
in small A;. Formally, let A; = X¢ for ¢ small and consider a power series expansion in ¢,

V(%) = vo(x) + evi(x) + 2 v2(x) + - - -,

Plugging into (5.8) and matching powers of ¢ we find that v((x) solves the 1-exchange
—1

problem of (3.5), so that vo(x) = (2£)!/*x"= . Next,

l—a
a—1

B A - W wt l—a
Aya(1 — a)rxvi(x) + A28 A x)* <0> (xu1 —(x—=98)" ) —rvi(x)=0.
ar
This is a first-order linear ODE with nonconstant coefficients and therefore v;(x) can be
expressed in closed form using integrating factors as

1
Cx™, x<8,

(5.11) vi(x) = x o N
[ e (7 ) o

. T orr _ = P _ a—1
with O = 25 (G2) 1™/ oo, G = 4,38% B,(32)' " and B, = ;. The latter

integral only involves powers of y and can be easily computed numerically. Similarly, the
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equations for higher-order terms are again first-order linear ODEs and so v, etc., can
be written iteratively in closed form.

REFERENCES

ALFONsI, A., and A. SCHIED (2010): Optimal Trade Execution and Absence of Price Manipula-
tions in Limit Order Book Models, SIAM J. Financial Math. 1, 490-522.

ALFONSI, A., A. FRuTH, and A. ScHIED (2010): Optimal Execution Strategies in Limit Order
Books with General Shape Functions, Quant. Finance 10(2), 143-157.

ALMGREN, R. (2003): Optimal Execution with Nonlinear Impact Functions and Trading-
Enhanced Risk, Appl. Math. Finance 10, 1-18.

ALMGREN, R. (2000): Optimal Execution of Portfolio Transactions, Journal of Risk 3, 5-39.

AVELLANEDA, M., and S. Stoikov (2008): High-Frequency Trading in a Limit Order Book,
Quant. Finance 8(3), 217-224.

BarDI, M., and 1. CAPUZZO-DOLCETTA (1997): Optimal Control and Viscosity Solutions
of Hamilton-Jacobi-Bellman Equations, Systems & Control: Foundations & Applications.
Boston, MA: Birkhéduser.

BARLES, G., and P. E. SouGaNIDIS (1991): Convergence of Approximation Schemes for Fully
Nonlinear Second Order Equations, Asymptotic Anal. 4(3), 271-283.

BAUERLE, N. (2000): Asymptotic Optimality of Tracking Policies in Stochastic Networks, Ann.
Appl. Probab. 10(4), 1065-1083.

BAUERLE, N. (2001): Discounted Stochastic Fluid Programs, Math. Oper. Res. 26(2), 401-420.

BAUERLE, N. (2002): Optimal Control of Queueing Networks: An Approach via Fluid Models,
Adv. Appl. Probab. 34(2), 313-328.

BAUERLE, N., and U. RIEDER (2009): MDP Algorithms for Portfolio Optimization Problems in
Pure Jump Markets, Finance Stoch. 13(4), 591-611.

BAYRAKTAR, E., and M. Lupkovskr (2011): Optimal Trade Execution in Illiquid Financial
Markets, Math. Finance 21(4), 681-701.

BERTSEKAS, D. P, and S. E. SHREVE (1978): Stochastic Optimal Control, in Mathematics in
Science and Engineering. Vol. 139, New York: Academic Press Inc.

CARTEA, A., and S. JAIMUNGAL (2010): Modeling Asset Prices for Algorithmic and High Fre-
quency Trading. Available at SSRN: http://ssrn.com/abstract=1722202. Accessed April 19,
2012.

ConT, R., S. Stoikov, and R. TALREJA (2010): A Stochastic Model for Order Book Dynamics,
Operations Research 58, 549-563.

ConT, R., and A. DE LARRARD (2010): Price Dynamics in a Markovian Limit Order Market,
Available at SSRN: http://ssrn.com/abstract=1735338. Accessed April 19, 2012.

CRANDALL, M. G., H. IsH11, and P-L. LioNs (1992): User’s Guide to Viscosity Solutions of
Second Order Partial Differential Equations, Bull. Amer. Math. Soc. (N.S.) 27(1), 1-67.

DAy, M. V. (2011): Weak Convergence and Fluid Limits in Optimal Time-To-Empty Queueing
Control Problems, Appl. Math. Optim. 64(3), 339-362.

FLEMING, W. H., and H. M. SONER (2006): Controlled Markov Processes and Viscosity Solu-
tions, Stochastic Modelling and Applied Probability. Vol. 25, 2nd ed., New York: Springer.

GUEANT, O., C.-A. LEHALLE, and J. F. TAPIA (2011): Optimal Portfolio Liquidation with Limit
Orders. Available as Arxiv preprint arXiv:1106.3279.



650 E. BAYRAKTAR AND M. LUDKOVSKI

GuILBAUD, F.,, and H. PHAM (2011): Optimal High Frequency Trading with Limit and Market
Orders. Available at SSRN: http://ssrn.com/abstract=1871969. Accessed April 19, 2012.

Krock, F, A. SchHiep, and Y. Sun (2011): Existence and Absence of Price Ma-
nipulation in a Market Impact Model with Dark Pool. Available at SSRN:
http://ssrn.com/abstract=1785409. Accessed April 19, 2012.

KRATZ, P, and T. SCHOENEBORN (2010): Optimal Liquidation in Dark Pools. Available at SSRN:
http://ssrn.com/abstract=1344583. Accessed April 19, 2012.

OBIZHAEVA, A. A., and J. WANG (2005): Optimal Trading Strategy and Supply/Demand Dy-
namics. Available at SSRN: http://ssrn.com/abstract=686168. Accessed April 19, 2012.

PruNovskiy, A. B. (2009): Random Walk, Birth-and-Death Process and Their Fluid Approxi-
mations: Absorbing Case, Math. Methods Oper. Res. 70(2), 285-312.

Prunovskiy, A. B.,, and Y. ZHANG (2011): Accuracy of Fluid Approximations to Controlled
Birth-and-Death Processes: Absorbing Case, Math. Methods Oper. Res. 73, 159-187.

ROCKAFELLAR, R. T. (1997): Convex Analysis, Princeton Landmarks in Mathematics. Princeton,
NJ: Princeton University Press.

WEBER, P., and B. Rosenow (2005): Order Book Approach to Price Impact, Quant. Finance
5(4), 357-364.



MATHEMATICAL An International Journal of Mathematics,

Statistics and Financial Economics
FINANCE

Mathematical Finance, Vol. 24, No. 4 (October 2014), 651-695

OPTIMAL TRADE EXECUTION AND PRICE MANIPULATION IN ORDER
BOOKS WITH TIME-VARYING LIQUIDITY

ANTJE FRUTH

Technische Universitdit Berlin

TORSTEN SCHONEBORN

Deutsche Bank AG, London

MikHAIL URUSOV

University of Duisburg-Essen

In financial markets, liquidity is not constant over time but exhibits strong sea-
sonal patterns. In this paper, we consider a limit order book model that allows for
time-dependent, deterministic depth and resilience of the book and determine opti-
mal portfolio liquidation strategies. In a first model variant, we propose a trading-
dependent spread that increases when market orders are matched against the order
book. In this model, no price manipulation occurs and the optimal strategy is of
the wait region/buy region type often encountered in singular control problems. In a
second model, we assume that there is no spread in the order book. Under this assump-
tion, we find that price manipulation can occur, depending on the model parameters.
Even in the absence of classical price manipulation, there may be transaction triggered
price manipulation. In specific cases, we can state the optimal strategy in closed form.

KEy WorDs: market impact model, optimal order execution, limit order book, resilience, time-
varying liquidity, price manipulation, transaction-triggered price manipulation.

1. INTRODUCTION

Empirical investigations have demonstrated that liquidity varies over time. In particular,
deterministic time-of-day and day-of-week liquidity patterns have been found in most
markets, see, e.g., Chordia, Roll, and Subrahmanyam (2001), Kempf and Mayston (2008),
and Lorenz and Osterrieder (2009). In spite of these findings, the academic literature on
optimal trade execution usually assumes constant liquidity during the trading time hori-
zon. In this paper, we relax this assumption and analyze the effects of deterministically’
varying liquidity on optimal trade execution for a risk-neutral investor. We characterize
optimal strategies in terms of a trade region and a wait region and find that optimal
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trading strategies depend on the expected pattern of time-dependent liquidity. In the case
of extreme changes in liquidity, it can even be optimal to entirely refrain from trading
in periods of low liquidity. Incorporating such patterns in trade execution models can
hence lower transaction costs.

Time-dependent liquidity can potentially lead to price manipulation. In periods of
low liquidity, a trader could buy the asset and push market prices up significantly; in
a subsequent period of higher liquidity, he might be able to unwind this long position
without depressing market prices to their original level, leaving the trader with a profit
after such a round-trip trade. In reality, such round-trip trades are often not profitable due
to the bid-ask spread: once the trader starts buying the asset in large quantities, the spread
widens, resulting in a large cost for the trader when unwinding the position. We propose
a model with trading-dependent spread and demonstrate that price manipulation does
not exist in this model in spite of time-dependent liquidity. In a similar model with fixed
zero spread, we find that price manipulation or transaction-triggered price manipulation
(a term recently coined by Alfonsi, Schied, and Slynko 2011 and Gatheral, Schied, and
Slynko 2012) can be a consequence of time-dependent liquidity. Phenomena of such type,
i.e., existence of “illusory arbitrages,” which disappear when bid-ask spread is taken into
account, are also observed in different modeling approaches (see, e.g., section 5.1 in
Madan and Schoutens 2011).

Our liquidity model is based on the limit order book market model of Obizhaeva and
Wang (2006), which models both depth and resilience of the order book explicitly. The
instantaneously available liquidity in the order book is described by the depth. Market
orders issued by the large investor are matched with this liquidity, which increases the
spread. Over time, incoming limit orders replenish the order book and reduce the spread;
the speed of this process is determined by the resilience. In our paper, we generalize
the model of Obizhaeva and Wang (2006) in that both depth and resilience can be
independently time-dependent. In relation to the problem of optimal trade execution,
we show that there is a time-dependent optimal ratio of remaining order size to bid-ask
spread: If the actual ratio is larger than the optimal ratio, then the trader is in the “trade
region” and it is optimal to reduce the ratio by executing a part of the total order. If
the actual ratio is smaller than the optimal ratio, then the trader is in the “wait region”
and it is optimal to wait for the spread to be reduced by future incoming limit orders
before continuing to trade. We will see that allowing for time-varying liquidity parameters
brings qualitatively new phenomena into the picture. For instance, it can happen that
it is optimal to wait regardless of how big the remaining position is, while this cannot
happen in the framework of Obizhaeva and Wang (2006).

Building on empirical investigations of the market impact of large transactions, a
number of theoretical models of illiquid markets have emerged. One part of these market
microstructure models focuses on the underlying mechanisms for illiquidity effects, e.g.,
Kyle (1985) and Easley and O’Hara (1987). We follow a second line that takes the
liquidity effects as given and derives optimal trading strategies within such a stylized
model market. Two broad types of market models have been proposed for this purpose.
First, several models assume an instantaneous price impact, e.g., Bertsimas and Lo
(1998), Almgren and Chriss (2001), and Almgren (2003). The instantaneous price impact
typically combines depth and resilience of the market into one stylized quantity. Time-
dependent liquidity in this setting then leads to executing the constant liquidity strategy
in volume time or liquidity time, and no qualitatively new features occur. In a second
group of models, resilience is finite and depth and resilience are separately modeled,
e.g., Bouchaud et al. (2004), Obizhaeva and Wang (2006), Alfonsi, Fruth, and Schied
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(2010), and Predoiu, Shaikhet, and Shreve (2011). Our model falls into this last group.
Allowing for independently time-dependent depth and resilience leads to higher technical
complexity, but allows us to capture a wider range of real-world phenomena.

The remainder of this paper is structured as follows. In the next section, we introduce
the market model and formulate an optimization problem. In Section 3, we show that
this model is free of price manipulation, which allows us to simplify the model setup and
the optimization problem in Section 4. Before we state our main results on existence,
uniqueness, and characterization of the optimal trading strategy in Sections 67, we first
provide some elementary properties, like the dimension reduction of our control problem,
in Section 5. Section 6 discusses the case where trading is constrained to discrete time
and Section 7 contains the continuous time case. In Section 8, we investigate under which
conditions price manipulation occurs in a zero spread model. In some special cases, we
can calculate optimal strategies in closed form for our main model as well as for the zero
spread model of Section 8; we provide some examples in Section 9. Section 10 concludes.

2. MODEL DESCRIPTION

In order to attack the problem of optimal trade execution under time-varying liquidity,
we first need to specify a price impact model in Section 2.1. Our model is based on
the work of Obizhaeva and Wang (2006), but allows for time-varying order book depth
and resilience. Furthermore, we explicitly model both sides of the limit order book and
thus can allow for strategies that buy and sell at different points in time. After having
introduced the limit order book model, we specify the trader’s objectives in Section 2.2.

2.1. Limit Order Book and Price Impact

Trading at most public exchanges is executed through a limit order book, which is a
collection of the limit orders of all market participants in an electronic market. Each
limit order has the number of shares that the market participant wants to trade, and a
price per share attached to it. The price represents a minimal price in case of a sell and
a maximal price in case of a buy order. Compared to a limit order, a market order does
not have an attached price per share, but instead is executed immediately against the
best limit orders waiting in the book. Thus, there is a trade-off between price saving and
immediacy when using limit and market orders. We refer the reader to Cont, Stoikov,
and Talreja (2010) for a more comprehensive introduction to limit order books.

In this paper, we consider a one-asset model that derives its price dynamics from a
limit order book that is exposed to repeated market orders of a large investor (sometimes
referred to as the trader). The goal of the investor is to use market orders® in order to
purchase a large amount x of shares within a certain time period [0, T, where 7 typically
ranges from a few hours up to a few trading days. Without loss of generality, we assume
that the investor needs to purchase the asset (the sell case is symmetrical), and hence first
describe how buy market orders interact with the ask side of the order book (i.e., with the
sell limit orders contained in the limit order book). Subsequently, we turn to the impact

20n this macroscopic time scale, the restriction to market orders is not severe. A subsequent consideration
of small time windows including limit order trading is common practice in banks. See Naujokat and Westray
(2011) for a discussion of a large investor execution problem where both market and limit orders are allowed.
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of buy market orders on the bid side and of sell market orders on both sides of the limit
order book.

Suppose first that the trader is not active. We assume that the corresponding unaffected
best ask price A* (i.e., the lowest ask price in the limit order book) is a cadlag martingale
on a given filtered probability space (2, F, (F;)iepo, 11, P) satisfying the usual conditions.
This unaffected price process is capturing all external price changes including those due
to news as well as due to trading of noise traders and informed traders. Our model
includes in particular the case of the Bachelier model A" = A} 4+ o W/ with a (F,)-
Brownian motion W4, as considered in Obizhaeva and Wang (2006). It also includes
the driftless geometric Brownian motion 4" = A} exp(c W/ — %azt), which avoids the
counterintuitive negative prices of the Bachelier model. Moreover, we can allow for jumps
in the dynamics of A4*.

We now describe the shape of the limit order book, i.e., the pattern of ask prices in the
order book. We follow Obizhaeva and Wang (2006) and assume a block-shaped order
book: The number of shares offered at prices in the interval [4), 4 + A A] is given by
q: - AA with ¢, > 0 being the order book height (see Figure 2.1 for a graphical illustration).
Alfonsi et al. (2010) and Predoiu et al. (2011) consider order books that are not block-
shaped and conclude that the optimal execution strategy of the investor is robust with
respect to the order book shape. In our model, we allow the order book depth ¢, to be
time-dependent. As mentioned above, various empirical studies have demonstrated the
time-varying features of liquidity, including order book depth. In theoretical models,
however, liquidity is still usually assumed to be constant in time. To our knowledge,
first attempts to nonconstant liquidity in portfolio liquidation problems have only been
considered so far in extensions of the Almgren and Chriss (2001) model such as Kim and
Boyd (2008) and Almgren (2009). In this modeling framework, price impact is purely
temporary and several of the aspects of this paper do not surface.

Let us now turn to the interaction of the investor’s trading with the order book. At
time ¢, the best ask 4, might differ from the unaffected best ask 4/ due to previous
trades of the investor. Define D, := 4, — A/ as the price impact or extra spread caused
by the past actions of the trader. Suppose that the trader places a buy market order
of &, > 0 shares. This market order consumes all the shares offered at prices between the
ask price 4, just prior to order execution and 4,, immediately after order execution. 4,
is given by (4,1 — A4,) - q; = &, and we obtain

Dy = Dy +&/q;.
See Figure 2.1 for a graphical illustration.
It is a well-established empirical fact that the price impact D exhibits resilience over

time. We assume that the immediate impact &,/¢, can be split into a temporary impact
component K&, that decays to zero and a permanent impact component y &, with

y+Ki=q "

We assume that the temporary impact decays exponentially with a fixed time-dependent,
deterministic recovery rate p, > 0. The price impact at time s > ¢ of a buy market order
&, > 0 placed at time ¢ is assumed to be

vE& + K™ S pu ([“51-
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FIGURE 2.1. Snapshot of the block-shaped order book model at time .

Notice that this temporary impact model is different from the one which is used, e.g.,
in Almgren and Chriss (2001) and Almgren (2003). It slowly decays to zero instead of
vanishing immediately and thus prices depend on previous trades. Obizhaeva and Wang
(2006) limit their analysis to a constant decay rate p, = p, but suggest the extension
to time-dependent p,. Weiss (2010) considers exponential resilience and shows that the
results of Alfonsi et al. (2010) and in particular Obizhaeva and Wang (2006) can be
adapted when the recovery rate depends on the extra spread D caused by the large
investor. Gatheral (2010) considers more general deterministic decay functions than the
exponential one in a model with a potentially nonlinear price impact and discusses which
combinations of decay function and price impact yield “no arbitrage,” i.e., nonnegative
expected costs of a round trip. Alfonsi et al. (2011) study the optimal execution problem
for more general deterministic decay functions than the exponential one in a model with
constant order book height. For the calibration of resilience, see Large (2007) and for a
discussion of a stochastic recovery rate p, we refer to Fruth (2011).

Let us now discuss the impact of market buy orders on the bid side of the limit order
book. According to the mechanics of the limit order book, a single market buy order &,
directly influences the best ask A;., but does not influence the best bid price B, = B;
immediately. The best ask A4, recovers over time (in the absence of any other trading from
the investor) on average to 4, + y&,. In reality, market orders only lead to a temporary
widening of the spread. In order to close the spread, B, needs to move up by y &, over time
and converge to B; + y&,, i.c., the buy market order &, influences the future evolution
of B. We assume that B converges to this new level exponentially with the same rate p,.
The price impact on the best bid By at time s > ¢ of a buy market order &, > 0 placed at
time 7 is hence

y(1—e Jimduyg,

We assume that the impact of sell market orders is symmetrical to that of buy market
orders. It should be noted that our model deviates from the existing literature by explicitly
modeling both sides of the order book with a trading-dependent spread. For example,
Obizhaeva and Wang (2006) only model one side of the order book and restrict trading
to this side of the book.

Alfonsi et al. (2011), Gatheral et al. (2012), and Gatheral, Schied, and Slynko (2011),
on the other hand, allow for trading on both sides of the order book, but assume that
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there is no spread, i.e., they assume 4" = B* for unaffected best ask and best bid prices,
and that the best bid moves up instantaneously when a market buy order is matched with
the ask side of the book. They find that under this assumption, the model parameters (for
example, the decay kernel) need to fulfill certain conditions, otherwise price manipulation
arises. We will revisit this topic in Sections 3 and 8.

We can now summarize the dynamics of the best ask 4, and best bid B, for general
trading strategies in continuous time. Let © and © be increasing processes that describe
the number of shares which the investor bought, respectively, sold from time 0 until time
t. We then have

Al = Aru + Dl7
B[ = B[u - Etv
where
(2 1) D, _ D()e_fol psds +/ (y + Kse—f\/ pudu)d@)s
. [0,7)
_/ y(1— e—j;’pudu)dés, t €0, T+],
[0.0)
02 E = Eye~ o psds _|_/ ()/ + K.e™ N pudu)d(:)x
. [0,7)

[ v-eiriae., repo. T4
[0,7)

with some given nonnegative initial price impacts Dy > 0 and £, > 0.

ASSUMPTION 2.1 (Basic assumptions on ®, ®, A, B", K, and 0).
Throughout this paper, we assume the following:

» The set of admissible strategies is given as

Ao =1{(©,0): Q2 x[0, T+] — [0, 00)> | © and © are (F,) — adapted

nondecreasing bounded caglad processes with (g, ©g) = (0, 0)}.

Note that (©, ©) may have jumps. In particular, trading in rates and impulse trades
are allowed.

e The unaffected best ask price process A" is a cadlag H'-martingale with a deterministic
starting point Ag, i.e.,

Ey[4Y, 4]y < 0o, o, equivalently, E sup |A}'| < oo.
tel0, 7]

The same condition holds for the unaffected best bid price B* . Furthermore, B} < A}
forall t €0, T1.

» The price impact coefficient K: [0, T] — (0, o0) is a deterministic strictly positive
bounded Borel function.

o The resilience speed p : [0, T] — (0, 00) is a deterministic strictly positive Lebesgue
integrable function.
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REMARK 2.2.

(i) The purchasing component © of a strategy from A consists of a left continuous
nondecreasing process (®;).cpo,77 and an additional random variable ®7, with
A®7 ;= Op, — O7 > 0 being the last purchase of the strategy. Similarly, for 7 €
[0, T, we use the notation A®, := ©,, — ©,. The same conventions apply for the
selling component ©.

(ii) The processes D and E depend on (©, ©), although this is not explicitly marked in
their notation.

(iii) As it is often done in the literature on optimal portfolio execution, ®, ®, D, and E
are assumed to be caglad processes. In (2.1), the possibility = T + is by convention
understood as

(v + Koo~ I i) g, — f ye K pdugd.
[0.7]

[0.7]

A similar convention applies to all other formulas of such type. Furthermore, the
integrals of the form

K,d®; or K,dO;
[0,7) [0,7]

are understood as pathwise Lebesgue—Stieltjes integrals, i.e., Lebesgue integrals
with respect to the measure with the distribution function s — @, .

(iv) In the sequel, we need to apply stochastic analysis (e.g., integration by parts or Ito’s
formula) to caglad processes of finite variation and/or standard semimartingales.
This will always be done as follows: if U is a caglad process of finite variation,
we first consider the process UT defined by U;' := U,; and then apply standard
formulas from stochastic analysis to it. An example (which will be often used in
proofs) is provided in Appendix A.

2.2. Optimization Problem

Let us go ahead by describing the cost-minimization problem of the trader. When
placing a single buy market order of size &, > 0 at time ¢, he purchases at prices 4" + d,
with d ranging from D, to D,, see Figure 2.1. Due to the block-shaped limit order book,
the total costs of the buy market order amount to

£ g
zq,—a("“zq,)'

Thus, the total costs of the buy market order are the number of shares §, times the average
price per share (A4, + %). More generally, the total costs of a strategy (0, ®) € A are
given by the formula

. A® AG ~
C(®, ) ::[ (Af+ ')d@,—[ B, — —]d6,
[0, 7] 2q, [0,7] 2q,

(recall Remark 2.2.i) for the definitions of A® and A®).

D, — D
(A" + D)) + %a = (4" + D& +
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We now collect all admissible strategies that build up a position of x € [0, co) shares
until time 7 in the set

Ay(x) :={(©,0) e Ay | O, —Op, = xas).
Our aim is to minimize the expected execution costs

(2.3) inf  EC(@®,0).
(0,0)eA(x)

We hence consider the large investor to be risk-neutral and explicitly allow for his optimal
strategy to consist of both buy and sell orders. In the next section, we will see that in our
model, it is never optimal to submit sell orders when the overall goal is the purchase of
x > 0 shares.

Let us finally note that problem (2.3) with x € (—oo, 0] is the problem of maximizing
the expected proceeds from liquidation of |x| shares and, due to symmetry in modeling
ask and bid sides, can be considered similarly to problem (2.3) with x € [0, 00).

3. MARKET MANIPULATION

Market manipulation has been a concern for price impact models for some time. We now
define the counterparts in our model of the notions of price manipulation in the sense of
Huberman and Stanzl (2004)3 and of transaction-triggered price manipulation in the sense
of Alfonsi et al. (2011) and Gatheral et al. (2012). Note that in defining these notions in
our model, we explicitly account for the possibility of Dy and E( being nonzero.

DEFINITION 3.1. A round trip is a strategy from A(0). A price manipulation strategy is
a round trip (©, ©) € Ay(0) with strictly negative expected execution costs E C(©, ®) < 0.
A market impact model (represented by A", B", K, and p) admits price manipulation if
there exist Dy > 0, Eg > 0, and (©, ©) € Ay(0) with EC(®, ©) < 0.

DEFINITION 3.2. A market impact model (represented by A", B", K, and p) admits
transaction-triggered price manipulation if the expected execution costs of a buy (or sell)
program can be decreased by intermediate sell (respectively, buy) trades. More precisely,
this means that there exist x € [0, 00), Dy > 0, Eo > 0, and (0°, ©°) € ﬂo(x) with

3.1 EC(©°, 0°) < inf{EC(O, 0)| (0, 0) € Ay(x)},
or there exist x € (—oo, 0], Dy > 0, Ey > 0, and (0°, ®°) € fio(x) with
(3.2) Ec(®°, 8°) < inf{E C(0, ©®)| (0, O) € Ay(x)}.

Clearly, if a model admits price manipulation, then it admits transaction-triggered
price manipulation. But transaction-triggered price manipulation can be present even if
price manipulation does not exist in a model. This situation has been demonstrated in
limit order book models with zero bid-ask spread by Schoneborn (2008) (chapter 9) in
a multiagent setting and by Alfonsi et al. (2011) in a setting with nonexponential decay
of price impact. In this section, we will show that the limit order book model introduced

3This definition should not be confused with other definitions of price manipulation such as the one in
Kyle and Viswanathan (2008).
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in Section 2 is free from both classical and transaction-triggered price manipulation. In
Section 8, we will revisit this topic for a different (but related) limit order book model.

Before attacking the main question of price manipulation in Proposition 3.4, we con-
sider the expected execution costs of a pure purchasing strategy and verify in Proposition
3.3 that the costs resulting from changes in the unaffected best ask price are zero and
that the costs due to permanent impact are the same for all strategies.

PROPOSITION 3.3. Let (0, 0) € Ay(x) (i.e., ® = 0) with x € [0, 00). Then

(3.3) EC(©,0)=E M) ., (A, + éi’) d®,]

. K
= 4ix+ L +E [/ (D,V‘°+ ’A@,) d@,],
[0,7] 2

2
with

(3.4) D™ = Dy fords 4 | Kemhrdige,, 1 el0, T+
[0,7)

Proof. We start by looking at the expected costs caused by the unaffected best ask
price martingale. Using (A.1) with U := ©, Z := A", the facts that © is bounded and that
A* is an H'-martingale yield

(3.9 E U A}‘d@r} = E[ 4407 — A'0)] = A'x.
[0.7]

Let us now turn to the simplification of our optimization problem due to permanent
impact. To this end, we differentiate between the temporary price impact D,y:O and the
total price impact D, = D/ =04 y O, that we get by adding the permanent impact. Notice
that ® = 0. We can then write

A®
IE[/ <A,“+D,+ ')d@,]
[0.7] 2¢q,

_ K,
=A0“x+IE|:/ (D,y0+y®,+y—; fA@,)d@,]
[0.7]

o K A®
~apnen[ (o Eno)ao] ers[[ (o+2%)a0]
[0.7] 2 [0.7] 2

The assertion follows, since integration by parts for caglad processes (see (A.2) with
U=V :=0)and ©)=0, Oy, = xyield

A© 07, —0; x
(3.6) / <®, + ’) de, = -1+ — 70 _ %
[0.7] 2 2 2 -

We can now proceed to prove that our model is free of price manipulation and
transaction-triggered price manipulation.

PROPOSITION 3.4 (Absence of transaction-triggered price manipulation). In the model
of Section 2, there is no transaction-triggered price manipulation. In particular, there is no
price manipulation.
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Proof. Consider x € [0, c0) and (©, ©) € Ay(x). Making use of

B =B'—E <A'—E <A +y(©, -0,

]E[/ (A,+A®’)d®,]—IE/ B,—A®’ de,
[0.7] 2q, [0,7] 2q,

Y K
>E / (A,“+y®,+DZ°—y®,+VA®,+’A®,> d&}
0.1 2 2

yields

u ~ )/ ~ K[ ~ ~
—E A +y0,—yO, — ZAO, — —-AB, | d6,
[0,7]

2 2
ZEU A;'d(@),—@,)}
[0,7]
. A® - A® .
—}-y]E/ (@t—®,+ ’)d@,+/ 0, —0,+=)dd,
[0,7] 2 [0.7] 2
. K
-HE[/ (D,V—°+‘A®,)d@,].
[0.7] 2

Analogously to (3.5), the first of these terms equals Ajx since ®, © are bounded and
A" is an H'-martingale. For the second one, we do integration by parts (use (A.2) three
times) to deduce

©,de, -2 / 0,do,

/ (20, + A®,)dO, + / (20, + AB)dO, —2 /
[0.7] [0,7] [0 [0.7)

1]

— 0%, + 0%, 20,05, 2 /

0,d6, +2 / 0,.dO, = (Or, — Or,) = .
[0,7]

[0.7]

Summarizing, we get

. A AG -
EC(©,0)=E / (A,+ ®’)d®,—/ B — ©: de,
[0,7] 2q, [0.7] 2q,

o K
> Alx+ gxz +E U (D}’_0+ 2’A®,) d@,]
[

0,7]
u 14 y=0 KI > >
> Aix+ XX +E D™+ = AO, ) do,
2 [0,7] 2

= EC(®, 0),

where we considered the pure purchasing strategy (0, 0) € Ay(x) defined by

v @[ if @1‘ <X
@[ = .
x  otherwise

(note that the last equality is due to Proposition 3.3). Thus, (3.1) does not occur. By a
similar reasoning, (3.2) does not occur as well. O
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The central economic insight captured in the previous proposition is that price ma-
nipulation strategies can be severely penalized by a widening spread. This idea can easily
be applied to different variations of our model, for example, to nonexponential decay
kernels as in Gatheral et al. (2012).

4. REDUCTION OF THE OPTIMIZATION PROBLEM

Due to Propositions 3.3 and 3.4, we can significantly simplify the optimization problem
(2.3). Let us fix x € [0, 00). Then, it is enough to minimize the expectation in the right-
hand side of (3.3) over the pure purchasing strategies that build up the position of x
shares until time 7'. That is to say, the problem in general reduces to that with 4" = 0,
y =0, 0 = 0. Moreover, due to (3.3) and (3.4) and the fact that K and p are deterministic
functions, it is enough to minimize over deterministic purchasing strategies. We are going
to formulate the simplified optimization problem, where we now consider a general initial
time ¢ € [0, T] because we will use dynamic programming afterward.

Let us define the following simplified control sets only containing deterministic pur-
chasing strategies:

A; = {0 :[t, T+] — [0, 00) | © is a deterministic
nondecreasing caglad function with ®, = 0},
Ai(x) = {® € A |Ory = x}.

As above, a strategy from A, consists of a left continuous nondecreasing function
(O4)ser;, 77 and an additional value @7, € [0, oo) with A®7 := O, — O7 > 0 being
the last purchase of the strategy. For any fixed ¢ € [0, 7] and § € [0, oo), we define the
cost functionJ(t, 8, ) : A, — [0, o0) as

K;
(4.1) J(©):= J(1,5,0) = / (DS + ‘A@s> de,,
[1.7] 2
where
4.2) Dy =8¢ it | K lirdge,, s elt, T+].

[t.5)

The cost function J represents the total temporary impact costs of the strategy ® on the
time interval [z, 7] when the initial price impact D, = §. Observe that J is well-defined
and finite due to Assumption 2.1.

Let us now define the value function for continuous trading timeU: [0, T] x [0, 00)*> —
[0, c0) as

4.3 U, 8,x) = inf J(1,8,©).
4.3) (z,6, x) @e“},m( )

We also want to discuss discrete trading time, i.e., when trading is only allowed at given
times

O=fn<ti<---<ty=T.
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Define 7i(¢) ;== inf{n = 0, ..., N|¢, > t}. We then have to constrain our strategy sets to

AN = (@ e A 10, =0 on [1, 1),
O, =0,+ on (&, t,11] for n=n@),..., N—-1} C A,
.AIN(.X) = {@ € AEN| ®T+ = X} C At(x),

and the value function for discrete trading time becomes

(4.4) UM, 8, x):= inf J(t,8,0)> U(t,8, x).

OcAN(x)

Note that the optimization problems in continuous time (4.3) and in discrete time
(4.4) only refer to the ask side of the limit order book. The results for optimal trading
strategies that we derive in the following sections are hence applicable not only to the
specific limit order book model introduced in Section 2, but also to any model that
excludes transaction-triggered price manipulation and where the ask price evolution for
pure buying strategies is identical to the ask price evolution in our model. This includes,
for example, models with different depth of the bid and ask sides of the limit order book,
or different resiliences of the two sides of the book.

We close this section with the following simple result, which shows that our problem
is economically sensible.

LEmMMA 4.1 (Splitting argument). Doing two separate trades &, £g > 0 at the same
times has the same effect as trading at once & == &, + &g, i.e., both alternatives incur the
same impact costs and the same impact Dy, .

Proof. The impact costs are in both cases
K, K,
(DS + 25)5 = Dy + ) + (& + 26 + £)

K, K;
= <Ds + 25&) ga + (Ds + Ksé:a + zgﬁ) gﬂs

and the impact Dy, = D, + K (&, + &p) after the trade is the same in both cases as
well. O

5. PREPARATIONS

In this section, we first show that in our model, optimal strategies are linear in (6, x),
which allows us to reduce the dimensionality of our problem from three dimensions to
two dimensions. Thereafter, we introduce the concept of WR-BR structure in Section 5.2,
which appropriately describes the value function and optimal execution strategies in our
model as we will see in Sections 6 and 7. Finally, we establish some elementary properties
of the value function and optimal strategies in Section 5.3.

In this entire section, we usually refer only to the continuous time setting, for example,
to the value function U. We refer to the discrete-time setting only when there is some-
thing there to be added explicitly. But all of the statements in this section hold both in
continuous time (i.e., for U) and in discrete time (i.e., for UV), and we will later use them
in both situations.
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5.1. Dimension Reduction of the Value Function

In this section, we prove a scaling property of the value function that helps us to reduce
the dimension of our optimization problem. Our approach exploits both the block shape
of the limit order book and the exponential decay of price impact, and hence does not
generalize easily to more general dynamics of D as, e.g., in Predoiu et al. (2011). We
formulate the result for continuous time, although it also holds for discrete time.

LeEMMA 5.1 (Optimal strategies scale linearly). For all a € [0, 00), we have
(5.1 U(t, as, ax) = a*U(t, 8, x).

Furthermore, if ®* € A,(x) is optimal for U(t, 8, x), then a®* € A;(ax) is optimal for U(t,
as, ax).

Proof. The assertion is clear for a = 0. For any a € (0, o) and © € A;, we get from
(4.1) and (4.2) that

(5.2) J(t,a8,a0) = a*J(1, 8, ©).

Let ®* € A;(x) be optimal for U(z, 8, x) and ® € A,(ax) be optimal for U(t, a8, ax). If
no such optimal strategies exist, the same arguments can be performed with minimizing
sequences of strategies. Using (5.2) two times and the optimality of ©*, ®, we get

_ 1_ _
J(t,a8,0) < J(t,a8,a®*) = a*J(1,8,©%) < a*J (r, 8, @) = J(1,as, ©).
a

Hence, all inequalities are equalities. Therefore, a®* is optimal for U(z, a8, ax) and (5.1)
holds. m|

For § > 0, we can take a = % and apply Lemma 5.1 to get
U, 8, x) = SzU(t, 1, g) — V1, y) with
N
(5.3) VS
. Kr » _
Viey)=Ut Ly, VT.y)=y+—y, V0=0

In this way, we are able to reduce our three-dimensional value function U defined in (4.3)
to a two-dimensional function V. That is U(t, 84, x) for some 84, > 0 or U(t, 8, Xzx)
for some x4, > 0 already determines the entire value function.* Instead of keeping track
of the values x and § separately, only the ratio of them is important. It should be noted,
however, that the function V itself is not necessarily the value function of a modified
optimization problem. In a similar way, we define the function ¥V through the function
UN.

“In the following, we will often analyze the function ¥ in order to derive properties of U. Technically, this
does not directly allow us to draw conclusions for U(¢, 0, x), where § = 0, since in this case, y = x/§ is not
defined. The extension of our proofs to the possibility § = 0, however, is straightforward using continuity
arguments (see Proposition 5.5 below) or alternatively by analyzing V(z, 7) := U(1, 7, 1).
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X Barrier
Buy c(t)=x/o
(0,x)
Trade ¢, .
(OFK&x-Ey)
2 o Wait
>0

FIGURE 5.1. The §-x-plane for fixed time .

5.2. Introduction to Buy and Wait Regions

Let us consider an investor who at time ¢ needs to purchase a position of x > 0 in
the remaining time until 7" and is facing a limit order book dislocated by D, = § > 0.
Any trade &, at time 7 is decreasing the number of shares that are still to be bought, but
is increasing D at the same time (see Figure 5.1 for a graphical representation). In the
3-x plane, the investor can hence move downward and to the right. Note that due to the
absence of transaction-triggered price manipulation (as shown in Proposition 3.4), any
intermediate sell orders are suboptimal and hence will not be considered.

Intuitively, one might expect the large investor to behave as follows: If there are many
shares x left to be bought and the price deviation § is small, then the large investor
would buy some shares immediately. In the opposite situation, i.e., small x and large 8,
he would defer trading and wait for a decrease of the price deviation due to resilience.
We might hence conjecture that the §-x-plane is divided by a time-dependent barrier into
one buy region above and one wait region below the barrier. Based on the linear scaling
of optimal strategies (Lemma 5.1), we know that if (8, x) is in the buy region at time
t, then, for any a@ > 0, (a8, ax) is also in the buy region. The barrier between the buy
and wait regions therefore has to be a straight line through the origin and the buy and
sell region can be characterized in terms of the ratio y = 3. In this section, we formally
introduce the buy and wait regions and the barrier function. In Sections 6 and 7, we
prove that such a barrier exists for discrete and continuous trading time, respectively. In
contrast to the case of a time-varying but deterministic illiquidity K considered in this
paper, for stochastic K, this barrier conjecture holds true in many, but not all cases, see
Fruth (2011).

We first define the buy and wait regions and subsequently define the barrier function.
Based on the above scaling argument, we can limit our attention to points (1, y) where
8 = 1, since for a point (8, x) with § > 0, we can instead consider the point (1, x/§).

DEFINITION 5.2 (Buy and wait region). For any ¢ € [0, T], we define the inner buy
region as

K
Br, .= {ye(O,oo)lElE e0,y): U1, y=U1+KE y—&+ <l+2r§>§},
and call the following sets the buy region and wait region at time t:
BR, := Br,, WR, = [0, 00)\ Br,

(the bar means closure in R).



OPTIMAL TRADE EXECUTION AND PRICE MANIPULATION 665

A
By BR
Barrier
WR c(t)
0 s

FIGURE 5.2. Schematic illustration of the buy and wait regions in continuous time.

The inner buy region at time ¢ hence consists of all values y such that immediate buying
at the state (1, y) is value preserving. The wait region, on the other hand, contains all
values y such that any nonzero purchase at (1, y) destroys value. Let us note that Brp =
(0, 00), BRy = [0, 00), and WRy = {0}.

Regarding Definition 5.2, the following comment is in order. We do not claim in this
definition that Br, is an open set. A priori one might imagine, say, the set (10, 20] as the
inner buy region at some time point. But what we can say from the outset is that, due
to the splitting argument (see Lemma 4.1), Br, is in any case a union of (not necessarily
open) intervals or the empty set.

The wait region/buy region conjecture can now be formalized as follows.

DEFINITION 5.3 (WR-BR structure). The value function U has WR-BR structure if
there exists a barrier function

c:[0, T] — [0, oc]
such that for all ¢ € [0, T7,
Br; = (c(1), 00)

with the convention (0o, c0) := . For the value function UV in discrete time to have
WR-BR structure, we only consider ¢ € {f9,. .., ty} and set ¢V (¢) = oo for te£{ty, ..., tx}.

Let us note that we always have ¢(7) = 0. Below, we will see that it is indeed possible to
have ¢(f) = o0, i.e., at time 7, any strictly positive trade is suboptimal no matter at which
state we start. For ¢(f) < oo, having WR-BR structure means that BR, N WR, = {c(?)}.
Figure 5.2 illustrates the situation in continuous time.

Thus, up to now we have the following intuition. An optimal strategy is suggested by
the barrier function whenever the value function has WR-BR structure. If the position
of the large investor at time  satisfies § > ¢(7), then the portfolio is in the buy region. We
then expect that it is optimal to execute the largest discrete trade £ € (0, x) such that the

new ratio of remaining shares over price deviation ajr;f, z is still in the buy region, i.e., the
optimal trade is
£ = x —c(t)8
1+ Ke(r)’
which is equivalent to
X — *
c(t) = §

3+Kt§*'
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Notice that the ratio term 5}:15 3 is strictly decreasing in £. Consequently, trades have the
effect of reducing the ratio as indicated in Figure 5.2, while the resilience effect increases
it. That is, one trades just enough shares to keep the ratio y below the barrier.’

In Figure 5.2, we demonstrate an intuitive case where the barrier decreases over time,
i.e., buying becomes more aggressive as the investor runs out of time. This intuitive
feature, however, does not need to hold for all possible evolutions of K and p as we will
see, e.g., in Figure 6.1.

Below, we will see that the intuition presented above always works in discrete time:
namely, the value function U" always has WR-BR structure, there exists a unique optimal
strategy, which is of the type “trade to the barrier when the ratio is in the buy region, do
not trade when it is in the wait region” (see Section 6). In continuous time, the situation
is more delicate. It may happen, for example, that the value function U has WR-BR
structure, but the strategy consisting in trading toward the barrier is not optimal (see
the example in the beginning of Section 7, where an optimal strategy does not exist).
However, if the illiquidity K is continuous, there exists an optimal strategy, and, under
additional technical assumptions, it is unique (see Section 7). Moreover, if K and p are
smooth and satisfy some further technical conditions, we have explicit formulas for the
barrier and the optimal strategy (see Section 9).

5.3. Some Properties of the Value Function and Buy and Wait Regions

We first state comparative statics satisfied by both the continuous and the discrete time
value function. The value function is increasing in ¢, §, x, and the price impact coefficient
K as well as decreasing with respect to the resilience speed function.

PROPOSITION 5.4 (Comparative statics for the value function).

(a) The value function is nondecreasing in t, 5, x.

(b) Fix t € [0, T). Assume that 0 < K, < K, for all s € [t, T). Then, the value function
corresponding to K is less than or equal to the one corresponding to K.

(c) Fix t € [0, T). Assume that 0 < p; < p, for all s € [t, T|. Then, the value function
corresponding to p is less than or equal to the one corresponding to p.

Proof. The proof is straightforward.
PROPOSITION 5.5 (Continuity of the value function). For each t € [0, T, the functions
U(t, -, ) : [0, 00)> = [0, 00) and V(t,-):[0, c0) — [0, 00)
are continuous.

Proof. DuetoLemma 5.1, it is enough to prove that the function U(¢, -, ) is continuous.
Letusfixte[0, T], x > 0,0 <§; <&, € > 0and take a strategy ©¢ € A,(x) such that

J(t, 81, 0% < U(t, 81, x) + €.

SIntuitively, this implies that apart from a possible initial and final impulse trade, optimal buying occurs
in infinitesimal amounts, provided that ¢ is continuous in ¢ on [0, 7). For diffusive K as in Fruth (2011), this
would lead to singular optimal controls.
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Fori=1, 2, we define
Dg = Sie_f',' pudu 4 Kue_f;' ﬂ"‘”d@fl, s € t, T+].
[t.5)
Using Proposition 5.4, we get

U, 81, x) < U, 82, ) 5/

K;
(Df + ‘A®§> des
[¢,T]

2

IA

2
= J(l, 81, @e) + (8, — 61)x < U(t, 6y, X) + €4 (6 —&1)x.

K,
/ (Dj + SA@;) dO¢ + (8, — 8)x
[1,7]

Thus, for each fixed ¢ € [0, 7] and x > 0, the function U(¢, -, x) is continuous on [0, 00).
Fort €0, T],8 > 0 and x > 0, by Lemma 5.1, we have

U(t, 8, x) = x*U(t, 8/x, 1),

hence, the function U(t, -, -) is continuous on [0, 00) x (0, co). Considering the strategy
of buying the whole position x at time ¢, we get

K
U(t, 8, x) < (a + ’x) x— 0= U(,3$,0),
2 a2\ 0

i.e., the function U(z, -, -) is also continuous on [0, co) x {0}. This concludes the
proof. O

PrOPOSITION 5.6 (Trading never completes early). For all t € [0, T), § € [0, co) and x
€ (0, 00), the value function satisfies

K,
Ui, 6, x) < 6§+ 7x X,
i.e., it is never optimal to buy the whole remaining position at any time t € [0, T).

Proof. For € € [0, x], define the strategies ©¢ € A,(x) that buy (x — €) shares at ¢ and
€ shares at 7. The corresponding costs are

K T K
J(1,8,0 = (‘S + - e)) (x—€)+ <(5 +Klx—ehehrt g zTé) ©
Clearly,
0 K
U(t,8,x) < J(t,8,0%) = 8+7x X,
but we never have equality since

9
28,09 =—(1—e 7)Y (Kx+8) <0,
de e=0 Oa

As discussed above, we always have Bry = (0, co) and WRy = {0}. In two following
propositions, we discuss Br; (equivalently, WR,) for ¢t € [0, T)).
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PROPOSITION 5.7 (Wait region near 0). Assume that the value function U has WR-BR
structure with the barrier c. Then, for any t € [0, T), c(t) € (0, oo]( equivalently, there exists
€ > 0 such that [0, €)CWR,).

Proof. We need to exclude the possibility ¢(¢) = 0, i.e., Br, = (0, co). But if Br, = (0,
00), we get by Proposition 5.5 that for any y > 0,

K
Vo = (14 50) 5

which contradicts Proposition 5.6. O

The following result illustrates that the barrier can be infinite.

ProPOSITION 5.8 (Infinite barrier). Assume that there exists 0 < t| < t, < T such that
K,.e’f;’2 pudit K, forall selu,t).
Then, Bry = for s € [t1, o).

In particular, if the assumption of Proposition 5.8 holds with z; = 0 and #, = T, then
the value function has WR-BR structure and the barrier is infinite except at terminal
time 7.

Proof. Forany s € [t1, t2), § € [0, 00), x € (0, 00), and ® € A (x) with ©,, > 0, we get
the following by applying (4.2), the assumption of the proposition, monotonicity of J in
8, and integration by parts as in (3.6)

J(s,8,0) = /

[s,62)

K,
<Du + 2A®u> d®u + J(fz, th, (®u - ®tz)ue[t2¢T+])

K.
—AO, | dO,
o)

> / <8€ f:' prdr + K-€7 f,,” )Owdwd®r +
[s.22) [s,u)
+ J(t21 aei'f"'z pudu + th ®rzv (®u - ®fz)ue[r3.T+])
. K y
> (ae—“ puct 4. 2@) O + J(t, 8717 P L K0, (O — O)ucti 741)-

That is, it is strictly suboptimal to trade on [s, ;). In particular, Bry = (. m|

Proposition 5.8 can be extended in the following way.

PROPOSITION 5.9 (Infinite barrier, extended version). Let K be continuous and assume
that there exists 0 < t; < t, < T such that

— (25 d
Kfle J’l Pudit = Ktz-
Then, Br, = .

Proof. Define 7 as the minimal value of the set

. !
argmin K, elo pudu

S LR
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with 7 being well-defined due to the continuity of K. Then, we know that 7 > 1. By
definition of 7, we have that for all ¢ € [#, 7)

t 7
Kieloredt 5 Kelo pudi
and hence,
o
| T &

By Proposition 5.8, we can conclude that Br, = @ for all ¢ € [11, ) and hence in particular
fort=1. O

6. DISCRETE TIME

In this section, we show that the optimal execution problem in discrete time has WR-
BR structure. Let us first rephrase the problem in the discrete time setting and define
K, =K,,D,:=D,,and &, := A®, forn=0,..., N. The optimization problem (4.3)
can then be expressed as

N
. Z K;
S&=x Jj=n

with D, = 6 and Djy1 = (D; + K;&;)a;, where

tjy1
(6.2) aj 1= exp (—/ psds> .
0

J

Recall the dimension reduction from Lemma 5.1
UM, 8, x) = 82 VN (zn, g) with V(1 y) == UV, 1, ).
The following theorem establishes the WR-BR structure in discrete time.

THEOREM 6.1 (Discrete time: WR-BR structure). In discrete time, there exists a unique
optimal strategy, and the value function UY has WR-BR structure with some barrier
function cN . Furthermore, VN (t,, -) : [0, 00) — [0, 00) has the following properties for n =
0,...,N.

(i) It is continuously differentiable.
(i) It is piecewise quadratic, i.e., there exists M € N, constants («;, Bi, ¥ i)i=1. ... m and
0<yl<yr<--- <yy = o0 such that

VN([m y) = am(y)yz + ﬁm(y)y + Ym(y)s
for the index function m : [0, 0c0) = {1,..., M} withm(y) :=min{i|y < y;}.
(iit) The coefficients (ai, Bi, Vi)i=1. ... m from (ii) satisfy the inequalities
o, Bi >0,
(6.3) doiy; + Bi — B > 0,
Yic1Bi +2yi = 0.
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The properties (1)—(iii) of V" included in the above theorem will be exploited in the
backward induction proof of the WR-BR structure. The piecewise quadratic nature of
the value function occurs, since the price impact D is affined in the trade size and is
multiplied by the trade size in the value function (6.1). Let us, however, note that the
value function in continuous time is no longer piecewise quadratic.

We prove Theorem 6.1 by backward induction. As a preparation, we investigate the
relationship of the function V" at times ¢, and f,,;. They are linked by the dynamic
programming principle:

64) PN )= mi
()= 205

_ . & 2 2N y—£&
‘Jéfé%K” 2 ‘f’:)“(l“{”s) “v (’”*"(1+Kns>a,,)}'

K,
{(1 + 2&) &+ UMt (14 Kyf)ay, y = -f)}

Instead of focusing on the optimal trade &, we can alternatively look for the optimal new
ratio n(§) := % of remaining shares over price deviation. Note that 5 is decreasing
in the trade size & and bounded between zero (if the entire position is traded at once)
and the current ratio y (if nothing is traded). A straightforward calculation confirms that
(6.4) is equivalent to

N _ 2 N _
(6.5) VNG ) = 5 [0+ Kop? min LG, ) = 1],
where
1+ 2K,a2 VN (tys1, na;!
(6.6) LVt 1) = i,V (b1 00, )

(1+ K,n)?

Note that in (6.5), the minimization is taken over 5 instead of &. Furthermore, the
function LY depends on 5, but not on y or & separately. In the sequel, the function LV
will be essential in several arguments. The following lemma will be used in the proof of
Theorem 6.1.

LEMMA 6.2. Let a € (0, 1), « > 0 and let the function v : [0, oo) — [0, 0o) satisfy (i),
(ii), and (iii) given in Theorem 6.1. Then, the following statements hold true.

(a) There exists c* € [0, oo] such that

I+ 2ca’v(ya=')

L) = ey Yoo,

is strictly decreasing for y € [0, ¢*) and strictly increasing for y € (c*, 00).
(b) The function

1
iy o |2 HRPLE 1]y

a*v(ya™h) otherwise
again satisfies (i), (ii), and (iii) with possibly different coefficients.

Proof of Theorem 6.1. We proceed by backward induction. Notice that V™(ty, y) =
1+ %y)y fulfills (1), (ii), and (iii) with M =1, o) = %, B1 =1,y = 0. Let us consider
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the induction step from 7, to t,. We are going to use Lemma 6.2 for a = a,, x = K,
v = VN(t,41, -). We then have that L = L"(¢,, -) and we obtain ¢* as the unique minimum
of LN(t,, -) from Lemma 6.2(a). From (6.5), we see that the unique optimal value for 7 is
given by

n* = argmin—[(1 + K, y)’ L"(t,, n) — 1] = min{y, ¢*},

nef0,y 2Ky

and accordingly that the unique optimal trade is given by

* ®Yy __ V= Cn
§ =& )—maX{O, 1+K,1cn}'

Therefore, we have a unique optimal strategy and the value function has WR-BR struc-
ture with ¢¥(z,) := ¢*. Plugging £* into (6.4) and applying the definition of V" yields
VN(t,, y) = ¥(y). Lemma 6.2(b) now concludes the induction step. O

Proof of Lemma 6.2. (a) The function L is continuously differentiable with

2K
L(y) = ——
(6.7) ) (1+xy)

Z(y) = y(zam(}’a") - K:Bm(ya*')a) + (ﬂnz(}rfrl)a - 2'()’;71(3:644)612 - 1)

1(y),

First of all, we show that there is no interval where L is constant. Assume that there
would be an interval where / is zero, i.e., there exists i € {1,..., M} such that 2a; —
kBia) = 0 and (B;a — 2xy;a> — 1) = 0. Solving these equations for «, respectively, y
yields

daiyi +a ' — B =0.

This is a contradiction to (6.3).

Let us assume /(j) > 0 for some y € [0, co) with j := m(ya~"). We are done if we can
conclude /(3) > 0 for all y € [y, co). Because of the continuity of /, it is sufficient to show
that L keeps increasing on [J, y;], i.e., we need to show /(y) > 0 for all § € [, y;]. Due
to the form of /, this is guaranteed when 2a; — «8;a > 0. Let us suppose that this term
would be negative, which is equivalent to 2«; ,3;161*‘ < k. Together with the inequalities
from (6.3), one gets

al(y) = —x a(ya~'f; +2y)) + 2jaa; + p; —a”)
—20;8; ' (ya~' B+ 2y)) + 2Ya ' + B —a")

1 _
—ﬂ—j(4oe_/-yj +Bja~' —B7) < 0.

IA

This is a contradiction to /() > 0.
(b) If ¢* is finite, the function v is continuously differentiable at ¢* since a brief
calculation shows that v'(c¢*—) = v'(c*+) is equivalent to /(c*) = 0. We have

v(y) = dzﬁ(y)yz + .gn"l(y)y + 3711"1(,1")7
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Le, Vv is plecewise quadratic with M=1+m(c*a™), Vi i=c¢*, Ji:=ya for i =
1,..., M—2and

. K ~ . L(c*)—1

Ay = =—L(c*) >0, o= L(c*) > 0, =
(6.8) M=y (c*) B i (c*) Y ir o

&,‘ZO[,'>O, ,BN[:CZ,B,‘>0, ]7,‘:(12]/,' for l:1,,M—1
We therefore get
47+ B — B 0 if i=M 0
aiYi i — P = _ . = V.
4 a’(4a;y; +a "B — B?) otherwise

It remains to show that v also inherits the last inequality in (6.3) from v. For y < ¢*,

YBiicy) + 27y = @ (¥a Buya 1y + 2¥mya 1) = 0.
Due to v being continuously differentiable in ¢*, we get
@iV + B et + Vi = i (€ + B + Vi
2d gyt + By =205 ¢+ B
Taking two times the first equation and subtracting ¢* times, the second equation yields
B+ 2V 5= By +27 iy
Since we already know that the right-hand side is positive, also yf i+ 27 5 = 0 for all
y > c*. O

We need the following lemma as a preparation for the WR-BR proof in continuous
time.

LEMMA 6.3. Let K be continuous. Then, at least one of two following statements is true:

e The function y — LN(0, y) is convex on [0, ¢V (0)).
 The continuous time buy region is simply Bro = 0, i.e., ¢(0) = oo.

We stress that the first statement in this lemma concerns discrete time, while the second
one concerns the continuous time optimization problem.

Proof. Recall that the definition of LY (0, -) from (6.6) contains V" (¢,, -) which is con-
tinuously differentiable and piecewise quadratic with coefficients («;, B;, ¥ ;). Analogously
to (6.7), it turns out that

0 2Ky
— N 0, = 2
oy 0= T gy [y ( s

(4

na — KoB e Jo* puds
Jo P.ul.s') m(ye/o p.ul.s-)

+ <,3m(wv/(;| M,\,)e_fn' pods 2K0ym(y(,,/‘(jl W[x)e—l/ol peds 1) ]

We distinguish between two cases. First, assume that all i satisfy (2o; — KoBie™ B s dsy >

0. Then, %LN (0, -) must be increasing on [0, ¢V(0)) as desired, since LY (0, -) is decreasing
on this interval as we know from Lemma 6.2.

Assume to the contrary that there exists i such that 2o; — Ko,Bie*fUII Psdsy < 0, Recall

how «; and B; are actually computed in the backward induction of Theorem 6.1. In each
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induction step, Lemma 6.2 is used and the coefficients & j, B i get updated in (6.8). It
gets clear that there exists n € {1,..., N} such that

20 — ]<0/31‘€7f°,1 = (K, - Koe Y LN (8, (1)),

We get the resilience multiplier e~ Ji" eds que to the adjustment B; = ap; from the second
line of (6.8). Due to LV being positive, it follows that

n .
K, < Koe  Jo s,

Low Resilience High Resilience

02 02F
. . . . Time . . . . = Time
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Barrier Barrier

Time : : ! : Time
0.0 0.2 0.4 0.6 0.8
Optimal trades
[ ]
60 60
50 . 50
40 40
30 30
°
20 20 b
10 10, H °
¢ e o U
: i : : : o : L] [ ] L] ' ‘ ‘ ’ * * * 3
= 2 = = Time L L L L Time
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8

FIGURE 6.1. Illustration of the numerically computed barrier (c¢"(2,)),—o... » and the
corresponding optimal strategy (A®, ),—o,.... v in discrete time for 7 =1, N = 10, x =
100, § = 0, p = 2 (left-hand side), and p = 10 (right-hand side). We used K! = 0.7,
K?=1-0.6t,and K} = 1 — 2.4(¢ — 0.5)" as the given evolution of the illiquidity.
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That is, for this choice of K, it cannot be optimal to trade at r = 0 as we see from
Proposition 5.9. Hence, the buy region at t = 0 is the empty set for both discrete and
continuous time. |

The proof of Theorem 6.1 is constructive. It not only establishes the existence of a
unique barrier, but also provides means to calculate the barrier numerically through the
following recursive algorithm.

- , K
Initialize value function V¥(ty, y) = (1 + TN y> y

Forn=N-1,...,0
1+ 2K,a2VN(tyy1, ya, ")
(1+ K, »)?

Compute ¢(1,) := ¢, := argminL"(z,, y)
=0

Set LY(t,, y) :=

1 .
S t VN([ ) 2K [(1 + K”y)zLN(lnv Cn) - 1] lf y > Cy
€ n, V) = n
ay V¥, ya, ) otherwise

We close this section with a numerical example. Figure 6.1 was generated using the
above numerical scheme and illustrates the optimal barrier and trading strategy for several
example definitions of K and p. For constant K, we recover the Obizhaeva and Wang
(2006) “bathtub” strategy with impulse trades of the same size at the beginning and end
of the trading horizon and trading with constant speed in between. The corresponding
barrier is a decreasing straight line as we will explicitly see for continuous time in Example
9.5. For high values of the resilience p, the barriers have the typical decreasing shape, i.e.,
the buy region increases if less time to maturity remains. For Jow values of the resilience
p, the barrier must not be decreasing and can even be infinite, i.e., the buy region is the
empty set, as illustrated for K> with less liquidity in the middle than in the beginning and
the end of the trading horizon.

7. CONTINUOUS TIME

We now turn to the continuous time setting. In Section 7.1, we discuss existence of optimal
strategies using Helly’s compactness theorem and a uniqueness result using convexity of
the value function. Thereafter, in Section 7.2, we prove that the WR-BR result from
Section 6 carries over to continuous time.

7.1. Existence of an Optimal Strategy

In continuous time, existence of an optimal strategy is not guaranteed in general. For
instance, consider a constant resilience p, = p > 0 and the price impact parameter K
following the Dirichlet-type function

(7.1) K = {1 for ¢ rational } '

2 for t irrational
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In order to analyze model (7.1), let us first recall that in the model with a constant
price impact K, = « > 0, there exists a unique optimal strategy, which has a nontrivial
absolutely continuous component (see Obizhaeva and Wang 2006 or Example 9.5 below
for explicit formulas). Approximating this strategy by strategies trading only at rational
time points, we get that the value function in model (7.1) coincides with the value function
for the price impact K, = 1. But there is no strategy in model (7.1) attaining this value
because the nontrivial absolutely continuous component of the unique optimal strategy
for K, = 1 will count with price impact 2 instead of 1 in the total costs. Thus, there is no
optimal strategy in model (7.1).°

We can therefore hope to prove existence of optimal strategies only under additional
conditions on the model parameters. In all of Section 7, we will assume that K is contin-
uous; the following theorem asserts that this is a sufficient condition for existence of an
optimal strategy.

THEOREM 7.1 (Continuous time: existence). Let K : [0, T] — (0, 0o0) be continuous.
Then, there exists an optimal strategy ©* € A,(x), i.e.,

J(,68,0% = 1nf J(t 8,0).
OcA
In the proof, we construct an optimal strategy as the limit of a sequence of (possibly
suboptimal) strategies. Before we can turn to the proof itself, we need to establish that
strategy convergence leads to cost convergence.

ProposITION 7.2 (Costs are continuous in the strategy, K continuous). Let K : [0,
T] — (0, co0) be continuous and let ©,(©") be strategies in A(x) with @ 5 0, ie,
lim,,_, o, ®" = O for every point s € [t, T of continuity of ® (i.e., ®"converges weakly to
©). Then,

|J(t,8,0) — J(t,8,0") —> 0.

Note that Proposition 7.2 does not hold when K has a jump. To prove Proposition 7.2,
we first show in Lemma 7.3 that the convergence of the price impact processes fol-
lows from the weak convergence of the corresponding strategies. We then conclude in
Lemma 7.5 that Proposition 7.2 holds for absolutely continuous K. This finally leads to
Proposition 7.2 covering all continuous K.

LEMMA 7.3 (Price impact process is continuous in the strategy). Let K: [0, T] — (0,
00) be continuous and let ®, (©") be strategies in A,(x) with ©" 2> 6.
Then, lim,_.o, D! = Dy for s = T + and for every point s € [t, T] of continuity of ©.

Proof. Recall equation (4.2)

D= [ K lotde, oo hna
[t.5)

which holds for s = 7'+ and s € [, T]. Due to the weak convergence (note that the total

mass is preserved, i.e., @7, = @~ 4 = X, since @, ®©" € A,(x)) and the integrand being

Let us, however, note that the value function here has WR-BR structure with the barrier from Example
9.5withk = 1.
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continuous in u, the assertion follows for s = T+. Due to the weak convergence, we
also have that for all s € [¢, T] with A®; = 0 and f;(u) := K,,e‘fé prdr I () (e, fy 1s
continuous d®-a.e.)

D} = f [@de! +se I ot — [ £ w)d®, + e I = D,
[£.7] n—0o0 Ji; 7

O

LEMMA 7.4 (Costs rewritten in terms of the price impact process). Let K : [0, T] —
(0, 00) be absolutely continuous, i.e., Ky = Ko + f(f Wy du. Then,

1 D2T 52 20 I
7.2 1,8,0) =~ t 4+ L) plas|.
(12) J(t.5.0) 2[1@ e [ (G ) pias

Proof. Applying

_ de + ps Dxds ADS
B K;

do,

yields

J(t,8,0) = /

K,
(DA. T A®5> de,
(1, 7] 2

1 1
DS + 7AD5 D2 7ADspst
=/ 72611)&[ MdH/ 2 s
[,7] Kv [1, 7] Kv [¢, 7] Ks‘

In this expression, the last term is zero since D has only countably many jumps. Us-
ing integration by parts for caglad processes, namely (A.2) with U := D, V := %, and
d(%) = KLdDS + D‘Yd(%), we can write

D, 1| D3 82 1 ADy)?
/ Dap, =1 &_7_/ D§d<>— (AD,)
1) Ks 21 Kr Ko Junn 7 O\Ks . K;

1, 7]

Plugging in d(+) = — £ ds yields (7.2) as desired. ]
The following result is a direct consequence of Lemma 7.3 and Lemma 7.4.

LeEmMMA 7.5 (Costs are continuous in the strategy, K absolutely continuous). Let
K : [0, T] = (0, co) be absolutely continuous and ®,(©") be strategies in A,(x) with

w

®" > @. Then

|J(2,8,0)— J(t,8,0") — 0.

Proof of Proposition 7.2. We use a proof by contradiction and suppose there exists a
subsequence (n j) C N such that

. n; Ks nj n; - KS — —
lim Dy’ + —AB,’ |dO,’ # D, + —AQB, |dOy,,
[t.7] 2 [t,7] 2

Jj—oo
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where the limit on the left-hand side exists. Without loss of generality, assume

n Ks n n = Ks = =
(7.3) lim <DX/ + A@,«) de" < / (DS + AG)S> ae,.
[1.7] 2 (.71 2

Jj—oo

We now want to bring Lemma 7.5 into play. For € > 0, we denote by K*: [¢, T] — (0, 00)
an absolutely continuous function such that max,cy, 7 |KS6 - KX| <e.For® € A,(x),

K¢ K,
‘/ (D§ + SA®X) de, — / (DS + A@S) de,
[t,7] 2 [t.7] 2

1 3
S/ (|D§_DS‘|+|K;_KS'|A®\‘> d®? = *xzé-
[1.7] 2 2

We therefore get from (7.3) that there exists € > 0 such that

. 7,6 Kf nj n T Kf » ®
llmsup/ Dy + 2L AO ) dOy’ </ D + —A0®, ) dO,.
j=oo JiT] 2 [1.7] 2

This is a contradiction to Lemma 7.5. O

We can now conclude the proof of the existence Theorem 7.1.

Proof of Theorem 7.1. Let (©") C A,(x) be a minimizing sequence. Due to the mono-
tonicity of the considered strategies, we can use Helly’s Theorem in the form of theorem
2, section 2, chapter III of Shiryaev (1995), which also holds for left continuous processes
and on [, T]instead of (—oo, 00). It guarantees the existence of a deterministic ® e A,(x)
and a subsequence (1;) C N such that (®"/) converges weakly to ©. Note that we can
always force ©® 7, to be x, since weak convergence does not require that ®"T/ converges to
©7 whenever ® has a jump at 7. Due to Proposition 7.2, we can conclude that

U(t, 8, x) = lim J(¢,8, ®") = J(t,8, ©). O
Jj—>00

The price impact process D is affine in the corresponding strategy ©. That is, in the
case when K is not decreasing too quickly, Lemma 7.4 guarantees that the cost term J is
strictly convex in the strategy ©. Therefore, we get the following uniqueness result.

THEOREM 7.6. (Continuous time: uniqueness). Let K : [0, T — (0, 0o) be absolutely
continuous, i.e., K, = Ky + f(; wydu, and additionally

s + 20, Ky > 0a.e. on [0, T)with respect to the Lebesgue measure.

Then, there exists a unique optimal strategy.

7.2. WR-BR Structure

For continuous K, we have now established existence and (under additional conditions)
uniqueness of the optimal strategy. Let us now turn to the value function in continuous
time and demonstrate that it has WR-BR structure, consistent with our findings in
discrete time.
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THEOREM 7.7 (Continuous time: WR-BR structure). Let K : [0, T] — (0, co) be
continuous. Then, the value function has WR-BR structure.

We are going to deduce the structural result for the continuous time setting by using
our discrete-time result. First, we show that the discrete time value function converges to
the continuous time value function. Without loss of generality, we set ¢t = 0.

LeEmMmA 7.8 (The discrete time value function converges to the continuous time one).
Let K : [0, T] — (0, 00) be continuous and consider an equidistant time grid with N trading
intervals. Then

lim 10, ) = 70, »).

Proof. Due to Theorem 7.1, there exists a continuous time optimal strategy ©* €
Ao(y). Approximate it suitably via step functions " € A(y). Then

V(0,9 = J0,1,6) = lim J(0,1,0") = limsup 1'*(0, y).

N—oo

The inequality V(0, y) < liminfy_ o, V(0, y) is immediate. O

Proof of Theorem 7.7. By the same change of variable from & to n that was used in
Section 6, we can transform the optimal trade equation

. Koy 2 y—§
o, y)—;gg)g]{<l+2$>$+(1+Ko€) V<0, 1+Koé>}

into the optimal barrier equation

1
4 = —|(1 4+ Koy)* min L —1
(7.4) VO.9) = 5[ (14 Kop)” min L0.n) — 1],

where
1+ 2K, 1V(0, y)

7.5 LO,y) = Ly) = ————==
(7.5) (0, y) (») 0+ Koy)?
Now it follows from (7.4) and (7.5) that

min L(n) = L(y),

n€l0.y]
in particular, the function L is nonincreasing in y. Define

LY(y) :== min L"(0, n),
nel0,y]

which is a nonincreasing positive function. If for some N, the function y — L¥(0, y) is
not convex on [0, ¢V(0)), then the second alternative in Lemma 6.3 holds, i.e., we have
WR-BR structure with ¢(0) = co. Thus, below, we assume that for any N, the function
y = LN(0, y) is convex on [0, ¢V(0)); hence, by Lemma 6.2 (a) and Theorem 6.1, the
function L is convex on [0, 0o0). Moreover, by rearranging (6.5), we obtain that

1+ 2K VY0, y)

v
Br= (1+ Koy)?
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Hence, " converges pointwise to L as N — oo by Lemma 7.8 and (7.5). Therefore, L is
also convex.

Due to L being nonincreasing and convex, there exists a unique ¢* € [0, co] such that
L is strictly decreasing for y € [0, ¢*) and constant for ye(c, oo) One can now conclude
that for all y > ¢* and n € (¢*, p), setting & := ie,n = and using (7.5) and
L(y) = L(n), we have

1+Kor] 1+1< £

1

Y, y) = [(1 + Koy’ L(y) — 1]
1

= m[(l + Koy)*L(n) — 1]

_L 2 y—£& _
S0+ Ko L<1+KOE> 1]

We now use the definition of L from (7.5) once again to get

Ky 2y y—=5
7.6 Vo, y)=(1+— 1+ K 0,
(1.6 0.7 (+25)s+(+os) r(o e )
Therefore, (c 00) C Bro In case of ¢* > 0, consider y < ¢*, take any n € [0, ), and
set & ;= < L(n) shows that (0, y)
is strlctly smaller than the right-hand side of (7.6). Hence, Bry = (¢*, o0). Thus, we get
WR-BR structure with ¢(0) = ¢* € [0, oc] as desired. O

In Section 9, we will investigate the value function, barrier function, and optimal
trading strategies for several example specifications of K and p.

8. ZERO SPREAD AND PRICE MANIPULATION

In the model introduced in Section 2, we assumed a trading-dependent spread between
the best ask 4, and best bid B,. This has allowed us to exclude both forms of price
manipulation in Section 3. An alternative assumption that is often made in limit order
book models is to disregard the bid-ask spread and to assume A, = B, see, for example,
Huberman and Stanzl (2004), Gatheral (2010), Alfonsi et al. (2011), and Gatheral et al.
(2012). The canonical extension of these models to our framework including time-varying
liquidity is the following.

ASSUMPTION 8.1. In the zero spread model, we have the unaffected price S¥, which is a
cadlag H'-martingale with a deterministic starting point S}, and assume that the best bid
and ask are equal and given by Af = Bf =8+ D,¢ with

(8.1) D} =Dle lords 4 | K hrdiqo, —dd,), tel0, T+,
[0,2)

where Dg € R is the initial value for the price impact. For convenience, we will furthermore
assume that K : [0, T] — (0, c0) is twice continuously differentiable and p: [0, T1 — (0,
00) is continuously differentiable.

As opposed to this zero spread model, the model introduced in Section 2 will be
referred to as the dynamic spread model in the sequel. In this section, we study price



680 A. FRUTH, T. SCHONEBORN, AND M. URUSOV

manipulation and optimal execution in the zero spread model. In particular, we provide
explicit formulas for optimal strategies. This, in turn, will be used in the next section
to study explicitly several examples both in the dynamic spread and in the zero spread
model.

We have excluded permanent impact from the definition above (y = 0). It can easily
be included, but, like in the dynamic spread model, proves to be irrelevant for optimal
strategies and price manipulation. Note that for pure buying strategies (® = 0), the zero
spread model is identical to the model introduced in Section 2. The difference between
the two models is that if sell orders occur, then they are executed at the same price as the
ask price. Furthermore, buy and sell orders impact this price symmetrically. We can hence
consider the net trading strategy ©% := ® — © instead of buy orders ® and sell orders ©
separately. The simplification of the stochastic optimization problem of Section 2.2 to a
deterministic problem in Section 4 applies similarly to the zero spread model defined in
Assumption 8.1. Thus, for any fixed x € R, we define the sets of strategies

At = {0 : [0, T+] — R | ©" is a deterministic caglad
function of finite variation with @g = 0},
A (x) = {@¢ € .A$| ®¢T+ = x}.

Strategies from A% (x) allow buying and selling and build up the position of x shares until
time 7. We further define the cost function J* : R x A* — R as

JHOY) = J(, 0% = / (Q$ + K‘A@?) det,

[0’ 7_] p 2 p h
where D? is given by (8.1) with Dg = 8. The function J* represents the total temporary
impact costs’ in the zero spread model of the strategy ®* on the time interval [0, 7] when
the initial price impact Dg = §. Observe that J* is well-defined and finite because K is
bounded, which, in turn, follows from Assumption 8.1. The value function U? : R> — R
is then given as

(8.2) U, x):= inf J¥S, 0.
OreAt(x)

The zero spread model admits price manipulation if, for Dg = 0, there is a profitable
round trip, i.e., there is ®% € A%(0) with J*(0, ®%) < 0. The zero spread model admits
transaction-triggered price manipulation if, for Dg = 0, the execution costs of a buy (or
sell) program can be decreased by intermediate sell (respectively, buy) trades (more
precisely, this should be formulated like in Definition 3.2).

REMARK 8.2. The conceptual difference with Section 3 is that we require Dg =0in
these definitions. The reason is that even in “sensible” zero spread models (that do not
admit both types of price manipulation according to definitions above), we typically have
profitable round trips whenever Dg # 0. In the zero spread model, the case Dg # 0 can
be interpreted as that the market price is not in its equilibrium state in the beginning.
In the absence of trading, the process (D,¢ ) approaches zero due to the resilience; hence,
both best ask and best bid price processes (4 ) and (B,¢ ) (which are equal) approach their

"In the case of liquidation of shares (i.e., @)%_ < 0), the word “costs” should be understood as “minus
proceeds from the liquidation.”
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evolution in the equilibrium (S}'). The knowledge of this “direction of deviation from S$*”
plus the fact that both buy and sell orders are executed at the same price® clearly allow
us to construct profitable round trips. For instance, in the Obizhaeva—Wang-type model
with a constant price impact K, = « > 0, the strategy
D¢
Of == loals), se€l0,T+],

where € € (0, 7] is a profitable round trip whenever Dg # 0, as can be checked by a
straightforward calculation.

Let us first discuss classical price manipulation in the zero spread model. If the liquidity
in the order book rises too fast (K falls too quickly), then a simple pump and dump
strategy becomes attractive. In the initial low liquidity regime (high K), buying a large
amount of shares increases the price significantly. Quickly thereafter liquidity increases.
Then, the position can be liquidated with little impact at this elevated price, leaving the
trader with a profit. The following result formalizes this line of thought.

PROPOSITION 8.3 (Price manipulation in the zero spread model). Assume the zero
spread model of Assumption 8.1 and that

K +2p,K, <0 forsome te€l0, 7).

Then price manipulation occurs and, for any §, x € R, there is no optimal strategy in problem
(8.2).

Proof. By the assumption of the theorem,

K..—K K (2e e _ ) Z K
1+e€ 1 <—2,0,Kt:11{‘1(l) t( ) t,
€

K, =lim
€

eN0 €

hence, for a sufficiently small € > 0, we have
(8.3) Kipe < K, (2e 17 e 1),

Let us consider the round trip ®¥" e A*(0), which buys 1 share at time ¢ and sells it at
time ¢ + ¢, i.e.,

@3)71 = I(t‘[+6](s), S € [O, T+]
A straightforward computation shows that, for Dg = 0, the cost of such a round trip is

_ Kre_flure o du.

J¢(O, ®$m) — Kt +2Kt+s

Due to (8.3), J¥(0, ®¥") < 0. Thus, price manipulation occurs.
Let us fix §, x € R, consider a strategy ©% € A%(x), and, for any z € R, define
O =0 40",
Then, ©% € A*(x) and we have

8Let us observe that this does not apply to the dynamic spread model of Section 2, where we have different
processes D and E for the deviations of the best ask and best bid prices from the unaffected ones due to the
previous trades.
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J¥S, %) = o2 +c1z+ ¢

with ¢y = J¥(0, ®¥") < 0 and some constants ¢; and ¢,. Since z is arbitrary, we get U(8,

X) = —oo. An optimal strategy in this situation would be a strategy from .A%(x) with the
cost —oo. But for any strategy @7, its cost J¥(8, @) is finite as discussed above; hence,
there is no optimal strategy in problem (8.2). m|

Interestingly, the condition K] 4+ 2p,K, < 0 for some ¢ in Proposition 8.3 is not sym-
metric; quickly falling K leads to price manipulation, but quickly rising K does not.

If K] + 2p, K, > 0 holds at all points in time, then the situation remains unclear so far.
In their model, Alfonsi et al. (2011) and Gatheral et al. (2012) have shown that even in
the absence of profitable round-trip trades, we might still be facing transaction-triggered
price manipulation. This can happen also in our zero spread model. The following
theorem provides explicit formulas for optimal strategies and leads to a characterization

of transaction-triggered price manipulation.

THEOREM 8.4 (Optimal strategies in the zero spread model). Assume the zero spread
model of Assumption 8.1 and that K, +2p,K; > 0 on [0, T']. Define

K[, + o K,

8.4 =——F—, 1€][0,T]
(8:4) =g 1€l

Then, for any 8, x € R, the strategy @ given by the formulas

8.5) AQ) =8'-——, dO; =8""1—"T"2di, AT =8 ——,
®) : Ky Ko ’ K ! Kr
; 1
with 8% := 2(x + %) and
T g1 1—
(8.6) c::/ Jitedig  fo 120
0 K, Ko Kr
is the unique optimal strategy in problem (8.2). Furthermore, we have
¢ t5. @ e ([ f d 1 82
8.7) U'(S,x)=J"(6,0")=( K + 20K, t+— | — —.
87) U6, = 76,0 =6 [+ 2K S s ) -

COROLLARY 8.5 (Transaction-triggered price manipulation in the zero spread model).
Under the assumptions of Theorem 8.4, price manipulation does not occur. Furthermore,
transaction-triggered price manipulation occurs if and only if fo < 0 or f] + p, f; < 0 for
some t € [0, T].

Proof. Using (8.5) with § = 0, we immediately get that price manipulation does not oc-
cur. Noting further that f7 < 1, we obtain that transaction-triggered price manipulation
occurs if and only if either fy < 0 or f] + p; f; < 0 for some ¢ € [0, T7. O

We can summarize Proposition 8.3 and Corollary 8.5 as follows. If K] + 20, K, < 0 for
some ¢, i.e., liquidity grows very rapidly, then price manipulation (and hence transaction-
triggered price manipulation) occurs. If K] + 2, K; > 0 everywhere, but fy < 0 or f; +
o fr < 0for some ¢, i.e., liquidity grows fast but not quite as fast, then price manipulation
does not occur, but transaction-triggered price manipulation occurs. If K] 4+ 20, K, > 0
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FIGURE 8.1. In Example 1, we consider K, = sin (2.5¢) + 0.1 and K, = sin (10¢) + 4 in
Example 2. The other parameters are 7 = 1, p = 2, and x = 100, § = 0. The plots at
the bottom illustrate the corresponding optimal strategies ®* from (8.5).

everywhere, fo > 0 and f; + p; f; > 0 everywhere, i.e., liquidity never grows too fast, then
neither form of price manipulation occurs and an investor wishing to purchase should
only submit buy orders to the market. Figure 8.1 illustrates optimal transaction-triggered
price manipulation strategies. In Example 1, the liquidity iK is slightly growing at the end
of the trading horizon, which makes the optimal strategy ®** nonmonotonic. As can be
seen in Example 2, the number of shares held by the large investor can become negative
although the overall goal is to buy a positive amount of shares.

In the proof of Theorem 8.4, we are going to exploit the fact that there is a
one-to-one correspondence between ®' and D'. We rewrite the cost term, which is
essentially fOT D!d®}, in terms of the deviation process D by applying

89 Jot — dD} + p,D}dt
. e A
and get the following result.

LemMmA 8.6 (Costs rewritten in terms of the price impact process). Under
Assumption 8.1, for any § € R and ©% € AY, we have

1[(ph) & (D)’
' 15 @h) = - | T 4 K +2p,K;)~— .
®.9) 716,07 2{ Kr Ko /[o,n( 20Kt

t

The formal proof, where one needs to take into account possible jumps of ©7, is similar
to that of Lemma 7.4.

Similar to Bank and Becherer (2009) and as explained in Gregory and Lin (1996), we
can now use the Euler-Lagrange formalism to find necessary conditions on the optimal
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D'. Under our assumptions, these conditions turn out to be sufficient and the optimal D*
directly gives us an optimal ®%. We obtained the formulas in Theorem 8.4 by pretending
that D? is smooth and then solving the Euler—Lagrange equation for D*. While there is
no solution in a strict sense (because the optimal D* has jumps at times 0 and T, we
obtained our formulas by approximating a function D¥ with jumps by smooth functions.
Although we used the Euler-Lagrange approach to obtain the formulas in Theorem 8.4,
we do not use it in the proof; instead, we prove by direct verification that the strategy
©®% is optimal in the whole class A®(x).

First, we need an approximation argument. For x € R, let us define the set of strategies
A% (x) c A¥(x) with impulse trades at = 0 and ¢ = T only:

A¥(x) = {©F € AY(x)| ©F is continuous on (0, T)}.

We will also need a notation for a similar set of monotonic strategies, i.c., for y € [0, 00),
we define

AG(») :={® € Ay(») | © is continuous on (0, 7)}.

LeEMMA 8.7 (Approximation by continuous strategies). Assume the zero spread model
of Assumption 8.1. Then, for any §, x € R,

(8.10) U',x):= inf J¥S,0% = inf J*@S,0%.
OreAt(x) OreA¥(x)

Proof. Let us take any ©% € A?(x)and find ®, © € Aj such that O = © — ©. We set
y: =074 €[0,00), J:= 0O, €[0, 00) so that x = y — j. Below, we will show that

(8.11) 30" € Aj(y), ©"e Ay(j) suchthat ©" 5 0, 6" -5 6.

Let us define O := @ — @ € A¥(x). It follows from (8.1) and the weak convergence
of the strategies that the price impact Df " corresponding to ®¥ converges to the price
impact D} corresponding to ®* for z = T + and for every point 7 € [0, 7], where both ©
and © are continuous (i.e., the convergence of price impact functions holds at 7+ and
everywhere on [0, 7] except at most a countable set). By (8.9), we get J*(§, @) — J¥(8,
®%) as n — co. Since ©F € A¥(x) was arbitrary, we obtain (8.10).

It remains to prove (8.11). Clearly, it is enough to consider some ® € Ay(y) and to
construct ®@”" € A{(y) weakly convergent to ®. Let P denote the class of all probability
measures P on ([0, 77, B([0, T])) and

P¢={PeP|P({s}) =0 forall se (0, 7).

The formula P ([0, s)) := OT, s € [0, T], with ® € Ay(y), provides a one-to-one corre-
spondence between Ay(y) and P, where Aj(y) is mapped on P¢. Thus, it is enough to
show that any probability measure P € P can be weakly approximated by probability
measures from P¢. To this end, let us consider independent random variables ¢ and ¢
such that Law(y) = P and Law(¢) is continuous. For any #n € N, we define

Y 1= ((wi)vo)m.
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Then
0, = Law(y,) € P¢
and Q, - P asn — oo because ¥, — ¥ a.s. This concludes the proof. O
LEMMA 8.8. Assume K| +2p;K, > 0 0n [0, T'] and define

t U
fi +psfs o 1S
S+ o+
/0 Ky K

x(1) =
Then, x(t) > 0 for all t € [0, T). In particular, c = x(T) > 0.

Proof. We have

1
0)=— > 0.
x(0) K
Furthermore,
P Y N .\ L. A Y
Kl K K, + 2,01K[ 0

Proof of Theorem 8.4 We first note that ¢ from (8.6) is strictly positive by Lemma 8.8.
Also, note that if an optimal strategy in (8.2) exists, then it is unique in the class A%(x)
because the function %> J¥(8, @) is strictly convex on A" (this is due to (8.9) and the
assumption K, + 2p,K; > 0 on [0, T7).

For the strategy ®%* given in (8.5), we have @?’: = x as desired. This follows from the
formula for §*. Let us further observe that ®** corresponds to the deviation process

(8.12) D" =8, DI*=8"f,0on(0,T], DY =3,

which immediately follows from (8.8) (direct computation using (8.1) is somewhat longer).
A straightforward calculation gives

T / 2 2 2
+ 01 /i Je 1—-f 1)
(8.13) JY(8,07) =(8%) (0 Ji X, dt+2K0+ K, K

Using integration by parts, we get

T / 1
f'f’dt:[f’— / [K’dt]
0o K 2| Kr Ky

Substituting this into (8.13), we get that J¥(§, ©®¥*) equals the right-hand side of (8.7).

It remains to prove optimality of ®%*. Due to Lemma 8.7, it is enough to prove that
©% is optimal in the class .A*¢(x), which we do below. In terms of D¥*, the corresponding
trading costs are

JY, e = /

Ddel + (5 +22A6] ) AB + <D§~ + =LAeY ) A®Y
©.7) 2

2

* %) 2 %2 %\ 2 %) 2
- D ipte 4 [ (D), (Di) =& (DFL) —(DF)
( 0,7

o Ki K, 2Ky 2Kr
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Let us now look at alternative strategies © € Ag"(x) with corresponding D = D% + h
and show that these alternative strategies cause higher trading costs than ®%*. That is, in
the following, we work with functions 4 : [0, 74+] — R, which are of bounded variation
and continuous on (0, T) with sy = 0, hy = lim, ~7h, and a finite limit /o, (so that there
are possibly jumps (ko — ho), (hr+ — hr) € R). Using

. h . dh, + p.h,dt
AGy = ABL + 1% 46, = gott 4 LT Pl

hry —hr
Ky’ K, ’

. ABr=AGY +
T T KT

a straightforward calculation yields

JH(s, ©)

" Ko . A . . Ky . .
DdO, + 8+ —=A0) )| AO)+ [ Dr + —AO; ) AO,

0.7 2 2

= J'6,0) + AJi + A,

2p, D% h h D
AJy ::/ P Mgy —[de*—i—/ =L _dh,
on K o1 Ki on K

n Dy hos N Diihr — Di'hr

Ky Kr ’
h? h h? h%., —h3
AJZ::/ P+ Ldh + 22 T
0,7) K, 0,7) K, 2K0 2KT

Notice that we collect all terms containing D¥* in AJ;. We are now going to finish the
proof by showing that AJ; = 0 and AJ, > 0 if & does not vanish.

Let us first rewrite AJ, exploiting the fact that D}* = §? £, use integration by parts,
the definition of f/ and again integration by parts to get

2 h h h hre — frh
AJ =8 / o1 fi rdt—i—/ —tdf,—i—f idh,—f—fo 0++ + — J1 T}
on K o1 Ki o1 Ki Ky Kr

20 K; + K| hT+}
=5 / o L fhdt+ —=
on K7 Sibdt + Kr

h h K
= f Pl gy 4 2T ’h,dt}
o1 K Kr o K

h 1 h hry —h
=5 / P dr 4 —dh, + —t T 0T T}.
o1 K o1 K Ko Kr

Clearly, AJ; = 0 whenever §¥ = 0. If §% # 0, we have

X = d@;—f—A@o-l—A@T
0,7)
h 1 h hry —h
=< d@?*+A@§*+A@§*>+</ P ’dt+/ —dh; + °++T+T>
©.7) on K o1 K Ky Kr
AJy

=X+(ST
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Therefore, AJ, = 0. Hence, J*(8, ©) — J*(8, ©®¥*) = AJ». Applying integration by parts
to the dh, integral yields

2 / K2,
A = " (2p, + 2t ) di 4 Lt
2 f(m 2K, ( Pt K,) 2k,

Due to the assumption K]+ 2p,K; >0 on [0, T], we get that AJ, is positive as
desired. O

REMARK 8.9. At this point, it is natural to discuss the connection between our zero
spread model and the zero spread model of Alfonsi et al. (2011) and Gatheral et al.
(2012) (the former paper deals with discrete time, the latter one with continuous time).
In that model, the price impact at time ¢ > s of the trade &; at time s equals £,G(t — »),
where G is called the decay kernel. In what follows we abbreviate this modeling approach
by AGSS.

In our zero spread model, the price impact at time 7 > s of the trade & at time s equals
& Kse’f.\/ Pudt (when Dg = 0). Here, we excluded permanent impact like in (8.1). If we
had constant price impact coefficient K, = « and constant resilience p, = p (Obizhaeva—
Wang with zero spread), then our model would be a particular case of AGSS with
G(t — 5) = ke~ =9, But since our liquidity parameters are time-varying, our model is
not a particular case of AGSS.

To summarize: AGSS and our model can be viewed as generalizations of the
Obizhaeva—Wang model in different directions. AGSS study general (not only expo-
nential) decay kernels in a time-homogeneous framework, while we study a time-
inhomogeneous framework (with exponential resilience). AGSS focus on optimal ex-
ecution with general decay kernels and study that decay kernels give us viable models,
while we study implications of intraday liquidity patterns on optimal execution and price
manipulation.

9. EXAMPLES

Let us now turn to explicit examples of dynamics of the price impact parameter K and the
resilience p. We can use the formulas derived in the previous section to calculate optimal
trading strategies in problem (8.2) in the zero spread model. We also want to investigate
optimal strategies in problem (4.3) in the dynamic spread model introduced in Section 2.
In (4.3), we considered a general initial time ¢ € [0, T']. Without loss of generality, below,
we will consider initial time 0 for both models, e.g., we will mean the function U(0, -,-)
when speaking about the value function in the dynamic spread model. Further, in the
dynamic spread model, we had a nonnegative initial value § for the deviation of the
best ask price from its unaffected level and considered strategies with the overall goal
to buy a nonnegative number of shares x. That is, we will consider 8, x € [0, co) in this
section when speaking about either model. It is clear that strategy (8.5) is optimal also
in the dynamic spread model whenever it does not contain selling. Thus, Theorem 8.4,
applied with §, x € [0, c0), provides us with formulas for the value function and optimal
strategy also in the dynamic spread model whenever there is no transaction-triggered
price manipulation in the zero spread model (see Corollary 8.5) and § is sufficiently close
to 0 (so that A®§* given by the first formula in (8.5) is still nonnegative). Furthermore,
in this case, we get an explicit formula for the barrier function of Definition 5.3.
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PROPOSITION 9.1 (Closed-form optimal barrier in the dynamic spread model). Assume
the dynamic spread model of Section 2 and that K : [0, T] — (0, 00) is twice continuously
differentiable and p: [0, T — (0, 00) is continuously differentiable. Let
9.1) K +2p,K, >00n[0,T], fo>=0 and f/ + p.fi =00n[0,T],

where f is defined in (8.4). Then, the barrier function of Definition 5.3 is explicitly given by

T 41 _
9.2) (1) = % (/, oA J;(f“’ﬁdw ! Kf), tel0,T), oT)=0.

Furthermore, for any x € [0, 0o) and § € [0, C(“—B], there is a unique optimal strategy in the
problem U(0, §, x) (see (4.3)) and it is given by formula (8.5) in Theorem 8.4, and the
value function U(0, 8, x) equals the right-hand side of (8.7).

REMARK 9.2. (Comments to (9.2))

(1) First, let us note that (9.1) implies f/; > 0 on [0, 7] (see Lemma 9.3 below). Hence,
the right-hand side of (9.2) has the form a/b with @ > 0 (note that f < 1) and
b>0,ie, c(t) € (0, o] for t € [0, T). The case ¢(f) = oo can occur (see, e.g.,
Example 9.6 with v = —1).

(i1) Let us further observe that

: 11— fr
1 (1) =
II/EI%C() JrKr

€ (0, o0],

i.e., the barrier always jumps at 7.

Proof of Proposition 9.1. Let us first notice that ¢ from (8.6) is strictly positive by
Lemma 8.8 so that Theorem 8.4 applies. Further, it follows from (9.1) that in the zero
spread model with such functions K and p, there is no transaction-triggered price ma-
nipulation. Hence, for any x > 0, the optimal strategy ©%* from (8.5) with § = 0 in the
problem U*(0, x) will also be optimal in the problem U(0, 0, x). Let us recall that the

A . .
value ¢(0) of the barrier is the ratio ﬁ for the optimal strategy ®%* in the problem
D,

0+
U(0, 0, x) and the corresponding D¥* (with Dg * = 0). Thus, we get

o0y = Z7 200 :l(/Tfsurp‘“f*dH l_fT>.
KAl fo \Jo K Kr

A similar reasoning applies to an arbitrary ¢ € [0, T). Recall that we always have ¢(7T) =
0. Finally, for § > 0, under condition (9.1), formula (8.5) for the zero spread model will
give the optimal strategy in the problem U(0, 8, x) (i.e., for the dynamic spread model) if
and only if A(H)g* > 0. Solving this inequality with respect to §, we get § < TB) (note that
8% from (8.5) also depends on §). m|

Condition (9.1) ensures the applicability of Theorem 8.4 and additionally excludes
transaction-triggered price manipulation in the zero spread model (see Corollary 8.5).
The following result provides an equivalent form for this condition, which we will use
below when studying specific examples.
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LEMMA 9.3 (An equivalent form for condition (9.1)). Assume that K : [0, T] — (0, co0)
is twice continuously differentiable and p : [0, T] — (0, 00) is continuously differentiable.
Then, condition (9.1) is equivalent to

(9.3) K +p K >00n[0,T] and f/+p,fi >00n]0, T].

Proof. Clearly, (9.3) implies (9.1). Let us prove the converse. Suppose (9.1) is satisfied
and K + p; K, < 0 for some s € [0, T]. Then, there exists [, v] C [0, 7] such that u < v,
fu=0andf, <0 on (u, v]. By the mean value theorem, there exists w € (u, v) such that
fr.o =y — fu)/(v —u). Thus, we get f/, < 0and f,, <0, which contradicts the condition

w

fi +pifi 2 0000, T1. m

When we have transaction-triggered price manipulation in the zero spread model,
optimal strategies in the dynamic spread model are different from the ones given in
Theorem 8.4. The following proposition deals with the case of K] + p;K; < 0 for some ¢
(cf. with (9.3)).

PROPOSITION 9.4 (Wait if decrease of K outweighs resilience). Assume the dynamic
spread model of Section 2. Let, for some t € [0, T), K be continuously differentiable at t
and p continuous at t with K] + p;K; < 0. Then, Br; =, i.e., c(t) = co.

Proof. Since K’ + pK is continuous at ¢, we have K| 4+ p,; K, < 0 on an interval around

. 1+€ . .
t. Then, there exists € > O such that Kye~ /s~ > K, foralls €[t t + €). By Proposition
5.8, it is not optimal to trade at ¢. O

Let us finally illustrate our results by discussing several examples. For simplicity, take
constant resilience o > 0. Then, condition (9.3) takes the form

(9.4) K +pK, >00n[0,7] and K/ +3pK,+20>K, >0on [0, T].

A sufficient condition for (9.4), which is sometimes convenient (e.g., in Example 9.6
below), is

K +pK,>00n[0,7] and K+ pK, >0on][0, 7]
In all examples below, we consider § = 0 and x € [0, c0).

ExAMPLE 9.5. (Constant price impact K, = « > 0). Assume that the price impact
K, =k > 0 is constant. Clearly, condition (9.4) is satisfied, so we can use formula (8.5)
to get the optimal strategy in both models. We have f; = % and §% = pzﬁz. The optimal
strategy in both the dynamic and zero spread models is given by the formula

b xp

A®)=AO7 = —— __Yr
0 = oT+2 T pT+2

dt,

which recovers the results from Obizhaeva and Wang (2006). The large investor trades
with constant speed on (0, T') and consumes all fresh limit sell orders entering the book
due to resilience in such a way that the corresponding deviation process D, is constant
on (0, T] (see (8.12) and note that f, is constant). The barrier is linearly decreasing in
time (see (9.2)):
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FIGURE 9.1. Constant price impact (7 =1, p =2,k =1, x =100, § = 0).

c(t):w, tel0,T), oT)=0.

Let us finally note that the optimal strategy does not depend on «, while the barrier
depends on «. See Figure 9.1 for an illustration.

ExAaMPLE 9.6 (Exponential price impact K, = ke”’, k > 0, v € R\ {0}). Assume that
the price impact K; = ke”’ is growing or falling exponentially with v € R \ {0} being
the slope of the exponential price impact relative to the resilience. The case v = 0 was
studied in the previous example. We exclude this case here because some expressions
below will take the form 0/0 when v = 0 (however, the limits of these expressions as v —
0 will recover the corresponding formulas from the previous example). Condition (9.4)
is satisfied if and only if v > —1. We first consider the case v > —1. We have

fIEv—i—l and 8¢ — xev(v +2) .
v+2 v+ 1)2 —e T

In particular, like in the previous example, the large investor trades in such a way that
the deviation process D, is constant on (0, 7']. The optimal strategy in both the dynamic
and zero spread models is given by the formula

xv(v +1) xv(v+1) _
Ay = ———F—— = vt dt,
T FIR e Tl
XV
AOp= —— T
T IRt
We see that, for v = —1, it is optimal to buy the entire order at 7". Vice versa, the initial

trade A®, approaches x as v 7oo. The barrier is given by the formula

eVt — —vpT
=TT e, dn=0

(in particular, ¢(f) = oo for t € [0, T') if v = —1 and the barrier is finite everywhere if v >
—1). For each v > —1, the barrier is decreasing in ¢, i.e., buying becomes more aggressive
as the investor runs out of time. Furthermore, one can check that for each 7 € [0, T),
the barrier is decreasing in v. That is, the greater is v, the larger is the buy region since
it is less attractive to wait. Like in the previous example, the optimal strategy does not
depend on «, while the barrier depends on «.
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FIGURE 9.2. Exponential price impact (T'=1,p=2,x =1, x =100, =0, v = 0.5,
and —1.5 (dashed)).

Let us now consider the case v < —1. In the zero spread model, transaction-triggered
price manipulation occurs for v € (—2, —1) (one checks that the assumptions of Theorem
8.4 are satisfied) and classical price manipulation occurs for v < —2 (see Proposition 8.3).
In the dynamic spread model, for v < —1, it is optimal to trade the entire order at 7’
because K,e ”"=) > K forall t € [0, T) (see Proposition 5.8). Thus, in the case v < —1,
we have ¢(f) = oo for 1 € [0, T).

See Figure 9.2 for an illustration.

EXAMPLE 9.7 (Straight-line price impact K, = « + mt, k > 0, m > —%). Assume
that the price impact K, = k + mt changes linearly over time. The condition m > —%

ensures that K is everywhere strictly positive. Condition (9.4) is satisfied if and only if

_2pk _2pk Kk _2pk :
m=—35 Note that T3, > T Let us first assume that m > T, In this case,

the optimal strategy in both the dynamic and zero spread models is given by the formulas

A®) = 72’%(”1 + Kp)~x, de, = 2MKIOZ (2cp + mG + 2210~t)) xdl,
(m 4 2kp)rm (m+ 2kp + 2mpt)” m
2mKpXx . N m+2kp +2mpT
AOr = th m:=2 1 .
g (m+ 2kp 4+ 2mp T)m Wit m "t Kp og( m+ 2kp

The barrier is given by the formula

m+ 2kp + 2mpt
2m — 2 2mpt)1
m = (m+2up + mp)0g<m+2/<p+2mpT

t) = .
a0 =p 2m(m + kp + mpt)

In the zero spread model, transaction-triggered price manipulation occurs for m €

(- li‘z’;T, — 3i’2’:T) (see Theorem 8.4) and classical price manipulation occurs for m €
(=% —7 fg;T) (see Proposition 8.3). In the dynamic spread model, we can check by

Proposition 5.8 that it is optimal to trade the entire order at 7" for

_k K et
me ( m—(l—e ))
(see Lemma B.1). We observe that —%(1 — e Ty < —ﬁg;r (see Lemma B.2). Let us
finally note that the presented methods do not allow us to calculate the optimal strategy

in closed form in the dynamic spread model for m € [—%(1 —e™*7), — ﬁg;ﬁ, but we
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FIGURE 9.3. Straight-line price impact (7 =1, p =2, « =1,x=100,8 =0, m = 0.5,
and —0.7 (dashed)).

can approximate it numerically in discrete time (see, e.g., the case with K, =1 — 0.6 ¢,
p=2,and T =1 in Figure 6.1).
See Figure 9.3 for an illustration.

10. CONCLUSION

Time-varying liquidity is a fundamental property of financial markets. Its implication for
optimal liquidation in limit order book markets is the focus of this paper. We find that a
model with a dynamic, trading influenced spread is very robust and free of two types of
price manipulation. We prove that value functions and optimal liquidation strategies in
this model are of wait-region/buy-region type, which is often encountered in problems
of singular control. In the literature on optimal trade execution in limit order books, the
spread is often assumed to be zero. Under this assumption, we show that time-varying
liquidity can lead to classical as well as transaction-triggered price manipulation. For
both dynamic and zero spread assumptions, we derive closed-form solutions for optimal
strategies and provide several examples.

APPENDIX A: INTEGRATION BY PARTS FOR CAGLAD PROCESSES

In various proofs in this paper, we need to apply stochastic analysis (e.g., integration
by parts or Ito’s formula) to caglad processes of finite variation and/or standard semi-
martingales. As noted in Section 2, this is always done as follows: if U is a caglad process
of finite variation, we first consider the process U defined by U;" := U, and then apply
standard formulas from stochastic analysis to it. As an example of such a procedure, we
provide the following lemma, which is often applied in the proofs in this paper.

LeMMA A.1 (Integration by parts). Let U = (U,)ep0,7+) and V = (V;)ep0,7+] be caglad
processes of finite variation and Z a semimartingale (in particular cadlag ), which may have
a jump at 0. For t € [0, T, we have

(A1) U Z, = UsZo- +/

U,dz, + / Z.dU,,
[0,7]

[0.1]

(A.2) U Vie = U W +/

[0,7]

[0.7]
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Proof. Let X and Y be cadlag processes (possibly having a jump at 0) with X being a
semimartingale and Y a finite variation process. By proposition 1.4.49(a) in Jacod and
Shiryaev (2003), which is a variant of integration by parts for the case where one of the
semimartingales is of finite variation,

(A3) X,Y,=X0_Yo_+/ Yodx,+ [ XxdY, (e, 1.
[0,7] [0,7]

Equation (A.1)is a particular case of (A.3) applied to X := Z, Y := U™ and equation (A.2)
is a particular case of (A.3) applied to X := V*,Y := U*, where U := U, and
V+ = 1+ O

!

APPENDIX B: TECHNICAL LEMMAS USED IN EXAMPLE 9.7
Below, we use the notation of Example 9.7.
LEMMA B.1. Form € (=%, —=%(1 — e™"T)), we have
(B.1) (k +mt)e " T > £ mT, te]0,T),
i.e., Proposition 5.8 applies.

Proof. Inequality (B.1) is equivalent to

k(1 — e*p(Tft))

ST et

The assertion now follows from our assumption on m. To see this, we need to show that

_5(1 —e Ty < k(=)
T - T —terT-0"
which, in turn, is equivalent to
1 —erT-D 1 —erT
g0 = Fr— g = ——F =80

This is a true statement since 1 — x < ¢ for all x € R and therefore

1= o(T = 1) — e ?T=0
g/( ) = ,O(T’ig) ) 7e T— 2 E O.
e (T — te—r(T-1)

LEMMA B.2. We have —%(1 — e *T) < — 3i§;T.

Proof. The statement reduces to proving that 5 igZT <1—e T Settingx:=pT >0,
we see that it is enough to establish that e™ < ﬁ, which is true as, clearly, e* > 1 +
%x. O
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RISK-AVERSE INVESTOR
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In a limit order book model with exponential resilience, general shape function, and
an unaffected stock price following the Bachelier model, we consider the problem of
optimal liquidation for an investor with constant absolute risk aversion. We show that
the problem can be reduced to a two-dimensional deterministic problem which involves
no buy orders. We derive an explicit expression for the value function and the optimal
liquidation strategy. The analysis is complicated by the fact that the intervention
boundary, which determines the optimal liquidation strategy, is discontinuous if there
are levels in the limit order book with relatively little market depth. Despite this
complication, the equation for the intervention boundary is fairly simple. We show
that the optimal liquidation strategy possesses the natural properties one would expect,
and provide an explicit example for the case where the limit order book has a constant
shape function.

KEeEy WorDps: limit order book, optimal liquidation, optimal execution, CARA utility, singular
control, discontinuous intervention boundary.

1. INTRODUCTION

The growing popularity of algorithmic execution has resulted in an increasing interest
in asset price models incorporating illiquidity and optimal execution of large orders. A
brief history of the growth of algorithmic execution can be found in Aldridge (2010),
which also provides an overview of current market practice and common models. These
models tend to be based on the investor’s trading rate, like the Almgren and Chriss (1999)
model, or to be variations of the limit order book model of Obizhaeva and Wang (2005).

Bertsimas and Lo (1998) introduced a class of discrete time models for asset prices
incorporating illiquidity effects, and used dynamic programming to derive the strategy
which minimizes the expected cost of trading. Almgren and Chriss (1999, 2001) addressed
the problem of maximizing the expected revenue of trading, taking into account its
variance. Almgren (2003) generalized the model of Almgren and Chriss (1999, 2001) to
incorporate nonlinear impact functions. Gatheral (2010) further generalized the Almgren
model (2003) to incorporate a decay kernel and provide conditions for existence and
absence of price manipulation strategies. Based on the model of Almgren (2003) with
a linear impact factor, Schied and Schoneborn (2009) study the problem of optimal
liquidation of a large stock position for an investor aiming to maximize the expected
utility of their cash position at the end of time, and compare the qualitative behavior of
the optimal strategy for different utility functions in case of increasing and decreasing
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prices. They relate their results to the strategies corresponding to the various criteria
discussed in Kissell and Malamut (2005), which involves different benchmark price
targets. The models listed above have in common that the underlying price process is
based on the Bachelier model, with an additional impact depending on the transactions
made by a large trader who wants to purchase or sell a large number of shares. There
is a permanent effect depending on the size of the trade, and a temporary effect on the
stock price depending on the time derivative of the large trader’s position in the stock.
The problem of finding the optimal liquidation or purchase strategy typically takes the
form as the solution to an Euler-Lagrange equation.

Obizhaeva and Wang (2005) introduced a limit order book model, which specifies the
stochastic dynamics of limit orders and the best offered bid and ask price. The cost of
purchasing or selling shares thus depends on the limit orders and the behavior of the best
offered bid and ask price as orders eat into the limit order book, as well as the resilience
of the limit order book, which specifies how the best offered bid and ask prices recover
after orders have been executed. Alfonsi, Fruth, and Schied (2010) generalize the limit
order book model of Obizhaeva and Wang to allow more general shape functions, and
provide two slightly different ways to model resilience. Predoiu, Shaikhet, and Shreve
(2011) introduce a one-sided limit order book model where the shape of the limit orders
are given in terms of a measure. Alfonsi and Schied (2010) and Alfonsi, Schied, and
Slynko (2012) provide conditions for the absence of price manipulation strategies in limit
order books and models related to that of Gatheral (2010). Gatheral, Schied, and Slynko
(2011) introduce a limit order book with a general resilience function and provide a
comparison between such models and that of Gatheral (2010). Schied, Schoneborn, and
Tehranchi (2010) provide a connection between the maximization criterion of Almgren
and Chriss (1999, 2001) and maximization of expected constant absolute risk aversion
(CARA) utility. They also show that if the risk of the stock price is given in terms of a
Lévy process and if there is a certain additive structure between the risk and the trading
cost, then the optimal strategy for an investor with CARA utility is deterministic.

In this paper, we adopt a limit order book model with a general shape function and
exponential resilience rate as in Alfonsi et al. (2010), where the stochastic dynamics of
the nonaffected stock price follows the Bachelier model, and consider a large investor
with constant absolute risk aversion who wants to liquidate his share position without
time constraints. This model for the dynamics of the risky asset can be viewed as the limit
order book equivalent to the models of Almgren and Chriss (1999), Almgren (2003), and
Gatheral (2010). We do not explicitly model the ask orders and best ask price, but assume
that the best bid price and bid orders are unaffected by the investor’s buy orders and that
the unaffected bid price process provides a lower bound for the best offered ask price.
The utility maximization problem that we consider can be viewed as a limit order book
version of the problem considered by Schied and Schoneborn (2009), provided that the
investor has constant absolute risk aversion. Based on the ideas in Schied et al. (2010),
we prove that the optimal strategy is deterministic and involves no buy orders. Moreover,
the maximum expected utility is strictly negative and can be expressed in terms of the
value function of a certain two-dimensional optimal control problem.

Under fairly mild condition on the shape function of the limit order book, we derive
an explicit solution to the optimal liquidation problem for a general shape function.
The optimal strategy turns out to differ from the corresponding optimal strategy in the
Almgren (2003) model. Depending on the investor’s past trading history, the optimal
liquidation strategy involves an initial block trade and then continuously sell shares,
or first wait for a certain amount of time to let the limit order book recover, and then
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continuously sell shares. If there are levels in the limit order book with relatively little
market depth, there are periods where it is optimal to wait in order for the best bid price
to recover from the level with relatively little depth. To the best of the author’s knowledge,
this Markovian dependence on the investor’s past trading history and corresponding state
of the limit order book has not previously been explicitly explored, and in the Almgren
model (2004) there is no such dependence since the returns in this case do not depend on
the investor’s past trading history. Also, the optimal liquidation strategy in models based
on the trading rate, like the Almgren (2003) model, does not involve any block trades. It
is therefore interesting to note that the optimal liquidation strategy for the large investor
in a limit order book model typically consists of an initial block trade.

In order to derive the optimal liquidation strategy for the large investor, we derive an
explicit solution to the Hamilton—Jacobi-Bellman equation corresponding to the value
function of the reduced deterministic optimization problem. The Hamilton—Jacobi—
Bellman equation takes the form of a free boundary problem, where it turns out that
the boundary can be discontinuous. The discontinuities happen when there are levels in
the limit order book with relatively little market depth. While the discontinuities of the
intervention boundary complicates the analysis and proofs, the equation for the boundary
takes a fairly simple form. The optimal strategy then essentially consists of trading in
such a way that the state process, which consists of the number of shares held and the
current state of the limit order book, remains on the boundary at all times. We also show
that the optimal strategy possesses the natural properties one would expect, e.g., that
an increased depth implies faster liquidation, increased volatility of the unaffected stock
price implies faster liquidation, and an increased risk aversion implies faster liquidation.

At the end, we provide an example of a limit order book with a constant shape function,
and compare the optimal liquidation strategy to that provided in Schied and Schéneborn
(2009) for the Almgren model with a linear impact function.

2. MODEL SPECIFICATION AND PROBLEM FORMULATION

We adopt the limit order book model of Alfonsi et al. (2010) with an unaffected best bid
price process following the Bachelier model. However, instead of modeling the full limit
order book, we explicitly model the bid order book and assume that the unaffected bid
price provides a lower bound for the best ask price and that the bid prices are unaffected
by the large investor’s buy orders. These assumptions are satisfied in the full limit order
book model. We show that under these assumptions, the optimal liquidation strategy
does not involve any buy orders.

Let (2, F, (F,), P) be a complete filtered probability space satisfying the usual condi-
tions and supporting a one-dimensional Brownian motion W, and set

RT =[0,00) and R = (—00,0].

We consider the following set of admissible liquidation strategies for the large investor.

DEFINITION 2.1. For y € R*, let A(y) denote the set of all pairs (X, Y), where X and Y
are (F;)-adapted, cadlag processes, X is nondecreasing and Y is nonincreasing, Xy,_ = 0
and Y_ = y, and

@1 |0+ ¥yt < .
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The nonnegative quantity JX; represents the number of shares bought over the time
interval [0, 7], ¥; — y represents the number of shares sold over the time interval [0, ],
and X; + Y is the net position in shares held at time 7. Denote by A, (») the set of
all deterministic strategies (X, Y) € A(y) with X = 0. Thus, we can identify A,(y) with
the set of deterministic cadlag, nonincreasing processes with values in [0, y] satisfying
Y- = yand

o0
(2.2) f |Y)? dt < 0.
0

The unaffected bid process B° is assumed to follow the Bachelier model, that is

B =b+oW, >0,

where b > 0 is the bid price at time 0 and o > 0 is the volatility. The interpretation
of the unaffected bid process B’ is that if the large investor makes no trades, then the
best offered bid price at time ¢ is BY. The Bachelier model may seem simplistic, but the
Bachelier model is widely used in the optimal liquidation literature (see, e.g., Almgren
and Criss 1999; Kissell and Malamut 2005; Schied and Schoneborn 2009; and Gatheral
2010). We do not explicitly model the ask prices, but make the following assumption:

AsSUMPTION 2.2. The bid prices are unaffected by the large investor’s buy orders and
the best unaffected bid price provides a lower bound for the best ask price.

In particular, we note that the full limit order book in Obizhaeva and Wang (2005),
Alfonsi et al. (2010), and Gatheral et al. (2011), all satisfy this assumption.

There are two other components which together specify the limit order book model.
One is the shape function, which we denote by ¢, and the other is the resilience rate, which
describes how the market recovers. The shape function ¢ is static, and the connection
between the shape function ¢ and the bid prices in the limit order book is that, at time ¢,
the number of bids at price B; + x is equal to ¢(x) dx, where x < 0, provided the investor
has not made any large trades before time ¢. We impose the following condition on the
shape function:

AsSUMPTION 2.3. The shape function ¢ : R~ — (0, ¢max] is continuous.

Let BY denote the best bid price offered at time ¢ if the large investor follows a
liquidation strategy (X, Y) € A(y). As the notation suggests, the best offered bid price
depends on the past history of the strategy Y, but according to Assumption 2.2, does not
depend on the buy strategy X. We assume that BY is a cadlag process. Denote by DY the
spread process given by

D =B'-B, t>0,

i.e., the spread between the best offered bid price and the unaffected bid price if the large
investor adopts a liquidation strategy Y. If the large trader adopts a strategy Y which
consists of selling a number AY; = ¥; — Y,_ of shares at time 7, then the effect of this
on the best offered bid price is that the new spread changes from DY to D}, where DY
satisfies

DY
. o(u)du = AY,.

—

D
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This corresponds to the best bid orders being executed in order to match the large trader’s
sales order of —A Y, number of shares. In order to ease notation, introduce the functions
®:R- >R andy : R~ — R~ by

2.3) d(x) = /0 Cpaydu and  y(z) = o),

The inverse of @ is well defined since @ is strictly increasing, due to the assumption that
¢ takes strictly positive values. From the assumptions made on the properties of ¢ in
Assumption 2.3, it follows that ¢ : R~ — R~ is an increasing C'(R™) function satisfying

(2.4) v(0) =0,
2.5) there exists § > 0 such that y'(z) > 6, forallz € R™,

(2.6) there exists C > 0 and € > 0 such that ¥/'(z) < C, for all z € (—¢, 0].

As in Alfonsi et al. (2010) and Obizhaeva and Wang (2005), we assume that the limit
order book has an exponential resilience rate, which means that the limit order book
recovers at an exponential rate. Introduce the process Z" given by

t
(27) Z[Y — ZC_M +/ e—)n(l—.Y)dK’ t > 0’
0

where z < 0is the initial value of ZY at time 0 and A > 0 is the resilience speed. For future
reference, note that Z" is the unique cadlag solution to

(2.8) Az’ = -2ZY dt +dY, Z'=zeR".

The process Z” captures how the large investor’s implementation of the liquidation
strategy Y affects the best offered bid price and how this recovers over time through the
relation

Z,Y —® ( ny)a
where DY is the spread at time 7. The initial state z therefore provides the initial state
of the limit order book, which takes into account the past trading history of the large
investor. In the literature, the letter E is often used rather than Z to denote the process
Z7Y, since it represent the part of the order book which is “eaten up.” With reference to
the definition of the spread process DY and (2.3), the best offered bid price BY, at time
t, is given by

2.9) B'=B +vy(Z)).

if the large investor use the liquidation strategy Y.
So far we have described how the large investor’s trading affects the best offered bid
price, but not how this affects the large investor’s cash position. Suppose that the large
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investor’s initial cash position is ¢ and that he implements a strategy (X, Y) € .A(y) which
consists of a number of block sales, i.e., Y is a decreasing step function and X is zero.
Then, the large investor’s cash position at time 7" > 0 is

AY,
(2.10) Cr(X.V)=c— ) / {B) +y (2" +x)}dx,

0<t<T

which corresponds to the best bids offered at all times being executed first so as to match
the large trader’s sales orders. Let Y© denote the continuous part of Y, as defined in, e.g.,
Protter (1990). If the large trader implements a continuous sales strategy Y = Y° with
no buy orders, then his cash position at time 7" > 0 is given by the Lebesgue—Stieltjes
integral

T
2.11) / B dY,.
0

By assumption the best ask prices are greater than or equal to the unaffected bid prices,
from which it follows that the cost of purchasing the shares at the best offered ask prices
is greater than or equal to purchasing the shares at the unaffected bid prices. In view of
(2.10) and (2.11), we therefore conclude that if the large investor’s initial cash position
is ¢ and he uses a liquidation strategy (X, Y) € A(y), his cash position at time 7" > 0
satisfies

CT(X,Y)EC—/ Yayy - Z/ [B) +y(Z" +x)}dx
2.12) ’ 0=i<T

—/ Bl dX,
0

where we have equality in (2.12) if X = 0. We note that (2.12) can be viewed as a version
of proposition 2.22 in Alfonsi and Schied (2010).

We assume that the large trader has constant absolute risk aversion, an initial cash
position ¢, and an initial position in the stock consisting of y number of shares. We further
assume that the large trader wants to maximize the expected utility of his cash position at
the end of time. In mathematical terms, the large investor’s optimal liquidation problem
is

(2.13) sup  E[U(Cw(X, V)],
(X, NeA(y)

where the utility function U is given by
Ue) = —e ¢, A>0.

This can be seen as the limit order book equivalent formulation of the optimal liquidation
problem studied by Schied and Schoneborn (2009), but restricted to the case of large
investors with constant absolute risk aversion.
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3. PRELIMINARY OBSERVATIONS AND PROBLEM SIMPLIFICATION

Our approach to solving the utility maximization problem (2.13) is to first show that
the problem can be reduced to a deterministic optimization problem involving only
liquidation strategies in .A},(y). This reduction of the problem is based on the ideas in
Schied et al. (2010), who proved that if the market has a certain structure and the investor
has a constant absolute risk aversion, the optimal strategy is deterministic.

Let (X, Y) € A(y) be an admissible liquidation strategy. Then, it follows from (2.12)
that

(3.1 Cr(X,Y) < c+by— BN Xr+ YT)+/ (Xi— + Y )o dW; — Fr(Y),
where F is given by

(3.2) Fr(Y) = / (ZY)dy + Z/ (Z" + x)dx,

0<t<T

and where we have equality in (3.1) if X = 0. It follows from (2.1) that BN X7 + Y7)
tends to 0 in L!(IP) as T — oo, and that

/ (X, + Y )o dW,
0

is a well-defined random variable with expectation 0 and finite variance. Also note that
Fr(Y)is an increasing function of 7', and therefore F..(Y) is well defined, possibly being
equal to +oo. Thus, F, is a function from the set of cadlag, nonincreasing functions into
the extended nonnegative real numbers. We conclude that

(3.3) XV s et byt [ (X Yoo dW, = By
0
where we have equality in (3.3) if X = 0. Also note that

Coo(X, V) < c+by+/ (X—+ Y )odW,
0

from which it follows that the market is arbitrage-free. In particular, there does not exist
any price manipulation strategies (see Huberman and Stanzl 2004; Alfonsi and Schied
2010; or Gatheral 2010). We have the following monotonicity result for the function F
and deterministic strategies:

LEMMA 3.1. Let F be given by (3.2) and (X, Y) € A(y) be any deterministic liquidation
strategy. Then there exists a strategy Y € Ap(y) such that

[fervpas [CVar wd = R
0 0

Proof. Let & be a cadlag, nonincreasing function satisfying &_ = 0. Then,

t
Z[Y+$ _ Z[Y: _}\/\ (Z;:LS _ ZJZ_) du_i_g[’
0
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from which it follows that Z,Y+E < Zty, for all ¢+ > 0. Therefore,

Fo(Y+§) = /Ow v (Z)dy + fooo (22 agf

AY+NE
+Zf ZY_+5+x)dx+Z/ Y (27 + x)dx
=0 =0 AL
2/ (z]) dY‘+Z/ v (ZL +x)dx
0

=0

= oo(Y)a

by the monotonicity of y. Thus, if ¥ < Y then Foo(Y) > FOC(Y) Let (X, Y) € A(y) be a
deterministic strategy, and define ¥, = max{0, ¥} and X = 0. Then, the strategy (X, Y)
is in Aj(y), and since Y < Y and

/ (X17+Yt7)2dtz/ Y, dr,
0 0

the result follows. d
Let (X, Y) € A(y) and define the process M by

t l t
M, = exp (—O’A/ (X + Y, )dW, — 502/12/ (X;— + Y,_)? ds) .
0 0

From the assumption (2.1), it follows that M is a martingale closed by M (see, e.g.,
Protter 1990). We can therefore define a probability measure P by
dP
= = M,..
dP >
Based on the ideas of theorem 2.8 in Schied et al. (2010), (3.3), and Lemma 3.1, we
calculate

sup  E[U(Cx (X, Y))]
(X, NeA®y)
© oAby ( / Oo )}
<-—e inf Elexp|—4 X+ Y )odW,+ AF,
< (X DEAG) p A (X, —)o t (v

by s [ 1 *©

(X.V)eA(y)

= —e At inf E exp( f (X_ +Y_ )zdt+AFoo(Y)>:|

1
g~ Aletby) exp( inf {202/12 / (X_ + Y, )dt + AFOO(Y)}),
0

YeAp(y)

where (*) holds with equality for strategies (X, Y) € A(y) with X = 0. In particular, (x)
in (3.4) holds with equality for strategies ¥ € A, (y). The last step in (3.4) follows from
Jensen’s inequality and Lemma 3.1. We have therefore reduced the utility maximiza-
tion problem (2.13) to an optimization problem involving only deterministic liquidation
strategies which involve no buy orders.
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In order to derive a Hamilton—Jacobi—Bellman equation for the value function of the
optimization problem, we want to obtain an expression for F,, which is more convenient
for this purpose. As a first step toward this, the next result expresses the cash position at
a time 7 > 0 corresponding to a liquidation strategy that involves no buy orders.

LEMMA 3.2. For every initial cash position ¢ and liquidation strategy (X, Y) € A(y)
satisfying X = 0, the large investor’s cash position at time T > 0 is given by

Z % Zy- v

Y(s)ds — BOTYT + / v(s)ds

8

Cr(V)=c+ B) Y —/ ,
(3.5) %

[ veass [ Azl (2 - v - v (2 )
0 0

The expression for the cash position at time 7"in Lemma 3.2 should be of independent
interest. It can be used to derive the Hamilton—Jacobi—Bellman equation for the optimal
liquidation problem with a finite time-horizon and a general utility function. Our idea
is similar to the idea in Schied and Schoneborn (2009), which consists of rewriting the
expression for the cash position at the end of time in such a way that you make use of
the assumption that the stock position at the end of time is zero. The next result makes
use of Lemma 3.2 and provides an expression for the cash position at the end of time in
accordance with this idea.

LEMMA 3.3. Assume that the large investor’s initial cash position is ¢ and that the large
investor uses a liquidation strategy (X, Y) € A(y), with X = 0. Then, the large investor’s
cash position at the end of time is

z—y
cw(n=c+by—/ W(s)ds
(3.6) :

s [Covam [Tz izl - v - w(Z)
0 0

where b = Bg and z = ZOY_. Moreover,

%) —y
(3.7) 0= [ azlfu(zl - v —wz)lars [ v
0 z

The various terms in (3.6), for the cash position at the end of time, all have economic
interpretations. The term

c+by— /:—y v(s)ds

corresponds to the cash position of the large investor after immediate liquidation of the
entire position in risky assets. The term

/ oY _dWw,
0
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represents the risk of the large investor’s cash position at the end of time if the stock
position is not liquidated immediately, and

[ a2tz - ) - iz

represents the gain to the large investor’s cash position for not liquidating immediately.

REMARK 3.4. From the bounds established in the proof of Lemma (3.6), it follows
that if Y” is a sequence of liquidation strategies in A () such that Y” converges to
Y € A,(p) in total variation, then Cx(Y") converges to C(Y) in L'(P). This shows
that the limit order book model exhibits a certain robustness. For instance, given a
sequence of absolutely continuous liquidation strategies converging to a liquidation
strategy consisting of block trades, the corresponding cash position of the absolutely
continuous strategy will converge to the cash position corresponding to that consisting
of the block trades. This differs completely from the situation in the supply curve models
of Cetin, Jarrow, and Protter (2004) and Bank and Baum (2004).

For strategies Y € A,(»), (3.3) takes the form
[o¢]
M =cby+ [ oo dw - Fu,
0

and by comparing this expression for Cy(Y) with the expression for Coo(Y) in Lemma
3.3, we conclude that

z—y 0
69 mm= [ vt [Tz {u(zl) -z - v

From the calculations in (3.4) and equation (3.8), it follows that the optimization problem
(2.13) takes the form

(3.9) -y
sup  E[U(Cx(X. V)] = —exp (— Ac+by)+ A / w(sms) exp(AV (7, 2)),
(X, V)eA(y) z

where

(3.10)  V(y,z)= inf [ LY, <aY, + Z,Y_I/f
YeA,(» Jo

Yy _ _

(Z5) —y(Z- K)) d.
Y

%A

witha = %57 and z = 7} . Thus, we have reduced the original utility optimization prob-

lem to (3.10). Moreover, from assumption (2.2) and Lemma 3.3, it follows that V" given
by (3.10) is well defined and real valued.

REMARK 3.5. Observe that from Lemma 3.3, it follows that for a liquidation strategy
Ye Ap(),

E[Coo( V)] = ¢ + by — f_yw(s)ds + /Ooc 22 (2] - Yo v (Z))}dr
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and

Var(Cx(Y)) = /OOO o’ Y dt.

Therefore, the right-hand side of (3.10), with ¢ = 24 can be written

250

z—y A
c+by— / Y(s)ds + inf {ZVar(Coo(Y)) — E[COC(Y)]} ,

YeAp(y)

which corresponds to the Almgren and Chriss (1999) criterion. Schied et al. (2010) proved
that this relationship between the Almgren and Chriss criterion and CARA utility holds
also in the more general setting where the unaffected price process follows a Lévy process.

4. THE SOLUTION TO THE OPTIMIZATION PROBLEM

Our next aim is to derive an explicit solution to the optimization problem (3.10), which
will be based on the principle of dynamic programming. With reference to the general
theory of optimal control (see, e.g., Fleming and Soner 1993), the Hamilton—Jacobi-
Bellman equation corresponding to ¥ given by (3.10) takes the form

4.1)
max(zv(y. 2) = 4y’ = 2(¥(3) = ¥ (z = ). max v(y,2) = v(y =B,z = L) =0,

with associated boundary condition v(0, z) = 0, for all z < 0. Formally, we can obtain
equation (4.1) as follows. As we are optimizing over deterministic selling strategies (no
buy orders), there are only two choices; to sell a number A > 0 of shares or to wait.
Given a state (y, z), it may or may not be optimal to sell a number A of shares, hence

4.2) v(y,z) < v(y—A,z—A)

as the sale of A number of shares decrease the number of shares held from y to y — A
and the state of the limit order book from z to z — A. The inequality (4.2) should hold
for all 0 < A < y, which implies that

4.3) max {v(y,z) —v(y — A,z — A)} <0.
0<A<y

On the other hand, it may or may not be optimal to wait for a period of time At > 0,
hence

(4.4)

At 3 -
v(3,2) = V(s Za) +/0 »y (ay+ z, V&) =¥ Z- y)) "

y

At _ _
=v(y,2) +/O {ky (ay + Zi- V(%) f(z“_ y)> —v-(y Z,)AZ,} du,
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where Z, = ze 7, for 0 < u < At. By multiplying inequality (4.4) by (Af)~! and letting
At tend to 0, we obtain

(4.5) vy, 2) —ay? = 2{Y(2) = ¥ (z = y)} < 0.

Since it is optimal to either sell a certain number of shares or wait, we must have equality
in either (4.3) or (4.5), and we obtain (4.1).

For this type of singular optimal control problem, the optimal strategy can be char-
acterized by two disjoint sets D, and D,,, where the union of D, and D,, is equal to the
state space R* x R™. These sets satisfy

(4 6) 01’<nAa§V{V(y7 Z) - V(y —Az— A)} = 07 for (J” Z) € DS’
' 2.3, 2) — ay? — (Y () — Yz — M} =0, for (y,z) € D,.

If (y, z) € Dy, then the optimal strategy consists of making an immediate sale of A number
of shares, where A is such that (y — A, z — A) is on the nearest boundary between D, and
D,, (or the line y = 0). If (y, z) € D,,, then the optimal strategy consists of waiting until
the first time (y, ze™*') is on the boundary between D, and D,,, as the limit order book
recovers at an exponential rate A. If (y, z) is on the boundary between D; and D,,, then
the optimal strategy consists of taking minimal action to ensure that the state process
(Y, ZY) remains on the boundary.

The simplest case is when D, and D,, are separated by a function 4, i.e., (y, z) € Dy if
z > h(y) and (y, z) € D,, if z < h(y) (or vice versa). Since

wn b oy 2O HE)

is positive if z is large (i.e., close to zero) compared to y, and increasingly negative for
small values of z, it is natural that (y, z) € Dy if z > h(y) and (y, z) € D,, if z < h(y). It
turns out that this indeed is the case, and that the boundary between D; and D,, can be
described by a strictly decreasing cadlag function / : Rt — R~ satisfying /4(0) = 0 and

lim,_, , h(y) = —o0, and that we should be looking for a function v satisfying
(4.8) v(»,2)+v(y,2) =0, forz=> h(y),
(4.9) .y, 2) —ay’ —2(Y(2) — Y (z— ) <0, forz > h(y),
and
(4.10) 2v:(y,2) —ay’ = z(Y(2) = ¥(z = y) =0, forz <h(y),
(4.11) Div(y,2)+v(y,2) <0, forz<h(y),
where
1

(4.12) D;Tv(y, z) = 1in01 -(v(y+e€,2)—v(y 2).

e—~>0t €

Let us examine in more detail the strategy corresponding to the case where D, and D,,
are described by an intervention boundary function /. Given a strictly decreasing cadlag
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(y,2)

h(y)
(y,2)

FIGURE 4.1. Illustration of the strategy Y corresponding to /.

function / : RT — R~ satisfying /#(0) = 0 and lim,_, o, /#(y) = —o0, and corresponding
sets Dy and D,, given by (y, z) € Dy if z > h(y) and (y, z) € D,, if z < h(y), we might
ask whether the corresponding liquidation strategy, denoted by Y”, exists. For future
reference, introduce the following functions related to 4:

(4.13) va(¥) = h(y) — », for y e RY,
(4.14) on(@)=z—h"Yz), forzeR",
(4.15) h='(z) = sup{y e RT : h(y) > z}, forzeR™,
(4.16) Vi) =sup{y eR" : y(») >z}, forzeR™,

and let p, ! denote the inverse of p;. We can then observe that if (y, z) € D;, then the
strategy Y" corresponding to the intervention boundary described by /, will consist of
making an initial sale of A number of share such that (y — A, z — A) is on the graph of
h (see Figure 4.1). Hence, we want (y — A, z — A) = (h~'(z — A), z — A). With Zg’i’ =z
and ZOW ' =z — A, we see that this equation is equivalent to

on(Z)=2" - (Z)=z-y,

from which it follows that Z!" = p; '(z — y) and A = z — p; '(z — y). For future refer-
ence, we can also observe that p; ) =x+ yh’l(x), for x € R™. Hence, the number A of
shares can also be expressed by A = y — y,j](z — ). If (y,z) € D, i.e, z < h(y), then
the strategy Y" consists in waiting until the state process (Y, Z,W) is on the graph of /
(see Figure 4.1). While no action is taken, ¥ = yand Z" = ze *, from which it follows
that the first time #,, that the state process is on the graph of 4 is given by the equation
ze~*v = h(y). Once the state process (Y, zv ') is on the graph of A, the strategy Y”
consists of taking minimal action such that the state process remains on the graph of 4
(see Figure 4.1). This implies that (Y*, Z¥") = (h='(Z""), Z""). With reference to (2.8),
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this implies that Z"" should solve

dz)" = 27" dt +dn="(Z)"),

which is equivalent to
don(Z") = -1z au.

The following result establishes the existence and uniqueness of such a strategy Y" for a
given intervention boundary function 4.

LEMMA 4.1. Let (y,z) € RY x R~ and let h : RT™ — R~ be a strictly decreasing cadlag
Sfunction satisfying h(0) = 0 and lim,_,  h(y) = —oo, let h~! and yh_l be given by (4.15)
and (4.16). Set

0 if z= h(y),

(417) ty = ’_1 .
A HIn(=2) = In(=h(Y)},  if z < h(y),

and let Y" denote the decreasing cadlag liquidation strategy with the following description:

o [fz > h(y), then immediately sell y — vy, Y(z = y) number of shares. This block trade
ensures that Y = h="(Z!"). Then continuously sell shares so that Y' = h="(Z}"), for
allt > 0.

e [f z < h(y), then do nothing until time t,,. The time t, has the property that y =
h’l(Z,Y'). Then, continuously sell shares so that Y!' = h’l(ZtYi'), forallt > t,.

Such a strategy Y" exists and is unique. In particular,

(4.18) Y =nN 2. fort =1,
and Z"" is the unique solution to

t
(4.19) 7" = 27" —h*‘(Z,f')—f 2zl du+n (2],

Ly
where

420) Z" =h(y). ifz<h(y). and ZY =z—y+y ). if 2= hQ).

Ift, >0, then Y' = y and Z,Yh =ze ™ for0 <t <t,.

The next result concerns the relative speed of liquidation corresponding to two different
intervention boundaries. In particular, we will need this result later in order to prove that
our candidate for the optimal strategy is admissible.

LEMMA 4.2. Let hy, hy : R™ — R~ be strictly decreasing cadlag functions satisfying
h1(0) = h2(0) = 0 and lim,_. o, h1(p) = lim,_, o 11 (y) = —00. Denote by Y" and Y"* the
strategies defined in Lemma 4.1 by (4.18)—(4.19) corresponding to hy and h», respectively.
If hy < hy then Y" < Y™. In particular, if there exists C > 0 and € > 0 such that h(y) <
—Cy forall y < e, then Y' € Ap(p).

In order to obtain an explicit expression for the value function of our problem, we
progress by deriving an explicit expression for the performance associated with a strategy



710  A.LOKKA

Y" given an arbitrary intervention boundary function /. For an initial state (y, z) and
strategy Y”, with associated bid order book state process Z"", define the performance
function Jj, by

e’} Ve _ yh _ X
(4.21) J;l(y,z):/O AYE (aYtththw(Zf) gﬂlh(z,f Yf)) it

where ¥ = yand Z" = z. Also, define
I(2) = Ji(h™\(2), 2), forze R,

which corresponds to the performance of the strategy Y" if the initial state is on the
graph of /. If the initial state (y, z) is such that z > A(y) then the strategy Y” consists of
an initial sale of y — y,~ =y =z— on !(z — y) number of shares, and the state after
the block sale is (¥}, Z") = (h~'(p; ' (z — ), p; '(z — ), where ;! and p;, are given
by (4.16) and (4.14), respectively. Hence,

(4.22) Dy, 2) = (e 'z = »), for z = h(y).

Thus, if we obtain an explicit expression for I, we have an explicit expression for J;(y, z),
forall z > h(y). For an initial state (y, z) = (h~'(z2), 2), the liquidation strategy Y” satisfies
(Y", Z¥"y=(h""(Z""), Z'"), for all t > 0. Therefore,

B = [ @ (2 z iz - vl @) ar 2z =

With reference to (2.8), we note that formally,

YI'I
dt = _Lh(i{ )
2z

and hence

Ii(2) = —/deph(a“’) +f°°w(ph(2,yf))dph(2,’”’)

0 Zl}i’ 0
- [T w@) oz

~a(y, ' (en(21)) N[ : :
[y e [ ez ()

[ v ez don(Z)

n(2) -1 2
0

oy (W)
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where we have used that yh_l(ph_l(x)) = h~!(x), for x € R™. With reference to (4.22) we
conclude that

y -1
@23 B = | }<‘Z(Z’((”))) v (o7 ) - <u>) du,  forz 2 h(y)
h

In order to obtain an expression for J,(y, z) for z < h(y), we note that the strategy Y”
consists of waiting until the first time #, for which ( Yh Z w) is on the graph of /&, where
Y" = yand Z,W =ze ™, for 0 <t < t,. Therefore, t, = A~"In(z/h(y)), and

¥ — Y — )
y

iy, ) = fo Y (ay +ze ) dt + I(h(»))

h(y)—y h(y)
=ay’*In (h( )) / , Y(u)du — i W (u) du

h(y)—y —1
+/(; (01(21((5))) (ph () — w(u)> du, forz < h(y).

While this provides an explicit expression for J,(y, z), it is not obvious from this expres-
sion that it is continuous in y (and has a one-sided derivative with respect to y), as 4 is
only a cadlag function. However, we can calculate that

() a(),h—l(u))2 » B \( ) ¢
/0 <p,;1(u) + (o ) | du = /0 T dyi (W)

h(u)

h(u)
+ Z au’In (h(u—)) Z //; Y(s)ds.

O<u<y O<u<y (=)

From this expression, as well as

h(y) h(u)

V) du = / swarw+ Y [ yeds

O<u<y h(u=)

and

ay* In(— h(y))_/o"zauln(h(u ))du+/ Tdh W+ Y @’ (hfziu_))

O<u<y

it follows that the performance function J,(y, z) admits the expression

3.2 = In(=2+ [y du

—y

_ / (“” + ¥ (h(u)) + 2au In(— h(u))) du. forz < h(y).
o \A(u)

The next result provides an explicit equation for the intervention boundary function 4 and
the corresponding value function which solves equation (4.1) with associated boundary
condition v(0, z) = 0, forall z € R™.
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PROPOSITION 4.3. For y € R*, define the function T'(-; ) : R~ — R by

2
F(x;y) = Y(x) + % + 2ayIn(—x),

and let h = h(y) be the smallest h € R~ satisfying

(4.24) max ['(x; ) =T (h(p); y).

This defines a unique strictly decreasing cadlag function h : Rt — R~ satisfying h(0) = 0
and lim,_, o h(y) = —oo, and in particular

(4.25) V' (h())h(y)* + 2ayh(y) — ay* = 0, forall y e RT.

Let V,,_l, pn, and ,oh_l be the functions defined in (4.16) and (4.14). Then, v : Rt x R~ —
R~ given by

—y 1 )2
(4.260) v(y.2) = / } (M + ¥ (0 (9)) — W(S)) ds,  forz=h(y),
0 Py, (5)
and
v(y, z) = ay* In(—z) + fz v(s)ds
4.27) ,

[ (‘” Y (h(s)) + 2as ln(—h(s))> ds, forz < h(y)
o \A(s)

is a COY(RY x R™) function which solves equation (4.1) with the boundary condition
v(0,2) =0, for all z € R™. In particular, v satisfies (4.8)—(4.11). Moreover, D} v : Rt x
R~ — R is continuous in z and cadlag in y, and v is continuously differentiable with respect
to y, for z = h(y).

Based on the expression for the performance function J;(y, z) and the principle of
smooth fit, it follows that the intervention boundary function 4 should satisfy (4.25).
However, (4.25) does not necessarily have a unique solution and the value function does
not in general satisfy the smoothness principle. Based on the observation that

Dyv(y, 2)+ vy, 2) = [(z;9) = T(h(y); y), for z < h(y),

and with reference to (4.11), equation (4.24) is a natural candidate.

The following result states that the function v given by (4.26) and (4.27) is equal to
the value function V given by (3.10), that the strategy Y” corresponding to / given by
(4.24) is an optimal liquidation strategy, and hence provides the solution to the utility
maximization problem (2.13).

THEOREM 4.4. Let the large investor’s risk aversion be A, the volatility of the nonaffected
asset price be o and let the resilience rate be A. Set a = ”;—;’ and let h denote the smallest
solution to (4.24), let v be given by (4.26 ) and (4.27), and let V be given by (3.10). Then,
v =V and

sup E[U(C(X, V)] = —exp (— Alc + by) + A/‘Fy W(s) ds) exp(Av(y, 2)),
(X, )eA®y) z
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where z = Z) is the initial state of the bid order book. The optimal strategy Y* is equal to
Y' € Ap(y), where Y" is the strategy given by (4.18)—(4.20) in Lemma 4.1 corresponding
to h, with )6”7 =

As a corollary, we obtain that the optimal liquidation strategy possesses all the proper-
ties one would expect, like increased limit order depth implies faster liquidation, increased
volatility of the unaffected stock price implies faster liquidation, and increased risk aver-
sion implies faster liquidation.

COROLLARY 4.5. Let Y; € A (y) be the strategy which attains the optimality in (2.13)
given a shape function ¢\, and let Y; € AL(y) denote the strategy which attains the opti-
mality in (2.13) given a shape function ¢>. Then, ¢ < ¢> implies Y| > Y5, provided the
volatility o, the resilience rate A, and the large investor’s risk aversion Ais the same.

Let Y € A () be the strategy which attains the optimality in (2.13) given volatility oy
and risk aversion Ay, and let Y € Ap(y) denote the strategy which attains the optimality in
(2.13) given volatility o, and risk aversion A,. Then, 0‘12 A < 022 A> implies that Y| > Y,
provided that the shape function ¢ and the resilience rate X is the same.

Proof. Observe that ¢, < ¢, implies that y{ > v, and hence | < . It follows that
hy > hy, where /| and /i, denote smallest solution to (4.24) corresponding to v and v,
respectively. The result then follows from Lemma 4.2.

Notice that a; < a, implies that 4; > h,, where &, and /i, denote the smallest solution
to (4.24) corresponding to a; and a, respectively. The result then follows from Lemma
4.2. O

The next example shows that if the shape function ¢ is constant, and hence v is a
linear function, the solution to equation (4.1) is a linear function, and the corresponding
optimal strategy takes an even simpler form. In this case, the impact of the large trader’s
strategy is linear, so it is natural to compare the results with the corresponding strategy
for the Almgren and Chriss (1999) model with an infinite horizon as in Schied and
Schoneborn (2009).

ExAMPLE. Suppose that the shape function ¢ of the limit order book is constant, i.e.,
¢ = ¢, for some ¢ > 0. Let the large investor’s risk aversion be A, the volatility of the
unaffected stock price be o, let the resilience rate be A and set a = "22;’. Observe that for
all y € RT, equation (4.25) has a unique solution & = A(y) given by

h(y) = —ky,

where k = ac + v/ a?c? + ac. Tt follows that this function /4 is the unique solution to
equation (4.24), and therefore defines the optimal intervention boundary. Moreover, we
can observe that

z, and ph_l(z):

1
hl(z) = —;z, y,l_l(z) = - z.

K+1 K+ 1

With reference to (4.26) and (4.27), it follows from Proposition 4.3 that

ac — K

C 2 .
—(y—2), fz>—«ky,
2cx(k + 1)(y 2) nz=—ky

V(.V? Z) =
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and

. 1 —1 —
v(y,z):an(fc—k )+ Kk(k )y2+g+ayzln =2\, ifz < —ky
2ck c Ky

is a CLI(R* x R™) solution to equation (4.1) with boundary condition v(0, z) = 0, for
all z < 0. Equation (4.19) takes the form

, T DR 1y
zZ'=z"+-2" —/ AZydu—=2Z", fort>t,,
.t 24, -

by

from which it follows that

v v Ak
Zf = Z)‘“- Xp (-thH) s for ¢ >ty

Therefore, the strategy Y* € A () which attains the optimality in (2.13) is as follows:
(a) if z > —«y, then immediately sell ’(ITK z pumber of shares, i.e., ¥j —y = —K{‘:f,
and then continuously sell shares according to

y—z Ak
Y = —t——), fort=>0;
! K—I—leXp( 1—|—K> ort=

(b) if z < —ky, then do nothing until time 1, = A~ {In(—z) — In(x y)}, and then con-
tinuously sell shares according to

AK
Y’ =yexp <—(f - tW)l—|—K> , fort>1t,.

Itis natural to compare our result for the limit order book with constant shape function
with the optimal liquidation strategy in the Almgren and Chriss (1999) model. In this
model, the stock price dynamics are

(4.28) P=P +oW+aY,— Y)+BY,

where Y, denotes the number of shares held by the large investor at time ¢, and where the
process Y is absolutely continuous with density Y, i.e.,

t
K:y+/ Y, du.
0

The parameter o > 0 is a parameter for the level of permanent impact of the large
investor’s trading, and the parameter 8 > 0 describes the temporary impact of the large
investor’s trading. The optimal liquidation strategy for a large investor with an initial
position of y number of shares is

[o2A4
Y =yexp| —t 2 | t>0

(see Schied and Schoneborn 2009), if the large investor has constant absolute risk aversion
A and aims to maximize his cash position at the end of time. We can observe that
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the optimal strategy in the limit order book model and the optimal strategy in the
Almgren and Chriss (1999) model look similar, as in both models liquidation follows an
exponential function. Yet, there are two aspects which make the strategies different. In
the limit order book model, the optimal strategy depends on the past history of the large
investor, while in the Almgren model there is no such dependence since future returns
are unaffected by the large investor’s past trades. Also, in the limit order book model,
the optimal strategy typically consist of an initial block trade, while in the Almgren and
Chriss model the optimal strategy is absolutely continuous. However, as pointed out by
an anonymous referee, we can recover the optimal liquidation strategy for the Almgren
and Chriss model by taking the limit as A — oo with ¢ = ¢*) = -. Thus, as the resilience
rate tends to infinity, the quantity available in the limit order book decreases such that
the cost of trading has a finite limit. More specifically, since

Lo x+Vx24+x
Im ——— =1,
x—0t ﬁ

we calculate that

24
lim ™ = hm A,/ (k) = /G
A—00 2,3

In the limit as A — oo, the state process Z is identically equal to 0. Therefore, if we let
Y** denote the optimal strategy described in (a) and (b) corresponding to A, we conclude

that
1 y AP\ 024
tim v = i e () = vew <5 )

which is the optimal strategy in the Almgren and Chriss model. To explain this result,
we can note that if Y'is an admissible liquidation strategy which has the form

m
Y, = Z qnlig, 5,,0)(0)
n=1

for stopping times 0 < 7y < 75 -+ - < 7,1 and random variables ¢, ..., g,,+1, Where g,
is F,,-measurable, then

ZY
lim BY = BY + 11m =
A—00 — 00 C( A)
t
= B’ + lim ﬂ)\e_“/ ™Y, ds
A—>00 0

=B+ Z Bay lim (Hmintmns (=0) _ grmin{z.)-0)

n=1

= B+ Y.,

which is the Almgren and Chriss model with permanent impact factor « equal to zero.
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5. PROOFS OF RESULTS

Proof of Lemma 3.2. With reference to equation (2.12) we calculate

T AY,
cT(Y):c_/O B dY - Z/O (B + (2 +x))dx

0<t<T

T AY,
(5.1) =c—/0 B dy — > BIAY - Zfo W(ZE +x)—y(Z)) dx

0<1<T 0<t=T
T AY,
=c—/ B dY,— > / W(Z- +x) - vz} dx
0 0<t<T 0

Since Yis a cadlag process of finite variation, it follows from theorems I1.26 and I1.28 in
Protter (1990) that the quadratic covariation [BY, Y] between BY and Yis

B YIr= Y {w(Z' +4a%)-y(Z")}ay.

0<t<T
Hence,
T T
BYYr — By Y_ =/ B,Y_dm/ Y,_dB/
(5.2) 0 0
+ Y (@l +oax)—y(Z))ay.
0<t<T

With reference to the dynamics of BY given by (2.9),

T T T
| veanr = [Covoaw— [aziv(z) v ar
0 0 0
(5.3) r
[ a e Y v gu(z s an) - w(z))
0

0<t<T

Equation (5.2) provides an expression for fOT BY dY,, which combined with (5.1) and
(5.3) imply

T T
Cr(n=c—BTYYT+BOY_x>_+/ oY_dw,— | AZ y'(Z")Y_dt
0 0

T
+/ V(ZD) Y dY + Y Y {w(Z) +AY) —y(Z)))
0 0<r<T

(5.4)

ap> fOM (w(Z +x) —v(Z])}dx

0<t<T

+ 3 (2 +a%) -v(Z)))ar.

0<t<T

Define the function f : Rt x R~ — R? by

z—y
F(.2) = y9(2) + / ¥(s)ds.
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Then by It0’s formula,

T
0 2) = (6. 2 + [ w2 a;
[z a [ e - ) ez
0 0
+ ) Y {v(ZE+ oY) —v(ZD))+ DD v(Zl +AY)AY,

0<t<T 0<t<T
Y

Z
+ Z /ZY ¥(s)ds.

0<t<T Y 4-tAY

This provides an expression for fOT V'(ZY)Y, dY¢, which inserted in (5.4) implies that
Cr(Y)=c— BLYr+ B %o + f(Yr, ZV) — f(¥%o_, Z))

T T
+ / o Y dW + / 2ZI (2~ Yo) —w(2Z))) 1,
0 0

from which the result follows. O

Proof of Lemma 3.3. With reference to the expression for the large investor’s cash
position at time 7 > 0 obtained in Lemma 3.2, we first note that z — y < ZtY <0, for all
t > 0. Therefore,

ZY—Yr
Tlim YTZ}'—{—/ Y(s)ds | =0

%

almost surely and in L'(P). By the Cauchy—Schwartz inequality, we calculate that
1/2
: Y . 2
(5.5) TIEI;OE[|BT Yr|] <o (TIEI;CE[TYTD =0,

since (2.2) implies

(5.6) lim E[7Y}] = 0.

—00

The convergence of f0°° o Y,_ dW, follows from (2.2) and the Itd isometry. In order to
establish the inequalities (3.7), observe that B® > BY, for every (X, Y) € A(y). Since Yis
decreasing, it follows that

T T
Cr(Y) < c—/ BdY—c+ B Y — B‘}YT+/ oY, dW.
0 0
By similar arguments as in (5.5), B Y7 converges to 0 in L!(P) as T — oo. Since
©ZMw(Zz - Yy —w(Zl)} =0, =0,
we conclude that the inequalities (3.7) hold and that the integral

[zl twz - v~ (@)
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is almost surely convergent. g

Proof of Lemma 4.1. Let Z(z) be the set of continuous functions Z: R™ — [z —
h=1(2), 0] satisfying Zy = z and lim,_, ., Z = 0, where z € R~. We consider Z(z) as a
subset of Cy(R), i.e., the space of all real-valued continuous functions vanishing at
infinity, equipped with the uniform topology. Observe that Z(z) is a convex set, and
by the Ascoli-Arzela theorem (see, e.g., Folland 1984) it follows that Z(z) is compact.
Introduce the function W, given by

z—h"\2) = [y rZ,du+h"N(Z), for0<t<T,
0, fort > 7,

(V=(2); = {

where
t
?:inf{tZO : z—hil(z)—/‘ )\Zleu—i—hl(Z,):O},
0

Since ©~! is continuous and decreasing, it follows that W. : Z(z) — Z(z) is continuous.
The Schauder-Tychonoff fixed point theorem (see, e.g., Rudin 1991) therefore guarantees
the existence of a Z € Z(z) such that Z = W.(Z). We want to show that such a Z isunique.
Assume that Z) = W.(Z) and Z? = W.(Z?), where ZV, Z? € Z(z) and Z" = Z?
for0<t<t,and 2" < Z?forty <t < ». Thenfory, <t < b,

Z§I) =7 /’lil(Z) _ /1)»25’1) +h71(Z§I))
0

>z—h7l(z) - /IAZLZ) +h Y(Z)
= Zfz), '

which contradicts the assumption that Zﬁ” < Zﬁz) for f; <t < t. We conclude that
there exists a unique Z € Z(z) such that Z = W.(Z). Moreover, since the function
z+> z— h~!(z)isstrictly increasing forz € R~ and t > z — h~!(z) — ) AZ, du is strictly
increasing as long as Z, < 0, it follows that the solution to Z = W.(Z) is strictly increasing
while Z, < 0.

Suppose that z > i(y), and let Z" be given by (4.19) and (4.20). The existence and
uniqueness of such a Z Y follows from the previous part of the proof. We calculate that

' E+y,'®)=y, '), forallé eR",
and therefore
W (Z Y= (z—y+y, ' =)=y '-»=1,

as required. With reference to (4.18) and (4.19), we have that

1
2 =2 @) - [z (2
(5.7) ) 0
e REATER
0
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since z > h(Y) is equivalent to 4, = 0, and Y = h~'(Z""). Equation (5.7) shows that
Z"" satisfies (2.8), and we conclude that Y” is the unique process with the property
that ¥ = h‘l(Z,W), for all z > 0. Also note that from the first part of the proof, 7
Z,Y/' is continuous and decreasing for ¢ > 0, which combined with the monotonicity
and continuity of #~! imply that Y” is cadlag and decreasing. Hence, " is the unique
decreasing cadlag process satisfying the description given in part (a).

Suppose that z < A(y), and let Y be given by (4.18)—(4.20). Then

(5.8) ZV =ze M, for0<i<1,

and Z}” "= h(y) = lim,_,, Z,Yi ', which correspond to the description given in part (b).
With reference to (4.18)—(4.20), we have that

t
2 =ho) -y [ 2zl dusn (2

1,

!
=h - [ 2z dus - ]
1,

w

for 1 > 1,. Since Y = y = h~'(h(y)) and Z"" is given by (5.8) for 0 < 1 < 1,,, it follows
that

t
2 =z [0zl dus ¥ - 1)
0

for £ > 0, which verifies that Z"" satisfies (2.8), and Y = h~'(Z"), for all 1 > 1,. We
conclude that Y" is the unique decreasing cadlag process as described in part (b). O

Proof of Lemma 4.2. Let t"' and "> be given by (4.17), corresponding to h; and
hs, respectively. If z < hy(y) then ¥ = ¥ for0 <7 < " and ¥"' < ¥/ for " <t <
2 I hi(p) < z < ha(y) then ¥ < ¥ for 0 =1 <1 < 1", Also, if z > hy(y), then
/=1 =0and ¥ < ¥]”. We want to show that { > 0 : ¥ > ¥/*} = ¢. In order to
get a contradiction, suppose that

n=inf{r>0: pALISS Y,’”} <oo anddefine, =inf{tAoo>1 : Y < Y,/”}.

By the previous observations #; > ¢, and by continuity of Y,h1 and Yf“, for t > 0, it
follows that #;, < ». The monotonicity of 4; and 4> imply that if ¥"' > ¥ then

(5.9) zZ" < m(Y" =) < by (Y") < ho(¥") < 7"
and if Z"' < Z™ then

(5.10) Ythl — hl—l(Z[Wl) . hl—l(ZtY":) > hz—l(Zth) _ Y,hz.
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With reference to (4.18) and (4.19), we have that for t; < ¢ < 1,

t
2 =2 o= [ due i ()

41

t
> 7 - [ s (2)

I

.11

\%

t
lel,hl _ )7]11 _/ )\qu du—I—hz_l(Zlm)

n

v

1
VAR / 220" du+ byt (2"

4]

=7",

where the last equality is due to ¥,"" = ¥, (5.9) and (5.10), which imply that ZX" > Z,’lmz.
However, in view of (5.9) and (5.10), the inequality (5.11) contradicts the definition of #.
Thus, we conclude that Y < Y2, )

Let 7 : R* — R~ be given by h(y) = —Cy, for C > 0, and let Y" denote the cor-
responding strategy given by (4.18)—(4.20) in Lemma 4.1. Then (4.19) takes the form

t
vi_ v 1y ¥ 1y
Z =24, + 54, —/l“_kzu du— =2,

which has a unique solution

Y _ rC
Z =27 exp <—t1 n C)’ fort > t,.

Also, (4.20) takes the form

7 A C
Zl'=—Cy, ifz<-Cy and Z = (=N 22 -Cp

Therefore, the strategy Y is given by

; z—y AC .
(5.12) ﬁ:—mexp (—IH_C), fort >0, ifz>-Cy,
and

; rC
(5.13) Y,” = yexp (—(t — [W)H—C> , fort>1, ifz<—-Cy,

where t,, = A~ !{In(—z) — In(Cy)},ifz < —Cy. Since t,, < oo, forall(y, z) € R* x R~ and
the right-hand side of (5.12) and (5.13) are square integrable, it follows that Y e A, (»),
for all initial positions ¥ = y.

Assume that there exists C > 0 and € > 0 such that i(y) < —Cy, for0 < y < €. Then,
for every yy € R™, there exists C,, > 0 such that 2(y) < —C,,y, for all 0 < y < y,. Also
observe that the strategy Y given by (4.18)—(4.20) in Lemma 4.1, with initial position
YO’L =y € RT, is completely determined by the values of /1(y) for 0 < y < yy. Therefore,
if 4, and h, are two functions satisfying 41(y) = ha(y), for 0 < y < yy, then Y = Y
if the initial position YO}L‘ = If)hf = y is less than or equal to yy. With reference to the
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previous parts of the proof, we therefore conclude that Y € A}(y) for all initial positions
Yoh =y O

Proof of Proposition 4.3. First note that for y > 0, the properties of ¥ given in (2.4)—
(2.6) imply that

lim I'(x;y)=—-00 and limI'(x;y)= —o0.
X— —00 x—0

Moreover, I'(x; y) is continuously differentiable in x and y, for all x < 0 and y > 0. We
conclude that 4 = /() defined as the smallest solution to (4.24) is well defined and that /4
must satisfy (4.25). Moreover, v is strictly increasing and I'(x; 0) = ¥ (x), which implies
that 2(0) = 0. Let 4 = h(y) denote the largest solution to (4.25), and define L : R* x
R~ — R* by L(h, y) = ay* — 2ayh and H: R~ — Rt by H(h) = ¢/(h)h>. Since H is
continuous and lim,_, o, L(/, y) = 0o, for all h € R, it follows that lim,_, », 2(y) = —o0.
Since & < &, we conclude that lim,_, « h(y) = —o0.

For A > 0, y € RT and x € R™, we calculate that

+A
Fgy+2)—T(xy) = /} 2a {g + ln(—x)} du,
)

and

1 u

d YA
7 [F(x,y—i—A)—I‘(x,y)]:/; 2a{x—xz}du<0.

X

(5.14)

We want to show that /(y) is strictly decreasing as a function of y. In order to get a
contradiction, suppose that there exists y € RT™ and A > 0 such that 42(y + A) > h(p).
With reference to (5.14), this implies that

C(h(y+A);y+28) =T(h(y + A); ) < T(h(»); y + &) = T'(h(y); ).
However, this contradicts the definition of 4, which implies that
F(h(y+A)y+0)=T(h(y):y+24) and  T(h(y);y) = T(h(y + LD); y).

We conclude that /4 is strictly decreasing. The definition of 4 = h(y) as the smallest
solution to (4.24) implies that /4 is cadlag.
Introduce the function Q : R* x R~ — R given by

z—y —1 2
0y, 2) = / M + ¥ (0, () — w(s) ) ds
0 o ()

z ) 2
- {ay2 In(—2) + / W(s)ds — /0 ’ (Z’gs) + 9 (h(s)) + 2as ln(—h(s))) ds},
z—y

which is the difference between the expression for v given by (4.26) and the expression
for v given by (4.27). We calculate that

alyy = »)’

2
o +w(p,,‘<z—y))—w<z—y>—{“y+w<z)—w<z—y>},
T

z

Qz(y7 Z) =
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which we observe is a continuous function of (y, z). Moreover, in view of the observation

vlE—hT'E)=suply =0 : p(»)=z—h '@} =h""(2),

it follows that Q.(h~'(z), z) = 0, for all z € R~. We further calculate that

alyy' = y)’

DFQ(y,2) = — —v(' =) +vGE—y)

p/l_l(z -¥)
2
_ {_Z(yy) + ¥ (z — p) — ¥ (h(y) + 2ap{ln(—z) — ln(—h(y))}} ,

and observe that the function D} Q(y, z) is continuous in z and cadlag in y. Since
o5 ' (h(y) — y) = h(p), it follows that Df Q(y, h(y)) = 0, for all y € R*. Moreover,
0(0, 0) = 0 and hence

oy, h(y)) = /0}’ 0.(u, h(u)) dh(u) + /(;y D;T O@, h(u))du =0, forall yeRT,

and we conclude that
O(h™'(2).z) =0, forallzeR",

since Q.(h~!(2), z) = 0, for all z € R~ implies that Q.(y, h(y)) = 0, for all y € R*. From
the properties of the function Q given above, we conclude that v € C®'(RT x R™) and
that D;,Lv( ¥, z) is continuous in z and cadlag in y. Moreover, straightforward calculations
show that v is continuously differentiable with respect to y for z > h(y).

Standard calculations show that v satisfies (4.8) and (4.10). In order to verify that v
satisfies (4.9), we calculate that

vy, z) —ay® — z{Y(2) — ¥ (z — p)}
a(Vh_l(Z - J’))z
oy (2 =)

(5.15)

=-ay’+z +9 (0, 2= ) = ¥(2)

for z> h(y). Set s = ph’l(z — ), which is equivalent to z — y = p;(s). As ,oh’1 is
an increasing function and y > 4~!(z) is equivalent to z — y < p;(2), it follows that
y > h~!'(z) if and only if s < z. Since yh’l(z —y) = yh’l(p;,(s)) = h~(s), it follows from
(5.15) that

(5.16) sup {zv-(y, 2) —ay® — z{Y(2) — ¥ (z — y)}} = zinf G(s; 2),
y=h=1(2) s=z

where

G(s;z) =

-1 2 — 2
a(h”'(s)?  a(z :h(s)) +U(s) — ¥(2).

S
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In particular, observe that G(z; z) = 0. We calculate that

z —1 2 z -1
_a(h 2(u)) du +/ 2ah™ (u) dh’l(u)
u s u

0= G(s;z)-i—/

S

—/z 20— b @) ) ) - /zw/(wdu
s z s

~ i~ [ (v Ay, e ) a

: 1
(5.17) s [aliw (G- 1)+ (4= 1)} w0

h(h="(s)—) —1 2 -1
— G(s:2) _/ (W/(u) N a(h uz(S)) _ 2ah (s)) du

u

z h—l 2 2 h—l
B /, (w/(u)+“( . @) du

(h=1(2)) u
+/H2a {hl(u) (1 - 1) + (” - 1)} d(h™'(u) — u),
s u z 4

since 4~ ! (u) is constant for h(h~'(£)) < u < h(h~'(§)—), for any £ € R~ and

h(h='(2)) — -
/; ( (w/(u>+ a ulz(s))z _ 2k l(s)> du =0

(h=1(5)-) u

for any s < z < 0, by the definition of /4 and the continuity of I, which implies that
T(h(h='(s)=); h~'(s)) = T(h(h~'(s)); A~ '(s)), for every s € R™. Also observe that

h(h=(s)— - —
- / o )(vf’(u>+ a(h u‘2<s))2 ) Zahul(s)) du = T(s;h™(s)) = T(h(h~ ) h7 (5)),

which is negative by the optimality of /. Since s < z and u + A~ '(u) — u is strictly
decreasing, it follows from (5.17) that

z

—1 2 —1
0= 6es:2) - | o (w(u”“(’? @ 2ah (z)) .

+/2 2a {hl(u) <1 - 1) + (” - 1)} d(h="(u) — u)
h(h=1(2)) u z V4

= G(s;2) + ¥ (h(h™'(2))) = ¥(2)

z -1 —1 2
PR Y (= WU I T
h(h=1(z)) z u z

< G(s;2),

(5.18)

since 1 is strictly increasing, 4(h~'(z)) < z and

<

-1 —1 2 -1
20 (10 1) P 2 i)
z z
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With reference to (5.16) and (5.18), we conclude that v satisfies (4.9). Finally, we need to
show that v satisfies (4.11). We calculate that

_ (o L _ _Z
(5-19)DIV(y, +v(y,2) = ay (Z h(y))+w(2) 1ﬂ(h(y))+2ayln(h(y))

= T(z;y) = T(h(); »)
<0

by the definition of 4. O

Proof of Theorem 4.4. Let § be a nonnegative C*°(R) function with support in [0, 1]
satisfying fol 8(x)dx =1, and define a sequence of functions {3,}7> , by

8,(s) =néd(ns), s=>0.

We modify v to obtain a sequence of function {y™}>  given by

n=I1>

1
v(y, ) :/ v(y+s,z)8,(s)ds.
0

Then, v?® e CV(RT x R7), foralln € N, and
v(y,z) = lim v(”)(y, z),
v(y,2) = lim v"(y, 2),
n—0oQ
I H ()
D;v(yv Z) - nango vy (y’ Z)’

where the last equality is due to Djr v(y, z) being cadlag in y. Moreover, for every (o, z9) €
R* x R~ there exists a K > 0 such that

(5.20) |v(”)(y, <K, 0<y=<w,zo—w<=<z=<0andneN,
(5.21) (2l <K, 0<y=< z0—-nw=<z<OandneN,
(5.22) WOl <K, 0<y<y. z2—mw<z<0andneN.
Then

T
Wk Z)) o+ [ Azl (2 - v (2 - ) ar
0

T
=02+ [ Z) (3 2y
(5.23) 0
+ 3 PO+ 8 2+ ax) =y (Y, 2)))

0<1<T

T
[ A2 2 e - 2w (2w (2 = v
0
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for all Y € A, (y). For every € > 0 and Y € A} () there exists f) € Rt such that ¥, <e,
for all t > ty. Therefore,

Y Y —A(t—
1ZN < | Z}e 0| +

t
/ e—)»([—s)dx‘ < |Z[OY| e—)»(l—t(]) +e,
o

from which it follows that Z! tends to 0 as t — oco. With reference to (2.8), we therefore
conclude that

o —
(5.24) / 2 dr = 2=
0 A

With reference to (5.21), (5.22), and (5.24), we calculate that

[ sup |22 (04 Z2) — {u(2E) - vz - ) ar < S
0

|z =yl
neN A

for some constant C; > 0 which may depend on the initial conditions y and z. Similarly,

o0
| sup (3 2 5 2] -1 < 2K
0 ne

and

> sup (Yo + Y, Z) +aY) - v (Y, Z])| < 2Ky.

0<1=c0 neN

Hence, by (5.23) and the dominated convergence theorem, we obtain that
o0
[ bav waziqu(z) - iz - vl as
0

=v(, z)+[m{Djv(Yf_,Z,Y_)+v;(x_,z,y_)}d17
(5.25) 0
+Y (Y +aY, Z  +a%) —v(Y, ZV)}

>0

o [ Z e 2~ = 2w (2 — (2 - )

forany Y € A}(»), by taking the limitsasn — oo and 7 — oo, and noting that v( Yz, Z))
tends to 0 as T'— oo due to the boundary condition v(0, z) = 0. Since according to
Proposition 4.3, v satisfies (4.8)—(4.11), it follows that

(5.26) /Ooo (haY +22" {v(2]) —v(ZX - ¥-)}}di = v(y. 2),

and thus V' > v.

With reference to Assumption 2.3 and (2.6), it follows that there exists C > 0 and € > 0
such that A(y) > —Cy, for —e < y < 0, where /& denotes the smallest solution to (4.24).
According to Lemma 4.2, we therefore have Y* = Y" € A, (), for all initial positions
¥y = y. We want to show that (5.26) holds with equality for Y*. Observe that AY" < 0
onlyif 7 = 0 and z > h(y), in which case A ¥} is such that after the jump, ¥; = h='(Z]").
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With reference to (4.8) and Proposition 4.3, we have that v,(y, z) + v.(y, z) = 0, for
z > h(y). Therefore,

(5.27) SN +ay.Z" +ax) —v(¥ . Z")) =0.

t>0
If z < h(y) then ¥ = y,for 0 <t < t,,, where #, is as defined in Lemma 4.1. Also

7V =z, for0<t<t,.

Moreover ZY < h(y), for ¢ < t,, and ZtY* = h(y). With reference to (4.10) and Proposi-
tion 4.3, it follows that

/ [Z0v.(Y, ZY) —a(Y ) = 27 (W (Z0) —w(Z - 7)) de=o.
0

By definition Y* = A~1(Z"), for ¢ > 1,. According to Proposition 4.3, v satisfies (4.8),
therefore

/ (DI (Y. Z0) +v(¥. Z0) b d(xp ) = 0.
ty
Moreover, since v satisfies (4.10), therefore

foc (Z5v.(Y. Z0) —a(y ) = 20w (2)) — v (2] -

w

T3

)} dr =o.

With reference to (5.25), we therefore conclude that v = V and that Y* = Y € A,(»)
is an admissible optimal liquidation strategy for the optimization problem (3.10). The
result then follows from (3.9). O
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ADMISSIBILITY OF GENERIC MARKET MODELS OF FORWARD SWAP
RATES

LiBo L1 AND MAREK RUTKOWSKI

University of Sydney

Our main goal is to re-examine and extend certain results from the papers by
Galluccio et al. and Pietersz and van Regenmortel. We establish several results pro-
viding alternate necessary and sufficient conditions for admissibility of a family of
forward swaps, that is, the property that it is supported by a (positive) family of bonds
associated with the underlying tenor structure. We also derive the generic expression
for the joint dynamics of a family of forward swap rates under a single probability
measure and we show that these dynamics are uniquely determined by a selection of
volatility processes with respect to the set of driving martingales.

KEY WoRDs: forward swap rate, market model, Libor, admissibility.

1. INTRODUCTION

Our main goal is to re-examine the admissibility problem for an arbitrary family of
forward swaps. This issue was previously studied in Galluccio et al. (2007) (see also
Pietersz and Regenmortel 2006 for the related study of a special case) who attempted
to provide necessary and sufficient conditions for a family of forward swaps to have the
ability to underpin an arbitrage-free model of the term structure of interest rates with
a finite tenor structure. Additionally, we will also examine an extension of this problem
to the situation when the payments dates of forward swaps are chosen to be only some
of the tenor structure dates between the start date of a swap and its maturity date.
This generalization is motivated by the case where some forward swaps (typically, of
shorter maturities) have quarterly payments, whereas for some other swaps (with longer
maturities) the payments are exchanged according to the semiannual schedule.

Let7 ={T,..., T,}with0<Ty< T <---<T,_1 < T, beafixed sequence of dates
representing the complete tenor structure for all forward swaps under consideration. For
everyi=1,...,n, wewrite a; = T; — T,_ to denote the length of the ith accrual period.
Let B(t, T;) stand for the price of the unit zero-coupon bond maturing at T';. Unless stated
otherwise, it is assumed that for every i = 0, ..., n the bond price B(¢, T;),t € [0, T}],
is governed by a positive stochastic process with the obvious terminal condition B(T},
T)=1.

Let S ={S;,..., S} be an arbitrary family of / distinct fixed-for-floating forward
swaps associated with the tenor structure 7, in the sense that any reset or settlement
date for any swap S; in S belongs to 7. For concreteness, we assume throughout that
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the frequencies of fixed and floating payments are the same. As commonly assumed, we
postulate that the floating leg payments are specified by the level of the LIBOR at each
reset date and payments are exchanged at the next settlement date. The forward swap rate
«/ for the standard forward swap S;, which starts at T, and matures at 7,,,, is well known
to be given by the following expression (see, for instance, section 13.1 in Musiela and
Rutkowski 2005)

v _ BT = B T,) _ B
t -— —

(1.1 k! =« . Y1e[0, T
> @B T) ’
i=s;+1
where we denote
(1.2) P = B(t, T,)) — B(t, Tp,,), Vitel0, Tl
and
mj
(1.3) A4 =Y @B ). Viel0, Tl
i=s;+1

The process A% is usually called the swap annuity or the swap numéraire for the
forward swap S;, although some authors prefer the term level process. In practical ap-
plications, it is also referred to as the present value of the basis point of the swap.

The dates T5,, T5, 11, - . ., Tpy,—1 are then the reset dates for the forward swap S;, whereas
the dates T, (1, T5,42, ..., T, are settlement dates. Therefore, the collection of dates
15, 15,41, . . ., Ty, represents the reset/settlement dates in the forward swap S;. It is a

simple observation that these dates are the only relevant dates for the (standard) forward
swap S;.

REMARK 1.1. In what follows, we will consider a more general set-up, in which the
start date T;; is the first reset date and the maturity date 7;,; is the last settlement date
in the forward swap S;. Other reset/settlement dates in a forward swap S; can be chosen
freely from the set of dates 7; € 7 that satisfy 7;, < T; < T,,,. Then all reset/settlement
dates in the forward swap S; will be simply referred to as the relevant dates in S;. They
can also be seen as the tenor structure generated by the forward swap S;; this observation
justifies the use of the symbol 7(S;). In the general case, we write

(1.4) o m _ B T) =~ B T) R
. 1 =K =

Vj,m/»a Vt € [Oa 7}'/]’

YaBe.T) A

ieA;

where A; is the set of indices of all settlement dates in the swap S; and @; represents the
ith adjusted accrual period. For instance, if a forward swap S; has only one settlement
date, specifically, its maturity date, then 7(S;) = {T;,, T,,} and A; = {m;}. Furthermore,
equation (1.4) becomes
o BT~ BT
dm, B(t, T,)

’
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m;

where @, = T,,, — T;, = Z[:S/ .1 @;; this corresponds to the forward LIBOR (see equa-
tion (1.10)) If all the dates from 7 between the start and maturity dates are the settlement
dates for a given forward swap, the contract is referred to as a standard forward swap.

Let us select the bond maturing at some date 7, € 7 as a bond numéraire and let us
denote by B’ the family of the deflated bond prices

B :={B’(t, T) = B(t, T)/B(t, T;), i =0,...,n}.
In terms of the deflated bond prices B?(¢, T}), for the standard forward swap we obtain

(1 5) Ks/,m, _ Bb(l‘s 7—;/) - Bb(tv 7;71,) _ sz‘S/.Mf
' L - mj -

. Ytel0, T A Tp),

Ab.s,,m,-

Z a;B'(t, T) '

i=s;+1
where we write
(1.6) P = Bt T,) — Bt T,,), Vte[0. T, AT,
and

Iﬂ/

(1.7) A = > @Bt T), Viel0, T, AT

i=s;+1

We call the process A" the deflated swap annuity or deflated swap numéraire. As
we shall see in what follows, the (deflated) swap numeéraires are crucial objects in the
specification of the Radon—Nikodym densities for swap measures under which forward
swap rates are (local) martingales.

REMARK 1.2. Note that the choice of a bond numéraire is arbitrary, in the sense that
one may take the bond price B(z, T') for any maturity date 7; € 7 to play this role. It
will be rather clear that the results presented in the sequel do not depend on a particular
choice of a bond numéraire, but only provided that all bond prices are either assumed or
shown to follow positive processes.

We are in a position to describe the main problems considered in this work. We
are interested in deriving the joint dynamics of forward swap rates associated with

a family S = {9, ..., S} of forward swaps, as well as in checking whether these dy-
namics are supported by the existence of a (unique) family of deflated bond prices
B = {B’t, T), i =1, ..., n} for some choice (or all choices) of a bond numéraire.

We will thus deal with two related problems, which can be informally described as
follows:

* Under which assumptions on a family S can a model of forward swap rates be
supported by the existence of an arbitrage-free term structure model consistent with
swap rates, where by a term structure model we mean the joint dynamics of positive
deflated bond prices?

e Under which assumptions on a family S are the joint dynamics of a family of
forward swap rates uniquely specified under a single probability measure in terms of
respective volatility processes?
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The issues related to the above two questions are studied in Sections 2 and 3, respec-
tively. In both cases, the method hinges on a formulation of a suitable “inverse problem”
and a thorough examination of its well-posedness. Specifically, to provide an answer to
the first question, we investigate the existence of a unique and nonzero (or strictly posi-
tive) solution to the inverse problem for deflated bond prices when the forward swap rates
are treated as “observables”. This is called hereafter the inverse problem (IP.1) and the
well-posedness of the problem (IP.1) is referred to as the (weak) 7 -admissibility of a fam-
ily S. Several alternative necessary and/or sufficient conditions for the well-posedness of
the problem (IP.1) are provided in Theorem 2.33 and Propositions 2.36 and 2.37.

It is worthwhile to stress that our conditions differ from these provided in Galluccio
et al. (2007), who focused on the existence of “cycles” in a given family of forward
swaps, whereas our necessary and/or sufficient conditions have a completely different
character. It should be acknowledged, however, that a detailed analysis of their work was
the original motivation for this research. In fact, we show by means of counter-examples
that the main result in Galluccio et al. (2007) is defective and thus the present paper
could also be seen as a partial correction to their result.

For the second above-mentioned question, we introduce and examine the correspond-
ing inverse problem for swap annuities, termed the inverse problem (IP.2), and the re-
lated concept of the (weak) A-admissibility (see Definition 3.2). It will be shown that
the (weak) 7 -admissibility implies the (weak) A-admissibility (see Lemma 3.3), but
the converse does not hold, as we demonstrate by means of a counterexample (see
Example 3.4).

Finally, we describe in Section 3.2 a general methodology for the explicit computation
of the joint dynamics of forward swap rates, which is aimed to cover all potentially
interesting cases of .4-admissible families of forward swaps. For the sake of generality,
we examine the set-up of a model driven by semimartingales; for most practical purposes
this abstract framework can be easily specified to the case of a model driven by a multi-
dimensional correlated Brownian motions (or jump-diffusion processes). We illustrate
this approach by means of Example 3.11.

It should be acknowledged that the research presented in this work is by no means
complete and in fact some related problems remain still open. Firstly, various market
models similar to forward swap rate models can also be formally derived for certain
families of forward CDS spreads and LIBORs. For preliminary studies of extended
market models of this kind, the interested reader is referred to Brigo (2008) and Li and
Rutkowski (2011). To the best of our knowledge, the issues of either 7 - or A-admissibility
of a joint family of forward swap rates and forward CDS spreads were not systematically
examined in the existing literature, however, and thus these issues remain largely open.

Secondly, and more importantly, the recent credit crisis has dramatically changed
the way in which practitioners discount future payoffs. The revised approach to the
discounting convention resulted also in an essential change in the way in which valu-
ation of interest rate derivatives is performed and, as a consequence, it also reignited
interest in term structure modeling. The standard formulae considered in this paper
can be extended to cover the new perception of the market, as explained in recent pa-
pers by Bianchetti (2009, 2010), Bianchetti and Carlicchi (2011), Fujii et al. (2009a,b),
Kijima et al. (2009), Mercurio (2009), Moreni and Pallavicini (2010), and Pallavicini and
Tarenghi (2009). According to the new pricing paradigm of fixed-for-floating interest
rate swaps and other related contracts such as swaptions, a single discounting curve used
in the traditional approach should be replaced by (at least) two yield curves: the first
one is used to specify the level of future floating cash flows, whereas the second one
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(a proxy for the risk-free interest rate) is used for discounting of fixed and floating cash
flows. According to this extended swap valuation methodology, formula (1.4) should be
modified as follows (see, for instance, formula (9) in Kijima et al. 2009 or page 15 in
Mercurio 2009)

> @B, TYLi(1)
icA;

Y @B T)

icA;

(1.8) ® =% =

where z,-(t) represents the forward LIBOR over the relevant accrual period, as computed
from the risky LIBOR curve, and B, T)isa judiciously chosen market risk-free yield
curve, such as the OIS (Overnight Index Swap) yield curve. The OIS is a fixed-for-floating
interest rate swap which pays periodically the daily compounded overnight rate, instead
of the LIBOR. Since the overnight (collateral) rate can be seen as risk-free, the forward
swap rate corresponding to the OIS is still given by expression (1.4), where B(t, T;) is
interpreted as the price of a risk-free (for instance, collateralized) zero-coupon bond.
For more details on the choice of relevant market rates for each currency, the interested
reader may consult, for instance, Fujii et al. (2009a,b) or Moreni and Pallavicini (2010).
Regarding the LIBOR, one can make the modeling postulate that the forward LIBOR
1, as seen at time ¢ for the period [7,_;, T;], can be formally given by the following
expression:

B(t, 1) — B(t, T)

(1.9) L =""25T

’

where the quantities T?(t, T), i =0,...,n, are aimed to represent the implicit LIBOR
yield curve. It is worth noting that (1.4) can also be represented as follows:

Y @B, TL()

i ¢ ie
j Sjmj A/

D @Bt T)

ieA;

where the forward LIBOR L;(?) is given by the traditional pre-crisis formula, that is,

B(t, T, 1) — B(t, T;)

(1.10) Li(t) = BT

A comparison of (1.4) and (1.8) makes it clear that the two expressions coincide when
the equality /E’(t, T;) = B(t, T;) holds and the forward LIBOR is given by (1.10), so that,
as expected, the new approach reduces to the classic one when all rates are nonrisky. We
do not deal with default-risky rates here, so the issues related to admissible families of
forward swap rates given by the generic expression (1.8) are left for future research.

2. ADMISSIBLE FAMILIES OF FORWARD SWAP RATES

In this section, we address the issue whether a given family of forward swap rates is
supported by the existence of the implied family of deflated bond prices. This corresponds
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to the inverse problem examined by Galluccio et al. (2007), which can be informally stated
as follows:

* Provide necessary and sufficient conditions for a given family of forward swap
rates S = {5, ..., §} and the corresponding (diffusion-type) swap rate processes
{«',..., '} to uniquely specify a family of nonzero deflated bond prices B’ =
(B¢, Ty), ..., B’(t, T,)} for any choice of b € {0, ..., n}.

2.1. Linear Systems Associated with Forward Swaps

Let us note that for a given family B” = { B"(¢, T;), i = 0, ..., n} of stochastic processes
representing the deflated bond prices when B(¢, T,) is the numéraire bond, we can
uniquely determine the forward swap rate /" for any start 75, and maturity 7, dates
from the tenor structure 7 . This simple observation paves the way for the most commonly
used direct approach to modeling of forward swap rates, in which one starts by choosing a
term structure model and subsequently derives the joint dynamics of a family of forward
swap rates of interest.

It is also clear that each forward swap rate «*/"/ generates a linear equation in which
deflated bond prices can be seen as “unknowns.” Specifically, one obtains the following
swap equation associated with the forward swap S; and the numéraire bond B(¢, T'p)

m;—1

Q) =B@wT)+ > «""aB . T)+ (1+x"" )am B'(1. T,) = 0.

i=s;+1

In this context, the following inverse problem arises in a natural way: describe all families
of forward swaps associated with the tenor structure 7 such that the corresponding
family of forward swap rates uniquely specifies the associated family of nonzero (and
preferably strictly positive) deflated bond prices.

To formally address the above-mentioned inverse problem, we identify a forward swap
S; with the corresponding swap equation, in which a generic value «; of the forward
swap rate «*/"""" plays the role of a parameter. Let us now introduce some notation. For
a fixed b, let x; stand for a generic value of the deflated bond price B’(, T;) and let « i

be a generic value of the forward swap rate «/ := ;""" Since x; and «; are aimed to
represent generic values of the corresponding processes in a yet unspecified stochastic
model, we have that (xp, ..., x,) € R and (ky, ..., x) € R/, in general. Since the bond

B(t, T}) is chosen to be the numéraire asset, it is clear, by the definition of the deflated
bond price, that the variable x, satisfies x, = 1 and thus it is more adequate to consider

a generic value (xp, ..., Xp_1, Xp+1, ..., X,) € R”. Using this notation, we may represent
equation (1.5) as follows, forevery j=1,..., 1,
Xs: — Xm
(2.2) Kj= %
> ax
i=s;+1

For brevity, we write ¢;; = «;a; and ¢; ,,, = (1 + «;)a,,, so that equation (2.1) becomes

m;—1

(23) —Xs; + Z CjiXi +?j,m,xm,- =0.

i=s;+1
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DEFINITION 2.1. Fora given family S = {5}, ..., §} of forward swaps and any fixed b €
{0,..., n}, the associated linear system (2.3) parametrized by a vector (1, ..., k;) € R/,
is denoted as

Cb(lq, e K;)Xb = Eb(/q, cey KD,

where ® = (X0, ..., Xp—1, Xp11, ..., X,) is the vector of unknowns and the vector
e"(k1, ..., k) belongs to R'.

The matrix C?(x1,..., k;) and the vector I (k1,...,k;) depend on the vector
(k1, ..., k) € R’. To alleviate notation, we shall frequently suppress the variables k1, . . .,
« 1, however, and we will simply write C” and 2.

As already mentioned in Remark 1.1, we will also consider more general forward swaps
for which the actual payment dates constitute merely a subset of the collection of all dates
between the start and maturity dates. In that case, the sum in the denominator of (2.2)
is taken over some dates between 15,41 and 7, only. Furthermore, the coefficients a; are
suitably adjusted to represent the length of times between the consecutive payment dates,
and a modified version of equation (2.3) is easily derived, so that Definition 2.1 covers
this general set-up as well. For instance, if a forward swap S; settles at its maturity date
only, then equation (2.2) becomes

Xy T Xy
Kj=——-+

~ ’
al‘” j xl/ﬂ j

whered; = T, — T;, = 2723/ 1@ The following definition is also tailored to cover the
whole spectrum of cases considered in this work.

DEFINITION 2.2. A date 7; € T is a relevant date for the swap S; whenever 7; =
15,, Ti = Ty, or the term ¢;; is nonzero. We write 7(S)) to denote the set of all relevant
dates for the swap S; and we set 7o(S)) = {T5,, Tp,, }-

The following notation will be useful:
To(S) — the set of all start/maturity dates for the forward swaps from a family S, that
is,

! !
7S = U To(s) = LT, T -
j=1 j=1
T (S) — the set of all relevant dates for the forward swaps from a family S, that is,
1
78) ={JT(S).
j=1

It is clear that a date T'; does not belong to 7 (S) whenever the corresponding column of
the matrix C” has all entries equal to zero. Manifestly, the nonuniqueness of a solution
to the inverse problem holds in that case, since the deflated bond price B?(¢, T;) cannot
be retrieved. This is indeed trivial since the variable x; does not appear in any equation in
the linear system C’X’ = &°. In what follows, we only consider families S that generate
the tenor structure 7, in the sense that 7 = 7(S).
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2.2. Graph Theory Terminology

Before proceeding to the detailed analysis of the inverse problem, we need first to recall
some basic graph theory terminology, which will be employed in what follows. We also
provide some preliminary results concerning the existence of a cycle in a graph, which is
formally associated with a family of forward swap rates. For an in-depth introduction to
the graph theory, the interested reader may consult the monograph by Bollobas (1979).

DEFINITION 2.3. A graph G is an ordered pair of disjoint sets (V, E) such that E is a
subset of the set of unordered pairs of V. The set V is called the vertex set and E is called
the edge set.

DEFINITION 2.4.

(i) Two vertices v and v, are said to be adjacent if there exists an edge e € E such that
e is the unordered pair {vi, v, }.
(i1) A path is a finite sequence of vertices such that each of the vertices is adjacent to
the next vertex in the sequence.
(iii) A cycle is a path such that the start vertex and end vertex are the same.
(iv) A graph G is said to be connected if there exists a path between any two vertices.
(v) A graph G is acyclic if no cycles exist.

The next result is borrowed from Bollobas (1979); it is in fact produced by combining
theorem 4 on page 7 and exercise 9 on page 23 therein.

THEOREM 2.5. The following statements are equivalent for a graph G with m vertices:

(i) G is a minimal connected graph, that is, G is connected and if {x, y} € E then G —
{x, y} is disconnected,
(ii) G is a maximal acyclic graph, that is, G is acyclic and if x and y any nonadjacent
vertices of G then the graph G + {x, y} contain a cycle,
(iii) G is connected and has m — 1 edges,
(iv) G is acyclic and has m — 1 edges.

Let S be a family consisting of / swaps on the complete tenor structure 7 =
{Ty, 1i, ..., T,}. As previously introduced, the set 7y(S) is the set of all start or ma-
turity dates of swaps in S. To translate our set-up into graph theory terminology, we
regard the set 7o(S) as a vertex set. A swap S; € S which start at 75, and matures at
T, is characterized by the pair of elements {7;;, 7,,,;}. This characterization allows us to
regard S as the edge set. Note that we only need to deal here with graphs that have a
finite number of vertices.

DEFINITION 2.6. The graph of S is the vertex and edge pair given as (7y(S), S). It is
clear that the graph of S has / edges and at most n + 1 vertices.

As will be elaborated on in Section 2.4 (see, in particular, Remark 2.17), the
(non)existence of a cycle in the graph of S does not seem to be of primary inter-
est in the study of 7-admissibility of a family S. However, in order to re-examine
proposition 2.1 in Galluccio et al. (2007), we will first present some basic properties of
the graph of S directly related to the (non)existence of a cycle in this graph. The first
lemma in this vein is a straightforward consequence of Theorem 2.5.
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LEMMA 2.7. Let S = {81, ..., S} be any family of swaps with T(S) = T. If | > n then
there exists a cycle in the graph of S.

The next auxiliary result deals with the acyclic case.

LEMMA 2.8. Let S = {81, ..., S} be a family of n swaps with T(S) = T . If there are
no cycles in the graph of S then each date from the tenor structure T is either the start date
or the maturity date of some swap S; from S, that is, then the equality To(S) = T holds.

Proof'. Let us assume that there exists a date 7; € 7 which does not belong to 7y(S).
Then there exists a family S comprising of n swaps and such that T(S)={Th < <
Tio1 < Tip1 < -+- < Tp}. Indeed, to obtain S from S, it suffices to delete the date T
from all swap equations. Hence, by Lemma 2.7, a cycle necessarily exists in the family S
and thus also in S. m|

The last auxiliary result furnishes a simple, but useful, observation.

LEMMA 2.9. Assume that | = n and the graph S is connected. Then 1o(S) = T and thus
there are no cycles in S.

2.3. Inverse Problem for Deflated Bonds

We are in a position to formalize the inverse problem for the deflated bond prices and
the related concepts of admissibility of a family S. Note that the term “almost every”
refers throughout to the Lebesgue measure on the respective space R’ (or Rﬂr).

Inverse Problem (IP.1): A family S = {S;,..., S} admits a solution to the inverse
problem (IP.1) if for any b € {0, ..., n} and for almost every (1, . .., k;) € R’ there exists
a solution ® € R” to the linear system Cki, ..., /q)fh = E"(/q, ..., k7) associated with

S.

Galluccio et al. (2007) prefer to deal directly with the stochastic linear system C?3? = &”
where C” is the matrix of stochastic processes obtained by replacing the variables («1, . . .,
;) by diffusion-type forward swap rate processes k/ = k%", j =1,...,I and the un-
knowns (xo, ..., Xp—1, Xpi1, ..., X;) € R" are replaced by the (unknown) deflated bond
price processes B’(t, T;),i=0,...,b—1,b+1,..., n. To the best of our understand-
ing, they work under the tacit assumption that for any ¢ € (0, Ty] the random variable
(!, ..., k") has a strictly positive joint probability density function on (R/, B(R')), so
that the probability distribution of («!, ..., k) has the full support R’. In these circum-
stances, the inverse problem (IP.1) introduced above appears to be equivalent to the
inverse problem studied by Galluccio et al. (2007).

The following definition reflects the idea of admissibility of a family of forward swaps,
as proposed by Galluccio et al. (2007). It is based on the inverse problem (IP.1), but it also
refers to some additional features of a solution to this problem, such as its uniqueness
and positivity.

DEFINITION 2.10. We say that a family S of forward swaps associated with 7 is weakly
T -admissible if for any choice of b € {0, ..., n} the following property holds: for almost
every (ki, . .., k;) € R! there exists a unique nonzero solution ¥ € R” to the linear system
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Clky, ..., K/)Xb = Eb(/q, ..., k) associated with S. If, in addition, the solution is strictly
positive for almost every (xi, ..., k;) € R’+ then we say that a family S is 7 -admissible.

We write 2 to denote the class of all families of forward swaps that are weakly 7-
admissible, whereas 2l stands for the class of all families that are 7 -admissible.

REMARK 2.11. The property of 7 -admissibility is the strongest form of invertibility,
which appears to be the most convenient from the viewpoint of further applications. If
it holds then the Radon-Nikodym densities for various swap measures can be computed
from the family B and expressed in terms of the underlying forward swap rates. Con-
sequently, in that case it will be easy to derive the joint dynamics of forward swap rates
under a single probability measure. In addition, these dynamics will be supported by an
arbitrage-free model of positive deflated bond prices.

Before proceeding, let us comment on the approach presented in the paper by
Galluccio et al. (2007). In Galluccio et al. (2007), the authors formalize the concept
of admissibility of a family S through the following definition that corresponds to
Definition 2.2 in Galluccio et al. (2007). For an overview of the relevant terminology
from the graph theory, we refer to Section 2.2.

DEFINITION 2.12. A family S of forward swaps associated with 7 is admissible if the
following conditions are satisfied:

(1) the number of forward swaps in S equals n, that is, [ = n,
(ii) any date 7; € 7 coincides with the reset/settlement date of at least one forward
swap from S,
(iii) there are no cycles (also called degenerate subsets in Galluccio et al. 2007) in S.

The main theoretical result in Galluccio et al. (2007) states that the admissibility of S,
in the sense of Definition 2.12, is a necessary and sufficient condition for the following
property: a set of nonzero deflated bond prices associated with S exists and is unique, IP-
a.s., for any choice of the bond numéraire and any generic process («', . . ., k') for forward
swap rates. In other words, the main result in Galluccio et al. (2007) (see proposition 2.1
therein) establishes the equivalence between the admissibility of S and the existence of a
unique solution to their inverse problem, P-a.s.

As we shall argue in what follows, however, this result is not true, in general. As a
consequence, we observe that Definition 2.12 of admissibility of a family S could be
misleading, since it implicitly hinges on the validity of proposition 2.1 in Galluccio et al.
(2007). It is our understanding that the method of proof of proposition 2.1 in Galluccio
et al. (2007) hinges on the following conjectures:

e If the number / of forward swaps in S differs from n then either there is no solution
to the linear system C’%” = &” or the nonuniqueness of a solution holds. Therefore,
the necessary requirement is that C” should be a square matrix, so that / = n.

e If / = n, but a cycle exists in S (see Section 2.2), then the rows in the matrix C” are
linearly dependent, and thus the rank of C? is less than #, at least for a certain choice
of b € {0,..., n}. Consequently, there is no guarantee that a solution to the linear
system C"X’ = @” exists, for almost all realizations of forward swap rates and for an
arbitrary choice of B(¢, 7)) as a numéraire bond.
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* Otherwise, that is, when / = n and there are no cycles in S then, for any choice of b €
{0,..., n}, the rows in the matrix C? are linearly independent and thus the matrix
C? is nonsingular, for almost all realizations of forward swap rates. Consequently,
the unique solution to C’X” = " exists with probability one for any diffusion-type
dynamics of forward swap rates. Moreover, for almost all realizations of forward
swap rates, the solution % is nonzero, meaning that x; # 0 forevery i =0,..., n
(recall that x;, = 1).

We note that the proof of Proposition 2.1 in Galluccio et al. (2007) suffers from the
following shortcomings:

* First, the proof of the sufficiency clause is based on the argument that if the first
column has only one nonzero entry then the row vectors are linearly independent.
This is, of course, not true in general (it seems that the authors assume that the
coefficients in the linear combination should all be nonzero, whereas in fact it suffices
that not all of them vanish). A similar argument is used when there a several nonzero
entries.

* Second, the proof of the necessity clause is based on the observation that the sum of
equations corresponding to the upper and lower paths in a cycle yields an equation
of a special shape. This fact does not prove, however, that the row vectors are
linearly dependent, as was claimed in Galluccio et al. (2007). To illustrate this
point, we present below an example of a family S with a cycle for which for any
choice of b € {0, ..., n} the corresponding matrix C” is nonsingular, for almost all
(Kl, ...,K[) S R.

ExamPLE 2.13. The following simple counter-example shows that a family S with a
cycle can be weakly 7-admissible. Let n = 3 and let (s, m;),j = 1, 2, 3 be given as (0, 2),
(2, 3), and (0, 3), respectively. The swaps S| and .S, yield the path (T, T'3) and this path
is also given by the swap S3, so that a cycle (T, T) is present. For b = 0, we obtain the
following linear system

C1.1 Z’llyz 0 X1 1
COXO = 0 -1 ’52’3 RY%) = 0 :?),
a1 G G| 1

One can check by direct computations that, for any choice of b € {0, 1, 2, 3}, the following
properties hold:

(i) for almost all (1, k2, k3) € R?, the matrix C” is nonsingular and
(ii) for almost all (k1, k2, 3) € R3, the unique solution % has all entries nonzero.

We conclude that the considered family S is not admissible, in the sense of Definition
2.12, but it satisfies Definition 2.10 of the weak 7 -admissibility. This example makes it
clear that the necessity clause in proposition 2.1 in Galluccio et al. (2007) is incorrect.
We will later comment on the sufficiency clause in proposition 2.1 in that paper.

Let us conclude this subsection by mentioning that although Galluccio et al. (2007)
examine the admissibility of a family of forward swaps with respect to the tenor structure
7 in the context of the construction of swap market models, they remain silent on the joint
dynamics of forward swaps, and they focus instead on the dynamics of each forward swap
rate under the corresponding swap martingale measure. However, one can infer from the
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discussion in Section 2 in Galluccio et al. (2007) that when a family S is admissible
then one can specify the model by choosing arbitrarily the volatilities in formula (2.2)
in Galluccio et al. (2007). The implicit goal is to obtain a generic arbitrage-free model
supported by the unique family of nonzero deflated bond prices. We will return to this
issue in Section 3.2.

2.4. Weak Admissibility of Forward Swaps

The purpose of this subsection is to provide necessary and sufficient conditions for
a family of forward swaps to be weakly 7 -admissible. We postulate throughout that a
family S of forward swaps is such that the equality 7(S) = 7 holds. Equivalently, for
an arbitrary choice of b € {0, ..., n} there is no null column in the matrix C” associated
with S.

2.4.1. Preliminary Results. Before examining various forms of admissibility, let us
quickly note that the following property holds.

LEMMA 2.14. Let us fix (1, . . ., k;) € R’. The following properties are equivalent:

(i) the system Cl(ki, ..., K/)Xb = Eb(/cl, ..., k1) has a nonzero solution for some b €
{0,...,n},

(ii) the system CP(ki, ... k)X =@ (k1,...,«;) has a nonzero solution for all b €
{0,...,n}.

Proof . (i)= (ii) If a nonzero solution exists for a particular b, then for anyE € {0,...n}
the solution to the system C’X” = @” can be obtained by taking the ratios of the solution
to the system C’X” = e”. This argument corresponds to the simple observation that to
obtain the deflated bond prices for any other choice of a numéraire bond, one may use
the equality

B (1, T))

B, T)=—"""2  vb#b.
t.1) =5 . T) #
The implication (ii) = (i) is obvious. a

As we have already seen from Example 2.13, the nonexistence of a cycle is not a
necessary condition for the weak 7 -admissibility of a family of swaps. We therefore

introduce the concept of (7, b)-inadmissibility, which will prove useful in the sequel.

DEFINITION 2.15. Let us fix b € {0,..., n}. A subset S of a family S of swaps is said
to be (7, b)-inadmissible if the number of swaps in Sis strictly greater than the number
of dates in 7 (5) \ {75}. We denote by 91, the class of all families of swaps that do not
contain a (7, b)-inadmissible subset for every b € {0, ..., n}.

Note that the number of dates in 7° (§) \ {73} is equal to the number of all variables
from the set xg, ..., Xp_1, Xp+1,- .-, X, that are associated with a given subset S.
The following properties can be checked by inspection:

(a)if a Eubset Sis (7, b)-inadrgissible for some b such that 7, € T (§) then it is also
(7, b)-inadmissible for any b such that 7; € 7(S).



740 L. LI AND M. RUTKOWSKI

(b)if a subset Sis (T, b)-inadmissible for some b such that 7, ¢ 7 (§) then it is also
(7, b)-inadmissible for any b € {0, ..., n}.

EXAMPLE 2.16. The family S introduced in Example 2.13 represents a cycle, denoted
as S;, which is not a (7, b)-inadmissible family for any choice of b € {0, ..., 3}. Indeed,
we have here S, = S and 7(S,) = 7(S) = 7. Hence, for any b € {0, ..., 3}, the number
of dates in the set 7(S,) \ {75} is equal to 3 and thus it always coincides with the number
of forward swaps in S,.

REMARK 2.17. The existence a (7, b)-inadmissible cycle S, for some b € {0,..., n}
implies the existence of a (7, b)-inadmissible subset S for some b € {0, . ,n} (51mply
take b = b) Note, however, that the existence of a (7, b) inadmissible subset S for some
b e{0,...,n} does not imply the existence of a (7, b)-inadmissible cycle S, in general.
This feature can be illustrated through the following counter-example.

EXAMPLE 2.18. The forward swaps that we will consider here are standard forward
swaps, so that all dates between the starting date and maturity date are settlement
dates. Let S be equal to 8! U S2, where S! = {& = {T, Bz}, S| = {Ty, Ta}, S = (T3, T3}}
and S2 (S ={T1, T2}, Ss = {D3, T5}, Ss = {11, T5}}. It is easy to see that S is a (7, b)-
1nadm1s51b1e subset for every b = {0, ..., 5}. However, the only cycles S! and S? in the
family S are clearly not (7, b)- 1nadm1ss1ble cycles for any b = {0, ..., 5}.

We denote by € (91, resp.) the class of all families of forward swaps that contain (do
not contain, resp.) a cycle.

PROPOSITION 2.19. The existence of a (T, b)-inadmissible subset for some b implies the
existence of a cycle. In particular, the strict inclusion N, & My holds.

Proof. By definition, there exists a subset of swaps S such that the number of relevant
dates (variables) is strictly less than the number of swaps in the S. Now, let us consider the
graph (75(S), S). Since S is a (7, b)-inadmissible subset, the number of edges is strictly
greater than the number of vertices. By Theorem 2.5, there must exist a cycle (any other
relevant date that is not in 7 (g), but falls between the smallest and largest date in 7° (5‘),
manifestly stretches a cycle). We conclude that the inclusion 91, C 9ty holds. However,
from Example 2.13, we deduce that the inclusion is in fact strict. |

In view of Proposition 2.19, the condition of the nonexistence of a cycle in S is stronger
than the assumption of the nonexistence of a (7, b)-inadmissible subset, which will be
shown to be a necessary condition for the weak 7 -admissibility (see Proposition 2.21).
Recall also that Example 2.13 describes a weakly 7 -admissible family S that contains a
cycle. We thus see that the nonexistence of a cycle is not a necessary condition for the
weak 7 -admissibility, that is, the class 2 is not included in 91...

The question whether the nonexistence of a cycle is a sufficient condition for the weak
T -admissibility, that is, whether 91, & 2 (note that Example 2.13 shows that 91, # )
remains open (see Question 2.34).

2.4.2. Necessary Conditions for the Weak T -Admissibility. Our goal is to show that
the property that a family S belongs to the class 9% is a necessary condition for the
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weak 7 -admissibility of a family S. Unfortunately, it appears that this condition is not
sufficient for the weak 7 -admissibility and thus further studies will be needed.

We continue the study of the class 91,. By a vertical block in a matrix, we mean any
collection of its rows in which the number of nonnull columns is less than the number
of rows. According to the standard terminology of linear algebra, a “vertical block”
represents an overdetermined subsystem. However, for brevity, we prefer to use a more
intuitive term vertical block. By a permutation of the matrix C* we mean a finite number
of either row or column swaps (or both) performed on the matrix C”.

LEMMA 2.20. Let us fix some b € {0, ..., n}. The following properties are equivalent:

(i) there exists a (T, b)-inadmissible subset S,
(ii) there exists a vertical block in the matrix C” after some permutation.

Proof. 1t is clear that any (7, b)-inadmissible subset S corresponds, after a suitable
permutation, to a vertical block, so that (i) implies (ii). The converse follows immediately
from the definition of a (7', b)-inadmissible subset. O

The following result shows that the existence of a (7, b)-inadmissible subset in S
implies the nonexistence of a unique solution to C’X” =", at least for a certain b €
{0,...,n}.

PrOPOSITION 2.21. If a family S contains a (T, b)-inadmissible subset S for some b €
{0,...,n} then S is not weakly T -admissible. Consequently, the inclusion A C My is valid.

Proof. It suffices to focus on the variables corresponding to the dates from the set
T(S)\ T;, where b is such that the subset S is (7, b)-inadmissible.

If 7, ¢7T (5) then these variables need to satisfy an overdetermined homogeneous
linear system. We then deal with the following two subcases:

(1) if the determinant of a square subsystem is a nonzero rational function then the
null solution is the unique solution to the particular subset of unknowns,

(i1) the determinant of a square subsystem is zero and thus the solution either fails to
exist or is not unique.

Therefore, we see that in both cases the family S is not weakly 7 -admissible.

If, on the contrary, 7, € 7(S) then these variables need to satisfy a nonhomogeneous
linear system in which the number of equations is larger than the number of variables.
Then by changing the date T, to some date T; ¢ 7 (5), we obtain once again a homo-
geneous linear system, in which the number of equations is at least equal to the number
of variables. Therefore, we are back in either case (i) or case (ii) (note that if all dates
are already in 7' (g), that is, when 7 = 7 (§), we can add one more date to 7 in order to
perform this step). O

It is important to observe that the inclusion 2 C 90 is in fact strict, that is, A & M,
in general. Specifically, for any #» > 2 there exists a family S of forward swaps such that
S € AN My (e.g., it is fairly easy to produce an example of a family with a cycle, which
is not weakly 7 -admissible). We thus conclude that the property that a family S belongs
to the class 9 is a necessary, but not sufficient, condition for the weak 7 -admissibility
of a family S.
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As a preliminary step toward identification of a sufficient condition for the weak 7 -
admissibility of a family S, we establish a simple result furnishing a stronger necessary
condition.

LEMMA 2.22. If for some b € {0, ..., n}, the linear system C'x> =@ associated with S
has a vertical block after a finite number of row operations then the family of forward swaps
S is not weakly T -admissible.

Proof. Suppose that after a finite number of row operations there exists a vertical
block and either:

(i) the vertical block forms a homogeneous overdetermined subsystem or
(i1) the vertical block forms a nonhomogeneous overdetermined subsystem.

In case (i), if any square subsystem has nonzero determinant then the null solution is
the unique solution to the subsystem. If, on the contrary, any square subsystem has zero
determinant then the original matrix is not invertible.

In case (ii), one can adjust the choice of a numéraire bond. By picking B(z, 7;) such
that x; is not in the overdetermined subsystem, the nonhomogeneous overdetermined
subsystem becomes a homogeneous overdetermined subsystem and we are back in case
(1) (similar argument applies if the subsystem is square) and we conclude that the family
S is not weakly 7 -admissible. O

An / x n matrix (/ < n) is said to be diagonalizable if there exists a permutation such
that the diagonal entries of an / x / sub-matrix are nonzero. In our set-up, we may also
formulate the following definition.

DEFINITION 2.23. Forafixedb € {0,...,n}, we say that the matrix C’ is diagonalizable
if there exists a permutation of C? such that all entries on the first diagonal of C? are
nonzero. We denote by ® the class of all families of forward swaps such that the matrix
C? is diagonalizable, for all b € {0, ..., n}.

The proof of the following result is deferred to the Appendix.

PROPOSITION 2.24. The following properties are equivalent, for any fixed b € {0, ..., n}:

(i) the matrix C is diagonalizable, _
(ii) there is no (T, b)-inadmissible subset S in S.

Consequently, the equality = My holds.

Recall that, by Lemma 2.20, the existence of a Verti@l block in the matrix C? is
equivalent to the existence of a (7, b)-inadmissible subset S. Let us then suppose that for
some b there exists a vertical block in C? after some permutation of variables. It is worth
noting that then it may still be true that the matrix C? can be diagonalized for another
choice of b.

EXAMPLE 2.25. Unfortunately, it may also happen that the matrix C” is diagonalizable
forevery b € {0, ..., n}, butit fails to have a nonzero determinant for some b € {0, . .., n}.
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To illustrate this claim, let us consider the following family of standard forward swaps:

S=1{8 ={D, I}, S = {1, I5}, $ = {1, Ts}, S = {1z, T5},
S5 = {15, Ts}, S = {11, T3}}.
Then, for every b € {0, 1, 2, 3, 4, 5, 6}, the matrix C” associated with the family S can

be checked to be diagonalizable. However, the determinant of the matrix C® vanishes
identically, since we have that

=1 a1k arkq asky 1 + asky 0 ] B 0 ]
-1 aijkr arkr ask; asko 1+ ask> 0
6 —1 aik3 asks asKs ask3 ask;3 e 1 + agks
0 0 0 0 -1 1 + askq 0
0 0 0 0 0 -1 1 + agks
L 0 1 axe 1+ azke 0 0 | L 0 ]

It is easy to see that the fourth column can be written as linear combinations of the
second and third columns. This implies, of course, that the determinant of C® vanishes
identically, and thus we conclude that the diagonalizability of the matrix C? for every b is
not a sufficient condition for the weak 7 -admissibility of a family of forward swaps. Put
another way, the property that S belongs to ® does not imply that S is in 2. Since we
already know that A C 901, (see Proposition 2.21) and ® = 9, (from Proposition 2.24),
we conclude that 20 & 9.

In what follows, by an internal date of a forward swap we mean a relevant date that is
neither the start nor the maturity date in a given swap.

DEFINITION 2.26. A family of forward swaps S is said to have an inadmissible subset
if it has the following characteristics: there exist k& dates for some k£ > 2 such that

(1) they are internal dates to at least two swaps and
(ii) they are relevant to at most k& — 2 other swaps.

We denote by 91 the class of all families of forward swaps that do not contain an
inadmissible subset.

The next result furnishes a necessary condition for the weak 7-admissibility of a
family S.

PROPOSITION 2.27. The nonexistence of inadmissible subsets is necessary for a family of
swaps to be weakly T -admissible, so that 2L C I, .

Proof'. Suppose a family of forward swaps S has an inadmissible subset. To show that
S is not weakly 7 -admissible, we pick b outside of those k internal dates and concentrate
on those k internal dates (as usual, represented by the columns in C?). Without loss of
generality, we may pick one column as the pivot column and perform column operations
to eliminate other columns. As a consequence, we will end up with the subsystem without
the pivot column, which consists of & — 1 columns and at most £k — 2 nonzero rows.
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This gives the linear dependence of the columns. The following example will make this
argument more explicit; a moment’s reflection will show the generality of our reasoning.
To illustrate the method, we focus on columns number two, three, and four in the matrix
in Example 2.25

a1k arky azky | a1k 0 0 T
a\ky drkr askn aikp 0 0
_ o
aiky axks asKs €= Ecl —C | aik; 0 0
_—
0 0 0 |z _al 0 0 0
3 @
0 0 0 0 0 0
L 1 arkg 1+ azke | B 1 arKe — % 1 + azke — Z% i

It is now clear that the columns are linearly dependent. By definition, this implies this
family of swap is not weakly 7 -admissible. |

PROPOSITION 2.28. The existence of an inadmissible subset implies the existence of a
cycle, so that MM C €. Moreover, the strict inclusion N, & My holds, in general.

Proof. By definition of the class 91{, there exist k internal dates such that at most k& —
2 swaps either start or mature on those & internal dates. Therefore, there must be at least
n — k + 2 swaps starting and maturing outside the k internal dates. If one consider the
graph of S without those k internal dates, it is a graph with n — k vertices and at least
n — k + 2 edges and thus, by Theorem 2.5, a cycle necessarily exists in S. Hence, the
inclusion 9] C € is valid. For the second inclusion, we also observe that Proposition
2.27 yields 2 < 90, whereas Example 2.13 describes a family S with n = 3 belonging to
2 N <. This also means that 9§ & €, in general. m]

2.4.3. Sufficient Conditions for the Weak T -Admissibility. Throughout this section,
we set / = n and we consider an arbitrary family S = {5y, ..., S,} of forward swaps. Our
next goal is to provide a sufficient condition for the weak 7 -admissibility of a family S,
that is, the existence and uniqueness of a nonzero solution to the linear system C*%” = &”,
for an arbitrary choice of b € {0, ..., n}, for almost every (xi, ..., k,) € R".

DEFINITION 2.29. We denote by D the class of all diagonalizable families S of n
forward swaps such that the diagonalizability property of the matrix C” is preserved
under elementary row operations, for all b € {0, ..., n}.

REMARK 2.30. From Example 2.25, we see that the diagonalizability of the matrix C?
is not preserved under column operations. Since the row rank and column rank of any
matrix are the same, for simplicity, we decided to work with row operations in the above
definition.

It is fair to acknowledge that although the class ® is suitable to give a necessary and
sufficient condition for the weak 7 -admissibility, it may be difficult to check whether a
given family S does indeed belong to the class © or not.
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PROPOSITION 2.31.

(i) If a family S belongs to D then S is weakly T-admissible and thus the inclusion
D C A is valid. B
(ii) The converse inclusion A C D holds as well.

Consequently, the equality A =D is true.

Proof. We first prove (i), that is, we establish a sufficient condition for the weak
T -admissibility of S. By assumption, a family S is in © and thus the matrix C? is
diagonalizable for every b € {0, ..., n}. Therefore, for a fixed b € {0, ..., n}, the matrix
C” can be diagonalized. Next, we take the first row as the pivot row and we eliminate
the entries below the first diagonal and, by the assumption that S belongs to ®, the
sub-matrix is again diagonalizable. The procedure then continues with the second row
becoming the pivot row, so that the entries below the second diagonal are eliminated. At
each stage, the assumption that diagonalizability is preserved is used to diagonalize the
matrix after each row operation. After completing this procedure, we obtain a matrix in
row echelon form with the diagonals consisting of nonzero rational functions in variables
K1,..., ky. It is then easy to see that the determinant is nonzero, for almost all generic
values of («1, ..., k,) € R”. This ends the proof of the inclusion ® c .

For part (ii), we need to show that 2 ¢ ©. We already know from Propositions 2.21
and 2.24 that the inclusion 2 C © holds. It thus suffices to show that ® NA = @. To
this end, we will argue by contradiction. Let us then assume that the diagonalizability
property is not preserved under elementary row operations for all » € {0, ..., n}, but
the linear system C’X” =" associated with S has a unique nonzero solution for any
choice of ». The first condition implies that for some be {0, ..., n}, the matrix C? is
no longer diagonalizable (that is, there exists a vertical block) after a finite number of
elementary row operations. Using Lemma 2.22, we conclude that the family S is not
weakly 7 -admissible. However, we also know that the solution of the linear system is
invariant under elementary row operations and thus we arrive at the contradiction. O

REMARK 2.32. We emphasize once again that it is important to assume that, forall b €
{0,..., n}, the matrix C? belongs to D, that is, the diagonalization property is invariant
under elementary row operations. The weaker assumption that for all b € {0,..., n},
the matrix C” is diagonalizable is not sufficient for the weak 7 -admissibility, as was
illustrated through Example 2.25.

We will now summarize the results regarding the weak 7 -admissibility of a family
S obtained so far. For the reader’s convenience, we recall the notation for the relevant
classes of families S of forward swaps:

2 — weakly 7 -admissible families;

¢ — families that contain a cycle;

I, — families that do not contain a cycle;

D — families such that the matrix C? is diagonalizable, for all b € {0,...,n};

M — families that do not contain a (7, b)-inadmissible subset, for all b € {0, ..., n};
9N, — families that do not contain an inadmissible subset;

D — families from ® for which the diagonalization property of C? is preserved under
elementary row operations, for all b € {0,..., n}.
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THEOREM 2.33. Let T = {1y, ..., T,} be a fixed tenor structure. We consider the class
of all families S = {8y, ..., S,} of forward swaps associated with T . Then the following
properties hold.:

()A=D ¢ D =My;

(i) A CDNPM; C D =My
(iii) N, & D =My and N, & My;
(iv)ANC #£P.

Proof. It suffices to put together the partial results established thus far:

(1) it suffices to combine Propositions 2.21, 2.24, and 2.31 with Example 2.25;
(ii) the first inclusion follows from Propositions 2.21 and 2.27; the second is obvious;
(iii) Propositions 2.19 and 2.24 yield the first part in (iii); the second part follows from
Proposition 2.28;
(iv) Example 2.13 describes a family S with n = 3 belonging to 2N €. m|

Recall that we have argued that can (non)existence of a cycle is not of primary interest,
as opposed to the (non)existence of a (7, b)-admissible subset. As already mentioned,
when analyzing the necessity clause, Galluccio et al. (2007) failed to realize that not
every cycle is a (7, b)-inadmissible subset. Unfortunately, the sufficiency clause in the
main result in Galluccio et al. (2007) remains still unclear to us, since we were unable to
either establish the inclusion 91, & 2 or invalidate it by means of a counterexample. This
motivates us to formulate the following problem which, to the best of our knowledge,
remains open.

QUESTION 2.34. Isthe nonexistence of a cycle in a family of forward swaps S a sufficient
condition for the weak 7 -admissibility of S, i.e., does the inclusion 91, & A hold true?

Alternatively, one may attempt to answer the following question.

QUESTION 2.35. Is the diagonalizability property of a family of forward swaps S, when
combined with the nonexistence of an inadmissible subset, a sufficient condition for the
weak 7 -admissibility of S, i.e., does the inclusion ® N MW, C A hold true?

In view of part (ii) in Theorem 2.33, we see that if the answer to Question 2.35 is
positive, then one obtains in fact the equality 2 = © N 9;. Hence, in view of part (iii)
in Theorem 2.33, the answer to Question 2.34 would be positive as well.

2.5. T-Admissibility of Forward Swaps

We continue working under the assumption that / = n. Recall that, by Definition
2.10, a family of forward swaps is 7 -admissible, if it is weakly 7 -admissible and the
solution to the linear system associated with that family is strictly positive for all generic
values of (ki, ..., k,) € R In this section, we will give conditions for which a weakly
T -admissible family is 7 -admissible.

The proof of Proposition 2.36 follows rather closely the proof of the sufficiency clause
in Theorem 1 of Pietersz and Regenmortel (2006). It is important to point out, however,
that their result furnishes the sufficient and necessary conditions for the existence of
deflated bonds when one is given a family of swaps that enjoys the property that no
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two swaps start on the same date. The set-up examined in Pietersz and Regenmortel
(2006) is thus different from ours and the positivity of the deflated bond prices in their
paper was simply obtained as a by-product of the existence of deflated bond prices up
to the bonds’ maturity dates. One can observe that in fact the assumption of positivity
of the deflated bond prices was not used at all in the proof of the necessity clause in
theorem 1 in Pietersz and Regenmortel (2006). For this reason, we need to re-examine
the necessity clause. For the reader’s convenience, we first give the proof of the sufficiency
clause.

PROPOSITION 2.36. Assume that a family S of forward swaps is weakly T -admissible. If
no two swaps start on the same date then a family S is T -admissible.

Proof. ltissufficient to demonstrate that a positive solution exists for b = n. Assuming
that no two forward swaps start on the same date, one can arrange the rows of the matrix
C" so that it becomes an upper triangular matrix with nonzero entries on the diagonal.
It is thus clear that the family S is weakly 7 -admissible. We will establish the positivity
of solution by induction and back substitution. By picking b = n, we have B"(¢, T),) =
1, which is strictly positive and greater or equal to 1. Let us assume that B"(z, T;) > 1
for all j > i. We would like to show B"(z, T;) > 1 is positive for all generic values of
(k1,...x,) € R’. By the back substitution algorithm, we obtain

m;
(24) Bn(t’ 7—;) =K Z ajBn(t’ 7—}) + Bn(tv 7;17,')7 aj > 05 VJ = {15 ey m]}
j=it]

Next, by the induction hypothesis and the assumption that (x1, . .. «,) € R’ the following
holds

mi
kY 4B T) =0, BT,z
J=i+l

It now follows easily from (2.4) that B"(¢, T;) > 1 for almost all generic values of
(k1,...,k,) € R’ Note that it was important to assume that the matrix was upper-
triangular with nonzero diagonal, since otherwise the back substitution algorithm would
not apply. a

Our next goal is to establish a partial converse of Proposition 2.36. For this purpose,
we need to introduce an additional property of a family S.

Property (A). A family of forward swaps S is said to satisfy Property (A) if for any
two forward swaps S; and Sy from S such that 7;, = T;, and T,, < T,,, we have that
T(S) C T(S).

The proof of the next result is relegated to the Appendix.

PROPOSITION 2.37. If a family S is T-admissible and satisfies Property (A) then no two
swaps in S starting on the same date exist.

Let us point out that Property (A) is crucial for the proof of the above proposition. Of
course, this assumption is satisfied in the case of standard forward swaps. We now give
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an example of a family with two forward swaps starting at the same date, for which the
solution is strictly positive.

ExXAMPLE 2.38. Consider the family S = {8 = {1y, I3}, & = {Ti, G}, $ = {1y, T3}}.
Then the associated linear system for b = 0 is given by

0 1 4+ a5k 0 X1 1
COYO =| -1 0 1 + 36 x| =10|= 2.
0 0 L+aks | | % 1

It is easy to see that this family of forward swaps does not satisfy Property (A). By solving
the above system, we obtain the unique solution

14+ Zi}l(z
1 + a3k;3

(1 + k)™
(1+Gsk3)""

From the form of the solution, it is also readily seen that the deflated bonds prices are
strictly positive for all generic values of («1, k2, k3) € Ri.

3. ADMISSIBLE MARKET MODELS OF FORWARD SWAP RATES

In this section, we will examine the second issue mentioned in the Introduction, that
is, the problem whether the joint dynamics of a given family of forward swap rates is
uniquely determined. To this end, we will focus on the Radon—Nikodym densities of
the corresponding family of forward swap measures. The crucial object in the study of
forward swap measures is in turn the swap numéraire, that is, the denominator appearing
in the definition of the forward swap rate. For a detailed analysis of some special cases
of models considered in this section, such as the LIBOR market model and the market
model for co-terminal swaps, we refer to Brace et al. (1997), Davis and Mataix-Pastor
(2007), Jamshidian (1997, 1999, 2008), Musiela and Rutkowski (1997), Rutkowski (1999)
(see also, chapters 12 and 13 in the monograph by Musiela and Rutkowski 2005 and the
references therein). Due to space limitations, we will not deal here either with any partic-
ular examples of market models of forward swap rates, or with other related questions,
such as the issue of positivity of rates whose dynamics are not directly postulated, but
are implicitly given by a specification of a market model for a certain family S of forward
swaps (that is, the out-of-sample swap rates).

3.1. Inverse Problem for Swap Annuities

Recall that by a forward swap, we mean the start date 75, the maturity date 7, as
well as a pair P,”"", 45" of processes that are given by (1.2) and (1.3), respectively. The
strictly positive process 4%+ is called the swap numeéraire for the jth forward swap. The
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forward swap rate «/ is defined as follows:

Y A
(3.1 k] =k =~ — Vtel0, T ]
A[/v J J
As before, we consider a finite family S = {5}, ..., §} of forward swaps.

DErFINITION 3.1. Foranyj,d € {1,...,[}, the annuity deflated swap numéraire is given
by

S/JHJ

(3.2) A .= Viel0, T, AT,

- AA'(/ Mg
t

One should take note here that the annuity deflated swap numeéraire process A9 is in
fact the process of our primary interest, since it will later on act as the Radon—Nikodym
density process in the specification of the joint dynamics of forward swap rates «', . ..,
«! under a single probability measure. This observation motivates us to formulate the
following inverse problem for annuity deflated swap numéraires: provide conditions under
which the family of processes A as specified by equations (1.2), (1.3), (3.1), and (3.2),
admit a unique representation in terms of forward swap rates k', . .., « only. In essence,
we would like to eliminate bond prices from (1.2), (1.3), (3.1), and (3.2) to express At
in terms of fixed, but arbitrary, parameters «!,. .., «’.

Recall that the deflated swap annuity is given by (see (1.7))

b,sim; Aj/’m/
33 A7 =
-9 C T BT

=Y @B 1. T).
lEAf

where A; is the set of all indices corresponding to settlement dates in the forward swap
S;. Hence (3.2) can also be represented as follows:

ZafBb(tf T;) b
~7 i€A; A
(3.4) il = Z = g VIEOTGAT AT
aB’(t, Ty) i
ke Ay

. . . . b.s;i, .
where the sec%nd equality is clear since the deflated swap annuity A"""" is defined by
\8j,m;

the equality 4, := 4"/ B(t, Tp), for any choice of b € {0, ..., n}. In addition, we
write

wij . P’ BW.T)- Bt T,) B(T)-BWT,)
D @B, T) D @B, T)

keAq keAq

t T gSasMa T
A,

so that (3.1) yields, for every ¢ € [0, 7, A I, N T3,

j Sj.mj Rdd‘ _ Bb(t, Tv,) - Bh(ta 7;n,-)

K = K; === = — .
A7 AV Y @B T
kGAd
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Using the notation for generic values of stochastic processes appearing in the formula
above, we get

Xs; — xm/

(3.5) Kj=—"e"—, j=1,...1,
A, j Z Ajc Xy
keAy
and
Zﬁix,-
ied, .
(3.6) Wp = ey dyj=1,...,1L
> G
/CG.A(/

Inverse Problem (IP.2): We say that a family S = {51, ..., §} admits a solution to the
inverse problem (IP.2) if, every d, j € {1, ..., [}, the annuity deflated swap numéraire Zjl’/
can be uniquely expressed as a function of forward swap rates «/, .. ., k. More formally,
for any fixed d € {1,..., I} and for almost all (x|, ..., k) € R/, the system of equations
(3.5) and (3.6) can be solved for (oy1, ..., @4 ) and a unique solution is given in terms
of (k1,...,x;) only, i.e., it does not depend explicitly on variables xy, . .., x.

The following definition describes the class of families of forward swaps possessing
desirable properties from the viewpoint of dynamical properties of a market model.

DEFINITION 3.2. We say that a family S of forward swaps associated with 7 is weakly
A-admissible if for any choice of d € {1, ..., /} the following property holds: for almost

every (ki, ..., k;) € R/ there exists a unique nonzero solution (ety 1, . .., as;) € R’ to the
system of equations (3.5) associated with S and it is given in terms of (k1,..., k;) only.
If, in addition, the solution is strictly positive for almost every (ky, ..., k;) € RQ then we

say that a family S is .A-admissible.

We will now examine the relationship between the concepts of the (weak) 7-
admissibility and (weak) .A-admissibility. Lemma 3.3 shows that the (weak) 7-
admissibility of a family S implies its (weak) A-admissibility; the converse does not
hold, however, as will be demonstrated by means of a counter-example (see Example
3.4).

LEMMA 3.3. The (weak) T-admissibility of a family S implies its (weak) A-
admissibility.

Proof . If the family S is weakly 7 -admissible then the uniqueness of a solution to
the inverse problem (IP.1) holds and the unique vector of nonzero deflated bond prices
X’ admits a representation in terms of (k1, ..., k;) € R’. Consequently, in view of (3.4),
we conclude that S is weakly .A-admissible. Furthermore, if S is 7-admissible then for
almostevery (i, ..., k) € RL the solution to the inverse problem (IP.1) is strictly positive
and thus ag; = agj(k1, ..., k) is strictly positive as well. O

EXAMPLE 3.4. It is worth stressing that the weak 7 -admissibility is not a necessary
condition for the weak A-admissibility of a family S, since it is possible to produce an
example of a family of forward swaps, which is weakly .A-admissible, but fails to be weakly
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T -admissible. For this purpose, we set # = 3 and we consider the standard forward swaps
Sy ={To, T4}, S» = {T, T3}, and S3 = {T>, T3}. The linear system associated with
the family S = {S;, &, S} for b = 0 reads

X1
aiky  arky aszki 1 + a4k 1
X2
ajky  aky 1+ azko 0 =
X3
0 0 —1 1+ auk; 0
X4

A general solution to the corresponding inverse problem (IP.1) is thus given by

(—ark1y — arkiask3y + arkay + ark1kaasy) + asks — azky + azky — A3K1A4K3 + A304K3K) — (4K
X (=K1 — K1a4k3 + K2 + K2dsk1) a1

X2 Y
= wl (1 + asar3) (k1 — k2)
—K| — K1a4K3 + K2 + K2d4k

X4 K1 — K2

—K| — K1a4K3 + K2 + K2d4k|

where y is a generic value of the deflated bond price B°(¢, T»). It is thus clear that the
family S is not weakly 7 -admissible, since the required uniqueness of a solution to the
system C'X” = &° does not hold.

We will now show that the family S is weakly .A-admissible. To this end, we substitute
a solution into the deflated swap annuity equation (1.7) (or, equivalently, (3.3)), to obtain
the following expressions for generic values ag s, m,, j =1,2,3 of A" =1,2,3

as (—k3 + k2)

Q0,51,m =
P —K1 —161614163-l-Kz—I—I(szKl7
as (—k3 + k1)
a(),,\'z,m; = )
—K| — K1a4k3 + k2 + Kragky
K1 — k2
aO,Sj;,m; = -

—K| — K1a4k3 + K + Kaagky

We conclude that the deflated swap annuities can be uniquely expressed as functions of
forward swaps rates (k1, k2, k3) € R? and thus, in view of (3.4), it is now easy to see that
the considered family of forward swaps is indeed weakly .A-admissible.

Let us now consider a family of forward swaps S = {Si, ..., S}, which admits a
nonzero (but possibly nonunique) solution to the inverse problem (IP.1) for some b. This
means that the following equalities hold for some functions g”* and gﬁ‘k:

i
(3.7) =g e k) + Y gk k)X, YT T,

j=1
where the variables Xx,,, ..., X, correspond to the sub-family of deflated bond prices

which parameterize the solution to the linear system associated with S. By substituting
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equation (3.7) into equation (3.3), we arrive at the following equalities:
i
(3.8) R (ST R S/l (SR )
k=1

for certain functions g*/ and Zfﬁ"" . It is obvious that, independently of the choice of b,
the annuity deflated swap numeraire can now be expressed as follows:

i
~p b, j
iy, .. k) F E A (ST 7) R
k=1
(39) Old,j =

i

~ ~b,d

ghd(key, ... k) + ng Uity ey k)X,
k=1

We observe that the family S is weakly .4-admissible, provided that equation (3.9) can
be reduced to obtain

(3.10) ag ;=G ki, ... k)

for some nonzero rational functions G%/ : R’ — R. However, if the parameterizing
family of bond prices cannot be completely eliminated from (3.9) for some annu-
ity deflated swap numéraire oy, then the family of annuity deflated swap numéraires
A d, j =1,...,lisnot uniquely determined by the forward swap rates, which in turn
means the family S of forward swaps fails to be weakly .4-admissible.

3.2. Dynamics of Forward Swap Rates

We consider here a family of forward swap rate processes {«',..., «'}. Our goal is to
show that, under mild conditions imposed on a family of forward swap rate processes,
their joint dynamics are uniquely specified by a family of volatility processes with respect
to some spanning martingales. We first recall some results from stochastic calculus, which
will be used in what follows.

3.2.1. Girsanov’s Transforms. Throughout this section, the multidimensional Ito in-
tegral should be interpreted as the vector stochastic integral (see, for instance, Shiryaev
and Cherny 2002). Let us first quote a general version of the Girsanov theorem (see, for
instance, Brémaud and Yor 1978 or theorem 9.4.4.1 in Jeanblanc et al. 2009).

PROPOSITION 3.5. Let P and P be equivalent probability measures on (2, Fr) with the
Radon—Nikodym density process

dp

11 Z=—1,
(.11) =P s

Vielo, 7).

Suppose that M is a (P, F)-local martingale. Then the process

~ 1
= azom,
(

0.1 Zs

isa (ﬁ, F)-local martingale.
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Let M;,.(P) (M(P), resp.) stand for the class of all (P, F)-local martingales ((P, F)-
martingales, resp.). Assume that Z is a strictly positive (IP, IF)-local martingale such that
Zy = 1. Also let an equivalent probability measure P be given by (3.11). Then the linear
map W : Myo(P) = M;oe(P) given by the formula

1
(3.12) VAM) = M~ [ dZ ML Y M e M)
0,1] %
is called the Girsanov transform associated with the Radon—Nikodym density process Z.
By the symmetry of the problem, the process Z ~1is the Radon-Nikodym density of P
with respect to P. The corresponding Girsanov transform W -1 : M;,.(P) = M;,.(P)
associated with Z~! is thus given by the formula

W () = B — /(0 oz e M)
N

PROPOSITION 3.6. Let P be a probability measure equivalent to P on (Q, Fr) with the
Radon—Nikodym den sity process Z. T hen for any (IP’ F)-local martingale N there exists a
(P, F)-local martingale N such that

(3.13) N=N-—-|[| =dzN.
0. Zs

L,_
s_/ ) dea
00 4

From Proposition 3.6, it follows immediately that the process N given by (3.14) belongs
to the set (W2)~' (V). In fact, we have that N = (¥,)~'(N), as the following well-known
result shows.

The process Nis given by the formula

(3.14) ﬁ=M+/
0.1]

where we denote L = NZ.

LEMMA 3.7. Let N be any (Iﬁ, F)-local martingale and let the process N be given by
formula (3.14) with L = NZ. Then the process N is also given by the following expression:

(3.15) N=ﬁ—/ Z.d[z"', N].
(0.,7]

The ligear map Vz: M;,.(P) — /\/l/m,(ﬁ) is bijective and the inverse map (W)~ :
Mipe(P) = M, (P) satisfies (W)~ = W 1.

Let us finally recall the following standard lemma.

LeEmMMA 3.8. Let (2, F,F, P) be a filtered probability space and let for any j=1,...,1
the process Z/ be a strictly positive (P, F)-martingale with Ep(Zy) = 1. Then for any fixed
T > 0 and for each j =1, ..., I, there exists a probability measure P/ equivalent to P on
(2, Fr) with the Radon—Nikodym density process given by

dP/

arr i
(3.16) |, =2 el
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3.2.2. Construction of a Generic Market Model. We are in a position to examine a
general framework under which it is possible to derive the joint dynamics of a family of
forward swap rates. In the financial interpretation of the next condition, the processes
k',..., k' are aimed to represent forward swap rates for a family of forward swaps S,
whereas the processes Z', . .., Z' will play the role of Radon-Nikodym densities of swap
martingale measures with respect to the underlying probability measure P (in a practical

implementation, I is typically chosen to be one of the swap martingale measures).

ASSUMPTION 3.9. We are given a filtered probability space (2, F,F, P). We postulate
that the F-adapted processes k', ... k' and Z', ..., Z! satisfy the following conditions, for
everyj=1,...,1,

(i) the process Z/ is a strictly positive (P, F)-martingale with ]Ep(Zé) =1,
(ii ) the process K/ Z/ is a (P, IF)-martingale,

(iii) the process Z/ is given as a function of some subset of the family k', . . . k' ; specifically,
there exists a subset (™, ..., k"} of the full collection {x', ..., «'} of forward swap
rates and a function f; : RY — R of class C* such that Z/ = f;(k™, ..., «").

Parts (i) and (i) in Assumption 3.9, when combined with Lemma 3.8, yield the existence
of a family of probability measures P!, ..., P/, equivalent to P on (2, F7) for some fixed
T > 0, such that the process «/ is a (P/, F)-martingale for every j = 1,..., [, and this
in turn implies that «/ is a (P, IF)-semimartingale. Let us remark that the probability
measure P/ is called the jth swap martingale measure.

We deduce from part (iii) that the continuous martingale part of Z/, denoted by Z/¢,
admits the following integral representation:

(3.17) z =7+ Z/ af’ e ) diche

where «’¢ stands for the continuous martingale part of «'. To establish equality (3.17), it
suffices to apply the Ito formula and use the properties of the stochastic integral.

We will argue that, under the standing Assumption 3.9, the semimartingale decom-
position of ¥/ can be uniquely specified under P by the choice of the initial values, the
volatility processes and the driving martingale, which is henceforth denoted by M. For

the purpose of an explicit construction of the model for processes «',.. ., «!, we thus
start by selecting an R¥-valued (P, F)-martingale M = (M', ..., M*) and we define the
process / under P/ as follows, for every j = 1,..., [,
(3.18) K] =« + / «! o) dVI (M),

0.1

where o/ is the R*-valued volatility process and the (P/, F)-martingale W/(M) equals (see
(3.12))

(3.19) lIff(M)tzM,—/ —d[z“ M- ijAZgAM.

]
0.1 Z O<s<t =
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PROPOSITION 3.10. Under Assumption 3.9, if the processes k', . .., k' satisfy (3.18) and
(3.19) then for everyj =1, ..., I the dynamics of «’/ are

L

(o5

k
j i /v p f n n/
(3.20) del =) wl ol dM ~ k)

7
n j :
f_j(lc, e Ky ) ] 0x;
k o k
x Z K}]K;jio'f/']yo'fnimd[M’C,M”’c]l _ t; AZ}]ZO_X,L'AM;.
V4

v,m=1 1 y=1

Proof. Inview of formulae (3.18) and (3.19), it is clear that the continuous martingale
part of k/ can be expressed as follows:

=i+ [ ol
0,7]

and thus we infer from (3.17) that the continuous martingale part Z/-¢ of Z/ admits the
following representation:

(3.21) zf‘_Z’+Z/ a Kk )i d M.
0,1] xl

This allows us to express the process W/(M) in terms of M, the processes k!, . . ., k", their
volatilities, and the matrix [M¢]. To be more specific, we deduce from (3.19) and (3.21)
that (note that [M"¢, M¢] is an R*-valued process)

(3.22)
. /j 8f " k
von =y [ 2 G () Lol M A
o fi(eds .o, p x, —
1 .
- AZAM,
O<s<t z
where Z/ = f(k", oo k) and
i n/ n
AZ] = fi(k!", k) = filk k).

By combining (3.18) with (3.22), we arrive at formula (3.20). We thus conclude that,
under Assumption 3.9, by choosing the driving (PP, IF)-martingale M and the volatility
' ..., o/ in formula (3.18), we completely specify the joint dynamics of

processes o,
V..., k! under P. O

processes k',

Note that when using Proposition 3.10 we do not postulate that a model of forward
swap rates is already given; in fact, the goal of this result was to describe a general
approach to constructing such a model starting from some multi-dimensional driving
martingale M = (M',..., M*) and arbitrarily chosen R¥-valued volatility processes
o',..., 0! (of course, we should ensure that the stochastic integrals appearing in (3.20)
are well defined). Typically, a probability measure P is selected to be one of the swap
martingale measures P/ . Therefore, condition (iii) in Assumption 3.9 is a consequence of
the A-admissibility of a family S. This observation explains why we focused on the inverse
problem (IP.2) and the resulting concept of .A-admissibility. Intuitively, an .A-admissible
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family of forward swaps is self-consistent, meaning that the joint dynamics of forward
swap rate processes k', ..., ' are entirely determined by the choice of volatilities and

driving martingales.

ExXAMPLE 3.11. We consider the set-up introduced in Example 2.38. Our goal is to
specify the joint dynamics of the family of forward swap rates (x!, 2, ¥*) under a single
probability measure. To this end, we assume that we are given a family of volatility
processes o, for i, j =1, 2, 3 and a three-dimensional Brownian motion (W', W2, W3)
defined on a filtered probability space (2, F, F, P), with the correlation structure given
by d(W', Wi, = p,; " dt. We first recall that the family S considered in Example 2.38 was
shown to be 7-admissible and thus, by Lemma 3.3, it is also .4-admissible.

The swap annuities in this example are given by: 4"> =@ B(t, ), A"> =& B(t, T)
and A" = @ B(t, T3). Hence the annuity deflated swap numéraires for d = 3 are given
by A% = 4* =1and

7.1 523(17 B) _ ZiZBO(t’ Ti)

" @Bt T) @B, T

To derive the joint dynamics of (k!, k2, k3), we postulate that the probability measure
P is such that the process «* is a (P, F)-martingale, so that P = IP3, and we define the
probability measures dP’ = Z' dP for i = 1, 2, where the Radon—Nikodym density Z> =
1 and the Radon-Nikodym density process Z! is given by

Z=lp LA°_1B5GE)
c ¢ A3 e @ Bt, Th)

Lo _ 142 _ 1%B0 D)
t

where ¢ is a normalizing constant. Using the computations of Example 2.38, we see that

= fik} k] k}) = i~a7(1 + )

C1as (1 + azlc,)
and thus Z! is a strictly positive process provided that the forward swap rates «!' and «3
are strictly positive (the latter property is not obvious a priori, but it will follow from
equations (3.23) and (3.24)). To apply equation (3.20), we first compute the first-order
partial derivatives

o

3f1( 2 3)2155(1“‘53":3) Lﬁ(Kl 2 3):i

Ix o 6153(14-21‘2’61)2’ dxs T ¢ (1+a2"r1).

Using equation (3.20), we conclude that the dynamics of the process ' under the forward
swap measure IP? are given by

Lamel) 2(1 43 2 , S
ZK olidw 4+ 2 as( +32K's) i +a3/(,)2 > () ot el (W),
2 (1+a3x;)53(1+52'c}) =1

a(l+a . S
_ AL+ ZK‘ Mol dw, Wi,
(1 +a37) ( l+a 2k})

i,j=1
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that is,

%)

’%
_ 1 _Li i 2 i ij
_ZKIOI dW,’—I— = E a o, Tl di
i1 agkt i =1

i
— E kol ‘o) pi dt,
1-{—031( Py’

while the processes k> and «> are governed under P> by

3 3
(3.23) dit =3 il AW, dk} =Y kjo} dW.
i=1 i=1

The last formula holds, since the Radon-Nikodym density Z is identically one. This
peculiar feature comes from the fact that the swaps S, and S in Example 3.4 only differ
by the start date and both have a unique settlement date 7'5. Moreover, one can check
that the process Z! is indeed a strictly positive (P, F)-martingale and under P! we have
that

3

(3.24) de! = «lo " dW,

where (W', W2, W?) is a Brownian motion under P! with the same correlation struc-
ture as the underlying Brownian motion (W', W2, W3). We note that for i = 1, 2, 3
the processes k' are strictly positive under P = IP3, since the process «' is a stochastic
exponential under P’ for each i = 1, 2, 3, and the probability measures P’ are equivalent
to each other.

Let us conclude this section by pointing out that the weak .A-admissibility (see
Example 3.4 for such family) is not sufficient for specification of the joint dynamics
since, on the one hand, we cannot guarantee that the Radon—Nikodym density processes
are strictly positive and, on the other hand, if one were able to derive some model of
the joint dynamics of forward swap rates, it is likely to be inconsistent in the sense that,
without additional assumptions, the swap annuities could fail to be positive. For more
details and explicit examples of applications of Proposition 3.10 in the context of market
models of CDS spreads, the interested reader is referred to Li and Rutkowski (2011).

APPENDIX
In the Appendix, we provide the proofs of Propositions 2.24 and 2.37.

A.1. Proof of Proposition 2.24

(i) = (ii). Let us first assume that C” is diagonalizable. We need to show that there
is no (7, b)-inadmissible subset S. Let us consider the diagonalized version of C? and
let us take any subset S of 8. If the subset has k elements then the number of variables
associated with S is at least equal to k, since the number of distinct nonzero terms
corresponding to S that come from the diagonal of C? equals k. One can also argue that
if a vertical block exists in C” then, by inspection, the matrix cannot be diagonalized.
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(i1) = (1). The proof of the implication (ii) = (i) in Proposition 2.24, which is presented
here, hinges on the inductive argument. An alternative proof, based on a more explicit
algorithm for a fixed number of forward swaps, is also available from the authors upon
request.

Let us now assume that (ii) holds so that there is no (7, b)-inadmissible subset S of
S. We will proceed by induction. Suppose that the implication (ii) = (i) is true for any
(Il — 1) x (n — 1) matrix. We will argue by contradiction. Suppose that (ii) holds, but
C? cannot be diagonalized. This means that for every nonzero term Cl.1,---,Clq in the
first row, the (/ — 1) x (n — 1) sub-matrix obtained from C” by deleting the first row
and the column corresponding to nonzero term cannot be diagonalized (without loss of
generality, we assume here that the entries ¢; 1, ..., ¢;.4 in C® are nonzero and ¢; 4,1 =

-=c1, =0forsomed € {l,..., n}. Indeed, if for some nonzero c; ; the (/ — 1) x (n
— 1) sub-matrix can be diagonalized then, obviously, the matrix can be diagonalized as
well.)

Therefore, by the inductive assumption, for any i = 1, ..., d there exists a subset §l of
“shorter” swaps (that is, forward swaps without the variable x;) which is not admissible
with respect to the reduced set of variables (dates). For each i =1, ..., d, we select the
subset [5‘7 with the least number of elements. Let k; be the number of swaps in §, Then
the number of the corresponding variables #; (dates) is less than k;, thatis n; < k; — 1.

We will argue that by taking the union U?_ 1§i of the corresponding “longer” swaps and
by adding the first row (i.e., the first “longer” swap) we will produce a (7, b)-inadmissible
subset S of S. This will mean that a contradiction arises since we have assumed that (ii)
holds.

Let us first examine the special case when the sets S; are pairwise disjoint. Then the
above conclusion is rather obvious, since in the union UZ_, S; the number of forward swaps
equals Z -1 ki, whereas the number of variables is given by the following expression:

d

d
Zni < Zkl —d
i=1

i=l1

By supplementing the first row (i.e., the first swap) we obtain a famlly S with Z ki +1
swaps in which the number of Varlables is less or equal to Z, L ki (we have to add d
variables that come from the first swap).

Let us now consider the general case, where an overlap between S; and 5‘ j may occur.
We will now argue by induction with respect to i = 1,..., d. Suppose that for some
v < d — 1 the number of swaps in U‘_IS is greater or equal to the number of variables
corresponding to U;_ S plus v. We argue that the number of swaps in U‘+ S, is greater
or equal to the number of variables corresponding to UV“S plus v + 1. If some swaps
from SH | are already in U‘_IS,, they do not add any new Varlables (except for, perhaps,
some of the variables x1, ..., x,).

Let us then suppose that there are g swaps that are in S:er]a but not in U}'zlgl-. The
number of new variables corresponding to these swaps is no more than g — 1; we use here
the property that we have chosen the subset S, ,; with the least number of elements, so
that the number of variables corresponding to k,, | — g swaps that are already in U}’:1§i
equals at least k,.; — g and the total number of variables corresponding to ‘§v+1 is no
more than k,,; — 1. Therefore, the number of swaps has grown by g and the number of
variables by g — 1, as desired (plus, perhaps, some of the variables xi, ..., x,).
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By induction with respect to i = 1,..., d, we conclude that the number of swaps in
S is greater or equal to the number of variables corresponding to U; _18 plus d. By
supplementlng the first row (first swap) we obtain a family S in which the total number
of swaps is strictly greater than the number of variables (dates). This completes the proof
of the lemma. |

A.2. Proof of Proposition 2.37

We work here under the assumption that / = n and we assume that the family S is
T -admissible and satisfies Property (A). This implies, in particular, that S is weakly 7 -
admissible and the solution to the linear system C’%* = & is strictly positive for almost
all generic values of (x1, . . ., k,) € R’} Asusual, we denote by A; the indices of settlement
dates of the forward swap S; and let 4= A \ {m;}. Our goal is to show that no two
forward swaps start on the same date. Suppose, on the contrary, that there exist two
forward swaps, Sy and S; say, starting on the same date, so that 7, = 75, = T; for some
s.

By rearranging the forward swap equations generated by S and S;, we obtain

(A1) B'(t,T)= B'(t. T,) + x| Y a;B'(1, T))
JeA;

and

B'(t, T)—«f Y a;B'(1, T})
jeﬂk

A2 B , I) =
(A2) (t, ) (Em

After substituting (A.2) into (A.1), we get

Ay Ki Xs — Ay KK E a;Xx;
je
(1 + akak)

X=X (L4 ap) +o Y apx;+
JeANm)

where we use the shorthand notation «; = /qi and x; = B"(t, T;). By rearranging the
above equality, we obtain

(I+ Ay Kie — am/(Ki)x.y =1+ amAKk)(l + anTin)'x’”[ +(1+ al77AKk)Ki Z a;xj

JeAiNmy)
— amKiKk § ajXx;j.

jed
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Consequently,

(I + am ki — amerci)xs = (1 + @i )(1 + @y kcic) Xom, + (1 + amki)ici Z a;jxj
JeANA

k(L F dpki) = Amki) Y aX) — dpkikic Y a4,
jEJZ, NAk jE./Zk\./Zi

= (1 + am,-Ki)(l + am/(Kk)xm,v + (1 + anq/(Kk)Ki Z a;Xx;
JEANA
+ K Z a;xX; — dy KiKj Z a;x;.
jEfT,‘ ﬂjk jE-Zk\JZi
Under the assumption that 7(S') C 7(S'), we have that A; 0 Ay = A and

A KiKi Z LlejZO.
JeA\A;

This in turn yields the following equality

(1 + Ay Kk — an7/‘K[)XY = (1 + am,Ki)(l + akak)xm,- + (1 + akak)Ki Z anj
JEANA
“+ Ki Z anj.
jed
We thus conclude that x; is given by

(1 + al;z,Ki)(l + akak)xmi + (1 + (lkak)K[ Z a;xj +Ki Z ajXj
JeAN A jeAind,

Xy =
1 + A Kk — AmKi

Assume that (xi, ..., k,) € R} and x; € R, for every i # s. Then the deflated bond price
x; = B'(t, T) is strictly positive if and only if 1 + a,,, kx — @m.k; > 0. This contradicts
the assumption that S is 7(S)-admissible, since it is not true that x; is strictly positive
for almost all generic values of («1, ..., k,) € R, O
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Several approximations have been proposed in the literature for the pricing of
European-style swaptions under multifactor term structure models. However, none
of them provides an estimate for the inherent approximation error. Until now, only
the Edgeworth expansion technique of Collin-Dufresne and Goldstein is able to char-
acterize the order of the approximation error. Under a multifactor HIM Gaussian
framework, this paper proposes a new approximation for European-style swaptions,
which is able to set bounds on the magnitude of the approximation error and is based
on the conditioning approach initiated by Curran and Rogers and Shi. All the pro-
posed pricing bounds will arise as a simple by-product of the Nielsen and Sandmann
setup, and will be shown to provide a better accuracy—efficiency trade-off than all the
approximations already proposed in the literature.

KEY WorDSs: Gaussian HIM multifactor models, European-style swaptions, conditioning approach,
rank 1 approximation, lognormal approximation, stochastic duration, Edgeworth expansion, hyper-
plane approximation, low-variance martingale approximation.

1. INTRODUCTION

The main purpose of the present paper is to offer a fast and extremely accurate analyt-
ical approximation for European-style swaptions under a multifactor Gaussian Heath,
Jarrow, and Morton (1992)—HJIM, hereafter—framework.

European-style swaptions are essentially options on coupon-bearing bonds, that is, on
a portfolio of pure discount bonds. Under several single-factor term structure models,’
a European-style swaption can be valued analytically through its decomposition into a
portfolio of options on zero-coupon bonds—see, for instance, Jamshidian (1989) under
the Vasicek (1977) model, or Longstaff (1993) for the Cox, Ingersoll, and Ross (1985)
setup. However, under a (more realistic) multifactor term structure framework, no exact
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closed-form solution has ever been found for European-style swaptions, because the
optimal exercise boundary involves a nonlinear function of several random variables,
whose joint probability density is unknown.

Since European-style swaptions are among the most widely traded fixed-income deriva-
tives, it is not surprising that several pricing approximations have been proposed in
the literature. El Karoui and Rochet (1989) obtained an analytical approximation for
European-style options on coupon-bearing bonds, under a multifactor Gaussian HIM
model, by using a proportionality assumption. Such assumption enables the exercise
boundary to be expressed as a monotonic function of a univariate normal random vari-
able and is equivalent to the rank I approximation suggested by Brace and Musiela
(1994). Still under the same framework, Pang (1996) approximates the probability dis-
tribution of the underlying coupon-bearing bond by a lognormal distribution, which
has the same first two moments. Although it is well known that the sum of lognormal
random variables is not lognormally distributed, the price of a coupon bond weighs
mostly its last pure discount bond price component (i.e., the one associated with the
redemption of the bond’s face value and with the payment of the last coupon). There-
fore, the intuition behind the lognormal approximation proposed by Pang (1996) is that
the probability distribution of the coupon-bearing bond price should essentially depend
upon the probabilistic behavior of its last component, which is lognormally distributed
for the Gaussian framework considered.

A completely different approach was undertaken by Wei (1997), for single-factor
models, and developed by Munk (1999), for any multifactor term structure model. These
authors approximate the price of a European-style option on a coupon-bearing bond by
a multiple of the price of a European-style option on a zero-coupon bond with maturity
equal to the stochastic duration® of the coupon-bearing bond (and with an adjusted
strike price). A similar approach is also pursued by Schrager and Pelsser (2006), since
these authors approximate the affine dynamics of the swap rate (under the relevant swap
measure) by replacing some (low variance) martingales by their expectations.

Under the Duffie and Kan (1996) general affine class of interest rate models, Singleton
and Umantsev (2002) approximate directly the optimal exercise boundary through a
linear function of the model’s factors, which enables all the relevant exercise probabilities
to be computed through the Fourier transform method of Duffie, Pan, and Singleton
(2000, Proposition 2).* The basic idea is to use a hyperplane to approximate only the
segment of the concave exercise boundary where the density of the state variables is
mostly concentrated. For an A;(2) specification, these authors outperform the stochastic
duration approach, both in terms of accuracy and speed.*

All the previous approximation schemes are uncontrolled in the sense that the order or
magnitude of the approximation error is unknown. The only exception corresponds to
the Edgeworth expansion technique, applied by Collin-Dufresne and Goldstein (2002)
to the family of affine term structure models, and extended by Collin-Dufresne and

2The stochastic duration of a coupon-bearing bond can be defined as the maturity of a pure discount
bond with the same instantaneous variance of relative price changes.

3Moreover, the numerical (and time-consuming) solution of the complex-valued ordinary differential
equations stated in Duffie, Pan, and Singleton (2000, equations 2.5 and 2.6) can also be avoided through the
Gaussian approximation and the Gauss—Hermite quadrature approach proposed by Joslin (2010, appendix
B). However, under the Gaussian framework adopted in this paper, such approximation is unnecessary
because the transition density function of the model’s factors is known in closed form.

“Note that any n-factor affine term structure model can be cast (through an appropriate invariant
transformation) into the A,,(n) canonical formulation of Dai and Singleton (2000, definition 1), where m
(<n) is the number of state variables driving the factor’s variances.
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Goldstein (2003) to the HIM and to the random field affine frameworks. As long as the
moments of the underlying coupon-bearing bond can be obtained analytically (under
all the necessary forward measures), the corresponding probability density functions can
be approximated through a (truncated) cumulant expansion, whose highest order term
characterizes the order of the approximation error. Through Monte Carlo experiments,
these authors have reported an accuracy level that is much higher than the one associated
with earlier applications of Edgeworth series expansions to the pricing of Asian options—
see, for example, Turnbull and Wakeman (1991). Since the Edgeworth expansion is a series
expansion about the normal distribution, the authors argue that it seems natural that its
accuracy increases for underlying assets characterized by lower volatility regimes, as it is
the case for interest rates (when compared against the equity market).

The novel approximation for European-style swaptions proposed in this paper is based
on the conditioning approach initiated by Curran (1994) and Rogers and Shi (1995) in
the context of Asian option pricing, and extended by Nielsen and Sandmann (2002) to
a stochastic interest rate setting. This new pricing approach is restricted to a multifactor
HJM Gaussian setup, but should be faster to implement than the Edgeworth expansion
technique, and will provide explicit (and tight) bounds for the approximation error.

The analytical tractability provided by the multifactor Gaussian—but not necessarily
Markovian or time homogeneous—HIM term structure model proposed is obtained
at the expense of an important theoretical drawback: interest rates are assumed to be
normally distributed, and can therefore attain negative values with positive probability.
But even though the no-arbitrage Gaussian setup adopted in this paper is more restrictive
than, for instance, the more general affine framework used by Collin-Dufresne and
Goldstein (2003), the extremely accurate pricing solutions to be proposed in this paper can
always be used as control variates for more general diffusion pricing models. Moreover
and following, for instance Nunes, Clewlow, and Hodges (1999, theorem 1) or Kristensen
and Mele (2011, definition 1), the Gaussian pricing formulae offered in this paper can
also be used as the (most accurate) zero-order term of the perturbed or Taylor series
expansion pricing solution associated to a more general affine term structure model.
However, the extension to stochastic volatility term structure models is outside the scope
of the present paper, whose contribution is, nevertheless, the derivation of an extremely
accurate and controlled approximation for European-style swaptions under a multifactor
Gaussian HIM framework.’

The Gaussian framework adopted also offers a common ground for the comparison
of all alternative pricing methods. Since the conditioning approach proposed will pro-
vide extremely tight bounds for the approximation error, it will be possible to compare
rigorously the accuracy and efficiency of all the approximations already proposed in the
literature for European-style swaptions. The alternative approximations have been com-
pared in the literature against benchmark prices obtained through Monte Carlo studies
that involve different levels of accuracy. For instance, Collin-Dufresne and Goldstein
(2002, page 16) run 2 x 10° simulations, whereas Schrager and Pelsser (2006, page 689)
simulate only 500,000 paths, all using standard variance reduction techniques. Based
on a much more demanding setting—involving 10° simulations, coupled with antithetic
variates—to produce the Monte Carlo proxy of the exact swaption price, this paper will

SFollowing Nunes et al. (1999, equation 14) or Kristensen and Mele (2011, equation 17), the higher order
(although less significant) terms of the perturbed or Taylor series stochastic volatility expansion must be
obtained through the nontrivial differentiation of the proposed Gaussian pricing solution with respect to
the vector of state variables. Such extension is left for future research.
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show that the conditioning approach significantly improves upon the existing literature
in both speed and accuracy.

Next sections are organized as follows. Section 2 summarizes the multifactor Gaussian
HJM model adopted. Section 3 uses the conditioning approach to derive explicit lower
and upper bounds for the price of European-style swaptions. Section 4 runs several
Monte Carlo experiments to compare the accuracy and efficiency of these explicit pricing
solutions against all the approximations already proposed in the literature. The main
conclusion, stated in Section 5, is that the conditioning approach offers the best accuracy—
efficiency trade-off for the pricing of European-style swaptions.

2. MULTIFACTOR GAUSSIAN HIM MODEL

We consider a stochastic intertemporal economy defined on a finite trading interval
T = [t, 7], for some fixed time t > . Uncertainty is represented by a filtered probability
space (2, F, Q), where all the information accruing to all the agents in the economy is
described by the augmented, right continuous, and complete filtration F ={F, : t € 7}
generated through the standard Brownian motion W2 () € R”, initialized at zero and
defined under Q. The probability measure Q represents the martingale measure obtained
when the “money market account” is taken as the numéraire of the economy underlying
the model under analysis.°

The Gaussian HIM model under use can be formulated in terms of pure discount
bond prices, which are assumed to evolve through time (under measure Q) according to
the following stochastic differential equation:

dpP(t, T)
P, T)

where P(¢, T') represents the time-¢ price of a (unit face value) zero-coupon bond expiring
attime 7, forall T € 7 and ¢ € [#y, T, r(¢) is the time-¢ instantaneous spot rate, and “-”
denotes the inner product in R”. The n-dimensional adapted volatility function o (-, T) :
[, T] — R" is assumed to be deterministic and to satisfy the usual mild measurability
and integrability requirements—as stated, for instance, in Lamberton and Lapeyre (1996,
theorem 3.5.5)—as well as the “pull-to-par” boundary condition o (u, u) = 0 € R", Vu €
[, T).

Using, for instance, Nunes (2004, proposition 2.2), it is well known that equation (2.1)
yields the following solution, for any arbitrary forward measure Q°:

P(19, Tp) 1
230, b —=glto, T, Tp) + l(t0, T, Ty, T,
P(tO,Y;)eXp 2g(o b) + (00, To, Th, 10)

(2.1) =r()dt+o(t, T - dW2(0),

(22 P(T,. T) =

T,
+ / [0 (s. ) = o s, n)]ﬂdW@ﬁ(s)},
to
fortg < T, < Tpand T, > t,, with’

T,
23) alto, Ty, ) = / lo(s. Ty) — o(s. T,)|1%ds.

to

%Meaning that the relative prices of all assets with respect to the numéraire given by a “money market
account” are Q-martingales.
7|I-Il denotes the Euclidean norm in R” .
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T,
24 (1, Ta, Tp, Tc) := / lo(s, T) —o(s, T - [o(s, ) — o (s, To)]ds,

and where
AW (1) = dW (1) — o (¢, T,) dt

is also a vector of standard Brownian motion increments in R” —with the same standard
filtration as d W2 (r) —but defined under the Q¢ forward measure, which arises if the
numéraire is changed to a zero-coupon bond with maturity at time 7', and is defined
through the Radon-Nikodym derivative

‘Zl%’ F, = exp [/,Oto(s, Ty - aw) - 5 / o, Tf)nzds].

3. CONDITIONING APPROACH

This section adapts the conditioning approach of Nielsen and Sandmann (2002) to the
valuation of European-style receiver swaptions, that is European-style put options on a
swap rate. More precisely,”

DEFINITION 3.1. The terminal payoff of a European-style receiver swaption with strike
rate C, maturity at date Ty (>1y), and on an interest rate swap (IRS) with a unit nominal
value and reset dates 7y < --- < Ty, is equal to

No
3.1) [C = yon(TOTT Y P(Ts, T,

i=l

where t; is the year fraction between 7';,_; and T; (under some market daycount conven-
tion), and

(3.2) o (To) = M
Y uP(T, T)

i=l1

is the time-T7y spot swap rate.

Definition 3.1 assumes, as is common market practice, that the swaption maturity co-
incides with the first reset date of the underlying IRS (i.e., time T). Therefore, combining
expressions (3.1) and (3.2), and as shown, for instance, by Singleton and Umantsev (2002,
equation 5.2), the terminal payoff of the 7y x Ty, receiver swaption can be rewritten as

No +
(3.3) [CZI,- P(T, T)) + P(To, Ty,) — 1} ;

i=l

8European-style payer swaptions can be priced through the payer—receiver swaption parity stated, for
instance, in Longstaff, Santa-Clara, and Schwartz (2001, page 2073): a long position in a European-style
receiver swaption and a short position in a European-style payer swaption (with the same strike rate and
tenor structure) is equivalent to a receiver forward swap with start date at the maturity date of the swaptions
and fixed interest rate equal to the strike rate.
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which corresponds to the terminal value of a European-style call with strike equal to the
unit nominal value, with maturity at time 7'y , and on a coupon-bearing bond promising
Ny cash flows of value Ct; + 1=y, at times T; (with i =1,..., Ny), where 14, is the
indicator function of set A.

For simplicity, the pricing bounds derived in the next lines will be specified for
European-style calls on a coupon-bearing bond. Given the equivalence between ex-
pressions (3.1) and (3.3), the valuation formulas obtained are also applied, in Section 4,
to the pricing of European-style receiver swaptions.

3.1. Lower Bound

Denote by ¢, [B(t); X; To] the time-#, fair price of a European-style call with strike
X, expiry date at time Ty (>1y), and on a coupon-bearing bond with present value
B(t)). Following Geman, El Karoui, and Rochet (1995), and since Q is assumed to be a
martingale measure with respect to the numéraire P(t, T), then’

(34 ol B(to); X; To] = Plto, T)Eq,{[B(to) — XI"1F,}.

As in Rogers and Shi (19995), let Z € R be any F7; -measurable random variable. From
the law of iterative expectations and using Jensen’s inequality,

(3.5) ¢ [B(to); X; 1)) = P(to, T)Eq,(Eq,[(B(t) — X)"|Z]|F,}
> ¢, [B(1o); X; To),

where

(3.6) ¢! [B(ty); X; o] := P(to, T)E,{[Eq,(B(t)|2) — XI"|F,}

defines a lower bound for the true call option price. The next proposition provides an
explicit solution for the conditional expectation on the right-hand side of equation (3.6),
by assuming a standard normal distribution for the conditioning variable. Later—in
Proposition 3.6—the conditioning variable Z will be completely defined in order to
minimize the inherent approximation error.

PROPOSITION 3.2. Under the Gaussian HIJIM model (2.1), the time-ty price of a
European-style call with strike X, with maturity at time Ty (>ty), and on a coupon-bearing
bond with present value B(ty) and generating Ny cash flows of value k; i =1, ..., Ny) at
times Ti < --- < Ty, (with Ty = Ty), is bounded from below by

(3.7)
ch [B(to); X: To] = P(to, Ty)

+
P(fo,T) 1 )
E ki—— —=m(ty, Ty, T; t, 1o, T)Z ) — X Fit,
x Eq, |:§ P(to,YZ)) ( 2””(0 0, 1)" + m(t, Ty, T;) %

9]E@( (Y]F,) denotes the expected value of the random variable Y, conditional on 7, and computed
under the equivalent martingale measure Q..
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where Z~N'(0, 1) and'®

T
38)  m, T, T) :=E@0{Z / [o(s, T) — o(s, T - d W (s)

fo

‘E{)}'

Proof. Since N cash flows k; (i = 1,...,Ny) will be generated by the underlying
coupon bond between the option’s expiry date (7) and the bond’s maturity date (7y,),

then
Z]

No
=Y kEq,[P(T, )| Z].
i=1

No

(3.9) Eq,[B(t)|Z] = Eg, [Zk,- P(Ty, Ty)

i=1

The conditional expectation of each discount factor follows from equation (2.2), with 7,
=T, =Tpand T, =T;:

P(t, T;)

1
(3.10) Eq,[P(T, T7)|Z] = P, 1) P [—Zg(fo, T, Ti)]

T

Eq, {GXP [/ (s, ) —o(s, T)) - dW@“(S)” Z} :
1}

Assuming that Z possesses a standard univariate normal distribution, since

Ty
[o(s, T}) — o (s, )] - dW(s) ~ N'(0, g(to, T, T7)),

ty

and following, for instance, Mood, Graybill, and Boes (1974, page 167), then

T
(3.11) [o(s, ) — o (s, T)] - dW?(s)| Z~ N'(m(ny, Ty, T)Z, v(T;, T})°),

fo

with
(3.12) wW(T, T = gto, Ty, T}) — m(ty, Ty, T})%,

and where the deterministic function m(zy, T, T;) is defined by the covariance (3.8).
Applying result (3.11) and attending to the definition of the moment generating func-
tion of a normal random variable, equation (3.10) becomes

P(ty, T 1
(3.13)  Eq,[P(T, T Z] = (to, 1) Xp [—21%00, T, T)* + mlty, T, T,-)Z] :

—ec
P(1, To)

Combining equations (3.6), (3.9), and (3.13), the lower bound (3.7) follows immediately
for the call price. O

Note that the quasi-analytical pricing solution (3.7) still involves a single integration
over the domain of Z. In order to obtain an explicit solution for equation (3.7), and

10Hereafter, the notation Y ~N'(u, 02) is intended to mean that the one-dimensional random variable

Y is normally distributed, with mean x and variance o 2.
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following Nielsen and Sandmann (2002), we consider the following family {P, N/, M} of
disjoint sets such that PUN UM ={1,..., Ny} =D

(3.14) P:={i € D:m(t, T, T;) > 0},
(3.15) N:={i eD:m(t, T, T;) < 0},
and

(3.16) M :={i e D:mlty, Ty, T;) = 0}.

Hence, equation (3.7) can be rewritten as

.
(A7) L [Blo): X: T = Pl ]B)E@o{[z oo, 1) T’)f(Z) X}

ﬁ0]5

i€PUN P(t
where
P, T;
(3.18) X=x->k P(O T)
= P, T
and
1
(3.19) Ji(Z) := exp (—ZM(to, T, T,)* + m(to, To. T,-)Z> :
Since k; and £%-1) are positive and because all functions f;(Z) are convex, for all values

. P(ty, To)
of i, then equation

P(ty, T;)
(3.20) § ki———= fi(2) =
iePUN ( T)

possesses either zero, one or two solutions in Z. Similarly to Nielsen and Sandmann
(2002, Definition 1),

DEFINITION 3.3. Let the two possible solutions of equation (3.20) be represented by
z, and z*, where z, < z*.

o If P # @ but N' = @, then define the unique solution by z* and set z, = —o0.

o If P = @ but N # @, then define the unique solution by z, and set z* = co.

o If P # ¢ and NV # @, then either two solutions z, and z* exist or no solution exists
and z, = z* = o0.

PROPOSITION 3.4. Under the assumptions of Proposition 3.2,

(3.21)
 [B(o): X; To) = Y ki P(to, T)®[z. — m(to. Ty T)] — XP(ty, Ty)®(z.)
iePUN
+ Y ki P, TY®[m(to, Ty, T)) — 2] = XP(to, T)®(—2"),
iePUN

where ®(-) represents the cumulative density function of the univariate standard normal
distribution, X is defined by equation (3.18), while z, and z* are given by Definition 3.3.
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Proof. Applying Definition 3.3, equation (3.17) can be restated as

(3.22)
¢ [B(): X: Tyl = P(y, TEq, { [ > bl - X} 1izee)

i€ePUN P(Z

-f.l()]
|7

P(t, T;)
+P(t,T)E0{|: ki——fi(Z) — X} Zzz
nme ie;V P(t T)

Since Z~N'(0, 1) and using equation (3.19), equation (3.22) yields
¢r,[B(10); X; To]

= 2. kiP(o. T) f = P {—[z — m(ty. Ty, 7:)]2} dz — XP(ty, Ty)®(z.)
iePUN o0

o0 1 R
+ Y kP [ le_nexp{—z[z—m(zo, 7, T,-)F}dz—XP(zo, T)b(—=),

i€PUN

and equation (3.21) follows immediately. O

Instead of the method proposed by Nielsen and Sandmann (2002) that relies on
the numerical solution of equation (3.20), one could also have solved equation (3.7)
through Lord (2006, theorem 1). However, and if the covariance function m(ty, T,
T;) is not monotone in 7;, Lord (2006, theorem 1) would require the numerical and
time-consuming minimization of the function Eq, ( B(#%)| Z).

The pricing solution (3.21) will only become a completely explicit solution after the
specification of the conditioning random variable Z, which will define the deterministic
function m(ty, T, T';). For that purpose, and following Rogers and Shi (1995) and Nielsen
and Sandmann (2002), the minimization of the approximation error will be pursued.

3.2. Upper Bound
Following Rogers and Shi (1995, equation 3.5),
(3.23)

1
Eq,{Eq,[(B() — X)"|Z] — [Eq,(B(1)|Z) — X]"|F,} < iE@(]{vvar[B(to)IZ]IFm},
where

(3.24) var[ B()| Z] := Eq, {[B(th) — Eq,(B()| 21’1 Z}

represents the conditional variance of the time-7'y underlying coupon bond price. There-
fore,

PROPOSITION 3.5. Under the Gaussian HJIM model (2.1), the time-ty price of a
European-style call with strike X, with maturity at time Ty (>t,), and on a coupon-bearing
bond with present value B(ty) and generating N cash flows of value k; (i = 1,...,Ny) at
times Ty < --- < T, (with T > Ty), is bounded from above by

(3.25) ¢ [B(to); X: To] = ¢} [ B(to); X; Tyl + &,,[ Bto); X; To).
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where the lower bound cﬁO[B(to); X; Ty] is given by Proposition 3.4 and the implicit approxi-
mation error is defined by

1
(3.26) eu[B(to); X; To] := 5 Pln, To)v'Eq, {var[ B(1)| Z]| F, },
with
(3.27)
No No

P(n, T) P(to, T))

Eq, {(var[B(0)| ZI1F} = ) ) kik; P(ty, To)?

i=1 j=I
X {exp[l([()a 7?)’ Tf" T})] - exp[m(t()v 72)7 Z)m([()s 7—()7 T})]}

Proof. Multiplying both sides of inequality (3.23) by the discount factor P(¢,, T) and
applying Cauchy—Schwarz inequality, as in Nielsen and Sandmann (2002), then

1
¢ [Bto): X: Tl = ¢, [ B(to): X; To] < 5 P(to, To)y/Eq, (Var[ B(w)| Z]1 7, 1

and equations (3.25) and (3.26) follow.
Concerning the conditional variance, equations (2.2) and (3.13) yield

B(t)) — Eq,(B(10)|2)

P(Ty, T; 1
= Z (%o ){ P|:_2g(10, Ty, T;) +

Ty
P(th 1) (o(s, ;) — a(s, 1)) dW@U(S)i|

)

1
—exp [—2’74(10, T, T)* + m(ty, Ty, E)Z” .

Applying definition (3.24) and using the conditional probability distribution (3.11), then

(3:29) N o0 P(ty, TPt T))
var[ B()| Z] = ;;kk °"—D°;’{exp[v(r-, T’ - 1)
X CXP{[m(lo, 1y, T) + m(to, 1o, T))]1Z — % [m(to, T, T)* + m(to, Ty, T/)z]},
where
(3.29) WL, T))* = l(to, Ty, T;, Tj) — m(to, Ty, Tym(to, Ty, T))

corresponds to the conditional covariance between f o [o(s, T}) — o (s, T))] - dW(s)

and ftT“[o(s, T) —o(s, T)] - dW(s). Taking expectations of both sides of equa-
tion (3.28), and since Z~N'(0, 1), the analytical solution (3.27) arises. |

Proposition 3.5 shows that with the purpose of minimizing the option’ approximation
error, Z shall be chosen in order to reduce the quantity (3.27). The next proposition
provides a first-order approximation for the (unknown) argmin z Eq, {var[ B(%)| Z]| F; }.
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PROPOSITION 3.6. Under the Gaussian HIM model (2.1), if

No e
1 P(ty, ;) [
3.30 7= — k; o(s, T)) — o(s, Tp)] dWQos,
(3.30) a; o Ty J, 106 T o T (5)
with
N N
P(ty, T}) P(to, T))
3.31 2= ok, —— 122 g T, T
(3.31) a ;; T P To? (t0, T T),
then
(3.32) Z <« N'Y(0, 1),
1 & Phy, T)
3.33 .. T)=—Y ki——LIty, T, T;, T)),
(3.33) m(ty, Ty, T;) a;‘]P(to,To)(o 0, 17, T7)
and
(3.34) Eq, {var[ B(1)| Z]| F,,} ~ 0.

Proof. From equation (3.31), since «®> = Eq,[(«2)*|F,], with Z defined through
equation (3.30), then condition (3.32) is verified.
Using definition (3.8), then

T
mlto, To, T7) = Z b e | [ oo, 1) =t Y - aw )
£

which yields equation (3.33) after considering definition (2.4).
Finally, applying the first-order approximation exp (x) ~ 1 + x to equation (3.27), then

Ty
x / [o(s. T) — o(s, )] - dW20(s)

lo

No No
(3.35)  Eq,{var[B(n)| Z]| F,,} ~ e T
o, varl B Z)1 7, ;; T P, )2

X {l([()v 767 ];a T;) - m(l()a 7()3 Yz)m(t()’ 7()5 T;)}
Moreover and using the analytical solutions (3.31) and (3.33), it follows that

m(to, To, T)) m(to, To, Tj)

P(t, Tp) P(ty, )
{ka Pao 1 0 o T Ti)} [Z TR R,I;,Tf)}

N N

P(1y, T)) P(to, Ty)
szpqul([(h 1o, 1,, 1;)

p=1g=l1
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Therefore,
N N
P(1, T))P(t, T;
Y Y kik; L;Oz) (10, Ty, T)ym(to, To, Tj)
i=1 j=I )
N No
P(ty, Ty) P(to, Ty)
kki—————Il(ty, Ty, T,,, T;
X_;;p P(1, Ty)? (to- T, 7. T)
%i i P TP, T, )
— = ™ P([O, ]—6)2 0 0’ p7
p=1q=
N No
P(ty, 1;) P(to, T})
ki ————1 2 )1y, Ty, T, T,
ZIZI " Py, Th)? (0. 7. T 7))
q=1 j=
N No
P T, ]: P(Ty, T;
=SS ik DRIV T

2

i=1 j=I ]6)
where the second equality follows by replacing i with ¢ in the numerator of the second
line and ¢ with 7 in the third line. Consequently, the right-hand side of equation (3.35)
becomes equal to zero, i.e., result (3.34) is obtained. O

4. NUMERICAL ANALYSIS

The purpose of the numerical experiments contained in this section is to compare the
accuracy—efficiency performance of the conditioning approach against the rank 1 ap-
proximation of Brace and Musiela (1994), the lognormal approximation of Pang (1996),
the stochastic duration approach of Munk (1999), the Edgeworth expansion technique
of Collin-Dufresne and Goldstein (2002), the hyperplane approximation of Singleton
and Umantsev (2002), and the low-variance martingale method of Schrager and Pelsser
(20006).

Even though the pricing bounds proposed in Section 3 are applicable to the more
general class of HIM Gaussian term structure models, and in order to compare all the
approximations proposed in the literature for European-style swaptions, all numerical
examples will be run under the nested n-factor affine Ay(n) specification that is required
by both the hyperplane and the low-variance approximations. More precisely, a Gauss—
Markov and time-inhomogeneous version of the Duffie and Kan (1996) model will be
considered, which specifies the short-term interest rate r(¢) as an affine function of the
model’s factors:

4.1 r()y=f+G" - Y1),

where f € R and G € R” are the model’s parameters, while Y(z) € R” denotes the time-
t vector of state variables. Additionally, the state variables are assumed to follow a
multivariate and time-inhomogeneous elastic random walk:

(4.2) dY(t) = (a- Y(t) +b)dt + = - dW2(1),

where a, ¥ € R"*", and b € R" are the model’s parameters.
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Given the affine specifications adopted for the drift and the instantaneous variance of
the stochastic differential equation (4.2), it is easy to show—see, for instance, Langetieg
(1980, equations 30, 32, and 33)—that pure discount bond prices are exponential-affine
functions of the state variables:

@3) P(t, T) = explA(t, T) + B(t, T) - Y(1)],
where
(44) B(l, n/ — G/ . a*l . [In _ ea(Tft)]’

45) AL T)=(T -G -a'-b=f+Bt, T -a'-[b+E-T'-(@a")-G]

+ %G’ a " (T=DZ - X +AC T @'Y G,

and
T ’
(4.6) AL, T) = / QT=5) 3 5 T
t

with I, € R"" denoting an identity matrix. Note that equations (4.4) and (4.5) assume
that matrix a is nonsingular. If this is not the case, functions A(¢, 7') and B(¢, T') can always
be obtained through the more general solutions described in Lund (1994, appendix A).
Moreover, function A(¢, T') can be computed explicitly from Langetieg (1980, footnote
23), as long as matrix « is diagonalizable; otherwise, it is always possible to evaluate
A(t, T) numerically using Padé approximations with scaling and squaring, based on Van
Loan (1978, Theorem 1).

Using the diffusion process (4.2), applying It6’s lemma to equation (4.3), and consider-
ing the stochastic differential equation (2.1), it is easy to show that the A((n) specification
adopted can be cast into the more general Gaussian HIM model presented in Section 2,
as long as two conditions are met:

(4.7) o(t, T) = ' B(t, T);

and the discount function initially “observed” in the market must be replaced by equa-
tion (4.3). Adopting these two conditions, the pricing solutions proposed in Section 3
will be used under the nested A(n) specification, and function (¢, T, T, T.) will be
computed explicitly—see Appendix A.

Table 4.1 values at-the-money-forward (ATMF) European-style swaptions, using dif-
ferent valuation approaches, and under the three-factor Gaussian and affine model spec-
ified in Collin-Dufresne and Goldstein (2002, exhibit 1) or Schrager and Pelsser (2006,
table 4.1), ie, for f = 6%, G'=[1 1 1], (&©)=[1% 0.5% =2%], a=
diag{—1, —0.2,—0.5}, &’ =[0 0 0], and & = diag{1%, 0.5%, 0.2%} - L, where L is
the lower triangular matrix obtained from the Cholesky decomposition of a (3 x 3)
correlation matrix R, with Rj, = —0.2, Rj3 = —0.1, and R»3; = 0.3. Four different option
maturities (of 1,2, 5, and 10 years) and eight different swap maturities (of 1, 2, 5, 10, 15,
20, 25, and 30 years) are considered, yielding a total of 32 swaptions.

Since there is no exact pricing solution in the literature for European-style swaptions
under multifactor term structure models, the accuracy of each alternative valuation ap-
proach is measured by its percentage error with respect to a proxy of the exact swaption
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price. Such a proxy is obtained through Monte Carlo simulation, using the exact proba-
bility distribution of the state variables at the maturity date of the swaption contract—as
described in Appendix B. All Monte Carlo experiments are run over 10° paths, and using
standard antithetic variables. Consequently, for all the 32 swaptions valued, the ratio be-
tween the standard error and the Monte Carlo price estimate (labeled as the percentage
standard error) is always below 0.3 basis points.

The Monte Carlo simulations were run under version 1.9.4.13 of GNU Pascal and
on an Intel Xeon 3.33 GHz processor with 12 GB of RAM memory, whereas all the
approximations tested (from the fourth to the last column of Table 4.1) were implemented
through Matlab (R2010a). All nonlinear equations involved in the implementation of
the conditioning approach, the rank 1 approximation, the stochastic duration approach,
or the hyperplane approximation were solved through the built-in function “fsolve” of
Matlab.'!

The lower bound (3.21) provided by the conditioning approach proposed is the most
accurate approximation tested: It yields a mean absolute percentage pricing error (MAPE,
henceforth) of only 0.14 basis points, which is even smaller than the Monte Carlo per-
centage standard error. Moreover, the tight upper bound shown on the fifth column of
Table 4.1 also provides a sharp forecast for the maximum approximation error attached
to the conditioning approach: On average, the maximum absolute percentage pricing
error associated to the lower bound approximation is equal to only 3.96 basis points (i.e.,
0.0410%-0.0014% ).

For ATMF swaptions, the low-variance martingale approach of Schrager and Pelsser
(2006), the lognormal approximation, and the hyperplane approximation of Singleton
and Umantsev (2002)—which is implemented at a 1% significance level—are almost
as accurate as the conditioning approach.!” Additionally, the low-variance martingale
approach is also the most efficient approximation: The whole set of 32 swaptions contracts
is priced under a CPU time of only 0.29 seconds.

The Edgeworth expansion method of Collin-Dufresne and Goldstein (2002) is the
most time-consuming approximation tested: It takes more than 1,903 seconds to price
all the 32 swaptions. Since the mth moment of the probability distribution of the model’s
factors Y (T) requires the computation of (N)” terms (where NV represents the number
of cash flow payment dates of the underlying swap), then the inefficiency of the Edgeworth
expansion increases with the time to maturity of the underlying interest rate swap: For
instance, the CPU times associated to the 10 x 1 and the 10 x 30 swaptions are equal to
0.033 and 239.37 seconds, respectively. Given the inefficiency of the Edgeworth expansion
for long maturity swaps and following, for instance, Chu and Kwok (2007, page 382), the

AIl programming codes and data used in this paper are available in the following URL:
http://home.iscte.pt/~ jpvn/weblinks/CodesJPNandPP.zip.

12Note that equation (A.3) of Schrager and Pelsser (2006, page 692) contains a typo and has been replaced
by

M ([) e2AinT _ @ =) el it Al _
OuN = Z N(eNE A +2Z Z piy S Zun CanCiln | ——— |
(@) i=1 j=i+1 (if) (/)

using the notation of the original paper.
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Taylor series expansion of the log-characteristic function of Y (7)) is truncated only up
to the third order.!?

Overall, the less accurate methods are the rank 1 approximation, and the stochastic du-
ration approach: Their average absolute percentage errors are about 200 and 118 times
higher, respectively, than the MAPE associated to the lower bound of the condition-
ing approach. Moreover, these two approximations systematically overvalue the ATMF
swaption contracts under analysis since their reported (positive) mean percentage errors
are consistently identical to the corresponding MAPE. Nevertheless, and since swaptions
are usually quoted in flat yield volatilities,'# the penultimate line of Table 4.1 recomputes
the mean absolute errors of each analytical approximation in terms of the Black (1976)
flat yield volatility implicit to each swaption price. As expected, the error differences
among all pricing methods are now less pronounced: All mean absolute volatility errors
are lower than 1 basis point, and hence, are also clearly within the typical bid-ask spreads
observed in the swaptions market."

The most challenging setup to test the accuracy of all the competing pricing approxi-
mations corresponds to the valuation of out-the-money-forward (OTMF) swaption con-
tracts, i.e., option contracts with zero intrinsic value. For this purpose, Table 4.2 prices
OTMF European-style swaptions under the three-factor Gaussian and affine model
adopted in Table 4.1, and for two different strikes that are set at 85% and 90% of the
current forward swap rate. Three different option maturities (of 1, 2, and 5 years) and six
different swap maturities (of 1, 2, 5, 10, 20, and 30 years) are considered, yielding a total
of 36 swaptions.

Percentage pricing errors are computed, under different analytical approximations, for
only 27 out of the whole set of 36 swaption contracts. For nine of the swaption contracts
considered, the Monte Carlo price estimate is so close to zero (and its standard error
is so large) that the percentage pricing errors would not be meaningful for any of the
analytical approximations tested. All the nine contracts with missing pricing errors in
Table 4.2 possess Monte Carlo price estimates below 107° as well as percentage standard
errors above 0.3%.

As before, the lower bound of the conditioning approach yields the most precise
approximation for OTMF swaptions, with a MAPE of only 2.18 basis points. However,
and specially for swaptions on long-dated swaps (with a time to maturity of 10 or more
years), the upper bound is so loose that it can no longer serve as an indicator for the
error of the approximation.

Similarly to Table 4.1, the low-variance approximation of Schrager and Pelsser (2006)
is still the fastest pricing methodology (with a CPU time of only 0.27 seconds), but now

3Note that equations (26) and (30) of Collin-Dufresne and Goldstein (2002, page 16) contain a typo and
have been replaced by
0i0;Pij
Kikj

1
By(r) = —bt+ 53 [t = Be(v) = Be; (1) + By ()],
iJj

and

0,0 pij e*f(‘,-(WfT) _ e—K;T—K_,-(W—r) 1
M(r) = Z #F {Bx,.m - prs +5 Zaia,p/,-EF,BK,+Kf<r),
o« . =

respectively, using the notation of the original paper.

141 ¢., under the usual “market” assumption of lognormally distributed forward swap rates.

I5For instance, in 2011, the average bid-ask spread of US ATMF European-style swaptions (for the
maturities and tenors described in the first column of Table 4.1) ranged between 30 and 67 basis points—
data collected daily from Bloomberg between January 01, 2011 and December 31, 2011.
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this is also the most inaccurate approximation tested—yielding an average percentage
error above 9.56%. The sixth column of Table 4.2 shows that the significant upward bias
of the low-variance approximation is mainly due to the large pricing errors attached to
the swaption contracts on 20 and 30 years’ interest rate swaps, which were not considered
in Schrager and Pelsser (2006, table 6.2). However, and since these swaption contracts
with long-term tenors possess small dollar values, the penultimate line of Table 4.2 shows
that the corresponding mean absolute Black (1976) flat yield volatility errors are only
around 3 basis points.

Again, the Edgeworth expansion technique is the most time-consuming approximation
tested as well as one of the less accurate pricing methods: It yields a CPU time of 1,
906.56 seconds and a MAPE of 6.38%. Overall, the low-variance approximation and
the Edgeworth expansion technique are both dominated by the hyperplane approach,
and even by the simpler rank 1, lognormal and stochastic duration approximations: For
instance, the stochastic duration approach combines a CPU time of only 0.57 seconds
with a MAPE of 0.72%. Nevertheless, note that the mean absolute error of the Munk
(1999) approach is still 33 times higher than the MAPE reported by the lower bound of
the conditioning method.

Table 4.3 shows that differences in accuracy among the alternative analytical approx-
imations tested are much less pronounced for in-the-money-forward (ITMF) swaption
contracts. Table 4.3 prices ITMF European-style swaptions under the same three-factor
Gaussian and affine model already adopted in Tables 4.1 and 4.2, and for two different
strikes that are set at 110% and 115% of the current forward swap rate. Similarly to
Table 4.2, three different option maturities (of 1, 2, and 5 years) and six different swap
maturities (of 1, 2, 5, 10, 20, and 30 years) are considered, yielding a total of 36 swaptions.

Once again, the lower bound of the conditioning approach is the most accurate val-
uation method with a MAPE of only 0.02 basis points. Moreover, the conditioning
approach also offers tight error bounds since the upper bound on the swaption prices is
even smaller than most of the price estimates produced by the alternative approximations
tested: Its MAPE of 0.52 basis points is only above the average pricing errors associated
to the hyperplane, the lognormal, and the Edgeworth approximations.

As before, the low-variance approximation—that is still the fastest valuation method—
is also the less accurate approach, yielding an average percentage error of —2.12 basis
points (that corresponds to a mean absolute volatility error of 4.34 basis points). However,
and in contrast with Table 4.2, the low-variance approximation consistently underprices
ITMF swaptions since its mean percentage error and MAPE are exactly symmetrical.

Finally, a word of caution must be said about the accuracy of the proxy used for the
exact price of the swaption contracts. Tables 4.1, 4.2, and 4.3 show that some of the
percentage errors computed for the lower (upper) bound of the conditioning approach
are slightly positive (negative), meaning that the Monte Carlo price estimate can be, for
some contracts, slightly below or above the exact lower or upper price bound, respec-
tively. Nevertheless, and given the large number of simulations run, the average pricing
errors (over all swaption contacts in Tables 4.1, 4.2, and 4.3) are always nonpositive
(nonnegative) for the lower (upper) bound of the conditioning approach. '

160One way to avoid the noise introduced by the Monte Carlo estimates would be to consider a single-factor
Gaussian term structure model, because an exact analytical pricing solution for European-style swaptions
is provided by Jamshidian (1989). This approach is followed, for instance, by Schrager and Pelsser (2006,
table 4.2). However, such a test would be redundant in our case, because it is easy to show—following El
Karoui and Rochet (1989, page 22)—that the upper and lower bounds of the conditioning approach collapse
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Note that this (small) bias occurs even though the Monte Carlo price estimates are
produced using a large number of simulations (10° paths), antithetic variables, and the
exact probability distribution of the state variables at the maturity date of the swaption
contract, which is, to the authors knowledge, the most demanding setting already used
in the literature on the pricing of swaption contracts. Therefore, one should expect this
Monte Carlo bias to be even more relevant in the previous literature on the pricing
of European-style swaptions; for instance, Schrager and Pelsser (2006, page 689) test
their low-variance approximation using only 500,000 Monte Carlo simulations. The use,
in this paper, of a more demanding Monte Carlo setting, and the inclusion of longer
swaption contracts (with 5 and 10 years of time to maturity) on long-term interest rate
swaps (namely on 20 and 30 years’ swaps) explains the novel findings with respect to the
previous literature concerning the inaccuracy of the low-variance, and of the Edgeworth
approximations for OTMF contracts.

5. CONCLUSIONS

This paper offers two contributions to the literature on swaptions pricing. First, it de-
rives a new analytical approximation for European-style swaptions under a multifactor
Gauss—Markov framework, using the conditioning approach proposed by Curran (1994),
Rogers and Shi (1995), and Nielsen and Sandmann (2002). Second, a comprehensive
and rigorous Monte Carlo study is run to compare, in terms of efficiency and accuracy,
all the approximations already proposed in the literature for European-style swaptions
under multifactor term structure models.

The numerical results obtained show that the exact lower bound of the swaption price
provided by the conditioning approach is the most accurate pricing method for ATMEF,
OTME, and ITMF contracts. Moreover, the conditioning approach proposed in this
paper also offers tight bounds for the approximation error, because the analytical lower
and upper bounds proposed in Propositions 3.4 and 3.5 are usually very close to each
other (except for some deep OTMF contracts).

By contrast, the low-variance martingale method of Schrager and Pelsser (2006) —
which is the fastest pricing approach tested—and the Edgeworth expansion yield the
highest pricing errors for OTMF swaption contracts. The latter approach proposed
by Collin-Dufresne and Goldstein (2002) is also extremely time-consuming for swaption
contracts on long-term swaps. The hyperplane approximation of Singleton and Umantsev
(2002) is more accurate and faster than the Edgeworth expansion technique, but still less
accurate and slower than the proposed conditioning approach. Finally, the simpler rank
1, lognormal, and stochastic duration approximations are also very fast to implement
but, nevertheless, still much less accurate than the lower bound of the conditioning
approach.

APPENDIX A: FUNCTION [(to, Ts, T, T.) UNDER THE A(n)
SPECIFICATION

Under the nested A () specification, function /(¢y, T, T, T ;) can be computed explicitly.
For this purpose, equations (2.4) and (4.7) yield:

into the exact swaption price under any single-factor Gauss—Markov and time-homogeneous term structure
model.
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(A.1)

l(t07 ];a ]777 ]—L")
1,
-G . afl . [ea(ﬂ,fs) _ ecz(T;,—x)]/ Ry [ea’(ﬂ,—s) _ ea’(]:‘fs)] ds - (a—l)/ .G.

fo
Using definition (4.6), equation (A.1) can be restated as
(A.2)
(o, T, T, T) = G'-a™" - [Aty, T) = Altg, Tp) - 710 — 10 Ay, T,)
4 =10 | Aty, T,) - ea'(TZfTu)] . (afl)/ .G
= B(L,, T) - Aw, 1) - B(T,, T0),

where the last line follows from equation (4.4).

APPENDIX B: MONTE CARLO SIMULATION

To implement equation (3.4) through Monte Carlo simulation, it is necessary to rewrite
the stochastic differential equation (4.2) under the forward probability measure Q.
For this purpose, considering equation (4.7) and using, for instance, Nunes (2004,
equation 2.9), it follows that

(B.1) dW(t) = dwW(1)— ' - B(t, Ty) dt

is also a vector of standard Brownian motion increments in R” and under the forward
measure Qo. Hence, equations (4.2) and (B.1) imply that

(B.2) dY()=[a- Y(O)+b+ X -3 - B@t, T)dt + = - dW2(¢).

Applying 1t6’s lemma to e~ - Y(f) and using definition (4.4), the following strong
solution is obtained for the stochastic differential equation (B.2):

B3)  Y) =" V(o) + [ — L) a7 b+ 22 (a7 - G]

T
—Aty, ) - (@'Y - G+ / T s W (u).
1o

Equation (B.3) yields the exact probability distribution of the state vector Y (7)) after
noting that Arnold (1992, corollary 4.5.6) implies that the Itd’s integral ftOT” edh—u) .y, .
d W2 (1) possesses a n-dimensional normal distribution with zero mean and variance—
covariance matrix equal to A(#y, T). The 1td’s integral is simulated by generating n nor-
mally distributed deviates with zero mean and unit variance—through routines “ran3”
and “gasdev” of Press, Flannery, Teukolsky, and Vetterling (1994)—that are then corre-
lated using the Cholesky decomposition of matrix A(#y, T).
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SWAPTION PRICING IN AFFINE AND OTHER MODELS

Don H. Kim

Board of Governors of the Federal Reserve System

This paper shows that Singleton and Umantsev’s method for swaption pricing in
affine models can be simplified and extended to other models. Two alternative meth-
ods for approximating the option exercise boundary are introduced: one based on
the multivariate Taylor series expansion, and the other based on duration-matched
zero-coupon bond approximation. Applied to affine models and quadratic-Gaussian
models, these methods are found to give accurate swaption prices.

KEY WORDSs: swaptions, coupon bond options, affine models, quadratic-Gaussian models.

1. INTRODUCTION

In recent years there has been considerable interest in joint modeling of interest rates
and interest rate derivatives within a time-consistent no-arbitrage term structure model.!
The empirical investigation in this area has often used interest rate cap data (e.g., Li and
Zhao 2006; Almeida, Graveline, and Joslin 2011), as popular time-consistent models like
affine models lead to relatively simple pricing of zero-coupon bond options (caps are a
collection of zero-coupon bond options). Swaptions are also a popular and important
interest-rate derivative security, but they are seldom used,” most likely because swaptions,
effectively being an option on a coupon bond, do not have a simple pricing formula in
affine and other models in a multifactor setting, hence empirical study with swaptions is
computationally more involved. For some questions of interest, such as the cap-swaption
relative pricing puzzle,® one cannot avoid using swaption data.

In the case of affine models, several approximate methods for pricing swaptions are
known, including the methods of Munk (1999),* Singleton and Umantsev (2002), Collin-
Dufresne and Goldstein (2002), and Schrager and Pelsser (2006). Among these, the
method of Singleton and Umantsev (2002, henceforth SU) has an advantage that it

Helpful comments from Young-Ho Eom, Ken Singleton, and two anonymous referees are gratefully
acknowledged. The opinions expressed in this paper are those of the author and do not necessarily reflect
the views of the Board of Governors of the Federal Reserve System.
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Address correspondence to Don H. Kim, Division of Monetary Affairs, Federal Reserve Board, Wash-
ington DC 20551, USA; e-mail: don.h.kim@frb.gov.

I By time-consistent models, we mean term structure models in which the model parameters do not change
over time and the yield and volatility variations are captured by state variables. Compared to Heath, Jarrow,
and Morton (1992)-type models (including the popular Libor Market Models) which are recalibrated every
day, time-consistent models with small number of state variables may fit yields and interest rate derivative
prices less accurately, but they can address questions that the HIM-type models cannot (due to the fact
that the yield curve is an exogenous input in those models). Some recent efforts like Heidari and Wu (2009)
aim at the middle ground, by retaining time-consistent features while capturing both bond yields and bond
derivative prices well.

2 Some exceptions include Jagannathan, Kaplin, and Sun (2003) and Joslin (2010).

3 See, for example, Longstaff, Santa-Clara, and Schwartz (2002).

4 Munk’s method is a generalization of Wei’s (1997) method to multifactor settings.
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yields accurate swaption prices for a wide range of strikes (including substantially out-
of-money cases).’

However, as Schrager and Pelsser (2006, henceforth SP) have pointed out, the SU
method also has some drawbacks, namely that (1) SU’s procedure for obtaining the
approximate boundary requires knowing the probability density function of the state
variables, which is not available in closed-form for general affine models (though it is
available for the 2-factor Cox—Ingersoll-Ross (CIR) model that SU used for illustration)
and that (2) one needs as many Fourier inversions as there are cash flows in the swaption
contract. These features can make the SU method much more time-consuming than
other methods such as Munk (1999) and SP (2006).°

In this paper, we show that the “drawbacks” of the SU method can be overcome to a
large extent. We retain SU’s (2002) key idea of approximating the exercise boundary, but
use a different method for obtaining the approximate boundary that does not require
the knowledge of the probability density function. In addition, we show that it is not
necessary to compute the Fourier inversion (7-forward measure probability) for all
cash flow dates T'. Since the 7-forward measure probabilities are a smooth monotonic
function of 7', with the computation of 7-forward measure probabilities at 5 ~ 6 values of
T one can evaluate accurately all the necessary probabilities by interpolation. With these
modifications, the computation of swaption prices would be only about 2 ~ 3 times more
time-consuming than Munk’s (1999) stochastic duration approach (for a substantial gain
in accuracy).

To approximate the exercise boundary, we propose two alternative methods: one is to
approximate the boundary using the multivariate Taylor series expansion of the log price
around a suitably chosen state vector. Another is to use the boundary implied by a zero-
coupon bond of a suitably chosen “effective maturity.” With the latter approximation,
there are several possible choices of the effective maturity; we explore using the stochastic
duration of Cox, Ingersoll, and Ross (1979) as well as the simpler duration concepts due
to Fisher and Weil (1979) and Macaulay. We show that the Taylor series approximation
and the zero-coupon bond approximation with stochastic duration lead to accurate
results for the entire range of strikes of practical interest, and provide a discussion of why
the method of approximating the boundary works so well.

Another contribution of this paper is to show that the method of approximating the
exercise boundary can be also applied to models beyond the affine class. Although it was
not clear how SU’s (2002) original approximation could be extended to other models, the
Taylor series approximation and the zero-coupon bond approximation in this paper allow
straightforward applications to other models (that have tractable pricing of zero-coupon
bond options). We demonstrate this in the setting of quadratic-Gaussian (QG) models.
QG models are a well-known class of term structure models, and at times have distinct
advantages over affine models, but the existing literature has not studied swaption pricing
within QG models.

The rest of the paper is organized as follows. In Section 2, after briefly reviewing
the relevant literature on swaption pricing, we discuss our methods in general terms.
In particular, the two methods for approximating the boundary—Taylor series method

3> Most of the available methods generate out-of-the-money swaption prices that are not very accurate.
For example, the method of Collin-Dufresne and Goldstein (2002) is based on the Edgeworth expansion
which can work poorly in the tail regions of the distribution, and the method of Schrager and Pelsser (2006)
also becomes notably less accurate for out-of-the-money options.

% As SP (2006) note, the method of Collin-Dufresne and Goldstein (2002) is also time-consuming in
general affine models (that do not have a closed-form solution for bond prices).
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(Approximation A) and the zero-coupon bond method (Approximation B)—are ex-
plained. In Section 3, we discuss the implementation of the methods in the case of affine
models. A specific illustration is given in the setting of the 2-factor CIR model, and fur-
ther test of the performance of the methods is done using the three affine model settings
of Schrager and Pelsser (2006). In Section 4, we discuss the implementation in the case of
QG models, and present an illustration with a 2-factor QG model. Section 5 concludes.

2. SWAPTION PRICING
2.1. Review of the Relevant Literature

A swaption is an option to get into an interest rate swap contract. To fix notation,
let 7y be the swaption expiration date, and let ¢y, #5, ..., ¢y be the cash flow dates (swap
payment dates). The tenor (swap maturity at time f;) is thus ¢ty — 7y, and the option
maturity is ¢y — ¢ at time ¢. For simplicity, we shall assume that the intervals ¢; — fo, £, —
t1,...,are the same, and denote the interval by é7.

Note that the time ¢ value of the swap contract to the payer side with fixed rate K is
given by

N—-1
Q1) V(e AN K) = Z 1) — |:K8t 3" At )+ (1+ Kot tN):| ,

i=1

where Z(t, T') is the time ¢ price of a zero-coupon bond maturing at time 7' (with face
value of 1), i.e., a zero-coupon bond with time-to-maturity 7" — ¢. (Note that Z(¢, 1) =
1). The fixed rate which makes the value of the swap zero (forward swap rate) is given by

Z(t, ) — Z(t, ty)

2.2) Ky(t) = ~
8ty Zt. 1)
i=1

ATMF (at-the-money-forward) swaptions are swaptions with fixed rate given by K =
K_ f(l).
The time ¢ price of the payer swaption with fixed rate (strike rate) K is simply

(2.3) S (t; K) = E [ 1 TS max[ VPO (1, {1} Y.1; K), 0]],

where E, denotes the time-¢ conditional expectation in the risk-neutral measure, and r,
= r(x,) is the short rate at time 7, where x, denotes the n-dimensional vector of state
variables in the term structure model (n-factor model). Different term structure models
have different specification of r(x,) and/or different dynamics of the x, vector. Note that
the zero-coupon bond price Z(#, T) is given by Z(t, T) = E,[e~ /i 7)),

Note that (2.3) can be written as

(2.4) S (t; K) = E,[e 1" "0 max[1 — Pty, {)Y; K), 0]],

i=1°
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where
N
(2.5) Pt {6} K) = ) e ZUao, 1),
i=1
¢ = Két, i=1,...,N—1
CN = 1 —+ K8t

In other words, P(t, {#;}\,; K) is the time 7, price of a coupon bond with cash flows
{e; 4L, at {5}V, Since P(f, {#;}Y,; K) depends on the state vector at time 7, we shall
also denote it simply as P(x;,).

Using the T-forward measure (with Radon-Nikodym derivative dP7/dP =
exp(— ftT reds)/ Z(t, T)), it is straightforward to show that (2.4) can be transformed

to

N
(2.6) SPU(t; K) = Z(t, 1)E [Lp()<1] — Z ¢ (t, 1)E{ [Lpgy, <1,

i=l1

where E/ denotes the time 7 conditional expectation under the T-forward measure, and
I, is the indicator function. By the definition of the indicator function, (2.6) can be also
written as

N
2.7 SP(t; K) = Z(t, 0)PPLP(x,) < 11 =Y ¢ Z(t, )P [P(x,) < 1],

i=l

where P ( 4) denotes the time ¢ conditional probability in the 7-forward measure of the
event 4 happening.

For most multifactor models, the probability P,/[P(x,) < 1] cannot be computed
exactly, and some approximation is necessary. Equation (2.7) is the starting point of the
approximation of SU (2002) as well as Collin-Dufresne and Goldstein (2002). SP (2006)
on the other hand starts from an equivalent formulation

pavs. 1 _ 1 Qo (i1 ) pay N .
(2.8) SP(t; K) = E, [ max [ V7 (1, {1}, ,: K). 0]].
where the superscript O(t, {; 1’\; 1) denotes the swap-measure; their approach tries to find
a tractable approximate dynamics of the bond price under the swap measure.®

SU’s (2002) approach is based on their observation that in the case of affine models
the exercise boundary P(x;,) — 1 = 0 can be well approximated by a simpler boundary

2.9) b-x,—a=0,

therefore P/[P(x;,) < 1] in (2.7) is approximated as P[b - x,, < a], which can be com-
puted via Fourier inversion.

The specific procedure SU (2002) gave for obtaining @ and b is somewhat complicated.
In their illustration with a 2-factor CIR model, they use f(x;,2|x;), the conditional
probability density function (pdf) of the 2nd element of the state vector, to find an

7 As equation (2.5) makes it clear, a payer swaption is a put option on a coupon bond. The call option
version is called a receiver swaption. Since call option pricing and put option pricing are analogous, we shall
focus on payer swaptions in this paper.

8 See also Heidari, Hirsa, and Madan (2007) for an application of this “approximate dynamics” approach.
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appropriate lower bound x™2 and upper bound x,5 (between which the pdf has most
of the weight), and then the equUOl’l P(x,) —1is solved to find the corresponding x;, |
elements. The straight line connecting }mi’ g“;‘) and (2", x;'5°) gives the coefficients
a and b. For a model with more than 2-factors, SU remark that a similar procedure can
be done with least squares fitting.

As SP (2006) note, SU’s method for obtaining the exercise boundary uses information
about the pdf of at least one element of the state vector x;,. This is available for the 2-factor
CIR model that SU used for illustration, but not all affine models have a closed-form pdf.
For example, an A,(2) model (according to Dai and Singleton’s 2000 classification) with
nonzero off-diagonal feedback matrix does not have a closed-form expression for the pdf.
Furthermore, it is not clear how to carry over SU’s method for obtaining the approximate
boundary to the case of swaption pricing in other models like the QG model.

2.2. New Boundary Approximations

In this paper, we propose two simpler methods for exercise boundary approximation,
which can be also straightforwardly extended to models beyond the affine class.

Approximation A (Taylor series approximation). Note that P(x; ) can be written as

N N
(2.10) P(x,) = (Z c,-> D wiem Yo i),
i=l1 i=1

where the weights w;’s are defined as w; = ¢;/ (Zj—vzl ¢;), and Y(x;, t — o) is the time 1,
value of the yield on a zero-coupon bond with time-to-maturity of #; — #,. Thus,

N
(2.11) log P(x,) = const. + log (Z wl-e(’f’o)y(xro"flo))
i=1

= const. — t; — to)w; Y(x;,, t; — 1) + convexity correction.
0 y

In the case of affine models, Y(x;,, & — %) is an affine function of x;, for all ¢; — ¢y, thus
log P(x;) is an approximately affine function. Therefore, first-order Taylor expansion of
log P(x,,)around a point on the true boundary, say x*, can provide a good approximation.
In other words, we can approximate the boundary condition P(x;) =1 (i.e., log P(x,) =
0) with

(2.12) dylog P(x*) - (x, —x*)=0
(since log P(x*) = 0). This can be further simplified as

(2.13) A P(x*) - (x, —x*) =0

in other words, we have

(2.14) a = 0, P(x*) - x*, b =09,P(x")

in (2.9).
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On the other hand, in the case of QG models, all zero-coupon yields are quadratic
functions of the state vector, therefore, log P(x;,) is an approximately quadratic function
of x;,. Therefore, we can take the Taylor expansion of log P(x;) up to the second order:

1
(2.15) dylog P(x*) - (x, — X*) + E(x,0 — x*)' 9,0y log P(x*)(x, — x*) = 0,

which can be simplified as

(2.16)

DPO) - (3, = X)+ 5%, — ) (axaxr Py = 2PN P

P(x*) ) (o =37 =0.

In other words, we can approximate the condition P(x;) — 1 = 0 with

(2.17) a+b-x,+x,Cx, =0,

where

(2.18) a=—03,P(x")-x*+ %x*/(axax, P(x*) — P(x*)~'9, P(x*)(8, P(x*)))x*
b= 8, P(x") = (3:dv P(x") — P(x*)™' 8, P(x)(3. P(x")))x"
C = S0:0 PO) = PO 0, PO P ).

Note that the boundary of the form (2.17) leads to a tractable Fourier inversion compu-
tation of P/[-] for QG models, i.e., P/[P(x,) < 1] ~ P/[a+ b x, 4+ x; Cx;, < 0].

A good choice of x* for P/[-] would be the point on the line (surface) P(x,) —1=0
at which the value of the pdf /7 (x, | x;) is the largest (/7 (x; | x;) denotes the conditional
probability density function of x, in the 7-forward measure). This is schematically
illustrated in Figure 2.1 for a 2-factor affine model case. The ellipse-like objects denote
the locus of x; and x; values which have the same pdf value; the smaller the object,
the higher the probability density it represents. The solid line represents the boundary
equation P(x) = 1. The * symbol on this line is x*; this is the tangent point of an equi-pdf
locus and the line P(x) — 1 = 0. The nice thing about the Taylor expansion around this
x* is that the approximation is very accurate in the part of the line P(x) — 1 = 0 where it
matters most (in the sense that the density is highest).

In practice, except for special cases, the pdf f7(x, | x;) is not available in closed-form.
To overcome this problem, we can define x* as

(2.19) x*= argmin {;(x — E"[x, | 2] (Var [y, | D) (x = E", [ x]) s P — 1 = 0}.

In other words, we approximate f7(x, | x;) by a multivariate normal distribution with
mean E”[x;, | x,] and variance-covariance matrix Var” [z, | xc]

We can further simplify the procedure by approximating the T-forward measure
moments with risk-neutral moments, 1i.e., ET[x,O | x;] ~ E[x;, | x;] and Varr(x[0 | x;) ~
Var(x;, | x;). Thus we have

(2.20) x* = argmin {;(x — Elx, | %)) (Varlx, [ %)™ (x = Elx, [ x]) - P(y) — 1 = 0} .

Note that for models like the affine class and QG class, E[x,, | x;] and Var[x, | x,] are
available in closed-form, whereas we would need to solve a system of ODEs (Riccati
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FIGURE 2.1. Schematic illustration of the x* vector, the equi-pdf loci, and the affine
model boundary.

system) to obtain E7[x, | x,] and VarT[x,0 | x;]. Furthermore, with the formulation (2.20),
the exercise boundary does not depend on T, therefore the same boundary can be used
for evaluating all probabilities P/[-](i = 0, 1, ..., N)in (2.7). In this paper, we shall thus
use (2.20) to obtain x*. To handle the constrained optimization in (2.20), one can solve
the nonlinear equation

X — E[xfo | x[] + n Var[xfo | xl]ax P(x)
2.21) = Umn+1)x1s
P(x)—1

where 7 is a Lagrange multiplier. This nonlinear system for (x, n) can be solved quickly
with Newton’s method.’

Approximation B (zero-coupon bond approximation). Another way to approximate
the boundary is to use the boundary implied by a zero-coupon bond of a suitable maturity.
The idea is to find at time ¢ a zero-coupon bond that has risk characteristics similar to
the coupon bond

N
(2.22) Pt A6} K) =Y i Z(t. 1),
i=1

where ¢;’s were given in (2.5). (Note that at time 7, the price of this coupon bond becomes

P(1, {t,»}f\i 1 K), the object considered in the above Taylor series approximation.)

An obvious choice for the zero-coupon bond maturity would be the stochastic duration
of P(t,{t;}",; K). The stochastic duration Dy(¢) is defined as the zero-coupon bond

i=1>

maturity that leads to the same relative volatility as the coupon bond, i.e., Dy(¢) is

 Newton’s method with analytical Jacobian and with (x = E[x; | x;], n = 0) as the starting guess was
found to converge to the solution within 5~ 6 iterations.
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implicitly given by the equation

0 (dZ(t,t—l—DS(t)))z_ dP(t, {6} 5 K) ’
' Zt,t+ D) )\ P(t, ()Y s K) )

Though the stochastic duration has a sounder theoretical basis, one can also consider
other possibilities which are simpler. These include the Fisher—Weil duration

N
(2.24) DpyAt) = (Z(ti — )¢ At, ti)) / P(1, {t:}/L; K),

t=1

and Macaulay’s duration

N
(2.25) Dy(t) = (Z(t,» - t)cfe([’[)y> / P(t.{t}2: K).

t=1

where y is the solution of the equation P(z, {#}Y ; K) = Y./, cie =1,
With one of these duration measures (Dy, Dpy,, Dyr), We can approximate the time f

price of the coupon bond as
(2.26) P(to. (t}iLy: K) ~ § Z(to, t + D(1)),

where & = P(t, {t;}Y; K)/ Z(t, t + D(1)). Therefore, the boundary equation P(x;) — 1 =

i=1>

0 can be approximated as & Z(¢,, t + D(¢)) — 1 = 0, which is equivalent to
(2.27) log Z(ty, t + D(t)) + log(&) = 0.

Note that log Z(#, t + D(?)) is an affine function of x;, in the case of affine models and
a quadratic function of x;, in the case of QG models. Therefore, the “zero-coupon bond
approximation” (2.27) gives the desired form of the boundary equation ((2.9) for affine
models and (2.17) for QG models). In summary, we can approximate P,/[ P(x,) < 1] as
P& Zty, t + D(1)) < 1].

2.3. The T-dependence of PT

To compute the swaption price in (2.7), one needs to evaluate the T-forward measure
probability P[] at T = 1, 11, ..., ty. For a swaption with a long tenor, this can entail
quite a lot of evaluations (1 4 (zy — #9)/8¢ evaluations). These probabilities are typically
evaluated with numerical Fourier inversion, which can be time-consuming.

One can however avoid performing the 1 + (¢y — #p)/8t Fourier inversions. As we
shall argue below, P[] is a smooth, monotonically decreasing function of 7. Therefore,
computing P/[-] at 5 ~ 6 values of T in the interval [#y, 7y] would be sufficient to get an
accurate interpolation formula for P/[-], from which all the necessary probabilities can
be evaluated.

For concreteness, let us focus on Approximation B (zero-coupon bond approximation).
In this case we are dealing with P& Z(1y, t + D()) < 1], which can be also written
P[Y(x,, A) > k], with A = ¢ + D(1) — £y and k = log(§)/(¢ + D(t) — 1y); recall that
Y(xy, ) is the zero-coupon yield at time #, with time-to-maturity r. We can make a
heuristic argument that (3/0 T)P[Y(x,,, A) > k] < 0 for all T, as follows:
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Note that (8/0 T)P[Y(x,, A) > k] can be expressed as

(2.28)
? -
a—TP[T[Y(x,n, A)> K== (Zt, D) " Efle 1 BTy, a)-4))
_ E, [e7 1;7'r_\dsrT:|E[ [6‘7 frrr‘\dsIY(x/o,Abk] E, [67 f,Tr‘\dSrTIY(x,O,Abk]
= 7, T) 2, T)

= Ef[}’T]Ef[IY(,r,O,A)>k] - EIT[rTIY(X/O-,A)>k]
= —COV,T(rT, IY(x,U,A)>k)'

In general we would expect ry and Y(x,, A) to be positively correlated, thus
—cov!(rr, Iy, 0)=k) < 0 as well, i.e., P[Y(x,, A) > k] is expected to be a decreasing
function of T for all T In view of the simple behavior of the function P/[¥(x,, A) > ],
its cubic-spline interpolation based on its values at a small number of 7 values will
give accurate swaption prices. We also expect that the interpolation approach will work
similarly well in the case of Approximation A (Taylor series approximation).

2.4. Comparison with Munk (1999)

Our Approximation B with Dy(¢) (stochastic duration) as D(f) may appear similar to
Munk’s (1999) stochastic duration method. It is thus instructive to compare the two.
Munk’s approach completely equates one unit of coupon bond P(z, {#;}V ; K) with &

units of zero coupon bond Z(¢, t + D,(¢)). Thus, Munk’s (1999) formulai :fcl;r the payer
swaption is given by
(2.29) SPar(t; Ky = EE, [e‘frw "5 max[g~! — Zty, t + Dy(2)), 01]
= Zt, 1) P[§ Z(to, t + Dy(1)) < 1]
= P(t, (6)/L; K) Bl Zto, 1 4 Dy() < 1.

On the other hand, our Approximation B uses stochastic duration (or another duration
measure) only for approximating the boundary. This leads to the payer swaption price
formula

(2.30) SP(t; K) = Z(t, 19) P[5 Zto, t + Dy(1)) < 1]

N

_ Zc,-Z(t, ) PIE Z(ty, t + Dy(2)) < 1].
i=1

It may not be clear that (2.30), which can have a lot of terms in the summation, gives
a more accurate result than (2.29). But note that (2.30) can be also written as

(2.31) S (t; K) = B[ 1 O (1= PO )e 20,04 Driep<1]5

which differs from the “true” expression just by the argument in the indicator function
(the true expression has Ip(y )< instead). Thus, the error in the approximate formula
(2.30) is simply

(2.32) Er[eff’lo TS (1 — POz, 04Dy (1) <1 — Lp(q,)<1)]-
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The only nonzero contribution to this expression is from the part where Lz 7, 1+ p,())<1 #
Lp(y,)<1- Geometrically, this corresponds to the region between the frue boundary and
the approximate boundary. But in this region, the factor e~ 5 nsds(1 — P(x;,)) must be
fairly small, since 1 — P(x;) = 0 on the true boundary, so the expression (2.32) can be
quite small. Thus, even if the individual probabilities P} were not very accurate (i.e., even
if the errors P[£ Z(ty, t + Dy(1)) < 1] — P/ [ P(x;) < 1] were not small in magnitude),
equation (2.30) could still give an accurate value of the swaption, i.e., the errors in P/’
cancel out to a large degree. The same logic applies to Approximation A (Taylor series
approximation), and we can expect it to produce very accurate swaption prices.
Note also that (2.30) can be expressed as

(2.33) SPa(t; K) = Zt, 10) P[€ Z(to, t + Dy(1)) < 1]

N
— P(t, {t}: K) D Pl [E Zt, 1 + Dy(1)) < 1],

i=1

where w; = ¢;Z(t, ;)/(}_jc;Z(t, t;)). This takes the same form as (2.29), except that
PP Oe Z(ty, t + Dy(1)) < 1] is replaced by Y | & P/[& Z(ty, t + Dy(1)) < 1]. In other
words, Munk (1999) approximates the weighted average of functions (3_; w;P") as a
function of an average (P'*P(") 10 Therefore, the difference between (2.29) and (2.30)
can be viewed as a convexity effect. For out-of-money options, P,/’s will be small (hence
close to the zero-bound), thus the convexity feature in P/ (as a function of 7) will be
more pronounced. Therefore the (relative) discrepancy between Munk’s (1999) method
and Approximation B with stochastic duration is likely to be the largest in out-of-the-
money options.

3. SWAPTION PRICING IN AFFINE MODELS
3.1. General Affine Models

In the general version of affine models, due to Duffie and Kan (1996), we have
(31) r(xt):ar +b) * X,

where a, is a constant and b, is an n-dimensional constant vector. The n-dimensional
vector of state variables x; has the risk-neutral dynamics given by!!

(3.2) dx; - ’C(Q - x;)dt + E(Xt) dW;,

where K is n x n constant matrix, 0 is a constant n-vector, W, is an n-dimensional vector
of standard Brownian motions, and X(x;) is an n x n matrix function of x, such that

(3.3) (ZC)Z(x) )i = hij + Hijxi,
where /;; is a constant (scalar), and H; is a constant n-vector.

10 Munk’s (1999) approximation can be thus viewed as consisting of two approximations: approximating
the exercise boundary, and approximating an average of functions as a function of an average. Note that
when D(7) = Dj(t), the two average concepts are different. But if the Fisher—Weil duration is used (i.e., D(7)
= Dpw (1)), the two average concepts are the same, since Dy (1) = Y _;w;(t; — 1) (Where w; is the same as the
w; in (2.33)).

1 Since the P-measure (physical measure) dynamics is not needed for pricing, in this paper we shall specify
only the Q-measure (risk-neutral) measure dynamics. Therefore, all the model parameters are risk-neutral
parameters, unless otherwise stated.
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The conditional expectation and the variance—covariance matrix of the state vector
(which are used in Approximation A) are available in closed-form in affine models. The
Appendix provides an expression for E[x7|x,] and Var[x7|x;] ((A.11) and (A.16), or
(A.17) and (A.20)) that is valid for all affine models (including the case of nondiagonal
K matrix and the case in which I has complex eigenvalues).

It is well known that the zero-coupon bond price Z(z, T) in this model is given by!?

(3.4) Z(t, T) = exp(A(T — t) + B(T — 1) - x,),

where A(t), B(t) are solutions of

dA 1
3.5) N o000 B+ 5 Y By B(0)
ij
dB , 1
d(:) = b, + K'B(®)+ 5 ) Bi(v) Hy By(r)

i.j

with the boundary conditions 4(0) = 0 and B(0) = 0,4 .

Both in the case of the Taylor series approximation and the zero-coupon bond
approximation, we need to evaluate the expression P/[b-x, < a]. In the case of
Approximation A, the coefficients a, b are given by (2.14), which involves the functions
P(x), 3, P(x), given by

N
(3.6) P(x) = Z ¢; e Ati=10)+ Bli—to) x

i=1

N
0, P(x) = Y ¢; B(t; — tg) e BT,
i=l

In the case of Approximation B, we have, from (2.27),

(3.7) a = — At + D(t) — to) — log(£)
b = B(t + D(1) — 1y).

The stochastic duration D;(¢) for affine models is given by the solution of the nonlinear
equation

N ! N
(3.8) B(Dy)Z(x)Z(x;) B(Dy) = (Z w; B(t; — t)) 2(x)2(x) (Z w; B(t; — t)) ,

i=1 i=1

where w; = ¢;Z(t, 1;)/(3_;c;Z(t, t;)). For general affine models (which do not have closed-
form expression for B), the nonlinear equation (3.8) for D, can be time-consuming to
solve. One can speed up the computation by using an interpolation to compute the
left-hand side based on precomputed values of B(t)Z(x,)Z(x;)B(t) att = {t; — t}[’\il.
The T-forward measure probability P/[b - x;, < a] can be expressed as an inverse
Fourier transform of the T-forward measure characteristic function of b - x;,, which we

12 See, e.g., Duffie and Kan (1996) and Duffie, Pan, and Singleton (2000).
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shall refer to as f;(z). Using the Levy inversion formula we have

(3.9) P/lb-x, <al=2—+ / EPRLIGICIS)
2 T Jo z

Note that the characteristic function f,7(z) is given by

T yeds izh-x
(3.10) 17(z) = El[explizb - x,)] = Zt, T)'E, [e” /i " el0]
= At nflE/[e— fo r.\a'seA(T7t0)+(izb+B(T7tU))-x,0].

It is well known that the expectation in (3.10) is an exponential affine function of x; (see,
e.g., Duffie et al. 2000). In the end, we have

3.11)
fl@) =exp(Aty — ; T — tg,2) — AT — 1)+ (B(ty — ; T — 1y, ) — B(T — 1)) - x;),

where A(ty — t; T —t, z) and B(ty — t; T — t, z) are solutions of the same Riccati equa-
tion (3.5), now with boundary conditions A(0; T — #, z) = A(T — t)) and B(0; T —
t, z) = izb + B(T — t).

3.2. Two-Factor CIR Model Illustration

To illustrate the application of the method of Section 2 to affine models, let us use
the 2-factor CIR model, as in SU (2002), Collin-Dufresne and Goldstein (2002), and SP
(2006). Note that in multifactor CIR models the bond price (3.5) and the characteristic
function (3.10) have closed-form expressions, given, for example, in Collin-Dufresne and
Goldstein (2002).

To test the performance of the method in a realistic setting, we shall use the parameters
obtained from an actual econometric estimation, specifically that of Duffie and Singleton
(1997). These parameters are given by

0.5080 0 0.4005
(3.12) 4. =-0.58, b, =[1,1], K= , 0=

0 —0.0010 —0.7740
. 0.023 0
hij=01i,j), H= ,Hy = , Hip = By = 0a41.
0 0.0192

Note that [K], is negative, which implies a nonstationary (explosive) risk-neutral dy-
namics; hence the risk-neutral unconditional mean of x, does not exist. We shall take
x, =[0.374, 0.258]', which is the estimated physical unconditional mean.

Table 3.1 shows the swaption prices for tenors of 2, 5, 10 years and option maturities
of 1, 2, 5 years. The strike rate K is chosen as (ATMF-1.5%, ATMF-0.75%, ATMF,
ATMF+0.75%, ATMF+1.5%), where ATMF is the at-the-money forward swap rate
(equation (2.2)). The interval 8¢ is set to 1/2.

We compare the results based on five methods: Munk’s (1991) stochastic duration
method (“Munk”), Approximation A (“A”), Approximation B with stochastic duration
(“B-sd”), Approximation B with Fisher—Weil duration (“B-FW”),!? and the Monte Carlo

13'We have also examined the use of Macaulay duration. The results were similar to the Fisher—Weil
duration, hence omitted for brevity.
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TABLE 3.1
Upper Panel, Middle Panel, and Lower Panel Give the Swaption Prices (in basis
points) for 1-Year, 2-Year, and 5-Year Option Maturities, Respectively, in a 2-Factor

CIR Model

Method Tenor ATMF-1.5% ATMF-0.75% ATMF ATMF+0.75% ATMF+1.5%
MC 2 271.35 (0.03) 165.62 (0.05) 85.84 (0.06) 36.50 (0.05) 12.38 (0.03)

5 598.05 (0.04) 35229 (0.08) 169.27 (0.12)  63.15 (0.09)  17.59 (0.05)

10 991.68 (0.04) 574.54 (0.12) 265.51 (0.18)  92.33 (0.14)  23.09 (0.07)
A 2 271.31 165.61 85.87 36.53 12.40

5 598.02 352.31 169.42 63.24 17.66

10 991.66 574.57 265.78 92.45 23.18
B-sd 2 271.31 165.60 85.87 36.52 12.40

5 598.01 352.28 169.38 63.20 17.64

10 991.62 574.48 265.65 92.36 23.13
B-FW 2 271.31 165.60 85.87 36.52 12.40

5 598.01 352.29 169.39 63.21 17.63

10 991.63 574.48 265.67 92.37 23.12
Munk 2 271.32 165.64 85.93 36.59 12.46

5 597.97 352.36 169.72 63.68 18.00

10 990.91 573.80 266.17 93.93 24.46
MC 2 267.33 (0.04) 177.16 (0.06) 106.68 (0.08) 57.64 (0.07) 27.64 (0.05)

5 582.96 (0.07) 376.01 (0.12) 216.48 (0.15) 109.47 (0.13) 47.98 (0.09)

10 960.77 (0.09) 611.74 (0.16) 344.45 (0.22) 168.40 (0.20)  70.48 (0.14)
A 2 267.38 177.30 106.89 57.82 27.77

5 583.02 376.23 216.88 109.78 48.17

10 960.79 611.98 344.95 168.78 70.69
B-sd 2 267.38 177.30 106.89 57.82 27.77

5 583.00 376.20 216.83 109.74 48.14

10 960.73 611.87 344 .81 168.68 70.63
B-FW 2 267.38 177.30 106.89 57.82 27.77

5 583.00 376.20 216.84 109.74 48.14

10 960.73 611.87 344 .83 168.70 70.63
Munk 2 267.43 177.39 107.02 57.97 27.90

5 583.00 376.46 217.46 110.63 49.03

10 959.17 611.01 345.75 171.29 73.71
MC 2 240.14 (0.05) 176.38 (0.07) 123.87 (0.08)  82.89 (0.08)  52.71 (0.07)

5 521.94 (0.09) 378.55 (0.13) 261.40 (0.16) 171.21 (0.16) 106.06 (0.14)

10 857.04 (0.11) 617.66 (0.18) 422.88 (0.23) 273.96 (0.24)  167.47 (0.21)
A 2 240.13 176.35 123.83 82.86 52.69

5 521.97 378.53 261.36 171.18 106.05

10 857.12 617.67 422.85 273.93 167.45
B-sd 2 240.13 176.35 123.83 82.86 52.69

5 521.95 378.51 261.33 171.15 106.02

10 857.04 617.55 422.71 273.82 167.39
B-FW 2 240.13 176.35 123.83 82.86 52.69

5 521.95 378.51 261.33 171.15 106.02

10 857.03 617.55 422.72 273.84 167.40
Munk 2 240.22 176.49 124.02 83.08 52.92

5 521.93 378.87 262.16 172.40 107.54

10 854.34 616.51 424.09 277.61 172.86

Note: The Monte Carlo errors are given in parentheses.
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(a) (b)

P(x)=1 P(x)=1
— — — Taylor — — —z—c (SD)
0.3} 0.3}
0.25¢} 0.25}
0.2} 0.2}
0.15 : : : 0.15 ~ . .
0 0.2 0.4 0.6 0 0.2 0.4 0.6

FIGURE 3.1. (a): The true boundary (solid line) and the boundary based on Approx-
imation A (dashed line). The * symbol denotes the location of x*. (b): The boundary
based on Approximation B-sd (dashed line).

method (“MC”). Monte Carlo results are taken as a proxy for the true swaption price. The
Monte Carlo values are computed using 1,000,000 simulations with standard variance
reduction technique (antithetic variates), and dt is discretized as 1/250.

In Approximations A and B, for the 5-year and 10-year tenors we use the cubic-spline
interpolation based on the evaluation of IP’,T at T =ty + (j/m)(ty — to), where j = 0,
1,...,mand m = 4 (as discussed in Section 2.3).

Both Approximation A (Taylor series approximation) and Approximation B (zero-
coupon bond approximation) were found to give accurate swaption prices for the entire
range of strikes considered. For example, for the 2-year (option-) maturity, 10-year-tenor
swaption, Approximation A gives the price of 960.79 and 70.69 for ATMF-1.5% and
ATMF+1.5%, respectively, while the MC values are 960.77 and 70.48. With Approxi-
mation B, both B-sd and B-FW gave similarly accurate results. These results (A, B-sd,
B-FW) are notably more accurate than Munk’s (1999) stochastic duration method, which
gave 957.71 and 73.71.

We now take a closer look, by comparing the exercise boundaries implied by Approx-
imation A and Approximation B with stochastic duration (B-sd). Figure 3.1(a) and (b)
show the Approximation A boundary and the Approximation B-sd boundary, respec-
tively, for 2-year-maturity, 10-year tenor, and strike rate K = 6%. The true boundary is
also plotted in both Figure 3.1(a) and (b) for comparison. Remarkably, the two bound-
aries (A boundary and B-sd boundary) differ significantly, despite the fact that both
produce similarly accurate swaption prices as we have seen in Table 3.1: The A bound-
ary is quite similar to the true boundary, while the B-sd boundary intersects the true
boundary with a visible angle. Two things explain why the B-sd approximation still gives

14 With this setting, the MC results had an excellent match with the exact results in the case of the 1-factor
Vasicek model, which has a closed-form solution for swaption prices (see, e.g., Jamshidian 1989; Brigo and
Mercurio 2001, p. 102).
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FIGURE 3.2. Plots of P (P(x,) < 1) as a function of T — #, for Approximation A and
Approximation B-sd.

accurate swaption prices: (1) it can be seen that the B-sd boundary intersects the true
boundary at a point very close to x*, therefore the most important part of the bound-
ary is reasonably well approximated, and (2) more importantly, even if the individual
probabilities P}’ deviated significantly from the true values, the errors in P, would cancel
out to a large extent in the formula for the swaption price (equation (2.7)), as we have
discussed in Section 2.4.

Figure 3.2 shows the probabilities P/[P(x;) < 1] as a function of T — 7 in the case
of the 2-year-maturity, 10-year-tenor ATMF swaption for both Approximation A and
Approximation B-sd. The function P is indeed smooth and monotonically decreasing
(as discussed in Section 2.3), but the gap between the P[] for A and the P[] for B-sd
is also notable. The relative difference between the A and B-sd probabilities is about 1%
(as can be seen from the figure), which is much larger than the relative difference between
the A and B-sd swaption prices (344.95 vs. 344.81), indicating a substantial degree of
cancellation of errors. This robustness (the fact that one can obtain an accurate swaption
price with an inaccurate evaluation of probabilities) is an attractive feature of the exercise
boundary approximation approach.

3.3. Comparison with Schrager and Pelsser (2006)

Here, we provide additional evidence on the quality of Approximations A and B
applied to affine models. We use three parameter/state-vector settings examined by SP
(2006): a 1-factor affine-Gaussian model (Vasicek model), a 3-factor affine-Gaussian
model, and a 2-factor CIR model. In the notation of the present paper, they are given as
follows.

One-factor affine-Gaussian model:

(3.13) a =0, b, =1, K=0.05, 6 =0.05, h =0.01>, H=0, x, = 0.05.
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Three-factor affine-Gaussian model:

1 1 0 0 0
(B.14) a, =006 b, =|1]|,K=[0 02 0|, 6=|0],
1 0 0 05 0
100 —0.10 —0.02 0.01
h=10"*] =010 025 003 |, H;=0,(Vi. /). x = | 0.005
—0.02 0.03  0.04 —0.02

Two-factor CIR model:

o s [1] o020 0]
315 a. = U. s U = ) = ) 0= ) = X2
(3.15) 1 0 02 0.01 e

0.042 0 0.04
Hy = , Hy = 5 | Hpy = H =051, X = .
0 0.02 0.02

We note incidentally that in the case of affine-Gaussian models (e.g., equations (3.13)
and (3.14)), the object PT[b - x,, < a] needed for Approximations A and B is available in
closed-form because the T-forward measure distribution of x;, is still normal. Specifically,
we have

(3.16)
P/[b- x, < al = N((a — b'E"[x;, | x1)//b'Var[x;, | x]b)

E”[x, | x] = Elx;, | x]+ (Var[x, | xJe"T=O% — K7 (L0, — e @)K "b,
E[x, | x] = ei(loir)lc(xt —0)+06
vee(Var[x, | X1) = ((Lyxn ® K) 4+ (K ® L)) 'vec(h — e~ 075 o= (00K

where N( - ) denotes the standard normal cdf, and the expression eX with square matrix
X denotes the matrix exponential, vec(X) denotes the vectorization of the matrix X, and
the symbol ® denotes the Kronecker product.

Tables 3.2-3.4 display the results for the 1-factor affine-Gaussian model (3.13), three-
factor affine-Gaussian model (3.14), and the 2-factor CIR model (3.15), respectively.
These tables give the payer swaption prices for option maturities of 1, 2, 5 years and
tenors of 1, 2, 5, 10 years (same maturities and tenors as in SP 2006). As Schrager
and Pelsser (2006) do, we examine the ATM case (strike=ATMF), as well as an ITM
case (strike=0.85ATMF) and an OTM case (strike=1.15ATMF). The interval between
cash flows (87) is set to 1/2 (i.e., 6 months). For 5-year and 10-year tenors, the same
interpolation of P7 as in Section 3.2 was used. Because a simple closed-form formula
for swaption price is available in the case of the 1-factor affine-Gaussian model (recall
footnote 14), the exact prices are given in Table 3.2 for comparison with Approximations
A and B; on the other hand, in Tables 3.3 and 3.4 the Monte Carlo prices (with error
estimates) are given for comparison.

As can be seen in Tables 3.2-3.4, the performance of Approximations A and B-
sd is excellent in all three cases examined ((3.13), (3.14), and (3.15)) for all option
maturities, tenors, and strikes (ATM, ITM, OTM). Note that in the case of the 1-factor
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TABLE 3.2
Upper Panel, Middle Panel, and Lower Panel Give the Swaption Prices (in basis
points) for 1-Year, 2-Year, and 5-Year Option Maturities, Respectively, in a 1-Factor
Affine-Gaussian Model (Vasicek model) for Tenors of 1-Year, 2-Year, 5-Year, and

10-Year
Method Strike 1-year 2-year S-year 10-year
Exact I™ 80.59 155.87 353.28 605.66
ATM 35.67 67.95 147.65 238.27
OT™M 11.25 20.78 41.39 58.74
A I™ 80.59 155.87 353.28 605.66
ATM 35.67 67.95 147.65 238.27
OT™ 11.25 20.78 41.39 58.74
B-sd I™ 80.59 155.87 353.28 605.66
ATM 35.67 67.95 147.65 238.27
OT™M 11.25 20.78 41.39 58.74
B-FW I™ 80.59 155.87 353.28 605.62
ATM 35.67 67.95 147.65 238.27
OT™ 11.25 20.78 41.39 58.69
Exact I™ 86.86 167.45 376.20 637.30
ATM 46.84 89.23 193.96 313.24
OT™ 21.17 39.55 81.33 121.06
A I™ 86.86 167.45 376.20 637.30
ATM 46.84 89.23 193.96 313.24
OT™M 21.17 39.55 81.33 121.06
B-sd I™ 86.86 167.45 376.20 637.30
ATM 46.84 89.23 193.96 313.24
OT™ 21.17 39.55 81.33 121.06
B-FW I™ 86.86 167.45 376.20 637.26
ATM 46.84 89.23 193.96 313.24
OT™M 21.17 39.55 81.33 121.03
Exact I™ 91.40 175.62 391.03 654.44
ATM 59.50 113.41 246.88 399.67
OT™M 35.82 67.53 142.40 220.01
A I™ 91.40 175.62 391.03 654.44
ATM 59.50 113.41 246.88 399.67
OT™M 35.82 67.53 142.40 220.01
B-sd I™ 91.40 175.62 391.03 654.43
ATM 59.50 113.41 246.87 399.66
OT™M 35.82 67.53 142.40 220.00
B-FW I™ 91.40 175.62 391.03 654.40
ATM 59.50 113.41 246.87 399.67
OT™M 35.82 67.53 142.40 220.00

Note: “ATM” denotes strike rate set at ATMF, “ITM” denotes the strike rate of
0.85ATMF, and “OTM” denotes the strike rate of 1.15SATMF.
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TABLE 3.3
Upper Panel, Middle Panel, and Lower Panel Give the Swaption Prices (in basis
points) for 1-Year, 2-Year, and 5-Year Option Maturities, Respectively, in a 3-Factor
Affine Gaussian Model for Tenors of 1-Year, 2-Year, 5-Year, and 10-Year

Method  Strike 1-year 2-year S-year 10-year

MC ITM  79.45 (0.01) 154.57 (0.00) 361.49 (0.00)  637.00 (0.00)
ATM  20.83 (0.02)  33.14 (0.02)  53.35 (0.04)  65.63 (0.05)
OTM  1.57 (0.01) 1.07 (0.01) 0.15 (0.00) 0.00 (0.00)

A ITM  79.44 154.56 361.47 636.98
ATM  20.82 33.12 53.31 65.54
OTM  1.57 1.06 0.15 0.00

B-sd ITM  79.44 154.56 361.47 636.98
ATM  20.82 33.12 53.30 65.53
OTM  1.57 1.06 0.15 0.00

B-FW  ITM  79.44 154.56 361.47 636.98
ATM  20.82 33.12 53.31 65.54
OTM  1.57 1.06 0.14 —0.00

MC ITM 7841 (0.01) 150.93 (0.01) 346.33 (0.01)  604.87 (0.01)

ATM 2354 (0.02) 3842 (0.03)  63.67 (0.05)  79.05 (0.06)
OTM 281 (0.01)  2.60 (0.01) 0.90 (0.01) 0.08 (0.00)

A ITM 78.40 150.91 346.28 604.81
ATM  23.55 38.43 63.68 79.03
OT™M 2.82 2.61 0.90 0.08
B-sd I™ 78.40 150.91 346.27 604.81
ATM  23.55 38.43 63.68 79.02
OTM 2.82 2.61 0.90 0.07
B-FW ITM 78.40 150.91 346.27 604.79
ATM  23.55 38.43 63.68 79.03
OTM 2.82 2.61 0.89 0.03
MC ITM 69.45 (0.01) 131.96 (0.01) 295.18 (0.01) 508.86 (0.01)

ATM 2321 (0.02)  38.73 (0.03)  65.69 (0.05)  82.17 (0.06)
OTM  3.79 (0.01) 4.31 (0.01) 2.56 (0.01) 0.51 (0.01)

A I™ 69.44 131.95 295.16 508.84
ATM  23.21] 38.72 65.68 82.13
OTM 3.79 4.32 2.57 0.51
B-sd ITM 69.44 131.95 295.16 508.84
ATM 2321 38.72 65.68 82.13
OTM 3.79 4.32 2.57 0.51
B-FW I™ 69.44 131.95 295.15 508.77
ATM 2321 38.72 65.68 82.13
OTM 3.79 4.32 2.54 0.39

Notes: “ATM” denotes strike rate set at ATMEF, “ITM” denotes the strike rate of
0.85ATMF, and “OTM?” denotes the strike rate of 1.15SATMF. Monte Carlo errors are
given in parentheses.
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TABLE 3.4
Upper Panel, Middle Panel, and Lower Panel Give the Swaption Prices (in basis
points) for 1-Year, 2-Year, and 5-Year Option Maturities, Respectively, in a 2-Factor
CIR Model for Tenors of 1-Year, 2-Year, 5-Year, and 10-Year

Method  Strike 1-year 2-year S-year 10-year

MC ITM  100.92 (0.01) 190.57 (0.01) 410.88 (0.01)  675.43 (0.01)
ATM 2490 (0.02)  43.83 (0.04)  77.71 (0.06)  98.30 (0.08)
OTM 1.95 (0.01)  2.69 (0.01)  2.17 (0.01)  0.67 (0.01)

A ITM  101.12 190.59 410.91 675.48
ATM 2475 43.82 77.70 98.28
OTM 1.89 2.69 2.16 0.67
B-sd ITM 10112 190.59 410.91 675.48
ATM 2475 43.82 77.70 98.28
OTM 1.89 2.69 2.16 0.67
B-FW  ITM  101.12 190.59 410.90 675.45
ATM  24.75 43.82 77.70 98.28
OTM 1.89 2.69 2.13 0.50
MC ITM 9240 (0.01) 174.12 (0.02) 374.67 (0.02)  618.30 (0.02)

ATM 2941 (0.02)  51.79 (0.04)  91.94 (0.07) 116.30 (0.09)
OTM 506 (0.01) 7.5 (0.02)  7.84 (0.03)  3.88 (0.02)

A ITM 92.43 174.14 374.71 618.35
ATM 29.40 51.75 91.86 116.19
OT™M 5.02 7.56 7.86 3.88

B-sd I™ 92.43 174.14 374.71 618.35
ATM 29.40 51.75 91.86 116.19
OTM 5.02 7.56 7.86 3.88

B-FW IT™M 92.43 174.14 374.69 618.21
ATM 29.40 51.75 91.86 116.19
OTM 5.02 7.55 7.81 3.55

MC IT™M 72.03 (0.02) 135.72 (0.03) 292.63 (0.03) 487.37 (0.03)

ATM 2844 (0.02)  50.18 (0.04)  89.29 (0.07) 112.95 (0.09)
OTM 8.18 (0.02)  12.77 (0.03)  15.33 (0.04)  9.76 (0.03)

A I™ 72.03 135.75 292.70 487.44
ATM 28.47 50.19 89.30 112.96
OTM 8.18 12.78 15.34 9.77
B-sd ITM 72.03 135.75 292.70 487.44
ATM 28.47 50.19 89.30 112.96
OTM 8.18 12.78 15.34 9.77
B-FW I™ 72.03 135.75 292.67 487.23
ATM 28.47 50.19 89.30 112.96
OTM 8.18 12.78 15.31 9.44

Notes: “ATM” denotes strike rate set at ATMF, “ITM” denotes the strike rate of
0.85ATMF, and “OTM?” denotes the strike rate of 1.15SATMEF. Monte Carlo errors are
given in parentheses.
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affine-Gaussian model, Approximation A leads to the exact value of P/[P(x,) < 1],
since the exercise boundary is just a point in the 1-factor case (while the boundary is a
line in the 2-factor case and a surface in the case of 3 or more factors). Therefore, the
result of Approximation A is identical to the exact value for tenors of 1-year and 2-year
(which do not involve the interpolation of P7). For tenors of 5-year and 10-year, the
exact values and Approximation A values can differ due to an interpolation error, but as
can be seen in Table 3.2, this error is so small that the numbers are identical up to the
last significant digit used here (two digits below the decimal) for all option maturities
(1-year, 2-year, and 5-year). As can be also seen in Table 3.2, Approximation B-sd also
led to an excellent agreement with the exact values, while Approximation B-FW’s results
were slightly less accurate. (For example, the swaption with 2-year option maturity and
10-year tenor has the price of 121.03 according to Approximation B-FW, while the exact
formula, Approximation A, and Approximation B-sd all give 121.06.) The examination
of the 3-factor affine-Gaussian results (Table 3.3) and the 2-factor CIR results (Table 3.4)
leads to the same qualitative conclusion about the performance of Approximations A,
B-sd, and B-FW.

Comparing the accuracy of Approximations A and B-sd with the method of SP (2006),
it can be seen that Approximations A and B-sd are more accurate. With Approximations
A and B-sd, the absolute error magnitudes never exceed 0.2 basis point in any of the
cases, and typically the errors are much smaller than that. SP’s (2006) method leads to
absolute errors whose magnitude often exceeds 0.2 basis point in the case of the 1-factor
Vasicek model (SP 2006, table 4.2) for OTM and ITM options, reaching numbers as
high as 1.99 basis points for OTM options and 2.71 basis points for ITM options. In the
case of the 2-factor CIR model, SP (2006, table 6.1) generate error magnitude as large
as 0.71 basis points (OTM, 5-year maturity and 10-year tenor). Qualitative differences
in absolute errors between the methods of this paper (Approximations A, B-sd) and SP’s
(2006) method also translate to qualitative differences in the magnitude of relative pricing
errors as well, particularly with OTM options.

As regards the computation speed, it is not easy to compare the speed of various
proposed methods, since one may not be able to say that each method under compari-
son has been fully “optimally” programmed. However, here we can make a conservative
statement about the speed of Approximation B-sd in comparison with Munk’s (1999)
stochastic duration method, since the same computational elements are involved: the
determination of the stochastic duration (which amounts to the determination of the
exercise boundary in Approximation B-sd), and the evaluation of terms of the form
PT[b - x, < a). In general, the evaluation of the P7 terms is going to be the most time-
consuming step (though in the case of the 1-factor and 3-factor affine-Gaussian models
considered in this subsection, there is a closed-form expression for it). In the case of
Munk’s stochastic duration method one needs two evaluations of P” (at T =ty and T =
t + Dy), while in the case of the Approximation B-sd used in this subsection, one needs
at most five evaluations of P7; recall that an interpolation based on five values gave
highly accurate results. Therefore, the computation time for Approximation B-sd would
be no more than 2.5 times that of Munk’s stochastic duration method. In the case of Ap-
proximation A, the procedure for determining the option exercise boundary is different,
but the rest of the steps are the same as Approximation B-sd. As noted in footnote 9,
the process for determining the exercise boundary for Approximation A is pretty fast,
therefore we would expect Approximation A to be comparable to Approximation B-sd in
speed.
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According to SP’s (2006) estimation of computational speed (in their table 6.3), the
computation time for the SP method is about 2.3-2.5 times that of Munk’s stochastic
duration method, which would imply that Approximations A and B-sd in this paper are
comparable to SP’s (2006) method in terms of speed.

4. SWAPTION PRICING IN QG MODELS
4.1. General QG Models

To illustrate the application of the methods of this paper to swaption pricing in non-
affine models, we shall use QG models. The general QG model is given by

4.1) r(x) =a, + b - x + x,C.xt,

where a, is a constant, b, is an n-dimensional vector of constants, and C, is an n x
n constant symmetric matrix. The n-dimensional state vector x; has the risk-neutral
dynamics

where 6 is an n-dimensional constant vector, /U, ¥ are n x n constant matrices, and W,
is an n-dimensional vector of standard Brownian motions.

Note that the x, dynamics is a special case of (3.2), with h; = (XX");;, H;j = 0,1 Vi, J.
Therefore E[x7|x,] and Var[xy|x,] for the QG model are again available in closed-form.
(See (A.11) and (A.16) in the Appendix; alternatively, one can use the expression for
E[x7|x,] and Var[xr|x,] in (3.16).)

It is well known that the zero-coupon bond price Z(¢, T) in this model is given by'>

4.3) Z(t, T)=exp(AT—1)+ B(T—1) - x; + x,C(T — t)x,),

where A(t), B(t), C(t) are the solution of the Riccati equation

(4.4) dfi(:) — (K6) B(r) + %tr((ZC(t) + B()B(1))£X)) — a,
dfl(;) — _K'B(t) + 2C(1)K6 + 2C(1)S X' B(x) — b,
di’) — _(K'C(x) + C(t)K) + 2C(x)E¥'C(x) — G,

with boundary condition 4(0) = 0, B(0) = 0,,x1, C(0) = 0,,x5,.
In the case of Approximation A, the coefficients a, b, C for the approximation
PT[P(x,) < 1]~ Pla+b-x, + X, Cx;, < 0] is given by (2.18), which involves func-

15 See, e.g., Ahn, Dittmar, and Gallant (2002) and Leippold and Wu (2002).
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tions P(x), 9, P(x), 0,9y P(x), given by

(4.5) P(x) = i ci eA(t,-—to)—o—B(t,»—to)»x+x’(7(t,—to)x’
i=1
N
0, P(x) = Y ¢ e MmHBU X CU=N(B(g; — 1) + 2C(1 — 19)),
i=1
N
3,0y P(x) — Z ¢ eA(t,-—Io)+B(ti—10).x+x’(7(t,—to)x(zc(t[ _ fO)
i=1

+ (B(1; — o) + 2C(t; — 10)X)(B(t; — o) + 2C(t; — 10)x)).
In the case of Approximation B, we have

(4.6) a= At + D(t) — 1) + log(§)
b = B(t+ D(t) — t)
C = C(t+ D) — t).

If the stochastic duration Dy(¢) is used (D(f) = D;(?)), it can be computed as the solution
of the equation

(4.7)  (B(Dy) +2C(Dy)x)) L' (B(Dy) + 2C(Dy)x;) =

N ! N
(Z wi(B(t; — 1) +2C(1 — t)xJ) xy (Z wi(B(t; — 1)+ 2C(1; — t)x») :

i=1 i=l

where w; = ¢;Z(t, 1;)/(D_;c;Z(t, t;)). Again, as in the case of affine models (equation (3.8)),
one can speed up the solution of (4.7) by computing the left-hand side using an interpo-
lation formula based on precomputed values of (B(r) + 2C(t)x,) X Z/(B(t) + 2C(t)x,)
att = {; — 1} .

To compute P/[a+b - x;, + x;, Cx;, < 0], again we use the Levy inversion formula

1 1 > Im(f"
4.8) P/[a+b-x, +x,Cx, < 0] = = — — / ;U @)
2 T Jo z

The T-forward measure characteristic function f,/(z) is given by

(49) ftT(Z) = ErT[eiz(a-'-b-x,()+«‘5,0Cx,0)]
= Z([, T)_IE[ [e_f(Tr‘sdxeiz(a+b.x/0+x;ocxm)]
= Z(),‘7 T’)*IEI [87 f,’o r,stlse(A(T—tn)+iza)+(B( T—tg)-+izb)-x 7, (C( T—t0)+i:C)x,0]
= e/I(IO*t;Tflo,Z)*A(T*f)‘l‘(é(fofl;T*I‘o,Z)fB(T*[))-XmLx,’(C(Io—[;Tffoq_,),c(Tit))x/
where A(t; T — 1y, z), B(r; T — 1, z), C(t; T — 1y, z) are the solution of the Riccati equa-

tions (4.4), with bgundary conditions A(0; T — 1y, z) = A(T — to) + iza, BO; T — 1y, z) =
B(T — ty)) +izb, C(0; T — ty, z) = C(T — ty) + izC.
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4.2. Two-Factor QG Model Illustration

Let us now apply the methods to the swaption pricing in the general 2-factor QG
model, with parameters from an estimation in Kim (2007):

1 0.4412:|

(4.10) a, =0.0444, b, = |:O:| , C = [
0 04412 -1
|:—0.0541 0.0361i| |:0.1932:| |:0.0145 0 :|
K= , 0= , L= .
—1.2113 0.4376 0.1421 0 0.0236
We set the state vector x; = [0.1690, —0.0501]’, which is the estimated long-run physical
mean.

Note that C, is not a positive-definite matrix; more specifically it has one negative
eigenvalue and one positive eigenvalue.'® Thus, for low maturities, C(t) (in equation (4.3))
is not positive-definite, but it turns out that C(r) becomes positive definite for large
enough t.

These parameters therefore allow us to examine the swaption pricing for quite different
boundary shapes: For short tenors, the boundary equation P(x) — 1 = 0 is approximately
a hyperbola, while for long tenors it is approximately an ellipse. This is illustrated in Figure
4.1. The boundary curve P(x) — 1 =0, with K = 8%, is shown in Figure 4.1(a, b), (c, d),
and (e, f) for tenors of 2-year, 5-year, and 10-year, respectively.

The approximate boundary based on Approximation A is shown in Figure 4.1(a), (c),
and (e). The * point again denotes x*, given by (2.20). The approximate boundary based
on Approximation B with stochastic duration (B-sd) is shown in Figure 4.1(b), (d), and
(f). It can be seen that both A and B-sd match the true boundary P(x) — 1 = 0 very
well at least in the neighborhood of x*. Away from x*, the approximate boundaries can
deviate from the true boundary a lot. A striking example is the case of the 5-year tenor in
Figure 4.1(d): the true boundary is ellipse-like, but the boundary based on Approximation
B-sd is a hyperbola. This, however, is not necessarily a problem, since the contribution
of those parts with large mismatch is very small.

Table 4.1 shows the swaption prices for tenors of 2, 5, 10 years and option maturities of
1, 2, 5 years, based on five different methods: the Monte Carlo simulation, Approxima-
tion A, Approximation B with stochastic duration, Approximation B with Fisher—Weil
duration, and Munk’s (1999) stochastic duration approximation.

As in affine model illustrations in Section 3.2, §¢ was set to 1/2, and for the 5-year and
10-year tenors we use the cubic-spline interpolation based on the evaluation of P at T
=19+ (j/m)(ty — ty), wherej =0, 1,...,m and m = 4 (for Approximations A and B).

Again, as in Section 3.2, the strike rates are chosen as (ATMF-1.5%, ATMF-0.75%,
ATMF, ATMF+0.75%, ATMF+1.5%). Note that how much the strike is out-of-money
(or in-the-money) depends on the volatility. The parameters for the QG model illustration

(equation (4.10)) imply less volatile interest rates than the 2-factor CIR model parameters
in Section 3.2 (equation (3.12));!” therefore, the strike of ATMF+1.5% in this section is

16 This makes nominal short rate no longer positive-definite, but one gains additional flexibility to
fit interest rate dynamics (compared to the positive-definite case). This is analogous to the mixed-sign
multifactor CIR model of Backus et al. (2001), who find that it fits data better than the standard n-factor
CIR model.

17 The estimation in Kim (2007) is based on a later period sample, which had less volatile interest rates
than Duffie and Singleton (1997).



SWAPTION PRICING IN AFFINE AND OTHER MODELS 813

TABLE 4.1
Upper Panel, Middle Panel, and Lower Panel Give the Swaption Prices for 1-Year,
2-Year, and 5-Year Option Maturities, Respectively, in a 2-Factor QG Model

Method Tenor ATMF-1.5% ATMF-0.75% ATMF ATMF+0.75% ATMF+1.5%

MC 2 25546 (0.01) 138.47 (0.02)  52.28 (0.04)  11.84 (0.02) 1.46 (0.01)
5 567.72 (0.02) 304.40 (0.03) 106.36 (0.07)  17.86 (0.04) 1.02 (0.01)
10 94325 (0.04) 494.64 (0.03) 148.30 (0.09)  12.20 (0.03) 0.04 (0.00)

A 2 255.43 138.48 52.33 11.87 1.47
5 567.67 304.42 106.45 17.92 1.02
10 943.16 494.69 148.55 12.32 0.04
B-sd 2 25543 138.48 52.33 11.87 1.47
5 567.66 304.41 106.44 17.92 1.01
10 943.11 494.66 148.49 12.32 —0.00
B-FW 2 25543 138.48 52.33 11.87 1.47
5 567.66 304.40 106.44 17.89 0.97
10 943.10 494.49 148.53 11.89 ~0.15
Munk 2 25541 138.40 52.25 11.86 1.48
5 567.38 303.59 106.02 18.37 1.21
10 94254 492.38 147.75 14.12 0.17
MC 2 24036 (0.02) 140.50 (0.03)  65.81 (0.05)  23.12 (0.04) 5.81 (0.02)

5 532.17 (0.03) 304.37 (0.04) 130.23 (0.08)  34.68 (0.05) 4.43 (0.02)
10 880.43 (0.07) 488.21 (0.03) 182.48 (0.09) 28.13 (0.05) 0.30 (0.00)

A 2 24034 140.44 65.71 23.06 5.78
5 53221 304.31 130.08 34.60 4.40
10 880.59 488.27 182.41 28.14 0.30
B-sd 2 24034 140.44 65.71 23.06 5.78
5 53220 304.31 130.06 34.59 4.39
10 880.52 488.26 182.32 28.14 0.09
B-FW 2 24034 140.44 65.71 23.06 5.78
5 532.20 304.29 130.07 34.58 431
10 880.48 488.09 182.38 27.84 —0.32
Munk 2 24025 140.29 65.59 23.04 5.82
5 531.25 302.89 129.45 35.36 5.10
10 878.30 484.58 181.36 31.37 1.09
MC 2 198.10 (0.03) 124.42 (0.03)  65.92 (0.04) 27.59 (0.03) 8.59 (0.02)

5 438.24 (0.06) 268.77 (0.04) 130.24 (0.05)  39.95 (0.05) 5.04 (0.02)
10 724.44 (0.12) 432.84 (0.07) 190.77 (0.05)  36.27 (0.04) 0.24 (0.00)

A 2 198.09 124.40 65.91 27.58 8.58
5 438.21 268.75 130.21 39.92 5.04

10 724.40 432.83 190.72 36.24 0.24

B-sd 2 198.09 124.40 65.91 27.58 8.58
5 438.20 268.74 130.18 39.90 4.99

10 724.39 432.80 190.63 36.16 —0.07

B-FW 2 198.09 124.40 65.91 27.58 8.58
5 438.20 268.73 130.19 39.91 493

10 724.32 432.73 190.69 36.12 —0.34

Munk 2 197.94 124.25 65.84 27.65 8.71
5 436.88 267.41 129.80 41.18 6.25

10 721.63 430.23 190.44 40.04 0.99

Note: The Monte Carlo errors are given in parentheses.
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FIGURE4.1. True exercise boundaries (solid line) and approximate boundaries (dashed
line). (a) 2-year tenor, Approximation A. (b) 2-year tenor, Approximation B-sd. (c) 5-
year tenor, Approximation A. (d) 5-year tenor, Approximation B-sd. (e) 10-year tenor,
Approximation A. (f) 10-year tenor, Approximation B-sd.

more deeply out-of-money than ATMF+1.5% in Section 3.2. This can be also seen from
the fact that the swaption prices for the strike of ATMF+-1.5% are very small, e.g., for
the 1-year-maturity, 10-year-tenor swaption, the price at ATMF+1.5% is only 0.04 basis
points.

As can be seen in Table 4.1, the results based on Approximation A have an impressive
match with those based on Monte Carlo simulation for the entire range of option maturi-
ties (1, 2, 5 years), tenors (2, 5, 10 years), and strikes (from ATMF-1.5% to ATMF+1.5%)
considered in this paper. Approximation B with stochastic duration (B-sd) has a similarly
good performance, except for the case of the 10-year tenor and the strike of ATMF+1.5%,
where it generates negative option prices for the option maturities of 1-year and 5-year.
This is not likely to be a serious problem, since these options are not likely to exist (trade)
in practice; they are too deep out-of-money, as noted earlier.
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Approximation B with Fisher—Weil duration (B-FW) also yields very accurate results.
But in some cases (low-price out-of-money options), its results are not as accurate as
Approximation B with stochastic duration. For example, the swaption price for the 10-
year tenor and the strike of ATMF + 0.75% is (11.89, 27.84) for (1-year, 2-year) option
maturity for Approximation B-FW. On the other hand, the corresponding numbers for
Approximation B-sd are (12.32, 28.14), which is much closer to the Monte Carlo value
of (12.20, 28.13). In any case, even Approximation B-FW is much more accurate than
the Munk’s (1990) stochastic duration method, which generates the corresponding price
of (14.12, 31.37). Approximations A and B have been also tested with other parameters
and state vectors; these tests led to similarly good conclusions about the performance of
Approximations A and B.

5. CONCLUDING REMARKS

In this paper, we have explored several modifications of SU’s (2002) method of approx-
imating the exercise boundary so that (1) the method does not require the knowledge
of the pdf, and (2) it is easily generalized and applied to models beyond the affine class.
Among these modifications, we find that the Taylor series method (Approximation A)
performs very well across the entire option maturities, tenors, and strikes considered. The
zero-coupon bond approximation with stochastic duration (Approximation B-sd) also
performed similarly well, except at moneyness levels that are so deeply out-of-the-money
as to be practically irrelevant. The methods work very well partly because the errors in
the evaluation of T-forward measure probabilities P/ P(x;) < 1] cancel out to a large
extent. For applications beyond the affine class, we have focused on QG models and
found that the methods of this paper (Approximations A and B-sd) work well for QG
models too; we can expect the methods to have broad applicability to yet other models,
as long as they have a tractable formula for the zero-coupon bond option price.

APPENDIX: CONDITIONAL MEAN AND VARIANCE IN AFFINE
MODELS

In this appendix, we derive the expression for the conditional first and second moments
of the state vector in affine models (needed for Approximation A). More specifically, we
evaluate E[x7|x,] and Var[xr|x,] for the n-dimensional vector process

(A.1) dx, = (K6 — Kx)dt + =(x,) dW,,

where (2(x)2(x;))ij = hij + Hlfj X;. (W, is an n-dimensional vector of independent Brow-
nian motions, K is an n x n constant matrix, K6 and H;; (i,j=1, ..., n) are n-dimensional
constant vectors, and /; (i, j = 1,...,n) is a scalar.) We allow for as general }C matrix
as possible, e.g., K could be noninvertible, nondiagonal, or nonstationary. It could also
have complex eigenvalues.'®

We use the fact that the matrix exponential &M (= I, + Kt + (1/2)KC*#> + - - ) has
the property that d(eX') = Ke'dt = ¢M Kdt. Using the Ito’s lemma, we have

(A.2) d(e x) = Ke™ x,dt + eMdx,.

18 An equivalent expression for E[x7|x,] and Var[xr|x,] has been derived by Fisher and Gilles (1996),
with a different notation for the specification of the ¥ (x;)X(x;)’ matrix.
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Substituting in dx,, we have
(A.3) d(@'x,) = M Kodt + M (x) dW .

Integrating this expression from # to 7', we have
T T
(A.4) M xp — My, = ( / eK»"ds> K6 + / () dW .
t t
Therefore,

T T
(A.5) xp=e I 0y 4 ( / e_K(T_“)ds> Ko + / e MI=95(x,) dW .
t

t
From this, the conditional mean is immediately obtained:
T
(A.6) Elxr|x]=e ™MDy, 4 ( / e"C(T_‘Y)ds) K6.
t
The conditional variance—covariance matrix is

T
(A7) Var[xr | x] = / e MT9E[S (x) () | xle T ds.

t

We shall now consider the case of invertible K matrix and the case of noninvertible IC
matrix separately.

Invertible KC matrix: If KC is an invertible matrix, the integral in (A.6) is easily done,
and we have

(A.8) Elxr|x]=e " (x —0)+0.
The matrix exponential in (A.8) can be evaluated by diagonalizing the IC matrix,
(A9) K=UD(y,....va]) U,

where D(x) denotes a diagonal matrix whose diagonal elements are the vector x, y;’s are
the eigenvalues of /C, and U is a matrix whose columns are eigenvectors of /C. Using the
fact that

(A.10) Kt — UDIn o l) Ut

1
= L +1UD(y1, -, VU™ + gtzUDz([yl, DU 4
= UD([e"",...,e" U™,
we have

(A.11) Elxr | x] = UD([e T, e T0]\U7 (x, — 6) + 6.

To evaluate the conditional variance—covariance matrix, again we use the diagonal-
ization of the I matrix (equation (A.9)). Straightforward calculation shows that the
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elements of the matrix Var[xy|x,] are given by

(A.12)
(Var[xr | x])ij =

S ot S ds Uy e 79U (E[E00) 05 | X DU~ Yge =W,
Since

(A.13)
(E[E(XS)E(XSY | xt])lm = hlm + I{[/mE[xs | X[]

= him + H,0 + H,, UD([e 700, e )U (- 0),
we have
(A14)  (Varler[xDi = D UpTpg(U™)pQum(U™ g (U

pq.lm

+ Z Uip(rk)pq(U_l)pl(Qk)lm(U_ll)mq(U,)qj
p.q.l,mk

where we have defined n x n symmetric matrices 2, ., I', Ty (k= 1,...,n) as
(Q)ij = (H, Up(U ™' (5 = ).

1 — e*(VH‘V/)(T*f)
F[j =
VitV

e~ NT=1) _ p—(rity)(T—0)

Toij =
Y Vit Vi— Vk

In the expression for 2, the notation (v); denotes the kth element of the vector v.
Equation (A.14) can be written more simply in matrix notation as

(A.16)  Var[xr|x]=U (((Ulswl’) oD+ (U'U )0 rk)> U,
k=1

where the circle o denotes the Hadamard product (entry-wise multiplication). Note that
this formula is valid regardless of whether /C has all-real eigenvalues or not."

Noninvertible IC matrix: 1f the matrix K is not invertible,?’ at least one of its eigenvalues
is zero, and the long-run mean 6 is not defined. To obtain E[x7|x;] in this case, we
start from (A.6), and evaluate the matrix integral using the diagonalized form of K

191f K has complex eigenvalues, the matrix U is also complex. In this case, the formula (A.16) still gives
the correct answer, but note that U’ is the transpose matrix, not the Hermitian conjugate matrix. (In some
packages like matlab, the notation U’ gives the Hermitian conjugate matrix when U is complex.)

20 A prominent example of a noninvertible K matrix is the affine stochastic volatility model of stock
prices, as in Duffie et al. (2000).
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(equation (A.9)). This gives

(A.17) Elxr|x]=UD([e "0, . e Uy,

T T 1
+ UD ([f e nT=9ge / e_y”(T_‘”dsj| ) U~'Kes.
t t

The integral in (A.17) is
(A.18) / " nT=94g = { (T—1) (vi=0)
' (1 —e T /yi (vi #0).

To obtain Var[xy|x,], we proceed as in the case of the invertible & matrix, except that
instead of (A.13), we have

(A.19)
(BIZ ()25 | X Dim = i + H), UD([e "¢, . e 60Uy,

- H,,UD ([ f e NNy, . f e_y”(“_’)du:l ) UK.
t t

It is then straightforward to show that

(A.20)

Var[xs | x]= U ((U—lsz” U)ol +> (U'QQU ol —(U'QU o r,ﬁ)) U,
k=1

where the 7 x n symmetric matrices Q¢, Q7, Q¢, T, T'7, T{ (k = 1,...,n) are defined as
(A.21) (R4 = hyj,

(@)ij = (H,U)(U " %),

(Qij = (H; U(U'KO),

T
(T :/ e~ ity I=s)gg.
t

T
Ty, :/ e~ HINT=5)=ns=0 g
t

T s
Tois = / e rHrI=s) ( / e“’(””du) ds.
t t

The integrals in (A.21) have different expressions, depending on whether y; = 0 or not,
whether y; + y; = 0 or not, and whether y; =y, + y; or not:’!

T—1 (vi+y;=0)
(A.22) (T =1{ | — o~ titrT=0
—— Wity #0)
VitV

21 Note that the situation y; + y; = 0 would occur when i = j and y; = 0, and the situation y = y; +
y;j would occur when i =k and y; =0orj=kand y; =0.
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e I=(T — 1) i +vi =)
(A.23) (TD)ij = 3 o m(T=0) _ o=(rity)T-0)
i +vi #w)
Vit Vi— Vk
(A.24)
(T —1)*/2 (e=0.vi+y;=0)
TP = (T Ly y (T — 1) = D/ +v))* =07+ #0)
((T; — (T vi (vx #0).
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We develop a theory of robust pricing and hedging of a weighted variance swap given
market prices for a finite number of co-maturing put options. We assume the put option
prices do not admit arbitrage and deduce no-arbitrage bounds on the weighted variance
swap along with super- and sub-replicating strategies that enforce them. We find that
market quotes for variance swaps are surprisingly close to the model-free lower bounds
we determine. We solve the problem by transforming it into an analogous question
for a European option with a convex payoff. The lower bound becomes a problem
in semi-infinite linear programming which we solve in detail. The upper bound is
explicit. We work in a model-independent and probability-free setup. In particular,
we use and extend Follmer’s pathwise stochastic calculus. Appropriate notions of
arbitrage and admissibility are introduced. This allows us to establish the usual hedging
relation between the variance swap and the “log contract” and similar connections for
weighted variance swaps. Our results take the form of a FTAP: we show that the
absence of (weak) arbitrage is equivalent to the existence of a classical model which
reproduces the observed prices via risk-neutral expectations of discounted payoffs.

KEYy WoRrDSs: weighted variance swap, weak arbitrage, arbitrage conditions, model-independent

bounds, pathwise Ito calculus, semi-infinite linear programming, fundamental theorem of asset pricing,
model error.

1. INTRODUCTION

In the practice of quantitative finance, the risks of “model error” are by now univer-
sally appreciated. Different models, each perfectly calibrated to market prices of a set of
liquidly traded instruments, may give widely different prices for contracts outside the cal-
ibration set. The implied hedging strategies, even for contracts within the calibration set,
can vary from accurate to useless, depending on how well the model captures the sample
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path behavior of the hedging instruments. This fundamental problem has motivated a
large body of research ranging from asset pricing through portfolio optimization, risk
management to macroeconomics (see, e.g., Cont 2006; Follmer et al. 2009; Acciaio et al.
2011; Hansen and Sargent 2010 and the references therein). Another stream of literature,
to which this paper is a contribution, develops a robust approach to mathematical fi-
nance, see Hobson (1998), Davis and Hobson (2007), Cox and Obtoj (2011a). In contrast
to the classical approach, no probabilistic setup is assumed. Instead we suppose we are
given current market quotes for the underlying assets and some liquidly traded options.
We are interested in no-arbitrage bounds on a price of an option implied by this market
information. Further, we want to understand if, and how, such bounds may be enforced,
in a model-independent way, through hedging.

In this paper, we consider robust pricing and hedging of a weighted variance swap
when prices of a finite number of co-maturing put options are given. If (S;, t € [0, T1)
denotes the price of a financial asset, the weighted realized variance is defined as

n S 2
(1.1) RVr =Y h(S;) <log S,f,) :

i=1

where ¢; is a pre-specified sequence of times 0 = 7y < #; < --- < t, = T, in practice
often daily sampling, and /4 is a given weight function. A weighted variance swap is a
forward contract in which cash amounts equal to 4 x RV 7 and 4 x PRV are exchanged
at time 7T, where A4 is the dollar value of one variance point and PR is the variance
swap “price,” agreed at time 0. Three representative cases considered in this paper are
the plain vanilla variance swap h(s) = 1, the corridor variance swap h(s) = 1;(s) where [ is
a possibly semi-infinite interval in R™, and the gamma swap in which h(s) = s. The reader
can consult Gatheral (2006) for information about variance swaps and more extended
discussion of the basic facts presented below. In this section we restrict the discussion to
the vanilla variance swap; we return to the other contracts in Section 4.

In the classical approach, if we model S, under a risk-neutral measure Q as' S, =
Fyexp(X; — %(X)[), where F, is the forward price (assumed to be continuous and of
bounded variation) and X, is a continuous martingale with quadratic variation process
(X);, then S, is a continuous semimartingale and

S,
log S L= (g() —gtim) + (X, — X, ),

li-1

with g(¢) = log(F;,) — %(X),,. Form=1,2...let{s/",i =0,..., k,]} be the ordered set of
stopping times in [0, 7] containing the times #; together with times ¢ = 0, 7}’ = inf{s >
7l o | X; — Xy | > 27"} wherever these are smaller than 7. If RV7" denotes the realized
variance computed as in (1.1) but using the times s, then RV} — (X)7 = (log S)r
almost surely, see Rogers and Williams (2000), theorem IV.30.1. For this reason, most of
the pricing literature on realized variance studies the continuous-time limit (X) 7 rather
than the finite sum (1.1) and we continue the tradition in this paper.

The key insight into the analysis of variance derivatives in the continuous limit was
provided by Neuberger (1994). We outline the arguments here, see Section 4 for all the
details. With S; as above and f a C? function, it follows from the general It6 formula

1 . . . .
"For example, S; = (e~ S)(e” W”f"z’) in the Black—Scholes model, with the conventional notation.



ARBITRAGE BOUNDS FOR PRICES OF WEIGHTED VARIANCE SWAPS 823

that Y, = f(S,) is a continuous semimartingale with d(Y), = ((S;))*d(S);. In particular,
with the above notation

1 1 1 1
d(lOg S;) = E[de — TS%(MS)I = E[de — Ed(log S),,
so that
T
(1.2) (log S)7 =2 / <, — 2log(57/5)
0o Ot

This shows that the realized variation is replicated by a portfolio consisting of a self-
financing trading strategy that invests a constant $2D7 in the underlying asset S together
with a European option whose exercise value at time 7 is A(S7) = —2log (S7/F7). Here
Dy is the time-T7 discount factor. Assuming that the stochastic integral is a martingale,
(1.2) shows that the risk-neutral value of the variance swap rate PR is

1
(1.3) PrY = E[(log S)7] = —2E[log(Sr/ Fr)] = ZFT Pog,

that is, the variance swap rate is equal to the forward value P, /D7y of two “log
contracts”—European options with exercise value —log (S7/Fr), a convex function of
Sr. (1.3) gives us a way to evaluate PX’ in any given model. The next step is to rephrase
Piog in terms of call and put prices only.

Recall that for a convex function f:R™ — R the recipe f”(a,b] = f.(b) — fi(a)
defines a positive measure /”/(dx) on B(R"), equal to /”/(x)dx if f is C2. We then have the
Taylor formula

X 00
(14 f(x) = f(x) + fL(x%)(x — %) + /O (= x)"v(dy) + / (x=»*/"(@y).

Applying this formula with x = S7, xo = F7 and f(s) = log (s/Sy), and combining with
(1.2) gives

1 T
(1.5) Jlog )7 = /0 548, ~ log(Fr/S)+ 1= St/ Fy
F + 00 +
" (K — Sr) / (Sr— K)
——dK ——— dK.
+ fo e o M

Assuming that puts and calls are available for all strikes K € R* at traded prices Px, Ck,
(1.5) provides a perfect hedge for the realized variance in terms of self-financing dynamic
trading in the underlying (the first four terms) and a static portfolio of puts and calls and
hence uniquely specifies the variance swap rate PR as

(1.6) PR = 2 NL(P1 Ckl ) dK

. T =D, ), k¥ (k<Fp) T Cxlk>Fp) :

Our objective in this paper is to investigate the situation where, as in reality, puts and
calls are available at only a finite number of strikes. In this case we cannot expect to get
a unique value for P}V as in (1.6). However, from (1.2) we expect to obtain arbitrage
bounds on P}V from bounds on the value of the log contract—a European option whose
exercise value is the convex function —log (S7/F7). It will turn out that the weighted
variance swaps we consider are associated in a similar way with other convex functions.
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In Davis and Hobson (2007) conditions were stated under which a given set of prices
(Pi1,...,P,) for put options with strikes (K, ..., K,) all maturing at the same time 7 is
consistent with absence of arbitrage. Thus the first essential question we have to answer
is: given a set of put prices consistent with absence of arbitrage and a convex function A,
what is the range of prices P, for a European option with exercise value A7(S7) such that
this option does not introduce arbitrage when traded in addition to the existing puts? We
answer this question in Section 3 following a statement of the standing assumptions and
a summary of the Davis and Hobson (2007) results in Section 2.

The basic technique in Section 3 is to apply the duality theory of semi-infinite linear
programming to obtain the values of the most expensive sub-replicating portfolio and
the cheapest super-replicating portfolio, where the portfolios in question contain static
positions in the put options and dynamic trading in the underlying asset. The results for
the lower and upper bounds are given in Propositions 3.1 and 3.5, respectively. (Often,
in particular in the case of plain vanilla variance swaps, the upper bound is infinite.)
For completeness, we state and prove the fundamental Karlin-Isii duality theorem in an
appendix, Appendix A. With these results in hand, the arbitrage conditions are stated
and proved in Theorem 3.6.

In this first part of the paper—Sections 2 and 3—we are concerned exclusively with
European options whose exercise value depends only on the asset price S7 at the common
exercise time 7. In this case the sample path properties of {S;, 7 € [0, T]} play no role
and the only relevant feature of a “model” is the marginal distribution of S7. For this
reason we make no assumptions about the sample paths. When we come to the second
part of the paper, Sections 4 and 5, analyzing weighted variance swaps, then of course
the sample path properties are of fundamental importance. Our minimal assumption is
that {S,, ¢ € [0, T} is continuous in 7. However, this is not enough to make sense out of
the problem. The connection between the variance swap and the “log contract,” given at
(1.2), is based on stochastic calculus, assuming that S, is a continuous semimartingale.
In our case the starting point is simply a set of prices. No model is provided, but we
have to define what we mean by the continuous-time limit of the realized variance and by
continuous-time trading. An appropriate framework is the pathwise stochastic calculus
of Follmer (1981) where the quadratic variation and an It6-like integral are defined for
a certain subset Q of the space of continuous functions C[0, 7). Then (1.2) holds for
S(-) € Q and we have the connection we sought between variance swap and log contract.
For weighted variance swaps the same connection exists, replacing “—log” by some
other convex function A7, as long as the latter is C2. In the case of the corridor variance
swap, however, 17, is discontinuous and we need to restrict ourselves to a smaller class of
paths £ for which the It6 formula is valid for functions in the Sobolev space W;. All of
this is consistent with models in which S, is a continuous semimartingale, because then
P{w : S(-, w) € L} = 1. We discuss these matters in a separate appendix, Appendix B.

With these preliminaries in hand we formulate and prove, in Section 4, the main result
of the paper, Theorem 4.3, giving conditions under which the quoted price of a weighted
variance swap is consistent with the prices of existing calls and puts in the market,
assuming the latter are arbitrage-free. When the conditions fail there is a weak arbitrage,
and we identify strategies that realize it.

In mathematical finance it is generally the case that option bounds based on super-
and sub-replication are of limited value because the gap is too wide. However, here we
know that as the number of put options increases then in the limit there is only one price,
namely, for a vanilla variance swap, the number P}W of (1.6), so we may expect that in a
market containing a reasonable number of liquidly traded puts the bounds will be tight.
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In Section 5, we present data from the S&P 500 index options market which shows that
our computed lower bounds are surprisingly close to the quoted variance swap prices.

This paper leaves many related questions unanswered. In particular we would like to
know what happens when there is more than one exercise time 7', and how the results
are affected if we allow jumps in the price path. The latter question is considered in the
small time-to-expiry limit in the recent paper Keller-Ressel and Muhle-Karbe (2013).
A paper more in the spirit of ours, but taking a complementary approach, is Hobson
and Klimmek (2011) (HK). In our paper the variance swap payoff is defined by the
continuous-time limit, and we assume that prices of a finite number of traded put and/or
call prices are known. By contrast, HK deal with the real variance swap contract (i.e.,
discrete sampling) but assume that put and call prices are known for all strikes K € R™,
so in practice the results will depend on how the traded prices are interpolated and
extrapolated to create the whole volatility surface. Importantly, HK allow for jumps in
the price process; this is indeed the main focus of their work. The price bounds they obtain
are sharp in the continuous-sampling limit. Combining our methods with those of HK
would be an interesting, and possibly quite challenging, direction for future research, see
Remark 4.6 below.

Exact pricing formulas for a wide variety of contracts on discretely sampled realized
variance, in a general Lévy process setting, are provided in Crosby and Davis (2011).

2. PROBLEM FORMULATION

Let (S;, t € [0, T']) be the price of a traded financial asset, which is assumed nonnegative:
S, € Rt =0, c0). In addition to this underlying asset, various derivative securities as
detailed below are also traded. All of these derivatives are European contracts maturing
at the same time 7'. The present time is 0. We make the following standing assumptions
as in Davis and Hobson (2007):

(1) The market is frictionless: assets can be traded in arbitrary amounts, short or long,
without transaction costs, and the interest rates for borrowing and lending are the
same.

(ii) There is no interest rate volatility. We denote by D, the market discount factor for
time ¢, i.e., the price at time 0 of a zero-coupon bond maturing at z.

(ii1) There is a uniquely defined forward price F; for delivery of one unit of the asset at
time ¢. This will be the case if the asset pays no dividends or if, for example, it has
a deterministic dividend yield. We let I'; denote the number of shares that will be
owned at time ¢ if dividend income is re-invested in shares; then Fy = Sy and F, =
So/(D, ;) for ¢t > 0.

We suppose that n put options with strikes 0 < K| < -+ < K, and maturity 7T are
traded, at time-0 prices Py, ..., P,. In Davis and Hobson (2007), the arbitrage relations
among these prices were investigated. The facts are as follows. A static portfolio X is
simply a linear combination of the traded assets, with weights 7y ,...,7,, ¢, ¥ on the
options, on the underlying asset and on cash respectively, it being assumed that dividend
income is re-invested in shares. The value of the portfolio at maturity is

2.1) Xr =Y K — Si]" + ¢TrSr + v D'

i=1
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and the set-up cost at time 0 is

2.2) Xo=) mP+¢S+v.

i=1

Note that it does not make any sense a priori to speak about X,—the value of the
portfolio at any intermediate time—as this is not determined by the market input and
we do not assume the options are quoted in the market at intermediate dates 7 € (0, 7).
To make sense to statements like “X 7 is nonnegative” we need to specify the universe
of scenarios we consider. Later, in Section 4, this will mean the space of possible paths
(S;: t < T). However here, because we only allow static trading as in (2.1), we essentially
look at a one-period model and we just need to specify the possible range of values for
S and we suppose that S7 may take any value in [0, c0).

A model M is afiltered probability space (2, F = (F)cp0, 17, P) together with a positive
F-adapted process (S;):co, 77 such that Sy coincides with the given time-0 asset price. Given
market prices of options, we say that M is a market model for these options if M, =
S;/F, is an F-martingale (in particular, S, is integrable) and the market prices equal to
the P—expectations of discounted payoffs. In particular, M is a market model for put
options if P, = D7E[K; — Sy]* fori=1,...,n. We simply say that M is a market model
if the set of market options with given prices is clear from the context. It follows that
in a market model we have joint dynamics on [0, 7] of all assets’ prices such that the
initial prices agree with the market quotes and the discounted prices are martingales.
By the (easy part of the) First Fundamental Theorem of Asset Pricing (Delbaen and
Schachermayer 1994) the dynamics do not admit arbitrage.

Our main interest is in the existence of a market model and we want to characterize it
in terms of the given market quoted prices. This requires notions of arbitrage in absence
of a model. We say that there is model-independent arbitrage if one can form a portfolio
with a negative setup cost and a nonnegative payoff. There is weak arbitrage if for any
model there is a static portfolio (7 ,...,7,, ¢, ¥) such that Xy <0 but P(X7 > 0) =1
and P[X7 > 0] > 0. In particular, a model independent arbitrage is a special case of
weak arbitrage, as in Cox and Obtoj (2011b). Throughout the paper, we say that prices
are consistent with absence of arbitrage when they do not admit a weak arbitrage.

It is convenient at this point to move to normalized units. If fori =1,...,n we define
P K;
2.3) pi = L p—_—
Dy Fr Fr

then, in a market model, we have P, = Dy FrE[K;/Fr — Mr]" and hence
pi = Elk; — My]".

Also, we can harmlessly introduce another put option with strike &y = 0 and price py =
0.Letn =max{i : p; =0},n =inf{i : p; =k — 1}(= +ooif {---} =) and K = [k,, k],
where it is hereafter understood as K = [k;, oo) if i = oo.

The main result of Davis and Hobson (2007, thm. 3.1), which we now recall, says that
there is no weak arbitrage if and only if there exists a market model. The conditions are
illustrated in Figure 2.1.

PROPOSITION 2.1. Let r : [0, k,] — R™ be the linear interpolant of the points (k;, p;),
i=0,...,n. Then there exists a market model if and only if r(-) is a nonnegative, convex,
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FIGURE 2.1. Normalized put prices (k;, p;) consistent with absence of arbitrage. An
additional put with price » = 0 and strike £ € [0, o] does not introduce arbitrage.

increasing function such that r(0) = 0, r(k) > [k — 11" and v (kzin,) < 1, where v denotes
the left-hand derivative. If these conditions hold except that n = oo and r’ (k,) =1 then
there is weak arbitrage. Otherwise there is a model-independent arbitrage. Furthermore,
if' a market model exists then one may choose it so that the distribution of St has finite
support.

REMARKS.

(1) In Davis and Hobson (2007), the case of call options was studied. The result stated
here follows by put-call parity, valid in view of our frictionless markets assumption.
The normalized call price is ¢; = p; + 1 — k;.

(i1) Of course, no put option would be quoted at zero price, so in applications n = 0
always. As will be seen below, it is useful for analysis to include the artificial case
n>0.

Throughout the rest of the paper, we assume that the put option prices (Py, ..., P,) do
not admit a weak arbitrage and hence there exists a market model consistent with the put
prices. Let M be a market model and let i be the distribution of M7 in this model. Then
W satisfies

(2.4a) f 1 u(dx) =1
R+
2.4b dx)=1
(2.4b) [ xutan
(2.4¢) f ki — x]"pu(dx)=p;, i=1,...,n.
R+

Conversely, given a probability measure i on R™ which satisfies the above we can
construct a market model M such that u is the distribution of M 7. For example, let
(2, F, P, (W),cr+) be the Wiener space. By the Skorokhod embedding theorem (cf.
Obtoj 2004), there is a stopping time 7 such that W, ~ u and (W,,,) is a uniformly
integrable martingale. It follows that we can put M, =1+ W) for t € [0, T). This
argument shows that the search for a market model reduces to a search for a measure u
satisfying 2.4. We will denote by M p the set of measures u satisfying the conditions 2.4.

LEMMA 2.2. For any u € Mp, wW(RT\K) = 0.
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Proof. That [0, k,) =0 when n > 0 follows from (2.4c) with i =n. When 71 <n
we have ¢; = 0, i.e., there is a free call option with strike k; and we conclude that
u(ks, 00) = 0. O

The question we wish to address is whether, when prices of additional options are
quoted, consistency with absence of arbitrage is maintained. As discussed in Section 1,
we start by considering the case where one extra option is included, a European option
maturing at 7" with convex payoff.

3. HEDGING CONVEX PAYOFFS

Suppose that, in addition to the n put options, a European option is offered at price P,
at time 0, with exercise value A7(S7) at time 7, where A7 is a convex function. We can
obtain lower and upper bounds on the price of A7 by constructing sub-replicating and
super-replicating static portfolios in the other traded assets. These bounds are given in
Sections 3.1 and 3.2, respectively and are combined in Section 3.3 to obtain the arbitrage
conditions on the price P;.

We work in normalized units throughout, that is, the static portfolios have time-T
values that are linear combinations of cash, underlying M1 and option exercise values
[k; — M7]". The prices of units of these components at time 0 are D7, D7 and Drp;,
respectively, where a unit of cash is $1. Indeed, to price M1 observe that $1 invested in
the underlying at time 0 yields I'7S7/Sy = S¢/FrDy = M /Dy at time T. To achieve
a consistent normalization for A7 we define the convex function A as

(3.1) A(x) = FLTAT(FTx).

In a market model M we have P, = DyE[A(S7)] = Dy FrE[A(M7)], so the normalized
price is

P,
= = E[L(M;
i Do F; [AM(M7)]

and the cost for delivering a payoff A(M ) is Dyp;.

3.1. Lower Bound

A sub-replicating portfolio is a static portfolio formed at time 0 such that its value at
time 7" is majorized by A(M ) for all values of M 7. Obviously, a necessary condition
for absence of model independent arbitrage is that Dyp; be not less than the set-up cost
of any sub-replicating portfolio. It turns out that the options k; with i <n ori > 7 are
redundant, so the assets in the portfolio are indexed by k = 1,...,m where

m=m+DAn—n+1
and the time-T values of these assets, as functions of x = M are

aj(x) =1 (Cash)
(3.2) a>(x) = x (Underlying)
ai12(x) = [kyys — x]7, i=1,...,m—2 (Options).
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We let a(x) be the m-vector with components a;(x). Note that a,,(x) is equal to [k;_1 — x]*
if 7 <n and to [k, — x]* otherwise. The set-up costs for the components in (3.2), as
observed above, are Dy, Dy and Dy p,.;, respectively. The corresponding forward prices
are as in 2.4:

(3.3) by =1

b,‘+2=Pﬂ+i7 i=1,...,l’l’l—2.

We let b denote the m-vector of the forward prices. A static portfolio is defined by a
vector y whose kth component is the number of units of the kth asset in the portfolio.
The forward set-up cost is yb and the value at T is y” a( M7).

With this notation, the problem of determining the most expensive sub-replicating
portfolio is equivalent to solving the (primal) semi-infinite linear program

Pig: supy’b subjectto yla(x) < A(x)VxeK.
)'ER’”

The constraints are enforced only for x € K. If n > 0 [ < n] we have a free put with
strike k; [call with strike k;] and, because A is convex, we can extend the sub-replicating
portfolio to all of R™ at no cost.

The key result here is the basic duality theorem of semi-infinite linear programming,
due to Isii (1960) and Karlin, see Karlin and Studden (1966). This theorem, stated as
Theorem A.1, and its proof are given in Appendix A. The dual program corresponding
to P LB is

Dig: inf / A(x)u(dx) subjectto / a(x)u(dx) = b°,
/LEM K K

where M is the set of Borel measures such that each g; is integrable. The constraints
in Dy can be expressed as u satisfying 2.4 for n < i < 7. This is simply equivalent to
u € Mp because, as shown in Lemma 2.2, any u € M p has support in K. Let V,§ and
V5 be the values of the primal and dual problems, respectively. It is a general and easily
proved fact that V' < V5. The “duality gap” is V5 — V. The Karlin-Isii theorem gives
conditions under which there is no duality gap and we have existence in Py p.

PROPOSITION 3.1. We suppose as above that M(x) is a convex function on R™, finite for all
x > 0, and that (k;, p;) is a set of normalized put option strike and price pairs which do not
admit a weak arbitrage. If M(x) is unbounded as x — 0 and n = 0 then we further assume
that p1/ky < pa/ky. Then V5 =V} and there exists a maximizing vector y. The most
expensive sub-replicating portfolio of a European option with payoff Ar(St) at maturity T
is the static portfolio X1 as in (2.1) with weights ¥ = FrDr31, ¢! = 92/ T'r, T = Youi
fori=1,...,m—2and nj = 0 otherwise. For this portfolio, X(T) = DrFrV}.

If there is existence in the dual problem Dy g then there is an optimal measure u' which is
a finite linear combination of Dirac measures u' = Z';’Zl w ;8x,(dx) such that each interval

[kj, kjy1) contains at most one point x;. For this measure

(3.4)

= ZTL’:[K[ — FTX]+ + ¢TFTFTX—|— er;‘l = )\,T(FTX).
i=1

p () >0 = Xh|g .
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Proof. The first part of the proposition is an application of Theorem A.1. The primal
problem Py p is feasible because any support line corresponds to a portfolio (containing no
options). The functions ay , . . ., a,, are linearly independent. Recall from Proposition 2.1
that if {(k;, p;)} do not admit weak arbitrage then there is a measure  satisfying the
conditions 2.4 and such that p is a finite weighted sum of Dirac measures. It follows
that fR+ [A(x)|u(dx) < oo unless one of the Dirac measures is placed at x = 0 and A
is unbounded at zero. If # > 0 then there is no mass on the interval [0, #), hence none
at zero. When n = 0 we always have p;/k; < p,/k,. If p1/ky = p»/k, then the payoff
[ka — M 71" — kalk; — M 7]"/k has null cost and is strictly positive on (0, k;). Because
p1 > 0 there must be some mass to the left of k1, and this mass must be placed at 0, else
there is an arbitrage opportunity. But then [Adu = +o0 and V) = +o0. The condition
in the proposition excludes this case. In every other case there is a realizing measure u
such that x({0}) = 0. Indeed, if p; 7k < p2/k, then the extended set of put prices {(k, 0),
(k1,p1),- .., (ky, py)} is consistent with absence of arbitrage if k € [0, «], where « = (k1p>
— kap1)/(p2 — p1) (see Figure 2.1). Any model realizing these prices puts weight 0 on the
interval [0, k). Thus V5 is finite under the conditions we have stated. It remains to verify
that the vector b belongs to the interior of the moment cone M, defined at (A.1). For
this, it suffices to note that for all i such that k; € (k,, kz) it holds that [k; — 117 < p; < k;,
and so the condition is satisfied. We now conclude from Theorem A.1 that VA = V} and
that we have existence in the primal problem. The expressions for ¥ etc. follow from the
relationships (2.3) between normalized and un-normalized prices.

Assume now that the dual problem has a solution. Any optimal measure uf € Mp
satisfies

/K M@ = inf { /K x(x)u(dx)} .

Recall K = [k, k5] and partition K into intervals .1, ..., Iin,+1 defined by
I = [kf—l,ki) for i = n+1l,...nAn and Lipns1 = [kﬁ/\n, kﬁ),

$0 fipnq1 = @ if 1 < n. Lemma 3.2 below asserts that we may take u atomic with at
most one atom in each of the intervals /;. By definition the optimal subhedging portfolio
X' satisfies X} < A7(S7) while our duality result shows that the u' expectations of
these random variables coincide. Hence X. 7} = A7(S7) a.s. for My = S¢/Fr distributed
according to u', and (3.4) follows. O

LEMMA 3.2. Let u € M p and suppose [x|M(x)|u(dx) < oo. Define
(3.5) Z,=1{i <iAn+1ul) >0}

Now let ' be the measure

W= sy,
i€l
} 1 ; . : i, xdu(x)
in which &, denotes the Dirac measure at x, and for an index i € T, x; = A Then

W € Mp and

(3.6) /K AW (dx) < /K ACOR().
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Proof of lemma: The inequality (3.6) follows from the conditional Jensen inequality.
A direct computation shows that ' satisfies 2.4, so that ' € M p. O

It remains now to understand when there is existence in the dual problem. We exclude
the case when A7 is affine on some [z, co) which is tedious. We characterize the existence
of a dual minimizer in terms of properties of the solution to the primal problem and
also present a set of sufficient conditions. Of the conditions given, (i) would never be
encountered in practice (it implies the existence of free call options) and (iii), (iv) de-
pend only on the function A7 and not on the put prices P;. The examples presented in
Section 3.1.1 show that if these conditions fail there may still be existence, but this will
now depend on the P;. Condition (ii) is closer to being necessary and sufficient, but is
not stated in terms of the basic data of the problem.

PROPOSITION 3.3. Assume Lp is not affine on some half-line [z, 00). Then,in the setup of
Proposition 3.1, the existence of a minimizer in the dual problem Dy g fails if and only if

3.7 n=o00 and XHSTZS =¢'Trs+ 1//TD}l < Ap(s), forall s> K,.

In particular, each of the following is a sufficient condition for existence of a minimizer in
DLBZ

(1) n < o0;
(i1) we have

(3.8)

Xplg ok, = 9'TrKy + 9 D7 <20(Ky) and  lim Ar(s) = ¢'Tys = oo
(ii1) for any y < Ap(K,) there is some x > K, such that the point (K, y) lies on a support
line to A7 at x;

(iv) A7 satisfies
(3.9) / XAp(dx) = +o0.
0

Proof. We consider two cases.

Case I: 71 < n,i.e., condition (i) holds. In this case the support of any measure u € M p
is contained in the finite union Z,4; U - - - U I; of bounded intervals,and )/, u(f;) = 1.
Further, ps—1 > k3 — 1 and (2.4b) together imply that pu(/;) > 0. Let u;, j=1,2, ... be
a sequence of measures such that

/K)»(x)uj(dx) — ﬂie%/fﬂp {/I(k(x)u(dx)} as j — oo.

By Lemma 3.2, we may and do assume that each y; is atomic with at most one atom
per interval. We denote w } = 1 ;(I;) and let x} denote the location of the atom in /;. For
definiteness, let x_’j = A, where A is some isolated point, if 4; has no atom in /;, i.e,, if
w' = 0. Let 4 be the set of indices i such that x; converges to A asj — 0o, i.e., x; # A
for only finitely many j, and let B be the complementary set of indices. Then there exists
J* such that 3°,_pw’ =1 for j > j*. Because the w’, and x are contained in compact
intervals there exists a subsequence jx, k =1, 2...and points w}, x; such that w), — w/
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and X — x! as k — oo. Itis clear that ),z w/ = I and that

g = Jim [ @0 = [ a0 @)

where pf(dx) = Y, 5w, (dx). Similarly, the integrals of 1, x and [k; — x]* converge,
so u! € M p. Finally, because the intervals I; are open on the right, it is possible that
xi € Ly If also x*! € I,;; we can invoke Lemma 3.2 to conclude that this 2-point
distribution in /,;; can be replaced by a 1-point distribution without increasing the
integral. Thus u' retains the property of being an atomic measure with at most one
atom per interval. We have existence in the dual problem and, by the arguments above,
A/]T = )»T(ST) d,LLT-a.S.

Case 2:n = o0. Let XTT(s) denote the payoff of the portfolio X' at time 7 when S7 = s.
Suppose that a minimizer ' exists in Dy , which we may take as atomic. Because 7i = oo
there exists x € (k,, 00) such that uf({x}) > 0 and hence, by (3.4), XTT(FTx) = MFrx).
This shows that (3.7) fails because Frx > K.

It remains to show the converse: that if 77 = oo but (3.7) fails then a minimizer 'l ex-
ists. Given our assumption on Ar, if (3.7) fails then KT := sup{s > 0: X}.(s) = Az(s)} €
[K,, 00). We continue with analysis similar to Case 1 above. Here we have intervals
L, ..., 1, covering K, = [k, k), but also a further interval 1,1 = [k,, oo) which does
not necessarily have zero mass. Because 7, is unbounded, the argument above needs
some modification. We take a minimizing sequence of point mass measures (; as in
Case 1. If x;?“ converge (on a subsequence) to a finite x”*! then we can restrict our
attention to a compact [0, x"*! + 1] and everything works as in Case 1 above. Sup-
pose to the contrary that lim inf x’}“ = 00, as j — oo. We first apply the arguments in
Case 1 to the sequence fi ; of restrictions of u; to K,,. Everything is the same as above except
that now ), wj < 1. A subsequence converges to a sub-probability measure iif on K,,
equal to a weighted sum of Dirac measures as above. Define u' = it if 1, = 2f(K,) =1
and otherwise uf = it + (1 — ¢1)8,, where x € I, is to be determined. Whatever the
value of x, u' satisfies conditions (2.4a) and (2.4c) (the put values depend only on i1).

CHHONS : .
Because 11; € Mp, Y i) w'x} = 1 and in particular

n
il n+l1
— E X > "
1 wix; = w k.

i=1

Taking the limit along the subsequence we conclude that

(3.10) 1= wixl >k, (1 —Zw;) =l (1 —1)).
i=1 i=1

By the convergence argument of Case 1, 1, = fol‘ " xul(dx) < 1. If i; < 1 we have only to

choose x = (1 — 12)/(1 — ¢;) to ensure that the “forward” condition (2.4b) is also satisfied.
The inequality (3.10) guarantees that x > k,,. Thus ' € M and, because 77 = oo, x >
k, and hence KT > K,,.

We now show that the complementary case (; = 1 contradicts K € [K,,, o0). Indeed,
if t; = 1 we have, because 7 = o0,

o0 K 1 o
ki —1< Pn = / [kn - x]+/’LT(dx) = / (kn - _X)/,LT(dX) =ky — ZW;X; .
0 0 i=1
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Observe that then

(3.11) w_’}“;{,’“:l—Zw;x —>1—wa =p,—k,+1>0.

—00
J i=1

Because K € [K,, 00), takingy = A (KT + 1) — XT (KT +1)=M(KT+1)—¢'T7 > 0,
we have

(3.12) Ar(s) — Xh(s) = y(s — KT +1), vs> Kl +1.
Define now a new function A7 by
Ar(s) = Ar()<xi + (¢'Trs + ¥ DT )1

so that we have XT < A7(Sr) < A7(Sr) and, by definition, for S7 > K' we have X' =
AT(ST) < Ar(Sy). It follows that X is also the most expensive subrephcatlng portfolio
for A7(s) and hence the primal and dual problems for A and for i(x) = —A 7(Frx) have
all the same value. Writing this explicitly and using (3.12) and(3.11) glves

0= lim [ ((x)—A())u;(dx)= lim (A7) — X(x))wit!
J—=> Jo j—oo E p .
> lim y (¥ = K' = )" = y(p, —ky + 1) > 0,
J—>00

a contradiction.

We turn to showing that each of (i)—(iv) is sufficient for existence of a dual minimizer
w'.2 Obviously 7i < oo is sufficient as observed above. We now show that either of (ii)
or (iii) implies that KT € [K,, oo) and that (3.12) holds. In the light of the arguments
above, this will be sufficient. X}(s) is linear on [K,, 0o) and Az is convex hence the
difference of the two either converges to a constant or diverges to infinity. In the latter
case the difference grows quicker than a linear function, more precisely (3.12) holds.
The former case is explicitly excluded in (i) and is contradictory with (iii) as the line
€(s) == ¢'Tps + ¥ D' +1im, oo (A (1) — X}(w)) is asymptotically tangential to A7(s)
as s — oo and hence the condition in (iii) is violated for any y < £(K,). In particular, it
follows that KT < K, then we can add to X' a positive number of call options with strike
K, and obtain a subreplicating portfolio with an initial cost strictly larger (recall that
i = oo) than X which contradicts the optimality of X*. This completes the proof that
either (i) or (iii) is sufficient for existence.

Finally, we argue that (iii) and (iv) are equivalent. In (iii) the point x satisfies

Ar(x)+ (K, —x)=y, forsome & € [Mp(x—), Ap(x+)].

This equation has a solution x for all y < A7(K,,) if and only if lim_, oo A 7(x) — XAp(x) =
—o0. The equivalence with (iv) follows integrating by parts

f M) = (W () — A (.
K, O

2In fact for this part of the Proposition, we do not need to impose any additional conditions on A7 apart
from convexity.
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5

-1

FIGURE 3.1. Most expensive subhedging portfolios for A(x) = 1/x given a single put
option with strike 1.2 and prices p = 0.4, 0.6, 0.7.

TABLE 3.1
Data for Figure 2.1

P X0 X1 value W ¢ wo Wi
0.4 0.75 3 1.2222 0.6667 —0.1111 0.8889 0.1111
0.6 0.6 - 1.6667 0 0 1.00 -
0.7 0.5 - 2.00 —0.8 0 1.00 -

3.1.1. Examples with one put option. We consider now examples in which just one put
option price is specified. We illustrate different cases when existence in the dual problem
holds or fails. For simplicity assume all prices are normalized, i.e., Dy = Fr = 1, and
we are given only a single put option with strike kK = 1.2. The convex function takes the
form A(x) = 1/x + ax’. Computation of the most expensive sub-hedging portfolio can
be done by a simple search procedure.

Consider first the case a = 0, so that A(x) = 1/x. The results are shown in Figure 3.1
with data shown in Table 3.1: p is the put price, xy, x; the points of tangency, wg, w
the implied probability weights on xy, x; and v, ¢ the units of, respectively, cash and
forward in the portfolio.

p = 0.4 is a “regular” case: we have tangent lines at xy, x; and the solution to the
dual problem puts weights 8/9, 1/9 respectively on these points. As p increases it is
advantageous to include more puts in the portfolio, so x| increases. At p = 0.6 we
reach a boundary case where v = ¢ = 0, and the put is correctly priced by the Dirac
measure with weight 1 at xo = 0.6 = k/2. Obviously, this measure does not correctly
price the forward, but it does correctly price the portfolio because ¢ = 0. When p > 0.6,
the only way to increase the put component further is to take ¥ < 0 (and then clearly
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_q . . . .

FIGURE 3.2. The most expensive subhedging portfolio (upper dashed line) for A(x) =
1/x + 0.25x given a single put option with strike 1.2 and price p = 0.7. The lower
dashed line is the portfolio priced at | A(x)uf(dx) which is suboptimal.

the optimal value of ¢ is 0). When p = 0.7 the optimal value is ¥ = —0.8 and we find
that in this and every other such case the implied weight is w, = 1, as the general theory
predicts.

Next, take @ = 0.25, b = 1, so that A(x) = 1/x + 0.25x, has its minimum at x = 2
and is asymptotically linear. We take p = 0.7. Taking the expectation with respect to the
limiting measure u! gives the value of the lower sub-hedge in Figure 3.2, but this is not
optimal: we can add a maximum number 0.25 of call options, which have positive value,
giving the upper sub-hedge in Figure 3.2. This is optimal, but does not correspond to
any dual measure.

Finally, let a = 0.0625,5 = 2, giving A(x) = 1/x + 0.0625x. The minimum is still at
x = 2 but A is asymptotically quadratic. This function satisfies condition (iii) of Propo-
sition 3.3 and there is dual existence for every arbitrage-free value of p. The optimal
portfolio for p = 0.7 is shown in Figure 3.3.

3.2. Upper Bound

To compute the cheapest super-replicating portfolio we have to solve the linear program

Pug : irllRf y'b subjectto yla(x)> A(x)Vx e K.
yeRm

The corresponding dual program is

Dyg : sup / A(x)u(dx) subjectto f a(x)u(dx) = b,
neM JK K
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2 . . . .
0 2 4 6 8 10

FIGURE 3.3. Most expensive subhedging portfolios for A(x) = 1/x + 0.0625x> given a
single put option with strike 1.2 and price p = 0.7.

where, by Lemma 2.2, we may replace K by R*. By (1.4) we have for x € R*

Ax) = A1) + (A — 1)+ /

[k — x]" 2/ (dk) + / [x — k"2 (dk).
0.1]

(1,00)

Consider u € Mp and let p,(k) = [[k — x]"u(dx), ¢ (k) = [[x — k]"u(dk) be the
(normalized) prices of puts and calls. Integrating the above against u gives

G13 [ acoun =am+ /M Pl @+ [

e (o)A (dk).

,00)

Recall that ¢, (k) = p,.(k) + 1 — k and hence maximizing in ¢, (k) or in p,, (k) is the same.
pu(k) is a convex function dominated by the linear interpolation of points (k;, p;), i =
0,1,...,n, extended to the right of (k,, p,) with slope 1. Because we assume the given
put prices do not admit weak arbitrage, it follows from Davis and Hobson (2007) (see
also Proposition 2.1 above) that this upper bound is attained either exactly or in the
limit. More precisely, if 77 = oo one can take u. € Mp supported on {k,, , ..., , k,, z},
for z large enough, which attain the upper bound on [0, k,] and asymptotically induce
the upper bound on (k,, co) as z — oo. It follows from (3.13) that the value of the dual
problem is VY = lim._, o Jx Mx)p-(dx). If 2 < n one can take z = k; and py, attains the
upper bound. It follows from (3.13) that then V5 = Ji M), (dx).

From this observation, one expects that y—the solution to the primal problem—will
correspond to a (normalized) portfolio y7a(x) which linearly interpolates (k;, A(k))),
i=k,,....,nAfiand (if 7 = oo) extends linearly to the right as to dominate A(k). The
function x > y7a(x) is piecewise linear with a finite number of pieces and no such
function can majorize the convex function A over R* unless A(0) < oo and A/(c0) =y < o0.
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In general we impose:

(@) n>0or(n=0andA(0) <o0) and
(3.14)

~
S

~
N
IA
N
o
=

~
S

|

n=o0and \'(c0) < 00).
We have the following result.

PROPOSITION 3.4. If condition (3.14) holds then there exists a solution y to the
linear program Pyg. The function Y'a(x) is the linear interpolation of the points
(ks MK))s s+« « s (Knnis Mknnn)) together with, if it = oo, the line I(x) = y'a(k,) + (x —
ku)X' (00) for x > ky. Primal and dual problem have the same value VI = VP and the
existence of a maximizer in the dual problem fails if and only if n = co and X is not affine
on [k, 00).

If the condition (3.14) is not satisfied, there is no feasible solution and VP = co.

Proof. As argued above, (3.14) is a necessary condition for existence of a feasible
solution. Suppose, for example, that 7 = co = A/(c0). Then (z — k,)u.({z}) = ¢, and
hence zu-({z}) — ¢, as z — oco. Together with 1’(c0) = oo this implies that V2 = co.
Other cases are similar.

Suppose (3.14) holds and first consider the case when 77 = co. A is bounded on [k, k]
and the linear interpolation is well defined as is the extension beyond k,,. Further, there
exists some constant § such that y”a(x) — A(x) < § for all x € RT. The weight ¥»;; on
the jth put option is the change in slope at k; 1 ;, the “underlying” weight y, is equal to y,
and at x = k,, we have A, = ¥ + Y2k, so the “cash” weight is y; = A, — k,,. The value
of the objective function is, by definition,

b= [ §acou),

for any i € M p. In particular, because y7 a(k;) = A(k;), taking z large enough, we have

(3.15) )
P = [ §a0o0 = M) + ¥ a(1z)

i=n

_ f AuA(dx) + (7a(2) — AE@a(lz)) < f ACOu(dx) + Su((2)).
R+ R+

Recall that [xu-(dx) = 1 and in particular u({z}) — 0 as z — oo. Taking the limit as
z— oo in the above, we conclude that y'b° < V. The basicinequality VY < V' between
the primal and dual values then implies that ¥ is optimal for Py and V} = V. The
existence of the solution to Dyp fails unless there exists z > k,, with y7a(z) = A(z), which
happens if and only if A(z) is affine on [k,, 00).

When 77 < n the arguments are analogous, except that now we need to ensure y” a(x) >
A(x) only for x € K = [k,, kz]. The dual problem has a maximizer as observed in the
remarks above the Proposition. The primal problem also has a solution y but it is not
unique. Indeed, let y° = (=k,, 1,0, ...,0, 1) and observe that y*'b = 0 and y* a(x) =
0 for x € K. In consequence, we can add to ¥ multiples of y° without affecting its
performance for Pyg. |
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We can now summarize the results for the cheapest super-replicating portfolio as in
(2.1), (2.2). The difference with the above is that we need to ensure super-replication for
all possible values of Sy and not only for Sy € [K,,, K]. Because the payoff X, as a
function of Sy, is piecewise linear with a finite number of pieces it is necessary that Ay
satisfies

(3.16) Ar(0) < oo and Ap(oc0) =y < oo.

Under this condition, the above results show that the cheapest super-replicating portfolio
has a payoff which linearly interpolates (K;, A7(K;)),i=0,...,n and extends to the right
of K,, with slope A7(c0).

PROPOSITION 3.5. If (3.16) holds then there is a cheapest super-replicating portfolio
(", @*, ) of the European option with payoff Ar(St) whose initial price is

X; = sup DT/R Ar(Frx)p-(dx).

The underlying component is ¢* = y U, the cash component is * = Dr(Ar(K,) — yK,),
and the option components are

ot = ArEKie) = Ar(K))  Ar(K)) — Ar(Kj)
’ Kj — K; Kj—Ki1

If condition (3.16 ) is not satisfied, there is no super-replicating portfolio.

3.3. Arbitrage Conditions

With the above results in hand we can state the arbitrage relationships when a European
option whose exercise value at T is a convex function A7(S7) can be traded at time 0 at
price P; in a market where there already exist traded put options, whose prices P; are in
themselves consistent with absence of arbitrage. Recalling the notation of Propositions 3.1
and 3.5, Xg and X are respectively the setup costs of the most expensive sub-replicating
and cheapest super-replicating portfolios, with X = 400 when no super-replicating
portfolio exists.

THEOREM 3.6. Assume the put prices do not admit a weak arbitrage. Consider a convex
function L1 and suppose that if Lt is affine on some half-line [z, 00) then it is strictly convex
on [0, z). The following are equivalent.

(1) The prices P;, Py ,..., P, do not admit a weak arbitrage.

(2) There exists a market model for put options in which P,, = DrE[A7(S7)].

(3) The following condition (3.17) holds and either P; € (X}, X3), or P, = Xg and
existence holds in Dy g, or P, = X; < oo and existence holds in Dyg.

K
(3.17) P> ?2 Py if n = 0 and X is unbounded at the origin.
1
If (3.17) holds and P, ¢ [X(T), Xi] then there is a model-independent arbitrage. If (3.17)

holds and P, = Xg or X;; and existence fails in Dyg or in Dyg, respectively, or if (3.17)
fails, then there is a weak arbitrage.
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REMARK 3.7. We note that the robust pricing and hedging problem solved above is
essentially invariant if A7 is modified by an affine factor. More precisely, if we consider
a European option with payoff A}.(Sr) = A7(Sr) + ¢St + ¢ and let P,i denote its price
then the prices Py,..., P,, P, are consistent with absence of arbitrage if and only if
P,..., P, P = PA+¢&)/FT—|—¢DTare.

Proof. Suppose first that condition (3.17) holds. We saw in the proof of Proposition 3.1
that this condition (under its equivalent form py > (k2/k;)p1) guarantees the existence
of a sub-replicating portfolio with value X}. If P, € (X(T,, X3) then there exists € > 0
such that P, € (Xg + €, X — €) and, because there is no duality gap, there are measures
w1, no € Mpsuchthat D7E, [Ar(S7)] < X(T) + eand D7E,,[A7(Sr)] > X — €. A convex
combination p of p; and p, then satisfies DrE,[Ar(Sr)] = P, and one constructs a
market model, for example by using Skorokhod embedding as explained in Section 2
above. If existence holds in Dy g then it was shown in the proof of Proposition 3.1 that
the minimizing measure u' satisfies

X(T) = DT/ Ar(Frx)u!(dx),
K

so that if P, = Xg then u' is a martingale measure that consistently prices the convex
payoff A7 and the given set of put options. The same argument applies on the upper
bound side. '

Next, suppose that condition (3.17) holds and P, = X but no minimizing measure
u exists in Dyg. Let M be a model and [ the distribut'ion of S7 under M. We can,
at zero initial cost, buy A7(S7) and sell the portfolio X} and this strategy realizes an
arbitrage under M if a({A7(Sy) > XTT}) > 0. Suppose now that a({17(Sr) > XTT}) =0
and consider two cases. First, if A7 is not affine on some [z, co) then, by Proposition 3.3,
i = oo and A7(Sr) > X for ST > K,, so that in particular 1([K,, 00)) = 0. A strategy of
going short a call option with strike K,, (which has strictly positive price because 71 = 00)
gives an arbitrage because Sy < K, a.s. in M. Second, suppose that A7(x) = 0 for x > z
but A’7(x) > 0 for x < z. If ([ K, 00)) = 0 then we construct the arbitrage as previously
so suppose this does not hold. Recall the atomic measure 1 defined in Case 2 in the
proof of Proposition 3.3 and that «; = 1 as we do not have existence of a minimizer
for the dual problem. A(x) in (3.1) is strictly convex on [0, Z) and linear on [z, co) with
% = z/ Fr. It is not hard to see that ' has to have an atom in some x¢ € (ky—1, k,) and
that either Z = x or else Z > k,,. Otherwise we could modify u' to obtain a minimizer for
the dual problem. Strict convexity of A7 on [0, z) implies that there exist at most n points
S1,...,5, such that s; € (K;_;, K;) and A7(S7) strictly dominates X} for other values of
St < z and hence ([0, 2)) = f({s1, ..., s,}). It follows that support of u' is a subset of
{s1/Fr,...,s,/Fr = x}}. Let ¥ > 0 and consider a portfolio ¥ with

n
Yr=Yr(Sr) =) v(Ki— ST+, suchthat Yr(s)=0, j=1,...n

i=1

This uniquely specifies y; € R. The payoff of Y is simply a zigzag line with kinks in
K;, zero in each s; and equal to ¥ for Sy > K,,. It follows that a{Yy > 0} =1 and
2{Yr > 0} > 0 as 2([K,, 00)) > 0. However u! prices all put options correctly so that
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the initial price of Y is

3.18) A
Y= viP+ Dy = DTZVI‘/ (Ki — Frm)u'(dm) + Dry
0

i=1 i=1

ki n kn
= Dy /0 (Z vi(Ki — Frm)* + w) u!(dm) = Dr fo Yr(Frm)!(dm) = 0,

i=1

by construction of Y because /ﬂ({sl /Fr,...,s,/Fr})=1asremarked above, and where
we used ¢; = 1. It follows that Y is an arbitrage strategy in M.

Now suppose that condition (3.17) holdsand P, = X < oo and there is no maximizing
measure in the dual problem Dyg. Then, by Proposition 3.4, i = oo and A7(Sr) < X7
for Sy > K,,. Straightforward arguments as in the first case above show that there is a
weak arbitrage.

Finally, if P, < Xg a model independent arbitrage is given by buying the European
option with payoff A7(S7) and selling the subheding portfolio. This initial cost is negative
while the payoff, because X' subhedges A7(S7), is nonnegative. If P, > X} we go short
in the option and long in the superhedge.

Now suppose (3.17) does not hold, so that P,/K, = P;/K, (this is the only case
other than (3.17) consistent with absence of arbitrage among the put options). Consider
portfolios with exercise values

H(S7) = K — SiT" — R21K) - 571°
1
Hy(Sr) = Ar(St) — Ar(K>) — Ao(K)(Sr — K>)
- ,%(PA S MK — M(Fr — K Ky — ST

where A, denotes the left derivative. The setup cost for each of these is zero, and H(s)
> 0 for s € (0, K;) while H»(s) — oo as s — 0. There is a number 6 > 0 such that H(s)
= 0H(s) + Hy(s) > 0 for s € (0, K»). Weak arbitrage is realized by a portfolio whose
exercise value depends on a given model M and is specified via

|- = St it PLSr € [0, K2)] =0
s = H(Sr) if P[Sr €0, K»)] > 0.

This completes the proof. |

4. WEIGHTED VARIANCE SWAPS

We come now to the second part of the paper where we consider weighted variance swaps.
The main idea, as indicated in the Introduction, is to show that a weighted variance swap
contract is equivalent to a European option with a convex payoff and hence their prices
have to be equal. The equivalence here means that the difference of the two derivatives
may be replicated through trading in a model-independent way. In order to formalize
this we need to define (continuous) trading in absence of a model, i.e., in absence of a
fixed probability space. This poses technical difficulties as we need to define pathwise
stochastic integrals.
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One possibility is to define stochastic integrals as limits of discrete sums. The resulting
object may depend on the sequence of partitions used to define the limit. This approach
was used in Bick and Willinger (1994) who interpreted the difference resulting from
different sequences of partitions as broker’s method of implementing continuous-time
trading order. They were then interested in what happens if they apply the pricing-
through-replication arguments on the set of paths with a fixed (0%) realized quadratic
variation and wanted to recover Black-Scholes pricing and hedging. However for our
purposes the ideas of Bick and Willinger (1994) are not suitable. We are interested in a
much wider set of paths and then the replication of a weighted variance swap combining
trading and a position in a European option would depend on the “broker” (i.e., sequence
of partitions used). Instead, as in Lyons (1995), we propose an approach inspired by
the work of Follmer (1981). We restrict the attention to paths which admit quadratic
variation or pathwise local time. For such paths we can develop pathwise stochastic
calculus including 1t6 and Tanaka formulae. As this subject is self-contained and of
independent interest we isolate it in Appendix B. Insightful discussions of this topic are
found in Bick and Willinger (1994) and Lyons (1995).

To the standing assumptions (i)—(iii) of Section 2 we add another one:

(iv) (S, : t < T) € LT —the set of strictly positive, continuous functions on [0, 7] which
admit a finite, non-zero, quadratic variation and a pathwise local time, as formally defined
in Definitions B.1, B.3 and Proposition B.4 of Appendix B.

Thus, our idea for the framework, as opposed to fixing a specific model M, is to assume
we are given a set of possible paths for the price process: (S, : t < T) € P. This could
be, for example, the space of continuous nonnegative functions, the space of functions
with finite non-zero quadratic variation, or the space of continuous functions with a
constant fixed realized volatility. The choice of P is supposed to reflect our beliefs about
characteristics of price dynamics as well as modeling assumptions we are willing to take.
Our choice above, P = L1, is primarily dictated by the necessity to develop a pathwise
stochastic calculus. It would be interesting to understand if an appropriate notion of
no-arbitrage implies (iv). A recent paper of Vovk (2011), based on a game-theoretic
approach to probability, suggests one may exclude paths with infinite quadratic variation
through a no-arbitrage-like restriction, an interesting avenue for further investigation.

We introduce now a continuous time analogue of the weighted realized variance (1.1).
Namely, we consider a market in which, in addition to finite family of put options as
above, a w-weighted variance swap is traded. It is specified by its payoff at maturity 7"

T
@.1) RVy — PR .= / w(S,/F)d(log ), — PR'™,

0
where Pﬁv("') is the swap rate, and has null entry cost at time 0. The above simplifies

(1.1) in two ways. First, similarly to the classical works on variance swaps going back
to Neuberger (1994), we consider a continuously and not discretely sampled variance
swap which is easier to analyze with tools of stochastic calculus. Secondly, the weighting
in (1.1) is a function of the asset price /(.S;,) and in (4.1) it is a function of the ratio of
the actual and the forward prices w(S,/F,). This departure from the market contract
definition is unfortunate but apparently necessary to apply our techniques. In practice,
if w(S,) is the function appearing in the contract definition we would apply our results
with w(x) = w($x), so that w(S;/F;) = w((S&/ F;)S;). Because maturity times are short
and, at present, interest rates are low, we have So/F, =~ 1. See below and Section 5 for
further remarks.
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Our assumption (iv) and Proposition B.6 imply that (log S;, t < T) € L. Theorem B.5
implies that (4.1) is well defined as long as w € L? ., we can integrate with respect to S,

or M, and obtain an It6 formula. This leads to the following representation.

LEMMA 4.1. Letw : Ry — [0, 00) be a locally square integrable function and consider
a convex C' function i, with )/ (a) = % The extended Ito formula (B.1) then holds and
reads

T
4.2) Jon (M) = 2oy (1) + f X (M)AM, + + f w(M,)d(In M),.
0 2 Jo.n

The function A,, is specified up to an addition of an affine component which does not
affect pricing or hedging problems for a European option with payoff A,,, see Remark
3.7 above. In what follows we assume that w and A,, are fixed. Three motivating choices
of w, as discussed in the Introduction, and the corresponding functions 2,,, are:

(1) Realized variance swap: w = 1 and A,,(x) = —In (x). In this case there is of course
no distinction between w and the contract function w.

(2) Corridor variance swap: w(x) = 1(g,q)(x) or w(x) = 1(4,00)(x), where 0 < a < o0
and

Do () = (— In (g) + g - 1) ().

Here we would take a = 5/.S) if the contract corridor is (0, b) or (b, co)
(3) Gamma swap: w(x) = Spx and A,,(x) = So(xIn (x) — x).

Clearly, (4.2) suggests that we should consider portfolios which trade dynamically and
this will allow us to link w-weighted realized variance RV}' with a European option with
a convex payoff 1,,. Note however that it is sufficient to allow only for relatively simple
dynamic trading where the holdings in the asset only depend on asset’s current price.
More precisely, we extend the definition of portfolio X from static portfolios as in (2.1)-
(2.2) to a class of dynamic portfolios. We still have a static position in traded options.
These are options with given market prices at time zero and include » put options but
could also include another European option, a weighted variance swap or other options.
At time 7 we also hold I';¢ (M) assets S, and ¥,/ D, in cash. The portfolio is self-financing
on (0, 7] so that

43) v = S(M)S) + v(0, ) + /0 S(M)AM, — T, p(M)S, D, 1€ (0, ],

and where ¢ is implicitly assumed continuous and with a locally square integrable weak
derivative so that the integral above is well defined, cf. Theorem B.5. We further assume
that there exist: a linear combination of options traded at time zero with total payoff
Z = Z(S;:t < T), aconvex function G and constants ¢, i such that

44)  Tp(M)S:+ /D = Z— G(M)/ D, + TS, + /Dy, ¥t <T.

Such a portfolio X is called admissible. Observe that, in absence of a model, the usual
integrability of Z is replaced by having finite price at time zero. In the classical setting,
the admissibility of a trading strategy may depend on the model. Here admissibility of
a strategy X may depend on which options are assumed to trade in the market. The
presence of the term G(M,) on the right-hand side will become clear from the proof of
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Theorem 4.3 below. It allows us to enlarge the space of admissible portfolios for which
Lemma 4.2 below holds.

The two notions of arbitrage introduced in Section 2 are consequently extended by
allowing not only static portfolios but possibly dynamic admissible portfolios as above.
All the previous results remain valid with the extended notions of arbitrage. Indeed, if
given prices admit no dynamic weak arbitrage then in particular they admit no static
weak arbitrage. And for the reverse, we have the following general result.

LEMMA 4.2. Suppose that we are given prices for a finite family of co-maturing options.”
If a market model M exists for these options then any admissible strategy X satisfies
E[D7r X7] < Xo. In particular, the prices do not admit a weak arbitrage.

Proof. Let M be amarket model and X be an admissible strategy. We have X 7 = Z' +
Y7, where Z' is a linear combination of payoffs of traded options and Y, = I';¢(M,)S,
+ ¢,/ D, satisfies (4.4). Using (4.3) it follows that

uz:mn&+maw+/¢mmmazDZ—Gwm+w&M+&.
0

We may assume that G > 0, it suffices to replace G by G*. M is a market model and in
particular Z is an integrable random variable. Because the traditional stochastic integral
and our pathwise stochastic integral coincide a.s. in M, see Theorem B.7, we conclude
that D, Y, is a local martingale and so is N, := D, Y, — ¢S M,. We will argue that this
implies EN, < Ny. Let p, be the localizing sequence for N so that EN,,,, = Ny. In what
follows all the limits are taken as n — oo. Fatou’s lemma shows that EN;" < liminf E N/} |
and EN; < liminf EN,, , . By Jensen’s inequality the process G(M,) is a submartingale,
in particular the expectation is increasing and EG(M;) < EG(My) which is finite because
M is a market model. Using the Fatou lemma we have

mEG(M,,,) < EG(M,) = Eliminf G(M,.,) < liminf EG(M,,,,),

showing that im EG(M;,,,) = EG(M;). Observe that N, is bounded below by —
G(M;), where Z is an integrable random variable and G is convex. Using Fatou’s lemma
again we can write

EG(M)" +EZ —liminfEN,,, = liminf E[G(M,.,)" + Z — N,

o]

> E[G(M)" + Z — N/]

which combined with the above gives EN,” = liminf EN;, , and in consequence E N, <
liminf EN;.,, = Np, as required. This shows that E[D7Y7] < Y. Because in a market
model expectations of discounted payoffs of the traded options coincide with their initial
prices it follows that E[ D7y X7] < Xy < 0. In particular if X7 > 0 and Xy < 0then X7 =
0 a.s. and the prices do not admit a weak arbitrage. O

Having extended the notions of (admissible) trading strategy and arbitrage, we can
now state the main theorem concerning robust pricing of weighted variance swaps. It is

essentially a consequence of the hedging relation (4.2) and the results of Section 3.

3These could include European as well as exotic options.
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THEOREM 4.3. Suppose in the market which satisfies assumptions (i)—(iv) the following
are traded at time zero: n put options with prices P;, a w—weighted variance swap with payoff
(4.1) and a European option with payoff Ar(St) = Fri.(M7) and price P, . Assuming
the put prices do not admit a weak arbitrage, the following are equivalent

1. The “option” prices ( European options and weighted variance swap) do not admit a
weak arbitrage.

2. P, ..., Py, P, donot admit a weak arbitrage and
, 2P
45 PRV(W) = $ - 2)\1w 1 .
45) P = S~ 2

3. A market model for all n + 2 options exists.

REMARK 4.4. It is true that under (4.5) a market model for P, ..., B, Pﬁv(“’) exists
if and only if a market model for P,..., B,, P, exists. By Theorem 3.6, this is yet
equivalentto P, ..., P,, P, beingconsistent with absence of arbitrage. However it is not
clear if this is equivalent to Py, ..., P,, PTRV("') being consistent with absence of arbitrage.
This is because the portfolio of the variance swap and dynamic trading necessary to
synthesize —A7(S7) payoff may not be admissible when A7 (S7) is not a traded option.

REMARK 4.5. The formulation of Theorem 4.3 involves no-arbitrage prices but these
are enforced via robust hedging strategies detailed in the proof. They involve the European
option with payoff A7 (S7) which in practice may not be traded and should be super-/
sub-replicated using Propositions 3.1 and 3.4.

REMARK 4.6. It would be interesting to combine our study with the results of Hobson
and Klimmek (2011) (HK) already alluded to in the Introduction. We note however
that this may not be straightforward because the European option constituting the static
part of the hedge in HK need not be convex and the variance kernels we consider
are not necessarily monotone (in the terminology of HK), for example the Gamma
swap y(log (y/x))>. Finally we note that the bounds in HK are attained by models where
quadratic variation is generated entirely by a single large jump which is a radical departure
from the assumption of continuous paths. Whether it is possible to obtain sharper bounds
which only work for “reasonable” discontinuous paths is an interesting problem. We leave
these challenges to future research.

Proof. We first show that 2==3. Suppose that P, ..., P,, P, do not admit a weak
arbitrage and let M be a market model which prices correctly the n puts and the additional
European option with payoff A7(S7). Note that, from the proof of Theorem 3.6, M
exists and may be taken to satisfy (i)—(iv). Consider the Itd6 formula (4.2) evaluated
at i, AT =1inf{t > 0: M, ¢ (1/n,n)} A T instead of T. The continuous function A, is
bounded on (1/n, n), the stochastic integral is a true martingale and taking expectations
we obtain

1 AT
E[}W(M/MT)] =A,(1) + iE |:/ W(Mt)d(]my] .
0
Subject to adding an affine function to A,, we may assume that A,, > 0. Jensen’s inequality

shows that A,, (M, A7), n > 2, is a submartingale. Together with the Fatou lemma this
shows that the left-hand side converges to E[),,(Mr)] as n — oco. Applying the monotone
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convergence theorem to the right-hand side we obtain
1 W
EDu(Mp)] = A (1) + SE[RV7],

where either both quantities are finite or infinite. Because M is a market model for
puts and A7(S7), we have E[A,,(M7)] = P, /(DrFr). Combining (4.5) with the above it
follows that E[RV}' — Pﬁv(”")] = 0 and hence M is a market model for puts, A7(S7) and
the w—wighted variance swap.

Lemma 4.2 implies that 3=>1. We note also that, if we have a market model M for all
the puts, A,,(S7) option and the w—wighted variance swap then by the above (4.5) holds.
Then Lemma 4.2 also implies that 3=—2.

It remains to argue that 1=2, i.e,, thatif P, ..., B,, P, are consistent with absence
of arbitrage but (4.5) fails then there is a weak arbitrage. Consider a portfolio X with no
put options, ¥(0, $) = 2D7(,(1) — SA, (1) + Dr Py " and ¢(m) = 2D7A, (m). The
setup cost of X is Xy = DT(P;?V(W) + 24, (1)). By assumption, A,, is C' with 1/ (x) =
w(x)/x> € L? _so that can apply Theorem B.5. Then, using (4.3) and (4.2) we obtain

loc

1 t
X, = D(M)S, + 1/ Dy = 6(S)S)/ D, + 410, S)/ Di+ - /0 $(M)dM,

D 4 )
e (mw(l) +2 / 3 (M)A M, + P;‘W“'))
t 0

2Dr

Dr Dr _Rrviw
— (M) — — d(d ut+t —P .
D, ( t) D, ~/[0,t]W(SL) (HM * D, T

Observing that 1 > Dy/D, > Dy and f[o’,]w(Su)d(ln M), is increasing in ¢ it follows that
both X and — X are admissible. Suppose first that

, 2P
4.6 PRYOD 2T as ().
(4.6) P < e = ()

Consider the following portfolio Y: short 2/F7 options with payoff A7(S7), long port-
folio X and long a w—weighted variance swap. Y is admissible, the initial cost is

Yo=—2P, /Fr+ Xo = =2P, /Fr + Dr(Pp " + 22,(1)) <0,

while Y7 = 0 and hence we have a model independent arbitrage. If a reverse inequality
holds in (4.6) then the arbitrage is attained by — Y. O

5. COMPUTATION AND COMPARISON WITH MARKET DATA
5.1. Solving the Lower Bound Dual Problem

When one of the sufficient conditions given in Proposition 3.3 is satisfied, for existence
in the lower bound dual problem, then this problem can be solved by a dynamic pro-
gramming algorithm. We briefly outline this here, referring the reader to Raval (2010)
for complete details. For simplicity, we restrict attention to the practically relevant case
n =0, n = oo. Of course, once the dual problem is solved, the maximal sub-hedging
portfolio is immediately determined.
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The measure u' to be determined satisfies

f Mol = inf { /R + A(x)u(dx)} ,

and we recall from Lemma 3.2 that we can restrict our search to measures of the form
u(dx) = Z?i]l w;8,,(dx) where x; € [k;_1, ki), w; = 0, Y w; = 1. We denote {o = 0 and,
fori> 1, ¢ =Y | w;, the cumulative weight on the interval [0, k;). For consistency of

the put prices r , ..., r, with absence of arbitrage, Proposition 2.1 dictates that
F'i—=Ti-1 Tig1 =1 .

i [ Ai = y f 1 S

¢ |:ki ki1 ki — ki] o P
and

I'n —T'n—1
n € An =57 5 1].
g |:kn - knfl ]

Given ¢ =(¢y,...,¢,) (the final weight is of course w, .} = 1 — ¢,,), the positions yx; are

determined by pricing the put options. We find that when ¢, < ¢;
Gi1(ki — ki) — (ri —ri1)

xi = xi(Ci-1, &) = ki + for i=1,...,n,
& —&i-i
1 + I'n — kn
X+l = Xn+1(8n) =k + ?
The measure corresponding to policy ¢ is thus
(51) Z(;’ - é‘l‘—l)(SXi(Ci—lefi) + (1 - §'1)8Xu+|(§n)'

i=1

It follows that the minimization problem inf, e, [ A(x)u(dx) has the same value as

(5.2) wvo= inf ... inf
i€ Cn€ Ay

{ D @ = G 0r (@, ) + (1= Cn))»(XnH(Cn))}-
i=1

We can solve this by backwards recursion as follows. Define

(5.3)
Vi) = (1 = &) xn1(8n)
Vi(¢;) = inf {1t = EDAX(G), Cjr)) + Vi), j=n—1,...,0.

Cir1€Ajt1, $i128;

Then V(0) = vo. For a practical implementation one has only to discretize the sets 4;,
and then (5.3) reduces to a discrete-time, discrete-state dynamic program in which the
minimization at each step is just a search over a finite number of points.

5.2. Market Data

The vanilla variance swap is actively traded in the over-the-counter (OTC) markets.
We have collected variance swap and European option data on the S&P 500 index from
the recent past. Using put option prices, the lower arbitrage-bound for the variance swap
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TABLE 5.1
Historical Variance Swap (VS) Quotes for the S&P 500 Index and the Lower Bound
(LB) for It, Implied by the Bid Prices of Liquid European Put Options with the Same

Maturity.
Term Quote date VS quote LB # puts Libor
M 21/04/2008 21.24 20.10 50 2.79
M 21/07/2008 22.98 22.51 50 2.79
M 20/10/2008 48.78 46.58 93 4.06
2M 20/01/2009 52.88 47.68 82 1.21
3M 31/03/2008 25.87 23.59 42 2.78
3M 20/06/2008 22.99 21.21 46 2.76
3M 19/09/2008 26.78 25.68 67 3.12
3M 19/12/2008 45.93 45.38 112 1.82
3M 20/12/2008 45.93 65.81 137 1.82
6M 24/03/2008 25.81 25.34 33 2.68
6M 20/06/2008 23.38 23.20 38 3.10

The units for the variance price and LB are volatility percentage points, 100 x ,/ P)'S,
and M stands for months. The european option price data is courtesy of UBS invest-
ment bank, and the variance-swap data was provided by peter carr.

rate is computed in each case, and summarized in Table 5.1. One sees that the traded price
of the variance swap frequently lies very close to the lower bound. Nonetheless, under
our standing assumptions of frictionless markets, all but one of the prices were consistent
with absence of arbitrage. The crash in October 2008 of the S&P 500, and indeed the
financial markets in general, gave rise to significant increase in expected variance, which
can be seen in the cross-section of data studied. One data point, the 3-month contract on
December 20, 2008 lies below our lower bound and, at first sight, appears to represent
an arbitrage opportunity. However, this data point should probably be discarded. First,
practitioners tell us that this was a day of extreme disruption in the market, and indeed the
final column of Table 5.1, giving the number of traded put prices used in the calculations,
shows that December 19 and 20 were far from typical days. Second, the fact that the
quotes for 19 and 20 December are exactly the same makes it almost certain that the
figure for 20 December is a stale quote, not a genuine trade. It is a positive point of our
method that we are able to pick up such periods of market dislocation, just from the raw
price data.

A further point relates to our discussion in Section 4 about the weight function w and
its relation to the contract weight w. This is a moot point here, because w = w = 1, but
note from the final column in Table 5.1 that Libor rates are generally around 3% (albeit
with some outliers), while the S&P 500 dividend yield increased from around 2.0% to
around 3.1% over the course of 2008. Because the rate closely matches the dividend yield
we have F, = S to a close approximation for ¢ up to a few months.

APPENDIX A: THE KARLIN & ISII THEOREM

Let ay,...,ay, f be real-valued, continuous functions on K ¢ R¢ and let M denote
the collection of all finite Borel measures 1 on K fulfilling the integrability conditions
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Jx lai(x)|u(dx) < oo for i = 1,...,m. For a fixed vector b= (b, ..., b,)", and letting
a(x) = (@1(x), ..., an(x))7 for x € K, consider the optimization problem

(P): supy’b st yla(x)< f(x) Vx e K.
yeR”

Now, define
(D) inf, /K FOou(dx) s, /K a()u(dx) = b,

where the constraint should be interpreted as fK a;(xX)u(dx) =b;, i =1, ..., m. The val-
ues of the problems (P) and (D) will respectively be denoted by V' (P) and V(D). Finally,
M, C R" will denote the moment cone defined by

A1) M, = {B:(El,...,zm)ﬂi}, :/a,(x),u(dx), i=1,...,m, y,eM}.
K
THEOREM A.l. Suppose

l.ay,...,ay are linearly independent over K,
2.b is an interior point of M ,,, and
3. V(D) is finite.

Then V(P) = V(D) and (P) has a solution.

REMARKS.

(i) The beauty in the Karlin & Isii theorem is that the proof draws upon no more
than a finite dimensional separating hyperplane theorem. Proofs can be found in
Glashoff (1979) and Karlin and Studden (1966, chapter XII, section 2). We follow
the latter below.

(i) Condition 1 of the theorem ensures that the moment cone M,, of (A.1) is m-
dimensional, i.e., not contained in some lower-dimensional hyperplane.

Proof of Theorem A.1. Define the enlarged moment cone

a(x)

M = IN):(B],...,E,HJH)TZ f)=/];<f(x)

) wu(dx), w e M} ,

and let M denote its closure. Then M is a closed convex cone and, moreover, the vector

(by1,...,b,, V(D)) lies on its boundary. There exists a supporting hyperplane to M
through this vector, specified by real constants {z,-}’ln+l not all zero, such that

m

(A.2) Z zibi + Zm1 V(D) =0

i=1

and

m+1
(A.3) > zibi =0, Vbe M.
i=1
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In particular, on considering Dirac measures, one has

m

(A.4) Zzl—a,»(x) +zZu f(X) >0, VxeK.

i=1

We now show that z,,, | > 0. Indeed, for any § > 0, the vector (by,...,b,,, V(D) — ) lies
in the half-space complementary to (A.3). Therefore

m

> zibi 4z (V(D) = 8) <0, V6> 0.

i=1

This clearly implies z,.; > 0. However, z,,.; = 0 is not possible, because this would
contradict the assumption that b lies in the interior M,,, which is m dimensional. Thus,
it must be that z,,, 1 > 0. Then from (A.4), it follows that

S =) hai(x),
i=1
where y; :== —z;/z4 fori=1,...,m. Then (A.2) becomes
V(D)= 3ibi,
i=1
and this completes the proof. m]

APPENDIX B: PATHWISE STOCHASTIC CALCULUS

This section describes a non-probabilistic approach to stochastic calculus, due to Follmer
(1981), that will enable us to define the continuous-time limit of the finite sums (1.1)
defining the realized variance, without having to assume that the realized price function
t— S, is a sample function of a semimartingale defined on some probability space.

For T > 0 let 7 = [0, T] with Borel sets By. A partition is a finite, ordered sequence
oftimesm ={0=1y <t <--- <ty = T} with mesh size m(w) = max <;<,(t; — t;-1). We
fix a nested sequence of partitions {7,, n = 1, 2, ...} such that lim,_, om(r,) = 0. All
statements below relate to this specific sequence. An obvious choice would be the set of
dyadic partitions ¢} = jT/2", j =0,...,2", n=1,2,....

DEFINITION B.1. A4 continuous function X : T — R has the quadratic variation property
if the sequence of measures on (T, Br)

M = Z(X(th) — X(1)))8,,

tiemy

(where §; denotes the Dirac measure at t) converges weakly to a measure v, possibly along
some sub-sequence. The distribution function of | is denoted (X ),, and we denote by Q the
set of continuous functions having the quadratic variation property.
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THEOREM B.2. (Follmer 1981). For X € Q and f € C?, the limit

[ ro0ax = jim ¥ - %)

tiem,

is well defined and satisfies the pathwise It6 formula:

t 1 t
B.1) 10 = 10 = [ reoaxoe s [ rondon.

Proof. (Sketch). The proof proceeds by writing the expansion
B2  SX) = (X)) =) (X)X, - X,)
J

FI ) (X~ %)+ DR, X
j J
where R(a, b) < ¢(|b — a|)(b — a)*> with ¢ an increasing function, ¢(c) — 0 as ¢ —
0. As m(xw) — 0, the third term on the right of (B.2) converges to 0 and the second
term converges to the second term in (B.1). This shows that the first term converges,
so that essentially the “pathwise stochastic integral” is defined by (B.1) for arbitrary C!
functions f”. m|

Animportant remark is that X, being continuous, achieves its minimum and maximum
X4, X*in [0, T, so only the values of f in the compact interval [X,, X*] (depending on
the path X) are relevant in (B.1).

For the applications in Section 4 we need an “It6 formula” valid when f” is merely
locally integrable, rather than continuous as it is in (B.1). In the theory of continuous
semimartingales, such an extension proceeds via local time and the Tanaka formula—
see theorem VI.1.2 of Rogers and Williams (2000). Here we present a pathwise version,
following the diploma thesis of Wuermli (1980). For a C? function f we have f(b) =
fla)+ f: f'(y)dy, and applying the same formula to /" we obtain

b y b
1) = fa) = / (f/(a)+ / f”(u)du> dy = @b - a)+ / (b — u) /" (w)du

[.¢]

= @b —a)+ / Vonsavny@)lb — ul £ Gu)d.

Hence for any partition w = {#;} of [0, 7] we have the identity

(B.3)

FX) = f(Xo) = Y S, — X))+ / > (1o g @ X, = ul) f"(du),
J I

where ijn =min{X;, X} and X7 = max{X,, X, }. We define

(B.4) L7 () =2 Tppmn yosg ()| X, — ul,

J

and note that L7 (u) = 0 for ug(X .., X™).
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DEFINITION B.3. Let L be the set of continuous paths on [0, T such that the discrete
pathwise local time L] (u) converges weakly in L>(du) to a limit L,(-), for each t € [0, T].

PropOSITION B.4. L C Q. For X € L and t € [0, T| we have the occupation density
formula

(B.5) /A Ly(u)du = fo L)X, Ae BR).

Proof. Suppose X € £, and let 7, be a sequence of partitions of [0, T] with m(r,) —

0. From (B.3) we have, for f € C> and ¢ € [0, T},
! 1 *© T, a
B S06)— S0~ (X)X, = ) =5 [ LPGf wd
J —00

where 7, is the nearest partition point in 7, to z. As n — oo, the first term on the left
of (B.6) converges to f(X,) and, because /" € L*([X.., X*], du), X e £ implies that the
right-hand side converges to (1/2) [ L,(u)f"”'(u)du. Hence the “integral” term on the left

of (B.6) also converges to, say, I,. If we take f(x) = x” then the left-hand side of (B.6) is
equal to

Z th,-+1 - th, - 2Xf/(Xf/+l - Xf/) = Z (Affﬁrl - Xf/)2’

Jitip1 <l Jiti1<l,

showing that (a) X € Q and (b) [, = fot f(X;)d X;, the Follmer integral of Theorem B.2.
It now follows from (B.6) that

(B.7) / L) S (u)du = fo F(X)d(Xs,

i.e., for any continuous function g we have

/_ Liw)g(u)du = fo (X)d(X),.

Approximating the indicator function 14 by continuous functions and using the mono-
tone convergence theorem, we obtain (B.5). a

For the next result, let W, be the set of functions f in C'(R) such that f” is weakly
differentiable with derivative /" in LY (R).

THEOREM B.5. If X € L the Féllmer integral extends in such a way that the pathwise
Ito formula (B.1) is valid for f € W,.

Proof. Let ¢ be a mollifier function, a nonnegative C* function on R such that
¢(x) = 0 for x| > 1 and [¢(x)dx = 1, define ¢,(x) = np(nx) and let f,(x) = [f(x —
¥)¢,(»)dy. Then f,, f converge pointwise to f, f and f/' — f” weakly in L?. From
Proposition B.4 we know that X € Q and as f,, € C> we have, using (B.1) and (B.7),

oo

! 1
A6 = 00 = [ fi0ax+ 3 [ L odu
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As n — o0, the left-hand side converges to f(X,) — f(Xy) and the second term on the
right converges to % ffooc L,(u) f"(u)du, and we can define

t 1 o0
[ revoax = tim {00 - now -5 [

L,(u)fn”(u)du} .

It now follows from Proposition B.4 that the Ito formula (B.1) holds for this extended
integral. m|

We need one further result.

PROPOSITION B.6. Let X € £ and let f:R — R be a monotone C* function. Then
Y = f(X) € L and the pathwise local times are related by

(B.8) L) = 1/'(f @)l LS w)).

Proof. We assume f is increasing—the argument is the same if it is decreasing—and
denote v = f~!(u), so u = f(v). For the partition 7, we have for fixed t € 7, from (B.4),

ol f(Xe,) = fO)]

Y) n

=V=<n

1,
= Z L <v=xmo) ’f'(v)(Xf;ul =)+ 5O Xy, - V)2’
j

4 " 2

= f'v) Z]: L i) <y < sy ‘Xz;ul —Vv+ 2f7,(1‘/1’;u —v)

for & between v and X\ Noting that f”'(£)/2f"(v) is bounded for &, v € [ X, X*] and that
lim,,_, oo max; | X(# +1) — X)) =0, we easily conclude that if X € £ then the expression
at (B.9) converges in Lz(dv) to f/(v)LX(v), so that Y € £ with local time given by
(B.8). i

We note that in the above result it suffices to assume that f is defined on [X,, X™].
This allows us to apply the Proposition for f = log and and stock price trajectories in
Section 4. Indeed, from (B.8) we obtain the elegant formula

L u) = e LY (e").

Finally, we build the connection between the pathwise calculus and the classical 1to
(stochastic) calculus.

THEOREM B.7. Let (X, t € [0, T) be a continuous semimartingale on some complete
probability space (2, F, P). Then there is a set N € F such that PN = 0 and for o ¢ N
the path t— X(t, w) belongs to L (and hence to Q), and L,(u) defined in Definition B.3
coincides with the semimartingale local time of X, at u.

Proof. First, X; € Q a.s. Indeed, theorem IV.1.3 of Revuz and Yor (1994) asserts that
discrete approximations to the quadratic variation always converge in probability, so a
sub-sequence converges almost surely, showing that X; € Q in accordance with Definition
B.1.Itisshown by Follmer (1981) that the It0 integral and the pathwise integral defined by
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(B.1) coincide almost surely. Every semimartingale S, has an associated local time which
satisfies the occupation density formula (B.5). It remains to show that with probability
1 the discrete approximations L7 defined by (B.4) converge in L?(du). This is proved in
Wuermli (1980), by detailed estimates which we cannot include here. ]
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CLOSED FORM PRICING FORMULAS FOR DISCRETELY SAMPLED
GENERALIZED VARIANCE SWAPS

WENDONG ZHENG AND YUE KUEN KwOK

Hong Kong University of Science and Technology

Most of the existing pricing models of variance derivative products assume contin-
uous sampling of the realized variance processes, though actual contractual specifica-
tions compute the realized variance based on sampling at discrete times. We present
a general analytic approach for pricing discretely sampled generalized variance swaps
under the stochastic volatility models with simultaneous jumps in the asset price and
variance processes. The resulting pricing formula of the gamma swap is in closed form
while those of the corridor variance swaps and conditional variance swaps take the form
of one-dimensional Fourier integrals. We also verify through analytic calculations the
convergence of the asymptotic limit of the pricing formulas of the discretely sampled
generalized variance swaps under vanishing sampling interval to the analytic pricing
formulas of the continuously sampled counterparts. The proposed methodology can
be applied to any affine model and other higher moments swaps as well. We examine
the exposure to convexity (volatility of variance) and skew (correlation between the
equity returns and variance process) of these discretely sampled generalized variance
swaps. We explore the impact on the fair strike prices of these exotic variance swaps
with respect to different sets of parameter values, like varying sampling frequencies,
jump intensity, and width of the monitoring corridor.

KEY WoRrDS: generalized variance swaps, stochastic volatility models, Fourier transform, discrete
sampling.

1. INTRODUCTION

Volatility measures the standard deviation of the logarithm of returns of an underlying
asset, thus it gives a measure of the risk of holding that asset. Volatility risk has drawn
a wider attention in the financial markets in recent years, especially after the global
financial crisis. Volatility trading becomes an important topic of risk management. In a
bearish market environment, volatility typically stays at a high level, so holding a long
position of volatility may be useful in hedging an equity portfolio. Indeed, volatility can
be viewed as an asset class in its own right. Investors may use volatility derivatives to
perform directional trading of volatility levels, say, trading the spread between the realized
and implied volatility levels, or hedging an implicit volatility exposure. These volatility
derivatives are investment tools for investors with specific views on the future market
volatility or with particular risk exposures by allowing them to deal with these views or
risks without taking a direct position in the underlying asset and/or delta-hedging their
position (Brockhaus and Long 2000).
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Volatility products can be generally classified into two types. The historical-variance-
based volatility derivatives include products whose payoff depends on the realized
variance of the underlying asset. Another class of volatility products are the implied-
volatility-based products, like the VIX futures traded in the Chicago Board Options
Exchange (CBOE). The VIX stands for the CBOE Volatility Index, and it measures the
30-day expected future volatility of the S&P 500 index (Carr and Wu 2006). In recent
years, the third generation of volatility products, which are known as the generalized
variance swaps, including the corridor variance swaps, conditional variance swaps, and
gamma swaps, have gained wider popularity as volatility trading instruments. These ex-
otic variance swaps can offer investors a more finely tuned volatility exposure than the
traditional variance swaps (see the review articles by Carr and Lewis 2004; Bouzoubaa
and Osseiran 2010; Lee 2010). Their product specifications and potential uses in hedging
or betting the various forms of volatility exposures will be presented in later sections. One
of the objectives of this paper is to present a systematic and efficient analytic approach for
pricing these discretely sampled generalized variance swaps under the stochastic volatility
models with simultaneous jumps in the asset price and variance processes.

Assuming that the stock prices evolve without jumps, Neuberger (1994) shows how
a continuously sampled variance swap can be theoretically equivalent to a dynamically
adjusted constant dollar exposure to the stock, in combination with a static long po-
sition in a portfolio of options and a forward contract that replicate the payoff of a
log contract. Carr and Madan (1998) propose various methods of trading the realized
volatility, like taking a static position in options, delta-hedging an option position, etc.
They demonstrate that the delta-hedged option approach exhibits a large amount of
path dependency in the underlying in the final profit/loss. On the other hand, volatility
derivatives are shown to provide the pure exposure to realized market volatility without
an inherent price path dependency. Demeterfi et al. (1999) provide a nice review on the
pricing behavior and theory of both variance and volatility swaps.

As a common approximation assumption in the pricing models of volatility deriva-
tives in the literature, the discretely sampled realized variance in the actual contractual
specification is approximated by a continuously sampled variance (as quantified by the
quadratic variation of the log asset price process). For some volatility products, it occurs
that the assumption of continuous sampling falls short of providing pricing results with
sufficient accuracy when the actual discrete sampling becomes less frequent. Since it
is not so straightforward to estimate the approximation errors in a unified framework,
practitioners trading on contracts that are based on the realized variance with a low
sampling frequency cannot properly assess the pricing errors caused by the continuous
sampling assumption. A review on the replication errors for the discretely monitored
variance swaps can be found in Carr and Lee (2009). Keller-Ressel and Muhle-Karbe
(2010) discuss the rate of convergence of the approximation of the realized variance via
the notion of quadratic variation and examine the errors of the approximation in pricing
short-dated options with nonlinear payoffs.

There have been numerous papers that consider pricing variance product contracts on
the discretely sampled realized variance. Little and Pant (2001) develop a finite differ-
ence approach for the valuation of the discretely sampled variance swaps in an extended
Black—Scholes framework with a local volatility function. They adopt an effective nu-
merical technique to capture the jumps in the realized variance across the sampling
dates. Windcliff, Forsyth, and Vetzal (2006) improve the pricing algorithm for the dis-
cretely sampled volatility derivatives by allowing jumps in the asset price process. Using
the Monte Carlo simulation method, Broadie and Jain (2008) investigate the effect of
discrete sampling and asset price jumps on the fair strike prices of variance and volatility
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swaps under various stochastic volatility models. Carr and Lee (2009) consider the repli-
cation of discretely sampled variance products (including exotic path dependent payoff
structures) using options, futures, and bonds with the same sampling frequency as that
of the variance products. Itkin and Carr (2010) use a forward characteristic function
approach to price discretely monitored variance and volatility swaps under various Lévy
models with stochastic time change. Crosby and Davis (2011) consider the pricing of gen-
eralized variance swaps, such as self-quantoed variance swaps, gamma swaps, skewness
swaps, and proportional variance swaps under the time-changed Lévy processes. They
show that the prices of discretely monitored variance swaps and their generalizations all
converge to the prices of continuously monitored counterparts as O(1/N), where N is
the number of monitoring instants. Sepp (2011) analyzes the impact of discrete sampling
on the pricing of options on the realized variance under Heston’s stochastic volatility
model. He proposes a method of mixing the discrete variance in a log-normal model
and the quadratic variance in a stochastic volatility model that approximates well the
distribution of the discrete variation. Drimus and Farkas (2010) show that conditioning
on the realization of the instantaneous variance process, the residual randomness aris-
ing from discrete sampling follows a normal distribution. They also provide a practical
analysis of the greeks sensitivity of options on discretely sampled variance. Following
the Little-Pant pricing formulation, Zhu and Lian (2011) manage to derive closed form
pricing formulas for the vanilla variance swaps under Heston’s stochastic volatility model
for the underlying asset price process by solving a coupled system of partial differential
equations. Lian (2010) extends the above analytic pricing approach to the underlying
asset price process that allows stochastic volatility with simultaneous jumps in both the
asset price and variance process (SVSJ model). The success of analytic tractability in the
Zhu-Lian approach lies on the exponential affine structure of the SVSJ model, where
the corresponding analytic formulas of the marginal characteristic functions can be de-
rived. When the payoff structures of the variance swap contracts become more exotic,
like those of the corridor variance swaps, conditional variance swaps, and gamma swaps,
the knowledge of the marginal characteristic functions alone may not be enough in the
derivation of the corresponding closed form pricing formulas. Instead, the joint moment
generating function plays a vital role in deriving the pricing formulas for exotic variance
swaps.

In this paper, we propose a general analytic approach for pricing various types of
discretely sampled generalized variance swaps, thanks to the availability of the analytical
expression of the joint moment generating function of the underlying processes. The ana-
lytic derivation of the associated moment generating function under the SVSJ model can
be accomplished via the solution to a Riccati system of ordinary differential equations.
Provided that the payoff function of a generalized variance swap can be transformed
into an exponential function of the state variables, closed form or semianalytic (in terms
of one-dimensional Fourier integrals) pricing formula of the derivative product can be
derived. Duffie, Pan, and Singleton (2000) and Chacko and Das (2002) demonstrate the
versatility of this analytic approach in pricing various types of fixed income derivatives.
These papers explore various invariant properties of the solutions to the Riccati systems
and manage to express the pricing formulas in terms of these solutions. Sepp (2007)
applies similar techniques to price continuously sampled variance derivatives and con-
ditional variance swaps via the derivation of the analytic representation of the Green
function associated with the governing partial integral-differential equation under the
SVSJ model.

This paper is organized as follows. In the next section, we present the formulation of
the SVSJ model with a discussion on various possible extensions of the underlying joint
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dynamics of the asset returns and its variance. Thanks to the exponential affine structures
of the SVSJ model, we manage to obtain an analytic representation of the corresponding
joint moment generating function by solving a Riccati system of ordinary differential
equations. In Section 3, we present the product specification and potential uses of various
generalized variance swaps. We then show how to derive the closed form pricing formula
of each of these discretely sampled generalized variance swaps under the SVSJ model.
The continuously sampled gamma swap is known to provide a constant share gamma
exposure. We illustrate how this gamma exposure property is modified under discrete
sampling. The pricing of the conditional variance swap requires the computation of the
expected occupation time of the asset price within a specified corridor. For the formulas
of the fair strikes of the discretely monitored variance swaps and gamma swaps, we take
the asymptotic limit by letting the sampling interval approach zero and illustrate that
one can recover the same set of formulas of their continuously sampled counterparts
(Sepp 2008). Also, we manage to obtain the pricing formulas of corridor and conditional
variance swaps under continuous sampling. In Section 4, we report the numerical tests
that examine the convergence of the fair strike prices with increasing sampling frequencies
to the fair strike price of the continuously sampled counterparts. Our numerical tests
show that an almost linear rate of convergence with respect to the sampling interval
of the fair strike price under discrete sampling to that under continuously sampling is
revealed for variance swaps. However, such convergence behavior may not always be
observed for other exotic variance swaps. We also examine the exposure to convexity
(volatility of variance), skew (correlation between equity returns and variance process),
and jump intensities of these exotic swap products under the more realistic framework
of discrete sampling of the realized variance. The fair strike prices in these generalized
variance swaps are shown to be dependent on their contractual specifications. Summary
and conclusive remarks are presented in the last section.

2. STOCHASTIC VOLATILITY MODELS WITH SIMULTANEOUS JUMPS
AND JOINT MOMENT GENERATING FUNCTION

There have been numerous empirical studies on the dynamics of asset returns that illus-
trate evidence for both jumps in the price level and its volatility. A prominent continuous
time model that has been widely adopted is the affine simultaneous jump model (Duffie
et al. 2000) where the asset return and its variance follow the jump-diffusion process for
which the drift, covariance, and jump intensities are assumed to have an affine depen-
dence on the state vector. The analytic pricing under the affine simultaneous jump model
can be performed by solving the corresponding Riccati system of ordinary differential
equations (Chacko and Das 2002).

In this paper, we adopt the following stochastic volatility model with simultaneous
jumps (SVSJ) to describe the joint dynamics of the stock price S, and its instantaneous
variance V;. Under the risk neutral pricing measure Q, the joint dynamics of S, and V,
assumes the form:

ds
(2.1) S
dV; = k(0 — V))dt + eV, dW) + JVdN,,

r —d —xm)di + V,dW5 + (¢’° = 1)dN,,

where W5 and W are a pair of correlated standard Brownian motions with dW>d W) =
pdt, and N, is a Poisson process with constant intensity A that is independent of the
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two Brownian motions. Here, p is the constant correlation coefficient. We let JS and
JV denote the random jump size of the log price and variance, respectively, and these
random jump sizes are assumed to be independent of W°, W/, and N,. Also, we let
r and d denote the riskless interest rate and the constant dividend yield, respectively,
and m = E,Q[eJ S 1] Throughout the paper, all the expectation calculations E,Q[ -] are
performed under the risk neutral pricing measure Q and conditional on filtration F,
at the current time 7. In the sequel, we suppress the superscript and subscript in the
expectation operator for notational convenience.

It is well known that jumps in the stock price provide a more realistic description of
the short-term behavior of the stock price dynamics while jumps in the variance give
the more accurate modeling of the volatility skew. Various empirical studies reveal that
jumps in the price level and variance in general occur together, and they are strongly
interdependent and have opposite sign. One may argue that the above SVSJ model
with specific affine forms of the parameter functions may be somewhat restrictive. Some
recent nonparametric studies of the high frequency movements in stock market volatility
reveal that volatility may follow quite different forms of jump behavior (Todorov and
Tauchen 2010). Various extended versions of the stochastic volatility models have also
been proposed. For example, Kangro, Parna, and Sepp (2004) propose to generalize the
intensity of the Poisson process to be a nonreverting stochastic process. Carr and Wu
(2007) assume stochastic hazard rate for the Poisson process, where the stochastic hazard
rate parameter is assumed to be the sum of the instantaneous variance and a latent risk
factor that follows a diffusion process with mean reversion drift rate. Cont and Kokholm
(2008) model directly the forward variance swap rates for a discrete tenor of maturities,
somewhat analogous to the LIBOR market model in interest rates modeling. In some
of these extended models, analytic tractability that is similar to the SVSJ model can
be maintained though the analytic procedures tend to become more involved. In this
paper, we illustrate the set of analytic procedures of deriving the pricing formulas of
discretely sampled exotic variance products under the popular SVSJ model and relegate
the research on analytic pricing methods under other types of stochastic volatility models
to future works.

2.1. Joint Moment Generating Function

For convenience, we let X, = In S,. The joint moment generating function of the joint
process X; and V/, is defined to be

Elexp(p X7 +bVr + v)],

where ¢, b, and y are constant parameters. Let U(X,, V,, ) denote the nondiscounted
time-z value of a contingent claim with the terminal payoft function: U(X 7, Vi, T),
where T is the maturity date. By adopting the temporal variable, T = T — ¢, it can be
deduced from the Feynman—Kac theorem that U(X, V, 7) is governed by the following
partial integral-differential equation (PIDE):

oU '\ aU U
(2.2) i e B W et — =
3 (r d — m\ ) + k(0 I/)BV—i—

VartU &2V a*U
T 20X 2

T T 9
2

32U
V——— + AE[UX+ IS5, V+JV, 1) = UX, V, 1)
+ pe 3X8V+ [U(X+ + 7) ( 7)]
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The terminal payoff function of the contingent claim becomes the initial condition of the
PIDE. Note that the joint moment generating function (MGF) can be regarded as the
time-f forward value of the contingent claim with the terminal payoff: exp (¢ X + bV 1
+ y), so the MGF also satisfies PIDE (2.2).

Using the analytic procedures similar to those in interest rate derivatives pricing under
the stochastic volatility with simultaneous jumps model (Chacko and Das 2002), analytic
solution to the joint MGF can be obtained by solving a Riccati system of ordinary
differential equations. Due to the exotic payoff structure of the generalized variance
swaps, analytic form of the joint MGF is required in deriving analytic pricing formulas
for these discretely sampled variance products. As a remark, it suffices to use the marginal
MGFs to price discretely sampled vanilla variance swaps (Zhu and Lian 2011) due to
their simpler payoff structure. Once the joint MGF is known, the respective marginal
MGTF can be obtained easily by setting the irrelevant parameters in the joint MGF to
be zero. For example, the marginal MGF with respect to the state variable V' can be
obtained by setting ¢ =y = 0.

Thanks to the affine structure in the SVSJ model, U(X, V, t) admits an analytic
solution of the following form (Duffie et al. 2000):

(2.3) UX,V,1)=exp(¢p X+ B(O; 7,V +T'(0;1,q) + A(O; 1,q)),

where the parameter functions B(®; 1, q), ['(9; 1, q), and A(O; 1, q) satisfy the following
Riccati system of ordinary differential equations:

B 1 5 er

E——§(¢—¢)—(K—P8¢)B+?B,
(2.4) I ¢ — )+ x0B.

0t

A s v

5o = MElexp(@/* + BJ") = 1] - mg),

with the initial conditions: B(0) = b, I'(0) = y, and A(0) = 0. Here, q = (¢ b ¥)” and we
use © to indicate the dependence of these parameter functions on the model parameters
in the SVSJ model. One has to specify the distributions for J° and J” in order to obtain
a complete solution to these parameter functions. For example, suppose we assume that
JV ~ exp (1/7) (exponential distribution with parameter rate 1/5) and J° follows:

JS5|JV ~ Normal(v + p;J", 8%),

that is the Gaussian distribution with mean v + p;J" and variance 82, we obtain

(2.5) m= E[e’" —1]=
1 —np,

provided that np; < 1. Under the above assumption on J° and J", the parameter
functions can be found to be
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b e " +&)—(¢p— )1 —e°T)
(Ey +e2b)e st +E_ —g2b

B@®;t,q) =

’

2 —t _ a2
2.6) r(®;r,q)=(r—d)¢r+y—if[s+r+21n@++"’"”)e *E- “’}

2z
242 k> 1/k k> k3€7§r + kg4
A(O: —_— 1 )\¢V+5¢/27 - == = In=-——"
( aqu) (m¢+ )f+ e |:k4t ;(k} k4) n k3+k4 }

withq = (¢ b y)T and

¢ = \Jlc — peg) + &2 — ),
§r = F(k — peg),
ki =&, + &b,
kr = £ — &b,
ks = (1 — gppymki — n(¢ — ¢* +£_b),
ks = (1 — ppymks + n(¢ — ¢* — &.b).

The derivation of the parameter functions in equation (2.6) is provided in Appendix A.
Once the joint MGF is available, an effective analytic pricing approach can be constructed
to derive the pricing formulas of the various types of discretely sampled generalized
variance swaps. As an illustration, we demonstrate how the pricing formula of the vanilla
variance swap can be readily derived. Let the sampling dates be denoted by 0 = ¢y < #; <

- < ty = T. On the maturity date 7', the payoff of the vanilla variance swap is defined
to be

where K is the strike price of the variance swap and A is the annualized factor (say, we
take A = 252 for daily sampling). We write At; = t; — ;1 and express the time interval
tk—1 — to simply as f;_; since fy is taken to be zero. The pricing problem amounts to
finding the fair strike price K such that the value of the vanilla variance swap at initiation
is zero. The fair strike price K is then given by

N

A 2
K=E|= Z <ln Si ) )
N k=1 S;]"l

We now show how to evaluate each term in the above summation. Using the known ana-
lytic expression of the marginal MGFs, we apply the tower rule in conditional expectation
to obtain the expectation of a typical term as follows:
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2 2
E <ln Sy ) —E [E’zemx,kx,k J”
S d¢p o

d? —oX
= 5g7 ELEL M X Vi Je? ],
82
— 7E[eB((");Afksql)VI;\,7|+F(®;At/uq1)+A((');Alkvql)]|
3¢2 =0
9 L. :
— 7283(@;”\—1-qz)V[J+r(@;t/\—l-q2)+A(®§t/(—l.q2)|¢ 0
ap =0’
where q; = (¢ 0 0)7, and
0
Q= B(®; Ati, q1)
[(O; At, q1) + A(O; A, qp)
The fair strike price of the variance swap is then given by
A 92
(2.7) KT, N)= — e BO11.4) o +T(O:t-1,42) +A(Oitk-1,q2) .
v i

Note that the derivation procedure is less involved compared to the pricing approach
used by Zhu and Lian (2011).

2.2. Asymptotic Limit of Vanishing Sampling Interval

It would be instructive to examine whether we can deduce the formula for the fair
strike price of the continuously sampled variance swap by taking the asymptotic limit as
At — 0, where At = max ;Afy, in formula (2.7). By expanding the parameter functions
B, ', and A in powers of At; and taking A7 — 0 subsequently, we manage to obtain the
following closed form formula for the fair strike of the continuously sampled variance
swap:

1 [1—e*T A
28) Kp(T,00)= —1-—5  p -1 T _x1)
T K K2

0
+ 87+ @’ + (v + p)*] T + —(T—1 +e_KT)} ,

where we have used the convention 4 =

T lT The above formula is in agreement with
a similar pricing formula in Sepp (2008). The proof of formula (2.8) is presented in
Appendix B.

In the next section, we illustrate how to generalize the above pricing approach to find

the pricing formulas for the various types of generalized variance swaps.

3. GENERALIZED VARIANCE SWAPS

Vanilla variance swaps are known to be the appropriate instruments to provide investors
with pure volatility exposure. In recent years, various types of generalized variance swaps
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have been introduced in the financial markets to enhance volatility trading by providing
asymmetric bets or hedges on volatility. Given a tenor structure {f, {1, .. ., ty } as before,
the generalized realized variance over the period [f, ¢y] is defined to be

N 2
T (ng)
— wi | In — ,

where w is some discrete weight process chosen so as to target a specific form of volatility
exposure. In this section, analytic pricing of discretely sampled gamma swaps, corridor
variance swaps, and conditional variance swaps would be considered. For each type of
these exotic variance products, we start with the description of their product nature and
potential uses in volatility trading and hedging.

3.1. Gamma Swaps

In a gamma swap, the weight wy is chosen to be i—ik, k=1,2,..., N. Accordingly, the
terminal payoff of the gamma swap is defined by

N
AZSIA(IH S )2—1(.
Nk:l S Si

The motivation of choosing the weight to be the underlying level is to provide the
embedded damping of the large downside variance when the stock price falls close to zero.
This feature serves to protect the swap seller from crash risk, thus provides an advantage
over the noncapped variance swaps. Another motivation is related to variance dispersion
trade, which refers to trading the difference between the realized index volatility and
the market-cap weighted sum of the realized volatilities of its constituents. Gamma
swaps provide better means to trade dispersion than vanilla variance swaps since the risk
associated with changes in weights of the constituent stocks over the life of the variance
swap is reduced (Jacquier and Slaoui 2010).

To find the analytic fair strike price of a discretely sampled gamma swap, we compute
the expectation of a typical term in the floating leg of the gamma swap as follows:

S (v S\ :
E "(1n ) = e WE[eN o (X — X )]

2
= eiXUE |:3 ze¢(X,k7X,/(7])+X,,{7] jH
3¢ ot

82

e "—a¢2 E[E[e”*x
2

_ o E[ei 1 BOMEa) V4T O:M L)+ A©: k)]

3>

2
9 e BOiti-1,42) Yo+ T (O3 1k-1,42)+ A (O3 lk-1,42)

>

Xy s Vi

k—1

Je-% ]|

=1

o=

o=1

where q; = (¢ 00)7, and
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1
Q= B(O; At q1)
L(®; Ay, q1) + A(O; Aty, q1)

In the above derivation procedure, we have made use of the analytic form of the joint
moment generating function of X; and ¥;. The fair strike price of the gamma swap is then
given by

N

A RN o: S

3.1) K(T, N) = 5 Z aszeg(Qu,l,qz)Vo+r(o,u,1,qz)+A(0,tk,1,q_) ,
k=1 P=1

which is seen to have no dependence on the initial price level .S;,.

It is well known that the gamma exposure of vanilla variance swaps is insensitive to
the underlying level of share price (Demeterifi et al. 1999), a property known as constant
cash gamma exposure. Suppose an investor is interested in the gamma exposure in the
number of portfolio units rather than the initial cash value of the portfolio, the gamma
swaps provide constant share gamma exposure by choosing weights that are set equal to
the underlying level at the sampling dates. The proof of this property of constant (almost
constant) share gamma exposure for the continuously (discretely) sampled gamma swaps
is shown below.

3.1.1. Constant Share Gamma Exposure. We would like to compute the share gamma
exposure of an in-progress gamma swap at time ¢, where ¢;_| < t < t;,i > 1. The share
gamma is defined to be

3V
3.2 =TS :=——§5,
(3:2) ST sz
where I' is the usual greek gamma of a derivative product with value function V/,. Consider
a hedging portfolio IT whose differential change of value is given by

1
dIl = AdS, + 5r(ds,)z.

Since dSS; is in proportion to the share price S, the “cash gamma” of the derivative I'S?
is in units of dollars. After normalizing the cash gamma by the share price, the resulting
quantity I'S; is in units of shares and hence it is called the “share gamma.” To compute
the share gamma of a discretely sampled gamma swap, it is necessary to find the time-¢
value of the gamma swap as follows:

i—1

A S S\ 4_|s S \?2
(33) V, = e—r(ty—r) il 3 (ln (/e ) +2E (i (hl (f )
A
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k=1 -1
2
x 9 St eB(G)Lfi—fs‘ll)VI'H_‘(@;E‘—TJII)+A(9;li—f,(ll) + éi
a0 |5, s,
N 82
Z afﬁzeB((’E‘);l/(q71‘(]2)V;#»r(@;[;ﬁ]*L‘]Z)*’/\(@;l/(,]711[2) _ K[‘(T, N) ,
k=i+1 =1

where q; = (¢ 0 0)7, and

1
Q= B(®; A, q1)
[(®; At, q1) + A(O; Ay, q1)

By differentiating equation (3.3) with respect to S, twice and multiplying by S;, we obtain
the share gamma as follows:

A2 S,
3.4 Mg=e D= I{ln— +1)F()+ F(
(3.42) = e Ns,ﬂ[(“s,,.*) 1)+ ()],

where
F(¢) = eBO:li—1.q) VAT (O —1,q)+AOs—1.q1)

The dependence of I's on S; appears in the term In S’S’ . Suppose we take the limit of

continuous sampling, S, — S, _,, we then obtain

A2

3.4b r e
(3.4b) s—>e NS,
The above limit has no dependence on S, so it verifies the property of constant gamma
exposure under continuous sampling. A similar result has been obtained by Jacquier and
Slaoui (2010) using a replication argument.

3.1.2. Fair Strike Prices of Continuously Monitored Gamma Swaps. By following a
similar procedure of taking the limit of vanishing sampling time interval (see Appendix B),
we can obtain the following closed form formula for the fair strike price of a continuously
monitored gamma swap

1 ] (r—d—«k+pe)T _ 1
(3.5) Kr(T,00) = — [(Vo K 2) e -7

K — pe r—d—«k+ pe

K6 elr=dT _ 1
H2ora+a) ]
K — pe r—d
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LoV +8/2 2 2
C=— (v+82+pm> +82+<pm) :
1—pm 1 —pm 1 —pm

v+82/2

where

_ Ane
(1= pm)k — pe)’

G

3.2. Corridor Variance Swaps

A corridor variance swap differs from the vanilla variance swap in that the underlying
price must fall inside a specified corridor (L, U] (L > 0, U < 00), in order for its squared
return to be included in the floating leg of the corridor variance swap. For a discretely
sampled corridor variance swap with the tenor0 =¢) <, < t, <--- < ty = T, suppose
the corridor is monitored on the underlying price at the old time level #_; for the kth
squared log return, the floating leg with the corridor (L, U] is given by

4 2
N 1 \ 1 < <U}-
Nk213<n St 1) (<8 =1

Here, 1; .} denotes the indicator function. Corridor variance swaps with a one-sided
barrier are also widely traded in the financial markets, where the downside-variance swap
and upside-variance swap can be obtained by taking L = 0 and U — oo, respectively. As
further generalizations, one can choose to have the corridor monitored on the underlying
price at the new time level #; (Sepp 2007) or even at both time levels (Carr and Lewis
2004).

Corridor variance swaps allow the investors to take their views on the implied volatility
skew. Suppose the implied volatility skew is expected to steepen, the investor may benefit
from buying a downside-variance swap and selling an upside-variance swap if this view
is realized. Also, investors seeking crash protection may buy the downside-variance swap
since it can provide almost the same level of crash protection as the vanilla variance swap
but at a lower premium.

It suffices to consider pricing downside-variance swaps alone since the payoffs of
downside-variance swaps of varying values of the upper barrier are sufficient to span all
different payoffs of various corridor variance swaps. We would like to find the fair strike
price of a downside-variance swap with an upper barrier U whose payoff at maturity T
is given by

Let us consider the expectation calculation of a typical term:

(3.6)

S\’ 0’
E (hl 5 - ) Lis, <o) | = E[E[Wed’(x"’_)(’“)’ Xiyrs Vrm} Iix, ,<1nU}]’
T—1 ¢=0

o o: o:
— E [3¢2 o BO:ALQ) T, +I‘((),Az,(,q,)+A(o,mk,ql)1[X/H . U]:| ‘
$=0
32 : g :
_ e E [BB((a),AzA.qI)V,H+r(<¢>,Au,q1)+A((a),AzA‘q.)I{X[HSln U}]‘ ’
$=0
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where q; = (¢ 0 0)”. For k = 1, the above expectation is readily seen to be

0

S\ P s N
(3.7a) E|:(1nS’l) l[SIOSU):| =@eB(QNITQI)V1J+F(()WA1|1Q1)+A(O»A11,QI)I[XOSIHU]

$=0

For k > 2, the evaluation of expectation in formula (3.6) requires the representation of
the indicator function 1; X, <nU) in terms of an inverse Fourier transform integral. As a
result, formula (3.6) can be expressed in terms of a Fourier integral as follows:

(3.7b)

S\ eVitXomuw) oo . F(w, +iw;
E (ln STA ) l{S,kil | = 7‘/ Re(em,-()(oll)k.(’_-[))dwr, k > 2,
Ti—1 T 0 1w, Wi

where w =w, +iw;, u=In U, and

2

Fw) = 876)3(@21/\4qu)VO+F(®;l/\,|,q2)+A(®;l,(,|,q2) k> 2.
0> $=0
with
—iw
Q@ = B(©; Aty., q1)

['(O; Atk, q1) + A(O; Aty, q1)

The above Fourier integral is regular provided that w; is appropriately chosen to lie
within (—o0, 0). The proof of equation (3.7b) is presented in Appendix C. The fair strike
price of the downside-variance swap is then given by

A 2 e o
Kp(T, N) = V13 2eB(O,A1|,q1)V0+I (O,Atl,q1)+A((),A11,q|)1{XOSm )
(3.8) ¢ 9=0
N

F.(w, +1iw;

em(Xg—u) o9 ) ; k( ! l)
+ / Re eflw,-()(ofu) = dWr

w 0 w, —w;

The evaluation of the Fourier integral in equation (3.8) can be effected by adopting the
fast Fourier transform (FFT) algorithm. Actually, by following a similar FFT calculation
approach as in Carr and Madan (1999), one can produce the fair strike prices for all
downside-variance swaps with varying values of the upper barrier using one single FFT
calculation.

3.2.1. An Alternative Definition for the Corridor Variance. We have considered the
discretely sampled downside-variance swaps with the breaching of the downside corridor
(0, U] being monitored on the stock price at the old time level. However, there is an



868 W. ZHENG AND Y. K. KWOK

alternative definition in the literature, where the floating leg payoff is defined to be

In this new definition, the breaching of the downside corridor for the kth squared log
return is monitored on the stock price at the new time level. For k =1, 2, ..., N, by
following a similar procedure as shown in equation (3.6), we manage to obtain

S 2 wi(Xo—u) 0o . F. P : ;
59 E[(ln \ )1{&@] _entimm / Re<em-,,<xou>w> dw..
S, k= T 0 W, —w;

where w = w, + iw;, w; is chosen to lie in (—o0, 0) as before, u = In U, and

B(O:t-1,q2) o+T(Oit5—1,q2)+A(O: 141,q2)

)

$=0

32
F(w) = 87526

with q; = (¢ —iw 00)7 and
—iw
Q@ = B(©; Aty q1)
[(©; At, qi) + A(©; Aty qu)

In Section 4, we will investigate the impact of the alternative definition on the fair strike
price of a downside-variance swap.

3.2.2. Fair Strike Prices for Continuously Monitored Downside-Variance Swaps. By
taking the asymptotic limit of vanishing sampling time interval, the fair strike price of
the continuously sampled downside-variance swaps is given by (see Appendix B)

(3.10)  Kp(T, o0) = # /0 - /0 TRe <e<X>W) drdw,,
where
F(w, 1) = BN w0t A Cwn gLy 1)1y + T (—iw, 1) + Al (—iw, 1)
+A[ + o) + 8 + A},

and the coefficient functions B’(—iw, 1), B'(=iw, t), ['(—iw, 1), T1(=iw, 1), A%(=iw, 1),
and A'(—iw, f) are defined in Appendix B [see equation (B.3)].

3.3. Conditional Variance Swaps

A conditional variance swap is similar to a corridor variance swap, though they differ
in the following two aspects:

(i) The accumulated sum of squared returns is divided by the number of observations
D that the underlying asset price stays within the corridor instead of the total
number of sampling observations N.

(i1) The final payoff to the holder is scaled by the ratio D/N.
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Let K be the strike price of a conditional downside-variance swap and K’ be the strike
price of its corridor variance swap counterpart. The holder’s payoff of the conditional
downside-variance swap with corridor’s upper barrier U is given by

N 2 N 2
D| 4 S A She
— | = | u 1 -n—K|=|—= 1 i 1 -y — K
G0 N[DZ<“SM> Bie=t) } [NZ(“SM) Bie=t) }

k=1 k=1
+( K KD
A
where D = Z//(V:l I{SI,HSU]'

The above formula reveals that the conditional variance swap can be decomposed into
a corridor variance swap with the same upper barrier plus a range accrual note. Since we
have shown how to find the fair strike price of a downside-variance swap, it suffices to
compute the expected number of the sampling dates at which the underlying stock price
stays below the upper barrier U. For a typical term in E [Z,{,Vzl 1is,  <uy], the expectation
calculation involves

E[I{S;\,lgU)] = E[I[XA—ISV}]’ Where u = ln U.

Following similar calculations as in Section 3.1.1, we obtain
wi(Xo—u) oo . Gr(w, + 1w
(3‘12) E[l[xk,|<u)] — eif Re (enur(%u)w) dw,, k=>2,
= T 0 w, —w;
where w; € (—o0, 0) and

Ot Oili—1, O:ti—1,
Gi(w) = e B(©3t-1,a) o+T (311,41 +A (O ql)7

with q; = (—iw 0 0)7. Similarly, the numerical evaluation of the above Fourier integral
can be done via the FFT algorithm. Finally, the fair strike price of the conditional
downside-variance swap is given by

N -1
(3.13) Z Gr(w, +iw;)

l{X <u) ew,-(Xq—u) 00 . —
Ko(T, Ny=Kp(T, N)| ——+ Re|e Momw=2__________ |dw,
N N 0 w, —w;

The payoff of a conditional variance swap counts only the sampling dates at which
the realized variance does accumulate (conditional on the underlying price lying within
the corridor). Compared to the corridor variance swaps, the conditional variance swaps
are structured specifically for investors who would like to be exposed only to volatility
risk within a prespecified corridor. In a corridor variance swap, the actual amount of
the occupation time that the underlying price falls within the corridor over the whole
life of the swap has a significant effect on the profit and loss to its holder. However, the
conditional variance swap is immunized from this risk since only the realized variance
within the corridor matters. Indeed, the decomposition formula (3.11) shows that the
holder of a conditional variance swap receives compensation from the range accrual note
when the occupation time attains a lower value leading to a lower payoff in the corridor
variance swap counterpart.
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3.3.1. Fair Strike Prices for Continuously Monitored Conditional Variance Swaps. The
fair strike price of the continuously sampled conditional downside-variance swap is
related to that of the downside-variance swap presented in the previous section. The
analytical representation formula is given by

(3.14)
wi(Xo—u) oo pT ) G , Wit -1
K(T, 00) = Kp(T, o0) [e / / Re (e<X>(W+1W)) dzdw,] ,
nT 0 Jo w, —w;
where

Gw, 1) = B4 AT (O:1,q)+A(O:1,q1)

with q; = (—iw 0 0)7.

4. NUMERICAL TESTS

In this section, we report the numerical calculations that were performed for testing accu-
racy of the analytic pricing formulas obtained for the various types of discretely sampled
generalized variance swaps. We examine the impact of the sampling frequency of the re-
alized variance on the fair strike prices of the discretely sampled variance swaps, gamma
swaps, corridor variance swaps, and conditional variance swaps, and the convergence of
the fair strike prices to those of their continuously monitored counterparts. In particular,
we used different sets of model parameters in the numerical calculations in order to have
a more comprehensive view of the behavior of convergence to the continuous limits.
To show the sensitivity of the fair strike prices of these discretely sampled generalized
variance swaps to different model parameters, we provide various plots of the fair strike
prices against three key model parameters, namely, correlation coefficient, volatility of
variance, and jump intensity. Finally, we investigate the impact of the corridor conven-
tion (whether breaching of the corridor is monitored on the stock price at the old time
level or new time level) on the pricing of the weekly sampled downside-variance swaps
with varying values of the maturity date. In our numerical examples, we adopted the set
of parameter values shown in Table 4.1 that are calibrated to S&P 500 option prices on
November 2, 1993 (Dulffie et al. 2000) as our basic set of parameter values. In addition,
we take r = 3.19%, d = 0, Sy = 1, and assume the number of trading days in 1 year
to be 252. Unless otherwise stated, we consider 1-year swap contracts so that 4 = N
(T =1) and take U = 1 as the upper barrier of the downside corridor in the corridor and
conditional variance swaps.

TABLE 4.1
The Basic Set of Parameter Values of the SVSJ Model

K 3.46 v —0.086
0 (0.0894)> 1 0.05

P 0.14 A 0.47

P —0.82 oy —0.38
NaZ 0.087 P 0.0001
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4.1. Impact of Sampling Frequency

First, we present numerical results that explore the convergence behavior of the fair
strike prices of different types of discretely monitored generalized variance swaps under
varying sampling frequencies. In Table 4.2, we report the fair strike prices of the vanilla
variance swaps, gamma swaps, downside-variance swaps, and conditional downside-
variance swaps with varying sampling frequencies and different values of the correlation
coefficient p. The choice of p = —1 infers the scenario where the market is highly lever-
aged as the asset return has perfect negative correlation with its variance while the less
negative correlation coefficient p = —0.3 represents the market condition with mild
leverage effect. The choice of p = —0.82 is taken from Table 4.1 (based on calibration
from actual data of option prices). The values of the fair strike prices are all presented
in variance points, which is the expected realized variance multiplied by 100?. The fair
strike prices for these discretely sampled generalized variance swaps are numerically cal-
culated using the closed form pricing formulas derived in previous sections [see equations
(2.7), (3.1), (3.8), and (3.13)]. The fair strike prices of the continuously sampled general-
ized variance swaps, corresponding to N = oo, are computed using the formulas (2.8),
(3.5), (3.10), and (3.14) that are deduced by our asymptotic analysis. It is seen from Ta-
ble 4.2 that the fair strike prices of all variance swap products (with the exception of the
continuously sampled variance swaps) have dependence on p. The variance swaps and
gamma swaps are seen to be less sensitive to p for any sampling frequency specification
when compared to the downside-variance and conditional downside-variance swaps. As
N — oo (vanishing sampling interval), all the fair strike prices of the discretely sampled
generalized variance swaps converge to those of their continuously sampled counterparts.
The good agreement between these numerical values of fair strike prices provide a check
for accuracy of all these analytic pricing formulas. As an interesting observation of the

TABLE 4.2
Comparison of the Numerical Values of the Fair Strike Prices of Variance Swaps,
Gamma Swaps, Downside-Variance Swaps, and Conditional Downside-Variance
Swaps with Varying Sampling Frequencies and Different Values of the Correlation
Coefficient p. Here, N is the Number of Return Samples within 1 year

Sampling N=4 N=12 N=26 N=52 N=252 N=ow
frequency quarterly monthly biweekly weekly  daily continuous

Variance  p=-1 187.0839 183.4365 182.2551 181.7172 181.2759 181.1590
swaps p=-—0.82 186.7823 183.3154 182.1961 181.6870 181.2695 181.1590

p=-—0.3 1859113 182.9654 182.0257 181.5998 181.2512 181.1590
Gamma p=-1 170.1311 169.2752 169.2176 169.2203 169.2350 169.2407

swaps p=-—0.82 171.0131 169.9908 169.8749 169.8504 169.8426 169.8423

p=-03 173.6134 172.0962 171.8081 171.7036 171.6293 171.6113
Downside p=— 111.5139 102.5147 101.3211 101.0009 100.8345 100.8043
variance p=—0.82 110.5369 101.0294 99.6504 99.2447 99.0083  98.9599
swaps p=-—03 107.8140 96.8144 94.8855 94.2254 93.7809 93.6779

Conditional p = —1 216.8810 250.5501 265.4668 272.9108 279.2977 281.0162
variance p=-—0.82 213.6660 244.5615 258.3023 265.1702 271.0668 272.6579
swaps p=-—03 204.5881 227.7824 238.2826 243.5650 248.1260 249.3580
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pattern of convergence of the fair strike prices with respect to sampling frequency, the
convergence can be from above or below. To present a better visual view on the conver-
gence behavior of the four types of generalized variance swaps, we show various plots
of the percentage difference in the fair strike price against varying values of sampling
interval At (in units of year) for different sets of model parameters (see Figure 4.1).
The percentage difference, as a measurement of the discretization effect, is defined to be
100( Ii(((AO;) — 1). Here, K(A¥) is the fair strike price with sampling interval Az and K(0) is
the corresponding continuous limit of Az — 0%. Among the four curves of percentage
difference in fair strike plotted for each product, the curve labeled “basic” is obtained
based on the basic set of model parameters in Table 4.1. The curve labeled “p = —17
is computed by changing the parameter value of p to —1 while keeping other model
parameters unchanged, and similar interpretation for the other two curves labeled “c =
0.25” and “A = 0.6.” It is observed that the impact of sampling frequency on the fair
strike prices for most generalized variance swaps is small for the chosen range of At
(the lowest sampling frequency being weekly in the plots). In particular, the fair strike
prices of the gamma swaps show the least sensitivity to sampling frequency which may

(a) variance swaps (b) gamma swaps
o 04 o 0.01
e e
= —e—p=-1 =
1) 7] 0s
= —e—¢e=0.25 =
£ 0.3 X
c | ——1=06 c -0.01
© —%— basic Q
g g -0.02
2 0.2 o
e £ -0.03
kel o
% 0.1 % -0.041| —e—¢=0.25
§ § _005}| ——*=086
o o —%— basic
=0 = -0.06
0 0.005 0.01 0.015 0.02 0.005 0.01 0.015 0.02
At At
(c) downside-variance swaps (d) conditional downside—variance swaps
o 04 ) 0
X X
E —=—p=-1 5
s —e— =025 2 -05
E’ 0.3 e=0. .§
< —*—7=0.6 c -1
8 ol —¢— basic 8 15
C c .
o o
2 £ -2
E 0.1 E —a—p=-1
g 9 —25[| —e—¢e=0.25
s 0 5 _gl|——1r=06
% g —%— basic
= -0.1 <35
0 0.005 0.01 0.015 0.02 0 0.005 0.01 0.015 0.02
At At

FIGURE 4.1. Plot of the percentage difference in the fair strike prices of various dis-
cretely sampled generalized variance swaps against sampling time interval Az (in units
of year): (a) variance swaps, (b) gamma swaps, (c) downside-variance swaps, and (d)
conditional downside-variance swaps. The convergence of the fair strike prices to the
continuous limit can be from above or below with vanishing sampling interval. For
most cases, the convergence trend is “almost linear” [with a few exceptions, like the
curves in (b) and (¢)].
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be possibly related to the constant share gamma property. An exception to insensitivity
to sampling frequency is shown by the conditional downside-variance swap. This is not
surprising since its fair strike price is equal to that of a downside-variance swap rescaled
by N/E[D], where E[D] is the expected number of observations that the asset price falls
within the corridor. The sensitivity to sampling frequency is then somehow enlarged by
the rescaling factor.

The plots in Figure 4.2(a) and (d) show that the fair strike prices of the vanilla
variance swaps and conditional downside-variance swaps exhibit an almost linear rate
of convergence. However, careful observation of the plots in Figure 4.2(b) and (c) of the
fair strike prices of the gamma swaps and downside-variance swaps reveal some convex
curvature in the curves. This convexity behavior is not in good agreement with the results
reported in the literature. The numerical tests performed by Broadie and Jain (2008) reveal
a linear rate of convergence of vanilla variance swaps under various stochastic volatility
models of the asset price process. Under the time-changed Lévy processes, Crosby and
Davis (2011) manage to establish mathematically (under certain assumptions) the linear

(a) correlation coefficient, p (b) volatility of variance, &
400
300 —8— VS —&— VS
—_—— gS 350 —e— gs
—— dvs +—dvs
250 —— VS soop o cvs
g 2 250
» 200 ?
¥ 5 s 200
fcmm =y
150 150
100 M
50
-1 -0.5 0 0.5 1 0 0.1 0.2 0.3 0.4 0.5
P €
(c) jump intensity, A
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—o—gs
400p| dvs
—%—cvs
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@
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FIGURE 4.2. Plot of the fair strike of various discretely sampled generalized variance
swaps against (a) correlation coefficient, p; (b) volatility of variance, ¢; (¢) jump in-
tensity, A. The variance swap products are variance swap (labeled as “vs”), gamma
swap (labeled as “gs”), downside-variance swap (labeled as “dvs”), and conditional
downside-variance swap (labeled as “cvs”). The fair strike prices of the conditional
downside-variance swaps exhibit the highest sensitivity to model parameter values.
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rate of convergence of various generalized variance swaps. However, due to the limitation
of their approach, they have neither been able to perform a similar analysis for the
generalized variance swaps with corridor restriction on the realized variance, nor make
the same conclusion under the general asset price dynamics, say the SVSJ model. Our
numerical results provide exceptions that the property of the linear convergence may not
be always valid for discretely sampled generalized variance swaps.

4.2. Sensitivity of Fair Strike Prices to Key Model Parameters

Next, we examine the sensitivity of the fair strike price of various weekly sampled gen-
eralized variance swaps on the following key model parameters: (i) correlation coefficient
p, (i) volatility of variance ¢, and (iii) jump intensity A. The comparison of the fair strike
prices of various generalized variance swaps with varying values of the above model
parameters are shown in Figure 4.2. These plots reveal the different degrees of impact
on the fair strike prices of different types of generalized variance swaps with respect to
these three model parameters.

Figure 4.2(a) shows that the fair strike price of the conditional downside-variance
swap has the highest sensitivity to p, followed by that of the downside-variance swap.
Moreover, the fair strike prices of the downside-variance swap and conditional downside-
variance swap tend to increase as p becomes more negative. To explain this phenomenon
by an intuitive argument, we observe that when the leverage effect becomes stronger it
is more likely that the spike of volatility is accompanied by a plunge in the asset price.
The fair strike prices of the variance swap and gamma swap exhibit less sensitivity to p.
For the variance swap, insensitivity to p is not surprising since its continuously sampled
counterpart has no dependence on p. In the event of volatility running high, the gamma
swap assigns lower weights to the sampled values of higher realized variance due to the
decline in the underlying asset price in view of the negative correlation. This explains the
slight drop in the fair strike price of the gamma swap when p becomes more negative.

Figure 4.2(b) shows that the fair strike price of the conditional downside-variance
swap is most sensitive to ¢, followed by that of the downside-variance swap. Normally,
we expect that a higher ¢ would lead to a higher level of accumulation of the realized
variance as in the case of the downside-variance swap or conditional downside-variance
swap. Again, the vanilla variance swap exhibits insensitivity to ¢ as the fair strike price of
its continuously sampled counterpart does not depend on ¢. The dependence of the fair
strike price on ¢ for the gamma swap is reversed, which may be attributed to the use of a
negative value of correlation in the numerical calculations. Given a negative correlation,
it is more likely for the asset price to sink when the variance process is more volatile.

Various earlier papers (e.g., Broadie and Jain 2008) report the strong dependence of
the fair strike prices of variance swaps on jumps. The jumps in the underlying price and
variance under the SVSJ model can be characterized by a set of jump parameters, namely,
A, 0,1, ps, and 8. The jump intensity A is considered to be the most crucial parameter.
In our calculations, we take v and p, to be negative. As a result, each jump would most
likely lead to a decline in the underlying asset price. Actually, a larger value of A leads to
a higher chance of crash in the underlying asset price. Figure 4.2(c) shows how the fair
strike prices of various swap products change with varying values of A. All these four
types of swap products are seen to show high sensitivity to A. The conditional downside-
variance swap is most sensitive to A, followed by the variance swap, gamma swap, and
then downside-variance swap. The least sensitivity to A of the downside-variance swap
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may be attributed to an offsetting effect since a spike of the underlying asset price may
result from a potential positive jump.

4.3. Impact of Upper Barrier of Corridor and Breaching Convention
on Downside-Variance Swaps

Finally, we investigate the impact on the fair strike prices of the discretely sampled
downside-variance swaps with varying values of the corridor’s upper barrier and different
maturities.

In Figure 4.3(a) and (b), we show the plot of the fair strike price of the weekly
sampled downside-variance swap with varying values of the corridor’s upper barrier U
and different maturities. The plots shown in Figure 4.3(a) and (b) reveal the significant
impact of the choice of upper barrier U and corridor breaching convention on the fair
strike prices of the downside-variance swaps, in particular when U is chosen close to
the current stock price Sy (inferred from the steep slopes there). The difference in the
fair strike prices of the two different types of downside-variance swaps, corresponding to
the corridor’s upper barrier U being monitored on the stock price at the old time level
(“convention 1”) or new time level (“convention 2”), can be quite substantial when the
upper barrier is close to the current stock price Sy (set equal to 1). Moreover, the fair
strike prices of the swap contracts with the corridor monitored at the new time level are
consistently larger than those of the swap contracts having the corridor monitored at the
old time level. The difference in the fair strike prices vanishes when U is set extremely low
or high. For downside-variance swaps with shorter maturity of half a year, the difference
in the fair strike prices based on the two different breaching conventions can be more
profound.

(a) maturity of one year

(b) maturity of half a year
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FIGURE 4.3. Comparison of the fair strike prices of the weekly sampled downside-
variance swaps with varying values of the corridor’s upper barrier when breaching of
the corridor is monitored on the stock price at the old time level (“convention 17°) or
new time level (“convention 2”). The difference in the fair strike prices is shown to
be more profound for downside-variance swaps with shorter maturities (comparing
downside-variance swap contracts with maturities of one year and half a year).
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5. CONCLUSION

In this paper, we demonstrate an analytic approach of deriving closed form pricing
formulas of various types of discretely sampled generalized variance swaps under the
dynamics of stochastic volatility with simultaneous jumps in the underlying asset price
and its variance. The success of the analytic approach relies on the availability of the ana-
lytic expression of the joint moment generating function of the SVSJ model. We manage
to derive analytic pricing formulas for the gamma swaps, corridor variance swaps, and
conditional variance swaps. The last two types of generalized variance swaps with corri-
dor constraints have their terminal payoffs dependent on the stochastic occupation time
during which the underlying asset price lies within a specified corridor. The semianalytic
pricing formulas for the corridor and conditional variance swaps are expressed in terms
of Fourier integrals. The numerical evaluation of these Fourier integrals can be performed
effectively, thanks to the fast Fourier transform algorithm. We also demonstrate through
analytic asymptotic analysis that the pricing formulas of the discretely monitored gen-
eralized variance swaps converge to those of their continuously monitored counterparts.
Though this paper is focused on pricing discretely monitored generalized variance swaps
under the SVSJ framework, the analytic procedure can be applied to any affine model of
the underlying asset price and payoft structures of higher moments swaps.

We performed numerical evaluation of these pricing formulas to examine the impact
of sampling frequency on the fair strike prices of the gamma swaps, corridor variance
swaps, and conditional variance swaps. We present various plots that demonstrate the
convergence of the fair strike prices of the discretely monitored generalized variance swaps
to those of their continuously monitored counterparts, and illustrate the sensitivity of the
fair strike price to different choices of model parameter values in the SVSJ model. The
fair strike prices of these generalized variance swaps are seen to be more sensitive to the
contractual terms in the swap contracts and the choices of model parameter values. For
example, there may exist significant difference in the fair strike prices of the downside-
variance swaps with respect to whether the stock price of the old time level or new time
level is used when the corridor feature is monitored. Our studies show that the impact of
sampling frequency on the fair strike price can be quite insignificant for some types of
generalized variance swaps, like the gamma swaps. Interestingly, the convergence of the
fair strike prices with vanishing sampling interval to those of the continuously monitored
counterparts can be from above or below and the linear convergence property may not
be always valid for discretely sampled generalized variance swaps.

APPENDIX A: DERIVATION OF EQUATION (2.6)
A.1. Solution for B(t) := B(®;1,q)
Note that B(t) is governed by a nonlinear differential equation. To find the solution,

we introduce the following transformation, where

2 E(7)

B(r) = 2 E()’

which leads to the following linear differential equation:

1
E'(x) + (k= pe) E'(v) = 76°(¢ — ¢7) E(r) = 0.
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The initial condition B(0) = b gives the derived initial condition for E(t), where E'(0) =
—%E(O). Solving the equation for E(t), we obtain

Eteh) oo, @‘82”%%] ,

E(t) = E(0) [ 2 %

which then gives

B(r) = b e " +E)—(¢p— )1 —e )
N (64 +&2b)e st +E_ —e2b '

A.2. Solutions for I'(t) and A(t)

Given the solution B(t), it is relatively easy to obtain I'(r) by direct integration as
shown below:

Ft)=y 4+ @ —d)pt +«b6 /T B(u)du
0

. 260 . E(1)
=y + @ —depr - 7ln E(0)

2h)e—tt _ 2
Z(V—d)¢f+y—’$[§+r+21n(g++8b)e +& sb].

2

The evaluation of A(t) requires an expectation calculation followed by integration, where
A(t) = —A(meo + )T + A/ Elexp(¢J® + B(u)J")]du.
0

We employ the iterated expectation as follows:

Elexp(¢J° + Bu)J")] = E[E[exp(¢J° + Bu)J)]|J"]

eBwJI" oo (x—v—pJ")

82> y
— exp (m N 2) Elexp((psé + Ba))J")]

82 2 % 1
— exp (¢w + j) [ rew ([pm T By - y) dy
o n n

=ex <¢v + 82¢2) !
P 2 ) 1= oo+ B’

where the final integration step requires the technical condition: Re(p;¢ + B(u))n < 1.
Since 7 is generally small, this requirement is usually fulfilled. Finally, we perform the
integration as follows:

/Z 1 t k187§" + ky ky 1 (kl kz) k3€7§r + ky
2 ™ du="=7t COS
0 0 kze ¢ +lky ky ¢

du = o 7
1 —[ps¢ + B(u)ln ks Kk ks + ky
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where
k=& + &b, kb = & — &b,
ks = (1 — gpsmki — n(p — ¢ + £_b),
ks = (1 — ppyks + n(¢p — ¢* — £,.b).

In actual implementation, it may be necessary to consider the following two degenerate
cases. Suppose k3 = 0, then the integral becomes

/.T 1 Kk ki et —1
dy=—-7v—-— ,
o 1—1[ps¢+ B)ln ky ky ¢

and when k4 = 0, the integral takes the form:

/T 1 kl k2 6“ -1
du=—7+— .
o 1—T[os¢+ Bw)n k3 ks ¢

APPENDIX B: PROOF OF FORMULAS (2.8), (3.5), AND (3.10)

For notational convenience, we write Ba, as B(®; At, q;), and similar interpretation
for other parameter functions I'(®; Af, q;) and A(®; At q;). When q; = (« 0 0)7, we
expand Ba,, I'ay, and An, in powers of Az, where

1
By = 5(“2 — At + O(AR}),
FA[;\, = (l‘ - d)O[A[/( + O(Atlg)’

av+82a?/2

= ama+ DA+ T
1 —apm

At + O(AR).

Also, we write B, , as B(O; t_1, q2), and similar notational interpretation for I'; | and
Ay . Now, we expand B, , T', |, and A, , in powers of Ba,, I'a,, and A,,, and keep
only the linear terms. This gives

(B.1)
_ @ity | [eetovE L [ T
B, , = =Ty + :$+65’kl e +(¢° =) Ee i tE By,
2] —Cti—1 .
Lo == — 5 (m_l +2n 5+"2§+5>

266(1 — e~1)
Ere i +E
8¢\ t—1  2n . E e 1+ &
A, = e ) EL - 1 —A it
o TR <¢v+ 2 )[ 5Bk 22¢(l— o) ] 0 i
527\ [ (e —h)  p
2 ) e e+ b T—gpm]

where ¢, £, and £ _ are defined in equation (2.6) and

Bry +Tay + Any

2nre?
S b

exp (¢v +

Ji=(1—gpmer —né_, J=(1—dpme* + né;.
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In the above expansion procedure, we manage to maintain first-order accuracy with
respect to Af;. The second-order derivative of exp(B, , Vo + Ty, + A,_,) [see equa-
tion (2.7)] with respect to @ can be expressed as

(B.2)

22 By_y o+l +48,_, By oAy 8y, azBl/H T aZFII\—I n 32A1A71 n O(Atz)
— P _y -1 = ePu- 1 e 2 |
da? " a2 do? do2 &

For the variance swap, we set ¢ = 0 in B,_,, I';_,, and A,_, in equation (B.2). By
substituting all the relations between Bay,, I'as, Aay, By > 'y, and A,_,, and setting
o =0, we obtain

32

aaze

By Vot Ty +Ay

A
= {e”"‘ "+ 777(1 — e )+ A8+ g’ + v+ )]

a=0

+6(1 - e”’“)} At + O(AL).

The fair strike price of the variance swap with N sampling dates is then given by

N

1 A
KT N = 3 3 20— e 1Al 4 4 04 o]
=1

+0(1— e’”"*‘)} Aty + O(AL),

where At = max j<x<yAt,. The principal term in the above expression is a Riemann left
sum which converges to formula (2.8) by taking the limit Az — 0.

For the gamma swap, we set ¢ = 1 in equation (B.2). By repeating similar calculations
as above, we can obtain the pricing formula (3.5).

For notational convenience, we express the relations in equation (B.1) in terms of the
coefficient functions B¢, t5_1), B (@, tr_1), T, tr_1), TU(@, tr_1), A%, tr_1), and
A(¢, tr_1) as follows:

B, , = B%¢. tr_1) + B'(¢. ti_1) Bay.
(B3) FT/\;[ = F0(¢, tk*l) + F1(¢7 tk*l)BAt/\ + FAI/\» + AAfkv
Ay, = AP, 1) + AP, ti_1) Bay,-

To derive the fair strike price of the continuously sampled downside-variance swap, we set
¢ = —iw in equation (B.2). Again, by repeating a similar asymptotic analysis as above, we
obtain the fair strike price of the continuously sampled conditional downside-variance
swap in formula (3.10).

APPENDIX C: PROOF OF EQUATION (3.7b)

We consider the generalized Fourier transform of the indicator function 1, X, <u) visu-
alized as a function of u, where

00 ) o) ) eiiX’kflw
/ Lix,  <we ™" du =/ e "du = ——.

00 Xy, 1w
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Here, the Fourier transform variable w is taken to be complex and we write w = w, +
iw;. Provided that w; is appropriately chosen to lie within (—oo, 0), the above general-
ized Fourier transform exists. By taking the corresponding generalized inverse Fourier
transform, we obtain

1 o] —1X,_,w

ooe
et ——dw,.

1 -
{Xt,\;lfu} 27 . iw

This analytic representation of the indicator function expressed in terms of a generalized
Fourier integral is then substituted into equation (3.6). By interchanging the order of
performing integration with the two operations of differentiation and expectation, we
manage to obtain

1 00 32 eiuw

— 5 a¢2 [e—in,k_l+B(G);Atk.q|)V,,\_]+F((~);A[;“q|)+A(G);Atk.q|)]| = dWr
T J o =V iw
vi(Xo—u) 00 :

e"i(Xo . _ Fk(Wr + 1w,-)
=—— | Rele™Mw—"l D dw, k>2,
T 0 1w, —w;

as shown in equation (3.7b).
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