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1. RELATIONS AND FUNCTIONS

Previous Knowledge

Cartesian Product

1. A, B snar vo)mynememssene0slcd A dleel 80600 @Groalo @RBYITvoaIi@ow)e B dleel
0G00 @RoWAI)o VEMBIAAGEIN TVOAIJWIW)o AUV} (HAGRISIBS)OS NEMAEN A GO

B. @lom AXB ag)ay avyailajlesyam.
example:A=(1,2) B=(3,4) ag®lad AXB= {(1,3), (1,4), (2,3), (2,4)} .

2. Relation (enianwo)
A agyan vemadlad mlan B agan vemomileaisnss relation agelodicajosio AXB @es ool
wemo (subset) @ @ldlen)o. A w3 mlar B oleaise)gs relation mloel @poweBwd af)elo

WeaoPlo (HaGROSIHSOVIC60)o.

3.  Domain
A ©lod iy B oleelsn)ss 80 relation oe! (6062205168165 @R)BL@RoNEEBIIONS NEMOD
oleelauead aemanelo (domain) ag)an)alo@aM). (HAGRISIVINLI OMRIAOMD GRONEBS)HS

memeom Range of a relation agyam)o ailglesyam).

4. Functions
A 0@ mlny B oleeisenss olealaum function @reemeaslcd A oloel of)elo @row

@BUWBe9)0 860 80) iImage ((al®lenilosnio) B ©l@d oenzowidlensmo.
AUy®I® lmllenss minwsaBud
Reflexive relations

A relation R on A is a relfexive If aRa, Va e A or(a,a) e R, Vae A 1€, A dloel agel

@RoWEBUIBN0 BRED® @PRoWo MERE @YWV (BH2cRISIe:ud R - @3 9eneowlclensmo.



Symmetric Relation
Arelation R on A is said to be symmetric if (a,b) € R = (b,a) € R @vmoo® ®amigss R
af)am eNINWOMI@3 (2,b) ag)am (H2e0S] R @8 9oemess)dd (b,a) ag)an (&ace0s] R@d alden:
TWR0W)o PMROWOM3 Bo(@E2 R 880) symmetric relation @ryosmmM) alow)H0)88).
oc0:- LetA={1,2,3,4)
Define R={(1, 1), (2,2),(3,3),(1,4),(4,4), (4, 1),(2,3)}
Here R is a reflexive relation and symmetric relation. Because (a,a) € R, Va € R and (1,4)
cR,4 1D eER; (2,3)eR;(3,2) eR
Eg- A= {1,2,3,4}, Arelation on Ris defined as R= {(1,1), (3,2), (4,3), (4,4), (2,3),3,4)}
Ans: oamlgyss enirwo &) reflexive relation @eel @ooemo (2,2), € R alodu R Symmetric

relation @mem. »o0emo (3,2)€ R, (2,3) € R, (4,3)e R, (3,4) € R.

Transitive Relation
A relation is transitive if (a,b)e R, (b,c)e R = (a,c) € R
80) eniarwo R Transitive relation @yeemm’ alo@emeassl@d (a,b), (b,c) aganial R el @ron
6B380wOm (a,c) R-0a1 80) @ronmowvlolensmo.
969: Z (a)@epavoalidnsmo) af)d MMAMIOLI 60} IR GINY HB:0S)ONIS)BBO).
R = {(a,b)/a-b 20a3 myemimaoen, a, b, € Z}

Ans: mailos 80) (#0620l R-0e1 @ronmosemenslad (b-a) 2 o v)emimaowIclensmo.
(a,b), (b,c), eR = b-a, c-b ma1 2008 vyeMlm@oem. (a —b)=m(2) (2 &g vyemlmo)
= b-atc-b 2008 nyemi@aoend. = (b—a)=M(2) thusR is symmetric.
= ¢-a, 2 63 »yeml®maoem).
= (a,c) €R, Yab,c eR

@®)eB0m: R - @) transitive relation @wyem.

Equivalence Relation
A agyan nemoml@d mldalailennq|slsss 8oy enimwo R (ie, R:A — A) Equivalence relation
@) HHEME DB @I,

1. R - Reflexive ap@lalesemo. i, (a,a) €R, Va e A

2. R - Symmetric @goalessmo. ie, (a,b) e R= (b,a) eR

3. ie, (a,b) (b,c) eR = (a,c) €R (transitive @rlalessmo)



933aN06IMo

Z agyan 0emoml@3d Mldalailensaqslsiss ao) enimwaosm (relation)
R = {a, b) : b-a, 2 0@ 80} wyemim@cen a, bEZ}
mailos R a8y equialence relation @yen. af)am)eH00mnzanocd
R - Reflexive @gem.
Leta€R, a-a=0 >a-a=0=ax0=a-a =(
0,2 003 80) nemlmaoem
. (a,2) €R, VaeR
R - Symmetric @wend.
B006Mo,
(a,b) ER= 2 0§ vyemlmaoen b-a
= 2 0§ m)emloaosm a-b
= (b,a) €R
R Oaw) transitive relation @wryen.
For,
(a,b), (b,c) ma1 R eel @ronasgonsmmIdlenss.
.. b-a, c-b ma1 2 6@ vyemImeEBgEM.
-, b-atc-b mai 2 603 80y vy,
@@OV® C-a 2 6 60} !EMIMA06.

- (a,c) ER

ay@iwoolololenss gaasesud (Types of Functions)

1.

One-one or injective function

A agyam vemamlad (aavg) mlar B agyan wemomlcalsn)ss 680) ageco (function) one one
@R H6MORH;1T3 A @loel af)ld Ay@ITS® GRoVEBUBe)0 B ©1@ aly@ymie (aicslenilosnio
(ncax) 26moW1dlesemo. GRMIV® A Wloel 0ME @RoNEEBUEY BGO NGRS @RYMSS

PO @Y O6NE @OONEBSB)o @RILAIVWOIT BI(@OD aFdhBGo B0) ONE ONE @YD) HWBS).

@oyOo flx)=1f(x,)) =>x=x, VX,X, €A

172
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Onto Function (Surjective function)
A ©lcd Ml B oleeienss 'f' aan agemso 80) onto function @remenslod Bolser
a)2l0 @RoMEBUWIBN)0 A V1@ (ail-ec0e DMEOWIBlen6Mo.
ie,f: A > B &0) onto function @3 Bulee! ag® @rovio aldlmemlajoeno @r @oow
BUWOH9LI0 A VI8 80) @Rowo YMBOWIBlBeEMo.
ie, Vy € B, we can find an element

x € A suchthat f(x)=y

Note: f: A —» B 80} onto function eresmeslad f(x) =y, (ie R(A)=B e ldles)o.

93IaN6Mo:

g
A —>8B x L sy

- -

1s onto )
g fis not onto

Bijective Function

A agyan wemamla3mlad B agyam memowmleelse)ss f agam function bijective @rsemen
®1o3 £ one one ®o onto vo @RVIGLH6Mo.
A one one and onto function is bijective.

9B0:-

bijective

A agyam wemoml@3d aln B agyam memonieaiss)ss 8o function bijective @rywocd n(A)=n(B)

@)V @1H6)o.



Composition Function
Letf: A - Bandg: B — C be two functions. Then the composition of'f' and 'g' denoted by
gofis defined as the function gof: A — C given by (gof)(x) = g(f(x)), vx € A

f g
A B .~ \C A—t op
() ON
C

gof

Eg- LetA=1{2,3,4,5},B={3,4,5,9}
andC={7,11,15},F: A > B.,g: B— C defined as f{2)=3, {(3)=4, {(4)=f(5)=5 and g(3) =
g(4)=T7andg(5)=g(9) =11

Find gof

Clearly from the figure f B & C
gof = {(27), (3.7), (41), 5} 2 3 ;
3 )‘51 11
4 3 15

OR ) 9

Domain of gof=A
gof

Range of gof=C

(gof) (2)=g(f(2) =g(3) =7
(gof) (3)=g(f(3) =g(4) =7
(gof) (4)=g(fi4)=g(5) =11
(gof) (5)=g(f(5)=g(5)=11

Identity Function
An identity function I on Ais a function from A — A defined as [(X) =X, vx ¢ A

Inverse of a Function
X agan wemoml@d Y agyam vemlomleelsn)ss 6oy function aren’ 'f. gof=1, fog -
Iy agyam aiyaimuns:wd aloelssomssalwomlad Y @lad mlay X oleelss a0y function
&6N3)aflSlenom quowlenmyeemeeslad g agyam function em f agam function ead mverse
ag)alo@)am). mailes I agan X — X eeisnss function @rem. snsoem I (X)=X, vx e X
@@V [ @ X ol 80) 6ag)(wmBMIGl aneBaHUMB @Y. GRO®)EAIISE Iy af)MN ©

Yy Oleelenss aneBadad &)s00® I(y)=y, v ye Y f af)am anedaua) inverse ooenzessl@d f

10



invertible @esmms alo@)amy. foag inverse om f! agyoanOI@ MV} flofleyam).

Note: f agyam ane3anad invertible @yeemesl@d f- bijective @rdlen)o. f agamn anedauad bijective
(one - one and onto) @esM®;1@3 f a5 MI@snITWaoW)o INVErse PeNROW1BlHe)o.
ie, fis invertible « fis bijective.

93B2aNO6Mo
f: XY agolad 1Y — X enoicles)o
S=1{1,2,3} fagam® S @3 M1} S 1988 B0) aNE3aHM @RYEN). MIOPOBOSIAOMITIH)IM
2068 aHMaVIa) INVerse 9eaz0 )M aldleuoowlen)s. 9emesslos ! @:oem)e:.

) f={(1,1,(2.2.3,3)}
mailes fbijective function @ryen. &006mo ferl AlymINT® @RoMEEBUBHE QAI®ITNT® MDenss
@YEMBF®. B,)S0O® S - HLI af)LI0 @RNEBUBSN)0 Pre-image Qs @RMeoMs f invert-
ible @ryens.

Pr={(1,1),(2.2). 3.3)}

Note: mailos 'f' a0y identity function @rem. Identity function &ad inverse @pe® function @mean
@)V @1H6)o.

b))  ={(1,2),2,1),3,1)}
mafles f(2) = 1 = 1{(3). @em)esoens fone one function @eel. o inverse gel.

o f=1{(1,3),(3,2), 2,1}
mailes 'f' one-one and onto @M. (ag)ame:0ne?) f aj inverse oone.

£1=1{(3,1),(2.3),(1,2)}

Review Questions

0996305 Om1Blenym functions aj INVErse 920 ag)am alGlGUOWIHe)H:.
BO0EMO af)P}®)M>.

1. f:{1,2,3,4} - {10}
f: {(1,10),(2,10), (3,10), (4,10)}

11



2. g:45,6,7,8} - {1,2,3,4}

g=1(5,4),(6,3),(7,4),(8,2)}
3. h:{2,3,4,5} - {7,9,11,13}
h=1{2,7),(3,9), (4, 11),(5,13)}

Inverse of a Function
A function f:x— yhas inverse 'g' if g:y—> X and (gof) (x)=x, Vxe X and

(fog)(y) =y, ¥y e y . Thenare write f-'=g.
'f'is inversible < It is one one and onto...
Example :

1 Let Y = {nzn eN } . Consider f: N — Y such that f(n)=n? show that fis inversible. Find

the inverse of'f'.
Ans: Given Y={n2 =neN} and f:N >Y
First we want to define a function from y — N
Get yeY .Theny=nr?, e N, n:\/;
Define g:y — N by g(y)=+/y.yey
(gof )(n) =g ((f(n))=g(n*)
Let, yeY
(fog) ()= f(g(»)
=/(\)
2
=(\»)
=y

. gisthe nverse of .
ie, f'=g
State with reason whether the following function have inverse.

D f:{1,2,3,4} - {1,0} with
f=1{(1,10),(2,10),(3,10),(4,10)}

2) g:{5,6,7,8} >{1,2,3,4} with
g ={(5,4)(6.3).(7.4),(8,2)}

3) h:{2,3,4,5}—>{7,9,11,13} with
h={(2,7),(3,9),(4,1),(5,13)}

12



Answers

1)

2)

3)

f is not one-one because different elements, 1, 2, 3, 4 have same image 10

- f has no inverse

The g:{5,6,7,8} —{1,2,3,4}

Hence 1 in the co-domain of g has no preimage, . gis not onto
Hence g has no inverse.

h is one-one and onto

. hhas inverse

h' = {(7,2),(9,3), {1, 4),(13,5)}

Miscellaneous Examples

1. Let A=NxN and * be a binary operation on A defined by
(a,b) * (c,d) =(atc, b+d)
a) Show that * is commutative and Associative.
b) Find the identify element for * on A, if any.

Answer :

a) Given A=NxN

Any element in A is of the form (a, b), a, bE N
We want to S.T. "*'is commutaitve

ie, x*y=y*x, Vx,ye 4

Let x,y € 4 (Then x =(a,b), y=(c,d)

=x*y=(a,b)*(c,d)
= (at+c, b+d) by definition
= (cta, d+b), Since + is commutaitve on N.
=(c,d) + (a,b), by definition of *
= y* x
. *1s commutative on A.
Now to Prove that * is associative.

Let x,y,z€ A. Then
x=(a,b),y=(c,d)

z=(u, V)

ie, to Show that (x* y)*z=x*(y*z)
x*y=(a,b)*(c,d)

=(a+c,b+d)

(x*y)*z=(a+c, b+d)*(u,v)

13



= ((a+c)+u, (b+d)+v) bydefinition

= (a+c+u, b+d+v) (since +is associative With N.............. (1)
Now y*z = (c,d)* (u,v)
= (c+u, d+v)
x*(y*z)= (a,b)*(c+u, d+v)
:(a+(c+n), b+(d+v))

:(a+c+n, b+d+v) .......... (2)

From (1) and (2) * is associative.
b)  Let e=(p,q) be the identity element in A.
Then x*e=x

(a,b)*(p,q) = (a,b)
(a+p, b+q):(a,b)
=a+p=aand b+qg=>b
= p=0 and qg=0

But (p,q)=(0,0) ¢ NXN = 4
. has no identify element for *.

2. Consider the binary operation *: RYR — R and 0: RXR — R defind by
a*b= |a—b| and aob=a, Va,b e R

a) Show that * is commutative

b) Is'* associative. Justify your answer.

c) Show that '0'is assocoative but not commutative.

d) Show that a*(boc) =(a*b8) 0 (a*c), Va,b,c € R
Solution

a) Leta,beR
a*b = |a—b|
= b*a

. "*'is commutative
b) wehavel,2,3c R

1*2=[1-2|=1
(1%2)*3=1*3
=1-3]=2
2#3=2-3|=1
1%(2*3) =1*1

14



=[1-1=0
S (1%2)#3=1%(2%3)
% 1snot associative.

c) To Show that 0 is associative
ie, to Show that (aob) oc=ao (boc)
Ifa,b,c eR
Thenaob=a
(aob) Oc =aoc

we have (boc)=b
ao (boc) = aob

Then (1) and (2) (aob)oc =ao(boc)

- "*'is associative.

To Show that '0'is not commutative.

Wehave 1,2 € R. Then 102 = 1 by definition.
201=2
. 102 =201

- (0 1snot commutative.

Binary Operation
AB® QNS af)sHPTITVORIIHBIOS @) B0) af)sIRT TMoaly @RHWIBle)o.
@®o® at+tb €N, Y a, bEN.
AB® 6N al)BEPTVORIIHSIOSW0 M)eMadelo BO) al)BENaVoIY @RWIGCIEe)o.
@mo® axbEZ, for every a, b, €Z maies "+" ag)am 80qj60aHOM * ag)am 20G] ag)e)@
wo@d a*b €N, V a, b EN mailos * agyan 80ajcoauem N agyan memamleer binary opera-

ti0n ag)Mmalow)am).

Definition
* ag)am operation A wema@mleel binary operation @ d.emeaeslod
FAXA ol A ©lceien)88 80) aneBaH® @R WIGleesmo.
®30: »)emmo (multiplication) Z agyan wemoamleel 8oy binary operation @wyen.
axb€&Z, Va,b&Z
Subtraction N-ee1 o) Binary operation @nel. #:006mo a +b &) natural number e lcl

HH6Mo  ag)amiel.

15



fa=2.5=3%22¢7]
b 3

Example
A={-1,0, 1} qvowoosm wyemmo A @3 binary operation @ryens.

smafles composition table a1 ag)elo @RowemBz)0

A ag)am OEMOOL! @RoNIEBSI6N). x |-1[0 |1
-1 1 ]o [-1
010 0
1 |-1]0 (1
+[(-1]10]1
Usual addition A @leei Binary operation @nel. 1] -21-1/0
-1 1
mailes 1+1=2 & A 0 0
1 {0 |1 ]2

@OeH:HE +' A ©leel ao) binary operation @eel.

Commutative property

A agyan wemomileeal * agam binary operation commutative @gs-emensslad a*b =b*a, Vva,

be A @RWIGIeNo.
Usual addition "+" is commutative on Z ie, atb=b+a, Va, b E Z

ab
Example: Define an operation * on R defined by a*b = i a, beR

a) Is *abinary oprationon R. Justify?
b) Prove that * is commutative.

ab
Ans: a) a*bZT €R, Va,b

-, *1is a Binary operation on R

) a - 4’

ba
oy (multiplication is commutative on R)

= b*a

- a*b=Db%*a, ie, * is commutative.

16



Example 2

Define an operation * on Z as a*b=a+b - ab
1) Is*aBinary operation onZ
2) Prove that * is commutative.

Ans: 1) Givena*b=atb-2b €Z, V¥ a, b&Z because sum of product of two integers is an integer
and hence their difference is again an integer.
2) a*b=atb-ab
= bta-ba (beause additional multiplication and commutative onZ )

= b*a

Associative Property

<

A agyan wemamlesl *’ ag)an ©eenIMol 690jc0nuad A ©lad associative @R@emenss;lo

(a*b)*c = a*(b*c), for every element a, b, ¢ in A @ dlensmo.
y

Example: aveseimo (addition), wiemmo ag)amT 89qc0auma’ R agyan memomla@d associative
@RyeM.
Example: R agan wemomlesl 680) 906nmal 80a|E0aUm @Rem @9I6PeE:0S)Omalea)ano.

a*b:%,a,bER

* associative @eemo ag)m) al@leud0W1ee)d:.

Answer

a*b:%,a,bER

a,b,c R (@*b)*c =a*(b*c) @myceemo agym aiclewvoulenoo.
(a*b)*c = d*c, (d=a*beR)

v
= 7 (01BN (AlH000)

(a*b)e
)
_Q

2

b
_ (@b, _abe )
2 4
(006mo LoWoeM vemlmo R @ @eemvomilewqlal @rgen.)

a*(b*c) = a*d, d=b*c

17



2)

-1, 2 spaul@d oy a*(b*c) = a*(b*c) agyoameymoo.
. Associative @ryen.
R agyam wemomloal 80) 600]G0aUMOem) @696 dE:0S)OmIG1H6)IN©).
a*b=at2b, Va, bER
L. "™ 06minol 80q]60aHM @RYEMO af)M) alGlGUOWIEN) .
2. '"*'Commutative @REsmo af)am al@lcud0w1ee)d:.
(1*2)*3 @0 1*(2*3) el o).
Given a*b=a+2b
a,bER=a,2bER
—at2bEeR
— a*bEeR

. * 80) binary operation @wyens.
a*b =a+2b

b*a=b+2a

- * commutative @ne.

n@e @S)Em®OX] (a*b)*c = a*(b*c) agmd a1dlewowlesemo. a, b, ¢ mal R ee1 @ron

6BB8066MMM101806S.
(a*b)*c = (d*c), d=a*b
=d+2c

18



= (a*b)+2c
=at2b+2C oo (A)
a*(b*c) = a*p, p=b*c
= a+2p
=a+2(b*c)
=a+2(b+2c)
=at2bt4C .o, (B)
(A), (B) aggamlaidi@d (a*b)*c = a*(b*c) agan eiclesymm;.

4. (1*¥2)*3 =(d*3), d=1*2
=d+2.3
= d+6
= (1*2)+6
= 142%*2+6
= 1+4+6
=5+6=11

1%(2#3) = 1*p, = 2*3

=1+2p
= 142(2*3) = 1+2(2+2*3)
=1+4+12=17

Identity Element

aBO®I0) af)FIR@3IVoRILEWIS)o | (8M) af)I af)ERGIVORIIOG0NE (1)eM12joTd @ROH@

avoaly eIElenenmMalwoo.

@®IV® & B0} af)GHROTVoILWIWIMS a* 1=1%a=a ageane)®ao. MeBam aidlena 'l'om

multiplicative identity agyam)ailglee)iam). age™on) INtegers Gmos)o 0 ©:,)SlWor3 @ee® integer

e18le)o.

@pmo® at0 =0+a=a, Ya €7 mailes '0' o additional identity agam)ailglesyam).

*, A ag)am emomleel 80) OeNIMOl B2a|G0aHMEM. A af)am VeMOWIeEl Boonaoe ¢

€ ag)M @RoNEOMOS A ©leLl aBo®o0) @onalo Gal@M * ag)am operation MsOmIWOm3

@E® @Rowo LlElen)Minmeeslcd e-60 Awleel identity element with respect to * agyam)al

0)aM.
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ie,a*e=a, Vac A ie,a.e=a=ec.ay acA
93IaNAEMo
1. N has no identity element with respect to addition because a+0=a, Va € N but0& N
2. R agyam wemomilees identity element &06m)e..

R agyam wemamleal 6#6enimol 6800|G0aUmM @096 E:0S)OmIG1en)am).

ab
a*b= 1 Ya,beR
Solution

R agam wemomeel identity element e @gesmamiclenes.

a*e=1, vaeR

ae
ie, Y = a, by definition of "*'

ae=4a
4
e:—a,a;tO
a
=4 eR

O.e
a=0 aeemsslos 0*e = e 0

- 4, R ea1 identity element @yen.
Existence of inverse element
A aan nemomleel 80} eemIMOl 806ajoaumosm *, identity element € 9o @yens.
A @leel 'a' af)am @RoE®IA) INverse 9emzam alo@smeasslad a*b = b*a = e agam
allwomlcd A Ol@d b agyam 8oomo DN20WIGleesMo. Mailes b o a wyes nverse agam

ailglean). dlom a' ageme)® av)ailajlesan). @emow@ b=a’!
3N} 3 Jallolanyamy

Example 1
R agyam wemoamleel identity element @y’ '1'. enafles binary operation mvowoesm wiemmo

@rem. mailos 2603 INverse 2 @rem. &ooemo 2*2=1=12*2. anmyomla) inverse sel.
Example 2
R agyam wemaomileel 60) 6emING] 60a|G0eHaB @M MIHPHEHIS)OMISISSO).

ab
a*b= 3 Va, beR

1. Identity element 06m)e>.
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2. 2 o) @RoNOHIONG INVETSE H:06M)d.
Answer :
1. R eeridentity element 'e' @yeemm) ailalodclee)s:.

Thenaxe=a, Va €R

ae
3 = a (by definition of x)

ae=3a

€e=3,a=0
When a=0, 0.e=0.3=0

. 3, Reer identity element @wyens.
2. 2 o} inverse @M b agMClenes. @G0,
2*b=¢e
2*b=3

2b ,
3 3 (by detention)

2b=9
bzgeR
2
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Unit Test
Time : 45 mts Max Score : 20

) f:{13,4} = {1,2,5} and g{1,2,5} — {1,3} be given by

f={1,2),3,5),4,)} and g =1{(1,3),(2,3),(5,1)}. Find (gof) (3).
2) Let f:R— R definedas f(x)=3x.Choose the correct answer.

1) fisone-one 2) fis many one - onto
3) fis one-one not onto  4) fis neither one-one nor onto.

1
xé, X, x, 3—x°

3) f:R— Rbegivenby f(x)= (3 —x3)% then (fof)(x)=__

4)  f:R— Rbyff(x)=2xthen f'"(x)=....ccoeoco......

5)  Let f:R— R with (fof )(x)=x, Vx€R. Whatis the inverse of 'f'. (1 mark each)
. . * ab

6)  Let " be a binary operation on R defind as @ *b = I
a) Prove that "*'is commutative and associative. 3)
b) Find the identity element in R withrespect to '*' (1)
¢) Find the inverse of 6 in R with respect to "*' (D)

7)  Give an example for not an equivalence relations which is symmetric and reflexive on
A4={1,2,3,4}. (1)

. . . x

8)  Consider the function f:[—1,1]— R, givenby ./ (¥) = 2
a) Show that f is one-one )
b) Does 1 € R have preimage in [— L l] . Justify your answer. )
c) Is'f onto? (D)

9) Let f:N —Y beafunction defined as f'(x)=4x+ 3, where
Y:{YEN:y:4x+3,x€N}.

a) Write one elementinY. (D)
b) Show that fis inversible )
c) Find the inverse of'f (D)
Solution
D (gof)B)=g f(b)
=g(%) f3=5

=1
2) fisone-one

For, if f(x,) = f(x,)

= 3x, =3x,
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=X =X,
fis onto
For,if ye R with f(x)=y

=3x=y

_y
:x—geR

ie, forany y € R wecan find x € R with f(x)=y
3) Given fx)=03-— x3)%
(fof ) )= 1 (f(x)

SVICEEDE

Replace
x by (3 —X )%

|
:{3—[(3—)8)%” 3

|

- [3—(3—x3)]4 =334
=35 =x

Answers

H o S@=3

5  f

6) Givena*b:%, a,b,e R

a) *is commutative

vy (*." usualmultiplication is commutative)

= b*a (by definition of *)
* is associative
For, (a*b)*c = p*c where p = a*b

pc ..
= T , by definition

(ab)c

B (a*b)c B (ab)c B

_4
4 4 1



b)

8)

a*(b*c)=a*q, q=b*c

aq .
7 by definition

(b*c)
_a _ a(bc) Xl
4 4 4
abc
—....(2
16 (2)

From (1) and (2) * is association.

Let e be the identity element in R w.r.t *
The we've a*e=a, Vg R

ae ..
i = a, by definition

ae = 4a

dividing through by a, e=4,if g=0
When a=0, 0.4=0

Hence 4 is the identity element in R .

Let 'b' is the mmverse of 6.

Then b*6=4
(If'd' 1s the inverse of a then we have a*b=b*a=e¢)
bx6_,
4
6b=16
b= E = § eR
6 3
3 1s the inverse of 6.
X
i = , xe|—1,1
Given f(x) 2 [ ]
fis one-one
xl x2
x)=f(x,)=> =
a)Forf( 1) f( z) x1+2 x2+2

= x(x, +2) =x,(x, +2)
= XX, +2x, = xlx, +2x,
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= 2x, = 2x,

=X, =X,
b) Let 1 € R has preimage [-1,1]
Then x € [—1,1] withf(x)=1

x —_—
T x+2
X=x4+2=x—x=2
= () =2 which s aabsurd. Therefore 1 has no preimage in R .

1

1€

¢) fis not onto, because 1 € R has no preimage in[-1,1]

9) a) Anyelement iny is ofthe form
y=4x+3, xeN
wehave le NY =4+3=7

7€Y
b) Given f: N — 7Y
For finding f; first our aimis to define a function g : Y — N
Take ye€Y.Then y =4x+3, xeN
4x=y—-3
xzﬁeN

4 -3

Define g(») = o

clearly g: Y — N
Claim: (gof )(x)=x, Vx& N and (fog)(g)=y, Vgey

Let xye N

(gof )(x) = g(f(x)) = g(4x + 3) by definition of f.

—4x+3-3_4x

4 X
Let yeY
f(fog)») = f(g(»)
:[y—3] :4(y3]+3
4 4
=y-3+3

=Yy
s (fog)y) =y, Vyecy
Now g:Y — N suchthat (fog)(y)=y, VyveY and (gof )(x)=x, VY ey
Hence g is the inverse of f.
c) The inverse offisg

ie, f'=¢g
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2. INVERSE TRIGNOMETRIC FUNCTION

Important Results

1.

Function Domain Range
Sine R (-1, 1)
Cosine R -1, 1)
Tangent R—{(2n+)n}2n €Z R
Cotangent R\{x:x=nm R
Secant R\{x:x=(2n + 1)%} R\(-1, 1)
Cosecant R\{x :x =nmn} R\(-1, 1)
2.
Function Domain Range
y=Sin'x P11 B
Y=Cos'x [-1, 1] [0, 7]
Y=Cosec'x R\EL1} [~ % ; %] —{0}
—Qpap]

Y=Sec'x REL1 [0.7]- {%5}
Y=tan'x R [_—Wz]

2 2
Y=Cot'x 12 (0,m)
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Values of Trignometric Functions in Particular angles

Angles
2
%, <, 0 s s T 2
(d
. 1
Sine 0 Yol Ve | | 0 S
- V3 e 1 -1 0 1
Cosine 1 - NA 5 0
1 not not
Tan 0 Nel ! V3| defined | 0| defined| ©
not 2 not not
2 | 1
Cosec defined | 2 25 defined defined
2 not not
2 2 1 |
Sec ! NG V3 defined defined
C not 1 L 0 not 0 not
o defined | V3 NG defined defined

Important Trignometric Identities

I.

2.

10.

Sin’0+ Cos’0=1

1-Cos’0=Sin’0

1-Sin’0 = Cos?0

1+tan’ 0 =Sec’0

1+ Cot’0=Cosec’ 0

Sin20 =2Sin0Cos0O

1+ Cos20=2Cos’0

1-Cos260 =2Sin’0

1+ Cos6 =2Cos’ (%)

1-Cos0 = Sinz(%)
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TanA +TanB

11. Tan(A+B)=

1-Tan A.TanB
12, Tan(A-B)= TanA —TanB
1+ TanA.TanB
2tan 0
13. Sin20=———
3 l+tan’ O
14 Cos2g=lztan’®
' l1+tan’0
2tan 0
15. Tan20=————
> l—tan’9

16. Sin (%—e) ~ Cos0

17. Cos(%—e):Sine
18. Tan(%—e):CotG

19. Sec(%—@) =CosecO

20. Cosec (% — 6) =SecH
Angle Angle
Co-ratio \ / Same ratio
ASTC

Sine &g co-ratio Cosine, Tan &ad co-ratio cot 9o, Secoag co-ratio cosec 9o @ryem. ASTC 9al

cwouila] functional sigh ®10)20m86)B®)0 Halgdo.
o30: Sin (3%—9) =—Cos6 w:006mo Sine o co-ratio Cosine po (3%—9) N0 M6 O
quadrat@d @RV EE:ME -VE Do @RY6M).
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For suitable value of Domain

e Y=Sin'x=x=Siny

Sin (Sin'x)=x, x € [—1,1]

e Sin!(Sinx)=x, X € [”2%]
e Sin'(1/x)=Cosec'X, x>1 or x < -1
e Cos'(I/x)=Sec'x, x>1 or x<-1

e Cos'(1/x)=Sec'x,

x| >1

e Tan'(1/x)=Cot'x, x>0

e Cos'(-x)=m- Cos'(x), x&[-11]
e Cot'(-x)=m-Cot'(x), xeR

e Sec!(-x) =m- Sec'(x),

x| >1
e Sin'(x)=-Sin’(x), x€[—11]

e Tan'!(x)=-Tan(x), xeR

e Cosec'(-x) =-Cosec’(x), x| >1
o Sin'x+Cos'x=7/2, x €[~ 11]
e Tan'x+Cot'x=1/2, xR

e Sec'x+Cosec'x =1/2,

x|21

L x+y
. Tan"x+Tan“y=Tanl[ ],xy<1

1-xy
Tan'x—Tan'y = Tan ' | — i
o an  x—Tan 'y =Tan (1+Xy]’xy>1
) 2xX
e 2tan'x=Sin’ 2 ,X|§1
1-x
1 1 1_x2
e 2tan'x = Cos 1+ , x>0
2
o 2tan"'x:tan"]( xzj,—1<x<1
1-x
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e Sin'(2x {/1—x? )=2Sin'x, 1/ /2 <x<1/\2
e Sin'(2x/1-x?)=2Cos'x, 1/ /2 <x<1

Complete the Table
Function Principal Value
S L L
n’'( 5 ) 5
o] 2n
0s (-5) 3
T
Tan'(-1) 7
Sin'!(- -
in'(-3) >
oo 3n
Cos™( _ﬁ) e
2n
Tan'(-4/3) EY

Ley y=Sin'(3), then Siny=>

T T T T T
Principal value branch of Sin''x is [ — PR ]. Therefore ¢ = s [— PR ] satisfies the condition

T T
Sin o :% . Therefore o is the principal value.
Lety= Cos“(-%). Then Cos y=- ; principal branch of Cos™ is [0, rt ] Y
N
S
Cosy= -% shows that angle in the second quadrent.
, S A
. . non o

. Principal Value is ©-—=2—= X

3 3 C

T N
Y'

1
: ci Cot™'| —=
1. Find the principal value of ( 3 j

1
=Cot™'| —
LetY (ﬁ]

= Coty = L =Cot (%j

V3
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-1
- o Cot™'| —
2. Find the principal value of ( 3 j

SOlution
C ot ! (—1 j
Let y —
en Cot \ T cecectccisncnnens

we've cot (%) :y\/g
Also we've Cot (n— %) = Cot 7% - _%/g
1e., Cot (32_“] = _y\/g

1.€., 3 \/g

From (1) Coty= NE) 3

.-.y:23_“e(o,n)

Problems

(B
1. Find the principal value of €08 By
2. Find the principal value of tan ™ (_ﬁ )

3. Find the principal value of Cos™’ (_y V2 )

Problems
1. Write principal value of Cos™ function

-1 |
2. Evaluate Tan'(-1) + Cos’ (7] +Sin~"! (7]
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Answers
a. [0,7]
b.  We've Tan'!(-1) =-Tan'l

1 12 12

R

1212

_3n
4

1
- . Sin™'| —
Find the principal value of ( B j

1 1 1
=Sin"'| —= |=Sin y=—=Sin—
Lety (\/Ej y \/5 4
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Problem

1. Showthat tan™' (%2)+tan™ (%} =tan "’ (%j

Ans We've Tan 'x+Tan'(y)=Tan"' [1x+y ]

LH.S=Tan"(%)+tan™ (%j

1,2
— 1 _2 11
=tan )
I——x—
2 11
15
-1 22
) tan g_l
22 22
15
—tan"'| 22
=tan @
22
_,(15 22]
=tan | —x—
22 20
_,(lsj
=tan —

0
=tan”' (ij =RHS
4

tan"( Cosx j T oex<3t ‘
2. Express 1—Sinx )2 > in the simplest form.

Ans: We've tan’!(tan@ ) = 0

Cosx
1-Sinx

Cosx Sin (%_X)

1-Sinx l—Cos(%—x)’

Hence write m tan function.
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we've Sin (% —X) =Cosx

Cos(% —x) = Sinx

[Sine = 2Sin%Cosg and 1-Cos0 = 2Sin2(g)]

34



. Tan™ (&] =Tan'| Tan (E+ ij
1-Sinx 4 2

Example 3

X[>1 inthe simplest form.

1
. -
Write Cot [m]a
Solution

we've Cot™' (Cot0) =6

1
write m inthe cot function.

1 1
Jx2 -1 - JSec?0-1
Putx=Sec@

0 = Sec'x
1

tan’ 0 »We'Ve Sec’0—1=tan’0

1
tan O

=cot0

1 1
-.Cot™ =Cot™ ( j
[\/xz -1 ] tan 0

=Cot™ (Cotb)

=0, = SCC_IX

Example 4

3 8 84
Sin'| = |-Sin™! (—) =Cos™ (—)
Show that ( 5] 7 25
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Solution

3 8
x=Sin"'"| =|,y=Sin" (—)
Let (5] y 17

) 3 . 8
Sin x == Sin y =—
Then 5 and y 17

AB*BC? = AC?

A
AB?=AC? - BC?
X 5
=52._132
4 =25-9
=16
B 3
¢ AB= 7§ =4
Cosx — adjacent side
hypotenuse
4
5
Als Sinv= -
0 P iny=-_-
N PQ =172 - 8
15
=289 - 64
PQ=15
15
Cosy =—
T

“517 5 17
60 24
:—+_

85 85
_84

85

84
x—y=Cos™'| —
Y (Ssj

ie, Sin™' (%)— Sin™! (%j =Cos™ (%}

36



12 4 63
Sin'| = |=x;y=Cos™'| = |;tan”' | — | =
Let (13] Y (5] (16j :

Th Sinx—E‘Cos —i tanz—g
n 137 0T 16

tanx+tany

weWeTmKX+YV:1_tm1x+tany
Sinx = 2
13
- Tanx Oplioosr[es?de
Adjacentside
_ 12
5
4
Cosy=—
Y75
3
Tan y =—
Y7y
Tanx +tany
Here Tan (x+y) =

I-tanx.tany

12 3 48 15
_ 5 4 _20 20

12 3 20 36
5 202
63,20 16
20 -16 16

S Tan(x+y)=—-tanz

. Tan(x+y)=tan(—z)orTan(x +y)=tan(n—z)

SLX+y=-Z or X+y=n—-Z
Since x and y are positive

X+y #-2

SX+Y=T—z

Le, X+y+z=m

Hence the result.
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Evaluate the following :

131 n
. COS'](COST) . Tan"(Tan?)
e Tar'J3-Cot'(-3) e Sin'(Sin7)
e Tar'[2Cos(2Sin']

Prove the following :
2o T ]
o an(ll) an(24)— an(z)

. 2Tan“(%)-Tan"(%)ZTan“(%)
. 2Tan“(l)-Tan"(l)ZTan“(ﬂ

2 7 17
. 2Sin"(z)=Tan"(ﬁ)

5 7
. Sinl(—o)+Sinl(>)=Tam(—

17 5 36

o If4Cos'x + Sin''x = 7t, find the value ofx.

3
. Find the principal value of Sin"[Cos(Sin’ % )]

4 2
. Find the value of Tan[Cos“(g )+ Sin! (- \/ﬁ )

X V1-bx’
ot Qinly — A —— 1y — -1
{Hnt : Sin"'x = Tan™'( < ), Cos'x=Tan( " )

8
. If Tan!(x+1) + Tan(x-1) = Tan"(i). Find the value of x,
P that C “£+S"‘§—S"‘ﬁ
o rove tha os(13) 1n(5)—1n(65
Show that T (= +T -‘l+T -‘2+T (1)=Z
o ow tha an(8) an(7) an(3) an(g)—4
X 1
sl — A —Y— g _ S
o Prove that Sin"'x = Tan (m)and Tan'x - Cot (X)
.3 2
. Hence find the value of Tan {Sm“(§)+Cot“(§)}
Find then value of x.

FTant( =y 4 Tant X Ly = &
* () T ()=
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Miscellaneous Examples

2)

3)

1—tan’ 6
1+tan’ @

l—x]
I+x
1 _,[l—tan29]

=—Cos 5
2 14 tan- 60

we have =Cos2x

1
RHS= ECOSA

= %Cosl (Cos20)

1
_L1n -
2 0

= tan ' Jx

=L.H.S

Show that 3Sin~'x = Sin™" (3x — 4x3) ,X E

we have Sin3x = 3Sinx — 4Sin’x

R.H.S= Sin' (3x — 4x3)

= Sin! (Sin30)

=30

=3Sin"'x

=L.H.S

We have tan ' x-+tan~' y=tan

_ tan”! x_1]+tan‘ x—i—l]

- x—2 x+2
x—1 x+1

— tan " x—2 x+2
=) (x+)

x—2 x+2

+Xx

— , xG[O,l]

- 1 (1
1) Prove that tan l\/;:E, Cos ‘[1

take y — tan? @, then tand = /x

0 =tan ' x

1

1—
—_,—

> X

2] = % then find the value of x.

xX+y

l—xy]
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(x4+2)(x—1)+(x+1)(x—2)
(x+2)(x—2)
(x=2)(x+2) _ (x=1)(x+1)

(x4+2)(x=2) (x—2)(x+2)

=tan

X Ax—24+x —x—2
x’ —4—(x2—1)

1 2x* —4
¥ —4—x'+1

2

2x 4:1

-3
2x*—4="3
2x* =1 1

— 4+

21/, X

X _é \/5

3)  1f Sin(Sin™' VS +Cos™'x) =1 then find the valuc of x.
Given Sin (Sin_] A + Cos“x) =1
Sin™ ( V%) + Cos™x = sin™ (1)

. —1 —1 —ﬂ-
But we have Sin~ x + Cos x_é

Comparing x = %
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Chapter 2

Marks : 20 UNIT TEST

Time : 45mts

1)  Find the principal value of Sin~' (— %)

2)  tan'\B—Sec ' (~2)=.......... (w,—% 21 )

3) Sin (tan’1 x) is equalto ........

X 1 1 X
- 1= 14227 J1+4
4)  Sin"'x+Cos ' (X)=eouveenn.. ,if x€[—L]]
ind tan”' tar17—7T
5) Find 6

6)  Find the value of tan ' (1) + Cos ' (_%) + Sin”! (_ %)
7)  a)Showthat Cos —1(1—2x") = 2Sin"'x

b) Solve Sin' (1—x)—2Sin 'x = %

~1
¢) Write in the simplest form a0

2 3/ — a1 [ 03
8)  a)Showthat Sin [13]+Cos (A)_tan T

b) Evaluate Cos ™' (COS (5 %))

2 a7 i
c) Prove that tan—l[ﬁ]—l—tan [ﬂ]—tan ( A)

Answers

1)  Wehave Sm(%) =Y
s (14 -4

(1 score each)

)
)
©)

©)

©)

(D

)



Sec™'("2)=m—Sec”'(2)

—
_2
=27
ctan N3 —Sec'(2)

:A+2%:3ﬂ' _

Sin(tan™"' x)
Sin v %
Let tan'x=y=x=tany my—m

Then Sin (tan’1 x) =Sin y

. X

RV
2
tan-'(tan(7%)):7%
‘. tan" '(tan(ﬂ—l—/)) tan” ‘(tany)
=%€(%»%)
We have tan ™' (1) =/,
cos (- ) =m-cos” (14
— - /

2
3

S, S LS.
4 3 6 12 16 12
_10m _ 57
12 6
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Provethat Cos™! (1 - 2x2) —28in"'x

a) We have |— Cos2x = 2Sin’x
. Cos2x=1—2Sin? (x)

LHS= Cos™'(1-2x7) Take x = Sinf
= Cos™'(1-28in’0) = 0= Sin"'x
= Cos™ ' (Cos20)

=20
=2.8in" 'x=RH.S

b)  Given Sin~'(1—x)—2Sin"'x = %
Sin”'(1=x)="/4+2Sin"'x | Sin (%+9)
.'.l—x:Sin(%+2Sin_‘x) — Cosd
= Cos(2Sin"'x)

= Cos (Cos_] (1 — 2x2))
=1-2x"

2x'—x=0
=x2x—-1)=0

=x=0o0r2x=1
=x=0 orx:%

Whenx:%

LHS=Sin”' (1= ) =28~ ( 1))
=sin” (V) 25m7'( )
A

X = 12 is not possible
hence x =0
Take x = tanf = 0 = tan ' x

Tan™

X tand

2
M] — tan_]

l—l—tan29—1]
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| MSec0 1) [ Secd -1
tan 6 tan @
1 1 1-CosO
Cos6 —tan-!| —_CosO
= tan” Sznog o Sin@/
%fos Cos

8) a)Let Sin”' (%3) =x and Cos™' (%) =y

Then Sin x:% Cos y =

| W

63

We want to Show that Sin™" (ij +Cos™ (E] = tan (
13 5 16

Sinx =—

[ 63
ie, to Show that X+ = tan "=
63

ie, to Show that tan (x + y) - R

tan x =i
tan(x+y) —M
Now l—-tanx.tan y Smx_i

5 5 16
il o 10

4
tan(x+ y) = 125 34 :;é 12%)
-2

12°3 36 36

tany_

21 3
12
16
36
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b)

21 36
= —x—
12 16

8
16
Here the result.

Cos™ (Coss?ﬂ] = S?ﬂ- 2 (0,71')

Cos™ (Cos(27r — %)) =Cos™' (Cos %)
= % € (0,77)

_ . L x+
We have tan]x+tan1y:tan‘( y]

Cos(27t —9) =CosO

I-xy
2 7
(2 (7 TR
UL tan (%l)+tan (ijztan _g—xl
11 24
2x24+7x11
- 264 48+77
tan”'| —2£2F . +
264_ 14 (2
264 264

-(5) - (4)

Aok ok
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3. MATRICES

Definition
A matrix is a rectangular array of numbers or functions. These numbers or functions are called
elements of the matrix.

Consider following matrices,

) -5 Y%
A:F 3} B{l c{l - 0} D=4 2
1 2 2 2 1 3 0 3
0 3 3 2 0 0 100 200
E=|4 5 6 F=l4 5 3 G=[010 H=l0 2 0
7 1 2 61 2 001 002
Order of a matrix:

A matrice having m rows and n columns is called a matrix of order mxn. In the above example.
Order of the matrice A =2x2
Order of the matrice B = 2x1

Order of the matrice C = 2x3

Qn. Write the order of other matrices.

General form of a matrix
A A5y, a,,
7 a,,
A =
7 a,, |

Which is also represented by (aij)mxn

Where a, is the j™ element of i row.

. . L It)
Qn:  Construct a 3x2 matrice whose elements are given by aij = BN

Ans: General form ofa 3x2 matriceis | %21 %2

1+1
L |
hereall= 2 —A
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012:32 021:32 a,, =2 as; =2 a32:%
R
. .12
hence the required matrix is | /2
2 7%
2
Qn: Construct a 2 X 3 matrice (aij) where aij = |z' - j|

[ +2j)
Qn: Construct a 3 X 3 matrice (aij) where aij = %

Types of matrices

Column matrix - Matrix having one column

wrl] of

Row matrix - Matrix having one row.
Eg:- C=[5 2] D=[3 2 -5]
Square matrix - No.ofrows is equal to no.of columns.

1 23
L2 30 4

Diagonal matrix - A square matrix in which non diagonal elements are zero.

"o

Scalar matrix - A diagonal matrix is said to be scalar matrix if its diagonal elements are equal.

(300 2 0
Eg- =0 3 o] K5,

00 3

(100
Eg:-G=[0 2 0
003

Identity matrix - In a square matrix all its diagonal elements are 1 and all its non diagonal elements are

zeros then it is an identity matrix which is usually denoted by .

1 00
1 0
e o) 0] eefo o

001

Zero matrice - matrix with all its elements are zero.
00 000
L= M=
00 000
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Equality of Matrices
Two matrices are said to be equal if they are of same order and corresponding elements are

equal.

2 31123
Xy T4 5 Then findx &y

x=4 and y=5
Find the value of a, b, ¢ & d from the equation

{a—b 2a+c 5}

2a-b 3c+d}: { 13
Ans: Equate the corresponding elements and find the values.
Addition of matrices: If A= (aij) B=(bij) then A+B = (aij+by))

-1
0

3 2 30
Qo Let T=|% 3] €254 73| Thenfind P+Q
5 -6 21
3-3 2417 |0 -1
Ans: P+Q=|4+4 -3-5| =|8 -8
5-2 —6+41| |3 _5

Multiplication of a matrix by a scalar:

If A= (aij) mxn is a matrix and k is a scalar then KA= (kaij)

123 3 -1 3

Qn:
DEERIN R
Anst “EZ0 4 6 21 BT 0 2
2-3 441 6-11 [-1 5 3
Then2A-B= 4.1 6_0 222|715 6 0
Qn: Find XandY if
7 07 30
X+Y: _2 5_ X'Y 0 3
o
Ans: X+Y = 25 -(D)

30
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10 0 50
(DH2) = 2X =] , 8} :X=L 4}

(4 0 20
(D-(2) =2Y = b 2} :YZL 1}

Multiplication of Matrices
The product of two matrices A&B defined if the number of columns of A is equal to no.of rows
of B.
If A=(aij) mxp & B= (bij)pxn Then
14
AB = (C..)mxn Where C.. = 2 a b,
ij [ S T

ie, ij™ element of AB is product of i row of A & j" column of B.

23 1 -2
Qn: Find ABWhere 4 =4 5 andB:{z 3 }
6 7

2+6 6+12 10+18 8 18 28
Ans: AB=|4+10 12420 20+30| =14 32 50
6+14 18428 30+42 20 46 72

12 3 3412
Qn: FindPQwhere 7 0 2| €54 2 5
141 20 3

348—6 "14+4+0 2+10-9
PO=/15+0+4 54+0+0 10+0+6
3-44+2 "1-2+0 2-5+3

5 3 3
=19 -5 16
1 3 0

Qn: Complete the indicated product.
a b a —b
D -b a b a

49



1
2) 2 [2 3 4]
|3
(1 -2 123
D 2 3] 231
2 3 4] [1 =35
4) 3 4 510 2 4
|4 5 6] (3 0 5
2 3
5) 343111 o
1.0 2] |53 4
Cosx Sinx 0
) _ | Sinx Cosx 0 B
Qn: IfF(x) = Show that F(x), F(g) = F(x+y)
0 0 1
Cosx Sinx 0 Cosy Siny 0
Ans: = F(x)= Sinx Cosx 0 Ry)= | Siny  Cosy 0

CosxCosy —SinxSiny —CosxSiny —SinxCosy 0
F(x).F(y)=| SinxCosy + CasxSiny —SinxSiny +CosxCosy 0
0 0 1

Cos(x+y) —Sin(x+y) 0

=| Sin(x+y) Cos(x+y) 0
0 0 1

=F(x+y)
3 -2 10
Qu A4=|, _,|and I=|, | |Findk so that A*=kA- 2I
3 27 [3 =27 [9-8 —6+4] [1 -2
. 2 — — — —
Anst AT=AA=14 ol |4 2|7 |12-8 —8+4| |4 4
3k 2k [2 0] [3k-2 4k
KA-21=\ap k| |0 2|7 | 4k —2k-2
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3k-2 2K )
A2=kA-2A =1y k2|74 4

3k-2=1 =3k=3 = k=1
Transpose of a Matrix

If A=(aij), then the matrix obtained by interchanging rows and columns of the given matrix A is
called transpose of A denoted by ATZ(aij).
Properties: (AT)"=A

(A+B)'=AT+B"

(KA) =KA”

(AB)' =BT AT

345

Qu IfA=|; ; ;| FindA"
AT:F 3}

Symmetric and Skew symmetric matrices.

A matris is said to be symmetric if A"=A and is said to be skew symmetric if A"=-A

12
Eg:- 4 {2 3} is symmetric
1 -3 -4
=3 5 6|1 1
B L ; Jm symmetric

0 17, .
c :{ } 1s skew symmetric

-1 2
0 12
b {‘ i ‘j 1s skew symmetric
Result: For any square matrix A, A+AT is symmetric and A-A" is skew symmetric.
Proof: (A+AT) =ATHAN)T=AT+A=A+AT

-+ A+ATis symmetric

(A-ANHT=AT-(AT)'=AT-A=-(A-A")

-+ A-AT is skew symmetric

Diagonal elements ofa skew symmetric matrices are all zero.

A skew symmetric matrix is not a diagonal matrix.
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UNIT TEST

Time : 40 mts Max.Marks : 20
12 2 3 1 0
1) Isd= 4 4 8 and B = 0 1 then AB=......cccoeennnenn. (D)
0 1 5
2) A=-1 x=1 =6/ 0 skew symmetric matrix, then the value of x =................ )]
-5 6 0
[2
1 2 3
- B=|3
3) A_{6 7 8] A thenorder of 4Jp=.covvvvvrvrrrernnnenn. (1)

4) and A+AT =1, thenthe value ¢ =.......ccceon...... (1)

Cosa.  —Sina |
Ira4=| .
Sinae  Cosa |

5) IfA, Bare symmetric matrices of same order, then AB - BAis ...
(A - Skew symmetric matrix, B - Symmetric matrix, C - Zero Matrix, D-Identity matrix (1)

6)  Consider 2x2 matrix A=[a,] where a, = |2i -3

a) Write A 2)
b) Find A+A' (1)
3 3 -1
7) Consider A=|-2 -2 1
-4 -5 2
a) Using the Matrix A, form Symmetric and Skew Symmetric Matrices. )
b) Express A as sum of symmetric and skew symmetric matrices )
8) a) IfAisasquare matrix, such that A>=Athen (I+A)>-7Ais equal to ................ (D)
4o 31
b) LetA4A= 1 2
(i) Find A?and 5A 2
(ii) Show that A*-5A+71=0 (1)

1 2
9)  Find the inverse of the matrix 4 = {_2 _J , using elementory row operation.

10) For the matrices A and B verify that (AB)! = B'.A'. Where
1
A=|—4
3

, B=[121] 2)
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Answers
1) Wehave Al =1,wv4 (Ans:A)
Here AB=A
2)  Since Ais Skew Symmetric matrix, diogonal elements are all zero.
Sx—1=0
x=1
3) Order of A=2x3, order of B=3x1

2 xx 1
Order of AB =2x1

{Cosa —Sina}

A=
4) Sinae Coso

. | Cosae  Sina
—Sinaa Cosa

1 0
1 1 — A] =
Given A+A { 0 J

First element in Ist row of A+A' = Cosa + Cosa

= 2Cosa
= 2Cosa =1

= Cosa:%:a:%

5) GivenA'=A, B'=B
(AB-BA)"'=(AB)"-(BA)'
=BTAT-AT BT
=BA-AB
=-(AB-BA)
. AB - BAis Skew Symmetric.

6) a)Given 4=|aq, |

2x2

Given a;, =[2i -3

ay, =|2x1-3x1|=[2-3| =1

a, =[2x1-3x2| =[2-6| =4
ay =|2x2-3x1|=]4-3| =1
ay, =[2x2-3x2|=[4—6|=2

g
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e

4 2

A |
A+ A4 = +

1 2| |4 2
(141 4417 2 5
Cl1+4 242 |5 4

3 3 -1

a)Given A=|-2 -2 1

4 -5 2

letP=A+A' |1 -4 -4

6 1 -5
P'=|1 -4 —4|=P
-5 -4 4

. P is Symmetric

33 -1 3 2 -4
O=A-A'=|-2 -2 1]|-|3 =2 -5
4 -5 2| |-1 1 2

0 5 3
=-5 0 6
-3 -6 0
0 -5 -3 0 5 3
Hence Q' =|5 0 -6 _ |5 06
36 0 -3 -6
. Qs Skew Symmetric.
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B Weh A_A+A‘+A—A‘_£+
) e have > > 5
6 1 =5
poy0 7 2421 24
P Ll 4 4|2l 22
2 25 4 4 2 2 2
B = R A
12 2 2]
3 1 22 0 >
2 2 2
21_2 -2 QleziO
2 -2 2 2
S5 = -6
| 2 ) | 2
3 L 3]y 23
2 2 2 2
a=|L o L2 0 3
2 2
_—5—22 _—3—30
L 2 L2 i

8) a)  (I+A) - 7A = + 3PA+ 3IAMA® - 7TA
=1+34+3A2+A%-7A
=1+3A+3A+A2-7A
=1+3A+3A+A-7A
=1

PR

o 4o

. P ER N EN
i) {—1 2}{—1 2}

[3x3+1x—1 3x1+1x2
_—1x3 +2x—1 —=1x1+2x2

[ 342 8 5
| 3+72 T1+4)  [-5 3
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31 5x3 5Sx1
54=5 _
-1 2 5x—1 5x2
15 5
“ -5 10
. 1 0] [7x1 7x0
) 7/=7 =
0 1| |ox7 7x1
7 0
1o 7
) 8 5 15 5 7 0
A 54471 = _ +
-5 3| |-5 10| |0 7
-7 o] [7 O
= +
0 7| [0 7
[0 o
10 0

9)  WriteA=1A

2 fr o],
02 —117 1o 1

R, — R, —2XR,
1 2 1 0
= = A
o 2"
R2—>&
12_10 .
o 1|2 2L
5
R —2R,
142
1 0 5 5
_| 5 sy,
01 |2 -1
5 5
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12
55|,
=12
5 5
12
A=) 0
2
55
-1
B'=|2

10) 4'=[1 -43],

AB=|-4|[-1 2 1]

[1x—1 1x2 1x1
=|—-4x-1 —-4x2 —-4xl
_3x—1 3x2 3x1

-1 2 1
=4 -8 4
-3 6 3
-1 4 -3
(4B) =|2 -8 6/|..(1)
1 —4 3

-1
B4 =21 -4 3]

-1 4 -3
|2 =8 6 |... (2)
1 -4 3

From (1) and (2) (AB)' =B'A!

Aok ok
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4. DETERMINANTS

@RyMm)alo

TMLoRI§BS)9S Al @I(SIHaV af)a MIEBUWE dMAILINGE]. af)aNOGE VR I®)00
S @IIcs allmyavlaflelenam 60) 20(Sle; Ty MITWE|S}OMIAN  TVoEIY WO
awlgdailmag”.

A o) M2 10008 @lolenss aosle;aload aslgdalmadlem |A| 030620 det(A)

OHOCEMBO MV aflaflosyam).

2x2 ma(slaavload awlgdmlmad’

a b
A= ¢ d og)eaﬂ<z58|A|:ad—bc

3x3 mosla;:miloa aslgdalmag”

a p c

A=|d ¢ f
8 h a

at=a[5 )0 (a2 velon

a) &3

Mo BHBINS (H1VHHB)D0V] MITWH|S aflel V)2 IN>ud

Vs LIMo

tve + +ve =+ve
-ve +-ve =-ve
Qflale1l® 2llamEBBRIBB MVo6LYBUB &)S16MI0WB GHalelailel alen@I@ MIam esalelailel

9210)® &)0a] edalelaflel aley@IOg aflaMo ag)9}@)d:.

930:- -8+2 = —(8-2) = -6

9+ -4=9-4=5

QIyQISLIMo

BHJOCHNENE Mo IYWOS aflaMo 2OG] &)G)d»

939:- 10-"2= 10+2 = 12

(_4) _(_9) = -4+49=9-4 = 5

!}eMmo

(+ve)x(+ve) =+ve
(+ve)x(-ve) =-ve
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(-ve)x(+ve) =-ve

(-ve)x(-ve)=tve

aN®6mMo
+ve
—=+ve
+ve
+ve
—=-ve
—ve
—ve
—=-ve
+ve
—ve
—=+ve
—ve
€lanavosy & U3
a L%
b af)aIMM O}alOMIENSB VoA IYEBB6M BN TV I B>UB.

(a @)o b o anBEPIVORIEBOVBIBHEMo)
al)@sm o ly®)o  ElaNvoa1§@o6M.

5
- 5==
®30: N

(DN DHUB
QUBHLIMo: GaBBo MVAIMAISEM BB Q(zsrz»co«smﬂe)og 62030 6aldM)Q0W G20BQI)0 @RoUdo
@oUdEBBBIOS M)BD)o.

2 4 244 6
+—= =—

A A T
Ga0Bo QII®ITV®EBBIOOEME;1GI
a. c_ ad + bc y
b b (GBI 13erNmMo)
4 5 AHAD+(5)O9) 44+45 89
0B0:- T T7= = =—
9 11 9)(11) 99 99
!yeMmMo
@oUdBUE Melelo 620368303 @aleno !)eNlee)d:.
a_c¢ _ac
—_— = —
b d bd
aN@6Mo

@PoUdANj0 G20BAR0 aldMialoo MGl 1)EMIBEe)H:

a d ad
:—x_:_
b ¢ bc

a.c
b d
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830) (@Icaremomlnad allab@13emo
830) (@lesoemomload voldausasud (vertices) (X,,Y,), (X,,Y,), (X,,Y;) aerl@d allmim1dsgpo
xoy, 1
=%x, y, 1
X3 yy 1
ANHAMOYo G20 S0)o (Minor and cofactor)
a; o) alBOIOR HODMOlOMm Ml.j 0008} MV)alla{lee)aM). &, o)A aIBCBIHMG
E$:0000855G10M A 080618} AV} floflaeyam;.
M, @508 a, al@deeym row o column 9o a¥lanesleslsyam aosle;miload aslgdalmad”
BH6N30@3 OO,
A, #1500 Aij:(_l)iﬂ' M, agam formula @al16@oUNH6)H>.

qV)alM: (-1)003 HI@] BYIVoAILWOHEME;IGS -100 MOFTVOAIZWINEMEIGE 100 @RYEM).

@3Sl aVl9ad @pAce20108”

Al.j af)M ©) a; ag)am AlBOIOG EHInNIBHSA af)Br1@3,

i a, a;
Ad=|a a, ay af)am 20(SlS oM @RASER0VIE’
a3 Gy dgy
A, 4, 4
adj 4=\4, Azz A32
A13 A23 A33

aalm: A ©leoel 8monee® row dleel al3eaBsa)es cofactor eee column @y@igoeny adjA
B15008 af)P}EMEN3O).
20(slemiloag madeai$ay (inverse) soemomyss formula.
|
|4]|#0 ag@icd A= 7|adlA
System of linear equation m3dwaosmo aa1gymmailwo
®oe9alo@)am Sysytem of linear equation al@lnemlee)s.
a xtby=c,
a,xtbyy=c,
DOOOM 2O(SIBTV 0)alOMITI DEBBOHM af) LIMI0.
a b | |x c
Lz bj L’} ) Lj
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a, b X c
b | OO A agyamyo 0 X ag)am)o 0 B agam)o ailglajow3,
a, b, Yy &

AX=B agan &lg)o.

Al @emd A om B 0m06mE 10)emee)ds.

x]
A'B agyam mo(Slesad L} } ag)M 0)alOMIG3 ERWIGE)o.
2

X X,
@G [0ud X = y = v, ag)M &slg)o.

@OOOBHIMNE X=X, af))o Y=Y, af)aM)o &H15)an).

|A|¢0 af)®:103 20(@Ea D AIMIWVIGE MIBWIBEMo 6)21QIM HFIW)HWBS).

3 45
. 1 1 2
930:- Evaluate the determinant
2 3 1
Solution
3 45
N MENE N
2 3 1

(Expansion along I** Row)
=[1(1)-3(-2)]+4[1(1)-2(-2)]+ 5[1(3)—2(1)]
=3[1-"6]+4[1-"4]+5[3-2]
=3[1+6]+4[1+5]+5[3-2]
=3(7)+4(6)+5(1)
=21+24+5
=50

Find the area of the triangle with vertices at the point given in (1,0), (6,0), (4,3)
Solution

Area of the triangle with vertices (x,,y,), (X,,y,) and (X,,y,)

x, y, 1
A="%x, y, 1

X, ¥y 1

1S
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Here (x,,y,) = (1,0)
(x,,y,) =(6,0)
(X, yy) =(4.3)
1 01
S AreaA="%|6 0 1
4 31

Yy = {1(0-3)—0+1(18 —0)}
=%{-3+18}

= 14(15)
_ 15
2

Show that the points
A(a,b+c), B(b, ct+a), C(c, at+b) are collinear.

Solution

Three points (x,y,), (X,,y,) and (x,,y,) are collinear

x, y, 1
it 72 1 =

Xy ¥y 1
Here (x,,y,) =(a, b+c)
(x5, 3,) = (b, cta)
(x3,¥3) =(c, atb)

x, ¥, 1 a b+c 1
x2 y2 1 - b c+a 1
X3 yy 1 ¢ a+b 1

a+b+c p4c 1

- b+c+a c+a 1 C] —)C]+C2

c+ta+b g+p 1

I ptc 1
_ (atbre) || cra
1 a+b 1
= (atbtc)x0 (C=C) enom)esoms
=0 . The givenpoints are collnear.
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Find the equation of the line joining (1,2) and (3,6) using determinants.

Solution

Let (x, y) be any point in the line jomning (1,2) and (3,6) then,

1
1

=0
1

W = =
N

ie, X (2-6) - y (1-3) + 1 (6-6) = 0
ie, x(-4) -y (-2)+ 0=0

ie, -4x +2y=0
ie, 2x-y=0
alolud’leimo
I Find the determinant of the following matrices.
1 2
L3 4
-1 2
2 3 s
-1 4
3l s
1 1
5. 46
2 57
0 1 3
s, [P 29
2 g1

I Find the areas of the triangle whose vertices are given as

a) (1,2), (1,4), (2,6)
b) (0,0), (1, 1), (2,2)
c) (-1, 1), (-2,4), 0,5)
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I

Eg-

Eg-

Find the equation of the line joining (3,11) and (9,3)

2 -4
Write the minor and cofactors of the elements ofthe determinants 03 ‘
M, =3 An:('l)m M, =3
M,=0 A, = -D M, =0
M, = -4 A= (-1)*! M, =(-1)(-4)=4
M, =2 Ay = (-1 M, =2
Write the minors and cofactors of the elements of the determinant.
1 o 4
3 5 -1
01 2
5 -1
M, =| ,|=10-CD=1 A, =DM, =11
3 -
M,=y o |7670=6 A, =DM, = (-1)6=-6
33 3-0=3
M, = o1l - A]3=(-1)”3 M13:3
0 4
M, = 5= 0-4=-4 A, = (1M - (-1) (-4)=4
0 4
M, =} o=270=2 Ay = (172 M, = (D) =2
10
M, =1, 4|=1-0=1 A=) M,=(-1)(1)=-1
0 4
M, = 5 -1 Ay = D™ M, =-20
1 4
M, =y _|=71-12=-13 A, =1 M,=(-1)(-13)=13
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Adjoint of a Matrix
The adjoint of a Square Matrix A=(a1.j) nxn is defind as the transpose of the matrix (A1) nxn .

Above Ajj is the cofactor of element a,. Adoint of the matrix. It is denoted by adj.A.

a; 4, dj
Let A=|a, @, ay | then

ay 4y dy

All AIZ Al3
adjA=transposeof A=| 4,, A4, A,
A3l A32 A33

A]] AZ] A3l

adj A= 4, 4, 4,

A]3 A23 A33

2 3
Eg: Find adjA for 4= L 4}
A= (-1)2‘: 4=4, A= (-1)‘2122 1=-1
A =(-1)*'.3=-3, A =(-1y7.2=2
. A]] A]Z _ 4 -1
Cofactor Matrix = 4, A4, | |3 2
|4 3
adiA =) _; 5
. . A= a4, a,
Remark: For a square matrix of order 2, given by <= @, o
21 2

The adj A can also be obtained by interchanging a, and a_ and by changing the signs ofa,,

and a,
Ad]' A:{azz _a12:|
—dy 4
1 -2 ) -4 2
eg: If 4= 3 4 then adj A= 31
Theorem

If A is any square matrix of order n, then A.adj A= adj of A= |A| I.

Above I is the square matrix.
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Singular and Non Singular Matrix

A square matrix A is said to be singular if |A| =0

2 3
eg:- A:L 6} hence |A|:l2—12:0

. Alisnon singular.

Non Singular

A singular matrix A is said to be non singular of |A| #0.

1 2
Eg:- A:& 4} then |A|:4—6 =220

Hence A is non Singular.
Inverse of a Matrix

Let Abe a square matrix of order m. If we can find a square matrix B of order m such that AB =
BA =1 then B iscalled theinverse of A and it isdenoted by A™'. Inverse of matrix is unique.

Necessary and sufficient condition for Inverse
A square matrix has inverse iff it is non singular

ie, 47! exists < |A| #0

Let A is square matrix.
Then 4~ = 494
|4
Examples

4 1 2
T -1 =
1) Find A", for 3 4

Solution
1 2
We have |A| = 3 4
=4-6
=-2
4 -2
adjA= {_3 1}
A L.ac{jA
2l
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1 3 3
A=1 4 3
13 4

2) If then verify that A.adjA= |4|. . Also find A"
Solution
|4 | =1(16-9)-3 (4-3)+3(3-4)

=1#0
Now A”=7, A]2=-1, A]3=-1, A21 =-3,
A =1,A =0,A,=-3,A,=0. A =1

7 -3 -3
LA=|-1 1 0
-1 0 1
13 37 -3 -3
Aadia—|l 4 3[-1 10
1 3 4)-1 01

67



Application of Determinants and Matrices
Consistent Equation

A system of equations is said to be consistent if it has a solution.
Inconsistent System

A system of equations is said to be inconsistent if its solution does not exist.

Solution of system of Linear Equations
Consider the system of Equations
ax+by+cz=d,
a,x+b,y+c,z=d,
ax+by+cz=d,

The system of equations can be represented as Ax=B where,

a b c x d,
A=|\a, b, ¢, |, X=|y|, B=|d,
a, b, «c, z d,

If A is no non singular then we have A exists.
AX=B
Multiplying on both sides to the left.
A(AX)=A"B
(ATA)X=A"B
IX=A'B

By using A" we can solve the system of equations. This method of finding solutions of system of
equations is called matrix method.

Examples
Solve the system of Equations using matrix method
2x+5y=1
3x+2y=7

oen =[5 3] [} 5]

Then system can be represented as
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AX=B

Then X=A"'B

A = aci/l
|

Example
Solve the system of Equations

2 3 10
4+t —=
X y z
4 6 5
—t—t+==
X y z
6 9 20_

+———=2
X y z

4

1

The system of equations can be represented as AX=B
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o
2 310 X 4
A=l4 -6 5 |x=|L| B=|1
6 9 —20 Y 2
1
L Z ]
X=A"B
A, =75 A =110 A, =72
A, =150 A =-100 A, =0
A3 =45 A_=50 A =24
75 150 —45
adj.A=|110 —-100 50
7200 -24
A_,:acZ]'A
4]

|4|=2(120-45)-3(-80-30)+10(36+36)
=2x75 - 3x-110+72x10

=540
. 75 150 45
— A _]:T 110 —100 50
72 0 24
X=A'B

75 150 45 || 4
% 110 -100 5041
72 0 24 2
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UNIT TEST

Max.Marks : 20

Time : 40 mts
1 75
.10 2 3. . .
1)  Ifthe matrix is not inversible then x =..............
0 4 «x
2)  LeAbea3x3 matrix with |A| =3 then |2A| C T
x 3
3) If5 o then x=..............
4)  Let Abea Non Singular Matrix of order 3x3. Then ‘adj A‘ isequalto ..............
(@ |4 b |4 o |4 d 3J4])
2 75
5) 6 21 15=.enes (one cach)
5 9 86
e 25
6) LetA4A= 3 9
a) Find |4 (1)
b) FindadjA (1)
c¢) FindA’ (1)
d) Using A solve the system equations 2)
2x+5y=1
3x+2y=7
7)  Using properties of determinant
—-a® ab ac
2 4272 2
a) Showthat [/¢ 07 be|=datbic )
ca cb -’
b) Using determinant, Find the equation of line joining (1,2) and (3,6) 2)
2 35
8)  Let A=3 2 -4
11 =2
a) Find|4| (1)
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b)

©)
d)

Find adj A.

Find A*!

Solve the system of Equations
2x-3y+52=11
3x+2y—-4z=-5
xX+y—-2z=-3

Aok ok
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5. FUNCTIONS LIMITS & CONTINUITY

Domain and Range

Eg-

Consider the function y=f(x), the set ofall possible x-values is called the domain of fand set of

y-values that results when x-values over the domain is called range of f.

1
Find the domain of (i) fix) =, (i) 0= (T 1y(x—2)

) The function f is a polynomial. Hence the domain is the interval (—o,+%) or R
set of reals.

i) The domain=R- {x:(x-1) (x-2)=0} =R - {1,2}

Limits : Ifthe values of f(x) can be made as close to L, by taking the values of 'x' sufficientlyclose to 'a'

(but = a) then we write limit fx)

Eg- i) lImit x=22=4 (ie, whenx —2, X’ —>4)
i) Hmit (x22x+5)=32-2x3+5 = 9-6+5 = 8 (ie, when x — 3, X’-2x+5 —8)
Right and left hand limits
Ifthe values of f(x) can be made as close to R, by taking values of x sufficiently close 'a' (but
greater than a), then we write li E‘f} F(x) =R called the right hand limit.
Ifthe values of f{x) can be made as close to L by taking values of x sufficiently close to a (but kess
than a) then limit f(x) =L called the left hand limit.
_ K I Il
Eg f(x)= , x20 then —1,whenx—>0+and . —-1, when x > o-
X X
0, x=0
* Limit exist only when the right hand limit and left hand limit are coincide.
o, it )= fimit 10
Results

*

limit k = k(where k is constant)
X—a

l)i(n_q)zlt [f(x)+g(x)]= l)i(rgilt (f(x))+ l)i(rggt (2(0)
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Eo- limit[Sinx + Cosx ] =limit Sinx +limit Cosx =1+0 =1
g- A X7 X1

1)1(r£1)211t [f(x) - g(X)] 1)1(n_1)£[ f(x)- l}fil);t g(x)

Eg- lxlglry‘,[Slnx—tanX]—lxlglg/tSmx—lxlglnl/ttanx_ 12—1= NG

1)1(r£1) gt [f(x).g(x)] = ljlirg gt f(x). 1)1(111) gt g(x)
Eg:- 1in_1)i3t[(x +3)(x=5)]= limit(x +3)limit (x=5) =(3+3)(3-5)=6.(=2)= 12
f(X) limit f(X)

limit X—a

x>a | g(x) limit g (x)

limit(erl): imit(x+1) 4,1 5

Bg- %54\ x+5) limit(x+5) 4+5 9
x—4

limit[k. f(x)] = k. limit f(x);k is constant

X—a
. W
Eg-- 1)(1273/‘[[3Smx] 3. lxlgnl/t[Smx] 3.8inT,=3.1=3 ( sz—lj
px)
Computing limit for the rational function — T a(x)
. .ox=1 1-1
limit = =

x—>1 x+2 142

— 1 -1
llmit
x—>3 x2-9 1 +2 /
Hence it is evaluated as follows.

(x-3)

1 )1( m 13‘[ m (factorising the denominator)
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I 1

= limit
x—3 x+3 3+3 6

24 27 -4 4-4

C. lirglzt NN 22 I = = 1-10+¢6 A form. Hence it is evaluated as follows.

it (x=2)(x+2) -
) —(x Z2)(x+3) (factorising both numerator and denomenator)

.o (x+2 242
limit = =-4
x=>2\x-3/) 2-3

Special Limits

n n

. . . x"—a _

a) 1) limit =na"’
X—a X—a

3

_i =3(2)*'=32=12

3
X
.- limit
Eg. x—>2 X

+1 (-1)° 5o
11m1t =1 1t——5 1 =5(-1)"=5
i1) limit——=1limi (D) (=D (-1’
oo . . X3_27 33 3-1
111) limit —hmlt =33)" =3x9=27
x—=3 x-—3 x—=3 x-3
- |
limit =1
b Umi
o) limit Sin® _, lim it 208X i g S8 a.limit(smaxj
>0 0 ? x—0 X x—=>0 ax ax—0 ax
i .(Sinaxj
= a.limit
ax—0 ax
= a.l
=a
d) limithl
x—0 X

75



Continuity

The continuity ofa function y=f(x) is easily calculated by drawing its graph. Ifthe graph has no

break or jump, the function is continuous on the given interval.

Eg- a) fix)= |x , absolute value function, . ) 7 fromthe
: i
graph, |x|is continuous. \\ //
b) f(x)=Sinx, xe(0,2n) . O """"" x
The graph has no jump or break, it is continuous.

(- the graph has no jump or break) .

| % 7

Fig (2)
Definition: A function f(x) is continuous at the point x =a if

limit f(x) = f(a) o Jimit £(x)= limit £(x)=f(a)

Problem

1+2x,0<x<2
1 2<x<4[ax2

Examine the continuity of the function f(x)= {
+\ 1 . 1 . 2 _ 2 _
Ans: (2 )—ilgzll:f(x)—l)lirglzt(x +1)—2 +1=5
f(27)= lxlgzlff(x): 1)(12211:(1 +2x)=1+2x2=5

f(2)=2>+1=5,Hence f(2*)=f(27) = f(2) = fis continous at x=2

Problem

kx*,x <2

1S continuous
2x+k,x > 2}

Find the value ofk if f(X)Z{
limit f(x)=limit(2x + k) =4+ k
X—> 2" X— 2

limit f(x) = limit(kx?) = kx2? = 4k
X —> 2 X — 2

Since f(x) is continuous at x=2, we have )}111)1213 S(x)= ilglzlt_f (%) = 4+k=4k 4 = 3k == %
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Problem

ILx<3
ax+b;3<x<5

3:x2>5

Find the value of aand bif f(x)= is continuous at x=3 and x=5.

limit f(x) =limit(ax+b)=3a+b

x— 3" f( ) x—>3( )

}(ii)n %t_ f(x) = lgrg%t (1)= 1 since f(x) is continuous at x=3, to get,
f3")=f(3 )= 3a+b=1.......... (1)

again = }(lglgﬁ f(x)= lirglst (3)=3,

= }(12%‘[ f(x)= 1)1n_1)15‘[(ax +b)=5a+b

Since fis continuous at x=5, to get }(lggf S(x)= l)igistf (¥) = 5a+6=3 ................ (2)
Solving (1) & (2

)& Jatb=1............. (1)

3atb=1 5a+b=3 oo, (2)

52+b=3 (2)-(1) »2a=2 = a=1

Put a=1, in (1) to get 3x1+b=1 = 3+b=1 = b=-2

a=1&b=2
Hence the result.

Functions limits and continuity

@Ry Y=f(X) a)dm agdBo (an6B3aUM) al@lNEM1en)d:.

X qul&aleeam alleldg)ns NeMAmIOMm afe30mInng HWeeam af)a allglemnymm). X
AUy@IM® ailele:ud qurle0lee)cmIoud y Wes IElenan allele:8)0S emo (alTV®)® afds
BOMOM COWemI af)MGIWHQ|SIAM).

80} ane3ouog aflallg af)Sarlqy ©21QMeasslad @dlam 660Q eaaual eildlglo eelaig

eaaual eiladlglo @)ely@wldlessmo.
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Transformation of functions
1)  f(x)transformsto f{x)+a

Ifa>0 then f(x)+a shift the graph of f(x) 'a' unit upwards.
2)  f(x)transforms to f(x) - a

Ifa>0 then f(x)-a shift the graph of f(x) 'a' unit downward.
3)  f(x)transformsto f(x+a)

Ifa>0 then f(x+a) shift the graph 'a" unit towards left.
4)  f(x)transforms to f(x-a)

Ifa>0 then f{x-a) shift the graph 'a’ unit towards right.

Ilustration
Consider the function f{x) = x
Then the graph of the function g(x) = f{x)+2 = x*+2. It is obtained by shifting the graph of f{x)=x>
2 unit upward as shown below

.................

fig.1 fig.2
f(x) — f(x)-1 is obtained as shown below 1 Jf)-1
....... N7ZEEEanas
1-1
fig.3 /
p(x) = f(x+2) = (x+2)’ is obtained as shown below. N\ / | 'f(‘XJ‘rzi) —
-1
fig.4
q(x) = f(x-2) = (x-2)*is obtained as shown below \ fix-2)
fig.5
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5)  f(x) transforms to a f(x); a>1

If we multiply f(x) by a>1, the graph of f(x) is streched 'a' times vertically

Hlustration
Consider f(x) = Sinx

fig.6
g(x) =2f(x) =2Sinx Struch the graph twice vertically

AN aNVa
< 5 A4

fig.7
6)  f(x) transforms to f{ax)
Ifa>1 f(ax) shrink the graph of f{x) a lines horizontally.
Hlustration
Consider f(x) - Sinx
h(x) = f(2x) - Sin2x shrink the graph of f(x) 'a' times unit horizontally.

N AN AN AN AN
"\ V|

fig.8
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Alternate method to find left hand and right hand limit

limit f(x)=1limit f(a —h) where h>0
X—>a— h—0

limit f(x) = lihmgt f(a+h) where h>0

X—a+

x if x<l1

Eg- Consider £(x
A ){x+2 if x>1

AL/ 0 =g (=)

=it

=1-0=1

}(gnfif(x):lﬁrglotf(Hh) :%133:(1+h+2),as 1+h>1

= 140+2=3

Continuity
How to check whether a functions f{(x) is continuous at x=a

Step 1 - Find limit f(x)
Step 2 - Find limit f(x)
Step 3 - Find f'(a)

If limit f(x) = limit f(x)= f(a) thenthe function is continuous at x=a
X—>a— X—>a+

Otherwise fis discontinuous at x=a
A function fails to continous at x=a due to following reasons.

1) )}131;‘[_ J(x) does not exist

limit f(x)

2) Xt does not exist
3 it 109 Jimit /)

4 limit £(0) % f(a)
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UNIT TEST

Score 20

Time : 40 minutes

Choose the correct answer from the given alternatives.

.. log(l+x
1. llmlt—g(_ ) is equal to
x—0
a)2 b) 1 c) e d) none of these

x+a x<l1

ax’ +1 x>1

2) Let f(x)z{

then f(x) is continuous at x=1 for

(Score 1 each)

a) a=0 b) a=1 c)forall g € R d)noneofthese

3) If f(x)=|x| thenf(0)is

a) 0 b) 1 c)-1 d) none of these
&) IV = (e ) then =
dx
X y x Y
2) y b) 2 xX+y 9 y+x
'y
5) Ify=ae™ +be ™ then =
dx
a) m’y b) -nry ¢) my d) -my

Answer the following
6) Discuss the continuity of f{x) at x=0

2x—1 if x<0

Iff(x):{2x+l if x>0

7) Differentiate log(Sinx\/ X+ 1) W.I. to X

8) Differentiate ¢™ + (tan x)* W.L.t X
9) If x=a(6—Sind)
y=a(l—Cosb)

Find & ar0="
dx 2
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10) Verify Languages Mean Value theorem for the function f(x) = /x> — 4 inthe interval

(2.4)
. . . . 2x
11) Differentiate the function w.r.to x Sin T ] (Score 2)
X
Answer and hints
log(1+ x)
I b log(l. +Xx) _ x
Sinx Sinx
X

2. c) limit f(x)=14a and
x—l—
limit f(x)=a+b f(l)=a+1
x—1+
limit f(x) = limit f(x)= f(1) for any aeR
X—1— X—1+

3. d) f(x)= |x| is not differentiable at y —
. b) Takelogonboth sides and differentiate
5. (a)
6. ~JNmit f(x)=—1and limit f(x)=1

. fisnot differentiable at x=0

7. Lety= log(Sin\/x2 —H)

A1 x(2x) X
dx  Sinx?+1 24x* 41 Jx2 1 Sinyx?+1

8. Let y=¢"" 4 (tanx)"

Let u = ™ and 9 = (tan x)"

dy_du dv
dx dx dx

Byl ithemic diffc iati ﬁndd—u d@
y logarithemic differentiation i an e

9. %:a(l—Cose)
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dy .
— = a(Sind
rn a(Sind)

dy _dy [dx _ a Sinb

dx  do/ do  a(l—Cosb)

3 Sind
" 1—Cosh
T
Sin—
dx l—Cosg 1-0

10.  Given f(x)= Jx*—4

fis continuous on [2,4] and differentiable on (2,4)

G RIAC)

. By Lagranges mean value theorem, there exist ¢ € (2,4) suchthat / (o) =———

4-2
f) =V 4 L f) =N —4=112=23

@) =v4-4=0
S@-fQ _ 23 _
To4-2 2 =3
=4 f ) =——e—2
f(x)=+x f1(x) i x
B x —4
fle)=—
c —4
fl(c):f(4)_f(2):> c _f
4-2 ct—4
6'2 —3
c*—4
ct =3(c*—4)

220 =12 *=6 c=J6€(2,4)
Hence Lagrange's mean value theorem is verified.
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2
11. Lety:Sin"( xzj Put x =tan0

1+x

2
Theny:Si”_]( xz]:
1+x

=Sin"'(Sin20)
=20
= 2tan"'(x)

12
T+x" 1+x7

Sin™ (

2tan @ ]

1+ tan* @

Aok ok
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6. DIFFERENTIATION

The derivative is a mathematical tool, which is used to study the rate at which the quantities
change.
Rate of change of quantities ©m#6)012] a101689)Q0M MVA00WVIBM VMG UOMS (D ATVOLED

woem differentiation.

Definition

o . - o [ S0 (@
The derivative of f{(x) at x=a is denoted as f"(a) and is defined as f'(a) =lm# —a

f(x) derivative x=a a)an 6a10@1@1@3 f'(a) ag)am V)2 ilalee6a]s)aN). BIOPAIOW)o (ald:000
@®lom MIBQ)ailesndo.

f(X)—f(a)j

X—da

pn—

Remarks

The left hand derivative of f(a) is llirg%t

Geometrical meaning of the derivative is slope of tangent. The right hand derivative of f{a) is

i i S+ )~ f(a)
h—0 h

fla)—fla—h)
h

Problem

i ivati =ois limit
Right hand derivative at x =0 is im 1

Left hand derivative at x=0 is lim it
h—0

Find the right hand and left hand derivative of f{x) =|x| at x=0

flo+h)—f(o) _. . fh)—fta) _|h|

L
h hs0  h h

flo)=flo=h) .. [=hl _ |
h

l —
h 0

=

Note: Every differentiable function is continuous.

Some Standard results

*

)= A

di(logx)zl * i(ex):ex * i(\/;): !

X X dx
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* i(ax):aX loga * i(Sinx): Cosx * i(Cosx) =" Sinx

dx dx dx
d 2 d 2 d
* —(tanx)=Sec’x  * —(Cotx)=—Cosec’x * —(Secx)=SecxTanx
dx dx dx
. 1 | 1
* —(Cosecx)="CosecxCotx *—(Sm X)Z = % —(Cos x): -
X I-x X 1-x
_ 1 = 1 —_ -1 — - _— S -1 =
* X(tan x)— - * X(Cot X)—1+X2 * x( ec x) =y

d . -1
¢ d—(Cosec X)ﬁ ¢ %(xx):xx(lﬂogx)

d

d d
— (k) =0, k- constant * —(k.f(x)) =k.—1f(x) , k constant
dx dx dx

' Sumrule:%(f(x)Jrg(x)):%f(x)Jr%g(x)

- Sum rule oeE anmBaum)B:8)0s MBHW)eSs HAoleaqlal B80) anamaue@w)o sanclcalglail

ORWo @HVHS @)LIy@0V]Blee)o.
d d d
ie, — + =— +—
i€, dx(f () +g(x)) L) g(x)

Eg:-1 Find The Derivative of (Sinx+Cosx)

Solution:

i[Sinx +Cosx| = i(Sinx) - i(Cosx)
dx dx dx

Cosx —Sinx
Eg:-2 Find the derivative of Sin - (\/; )+Cos"] (\/; ) withrespect of x
Solution: i(Sin_l X +Cos“\/;) :i(sm—l\/;)_,_ﬂ(cos_l\/;)
dX dX dX

1 -1

_\/1_(\/;)2.2\/;+\/1_(\/;)2.2\/;
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1 1 1
= - =0
2\/;[\/1—5( \/l—x}
Product Rule

(f—x{f(x>.g(x>} - f(x)f—x(g(x)) +g(x)f—xf<x)

(Derivative product of two functions = I* function x derivative of second function + second

function x derivative of I* function)

- Product rule : oeng aneBaum)eg)0s mygmmomlend oawcleaglal = 8aNoo ane3aUm X

(derivative of @enzoo aneBaud) + (©6n=200 aneBaumd) X (derivative of damooanedauad)
Eg:-(1) Find the derivative of x.e* with respect of x

d d d
—| xe")=x.—(e")+e" —(x)=x.e" +e".1
dx(xe) de(e) edX(x) x.e' +e j

=e"(x+1)
Eg:(i1) Find the derivative of Sinx.Cosx with respect of x.

—(Sinx.Cosx) = Sinx i(Cosx) + Cosx i(Sinx)
dx dx dx

= Sinx.” Sinx + Cosx.Sinx
=-Sin’x + Cos’*x = Cos’x — Sin*x

Eg:- (1) Find the derivative of e*.log x with respect of x.

d d d
—(e*.1o =e*—(lo +log x.—(e*
™ gx) —(ogx)+log x.——(¢")

X

ex.l+log xe" = ex(l+log X)
X X

Rational function

)

A function is of the form p() ,q(x) # 0 is known as rational function.
X

p(x)

- GOaHEM®@3 (80) aN6BaHM q(x)

af)M CanOALINOMEIG3 @Y aNEBAUOM GOAHEM DI

a06BaHM oy algleemanm) q(x) = 0
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Quotient rule

d d
i(f(x)] 8 S-S () e

dx | g(x) (g(0)
d d
‘ d (o ©dx dix(e ) e*.1-xe* e"(1-x)
Eg:-(1) d_X(AX)_ (e )2 ~ (ex) (e )2
_1-x
==
Remarks

d " a1 d
* d—X(f(x)) =n.(f(x)) d_x(f(X))

Eg:- f—x(x+5)‘° =10(x+5)"" .dd—x(x+ 5)=10(x +5)°’x1=10(x +5)’x1 = 10 (x+5)°

r L (Sinf(x) = Cosfx)-(f(x)
dx dx
d .. d

Eg- —(Sin3x)=Cos3x—(3x)=Cos3x.3 =3Cos3x
dx dx

* i(Cosf(x)) = Sinf(X).i(f(X))
dx dx

Eg- i(Cos3x) = Sin3xdi(3x) =" Sin3x.3 = 3Sin3x
X

dx
d 1 d
—(log f(x)) = ——.— A1
" dx( efl )) f(x) dx &)
d 1 d
- —(log Sinx) = .—(Si = .C =t
g dx( 8 X) Sinx dx( nx) Sinx osx =tanx

1 d

d .. B
. d—X(Sln f(x)) = T i (f(x))

d (@l digm 11
Eg- 4 (S Vx)= &) L S et e o
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-1 d
—_— —(fi
L (f0) dx( (x))

1 d

d L dg= L, 2
Bg-  dx 1-(2x)* dx Ji—ax® T J1-4x

)= 4
o gpltan T G0)=— ooy ax )
d 4, 1 d. . 1 . 3
Fgr gy (@ 3X)_1+(3x)2'dx(3x) x> 1495

d f(x) f(x) d
* —_ = —(fi
dx (e ) © dx ( (X))

Eg:-(i) i(eﬁ) - e&_i(&) _ 1

dx dx 2%
. d Sin”! __Sin™! d . 1 __Sin™! 1
(ii) E(e x)—e X'E(Sm x)—e (x) -

Logarithmic Differentiation

This method is usually used to find out the derivative of the function ofthe form ( /'(x) )g(x) or the

product of two or more differentiable functions.

() ap 1o0le)Ss aneaimises Ulan0@BalcDd §aIgIEMIORd cenTlRals

oWoleaIq1al 9alcWIUTlen)aN). OEHNED GRGILIWIBGEN0 OBH aNEBHMG:B)OS G IOWE:SIHM

Wlan0MaHlec] §21930I0M)0 (alT@)® 010 2alEGIWISHOANIN@IEM).
Procedure

®aDIGIEHM anEBaHOM Y af)@» Qilslee)d:

ie, y = f(x)&") oeng c@ow@m)o GRINGT al1Q)dh.

ie, log y=log f{x)2¥ = g(x).logf(x)

00)c0MeEBgleN0 WlaN0MBaHICRQ] 6219 .

Eg- Find the derivative of x* with respect of x.
Solution: Let y=x*

Taking log on both sides.
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logy =log(x*)=logy :xlogx[.'. loga”™ =nlog a]

d d
Differentiate on both sides with respect x, to get: d—X(log y)= dx (x.logx)

1 dy d d
——=x.—(logx)+logx—(x
y dx dx( 8 ) 8 dx( )

1 d 1 d
=Y 2y logx.1= d_y =y(1+logx). [Butyis only our assumption] thus,
X

y dx X

9 (14 1ogx)
X

dy X
«(i)) Find — =(log x
Eg:(i1) Find ix ( g )
Solution: Put y=(logx)*, taking log on both sides, to get:
logy =log ((log x)"* ) = logy =x.log(log x)

Differentiating on both sides with respect to x,

1 dy d 1 dy d d
— —=—Ix.1og(lo =——=log(log X).— (X)+.—|log(log x
S dx {x.log(log x)} S dx gllogx).——(x) dx[ g(logx)|

. X. .l+log(log x).1
y dx logx x

+log(logx)¢; X
ogx g(log )} But y=(logx)

dy x| 1
Hence d_x = (log x) {log " +log(log x)}

ie, ;—X{(log x)'} =(log x)’ {lo:; " +log(log X)}

logx

d d inx d
Exercise : Find i) d—X(xyX), if) d—x((Cosx)S ) i) -+ (logx)

Parametric Forms
A relation expressed between two variables x and y in the form x=f{t) and y = g(t) is said to
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be parametric form with the parameter t.
X, Y af)an1 06ng caIcl@enilud medlenss enimwo 2)aNI2O®IO) alBAMIG3 (alO®IQiles

0]} 1IN al00062(Sle; Gando af)M ailslemymmo, ie, x = f(t)and y = g().

dy dy/ dt
dx dx/ dt

Here —/— (x &y are in terms oft, thus we can differentiate them

only with respect to t.)

y/t

Thus in parametric differentiation first we find }/ & 4% At , then }/x

dy
Eg-i) Ify=2atand x=at’. Find d_x

Here x & y are in parametric form with the parameter t then,

dy d dx

Y _C aye =L

dt dt( )& dt ( )

o dy dx /t 2a _
16,5—20&5—26”. Thus dx a4/ oat %

dt

d
Eg:-ii) x=a (6-Sin0), y =a(1+Cos0) Find d_z .
Here x & y are in parametric form with the parameter ¢ .

Then % = ;9 (a(1+ Cos6)) = a%(l +Cos0)=a ( "Sine) =" aSin0

j’g dde(a(e Sin@) = a%(G—SinG):a(l—Cose)
d
y/e _aSin®  —Sin®
Hence d ~—dx =
X 40 a(1-Cosf) 1-Cos6
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UNIT TEST

Score: 20 Time : 40 minutes

I (Choose the correct answer - 1 score)
1. Therate of change of the area of a circle w.r.t to radius when r=5cm is

220
a) 10z b)  10zem’/em  ©) B d) noneofthese
2. OnR, the function f(x) = 7x-3 is
a) Strictly decreasing b) decreasing
c) Increasing d) Strictly increasing

3. Equation of the normal to the curve y=Sinx at (0,0) is

a) x=0 b) y=0 c) x+y=0 d) x-y=0
4. The function f(x)=x has
a) only one maximum b) only one minimum

¢) onemaximumand one minimum  d) none extreme value
5. Acarstarts froma point P at a time t=0 seconds and stops at the point of Q. The distance
X, iIn metres covered by it, in 4 seconds is given by

x=0(2- é) . The dis%nce between P and Q is

a) 4m b) 3 c) 32m d) noneofthese

I Answer the following

6. Aladder 5Smlong is leaning against a wall. The bottom of the ladder in pulled along the
ground, away from the wall, at the rate of 3cm/sec. How fast is to be height on the wall
decreasing when the foot of the ladder is 3m away from the wall? (Score 3)
7. Determine the value of x for which f(x) = x+ - is increasing or decreasing  (Score 3)

8. Find the equation ofthe tzmgen[taozthceZ cHrve.

\/;+\/;:a at the point 44 ,a>0 (Score 3)

9. If y = x’ —4x and x changes from 2 to 1.99, find the appropriate change in the valur of y.
(Score 2)

10. Use differential to appropriate the cube root of 66. (Score 2)

11. Afigure consists ofa semi circle with a rectangle on it diameter.
Given the perimeter of the figure, find it dimension in order that the area may be maximum.
(Score 5)
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Anwers with Hints

. b)

2. ©
3. ©
4. d)
5. b
6.

2 2
A=nrcm

A
—— =27r em®/cm
-

dA
dr _ <=10em* / cm
r=>5

fi(x)= 7>0
.. fis strictly increasing

dy
1 fth m=——= Cosx
Slope of the tangent i

at (0,0) m=Cosg=1

-1
Slope of the normal = P 1
Formation ofthe normal
y-0=-1 (x-0)
y+x=0

fi(x)=1>0 for all x
ie, fis increasing on R.
t3

t
Given X =1 (2—5] =2t Y

dx
atPand Q, E:O

é=0:>4t—t2 =0
dt

=t(4-1)=0
=1=0,4
atP, ieatt=0 x=0

. 32
at Q, ic at t=4 XZ?

S PO=—m
© 3

AC the length of the ladder

Given @ =3cm/s
dt
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From right triangle ABC, x*+y*= 52

Ly=A5 -
S BN
dt  2J5* —x? dt

—X
——(
=0

dy 33 -9

at x=3 a s _y 4

9
. The height ofthe wall is decreasing at Z cm/s

1
7.  Given f(x)= x+;

1 x-1
fl(x)=1—;=—2
x* -1

5 >0 x*#0
x

f1x0)>0if

ie,if x*=1>0
ie,if x*>1
ie,if |x|>1
ie,if x<—1or x>1
-, fisincreasing in (—et,—1) U (1,x)

x* =1

fx)<0if <0, x*#0

2
ie,if x*’=1<0, x#0
ie,if x> <1<0, x#0
ie,if |x|<l x#0
. fisdecreasing (-1, 1) - {0}
8. Given \/;+\/;:a
differentiating w.r.to x
1 1 dy

—=+ —=0
2\/; 2\/; dx

Ay v
Cdx \/;
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10.

I1.

@ a)dy
at 4 > 4 ’dx
a’ a’
. Equation of the tangent at 7 ) 7 1S

AN
Y7y 4

ie,y+x:a72 ie 2(x+y)=a’
y=x3—4x
dy = (3x2 —4)dx
=(3x" —4)(-.01)
at x=2 dy=(3(2)° -4)(-.01)
=-.08
f)=x"
x=64 Ax=2
S(x+Ax)= f(x)+Ay
Ay =dy = f'(x)dx

1 L
= —x?3 ]Ax

- §(64)'%(2)

— 041667

— 042

- (66)5 = (64) +.042
=4+.042

=4.042
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Perimeter P =2r+2h+ 777

hZ%(P—I’(2+7T))

Area’ A= 2I’h+%ﬂ'l’2

= 2r (%](P— r(2+ 77,'))+%7TI”2

dr
= P—r(4+7r)
dA P
dr 4+rx
d*A
=—(4+r)<0
dr? ( )
coat ¥'=—"—", Areais maximum
4+rx

h zé(P—r(2+7r))

= %(P— 45;1 (2+7T)j

P
4+r

Aok
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7. APPLICATION OF DERIVATIVES

d
1. Suppose the radius of a circle changes uniformly with respect to time 't' then find FTR
dA d dr
one _ —=—(7r")= r’)y=mn2r.—
Solution: A — rr2, then % dt (mr?) ( )= T

4
Remarks: The volume of a sphere with radius r is 3 nr’ . Then the uniform change of volume with

respect to time t is given by,

a_d n3 z—n—( )—4 32dr 4nr2.ﬂ
dr dt\3 3 dt dt dt

Find the val fﬁand@ h Q—Sandr—S
Qn: Find the value o 7 7 when o

dA _d (4nr ) 8nr£ = 87m.8x.5 = 320%
dt dt dt
dv :i(imsj a4 9T 4nx82x5 = 1280
dt dtl3 dt

Remarks

1
The volume ofa cone with base radius r, height h, is given by V = 3 nr’h

h
then ~." dh(3 j 3"

Eg:-1) The radius of a circle increasing at the rate of 0.5 ../sec. What is the rate of increse of
circumference?

Solution: If'r' be the radius of a circle, then its circumference is given by C=2nr

de d dr
—=—(2nr)=2n—
then = (2mr) =27

- 2nx(0.5)[':given%:O.SCm/ sec}

= 7
Eg:-1) The radius of a circular plate is increasing at the rate of 0.4cen/sec. Find the rate of increse ofits
area whenradius =3 cm.

Solution: Let Abe the area & r be the radius ofa circle at time 't'then A = jr2
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dA d ) dr
=—0=—o-/{mr")=27r —

dt dt( ) dt
= 2x3x.4 [ r= 3cm,%: 4cem / sec}
=24rn

Egii) Find the rate of change of volume of a ball with respect to its radius r. How fast its volume

changes when radius is 10cm?

Solution: The ball is spherical in shape. Hence its volume is given by V = 3 r

dv. 4 _, dv d(4 3j 4 d 3} 4 ,
& 23 oS S |22 ()| =23,
then, =3 7T { dr _dr\3 () e

= 4mr?
atr=10

dv
— =4n(10)> = 4007
dr

Eg:-iv) A balloon which always remains spherical in shape being inflated by pumping in 900cn?’ gas

per second. Find the rate at which the radius of the balloon is incrasing when radius 15 cm.

4
Solution: The volume ofthe sphere V = 3 nr’

dv
It is given that T 900cm*/ sec =15 cm.

V:iTEI'3 jd_V:in_ﬂ(r3):£7T. 1'2.E
3 dt 3 dt 3 dt
e, &Y _ 4 9T 900 = amx(15)2. &
dt dt dt

dr 900 900

= —= > =
dt 4nxl15 9007

dr 1
= —=—cm/ sec

dt =
Review problems
A spherical balloon is being inflated so that its volume increases uniformly at the rate of

400cm?/sec. How fast its surface area increasing when the radius is 8cm?
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Rolle's Theorem
Statement: [ffis a real values function defined on (a,b) such that,
1) fiscontinuous on [a,b] ii) fis differentiable on (a,b), 1ii) f(a)=f(b)

then there exist ¢ e (a,b) such that f'(c)=0

Working rule

step I: @amldleeyam anedauad y=1{(X) quyailafleayan omdeaicd continuous @yEemo ) ald]

GUOO U6 .

(aD63UM GaloS1eMonlOGE @RYEEMEIGE (AIMI@)@ aN6eB U3 CONTINUOUS @RSHEMAY) af)S)a]

OIG3 al0WI0)

StepIl  @mmldleeyam interval (a,b) @ryeemsslad f(X) 0o f(b) @0 Hoem)d. @ om0 @yely

@0G6MO af)aM alGlEUDIUWS1Ee)H>.

Continuity, differentiability, f{a) = f(b) agamlal mublele:6lee0q]5003 ane3auad Rolles theorem

satisfy 2193} af)a alo®oo.
Step I1I: anedaued anqy eancleaglallom (@rmow® (X)) @)@ @)eiMo 621Q)H:.
ie, f{(x)=0

X & ailel a Jeeyo b den)o mswleneemm’ e:emeam)d.

Eg:-i) Verify Rolle's theorem for f(x) = x>-6x+8 on (2,4)

Solution: Since the given is a polynomial function, it is continuous, also it is differentiable, ie, f(x) exist.
f(2) = 2%-6x2+8 =4-12+8 =0
f(4) = 4°-6x4+8 = 16-24+8=0
ie, f(2) =1(4)

thus f{(x) satisfies Rolle's theorem.

Thus by Rolle's theorem f'(c)=0
f'(x)=0 = 2x-6=0 (v f(x)=x* —6x +38)
= x=9 = £'(x) = 2x-6

d =c=3€(2,4)

Hence verified.
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Review questions:
)  Verify Rolle's theorem for f{x) = x (x-4) on (0,4) (Hint: f(x) = x*-4x)
i) Verify Rolle's theorem for f{x) = Cosx-1 on (o, 27)

Mean Value Theorem (M.V.T)

Statement: [ f(X) is a real values function such that

1)  Itiscontinuous on[a,b] ii) it isdifferenriable on (a,b) then there exists € € (a,b)
such that
b)— f(a
—a
Working rule

MBS al0EOm OVl 1, OVl 2, af)aVAl aIGICUIWILE) . (IO OIYadud MLOW)
& 018060|S) M @eMEIGE @aNIBlee MM ana3auad Mean value theorem satisfy eaigyam)
af)M alO®oo.

oquaj 3 : @aIdlena deai@d (a,b) @reemeslad fla) o f(b) o @oemye:. @ysdmy f'(X)

36)6NSMO10)) .

f(b)—f(a)

By mean value theorem, f\(x) = b—a

Solve 8210® e1dlesan ¢ @es aflel (a,b) @3 @ryesMM) B06m0o0.
Eg:-i) Verify mean value theorem for f{x) = 2x-x* on (0,1)

Solution: Given f(x) =2x-x*on (0,1)
Since 2x-x* is a polynomial, it is continuous function.
f'(x) =2-2x, which is exist on (0,1), hence it is differentiable.
thus f(x) satisfies the conditions of M. V.T.
f(0) = 2x0-0=0, f(1)=2x1-1*=2-1=1
f'(x)=2-2 x = f'(c)=2-2c : By mean value theorem.
f'(c) = %:2—2021:—032—202132—1 =2c
=2c=1=>c="%¢€(0,1)

Hence verified.
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Review Questions
1. Verify mean value theorem for f{x) = x*+x*-6x on (-1,4)

2. Verify mean value theorem for f{x) =x?-4 on (-1,4)
Increasing and Decreasing functions
Let fbe a function continuous on (a,b) and differentiable on (a,b) then,
1)) fisincreasing on(a,b) if f'(x)>0;Vx e(a,b)
i) fisdecreasingon (a,b)if f'(x)<0;Vx €(a,b)
i) fisaconstant functionif f'(x)=0;Vx €(a, b)
y=1(X) ag)am an6B3atm alBlWemlee)s. (a,b) Vo3 anedauad continous @YSMAT) &Y.

aneauad differentiable @yeeMa H0)M)H:. (AINI®® aneBaua) (a,b) @3 increasing @ryssmar)

alo@emeassl@d f'(x) >0, Vx e (a,b)
f(x)<0, Vxe(a,b) aresmslod aneBaumd decreasing @yeemm) alowo.

f(x)=0 @RrWG3 (aIM®® aneBauem constant function agan alowyam).

Critical value
A value X =X is a critical value for the funtion f{x), if either f'(x )=0 or f'(x ) does not exist.
Eg:-1) Prove that the function f{x)=x’-3x*+3x-100 is increasing on R .
Solution: f(x)=x*-3x?+3x-100
f'(x) = 3x%-6x+3 =3 (x>-2x+1)
=3(x-1)?
>oo0nR [ (x—1)%is a perfect square hence it is always > O]

Thus fis increasing on R -

Review Question
Prove that f(x) =4x* - 6x*> + 3x+12 is increasing -

Note: Iff'(x) >0, fis an increasing function. If f'(x)>0, fis strictly increasing. Similarly f'(x) <0,

implies f(x) is decreasing function & f'(x)<0—= f'is strictly decreasing.
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Eg:- Prove that f(x) = Sinx is
i)  Strictly increasing on (0, %)

i) Strictly decreasing on (% , n)

iii) Neither increasing or decreasing on (0, 1)

Solution:
f(x) = Sinx
f(x) = Cosx

1) For xe (0,%), Cosine function is always +ve (in the first quadrent Cosine

function is +Ve)

ie, f'(x)>0, for all xe (0,%) thus f(x)=Sinx is strictly increasing.
) xe (% ) n) , 1e, x belongs to the second quadrent, Cosine function is negative on

second quadrent, hence Cosx is negative in (% ) ﬁ)

ie, f'(x)<0 for all xe (%,ﬁ) = f(x)=Sinx is strictly decreasing.

iii) From (i) & (ii) it follows that f(x) is neither increasing or decreasing on (0, 7).
Eg:-ii) Find the intervals on which the function f{(x) = x*-2x? is
a) Strictly increasing b) Strictly decreasing
Solution: f(x)=x*2x?, f(x)=4x’-4x
Consider f(x)=0 = 4x*-4x=0 = 4x(x*-1)=0
=x=0orx>-1=0 = x=0 orx=1 — x=+1

Thus the critical points are x=-1, 0,1
Use this values ofx to divide the domain R into disjoint open intervals.

<% x x x 400

10 1

N\

The ntervals are
(—o0,-1),(-1,0),(0,1)&(1,90)
Case (i) X€ (~0,-1),ie, —0<x<—1,f'(x)=4x —4x <0
= f(x) is strictly decreasing on (—00,—1)
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Case (ii) x€ (-1,0) ie, -1<x<0.

f'(x) =4x3-4x>0 = f(x) is strictly increasing on (-1,0)
Case (iii) x€(0,1) ie, 0<x<1

' (x) = 4x*-4x<0 = f(x) is strictly decreasing on (0,1)

Case(iv) X€(1,00) ie, I<x<oo
f' (x) = 4x*-4x>0 = f(x) is strictly increasing on (1,0)
Review Questions

)  Find the intervals on which f{x)=2x>-24x+15 is increasing or decreasing

3
X
i) Find the intervals on which f{x) = 4x* - 3 increasing.

Maximum & Minimum

Working rule for second derivative test

oquaj 1: GREYX f(X) 2o f'(X) Do &»:0em)®:.

oquaj 2 : F'(X)=0 agyam aqLaQIB: Y0 SOIVE 621 H:.

oquaj 3 : X 6@ aflel 'a' @resmeslcd f'(a) &:0emye. '(a)<0 @reemsslcd x=a agan ailel f oag local
maxima @R @RClWeq|s)M). f(a) @R anesauead maximum value./
"(a)>0 eresmel@d x=0 agan ailel f ©ad local minima ER @ROIWeR|S)AM). (TG
@ealrvooml@d f{(a) eryem anedaueag almlaoc value.

Working rule for finding extrema using second derivative test.

Step:i) Find f'(x) and f"(x).
i) Solve f'(x)=0 for critical values.

1) 1if x=a be a critical value, then f"(x)<0, hence f has a local maximum at x=a & f(a) be the

local maximum value.

Iff" (a)>0 fhas a local minimum & f{a) is the local minimum value.

Qn:  Find the maximum and minimum of'the function f(x) = x* - 6x*+ 9x+15
Solution

f'(x) = 3x*-12x+9
d d
£'(x) = 57 (F'0)= d—X(sx2 ~12x+9)=6x-12
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Now consider f'(x) =0
=3x’-12x+9=0
=3(x*—4x+3)=0=3(x-1)(x-3)=0=x-1=0 or x-3=0
—=x=1 or x=3

£"(1) = 6x1-12=-6<0 (.- f"(x) =6x —12)

ie, When x=1, {"(x)<0= fhas local maximum at x=1.

Thus the maximum value is f(1) = 1°-(6x1)* + (9x1)+15=19

£"(3) =6x3-12 =6>0

ie, when x=3, f"(x)>0 = fhas local minumum at x=3.

Thus the minimum value is f{3) = 3°-6x3*+9x3+15 =15

Ex:-i) Find the local maximum or local minimum of'the function f{(x) = Sin*x+Cos*x; 0<x< %
(Excercise to the reader)
Eg:- Prove that ofall rectangles with a given perimeter, the square has the greatest area.

Solution: Let x be the length, y be the breadth of the rectangle with given perimeter P.

Thus P =2(x+y) =2x+H2y = y= %— X

Let Abe the area of the rectangle.
A=xy
P p 2 P
> A=x|—=—-x|==x—Xx Yy =
(2 j 2 Cy=5-
We have to maximum ise area A.

dA p

for —=—-2x
Tax 2
2
A
d )
dx
. p p p
—=0=>—-2x=0=2>2x=—=>x=~—
Consider ix 5 5 4
P d’4
at X =—, — =-2<0 Hence by second derivative test A is maximum when xz%
4 dr

_P b P_P
Whenx—A,F T

ie, Area is maximum when X = %& y= % = X =Y = therectangleis a square.
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Eg:- Show that ofall rectangles with given area, the square has the least perimeter.

A
Solution: Let x & y be the length & breadth ofthe given rectangle then area A=xy — y= -

Let P be the perimeter ofthe rectangle, then

A A
P=2(x+y)= 2x + 2¥ [ y = ;j

we have to minimise the perimeter.

dp 2A d( 2A] d (4
AP _, 28 1 Con 280 oa &
for dx 2 { dx * X dX(A)

X
d’p d (—2Aj d , ,
2 r_“ — OA —
dx? dx\ x? dx(X )
=-2A .(-2) x*=4A%3
:£>0
X

whenj—p=0:>2—%=0:>&=2:>xz=A:>x=\/X
X

2 2
d2;7
dx2 =4
4

44

(V4)

X X
A 4

AlA 4

Hence by second derivative test, perimeter is minimumat x = /A

2
>0 =je, %>0 at Xx=vA
X

A A
Whenx =/A , yzﬁ ('.'y=;j:>y=\/x

thus x=y=./A — therectangle is a square,
Eg- Find two positive numbers whose sum is 24 & their product is maximum.
Solution: Let the numbers are x and y

Given that x+y =24 = y=24-x

Let the product p = xy = x(24-x) = 24x-x*

we have to maximise p.
2

d’p

2:
X

For d—p:0:>24—2x,

dx

-2
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P ) 24-2x=0=x=12
dx

d 2

dTIZ/ ot x-12 = —12,<0 Hence by second derivative test P is maximum at x=12.
When x=12, y=24-x=24-12=12

Thus the numbers are 12 and 12.

Eg:- Show that the semivertical angle of the cone of maximum volume and ofthe given slant height is

tan~' 2

1
Solution: The volume ofa cone with height & base radiumr is given by V = 3 nr’h

Let'Q ' be the semi vertical angle,

- O

'¢' be the slant height, h be the height,

1 be the base radius of the cone. From figure 1
r h

SinG=—=r=/Sin0O CosO=—=h =/CosO ﬂ

Volume V' = T nr’*h = Eﬂ' [(fSin@)z X (ECOSG)}

\Y% :§n£3Sin29Cos9

We have to maximise the volume V.

For
dv 1

—n
del 3
= Enﬁ [Sin’0+2Co0s°0.Sin0]

I’ [(Sin’0(~Sin6)+ Cos0.28in0C0sb | (using product rule)

1
o= (~Sin’0+2Sin6Cos’0) =0 ( —mh 2 0]
de 3

= Sin6(—Sin0+2Cos’0) =0

= Sin®=0 Oor “Sin’9+2Cos’0=0 Sin%0=2Cos’0

=" Sin’0+2Cos’0=0(-Sin6=0=6=0,not possible) N Sin’0
Cos’0

= Sin’0=2Cos’0=tan’0=2=tanH=+2 =0 =tan"' /2 e tan’0=2
d’ B
q 6\2/ isnegative for g = tan'./2

Hence the result.

Hookk
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8. INTEGRATION

Antiderivative and indefenite integration
F'(x)=1(x) ap@lad F(x )om f(x) oad Antiderivative agam) ailglenam.
ag)mo@d F'(x ) = f(x ) @reyam scoowoo) F(x ) @nel o8s@. agelo antiderivatives oadw)o
omglom I S (xX)dx oa06n8) qv)ailafleaymm). feom integrand agamyo X em variable of integration
ag)myo ailglenyan).
f(x) eag antiderivative @sn f{ x ) agyeslcd
I S (x)dx = F(x)+ ¢, Cow Integration o3 constant agyamyailgles)an;.
Standard Results

n

+1+C
1

1. ~l‘x"dx =2
2. ~l‘dx =x+C

3. ~[Cosxdx =Sinx+C

4. ISinxdx =—Cosx +C

5. ~l‘Seczxdx =tanx+C

6. ~[Cosec2 dx =—Cotx +C
7. ISecx tan xdx =secx +C

8. ~[Cosecx cotxdx = Cosecx+C

d
0. [7=

= -Cos'(x)+C

=Sin"'(x)+C

1
10 ——dx=tan"'(x)+C
' 1+x

=—Cot™'(x)+C
dx
11. f ﬁ dx = Sec(x) +C

= Cosec'(x)+C
12. Iexdx =e" +C
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13. J%dx=log|x|+C

Integration @y avano©189)aM ailer MlonsaByd
L [+ g = [ f(x)dx + [ gx)d

2. (g = fx)de — [ gx)x

3. [K(x)dx =k[ f(x)dx

8303mila)pICanMe ailel 0lavudg)dud

1. ~"1dx:x+c

2

2. dex:%+c

3. jx2d>c=x—;+c

.. ji%hzéx%+c
5. J%dx:2\/;+c

6. Ildx =loglx|+C
x

7. jidxz_—1+c
)C2 X

Integration @ avanowilasyan trigonometric identities

» 1+Cos2x

1. Cos“x

5 Sin’x = 1-Cos2x

3 Cos’y — Cos3x —3Cosx
] 4

4 Sin’x — 3sin x —sin 3x

4

5. SinxCosyz%[Sin(x +y)+Sin(x —y]

6. CosxCosy = %[Cos(x —y)+Cos(x +y)]
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Integration 0y avanowilaeean ailer formula 63

1. j dx :ilogx_a+C

x’—-d 2a xX+a
dx 1 a+x
=—1I]o +C
2. ja2 -x? 2a g a-—x
dx 1 a1 x
=—tan | — [+ C
3. jxz+a2 a (aj
4 jd—leog‘x+\/x2—a2 +C
' xP—-d
dx o x
s g (e
dx 5
6. jﬁ—log‘x+ x“+a|+C

alolud’leimo I - Integrate the following with respect to x.

1) 2x 2) x? 3) x*-2x+1 4) 6x
3 1 7
5) x¥ 6) x* 7) “Jx 8) —x?
2 3
I1 - Find the following integrals
-3 3 Jx 2
- ; —+—u
9) j S dx 10) [ 3Simx dx 11)[[ 5 +\/;] x 12) [ +3/x)dx
xx +/x 4+x
EE N e
15) I(l—x2—3x5)dx 16) j(i—xz—l]dx
x’ 3

Substitution 9alcwonlapyss Integration
I S(x)dx 2iler @raInemBEIo3 of)B8)o]|Ome8 &6Me)ailSlendnd 92 llomaow substitution

Va0V H8)o.
(WORUICHNENE B3>00 163803
Integrand @3 s} factor o derivative 26900} factor @yl oemesslcd @RE OO

factor em substitute ©a1Q)®».

109



Eg:

1+x* o derivative 2x integrand 6 80) ceis@:a00@IMom3 1+X*=U agan) substitute
©21Q) .

ag)®1@3 2xdx=du agyany &515)0.

'.J.1+x dx I——log|u|+C

= log‘l +x2‘+C
Eg:- (2) j—)dx
log x &3 derivative L o0 2215320 ®IMG3 10g X = U ag)m) substitute OalQ)s:.

1
@RGaJ0ud ;dx =du

.'.IIng dx zflogx%dx

x

2
:judu:%+C
:(loix)z LC

Eg-Q3) | %x

tan'x o3 derivative oy B0 20ISH20@IMOE3 tan™ (X)=u ag)m’ substitute 6.aig)s..

@B ! dx =du 5 &
@0Ga]0 e o) &S)0.

J‘tan (x) J‘tan“(x)“_1 —dx
x

1+x?

2

J‘udu:u?+C

2
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Partial Fraction gaicoonlajjas Integration
Rational function integrate ea1qoa partial fraction @Resl@@Im) cuoaunosn Integrate
0 21GQENBO).
aBe®00) rational function myo af)8)ajo@3 integrate ealgomoanam rational function eag
OBV agyymmM@lomeosn Partial Fraction oo agyam) alo@yan.

o] alo@yan ololleosn) rational function, partial fraction @1 alleelenano.

px+q ! B

L. (x—a)(x —b) x—a+x—b

px+q _ A N B
2. (x—a)2 X—a (x—a)2

pxP 4 qx+r 4 B N C
(x—a)(x-b)(x-c) x-a x-b x-c

pX’gx +r 4 N Bx+C
4. (x—a)(x2+bx+C) x—a x*+bx+C

X

- | —d

960: j(x—l)(x—z) x
X . A N B

(x-1)(x=2) x-1 x-2 "™ H0)01WOG3
x _A(x-2)+B(x-1)

(x-1)(x-2) (x-D)(x-2) 0™ l5pe
G20B6BU3 TLAIMMIVWMIMIMT @ROUDEBBUS M)EIYAOAIEMo.
DA =2)+B(x—1) =X )]
Eqn (1) @ x=1 ea0s)0m0o@3

A(1-2)+B(0)=1

AC-D=1
A=1
A=-1

Eqn (1) @3 x=2 ©&0s)0m0@3
A(0)+B (2-1)=2 = B=2
x -1 2

TGo)(x-2) x-1 x2




-1 2
Ix—ldx+fx—2dx
:—1jx__11dx+2jx12dx

=—1log|x — 1|+ 2log|x—2|+C

:—110g|x—1|+log‘(x—2)2‘+C

=log ‘(x—2)2‘—log|(x—1)|+C

=log

aloludleimo

Integrate the following with respect to x.

xX+5 4 1
@ Goa)x+3) ® 213 @x+s) © Gr)@+2)
X 2x 2
@ (x-3y ® (1) ©  (x+3)
1 2x 2
@ GoDE-2)x-3) ® Gr)@E+2)x+3) © @+5)(x+4)(x-7)
1 2x 2

(@) (x2+x+1)(x—1) (b) (x2+2x+7)(x+1) (©) (x2+3x+7)(x—3)

Integration by parts

Integrand eeng) functions eag product @mesmes:l@3 integration by parts 9a16wouila] inte-

grate e21Q)oo.

[(F()g(0))dx = £(x)[ gx)x — | L%f(x)- | g(x)dx}dx

LUAEUICBHMED)

@anldleeyan product 6@ smone@m ceiss.o differentiate ©21Qom &¥l@yMM)o MR
OO CLISHo Integrate 2190 G»¥loyMm)o @RYWIGleesMo. Integrate O210®) &$lw)
cMUoUd aleImROVOMBS Integral &)0aj)d)s] (al@OTVMBB®OOEMELITI BAMNIVOTN V)0

06N2000@M®)o function alomialoo @0Q)d:.

I LATE Rule

Integration by parts @alewouila] integrate £a1Qeamuouwd M Al0WIAM (H2OMIGI
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8mMozeom function O&®OeEIIMS)HHOAIM@O6N).
1. Inverse trigonometric function 2.Logarithemic function 3. Algebraic function 4. Trigono-

metric function 5. Exponential functionie, I, L, A, T, E.
'fx sin xdx = xJ.sin xdx — I(%(x).jsin xdxjdx
=x(—cosx)—j1.(—cosx)dx
=—XCOSX +IC0sdx

=-xcosx +Sinx+C

alolud’leimo

Find the following integrals
Ix sin xdx

Ixz cos xdx

Ix log x.dx
~l‘tan"l(x)dx

Ix secx’xdx

I x’e*dx

~l‘(x2 - 5x)exdx
~l‘xse)’a’x

® N kWD =

Definife Integral
If(x)dx o} 2300110 G@RUWo
;ﬁf(x) O (W2af alGlNEMIEe)H:.
%¥=a ©)o X=b W)o NS LloeNIEBBO6M).
If (x )dx apamo@d y=f(X) agyam curve, x axis, x=a, Xx=b ag)an elosniEBd DI WGP

HOYIM  TVoAl @O IODIOG Allav®1@sp@oen).

y=f(x)

E g7V

A
a b

21D)06BBR)0S MHW)es limit @ definite integral e:osmyamailwo.
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05

9

05

f S =1imit h(f(@)+ f(a+ )+ oo + fla+(n—a)h)

h:b—a

af)N® BOGO0 2lMOEOWIOM®)o ANGIWET N- 2IM}OEBIOS ag)so-

VNIV BHEMIW 21101 YB3 U3

n(n+1)
1) 14243+ e, o=
2) 1H2243% i, +n’= n(n+1)6(2n+1)
[n(n+l)}2
3) P2, il
930: jxdx 06N .
aailos a=1, b=2, f(x) = X 9o @M.
h:b—azz—lzl
" " " | n(n—1)
fa)=f(1)=1 = i Z{“h 2 }
fla+h)=f(+h)=1+h
— limit l[mu}
o f((a+(n=Dh) = f(1+(n—=D)h) = 1+(n—1)h R L
(nh=1)
.-_jxdx zlliqg(i)t h(f(a)+f(x+h)+ ....... f(a+(n—1)h) _ limitl[zn +(n—1)}
1 h>0 p 2
|
linj)bt;(l+(1+h)+(1+2h)(1+(n—l)h)) - 1[311_1} o 1[ 1}
= limit—| —— [=limit —| 3 ——
h=0 | 2 h—0 2 n
limitl[(1+1+ ......... D+h+2h+...(n—1)h]
h=0 pn n @alem n @alem { { 3
| = limit —[3-h]==[3-0]==
= 111?38 ;[n+h(1+2+ ...... +(n—1)] h—0 2 2 2
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Score : 20 UNIT TEST Time : 40 minutes

I.  Choose the correct answer (1 score)

1. J.x—ldx:
x(x—logx)

a)

+c _ B
x—logx b) log(x—logx)+c ¢) loglx—logx|+c d)none of these

1-Cos2x
[i=Cosx .
1+ Cos2x

a)tanx—x+c b)x+tan+c c)x—tanx+c d)—-x—cotx+c

j|x+2|
x+2
al b2 0 d) -1

: x
L B e

dx =

a) 1 b)% 92a  d)0

5. If f(x)= f(a—x), then

[ (0=

a) [f()dx b) [ fla-xdx o) % [r@ax a) _7“ [ £ ()

I Answer the following

6. Evaluate [ xlogx(logx—1)dx (Score 2)
7.  Evaluate J.md (Score 2)
8. Evaluate Ix e dx (Score 3)
1
—dx
9. Evaluate I e —r1 (Score 3)
3x+1
10. Evaluate J(x—2) 2(x+2) X (Score 3)
2
11. Evaluate j(x *~1dx as the limit ofa sum (Score 3)
1
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Answers and hints

I. (c)Put x—logx=x

2. 1—Cos2x =2Sin’x and 1+ Cos’x =2Cos’x
3. If-1<x<l, 2+-1<x+2<3

e, 1<x+2<3
iea x+2>0

.'.|x+2|:x+2 in—-l<x<l

4. (b) JFdx=]fla—xdx
5. (© [=][¥de.... )

thenlzji(a—x)f(a—x)dx

a

= [(a=0)f(0)dx ..(2) as f(a—x)=f(x)

0

DH+2)—>21= jiaf(x)dx

= %! F(x)dx

6. [xlog x(logx ~1)dx = [log x(xlogx— X)dx  Put xlogx—x=x
_(xlogx—x)"
2
7 Ix :; 3 :_Ixix2;23
=%1og\x2+2x—3\+c
g. [xetdx= xje“dx—j(%(x)je“dx]dx

=x e;x —I(Ie3xdx)dx
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10. Let

3x+1 _ A . B . C
(x=2) (x+2) (x=2) (x=2)° (x+2)

Then A(x—2)(x+2)+B(x+2)+C(x—2)2 =3x+1
7
Put x =2, we get B(2+2):7:>B:Z
Put x =-2, we get
2 =5
16

Compare the coeffof x* we get
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A+C=0

A=—C=2
16

3x+1 5 1 7 1 -5
'..J.(x—Z)z (x+2) x:EJ‘(x—2) dx+ZI(x_2)2 dx+£'[(x+2) *

= 5 oglemglsl (372 S
= 16log|x 2|+4 S 16log|x+2|+C
RN (€ ) A

16 g|(x+2| 4 (x-2)

I f(@)="-1)
a=1, b=2

pelze 22l L
h

=

R L 2 _ 2 _ 2
= limit R P =14 (14+h) =1+ .ot (1+ (n=1)h) *~1]

R TI 2 2 _ 2_
—lﬁlét h[l +(+h) +....... +(1+(n l)h) n}

h—0

— limit h[lz TP 4o 4 1P 4204 22R) +203h) + .. 20— Dh+ B +(20) + ...+ (n=D)h) —n}

ERTI 2(12 . A2 2
=limit 2| n+2h(1+2+...+(n=D)+ 7 (P +2°+_.+(n-1) —n

h—0

 limit ;{2}’("‘1)(") N hz(n—l)n(Zn—l)}
2

h—0 6

1
W (1—](211_1)
limit »| 220D n

= h-0 2 6
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(1—h)n(2_1]
=limit A| (n—-1)+ n

h—0 6

= limit n(y_lj+lﬂl:ﬁxz:ﬁl
h—0 n 6

L h(=h)2=h)]
6

=1E3§ [nh(l—h)

=1+L%:1+
6

4
3

UJ|>—¢

Aok ok
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11. DIFFERENTIAL EQUATIONS

Derivatives 988 quaaiosjeaeswoen differential equation agyany ailgleeian o).

630) Wla00MBaHy@3 MEHIaUHF 303D
80) WlaN0MaHT3 MEHIHMIT BEMO @PMILIWle:c20 s803wmss derivative 9enzos:0o.
ag)elo derivative oa3@)o 803WAE alBlNEMISN)H. aBQale DA 6odwo)ss derivative oag

s0dwonowlalen)o differential equation &3 sodawd.

d’y (@Y
260- (d_J (dxz ~0
dzy
dx?
&y
dx’

.. differential equation a3 sowdawa 3.

6)0@ 83080WaA 2

6)0@ 83080 A 3

AWl W@y @)
apQao 2@Adam 80dwo)ss derivative g &y@looem differential equation e

AW (dy@l)

d3y dzy ’ —dy
. +2 =0
269: dx’ (dx2 dx *

3
aBQal)o @AM sodwo)ss derivative e @RY6N.

3

m O &y @1 1 @M. GROMEB0ME d.c. @rMeBME d.c. &yl 1 @R
x

aloludleimo

Wl Blwo BIBAWNOY0 »HIMN)Hs.

d3y dzy ) dy ’
—+ +|— | +y=0
L. dx’ (dxzj (dx] Y
&y (dyT ;
— | +| =] +y =0
2 (dxzj dx Y

2
2x2d—)2}—ﬂ+y =0
dx dx
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4.
3.
6.

yty=e'
y'HyD+2y =0
y'+2y!+Siny = 0

Formation of differential equations

@anlalesyan family of curves oag order aiglnemles)s. @@loal parameter om eliminate
9210 OH06NE parameter 6 agspo order @1 alvym olwlwlad differential equations

DENRIBE) B>

939:- y=mX og)am family of straight line &ag differential equation @enzoee)s:.

Sol:

@mdlesan equation @3 m @yem) parameter. 'm' eliminate o21Qom @amldlenyan equation

differentiate 0219 @PEaJoUD L ag)am) &15)am).

dx
m mM)ald0o d_y O HIS)OMOM@3 Y = —yx amy&1s1am
3 dx 3 y dx af)aMH153aM).

dy
@RGaJoud xa—y =0 agamslgiam).

SISl equation @M y=mx em (al@lmlwomo ealgyan differential equation
x2 y2

— +b—2 =1 agyam family 6@ (a1@lmwomoe eaigyam differential equation o:06m)e.
a

a, b smaimosn) parameter &3.

a, b pas eliminate e219® second order differential equation @en=oee):.

2 2

@al6les)an equation — +b—2 =1 s (1)
a

Differentiate w.r. to x we get

a b dx
.oox y dy
L% a b dx?
A
L% Vde o
. ydy b
Le, ==

© xdx &

differentiate w.r. to x we get
xdx\dx) dx dx\x

121



2
rdy T
Le x dx” dx X

Multiply by x* we get

2
x’ (Zjd—);+d—y(xd—y—y]:0
x)dx” dx\' dx

d’y (dy jz dy
——+x|—| —y—=0
Y dx’® * dx Y dx

aloludleimo

Formulate the differential equation.

L =+Z=d

a b
2.y :a(bz—xz)

Differential Equation a3 solution

1.  Variables separable form
f(x)dx = g(y)dy agyam o)aiomlenss differential equation solve ea1Qom
~[f(x)dx = Ig(y)dy +C oo @103 ool

eg:- Find the general solution of

dy _y
dx x
Solution

d
@mMIclesyam equation d_i: =£ (& 210)2] ag)y@lwomd xdy=ydx

1 1
Le., ;dy :;dx (@ variables ®oo@dle06alg Mleiwleosm))
Integrate ®a1dmow3 solution &s1s)o.
af) 103

1 1
J-;dy = I;dx
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ie, logy =logx+C
ie, logy—logx=C

ie, log (Xj =C
X

ie, %: ¢, Where C =¢*

aloludleimo

Solve

! d_y_1+y2

' dx  1+x?
dy 2

2. —=2(x+y°x
o= 2(x )

d
3. +DE=yi-1
dx
dy
4 0w E=100y>0)
X

dy )
—=x"
> dx Y (y>9)

d_y = ex_y
dx

General solution and particular solution
Arbitrary constant C o8s solution @gend general solution. @ami@lesyam condition @alewo

uila] arbitrary constant eliminate ®215®o3 #;l5yam solution @ryeny particular solution.

Initial Value Problem
Variables &g initial values oxamigeenssias differential equation ew mitial value probelm agyamoen’
afllgle)s. Initial value @alcouilaj general solution mleer arbitrary constant eliminate 62105

particular solution 06m)&:@oeNn} GaINR®).

. . . dy 2
ora- Find the particular solution of I —4xy

giveny = 1, when x=0
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Solution

@adlee)an equation % =—4xy’

Y ad . . .
ie, e = THAX (@ variables moodGleneals dleilelsn?)

Integrate ©a1dmow3 solution &sls)o.
1
j y—z dy = j —4xdx

' —_l B —4x?
le) y 2

+C

1
ie, —=2x*-C
y

1
2x*-C
x=0 ag)®l@d y=1 agan @mmlclenan).
1= !
2(00-C

y

: 1= L C=-1
1€, C ==

1
2x% +1

y

aloludleimo
1.  Solvexdy= (2x*+1)dx, given When x=1, y=1

dy 2x
2. Solve I = y_z , given When x=-2, y=3

d
3. Solve x(x —l)ﬁﬂ  When x=2, y=0.
dy
4.  Solve E:ytanx : When x=0, y=1.
dy :
5. Solve Ezex Sinx : When x=0, y=0.

d
> _ (x+2)(y+2), given When x=1, y=-1.

6.  Solve Xy -
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UNIT TEST

Score : 20 Time : 40 minutes
I.  Choose the correct answer (Score 1 each)
1. The order ofthe differential equations of all non vertical lines in a plane is
a) 1 b) 2 c) 3 d 0

2. The differential equations of the family ofall circles with centre at origin is
a) x+y=0 b)) x+yy =0 ¢ x—yy =0 d) noneofthese)
3. The degree ofthe differential equation

2 % 2
I+ (Q] = d—f is
dx dx

a) 1 b) 3 c) 5 d 4
) . . . . dy I+y .
4. Anintegrating factor of the differential equation o +y=—= (n > 0) is
X X
b e
a) o b)) — ©)  xe d ¢
X

3
5. The general solution of the differential equation d_); =0is
x

a)  ax’+bx*+cx b)) ax’+bx+c © X +x’+c d) noneofthese
I Answer the following

6. Find the area of the region bounded by the curve y = \/3x + 4 above the x — gxis and

between x=0 and x=4. (Score 2)
7.  Using integration, find the area of the triangle whose vertices are (-1,6), (1,2) and (5,4)
(Score 5)
8.  Formthe differential equation of the following equation y = ¢™ + Be™™ where Aand B
are arbitrary constants. (Score 2)
dy _ x+y+l
9. Solve i —2x+2y+1 (Score 3)
dy _Y_
_— = e
10. Solve o x (Score 3)
Answer and hints

1. (b) Equationofallnon vertical lines ina planeis y =mx+ c. mand c are parameters.
Since there are two parameters the order of the differential equation is 2.

2. (b) Equation of family ofall angles centre at the originis x* + y* = r*
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3. (b) Givendifferential equationis

5
(dy 2 A dzy
I+ = =
dx dx?

dy ) d’y ’
cubing we get 1"‘(5] ] :(dxz] - degree=3

4. (b) Given equation can be rewritten as
dy 1 1
—+yll-—|=—

dx 4 ( X ] X

Integrating factor is ej (‘"i]d = ot loer

= X —logx x -1

e.e =e .X

5. (b) Given differential equation is

&y _

dx’
Integrating w.r.to x we get

3

Ty _y

dx
Integrating again we get
@ =Ax+B

dx
Integrating again we get

2

A; +Bx+C

y:

z(éjx2+Bx+C
2

—ax’ +bx+C

4
6. Requared area = Iy dx
0
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_ %((3x4 +a) - (4)%)

_ %(16%—4%):3(56):%

7. /
A 4
-1,6) " ¢ F (5,4)
:\\_ :
|
II 4 ]
ER R :
| 2 |(192) 1
|
: | 'I } — !I'
D 1 2 3 4 sE

Area of the triangle = Area under AC - (Area under AB+area under BC)

4-6 _
Equation of AC is y—6=5__1(x— 1)
—6=—(x+1
y=6=—(x+1)
-2 Y
S
2-6
Equation of ABis y—6= 11 (x-1)
4
6= —(x+1
y 2( )
y==-2x+4
) ) 4-2
Equation of BCis y—2 = 51 (x=1)
_X3
Y 2 2

5
x 3
Area under BC is j(— + —jdx
1
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2 5
2 2 2 ]

-. Required area = 30-(8+12) = 10 square unit
Given differential equationis y = 4e™ + Be™™
Differentiating we get
y'=Ae"m+B e (-m)

Differentiating again we get y' = Amx.m* + Be ™ m*
= m2y
sy =mPy=0

Put x+y=19

dy dv
I+ —=—
Then I dx

cdy dv
..E_E_
NI
dx 20 +1

A9 041 914204
dx 209+1 29 +1

3942

29 +1

2 G (1)
39 +2

2041 2 1

By division we get 35~ =3 339 +2)

2 1 1
3 3319—1—2

. equation (1) becomes [ ]d U =dx

onmmgmmgwegﬁfmg_§3ﬁ+2] -

_ zﬂ_llog|3v9+2| B
303 3 B

- 60 —log[30+2|=9x+C

+ A4

.'.6(x—|—y)—log|3(x+y)+2|:9x+C

6y —3x—log3(x+y)+2|=
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10.

Given equation of the form

;’—y L P(x)y = 0(x)
X

Where P(x) = % Ox)=e"

1
1 : —dx
Integrating factor is ef T goex _

Multiply the given equation by integrating factor we get
—( yx) =e "X
dx
Xy = f e 'x dx
= xf e’ dx—f i(x)f exdx}dx
dx

=x e__; —f(e_xdx>dx

= _—xe ' — de =—xe "+ | e’dx
= J

—X

° Lc
1

e, xy=—xe "+

ie, xy+xe+e " =C

Aok ok
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12. VECTORALGEBRA

Vectors
Quantities having both magnitude and direction.

Eg: Velocity, accelaration force, weight, momentum etc. ///

a —
Types of Vector
Zero vector - vector having zero magnitude.
Unit vector - vector having magnitude 1. -

- - - —

i, j,k areunit vectors along OX, OY, OZ axis, a
Co-initial vectors - Two or more vectors having same initial point.

a,b & ¢ are co-initial vectors.

Collinear vectors - The vectors having same or parallel line of action.

— —

—>da > ¢ > >—
== == TS

here 4, b, ¢.d» e» f arecollinear vectors.
Equal vectors - two vectors having same magnitude and direction are called equal vectors.
Negative of a vector - If ; is a vector then - ; is called negative of vector ;. Which has same

magnitude and opposite direction as that of .

Y
T
Components of vectors- L
Consider the rectangular co-ordinate system in a Y
3 dimensional geometry. 4
O 1s the origin and 0X, OY, OZ are +ve X axis, ;
+ve Y axis and +ve z axis. R /.
Let ;, j,k bethe unit vectors along OX OY . O i 4 X

and OZ axis respectively. Any vector in space /
can be expressed in terms of these unit vectors

as azai+aj+ak
If P(x, y, z) is a point in the space then Op is called position vector of P and
OP=xi+yj+zk

Magnitude (modulus) of a vector i +b j + ck 18 \Ja® + b + 2 -
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Addition: Let ¢ = a];+ az}' + ajc
b=bi+b,j+bk
Then a+b=(a, +b,)i+(a, +b,)j+(a,)+b)k
ie,if  a=3i-2j+4k&
b=2i+ } +5k
Then g +b=5i— j+9%
Vector joining two points
If P(x,y, z,) Q(x,, y,, z,) are any two points then,
P—Qz(x2 —xl);+(y2 —yl)}'+(z2 —zl)l;
Section formula : Position vector ofthe point P which divided the line segment joining 4 (;Z) & B (l;) n

o - _mb+na
the ratio m:nis givenby r =

m+n

Qn.:  Find the magnitude of the vector ¢ = 2 —7j - 3k

Ans: ‘5‘=\/22+72+32 = 414919 =62

a
e  Unit vector alonga vector  is given by W
Qn:  Find the unit vector along ¢ = 3; + 2 j + 4k
Ans: q=3i+2j+4k
‘Zz‘ 342214 =9+ 4+16 =29
. 1 ZZ 3_l:+ 2} + 4/;
. t t =
. unit vector along D)
Qn:  Find the unit vector in the direction of ; 4/ where ¢ =2i— j+2k and h=—j— j—k
Here g +h=i+k
‘Zz+l;‘ —JP+ir =42

aib itk

hence unit vector in the direction of ; + f = m - f
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Product of two Vectors

1)  Scalar (dot) Product of two vectors o
If ; and p are two vectors, then .} = ‘aHb‘ .Cosg
Where ¢ is the angle between ;, &,

Results 1) .p isarealnumber

2) a-b=bh-a
3) a.b=02<:>aJ_b
4)  aa=|a

S Tizjj=kEk=1& ij=ji=Fi=0
6) Angle betweentwo vectors ; & p
isCosg= ab_
i -
7)  Projection of  in the direction of 3 is ‘B‘
8) Ifa=aji+a,j+ak & b=bi+b, j+bk then
ab= a,b, +a,b, +a,b,
Ex.1  Find zpwhere ;=i-2j+3k and b=3i-2j+k
Sol. ab = (1x3)+ ((2x™2)+ (3x1) =3+4+3 =10
Ex.2 Show that the vectors 2i-j+k, i-3j-5k and 3i-4j-4k formthe vertices of aright angled
triangle.
Sol: Let the vertices be AQ2i-j+k), B(i—3,—5k) C(3i—4;—4k)
Then 4B =0B-0A4=(1-2)i+(3+1)j+(5-Dk=i-2j-6k
BC=(-1)i+(4+3)j+(4+5k=2i—j+k
AC=(B-2)i+("4+1)j+(4-Dk=i-3j-5k
Now BC.AC = (2x1)+ (" 1x=3)+(1x 5)=2+3-5=0
ie, BC L AC ..Ale ABC is right angled Ale
Ex. 3 Find the projection of the vector j+3 j + 7k on the vector 7; — j + 8k
Sol. Let g=i+3/+7k b=Ti—j+8k

- ab (X +@x=D+(7x8)  7-3+56 60

Projection of a on b= — = = =
: o JPeces JAorleed VN4

Ex. 4 For and two vectors 4 & p - ‘Zz + l;‘ < ‘Zz‘ + ‘l;‘ (triangle enequality)

arf =GBy (ab
a4
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—in+ab+ba+bh. ( Cauchy Schwartz inequality
[af + 2B+ o [a|<]a] [
Proof
<l + 2l R
. —— :|C0s9|£1
- (el ) e
‘;Z+l;‘£‘a‘+‘l;‘ ‘ZZ.ISS‘ZZHB, Zz‘;to, 5‘7&0
\_

Vector (or Cross) Product of two vectors
The Vector product of two vectors , &  denoted by ;7 defined as axb = ‘ZZ‘ ‘1;‘ Sin6 n
Where @ is the angle between 4,5 and ; is a unit vector perpendicularto 4 gnd 5-

So that 4 p ,, formaright handed system.

Results:
1)  axb isavector perpendicular to the plane of ; & p

2)  ixj=k, jxk=i & kxi=

3)  Unit vector perpendicularto , & p is &lz

axb

axb

4)  If ; and p represents adjacent sides of a parallelogram gives its area.

axb

5) If gand f represents sides of a triangle, its area %

6) If;z:a];+a2}+a31; and l;:b];+b2;'+b37c

i j ok

axb=\a, a, a,

b b, b

Ex.1 Find gxp if a=2i+ j+3k and b=3i+5j-2k

i ok

Sol  axb=2 1 3|=i("2=5)—j(4-9)+k(10-3)
35 2
= 17i+13/ -7k
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Ex.2 Find a unit vector perpendicular to each of the vectors ,+5 and ;.5 where

Zz:§+}‘+7c, E:f+2}'+37c

Sol  ;+p=2i+3j+4k and a-b= j-2k

IS

+)x(a-5)

u.v. perpendiculatto 4 +5 and 4 _p is (
(a+5)x(a—)

Req. wv. = _2;+4}_27€_2(_i+2j_k)_—;+2}—l;
- J4+16+4 276 NG

Ex. 3 Find the area of the parallelogram whose adjacent sides are g :;-;‘ +3k and 2i— 7}' +k

axb

Sol. Area ofa parallelogramis

j ok
-1 3[=i(1+21)- j(1-6)+k("7+2))
-7

axb

N = o~

=i(20)+5/ -5k
Req. Area = \/400+25+25 =500 = 10v/5 squnit

* If ; and }, are two collinear vectors axb =0

*  IfAB C are collinear points then, 4BxBC = 0

*  If g,b,c are three coplanar vectors then, (szB)E =0 (Since g4p & ¢ are | r)
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1)

2)

3)

4)

5)

6)

7)

UNIT TEST

If ‘ZI +1;‘ = ‘:1 —1;‘ then angle between ; & p = 9

0%, % %) 0

Given ABC are the points (2, 1,-1), (3, 2,-1) & (3, 1, 0) find the angle between the vectors

AB & AC €)
Find the valur of } so that the following vectorsare | 2)

a=2i+3j+4k and 3+2— Ak
Find a vector orthogonal to both j + j + 5k and 2/ — t )

1
IfD, E, F are midpoints of sides of a triangle ABC. Prove that area of triangle DEF = , area of
triangle ABC. A3)

a+b

(Hints : Position vector of midpoint of AB is

)

I b .
It g is the angle between two vectors ;4 & p then % is  (cotf,—cot6,tan0,—tan0) (1)
a.

Determine area of the parallelogram whose adjacent sides are g+ and a—b- 3)

Where a=i— j—k & b=3c+4j-5k

Aok ok
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13. THREE DIMENSIONAL GEOMETRY

Introduction
In this chapter we use vector algebra to 3 Dimensional Geometry. Here we shall study direction
cosines and direction ratios of line, equations of lines and planes in space, angle between two lines, two

planes and a line and plane. Shortest distance between two planes, etc.

Direction Cosines and direction ratios of a line
If a line makes angles ¢ , f, ¥ with X axis Y axis and Z axis then Coser , Cosf3, Cosy are
called direction cosines usually denoted by /, m, n. Any three numbers a, b, ¢ proportional to /, m, n

are called direction ratios.

I m n
je. —=—=—=k
ie, P

For apoint P(x,y, z) in space X, y, z can be taken as direction ratios of 9 p .
Direction ratios of the line joining (x, y, z) & (X, y, z,) are givenby X -X , y,-y,, Z,-Z,

Relation between direction Cosines and direction ratios.
a b c

l: 2 2 2 m= 2 2 2 n= 2 2 2
Nae+b*+c Na+b +c¢° Na +b" +c

If I m, n are direction cosines of a line then P+m’+n’ =1

Qn: Find the direction consines of line which make equal angles with axis.
Ans: Here o = B=y ie, Cosa = Cosfg = Cosy

1e, [=m=n=Cosq

Now FP+m?+n’=1 =

= Cos’a.+Cos’a + Cos’a = 1

1 1

=3Cos’a=1 = Cos’a =3 Cosa -5

.. . . 1 1 1

ie, direction cosines are (fffj
Qn: Show that the points (2, 3,4) (-1, -2, 1) & (5, 8, 7) are collinear
Ans: Let the points be A (2, 3,4) B(-1,-2,1) & C(5,8,7)

Now 4B=0B-04=(-1-2)i+(-2-3)i+(1-4)k

ie, - 3c—5; -3k

Similarly find 4 C9

AC=3c+5/+3k
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d.rs of AB -3, -5, -3
drsofAC3,5,3

-3 -5 -3
here ER = S5 = ER ie d.r.s are proportional hence lines are parallel with a common point

ie, A B C are collinear.

Qn: Find the direction coines of X axis, Y axis and Z axis.
Ans: Direction Cosines of X axisis 1, 0,0

Y axis0,1,0

Zaxis 0,0, 1

Equation of line in space

Equation of a line passing through a given point A having position vector ,, and parallel to the
given vector } is givenby ;- — 5+ 1p (Vector equation)

r=xi+yj+zk, a=x,i+y j+zk, b=ai+bj+ck

X _ YN _Z27% . .
= = Cartesian equation
; - . ( q )

Then;=a+ﬂj52> al

Qn:  Find the vector equation of a line through the point (5, 2, -4) and parallel to the vector 3; + 2 — 8k
Ans: Herelineis =g+ 1h, a=5c+2j—4k, b=3c+2j-8k

hence required line is 7 = 5¢+ 2 — 4k + A(3i +2j — 8k)
Equation of a line passing through two points A(Zz) & B((B)

r=a+ A((B—:z) Where ;& p are p.v. of this points.
X=X% _ V=W _27%

Xo =Xy Vo= V1 Z7Z%

Qn: Find the vector eqn. and cartesian equation of the line passing thorugh the points (-1,0,2) and

Its cartesian form is

(3,4,6)
Vector equation is 7 = g+ A(b — a)
ie, ?:(fi+0}+21€)+/1(3?+u}+6k—(fi+21§))
ie, ?:—E+21}+A(3E+u}+6k—(—?+21§))
x+l y-0_ z-2
4 4 4
Angle between two lines r = a, +Ab, & r = a, + ub,

Its cartesian form is

Angle between two line is the angle between their parallel vectors ie, p, & b,
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ie. Cos0O = %

2

If bi=ai+hj+ck
b> :a2;+b2;'+c212

a,a,+bb, +c.c,

2 2 2 2 2 2
\/al +b +¢ \/a2 +b," +c,

Cosf =

then

Qn: Find the angle between the pair of lines.
= 3f+2}'+4l;+/1(f+2}'+2l;)
F=5i+2j+u3i+2]+6k)

Ans: Here by =i+2j+3k and b, =3i+2 ]+ 6k

bi.b;

1
then angle between the lines Cos0 = ‘1;] b

2

biby =(1x3)+(2X2)+(3x6) =3+4+18 =25

‘Bl‘=\/1+4+9=\/ﬁ; Bz‘=\/32+22 162 =49 =7
Cosf =25
o /\/ﬁx7

Shortest Distance

Shortest distance between two lines » = g, + Ab, & r = a, + ub, is given.
(b1 xB2)

d:(&z—&l). \Elxéz

Qn: Find the shortest distance between the lines
r=(+2j+k)+Al— ] +k)and
;:(2;—}—7()+,u(2;+}+l;)

Ans: Here
ar =i+ 2}‘ +k
ar=2i—j—k
bi=i—j+k
by =2i+ } +k
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a—a1=i-3j-2k
J
bixb,=[1 -1

2 1

—J4+1+9 =14

~.

=i(=2)— j(-1)+k(3)=—2i+ j+3k

—_ = XN

‘Bl XBZ

(];l Xl_jz).(az —51)‘ ‘(—2?-!—?-!—3]2).(&—3}—2/2)‘

d = — — =
‘ ‘lebz ‘ ‘ \/ﬁ
_|2-3-6] 11
| Via | Ve
iofa; )
Distance between two parallel lines = a_]) + )\B & P 572 + ME is given by d= 3

Plane: General form of a plane is
axt+by+cz+d=0

OF ;1 +d =0 Where ,; isthe perpendicular vector to the plane. (Normal vector to the plane)

Equation of a plane perpendicular to a given vector and passing through a given point.

A be apoint in the plane aT

and ; perpendicular to the
plane P be an arbitrary point in A

the plane then AP m =0 ie,

(r-a)m =0
Which is vector equation and cartesian form is A(x-x )+B(y-y,)+ C(z-z )=0
Qn: Find the vector and cartesian equation of the plane passes through the point (5,2,-4) and | ,
to the line with direction ratios (2, 3, -1).
Ans: Here g =5i+2j—4k and m=2¢ +3/—k
. Vector Eqyatuib of'the plane is (; - (5; + 2}' - 47{)).(2f+ 3}' - 7() =0

Cartesion equation is,
2(x=5)+3(y-2)+—(z+4)=0
2x+3y-z-10-6-4=0
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ie, 2x+3y—-z-20=0

Qn: Find the equation of the plane passes through (1,4,6) and normal vector to the plane is ; + } —k

Ans: Vector equation to the plane is [17 - (?+ 4+ 67()} .(f+ j- l}) =0
Cartesian quation of the plane is x-2y+z+1 =0

Equation of a plane passing through 3 non collinear points with position vectors g, b, ¢ is given by

ie, (r—a).(b-a)x(c-a)=0
If,
a=xi+yi+zk
b=x,c+y,j+2,k
c=x,c+y, ) +2,k
Then Catesian form of the plane is
X-X, y-y, Z-%
X, =X, Y,-Y, Z-2|=0
X -

3-Xp Yi-Y, Z3-Z

Qn: Find the vector equation and cartesian quation of the plane passing through A(2, 5, -3),
B(-2,-3,5) & C(5, 3, -3)

(r=a){ (-a)x(i-a) =0

Where g =2i+5;-3k

b=-2i+3j-5k
c=-5i+3j-3k
x—2 y-5 z+3
Cartesian eqn is 8 8/=0
3 2 0

ie, (x-2) (16) - (y-5) (-24) +(z+3) (24)=0
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Intercept form

X y z
Intercept form of a plane with intercepts are «, 3, ¥ is given by o + E +—=1

X z
Ifthe intercepts ofa plane are 2, 3, 4 its equation is ) + % + 1 =1

Equation of the plane passing through the intersection of two planes a x+b yt+c z+d, =
0 & a x+b,y+c z+d, = 0 is given by I plane +k (II plane) = 0.
ie, a xtb y+c z+d +k(a xtb,ytc z+d,) =0
Qn: Find the vector equation of the plane passing through the intersection of the planes
r.(i+7+k)=6 and r.(2i+3j+4k)==5 and the point (1, 1, 1)
I plane is x+y+z- 6 =0
II plane is 2x+3y+4z+5=0
Eqn ofthe required family of planes is
ie, (x+ty+z-6) + k(2x+3y+4z+5) =0 ............. (1)
(1) passess through (1, 1, 1)
= 1+1+1-6+k (2+3+4+5) =0

3
3+k(14)=0 e, 14k=3, k=77

hence required plane is
xt+y+z-6+ 1 (2x+3y+4z+5)=0
ie, 14x+14y+ 14z-8y+ 6x+9y+ 122+ 15=0
ie, 20x + 23y +26z-69=0

its vector form is ?.(20?+ 23/ + 2612) - 69
- Coplanarity of two lines
The lines = 4, + Ap, and 4, + Ap, coplanar iff(ZZz —a ).(legz) =0
Angle between two planes
Angle between two planes is equal to angle between their normals. Consider the planes.
(rmi)+d =0&
(; m )+ d, =0
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angle between the planes is equal to the angle between their normal vectors ie, j,;, and 5,

Distance ofa point from the plane:

Let ax+by + cz+d =0 be theplane and (x,, y,, z,) be the point. Then distance between them,

|axl +by, +cz, +d|

d:‘ /a2+b2+cz ‘

Ex  Find the distance of the point (2, 5, -3) from the plane r. (6?— 3+ 2%) =4

Sol: Planeis 6x—3y+2z—4=0 & pomntis(2,5,-3)

d_|6x2—3x5+2x(—3) 4| p2-15-6-4
| Jerear |1 o

distance

Angle between line and a plane

Letthelinebe ;' — ;1 \p & planebe ., 4+ 47—

_' —_ =

Cos(90—0) == 1o Sind mb
A H\ il
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)
2)

3)

4)

5)

6)

UNIT TEST

Find the vector equation of a plane which is at a distance 7 units from the origin. )

What is equation of a plane through the intersection of the planes 3x — y +2z—4 =0 and

x+ y+z—2=0and the point (2, 2, 1) 3)
—1 —1 -3 -2 -3 —4

The lines —— =2 — == and TS =" _Z are (D)
2 2 0 0 0 1

(parallel, coincident, skew, perpendicular)

Find the angle between the lines F=3i42j—4k+X (7—1- 2j+ 2%) ,

?:5}—21?+u(3?+2}+6%) 2)
Find the equation of the line through the point (1, 2, 4) and the line
?:2?—}+4%+A(?+}+1?) 3)
What are skew lines? Find the distance between the skew lines

Ezy—2:z—1 & x—3:y—1:z—2 @
1 2 1 3 2 1

Hookk
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14. LINEAR PROGRAMMING

Mathematical formulation of a problem

Consider the following situation
A furniture dealer deals in only two items tables & chairs. He has Rs, 50,000 to invest and
has storage space of 60 pieces, A table costs Rs. 2500 and a chair costs Rs.500. He esti-
mates that from the sale of one table he can make a profit of Rs. 250 and that from sale of
one chair a profit of Rs. 75/- He wants to know how many tables & chairs he should buy from
the available money so as to maximise the profit.

Solution:
Let x be the no.of tables y be the number of chairs that the dealer buys,

thus x>0 & y>0

The dealer is constrained by the maximum amount he can invest & by the no.ofitems he can
store.

ie, 2500x+500y <50000 = 5x+y <100 & x+y <60.
The dealer wants to maximise his profit, thus
Maximise Z =250x+75y

Thus the linear programming problem is

Maximise Z =250x+75y such that

5x+y <100
x+y <60
x>0, y<0
Graphical Solution ! OX-
Consider 5x+y = 100
80T
X 0 20 60 Q
y [100] O 40
xt+y =60 20
BN+ >
y |60 [0 5x+y=100 x+y =60




The shaded region is the feasible region.

POBQ is the shaded region.

Co-ordinates are, P(0,60), O(0,0), B(20,0), Q(10,50)

(- Qbe the point ofintersection of the lines Sx+y = 100 & x+y = 60)
Solve Sx+y=100.......... (1)

(2)-(1) 4x=40
= x=10
(To find the Co-ordinates of Q we have to solve the equation)
Sx+y=100 & x+y=60
4x =40
=x=10 fromx+y=60, y=50)
At P(0,60), Z=250x0 + 75x60 =4500
0 (0,0) Z=250x0+75x0=0
at Q (10,50), Z= 250x10+75x50 = 6250
at B (10,0), Z=250 x 20+75 x 0 = 5000
Thus we can see that the maximum profit to the dealer result from investment strategy (10, 50)
Review Questions
1. Solve the linear programming
Max Z=4x+y Such that
xty < 50
3xty < 90
x>0,y>0
2. Solve Max Z=3x+9y Such that
x+3y <60
x+y>10
x>0,y>0

Aok ok
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15. PROBABILITY

Conditional Probability
Let E and F be any two events associated with a random experiment. The probability of occurance

of'event E when the event F has already occured, is called the conditional probability of E. We denote
this by P(E/F).

P(E/ F)=

PEND pipy o
T

P(FI E)=
. P(EN\F)=P(E)P(F/ E)=P(F)P(E/ F)

P(EﬂF) ,P(E)#0
P(E

(Multiplication theorem of probability)

Independent Events:

Two events E and F ofa random experiment are said to be independent if the occurance of one
event does not affect the probability of occurance of other.

In this case P(E/F)=P(E) and P(F/E) =P(F). IfE and F are independent P(E () F) = P(E)P(F).
Eg-

(1) Inthe experiment of throwing a die, event of getting an even number and event of getting a

number <5 are independent.
(1) Inthe experiment of drawing cards the event of getting a spade card and event of getting

a king card are independent.

Partition of Sample Space:

Asetofevents E, E ... , En is said to represent a partition of the sample
space S if

a) ENE =¢,i#] L7 =1,2,3 e, n

b) EUE, Ui, UEn=S

) PEN>0 Vi=1,2,ciuecciieaannn.. n.

Thus the eventsE ,E.............. En represent a partition of the sample space S if they are pair

wise disjoint, exhaustive and have non-zero probabilities.
Theorem of total probability
LetE,E .o, , E_ be nmutually exclusive, exhaustive events with non-zero prob-

abilities of an experiment.
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E]

A
E° E2
E3
E E*
Let A be any event associated with the sample space S.
ThenA=AE, UAE,U....ccccoeoevennnn. UAEn
S P(A)=P(AE)+P(AE))+ oo, + P(AEn)
A A A
=P(E)P(—)+ P(E,)P(— )+ ceeeeeeeeene P(—
(£)) (El) (£,) (Ez) (E3)
A
. P(4)=2P(E, )P(E—)
1
Eg:- Consider the experiment of throwing a die
LetE, = {1}, event of getting ano <2.
E,=1{2,4,6}, event of getting an even number.
E,={3,5}, event of getting an odd prime.
Here ENE =¢ and E,(J E,=S
Also P(E)>0. E

- {E,E,E.} isapartition of S.
Let A= {1,2,3,6} event of getting a divisor of 6.
A=(E, A) U(E,A) UEA)
P(A)=P(E,A)+P(E,A)+P(E,A)
A A A
= P(E,)P(—)+ P(E,)P(—)+ P(E,)P(—
(E)) (Ez) (£,) (E) (£5) (E)

2 3
> A
P(4) =2 P(E)P(—)
1 E,
Bayes' Theorem:

PEYP(L)

P(y=— i

A A
EPEP()

Proof
P(ANE,)

We have P(E /A) = P(A) 147




PEDPC)

n

2 P(E;)P(A ] E;)
i-1
Whenn=2
P(E)P(AVE)
P(E/A) = p(E)P(A/E,)+ P(E,)P(A/E,)

P(E,)P(A/E,)
PESA) = P(ENP(A/E )+ P(E,)P(A/E,)

Probability Distribution

A random variable 'X' is a number associated with the outcomes of a random experiment. Let 'X'

be a random variable assuming values X, X ,.......ccccoeuevrunnee. , X _corresponding to various outcomes of
arandom experiment.
IfP(X=X)=Pi,theset {P, P, .ccccccceoiine. , P_} is called the probability distribution of x,

where Pi>0 and ¥ p;j =1. It is also called the expectation of X denoted by E(X).
S E(X)=2XiPi
E(X2)=3%Xi’pi
To find V(X) we can use the formula
P()=ECO)-[ECOP
(Proof: V(X)= X (xi — ) Pi
=3(xi* + p* = 2uXi)pi
= Xxi’Pi+ u’XPi— 2 uZxiPi
=Yxi’Pi+ pu’ —2u’ sinceZP, = land ZXiPi = p
= Yxi’Pi— (XXiPi)’
= E(X*)~[E(X)’]
W is called the standard deviation of the variable X.

Bernoulli Trials and Binominal Distribution
The trials of'a random experiment are Bernoulli trails, if they satisfy the following conditions.
(1) There should be a finite number oftrials.
(1) The trials should be independent.
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(m) Each trial has exactly 2 outcomes, success or failure
(iv) The probability of success in each trial remains same.
IfP(Success)=p, then P(not success) = 1-p
=q, say
s ptg=l
The probability of x success in 'n' Bernoulli trials is given by
P(X=x1)="C p*q™*
The probability distribution of number of success in an experiment consisting of'n' Bernoulli trials

may be obtained by the binomial expansion of (q+p)".

X 0 1 2 X N

P(X) nC] nclqn-Zp] nczqn-2p2 nCan-xpx px

This probability distribution is known as Binomial Distribution with parameters 'n'and 'p'.
Mean of the binomial distribution =np
Variance of the binomial distribution =npq.

Examples:
1.  Abagcontains 7 black and 5 white balls. Two balls are drawn from the bag one after the other
without replacement, what is the probability that both drawn balls are white?
Let E and F denote respectively the events first and second ball drawn are white.
Required prabability = P(E( F)

=P(E) P(F/E)
5 4

= —x_
12 11

= s
2. Tv&f; cards are drawn successively with replacement from a well shuftled pack of 52 cards. Let
X denote the number of aces.
(1) Write the prob. distribution of X.
(1) Find the mean, variance and standard deviation of X.

'X' can take values 0, 1, 2

48 144
52 169
P(X=1) =P(ace, non-ace OR non-ace, ace)
_ 448 4824

52 52 52 169
P(X=2) =P(both aces)

P(X=0) = P(both non-aces) = :—;X
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A4 1
52 52 169
Probability distribution is X 0 1 2

144 24 1
169 169 169

P(x)

u=E(x)=2xiPi

:OX£+1X£+2XL
169 169 169

13
Also E(x?) = Zxi’pi

:02)(ﬂ+12)(ﬂ+22)(L
169 169 169

18
169
V(X)=E)-[E(X)]

_ 28 4 24
169 169 169

Standard Deviation = /V' (X))

_ |2
169

=0.3768

3. IfP(A)= % P(B)= %an dP(A/ B)= ?FindP(A UB)

P(AUB)=P(4)+P(B)-P(4B)
= P(A)+P(B)—P(B)P(A/ B)

3 4 4
_B
60

4.  Assume that each new born child is equally likely to be a Boy or Girl. If the family has 2 children,
what is the conditional probability that both are girls given that,

(1) The youngest is a girl

(1) Atleastoneisa girl
Here S={BG, GB, BB, GG)
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(1  LetA: Bothare girls
B: Youngest is a girl.
Then A={GG) B=(BG, GG)

P(A)=1 PB)=% P(Arm):%1

4

P4/ B)= P(If(g)g) é )

(1) LetC: Atleast one is a girl.
Then C = {BG, GB, GG}

PO=2,PUNO =

P/ o)=L (;1(2)0) ?
4

5. Abag contains 3 red balls and 2 white balls and another bag contains 4 red balls and 3 white
balls. One ballis transferred from the first bag to the second bag and then one ball is drawn fromthe
second bag.

(1 What is the probability that the drawn ball is red.

(1) Ifthe drawn ballis found to be red, what is the probability that the transferred ball is white?
We define,

E : Transferring a Red ball

E,: Transferring a white ball

A : Drawing a red ball.

@ P(A)=P(EAorEA)

=P(E, A)+P(E,A)

=P(E,) P(A/E,) + P(E) P (A/E,)

SR

_23

10
P(E,)P(A/ E,)

P(E)P(A/ E,)+P(E,)P(A/ E,)

() PE/ A)=
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Problem:

1.

Consider the experiment of throwing a die, Let A be the event of getting an even number, and B
be the event of getting a multiple of 3. Show that A and B are independent.
(Hint: Prove P(A (\B) = P(A).P(B)
Find the mean and variance of the number obtained on a throw of an unbiased die.
(Mean = % ,Variance = 2)

Bag I contains 3 red and 4 black balls, Bag II contains 5 Red and 6 Black balls. One ball is
drawn from one of the bags and it is found to be red. Find the probability that it was drawn from
BagIl.

( 68

A die is thrown 6 times. If getting an odd number is a success, what is the probability of,
(1) 5 Success
(1) At least5 successes

(m) Atmost5 successes.
~3 .7 ,...63
Ans: [(?) % (ii) ) (iif) 64]

Find the probability distribution of the number of double in 3 throws of a pair of dice.

Ans: X 0 1 2 3
p 125 75 15 1
X) 216 216 216 216
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1)

2)
3)

4)

6)

UNIT TEST
(Linear Programming & Probability)

A manis known to speak truth 3 out of4 times. He throws a die and reports that it is a six. Find
the probability that is is actually a six. 3)
Find the mean number of heads in three tosses ofa fair coin 3)
A & B Throw a die alternatively till one of them gets a 6 and wins the game. Find their respective
probabilities of winning if A starts first. 3)

The graphical solution of an LPP is given below.

60
50

40
30
20

10

N

10 20 30 40 S\QO 70 80 90 100

a) Iftheshaded region represents the feasible region. Write down thier linear equation? (2)

b) Determine the co-ordinates of the corner points O, A, B & C )

c) IfZ=60x+15yis the objective function, find maximum Z. 2)

If A& B are events such that ACBP(B) # 0. Which of'the following are correct? (D)
P(B)

1) P(4/B)= 04 2) P(A/B)<P(A) 3) P(A/B)>P(4) 4)None

A & B are two events such that P(A")=.3

a) P(A)=.4and P(AnB)=.1 then P(ANB")=....... (1

b) The probability that A solve the problem is 4 and probability of B solve the problem is
% . Ifboth try to solve the problem independently Find the probability that

1) Theproblemwill be solved )
i) None ofthem will solve the problem (D)

Aok ok

153



