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Abstract. In the construction of the Bayesian network (BN), the ques-
tion of how to compare different structures is very important. This is the
problem of selection a BN from a collection of observed data. This prob-
lem is known as the model selection problem. In the literature of model
selection, there are many methods for decision a ”true model”. One of
them is to maximize the scoring function according to the hypothesis that
the observation data was generated and the probability distribution of this
data. Inspired by that, this paper presents a bibliography work about the
scoring functions for the Bayesian network structure learning.
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1 AN INTRODUCTIVE EXAMPLE

1 An introductive example

Bayesian networks are a network-based framework for representing and analyzing mod-
els involving uncertainty. They are used for intelligent decision aids, data fusion, 3-E
feature recognition, intelligent diagnostic aids, automated free text understanding, data
mining, etc. Bayesian networks came from the marriage of ideas between artificial
intelligence, decision analysis, and statistic communities. Because the development of
propagation algorithms followed by availability easy to use, so the number of creative
Bayesian networks applications have been grown. Here is a simple example of Jan
Nunnink [20] in Medical Diagnostics using Bayesian networks:

Figure 1: Example for constructing Bayesian networks from Medical Diagnostics Data

In figure 1a, network represents a knowledge structure that models the relationship
between medical difficulties, their causes and effects, patient information and diagnostic
tests.

In figure 1b, statistic data is collected in Medical Diagnostics.
In figure 1c, relationship knowledge is modeled by deterministic functions, logical

and conditional probability distributions.
In figure 1d, propagation algorithm processes relationship information to provide an

unconditional or marginal probability distribution for each node. The unconditional or
marginal probability distribution is frequently called the belief function of that node.

From this network, we can use the additional information to take a prediction easily:
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1 AN INTRODUCTIVE EXAMPLE

Figure 2: Example from prediction from Bayesian networks in Medical Diagnostics

In figure 2a, as a finding is entered, the propagation algorithm updates the beliefs
attached to each relevant node in the network. Interviewing the patient produces
the information that ”Visit to Asia” is ”Visit”. This finding propagates through the
network and the belief functions of several nodes are updated.

In figure 2b, further interviewing of the patient produces the finding ”Smoking” is
”Smoker”. This information propagates through the network.

In figure 2c, finished with interviewing the patient, the physician begins the exam-
ination. The physician now moves to specific diagnostic tests such as an X-Ray, which
results in a ”Normal” finding which propagates through the network. Note that the
information from this finding propagates backward and forward through the arcs.

In figure 2d, the physician also determines that the patient is having difficult breath-
ing, the finding ”Present”’ is entered for ”Dyspnea” and is propagated through the
network. The doctor might now conclude that the patient has bronchitis and does not
have tuberculosis or lung cancer.

The problem of learning a BN from a collection of observed data can be stated as
follows:

The first, given the graph G, infer the parameter (local probability distribution for
each node) from data. This is the problem of parameter learning/estimation. There
are two approaches for this problem:

• Frequency parameter estimation with parameter θ is unknown constant (for the
complete data, we use MLE - Maximum Likelihood Estimator, MAP - Maxi-
mum A Posteriori estimate; for the uncomplete data, we use EM - Expectation
Maximization algorithm, MCMC - Markov chain Monte Carlo methods);
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2 BAYESIAN SCORING FUNCTIONS

• and Bayesian parameter estimation with parameter θ is unknown ramdom vari-
able.

The second, given a data set D = Y1, Y2, Y3, ......, Yn of observed instances of a
set of discrete random variables, find the most probable graph G for explaining the
data contained in D. This is the problem of structural learning. There are three (3)
approaches for this problem:

1. Constraint-based learning (also called conditional independence tests) [6], [9] with
the testing of independencies and adding the edges according to the tests;

2. Searching and scoring with the definition a selection criterion that measures the
goodness of a model (presented more detail in the next section);

3. and Mixture model (recent) [1] with the testing for almost all independencies,
then searching and scoring according to the possible tests.

Searching and scoring as one common approach to this problem. It introduces a
scoring metric that evaluates how probable each graph G explains the data in D. In
the presence of such a scoring metric, the problem of discovering a BN then reduces
to the problem of searching for a graph that yields a high score, given the observed
data in D. To search the highest scoring graph, a particular search method needs to
be used. The most works in Bayesian networks prefer apply the greedy search for this
task.

This paper presents a bibliography work about the scoring functions for the Bayesian
network structure learning.

2 Bayesian Scoring Functions

2.1 Notion of BN

Technically, a static BN [11] (dynamic BN for the context of time series data [19]) is
an acyclic directed graph that encodes a joint probability distribution over χ, where
χ = X1, ..., Xn is a set of discrete random variables Xi. The BN for is specified as a
pair < G,Θ >. The variable G represents a directed graph whose vertices correspond
to the random variables X1, ..., Xn. In this graphical representation, each variable Xi

is independent of its non-descendants given its parents in G. The variable Θ represents
a set of parameters that collectively quantify the probability distributions associated
with the variables in the graph. Each parameter of Θ (in a model/space) is specified
by θxi|pa(Xi) = P (xi|pa(Xi)), for each possible value xi of Xi, and each possible value
pa(Xi) of Pa(Xi). Pa(Xi) denotes the set of parents of Xi in G and pa(Xi) denotes a
particular instantiation of the parents. Thus, a BN specifies a unique joint probability
distribution (parameter) over χ given by:

P (X1, ..., Xn) =
∏n
i=1 P (Xi|Pa(Xi))
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2 BAYESIAN SCORING FUNCTIONS 2.2 Main idea of Scoring functions

2.2 Main idea of Scoring functions

The very simple idea of Bayesian scoring functions is starting from a prior probability
distribution on the possible networks, then we will compute the posterior probability
distribution conditioned to the available data D, p(G|D). The best network is the one
that maximizes the posterior probability.

The scoring functions are based on different principles, such as entropy and infor-
mation [7], the minimum description length [10], [3], [4], or Bayesian approaches [15]
Focusing on the methods for learning Bayesian networks based on the scoring, the
problem can be formally expressed as follows: given a training data set D, find a DAG
G* such that [13]:

G∗ = arg max Score(G : D) = logP (G|D) = logP (D|G) + logP (G)− logP (D)

where Score(G : D) is the scoring function measuring the degree of fitness of any
candidate DAG G to the data set. According to the notion of Likelihood, we also have:

P (D|G) = L(G, θG, D) = P (D|Gh, θG)

where Gh: the hypothesis that the data D was generated by a distribution that can
be factored according to G and θG is the parameter of network. However, likelihood
is not useful for model selection, because of over-fitting problem. So, we have to need
a posterior probability distribution conditioned to the available data D for the error
estimation of model. This is the very important content of scoring function.

2.3 The state-of-the-art of Scoring functions

There are different ways to measure the degree of fitness of a DAG with respect to a
data set. Most can be grouped into two categories: Bayesian and information measures.
We present in the next some of typical proposed methods in the literature of model
selection. For more complete information about these methods, a useful document of
Martin Sewell in April 2007 [24] is recommended to ”visit”.

One of the first Bayesian scoring functions, called K2, was proposed by Herskovits
and Cooper [14].

K2(G,D) = log(p(G)) +
n∑
i=1

 qi∑
j=1

[
log(

(ri − 1)!
(Nij + ri − 1)!

) +
ri∑
k=1

log(Nijk!)

]
ri: the number of states of the variable Xi

qi: the number of possible configurations of the parent set PaG(Xi) of Xi

wij , j = 1, ...qi, represents a configuration of PaG(Xi);
Nijk is the number of instances in the data set D where the variable Xi takes the value
xik and the set of variables PaG(Xi) take the value wij ;
Nij is the number of instances in the data set where the variables in PaG(Xi) take

their j − th configuration wij : Ni,j =
ri∑
k=1

Nijk
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2.3 The state-of-the-art of Scoring functions2 BAYESIAN SCORING FUNCTIONS

Nik is the number of instances in D where the variable Xi takes its k − th value

xik: Ni,k =
qi∑
j=1

Nijk

Afterwards, the so-called BD (Bayesian Dirichlet) score was proposed by Heckerman
et al. [8] as a generalization of K2:

BD(G,D) = log(p(G)) +
n∑
i=1

 qi∑
j=1

[
log(

Γ(ηij)
Γ(Nij + ηij)

) +
ri∑
k=1

log(
Γ(Nijk + ηijk)

Γ(ηijk)
)

]
where the values ηijk are the parameters for the Dirichlet prior distributions of the pa-

rameters given the network structure, and ηij =
ri∑
k=1

ηijk. Γ(.) is the function Gamma:

Γ(c) =
∫∞
0
e−uuc−1du

It should be noted that if c is an integer, then Γ(c) = (c − 1)!. If the values of all
the parameters are ηijk = 1, we obtain the K2 score as a particular case of BD.

In practical terms, the specification of the parameters ηijk is quite difficult (except
if we use non-informative assignments, as the ones employed by K2). However, by
considering the additional assumption of likelihood equivalence [8], it is possible to
specify the parameters relatively easily. While the result is a scoring function called
BDe (and its expression is identical to the BD one in Equation of BD), the parameters
can now be computed in the following way:

ηijk = η × p(xik, wij |G0),

where p(.|G0) represents a probability distribution associated with a prior Bayesian
network G0 and η is a parameter representing the equivalent sample size.

A particular case of BDe which is especially interesting appears when:

p(xik, wij |G0) = 1
riqi

that is the prior network assigns a uniform probability to each configuration of
Xi

⋃
PaG(Xi). The resulting score is called BDeu, which was originally proposed by

Buntine [5]. This score only depends on one parameter, the equivalent sample size η,
and is expressed as follows:

BDe(G,D) = log(p(G)) +
n∑
i=1

 qi∑
j=1

[
log(

Γ( ηqi
)

Γ(Nij + η
qi

)
) +

ri∑
k=1

log(
Γ(Nijk + η

riqi
)

Γ( η
riqi

)
)

]
2.3.1 Information Criterion

Akaike [2] proposed the score AIC (the Akaike Information Criterion):

AIC(G,D) = MML(G,D)−Dim(G)

6



2 BAYESIAN SCORING FUNCTIONS2.3 The state-of-the-art of Scoring functions

where MML(G,D) = MaxθG
L(G, θG, D)

The Hannan-Quinn information criterion (HQC) [12] is an alternative to Akaike
Information Criterion (AIC). It is given as:

HQC(G,D) = MML(G,D)−Dim(G).log(logN)

Afterward, Schwarz [23] proposed BIC (Bayesian Information Criterion). This cri-
terion is also known as the SIC (Schwarz information criterion):

BIC(G,D) = MML(G,D)− Dim(G)
2 .logN

To compare the BDe and BIC scoring metrics, by choosing to use a 3-category
hard discretization of the data and a greedy search method with 1000 random restarts,
[25] concluded that the BDe score works better than the BIC score in recovering the
underlying simulated genetic regulatory pathway given this quantity of sampled data .
The missing edges under the BIC score are consistent with its known over-penalization
of model complexity. With large amounts of data, the BIC is a good approximation
to the full posterior BDe score and is faster to compute; however, it is known to over-
penalize with small amounts of data.

Carlos C. R. [22] and Lauŕıa E. ([17],[18]) show that CIC (as the sum of two terms
AIC, BIC) is better than its two competitors AIC and BIC:

CIC(G,D) = MML(G,D)− Dim(G)
2 − logV − πR

Nlog(d+1)

where,
N : the number of observations;
Dim(G) = 2n − 1;
V = πk

(k−1)! , where k = 2n−1;
R = 1

4d(d− 1);
Lam and Bacchus [16] suggest as an alternative using the minimum description

length (MDL) principle to bias the choice of model toward simpler ones. The minimum
description length principle counsels that the best model of a collection of data items
is the model that minimizes the sum of the length of the encoding of the model, and
the length of the encoding of the data given the model, both of which can measured in
bits.

MDL (Minimum Description Length) 1:

MDL1 = logP (G) +MBIC(G,C)

MDL (Minimum Description Length) 2:

MDL2 = logMDL1 − |EG|logN − c.Dim(G)

A comparison of Ana O.B. and Martins F.V updated in 2006 [21] is recommended
for a global view about scoring function. This study shows that, in the context of
mixture models, AIC with penalty factors of 3 and 4, rather than the traditional value
of 2, are the best segment retention criteria to use in recovering small niche segments.
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Here is their 26 compared functions:
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3 Conclusion

Information theory do not enough believe for the notion of ”true model”. The models,
by definition, are only approximations to unknown reality or truth; there are no ”true
models” that perfectly reflect full reality. George Box made the famous statement ”All
models are wrong but some are useful”. So, we have to need a prior distribution from
the experts knowledge in a specific domain. Moreover, a ”best model”, for analysis of
data, depends on sample size; smaller effects can often only be revealed as sample size
increases.
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