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Mathematical induction offers a standard technique to prove a proposition (it is a statement which is
either true or false) about natural numbers. Method of mathematical induction is widely used in
proving identities, theorems, divisibility of an expression by a number or by another expression,

inequalities etc.

An algorithmic approach for doing the sums based on the principle of mathematical induction is

given below:

Let P(n) be a statement for n € N such that
(1) P(1) 1s true for n =1.

(i) P(k +1) is true, whenever P(k) is true.

Then, P(n) is true for all natural numbers #.

WORKED OUT ILLUSTRATIVE EXAMPLES

Ex01. Prove by the principle of mathematical induction that for all » € N :
1 1 1 1 n

oo e = '
13 3.5 .57 @n-1)2n+1)" 2n+l

Sol.LetP(n):L+L+L+...+ . 4
1.3 35 57 2n=1)2n+1)" 2n+1
Now, P(1): L B
2xl=D2x1+1) 2x1+1

Clearly, P): % = % So, P(1) is true.
Let us assume that P(k) is true for all £ € N.. Then,
P(k):L+L+L+...+ ! = k (D)
1.3 35 5.7 Qk-D(2k+1) 2k+1
Now, we have to show that P(%4 + 1) is also true whenever P (k) is true i.e.,

P(k+1):L+L+L+...+ ! = kel .
1.3 35 5.7 Rk+1)(2k+3) 2k+3
1 1 1
—t—+—+...+
1.3 35 57 Q2k+1D(2k+3)
b
1

Considering LHS,

1 1
3735 57 " Qk—D2k+1)  @k+1)(2k+3)
k 1
_2k+l+(2k+1)(2k+3)
2k +3k+1
Rk +1)(2k +3)
_ QRk+1)(k+1)
Tk +1)(2k +3)
_ 4D pys
(2k +3)
o P(k+1)1is true.

[By using (i)
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Hence by the principle of mathematical induction, P(n) is always true for all the natural numbers 7.

Ex02. Prove by the principle of mathematical induction that n < 2" forall n e N.
Sol. Let P(n):n<2".
Now, P(1):1<2'
Clearly, 1< 2. So, P(1) is true.
Let us assume that P(k) is true for all £ € N . Then,
P(k):k < 2" (D)
Now, we have to show that P(k +1) is also true whenever P(k) is true i.e.,
Pk +1): (k+1)< 2",

Considering P(k), k < 2* [By using (i)
=2k <2x2" [Multiplying both the sides by 2
= 2k < 2"
= k+k <2
=k+1<2* [1<k=k+1<k+k
- P(k+1)1s true.

Hence by the principle of mathematical induction, P(#) is always true for all the natural numbers n.

2n+l

Ex03. Using the principle of mathematical induction, show that 11" +12
natural number, is divisible by 133.

Sol. Let P(n): 11" +12*""" is divisible by 133.
Now, P(1): 11" + 12" =11° +12° = 3059 =23 x133
Clearly, 3059 is divisible by 133. So, P(1) is true.
Let us assume that P(k) is true for.all &€ N. Then,
P(k): 11" +12°**" is divisibleby 133.
That is, 11" +12*"" =133m, where m-is an integer w.(7)

Now, we have to show that P(k + 1) 1s also true whenever P(k) is true i.e.,
P(k +1): 1157 +12°*" is divisible by 133.

, where n 1s a

11

As a1 235 = 11 (11725 1250 +188(127) T2 41270 )11 4127
k+3 2k+

S 1M 127 =1 Le(I33m) +133 (127 [By using (i) HHLE
e+ I

= =133(11m +12*") 3.0

— 11K 4 12k =133p, where p = 11m—|—122k+1, peN

So, 117 +12%* js divisible by 133.
2 P(k+1) 1s true.

Hence by the pringiple of mathematical induction, P(n) is always true for all the natural numbers 7.
Ex04. Using induction, show that 2.7" +3.5" —5 is divisible by 24 such that #» is a natural number.

Sol. Let P(n):2.7" +3.5" -5 is divisible by 24.

Now, P(1):2.7' +3.5' =5=14+15-5=24=24x1

Clearly, 24 is divisible by 24. So, P(1) is true.

Let us assume that P(k) is true for all £ € N . Then,
P(k):2.7" +3.5° =5 is divisible by 24.

So, 2.7 +3.5° =5=24m,m e N
=2.7"=24m+5-3.5...(i)

Now, we have to show that P(k +1) is also true whenever P(k) is true i.e.,
P(k+1):2.7"" +3.5"" -5 is divisible by 24.

Consider 2.7*" +3.5"" —=5=2.7" x7+5x3.5* =5 =7(24m +5-3.5*)+15.5* -5 [By (i)

= =7(24m)+35-21.5" +15.5* =5 =7(24m)+30-6.5"
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=  =7(24m)-6(5" -5) =7(24m)—-6(4p),p €N

[5° =5 is amultiple of 4 V ke N

= =24[7m— p]=24A,where Tm—p=A€N

So, 2.7°"" +3.5""" =5 is divisible by 24.
. P(k+1)is true.

Hence by the principle of mathematical induction, P(#) is always true for all the natural numbers .

EXERCISE FOR PRACTICE

By using the Principle of Mathematical Induction, prove the followings for all the natural numbers

neN (from Q01 to Q18):

+1 +1)(2n+1
QO1. 1+2+3+...+n=n<n2 ) Q02. 12+22+32+...+n2:n(n )6( n+1)
(n+1)T
n\n
Q03. 13+23+33+...+n3={ > } Q4. P+3 45+  +(@n=1)’ =n’ (20" -1)
2 n—1 1-7" 2 243 34 Ry .. ¥
QUS. a+ar+ar+.+ar'' =a| - QU6. 3.2° +82 432 £ +3" 2" = —(6"-1)
—-r
2n
Q07. 44444, 14 =21 QO8. (1+1j(1+lj(l+lj...(l+l]=n+1
3 1 2 3 n
2n—1)3""+3
o, Lilyly 1ol Q10 M 13423 43,3+ +nig = 2771
2 4 8 2" 2" 4
Q. L+ L L+... / _
1.4 47 7.0 (B3n—2)(3n+1) 3n#l
2n+1
Ql2. ( j( )( j .(1+( = )]:(n+1)2
n
QI13. + d " i
F v ™ N (1+243+.0+n) n+l
2n=1)(2n+1
Ql4. 1" 43245+ +(2n—1)2=”(" )@n+1)
n(4n2+6n—1)
QI5. 13+3.5+45.7+u.+(2n-1)(2n+1)= 3
+3
016, 1 1 B n(n+3)
123 28 n(n+1)(n+2) 4(n+1)(n+2)
+1)(n+2 +3
Q7. 12342344345+ +n(n+1)(n+2)="1" )(”4 J(n:+3)
1 1 n
Q18. Forall n>1, prove that — = .
12723 34" n(n+l) n+l
If neN, then by using Principle of Mathematical Induction show that (from Q19 to Q31):
Q19. n(n+1)(n+5) isdivisibleby 6.  Q20. 11" +12*"' is divisible by 133.
Q21. 3*—1 is divisible by 8. Q22. 77" +2"73"" is divisible by 25.
Q23. 10" +3.4" +5 is divisible by 9. Q24. 3*"*? 45" is divisible by 14.
Q25. 3*?—8n—9 is divisible by 64. Q26. 5.2 +3"" is amultiple of 19.
Q27. 2.7"+3.5" =5 is divisible by 24. Q28. 10*"" +1 is divisible by 11.
Q29. x™ —y™is divisible by x+ . Q30. 41" —14" is a multiple of 27.

Q31.  #’+(n+1) +(n+2)" is a multiple of 9.
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Q32.
Q33.
Q34.

Q35.
Q36.
Q37.
Q38.

Q40.

Q41.
Q42.
Q43.

Q44.

Q45.

Q46.
Q47.
Q48.

Q49.

Q50.
Q51.
Q52.

Prove that n' —n is a multiple of 7 forall n>2.
Prove that 4" —3n —1 is divisible by 9 forall n>2.

Prove that n (n2 + 20) is divisible by 48 where n is an even positive integer.

By using the principle of mathematical induction prove that n° +n is even natural number for
all ne N.
Show by using induction that 2" > n*, n>5.

Using the induction, prove that 2" >2n+1 forall n > 2.
3

Prove that (2n + 7) < (n + 3)2. Q39. Provethat I’ +2° +3* +...+n° > n?, neN.

Provethat 1+2+3+...4n< %(2n+l)z.

Prove the rule of exponents (ab)" =a"b".

Prove that (1+x)" > (1+nx), for all natural numbers n, where x >—1.

Prove that the sum of first n  (a) odd natural numbers is #” and,

(b) even natural numbers is'n* + .
By using the principle of mathematical induction prove that
3.6+6.9+9.12+...+3n(3n+3)=3n(n+1)(n+2), forall ne N .

Prove that (1 — lj(l — lj(l - l) (1 - Lj = » by using induction:
2 3 4 n+1) n+l

Prove that 3*" when divided by 8 leaves the remainder 1.
Show that 4" +15n —1 is divisible by 9.
Show that x>~ —1 is divisible by x =1, ¥ #1.

Prove that: a +(a+d) +(a +2d)+...+[a+(n—1)d]=§[2a+(n—1)d].

Show that 3X + 6X + 9x +... upto n terms = %n(n +1)X by using induction.

Proye that.a™ —1 is divisible by (a—1).
5 3

Prove that ? + ? + I—Isl 1s a natural number for allne N..
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