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EFR Introduction

It is seen that feedback is most important property of control systems. Essentially the
feedback is used to reduce the difference actween reference input 1(t) and actual output
o(t), which is called tracking error e(t). The feedback not only reduces the tracking error
but also reduces, the sensitivity of the system to parameter variations and unwanted
internal and external disturbanzes. ‘

A system without feedbeck is called open loop
system. The Fig, 8.1.1 shows open loop system withi
T4(s) as -distubances. In such systern the output is
highly sensitive to the disturbances and changes in
parameters of G(s). But use' of negative feedback, the
sensitivity of system to such parameter variations and
disturbances -can be greatly reduced. This chapter analyses the various effects of
feedback on the characteristics of control svstems.

Fig. 8.1.1 Open loop system

érror Signal Analysis

Let us analyse the effect of
disturbances and’ noise on error.
Consider a feedback control system R(s)
with three inputs R(s),Ty(s) and
N(s) as shown in the Fig. 8.2.1.

T4(s) = Disturbance input

N(s) = Noise input ﬂ_JrS—)L
Using block diagram reduction Fig. 8.2.1

rules for multiple input system the
expression for C (s) is,

_ G(s)Gp(s) Go(s) ij G (s)G,(s) H(s)
(8)= 14G(s)G pIEs)H(s) : (5)+1+GC(:5)2P(5)I-1(5) Td(s)—1+Gc(s)(§p(s)H(s)

N(s)

Assume  H(s)=1 and  E(s) = R(s)-C(s)
' Using the expression of C(s) in E(s), :

G,(s) G(5)Gp(s)
C(F;)GP(S)Td(5)+1+GC(s.-J(];P(S) U

The error E(s) = R(s)w_C(s) is called tracking error,
The open loop transfer function L(s) is defined as the product of Ge(s) Gp(s)

1
) = +G(5)Gp(s) Re)-17g

1t can seen that, 5( 3)

L(s) = G¢(s)Gp(s) = Open loop lransfer function
While F(s) is defined as 1+G ()G p(s) ie. 1+L(s)
F(s) = 1+L(s) .
While the sensitivity function is defined ¢s reciprocal of F(s).
2l

1
= T

The complementary sensitivity function is defined as,

5.9) = UK~

Usingin the expression for E(s),
E(5)=S

Thus to minimize the error both S(s) and 5.(s) must be small and both are the
functions of ‘controller G.(s). Hence proper design of controller can minimize the
tracking error,

(T4(5) S (IN)

¢

Thus if 5(s) is made small, S,(s) becomes hizh and viceversa, Hence compromise is
necessary, while designing G .(s).

To reduce the effect of Ty(s) on error, L(s) must be large over the range of

e
L+L(s) .
To reduce the effect of N(s) on error, L(s) must be small over the range of

L(s)

frequencies hence ——~ ie.  S(s)is small

1+1(s)

frequencies hence i.e. $(s)is small

Effectively magnitude of G (s) must be Figh to reduce effect of T4 (s) while it should
be small to reduce the effect of N(s).

Practically L(s) is made large at low frequercies while L(s) is made small at high
frequencies. |

1. How to reduce the effect of qist:trbances and noise o fracking error ? Explain in detail.

¥
\

'
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Effect of Parameter Variations in an Open LLoop Control System

Consider an open loop control system shown in the Fig. 8.3.1 The overall transfer
function of the system is given by,

_ L) GO o
G(s) = i@ ‘
Cls) = Gls) -R(s) Fig. 8.3.1

Let A G(s) be the change in G(s) due to the parameter variations. The corresponding
change in the output be A C(s).

s)+4C(s) = [Gls)+A G(s)] R(s)
Cls)+ACs) = Gls): R(s) + A Gs)- R(s)
Cls) +AC(s) = C(s)+AG(s) R(s)

AG(s) Rs). v 5 (83T

The equation (8.3.1), gives the effect of change in transfer function, due to the
parameter variations, on the system ousput, in an open loop control system. Let us
discuss now, the effect of such parameter variations in a closed loop control system.

L AC(s)

L Discuss the cffect of parmneter variations t an open loop control systen,

} Effect of Parameter Variations in a Closed Loop System

Consider a closed loop system as shown in Fig.8.4.1. The signal E(s) is the Laplace
transform of the error signal e (t). The overall transfer function of the system is given by,
Ty = =8 Gls) Ris) B

i : c
Ris) 1+ G(s) HE) 6(s) !
Let AG(s) be the change in G(s) which is due to H
the ~parameter variations in the system. The ?
corresponding change in the output be A C(s). i
Gls)+AG
C)+acl) = —LOOTACEL oo,
1+[G(s) +A G(s)] H(s)
[Gls) +AG(s)]

C(s)+ACls) = :
© = oeHE G N
The term A G(s) H(s) is Tegligibly small as compared to G(s) H(s), as the change

AG(s) is very small compared to G(s), Neglecting the term A G(s) H(s) from the
denominator, we get,
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G(s) + A G(s)
= — R[5
CRIEACH = Ty
l GlE e A G(s) =
CO+ALR = sremmy ™ ey
ClS+ACH = CEkam )

. (84.1)

The equation (8.4.1), gives the change in the output due to the parameter varialions
in G (s), in a closed loop system.

In practice, the magnitude of 1+ G(s)H(s) is very much greater than unity.
[GEH(E) >> 1

Hence it can be observed from the equations (3.3.1) and (3.4.1), that in a closed loop
system, due to the feedback, the change in the output, due to the parameter variations
in G(s), is reduced by the factor |1 +G(s)H(s)] . In an open loop system, such a reduction
does not exist, due to the absence of the feedback.

1. Discuss the effect of parameter varvitions in closed losp contrel systenm.

i Sensitivity of a Control System

The parameters of any control system cannot be constant throughout its entire life.
There are always changes in the parameters due to environmetal changes and other
disturbances. These changes are called parameter variations. Such parameter variations
affect the system performance adversely. Such an effect, in the system performance due
to parameter varialions can be stucied mathematically dafining the term sensitivity of a
control system, The change in a perticular variable due to the parameter variations can
be expressed in terms of sensitivity as below :

~ Let the variable in a system which is varying be 'T', due to the variations in the
parameter 'K' of the system. The sensitivity of the syster parameter T to the parameter
K is expressed as, : e

. (85.1)




~
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Mathematically, it can be expressed as

.. (852)

The symbolic representation SE represents the sensitivity of a variable T with respect

to the variations in the parameter K. In practice, the varfable T may be an output
variable while the parameter K may be the gain, the feedback factor etc. The
representation S; is also called the sensitivity function of a system. For a good control

system, the value of such a sensitivity function should be as minimum as possible.

Let T(s) be the overall transfer function of a control system. The forward path transfer
function G(s) is varying. Then the sensitivity of overall transfer function with respect to
the variations in G (s) is defined as, '

r _ AT(6)/T() _ Gls) aT(s)
5 = 36E/CH T 30E /

For the open loop system,

T S GS} =
st = a9 5eg = .. (85.3)

Thus the sensitivity of T(s) with respect to G(s) for an open loop system is unity.

Let us find out the sensitivity function for a closed loop system. For a closed loop

svstem,
)
T = 75 " TrGEE®
076 _ [1+GEHE)] -[GEIHE] - 1
9Gls [1+ G(s)H(s)] [1+ G(s)Hi(s)]*
g o CE AT® _ GE 1
S 7 T(s) aG() Gls) ] [1+Gs)H()]?
1+ G(s)H(s)
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Comparing the two equations (8.5.3) and (8.5.4), it can be observed that due to the
feedback the sensitivity function gets reduced by the factor 1/[1+ G(s) H(s )] compared
to an open loop system. And less the value of sensitivity function, less sensitive is the
system to the variations in the forward path tzensfer function G(s).

Sensitivity of T(s) with Respect to H(s)

Let us calculate the sensitivity function which indicates the sensitivity of the overall
transfer function T(s) with respect to the feedback path transfer function Hs). Such a
function can be expressed as,

gt . HE 4T6
H T(s) @ H(s)
S
For a closed loop system,
@
) = T GEHE)
ATl _ [1+ GHE][0-[CE)(C)] _ T[E‘,‘“)‘_Z__._
B Hs) [1+ Gle)HH(s))” (1 + GlsHE)
&7 o i, SOl
B TO) [1+Gle) Hes)?
___He _-[6e)F _ -GlHE (855
)

Gl [1+GEHE)] 1+ G(s)H(s)

1+ G(s)H(s) |-
It can be observed from the equations (8.5.4) and (8.5.5) that the closed loop system is
more sensitive to variations in the feedback path parameters than t the variations in the

forward path parameters. Thus, the specifications of the feedback elements must be
observed strictly as compared to the specifications of the forward path elements

Solution : For a given system,

B o
G(s) = e and Hs)=

A
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" Now SE = _“.If"__. D_.I(j) 20
T(s) oK . Tl = Gl . 5(s+4) L= R
K @ 1+G(s)H(s) T 20 %0.35 S2 +45+7
T = Cls)  s(s+a) ’ X 5(s+4)
R(s) e K 52 +as+ K i) Sensitivity of T(s) with respect to G(s) is,
st+a
(s-+a) 5 L T Bl
d T(s) _ (52+as+1<)(1)—K(]) = 52 +ag & 1+G(s)H(s) o 20035 ¢2 44547
IK (s +as+K)? (s° +as+ K)? sG+)
3 K (s +as) s(s+a) Put s = jw to convert sensitivity function to frequency domain,
) 4 s alln - as 3 @
K 5 5 e B L
Vo(s2 )2 2tag - :
K___ (S i }\) $™ t+as+ K . SI‘ = }(.0 (j(!l+4) = 5 7+-L}U} and usem = 1.2
8% + ag+ 1<J Y (o)t +j0+7  (7-0?)+4jo
o sEtd) | Jo2+@0)? (1272 +(4x12)2 S
BT o L2 2 = (4
{s +45420 “ Jr-ot) e Jr-122)7 +uxi2)?
Ko G EERE d,] (s), | ii) Sensitivity of T(s) with respect to H(s) is,
i 4 - 4
sy tla _20x033
3T (PeastK)O-KE) | K ot o -GEHE) setd)
da (et )? (sPtast K)? LR B S et
2 ‘ s(s+4)
R -Ks -a5
S, S - . 7
B L B (s +as+K? s?+as+K Sil-{ S ek ESII| T e e
ng +ast K s s 7-u?)? +(40)*
7
= ST = = 0.953
AT i —4g ; fis
P 52 145420 ' \“7_1 £l
: g Evahma‘e the sensitivity of T(s) tv varz,‘
R(S) .q-. 50 : (7«3? '|‘6) e
: 5+4) f_C(S')j, 3 +215+30+(253 425}K s
: : Sclution : The sensitivity of T(s) to variation of K is given by,
2 [0s5] o KT
IR 7K T oK
ig. 8.5.2 ;
Tis)  [3s? +21s+30+(255% +25)K][755 + 6]~ [755 + 6]K[255> +25]
= dK [352 + 215+ 30 +(258% +25)K]*
) = , H(s) =035 g\ 2 2
s(st+4) [755+6][3s” + 215+ 30+ 25Ks” + 25K - 25Ks* - 25K]

1962 4976430 +(25s2 +25)KT?
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_ 37sst6)ls2+7s+10) 3755+ 6] [s+ 1] [s+ 5]
[3s2 + 215430+ (25s% +25)K)2  [3s? +21s+ 30+(25s2 + 25)K]?
e K . 3[75s+6]ls+ 2][s +5]
& [75s +6]K (352 + 215 + 30+ (2552 + 25)K]*

1352 +21s+30+(25s% + 25)K]

s 4 2]ls+5]

352 4218 +30+(265” +25)K

1. Define sensitivity of control system and hence oblain sensitivity of T(s) with respect to G(s) for
opent and closed loop systems.

2. Obtain the sensitivity of T(s) with respect to H's).

3, Discuss the effect of feedback on the sensitivity of a syster.

3 Effect of Feedback on the System Parameters

Let us study the effect of feedback on the system parameters such as time constant,

overall gain, stability, bandwidth etc.

# Effect of Feedback on Time Constant of a Control System

Consider an open loop system with overall transfer function as,

Sh =
When this system is subjected to unit step input, its response can be obtained as,
% i 1_5 e W g gl S e As open loop system
1 ; ;
R@ = = unit step input
K
o= C §) = ———
W s(1+sT)
) = Li[cE] =1 KK | kfr-eT]

i

So T is the time constant of the open loop system.
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Now the feedback is introduced in the system with feedback transfer function as
H(s)= h. This is shown in the Fig. 8.6.1.

Ris) K Cls)
Let us obtain the resporise of this closed s T st g
loop system for unit step input. The overall “
transfer function of the system is, :
K h
o Fig. 8.6.1
R(s) K

1+ ‘h

1+sT

R(s)  1+sT+Kh 1+Kh+sT {A{MKMH
&

1
Rs) = -
) = -
B e L
sl 1+Kh
i
~ " ’
' (K /1+Kn) (K/1+Kh
o) = L} [C(s)}-_—L"l __K_’L Tl A LV*__“)__(_ 4 )
S[H[H Kh H 5 HLM—Kh}
i : i
; e
S M(l}m BT [140 (T7TER)
1+Kh 1+4Kh 1+ Kh

Thus it can be observed that the new time constant due lo the feedback is
(T/l + E\h) Thus for positive value of hand K>1, the time constant (T /14 Kh) is less

than T. Thus it can be concluded that the time constant of a closed loop system is less
than the open loop system

Effect of Feedback on Overall Gain

Consider an open loap systern with overall transfer function as G(s). The overall gain
of such system is nothing but G(s). !

If the feedback with transfer function H(s) is introduced in such a system, then its
overall gain becomes [G(s)Xli G(s)H(s)] . The positive or negative sign in the
denominater gets decided by the sign of the feedback.
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For a negative feedback, the gain G(s) reduces by a factor [1/ (1+ G(s)H(s))] .

Due to the negative feedback overall gain of the system reduces.

Effect of Feedback on Stability

It is discussed earlier that the feadback reduces the time constant and makes the
system response more fast. Hence the transient response decays more quickly.
Consider an open loop system with overall fransfer function as,

R
Sl =

The open loop pole is located at s =-T.

Now let a unity negative feedback is introduced in the system. The overall transfer
function of a clesed loop system becomes,

K
S _ 5T . K
Bigi . K av(BEeT)
s+T

Thus the closed loop pole is now locased at s=—-(K+T). This is shown in the
Fig. 8.6.2 (a) and (b).

Thus the feedback controls the time resporse i.e. dynamics of the system by adjusting
location of its poles. The stability of a system depends on the location of poles in
s-plane. Thus it can be concluded that the feedback affects the stability of the system.

Imj Imj

Real -+ 3 Real
-T ~(K+T)

(a) Open loop system (b) Closed leop system

Fig. 8.6.2

The, feedback may improve the stability and also may be harmful to the system from

stability point of view. The closed loop system may be unstable though the open loop
system is stable.

A
o
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% Effect of Feedback on Bandwidth

The gains of various control systems are the functions of the frequency . As the
frequency increases, the gain decreases.

The frequency at which the gain of the system reduces by the factor 1/4/2 from the
value of gain al d.c. condition is called cut-off frequency denoted as w},. And the range
from d.c. (w = 0) upto © = w, is called bandwidth of the system.

More the bandwidth, large is the range of frequencies over which system response is
accurate. It also indicates the higher speed of the control system response.

For studying the effect of feedback on
the bandwidth, consider the system as  Rs)
shown in the Fig. 8.6.3. =

The open loop lransfer function is Fig. 8.6.3 Feedback control system
Gls) = hoe while the closed locp
s+T
boaniien Bindiianis Tl H= 1
ansfer function is T(s) = e 5 ;
T
14 T
Now, Gls) = —— = ——=
s+T 1
1+=
1
Let . K = K and l:T:Time constant
i T
K
" alg 1471,
K i
i ) = ...Open loop transfer function
e G = i e
K ( K
: I+jor K . K
g ) = 14 K _1+K+j(m:_ T ot
Lrjor 1”{14«}
8
Sm—— o T
e
K
14K i
: T(w) = ...Closed loop transfer function

l+jot,
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K
1/1+u}2 2

Atw=0, |Glo)| = K

Now |Gljw)| =

; K
Ato=m,|Giw) |= —=
b | GGo) | 5
E A
V2 1+0f 2
2 = 1+wit?
1 ; .
Oy = = ...Bandwidth of open loop system
.o
; ; 1+K
While |T(w)| =
1+w? 1%
; K
Ato =0,|T(jw)| = 1%
K
At o = wy, | T(w) |=
W e
LS
K 1+
‘E(HK} 1+m|§ 13

...Bandwidth of closed loop system

Thus the bandwidth of closed loop system is (1 + K) times the bandwidth of open
loop system. '

,_
b
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Effect of Feedback on pisturbance

Every control system has some nonlinearities present in it. The dominant
nonlinearities like friction, dead zone, saturation etc. affect the output of the system
adversely. Some external disturbance signals also make the system output inaccurate.
The examples of such external disturbances are high frequency noise in electronic
applications, thermal noise in amplifier tubes, wind gusts on antenna of radar systems
ete. The disturbance may be in the forward path, feedback path or output of a system.

(ll Disturbance in the Forward Path

Let us assume that there is a
disturbance in the forward path of a 1

control - system produced due to g i
; : C
varying properties of forward path i) 'T@ Gals): B
His)

Tq(s)

elements or due to effect of #
surrounding conditions. Fig. 8.6.4
shows the disturbance signal Ty(s)
produced in the forward path. Fig. 8.6.4

Assuming R(s) to be zero, let us
obtain the ratio C(s) / Ty(s) to study
the effect of disturbance on ouftput. Tyls)
With R(s) =0, system becomes.

The resultant elements are, =1 = Gyls) + Gyfs) )
Gls) = Gyls) b
H'(s) = - Gq(s)H(s) : H(s)
Positive feedback Fig. 8.6.5
Negative input
) Gyls)
-Tas)  1-[Ga(e)(-G 1()H(s))]
G . = Gals) |
Ta(s)  1+G1G,H(s)

In the denominator-assume that 1< <GG;H hence we get,

o) = - Ty(s) \

G1Hfs)
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Thus to make the effect of disturbance on the output as small as possible, the G1(s)
must be selected as large as possible.

74| Disturbance in the Feedback Path

These are produced due to the nonlinear behaviour of the feedback path elements. The
Fig. 8.6.6 shows the disturbance signal T (s) produced in the feedback path.

R ) Cls)
) Gys) Gyls) Gis)
Ha(s) ] Hy(s)
e
Tyls)
Fig. 8.6.6

With R{s)=0, the cffect of Ty(s) on output can be obtained.
The system becomes,

€6 =G0,k
Td(.S) v].ﬁ'GlG EHIHQ

For large values of Gy, Gy, Fly, Hy, in the denominator 1 can be neglecled.
Cls) 1

TE ~ HE

Thus designing proper feedback element Hy(s), the effect of disturbance in feedback
path on output can be reduced.

Disturbance at the Qutput

Tyls)
Consider that there is disturbance Ty(s) R(s) e . C(s)
affecting the output directly as shown in —
the Fig. 8.6.7. i
He)
With R(s) =0, we get Fig. 8.6.7

Cls) ! 1 ) 1
Tals)  1-[-G(s)H(s)] 1+ GEHE)

{

| —
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For large values of G(s)H(s), 1 in Tqls)
denominator zan be neglected. l
S C(S)
Ty(s) SeCHE)—
SETE)
Thus if disturbance is affecting the output Fig. 8.6.8

directly then by changing the values of
G(s), H(s) or both the effect of disturbance can be minimised,

The feedback minimizes the effect of disturbance signals occurring in the control
system.

¥ Advantages of Feedback

Thus the various advantages of feedback can be summarized as :
It minimizes the effect of disturbances.
It reduces the sensitivity of the system to parameter variations.
It reduces the effect of noise on the system performance.

it

2

3,

4. It reduces the steady state error of the system.

5. It reduces the time constant of the sysiem making the system response fast.
6.

The trasient response of the system can be easily controiled as per the
requirements. .

7.1t increases the bandwidth of the system and improves the frequency response of
= the system.

\  The only limitation is that it reduces the overall gain of the system. While the system
| must be. designed properly from its stability point of view when the feedback is used.

1. Discuss the effect of feedback on : i) Time constant i) Overall gain  iii) Stability iv) Bandwidth i
o) Disturbance.

2. State the various advantages and disadvantages of feedback. J

Introduction to Time Response of Control Systems

Time respcnse of a control system means, how output behaves with respect to time.
So it can be dzfined as below.
Definition : Time response : The response given by the system which is function of the
' A
tirme, to the applied excitation is called time response of a control system.

“
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In any practicel system, output of the system takes some finite time to reach 4o its
final value. This time varies from system to system and is dependent on diffbent
factors. Similarly final value achieved by the output also depends on the different factors
like friction, mass ar jnertia of moving clements, some nonlinearities present eic.

For example consider a simple ammeter as a system. It is connected in a system so as
to measure current of magnitude 5 A. Ammeter pointer hence must deflect to show us
5 A reading on it. So 5 A is its ideal value that it must show. Now pointer will take
some finite time to stabilise to indicate some reading and after stabilising alsc, it
depends on various factors like friction, pointer mertia etc. whether it wiil show us
accurate 5 A or not.

Based on this example, we can classify the total output response into two parts. First
is the part of output during the time, it takes to reach to its final value. And second is
the finai value attained by the output which will be near to its desired value if system is
stable and accurate.

This can be further explained by considering another practical example. Suppose we
wanl to travel from city A to city B. So our final desired position is city B. But it will
take some finite time to reach to city B. Now this time depends on whether we travel
by a bus or a train or a plane. Similarly whether we will reach to city B or not depends
on number of factors like vehicle condition, road condition, weather condition ete. So in
short we can classify the outpul as,

i) Where to reach ?
it) How to reach ?

Successfulness and accuracy of system depends on the final value reached by the
system output which should be very close to what is desired from that system. While
reaching to its final value, in the mean time, output should behave smoothly.

Thus final state achieved by the output is called steady state while output variadions
within the time it takes to achieve the steady state is called transient response of the

il

The output variation during the time, it takes to achieve its final value is called as transient
response. The time required to achieve the final value is called transient period.

system.

Definition : Transient response :

This can also be defined as that part of the time response which decays to zero after
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To get the desired output, system must pass satisfactorily through transient period.
Transient response must vanish after some time to get the final value closer to the
desired value. Such systems in which transient response dies out after some time are
called Stable Systems.

,;Ma’ther:_riai;ical.ly for stable o'peréﬁnglrs'j}lstéms,
U
L e

From transient response we can get following information about the system,
i) When the system has started showing its response to the applied
excitation ?

ii) What is the rate of rise of output. From this, parameters of system can be
designed which can withstand such rate of rise. It also gives indication

about speed of the system.
iii) Whether output is increasing exponentially or it is oscillating.
iv) If output is oscillating, whether it is over shootting its final value.
v) When it is settling down to its final value ?

All this information matters much at the time of designing the systems.

Definition ; Steady state response :

It is that part of the time response which remains after complete transient response oanishes
from the system output.

This also can be defined as response of the system as time approaches infinity from
the time at which transient response completely dies out. The steady state response is
generally the final value achieved by the system output. Its significance is that it tells us

how far away the actual o from its desired value.

N;.;G?M_“.t@ Ly Wi . “’% g

From steady state response we can get following 1

Ly

nformation about the system :

i) How much away the system output is f-om its desired value which indicates error.

ii) Whether this error is constant or varying with time. 5o the entire information about
system performance can be obtained from transient and steady state response.
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The difference between the desired output and the actual output of the system is called steady
.smh: error which is denofed as cg,. This ersor indicates the accuracy and plays an
important role in designing the system.

The above definitions can be shown in the waveform as in the Fig. 8.7.1 (a), (b)

. where input applied to the system is step type of inpul.

&it) e(t)
ot et Cl(t) e Cssm -
Step * S [\ n P +
T R VAR
B¢ ess
= Cggft) +
0 s “Time 0 Tim
| : - Steady ] « b
Transmnl state of Transient
lime system time

(a) ¢y (t) is exponential (b) c¢ () is oscillatory
Fig. 8.7.1

1. What is the difference between steady state resportse and bransient response of @ control system ?

2. Define steady state responise and steady stafe error,

| Derivation of Steady State Error

. Consider a simple closed loop system using negative feedback as shown in the
ig. 8.8.1.

R(s) El
(s) o) G(s)
Bs)| -
His)

Fig. 8.8.1
where E(s) = Errorsignal, and B(s) = Feedback signal
Now,  B(s) = R(s)- B ! ‘
But B(s) = C(s)H(s)

E(s) = R(s) - C(s)H(s)
and - Cs) = E(s)G(s)
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This E(s) is the error in Laplace domain and is expression in *s". We want to calculate
the error value. In time domain, corresponding error will be e(t). Now steady state of

the system is that state which remains as t — e .

L‘ A s 10
_1111 i E(t)'i‘

\ Etata EITOY, Oy S in e
3 y 5 i B t_..)om’

Now we can relate this in Laplace domain by using final value theorem which states

that,
L' .
e Lim sF(s) where F(s) = L{ F(f) )
1t 5= 0
‘ Lim Lim : A : _'
AR Bttt L. 2

Substituting E(s) from the expression derived, we can write)

Lim  sR@ .,

" 7 500 THGEHE

For negative feedback systems use positive sign in denominator while use negative
sign in denominator if system uses positive feedback.
From the above expression it can be concluded that steady state error depends on,
i) R(s) i.e. reference input, its type and magnitude.
ii) G(s)H(s) i.e. open loop transfer function.
iii) Dominant nonlinearities present if any.
Now we will study the effect of change in input and product G(s)H(s) on the value
of steady state error. As transfer funclion approach is applicable to only linear systems,
the effect of nonlinearities is not discussed.
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501“““’G(s):(ﬂ}H(s):l,r(t)ﬂ ie. R(i):‘lg

Ls+5
R ““l
ey = Lim —Sgs)——zLim e
50 1-I-C(S)H(S) 530 1+iﬂ_
S
Lim il =
s=0 5+25

1. Derive an expression fo find steady state error of a clused loop conlrol systent.

j 6

The Cost of Feedback

Inspite of the advantages of feedback, there a-e certain issues related to the use of
feedback. The cost of feedback includes,

1. The feedback makes the system design comolicated by increasing number of
components in the system. The sensors required for the feedback are costly and
introduce noise and inaccuracies.

2. Due to feedback, the overall gain of the system reduces.

3. Due to feedback, the system stability decreases The stable open loop system may
become unstable when used as closed oop system. Hence while designing
feedback control system, the stabilily ana.ysis piays an important role.

But +f e feedback system is designed prooerly then its advantages ate greater than
disadvantages and hence the feedback is always preferred in control systems.

1. Write a note on the cost of feedback used in contrel systems.

'
‘
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Example 13.14.7 Test the stability of the unity feedback system G(s) =
; (s=1)% (5+5)

| K = 10 using Nyquist criterion and then find the range of K for stability,
i . Al pril-05: Maj
[Ans. : 10,667 < K < o5, System is unstable]

when

Advantages of Nyquist Plot

1) It gives same information about absolute stability as provided by Routh's criterion.

2) Useful for determining the stability of the closed loop system from open loop
transfer function without knowing. the roots of characteristic equation.

3) It also indicates relative stability giving the values of G.M. and P.M.

4) It indicales reality, the manner in which system should be compensated to yield
desired response.

5) Information regarding frequency response can be obtained.

6) Very useful for analyzing conditionally stable systems.

1. State the advantages of nyquist plot, : J

Qag

15-46 Polar and Nyquist Plots

!
|
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All the contral Ut desigied 15 il ‘
ax he control s.ysterns are designed to achieve specific objectives. The certas
eqt{xﬂnrements are defined for the control system. A good control system has le m
5 : T S error
iof accuracy, good speed of response, good relative stability, good damping which wil]
cause undue overshoots etc. For satisfactory performance of the system, gain i
T

ad
Tl;ualedb first. In practice, adjustment of gain alone can not provide sahsfactory tesults
his is because when gain is increased, ’
steady state behaviour of tl
e aviour of the system impi6ves
poor transient response, in some ca
ses may even instability. In
cases A
: 1lt is necessary to redesign the entire system. Thus the design of control };ystemsm
a cha :
' ..Lni;mg job. Practically the design specifications are provided in-erms of precis
um(;nca values according to which the system js designed. The set ofp ;
= e st
ch1 ications include pealc overshoot peak time, d ampmg ratio, mtural frequenc f
Y 0

While ice which i ‘

% le an external device which is used to alter the behaviour of the system 50 as to
achieve given specifications i

i g?rnrm specifications is called compensator.The compensalor provides whatever
missing in a system, so as to achieve required performance. d

Types of Compensation

An exter evi i i
ernal device, compensator can be introduced in a system anywhere as per the

conven
ience and the requirement. Depending upon where the compensator is introduced
in a system, the various types of compensation are

L

. 1. Series compensation
2. Parallel compensation

3. Series-parallel compensation

Series Compensation

The compensator is a physical device whiose transfer function is denoted as G,(s), If
the compensator is placed in series i

with the forward path transfer function
of the plant, the scheme is called series

compensation. The arrangement is
shown in the Fig, 14.2.1.

Fig. 14.2.1 Series compensation

S b ey e ™
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This scheme is also called cascade compensation. The flow of signal in such a series
scheme is from lower energy level towards higher energy level. This requires additional
amplifiers to increase the gain and also to provide necessary isolation. The number of
components Lequlred in serles scheme is more than in paral el scheme.

| Parallel Compensation

In some cases, the feedback is taken from some internal element and compensator is
introduced in such a
feedback path to provide an
additional internal feedback
Joop. Such compensation is
called feedback
compensation or " parallel

Fig. 14.2.2 Parallel compensation

compensation. The

arrangement is shown in the Fig. 14.22. e
The energy transfer in such paraliel scheme is from higher energy ‘evel tow ards

lower energy level point. Hence in such scheme the additional amplifiers are not

required. Thus the number of components required are less than required in the series

scheme.

J Series-Parallel Compensation ( Yewie

In some cases, it is

necessary to  provide
both types of
compensations, series as
well as feedback. Such a
scheme - s called
series-parallel

Fig. 14.2.3 Series-parailel compensation
compensation. The

arrangement is shown in the Fig. 14.2.3.

The selection of the proper compensation scheme depends on the nature of the
signals available in the system, the power levels at the various points, available
cGHiponents, the econormc cons1dcrat1ons, and the designer's experience. :

1. What is compensation ? What is compensator 7 Which are the various compensation schemes used
A\
in practice ? %
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ji Compensating Networks

The compensator is a physical device. It may be an electrical. network, mechanical
unit, pneumatic, hydraulic or combinations ‘Gf various types of devices. In fhis chapter
we are going to study the electrical networks which are used for serics compensation

The commonly used electrical compensating networks are,

. 1 Leadnéty\rqu orLead m

;—J 2. Lag -11et_§%»(_grk"oi" TLa ¢
}7 ik Légiléad ‘he'tWo'rk__;_.r_,‘,.agt :

When a sinusoidal input is applied to a network and it produces a sinusoidal steady
state output having a phase lead with respect to input then the network is called lead
network. If the steady state output has phase lag then the network is called lag
“network. In the lag-lead network both phase lag and lead occur but in the different

frequency regions.
| The pliase lng occurs in the Iow frequencyregton

Key P
the higlh ﬁ'eqzrfncy region,

ead accurs i -

Let us discuss in detail the characteristics of these three compensating networks.

L. Which are the important electrical networks used practically for the compensation of the control
systems ?

Lead Compensator

Consider an electrical network which is a lead compensating netwark,

, as shown in
the Fig. 14.4.1,

Let us obtain the transfer function of
such an electrical lead network. Assuming
unloaded circuit and applying KCL for
the oulput node we can write,

Il + I2 = I
A
CM{._{, ef—co):ml_.eo ‘
dt | R, o
Fig. 14.4.1 Lead network
‘ cly T |
L =< ol BY W se v ‘t..('iA-‘(‘-v ’
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Taking Laplace transform of the equation,

- : —-LE (E i R [
sC E;(s) —sC E,(s) + E]— Ey(s) - i}- E(s) = R, os) Ty

I

E(s) J:SC i it —1—]

1
Ei(s){sC+R—J EE

E,_-,(S) Rle [-I-SCRI
Ei(s) I R]+R2+R1R25C Rl

“ae) (%

(R)+R5)
R RoC 1

B2 rc

Es() _
E;i(s)

|

This is generally expressed as,

R,
B =

- <
el R <R,

where

The lead compensator has zero at : I

1 il
s=—-,fand‘apoleats:wm.
As 0 < a < 1, the zero is always

located to the right of the pole. The —oF
pole zero plot is shown in the

Fig. 144.2, The minimum _yalue of o

is generally taken as 0.05.

- Real

=

' Fig. 14.4.2

et

all Maximum Lead Angle ¢, and «

Let us see what is the maximum lead angle ¢, which lead compensator can provide
and at what frequency it provides this angle.

1
E,(9) STir _ 0 (i4Ts) ‘
+ 1 (I+aTs) ‘ @
TS
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Replace s by jo,
E,(w) o (1+joTs
E;(o) (1= jwaT)

e | Bolie) (1441)
S EiGe
While the phase angle is given by,
e r LA e (1442)

Let us find o, for which the angle ¢ is at its maxinum.

d¢

— =0
daw

1
i3 [ an T -t we T =0 ie T 5= : 5
d(l] 1 o) 1
UJ2+['T'] (L‘L‘f‘(‘&'f}
il o T i
1402 T?  _+0%w?T?

e T +02!T)-aT@+0?T)=0
2

(1+oc2u:-2T2»cx—uwT2=0 ie. wz(xTz(a—l}+(l-oc)=0

. T
cfa T -1 =- (1-a i.e. oo T°=1

.(1443)

This is the frequercy at which phase lead is at its maximum;,From equation (14.4.3)

s e SRR et TR : o )
we can say that the O is the geomelric mean of the two corner frequencies of the

. 1 1
compensator which are ¢y = - and 0y = oT

i, e e

Taking tan of both sices of “equah'on (1{(%.4.2) we get,
tan ¢ = tan [tan‘1 wl = tan™ o]
wl-col  ol(l-o)

= ~+aT ool —1+m2T2a
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1
At 0= Oy = —= ‘
% e I ff 3. /
. F e ;" 4
tan ¢ ., 4 o (14.4.4)
sind = (1445)

The equation (14.4.5) is also used to get the relation between o and the maximum
lead angle ¢ .. o

| Polar Plot of Lead Compensator

From equation (14.4.1) and (14.4.2) it is easy to obtain polar plot of lead compensator.

When w = 0, M=o and =102
When @ = o8, M=1 and h=0°
So both the points, starting
as well as terminating points -

are on positive real axis. For
any value of w between 0 to
.o, magnilude is always
positive while for o < 1,
tan”" oT > tan™! & T hence ]

h
Pm

will  be always positive.
Hence all the points of polar
plot are always in the first 0 a

~ Real (0)°

quadrant of complex plane.”
Thus the polar plot is as
shown in the Fig. 144.3.

T
|
I

w=0 ! W=
1+(1) il
I

2

Fig. 14.4.3 Polar plot of lead compensator

| Bode Plot of Lead Compensator

The corner frequencies of the lead compensators are,

1f 1
Wep = T orazeroats:—~T
oy 1
and ey = ﬁforapolgats=—ﬁ
and K = o
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So a line of 20 log o dB with

+20 dB / decade ; where  K.a = dec gain=K

zero slope il Wy =%—. Then a : g
1 ..(144.7)

line of slope + 20 dB/dec till

1
Wy SoT And again a line of - (144.8)

Fig. 1445

zero slope from e, to w, This

is the nature of the resultant The open loop transfer function of the compensated system thus becomes,

magnitude plot. As o < 1, the K(1+Ts) (1+Ts) (-+Ts) ;
straight line 20 Log & is below L Gl = (I+aTs) St= (10Ts) e (I+0.Ts) )

0 dB. 45°

where

While angle  conlribution
increases initially,  achieves

i
!

05 ______ .: __________________
1

maximum ¢ .. at @, and then T 1 - Logu &
. m = T ; .
again decreases. T "YW iy

g /B It, determine the value of K satisfyinz the iven err tant.
The Bode plot is shown in Fig. 14.4.4 Bode plot of lead compensator FoR; the ebions cea  SRIRSEISE S8 vallue oKt g e,

the Fig. 14.4.4, 2 Step 2 : Using the value of K determined above, draw the Bode plot of Gy(jw). This
is the Bode plot of, gain adjusted but uncompensated systen. Obtain the phase margin.

It can be noted that at = q

B T L

m¢ i

Step 31 Generally P.M. is specified for the design problem,
el \[H_(E.TE @ .1 +&1_ ’ Let ¢ = P.M. specified

\/ 'I_-;(u?“ au"jT;ih £ —*J—] +o ‘ ¢1 = P.M. obtained in the step 2

[ M = \E at cu=mm]

Thus at w = w,, the magnitude in dB is, =

Determine necessary phase lead 0 required to be added. For this use the relation,

as cross-over frequency may shift due to compensation

o aRe —1 ! 5D t()'_‘1=5;J L
= 20 Log yo =20 Log (0)2 = 10 Log o ——
S0 os | S, 1 f

i Steps to Design Lead Compensator

: P;L‘i L determine the value of o,
" Step 1: At zer he les s ; - : : § : ; .

A | p : zero frequen?y the le’xdl compensator has gain .. But as g < 1 it provides : Step 5 : Determine the frequency w,, at which the magnitude of the uncompensated
an ‘alttem.m.lmn. Tc? cance.l this attenuation, the practical lead compensator is realised with 1 tem is - 10 Log [ L | 4B Select this f i sover f; :
an amplifier 1}3_\{1”1?5. 8ain K, in series with basic lead network, Hence the practical ; system is - 08 | o | a4b- Select this frequency as new gain crossover requency.
fransfer fmehon of a lead compensator from the design point of view is assumed to be, ? This frequency w,, is

| i m o
9 e p, !
Ge® = Koo € Pug o el fra : \
It U +0 I“'}) ". (ﬂ' 0 hudth gl :5 ;S
. Lithfedt  adly ,
L) .ﬁ 5
i

TECHNICAL PUBILICATIONS™. An 1on thoorms 5o s
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1

as o is known, determine T

Step 6 : Determine the two frequencies of the lead compensator,

Step 7. AsK:KCCL,
determine the valye of K.

Step 8 : Check the gain margin of e compensated system. If it is not satisfactory

repeat the design by modifying the vole-zero location of the ccmpensator i) a
satisfactory result is obtained.

oot A ™ ‘rf:) f"!:,nr\ 2o r.-'g’ ; )ﬁ Vgl i T‘\( o, .}" Foula e 4 o7 ‘.f ) J(’

tz [ ! S B e £ 7 e ; § ¢

(3 4 = "\ g ” -
{ Effects of Lead Compensatiof; ( Uil A 4 s i, )
The various effects of a lead compensazon are, il

I. The lead compensator adds a dominant zero and a pole. This increages the
damping of the closed loop system,

2. The increased damping means less overshoot, less rise time and Joss seftling time,
Thus there js improvement in the transient response.

3. It improves the phase margin of the claged loop system.

4 The slope of the magnitude plot in Bode diagram of the forward path (ransfer
fUr'tCﬁOllj;}:@d_t_l_cg;_iﬁﬁt the gain cross over frequency. This Improves gain and phase
margins improving the relative stabilitv. :

. 9 lt increases bandwidth of the closed -00p system. More the bandwidth, faster is the
response. -

16 The steady state error does not get afZected,

3 Limitations of Leag Compensation

The various limitations of the lead compensation are, i
L. Lead compensation requives an additiznal increase in gain to offset the attenuation
inherent in the lead network, Larger gzin requirement means in most of the cases

implies larger space, more elements, greater weight and higher cost,

2. More bandwidth is sometimes not desirable, This is because the noise entering the
System at the input may become objectionable due to large bandwidth. It makes
System more susceptible to the noise signals because of increage in the high

Control System Engineering 1411
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a ershool. So
3. The compensated system may have a larger undershoot thn? blov i
| : ] iti e system.
tendency to over compensate system may lead to a conditionally stable sy

: , ' 60° Thus if
4. The maximum lead angle available from a gl lextl el 6 2hny ST

ulti fors_are
lead "of ‘Moré “than 70° to 90° is required a multistage lead compensators ar

required.

i SR AR e e U o ator such that
For tlie system showt in '_fl?re«_‘fz,g 1‘4:_4.‘.‘6{5 ENL07
) systen 1 ‘zsﬁw”the‘fbll" ing specific

Static velocity error coristant =20

ithe closed "IOUP?"S‘]J.’.SW% wi

Pliase margin = 50°

Gain _m_&rQiﬁ :gW_Z‘IO"dB‘_ ;

Solution ¢ Step 1: Assume a lead compensator as,
(1+Ts) _ K(1+Ts)

Gs) = K.a (1+aTs)  (I+cTs)
10K
and Gyls). = KG(s) = s(s+1)
: e 10K(1+Ts)
K, = 20= 1 s Go)H(e) = s=0° " 5 +D) (170.T9)
20 = 10K ie K=2
20
Sl = s(s+1)

ich is shown in the Fig. 14.47.
Step 2 : Sketch the Bode plot of Gy(s) which is shown in the Fig
Factors : 20 Log 20 = 26 dB
1 pole at origin
1 simple pole with corer frequency o = 1. ) SLAECY
i ~ 4 ec fro
Thus line of slope -20 dB/dec till w- = 1 and line of slope ~40

onwards.
: 20
Phase angle table : Gy(jo) = o (1+j0)
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Log @

4 5 67861

From the Fig. 1447,

9 = PM. = 15¢, Wae=drad/eer, GM =t dB =

e )

Step 3 : b, = 50° 2
Bz = by~¢; +e, let g= 50

= 50°- 15° + 5° = 400

Step 4 : sin b = i

I8 S0 40%= 2% o cns
1+a 1+q

Lo = 06497 (I+a) ie a=02174 Rmmas
Choose o =0 '

: Compensaled

00

Step5: 19 Log( al J: 678 dB for o = (21

-6.78 dB, this is Wi

From Fig. 14.4.7, o m = 6 rad/sec

B =m e Ao
T,/ o 1

Step 6 : Two corner frequencies of the lead compensator are,

1 1
Wey = ']: = 27495 and Wep = E)?f =13.09

e e e A i

Step 7: KzKC(x
K_ 7

i ,23

K & pg

] |
_ L (l+0.3637s) o 2(1+0.3637s) :
Step 8 Gu(s) = 9523 %021 TP Y0073y H(].+O.O763s) |

This is the designed lead compensator, ‘:

{ 1 4l i =
i - L { o
f I W ) g &
P i ° 2 o
‘98 § 8 8 § g & 8 & 2 &
2EF ¥ % 2 5 SRR '
Draw the Bode plot for this transfer function
The plot is drawn on

e f ' ; Fig. 14.4.7
and obtain the valyes of GM. and PM. ( '
|
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Phase angle table for the compensated system :

Step 2 : Sketch the Bode plot of Gy(s) Le. urcompensated system as shown in the
Fig. 1448 (a). (Fig. 14.4.8(a) see on next page).
Factors : K = 12 ie. 20 Log K = 2158 =22 dB
» 1. Pole at the origin i.e. - 20 dB/dec

1 simple pole with ¢y = 1 Le. - 20 dB/ dec fer o> 1.
So resultant starting slope ~ 20 dB/dec and then - 40 dB/dec for m > 1.

12

Phase angle table : G;(jo) = M

For magnitude plot, K = 20
20 Log 20 = 26 dB

One pole at origin, straight line of slope ~ 20 dB/dec.

"

w¢p = 1, slope becomes - 40 dB/dec due to simple pole.

e 2t
=2 5, slope becomes ~ 20 dB/dec due to simple zero.

W

1
Wy =~ = 13.09, slope becomes - 40 dB/dec due to simple pole.

From the plot, 9; = P.M. = 15°% 0, = 3.5 rad,sec, GM. = + e dB

: From the Fig. 14.4.7, for compensated system ) ) i
Step 3 : 9, = 40° (given) ie. given P.M.

0y = 7rad/sec, PM. = + 50° GM. = + oo B i B lete =t
(5= G‘s_ 1+H& ete=8

= 40°-15° + 8 = 3%

Step d: sindy= %—;% - sin 33° = 0.5446

l-a = 05446 (1 + ) ie o =02948

Solution :
Choose o = 0.3
Step 1: Lead compensator G(s) = K, @ (14Ts) _ K(1+Ts)
(l+aTs) ~ (+aTs) Step 5 ¢ - 10 Log [é] -~ 523 dB
1+Ts) K
Bt = it . Wy
b (1+aTs) s(s+1) ol s(s+1) Find the frequency from the Fig. 1448 (z), which gain of uncompensated system
N Li K (1+T9) is - 5.23 dB, which is o .
ow ) Ll g - Lim +Ts ;
. 50 ° ) GGs) 50 5(s+1) (1+7Ts) =k @, = 58rad/sec
K=12 £ But Wy = r—r—}é.-
Gils) = L 4 "
sia+) : T - 03147 e 1=3176
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4 5 67891

3

Uncompensated
system

4 5 67891

3

Log w

4 5 67891

100

3

4 56 7891

3

Fig. 14.4.8 (a) Bode plot of uncompensated system in Example 14.4.2

4 5 87891

3

Step 6 : Two corner frequencies of lead compensator are,

~ | =

0y

S 8178 figy= LT -
o

1

Step 7: K .

0.0944

: 10.6

Control System Engineering 14-17 The Design of Feedback Conlrol Systems
K. 12
= —=2==40
© o O3
40%0.3%(1+0.3147 g)
Step 8: Gs) = (

(1+0.0944 s)

Draw the Bode plot for new specifications.

Factors : K=12 ide WlogK=2 dB

ble 1 G.06IGl) = 12 (1403147 jw)
Pitkse gigle Wbl < COICID) = oo T )

4 tan” ) 03147

+8.94°

+1746°

+4335°
+ 57560

+ 75.16°

The Bode plot is shown in the Fig. 14.4.8 (b) (See on next page) from which,
W, = 5radlsec iy, =co, GM. =+ oo dB, PM. = + 44°

Thus the’compenséted system satisfies required specifications.
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1. Derive the T.F. of lead network.
o 2. Draw and explain polar and Bode plot of lead compensator.
e 3. Derive the relation betiween ¢, and o for the lead compensator.
g’z 4. Explain the design in frequency domain of lead compensator.
w
5 3 5. Discuss in detail about lead network.
| 47
5
Example 14.4.3 : Find the moximum phase shift that can be obteined from lead
compensator : G(s) = ;ilg_s
! L 1+0.04 5 [Ans. : ¢, = 50°)
Example 14.4.4 : The forward path transfer function of a certain unity negative feedback
=) control systeim ;(s given as,
G(s) = ——=.
s(5+2)(s5+30)

The system has to satisfy the following specifications :
Phase margin 2 35°

Gain margin 2 15 dB

Steady state error for unit ramp tnput < 0.04 rad.
Design a suitable serics lead compensator.

Design a lead compensator for a type-2 sysiem with an open loop transfer
. Assume that the system is required to be

mpensated system in Example 14.4.2

Example 14.4.5 :

function Gls)

s(0.25 + 1)

compensated to-meet the following specifications :
1) Acceleration errar constant K, =10

2) Phase margin = 35°

| Lag Compensator

Fig. 14.4.8 (b) Bode plot of co

Consider an electrical network which is a .
lag compensating network, as shown, in the ' A
Fig. 14.5.1. R,

Let us obfain the transfer function of such g(t) eqlt)
an electricdl lag network. 1 i T c l

Assuming unloaded circuit and applying

KVL to the loop we can write, Fig. 14.5.1 Lag network

: . 1.4
(t) = i(t) Ry +i(t) Ry + 5 j ic) dt
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Taking Laplace transform of the equation,

Efs) = Is) [Rl +R, +le']]

(1451
Now the output equation is,
; L
e(t) = i(t) Ry + EI!(() dl
Taking Laplace transform,
E,(5) = Is) [Rz-i- C!(J ~(1452)
Substitut:'ng I(s) from (14.5.2) in (14.5.1) we get,
Es) = —2o(®) [R, ¥Ry + -’-;J
By ik "
“se
B(s) = E“O(EJEBLT..',Q_{.,’?(_ il
(1+R,50)
St
Bulth _ Peele [_MR; R
Ei) ~ I+s (R +RyjC © | Ry +R, S I
" (R R;)C
This is generally expressed as,
. (145.3)

where

Imj
The lag compensator has zero at g = -

and a pole at g = - EIT As B > 1, the pole. is

Real
always located to the right of the zero. The =

pole-zero plot is shown in the Fig, 1452, ‘
Usually B is choosen greater than 10,

1

-+

—l -

Fig, 14.5.2

4

e A L Mt St b i
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oniro

Maximum Lag Angle and j

i i - ; ; rovide.
Let us see what is the maximum lag angle the compensator can pro

!
Bold) _ 1 °'F _ 14Ts
E,(s) B s+-—1—' 148 Ts
BT

In frequency domain we get,

E (w)  I+joT

o S O . (145.4)
Ei(jo) ~ 1+jufT
= "E"’Gdﬁ)‘.; {12l (1455)
E;U‘ﬂ) IV+£E)2B2TZ
B il
While the phase angle is given by,
| ¢ = tan@T-tan"lwpT } (14.5.6)
: E

The equation is exactly similar to the lead network, only B> 1. To find ¢ ,, let us
find w,,, which maximises ¢.

dw

1 [tan ™! wT=tan L ofT] = 0
dw

Solving we get,

. VTR T BT

This is the frequency at which the phas2 lag is at its maximum,

The two corner frequencies of lag compensator are,
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. Polar Plot of Lag Compensator

From the equations (14.5.5) and (14.5.6), polar plot of lag compensator can be
achieved.
When w =0, M=1 and o =0°
1

When W = o, B [ and ¢ =0°

So both the points, starting and

terminating are on positive real axis. Imj

For any value of @ between D to e, ﬂ T o
the magnitude is always positive while 1 )
for > 1, tan"'6T < tan" PT. Thus the B‘) 14 Real (&)
resultant ¢ will be always negative for

any value of w belween 0 to .
Hence all the points of polar plot are
always in the third quadrant of the
complex plane.

Fig. 14.5.3 Polar plot of lag compensator

Thus the polar plot is as shown in the Fig. 14.5.3.

| Bode Plot of Lag Compensator
The corner frequencies of the lag compensator are,

b lf 1 1
W ey —B—T orapoleats=-—

BT

-20 d8 / decade
0dB /

w —-]-fur:azercmts—--l
CE_T < T

The pole is more dominating
than zero. The transfer function of
basic lag network is,

1+s7%
s 1+sBT :
0° i s
Thus as K = 1, the initial : !
. 4 : . 1 -45%1 !

line is 0 dB line till wey = T i 'E
~90°1 I L

where pole occurs. From 0 ¢y = BT ! | | v Loga
X .
-

1
ﬁjm LS
" ™h
to 0ey = % there is a line of slope BT b

Fig. 14.5.4 Bode plot of lag compensator
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I

-20 dB/dec. From o, = %

onwards again the net slope is zero due to existence of zero

—]—

with Wy =

The Bode plot is shown in the Fig, 14.5.4.

Steps to Design Lag Compensator

Step 1: Assume a lag compensator having a transfer function,
D
L 7] _asr
[ |y (1+BTs)
e
[ }

St

Gls) =

Assume Gy(s) = KG(s)
From the given error constant, determine the value of K which satisfies the steady
state performance.

Step 2 : Using the value of K determined above, draw the Bode plot of Gyfju).
Obtain the phase margin. This is say ¢ ;, for uncompensated system.

Step 3 : Generally phase margin is specified.

Let ¢ o = P.M. specified
Then determine, [Qo=0 e
where ¢ = margin of safety =5° to 15°

The £ compensates for the phase lag of the lag compensator.

Step 4 : Find the frequency w, corresponding to phase margin of ¢, degrees ie. the
frequency at which phase angle of open loop transfer function is ~180° + @ 5. Choose this
as new gain crossover frequency.

Step 5 : To have w, as the new gain crossover frequency, determine the atlenuation
necessary lo shift the magnitude curve up or down to 0 dB. This shift is due to the

contribution of f which is 20 Log %

Shift to have @, as new:gain crossover = 20 Log [lj =~ 20 Log 8

T
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Step 6 : Choose the upper corner frequency % which is % or Tl(i below the o,

determined in step 4.

Thus determine the value of i

The other corner frequency for the lag compensator s,

Step 7 : Thus once transfer function of the lag compensator is known, draw the Bode
plot of compensated system and check the specifications, If specifications are not

satisfied, repeat the design by modifying the pole-zero locations of the compensator tll a
satisfactory result is obtained.

o

..... 2 i L W st

Effects and Limitations of Lag Co&mpensator ('L Pr

Pid
o L oI T
The various effects and limitations of lag compensator are, ;

3

1. Lag compensator allows high gain at low frequencies thus it is basicall

y a low pass
filter. Hence it improves the steady state performance. 1

2. In lag compensation, the attenuation characteristics is used for the compensation,
The phase lag characteristics is of no use in the compensation,
+ 3. The attenuation due to lag compensator shifts the gain_crossover frequency to a
lower frequency point, Thus the bandwidth of the system gets reduced.

4. Reduced bandwidth means slower response. Thus rise time and settling time are

usually longer. The transient response lasts for longer time,
) g ) 8

3. The system becomes more sensitive o the parameter variations,

y 6. Lag compensator approximately acts as proportional plus integral controller and
© thus tends to make system less stable. e

e

4 certain system,
,025

(14055 (110.058) ¥
table

§ compensator to give, velocity e

Solution :  Step 1: Assume

0.025K
Gile) = KG(e) = s(1+0.55) (1+0.055)

s

Control System Engineering 14-25 The Design of Feedback Control Systems
- Lim

K, = 20= M s Gy5)Gls)
5y = Lim (1+Ts) . 0.025K ‘

T 520 7 T {1+PTs) s(1+0.55) (1+0.055)
2) = 0.025K ie K=2800

0.025 x 800 20
Gifs) =

s(1+0.59) (1+0.055)  s(1+0.59) (1+0.055)

Step 2 : Draw the Bode plot of G(juw)
Factors : 20 Log 20 = 26 dB
1 pole at origin, straight line of slope - 20 dB/dec

il :
[0) cl = b_:g = 2, Slmple pole, Siope - 20 dB/deC

= 20, simple pole, slope - 20 dB/dec

IH

Wey =

o

.05

_ 2
S = S5 Ar0.59

Phase angle table :

The Bode plot is shown in the TFig. 1455 From :t the specifications of
uncompensated system are, (See Fig. 14.5.5 on next page).

% i RO
Wg. = 64 1ad/sec, W, =56rad/sec, GM.=-2dE, PM. =-5
Uncompénsated system is unstable

40° agd g=57

Step 3 : o

92
Step 4 : From Fig. 14.5.5, find o)zj“which gives 45° phase margin.

¢s+a=45°\
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Log w

1000

1.5

W, = 1.5 rad/sec

Step 5: Letw, = 1.5 be the new gain crossover.

For this it is necessary to bring the magnitude curve down by 23 dB

Control System Engineering 14-27 The Design of Feedback Cantrol Systems

-20 Logf = -23, - ve as down shift

- ‘ B = 1412
Assuming f=14
N
Step 6 : Choose Wy = Ul% s 0.15 rad/sec
Now 0g = £=015 ie T=6 and mc1=éf=o@m7

Step 7 : Thus the lag compensator is,

(1+6.665)
(1+93.465)

Guls) =

Thus the transfer function of the compensated system is,

; 0(1+6.669 © sihie
= S{+059 (1+0.058) (1493.465) «

G(6)G(s)

To check for the specifications, draw the Bode plot of compensated system as shown
in the Fig. 1456. It is drawn on scparate semilog paper as the starting frequency

required for this-system is 0.001.

Factors : 20 Log 20 = 26 dB
1 pole at origin
Wey = ?)751:1-6 = (.01, simple pole, w ¢y = ‘ 16( = (.15, simple zero
el .00
Oey = f]LS =12, simple pole, Wey = f)_lﬁg = 20, simple pole
e 20(1+6.66j0)
G(0)G(e) = J

it (1+0.5jw) (1+0.05]w) (1+93.46j0)

Phase angle table for compensated system :




it
HETINN)
i

Fig. 14.5.6 Bode plot of compensated system in Example 14.5.1

From the Fig. 1456, the various specifications are,

Wee = 1.5 rad/sec, @pe = 6.6 rad/sec, GM. = + 24 dB, PM. = 48°

Thus the compensated System satisfies all the specifications,

TEOHAINAL ng s avima L

S G e

T

e P
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: 5 The open l_aép traﬁ:sferh ﬁ_mgt{én of @ uncompensated sysient is G(S)"?;;.fs'a'-
* Design o suitable lng compensator for the system so that the static velocity error const,
K, 45 20 sec L, the phase margin isi'tz.'ﬂequ't 55° and the gain margin is atleast 12

5K

Solution : Step 1: Assume G, (s) = KG{s) = s(s+2)
— Lim = P il
Ky = 2505 Gils)Gle) = 20 where Gc(s? T 14pTs

Lim 5K (1+Ts) 20

530 * "55+2) (L2 pTS) = - Gs) = T.F. of lag cempensator

LT
)
_ 40 .2
Hylil = s(s+2) s(1+059)
Step 2 : Draw the Bode plot c-fG(jm)-—%w-ZO——
P 2: Dre p " j0(1+0.570)

Factors : K = 20 i.e. 20 Log K = 26 dB
One pole at origin so straight line of slope - 20 dB/dec. One simple pole with
Ty =05ie o = TL = 2. Thus Bode plot is straight line of slope - 20 dB/dec
1

for @ > Wey. S0 initial slope - 20 dB/dec and will become — 40 dB/dec at Wy

Phase angle table

{ Sonpe b

The Bode plot of uncompensated system s shown in the Fig. 14.5.7(a) from which,

Wge = 6 1ad/sec, 0 = = rad/sec, GM. = + o dB, PM. = + 1°
Though uncompensated.sytem is stable, 2.M. is less than 55° as required.

Stepfi: ¢)S=55°'8:5° \l‘-lencelpzijs-}.g:ﬁoo
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Step 4 : Find new o .. = v, for whi ;
1, = 04 for which PM. = 60° fr
o g =ty ich PM. = 60° from Bode plot of uncompensated

05 = 0.9 rad/sec

pensated syslém :

Log (;)

— Uncom

40 dB/dec |

7891
]

Fig.
ig. 14.5.7 (a) Bode plot of uncompensated system in Example 14.5.2

[RENENERT

W

—40

op in deg

—90°

—120°

—150°

=21a°
0.1

TECLAICAL DHBE A ATiAva" .

e e e

RS
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Step 5 ¢ For 0, to be new @ ., the Bode plot must be shifted down from A to B ie.

-28 dB (Negative because downward shift).

-20Logh = -28
p = 2511=25
C
Step 6 : Choose 0 = 92 99 _ 0,09 rad/sec
10 10
But Wey = % hence T = 11.11 = 12
and W = & o = e L 0.00333 rad/sec
€1 = BT~ 25x12 300 _

Thus T.F. of compensated system is,

| A o WUATEY), 5
eI T T 3009 (1+0.59)

Step 7 ¢ Draw the Bode plot of compensaled system and check for the specifications.
Factors : K = 20 i.e. 20 Log K = 26 dB

1; i.c. one pole at origin so - 20 dB/dec

0.0033, simple pole ie. ~20 dB/dec o J-40 dB/dec

Ul =
ey = 009, simple zero e + 20 dB/dec I~ 20 dB/dec
Wez = 2 simple pole ie. - 20 dB/decs] - 40 dB/dec
; e 2001 +jwl2)
GGl = 530001 +0550)

Phase angle table :

is shown in the Fig. 14.5.7 (b) from which,

The Bode plot of compensated system
(See Fig. 1457 (b) on next page).
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Derive the transfer functions of lng network,

Draw and explain the polar plot of lag network.

Draw and explain the Bode plot of Iag network.

Explain tie design in frequency domain of lag compensator.

Discuss tie limitations and effects of phase lead compensation.

A

Compensated system

PR RLEOS S TR S R T

have phase margin of 15°.

i Example 14.5.4 1 A unity feedback system has an open loop transfer function
G(s)H(s) =

Design @ phase lag  compensator to  achieve the  following
specifications. Velocity ervor constants K, = 5, Fhase margin = 45°

i} Lag-Lead Compensator

Biye
i)
5
=ik A combination of a lag and lead compensators &
: § b j is nothing bit a lag-lead compensator. Consider an
| e electrical network which is lag-lead network, as W
i shown in the Fig. 14.6.1. Ry R,
| 1 Let us oblain the transfer function of the & : (!

electrical lag-lead network. l i —‘— C, J

Now sum of the cwrent through R; and C; is

Fig. 14.5.7 (b) Bode plot of compensated system in Example 14.5.2
|

Fig. 14.6.1 Lag-lead network

ncthing but current i(t).
€i —€p +C1 d (ei "en) & i(t}

Ry dt
Taking Laplace transform we get,
| 1 1
R Ej(s) - "ﬁ"{ Eq(s)+ sC; Ey(s) = sC; E(s) = I(s) . (14.6.1)

The output equation is,

©ge = 14 radisec, w . = = rad/sec, GM. = + & dB, P.M. = 60° it % I L
\2 = o
A2

Thus the compensated system satisfies all the specifications
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Taking Laplace transform,

1
I(s) | Ry +——1| = E (s
()[ 2 st E,(s) .(14.6.2)
Substituting 1 (s) from (14.6.1) in (14.6.2) we get,
1
E;(s) [»—+s(‘. =B, (s L ] !
{ i) 7 J O(S)[R]+SC1 J R2+EE:_2- = E(s)
E;(s)(I+5RJ("|):I£“(5)(l+sR,C,) {145R5Cy)
R, TED, o
IH+sRCy) (
Ei(s) SJH_]M _ E(S) 1+(1+3R1C5)(1+SR2C2)
SR]CZ ¢ SR|C2
3,_(‘:2 I (L+SR]C1) (1+SR2C2)
El(‘:) SR]CE %‘(1+SRIC1}(1+SR2C2)
E,y(s) _ o (14sRC) (14sR5C5)
Bis] s R RyCiC, +5 [RyCy+ReC, + Ry 41
; (S I
RiR,C4C — S
an L MR e
Ei(s) P T i
R|R2Q|L2 5 +S[ + + 1 + 1
Ly
B et
Eols) [ IJ[”TZJ
Bils) [ ' :
e b+_l_ 5+ﬂ1— .(14.6.3)
T bT,
where _T-] = RiG, T,=RG,
Bl 1 1 1
—t e =
T, Bh;  RiGy RC;  RpCy
oal =] E
It also can be expressed as,
) L (14TyE) (14Tys)
% (1%-—[31—3} (1'+;T2f]3 ko)
where B &

T
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Imj

The phase lead portion involving T, adds phase
lead angle while the phase lag portion involving Ty
provide attenuation near and above the gain

crossover frequency. Real

The pole are 5 = - E, - ,f while the zeros are
T] i) Ly
1 1
at s = = =, — =, The pole-zero plot for the lag-lead Fig. 14.6.2

T, T

compensator is shown in the Fig. 14.6.2.

Polar Plot of Lag-lead Compensator

The transfer function of Lag-lead compensator in the frequency domain can be
obtained as,

Eo(j(ﬂ) o’ (] +T1 jm) (1 1"[71“7\:]

..(14.6.5)

= s
1+(10271 ) \/I-H-J T2

Tf(ni TR
1 +—BT ; .\f 1+p 'Tz‘m

The phase angle is given by,

.. (14.6.6)

2 ¢ = ;l-'_;téﬁ—l Ty + tan”'oT, - tan™? %ﬂ - tan"l[i szj . (146.7)

Nowfor o =0 M=1 and ¢=0
While for © = e, M=1 and ¢=0

’

1

Thus the starting and terminating points of polar plot is same as 14 (°. But there is
certain frequency ®; upto which it acts as lag network giving polar plot in third
quadrant. While for @ > @ till e it acts a5 m
Jead network giving polar plot in the first .
quadrant. Hence the entire polar plot, is e

; : : ; #
cireular in nature. The polar plot is as shown L Real(®)
in the Fig. 14.6.3. : S

\ ! W= 0y
In the lag-lead network the frequency © 4

is given by, Fig. 14.6.3 Polar plot of lag-lead compensator
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o (14.6.8)
-lead Compensator
The various corner frequencies of the lag-lead compensator are,
w = f for a simp] le
o = —ﬁ, or a simple pole
1 ;
Wey = ~ T for a simple zero
1
; { !
Weg = ~— fora simple zerg
g
1 ;
Oeg = ~~— fora simple pole
BT,
So line of zerg slope
continues | ¢ c1- At wg 0dB
the slope becomes
= 20 dB/decade. At ey the
slope again becomes Zero
and continues ()] Wey . At
Oc;  the slope  becomes *45°
+20 dB/decade and
continues ]| Wey And at "
Weg It again becomes zerg,
The Bode plot is shown in
the Fig. 14.6.4. — 459
Log o

(LR
Fig. 14.6.4 Bode plot of lag-lead compensator
Effects of Lag-lead Compensator

Lag-lead compensator is used when both
desired. Use of lag-lead compensator increas
the steady state. While at the same time it i
the system responge very fast,

fast response ang good static accuracy are

es the low frequency gain which improves
hereases bandwidth of the System, making

ineeri 14 - 37 The Design of Feedback Control Systems
Control System Engineering

i is used to achieve large
tion of this compensator is use :
eral, the phase lead por Do s
b 1111 gzltL and hence shorter rise time and settling time. While the phase lag p
andawl
provides the major damping of the_ system. ' )
he design of lag-lead compensator is illustrated with an g)fa.rnp — o
i “the unity feed oop transfer function,

- Design suitable ‘
- sec”, phase margin'= 5%, gain margir. 10 o
Solution :  Let the transfer function of the compensator be,

(1+T4s) (14T,58)

Gs) =

Tl (1+BTy 5)
p
K, = {5 s GsIG6)
im 5(1+Tys) (14T,5) K
0= 7 e
1+J_s] (146, 5)
ﬁ ¢
10 = - ie. K=20
2
The uncompensated system is,
20 10

G = s(5+1) 5+2)  s(E+1) (140.58)
The Bode plot of uncompensated system is shown in the Fig. 14.6.5. From it the
various specifications can be obtained.
Factors : 20 Log 10 = 20 dB
1 pole at origin, - 20 dB/dec
wep = 1, simple pole, - 20 dB/dec
2, simple pole, - 20 dB/dec

W 10
Gyj) = jo (1 +jw) (1+0.50)

i

Wep
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Phase angle table :

From Fig. 14.6.5, the various values are, (See Fig. 14.6.5 on next page).

W = 2.7 rad/sec, o o 1.5 rad/sec, GM. = - 12 dB, PM. = - 35°
The uncompensated system is unstable in nature.
For uncompensated system, w . = 1.5 ie. £ Gjo) at 0 = 1.5 is ~ 180°.

To have P.M. of 5(F, it is necessary to add phase lead of 50° at w = 1.5 and at the
same time © = 1.5 must be the rew gain cross-over frequency.

Choose new gain crossover frequency as 1.5 rad/sec. The angle of phase lead
required is + 50°.

by = 50°

Now  sin ¢, = 1:—_!_} and =1
(B l
p
#:
: Rl =1
sin Gy, = __I.?' = I[—Hn*l ie. 0.766= %
1+B'

p+1 = 13054 (-1) ie P=754
Choosing = 10 as practically minimum § is generally 10.
As the new gain cross-over frequency is 1.5, the corner frequency of phase lag
portion is generally —116”‘ of the gain crossover frequency.

- Corner frequency o = Lt 0.15 rad/sec
I, 1 )

As T, is known, the another corner frequency is,

Corner frequency o = s 0.015 rad/sec

BT,
Hence the transfer function of the phase lag portion is,
(14Tys) _ (146.679)
(1+BTys)  (1+66.675)

T A B Il
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i+20 dB/dec]

Fig. 14.6.5 Bode plot of uncompensated system in Example 14.6.1

o 2
& B

¥ & «
T

0.1

Q
&N
¥

+60
+40
0 dB
—20
—150°
_180°
-210°
—240°
—270°

The phase lead portion can be obtained as below
From the Fig. 1465, it can be observed that | G (jo) |atw =151 + 12 dB.

So to have @ = 15 as new gain crossover frequency, the lag-lead compensator m}ast
contribute — 12 dB at © = 1.5 rad/sec. Thus draw a straight line from the point having
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co-ordinates (1.5 rad/sec, — 172 dB) of slope + 20 dB/dec. Iis intersection with 0 dB line
is at 7 rad/sec and its intersection with - 20 dB line is at 0.7 rad/sec. These are the |
corner {requencies for the lead portion. Hence the transfer function of the lead portion §
%
(1+4Tys)  (1+1.43¢) g
= e 5 i
+ 1
1+:fis (1+0.1435)
: 1
as Tj & o ool gng B o580
e 0.7 B 1 i

Hence the transfer function of |

ag-lead compensator is, {

B = (1+1,435) (1+6.67 )
o= (1+0.1435) (14 66.675)

Thus the tr

ansfer function of the compensated system is,

L s 10(1+1,435) (1+6.675)
SeIG = SCH0T43) (166, 6791+ 9 (17053

e

Let us obtain the Bode plot of this compensated system and che

Factors : K = 10, 20 Log 10 = 20 dB

ck the specifications.

1 Pole at origin pole, - 20 dB/dec

Wy = 0015 simple pole, - 20 dB/dec, w - = 0.15, simpl

e zero, + 20 dB/dec
1, simple pole, - 20 dB/dec i

W g = 7, simple pole, - 20 dB/dec ]
. : j
C(j0)Glie) = 10(1+1.43jw) (1+6.67 jo) ]

joo(1+0.143 o) (1 + 6. 67 o) (1 + jo) (T+0.5jw)

Wey = 0.7, simple zero, + 20 dB/dec, w cy =

Wes = 2, simple pole, - 20 dB/dec,

Fig. 14.6.6 Bode plot of compensated system in Example 14.6.2

Phase angle table for the compensated system :

The Bode plct of compensated system is shown in the Fig., 14.6.0.

)
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The specifications are

@y = 13 rad/sec, . = 3.9 rad/sec, GM. = + 16 dB, P.M. = + 50°

Thus compensated system salisfies the specifications.

1. With a help of the frequency plot, explain how is phase lag-lead compensation oblaived in confrol ]
systems. .

2. Draw the circuit of a Ing-lead compensator and derive its transfer function, What are the effects?

3. Draw and expleir: Hie polar plot of lag-lead network.

4. Draw and expleir: the Bode plot of lng-lead network,

. Compare the characteristics of three types of corpensators.

Compensation using Root Locus

Uptill now we have seen the compensation using Bode Plot where the specifications
are given in the frequency domain. When the specifications are given in the lime
domain the roat locus approach of design is very powerful.

The damping fac:er and undamped natural frequency are the two main specifications
used in the root locus compensation. These two specifications decide the dominant
closed loop poles near jo axis. Thus compensation using root locus means to reshape
the root locus near o axis and origin in order to place the dominant closzd loop poles al
the desired locations.

The root locus compensation also can be achieved using series compensation with
lead, lag or lag-lead network.

Let us revise the relation between damping ratio £ and angle 0.

The dominant complex conjugate poles are expressed as —&w, £jawy. Then in the
complex plane we have :
£ = sin 0 where 8 is i
measured from jo axis jw
or £ = cos 0 if B is
measured from

»\de
o4 I |
negalive real axis. YAl

¢
of . S 2

£<0

Thus  lines . !
constant £ are radial \w" il
lines passing through Ny
the origin as shown in
the Fig. 14.7.1 (b). (a) (b)

Fig. 14.7.1

£<0

A TR
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AL
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For the sake of design purpose we will use,
& =sin 8,8 measured from jo axis

With this background let us see the design procedures for lead, lag and lag-lead
compensator.

The procedure to design lead compensator is,

| Designing Lead Compensator using Root Locus

Step 1 : From the given specifications, find the desired locations of the dominant
closed loop poles.
Step 2 : Agsume the lead compensalor as,

¥ (1+Ts)
Glb) = el oy

K. is determined from the requirement of open loop gain.

Step 3 : Find the sum of the angles i@
at the desired location of one of the
dominant closed loop poles with the — Reooemmomgoonoon
open loop poles and zeros of the
original system. This angle must be an
odd multiple of 180° If it is nat,
calculate the necessary angle ¢ to be
added to get the sum as an odd
multiple of 180°. This ¢ must be
contributed by lead compensater. If ¢

>

; N ‘-'D 0 (&)
is more than 60° then two or more lead G il
networks may be needed. This ¢, helps i
to determine values of o and T. B
Step 4 : To determine o and T for Fig. 1481

known ¢, draw the horizontal line from
one of the dominant closed loop pole say P. Join origin to P, as shown in the Fig. 14.8.1.
Bisect the angle between the lines PA and PO. Draw the two line PC and PD that makes

angle i% with the bisector PB. The intersection of PC and PD with the negative real

axis gives th(‘e necessary pole and zero of compensator.

Step 5 : The open loop. gain can be determined by applying the magnitude condition
at point P.

Step 6 : Check that the corr:pensated system satisfies all the specifications. If nof,
adjust the compensator pole and Zero till all the specifications are satisfied.
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Design a suitable lend compensa!m for a system with uizz_’iyi feedb
having open Ioop t, ansfer function ;. : 7 .
T |
to meet the a‘paczﬁcahons 1. Dampmg mtw& 052 Undamped natu
) 2 md/sec s :
Solution :

Let us sketch the oot locus of the unwmpcmaled system.
B =23 Z=0,N=P=3P-7=3

Starting points : 0, =1, - 4

Terminating points : 00, o9, oo

The angles of asymplotes : 60°, 180°, 300°

0-1~4

— = =167

3

Ceniroid :

Breakaway point: 1 + G(s)H(s) = 0
Kk

P = je 53+552+45+K:(J
8 (84 1) (s 4)

Ks bl oty i L‘i.‘flzaasz—ln)s-:;:o
(

s'+3335 +133 = 0 le. 5= -0464 -286

The point s = - 0.464 is valid breakaway point.

Intersection with imaginary axis : The Routh's array is,

3
= i 0-K =0
2
g* 5 K

B =10
51 20-K 0 2 ] ; "

T e OF WK = Bis auxillary equation

d | b8 = -0

§ = *j2 are intersection points
The root locus is as shown in the Fig. 14.8.0,
Step1:£ =05 and @ =2

The desired dominant closed loop poles are,

P B i B tj1.73
It can be seen that dominant poles are not on the root Jocys shown in the Fig. 14.8.2.
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_____ R

G602

e
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s / TG
2 1807 N4 J
6 A /‘\\,.1 0
| 167 | |
)\
\\\. ‘
Wﬂgfﬂﬂ”
Fig. 14.8.2
Step 2 : Assume lead compensator with
(1+Ts)
e - (1+0. Ts)
Step 3 : £G(s)H(s) at dominant pole
g ] T
s(s+1)(s+4)
ZK

LE .
11 BZ- 1+ LB+ 1Z-1+]1.73+4

AT £ A5

o S s
T 120029° 90° 2997°

i — (- 240r) = 607
. Angle to be contributed by lead compensator is, - 180° - (- 240°)

jo

Step 4 : Find locations of B ﬁ _______
pole and zero. Lt :\\
- |
. Zero at 5= -1 will cancel ' ,ga;: \\
% : > , \
the pole at s = -1 of the given P '
s : i lect the e /=300 : \\
system hence we will se ec L /;’ " ] ;
zero closer to s = -1 but _ %’1 7 v e
f k. -4, ¢
slightly to left of s = - 1.7 . i
‘ (i
. Zero of compensator at \\ g |
! Fig. 14.8.3

s=-12
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and pole of compensator at
ator at s = ~ 4.1 which is very '

system hence we will select it at s = - 4.6 e o

1

T = 12 & T=0833
and Losdp

e i OLT,:(}.Z]?B
o =021

The transfer function of the compensated system is
’

K (1+0.833 5)

Gls)Gls) =
£ s(I+5)(s+4) (1402173 5)

Step 5 : Use the magnitude condition to otain value of K at s=—1 + i 1:73
=- 1 1.73.

|Gels) G(s) |- _ rejrm = L
1 A
SEEN s -
= . ! ‘ 40 | |
ﬁ | BRE e
e ! i . i
RiExme s 7
F | [ ! L x/__h\ Dominant
Scale : i i iidrloojp b
2com =1 unit 3 .
L / \‘ I
2 : Ll I e
5l -;8 SRER i
HE
New céntrpid \‘\ } =
WA e O, S A 1, ) L
sl S
‘\
\\
BERY
| \ \
A\
W[
\e‘{

Fig. 14.8.4
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K [1+0.833 (- 14 1.73)] o

T+ 173) () L13) B+ LT3 (140213 (- T+]1.73)]

_ K|0.167+j 1.44| "
ST 1[0+ L3]|34 173[07827+] 0.3759|

Kx 1.449
1.998x 1.73% 3.46% 0.8682

7.166

e 7,066 (1+0833s)
T s(1+8)(s+4) (1+021735)

b
1

o)

a1
CEEHN 640

G50

The root lacus of the compensated system is shown in the Fig. 14.84. Students are

expected to caleulate breakaway points and intersection with the imaginary axis.

[ 1. Explain the design of lead compensator using rool locis,

rExample 14,82 1 A unity feedback system with a forward transfer function - |

Gls) = - (SK+ 7)55 operating with a closed loop response that has 15 % |‘

avershoot. Find
i) The settling tine
ii) Design a lead compensator fo decrease the scttling time by three times |

choose the compensator’s zero fo be af — 10

|
.
.
L}
\

| Designing Lag Compensator using Root Locus'

The lag compensator is generally used when the system is showing good transient
response which is satisfactory but unsatisfactory steady state characteristics. This
compensation needs not to change the root locus appreciably but to increase the open

loop gain.

Thus lag compensator essentially does n
dominant closed loop poles but increases the open loop g
angle contribution by the lag compensator is very small

ot change the root locus appreciably near the
ain as per the requirement. The
of about 5° and to achieve this
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i T TS

the pole and zero of the lag compens

ator are placed close together and near th
of the s-plane.

e origin
Increase in gain means increase in static error constant. So whe

n il is necessary to
satisfy static error constant specific

ation using root locus, lag compensator is used.
Steps to design the lag compensator are,

Step 1 : Draw the root locus of the uncompe

nsated system and locate the dominan
closed loop poles on the root locus,

Step Z : Assume the lag compensator having transfer function,
§ +—l;
Gds) = K, ]1 B>1

St —

BT

Step 3 : Caleulate the static error const

ant specified in the problem.
Step 4 : Determine

the amount of increase in static error const
the specification.

ant necessary to satisfy

Step 5 : Determine pole and zero of the compensator, such that they do not produce
appreciable change in the original root locus but produce necessary increase in static
Crror constant.

Note that the ratio of v

alue of gain required in the specifications
inctl

1¢ uncompensated system is the required ratio betwe
otigin and that of pole from the origin.

Step 6 :
loop poles.

and the gain found
en the distance of the zero from

Draw the root locus of compensated system. Locate the dominant closed

Step 7 : Adjust IA<C from the magnitude condition so

as to place the dominant closed
loop poles at the desired location.

wing specifications :

1. Day 2. Velocity etior :‘co'_ﬂstaﬁf“z 5sec? ©
ol Seling el sl g
Solution :  Let us draw the root locu

s of the uncompensated system. This is already
obtained in Example 14.8.1 which is sho

W again in the Fig. 14.9.1.
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From the given specifications, § = 0.5
4
To=—=10
and T, e
w, = 08rad/sec

n

Hence the dominant closed loop poles
are, g

i

-
-

~Ea,tjo, y1-82 T

- 04 40,693

The gain K at dominant pole \
—04+j0.693 can be obtained by ) \
magnitude condition. :

| G(s) H($) | 5=—0.44j0.693 = 1 Fig. 14.9.1

X o

|- 0.4+)0.693] | 0.6+0.693] | 3.6+j0.693
K *

" 0.8 % 0.9167 x 3.667

ie. K=2688

The transfer function of uncompensated system is,

2.688
B8 = elied
; _ Lim _82.688 0.672
ky = H)Tlﬂ s Gls) = Dy s(s+1)(s+4)

It is desired to have K, of § sec L. The factor by which static error constant is to be
aes

increased is, ‘

K, desired 5

= = 74-4
K, of uncompensatedsystzm  0.672

Factor =

Let us choose this factor be 10, hence f§ = 10 .
Place the zero and pole of the lag compensator very close to the origin.
Let zero of compensator at s = - 0.1 and

Pole of compensator at s = - 0.01

So transfer function of the lag compensator is,

~ 530.1
Cde) = Keerymi :

¥

Hence the transfer funcltion of the compensated systera becomes,
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s+0.1 2.688

Gs)G(s) = K, ‘
5+0.01  s(s+1)(s+4)

< K(5+0.1)

| where K = 2688 &
ey oy A

Draw the root locus of the compensated system.
P=4 Zel, PoZ=4-1= 3, N=4d
Starling points = 0, - 1, — 4, — 0.01, Terminating points — ~ 0.1, o9, o0, e
Angles of asymptotes = 60°, 180°, 300°
Centroid = ~ 1.64

Scale : 3cm =1 unit

P (-0.43+/0.67)

-1.87
f ~0.35 -0.004
e < <5} ) N Ix
,‘, ANDT 001 %
-0.26 ‘o,

Enlarged view of portion
near origin

Fig. 14.9.2

§
]
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For breakaway point get i—K = 0. This gives the equation,
: 5

s'43476° + 18557+ 0275 + 00013 = 0

This gives three approximate valid breakaway points as,

s = - 0.004, - 0.26 and - 0.3511

Hence the root locus of compensated system is as shown in the Fig. 14.9.2.

The new dominant pole is ~ 0.43 + j 0.67.

Apply magnitude condition at this new locaticn of deminant closed loop pole.

| Ge($)HS)| s=-0.434j0.67 =1

7 |K]|-0.33+j0.67| 1
[-0.43+)0.67||0.57 +) 0.67||3.57+j 0.67 | |-0.42+) 0.67 |

_ Kx0.7468 =
" 0.7961 % 0.8786 % 3.6323 x 0.7907

K= 269

]

But K = 2688 ie K, =10019

[k}

Hence the compensated system has the transfer function,

| :
| ’ 2.69(s+0.1)
| Cl&IGE) = T 01 (e ) (s+4)

This gives static error constant of 6.725 which i3 greater than 5.

1. Explain the design of lag compensator using root lecus. J

Designing Lag-Lead Compensator using Root Locus

It is known that the lead compensator increases the speed of the response and
improves stability. The lag compensator improves the steady state response. If
improvement in both transient as well as the steady state response is desired then the
lag-lead compensator is used. Lag-lead compensator combines the advantages of both
lead and lag compensators.

Assume the transfer function of the lag-lead compensator as,
\
A

.




The Design of Feedback Control Systems

i [
St §+—
Gl = K, u 2L, B Lys
i s
[HTI_] [HBTJ

Let us consider two cases to design such compensator.

Case 1:y=B

In this design, determine the locations of dominant closed loop poles from the given
specifications,

From uncompensated G(s), calculate the angle deficiency ¢ which must be contributed
by lead portion of the compensator,

Choose T, sufficiently large so that magnitude of lag portion is unity.

S+I
sz

(Sl +ﬁ;}

Where s = 5; is one of the dominant closed loop pol

¢. From the angle deficiency ¢
determine values of T; and v,

i
kv
i
$p+—
"5

o

The determine value of K, from the magnitude condition.

|
Sf‘f’———

K TI'G(SI) =1
hl-}-ﬁ

If the static velocity error constant Ky is given then

Ky = Hm 5 G (5) Ge)

50
+— 5+_.!_
. T T
= 53 oK —] e GE= D0 gk B

As K. and y are known, B can be obtained.

S e A
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Using thie value of B, choose Ty such that the magnitude of the lag portion is unity.

Case 2:y=8 . |
iven
Determine the locations of ‘dominant closed loop poles according to g
specifications.

Agy = fj, the transfer function of compensator becomes,

To have the dominant closed loop poles at desired location, calculate the angle
deficiency ¢.

Choose T, very large at the end so that

=

e sl =]

Ay
BT,

Where s = s, is one of the dominant closed loop pole.

|
S['l“—} S]+T—
Now | K, L———T—’w G(sq)|=1and £ L=¢

81 +—
51+"ﬁ | T]

These two equations give the values of T; and . R
Once P :s known, choose large T, so that the magnitude of the lag portion is

approximately unity and

o
S —
1 T2

-5 ¥ < (P

i
VBT,

BT, showd be high but should be physically realizable.

1. Explein the design of lag-lead, compensator using root locus.

: aaa




