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Preface

Brownian motion is arguably the single most important stochastic process. Historically
it was the first stochastic process in continuous time and with a continuous state space,
and thus it influenced the study of Gaussian processes, martingales, Markov processes,
diffusions and random fractals. Its central position within mathematics is matched by
numerous applications in science, engineering and mathematical finance.

The present book grew out of several courses which we taught at the University of
Marburg and TU Dresden, and it draws on the lecture notes [141] by one of us. Many
students are interested in applications of probability theory and it is important to teach
Brownian motion and stochastic calculus at an early stage of the curriculum. Such a
course is very likely the first encounter with stochastic processes in continuous time,
following directly on an introductory course on rigorous (i. €. measure-theoretic) prob-
ability theory. Typically, students would be familiar with the classical limit theorems
of probability theory and basic discrete-time martingales, as it is treated, for example,
by Jacod & Protter Probability Essentials [88], Williams Probability with Martingales
[189], or in the more voluminous textbooks by Billingsley [11] and Durrett [50].

General textbooks on probability theory cover however, if at all, Brownian motion
only briefly. On the other hand, there is a quite substantial gap to more specialized
texts on Brownian motion which is not so easy to overcome for the novice. Our aim
was to write a book which can be used in the classroom as an introduction to Brownian
motion and stochastic calculus, and as a first course in continuous-time and continuous-
state Markov processes. We also wanted to have a text which would be both a readily
accessible mathematical back-up for contemporary applications (such as mathematical
finance) and a foundation to get easy access to advanced monographs, e. g. Karatzas &
Shreve [99], Revuz & Yor [156] or Rogers & Williams [161] (for stochastic calculus),
Marcus & Rosen [129] (for Gaussian processes), Peres & Morters [133] (for random
fractals), Chung [23] or Port & Stone [149] (for potential theory) or Blumenthal &
Getoor [13] (for Markov processes) to name but a few.

Things the readers are expected to know: Our presentation is basically self-con-
tained, starting from ‘scratch’ with continuous-time stochastic processes. We do, how-
ever, assume some basic measure theory (as in [169]) and a first course on probability
theory and discrete-time martingales (as in [88] or [189]). Some ‘remedial’ material is
collected in the appendix, but this is really intended as a back-up.

How to read this book: Of course, nothing prevents you from reading it linearly.
But there is more material here than one could cover in a one-semester course. De-
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pending on your needs and likings, there are at least three possible selections: BM and
It6 calculus, BM and its sample paths and BM as a Markov process. The diagram on
page xi will give you some ideas how things depend on each other and how to construct
your own ‘Brownian sample path’ through this book.

Whenever special attention is needed and to point out traps & pitfalls, we have used
the 21\ sign in the margin. Also in the margin, there are cross-references to exercises at
the end of each chapter which we think fit (and are sometimes needed) at that point.!
They are not just drill problems but contain variants, excursions from and extensions
of the material presented in the text. The proofs of the core material do not seriously
depend on any of the problems.

Writing an introductory text also meant that we had to omit many beautiful top-
ics. Often we had to stop at a point where we, hopefully, got you really interested...
Therefore, we close every chapter with a brief outlook on possible texts for further
reading.

Many people contributed towards the completion of this project: First of all the
students who attended our courses and helped — often unwittingly — to shape the pre-
sentation of the material. We profited a lot from comments by Niels Jacob (Swansea)
and Panki Kim (Seoul National University) who used an early draft of the manuscript
in one of his courses. Special thanks go to our colleagues and students Bjérn Bottcher,
Katharina Fischer, Julian Hollender, Felix Lindner and Michael Schwarzenberger who
read substantial parts of the text, often several times and at various stages. They found
countless misprints, inconsistencies and errors which we would never have spotted.
Bjorn helped out with many illustrations and, more importantly, contributed Chap-
ter 20 on simulation. Finally we thank our colleagues and friends at TU Dresden and
our families who contributed to this work in many uncredited ways. We hope that they
approve of the result.

Dresden, February 2012 René L. Schilling
Lothar Partzsch

! For the readers’ convenience there is a web page where additional material and solutions are avail-

able. The URL is http://www.motapa.de/brownian_motion/index.html
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Dependence chart

As we have already mentioned in the preface, there are at least three paths through this
book which highlight different aspects of Brownian motion: Brownian motion and Itd
calculus, Brownian motion as a Markov process, and Brownian motion and its sample
paths. Below we suggest some fast tracks “C”, “M” and “S” for each route, and we
indicate how the other topics covered in this book depend on these fast tracks. This
should help you to find your own personal sample path. Starred sections (in the grey
ovals) contain results which can be used without proof and without compromising too
much on rigour.

Getting started

For all three fast tracks you need to read Chapters 1 and 2 first. If you are not too much
in a hurry, you should choose one construction of Brownian motion from Chapter 3.
For the beginner we recommend either 3.1 or 3.2.

Basic stochastic calculus (C)

5.12 O D= —=C 15 D=6

6.1-3* 6.7* 10.1*

Basic Markov processes (M)

T2 D3 D>—C64 D >

4* 6.7*
Basic sample path properties (S)

G2 D= D= D—C012>—=C I D= 13 D

4%



xii Dependence chart

Dependence to the sections 5.1-19.2

The following list shows which prerequisites are needed for each section. A star as
in 4* or 6.7* indicates that some result(s) from Chapter 4 or Section 6.7 are used which
may be used without proof and without compromising too much on rigour. Starred
sections are mentioned only where they are actually needed, while other prerequisites
are repeated to indicate the full line of dependence. For example,

6.6: Mor SorC,6.1-3

indicates that the prerequisites for Section 6.6 are covered by either “M” or “S” or “C
if you add 6.1, 6.2, 6.3”. Since we do not refer to later sections with higher numbers,
you will only need those sections in “M”, “S”, or “C and 6.1, 6.2, 6.3” with section
numbers below 6.6. Likewise,

17.1: C, 16.4-5, 14.6*

means that 17.1 requires “C” plus the Sections 16.4 and 16.5. Some results from 14.6
are used, but they can be quoted without proof.

51: CorMorS 92: SorCorM,9.1 16.3: C

5.2: CorMorS 93: SorCorM,9.1 16.4: C

53: CorMorS 94: SorCorM,9.1 16.5: C, 164

61: MorSorC 10.1: SorCorM 16.6: C

6.2: MorSorC,6.1 10.2: SorCorM 17.1: C, 16.4-5, 14.6*

63: MorSorC,6.1-2 10.3: SorCorM 17.2: C, 16.4-5
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Index of notation

This index is intended to aid cross-referencing, so notation that is specific to a single
section is generally not listed. Some symbols are used locally, without ambiguity, in
senses other than those given below; numbers following an entry are page numbers.

Unless otherwise stated, functions are real-valued and binary operations between
functions suchas f + g, f - g, f A g, f V g, comparisons f < g, f < g or limit-
ing relations f; 7= S lim; f;, lim; f;, EJ- Ji.sup; f; orinf; f; are understood
pointwise. ‘Positive’ and ‘negative’ always means ‘> 0’ and ‘< 0’.

General notation: analysis General notation: probability
inf @ inf@ = +o0 ~ “is distributed as”
avb maximum of ¢ and b £ “is sample of”’, 312

anb minimum of ¢ and b

uin “is stochastically independent”
at avo d .
— convergence in law

a~ —(a N 0)
Lx] largest integer n < x = convergence in probab.
|x| Euclidean norm in R¥, P )

Ix|? = xlz bt xczl d>1 — convergence in L? (IP)
(x,») scalar product in R%, a.s. almost surely (w.r.t. IP)

d

> j=1%jYj.d >2 iid independent and identically

14 unit matrix in R4>¢ distributed
1, xeAd LIL law of iterated logarithm
Ta Ta(x) = o .
0, x¢A P, E probability, expectation

(f. &) 12w scalar product f fegdu V, Cov variance, covariance
Leb Lebesgue measure N(u,0%) normal law in R,
At Leb. measure on [0, 7] mean i, variance 0>
8x point mass at x N(m,%)  normal law in R¢, mean
D, R domain/range m e R, cov. & € RY*4
A Laplace operator BM Brownian motion, 4
D(A) domain of Brownian generator, BM!, BM4 1-, d-dim. BM, 4

92-94, 102 ) (BO)(B4) 4
0; partial derivative 55— B3) 6
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Sets and c-algebras ET simple processes, 207
2

A€ complement of the set A Lr closure of &7, 212

— 2

A closure of the set A L7 1o 227

B(x,r) open ball, L%) f € L? with P mble.
centre x, radius r representative, 219

B(x,r) closed ball, L%) = LZT 221

centre x, radius r

M2, M2 L? martingales, 203, 207
supp f support, { f* # 0}

MzT’c continuous L2 martingales, 207

B(E) Borel sets of E

FX o(Xy : s <t
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Fit mu>t Fu
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functions on E
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Chapter 1

Robert Brown’s new thing'

If you observe plant pollen in a drop of water through a microscope, you will see an
incessant, irregular movement of the particles. The Scottish Botanist Robert Brown
was not the first to describe this phenomenon — he refers to W. F. Gleichen-Ruwurm
as the discoverer of the motions of the Particles of the Pollen [16, p. 164] — but his 1828
and 1829 papers [15, 16] are the first scientific publications investigating ‘Brownian
motion’. Brown points out that

 the motion is very irregular, composed of translations and rotations;
* the particles appear to move independently of each other;

 the motion is more active the smaller the particles;

 the composition and density of the particles have no effect;

¢ the motion is more active the less viscous the fluid;

* the motion never ceases;

 the motion is not caused by flows in the liquid or by evaporation;

* the particles are not animated.

Let us briefly sketch how the story of Brownian motion evolved.

Brownian motion and physics. Following Brown’s observations, several theories
emerged, but it was Einstein’s 1905 paper [57] which gave the correct explanation:
The atoms of the fluid perform a temperature-dependent movement and bombard the
(in this scale) macroscopic particles suspended in the fluid. These collisions happen
frequently and they do not depend on position nor time. In the introduction Einstein
remarks: It is possible, that the movements to be discussed here are identical with
the so-called “Brownian molecular motion”; [...] If the movement discussed here can
actually be observed (together with the laws relating to it that one would expect to
find), then classical thermodynamics can no longer be looked upon as applicable with
precision to bodies even of dimensions distinguishable in a microscope: An exact de-
termination of actual atomic dimensions is then possible.? [58, pp. 1-2]. And between

‘I have some sea-mice — five specimens — in spirits. And I will throw in Robert Brown’s new thing —
“Microscopic Observations on the Pollen of Plants” — if you don’t happen to have it already.’ in:
George Eliot, Middlemarch, [59, book II, chapter xvii].

Es ist moglich, daf die hier zu behandelnden Bewegungen mit der sogenannten ‘“Brownschen
Molekularbewegung” identisch sind; [...] Wenn sich die hier zu behandelnde Bewegung samt den
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the lines: This would settle the then ongoing discussion on the existence of atoms. It
was Jean Perrin who combined in 1909 Einstein’s theory and experimental observa-
tions of Brownian motion to prove the existence and determine the size of atoms, cf.
[144, 145]. Independently of Einstein, M. von Smoluchowski arrived at an equivalent
interpretation of Brownian motion, cf. [173].

Brownian motion and mathematics. As a mathematical object, Brownian motion can
be traced back to the not completely rigorous definition of Bachelier [4] who makes
no connection to Brown or Brownian motion. Bachelier’s work was only rediscovered
by economists in the 1960s, cf. [31]. The first rigorous mathematical construction of
Brownian motion is due to Wiener [185] who introduces the Wiener measure on the
space C[0, 1] (which he calls differential-space) building on Einstein’s and von Smolu-
chowski’s work. Further constructions of Brownian motion were subsequently given
by Wiener [186] (Fourier-Wiener series), Kolmogorov [105, 106] (giving a rigorous
justification of Bachelier [4]), Lévy [120, 121, pp. 492—494,17-20] (interpolation argu-
ment), Ciesielski [26] (Haar representation) and Donsker [39] (limit of random walks,
invariance principle), see Chapter 3.

Let us start with Brown’s observations to build a mathematical model of Brownian
motion. To keep things simple, we consider a one-dimensional setting where each
particle performs a random walk. We assume that each particle

e starts at the origin x = 0,

* changes its position only at discrete times kAt where Az > 0 is fixed and for all
k=1,2,...;

* moves Ax units to the left or to the right with equal probability;

and that

* Ax does not depend on any past positions nor the current position x nor on time
t = kAt;

Letting At — 0 and Ax — 0 in an appropriate way should give a random motion
which is continuous in time and space.

Let us denote by X, the random position of the particle at time ¢ € [0, T']. During
the time [0, T'], the particle has changed its position N = |T/At] times. Since the
decision to move left or right is random, we will model it by independent, identically
distributed Bernoulli random variables, €, k > 1, where

]P(Gl = 1) =]P(€1 =O) Z%

fiir sie zu erwartenden GesetzméaBigkeiten wirklich beobachten 14ft, so ist die klassische Thermo-
dynamik schon fiir mikroskopisch unterscheidbare Réume nicht mehr als genau giiltig anzusehen
und es ist dann eine exakte Bestimmung der wahren Atomgroe moglich. [57, p. 549]
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so that
Sy =€1+---+ey and N — Sy

denote the number of right and left moves, respectively. Thus

N
Xr = SyAx— (N = Sy)Ax = 28y — N)Ax = Y "(2¢; — 1)Ax
k=1

is the position of the particle at time 7" = NA¢. Since X, = 0 we find for any two
times t = nAt and T = NAt that

N n
Xr=Xr—X)+ X, —Xo)= Y (ex—DAx+ ) (2 — D)Ax.
k=n+1 k=1

Since the € are iid random variables, the two increments X7 — X, and X; — X are
independent and
X7 — Xt ~ X7 — Xo

(‘~’ indicates that the random variables have the same probability distribution). We
write 02(t) := V X,. By Bienaymé’s identity we get

VXr =V(X7r — X,) + V(X; — Xo) = 0*(T —1) + 0>(¢)
which means that ¢ — o2(¢) is linear:

V X7 = o*(T) = 0T,

where o > 0 is the so-called diffusion coefficient. On the other hand, since [E €; = %

and Ve = i we get by a direct calculation that

T
V Xr = N(Ax)* = x (Ax)?

which reveals that

A 2
( Axl‘) = O'2 = const.

The particle’s position X7 at time 7 = N At is the sum of N iid random variables,

N
Xr =) (2 — )Ax = (2Sy — N)Ax = SyV/To.
k=1

where
_ 28y — N _ Sy —E Sy

S
N VN JV Sy
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is the normalization — i. e. mean 0, variance 1 — of the random variable Sy . A simple
application of the central limit theorem now shows that in distribution

Xr = VToS}, — 222 JToG
(i.e. Ax,At—0)
where G ~ N(0, 1) is a standard normal distributed random variable. This means that,
in the limit, the particle’s position Br = limax,ar—o0 X7 is normally distributed with
law N(0, T'o?).
This approximation procedure yields for each ¢ € [0, T] some random variable
B; ~ N(0,70?). More generally

1.1 Definition. Let (£2,.A, IP) be a probability space. A d-dimensional stochastic pro-
cess indexed by I C [0, oc) is a family of random variables X; : @ — R, 1 € I. We
write X = (X;);es. I is called the index set and R¢ the state space.

The only requirement of Definition 1.1 is that the X;, ¢ € I, are A/B(R¢) mea-
surable. This definition is, however, too general to be mathematically useful; more
information is needed on (¢, w) — X;(w) as a function of two variables. Although the
family (B;):e[o,1] satisfies the condition of Definition 1.1, a realistic model of Brow-
nian motion should have at least continuous trajectories: For all @ the sample path
[0,T] > t = B;(w) should be a continuous function.

1.2 Definition. A d-dimensional Brownian motion B = (B;);>0 is a stochastic pro-
cess indexed by [0, co) taking values in IR? such that

Bo(w) = 0 for almost all w; (BO)

B;, — By, ,...., By — By, areindependent B1)

foralln 20, 0=t <Hh<bh<--<t, <o

1

B; — By ~ Biip — Bsyp, forall 0<s <t, h > —s; (B2)

B, — B; ~N(0,7 —5)®%, N(0,1)(dx) = L > dx; (B3)
t s ) ) ) - \/ﬁ p 2[’ )

t — B;(w) is continuous for all w. (B4)

We use BM? as shorthand for d-dimensional Brownian motion.

We will also speak of a Brownian motion if the index set is an interval of the form
[0,T) or [0, T]. We say that (B, + x);>0, x € R¥, is a d-dimensional Brownian
motion started at x. Frequently we write B(f, w) and B(¢) instead of B;(w) and By;
this should cause no confusion.



Problems 5

By definition, Brownian motion is an IR?-valued stochastic process starting at the
origin (B0) with independent increments (B1), stationary increments (B2) and contin-
uous paths (B4).

We will see later that this definition is redundant: (BO)-(B3) entail (B4) at least
for almost all w. On the other hand, (BO)-(B2) and (B4) automatically imply that the
increment B(t) — B(s) has a (possibly degenerate) Gaussian distribution (this is a
consequence of the central limit theorem).

Before we discuss such details, we should settle the question, if there exists a process
satisfying the requirements of Definition 1.2.

1.3 Further reading. A good general survey on the history of continuous-time sto-
chastic processes is the paper [29]. The role of Brownian motion in mathematical fi-
nance is explained in [6] and [31]. Good references for Brownian motion in physics
are [130] and [135], for applications in modelling and engineering [125].

[6] Bachelier, Davis (ed.), Etheridge (ed.): Louis Bachelier’s Theory of Speculation:
The Origins of Modern Finance.
[29] Cohen: The history of noise.
[31] Cootner (ed.): The Random Character of Stock Market Prices.
[125] MacDonald: Noise and Fluctuations.
[130] Mazo: Brownian Motion.
[135] Nelson: Dynamical Theories of Brownian Motion.

Problems

Recall that a sequence of random variables X, : @ — IR? converges weakly (also:
d
in distribution or in law) to a random variable X, X,, — X if, and only if for all
bounded and continuous functions f € €(R%) lim,—o E f(X,) = E f(X).
This is equivalent to the convergence of the characteristic functions
lim,_, o E e!&Xn) = E ¢/ &X) for all £ € R?.
1. Let X, Y, X,,,Y, : 2 — R, n > 1, be random variables.
d
(a) If, foralln > 1, X,, 1L Y, and if (X,,,Y,) — (X, Y),then X 1L Y.
(b) Let X 1L Y such that X,Y ~ By, = %(80 + &) are Bernoulli random
d d
variables. We set X,, := X + % andY, =1-—X,.Then X, - X,Y,—>7Y,
d
X, + Y, — 1but (X,,Y;,) does not converge weakly to (X, Y).
d d d
(c) Assumethat X,, > X andY, — Y.Isittruethat X,, + Y, > X +Y?

2. (Slutsky’s Theorem) Let X,,, Y, :  — R%, n > 1, be two sequences of random
d d
variables such that X, > X and X,, — ¥, — 0. Then ¥, > X.
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3. (Slutsky’s Theorem 2) Let X,,,Y, : @ — R, n > 1, be two sequences of random
variables.

d d d
(a) If X, > X and ¥, E) c,then X, Y, — cX. Is this still true if ¥,, — ¢?
®) IfX, 5 X and ¥, 5 0, then X, + ¥, > X Is this still true if ¥, > 0?
4. Let X, X,Y : Q = R, n > 1, be random variables. If for all f € C,(IR) and
g € Bp(R)
Jim E(f(Xa)g(Y)) = E(f(X)g(Y))

d
holds, then (X,,Y) — (X,Y).If X = ¢(Y) for some ¢ € B(R), then X, Zx.
5. Let§;, j > 1, be iid Bernoulli random variables with IP(§; = +1) = 1/2. We set

1
So:=0, S,:=6+---+6, and X?:ZESMZJ.

A one-dimensional random variable G is Gaussian if it has the characteristic func-
tion E ¢¥% = exp(im§ — 1 62€2) withm € Rand o > 0. Prove that
d
(a) X;' — G, where t > 0 and G, is a Gaussian random variable.
d
(b) X! — X! = G,;—s wheret > s > 0 and G, is a Gaussian random variable. Do
we have G,y = G; — Gy?

(c) Let0 < t1 < --- < by, m > 1. Determine the limit as n — oo of the random
vector (Xt’fn - X, XL = X0 XD,
6. Consider the condition
B(1) — B(s)
——————— are

JE—s (B3)

identically distributed, centered and square integrable.

for all s < ¢ the random variables

Show that (B0), (B1), (B2), (B3) and (B0), (B1), (B2), (B3’) are equivalent.
Hint: f X ~Y, X 1LY and X ~ %(X +Y), then X ~ N(0, 1), cf. Rényi [153,
VI.5 Theorem 2].
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Brownian motion as a Gaussian process

Recall that a one-dimensional random variable I is Gaussian if it has the characteristic
function
E e'T = ¢imE=3 078 2.1)

for some real numbers m € IR and o > 0. If we differentiate (2.1) two times with
respect to £ and set £ = 0, we see that

m=ET and o?>=VT. (2.2)
A random vector I' = (T'y, ..., [;) € R" is Gaussian, if (£,T") is for every £ € R" a
one-dimensional Gaussian random variable. This is the same as to say that

E i) — o EEDN -3 VIET) (2.3)
Setting m = (my,...,m,) € R" and £ = (0j1)jk=1...n € R™" where

m; :=FETl; and o :=E{; —m;)Tx —mg) = Cov(I;, I'x),
we can rewrite (2.3) in the following form

E ol &) — pilem—1 (€58 (2.4)

We call m the mean vector and X the covariance matrix of I'.

2.1 The finite dimensional distributions

Let us quickly establish some first consequences of the definition of Brownian mo-
tion. To keep things simple, we assume throughout this section that (B;);>¢ is a one-
dimensional Brownian motion.

2.1 Proposition. Let (B;);>o be a one-dimensional Brownian motion. Then B, t > 0,
are Gaussian random variables with mean 0 and variance t:

EeB = ¢7'/2 forall t >0, £ € R. (2.5)

Ex. 2.1
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Proof. Set¢,(§) = E '8 If we differentiate ¢, with respect to £, and use integration

by parts we get

$;(§) =E (iBteiéB, (Bs> \/_/

B V2t JR

Pt (ix)e_xz/(”) dx

o'xé (—it)di e/ gy
X

P g : e'XE o=x7/@0) gy

V2t JR
= _t5¢t(§)-

Since ¢, (0) = 1, (2.5) is the unique solution of the differential equation

1 (§)
$:(§)

= —t§

|

From the elementary inequality 1 < exp([3 — ¢]?) we see that e©” < e’ e?*/* for

all ¢, y € R. Therefore, e’ e V)2 < e e V4 s integrable. Considering real and
imaginary parts separately, it follows that the integrals in (2.5) converge for all £ € C

and define an analytic function.

2.2 Corollary. A one-dimensional Brownian motion (B;);> has exponential moments

of all orders, i.e.
Eet8 = e'/2 forall ¢ €C.

2.3 Moments. Note that fork = 0,1,2, ...

IE(BtZk-i-l) — \/% /H;xzkﬂ e—x2/(2t) dx =0
and
]E(Btzk) x2k e—xz/(2l) dx
x=\=/7 / @1y )k — 2t dy
«/_
= E yk=12 677 gy

JT
" 2Tk +1/2)
J

where I'(-) denotes Euler’s Gamma function. In particular,

EB,=EB})=0, VB,=EB?=t and EB;

(2.6)

2.7)

(2.8)

= 372,
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2.4 Covariance. For s, > 0 we have
COV(BS, Bt) == IE Bth =S AL.

Indeed, if s < ¢,

E B, B, = E (By(B: — B;)) + E(B?) fé; s =SAL.

2.5 Definition. A one-dimensional stochastic process (X;);>o is called a Gaussian

process if all vectors ' = (X,,,..., X;,),n > 1,0< ) <t <--- < t, are (possibly
degenerate) Gaussian random vectors.

Let us show that a Brownian motion is a Gaussian process.
2.6 Theorem. A one-dimensional Brownian motion (B;)>o is a Gaussian process.
Forty = 0 <t < - < ty,n =1, the vector T := (B,l,...,Bt,z)T is a
Gaussian random variable with a strictly positive definite, symmetric covariance matrix
C = (tj ANti)jk=1....n and mean vectorm = 0 € R":

EelED) = o=3(ECH (2.9)

Moreover, the probability distribution of T is given by

1 1 1
PT edx) = ——— —— exp | —=(x,C 'x )dx (2.10a)
T €)= G g o (gt €7
1 1 o (xj — xj1)>
_ exp |23 YT ) g
@y 2 T =i (G = t5-1) 255 b
(2.10b)
Proof. Set A := (B;, — By,, B, — By,,..., B, — B,,_,)T and observe that we can

write B(tx) — B(to) = Y.5_,(B;, — By,_,). Thus,

1 0 0
1
1 1 1

where M € IR"*" is a lower triangular matrix with entries 1 on and below the diagonal.

Ex. 2.2

Ex. 2.3
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Therefore,

E (exp [i(g, I')]) = [E (exp [i(MTé, A)])
T E (exp[i(By, — By )&+ +E8)]) @11
Ef% fopexp[—5 (1 — )& + -+ 8]

Observe that

Dot A+ E =D A+ E)
j=1 j=1

n—1

= lnff +th ((E] +"'+En)2_(é§-j+1 +"'+En)2)
/=t 2.12)

= tak2 + > 18 (E + 26511+ + 26n)
j=1

=Y At ke

j=1lk=1

This proves (2.9). Since C is strictly positive definite and symmetric, the inverse C !
exists and is again positive definite; both C and C ! have unique positive definite,
symmetric square roots. Using the uniqueness of the Fourier transform, the following
calculation proves (2.10a):

n/2
(L) ! / piteE) b rCx) g
2n Vdet C Jre

—cx (N2 s
y=C x( ) /et((Cl/zy),f)e S0P gy

2

1 n/2
_ (2_) /ei(y,cl/zae—;lyzdy
/g n

_ poslevep _ —lece)

Let us finally determine (x, C ~!x) and det C. Since the entries of A are independent
N(0, t; —t;_,) distributed random variables we get

E /64 @ exp ( - % Z([j - lj—l)éjz) = exp ( - %(5 Dé))
j=1
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where D € R™*” is a diagonal matrix with entries (¢t —to, . .., t, —fy—1). On the other
hand, we have

o HECE _ 6T _ g JEMA) _ g i(MTEA) _ L (MTEDMTE)

Thus, C = MDM " and, therefore C™! = (M ") 'D~'M~'. Since M ! is a two-
band matrix with entries 1 on the diagonal and —1 on the first sub-diagonal below the
diagonal, we see

n s — x 2
(x,C7'x) = (M 'x, DM 1x) = Zi(x’ Xj-1)

aswellasdet C = det(MDM T) = det D = [1=1(ti—t;—1). This shows (2.10b). [J

The proof of Theorem 2.6 actually characterizes Brownian motion among all Gaus-
sian processes.

2.7 Corollary. Let (X;);>0 be a one-dimensional Gaussian process such that the vector
I = (X4,...,Xy,)" is a Gaussian random variable with mean 0 and covariance
matrix C = (tj A tg)jik=1,..n- If (X:)t>0 has continuous sample paths, then (X;):>o0
is a one-dimensional Brownian motion.

Proof. The properties (B4) and (B0O) follow directly from the assumptions; note that
Xo ~ N(0,0) = 8. Set A = (X;, — Xypo.... Xs, — X;,_,)" and let M € R
be the lower triangular matrix with entries 1 on and below the diagonal. Then, as in
Theorem 2.6, T = MA or A = M~'T where M ! is a two-band matrix with entries
1 on the diagonal and —1 on the first sub-diagonal below the diagonal. Since I' is
Gaussian, we see

E ol 6A) — | EMTIT) _ g (M )TED) @)~ L (M )TeECM)TE)

— e slEMTICMLTYTE)

A straightforward calculation shows that M ~'C(M ~')T is just

1 o o b 1 -1 1 —1
-1 - t1 th -+ Iy h—1

-1 1 oy I 1 th — -1

Thus, A is a Gaussian random vector with uncorrelated, hence independent, compo-
nents which are N(0, ¢; — ¢;_;) distributed. This proves (B1), (B3) and (B2). O

Ex. 2.4

Ex. 2.3
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2.2 Invariance properties of Brownian motion

The fact that a stochastic process is a Brownian motion is preserved under various
operations at the level of the sample paths. Throughout this section (B;);> denotes a
d-dimensional Brownian motion.

2.8 Reflection. If (B,),>0 is a BM?, s0 is (—B;);>0.

2.9 Renewal. Let (B(t));>0 be a Brownian motion and fix some time a > 0. Then
(W(t))r>0, W(t) := B(t + a) — B(a), is again a BM?. The properties (BO) and (B4)
are obvious for W(t). For all s < t

W(t) — W(s) = B(t +a) — B(a) — (B(s + a) — B(a))
= B(t +a)— B(s +a)
2N, — )

which proves (B3) and (B2) for the process W. Finally, if tp = 0 < t; < -+ < 1y,
then

W(tj) —W(tj—1) = B(tj +a) — B(tj—1 +a) forall j =1,...,n

i. e. the independence of the W -increments follows from (B1) for B at the times #; +a,
j=1,....d.

B: W,

Figure 2.1. Renewal at time a.

A consequence of the independent increments property is that a Brownian motion
has no memory. This is the essence of the next lemma.
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2.10 Lemma (Markov property of BM). Let (B(t));>0 be a BMY and denote by Ex.2.9
W(t) := B(t + a) — B(a) the shifted Brownian motion constructed in Paragraph 2.9.
Then (B(t))o<i<a and (W(t));>o are independent, i.e. the o-algebras generated by
these processes are independent:
o(B(t) :0<t<a)=F8 LY :=c(W():0<1 <o0). (2.13)

In particular, B(t) — B(s) 1L ”J"f forall0 <s <t.

Proof. Let Xg, X1,..., X, be d-dimensional random variables. Then
O'(Xj . j = 0,...,11) = U(Xo,Xj —Xj_l . ] = 1,...,11). (2.14)
Since Xg and X; — X;_; areo(X; : j =0,...,n) measurable, we see the inclusion

‘D’. For the converse we observe that X; = Zle(Xj —Xj—1)+ X0, k=0,...,n.

LetO =590 <851 <+ <8§p =a =1ty <t <-- <ty By (Bl) the random
variables

B(s1) = B(so). ..., B(sm) — B(sm—1), B(t1) — B(to). ..., B(tn) — B(tn—1)
are independent, thus
o(B(sj) — B(sj—1) : j =1,....m) L o(B(tx) — B(tk—1) : k =1,....n).

Using W(ty —to) — W(tp—1 — to) = B(tx) — B(tx—1) and B(0) = W(0) = 0, we can
apply (2.14) to get

o(B(sj) : j=1,....m) LLo(W(tx —to) : k =1,....n)

and
U o(B(sj) - j=1,....m) 1L U o(W(ug) : k=1,....n).
0<s) <-<s,<a O<ujp<--<uy
m>1 n>1

The families on the left and right-hand side are N-stable generators of 35 and 5%,
respectively, thus 35 11 57

Finally, taking a = s, we see that B(t) — B(s) = W(t —s) which is Sow; measurable
and therefore independent of F5. O

2.11 Time inversion. Let (B;);>o be a Brownian motion and fix some time ¢ > 0. Ex.2.14
Then W, := B,_;— B,,t € [0, a], is again a BM“ . This follows as in 2.9 (see Fig. 2.2).

2.12 Scaling. For all ¢ > 0 and t > 0 we have B, ~ c2B,. In particular, Ex.2.10
(c™Y2B.1) >0 is again a BM.

Denote by N(0, ¢) the normal law with mean 0 and variance ¢. The first assertion
follows easily from (BO) and (B3) as N(0, ¢t) = ¢'/2N(0, 1), i.e.

Ber ~ N(0,¢c1)®? = ¢'2N(0,1)®? ~ ¢'/2 B,.
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Figure 2.2. Time inversion.

The second claim is now obvious since scaling does not change the independence of
the increments or the continuity of the sample paths.

2.13 Projective reflection at t = oo. Let (B;);>o be a BM¢<. Then

tB(1), t>0;

Wi(t) = {0’ o

is again a BM?.
It is clear that (W(ty),...,W(t,)) isfor 0 < t; < ---
vector. The mean is 0, and the covariance is given by

< t, a Gaussian random

Cov(W(t;). W(te)) = Cov (1; B(;-). i B(5)) = tjtk (% A %) =1 Nlg.

Ast +— W, t > 0, is continuous, Corollary 2.7 shows that (W;),~¢ satisfies (B1)—
(B4) on (0, 0o). All that remains to be shown is lim, o W(t) = W(0) = 0, i.e. the
continuity of the sample paths at # = 0.

Note that the limit lim;—.¢ W (¢, w) = 0 if, and only if,

Vaz1l dm>1 VreQn(0.4] : [rB(})] < 2.

Thus,
W ._ ) — — 1
" ={imwn=ol=U N (voi<i}.
n=1m>=1reQn(0,1/m]
We know already that (W;);~¢ and (By),~¢ have the same finite dimensional distribu-
tions. Since Q" and the analogously defined set 22 are determined by countably many

sets of the form {|W(r)| < %} and {|B(r)| < %},we conclude that P(Q%) = P(Q5).
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Consequently,
PQ") =PQ3) P Pr©) = 1.

This shows that (W;);>¢ is, on the smaller probability space (2% ,P,Q" n A)
equipped with the trace o-algebra Q" N A, a Brownian motion.

2.3 Brownian Motion in R?

We will now show that B; = (Bt1 ,..., B td ) is a BM? if, and only if, its coordinate pro-
cesses B ,’ are independent one-dimensional Brownian motions. We call two stochastic
processes (X;);>o and (¥;);>o (defined on the same probability space) independent,
if the o-algebras generated by these processes are independent:

FX 1L g7 (2.15)

where
FX .= o( g U o(x@)..... X(tn))). (2.16)
n>10<t <<t <0

Note that the family of sets |, U, . ;. o(X(t1),..., X(t,)) is stable under finite in-
tersections. Therefore, (2.15) follows already if

(X(Sl)’ s X(Sn)) AL (Y(tl)’ e Y([m))

forallm,n > 1,57y < -+- < spand ; < --- < t,. Without loss of generality we
can even assume that m = n and s; = {; for all j. This follows easily if we take the
common refinement of the s; and ¢;.

The following simple characterization of d-dimensional Brownian motion will be
very useful for our purposes.

2.14 Lemma. Let (X;)¢>o be a d-dimensional stochastic process. X satisfies (BO)—
(B3) if. and only if. foralln > 0,0 =1ty <t; <--- <t,, and &, ..., &, € R?

E [onp (5 2065 X, — X, it X)) | = - %; 6 -5

j=1
(2.17)
holds. If X has continuous sample paths, it is a BM?.

Ex.2.18

Ex. 2.16
Ex. 2.17

Ex. 2.19
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Proof. Assume that X satisfies (BO)—(B3). Since the characteristic function of a Gaus-
sian N(0, (t — s)/4)-random variable is exp(—%(t — 5)|€]?), we get

n

B e (13006 X0 4160 X)) | B TTBlenptg X, i)
Jj= j=

€2 1_[ Elexp(i (5. Xt;—1;_, )]

J=1

n
®3) 1
=" [Texp (—E(tj - tj_1)|§,-|2) :
j=1

Conversely, assume that (2.17) holds. Fix k € {0,1,...,n} and pick §; = O for all
Jj # k. Then

IE [exp (i (&, Xop — Xoo_, )] = €72 8P O00) = 1B fexp (i (&, Xpo—se_, )]

This proves (B2), (B3) and, if we take n = k = 0, also (B0). Since X;, — X,,_, ~
N(O, (t; —tj—1)14), (2.17) shows that the increments X, — Xy,,..., X;, — N
independent, i.e. (B1). ]

2.15 Corollary. Let B be a d-dimensional Brownian motion. Then the coordinate
processes B, j =1,...,d, are independent BM!.

Proof. Fixn > landty) =0<t; <--- <, < oo.Since B is a BM4, it satisfies
(2.17) for all &q,...,&, € RY. If we take &, = zjex where e is the kth unit vector
of R¥, we see that B¥ satisfies (2.17) for all z1,...,z, € R. Since B¥ inherits the
continuity of its sample paths from B, Lemma 2.14 shows that B¥ is a one-dimensional
Brownian motion.

In order to see the independence of the coordinate processes, we have to show that
the o-algebras (3’? I )e>0, .-, (3"? d) ¢>o0 are independent. As we have seen at the be-
ginning of the section — for two processes, but the argument stays the same for finitely
many processes — it is enough to verify that the random vectors

(BF.....BX), k=12.....4d,

are independent for all choices of n > 1 andty = 0 < t; < -+ < t,. Since each B{fZ s

£ =1,...,n, can be written as B,’z = Zle(Bf‘/_ — Bf‘/__l), it is enough to show that

all increments (Bf‘j — Bf]__ .

),j=1,...,nand k = 1,...,d are independent. This
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follows again with (2.17), since for all £, ..., £, € R¢

[exp( ZZEk(B Bt ))] :m[exp(ii@j,&,—Bz,,»_l))}

Jj=1k=1 j=1

= exp (— % Z |§j|2(l‘j — tj—l))
=1
1]n d
= exp (— 3 DY EH @ - fj—l))

J=1k=1

n d
= [T BexpGef 8BS - B ). O
j=1k=1

The converse of Corollary 2.15 is also true:

2.16 Theorem. B is a BM? if. and only if, the coordinate processes B', ..., B¢ are
independent BM!.

Proof. Because of Corollary 2.15 it is enough to check that (B}, ..., BY) is a BM¥
provided the B/ are independent one-dimensional Brownian motions. Fix n > 1,
th=0<t) <--- <ty < ooand“;‘;c € Rwhere j =1,...,nandk = 1,...d. By
assumption, each B/ satisfies (2.17),i.e.forallk =1,...,d

|:exp( Zék(B ,j 1 )} = exp ( - % Z(S;‘J’.‘)z(tj — tj_l)).
j=1

Multiply the d resulting equalities; since B!, ..., B? are independent, we get

d d n
B[ [ow (st -5 0) | =ow (-3 E 26 0 —0-0)
k=1

k=1j=1

which is just (2.17) for B = (B',..., BY) and § = (§}.....£¢) € R? (note that we
can neglect the #p-term as B(fp) = 0). The claim follows from Lemma 2.14. (|

Since a d -dimensional Brownian motion is a vector of independent one-dimensional
Brownian motions, many properties of BM! also hold for BM?, and often we need only
consider the one-dimensional setting. Things are slightly different, if the coordinate
processes are mixed:
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2.17 Definition (Q-Brownian motion). Let Q € IR%*? be a symmetric, positive semi-
definite d x d matrix. A Q-Brownian motion is a d-dimensional process (X;)¢>o
satisfying (B0)-(B2), (B4) and

X, — X ~N@,(t —s)Q) forall s <t. (QB3)

Clearly, BM? is an I;-BM. If (B;);>¢ is a BM? and if © € R9*, then X, := © B,
isa Q-BM with O = X7, This follows immediately from

E ol 6X) — | oi(ST6B) — ,~3IZTEP _ ,—1(EE2TE)

since the map x — Xx does not destroy the properties (B0)—(B2) and (B4).

The same calculation shows that any Q-BM (X,);>¢ with a non-degenerate (i. e.
strictly positive definite) Q is of the form X B; where X is the unique positive definite
square root of Q and (B;),>o is some BM“.

Since for Gaussian random vectors ‘independent’ and ‘not correlated’ coincide, it
is easy to see that a O-BM has independent coordinates if, and only if, Q is a diagonal
matrix.

2.18 Further reading. The literature on Gaussian processes is quite specialized and
technical. Among the most accessible monographs are [129] (with a focus on the
Dynkin isomorphism theorem and local times) and [123]. The seminal, and still highly
readable, paper [44] is one of the most influential original contributions in the field.

[44] Dudley, R. M.: Sample functions of the Gaussian process.
[123] Lifshits, M. A.: Gaussian Random Functions.
[129] Marcus, Rosen: Markov Processes, Gaussian Processes, and Local Times.

Problems

1. Show that there exist a random vector (U, V') such that U and V are one-dimen-
sional Gaussian random variables but (U, V') is not Gaussian.
Hint: Try f(u,v) = g(u)g(v)(1 — sinu sinv) where g(u) = (2m)"V/2 e#*/2,

2. Show that the covariance matrix C = (f; A fx)j k=1
is positive definite.

» appearing in Theorem 2.6

.....

3. Verify that the matrix M in the proof of Theorem 2.6 and Corollary 2.7 is a lower
triangular matrix with entries 1 on and below the diagonal. Show that the inverse
matrix M ~! is a lower triangular matrix with entries 1 on the diagonal and —1
directly below the diagonal.
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4.

10.

11.

12.

Let A, B € R™" be symmetric matrices. If (Ax,x) = (Bx, x) for all x € R”,
then A = B.

. Let (By)r>o be a BM!. Decide which of the following processes are Brownian

motions:
(@) X;:=2B;4; (b)Y, := By — By (¢) Z,:=+1tB. (t=0)

Let (B(t));>0 be a BM'.

(a) Find the density of the random vector (B(s), B(¢)) where 0 < s <t < o0.

(b) (Brownian bridge) Find the conditional density of the vector (B(s), B(t)),
0 < s <t < 1 under the condition B(1) = 0, and use this to determine
E(B(s)B(t) | B(1) = 0).

(c) Let0 < t; <t <t3 <t4 < oo.Determine the conditional density of the bi-
variate random variable (B(t;), B(¢3)) given that B(¢;) = B(t4) = 0. What
is the conditional correlation of B(¢,) and B(t3)?

Find the covariance function C(s,7) := [E(X;X;), s,t > 0, of the stochastic
process X, := B> —1,t > 0, where (B;);>0 is a BM!.

. (Ornstein—Uhlenbeck process) Let (B;);>0 be a BM!, « > 0 and consider the

stochastic process X; := e“’”/zBem, t>0.

(a) Determine the mean value and covariance functions m(¢) = E X, and
C(s,t) = E(X;X;),s,t >0.
(b) Find the probability density of (X;,,..., X;,) where 0 < ¢; <--- < ¢, < 00.

. Show that (B1) is equivalent to B, — By L fFf forall0 < s < 1.

Let (B;)¢>0 be a BM! and set , = inf{s > 0 : By = a} where a € R. Show
that 7, ~ 7_, and 7, ~ a’t,.

A one-dimensional stochastic process (X;);>o such that E(X?) < oo is called
stationary (in the wide sense) it m(t) = E X, = const. and C(s,t) = E(X;X,)
=g(t—15),0 <s <t < oo for some even function g : R — IR. Which of the
following processes is stationary?

@ W, = B} —1; (b) X; = e */?Bou;
(©) Y, = Bi1n— By (d Z; = Bt ?

Let (By)tef0,11 and (B:)¢efo,1] be independent one-dimensional Brownian motions.
Show that the following process is again a Brownian motion:

(B, if 7 € [0, 1],
"B+ 1By — Bu. i £ € (1,00).
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13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Find out whether the processes
X(t):= B(e') and X(t):=e"?B(e') (t>=0)

have the no-memory property,i.e.oc(X(t) : t <a)llo(X(t+a)—X(a) : t > 0)
fora > 0.

Prove the time inversion property from Paragraph 2.11.

(Strong law of large numbers) Let (B;);>0 be a BM!. Use Paragraph 2.13 to show
that lim; .o, B;/t = 0 a.s. and in mean square sense.

Let (B;);>0 be a BM'. Show that 32 = | J yc[o.00) 0 (B(t)) : t € J).

J countable

Let X(2), Y(¢) be any two stochastic processes. Show that
(X(u1), ..., X(up)) L (Y(u1)....,Y(up)) forall u; <---<u,, p=>1
implies

(X(s1), ..., X(sp)) WL (Y(21),...,Y(tm))
forall s; <---<sp, 1 <---<t,, mn>=l.

Let (F;)¢>0 and (G¢) >0 be any two filtrations and define Foo = o ( Uro F,) and
G0 = O(Ul>0 9,). Show that F, 1L G, (V¢ > 0) if, and only if, Foo L Go.

Use Lemma 2.14 to show that (all finite dimensional distributions of) a BM? is
invariant under rotations.

Let B; = (bs, B:), t > 0, be a two-dimensional Brownian motion.

(a) Show that W, := ﬁ(b, + B;)isa BM!.

(b) Are X, := (W;,B;)and Y; := %(bt + B:,b: — Br), t = 0, two-dimensional
Brownian motions?

Let B, = (b;,B:),t > 0, be a two-dimensional Brownian motion. For which
values of A, € R is the process X, := Ab; + uB; aBM!'?

Let B, = (bs, B:),t > 0, be atwo-dimensional Brownian motion. Decide whether
for s > 0 the process X, := (b;, Bs—s — B:), 0 < t < s is a two-dimensional
Brownian motion.

Let B; = (by, Bt),t > 0, be atwo-dimensional Brownian motion and o € [0, 277).
Show that W; = (b, - cosa + fB; - sina, B; - cosa — b; - sina) ' is a two-
dimensional Brownian motion. Find a suitable d-dimensional generalization of
this observation.

Let X be a Q-BM. Determine Cov(X ¢ k), the characteristic function of X(t)
and the transition probability (density) of X(¢).
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Constructions of Brownian motion

There are several different ways to construct Brownian motion and we will present
a few of them here. Since a d-dimensional Brownian motion can be obtained from
d independent one-dimensional Brownian motions, see Section 2.3, we restrict our
attention to the one-dimensional setting. If this is your first encounter with Brownian
motion, you should restrict your attention to the Sections 3.1 and 3.2 which contain
the most intuitive constructions.

3.1 The Lévy-Ciesielski construction

This approach goes back to Lévy [120, pp. 492-494] but it got its definitive form in
the hands of Ciesielski, cf. [26, 27]. The idea is to write the paths [0, 1] 5 ¢ > B;(®)
for (almost) every w as a random series with respect to a complete orthonormal sys-
tem (ONS) in the Hilbert space L?(df) = L*([0, 1], df) with canonical scalar product
(f.8)2 = fol f(t)g(t) dr. Assume that (¢, ), >0 is any complete ONS and let (G, )n>0
be a sequence of real-valued iid Gaussian N(0, 1)-random variables on the probability
space (€2, A, P). Set

N-—1

Wy (1) :=) " Gu(ljo., n)r2

n=0
N-1 ‘
=> G, / bn(s) ds.
n=0 0
We want to show that limy —., Wy (¢) defines a Brownian motion on [0, 1].

3.1 Lemma. The limit W(t) := limy_.oo W (¢) exists for every t € [0,1] in L>(IP) Ex. 3.1
and the process W (t) satisfies (BO)—(B3).
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Proof. Using the independence of the G, ~ N(0, 1) and Parseval’s identity we get for
every t € [0,1]

N-1
E(Wy(1)?) = E [ Y GuGm(los). $m)L (H[O,t)»¢n)L2j|

m,n=0

N-1

= Z E(GnGm)(Ljo,0), pm)r>(No,r), Pn) 12
m,n=1 =0 ( _ _
=0 (n#m), or =1 (n=m)

N-1
= (o). pu)7o 7oz Moo Lon)e = 1.

n=1

This shows that W(z) = L2-limy_,, Wy (¢) exists. An analogous calculation yields
fors <tandu < v

EW (@) = W(s)(W(v) — Wu))

00
= Z(ﬂ[o,z) - 1[0,s)9 ¢n>L2 (]1[0,1)) - ]I[O,u), ¢n )LZ

t—s, [s,2) = [u,v);
= (). D)y = 10, [s,0) N [u,v) = 0;
(vAt—uvs)t, ingeneral.

With this calculation we find forall 0 < s <t <u <vand&,neR

E [exp (§(W(1) = W(s)) + in(W(v) — W(u))) ]

N-1
= ngnoo]E |:exp (i Z ((Ms.ys #n) + 1{puv)s ) G"):|

n=0

A N-1
= lim []E [exp (18 (Mis.ys Dn) + in{lpu,w)s $n) Gn)]

n=0

N-1

= Nh_r)noo H exp (—— & U5y, dn) + 1Ly dn) | )
n=0
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(since E /4% = exp(—1 [{[?))

N-1
= lim exp(_%z [52 L.y @) + 17 (L) ) ])

N—oc0
n=0

N-1
x lim exp( En(Ls,e), Pn){ uv),¢n))

N—o0
=0

S

—0

= exp (—; £2(t — s)) exp (—; n”*(v— u)) .

This calculation shows

e W(t) — W(s) ~N(0,t —s), if we take n = 0;
e W(t —s) ~N(0,f —y), if we take n = 0, s = 0 and replace ¢ by ¢ — s;
e W(t) — W(s) IL W(v) — W(u), since &, ny are arbitrary.

The independence of finitely many increments can be seen in the same way. Since
W(0) = 0 is obvious, we are done. O

Since W(t) is an L?(IP)-convergent, hence stochastically convergent, series of
independent random variables, we know from classical probability theory that
limy_ 00 Wy (t) = W(¢) almost surely. But this is not enough to ensure that the path
t — W(t,w) is (IP almost surely) continuous. The general theorem due to It6—Nisio
[86] would do the trick, but we prefer to give a direct proof using a special complete
orthonormal system.

3.2 The Haar and Schauder systems. We will now give an explicit construction of
Brownian motion. For this we need the families of Haar H,,; and Schauder S,/
functions. Forn = Oandn =2/ +k,j >0,k =0,1,...,2/ —1, they are defined as

Ho(?) = 1, So(t) =1t

+22, on [2%, 2215111 S2i1i(t) = (ﬂ[to,t]’ Hyjyi)12

Horill) = 1 =24, on [22%111 k;l) ’ - /0 Hyi i (s) ds,
0, otherwise

supp S, = supp H,.

Forn = 2/ +k the graphs of the Haar and Schauder functions are shown in Figures 3.1
and 3.2.
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Figure 3.1. The Haar functions Hy; - Figure 3.2. The Schauder functions S5, 4 -

Obviously, fol H,(t)dt = 0foralln > 1 and
H2j+kH2j+e = S2j+kS2j+[ =0 forall J 2 O, k 75 L.

The Schauder functions S,, 4 are tent-functions with support [k27/, (k 4+ 1)27/] and
maximal value % 277/2 at the tip of the tent. The Haar functions are also an orthonormal
system in L2 = L2([0, 1], dy), i.e.

1 I, m=n
(Hy, Hy) 12 =/ H,(t)Hy,(t)dt = { forall n,m > 0,
0 0, m#n,

and they are a basis of L2([0, 1], ds), i.e. a complete orthonormal system, see The-
orem A.44 in the appendix.

3.3 Theorem (Lévy 1940; Ciesielski 1959). There is a probability space (2, A, IP)
and a sequence of iid standard normal random variables (G,),>¢ such that

W(t,0) =Y Gu(@)(ljo, Hy)r2, t€[0,1], 3.1)
n=0

is a Brownian motion.

Proof. Let W(t) be as in Lemma 3.1 where we take the Haar functions H,, as or-
thonormal system in L2(df). As probability space (£2,.A,P) we use the probability
space which supports the (countably many) independent Gaussian random variables
(Gn)n>o from the construction of W(t). It is enough to prove that the sample paths
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t — W(t, w) are continuous. By definition, the partial sums

N-1

N-1
t Wy(to) =Y Gu@) . H)rz = Y Gu(@)Su(t).  (3.2)
n=0 n=0

are continuous for all N > 1, and it is sufficient to prove that (a subsequence of)
(Wn (t)) N0 converges uniformly to W(z).

The next step of the proof is similar to the proof of the Riesz-Fischer theorem on
the completeness of L? spaces, see e. g. [169, Theorem 12.7]. Consider the random
variable

2/ -1
Aj(t) = Wy (1) = Was (1) = Y Gyt Sas i (1),
k=0
Ifk # £, then Sy 41 S,/ 1¢ = 0, and we see
2/ -1
1A ()] = Z G271k G2 +0G27 4+ pGai g S2i 1k (1) S2) +4(1) 827 4 p (1) 27 44(7)
k.,p,q=0
2/-1 2/-1

= Y Gl ISyl < Z Gy
k=0

Since the right-hand side does not depend on ¢ € [0, 1] and since E G;} = 3 (use 2.3
for G, ~ N(0, 1)) we get

2/ —1
E A <3 272/ =3.277 forall j > 1.
[,SH)PH' (>|} 3 orall

For n < N we find using Minkowski’s inequality in L*(IP)

N
sup |Won (8) — Won (2t < sup |Woi(t) — Woi—i(t
LT B PO A UATORSESON
=|A; ()|
N
<
Z t€[0,1]
j=n+1
N
< 34 274 0.
j;—l n,N—>o0
Fatou’s lemma gives
lim Sllp |W2N(I)—W2n(l)| < h_m ‘ sup |W2N(t)—W2;z([)| =0.
n,N—oo L€ L4 n,N—oo || 1€[0,1] L4
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This shows that there exists a subset ¢ C © with IP(2¢) = 1 such that

lim sup] |[Won (t, w) — Wan(t,w)| =0 forall w e Q.

n,N—oo t€[0,1

By the completeness of the space of continuous functions, there is a subsequence of
(W,; (t, w));j>1 which converges uniformly in¢ € [0, 1]. Since we know that W (z, w) is
the limiting function, we conclude that W(z, @) inherits the continuity of the W, (¢, w)
for all w € Q.

It remains to define Brownian motion everywhere on 2. We set

W(t,w), e QR

W(t, w) = {O 0dQ
, 0-

As P(Q \ ©¢) = 0, Lemma 3.1 remains valid for W which means that W (¢, ») is a
one-dimensional Brownian motion indexed by [0, 1]. |

Strictly speaking, W is not a Brownian motion but has a restriction W which is a
Brownian motion.

3.4 Definition. Let (X,);c; and (Y;),c; be two IR¢-valued stochastic processes with
the same index set. We call X and Y

indistinguishable if they are defined on the same probability space and if
P(X, =Y, Vtiel)=1,
modifications if they are defined on the same probability space and
P(X;=Y,) =1 forall ¢t €l;
equivalent if they have the same finite dimensional distributions, i.e.
Xeysoo s X))~ Yy, o0 Y1)

forall ty,...,t, € I,n > 1 (but X, Y need not be defined on the same probability
space).

Now it is easy to construct a real-valued Brownian motion for all ¢ > 0.
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3.5 Corollary. Let (W¥(t)),e(0.1), k > 0, be independent real-valued Brownian mo-
tions on the same probability space. Then

WO, t €0, 1);
0 1o, .
B Kl(l) + Wl -1, 1 €[1,2); 53)
SWIW)+WEe—k). telkk+1). k>2
j=0

is a BM! indexed by t € [0, 00).

Proof. Let B* be a copy of the process W from Theorem 3.3 and denote the
corresponding probability space by (g, Ag,Px). Define, on the product space
(2,A,P) = ®k>1(Qk,Ak,]Pk), w = (w1, wy,...), processes Wk(a)) = Bk(a)k);
by construction, these are independent Brownian motions on (€2, A, IP).

Let us check (B0)—(B4) for the process (B(t));>o defined by (3.3). The properties
(B0) and (B4) are obvious.

Let s <t and assume thats € [£,£ 4+ 1),¢t € [m,m + 1) where £ < m. Then

B(t) — B(s)
m—1 -1
W) + Wt —m) =Y W/ (1) —Wis—0)
Jj=0 Jj=0
m—1

Wi (1) +Wn(t —m)—Whs — )
={

W™t —m)—W"(s —m) ~ N, —s), L=m

~.

(Wi —whs —0) + ZWJ(1)+W'"(z—m) < m.
j=t+1

IdePN (0, 1—5+£) *N(0,1)*7=¢=1 xN(0,¢ —m)=N(0,t—s)

This proves (B2). We show (B1) only for two increments B(u) — B(¢) and B(t)— B(s)
where s < t < u. As before, s € [{,£ + 1),t € [m,m + 1) and u € [n,n + 1) where
£ <m < n.Then

W™ —m) —W"(t —m), m=
B _ n—1
peo= B0 (W™ () = W™t —m)) + Y W (1) + W"(u—n). m<n.
j=m+1

By assumption, the random variables appearing in the representation of the increments
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B(u) — B(t) and B(t) — B(s) are independent which means that the increments
are independent. The case of finitely many, not necessarily adjacent, increments is
similar. 0

3.2 Lévy’s original argument

Lévy’s original argument is based on interpolation. Let y < ¢ < ¢t and assume that
(W¢)¢ef0,1] is @ Brownian motion. Then

G :=W(t)—W(y) and G” := W(t) — W()

are independent Gaussian random variables with mean 0 and variances ¢ —f and ¢; —¢,
respectively. In order to simulate the positions W(ty), W(t), W(t;) we could either
determine W(fp) and then G’ and G” independently or, equivalently, simulate first
W(to) and W(t;)—W (o), and obtain W(¢) by interpolation. Let I be a further standard
normal random variable which is independent of W(zy) and W(¢1) — W(tp). Then

(= OW(to) + (¢ 1)) Wlt) [ =t0)(tr=0) .
fHh—1ty t — to
= W(to) + ttl__tt"o (W(t) — W(t)) + U—tfl@_(ftlo—f) r

is — because of the independence of W(ty), W(t;) — W(to) and I' — a Gaussian random
variable with mean zero and variance . Thus, we get a random variable with the same
distribution as W (t) and so

P(W(1) € - |W(ty) = xo, W(t1) = x1) = N(m,,0})

34

(t1 —t)xo + (t — 1o)Xy ’ 3.4

m; = and o7 =
1 —1

(t —10)(11 —l).

1 =1t

If ¢ is the midpoint of [tg,#;], Lévy’s method gives the following prescription:
Assume we know already W(fp) and W(¢;). Interpolate these two values linearly,
take the midpoint of the line and add to this value (the outcome of the simula-
tion of) an independent Gaussian random variable with mean zero and variance
0% = (t —to)(t1 —1)/(t1 — to) = 3(t1 — to). If we start with 7o = O and t; = 1, this
allows us to simulate the values

W(k27) forall j >0 and k=0,1,...,27 —1,
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and the following picture emerges:

Wil
2
Wi oo - %778 EERT RIS
1
1 2
Wl .............. Wl
2 ; 2
Wl ...... . Wl
1 : 1
Wil foee e T W : Wi
Wl o : W3
1 : : 4 :
1 1 3 1 1 3
i 2 1 1 1 2 1 1

Figure 3.3. The first 4 interpolation steps.

At the dyadic points 1 = k277 we get the ‘true’ value of W(¢, ). This observation
shows that the piecewise linear functions are successive approximations of the random
function z — W(t, ). This polygonal arc can be expressed by Schauder functions.
From (3.2) and the proof of Theorem 3.3 we know that

oo 2/—1

W(t.0) = Go(@)So(t) + Y Y Gasi(®) Sz i (1),

Jj=0 k=0

where S, (¢) are the Schauder functions. For dyadic ¢ = k /27, the expansion of W; is
finite. Assume that we have already constructed W (k2~/) for some fixed j > 1 and

allk =0,1,...,27. Then
Wi = | V2. b=2k
TWE2) + W(k + 1)277)) + Tojgg. £=2k+1,

where Ty 1 = Gpi 1Sy 4x((2k + 1)27771) is a Gaussian random variable with
mean zero and variance 2~/ /4. This means that each new node is constructed by adding
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an independent, suitably scaled normal random variable to the linear interpolation of
the nodes immediately to the left and right of the new node — and this is exactly Lévy’s
construction. The first few steps are

1°—  W(l,0) = Go()Ss(1)
2°— W(3.0) = Go(@)So(3) + G1(@)S1(3)

interpolation =T ~N(0,1/4)
3 — W(%,a)) = Go(w)So(%) + Gl(w)Sl(%) + Gz(w)Sz(%)
interpolation =T, ~N(0,1/8) =T3~N(0,1/8)
N
W (3, 0) = Go(0)So(3) + G1(@)S1(3) +G2(w) $2(3) + G3(w)S3(3)

——
=0

40—

The 2/th partial sum, W,, (f, w), is therefore a piecewise linear interpolation of the
Brownian path W;(w) at the points (k2=/, W(k2™/,w)), k = 0,1,...,27.

3.6 Theorem (Lévy 1940). The series

Wt ) =Y (Wanri (t.0) — Wan (1, @) + Wi (t, @), t €[0,1],

n=0
converges a.s. uniformly. In particular (W(t));ejo,1] is a BM'.
Proof. Set A, (t,w) := Wont1(t, ®) — Wan (¢, ). By construction,
An((2k = 127" @) = Tony-n(@), k =1,2,...,2",

are iid N(0, 2=**2)) distributed random variables. Therefore,

P \max A, (@2k—127"7)] > J%> <2'P (V22 8,277 > )

and the right-hand side equals

2.2 /°° o2 g < 20 /oo T 2 e
V2m Jx, V2w Jx, Xn Xy A/ 21
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Choose ¢ > 1 and x, := c¢+v/2nlog?2. Then

ad 1 Xn > 2I’l+1 2] n
) :]P( max |An((2k — 127" 1)| > )g > ¢’ g
— 0 \igk<a a ) Varn+2) T e an

o0

2
B cN2m

Using the Borel-Cantelli lemma we find a set ¢ C Q with IP(€2¢9) = 1 such that for
every @ € Qg there is some N(w) > 1 with

. nlog?2
An (k=127 1| < c,/W forall n > N(w).

2=(€=Dn

max
1<k<2n

W2n+1 (t)

k-1 2k-1 k
2n on+1 o

Figure 3.4. The nth interpolation step.

By definition, A, (¢) is the distance between the polygonal arcs Won+1(t) and W (2);
the maximum is attained at one of the midpoints of the intervals [(k — 1)27",k27"],
k=1,...,2", see Figure 3.4. Thus

Oil,lgl |W2n+1 (t,w) — Wan (2, a))| < max |[A, ((2k — 1271, a))’

1<k<2n

[nlog?2
<c St forall n > N(w),



Ex. 3.7

32 Chapter 3  Constructions of Brownian motion

which shows that the limit
o0

W(t.w) = lim W (t.) = 2;) (Wans1 (t, 0) — Wan(t, ) + Wi (t, w)
n=
exists forall w € Q¢ uniformly in¢ € [0, 1]. Therefore, t —> W(¢, w), w € Qp, inherits
the continuity of the polygonal arcs ¢ > Wan (f, w). Set
~ W(t, w), € Qo,
Wt.w) = | V@), @€
0, w ¢ Qo.

By construction, we find forall 0 < j < k < 2"
W (k2™ — W (j27") = Wan (k27") — Wan (j27")

k

= Y (Wan(€27) = Wan (€ — 1)27))
f=j+1
iid

KN, (k — j)27™).

Since ¢ +— W (t) is continuous and since the dyadic numbers are dense in [0, 7], we
conclude that the increments W(tj) — W(tj_l), 0=t <t <--- <ty < lare
independent N(0, ¢; —¢;_; ) distributed random variables. This shows that (W (1)) t€[0,1]
is a Brownian motion. O

3.7 Rigorous proof of (3.4). We close this section with a rigorous proof of Lévy’s
formula (3.4). Observe that forall 0 < s <t and £ € R

E (eiEW(t) } W(S)) — eiéW(S) E (eiE(W(l)—W(S)) } W(S))
BD LiEWE) | (eiE(W(t)fW(s)))

B ,—L—9)E LiEW(s)
2.5)

If we apply this equality to the projectively reflected (cf. 2.13) Brownian motion
&W(1/t))i>0, we get

E (eistW(l/t) \ W(l/s)) —F (eistW(l/t) \sW(l/s)) _ e—%(r—s)gz plESW(1/s)
Now set b := % > % =:aand n:= &/a = &t. Then
inW(a) Lofl 1Y, . 4
E (e ‘ W(b)) =exp| —=a’* = —— |n* |exp |in-W(b)
2 a b b
la . (3.5)
= exp [_Eg(b — a)nz} exp [inEW(b):|.

This is (3.4) for the case where (¢, ¢,¢;) = (0,a,b) and xo = 0.



Section 3.3 Wiener’s construction 33

Now we fix 0 < tp < ¢ < t; and observe that W(s + #9) — W(#), s > 0, is again a
Brownian motion. Applying (3.5) yields

t—ig

E (" WOV | W) — Wi(tg)) = o2 iy (=0 LN (W) =W (o)

On the other hand, W(ty) 1L (W(t) — W(ty), W(t;) — W(tp)) and
E (¢ OTO) | (1) - W) )
= E (" PO | Wity — Wito), Wito) )
—E (ein(W(t)—W(to)) W), W(to))

W(t), W(to)).

— o i) | (einW(t)

This proves

E (™0 | W(ty). Wito)) = o2 =i (1= in =i (W()=W(t0) inW(to)

and (3.4) follows.

3.3 Wiener’s construction

This is also a series approach, but Wiener used the trigonometric functions (e'"*%),cz
as orthonormal basis for L2[0, 1]. In this case we obtain Brownian motion on [0, 1] as
a Wiener-Fourier series

Wit,w) =Y S“‘(Zi’”) G (), (3.6)

n=1

where (G,)x>0 are iid standard normal random variables. Lemma 3.1 remains valid
for (3.6) and shows that the series converges in L? and that the limit satisfies (B0)—
(B3); only the proof that the limiting process is continuous, Theorem 3.3, needs some
changes.

Proof of the continuity of (3.6). Let

i sin(nmt)
Wyt o) =" — = Galw).

n=1
It is enough to show that (Wan), > is a Cauchy sequence in L2(IP) uniformly for all
t €0, 1]. Set
Aj(t) := Wair1(2) — Wai(t).
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Using |Imz| < |z]| for z € C, we see

) 2 . 2
2/+1 . 2/ +1 ikt
sin(krwt) etrr
2
B0F = Y =G| < G|
k=2/+1 k=2/+1
and since |z|?> = zZ we get
2/ 4! 274! eikm‘e—iint
2
|Aj(t)| < Z 7k€ GGy
k=27 4+14=2J+1
2/ +1 2/+1 k—1 . .
G2 elkm‘e—lf:rrt
— _k N
- Z 2 2 Z Z Kl GiGe
k=2/+1 k=2 +14£=2/+1
ekt 2/+1 Gl% 2/ —12/%—m eimnt
= — +2 —— GGy
Z k2 2 Z 00+ m) m
k=27 +1 m=1 (=27 +1
2741 2/—1 (27 —m
G? GG
k LY l+m
< —+2 .
h ~ k2 2 Z 0+ m)
k=2/+1 m=1 |({=2/+41

Note that the right-hand side is independent of #. On both sides we can therefore take
the supremum over all ¢ € [0, 1] and then the mean value E(---). From Jensen’s in-
equality, E | Z| < +/E | Z]?, we conclude

2/+1 2/ -1 2/t —m

E G2 GGy
E AP < k125N E em
(tGSH)I,)l]| ’“') 2. e t2E D 0 +m)

k=2/+1 m=1  |[{=2/+1
) . _ 2
2/+1 2/ -1 27+ —m
E G2 GG
k LYl+m
S L TE 2l Bl X
k=2J+1 m=1 (=27 +1

If we expand the square we get expressions of the form IE(G¢G¢+m Gy Gy +m); these
expectations are zero whenever £ # {’. Thus,

2/+1 1 2/—-1 |2/+1—m GGy 2
E AD) = — 42 E(—27) .
(tESR)I,)l]| ’()|) IBEEREDIRIDYD (£(€+m))
k=2/+1 m=1 "\ (=27 +1
2J+1 1 27 1 27+l 1
S R0 o [ pee
2 2 2
k=2/+1 k m=1 "\ ¢=2/ +1 (¢ +m)
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2/+1 2/ 1 27+

1 1
S Loertrl 2 ever

k=2/+1 m=1 \ f=2/ 41
<2 .2y . 2 2w
<3

2792,

From this point onwards we can follow the proof of Theorem 3.3: Forn < N we find
using Minkowski’s inequality in L2?(IP)

N
sup, v 0= )| <] 0 s W)= W)
tef0,1] L2 — t€[0,1] L2
= =[A;®)|
N
< sup |A;(t
Z ze[ol,)ui i 0] L2
j=n+1
N
< 31/2 o—il4 )
2 2o
j=n+1
Fatou’s lemma gives
lim  sup [Won (1) —Wan(2)|| < lim ‘ sup [Won (1) = Wan(2)|| =0.
n,N—ool [0,1] L2 n,N—>00 €[0,1] L2

This shows that there exists a subset Q¢ C Q with IP(€2¢) = 1 such that

lim Sl[.lp] [Won (t, w) — Wan(t,w)| =0 forall w e Q.
0,1

n,N—>o00

By the completeness of the space of continuous functions, there is a subsequence of
(W,; (t, w));j>1 which converges uniformly in ¢ € [0, 1]. Since we know that W (¢, ®) is
the limiting function, we conclude that W (¢, ) inherits the continuity of the W, (¢, ®)
for all w € Q.

It remains to define the Brownian motion everywhere on 2. We set

~ W(t, w), € Q
W(t, w) = {0 (t,w) Z¢Qo
9 0'

Since P(Q \ Q¢) = 0, Lemma 3.1 remains valid for W which means that W (1, ) is
a one-dimensional Brownian motion indexed by [0, 1]. (|

Ex. 3.3
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3.4 Donsker’s construction

Donsker’s invariance theorem shows that Brownian motion is a limit of linearly in-
terpolated random walks — pretty much in the way we have started the discussion in
Chapter 1. As before, the difficult point is to prove the sample continuity of the limiting
process.

Let, on a probability space (2, A, IP), €,, n > 1, be iid Bernoulli random variables
suchthat P(e; = 1) = P(e; = —1) = % Then

S, =e1+--+¢€,

is a simple random walk. Interpolate linearly and apply Gaussian scaling

1
S"(t) .= 7ﬁ (SLntJ — (nt — |_nlJ)6LntJ+1) , tejo,1].

In particular, S”(%) = ﬁSJ-. If j = j(n)and j/n = s = const., the central
; d
limit theorem shows that S"(£) = /sS;/J/j — /sG asn — oo where G

is a standard normal random variable. Moreover, with s = j/n and ¢t = k/n, the
increment S” (1) — S™(s) = (Sx — S;)/+/n is independent of €1, . . ., €;, and therefore
of all earlier increments of the same form. Moreover,

E(S"(1)— S"(s)) =0 and V(S"(1)—S"(s)) = &=L =1 —;

n

in the limit we get a Gaussian increment with mean zero and variance ¢ — s. Since
independence and stationarity of the increments are distributional properties, they are
inherited by the limiting process — which we will denote by (B;);e[o,1]- We have seen
that (Bg)4e[0,1)no Would have the properties (B0)—(B3) and it qualifies as a candidate
for Brownian motion. If it had continuous sample paths, (BO)—(B3) would hold not
only for rational times but for all # > 0. That the limit exists and is uniform in ¢ is the
essence of Donsker’s invariance principle.

3.8 Theorem (Donsker 1951). Let (B(t)):e[0,1] be a one-dimensional Brownian mo-
tion, (S™(t))¢efo,1), 1 = 1, be as above and ® : C([0, 1], R) — R a uniformly contin-
uous bounded functional. Then

lim E ®(S"(-)) = E ®(B(+)),
i.e. S™(-) converges weakly to B(-).

We will give a proof of Donsker’s theorem in Chapter 13, Theorem 13.5. Since
our proof relies on the existence of a Brownian motion, we cannot use it to construct
(By)r>0- Nevertheless, it is an important result for the intuitive understanding of a
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Brownian motion as limit of random walks as well as for (simple) proofs of various
limit theorems.

3.5 The Bachelier-Kolmogorov point of view

The starting point of this construction is the observation that the finite dimensional
marginal distributions of a Brownian motion are Gaussian random variables. More
precisely, for any number of times fp = 0 < #; < --- < 1, #; € I, and all Borel sets
A1, ..., Ay € B(R) the finite dimensional distributions

pl1,...,ln(Al XX An) = ]I)(Btl € Alv---’Bt,l € An)

are mean-zero normal laws with covariance matrix C = (¢; A #);k=1,....n. From The-
orem 2.6 we know that they are given by

ptl,...,t,l(Al Xoeee X An)
1

Q)2 Jdet C Jayx-xa,

(xj —
exp -1 30 G -0
g m/A oy A

We will characterize a stochastic process in terms of its finite dimensional distribu-
tions — and we will discuss this approach in Chapter 4 below. The idea is to identify a
stochastic process with an infinite dimensional measure I on the space of all sample
paths Q2 such that the finite dimensional projections of IP are exactly the finite dimen-
sional distributions.

1
exp (—E(x, C_lx)) dx

3.9 Further reading. Yet another construction of Brownian motion, using interpo-
lation arguments and Bernstein polynomials, can be found in the well-written paper
[108]. Donsker’s theorem, without assuming the existence of BM, is e. g. proved in
the classic monograph [10]; in a more general context it is contained in [45], the pre-
sentation in [99] is probably the easiest to read. Ciesielski’s construction became pop-
ular through his very influential Aarhus lecture notes [27], one of the first books on
Brownian motion after Wiener [187] and Lévy [121]. Good sources on random Fourier
series and wavelet expansions are [95] and [146]. Constructions of Brownian motion
in infinite dimensions, e. g. cylindrical Brownian motions etc., can be found in [150]
and [34], but this needs a good knowledge of functional analysis.
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[10] Billingsley: Convergence of Probability Measures.
[27] Ciesielski: Lectures on Brownian Motion, Heat Conduction and Potential The-
ory.
[34] DaPrato, Zabczyk: Stochastic Equations in Infinite Dimensions.
[45] Dudley: Uniform Central Limit Theorems.
[95] Kahane: Some Random Series of Functions.
[99] Karatzas, Shreve: Brownian Motion and Stochastic Calculus.
[108] Kowalski: Bernstein Polynomials and Brownian Motion.
[146] Pinsky: Introduction to Fourier Analysis and Wavelets.
[150] Prevdt, Rockner: A Concise Course on Stochastic Partial Differential Equations.

Problems

1. Use the Lévy-Ciesielski representation B(1) = Y o2 G, S,(t), t € [0, 1], to ob-
tain a series representation for the random variable X := fol B(t) dt and find the
distribution of X.

2. Let¢, = H,,n = 0,1,2,..., be the Haar functions. The following steps show
that the full sequence Wy (¢, w) := 2’11\/:—01 G, (w)S, (), N =1,2,..., converges
uniformly for IP-almost all v € Q.

(a) Let (as)n>0 C R be a sequence satisfying a, = O(n¢) for some € € (0,1/2).
Show that Y 7 ) a,S,(¢) converges absolutely and uniformly in ¢ € [0, 1].

(b) Let (Gn)n>0 be a sequence of iid N(0, 1) random variables. Show that almost
surely |G,| = O(/logn).
Hint: Use the estimate P(|G;| > x) < 2(27)"/2x e /2 x > 0, and the
Borel-Cantelli lemma.

3. Let (S, d) be acomplete metric space equipped with the o -algebra B(S) of its Borel
sets. Assume that (X;),>; is a sequence of S-valued random variables such that

lim sup E (d(X,, Xn)?) =0
n—>oomz=n
for some p € [1,00). Show that there is a subsequence (7x)r>1 and a random

variable X such that limg o X,;, = X almost surely.

4. Let (X¢)r>0 and (Y;)r>0 be two stochastic processes which are modifications of
each other. Show that they have the same finite dimensional distributions.

5. Let (X;)ser and (Y;);es be two processes with the same index set I C [0, o0) and
state space. Show that

X,Y indistinguishable —> X, Y modifications —> X,Y equivalent.
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Assume that the processes are defined on the same probability space and ¢ — X;
and ¢t — Y, are right-continuous (or that / is countable). In this case, the reverse
implications hold, too.

6. Let (B;):>0 be areal-valued stochastic process with exclusively continuous sample
paths. Assume that (B,)4eq satisfies (BO)-(B3). Show that (B;);>o is a BM.

7. Give a direct proof of the formula (3.4) using the joint probability distribution
(W(ty), W(t), W(ty)) of the Brownian motion W(?).



Ex. 4.1

Ex. 4.2

Chapter 4

The canonical model

Often we encounter the statement ‘Let X be a random variable with law p” where (i is
an a priori given probability distribution. There is no reference to the underlying prob-
ability space (€2, A, IP), and actually the nature of this space is not important: While X
is defined by the probability distribution, there is considerable freedom in the choice
of our model (€2, A, IP). The same situation is true for stochastic processes: Brown-
ian motion is defined by distributional properties and our construction of BM, see e. g.
Theorem 3.3, not only furnished us with a process but also a suitable probability space.

By definition, a d-dimensional stochastic process (X(t));cs is a family of R¢-
valued random variables on the space (€2, A, IP). Alternatively, we may understand a
process as amap (¢, ) — X(t, ) from I x QtoR¢ orasamap w — {t — X(t, )}
from € into the space (R?)! = {w, w : I — R?)}. If we go one step further and
identify €2 with (a subset of) (]Rd)l , we get the so-called canonical model. Of course,
it is a major task to identify the correct o-algebra and measure in (R¢)’ . For Brownian
motion it is enough to consider the subspace €()[0, 00) C (R9)[0:%),

Co) := C()[0, 0) := {w :[0,00) - R : w is continuous and w(0) = 0}.

In the first part of this chapter we will see how we can obtain a canonical model
for BM defined on the space of continuous functions; in the second part we dis-
cuss Kolmogorov’s construction of stochastic processes with given finite dimensional
distributions.

4.1 Wiener measure

Let I = [0, 00) and denote by ; : (R¢)! — R4, w — w(¢), the canonical projection
onto the ¢th coordinate. The natural o-algebra on the infinite product (R?)? is the
product o -algebra

B! (RY) =a{n;1(3) . BeB(RY), 1 ¢ 1} =o{m i tell);

this shows that B! (R?) is the smallest o-algebra which makes all projections 7, mea-
surable. Since Brownian motion has exclusively continuous sample paths, it is natural
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to replace (R?)! by C(o)- Unfortunately, cf. Corollary 4.6, C(,) is not contained in
B (R?); therefore, we have to consider the trace o-algebra
I mdy _ .
Co NB (R?) = U(ﬂt|e(0) it e 1).

If we equip C(,) with the metric of locally uniform convergence,

pw.v) = 3 (1A sup fwi@) = v(0)])2",

n=1
C(o) becomes a complete separable metric space. Denote by O, the topology induced
by p and consider the Borel o-algebra B(C(,)) := 0(0,) on Cy,).

4.1 Lemma. We have €y N B! (R?) = B(C(y)).

Proof. Under the metric p the map C,) > w — m,(w) is (Lipschitz) continuous
for every ¢, hence measurable with respect to the topological o-algebra B(C()). This
means that

o(m %) C B(Cw)) Ytel, andso, a(n,|% 11 €1) CB(Cp)).

Conversely, we have for v, w € Cy,

o0
,W) = 1A t) —v(t )2‘”
p(v.w) ;( supu(6) = v(@)]
- @.1)
= (1 A sup  |m(w) — n,(v)|)2_".
ot t€[0,n]NQ
Thus, (v, w) — p(v,w) is measurable with respect to U(n,|e() Tt € Q+) and,

consequently, with respect to G,y N BY (IR?). Since (C,), p) is separable, there exists
a countable dense set D C C,) and it is easy to see that every U € O, can be written
as a countable union of the form

v= |J BPw.n
B (w,r)cU
weD, reQt

where B@ (w,r) = {v € ) : p(v,w) < r}is an open ball in the metric p. Since
B® (w,r) € Gy N B (R?), we get

0, CCy N BT (RY) and therefore B(C)) =0(0,) CCr N BI(RY). O
Let (B;):>0 be a Brownian motion on some probability space (€2, A, IP) and con-

sider the map
V:Q—Cp. o w:=V¥Yw):=B(,w). 4.2)
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The metric balls B® (v, ) C €(,) generate B(C,)). From (4.1) we conclude that the
map w — p(B(-,w),w) is A measurable; therefore

(o Y(w) e BPW,r)} ={w: p(B(-,w),v) <r}
shows that W is A/B(C(,)) measurable. The image measure
w(D) ;=P () =P el), T eB(Cy). 43)
is a measure on C(,). Assume that I is a cylinder set, i.e. a set of the form
F={weCy :w(t)eCCq....,w(ty, € Cy,}
={w € Cp) : 1, (w) € Cy,...,m, (W) € Cp}

wheren > 1,6 <thb <--- <tpand Cy,...,C, € B(]Rd). Because of w = V(w)
and 7, (w) = w(t) = B(t, w) we see

w(@) = u(ms, €Cy, ..., € C)) =P(B(ty) € Cy, ..., B(ta) € Cy). (4.4

Since the family of all cylinder sets is a N-stable generator of the trace o-algebra
Cw N BT (R?), we see that the finite dimensional distributions (4.4) uniquely deter-
mine the measure p (and IP). This proves the following theorem.

4.2 Theorem. On the probability space (C), B(C()), 1) the family of projections
(74 ¢>0 satisfies (BO)—(B4), i.e. (7;)¢>0 is a Brownian motion.

Theorem 4.2 says that every Brownian motion (€2, A, P, B;, t > 0) admits an equiv-
alent Brownian motion (W;),>¢ on the probability space (C(o), B(Co)), ). Since W ()
is just the projection 7;, we can identify W(z, w) with its sample path w(z).

4.3 Definition. Let (C(y), B(C()), i, ;) be as in Theorem 4.2. The measure p is
called the Wiener measure, (C(o), B(C(y)), 1) is called Wiener space or path space,
and (77;) ;>0 is the canonical (model of the) Brownian motion process.

We will write (C) (1), B(C)({)), ) if we consider Brownian motion on an inter-
val [ other than [0, 00).

4.4 Remark. We have seen in §§ 2.8-2.13 that a Brownian motion is invariant un-
der reflection, scaling, renewal, time inversion and projective reflection at t = oo.
Since these operations leave the finite dimensional distributions unchanged, and since
the Wiener measure p is uniquely determined by the finite dimensional distributions,
wu will also be invariant. This observation justifies arguments of the type

P(B(-) e A) =P(W(-) € A)
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where A € A and W is the (path-by-path) transformation of B under any of the above
operations. Below is an overview on the transformations both at the level of the sample
paths and the canonical space C,). Note that the maps S : €,) — C(o) in Table 4.1 are
bijective.

Table 4.1. Transformations of Brownian motion.

Transformation at the level of
Operation time set / paths W(t, w) w e Cp), wr Sw(-)
Reflection [0, c0) —B(t,w) —w(t)
Renewal [0, c0) B(t + a,w) — B(a,w) w(t +a) —w(a)
Time inversion [0,a] B(a —t,w) — B(a,w) w(a—1t) —w(a)
Scaling [0, c0) Ve B(L o) Vew(L)
Proj. reflection | [0, c0) tB(+,0) tw(+)

Let us finally show that the product o-algebra B! (IR¥) is fairly small in the sense
that the set € is not measurable. We begin with an auxiliary result which shows that
I' € B/ (R?) is uniquely determined by countably many indices.

4.5 Lemma. Let I = [0, 00). Forevery I' € B (R?) there exists some countable set
S = St C I such that

fe®H , wel: fls=wls = fel. (4.5)

Proof. Set ¥ := {F C (R%)! : (4.5) holds for some countable set S = S]"}. We
claim that ¥ is a o-algebra.

e Clearly, 0 € %;
e LetI" € X with § = St. Then we find for ' and S' that
fe®D, weTe, fls=wls = f¢TL.
(Otherwise, we would have f € T" and then (4.5) would imply that w € I'.) This

means that (4.5) holds for I'* with S = Sy = Spe,i.e. ¢ € X.
e JetI'y,I5,...€ X andset S := Uj>1 St;. Obviously, S is countable and

fe®), wel Ty, fls=wls = Fjo: weTy, flse, = wlsr,
izl 4.5)
= f €T}, hence f € UI',-.
J=1

This proves ;- I'; € %.
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Since all sets of the form {7, € C},t € I, C € B(IR?) are contained in X, we find
B'(RY) =o(n, :tel)Co(D)=2. O
4.6 Corollary. If I = [0, 00) then C( ¢ B! (RY).

Proof. Assume that C(,) € B! (RY). By Lemma 4.5 there exists a countable set S C [/
such that

S e weCq : fls=wls = [ €Cu.
This relation remains valid if we enlarge S; therefore we can assume that S is a count-

able dense subset of 1. Fix w € C,), pick o ¢ S,y € R% \ {w(f)} and define a new
function by

w(t)9 4 # fo
f@) = .
Vs =1t
Then f|s = wls, but f ¢ C(,), contradicting our assumption. O

4.2 Kolmogorov’s construction

We have seen in the previous section that the finite dimensional distributions of a d-
dimensional Brownian motion (B;);>¢ uniquely determine a measure x4 on the space
of all sample paths, such that the projections (7;);>¢ are, under j, again a Brownian
motion. This measure u is uniquely determined by the (finite dimensional) projections

7‘[[1 sssss tn(w) = (w(t1)7"'7w(tn))
and the corresponding finite dimensional distributions
Pyt (C1 X X Cp) = (s, gy € Cr X2 X Gy)

where t1,...,t, € I and Cy,...,C, € ‘B(IRd). From (4.4) it is obvious that the
conditions

ptl,...,tn (Cl X X Cn) = ptg(l),..;,tg(”) (CU(I) X X Co(n))
for all permutations o : {1,2,...,n} — {1,2,...,n} (4.6)
Prrrtn1tn(C1 X ==X Cuoy XRY) = pry 1 ((Cr XX Cyy)

are necessary for a family p,,....n > 1, t1,...,t, € I to be finite dimensional
distributions of a stochastic process.
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4.7 Definition. Assume that for every n > land all t4,...,t, € I, psy,.¢, 1S a
probability measure on ((IR?)”, B((IR?)")). If these measures satisfy the consistency
conditions (4.6), we call them consistent or projective.

In fact, the consistency conditions (4.6) are even sufficient for p;, . ; to be finite
dimensional distributions of some stochastic process. The following deep theorem is
due to Kolmogorov. A proof is given in Theorem A.2 in the appendix.

4.8 Theorem (Kolmogorov 1933). Let I C [0,00) and py, ...+, be probability mea-
sures defined on (R9)"*, B(IRH)™)) for all t1,....t, € I, n > 1. If the family of
measures is consistent, then there exists a probability measure j1 on (IR%)? B (RY))
such that

..........

Using Theorem 4.8 we can construct a stochastic process for any family of consis-
tent finite dimensional probability distributions.

4.9 Corollary (Canonical process). Let I C [0,00) and py,....s, be probability mea-
sures defined on (IR?)", B((IR%)")) for all ty,....t, € I, n > 1. If the family of
measures is consistent, there exist a probability space (2, A, P) and a d-dimensional
stochastic process (Xy)¢>o such that

P(X(t1) € Cr..... X(tn) € Cp) = P10, (C1 X -2+ X C).
forall Cy,...,C, € B(R?).

Proof. We take Q = (R%)’, the product o-algebra A = B (R?) and IP = p, where

[ is the measure constructed in Theorem 4.8. Then X; := m; defines a stochastic
process with finite dimensional distributions w o (7y,, ..., 7, )" = Dtrostn- O
4.10 Kolmogorov’s construction of BM.Ford = 1and 0 < #; < --- < ¢, the

n-variate Gaussian measures

1 n/2 1 1 -1
A xox Ay = [ — e dx @A)
Du,..., l‘n( 1 n) (27.[) /det C Ay xXAp

with C = (¢j A tx)jk=1,...n, are probability measures. If #; = 0, we use 8o ®@ ps,,...1,
instead. It is not difficult to check that the family (4.7) is consistent. Therefore, Corol-
lary 4.9 proves that there exists an IR-valued stochastic process (B;);>¢. By construc-
tion, (B0) and (B3) are satisfied. From (B3) we get immediately (B2); (B1) follows if
we read (2.11) backwards: Let C = (t; A tx)jk=1,..n Where 0 < t; <--- <, < 00;

.....

Ex. 4.2
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then we have forall £ = (§1,....&,)" € R"

Bl e s Za&,)} — o (5 lece))
aic (<36 =50 + -+ 6°)

(B2
23)

1‘[15 exp (i (B, — By, ) (& + -+ &)].

On the other hand, we can easily rewrite the expression on the left-hand side in the
following form

E| e (i Zs,Bt,)}— E30: Z(Bt, By )& 46|

Using the substitution n; := §; 4 --- + &, we see that

[exp( Zn, (B;, — Bz,,_l))} = [ E[exp(in; (B, — B,;_,))]

J=1

for all ny,...,n, € R which finally proves (B1).

This gives a new way to prove the existence of a Brownian motion. The problem is,
as in all other constructions of Brownian motion, to check the continuity of the sample
paths (B4). This follows from yet another theorem of Kolmogorov.

Ex. 4.1 4.11 Theorem (Kolmogorov 1934; Slutsky 1937; Chentsov 1956). Denote by
(X1)s>0 a stochastic process on (Q, A, P) taking values in R?. If

E (I1X(t) — X(5)|*) < clt —s|"*F forall s,t >0 (4.8)

holds for some constants ¢ > 0 and o, B > 0, then (X;);>0 has a modification (X;):>o
which has only continuous sample paths.

We will give the proof in a different context in Chapter 10 below. For a process
satisfying (B0O)-(B3), we can take « = 4 and 8 = 1 since, cf. (2.8),

E (|B(t) — B(s)|*) = E(|B(t —)|*) =31 — 5.

@ 4.12 Further reading. The concept of Wiener space has been generalized in many
directions. Here we only mention Gross’ concept of abstract Wiener space [114], [191],
[127] and the Malliavin calculus, i. e. stochastic calculus of variations on an (abstract)
Wiener space [128]. The results of Cameron and Martin are nicely summed up in [187].



Problems 47

[114] Kuo: Gaussian Measures in Banach Spaces.

[127] Malliavin: Integration and Probability.

[128] Malliavin: Stochastic Analysis.

[187] Wiener et al.: Differential Space, Quantum Systems, and Prediction.
[191] Yamasaki: Measures on infinite dimensional spaces.

Problems

1. Let F : IR — [0, 1] be a distribution function.
(a) Show that there exists a probability space (€2, A, IP) and a random variable X
such that F(x) = P(X < x).
(b) Show that there exists a probability space (2, A, P) and an iid sequence of
random variables X, such that F(x) = P(X, < x).
(c) State and prove the corresponding assertions for the d-dimensional case.

2. Show that there exists a stochastic process (X;);>o such that the random vari-
ables X, are independent N(0,7) random variables. This process also satisfies
IP (limy_; X, exists) = O for every ¢ > 0.
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Ex. 5.2

Chapter 5

Brownian motion as a martingale

Let 7 be some subset of [0, co] and (F;);e; a filtration, i. e. an increasing family of sub-
o-algebras of A. Recall that a martingale (X;,F;);ey is a real or complex stochastic
process X; : @ — R or X, : Q — C satisfying

a) E|X;| <ooforallt € I;
b) X; is F; measurable for every t € [;
c) E(X,|Fs) = Xsforalls,t € I,s <t.

If X, is real-valued and if we have in ¢) ‘>’ or ‘<’ instead of ‘=", we call (X;, F;)es
a sub- or supermartingale, respectively.

We call a stochastic process (X;);e; adapted to the filtration (F;);<; if X, is for
each t € [ an F; measurable random variable. We write briefly (X;, F;),>o for an
adapted process. Clearly, X is F; adapted if, and only if, B’ff C J; forall ¢ € I where
S"f( =0(Xs : s € I, s <1t)is the natural filtration of X.

5.1 Some ‘Brownian’ martingales

Brownian motion is a martingale with respect to its natural filtration, i.e. the family
of o-algebras H’f :=0(Bs : s <t).Recall that, by Lemma 2.10,

B, — By, 1L F% forall 0<s <t (5.1

It is often necessary to enlarge the canonical filtration (fr"f9 )¢>0 of a Brownian motion
(By)r>0- The property (5.1) is equivalent to the independent increments property (B1)
of (Bt)¢>0, see Lemma 2.10 and Problem 2.9, and it is this property which preserves
the Brownian character of a filtration.

5.1 Definition. Let (B;),>0 be a d-dimensional Brownian motion. A filtration (F;)>0
is called admissible, if

a) 3‘“? C F, forallt > 0;
b) B, — By 1l Fyforall0 <s <7.

If ¥y contains all subsets of IP null sets, (F;);>¢ is an admissible complete filtration.
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The natural filtration (?f )¢>0 is always admissible. We will discuss further exam-
ples of admissible filtrations in Lemma 6.20.

5.2 Example. Let (B,);>0, B, = (B},..., BY), be a d-dimensional Brownian mo-
tion and (J;),>0 an admissible filtration.

a) (B¢)s>o is a martingale with respect to J;.
Indeed: Let 0 < s < t. Using the conditions (5.1) a) and b) we get

E(B; |F;) = E(B; — By | Fs) + E(Bs | F5) = E(B; — Bs) + B; = B;.

b) M(t) := | B;|? is a positive submartingale with respect to F;.
Indeed: for all 0 < s < t we can use (the conditional form of) Jensen’s inequality
to get

d d d
E(M,|F,) = Y E(B])*|9,) > Y _E(B! |5)* =Y (B])* = M,.
j=1 j=1

Jj=1

¢) M, :=|B;|* —d -t is a martingale with respect to F;.
Indeed: since |B;|> —d -t = Z}i:l ((B})* — 1) it is enough to consider d = 1.
For s <t we see

E[B?—1]|5] = E[((B—By) + By)" —1|F]
= E [(B; — By)*> + 2Bs(B; — B) + B —t | %]

E[(B; — Bs)*| +2B; E[B; — B;| +BZ —t

=t—s =0
= Bs2 — .
d) M&(t) 1= e/ EBOMTIER s forall § € RY a complex-valued martingale with
respect to ;.
Indeed: for 0 < s < t we have, cf. Example a),

]E(ME(Z) | F,) — o3 61 ]E(ei(E,B(t)—B(S)) | F,) o1 (6:B())

BB b3 3 6P [ (i (6:BU=9)y 4i(E.B(s))
B;—Bs~B;—

= 03 [EP =5 EP? Li(E.B())
= ME(s).
e) M4(t) = e'%B¢ N=3 817 is for all ¢ € C% acomplex-valued martingale with respect
to F;.

Indeed: since IE e/¥IBOI < oo forall ¢ € C?, cf. (2.6), we can use the argument of
Example d).

Ex. 5.5

Ex. 5.6
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Since Brownian motion is a martingale we have all martingale tools at our disposal.
The following maximal estimate will be particularly useful. It is a direct consequence
of Doob’s maximal inequality A.10 and the observation that for a process with con-
tinuous sample paths supsepnio,s] |Bs| = supsefo,q] | Bs| holds for any dense subset
D C [0, ).

5.3 Lemma. Let (B;);>0 be a d-dimensional Brownian motion. Then we have for all
t>0andp > 1

E [ggwsw] < (p”_l) E[IB, 7]

The following characterization of a Brownian motion through conditional charac-
teristic functions is quite useful.

5.4 Lemma. Let (X;);>0 be a continuous R? -valued stochastic process with Xo = 0
and which is adapted to the filtration (F;)¢>o. Then (X;, F;)i>0 is a BM? if. and only
if. forall0 < s <t and £ € R?

]E[ei(E,X,—XS) | F,] = o2 IEP (=s) (5.2)

Proof. We verify (2.17),i.e.foralln > 0,0 =ty < t; < -+ < ty, £o....,En € R?
and X, , :=0:

E e (i (65X, - X, ) | =exo [ <3 Dl P 50|
j=0 Jj=1

Using the tower property we find

e (063, -, )]

J=0

=k [[& e (1663, - %) [ 7 oo (1 26, - 3,0
j=0

j=

- exp(— AN zn_l)) E [exp (1 X.x, - x>)]

j=0

Iterating this step we get (2.17), and the claim follows from Lemma 2.14. U

All examples in 5.2 were of the form ‘ f(B,)’. We can get many more examples of
this type. For this we begin with a real-variable lemma.
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5.5 Lemma. Let p(t,x) := (2nt)~%/2? exp(—|x|*/2t) be the transition density of a
d-dimensional Brownian motion. Then

3 1
o p(t.x) = 5 Aep(t,x) forall x € RY, 1 > 0, (5.3)

2, ; .
where A = Ay, = Z?=1 3%2 is the d-dimensional Laplace operator. Moreover,
- J

/ P X) S AL £t x) dx = / £t %) S Axp(t.x) dx
2 2 (5.4)

8 .

= [ fen 5 pevrdn

for all functions f € C"2((0,00) x R?) N ([0, 00) x R¥) satisfying
d

2

J.k=1

02 f(t,x)

0x; 0xg

3f(l; x) <c@) e (5.5)

s

d
af (1, x)

+

.Z ' 8Xj

j=1
forallt > 0, x € R?, some constant C > 0 and with a locally bounded function
¢ :(0,00) — [0, 00).
Proof. The identity (5.3) can be directly verified. We leave this (lengthy but simple)
computation to the reader. The first equality in (5.4) follows if we integrate by parts
(twice); note that the condition (5.5) imposed on f (¢, x) guarantees that the marginal

terms vanish and that all integrals exist. Finally, the second equality in (5.4) follows if
we plug (5.3) into the second integral. (|

5.6 Theorem. Let (B;, F;):>0 be a d-dimensional Brownian motion and assume that
f e eM2((0,00) x R4, R) N ([0, 00) x R?,R) satisfies (5.5). Then

M/ = f(t.B))— f(0. Bo) / Lf(r. By dr. 1 >0, (5.6)
0

is an F,; martingale. Here Lf(t,x) = a—atf(t, x) + %Axf(t,x).

Proof. Observe that for0 < s < ¢
f t
M; —MJ = f(t,B,) — f(s, Bs) — / Lf(r, B,)dr;
S

we have to show that [E (M,f — M/ | F;) = 0. Using B, — B; 1L F; we see from

Ex. 5.7

Ex. 5.8
Ex. 16.4
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Lemma A.3 that
E M/ — M |5

- E (f(r, B~ 6.3~ Ty "fs)

IE(f(t’(Bt_Bs)+Bs)_f(S7BS)_/th(r7(Br_Bs)+Bs)dr

2

z=B;

.3

B
I

E (f(r, (B~ B)+2)- 1.9 - [ L (B, — By +2) dr)

Setp(t,x) = ¢, (t, x) ;= f(t +s5,x+z),s > 0, and observe that B; — B; ~ B;_;.

Since f € C12((0,00) x R?), the shifted function ¢ satisfies (5.5) on [0, T'] x R?

where we can take C = ¢(¢) = y and the constant y depends only on s, T and z.
We have to show that for all z € R

E(M?,— M) =E (¢(z — 5, Bi—s) — (0, By) — /H Lo(r, B,)dr) =0.
0
Let 0 < € < u. Then
E(MJ - M?)
— (9. B~ oc. B~ [ Lot B ar)

@ [ (p(u ) (s, x) — ple. X)ple. x)) dx

_ /u/p(r,x) (aqb(g: x) + %Ax¢>(r, x)) dxdr

3 [ (p(u. ) (. x) — ple. X)ple. x)) dx
- /M/ (p(r,x)a‘w’x) + ¢(r,x)amr’x)) dx dr
c ar or

“ro
= [ (pe.0900.0) = pte.xrpte ) dx = [ [ 50090 0) dxdr

* 9
® / (p(u ) (. x) — ple. X)ple. x)) dx — f / o (plr V() drd

and this equals zero. In the lines marked with an asterisk (x) we used Fubini’s theorem
which is indeed applicable because of (5.5) and € > 0. Moreover,

ML? _ ME¢ < yeleul + er‘Bel + (u —6) Sup VeV‘Br| < (2 + u))/ Sup eler“
e<r<u o<r<u
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By Doob’s maximal inequality for p = y — without loss of generality we can assume
that y > 1 —and for the submartingale e!®| we see that

Y
E (02“12 €y|Br|) < (L]) E (ey|Bu|) oo
ru y -

Now we can use dominated convergence to get

E(M? - M) = lim E (Mg — M?) = 0. O

5.2 Stopping and sampling

If we want to know when a Brownian motion (B;);>¢

¢ leaves or enters a set for the first time,
* hits its running maximum,
* returns to zero,

we have to look at random times. A random time 7 : Q — [0, o0] is a stopping time
(with respect to (F;) ;o) if

{t<t}edF, foral t>0. 5.7)

Typical examples of stopping times are entry and hitting times of a process (X;);>o
into aset A € B(R?):

(first) entry time into A: Ty :=inf{r > 0 : X, € A},
(first) hitting time of A: T, =inf{t >0 : X, € A},
(inf @ = o0); sometimes 7. is called the (first) exit time from A. Note that 74 < 7,. If
t — X; and (J;),>0 are sufficiently regular, 73, 7, are stopping times for every Borel
set A € B(R?). In this generality, the proof is very hard, cf. [13, Chapter 1.10].

For our purposes it is enough to consider closed and open sets A. The natural fil-

tration S"f( = 0(X,s : s < t) of astochastic process (X;);>o is relatively small. For
many interesting stopping times we have to consider the slightly larger filtration

=% =) ”fﬁ%. (5.8)

u>t n>1

5.7 Lemma. Let (X;);>0 be a d-dimensional stochastic process with right-continuous
sample paths and U C RR? an open set. The first hitting time Ty satisfies

{ty <t} eTF¥ and {ry <t} eTX,

i.e. it is a stopping time with respect to 3’;’( i

Ex. 5.11
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It is not difficult to see that, for open sets U, the stopping times 7, and 7;; coincide.

Proof. The second assertion follows immediately from the first as

{o<tp=(Vw <t+3he (9% =95, (5.9)

n>1 n>1

For the first assertion we claim that for all # > 0

{w<ty= |J {X()eU}egf.
Q+ar<z‘7§(—“
Indeed: ‘C’ if t;;(w) < ¢, then there is some s < ¢ with X (s, ) € U. Since the paths
are continuous from the right and U is open, we find some s < r < ¢, r € Q, with
X(r,w) € U.Hence w € Jg+5,,{X(r) € U}
‘D’ Conversely, let € {X(r) € U} for some r € (0, ¢] N Q. Since U is open and
t > X(t) right-continuous, we have 7, (w) < r <. |

5.8 Lemma. Let (X;);>0 be a d-dimensional stochastic process with continuous sam-
ple paths and F C R? a closed set. Then Ty isan 3"5( stopping time whereas T is an
S"fﬂ_ stopping time.

Proof. Denote by d(x, F) := inf,eF |x — y| the distance of x and F. If we can show
that
{5 <1t} = {a) €Q: inf d(X.().F)= o} - Q,

reQnlo,z
then 3, is a stopping time since, obviously, 2, € J;.
Indeed: ‘O’ assume that w € €2,. Then there is a sequence (r;);>1 C QT N [0,7]
and some s < ¢ such that

ri——s, dX(rj.w),F)—— 0 and X(rj,0) — X(s,0).
j—o0 j—o00 j—o00

Since d(x, F) is continuous, we get d(X(s,w), F) = 0,i.e. X(s,w) € F, as F is
closed. Thus, 77 (w) < s < t.
‘C’ Now we assume that o ¢ Q. Then

inf d(X(r.0).F) >8>0 — X(s.0) ¢ F, Vs <t = t3(0) > 1.
Qtor<e paths

For 1, weset 7, :=inf{s > 0 : Xy/u4s € F}. Then

175 =nir>1flinf{t >l X, eFy=inf(}+1,)

1
n n>1

and we have {t, < 1} = [, {r, <t—1} € F¥. As in (5.9) we conclude that

{tp <t} €T, O
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5.9 Example (First passage time). For a BM' (B;);> the entry time 7, := Ty into
the closed set {b} is often called first passage time. Observe that

ggBt > sup B, = ’slgq(él +E&E+ -+ &)

where the random variables §; = B; — B;_; are iid standard normal random variables.
Then

S = 21;1?(51 +&E 4+ =6 +sl£($2+"'+§n) =&+ S

By the iid property of the &; we get that S ~ S” and & 1L §’. Since & ~ N(0, 1) is
not trivial, we conclude that S = oo a.s. The same argument applies to the infimum
inf;>¢ B; and we get

P (sulg B; = 400, inf B, = —oo) =1, (5.10)
1> 120

hence
]P(rb < oo) =1 forall b € R. (5.11)

For an alternative martingale proof of this fact, see Theorem 5.13 below.

Because of the continuity of the sample paths, (5.10) immediately implies that the
random set {t > 0 : B;(w) = b} is a.s. unbounded. In particular, a one-dimensional
Brownian motion is point recurrent, i. e. it returns to each level b € R time and again.

As usual, we can associate o-algebras with an F; stopping time 7:
Fery = {4 € Foo 1= U(Ut>0§,) L AN (T <1} €Ty Vi 20}

Note that, despite the slightly misleading notation, F; is a family of sets and F; does
not depend on w!

If we apply the optional stopping theorem, see A.18, we obtain rather surprising
results.

5.10 Theorem (Wald’s identities. Wald 1944). Let (B;. F;):>0 be a BM! and assume
that T is an F; stopping time. If E t < oo, then B, € L*(IP) and we have

EB, =0 and EB?=Er.

Proof. Since (t A t);>¢ is a family of bounded stopping times, the optional stopping
theorem (Theorem A.18) applies and shows that (B¢a;, Frar)e>0 is a martingale. In
particular, [E B;», = [E By = 0.

Using Lemma 5.3 for p = 2 we see that

E[B?,] <E[sup BY] <4E[B?] =41,

Ex. 5.14
Ex. 5.15

Ex. 5.18
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i.e. B;n; € L*(IP). Again by optional stopping we conclude with Example 5.2 c) that

(M2 := B2%,, — t At,Far)r>0 is @ martingale, hence

E[M]=E[Mg]=0 or E[B]

TAL

] =E(rt AL).

By the martingale property we see [E [B;as Bias] = E [B2 ] forall s <t,i.e.

TAS

E[(Ben — Bens)?] = E[B2, — B2, = Bz At — 7 as) %

Thus, (Bzar):>0 is an L?-Cauchy sequence; the fact that T < oo a. s. and the continuity
of Brownian motion yield L2-lim;_, o Bra; = B-. In particular, we have B, € L?(IP)
and, by monotone convergence,

E[B] = lim E[B?, ] = lim E[r nf]=E<.

In particular, we see that E B, = lim;_,o, E B;x; = 0, as L?-convergence implies
L'-convergence. O

The following corollaries are typical applications of Wald’s identities.

5.11 Corollary. Let (B;);>0 be a BM! and v = inf{t > 0 : B, ¢ (—a,b)} be the
first entry time into the set (—a, b)", a,b > 0. Then

P(B. = —a)= —— P(B. =)=

d Et=ab. 5.12
A a+b an T=a ( )

Proof. Note that ¢t A 7 is a bounded stopping time. Since B;.; € [—a,b], we have
|Biaz| < a Vv b and so

5.10 (

E(t A1) = E (B?

,M) <a’v b2

By monotone convergence [E v < a? v b? < oo. We can apply Theorem 5.10 and get
—a P(By=—a)+bP(B,=b)=EB, =0.

Since T < o0 a. s., we also know

P(B, = —a) + P(B, = b) = .

Solving this system of equations yields

a
a+b

b
]P(Br = —(l) = m and IP(Br = b) =
The second identity from Theorem 5.10 finally gives

Et = E (B?) = a®> P(B; = —a) + b* P(B, = —a) = ab. 0

T
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The next result is quite unexpected: A one-dimensional Brownian motion hits 1
infinitely often with probability one — but the average time the Brownian motion needs
to get there is infinite.

5.12 Corollary. Let (B;);>0 be a BM! and T, = inf{t > 0 : B, = 1} be the first
passage time of the level 1. Then E 1, = 0.

Proof. We know from Example 5.9 that t; < oo almost surely. Then, Bf1 = 1and

E Brl =E Bf = 1. In view of Wald’s identities, Theorem 5.10, this is only possible
1

if Et, = o0. O

5.3 The exponential Wald identity

Let (B;)i>0 beaBM! and 7, = Ty the first passage time of the level b. Recall from
Example 5.2 d) that M4 (¢) := efB®O~28 > 0and & > 0, is a martingale. Applying
the optional stopping theorem (Theorem A.18) to the bounded stopping times ¢ A T,
we see that

1 = BME(0) = EME(r A 1) = E[efB0A -3 80n7)],
Since B(t A 1)) < b forb > 0, we have 0 < eEBUAT,)=5 82 (1AT,) oD, Using the fact

that e = 0 we get

111‘11 eEB(l‘/\‘L’h)—% Ez(t/\l’b) —
t—>00

{esB(’b)_%z’h, if 1, <oo,

0, if t, =oo0.
Thus,

t—>00

1=FE [eSB(mrb)f%sz(mb)] dom. conv. - gb g [ﬂ{wo} e%szzb]
which shows
1
E [ﬂ{fb<oo} e 2 Szrb] = e—&'b.
By monotone convergence we get
. _1 g2
P(7, < o0) = gnOl]E []l{th<oo}e 2§ fh] =1.

Inserting this into the previous equality is (almost) the proof of

5.13 Theorem. Let (B;);>o be a BM'. Then the first passage time t, = Ty b ER
is a. s. finite and its Laplace transform is given by

Eet% = e—«/f\bl’ £>0.
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Proof. For b > 0 there is nothing left to show. If » < 0 we apply the calculation
preceding Theorem 5.13 with —£ instead of £. O

In the proof of Theorem 5.13 we use [E exp(§ B(t,) — % g21,) = 1for§ > 0. A sim-
ilar stopping result holds for stopping times T which satisfy IE e*/? < oco. This is a very
special case of the Novikov condition, cf. Theorem 17.4 below or [99, Chapter 3.5.D]
and [156, pp. 332-3].

5.14 Theorem (Exponential Wald identity). Let (B;);>0 be a BM! and let t be a ?f
stopping time such that E e¥/? < co. Then

EeB®-27 — 1,

_1
c(2—c)"

optional stopping theorem we know that M, := e¢Birc— 220D 1 >0, isa martingale.
Using the Holder inequality for the conjugate exponents 1/ pc and 1/(1 — pc) we find

Proof. Fix some ¢ € (0, 1) and pick p = p(c) > 1suchthat p < %/\ From the

E [epcBm—% pcz(t/\r)] —E [ePC(Bm—%(Mr))e% pC(l—C)(tAr)]
< [B B3] [ b 1% 7] 77 < (Ee™2)' 77,

=[E M;17¢=[E Molre=1

In the last step we used that pc(1 —c)/(1 — pc) < 1. This shows that the pth moment
of the martingale M, is uniformly bounded for all # > 0, i.e. (M;)>0 is uniformly
integrable.

Therefore we can let ¢ — oo and find, using uniform integrability and Holder’s
inequality for the exponents 1/c and 1/(1 — ¢),

1= IEecB,—%czr —E [ecB,—%cre%c(l—c)r] < [IEeB,—%r]C[IEe%cr]l_c
Since the last factor is bounded by (IE e¥/2)!~¢ — 1, wefindasc — 1
c—>

1< ]EeBr—%r — ]E[ lim eer—%(t/\t)] < lim E [eer—%(Mt)] =1,
t—00 t—o0

and the assertion follows. ]

5.15 Remark. A close inspection of the proof of Theorem 5.14 shows that we have
actually shown IE B —2¢’7 = [ forall 0 < ¢ < landall stopping times t satisfying
E e™/? < oo. If we replace in this calculation B by —B, we get

EefB®=2871 — | forall —1<£< 1.
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5.16 Further reading. The monograph [156] is one of the best and most compre-
hensive sources on martingales in connection with Brownian motion. A completely
‘martingale’ view of the world and everything else can be found in (the second vol-
ume of) [161]. Applications of Brownian motion and martingales to analysis are in
[49].

[49] Durrett: Brownian Motion and Martingales in Analysis.
[156] Revuz, Yor: Continuous Martingales and Brownian Motion
[161] Rogers, Williams: Diffusions, Markov Processes and Martingales.

Problems

1. Let (B;)>o0 be a BM¢? and assume that X is a d-dimensional random variable
which is independent of g5
(a) Show that F; := o(X,Bs : s < t) defines an admissible filtration for
(Bt)r>o0-
(b) The completion ?Ff of F2 is the smallest o-algebra which contains 2 and all
subsets of IP null sets. Show that (?f)go is admissible.

2. Let (F;)s>0 be an admissible filtration for the Brownian motion (B;);>o. Mimic
the proof of Lemma 2.10 and show that &, 1L ?KOO) :==0(B, — B; : u>t)for
eachr > 0.

3. Let (X;, F:)¢>0 be a martingale and denote by F; be the completion of F;, (com-
pletion means to add all subsets of IP-null sets).
(a) Show that (X;, F7)>0 is a martingale.
(b) Let ()?t)@o be a modification of (X;);>0. Show that ()?t, F7)¢>0 is a martin-
gale.

4. Let (X, F¢):>0 be a sub-martingale with continuous paths and ¥, = ()., Fu.
Show that (X;, F;4)>0 is again a sub-martingale.

5. Let (B;)s>0 be a BM!. Find a polynomial 7 (¢, x) in x and ¢ which is of order 4
in the variable x such that (¢, B;) is a martingale.
Hint: Use the exponential Wald identity Eexp (§B; — 3 £27) = 1,-1 < § < 1
for a suitable stopping time 7 and use a power-series expansion of the left-hand
side in &.

6. Let (B;)i>obea BM. Find all ¢ € R such that IE ¢8| and IE ¢¢B:” are finite.

7. Let p(t,x) = (2mt)~¥2 exp (—|x|?/(2t)), x € R, 1 > 0, be the transition
density of a d -dimensional Brownian motion.
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(a) Show that p(t, x) is a solution for the heat equation, i. e.

LY

5 1 1 0 .,
Ep(t,x) - 5Axp(t,x) = 5X:@p(t,x), xeR4, 1>0.

j=1
(b) Let £ € €2((0, 00) x R?) N ([0, o0) x R¥) be such that for some constants
c,c;,>0andallx e R, t >0

d

>

J.k=1

92 f(t, x)

< cp e,
0x; 0x

af(t, x)
t

e+ |

2 af(t. x)
+X_:‘ dx;
j=1
Show that
/p(t,x)lef([,x)dx:/f(t,x)l Axp(t,x)dx.
2 2

8. Let (B;.F)r>0 be a one-dimensional Brownian motion. Which of the following
processes are martingales?

t
(@) U =eB ceR; (b) V,=1tB; —/ By ds;
0
t
(c) W,=B}—1tBy; (d) X,=33—3/ By ds;
0
1
(e) Y, = 3 B} —tBy; f) Z;=eB ceR.

9. Let (B;,F;)r>0 be a BM!. Show that X; = exp(a B, + bt), ¢ > 0, is a martingale
if, and only if, a%/2 + b > 0.

10. Let (B¢, F¢)¢>0 be a BM?. Show that X, = ﬁ |B;|*> —t,t > 0, is a martingale.

11. Let (X;,F;)/>0 be a d-dimensional stochastic process and A, A,,C € B(]Rd),
n > 1. Then
(@) A C Cimplies g4 > 75 and 74 > 7(;
(b) 74,c = min{ty, 72} and 7, = min{z,, T, };
(©) T4nc = max{ty, 72} and 7, = max{t,, 7o };
(d) A=U,>; An, then 73 = inf,>1 75 and 7, = infy>1 7, ;
(e) t§ = infy>1 (& + 77) where 7 = inf{s > 0 : Xs41/n € A};
(f) find an example of a set A such that t5 < 7,.

12. Let U € IR? be an open set and assume that (X,), >0 1S a stochastic process with
continuous paths. Show that 7;; = 77;.

13. Show that the function d(x, A) := infye4 |x — y|, A C IR?, is continuous.
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14.
15.

16.

17.
18.

Let 7 be a stopping time. Check that F; and J; are o-algebras.

Let 7 be a stopping time for the filtration (F;);>¢. Show that
(@ FeFp < Vt=>0: FN{r<t}eTF,;
(b) {t <t} € Fyp forallz > 0.

Let 7 := 7, 4. be the first entry time of a BM" into the set (—a, b)°.
(a) Show that 7 has finite moments [E " of any order n > 1.

Hint: Use Example 5.2 d) and show that [E e°* < oo for some ¢ > 0.
(b) Evaluate E [ B, ds.

Hint: Find a martingale which contains fot B; ds.

Let (B;);>0 be a BM?. Find E 7, where 1, = inf{r > 0 : |B,| = R}.

Let (B;);>0 be a BM! and o, T be two stopping times such that E 7, Eo < co.
(a) Show that o A 7 is a stopping time.
(b) Show that {0 < t} € Fonr.
(¢c) Show that E(B;B;) = Et Ao
Hint: Consider E(By B:1is<r}) = E(BgarB:1l{s<<}) and use optional stop-
ping.
(d) Deduce from (c) that E(|B; — B,|*) = E |t —o]|.
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Ex. 6.1
Ex. 6.2

Chapter 6

Brownian motion as a Markov process

We have seen in 2.9 that for a ¢ -dimensional Brownian motion (B;);>¢ and any s > 0
the shifted process W; := B, s — By, t > 0, is again a BM? which is independent of
(Br)o<e<s- Since By s = W; + By, we can interpret this as a renewal property: Rather
than going from 0 = By straight away to x = B4, in (¢ 4+ ) units of time, we stop
after time s at x’ = B, and move, using a further Brownian motion W; for ¢ units of
time, from x’ to x = By 4. This situation is shown in Figure 6.1:

.ﬂw t>

Figure 6.1. W; := B;4y — Bs,t > 0, is a Brownian motion in the new coordinate system
with origin at (s, By).

6.1 The Markov property

In fact, we know from Lemma 2.10 that the paths up to time s and thereafter are stochas-
tically independent, i. e. B’f J.LS"OVZ = 0(By4s—Bs : t > 0). If we use any admissible
filtration (J;),> instead of the natural filtration (' f; )¢>0, the argument of Lemma 2.10
remains valid, and we get

6.1 Theorem (Markov property of BM). Let (B;);>0 be a BM? and (Ft)r>0 some
admissible filtration. For every s > 0, the process Wy := B;45s — Bs, t > 0, is also a
BM? and (Wy)e>o is independent of F, i.e. i}"ovz =o(W;,t > 0) 1L 5.
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Theorem 6.1 justifies our intuition that we can split a Brownian path into two inde-
pendent pieces
Bt +s)=B({t+s)—B(s)+ B(s) = W() + y|y:B(s).
Observe that W(z) + y is a Brownian motion started at y € IR¢. Let us introduce the
following notation

][’x(Btl € Al,...,Bt € An) = ]I)(Btl +X € Al,...,Bt” +X € An) (61)

n

where 0 < f; <---<t,and A;,..., A, € B(le). We will write E* for the corre-
sponding mathematical expectation. Clearly, P® = IP and IE® = IE. This means that
IP*(B; € A) denotes the probability that a Brownian particle starts at time ¢ = 0 at
the point x and travels in s units of time into the set A.

Since the finite dimensional distributions (6.1) determine the measure IP* uniquely,
IP* is a well-defined measure on (2, Fso).!

Moreover, x — E*u(B;) = E°u(B; + x) is for all u € B,(IR¢) a measurable
function.

We will need the following formulae for conditional expectations, a proof of which
can be found in the appendix, Lemma A.3. Assume that X C A and Y C A are in-
dependent o-algebras. If X is an X/B(R?) and Y a Y/B(R?) measurable random
variable, then

E[®(X.Y)|X] =E®(x.Y)| _, = E[®(X.Y)|X] (6.2)

for all bounded Borel measurable functions @ : R? x R? — R.
If U:R? x Q@ — R is bounded and B(R?) ® Y/B(IR) measurable, then

E[W(X(), )| X]=EW¥(x, )| _y, = E[¥(X(). )| X]. (6.3)

6.2 Theorem (Markov property). Let (B;);>0 be a BM with admissible filtration
(3’})[;0. Then

E [u(Bi+s) | Fs] = E[u(B; + x)]|,_p = E® [u(B)] 6.4)
holds for all bounded measurable functions u : R — R and

E[¥(B.4s) | ] = E[¥(B. + x)] =E® [¥(B.)] (6.5)

X=Dg

holds for all bounded B(C)/B(IR) measurable functionals ¥ : C[0,c0) — R which
may depend on the whole Brownian path.

! The corresponding canonical Wiener measure (™ from Theorem 4.2 is, consequently, concentrated

on the continuous functions w : [0, 00) — R¥ satisfying w(0) = x.

Ex. 6.3
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Proof. We write u(B;+s) = u(Bs + Byys — Bs) = u(Bs + (Bs+s — Bs)). Then (6.4)
follows from (6.2) and (B1) with ®(x,y) = u(x +y), X = Bs, Y = B;1s— Bs and

X = 5.

In the same way we can derive (6.5) from (6.3) and 2.10 if we take Y = S’Ou; where
W; := By4s — Bs, X = Fyand X = B;. O
6.3 Remark.

a) Theorem 6.1 really is a result for processes with stationary and independent in-
crements, whereas Theorem 6.2 is not necessarily restricted to such processes. In
general any d-dimensional, ¥, adapted stochastic process (X;);>o with (right-)
continuous paths is called a Markov process if it satisfies

E [u(Xi4s) | Fs] = E[u(Xi45)|Xs] forall s,z >0, ueBp(RY). (6.4a)

Since we can express IE [u(X,1,)|X;] as an (essentially unique) function of X,
SaY u,s,t+s (X;), we have

E [u(Xt+s) | gs] =E>% [“(Xt-i-s)] with E* [“(Xt+s)] = Qus,i4s(X).
(6.4b)

Note that we can always select a Borel measurable version of gy s ¢+5(+)- If gu.s.1+s
depends only on the difference (¢ 4+ s) — s = ¢, we call the Markov process homo-
geneous and we write

E [u(Xi4s) | F] = EX [u(X,)] with E* [u(X,)]:= gus(x).  (6.4c)

Obviously (6.4) implies both (6.4a) and (6.4c), i.e. Brownian motion is also a
Markov process in this more general sense. For homogeneous Markov processes
we have

E [¥(Xts) | Fs] = E[W(Xps) | X, ] = EX [W(X))] (6.52)

for bounded measurable functionals ¥ : [0, 00) — R of the sample paths. Al-
though this relation seems to be more general than (6.4a), (6.4b), it is actually pos-
sible to derive (6.5a) directly from (6.4a), (6.4b) by standard measure-theoretic
techniques.

. b) Itis useful to write (6.4) in integral form and with all w:
E[u(Bi+) | 5.]@) = [ u(B,(0) + By(@) P(do)
Q

= / u(B; (o)) P»@(dw') = E®@ [u(B,)].
Q
Markov processes are often used in the literature. In fact, the Markov property

(6.4a), (6.4b) can be seen as a means to obtain the finite dimensional distributions
from one-dimensional distributions. We will show this for a Brownian motion (B;);>¢
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where we only use the property (6.4). The guiding idea is as follows: If a particle starts
at x and is by time ¢ in a set A and by time u in C, we can realize this as

C.

. time £ 4 { stop there at B, = a, } time u—t

Brownian motion then restart froma € A Brownian motion

Let us become a bit more rigorous. Let 0 < s < ¢ < w and let ¢, ¥, y : RY - R
bounded measurable functions. Then

E[¢(B) w(B.) 1(B.)] = E[$(B) v(BE (x(B) | 51)]
@ E[¢(By) v (B)E® 1(Bu-r)]
L E[¢(By) E® (¢ (Br—o) P x(Bur)) ]

=/ ¥(a) [ x(b) P*(By— €db) P (B,_s€da)

If we rewrite all expectations as integrals we get

/[ 6 () () 1(z) P(By € dx, B, € dy, By € d2)

-/ [qs(c) [v@ [x0) B, < oy e, € da>] P(B; € do).

This shows that we find the joint distribution of the vector ( By, By, By,) if we know the
one-dimensional distributions of each B;. For s = 0 and ¢(0) = 1 these relations are
also known as Chapman-Kolmogorov equations. By iteration we get

6.4 Theorem. Let (B;);>o be a BM? (or a general Markov process), xo = 0 and
to=0<t; <--- <ty Then

P°(By, € dx.....B;, €dxy) = [[PY"" (B, €dx;). (6.6)

J=1

6.2 The strong Markov property

Let us now show that (6.4) remains valid if we replace s by a stopping time o (®).
Since stopping times can attain the value +o0o, we have to take care that B, is defined
even in this case. If (X;),;>¢ is a stochastic process and o a stopping time, we set

Xo(w) (@) if o(w) < o0,
Xo(w) 1= lim; 00 X;(w) if 0(w) = 0o and if the limit exists,

0 in all other cases.
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6.5 Theorem (Strong Markov property). Let (B;),>o be a BM? with admissible fil-
tration (F¢);>0 and 0 < 00 some a.s. finite stopping time. Then (W;);>o, where
W, := Byys — Bo, is again a BM?, which is independent of F, 4.

Proof. Weknow, cf. Lemma A.16, thato; := (|2/ 0 |+1)/2/ is a decreasing sequence
of stopping times such thatinf;>; 0; = 0. Forall0 <s < ¢,§ € R? andall F € Fo4
we find by the continuity of the sample paths

E [ei(fsBU-%—t_Bo-Hy) ]IF]

= lim E [ei(E,Boj+r—Baj+s) HF]

j—o0

0 -
= lim Z]E ¢! ® e B ) Yo =27y - ]lF]
k=1

Jj—oo

AL F,,—j, ~Bi—s by BDI(5.1), (B2)

o0 -
=1 E i(§:Byy—j 4+ —Bro—i4s) | PP _i1 :|
]l)rgoz K ((k—1)2—7 <o<k2—7y 1F

k=1 Essz_j as F€95(7+
m —
— i E "@’Bt—ﬂ] PUk—-12" <o <k2 /YN F
jggo]; E (((k =127 <o <k27/}yNF)

—E [e’f : Bt—s] P(F).

In the last equality we used (-J— {(k — )27/ < 0 < k27/} = {0 < oo} for all
j=1L

The same calculation applies to finitely many increments. Let fg = 0 <t <--- <ty
and &1,...,§, € R? and F € F,.. Then

n

j=1

This shows that the increments By;, — By+;_, are independent and distributed like
By, —;_,. Moreover, all increments are independent of F' € J; 4. Using the same ar-
gument as in the proof of Theorem 6.1 shows that all random vectors of the form
(Bo+t; — B, ..., Bott, — Bots,_,) and, consequently, 5’0”; :=0(Bgy: — Bs,t 2 0)
are independent of F ;. O

We can now use (6.2), (6.3) (or Lemma A.3) to deduce from Theorem 6.5 the fol-
lowing consequences of the strong Markov property.
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6.6 Theorem. Let (B,);>0 be a BM? and o be a stopping time. Then we have for all ~ Ex. 6.4
t >0, u € By(R?) and P almost all w € {o < oo}

E [u(Btto) | For](@) = E[u(B + 0)]|,_p. 0 = B u(B). (67

For all bounded B(C)/B(IR) measurable functionals ¥ : C[0,00) — R which may
depend on a whole Brownian path and P almost all w € {0 < oo} this becomes

E[¥(B.to) |For] = E[W(B. + x)]

= E®% [¥(B)]. (6.8)

X=Dbg

Let © = t(B.) be a stopping time which can be expressed as a functional of a
Brownian path, e. g. a first hitting time, and assume that o is a further stopping time
such that ¢ < 7 a.s. Denote by ©/ = 7(B.;,) the stopping time t for the shifted
process B.4., which is the remaining time, counting from o, until the event described
by 7 happens. Set W. := B.., — By; then v/ = ©(W. + B,), and the functionals u(B;)
and u(W, + B,) have the same distribution. Thus, (6.8) implies the following result.

6.7 Corollary. Let (B;);>0 be a BM?, © = t(B.) a first hitting time and o a stopping
time such that o < T a.s. Set T = ©(B.1+¢) and W. := B..; — By. Then

E [u(B:) | For](@) = E [u(We + )] =EX@umy) 69

x=Bs(w)

holds for all u € By(IR%) and P almost all w € {t < oo}

Often one identifies the Brownian motions B and W appearing in (6.9), and writes
only B.

6.8 Remark. Let (X;);>¢ be an F; adapted, d-dimensional stochastic process with
(right-)continuous paths. If (X,),>0 satisfies for all # > 0 and u € B, (IR%)

E [u(Xo4:) |For]| = E[u(Xo41) | Xo] on {o < oo}, (6.10)

it is called a strong Markov process. For a Brownian motion this follows from (6.7).
Just as for the simple Markov property, the (general analogue of) property (6.8) seems
only stronger than (6.7); as a matter of fact one can derive it directly from (6.7) using
standard techniques.
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Figure 6.2. Reflection upon reaching the level b for the first time.

6.3 Desiré André’s reflection principle

Let us briefly discuss one of the most famous applications of the strong Markov prop-
erty of a Brownian motion. Let (B;);>o be a one-dimensional Brownian motion and
T, = inf{t > 0 : B, = b} the first passage time for b. Assume that B has reached
the level b for the first time and that 7, < 7. Stop at 7, and start anew from B, = b.
Since Wy +b = B, — B, +b = B, | is, by Theorem 6.5, again a Brownian
motion (started at »), the probability to be at time ¢ above or below b is the same, cf.
Figure 6.2. Since be = b and since T, 18 3"2 measurable, cf. Lemma A.15, we have

1
P(r, <1.B: <b) =P({t, <} N{B, () — By, <0) =5 P(1, <1)

N———
eFB eF¥ 1 g5
b Th

and so
P(t, <1) = P(t, <1, B, > b) + P(t, <1, B, <b)
1
=P(r, <t, B, >b)+§ P(r, <t)

1
=P(B: > b) + 5 P(r, <1)
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This shows that ]P(‘Cb < t) =2IP(B; > b). Observe that {rb < t} = {M; > b} where
M, = sups<; Bs. Therefore,

P(M, > b) =P(t, <t) = 2P(B, > b) forall b> 0. 6.11)

From this we can calculate the probability distributions of various functionals of a
Brownian motion.

6.9 Theorem (Lévy 1939). Let (B;);>0 be a BM', b € R, and set

T, =inf{t >0 : B, =b}, M,;:= sngs, and m, := inf By.
st

s<t

Then, for all x > 0,

[ 2
M; ~ |By| ~—m; ~ My — By ~ By —m; ~ _t e_xz/(Zt) dx (6.12)
T

and fort >0
||

—b2/(21)
Nk dt. (6.13)

Tb ~
Proof. The equalities (6.11) immediately show that M; ~ |B;|. Using the symme-
try 2.8 of a Brownian motion we get m, = inf;<; By = —sups<,(—B;) ~ —M;. The
invariance of BM! under time reversals, cf. 2.11, gives

M; — B; = §1§;(Bs - B) = Elilt)(Bt—s — B) ~ Sup By = M;,

and if we combine this again with the symmetry 2.8 we get M; — B; ~ B; — m;.
The formula (6.13) follows for b > 0 from the fact that {z, > ¢} = {M, < b} if we
differentiate the relation

2 b
P(z, > 1) = P(M, < b) = ,/m/ o210 g
0

For b < 0 we use the symmetry of a Brownian motion. (|

6.10 Remark. (6.12) tells us that for each single instant of time the random variables,
e.g. M, and | B;|, have the same distribution. This is no longer true if we consider
the finite dimensional distributions, i. e. the laws of processes (M;);>o and (| B;|)s>o0
are different. In our example this is obvious since ¢ — M, is a.s. increasing while
t + |B,| is positive but not necessarily monotone. On the other hand, the processes
—m and M are equivalent, i. e. they do have the same law.

In order to derive (6.11) we used the Markov property of a Brownian motion, i.e.
the fact that fff and ?OVZ, W, = B;4+s — Bj are independent. Often the proof is based

Ex. 6.5
Ex. 6.6
Ex. 6.7
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on (6.7) but this leads to the following difficulty:
]P(Tb § Z, Bt < b) = ]E (]]‘{‘Chgt}IE []]‘(—00,0)(3[ —_ b) ‘ S:TB;)])
2 B,
frd ]E (]]‘{‘Cbgt} IE b []]‘(_0030)(Bt—rb — b)])
=E (ﬂ{rbgt} E? []1(_00,0)(Bt_1b — b)])

=E (I, <y E [L-oo0)(B,,)])-

=1/2

Notice that in the step marked by “?!” there appears the expression ¢ — 7,. As it is
written, we do not know whether ¢ — 7, is positive — and if it were, our calculation
would certainly not be covered by (6.7).

In order to make such arguments work we need the following stronger version of
the strong Markov property. Mind the dependence of the random times on the fixed
path @ in the expression below!

6.11 Theorem. Let (B;);>o be a BM¢, 1 an S’f stopping time and n > t where 1) is an
ff"f+ measurable random time. Then we have for all w € {n < oo} and allu € By(R%)

E [u(By) | 72, (@) = E**“ [u(Byw)—c@)())] (6.14)

— [ 4By (@) PP o)

The requirement that 7 is a stopping time and 7 is a ¥4+ measurable random time
with n > 7 looks artificial. Typical examples of (z, n) pairs are (z,7 + 1), (t,T V) or
(o A t,t) where o is a further stopping time.

Proof of Theorem 6.11. Replacing u(B;) by u(B;)L; <.} We may assume 7 < oo.
Set 0 = ([2/(n — 1)) + 1)/2/. Then inf;>;0; = n — 7 and o; is clearly F2,
measurable, since 1 and 7 are 5 , measurable.
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Forall F € 38, we know that F N {o; = k/2/} € 2, i.e.

[ #(Beiaap = > [ U(Besry2r) dP

Fn{o;j=k/2/}

—Z[ E[u(Besxo) | F2,] dP

Fn{o;=k/2/}

() Z / EZ @ (B ) P(dw)

Fn{oj=k/2/}
_ / EZ<©) y(By, () P(dw).
F

Since ¢ + B, is continuous, we have lim;_,, By, = Bj;_, and we get (6.14) for
u € Cy(R?) using dominated convergence.

For every compact set K C IR¢ we can approximate lx from above by a sequence
of continuous functions. Therefore,

/ 1x(B,) dP = / EZ @ 14 (B,(w)—r(w) P(dw).
F F

As the compact sets generate the Borel o-algebra, we can use the uniqueness the-
orem for measures to extend the above equality to all functions of the form 1x where
K € B(R?); then we get (6.14) for all measurable step functions and a Beppo-Levi
argument finally shows (6.14) for B (IR¢). O

The proof of the reflection principle uses only the strong Markov property and the
symmetry of a Brownian motion. Therefore, we can rephrase the reflection principle
in the following more general version. Let (B(¢), F;);>0 be a Brownian motion and t
an a. s. finite stopping time. We consider the process

B(t, w), if 0<1 < t(w) <400,
W(t, w) = (6.15)
2B(t(w), w) — B(t,w), if t(w) <1t < o0,

see Figure 6.3.

Observe that the trajectories of B and W coincide in the interval [0, 7(w)). On
[t(w),00) we have W(t,w) = B(t(w),w) — (B(t,a)) — B('c(a)),a))), i.e. every
trajectory of W is the reflection of the original trajectory with respect to the axis
y = B(t(w), w).

From Theorem 6.5 we know that (B(t) — B(t + 1));>0 is a Brownian motion which
is independent of the stopped process (B(t A 7));>¢. Therefore it is plausible that
the process W, which is a concatenation of these two processes, is again a Brownian
motion.

Ex. 6.10



Ex. 6.4

72 Chapter 6 Brownian motion as a Markov process

Figure 6.3. Both B; and the reflection W; are Brownian motions.

6.12 Theorem. Let (B(t),F;)s>0 be a BM? and let (W(2))s>0 the process given by
(6.15). Then (W(t))s>o is again a Brownian motion.

Proof. Without restriction we may assume that (@) < oo forall ® € . The mapping
® : C) X [0, 00) X Co) = Co), Where Cy = {f € C[0,00) : f(0) = 0}, defined by

f(s), if 0<s <1,
O(f.t.8) =
f@)+g@s—1), if t <s < o0,

is continuous if we equip C,) X [0, 00) x C(,) with the topology of locally uniform
convergence (in C(,)) and pointwise convergence (in [0, 00)); in particular, the mapping
® is B(C(o)) ® B[0, 00) ® B(C(s))/B(C(0)) measurable.

By Lemma 6.13, 0 — (B(- A T(0), »), r(a))) is Fr/B(C(o)) ® B0, 00) measur-
able. Moreover, w — B(- A t(w),w) — B(t(w), w) is independent of F; and has
the same probability distribution as w — B(-,w). Because of the symmetry of the
Wiener measure, B(- A 1) — B(t) ~ —B(- A7) — B(1), and we see that

W = ®(B(- A1).7,B(t)—B(-+71)) and B = ®(B(: AT1),7,B(- +1)—B(1))

have the same law. Since W has, by construction, continuous paths, the claim fol-
lows. O

6.13 Lemma (cf. Corollary 6.25). Let (B(t),F;)r>0 be a BM! and T < oo an a.s.
finite stopping time. Then B(t A t) is T4 measurable for everyt > 0.
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Proof. We have to show that {B(t A7) € U} N{t < s} € F forall Borel sets U C R
and s > 0, cf. Definition A.14. It is clearly enough to consider only open sets U and
dyadic numbers s = k27". From Lemma A.16 we know that 7, := ([2/¢] +1)/2/ is
a decreasing sequence of stopping times such that inf; >, 7; = 7. Since 7 > B(1, w)
is continuous and U open, we see for alln > 1

(BiertyeUt=|J [{BGAT) U}

m>2nl>m

By definition, {t < k27"} = {r, < k27"} = {1, < k27"} for all m > n. Therefore,

(BerneUynit<k2™y=J N ({B(t AT eUln{y < kz—"}).

m2nl>m

=A(l,k,n)

As A(l,k,n) = Uj;jzflgszn {B(Z A j2_l) € U} N {Tl = j2_l} € Fyo—n, We see
(BUAT)EU}N T <k2)} € Fppn, 0

6.4 Transience and recurrence

In Section 5.2 we used Wald’s identities to obtain the distribution of a BM! when ex-
iting from the interval (—a, b), cf. Corollary 5.11. Without much effort we can extend
this to continuous martingales.

6.14 Corollary. Let (M, F;);>0 be a real-valued martingale with continuous paths
and My = x € R a.s. If the first exit time T = T, g from the interval (r,R), ¥ <R,
is a. s. finite, then we have for all x € (r, R)

xX—r
R—r’

R_
P(M* = r) = Tx and P(M* = R) =
—r

If we combine Corollary 6.14 with Theorem 5.6 for a suitable function f we obtain
the exit probabilities of a BM? from an annulus B (0, R) \ B(0, r).

6.15 Theorem. Let (B;, J;):>0 be a Brownian motion with right-continuous filtration,
r < R and denote by 7 ©.r) and TBe(0.R) the first hitting times of the sets B(0, r) and
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B¢ (0, R). Then, forall r < |x| < R,

R —
. |X|7 ifd=1.
—r
log R —log|x| .
P* (t0,r) < Tieco,m) = TogR—logr ° if d =2, (6.16)
Rz—d _ |x|2—d -
R Fd=3

Proof. Note that t := TB0.) ™ TBe(0.R) is the first exit time from B (0, R) \ B(0, r).
Therefore, (6.16) follows, in dimension d = 1, directly from Corollary 6.14 where we
set M; = B; + x.

If d = 2, we use Theorem 5.6 with f(|x]) = —log|x|and 0 < r < |x| < R (the
attentive reader might first want to multiply f by a cut-off function y, gz € C.(IR?)
such that Ipo,r) < xr,r < Lp(o,r))- Since

e _=x S _ 2P

ax,  |x|? x? x4

) j:1727

we find Af(x) = 0 on B(0, R) \ B(0, r). Therefore, M, = f(|B; + x|) is a mar-
tingale with continuous paths. Moreover, |B;|> = (B})? + (B?)? > (B})? where the
coordinate processes (Bf )¢>0 are one-dimensional Brownian motions; since any one-
dimensional Brownian motion leaves every interval [— R, R] with probability one, cf.
Corollary 5.11, we see that T < oo a.s. We can now apply Corollary 6.14 and con-
clude that

x _ J(R) = f(x)  log R —log|x|
P (TIB(O”) = TIBC(O’R)) o f(R)— f(r) - logR —logr

If d = 3, we can use the same argument with f(|x]) = |x|>*~¢. Now Af(|x]) =0
since for j =1,2,...,d

o) _@=dix; o Pf(x) _ CodIxP—d@—d)}

oy x| oy |x]4+2

The results of Theorem 6.15 become especially interesting for degenerate annuli,
i.e. forr — 0 and R — oo. Letting first r — 0 and then R — oo yields

P* (T0.1) < The(0.k)) o P* (7(0y < Tpeco,) Rooe P* (719 < 00).

If we consider only R — oo we get

IP* (T]B(O,r) < T]B"(O,R)) m p* (‘C]B(O,r) < oo).
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Since we know from Theorem 6.15 the values for the respective probabilities, we ar-
rive at

6.16 Corollary. Let (B;,F;);>0 be a BM? with a right-continuous filtration. Then we
have forall |x| > r >0

1, ifd =1,
IP* (1) < 00) = {0 Fd 2 (6.17)
. 1, ifd=1,2,
IP* (tg o) < 00) = (m)z—d ¢ d >3 (6.18)

If x =0, t,,, is the first return time to 0, and (6.17) is still true:

{0}

{ty <00} ={31>0: B, =0} = | J{3r > 1/n : B, =0}.

n>1
By the Markov property, and the fact that IP° (B /n = 0) =0, we have
P°@t > 1/n : B, =0)=E°P?"" 31 >0: B, =0) = E° PP (1,0, < 0)
—_———
=0 or 1 by (6.14)

which is 0 or 1 accordingtod = lord > 2.
By the (strong) Markov property, a re-started Brownian motion is again a Brownian
motion. This is the key to the following result.

6.17 Corollary. Let (B(t));>0 be a BM? and x € R?.
a) If d = 1, Brownian motion is point recurrent, i. e.
IP* (B(t) = 0 infinitely often) = 1.
b) If d = 2, Brownian motion is neighbourhood recurrent, i. e.
P* (B(t) € B(0,r) infinitely Often) =1 foreveryr > 0.
¢) Ifd > 3, Brownian motion is transient, i.e. P* (lim,_,oo |B(t)| = oo) = 1.

Proof. Letd = 1,2, r > 0 and denote by 5, - the first hitting time of B(0,r)
for (B(?)):>0. We know from Corollary 6.16 that Tg(o.r) 1S a.s. finite. By the strong
Markov property, Theorem 6.6, we find

6.18)

P’ (3t >0 : B(t + Tge(p,ry) € B(0.7)) = E° (]I)B(’mo.r)) (B0 < oo)) 1.
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This means that (B(?));>o Vvisits every neighbourhood IB(0, r) time and again. Since
B(t)—y,y € R?,is also a Brownian motion, the same argument shows that (B(¢));>0
visits any ball B(y, r) infinitely often.

In one dimension this is, because of the continuity of the paths of a Brownian motion,
only possible if every point is visited infinitely often.

Let d > 3. By the strong Markov property, Theorem 6.6, and Corollary 6.16 we
find forallr < R
P° . — TEO (1PB(Beo.r) - (- =

(3 > theor © BU) € BO,r) = E® (PBeon) (zy ) < o0)) = (R) .

Take r = /R and let R — oo. This shows that the return probability of (B(z)) >0 to
any compact neighbourhood of 0 is zero, i. e. lim,_, |B(?)| = oo. |

6.5 Lévy’s triple law

In this section we show how we can apply the reflection principle repeatedly to obtain
foraBM!, (B¢)¢>0, the joint distribution of B, the running minimum m, = infy, By
and maximum M; = sups¢; Bs. This is known as P. Lévy’s loi a trois variables, [121,
VI1.42.6, 4° , p. 213]. In a different context this formula appears already in Bachelier
[5, Nos. 413 and 504].

6.18 Theorem (Lévy 1948). Let (B;);>0 be a BM' and denote by m, and M, its
running minimum and maximum respectively. Then

P(m; > a, M; < b, B; € dx)
s _ (x+2n(b—a))? _ (x—2a—2n(b—a))? :| (6.19)

= dx Z |:e 2t —e 2t

2nt =

forallt >0anda < 0 < b.

Proof. Leta <0 < b,denoteby t = inf{t > 0 : B, ¢ (a, b)} the first exit time from
the interval (a, b), and pick I = [c¢,d] C (a, b). We know from Corollary 5.11 that t
is an a. s. finite stopping time.

Since {t > t} = {m; > a, M; < b} we have

P(m; >a,M; <b,B, €1)
=P(t>t,B el)
=P(B;el)-P(r<t,Bel)
=PB,el)-P(B,=a,t1<t,B,el)—P(B, =b,t<t,B,€l).
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For the last step we used the fact that { B, = a} and {B, = b} are, up to the null set
{t = oo}, a disjoint partition of £2.

We want to use the reflection principle repeatedly. Denote by r,x := 2a — x and
rpx := 2b — x the reflection in the (x, ¢)-plane with respect to the line x = a and
x = b, respectively, cf. Figure 6.4. Using Theorem 6.11 we find

P (B, =b,t <t,B, € I|F2)(@) = Lp, —pynie<sy (@) P2 (Bi_y(w) € ).
Because of the symmetry of Brownian motion,

]Pb (Bt—r(w) € 1) =P (B,_r(w) el — b)
=P (Bt—r(w) eb— I)
= IPb (B,_r(w) € I’bl),

and, therefore,

P (B, =b,t <t, B, € 1|F.)(®) = Lp,—pynir<sy (@) PP (B,_ () € 151)
=P (B: =b. 1 <t,B, €npl |F7)(w).

This shows that

P(B, =b,t<t,B,cl)=P(B, =b,t<t,B,cr,])=DP(B, =b,B, €rp]).

Figure 6.4. A [reflected] Brownian path visiting the [reflected] interval at time ¢.
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Further applications of the reflection principle yield

P(B, =b,B; €rpl) =P(B; €rpl) —P(B; =a,B; erpl)
=P(B; €rpl)—P(B; =a, B; er,rpl)
=P(B; €rpl) —P(B; €ryrp1) + P(B; = b, B; € ry1p1)

and, finally,

]I)(Bt Zb,f SI,BZ € I)
=P(B; €rpl) —IP(B; €tarpl) +P(B; € rpratpl) — +

Since the quantities @ and b play exchangeable roles in all calculations up to this point,
we get

P(m; >a,M; <b,B, €1)
=P(B;€l)—P(B; erpl) +P(B; €ryrpl) —P(B; € rplgtpl) + —---
—IP(B; eryl) + P(B; €tprgl) —IP(B; € ryrptyl) +—---
=P(B; € I) =Pty B; € tatp1) + P(B; € ratpl) —P(ta By € (rafp)’1) + —---
—IP(ryB; € I)+P(B; €tprgl) —P(rgB; € rprgl) +—---

In the last step we used that r,r, = id. All probabilities in these identities are prob-
abilities of mutually disjoint events, i.e. the series converges absolutely (with a sum
< 1); therefore we may rearrange the terms in the series. Since r,/ = 2a — I and
rprol =2b—2a—1)=2(b—a)+ I,wegetforalln >0

(rpr))"I =2n(b—a)+1 and (rurp)"I =2n(a—>b)+1 =2(-n)(b—a)+ 1.

Therefore,

P(m; >a,M; <b,B, €1)

o0 o0
= Y P(B e2n(a—-b)+1)— Y PQa—B, e2n(a—b)+1)
n=—o00 n=—00
(x—2n(a—b))* 2n(a —b))2 __ (2a—x—2n(a—b))* dx
Z / ( —e 2t )
n=—00 2t

which is the same as (6.19). O
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6.6 An arc-sine law

There are quite a few functionals of a Brownian path which follow an arc-sine distri-
bution. Most of them are more or less connected with the zeros of (B;);>¢. Consider,
for example, the largest zero of Bj in the interval [0, ¢]:

& =sup{s <t : B; =0}.

Obviously, &; is not a stopping time since {§; < r}, r < ¢, cannot be contained in
3"? ; otherwise we could forecast on the basis of [0,7] > s — By whether By = 0
for some future time s € (r,¢) or not. Nevertheless we can determine the probability

distribution of &;.

6.19 Theorem. Let (B;);>0 be a BM! and write &, for the largest zero of By in the
interval [0, t]. Then

2
IP(¢; <) = — arcsin \/§ forall 0 <s <t. (6.20)
T
Proof. Set h(s) := P(&; < s). By the Markov property we get

h(s) = P (By #£0 forall u e [s.1])
— / P2 (B,_; #0 forall u € [s,1]) P(dw)
_ / P? (Buy #0 forall u € [s.1]) P(By € db)
_ /1130 (B, # —b forall v e (0.1 —s]) P(B; € db)
= /IPO (t_, =t —s) P(By € db),

where 7_, is the first passage time for —b. Using IP(Bs € db) = IP(B; € —db) and
P, >t—s)=,/ n(tz_s) Ob e~**/24=5) g x cf. Theorem 6.9, we get

h(s)—2/oO 2 /be_z(fxi)dx ! e_g*z'db
U w(t—s) Jo V2ms

2 [ [PV
== / / =5 dee dB.
T Jo 0

Ex. 6.11
Ex. 6.12
Ex. 6.13
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If we differentiate the last expression with respect to s we find

1 (s) 1/00 e ! P_ap=t 1 os<y
S) = — e 2 e 1—s P — = - ——, S .
7w Jo L—5 /s(t—s) T /s(t—s)
Since% arcsin \/§ = % \/s(ii—s) = Z W'(s)and 0 = arcsin0 = 1(0), we are done. [

6.7 Some measurability issues

Let (B;)i>o be a BM!. Recall from Definition 5.1 that a filtration (G;) >0 1s admissi-
ble if
S"f CcSY, and B;—B; 1 G; forall s <t.

Typically, one considers the following types of enlargements:

G, :=0(F8,X) where X 1L fffo is a further random variable,
S =P =)7L,
9[ = EltB = U(?B’N)
where N ={M C Q : AN € A,M C N,IP(N) = 0} is the system of all subsets of

measurable IP null sets; 5"? is the completion of 5.

6.20 Lemma. Let (B,);>0 be a BM“. Then 9-“;: and ?f are admissible in the sense of
Definition 5.1.

Proof. 1° H’fir is admissible: Let 0 < ¢t < u, F € F,4,and f € Gb(]Rd). Since
F € F, 4 forall € > 0, we find with (5.1)

E[lr - f(Bu+e€)—B(t+e)|=E[lg]-E[f(Bu-+e¢)— B +e)].

Letting € — 0 proves 5.1 b); condition 5.1 a) is trivially satisfied.

2° ?? is admissible: Let O < ¢ < u. By the very definition of the completion we can

find for every F € ?f some F € 38 and N € N such that the symmetric difference
(F\ F)U(F \ F)isinN. Therefore,

E(lz - (Bu— B)) = E(lF - (Bu — B)) = P(F)E(By — By)
= P(F)E(By, — By).

which proves 5.1 b); condition 5.1 a) is clear. ]
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6.21 Theorem. Let (B;),50 be a BMY. Then (37 )
ie. ?"ﬁ_ = ?"f holds for all t > 0.

>0 isa right-continuous filtration,

Proof. Let F € ?ﬁ. It is enough to show that 1 = [E [ll Fl ?f] almost surely. If

this is true, 1 ¢ is, up to a set of measure zero, ?f measurable. Since N C ?f C ?f s
we get Fr, CT7 .

Fixt <uandpick0 < 5y < -+ <s, <t <u =1t <t <+ <t, and
Moo ims €1, En € R, m,n > 1. Then we have

E [ 271 -B6)) |§f] — ¢! D1 nB6)) — g [f X i BG)) |§f’+]. 6.21)

As in the proof of Theorem 6.1 we get

n n

Y (. B()) =Y (& Bte) — Bte-1)) + (41, BQ). G =&k + -+ + &n.

j=1 k=1

Therefore,

]E[ei27=1<s/,3<tf>>|§f] — ]E[eizz:m;k,B(rk)—B(zk_.))|§5] ol {61.B@)

n
6.20 {8k, B(tx)—B(tx-1))] ,i{¢1,B(w))
o kl [Ee ]e

n
@1 l_[ o2 t—tkDIEk > i (&1, B@w))
k=1

Exactly the same calculation with u replaced by ¢ and ¢y = ¢ tells us
n
E [¢! T7-11&-B0)) ’g-f] =11 o~ S —tk—DIE? Lilt1,B@)
k=1

Now we can use the backwards martingale convergence Theorem A.8 and let u | ¢
(along a countable sequence) in the first calculation. This gives

E [¢f Zi=1(8,B) |§f+] — lzj?tl]E [ Z-1,B@) ‘grf]

n
1 5
= lim T T e 2 @—t=0I8k* ,i(81,B())
lim [ |
! (6.22)

n
— 1_[ e—%(lk—lk—l)\§k|2ei(§| ,B(1))
k=1

=E [ei25’:1<sj,3(,,.)> | §"f].
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Given 0 < u; <up <---<uy,N > 1,and ¢ > 0, then ¢ splits the u; into two
groups, §; < -+ < 8y <t <t <--- <ty,wheren +m = N and {uy,...,uy} =
{s1,....8,} U{tq,...,tm}. If we combine the equalities (6.21) and (6.22), we see for
I := (B(uy),...,B(uy)) € R¥ and all § € RV

E[¢0D [5,] = E[*D [57].

Using the definition and then the L? symmetry of the conditional expectation we get
forall F € ?f:

/]lp LoD P = [nF CE[e100) | T ] dP = /]E[Ilp |57 @D ap.

This shows that the image measures (17 P) o ™! and (E [1F | 5’?] P)oI'"! have
the same characteristic functions, i. €.

/nF dPp =/]E[]lF |5 ]dP (6.23)
A A

holds for all A € o(I') = o(B(uy),...,B(uy))andall 0 < u; < --- < uy and
N > 1.Since 1 0(B(uy), ..., B(uy))isan-stable generator Ofﬁrfo, the
uniqueness theorem for measures shows that (6.23) holds for all 4 € S"fo. Therefore,
1r = E [llF | ?f] almost surely. O

Ui <~-~<uN,N2

6.22 Corollary (Blumenthal’s 0-1-law. Blumenthal 1957). Let (B(t));>0 be a BM?.
Then 3"5+ is trivial, i.e. if F € 3"(1)3+ then P(F) =0or 1.

Proof. By Theorem 6.21 we know that 55§ = F5, > I8 - On the other hand we have
?‘“g =o(N, 3"(?) = o(N) since F8 = {0, 2}. This proves our claim.

Let us indicate the classical proof which does not rely on Theorem 6.21. Since ?f fl
is admissible, cf. Lemma 6.20, we find that fr"f _ is independent of B; — By = B, for
all + > 0. This means that

gE 1 ﬂa( g o(B,l,...,Btn))=§§+,

>0 o<t <<ty <t,n>1

N-stable generator

ie.P(F)=P(FNF)=P(F)-IP(F)sothatIP(F) =0or 1. |

6.23 Remark (Usual conditions). Many authors assume that the underlying filtered
probability space (2, A,IP,F,,t > 0) satisfies the usual conditions or usual hypo-
theses, 1.e.

a) F, contains all subsets of IP null sets of A;
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b) (JF¢)s>o0 is right-continuous, i.e. F; = F; 4 holds for all # > 0.

Theorem 6.21 ensures that a Brownian motion together with the completion of its
canonical filtration satisfies the usual conditions.

We close this section with a result that exhibits the interaction of a Brownian motion
with the underlying measurability structure.

6.24 Lemma (Progressive measurability). Let (B;);>0 be a BM? with an admissible
Sfiltration (F¢) ;0. Then (B;);>¢ is progressively measurable i. e.

B(-,-): ([0,1] x Q,B[0,1] ® F,) — (R, B(RY))
is, for every t > 0, B[0,1] ® F,/B(R?) measurable.
Proof. Set

B(Yt ), k27t <s<(k+1)277t, k=0,1,....,2 — 1,

j —
Bl (s, ) {B(O,a)), s = 0.

Then we find for all A € B(R?)

{(s,a)) €[0,1]xQ : B/(s,w) € A}
2/-1

= (0} x (BO.) e ayu | (L1 5] x (B(&1.-) € 4).

k=0

This set is contained in B[0, /] ® F;. Therefore, the processes (B’ (1));>0, j > 0, are
progressively measurable. Because of the (left-)continuity of the sample paths, we get

B(s,w) = lim B/(s,w) forall s €[0,7], w € Q,
Jj—00
and this shows that (B(t));>o is also progressively measurable. |

6.25 Corollary. Let (B;);>0 be a BM! and t be an F, stopping time. Then B, 1{z<o0}
is F; measurable.

Proof. Consider the maps

((r <1}.9,) 22529 (10,1] x 2. B[0.1] ® F,) S22 (Rd g (RY)).

Ex. 6.4
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The second map is measurable, since (B;);> is progressively measurable. For the first
map we observe that forallr <tand " € F;

{t<r}nl’ e F;.
——
€F,.CTF,

Thus, {B(r) e A}N{t <t} ={w € {t <t} : B(t(w),w) € A} € F;, which proves
that {B(t) € A} N {r < oo} € F¢,i.e. B(t)L{z<c0) is F; measurable. o

6.26 Further reading. The (strong) Markov property is a central theme in most books
on Brownian motion. The account in [23] excels in its clarity, elegance and precision.
Shift operators and the Markov property on the path space are explored in [99]. For
the general theory of Markov processes we refer to [61] and the classic book [13].

[13] Blumenthal, Getoor: Markov Processes and Potential Theory.
[23] Chung: Lectures from Markov Processes to Brownian Motion
[61] Ethier, Kurtz: Markov Processes: Characterization and Convergence.
[99] Karatzas, Shreve: Brownian Motion and Stochastic Calculus.

Problems

1. Let (Bl, EF[)t>() be a BI\/I1
(a) Show that X; := |B;|,t > 0, is also a Markov process for the filtration
(F)io,1.e. forall s, > 0and u € Bp(R)

E (u(Xt+s) | gjs) =E (U(Xt-i-s) | Xs) .

(b) Find in a) the function gy 5 ;+s(x) With E(u(X;+5) | Xs5) = Gu.s.t+s(Xs)-

(c) Solve a) and b) for the process Y; := sups<; By — By, t > 0.

(d) Compare the transition functions from b) and c) for X and Y, respectively.
2. Let (B¢, Ft)s>0 be aBM! and set M, := sups<s By and I, = fot By ds.

(a) Show that the two-dimensional process (B;, M;);>¢ is a Markov process for

(Fe)e>o-
(b) Show that the two-dimensional process (B, I;);>o is a Markov process for

(T >0
(c) Are (M;);>0 and ({;);>0 Markov processes for (F;);>0?
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10.

11.
12.

13.

. Let (B(t)):>0 be a BM“and let Z be a bounded 3"50 measurable random variable.

Then x — [E* Z is in B (R?).

Hint: Efo is generated by sets of the form G := ﬂ;’zl{B(tj) € A;}. Then,
E*1g € By(R?). Consider the family ¥ := {4 : E*14 € B,(R?)}; this is
a o-algebra containing all sets G, hence 3"50.

Let (B;,F;):>0 be a BM! and 7 a stopping time for the filtration (3;);>0. Show
that B; is measurable with respect to F; ;.

Hint: Use in Theorem 6.6 u(x) = u,(x) 1 x, u € Cy(R?%); see also Corol-
lary 6.25.

Let (B;)¢>0 be a BM'. Show that P(sups<, | Bs| > x) < 2P(|B;| > x), x,1 > 0.
Let (B;);>0 be a BM'and denote by 7, = inf{s > 0 : By, = b} the first time
when B; reaches b € IR. Show that

(a) Ty ~ T_ps

(b) 7, ~c?1,,c €R;

(c) if0 <a <b,thenty —7, 1L {7, : a €0,a]}.

Lett = r(°a by be the first exit time of a Brownian motion from the interval (a, b).
(a) Find E* e=*7 for all x € (a,b) and A > 0.

(b) Find E* (e ™**1p, —q}) for all x € (a,b) and A > 0.

Let (B;);>obea BM! and set M, := sups<; Bs. Find the distribution of (M, B;).

Let (B;);>obea BM! and let 7, be the first hitting time of 0. Find the ‘density’ of
P*(B; € dz,t, > t), i.e. find the function f; x(z) such that

P*(B,e Aty > 1) = / fix(z)dz forall A € B(R).
4

Let K C IR? be a compact set. Show that there is a decreasing sequence of con-
tinuous functions ¢, (x) such that g = inf, ¢,.
Hint: Let U D K be an open set and ¢ (x) := d(x,U°)/(d(x, K) + d(x,U*)).

Let (B;)i>o bea BM!. Find the distribution ofg = inf{s >t : By = 0}.

Let (B;)¢>0 be aBM!and0 < u < v < w < co. Find the following probabilities:
(a) P (B, = 0 forsome ¢ € (u,v));

(b) P (B, 0Vt € (u,w) | B, #0Vt € (u,v));

() P (B # 0V € (0,w) | B, #0 V1 € (0,v)).

Let (B;);>0 be a BM! and set M, = sup,<; Bs. Denote by &, the largest zero of
B; before time ¢ and by 7, the largest zero of Y; = M — B before time . Show
that & ~ n,.
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Chapter 7

Brownian motion and transition semigroups

The Markov property allows us to study Brownian motion through an analytic ap-
proach. For this we associate with a Brownian motion (B;);>¢ two families of linear
operators, the (transition) semigroup

Pau(x) = EX u(B,), ueBp(R?, xeRY, >0, (7.1)
and the resolvent

o0
Uyu(x) = E* [/ u(By)e a’t] , u € Bp(R?), x e R, a>0. (7.2)
0

Throughout this chapter we assume that (B;);>¢ is a d-dimensional Brownian mo-
tion which is adapted to the filtration (& ,)t>0.1 We will assume that (F;),>¢ is right-
continuous, i.e. F§, = F,4 forall ¢ > 0, cf. Theorem 6.21 for a sufficient condition.

7.1 The semigroup

A semigroup (P;);>0 on a Banach space (B, | - ||) is a family of linear operators
P; : 8% — B, t > 0, which satisfies

P,Py= P, and P,=id. (7.3)

In this chapter we will consider the following Banach spaces:

B, (R¥) the family of all bounded Borel measurable functions f : R? — R equipped

with the uniform norm || - ||c0;
Coo(R9) the family of all continuous functions f : R? — R vanishing at infinity,
i.e. limjy|—»o0 #(x) = 0, equipped with the uniform norm || - ||co-

Unless it is ambiguous, we write B, and Cy instead of By (IR?) and Co (RY).

! Many results of this chapter will be true, with only few changes in the proofs, for more general

Markov processes.
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7.1 Lemma. Let (B;);>0 be a d-dimensional Brownian motion with filtration (F;)¢>o.
Then (7.1) defines a semigroup of operators on Bp(IR).

—|x—y|?/2t

Proof. It is obvious that P; is a linear operator. Since x +— e 1s measurable,

we see that

Piu(x) = / ) u(y) P*(B; € dy) = u(y)e—lx—ylz/Zt dy
Rl

1
2mt )d/ 2 /l;d
is again a Borel measurable function. (For a general Markov process we must use

(6.4¢c) with a Borel measurable g, (- )) The semigroup property (7.3) is now a direct
consequence of the Markov property (6.4): For s, > 0 and u € B(IR¢)

Prosu(x) = E¥ u(Byry) =" E* [EY (u(Bi+s) | 55)]
B [P u(B)))]
= E*[Pu(By)]
= PyPu(x) O

For many properties of the semigroup the Banach space B (IR9) is too big, and we
have to consider the smaller space Coo (R?).

7.2 Lemma. A d-dimensional Brownian motion (B;);>o is uniformly stochastically
continuous, 1. e.

lim sup P*(|B; — x| > 8) =0 forall § > 0. (7.4)

t—0 xeR4
Proof. This follows immediately from the translation invariance of a Brownian motion
and Chebyshev’s inequality

E|B,]> td
52 52

P*(|B; — x| > 8) =P(|B/| > §) <
After this preparation we can discuss the properties of the semigroup (P;);>o.

7.3 Proposition. Let (P;);>o be the transition semigroup of a d -dimensional Brownian
motion (By)i>o0 and Coo = Coo(R4) and By = Bp(R?). Forallt >0

a) P; is conservative: P;1 = 1.

b) P; is a contraction on Bp: || Prut]lco < ||U]loo for all u € Byp.

c) P, is positivity preserving: For u € By we haveu > 0 = P,u > 0;

d) P, is sub-Markovian: Foru € By we have 0 <u <1 =0< Pu <1;

e) P, has the Feller property: If u € Cy then Piu € Co;

f) P; is strongly continuous on Coo. lim;—g || Pstt — u|lcoc = 0 for all u € Coo;

Ex. 7.2
Ex. 7.3
Ex. 7.4
Ex. 7.5



88 Chapter 7 Brownian motion and transition semigroups

g) P; has the strong Feller property: If u € By, then P,u € Cp.

7.4 Remark. A semigroup of operators (P;),>o on B,(R¢) which satisfies

a)—d) is called a Markov semigroup;

b)-d) is called a sub-Markov semigroup:;
b)—f) is called a Feller semigroup;

b)—d), g) is called a strong Feller semigroup.

Proof of Proposition 7.3. a) We have P;1(x) = E* Iga(B;) = P*(X, € R?) = 1
for all x € R¥.

b) We have Pyu(x) = E*u(B;) = [u(B;) dP* < |lu|loo for all x € R?.

¢) Since u > 0 we see that P,u(x) = E* u(B;) > 0.

d) Positivity follows from c). The proof of b) shows that P,u < 1ifu < 1.

e) Note that P;u(x) = E*u(B;) = Eu(B; + x). Since [u(B; + x)| < ||u]oo is
integrable, the dominated convergence theorem, can be used to show

lim u(B; +x) =u(B;+y) and lim u(B,+ x)=0.
xX—=>y [x]—00
f) Fix € > 0. Since u € Coo(R?) is uniformly continuous, there is some 8§ > 0 such

that
lu(x) —u(y)| <e forall |x —y| <.

Thus,
| Pt —ulloo = sup [E* u(B;) —u(x)|
x€R4
< sup E* [u(B;) —u(x)|
x€R4

sup ( / (B, — u(x)| dP* + / (B = u(x)| d]Px)
x€R4 |B;—x|<8 [B;—x[>6
< e sup P*(1B, — x| < 8) + 2 ulloo sup P*(|B, — x| > 5)

x€eR4 x€eR4

N

<€+ 2ufloo P(IB;| = 6).

Since (By):>0 is stochastically continuous, we get Ht_m | Pru — ut]|oo < €,cf. (7.4),
and the claim follows as € — 0.

g) Since continuity is a local property, it is enough to consider z — x for all points
z,x € B(0,R) and any R > 0. Let u € B;(IR?). Then P,u is given by

1 e
Pu(z) = p; xu(z) = W/u(y)e lz—y[*/2t dy,
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and so

1 2 2
Pu(z) = ——— / u(y)e 7202 g —1—/ u(y) e 177! /Z’d).
t ( ) (ZJTI)d/Z ( lyl<2R (y) y y|>2R (y) Y

If |y| > 2 we get |z — y|*> > (ly| — |z[)*> > ;|y|*> which shows that the integrand is
bounded by

()] e 722 < uoo (HB(O,zR)(y) + €_‘y'2/8t]11136(0,2R)(J’))

and the right-hand side is integrable. Therefore we can use dominated convergence to
getlim,_,x P;u(z) = P;u(x). This proves that P,u € Cp. O

The semigroup notation offers a simple way to express the finite dimensional distri-
butions of a Markov process. Let (B;),>o be a d-dimensional Brownian motion, s < ¢
and f, g € Bp(R%). Then

E*[f(Bs)g(B)] = E* [ f(By) E® g(Bi—)]
=E* [f(Bs)Pt—Sg(Bs)] = Py[fPr—sg](x).

If we iterate this, we get the following counterpart of Theorem 6.4.

7.5 Theorem. Let (B;);>0 be a BM?, x € R%, 1ty = 0 < t; < -+ < t, and
Cy,....C, € B(]Rd). If (Pt)¢>o0 is the transition semigroup of (Bt) >0, then

P*(By, € Ci,...,By, € Cy) = Py [1c, Po—t[1c, - -« Pry—,_1c, ] - .- ] ().

7.6 Remark (From semigroups to processes). So far we have considered semigroups
given by a Brownian motion. It is an interesting question whether we can construct a
Markov process starting from a semigroup of operators. If (7;);>¢ is a Markov semi-
group where p;(x,C) := T,1¢ (x) is an everywhere defined kernel such that

C +— p;(x,C) isa probability measure for all x € R?,
(t.x) — p:(x,C) is measurable for all C € B(R?),

this is indeed possible. We can use the formula from Theorem 7.5 to define for every
x € R¢

p;Cl tn (Cl X... X Cn) = Tt[ []]‘Cl Tt2_tl [ﬂcz [N Ttn_tn—l:u‘cn] e ](x)

.....

where 0 < t; <t < -+- < t,and Cy,...,C, € B(R?). For fixed x € R?, this

Ex. 7.6
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defines a family of finite dimensional measures on (R¢ ", B" (R?)) which satisfy the
Kolmogorov consistency conditions (4.6). The permutation property is obvious, while
the projectivity condition follows from the semigroup property:

Py, (C1x...xR¥x...xCp)
=Ty [ﬂcl le*ll [ﬂcz cee ]le—l Ttk*tk—ljl]R" Ttk+1*tk llck+1 cee Ttn*ln—l]lcn] cee ](x)

= Ty—ti s Ttk+|—tk = Ttk+1—tk—1

= Ttl []lcl le—ll []lcz s ]]“Ck—l Ttk+1_tk—I]]‘Ck+l s Tl‘n—tn—l]lcn] cee ](x)

X
= Pirrstictstipr ot (C1 X X oy X Cpgr X X Cy).

Now we can use Kolmogorov’s construction, cf. Theorem 4.8 and Corollary 4.9, to get
measures IP* and a canonical process (X;);>o such that P*(X, = x) = 1 for every
x € R?,

We still have to check that the process X = (X;);>0 is a Markov process. Let
F; ;= 0(Xs : s < t) denote the canonical filtration of X. We will show that

Pi—s(Xs,C) =P*(X, € C|F,) forall s <t and C € B(R?). (7.5)

A further application of the tower property gives (6.4a). Since JF; is generated by an
N-stable generator G consisting of sets of the form

G=()Xy€C}. m>15=0<s1<--<sp=5 Cp.....Cn € BR?),
j=0

it is enough to show that for every G € §

/G pi_s(X,.C) dP¥ = /G Te(X,) dP*

Because of the form of G and since s = s,,, this is the same as

[ TTe, (o ppis, (s, P = [ [T, (XX P

J=1 Jj=1
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By the definition of the finite dimensional distributions we see
m
[ TTe (Xopies, (X, 01 a0
j=1

= Ts1 |:11C1 Tsz—s1 I:]IC2 s IICm—l TSm—Sm—l []]'Cmpt—Sm( T C)] cee :|:|(x)

=T, []101 Ts,—s, [11(;2 ey Top—smei [Ley Ti=spulc] - - H (x)

= D5yt (C1 X X Cpy X Gy x C)
m
= [ TT 1,0 e (xo dp”. L

J=1

7.7 Remark. Feller processes. Denote by (7;);>¢ a Feller semigroup on Coo(RY).
Remark 7.6 allows us to construct a d-dimensional Markov process (X;);>o whose
transition semigroup is (7%),>o. The process (X;)>o is called a Feller process. Let us
briefly outline this construction: By the Riesz representation theorem, cf. e. g. Rudin
[164, Theorem 2.14], there exists a unique (compact inner regular) kernel p;(x, -)
such that

M@=/WMMWIMWMW) (7.6)

Obviously, (7.6) extends T, to B,(IR?), and (T;),>0 becomes a Feller semigroup in
the sense of Remark 7.4.

Let K C IR? be compact. Then U, := {x +y : x € K,y € B(0,1/n)} is open
and

d(x,Uf)

Uy(x) := i K) +d(x, U5’ where d(x,A) = ;relfl |x —al, (7.7)

is a sequence of continuous functions such that inf, > u, = 1x. By monotone conver-
gence, p;(x, K) = inf,>1 Tyu,(x), and (¢, x) — p;(x, K) is measurable. Since the
kernel is inner regular, we have p;(x,C) = sup{p:(x,K) : K C C, K compact}
for all Borel sets C C IR? and, therefore, (¢, x) — p;(x, C) is measurable.

Obviously, p;(x,R?) < 1.If p,(x,R¢) < 1, the following trick can be used to
make Remark 7.6 work: Consider the one-point compactification of R? by adding the
point d and define

pl(x,{9) :==1— p(x,R?) for x e R?, ¢ >0,
p2(3,C) := 8,(C) for C € BIR?U{3}), t >0 (7.8)
pl(x,C) := p,(x,C) for x e R?, C € B(RY), t > 0.

Ex. 7.8
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With some effort we can always get a version of (X;),>¢ with right-continuous sample
paths. Moreover, a Feller process is a strong Markov process, cf. Section A.5 in the
appendix.

7.2 The generator

Let ¢ : [0,00) — IR be a continuous function which satisfies the functional equation
¢ (1) (s) = ¢(t+s)and ¢(0) = 1. Then there is aunique a € R such that ¢ () = e?’.
Obviously,

d+ o) —1
a4 dt (@) =0 t1—r>I(l) t
Since a strongly continuous semigroup (P;);>o on a Banach space (B, | - ||) also

satisfies the functional equation P; Psu = P;4su it is not too wild a guess that — in
an appropriate sense — P;u = e’4u for some operator A4 in 8. In order to keep things
technically simple, we will only consider Feller semigroups.

7.8 Definition. Let (P;),>o be a Feller semigroup on Coo (R%). Then

. Piu—u
Au = lim —*
t—0 t

(the limit is taken in (Coo (R?), || - ||oo)) (7.92)

Piu—u

D(A) := {u € Coo(RY) ( g € Coo(RY) : lim H — gH = o} (7.9b)

is the (infinitesimal) generator of the semigroup (P;)>o.
Clearly, (7.9a) defines a linear operator A : ®(A) — Coo(RY).

7.9 Example. Let (B;);>0, B; = (B,l, el B;i), be a d-dimensional Brownian mo-
tion and denote by P,u(x) = IE* u(B;) the transition semigroup. Then

C2L(RY) := {u € Co(RY) : dju, 0;0ku € Coo(R?),
jk=1,....d} CcD()

where

and
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Let u € C2 (IR?). By the Taylor formula we get for some 6 = 0(w) € [0, 1]

']E|: (Bt +X)_M(X) Zazu(x):H

d d d
1 . : 1
‘ [ > u(x)Bf—i——t ) afaku(x+93,)B{Bf—§§ 812-u(x)”

j=1 J.k=1 j=1

J .
' [ > (9;9kulx + 6B,) — 0 aku(x))BJBk]

J.k=1

l\)|>—‘

In the last equality we used that E B; = 0and E B/ B¥ = §;,.1. Applying the Cauchy—
Schwarz inequality two times, we find

d 12 , d J gk\2\ 1/2
| 2 (B/ By)
gEJE[(Z |8j8ku(x+93z)—ajaku(x)|) (> B ) ]

Jk=1 Jjk=1

=>4 (Bl)?/1=IB,?/1

d 5 1/2 E Bt 4 1/2
< %( > E(|9;0cu(x + 0B,) — 3;0¢u(x)] )) (%) .

J.k=1
By the scaling property 2.12, IE(| B;|*) = 2 E(| B;|*) < oo. Since
|8j8ku(x + 0B;) — Bjaku(x)|2 < 4)|0;05ul?, forall jk=1,....d,

and since the expression on the left converges (uniformly in x) to 0 as ¢t — 0, we get
by dominated convergence

E |:u(B, +x) — u(x) Z 82u(x):|'

lim sup
t—0 xeRd

This shows that €2 (RY) C D(4) and 4 = %A on G2 (IRY).

In abuse of notation we write ©(A) for the domain of %A. We will see in Ex-
ample 7.20 below that D(A) = €2 (R) ifd = 1.

Ford > 1 we have D(A) & €2 (R%), cf. [85, pp. 234-5]. In general, ®(A) is the
Sobolev-type space {u € L>(R%) : u, Au € Coo(IR?)} where Au is understood in
the sense of distributions.

Since every Feller semigroup (P;);>¢ is given by a family of measurable kernels, cf.
Remark 7.7, we can define linear operators of the type L = fot P ds in the following
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way: For u € B (IR%)

t
Lu is a Borel function given by x +— Lu(x) := f/ u(y) ps(x,dy)ds.
0

The following lemma describes the fundamental relation between generators and semi-
groups.

7.10 Lemma. Let (P;);>¢ be a Feller semigroup with generator (A, D(A)).

a) Forallu € ®(A) andt > 0 we have P;u € ©(A). Moreover,

d
Pt = AP =P Au forall u e D(4). 1> 0. (7.10)

b) Forall u € Coo(R?) we have [ Pauds € D(A) and

t
Pu—u= A/ Pauds, u€Cxu(R?), >0 (7.11a)
0
t
= [ APsuds, ue®D(A),t>0 (7.11b)
0
t
= / P;Auds, ue®(A),t>0. (7.11¢)
0

Proof. a) Let0 < € < t and u € ©(A). By the triangle inequality, we obtain the
semigroup and the contraction properties

H PcPu—Pu Poau| = Pryeu—Pu P Au
€ o € o
Pou—u
=P == — P, Au
€ o0
Py —
< UTU_ Au — 0.
€ o0 e—>0

By the definition of the generator, P;u € ©(A) and %Ptu = AP;u = P;Au.
Similarly,

Pou— P;_cu P Au
€ "
<P LT b w4 | PrcAu - PrPodu]|
oo
Pou—u
< 66 — Au Oo—{—HAu—PeAu”OOG—_)—JO.

where we used the strong continuity in the last step.
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This shows that we have ";—:P,u = AP;u = P;Au.

b) Letu € Bp(IR") and ¢, € > 0. By Fubini’s theorem
t t
P. / Pou(x) ds = / / / u () s (2. dy) ds pe(x.dz)
0 0
t t
- / / / u(y) s (2. dy) pe(x. d2) ds = / P Pyu(x) ds.
0 0

and so,
P, —id
€

t 1 t
/0 Pou(x)ds = 2/0 (Pseu(x) — Pou(x))ds

1 t+e 1 €
= / Psu(x)ds — / Pou(x)ds.
€ t € 0

The contraction property and the strong continuity give for r > 0

1 r+e 1 r+e
‘—/ Psu(x)ds — Pru(x)| < —/ | Psu(x) — Pru(x)| ds
€ J, € J,
< sup || Psu — Pl (7.12)
r<s<r+e

< SUp I1Pst —ufloo —= 0
This shows that fot Psuds € ©D(A) as well as (7.11a). If u € D(A), then
d 7.10 !
[ PsAu(x)ds ('=)/ APgu(x)ds
0 0
t
d
(7;0)/ — Pyu(x)ds
0 ds
(7.11a) !
= Pu(x)—u(x) =" A [ Psu(x)ds.
0

This proves (7.11c) and (7.11b) follows now from part a). Ul

7.11 Corollary. Let (P;);>0 be a Feller semigroup with generator (A, D (A)).

a) D(A) is a dense subset of Coo (RY).
b) (A,D(A)) is a closed operator, i. e.

Up)ns1 C D(A), limy,oou, = u, ueD(A) and
(Un)n>1 (4) } . { 013

Au = lim Au,.

(Aupn)n>1 is a Cauchy sequence .

c) If (Ty)¢>o is a further Feller semigroup with generator (A, ©(A)), then P; = T;.

Ex. 19.3
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Proof. a) Letu € Coo(IR9). From (7.11a) we see u¢ 1= €~! foe Psuds € D(A) and,
by an argument similar to (7.12), we find lim¢_¢ ||ue — #]|oo = O.

b) Let (n)n>1 C ©(A) be such that lim, o 4, = ¥ and lim, o AU, = w uni-
formly. Therefore

Pru(x) —u(x) = lim Prty(x) —un(x)

t t
=" lim PsAun(x)ds=/ Psw(x) ds.
0

n—>oo 0

As in (7.12) we find

lim M = lim ! /t Paw(x)ds = w(x)
0

t—>0 t t—0

uniformly for all x, thus u € ©(A) and Au = w.

c) Let0 < s <t andassume that 0 < || < min{¢—s, s}. Then we have foru € D(A)

P, Tou— P, 5T, P, — P, Tou —T,_
t—sdsU htShShu:tshtShTsu+Pt—s—hsuhShu-

Letting & — 0, Lemma 7.10 shows that the function s — P;,_;Tsu, u € D(A), is
differentiable, and

d d d
— P sTou=|—P, s | Tsu+ P;—y —Tsu =—P;_ATsu + P,_sAT,u = 0.
ds ds ds

Thus,
t d s=t
0= / — P sTsu(x)ds = Pi—sTsu(x) = Tyu(x) — Pru(x).
o ds 5=0

Therefore, T,u = P,u forallt > 0 and u € ©(A). Since D(A) is dense in Coo (RY),
we can approximate u € Co,(IR?) by a sequence (u;);>1 C D(A), i.e.

Tru = lim Tyu; = lim Puj = Pou. -
j—o0 J—>00

7.3 The resolvent
Let (P;);>0 be a Feller semigroup. Then the integral
o0
Ugu(x) := f e Pau(x)dt, a>0, x e RY ueBy(RY), (7.14)
0
exists and defines a linear operator U, : By (RY) — By (R?).

7.12 Definition. Let (P;);>o be a Feller semigroup and & > 0. The operator U,, given
by (7.14) is the a-potential operator.
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The a-potential operators share many properties of the semigroup. In particular, we
have the following counterpart of Proposition 7.3.

7.13 Proposition. Let (P;);>¢ be a Feller semigroup with potential operators (Uy) >0
and generator (A, D(A)).

a) alU, is conservative: aU,1 = 1;

b) aU, is a contraction on Bp: ||aUytt|lco < ||U|l0o for all u € Bp;

¢) aUy is positivity preserving: Foru € By we haveu > 0 = aUyu > 0;

d) aUy has the Feller property: If u € Coo, then aUyu € Coo;

e) aly is strongly continuous on Coy: limy o0 ||€Usgtt — t||oo = 05

f) (Uy)a>o is the resolvent: Forall o > 0, o id — A is invertible with a bounded inverse
Uy = (@id—A)71;

g) Resolvent equation: Uyu — Ugu = (B — a)UgUqu for all o, B > 0 and u € By,
In particular, limg_,q, ||Uyu — Ugu||oo = 0 for all u € By.

h) There is a one-to-one relationship between (Py);>o and (Uy)g>o0.

i) The resolvent (Uy)o>o is sub-Markovian if, and only if, the semigroup (P;);>0 is
sub-Markovian: Let 0 < u < 1. Then 0 < P,u < 1 Vit > 0 if, and only if,
O0<aUyu <1 Va > 0.

Proof. a)—c) follow immediately from the integral formula (7.14) for U,u(x) and the
corresponding properties of the Feller semigroup (P;);>o.

d) Since Piu € Co and |ae™ Pu(x)| < ae ™ |lulloo € L'(dr), this follows from
dominated convergence.

e) By the integral representation (7.14) and the triangle inequality we find
o0 o0
IW%M—Mwé/‘anWMPMMMﬁ=/ e | Pyjatt — oo ds.
0 0
As || Pgjqtt — || oo < 2||tt]loo and limg—soq || Ps/a¥ — U ||o = O, the claim follows with

dominated convergence.

f) Forevery € > 0, > 0 and u € Coo(R¢) we have

1
€

1

(PeWar) = Vnar) = = [ e (Prsau = P
0

1 1

o0 o
= / eI Py ds — / e “Pouds
€ Je € Jo

e — 1 o) LY €
= / e “Puds— —/ e “*Pouds.
0 € Jo

€
~——

—a, €0 —>u, €—>0 asin(7.12)

Ex.7.12
Ex. 7.14
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This shows that we have in the sense of uniform convergence

. P.Uu—Uyu
lim ——

=aUyu —u,
e—>0 €

i.e. Uyu € ©(A) and AUyu = aUyu —u. Hence, (0 id—A)Uyu = u forall u € Cup.
Since for u € D(A)

o0 o0
Uy Au =/ e P, Au dt @)A/ e Paudt = AUyu,
0 0

it is easy to see that u = (¢ id —A)Upu = Uy (id —A)u.

This shows that Uj, is the left- and right-inverse of « id —A. Since U, is bounded,
o id —A has a bounded inverse, i.e. @ > 0 is in the resolvent set of A, and (Uy)q>0 1S
the resolvent.

g) Because of f) we see for o, 8 > 0 and u € By,
Ustt — Ugu = Ug ((Bid —A)Uy — id )u = Ug(B — )Ugu = (B — ) U Uyu.
Since aUy and fUpg are contractive, we find

—
1Uatt = Ugttloo = L= 0t BN < | £ = L

po B
h) Formula (7.14) shows that (P;);>¢ defines (Uy)a>0. On the other hand, (7.14)
means that for every x € R? the function v(«) := Uyu(x) is the Laplace transform of
¢(t) := P;u(x). Therefore, v determines ¢ (¢) for Lebesgue almost all # > 0, cf. [170,
Proposition 1.2] for the uniqueness of the Laplace transform. Since ¢ (¢) = P,u(x) is
continuous for u € Cy,, this shows that P,u(x) is uniquely determined for all u € C,
and so is (P;);>o, cf. Remark 7.7.

‘11

[u]lec — 0.
B—a

i) Assume that u € By satisfies 0 < u < 1. From (7.14) we get that 0 < P,u < 1,
t > 0, implies 0 < aUyu < 1. Conversely, let 0 < u < 1 and 0 < aUyu < 1 for all
o > 0. From the resolvent equation g) we see for all u € By withu > 0

- Ugu(x) — Upu(x) o
— Uy =1 =
do Uau(x) ﬂl—rgx a—f

—ﬂlim UgUyu(x) = —UZu(x) < 0.

Iterating this shows that (—1)" j;,, U,u(x) > 0. This means that v(«) := Ujyu(x) is

completely monotone, hence the Laplace transform of a positive measure, cf. Bern-
stein’s theorem [170, Theorem 1.4]. As Uyu(x) = fooo e~ P,u(x) dt, we infer that
P,u(x) > 0 for Lebesgue almost all ¢ > 0.

The formula for the derivative of U, yields that dd—aaUau(x) = (id—aUy)u(x).
By iteration we get (—1)"+! ;‘;IaUau(x) = n!(id —aUy)u(x). Plug in u = 1; then

it follows that Y(a) := 1 — aUxl(x) = fooo ae (1 — P,1(x))dt is completely
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monotone. Thus, P;1(x) < 1 for Lebesgue almost all # > 0, and using the positivity
of P, for the positive function 1 — u, we get P;u < P;1 < 1 for almost all # > 0.
Since t — P,u(x) is continuous if u € C, we see that 0 < P,u(x) < 1 for all
t >0ifu € Cx and 0 < u < 1, and we extend this to u € By with the help of
Remark 7.7. U

7.14 Example. Let (B;);>0 be a Brownian motion and denote by (U )40 the resol-
vent. For all u € B, (R?)

o2y
u(x + y)dy, if d =1,
Uyu(x) = Vl 20 .y .15
_— a .
[ 7d/2 (2—y2) Kq_ (V2ay)u(x + y)dy, if d >2,

where K, (x) is a Bessel function of the third kind, cf. [74, p. 959, 8.432.6 and p. 967,
8.469.3].

Indeed: Let d = 1 and denote by (P;);>o the transition semigroup. Using Fubini’s
theorem we find for & > 0 and u € By (IR)

Ugu(x) =/ e ™ Pou(x)dt
0

oo
— / e ™ Bu(x + B;)dt
0

o
1 2
= e u(x +y) e drdy
//0 V2mt

— [r0Hut+na
where
_ [T —(t+n/2t) g _ € 2am o0 o —(»,/Ott—«/n/_Zt)z
ra(ﬂ) = e dt = e dt.
0o 2mt V20 Jo wt

Changing variables according to ¢ = n/(2as) and dt = —n/(2as?) ds gives

() = e /w,/—n e (Vi7—vas) 4
* S2a Jo 273 '

If we add these two equalities and divide by 2, we get

B e~V2n | oo o n _(m—m)z
re(n) = 7= ) 2\Ws T Vs )¢ &
V2o Vo 2\Vs 255

Ex.7.14
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A further change of variables, y = /as — /n/2s and dy = % (ﬁ + 4/ 2']7) ds,

reveals that
e A /2an

1 o0 2
ra(n) = ol I
* V20 ﬁ —00 V20
For a d-dimensional Brownian motion, d > 2, a similar calculation leads to the
kernel

o 1 1 o
— —(at+n/2t) 40 _
ra (1) —/0 TN dt = 5 (Zn) Kq_;(v/2an)

which cannot be expressed by elementary functions if d > 1.

e~ 2an

The following result is often helpful if we want to determine the domain of the
generator.

7.15 Theorem (Dynkin 1956; Reuter 1957). Let (A, ©(A)) be the generator of a Feller
semigroup and assume that (A, D(2A)) extends (A, D(A)), i.e.

D(A) C D) and Ao = A. (7.16)

If for any u € D(A)
Au =u — u =0, (7.17)

then (A,D(A4)) = (A, D()).
Proof. Pick u € ®(2l) and set
g:=u—Au and h:=({d—A4)"'g e D(A).

Then

h—2h "2 h— Ah = ([d—A)(id—A4)"g = g £ u — Au.

Thus, h —u = A(h—u) and, by (7.17), h = u. Since h € D(A) we getthatu € D(A),
and so D(A) C D(A). O

7.4 The Hille-Yosida theorem and positivity

We will now discuss the structure of generators of strongly continuous contraction
semigroups and Feller semigroups.
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7.16 Theorem (Hille 1948; Yosida 1948; Lumer—Phillips 1961). A linear operator
(A,D(A)) on a Banach space (B, || - ||) is the infinitesimal generator of a strongly
continuous contraction semigroup if, and only if,

a) D(A) is a dense subset of B;
b) A is dissipative, i.e. VA > 0, u € D(A) : ||Au — Au| = A|ull;
c) R(Aid—A) = B for some (or all) A > 0.

We do not give a proof of this theorem but refer the interested reader to Ethier—Kurtz
[61] and Pazy [142]. In fact, Theorem 7.16 is too general for transition semigroups of
stochastic processes. Let us now show which role is played by the positivity and sub-
Markovian property of such semigroups. To keep things simple, we restrict ourselves
to the Banach space 8 = C and Feller semigroups.

7.17 Lemma. Let (P;);>0 be a Feller semigroup with generator (A, ©(A)). Then A
satisfies the positive maximum principle (PMP)

u € 9(A4), u(xg) = sup. u(x) 20 = Au(xg) <0. (7.18)
x€R

For the Laplace operator (7.18) is quite familiar: At a (global) maximum the second
derivative is negative.

Proof. Letu € ©(A) and assume that u(xo) = supu > 0. Since P, preserves positiv-
ity, we getu™ —u > 0and P;(ut —u) > 0or P,ut > P,u. Since u(xy) is positive,
u(xo) = u*(xo) and so

~ | —
~ | —

;(Ptu(xo) —u(x)) < —(PruT(x0) —u™(x0)) < ~(lu"[loo — uF(x0)) = 0.

Letting ¢ — 0 therefore shows Au(xg) = lim,_o 7! (P;u(xo) — u(xo)) < 0. O
In fact, the converse of Lemma 7.17 is also true.

7.18 Lemma. Assume that the linear operator (A, ©(A)) satisfies conditions a) and
¢) of Theorem 7.16 and the PMP (7.18). Then 7.16 b) holds, and both the resolvent
U, = (Aid—A)~! and the semigroup generated by A are positivity preserving.

Proof. Letu € ©(A) and x¢ be such that |u(xg)| = supyere |u(x)|. We may assume
that u(x¢) > 0, otherwise we could consider —u. Then we find for all A > 0

[Au — Au|loo = Au(xo) — Au(xo) = Au(xo) = Al|u] oo-
——

<0 by PMP
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This is 7.16 b). Because of Proposition 7.13 h) it is enough to show that U, preserves
positivity. If we use the PMP for —u, we get Feller’s minimum principle:

v € D(A), v(xg) = inf v(x) <0 = Av(xg) > 0.
x€R4

Now assume that v > 0 and let x( be the minimum point of U, v. Since U, v vanishes
at infinity, it is clear that U v(xo) < 0. By Feller’s minimum principle

AU (x0) = v(x0) "2 AUv(x0) > 0
and, therefore, AUy v(x) > inf, AUyv(x) = AU v(x0) = v(xg) = 0. O

The next result shows that positivity allows us to determine the domain of the gen-
erator using pointwise rather than uniform convergence.

7.19 Theorem. Let (P;);>0 be a Feller semigroup generated by (A, ©(A)). Then

o= {“ € Cao(RY) | 35 € CcoRY) Vx ¢ Jig TV

g(x)} .
(7.19)

Proof. We define the weak generator of (P;);>¢ as

Pou(x) —u(x)

; forall u € D(Ay) and x € R?,

Ayu(x) := lim

t—0

where ®(Ay,) is set on the right-hand side of (7.19). Clearly, (A, D(Ay)) extends

(A,D(A)) and the calculation in the proof of Lemma 7.17 shows that (A, D(A4y))

also satisfies the positive maximum principle. Using the argument of (the first part of

the proof of) Lemma 7.18 we infer that (A, ©(Ay)) is dissipative. In particular, we
find for allu € ©(A4y)

Apyu=u = 0= |lu—Ayu|| 2 |u| = |u|=0 = u=0.

Therefore, Theorem 7.15 shows that (4, D(A4y)) = (4,D(4)). |

7.20 Example. Let (A4, ©(A)) be the generator of the transition semigroup (P;);>o of
a BM?. We know from Example 7.9 that €2 (R?) C D(A).
Ifd = 1,then D(A) = C2(R) = {u € Coo(R) : u,u’,u" € Coo(R)}.

Proof. We know from Proposition 7.13 f) that U, is the inverse of « id —A. In particu-
lar, Uy (Coo(IR)) = D (A). This means that any u € D(A) can be written as u = Uy f
for some f € Coo(RY).
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Using the formula (7.15) for U, from Example 7.14, we see for all f € Coo(R)

Us f(x) = J%_a /_ V2= £(y) dy.

By the differentiability lemma for parameter-dependent integrals, cf. [169, The-
orem 11.5], we find

d o0
A Uaf () = / Y= oy — x) £() dy

—00

oo X
— [ e VEepmray- [ e e

—00

U =V [~ e s 210,

Since ‘;—x Uaf(x)‘ < 24/2aUy| f|(x) and j—;z Uy f(x) = 2aU, f(x)—2f(x), Propo-
sition 7.13 d) shows that U, f € Co0 (RY), thus €2 (RY) D D(A). O

If d > 1, these arguments are no longer valid, we have €2 (R9) & ©(A) and
D(A) = {u € Coo(R?) : (weak derivative) Au € Coo(RY)),

see e. g. [t6—McKean [85, pp. 234-5].

7.5 Dynkin’s characteristic operator

We will now give a probabilistic characterization of the infinitesimal generator. As so
often, a simple martingale relation turns out to be extremely helpful. The following the-
orem should be compared with Theorem 5.6. Recall that a Feller process is a (strong?)
Markov process with right-continuous trajectories whose transition semigroup (P;);>o
is a Feller semigroup. Of course, a Brownian motion is a Feller process.

7.21 Theorem. Let (X;, F;):>0 be a Feller process on R? with transition semigroup Ex. 7.15
(Pt)r>0 and generator (A, D(A)). Then
t

M} = u(X;) —u(x) —/0 Au(X,)dr forall u € D(A)

is an F; martingale.

2 Feller processes have the strong Markov property, see Theorem A.25 in the appendix
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Proof. Letu € ©(A), x € R? and s,¢ > 0. By the Markov property (6.4c),
E* (M, | )
s+t
— (u(Xs+t) —u(x) —/ Au(X,) dr ‘ fF,)
0
t s+t

— EX u(X,) — u(x) —/ Au(X,)dr — F* (/ Au(X,)dr ‘ sr,)

0

: g
= Pau(X;) — u(x) —[ Au(X,)dr — EX (/ Au(Xr)dr)

0 0

— Pau(X,) —u(x)—/ot Au(X,)dr —/OSIEX' (Au(X,))dr

t s
Pou(X;) —u(x) —/ Au(X,)dr —/ P, Au(X;) dr
0 0
—_————
=Psu(X;)—u(X;) by (7.11¢c)

:u(X,)—u(x)—/OzAu(X,)dr:Mt”. |

Ex.7.16 The following result, due to Dynkin, could be obtained from Theorem 7.21 by op-
tional stopping, but we prefer to give an independent proof.

7.22 Proposition (Dynkin 1956). Let (X;,J;):>0 be a Feller process on R? with
transition semigroup (Py);>o, resolvent (Uy)q>0 and generator (A, D(A)). If o is an
a.s. finite F; stopping time, then

Uaf (x) = E* ( / e—“’f(Xt)dr) +E (U f(Xo)). f € Bp(RY) (7.20)
0
forall x € R?. IfE* 6 < oo, then Dynkin’s formula holds
o
E*u(Xy,) —u(x) =FE* (/ Au(X,)dt) , u € D(A). (7.21)
0
Proof. Since 0 < oo a.s., we get

Uy f(x) = E¥ ( [0 e f(X,) dz)

= E* (/0 e f(X,)dt) +E (/6 e f(X,)dt) .
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Using the strong Markov property (6.7), the second integral becomes

E* (/w e f(Xy) dt) = E* (/OO et f(X14o) dt)
o 0

_ [00 E* (e—(x(l‘-i-a) E* [f(Xt+a) | 3~0+]> dr
OOO
_ / e ¥ (90 BXe £(X,)) di
0
= E* (e—w / " eatp, f(X(,)dr)
0
= B (e Uy f(X,)).

If u € ©(A), there is some f € Coo(R?) such that u = U, f, hence f = au — Au.
Using the first identity, we find by dominated convergence

u(x) = E* ( /0 " et f(x)) dt) T E (e“""u(Xo))

= [E* (/G e (au(X,) — Au(X,)) dt) + E* (e_‘wu(Xo))
0

o
—0>—]Ex (/ Au(Xt)dt) + E* (u(Xo)). O
o—> 0

Assume that the filtration (), is right-continuous. Then the first hitting time of
the open set R? \ {x}, 7, := inf{t > 0 : X, # x}, is a stopping time, cf. Lemma 5.7.
One can show that P* (7, > t) = exp(—A(x)t) for some exponent A(x) € [0, o0, see
Theorem A.26 in the appendix. For a Brownian motion we have A(x) = oo, since for
t>0

P*(z, > t) = P* (%)uas x| = o) < P*(|B, — x| = 0) = P(B, = 0) = 0.

Under IP* the random time 7, is the waiting time of the process at the starting point.
Therefore, A(x) tells us how quickly a process leaves its starting point, and we can use
it to give a classification of the starting points.

7.23 Definition. Let (X;);> be a Feller process. A point x € R? is said to be

a) an exponential holding point if 0 < A(x) < oo,
b) an instantaneous point if A(x) = oo,
¢) an absorbing point if A(x) = 0.

7.24 Lemma. Let (X;,J;):>0 be a Feller process with a right-continuous filtration,
transition semigroup (P;);>o and generator (A, D (A)). If x¢ is not absorbing, then
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a) there exists some u € D(A) such that Au(x) # 0;
b) there is an open neighbourhood U = U(x,) of xq such that for V := R \ U the
first hitting time t,, ;= inf{t > 0 : X, € V} satisfies E* 1, < oc.

Proof. a) We show that Aw(x¢) = Oforall w € D(A) implies that x¢ is an absorbing
point. Let v € ©(A). By Lemma 7.10 a) w = P,u € ©(A) and

d

= Piu(xg) = APsu(xp) =0 forall ¢t > 0.

Thus, (7.11b) shows that P;u(xq) = u(xo). Since D(A) is dense in Coo (RY) we get
E* u(X;) = Pu(xo) = u(xo) for all u € Coo (R?). Using the sequence from (7.7),
we can approximate x > T,y (x) from above by (#,)n>0 C Coo(IR?). By monotone
convergence,

P (X = xo) = lim B u,(X;) = lim u,(x0) = Txgy(x0) = 1.
=u, (xo)

Since t — X; is a. s. right-continuous, we find
1 =P (X, = x0 Vg € QN[0,00)) = P* (X, = xo V¢ € [0,00))

which means that x is an absorbing point.

b) If x¢ is not absorbing, then part a) shows that there is some u € ©(A) such that
Au(xg) > 0. Since Au is continuous, there exists some € > 0 and an open neighbour-
hood U = U(xy, €) such that Au|y > € > 0. Let 7;, be the first hitting time of the
open set V' = IR \ U. From Dynkin’s formula (7.21) with o0 = T, An,n =1, we
deduce

Ty An

) —u(x) < 2fufleo-

T, AR

e E*(ty An) <E™ (/ Au(Xy) ds) =E"u(X
0

Finally, monotone convergence shows that E™ 7, < 2|Ju| /€ < o0. O

7.25 Definition (Dynkin 1956). Let (X(¢));>0 be a Feller process and 7} := B ()

the first hitting time of the set B’ (x,r). Dynkin’s characteristic operator is the linear
operator defined by

E* u(X(z)) —u(x)
m
Au(x) := {r—>0 E* ¢
0, if x is absorbing,

, if x is not absorbing,
(7.22)

on the set ©(2A) consisting of all u € B, (IR?Y) such that the limit in (7.22) exists for
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each non-absorbing point x € R¥.
Note that, by Lemma 7.24, E* ;¥ < oo for sufficiently small » > 0.

7.26 Theorem. Let (X;);>o be a Feller process with generator (A, ©(A)) and char-
acteristic operator (2, D (2)).

a) 2 is an extension of A;
b) (AD)=(A,DA)ifD={uecdD®) : Au e (?oo(]Rd)}.

Proof. a) Let u € ©(A) and assume that x is not an absorbing point. Since Au €
Coo(IR?), there exists for every € > 0 an open neighbourhood Uy = Up(e, x) of x
such that

|Au(y) — Au(x)| < e forall y € U,.

Since x is not absorbing, we find some open neighbourhood U; C U, C U, of x
such that E* Tye < 0. By Dynkin’s formula (7.21) for the stopping time 0 = 7_

1 B (x,r)
where B(x,r) C U; C Uy we see

| E u(XrEC(”)) —u(x) — Au(x) E TB"(x,r)‘

=
[0,z

B (x.r)

B (x,r)’

[Au(Xs) — Au(x)| ds) <eE" 1.
)

<€
Thus, lim, ¢ (IE" ulX, - u(x)) /E* T ey = Au(x).
B (x.r) x,r
If x is an absorbing point, Au(x) = 0 by Lemma 7.24 a), hence Au = 2u for all
u € D(A).

b) Since (2, D) satisfies the positive maximum principle (7.18), the claim follows like
Theorem 7.19. U

Let us finally show that processes with continuous sample paths are generated by
differential operators.

7.27 Definition. Let L : ©(L) C B;(R?) — B, (IR?) be a linear operator. It is called
local if for every x € R? and u, w € D(L) satisfying u|p(x.e) = W|B(x.c) in SOMe
open neighbourhood B (x, €) of x we have Lu(x) = Lw(x).

Typical local operators are differential operators and multiplication operators, e. g.
u >y aii(+)0;0;u(- )+ bi(+)d;u(-)+c(-)u(-). Atypical non-local operator
is an integral operator, e. g. u — [p. k(x,y)u(y)dy. A deep result by J. Peetre says
that local operators are essentially differential operators:
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7.28 Theorem (Peetre 1960). Let L : C°(R?) — Gf (R?) be a linear operator where
k > 0 is fixed. If supp Lu C suppu, then Lu = ZaeNg aa(~)3‘%u with finitely many,
uniquely determined distributions a, € D'(R?) (i. e. the topological dual of ex (R?))
which are locally represented by functions of class ek,

Let L be as in Theorem 7.28 and assume that L = A|ege) Where (4,D(A)) is the
generator of a Markov process. Then L has to satisfy the'positive maximum principle
(7.18). In particular, L is at most a second order differential operator. This follows
from the fact that we can find test functions ¢ € €° (R?) such that x is a global
maximum while 9; 0k 0;¢ (xo) has arbitrary sign.

Every Feller process with continuous sample paths has a local generator.

7.29 Theorem. Let (X;);>o be a Feller process with continuous sample paths. Then
the generator (A, D(A)) is a local operator.

Proof. Because of Theorem 7.26 it is enough to show that (2, ©(2l)) is a local oper-
ator. If x is absorbing, this is clear. Assume, therefore, that x is not absorbing. If the
functions u, w € D(2) coincide in B(x, €) for some € > 0, we know for all » < €

u (X(IBC (x’r))) =w (X(th (x’r)))

since, by the continuity of the trajectories, X (g, r)) € B(x,r) C B(x,¢). Thus,
Au(x) = Aw(x). O

If the domain ®(A) is sufficiently rich, e. g. if it contains the test functions €°(IR¥),
then the local property of A follows from the speed of the process moving away from
its starting point.

7.30 Theorem. Let (X;);>¢ be a Feller process such that the test functions C° (R?)
are in the domain of the generator (A, D (A)). Then (A, C(IR?)) is a local operator
if, and only if,

1
Ve >0, r >0, K CR? compact : lim su sup P*(r > |X; — x| > ¢€) = 0.
h—0t<h x€ h (7 23)
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Proof. Fix x € R? and assume that u, w € €°(R%) C D(A) coincide on B(x, ¢) for
some € > 0. Moreover, pick r in such a way that suppu U suppw C B(x, r). Then

E*u(X;)—u(x) 3 E*w(X;) —w(x)
t t

|[Au(x) — Aw(x)| = tlin(l)‘

= lim + |E* (u(X,) — w(Xy))|

t—>0 f

o1
< lim — [u(y) —w(y)| P*(X; € dy)
150 [ JRd ~———
=0for|y—x|<eor|ly—x|>r

1
<l — wloo lim — P*(r > |X; — x| > €) a2
t—0 f

Conversely, assume that (4, €2°(IR9)) is local. Fix € > 0,7 > 3¢, pick any compact
set K and cover it by finitely many balls B(x;,¢), j = 1,..., N.
Since €°(R?) C D(A), there exist functions u; € €°(R?), j = 1,..., N, with  Ex.7.8

uj 20, ujlBe,eo =0 and uj|ﬁ(x(,—,r+e))\IB(x,-,2e) =1

and
) 1 .
tlg%‘?(Ptuj—uj)—Auj N =0 forall j=1,...,N.

Therefore, there is for every § > O and all j = 1,..., N some h = hg > 0 such that

forall t < h and all x € R?
1
” | u; (X,) —uj(x) — tAuj(x)] < 6.
If x € B(xj,€), then u;(x) = 0 and, by locality, Au;(x) = 0. Thus
1 X
forx € B(x;,€) andr > |X; — x| > 3e we have r + € > |X; — x| > 2e, therefore
1. 1. 1
;IP (r > | X, — x| > 36) < ;IP (r—l—e > | X; — x| >2€) < ;P,uj(x) < 6.

This proves

1

i 7 SRR > e x> 30
— 1
<l ~P* X, — 3¢) < 6. ]
Jim sup sup - P (r > | X; — x| > 3¢)
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7.31 Further reading. Semigroups in probability theory are nicely treated in the first
chapter of [61]; the presentation in (the first volume of) [54] is still up-to-date. Both
sources approach things from the analysis side. The survey paper [82] gives a brief self-
contained introduction from a probabilistic point of view. The Japanese school has a
long tradition approaching stochastic processes through semigroups, see for example
[83] and [84]. We did not touch the topic of quadratic forms induced by a generator,
so-called Dirichlet forms. The classic text is [70].

[54] Dynkin: Markov Processes (volume 1).

[61] Ethier, Kurtz: Markov Processes. Characterization and Convergence.

[70] Fukushima, Oshima, Takeda: Dirichlet Forms and Symmetric Markov Processes.
[82] Ito: Semigroups in Probability Theory.

[83] Itd: Stochastic Processes.

[84] 1to: Essentials of Stochastic Processes.

Problems

1. Show that Cop := {u : R¢ — R : continuous and lim|y|—co u(x) = 0} equipped
with the uniform topology is a Banach space. Show that in this topology C is the
closure of C,, i. e. the family of continuous functions with compact support.

2. Let (B;);>0 be a BM“ (or a Feller process) with transition semigroup (P;);>o.
Show, using arguments similar to those in the proof of Proposition 7.3 f), that
(t,x,u) — P,u(x) is continuous. As usual, we equip [0,00) X R? x Cu(IR?)
with the norm |¢| + |x| + ||| o-

3. Let (X;);>0 be a d-dimensional Feller process and let f, g € Coo(IR?). Show that
the function x — E*(f(X;)g(X;4s)) is also in Coo (R?).
Hint: Markov property.

4. Let (B);>0o bea BM¢ and set u(t, x) := P,u(x). Adapt the proof of Proposi-
tion 7.3 g) and show that for u € B, (IR?) the function u(¢, -) € €* and u € €2
(i. e. once continuously differentiable in ¢, twice continuously differentiable in x).

5. Let (Py):>0 be the transition semigroup of a BM¢? and denote by L7, 1 < p < o0,
the space of pth power integrable functions with respect to Lebesgue measure on
R?. Set u,, := (—n) Au Vv n forevery u € L?. Verify that
@) u, € Bp(R4) N LP(R?) and L?-limp, 00 Uy = U.

(b) f’,u := lim,, o P;u, extends P; and gives a contraction semigroup on L?.
Hint: Use Young’s inequality for convolutions, see e.g. [169, Theorem 14.6].

(©) f’t is sub-Markovian, i.e.if u € L? and 0 < u < l a.e.,then 0 < ﬁ,u <1
a.e.
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10.

11.

. Show that the set-functions py,

(d) P, is strongly continuous, i.e. limy_q | Psu — u||z» = O forallu € L?.
Hint: Foru € L?, y — |u(- + y) — u||r» is continuous, cf. [169, Theorem
14.8].

. Let (T}):>0 be a Markov semigroup given by Tyu(x) = [p. u(y) p:(x,dy) where

p:(x, C) is akernel in the sense of Remark 7.6. Show that the semigroup property
of (T)>0 entails the Chapman—Kolmogorov equations

p,+s(x,C)=/ p:(»,C) ps(x,dy) forall x e RY and C € B(RY).
R4

. (Cyx---xC,) in Remark 7.6 define measures
on B(R? ™).

. (a) Letd(x, A) := inf,c 4 |x — a| be the distance between the point x € R? and

the set A € B(R?). Show that x > d(x, A) is continuous.

(b) Let u, be as in (7.7). Show that u,, € C.(R?) and infu, (x) = lg. Draw a
picture if d = 1 and K = [0, 1].

(c) Let y, be a sequence of type 8, i.e. y, € C(IR?), supp x» C B(0, 1/n),
Xn = 0and [ y,(x)dx = 1. Show that v, := y, *u, € e§°(1Rd) are smooth
functions such that lim,, ., v, = lg.

Let A, B € R and set P; :=exp(1A4) := Y 72, A7 /j!.
(a) Show that P; is a strongly continuous semigroup. Is it contractive?
(b) Show that 44 exists and that 2e'4 = Ae'4 = ' 4.
(c) Show that e’e’® = ¢'Be'4 Vi <= AB = BA.
Hint: Differentiate e’4e’8 att = 0 and s = 0.
(d) (Trotter product formula) Show that e4t8 = limy_, o (e4/keB/*)k,

Let (P;)¢>0 and (T})¢>0 be two Feller semigroups with generators A and B, re-

spectively.

(a) Show that £ P,_ T, = P,_ AT, — P,_,BT,.

(b) Is it possible that U, := T; P, is again a Feller semigroup?

(c) (Trotter product formula) Assume that U; f := 1im, 00 (T /n Ptjn)" [ eXists
strongly and locally uniformly for ¢. Show that U, is a Feller semigroup and
determine its generator.

Complete the following alternative argument for Example 7.20.

(2) Show thatu, (x)—u,(0)—xu,(0) = [y [J ul(z)dzdy — [y [) 2g(z)dzdy
uniformly. Conclude that ¢’ := lim, . u},(0) exists.

(b) Show that u), (x) —u,, (0) — fox £(2) dz uniformly. Deduce from this and part
a) that u,(x) converges uniformly to fox 2g(z)dt + ¢’ and that the constant
¢ = ffoo g(2) dz.

(c) Use a) and b) to show that u,(x) —u,(0) — [, /”. 2g(z) dz uniformly and
argue that u, (x) has the uniform limit [* _ [* 2g(z) dzdy.
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12. Let U, be the a-potential operator of a BM?. Give a probabilistic interpretation
of Uyle and limy_,q U,lc if C C IR? is a Borel set.

13. Let (Uy)q>0 be the a-potential operator of a BM?. Use the resolvent equation to
prove the following formulae for f € By and x € R?:

L e f0) = DU f )
da®

and
n

(@Uy) f(x) = n!(=1)""1(id —aUs) f (x).
da”

14. Let (B;)s>0 be a BM¢?. Then Uf = limy_¢ Uy f is called the zero-potential or
potential operator and Nu := limy_,¢(aid —A)~'u is the zero-resolvent.
(a) Show that Uf = Nf = [° P, f dt.

(b) Show that Uf(x) = [ f(y)g(x — y) dy where g = % |x[>=¢,d > 3.

15. Let (B;):>0 be a BM! and consider the two-dimensional process X; := (¢, B;),
t>0.
(a) Show that (X,),>0 is a Feller process.
(b) Determine the associated transition semigroup, resolvent and generator.
(c) State and prove Theorem 7.21 for this process and compare the result with
Theorem 5.6

16. Show that Proposition 7.22 follows from Theorem 7.21.
17. Lett — X, be a right-continuous stochastic process. Show that for closed sets F'

P(X, e F Vte RY) =P(X, € F Yq Q).



Chapter 8

The PDE connection

We want to discuss some relations between partial differential equations (PDEs) and
Brownian motion. For many classical PDE problems probability theory yields concrete
representation formulae for the solutions in the form of expected values of a Brownian
functional. These formulae can be used to get generalized solutions of PDEs (which
require less smoothness of the initial/boundary data or the boundary itself) and they are
amenable to Monte—Carlo simulations. Purely probabilistic existence proofs for clas-
sical PDE problems are, however, rare: Classical solutions require smoothness, which
does usually not follow from martingale methods.! This explains the role of Proposi-
tion 7.3 g) and Proposition 8.10. Let us point out that %A has two meanings: On the
domain ®(A), it is the generator of a Brownian motion, but it can also be seen as par-
tial differential operator L = Zikﬂ d; which acts on all € functions. Of course, on
€2, both meanings coincide, and it is this observation which makes the method work.

The origin of the probabilistic approach are the pioneering papers by Kakutani
[96,97], Kac [90,91] and Doob [41]. As an illustration of the method we begin with the
elementary (inhomogeneous) heat equation. In this context, classical PDE methods are
certainly superior to the clumsy-looking Brownian motion machinery. Its elegance and
effectiveness become obvious in the Feynman—Kac formula and the Dirichlet problem
which we discuss in Sections 8.3 and 8.4. Moreover, since many second-order differ-
ential operators generate diffusion processes, see Chapter 19, only minor changes in
our proofs yield similar representation formulae for the corresponding PDE problems.

A martingale relation is the key ingredient. Let (B, F;);>¢ be a BM¢. Recall from
Theorem 5.6 that for u € €12((0, 00) x R¢) N €([0, 00) x R?) satisfying

@, x)|  nlout,x)| < |0%ult, x)

ot +,Z=; 0x; * Z 0x; 0xg

k=1
forall # > 0 and x € R¢ with some constant C > 0 and a locally bounded function

¢ : (0,00) — [0, 00), the process
Sra 1
M} =u(t —s, Bg) —u(t, By) +/ (5 — EAX) u(t—r, B,)dr, s €10,1), (8.2)
0

is an F; martingale for every measure IP¥, i.e. for every starting point By = x of a
Brownian motion.

<e() e @8

lu(t, x)| +

1 A notable exception is, of course, Malliavin’s calculus, cf. [126, 128]
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8.1 The heat equation

In Chapter 7 we have seen that the Laplacian (% A, D(A)) is the infinitesimal generator
of a BM¢. In fact, applying Lemma 7.10 to a Brownian motion yields

d 1
EtPtf(x) = EAXP,f(x) forall f € D(A).
Setting u(¢, x) := P, f(x) = E* f(B;) this almost proves the following lemma.

8.1 Lemma. Let (B,);>0 beaBM?, f € D(A) andu(t,x) := E*f(B,). Thenu(t, x)
is the unique bounded solution of the heat equation with initial value f,

0 1
gu(t,x) — EAxu(Z,x) =0, (8.3a)
u(0,x) = f(x). (8.3b)

Proof. 1t remains to show uniqueness. Let u(#, x) be a bounded solution of (8.3). Its
Laplace transform is given by

vy(x) = /Ooou(t,x) e M dr.

Since we may differentiate under the integral sign, we get
1 *1 —At
)tv,x(x)—EAxv;\(x) = Avy(x) — EAxu(Z,x)e dt
0

o0
0
= Avy(x) —/ o u(t, x) e dr.
o Ot

Integration by parts and (8.3b) yield

)
0

1 o0
(A id—EAx) vA(x) = Ava(x) +f u(t,x)a%e_’“ dr—u(t,x)e
0

Since the equation (Aid—1A,)vy = f, f € D(A), A > 0, has the unique solution
vy = U, f where U, is the resolvent operator, and since the Laplace transform is
unique, cf. [170, Proposition 1.2], we conclude that u (¢, x) is unique. O

Lemma 8.1 is a PDE proof. Let us sketch a further, more probabilistic approach,
which will be important if we consider more complicated PDE:s. It is, admittedly, too
complicated for the simple setting considered in Lemma 8.1, but it allows us to remove
the restriction that f € D(A), see the discussion in Remark 8.4 below.
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8.2 Probabilistic proof of Lemma 8.1. Unigueness: Assume that u(¢, x) satisfies (8.1)
and |u(t, x)| < ce™on [0, T] x R? where ¢ = c7. By (8.2),

0

$ 1
M = u(t —s, By) —u(t, By) —i—/ — — =Ay )u(t —r, B;)dr,
o \dt 2

=0 by (8.3a)

is a martingale w. 1. t. (Fy)sefo,r), and so is N 1= u(t —s, By), s € [0, ¢). By assump-
tion, u is exponentially bounded. Therefore, (N¥)se[o,r) is dominated by the integrable
function ¢ supo<s<; €xp(c | Bg|), hence uniformly integrable. By the martingale con-
vergence theorem, Theorem A.6, the limit lim,_,; N exists a. s. and in L'. Thus,

u(t,x) = Eu(t, By) = B* N§' = limE* N} = E* N P EX £(B,),

which shows that the initial condition f uniquely determines the solution.

Existence: Set u(t,x) := E* f(B;) = P,f(x) and assume that f € D(A).
Lemma 7.10 together with an obvious modification of the proof of Proposition 7.3 g)
show that u is in C1?((0, 00) x R%) N C([0, 00) x R¥) and satisfies (8.1). Therefore,
(8.2) tells us that

fro 1
MY = u(t—s,Bs)—u(t,Bo)—}—f (g—zAx) u(t —r, By)dr
0

is a martingale. On the other hand, the Markov property reveals that
u(t —s. By) = E™ f(Bi—s) = E*(f(B)|Fy). 0<s<t,

3
ot
paths of bounded variation, it is identically zero on [0, t), cf. Proposition A.22, and
(8.3a) follows. ]

is a martingale, and so is fos ( — %Ax) u(t—r, B,)dr,s < t.Since it has continuous

The proof of Proposition 7.4 g) shows that the map (¢, x) — P; f(x) = E* f(B,),
t > 0,x € R?, is smooth. This allows us to extend the probabilistic approach using a
localization technique described in Remark 8.4 below.

8.3 Theorem. Let (B,),;>0 be a BM? and f € B(RY) such that | f(x)| < C e,
Then u(t, x) := E* f(By) is the unique solution to the heat equation (8.3) satisfying
the growth estimate |u(x,t)| < Ce€*l.

The growth estimate in the statement of Theorem 8.3 is essential for the uniqueness,
cf. John [89, Chapter 7.1].

Ex. 8.2
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8.4 Remark (Localization). Let (B;);>¢ be a d-dimensional Brownian motion, u €
e12((0, 00) x RY) N ([0, 00) x R¥), fix t > 0, and consider the following sequence
of stopping times

=inf{s>0: [Bs|>n}A(t—n""), n>1/t. (8.4)

Forevery n > 1/t we pick some cut-off function y € €%([0, co) x R?) with compact
support, Xnl[o,1/2n]xre = 0 and xy,|(1/n,n)xB(0,n) = 1. Clearly, for M as in (8.2),

MY =MX", forall s€[0,7) and n>1/t.

SAT,

Since y,u € €, satisfies (8.1), (M&"™, Fy)sefo,r) is, for each n > 1/¢, a bounded
martingale. By optional stopping, Remark A.21,

(M" ?S)se[o,t) is a bounded martingale for all u € 2 andn > 1/t. (8.5)

SAT,’

Assume that u € C?((0, 0co) xIR¢). Replacing in the probabilistic proof 8.2 By, M s
and N¥ by the stopped versions B MY —and N’ ., we see that?

saz Mg, o
SAT, [
My, =u(t—s AT, By, )—ult, Bo) + /0 (5 T )u(z —r, B,)dr,
=0 by (8.32)
and N* = u(t —s At,, By, ). s €0,1), are for every n > 1/t bounded mar-

SATy,

tingales. In particular, IE* NO” = E*NY forall s € [0,7), and by the martingale
convergence theorem we get

u(t,x) =E u(t,B)) = E* N} = lirr}]Ex NS”A = E* N¥
S—>

AT,
Aslim, o 7, =1 a.s., we see

u(t,x) =E* N} = lim B u(t —1 At B,y ) = EVu(0, B,) 2 E* £(B,),
—00

ATy t/\r

which shows that the solution is unique.

To see that u(t, x) := P, f(x) is a solution, we assume that f(x) < Ce€™*I. We
can adapt the proof of Proposition 7.3 g) to see that u € €"?((0, o) x R¢). Therefore,
(8.5) shows that (MS“ , Fs)sefo,n) 18, forevery n > 1/t, abounded martingale. By the
Markov property

u(t —s, By) = E® f(Bi—y) = E*(f(B,)|F,), 0<s<t,

and by optional stopping (u(t — s A T ). Fs)selo,r) is for every n > 1/t a

s ATy

martingale. This implies that f SN (— — —A x) u(t — r, B;)dr is a martingale with

2 Note that f(fAr" ceedr= f[o.sAr,l) nedr
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continuous paths of bounded variation. Hence, it is identically zero on [0,f A 7,), cf. Ex. 8.2
Proposition A.22. As lim, .« 7,, = t, (8.3a) follows.

8.2 The inhomogeneous initial value problem

If we replace the right-hand side of the heat equation (8.3a) with some function g(z, x),
we get the following inhomogeneous initial value problem.

el 1
Ev(t,x) — EAxv(I,x) = g(t,x), (8.6a)
v(0,x) = f(x). (8.6b)

Assume that u solves the corresponding homogeneous problem (8.3). If w solves
the inhomogeneous problem (8.6) with zero initial condition f = 0,then v = u + w
is a solution of (8.6). Therefore, it is customary to consider

0 1
Ev(t,x) - EAxv(t,x) = g(t,x), (8.7a)
v(0,x) =0 (8.7b)

instead of (8.6). Let us use the probabilistic approach of Section 8.1 to develop an
educated guess about the solution to (8.7).

Let v(¢, x) be a solution to (8.7) which is bounded and sufficiently smooth (C'-? and
(8.1) will do). Then, for s € [0, 1),

N

M} = v(t —s, By) —v(t, By) + [ (%v(z —r, B — %Axv(t -7, Br)) dr
0

=g(t—r,By) by (8.7a)

is amartingale, and sois N := v(t—s, BS)—i—fOS g(t—r, B;)dr,s € [0,t);inparticular,
E* Ny =E* N/} forall s € [0, ). If we can use the martingale convergence theorem,
e. g. if the martingale is uniformly integrable, we can let s — ¢ and get

t
v(t,x) = E* N§ = limE* N} = E* N} G g (/ g(t —r, B,)dr) .
s> 0

This consideration already yields uniqueness. For the existence we have to make sure
that we can perform all manipulations in the above calculation. With some effort we
can justify everything if g(¢, x) is bounded or if g = g(x) is from the so-called Kato
class. For the sake of clarity, we content ourselves with the following simple version.
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8.5 Theorem. Let (B,);>0 be a BM? and g € D(A). Then the unique solution of
the inhomogeneous initial value problem (8.7) satisfying |v(t,x)| < C't is given by
v(t, x) = E* [; g(By)ds.

Proof. Since v(t, x) = fol E* g(By)ds = fot Pyg(x)ds, Lemma 7.10 and a variation
of the proof of Proposition 7.3 g) imply that v € G;’Z((O, o0) x R9). This means that
the heuristic derivation of v (¢, x) furnishes a uniqueness proof.

To see that v(¢, x) is indeed a solution, we use (8.2) and conclude that

Sra 1
M; =v(t —s, Bg) —v(t, B0)+/ (———Ax) v(t —r, By)dr
o \0r 2

N

— ot —s. By) +/ ¢(B,) dr— (1. Bo)
0

$ Jd 1
+ /0 [(E — EAx) vt —r, By — g(B,)] dr

is a martingale. On the other hand, the Markov property gives for all s < ¢,

E* (/Otg(B,)a’r ) ffs) - /Osg(B,)dr—HEx (/stg(B,)dr ‘ sg)
¥
)

= /0 g(B,)dr + E* (/OH g(Brs)dr

-/ g(B,)dr + EP: ( / ) dr)

= /S g(By)dr+ v(t —s, By).
0

This shows that the right-hand side is for s < ¢ a martingale.

Consequently, |, é%v(l —r.B) —3Av(t -1, B,) — g(Br)) dr is a martingale
with continuous paths of bounded variation; by Proposition A.22 it is zero on [0, 1),
and (8.7a) follows. ]

If g = g(x) does not depend on time, we can use the localization technique de-
scribed in Remark 8.4 to show that Theorem 8.5 remains valid if g € Bj(IR¢). This
requires a modification of the proof of Proposition 7.3 g) to see that the function
v(t,x) ;= E* (fot g(B,)dr) is in C12((0, 00) x R?). Then the proof is similar to
the one for the heat equation described in Remark 8.4. As soon as g depends on time,
g = g(t, x), things become messy, cf. [49, Chapter 8.2].
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8.3 The Feynman—-Kac formula

We have seen in Section 8.2 that the inhomogeneous initial value problem (8.7) is
solved by the expectation of the random variable G; = f(f g(B;)dr. Itis an interesting
question whether we can find out more about the probability distributions of G, and
(B¢, Gy). A natural approach would be to compute the joint characteristic function
E*[exp(i£G; + i (n, B;))]. Let us consider the more general problem to calculate

t
w(t,x) ;= E* (f(B)e“) where C,:= [ c(B,)dr
0
for some functions f,c : R — C. Setting f(x) = ¢'"*) and ¢(x) = i&g(x) brings

us back to the original question. We will show that, under suitable conditions on f and
¢, the function w(¢, x) is the unique solution to the following initial value problem

% w(t, x) — % Axw(t,x) —c(x)w(t,x) =0, (8.8a)
w(t, x) is continuous and w(0, x) = f(x). (8.8b)

Considering real and imaginary parts separately, we may assume that f and ¢ are
real-valued.

Let us follow the same strategy as in Sections 8.1 and 8.2. Assume that w € C'2
is a solution to (8.8) which satisfies (8.1). If c(x) is bounded, we can apply (8.2) to
w(t — s, x)exp(Cy) fors € [0, ). Since % exp(C;) = c(By) exp(C;), we see that for
s €[0,1)

Ja 1

N
MY = w( —s, By)eS —w(t, By) + / (5 - EAx - C(Br)) w(t —r, By) e dr
0

=0 by (8.8)

is a uniformly integrable martingale with respect to the filtration (Fs)se[o,r). Thus
NP = (w(t — s, By) exp(Cs), Fs)sefo,r) is a uniformly integrable martingale. Since
E* Ny = E*NpP for all s € [0,¢), the martingale convergence theorem, The-
orem A.7, gives

W(t,X) — E* w(t,Bo) — E* N()w — }1_1,2 E* wa — E* Ntw (8£b) E* (f(Bt)ecz) .

This reveals both the structure of the solution and its uniqueness. To show with martin-
gale methods that w(z, x) := E* (f (B,)ecl) solves (8.8) requires a priori knowledge
that w is smooth, e. g. w € @"? — but this is quite hard to check, even if f € D(A)
and ¢ € €, (R?).

Therefore, we use semigroup methods to show the next theorem.
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8.6 Theorem (Kac 1949). Let (B;);>0 be a BM?, f € D(A) and ¢ € Cp(IR?). The
unique solution to the initial value problem (8.8) is given by

w(t,x) =FE* [f(B,) exp (/Ot c(By) dr)} . (8.9)

This solution is bounded by e*' where o = supyega ¢(x).
The representation formula (8.9) is called Feynman—Kac formula.

Proof of Theorem 8.6. Denote by P, the Brownian semigroup. Set C; := fot c(B,)dr
and Tyu(x) := B*(u(B,)e ). If we can show that (T;),>¢ is a Feller semigroup
with generator Au = %Au + cu, we are done: Existence follows from Lemma 7.10,
uniqueness from the fact that A has a resolvent which is uniquely determined by 77,
cf. Proposition 7.13.

Since
| Tru(x)| < e *Pxexd “O B [1(By)] < €™ |l oo

<
the operator T; is, in general, only a contraction if & < 0. Let us assume this for the
time being and show that (7}),> is a Feller semigroup.

a) Positivity is clear from the very definition.

b) Feller property: For all u € Coo(R?) we have

Tiu(x) =E* I:u(Bt) exp (/t c(By) dr)]
0
=E |:u(B, + Xx) exp (/t c(B, + x)dr):| .
0

A straightforward application of the dominated convergence theorem yields
limy,_, x T;u(y) = Tyu(x) and lim x|~ T7u(x) = 0. Thus, T;u € Coo(RY).

c) Strong continuity: Let u € Coo(R?) and ¢ > 0. Using the elementary inequality
1 —e€ < |c| forall ¢ <0, we get

I Tu(x) —u(x)| < |E* (u(B) (e — 1))| + [E* (u(B) — u(x))]
[ulloo BY [Ce| + [ Prut — 0o

<|
< |
< tHullsollelloo + | Prtt — 1| oo-

Since the Brownian semigroup (P;),>¢ is strongly continuous on Co,(IRY), the
strong continuity of (7;);>¢ follows.
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d) Semigroup property: Let s,t > 0 and u € Cu(IR). Using the tower property of
conditional expectation and the Markov property, we see

Tyysu(x) = E* _u(B,H)efé“c(Br)dr]

— E* [E* (M(Bt+s)efft+sC(B’)d"efgC(B’)d’

| )

— IEx IEx (M(Bt+_y)€fé c¢(Br4s)dr gs) ef(: C(Br)dr:|
— F* g5 (u(B,)eﬂ; c(Br)dr) ol c(Br)dr]
= X[ 11/ (By)ela e ]

= TT; f(x).

Because of Theorem 7.19, we may calculate the generator A using pointwise conver-
gence: For all u € ©(A) and x € R?

. Tiu(x) —u(x) . Tyu(x) — Pru(x) . Pu(x) —u(x)
lim ———— = lim + Iim —.
t—0 t t—0 t t—0 t

The second limit equals %Au(x); since (e¢* — 1)/t — c(By) boundedly — cf. the
estimate in the proof of the strong continuity c) — we can use dominated convergence
and find

C;

-1
lim [E* (u(Bt) ¢ ) — E* (u(Bo)c(Bo)) = u(x)e(x).
t—
This completes the proof in the case o < 0.
If « > 0 we can consider the following auxiliary problem: Replace in (8.8) the func-
tion ¢(x) by ¢(x) —a. From the first part we know that e T; f = ¥ ( f(B;)e“ ™)
is the unique solution of the auxiliary problem

(3—%A—c(~)+a)e°"T,f = 0.

ot
On the other hand,
d d
_e—ottT — —OttT —Ott_T .
7 o f oe f e T t /)
and this shows that T} f is the unique solution of the original problem. O

8.7 An Application: Lévy’s arc-sine law (Lévy 1939. Kac 1949). Denote by (B;);>0
a BM! and by G, := fot L0,00)(Bs) ds the total amount of time a Brownian motion
spends in the positive half-axis up to time ¢. Lévy showed in [119] that G, has an

Ex. 8.10



122 Chapter 8 The PDE connection

arc-sine distribution:

f 2
P° ([ (0,00 (Bs) ds < x) = = arcsin ,/?, 0o<x<t  (8.10)
0

We calculate the Laplace transform g, () = E%eG: o > 0, to identify the
probability distribution. Define for A > 0 and x € R

va(x) = / e ME* e7Cr gt = / e MEX (]]-]R(Bt) ek ]1<°‘°°)(B*“)ds) dr.
0 0

Assume for a moment that we could apply Theorem 8.6 with f(x) = lgr(x) and
c(x) = —al,c0)(x). Then A — v, (x) is be the Laplace transform of the function
w(t,x) = E*(Ar(B;) - €7@ Io Lo.00(Bs)ds) which, by Theorem 8.6, is the solution of
the initial value problem (8.8). A short calculation shows that the Laplace transform
satisfies the following linear ODE:

% vy (x) — al(0,00)(X) Vs (x) = Ava(x) —IR(x) forall x € R\ {0}. (8.11)

This ODE is, with suitable initial conditions, uniquely solvable in (—oo, 0) and (0, c0).
It will become clear from the approximation below that v, is of class €' N € on the
whole real line. Therefore we can prescribe conditions in x = 0 such that v, is the
unique bounded € ! solution of (8.11). With the usual Ansatz for linear second-order
ODE:s, we get

1
X + Clemx + C2€_mxv X < 0’

vi(x) = .

o+ A

+ C3e»,/2(ot+/l)x + C4e—«/2(ot+/l)x, x> 0.

Let us determine the constants C;, j = 1,2, 3, 4. The boundedness of the function v},
gives C, = C3 = 0. Since v, and vi are continuous at x = 0, we get

1 1
vA(0+) = m +Cy = 1 + C1 = va(0-),

Vi (04) = —v2(a + A1) Cy = V21 C; = v} (0-).

Solving for C; gives C; = —A~! + (A(A + ))~"/2, and so

o0
v(0) = / e ME®(e7C ) dr =
0

1
VAR +a)
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On the other hand, by Fubini’s theorem and the formula f0°° J% et dr = ﬁ:

IS )L 2 /2 24 00 5 t e or
e M= e s g0 dr =[ e t/ ————— drdt
/0 77/0 0 o wyr(t—r)

dtdr

/OO e /OO e At
B VT JVar(t—r)
—(a-Hk)r [e’e] e—)ks
=/ ds
0 ATTS

,/(x T a)k

Because of the uniqueness of the Laplace transform, cf. [170, Proposition 1.2], we
conclude

2 (72 . 2 (! [x
go(t) = E% ™0 = —/ emtsin?0 g — —/ e ** d, arcsin [ —,
T Jo T Jo t

and, again by the uniqueness of the Laplace transform, we get (8.10).

Let us now justify the formal manipulations that led to (8.11). In order to apply
Theorem 8.6, we cut and smooth the functions f(x) = Ir(x) and g(x) = L(0,00)(X).
Pick a sequence of cut-off functions y, € C.(IR) such that 1_, ,; < x» < 1, and
define g,(x) = 0V (nx) A 1. Then x, € D(A), g» € Cp(R), supy>1 x» = Ir and
SUp,>0 &» = &. By Theorem 8.6,

Wy (2, x) == B ()(,,(B,)e_‘" fs g"<3s>dS) dr, t>0, x €R,

is, for each n > 1, the unique bounded solution of the initial value problem (8.8) with
f = fnand c = g,; note that the bound from Theorem 8.6 does not depend onn > 1.
The Laplace transform A +— vy, 3 (x) of w, (¢, x) is the unique bounded solution of the
ODE

1
5 vn ,l(x) _a)(n(x)vn A(x) = Avy, A(x) gn(x), xelR. (8.12)

Integrating two times, one can show that lim,, . v, 1 (X) = v (x),lim,_ v; a(x) =
v; (x) forall x € R and lim, vn 5 (x) = vy (x) for all x # 0; moreover, we have
v € C'(R), cf. Problem 8.3.

8.4 The Dirichlet problem

Up to now we have considered parabolic initial value problems. In this section we focus
on the most basic elliptic boundary value problem, Dirichlet’s problem for the Laplace
operator with zero boundary data. Throughout this section D C IR¢ is a bounded open

Ex. 8.3
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and connected domain, and we write D = D \ D for its boundary; (B;),>¢ is a BM¥
starting from Bg = x,and v = 7, = inf{t > 0 : B; ¢ D} is the first exit time
from the set D. We assume that the (B;),>¢ is adapted to a right-continuous filtration
() t>0.3 We are interested in the following question: Find some function u on D with
the following properties

Au(x) =0 forxe D (8.132)
u(x) = f(x) forx € dD (8.13b)
u is continuous in D. (8.13¢)

To get a feeling for the problem, we use similar heuristic arguments as in Sections 8.1—
8.3. Assume that u is a solution of the Dirichlet problem (8.13). If dD is smooth, we
can extend 1 onto R¢ in such a way that u € C%(IR?) with supp u compact. Therefore,
we can apply (8.2) with ¥ = u(x) to see that

t

M} = u(B;) — u(By) —/ %Au(B,)dr

0

u
tAT?

is a bounded martingale. By optional stopping, (M
see that*

JFt)¢>0 is a martingale, and we

INT

M. = u(Byre) — u(Bo) — / S Au(By) dr = u(Bure) — u(Bo)
0 [ —

=0 by (8.13a)

Therefore, N*

AT
forall r > 0.1If T = 7. < 00, the martingale convergence theorem yields

:= u(By) is abounded martingale. In particular, E* N} = E* N}, _

tAT

u(x) = B Ny = lim B Nj\, = E* NY = B u(B:) "2 B* f(Bo).
—>00

Figure 8.1. Exit time and position of a Brownian motion from the set D.

A condition for this can be found in Theorem 6.21.
4 Note that f3"\* -+ dr = Jiouney o dr
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This shows that E* f(B;) is a good candidate for the solution of (8.13). But before
we go on, let us quickly check that 7 is indeed a. s. finite. The following result is similar
to Lemma 7.24.

8.8 Lemma. Let (B;);>0 be a BM¢? and D C R? be an open and bounded set. Then
E* 1. < 0o where tj,. is the first hitting time of D°.

Proof. Because of Lemma 5.8, T = 7. is a stopping time. Since D is bounded, there
is some r > 0 such that D C B(0,r). Define u(x) := —exp(—|x|?/4r?). Then
u € €2 (RY) C ®(A) and, for all |x| < r,

1 1 d |X|2 —|x[2/4r2 1 d 1 ~1/4
EAM(X):E(ﬁ—F e * r 25 ﬁ—m e =1k > 0.

Therefore, we can use Dynkin’s formula (7.21) with o = © A n to get
AR 1
k EX(t An) < E* (/ EAu(B,) dr) =E* u(Boprn) —u(x) < 2|ulleo = 2.
0
By Fatou’s lemma, E* ¢ <lim, | E*(t An) <2/« < oc. O

Let us now show that u(x) = E* f(B;) is indeed a solution of (8.13). For the
behaviour in the interior, i. e. (8.13a), the following classical notion turns out to be the
key ingredient.

8.9 Definition. Let D C IR? be an open set. A function u : D — R is harmonic (in
the set D), if u € (D) and Au(x) = 0.

In fact, harmonic functions are arbitrarily often differentiable. This is an interesting
by-product of the proof of the next result.

8.10 Proposition. Let D C R? be an open and connected set and u : D — R a
locally bounded function. Then the following assertions are equivalent.
a) u is harmonic on D.
b) u has the (spherical) mean value property: For all x € D and r > 0 such that
B(x,r) C D one has
u(x) = [ u(x + z) mr(dz) (8.14)
3B (0,r)

where 1, is the normalized uniform measure on the sphere 0B (0, r).

¢) u is continuous and (”(Bt/\rc(-)’ Fi)e>o is a martingale w.r.t. the law P of a
Brownian motion (B, J;) ;>0 started at any x € G; here G is a bounded open set
such that G C D, and tg. is the first exit time from the set G.

Ex. 8.6

Ex. 8.7
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Proof. ¢c)=b): Fix x € D and r > 0 such that E(x,r) C D, and set o = The (x.r)-
Clearly, there is some bounded open set G such that B(x,r) C G C D. By assump-
tion, (u(B; ;). Fe)izo isa P*-martingale.

Since 0 < oo, cf. Lemma 8.8, we find by optional stopping (Theorem A.18) that

U (B aonr ())t>0 is a martingale. Using 0 < 7. We get

u(x) = E*u(By) = E* u(Binsy).

Now |u(Biprs)| < SUPyeB(x,r) [#(¥)| < o0, and by dominated convergence and the
continuity of Brownian paths

u(x) = im B u(Byng) = E*u(B,) = / u(y) P*(By € dy)
= /u(z + x) P°(B, € dz).

By the rotational symmetry of Brownian motion, cf. Lemma 2.14, P*(B, € dz) is a
uniformly distributed probability measure on the sphere dBB (0, r), and (8.14) follows.’

b)=>a): Fix x € D and § > 0 such that B(x,§) C D. Pick ¢5 € C®(0, 00) such
that ¢(s2,00) = O and set ¢ := fos ¢s(r?) r?~! dr. By Fubini’s theorem and changing
to polar coordinates

)
u(x) = i[ $s(r?) r® " u(x) dr
(8b14) 1 / /aB(Or)¢5(r2)rd YW(z + x) np(dz) dr

= [ eGP e
€a JB(0.5)
= [ ey —xPue .
Cq )
As u is locally bounded, the differentiation lemma for parameter dependent integrals,
e.g.[169, Theorem 11.5], shows that the last integral is arbitrarily often differentiable
at the point x. Since x € D is arbitrary, we have u € €*°(D).

Fix xo € D and assume that Au(xg) > 0. Because D is open and Au continuous,
there is some 8§ > 0 such that B(xo,8) C D and AU|B(x,8) > 0. Seto = TBe (x0.8)
and take y € CX°(D) such that Ip(x,s) < ¥ < Lp. Then we can use (8.2) for the
smooth and bounded function u, := yu. Using an optional stopping argument we

5 Forarotation Q : R? xIR9, (@B/)i>0is againaBM? Lett = Tpeo.yand C € B(B(0,r)).
Then P°(B; € C) = P°(QB; € C) = P°(B, € Q! C) which shows that P°(B; € dz)
must be the (normalized) surface measure on the sphere 0B (0, r).
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conclude that
INO
Uy
M, = ux(Bt/\a) - ux(BO) + / EAMX(Br) dr
0

= u(Bipe)—uBo)+ [ 3 su(B)r

(use y|p(x.s) = 1) is a martingale. Therefore, IE M, %, = 0, and letting ¢ — oo we get

E™ u(By) — u(xo) = %]Ex0 (/OU Au(Br)dr) > 0.

The mean-value property shows that the left-hand side equals 0 and we have a contra-
diction. Similarly one shows that Au(xg) < 0 gives a contradiction, thus Au(x) = 0
forall x € D.

a)=>c): Fix any open and bounded set G suchthat G C D and pick a cut-off function
x € € suchthatlg < x <1p.Seto := 745, and u,(x) := y(x)u(x). By (8.2),

t

1
Mtu)‘ =uX(B,)—uX(BO)—[ EAuX(B,)dr

0

is a uniformly integrable martingale. Therefore, we can use optional stopping and the
fact that y|g = 1 to see that

tAO 1 a
My = u(Bino) —u(Bo) — [ 3Au(B) dr L u(B1ng) (B
0

is a martingale. This proves c). O
Let us note another classical consequence of the mean-value property.

8.11 Corollary (Maximum principle). Let D C R be a bounded, open and connected
domain and u € C(D) N €*(D) be a harmonic function. Then

dxg € D : u(xg) = sggu(x) = u = u(xp).

In other words: A non-constant harmonic function may attain its maximum only on
the boundary of D.

Proof. Assume that u is a harmonic function in D and u(xy) = supyep u(x) for
some xo € D. Since u(x) enjoys the spherical mean-value property (8.14), we see that
ulgp, = u(xg) forall r > 0 such that B(xo,7) C D. Thus, U|B(xo.r) = U(X0), and we
see that the set M := {x € D : u(x) = u(xo)} is open. Since u is continuous, M is
also closed, and the connectedness of D shows that D = M as M is not empty. [J]
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When we solve the Dirichlet problem, cf. Theorem 8.17 below, we use Proposi-
tion 8.10 to get (8.13a) and Corollary 8.11 for the uniqueness; the condition (8.13b),
i.e.limpsy—yx, E* f(B;) = f(xo) for xo € dD, requires some kind of regularity for
the hitting time 7 = 7.

8.12 Definition. A point xo € 0D is called regular (for D) if P*(t,. = 0) = 1.
Every non-regular point is called singular.

At a regular point xo, Brownian motion leaves the domain D immediately; typical
situations are shown in Example 8.15 below.

The point xo € 0D is singular for D¢ if, and only if, P*(z,. > 0) = 1.IfE D D
such that xo € dF, the point x, is also singular for £¢. This follows from E¢ C D¢
and 5. 2> Tpe.

8.13 Lemma. x € dD is singular for D€ if, and only if, P™ (1. = 0) = 0.

Proof. By definition, any singular point x satisfies P*°(z;,. = 0) < 1. On the other
hand,

o o0
{tpe = 0} = ({tpe < 1/n} € () Fiyn = Fos,
n=1 n=1

and by Blumenthal’s 0-1-law, Corollary 6.22, P*(t,,. = 0) € {0, 1}. (|

The following simple regularity criterion is good enough for most situations. Recall
that a truncated cone in R? with opening r > 0, vertex x, and direction x; is the set
V={xeR¢:x=xg+hB(x;,r), 0<h < ¢} for some e > 0.

8.14 Lemma (Outer cone condition. Poincaré 1890, Zaremba 1911). Let D C le,
d > 2, be an open domain and (B;);>0 a BM?. If we can touch xo € 3D with the
vertex of a truncated cone V such that V. C D€, then x is a regular point for D€.

Figure 8.2. The outer cone condition.
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Proof. Assume that x is singular. Denote by 7, := inf{t > 0 : B; € V} the first
hitting time of the open cone V. Since V' C D¢, we have 7, > 7, i.€.

P (r, > 0) > P*(tp. > 0) = 1.

Pick € > 0 so small that B (xy, €) \ {xo} is covered by finitely many copies of the cone
V =V, and its rotations Vi, ..., V, about the vertex x(. Since a Brownian motion is
invariant under rotations — this follows immediately from Lemma 2.14 —, we conclude
that ]Pxo(rV > 0) = P*(zy, > 0) = lforall j =1,.

Observe that U —o Vi D B(xg,¢€) \ {xo}; therefore, ming< ;<x Ty, < Tp(rg.e) 1 &

X X
P (T 59, > 0) > P (02“]12,, v, = 0)
which is impossible since P**(B; = xq) = 0 for every ¢ > 0. O

8.15 Example. Unless indicated otherwise, we assume that d > 2. The following
pictures show typical examples of singular points.

DGR

a) singular (d > b) singular (d > ¢) singular (d > e) singular (d >
regular (d = 2)

Figure 8.3. Examples of singular points.

a) The boundary point 0 of D = IB(0, 1) \ {0} is singular. This was the first example
of a singular point and it is due to Zaremba [194]. This is easy to see since 7,5, = 00
a.s.: By the Markov property

IP? (t;y < 00) =P° (32 >0 : B, = 0)
= lim P’ (3> 1 : B, =0)

n—>00

= lim ]EO(IPB‘/” @3:>0: B, =0)) —

n—oo

=0, Corollary 6.16

Therefore, P°(tp. = 0) = 1[’0(7{0} A Tpe(o) = 0) = ]PO(‘E]BC(O,I) =0)=0.
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Cn€q

N K ()

Figure 8.4. Brownian motion has to exit IB(1, 0) before it leaves B(2, ¢,,e1).

b) Let (ry)n>1 and  (cn)n>1 be sequences with 0 <r,, ¢, <1 which
decrease to 0. We set K(cp,, 1) := B(cner,7,) C R?ande; = (1,0) € R%. Runa
Brownian motion in the set D := B(0, 1) \ |U,», K(cn, ) obtained by removing
the circles K(cy, r,,) from the unit ball. Clearly, the Brownian motion has to leave
IB(0, 1) before it leaves B (c,e1, 2), see Figure 8.4. Thus,

P’ (Tkenrn) < TBe(.1) < P (Tkenrn) < TBe(erer.2)

=P (ko) < Te02))-
Since K (0, r,) = B(0, r,,), this probability is known from Theorem 6.15:

log2 —logc,

0
P2 (tep ) < Te0) < log2 —logr,

Takec, =27",r, = 2_”3, n > 2, and sum the respective probabilities; then

o0

ZIPO(r <7t )<in+l<oo
K(cn,rn) Bc(0,1)) = = n3 + 1 .

n=2

The Borel-Cantelli lemma shows that Brownian motion visits at most finitely many
of the balls K(c,, r,) before it exits B(0, 1). Since 0 ¢ K(c,, ), this means that
IPO(TD, > 0) = 1, i.e. 0 is a singular point.
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h(x)

B;(0) K
Ky

Figure 8.5. A ‘cubistic’ version of Lebesgue’s spine.

c) (Lebesgue’s spine) In 1913 Lebesgue gave the following example of a singular
point. Consider in d = 3 the open unit ball and remove a sharp spine, e. g. a closed
cusp S which is obtained by rotating a curve y = h(x) about the positive x—axis:
E :=B(0,1)\ S. Then 0 is a singular point for E€.

For this, we use a similar construction as in b): We remove from B (0, 1) the sets
Ky, D :=B(0,1) \ ;2 Ky, but the sets K, are chosen in such a way that they
cover the spine S,i.e. D C E.

Let K, = [27",27"*%1] x B(0,r,) be a cylinder in IR?. The probability that a
Brownian motion hits K, can be made arbitrarily small, if we choose r, small
enough, see the technical wrap-up at the end of this paragraph. So we can arrange
things in such a way that

o0
1PO(TK,, < Tg(o1)) < Pn and an < 0.

n=1

As in b) we see that a Brownian motion visits at most finitely many of the cylinders
K, before exiting B(0, 1), i.e. ]PO(‘CDC > 0) = 1. Therefore, 0 is singular for D¢
and for E¢ C D°.

Technical wrap-up. Set K" = [27" 27" 1]xB(0, €), t Tye =Tgn» B = (Wi, br, 1)
and g, = inf{t >0 : w, > 27"},

From Corollary 6.17 we deduce that 0 < o, Tpe(o,1) < 00 a.S. Moreover, for fixed

> land any €’ < e wehave o, <1, < T, o> and so

ne

{Un S Ty S Tpego, 1)} - {On S Tpe < TJBC(O,l)}'
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d)

e)

Since the interval [0, 7. © 1)] is compact we get

m{an X ‘EIBL(O 1)} C {3[ € [Un’TIBL(O 1)] : bt = IBZ = O}

€>0
As o .

P27, ¢ < Tpego,1) = P (00 < Ty e < Tego,1)
and
]I)O(Ht>0 : bt:ﬁtzo):(),

see Corollary 6.16, we conclude that lim,_, ¢ IP° (The < Tpe ©. 1)) = 0 and this is all
we need. |

Our construction shows that the spine will be exponentially sharp. Lebesgue used
the function i(x) = exp(—1/x), x > 0, see [100, p. 285, p. 334].

Let (b(t))¢>0 be a BM! and Ty = inf{t > 0 : b(¢t) = 0} the first return time to
the origin. Then PO (T{o} = 0) = 1. This means that in d = 1 a Brownian motion
path oscillates infinitely often around its starting point. To see this, we begin with
the remark that, because of the symmetry of a Brownian motion,

P°(b(t) > 0) = P°(b(r) < 0) = 1forallze[o,e],e>o.

Thus, P°(b(t) > 0 Vt € [0,€]) < 1/2 and IP° (T(—oo,O] <€)= 1/2forall e > 0.
Letting ¢ — 0 we get ]PO(T(foo,O] = 0) > 1/2 and, by Blumenthal’s 0-1-law,
Corollary 6.22, ]Po(v:(_Oo o] = 0) = 1. The same argument applies to the interval
[0, 00) and we get

(Zaremba’s needle) Lete; = (1,0,...,0) € R4, d > 2. The argument from c)
shows that for the set D = B(0, 1) \ [0, 00)e; the point O is singular if d > 3. In
two dimensions the situation is different: O is regular!

Indeed: Let B(t) = (b(t),B(t)),t > 0, be a BM?; we know that the coordinate
processes b = (b(t));>0 and B = (B(t)):>0 are independent one-dimensional
Brownian motions. Set o, = inf{¢t > 1/n : b(t) = 0}. Since 0 € R is regular for

{0} C R, see d), we get that lim, s, 0, = T y = 0 almost surely with respect to

{0
IP°. Since B 1L b, the random variable f3,, is symmetric, and so

]PO(:B(On) P 0) = HJO(IB(On) < 0) P

2
Clearly, B(@,) = (b(0n). B0)) = (0, Blo)) and {B(0) > 0} C {tp. < o}, 50
P(tpe = 0) = lim P*(tpe < 0,) > lim P(B(0,) > 0) > 2.

n—o00

Now Blumenthal’s 0—1-law, Corollary 6.22, applies and gives IP° (tpe =0) = 1.
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8.16 Theorem. Let xo € 0D be a regular point and T = t,.. Then

lim P*(t >h)=0 forall h > 0.

D>x—xo

Proof. Fix h > 0. Since D is open, we find for every x € R?
P*(t > h) =P*(Vs € (0,h] : B(s) € D)
=inflP*(Vs € (1/n,h] : B(s) € D)
n

— inf E* (]PB(I/")(I > h— 1/n)) .
n

Set ¢(y) := P”(r > h — 1/n). Since ¢ € By(R?), the strong Feller property, Ex. 8.3
Proposition 7.3 g), shows that

x > E¥ (IPB(I/")(I > h— 1/n)) — E* ¢(B(1/n))
is a continuous function. Therefore,

im P*(c>h) = lim infE" (11)30/")(1 >h— 1/n))

D>3x—xq D>x—>xg n

<inf lim E* (H’B(l/k)(r > h— l/k))

D>x—xo

cts

cts. X0 B(1/k) _
= infE (]P (t > h 1/k))

(8;5) ]Px()(_[ > h) — O,

since xg is regular. U
We are now ready for the main theorem of this section.

8.17 Theorem. Let (B;);>0 be a BM¢, D a connected, open and bounded domain
and T = T the first hitting time of D€. If every point in 0D is regular for D¢ and if
f : 0D — R is continuous, then u(x) = E*f(B;) is the unique bounded solution of
the Dirichlet problem (8.13).

Proof. We know already that u(x) = E*f(X,) is well-defined for x € D.

1° w is harmonic in D. Let x € D. Since D is open, there is some § > 0 such that
B(x,8) C D.Seto := o, :=inf{t > 0 : B; ¢ B(x,r)} for0 < r < §. By the
strong Markov property (6.9)

u(x) = E* f(B;) = E* (E? f(By)) = E*u(B,)
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where 7’ is the first exit time from D of the Brownian motion (B4, — By):>0. There-
fore, u enjoys the spherical mean-value property (8.14) and we infer with Proposi-
tion 8.10 that u is harmonic in D, i.e. (8.13a) holds.

2° limy_x, u(x) = f(xo) for all xo € dD: Fix € > 0. Since f is continuous, there

is some § > 0 such that

| f(x) — f(x9)] <e forall x € B(xq,8) NaD.

Therefore, we find for every 2 > 0

[u(x) = £ (¥o)l = [E* (/(Bo) = /(xo))
<E* (1/(B0) = f(0)| + Tea) + 21 floo P*(z > )

<E* (1 f(B2) — f(x0)| * Lz<iyLisups s |Bi—xol<5})
+ E* (|f(Br) - f(xo)| : 1{r<h}]1{supr<h IBz—xO\>5})
+ 2| flloo P*(x > h).

Write I (x, h), I>(x, h) and I5(x, k) for the terms appearing in the last line.
Let |x — x| < §/2. By the triangle inequality we see that

{sulz|B, +x —xo| = 5} C {sug|B,| > 8/2}.
1< 1<
Thus, by Doob’s maximal inequality (A.13),

Bl < 20 P (suplBx =0l > 5)

[x—x0|<8/2 0
S 21/l 7 sup|Bi| > 8/2
1<
(A.13) 8E° |By|? 8hd
< “f”ooTz ||f||o<>5—2-

Because of the continuity of f we get
111 (e )] < B (€ - LeaiyLisup < 1Bi—xol<8}) < €.
Therefore,

[u(x) — f(xo)| <2+ 2] flloo P*(r > h)
€62

and h< ———.
8d || flloo

N[ S0

for |x —xo| <

Using Theorem 8.16, we see Hﬁxo |u(x)— f(xo)| < 2¢,andsince € > 0is arbitrary,
this proves (8.13b) as well as (8.13c).
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3° Uniqueness. This follows from the maximum principle, Corollary 8.11. Assume
that ¥ and w are two solutions of (8.13) with the same boundary value f. Then the
functions +(u — w) solve (8.13) with f = 0,i.e. =(u —w) < 0, henceu = w.

8.18 Further reading. The study of the Laplace operator and PDEs connected with
the Laplacian is a central part of classical and probabilistic potential theory. A good
starting point is the non-technical survey paper [138]. On the analytic side, one finds a
very neat expositions in [76] on potential theory, and on general PDEs in [62]. Purely
probabilistic treatments are [23], its sequel [25] and the monograph [49]. The booklet
[55] has a very accessible exposition of the Dirichlet problem starting from random
walks. The lecture notes [152] are a good introduction to probabilistic potential theory.
Both sides, analysis and probability, are explained in the encyclopedic [42], but this is
not an easy read. More general connections to analysis are explored in [7]

[7] Bass: Probabilistic Techniques in Analysis.
[23] Chung: Lectures from Markov Processes to Brownian Motion.
[25] Chung, Zhao: From Brownian Motion to Schrodinger’s Equation.
[42] Doob: Classical Potential Theory and Its Probabilistic Counterpart.
[49] Durrett: Brownian Motion and Martingales in Analysis.
[55] Dynkin, Yushkevich: Markov Processes. Theorems and Problems.
[62] Evans: Partial Differential Equations.
[76] Helms: Potential Theory.
[138] Orey: Probabilistic methods in partial differential equations.
[152] Rao: Brownian Motion and Classical Potential Theory.

Problems

1. Assume that, in the setting of Lemma 8.1, the boundary function f € Cuo(IR?)
but not necessarily f € ®(A). Consider (8.3) with P, f instead of f. Discuss the
limit € — O.

2. Let (B¢):>0 be a BM?, f : R? — R be a continuous function such that
fot f(Bg)ds = 0 forall t > 0. Show that f(B;) = 0 for all s > 0, and con-
clude that f = 0.

3. Complete the approximation argument for Lévy’s arc-sine law from Para-
graph 8.7:
(a) Show, by a direct calculation, that v, 3 (x) converges as n — oo. Conclude
from (8.12) that v;, ; converges.

®
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(b) Integrate the ODE (8.12) to see that v, 3 (x) — v; , (0) has a limit. Integrating
once again shows that v/, A (0) converges, too.
(c) Identify the limits of v, 3, v) ; and v .

4. Show Theorem 8.5 with semigroup methods.
Hint: Observe that Afot Pigds = Pg—g = %fot Pgds.

5. Find the solution to the Dirichlet problem in dimension d = 1: u”(x) = 0 for
all x € (0,1), u(0) = A, u(1) = b and u is continuous in [0, 1]. Compare your
findings with Wald’s identities, cf. Theorem 5.10 and Corollary 5.11.

6. Use Lemma 7.24 and give an alternative derivation of the result of Lemma 8.8.

7. Show that Lemma 8.8 remains true for any d-dimensional Feller process X, with
continuous paths and generator L = Zik=1 aji(x)0;0r + Zle bj(x) 9; such
that a;;(x) > ao > 0 and |b;(x)| < by < oo.

Hint: Setu(x) = e~/ and multiply it with a smooth cut-off function €2(IR9),
u|Bo,r) = 1, to make sure it is in ©(L). Then calculate Lu(x) = L(uy)(x) for
x € B(O,r).

8. Use the LIL (Corollary 11.2) to give an alternative proof for the fact that a one-
dimensional Brownian motion oscillates in every time interval [0, €] infinitely of-
ten around its starting point.

9. (Flat cone condition; Chung 1982) Letd > 2. A flat cone in IR is a cone in R41,
Adapt the argument of Example 8.12 d) to show the following useful regularity
criterion for a BM?: The boundary point x is regular for D€ if there is a truncated

flat cone with vertex at xo and lying entirely in D€.
Hint: Example 8.15 e) for d = 2 and Chung [23, p. 165].

10. Let (b, B) be a BM? and 0, = inf{t > 1/n : b(t) = 0}. Show that the random
variable §(0,) has a probability density.



Chapter 9

The variation of Brownian paths

Recall the definition of p-variation: Let f : [0, c0) — R be a (non-random) function
andletIT = {tp =0 < t; <--- < t, = t} be a finite partition of the interval [0, ¢].
By |II| := max;<;<s(t; — tj—1) we denote the fineness or mesh of the partition. For
p > 0 we call

n

S = > 1fe) = fG-DP =D 1f@) = fG-0”  ©.D)
ti_1,t; €Il j=1

the p-variation sum for I1. The supremum over all finite partitions is the strong or total

p-variation,

VAR, (f:1) :=sup {S,(f) : TI finite partition of [0, ]} . 9.2)

If VAR (f;t) < oo, the function f is said to be of bounded or finite (total) variation.
Often the following notion of p-variation along a given sequence of finite partitions
(IT,,)n>1 of [0, ¢] with lim, o |IT,| = O is used:

var,(f;1) := mHTio S (f50). 9.3)

Note that the strong variation VAR, (f;¢) is always defined; if var,(f;¢) exists,
VAR, (f:t) > var,(f;t). When a random function X (s, w) is used in place of f(s),
we can speak of var, (X (-, w); ) as a limit in law, in probability, in kth mean, and a. s.
Note, however, that the sequence of partitions (IT,),>1 does not depend on w.

If f is continuous, it is no restriction to require that the endpoints 0, ¢ of the interval
[0, 7] are contained in every finite partition IT. Moreover, we may restrict ourselves
to partitions with rational points or points from any other dense subset (plus the end-
point ¢). This follows from the fact that we find for every € > 0 and every partition
DN={tr=0<t1 <---<tpb=t}someIl'={qo =0<gqy <--- <gp =t} with
points from the dense subset such that

) = fg)l” < e
j=0

Thus, [ST(f:1) — ST (f:1)] < ¢p,a € with a constant depending only on p and the
dimension d; since

VAR, (f;t) = supsup {Sgl(f; t) : II partition of [0, ¢] with #IT = n} ,
n

we see that it is enough to calculate VAR, ( f'; t) along rational points.

Ex. 9.1

Ex. 9.3
Ex. 9.4
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9.1 The quadratic variation

Let us determine the quadratic variation var,(B;t) = vary(B(-,®); t) of a Brownian
Ex. 9.2 motion B(t),t > 0. In view of the results of Section 2.3 it is enough to consider a
one-dimensional Brownian motion throughout this section.

9.1 Theorem. Let (B;);>0 be a BM! and (T1,,),>1 be any sequence of finite partitions
of [0, t] satisfying lim,_, o |I1,| = 0. Then the mean-square limit exists:

vary(B:1) = L*(P)- lim SI"(B:t) =1.
n—oo
Usually var,(B;t) is called the quadratic variation of a Brownian motion.

Proof. Let Tl = {to =0 < t; < --- < t, < t} be some partition of [0, ¢]. Then we
have

E S} (B:t) = Y E[(B(t;) — B(;-1))?] =Y (tj —tj1) =1.
j=1

J=1

Therefore,
E [(52“(3; £) — z)z] —V [Szn(B; z)] =V [Z(B(tj) - B(tj—l))2:|-
j=1

By (B1) the random variables (B(t;) — B(tj—1))*, j = 1,...,n, are independent with
mean zero. With Bienaymés identity we find

E[(sT'B:0—0)°| 2 Y V[(B) - B-1)?]
j=1

= S E[(BW) - B0~ —10)]

j=1
n
EE [(B(fj —tj-1)® = (4 — fj—l))z]
j=1
E Y CENG - [(3(1)2 - 1)2]
/=1 =2 cf.2.3
< 2012 = t-1) = 2|1 —— 0. N
j=1

9.2 Corollary. Almost all Brownian paths are of infinite total variation. In fact, we
have VAR, (B;t) = oo a.s. forall p < 2.
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Proof. Let p = 2 — § for some § > 0. Let 1, be any sequence of partitions of [0, ]
with |IT,,| — 0. Then

> (B() - B(;-1))?

tj—1,t; €I,
< max [B@) = B@G-)lP Y 1B@) = BEG-)P
Sy " l_/_1,lj€H,,
< max_ |B(t;) — B(t;j—1)|° VAR, 5(B:1).
ti—1,t; €I,

The left-hand side converges, at least for a subsequence, almost surely to 7. On the
other hand, limr,,|~o max;,_, em, | B(t;) — B(tj—1)|* = 0 since the Brownian paths
are (uniformly) continuous on [0, ¢]. This shows that VAR,_5(B;t) = oo almost
surely. O

It is not hard to adapt the above results for intervals of the form [a, b]. Either we
argue directly, or we observe that if (B;);>¢ is a Brownian motion, so is the process
W(t) := B(t +a) — B(a),t > 0. Indeed, it is straightforward to check (B0)-(B4) for
the process W(t), cf. 2.9.

Recall that a function f : [0,00) — R is called (locally) Hélder continuous of
order ¢ > 0, if for every compact interval [a,b] C [0, co) there exists a constant
¢ = c(f, a,[a, b]) such that

[f@)— f(s)| <clt—s|* forall s,t € [a,b]. 9.4)

9.3 Corollary. Almost all Brownian paths are nowhere (locally) Holder continuous of
order o > %

Proof. Fix some interval [a, b] C [0, 00), a < b are rational, & > % and assume that
(9.4) holds with f(¢t) = B(t, w) and some constant ¢ = c(w, «, [a, b]).
Then we find for all finite partitions IT of [a, b]

SIB(G.w). )= Y (Bl.0) - Btj-1.0)’
tj—1,tj €Il

<c@’ D (=10 <cPb-a)|mPe.

tji—1,t; €Il

In view of Theorem 9.1 we know that the left-hand side converges almost surely to
b — a for some subsequence IT, with |IT,| — 0. Since 2o — 1 > 0, the right-hand side
tends to 0, and we have a contradiction.

This shows that (9.4) can only hold on a IP-null set N, ;, C 2. But the union of null
sets Uo<a<b.a.peq Nab 1s an exceptional set which is uniform for all intervals. O

Ex. 9.6
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9.2 Almost sure convergence of the variation sums

To get almost sure convergence of the variation sums is more difficult. One of the
first results in this direction is due to P. Lévy for refining partitions [120, Theoréeme 5]
and the following simple argument for dyadic and other partitions with rapidly decay-
ing mesh-size [121, Theoréme 41.1]. In both cases, however, we need an additional
condition on the sequence of partitions.

9.4 Theorem (Lévy 1948). Let (B;);>0 be a one-dimensional Brownian motion. Along
any sequence of finite partitions I1, of [0,t] such that )", , |I1,| < oo we have

vary(B;t) = lim Szn” (B;t) =t almost surely.
n—>oo

Proof. As in the proof of Theorem 9.1 we find
E [(SZH”(B;I) — t)z] =2 Z (t; —tj—1)* < 2|, 1.
ti—1,t;€ll,

Now we use the Chebyshev—Markov inequality to get for every € > 0
o0 o0
2t
I, .
S 1:11>(|S2 (B:t)—t| > e) <5 S 1:|n,,| < 0.
n= n=

By the (easy direction of the) Borel-Cantelli lemma we conclude that there is a set 2,
such that IP(2¢) = 1 and for all ® € Q2 there is some N(w) such that

IS (B(-,w);1) —t] < e forall n > N(w).

This proves that var,(B;¢) = t on Q¢ := ﬂk>1 €21/x along the sequence (I1,)n>1.
Since IP(29) = 1, we are done. |

The summability condition ) -, [II,| < oo used in Theorem 9.4 is essentially
an assertion on the decay of the sequence |I1,|. If the mesh sizes decrease, we have

n|T,| < 3202 1T, | < D272, [T, hence [TT,| = O(1/n). The following result of

Dudley, [44, p. 89], only requires |I1,| = o(1/logn), i.e. lim,_, |I1,]|logn = 0.
9.5 Theorem (Dudley 1973). Let (B;);>0 bea BM! and assume that T1,, is a sequence
of partitions of [0, t] such that |I1,,| = o(1/logn). Then

var,(B;t) = lim Szn” (B;t) =t almost surely.
n—>o0

Proof. To simplify notation, we write in this proof SZH” = SZH” (B;t). Then

str—r= 3 [(B6) = B—)) — (5~ -0

tj_l,[jEHy,

= Y - tj—1)|:(B(tj) - B(t-1)” 1] = Y y[wr-1]

ti—ti_y
tj—lstjenn J 4 tj—latjenn
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where
(B;) - Bt-)"

S; =1t —tji— and I/VJ =
tj —tj—1

Note that the W; are iid N(0, 1) random variables. For every € > 0

H’(‘S{["—t‘>e)<IP(S2H"—t>e)+lP(t—S2H">e);

we can estimate the right-hand side with the Markov inequality. For the first term we
find

P (SZH” —t> e) <e’E 005270
— O O s WP—1) _ ,—eb H]Eees,(wj?—n_
J
(Below we will choose 6 in such a way that the right-hand side is finite.) If we combine

the elementary inequality |e** — Ax — 1| < A2x2e/**l x, 1 € R, with the fact that
E(W?—-1) =0, we get

P(sf—1>e) <[] [14+E (M0 —o5;(w2 = 1) - 1)]
J
v l_[ [1 +E (GZSf(Wj2 - 1)2 e|9s,-\-|Wj2—1|)] )
J

A direct calculation reveals that for each 0 < Ay < 1/2 there is a constant C = C(A¢)
such that

E[(W?—1)"e™ W< C<oo forall 1<j<n, [A|<ho<r.
Using the estimate 1 + y < e” we arrive at
(Snn > E —eel—[ C9232 + 1 <0 He CO>s} _ ,—e0+C0%s>
J
where s> := ) s7. If we choose

€ )&0
f =6y := mi , —— 7,
° mm{ZCsz |nn|}

then |s;6o| < Ag and all expectations in the calculations above are finite. Moreover,

2 1 _ o
P (S, — 1 > €) < e 0 COs™)  pma¢lo  pmaimy,

The same estimate holds for IP (t — 5'21_I o> e), and we see

]P(}SZH" —t| > €) < 2exp (—27;0 |).
n

Ex. 9.7
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Since |I1,| = o(1/logn), we have |I1,| = €,/ logn where €, — 0 as n — oco. Thus,

IP(\SZH” —t| >e) <2n_%) <n£2 for all n > ny.

The conclusion follows now, as in the proof of Theorem 9.4, from the Borel-Cantelli
lemma. O

Yet another possibility to get almost sure convergence of the variation sums is to
consider nested partitions. The proof relies on the a.s. martingale convergence the-
orem for backwards martingales, cf. Corollary A.8 in the appendix. We begin with an
auxiliary result.

9.6 Lemma. Let (B;);>0 be a BM" and G, := (B, r <'s; (By — By)?, u,v > s).
Then
E (B, — B |S5) =0 forall 0<s <t.
Proof. From Lemma 2.10 we know that the o-algebras S"f = o(By, r < ) and
?g’oo) := 0(B; — B, t > s) are independent.
A typical set from a N-stable generator of G is of the form

M N
T'=(){Br, €C;} N[ ){(By, — Bu)* € Di}
j=1 k=1

where M. N > 1,r; <5 < ux < vk and C;, D € B(R). Since fff 1 g8 ) and

[s,00
B := —B is again a Brownian motion, we get

/(B, — B;)dP
r N M
= / (B: — Bs) 1_[ 1p, ((By, — Buk)z) ’ 1_[ ¢, (B,) dPP
k=1 ji=1

?g.oo) measurable Srf measurable

N M
= [ @ = 80 [T10.(Bu, ~ B 1 ap - [ []1c, (5,
k=1 Jj=1

— [ B~ B) [T 10, (B~ Bu)) P [ []1e, (8, aP
k=1 j=1

N M
[~ B 10, (B, ~ B a2 - [ [T, (5, ap
k=1 j=1

o _/F(B,—BS)dJP.

This yields E(B, — By | G) = O. O
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9.7 Theorem (Lévy 1940). Let (B;);>0 be a one-dimensional Brownian motion and
let T1,, be a sequence of nested partitions of [0,t], i.e. 1, C I,,4+1 C ..., such that
lim, o [I1,| = 0. Then

varp(B;t) = lim SZH" (B;t) =t almost surely.
n—>00
Proof. We can assume that #(I1,,4+ \ I1,) = 1, otherwise we add the missing inter-
mediate partitions.
We show that the variation sums S_,, := Szn” (B, t) are a martingale for the filtration

H_y:=0(S—p,S—pn—1,S—n—2,...). Fixn > 1; then 1,4, = I1, U {s} and there are
two consecutive points 7;, #;+1 € II, such that#; <s <1;1;. Then

S—n - S—n—l = (Bthr] - Blj)z - (Bs - Blj)2 - (Blj+| - BS)2
= 2(Bt/+| - Bs)(Bs - Btj)‘

Thus, with Lemma 9.6,
E ((By;,, — Bs)(Bs — By,) | §5) = (B — By,)) E((By,,, — Bs) | G5) =0
and, since H_,_; C Gy, we can use the tower property to see
E (S—n —S-n-1|Hon1) =E(E(S_p — S—n-1]Gs) | Hon1) = 0.

Thus (S—,, H_,)s>1 is a (backwards) martingale and by the martingale convergence

theorem, Corollary A.8, we see that the lim,—o S—;, = lim,_eo S2rI "(B;t) exists
almost surely. Since the L? limit of the variation sums is ¢, cf. Theorem 9.1, we get
that the a. s. limit is again . O

9.3 Almost sure divergence of the variation sums

So far we have only considered variation sums where the underlying partition IT does
not depend on w, i. e. on the particular Brownian path. This means, in particular, that
we cannot make assertions on the strong quadratic variation VAR, (B(-,w); 1) of a
Brownian motion. We are going to show that, in fact, the strong quadratic variation of
almost all Brownian paths is infinite. This is an immediate consequence of the follow-
ing result.

9.8 Theorem (Lévy 1948). Let (B;);>0 be a BM'. For almost all v € Q there is a
nested sequence of random partitions (I1,(w))n>1 such that

IT1,,(w)] —— 0 and vary(B(-,w);1) = lim SZH”(‘”)(B(-,w); 1) = 4o0.
n—00 n—oo
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The strong variation is, by definition, the supremum of the variation sums for all
finite partitions. Thus,

9.9 Corollary (Lévy 1948). Let (B;);>0 be a one-dimensional Brownian motion. Then
VAR, (B(-,w); 1) = oo for almost all w € L.

Proof of Theorem 9.8 (Freedman 1971). Let w(¢) := B(¢,w), t € [0, 1], be a fixed

Brownian trajectory, write I1, = {t; : t; = j/n, j = 0,1,...,n} and set
Jn :={ltj=1.4j] : j =1,...,n}. Aninterval I = [a,b] is a k-fast interval for w,
if

(w(b) — w(a))? > 2k(b - a).

1° If we can show that

Vk>213dn=nk)>=k VI €], : Iisak-fastinterval for w 9.5)

then
n(k) n(k) 1
Hn <
Sp i) = 3 lwley) —w(-n? =2k ), o= 2k,
j=1 =1

and so limg o0 Szn"(") (w; 1) = oo.

On the other hand, Theorem 9.1 shows that for a Brownian motion we cannot expect
that all intervals are k-fast intervals. We will, however, show that — depending on w —
there are still sufficiently many k-fast intervals. For this we have to relax the condi-
tion (9.5).

2° The following condition

F(r)k>1 C(0,1) Ve=>1, m>13In=nk,m)>k VI €gy :

I contains at least |axn| 4+ 1 many k-fast intervals from J,,,,

(9.6)

allows us to construct a nested sequence of partitions (I1,),>; such that [IT,| — 0
and SZH” (w; 1) = o0.

Assume that (9.6) holds. Fix k > 1, m = my > 1 and pick the smallest integer
s > 1 such that (1 — o)’ < % For I € J,, we find some n; = ny(k, m) such that

each I € J,, contains at least |axn; | + 1 k-fast intervals I’ € Jpp, -

Denote these intervals by 3;*,”,”1). By construction, Jma, \ 3>(km,n1) has no more than
(ny — |agny| — 1)m elements.

Applying (9.6) to the intervals from J,,,, \ J fm’nl) yields that there is some 7, such
that

each I € Jyup, \Bfm,nl) contains at least |axn,| + 1 k-fast intervals 1" € Jpn,n,-
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Denote these intervals by d¢,, ., »,)- BY construction, dmn n, \ (.0, 0y has at most
(ny — |agna| — )(ny — |agni] — 1)m elements.
If we repeat this procedure sy times, there are no more than

m [0 — laxn;] = 1)

intervals left in J,,,, gy \J >(km,n1 ,nsk); their total length is at most

Sk
1 1
m H(”j —logn;] = 1) —— < (1 —ap)™ < 5.

w1
j=1

The partition 1 contains all points of the form¢ = j/m, j = 0,...,m, as well as
the endpoints of the intervals from

[\

szm,nl) U 3?m,n1,nz) U---u Hzﬂ,nl,nz ,,,,, )"

Since all intervals are k-fast and since their total length is at least % we get

1
ST (w: 1) > 2k 5= k.
3° In order to construct ITx 1, we repeat the construction from the second step with
m=my - ny - Ny - ... ng. This ensures that ITx; C Il.

4° All that remains is to show that almost all Brownian paths satisfy the condition
(9.6) for a suitable sequence (arx )x>1 C (0, 1). Since a Brownian motion has stationary
and independent increments, the random variables

. 2
Zl(n)z#{1<1< [B( +mn’ )_B( +mn")] >2kﬁ}
(I =0,1,...,m — 1) are iid binomial random variables with the parameters n and

P = ]P([B(% L= B+ ) >k #) = 11’(|B(1)|2 > 2k).

In the last equality we used the scaling property 2.12 of a Brownian motion. Observe
that E Z l(") = pgn; by the central limit theorem,

1P<mﬂ_1 (Zz" > |1 pen| + 1}) = rﬁﬂ?(zl(n) > L pkn] + 1) — 1

1=0 1=0

and so
m—1

ECS

(Z" > | L pen| + 1}) = 1.

=0
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This shows that

o o0 oo m—
P(AAUN @ > Ll +1) -
k= =1n=1]=0
which is just (9.6) for the sequence ax = 1 P (|B(1)|* > 2k). O

9.4 Lévy’s characterization of Brownian motion

Theorem 9.1 remains valid for all continuous martingales (X;, F;);>0 with the prop-
erty that (X? — 1, F;),>0 is a martingale. In fact, this is equivalent to saying that

E[X,— X, |F] =0 forall s <1, (9.7)
and, since E[X, X, | F5] = X, E[X, | F,] = X2

E[(X; — X,)*|F] =t—s forall s <r. (9.8)

9.10 Lemma. Let (X, F);>0 be a real-valued martingale with continuous sample
paths such that (X? — t,F:)¢>0 is a martingale. Then E X} < oo and

E[(X: — X)*|F] < 4(t —5)* forall s <1. 9.9)
Proof. We need the following multinomial identity for ag, ...,a, € Randn > 1
4
(Za,) +3Za;_4(za;)(zak) 2 Y @
j j J (k) j<k
2 2
zzza}(z ak) +4(ZZajak) . (9.10)
J k:k#j (j,k):j<k

For the (rather tedious) proof we refer to Lemma A.45 in the appendix.
Sett; :=s54 (¢ —s)ﬁ, J=0,1,...,n,and §; := X;, — X;,_,. By Fatou’s lemma

(hm 25 ) < lim ]E(ZSZ) @D lim Z(l —tj—1) =1 —s.

n—>o00 . n—>o00 n—>00 .

Therefore, lim,_, Z?Zl 8]2 is almost surely finite, and from the continuity of the
sample paths of ¢ > X; we find that

n
. 2+€ . 2
fim 2187 < Jim, ma, 181" - lim D

*j=1 i=1
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o=t = m [(3) 3 +(20) (X))
ih_%lo[(;(gj) +3é§j-4(§5})(25 )+2;§525k]

From (9.10) we see that the right-hand side is positive. Moreover, (9.10) and the con-
ditional version of Fatou’s lemma yield
n 2
E[(X, - X)*|%] < lim E [ 252( > ak) +4 (ZZajak) srs].
If we expand the squares on the right-hand side, we see that it is of the form
¢ DD BERE A Y YYD iskbidm +8 ) > 878

j=1 k:k#j k=1j<k
J ok D)k#Lk#EI#] (sk,lm):j<k<l<m Usk):j<k

Recall that s < t; < <tandd; = X;;, — X;;_,, 6k = Xy — Xy, Using the tower
property of conditional expectations and (9.8), we find

E[5¢67 | 9] = E[E (57 | 5,) [ 9] = E[E (8¢ [ F,,) 67 | 5]
ZE [(tk — tx-1) 82| 5]
D (k= 1)t — 120).
If we also use (9.7), a very similar reasoning shows that
E [878k8; | Fs ] = E[8;8k816m | Fs] =0

if the indices j, k, [ and m are mutually different. Finally,

E[(X, = X)* [F:] < lim 8 % (1 —1j-1) (1 — tx1)

00 p—1j<k
t —s)? -1
— lim 8( ZS) nin—1) _ At — 5)2,
n—o00 n
and the claim follows. O

9.11 Corollary. Let (X;,JF;):>0 be a martingale with continuous sample paths such
that (X? —t,F¢)¢>0 is a martingale. For any sequence (I1,),>1 of finite partitions of
[0, 7] satisfying lim, .o |I1,,| = O, the mean-square limit exists:

vary(X:1) = L2(P)- lim SI"™(X:1) =1.
n—o00
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Proof. Let Il := {0 = 15 < t; < --- < t, = t} be some partition of [0, ¢], set
§j =Xy, —Xy_,and Atj :=t; —t;_y,j =1,...,n.
For any two increments d; and 8 we find,

E[(87 — A1) (8; — Atr)] = E[8787] — At E[8;] — A E [87] + At Aty
= E[8252] - Aty At
If j # k, the proof of Lemma 9.10 shows [E[§767] = At; At i.e. the mixed terms

are zero. If j = k we use (9.9) to get E[§767] = E[87] < 4(At;)*. Thus,

E [(SZH(X; £) — z)z] =S S E[( - A1)} - An)]

j=1k=1

. |TT]—0
Jj=1

n n
=Y E[(] - A)?] <3) A2 <3|T[1 ——> 0,
j=1

where |I1| := max;x<» Afg is the mesh of the partition. |

If a process satisfies the assumptions of Lemma 9.10, it is already a Brownian mo-
tion. This is Lévy’s martingale characterization of Brownian motion.

9.12 Theorem (Lévy 1948). Let (X, F¢)i>0, Xo = 0, be a martingale with continuous
sample paths such that (X} —t,F¢) (>0 is a martingale. Then (X;)>¢ is a Brownian
motion.

Proof (Gikhman, Skorokhod 1972). We have to show that
X, —X; L Fy and X;— X ~N(0,t—s) forall 0<s <zt

This follows from

E (eisorf—xs)

fﬂ) =29 forall 5 < 1. (9.11)
In fact, taking expectations in (9.11) yields
E (eiS(x,—X.o) — 398,
ie. Xy — Xy ~ X;—s ~N(0,7 —s), and (9.11) becomes
E (eif("f—xﬂ ﬂF) —E (e"Wt—X-v)) P(F) forall s <t, F e,

this proves that X, — X 1l F forall F € F;.
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For (9.11) we use a Taylor expansion up to order 3. Set AX = X, — X andh = t—s.
Then

(X=X _ =1 (=5

SZ 52 ) 54 ) i§3 3 56 3
=iEAX — = (AX)"—=h"—=—(AX = (6h
= EAX + - h— S (AX)? = T = o (AX) + = (OB)
where n = n(w) € (0,1) and 6 € (0, 1). If we take conditional expectations with
respect to F and observe that E(AX | F;) = 0 and E((AX)? | F5) = h — this follows

from (9.7) and (9.8) —, we get

E(eisort— o3 820-9)

4 £s3 6
7. ) = —% h? — %IE (nAX)? | F,) + m (6h)3.

By (the conditional version of) Holder’s inequality with p = 4/3 and ¢ = 4 we find
3 3 4 3/4 (9 2 43/4 302
B ((0aX)*|5,)| SE(IAXP |5) < [E(ax)*[5,)] < 474

Therefore, we have for all s < ¢ with 4 = ¢ —s < 1 and some constant cg

’IE (ezf(x,—xx) e 1B

gg(gcgz—sfﬂ. (9.12)

Fixs <tandsett; :==s+ (¢t —s)j/n,j =0,1,...,n,n > 1. Observe that

n n
PEX—Xy) _ neiso{,j X, ) apnd e 389 — l_[e—%gz(t,/_t./—l)‘
j=1 j=1

Using the elementary estimate Ex. 9.9

n n
[Te-T15
j=1 j=1

n
<Y laj —b;| forall a;.b; €C. |a;].|b;| < 1

j=1

we find

‘]E(eiw,— e E s

< E ( e '3"5)
n n
—E (‘ | . e—%sZ(t,»—t,-fl)‘ ‘ F
j=1 j=1

n

Sk (jorr o et [,
j=1

)

IEX,=X) _ = 8-
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If n > 1islarge enough, we get h := t; —t;_; < 1. This means that we can use (9.12)
with (s,¢) = (¢j—1,¢;) and find

n
C
gjs>‘ < (o Z(lj —lj_1)3/2 = i —— 0.
i=1

ﬁ n—>o0

This proves (9.11). Ul

9.13 Further reading. Almost sure convergence of the p-variation of stochastic pro-
cesses is quite difficult, and no sharp conditions are known. Some of the questions
raised in the landmark paper [44] are still open. Up-to-date treatments of p-variation
in analysis and probability are the Aarhus lecture notes [47] and the monograph [48].

[44] Dudley: Sample functions of the Gaussian process.

[47] Dudley, Norvaisa: An Introduction to p-variation and Young integrals.

[48] Dudley, NorvaiSa: Differentiability of Six Operators on Nonsmooth Functions
and p-Variation.

Problems

1. Let (I1,),>1 be a sequence of refining (i.e. IT, C II,4) partitions of [0, 1] such
that lim,, .« |I1,| = 0. Show that for every function f : [0, 1] — oo the limit

lim Sln” (f;1) = VAR (f, 1) :=sup {Sln(f, 1) : II finite partition of [0, 1]}
n—>o0

exists in [0, oo] (and is, in particular, independent of the sequence (IT,),>1).
2. Let f = (g,h) : [0,00) - R? and p > 0. Show that VAR, (f;f) < oo if, and
only if, VAR, (g;t) + VAR, (h;t) < oo.

3. Let f € €[0, 1]. For every partition [1 = {tp =0 <t; <---<t, =1l}ande > 0
there is some rational partition IT" = {go = 0 < g; < --- < g, = 1} such that

Z [ f(t) — fg)IF <e.

Jj=0

Deduce from this that we may calculate VAR, (f';1) along rational points.
Hint: Show |SIP (f;t)—SI}T(f, 1)| < ¢p,a€using (a+b)? < 2P(a?+b?),a,b > 0,
p=0.

4. Let f be continuous. Show that it does not affect the finiteness of VAR, (f';¢) and
the numerical value of Var, (f;¢) if we restrict ourselves to partitions not containing
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the endpoints 0 and ¢ of the interval. (In this case we have to define the mesh as mesh
of IT U {0,¢}).

5. (Quadratic variation) Let (B(?));>0 be a one-dimensional Brownian motion. Con-
. . _1n2
sider the random variables Y, := Y";_, (B(%) — B(:1))".
(a) Find EY, and V Y,,.
(b) Determine the probability density of Y.
(c) Find the characteristic function ¢, (§) = E¢€¥" £ € R, and determine the

limit limy, 0 ¢ (£).
(d) Show that lim[E [(Yn — c)z] = 0 and determine the constant c.

6. Show that BM! is almost surely not 1/2-Holder continuous:
(a) Forall Z ~ N(0,1) and x > 0 we have

1 xe /2 1 e */2
——— <P(Z >x)< —
V2r x2+1 ( ) 2 X
(b) Set Ay, = {|B((k + 1)27") — B(k2™")| > cﬁ2_”} and show that for
all ¢ < +/2log2 one has ]P(limn_>Oo Ui"=1 Ak,,,) = 1. For this, use
the lower bound of the first part and consider the complement of the set
limy— oo Up = Akon-
(c) Conclude from the previous part, that BM! is a. s. not 1/2-Hdlder continuous.

7. Let X ~ N(O, 1). Show that for every Ao € (0, %) there is a constant C = C(Ag)
such that supy<y, E ((X2 — 1)2eW(X2_1)) <C < oo.

8. (a) Verify (9.10) forn = 2.
(b) Prove (9.10) by induction.
9. Letaj, b; € C be complex numbers with |a;|,|b;| <1, j =1,...,n. Prove

n n
[Ta-T10
Jj=1 Jj=1

n

<Y laj = bjl.

j=1




Ex. 10.1

Chapter 10

Regularity of Brownian paths

We have seen in the previous chapter that Brownian paths are not Holder continuous
of any order @ > 1/2. In particular, they are not Lipschitz continuous or differentiable.
In this chapter we continue the study of smoothness properties and show that the paths
are actually a.s. nowhere (in ¢) differentiable.

10.1 Holder continuity

We begin with a rather general criterion for the continuity of a stochastic process. Later
on, in connection with stochastic differential equations, we need the following version
for random fields, i. e. stochastic processes with a multi-dimensional index set.

10.1 Theorem (Kolmogorov 1934; Slutsky 1937; Chentsov 1956). Denote by
(E(X))xern a stochastic process on (2, A, P) with values in R¢ and index set R". If

E (|§(x) - S(y)|°‘) <clx— y|”+ﬁ forall x,y € R" (10.1)

holds for some constants ¢ > 0 and «, B > 0, then (£(x))xerr has a modification
(§'(x))xerr with exclusively continuous sample paths. Moreover,

E sup w < 00, (10.2)
0<|x—y|<1 |x — y|y
x,ye[-T,T)"

Jorall T > 0and 0 < y < B/a. In particular, x + &'(x) is a.s. locally Holder
continuous of order .

Proof. Let No = {0,1,2,...} and Dy, := 27"INg N [0, 1)"; then D = |J,,59 Dm
are the dyadic numbers in [0, 1)". Set

Am ={(x.y) € Dy X Dy = |x = Yloo <27},

where |x — |0 = max;<x<p |X* — y¥|. Since each x € D,, has at most 3" — 1 nearest
neighbours in D,,, the set A, contains no more than 3” - 2"" elements.
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Fix y € (0, B/a) and define 0; = sup(x,y)ea; |§(x) —&(y)|. Then (10.1) shows

E(f) < Y. E(Ex) —EW)[%) <3" -2/ . c27 /0D = ¢ 370798,

(x,y)€A,
T
|
|
___+___
| e
| x
: dm |
Tm Tm+1 Y |
L] |
Ym+1l = ——+ — —
|
|
- |
Ym
9-m
PR ]
¥

Figure 10.1. Position of the points x and y and their dyadic approximations.

Assume that x, y € D with |[x — y| < 27™. For each j > 0 there are unique elements
Xj,y; € Dj such that x and y are in the 27/ -cells x; + [0,277)" and y; + [0,27/)",
respectively. By construction, lim;_, x; = x and lim; . y; = y. For j = m the
condition [x—y| < 27™ ensures that the closed cells x,, +[0,27™]" and y,, +[0,27™]"
have at least one element d,, € D,, in common. A possible situation is shown in the
picture on the left. Thus, (X, ), (Vm, dm) € Ay, and

1§ tm) = E(m)| < 1§ Cem) — E(dm)| + 1§ (Ym) — §(dm)| < 20m.

Moreover, our construction shows that (x;, x;+1), (¥, ¥j+1) € Aj41, j = m. There-
fore,

E) =€) = Y [ECGr) —EC)D] +ECom) —Em) — Y [EGj+1) —E())]
j=zm j=zm
and

€)= D] < 20m + ) [IEGG+0) =G|+ [EGy+1) — E0))I]

jzm

<2m+2 ) 0;=2) o

Jzm+l1 jzm

Ex. 10.2
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This entails that

gl _ o g0
x,yeD, x#y |x — y|y m=0 x,yeD 2—(m+1y

27l x—y|<27"

< 2. 2(m+1))/ .
s 20

jzm

=217 g Z 2™ g
m}% J

jzm

00
1 )
<2 +y E 2“’0’]‘.
j=0

Fora > land y < B/a we get

§(x) —EO)

o0
<2V N2V 150 o
R PR <277 Y27 loj | ey

L@ j=0
o0
< cl/e ity 22”’3”/“ 2—iB/e
Jj=0
o0
— Ve pltygnja Zz](y—ﬂ/a) < 00.

Jj=0

Ex. 10.3 For a < 1, the argument is similar, but we use [E(|Z|%) instead of || Z || L« (p).
Since the expression inside the L*-norm is almost surely finite, there exists a set
Q, C Q with IP(€27) = 1 such that for all w € Q the paths D > x — &(x,w) are
uniformly continuous:

E(x,0) —E(y, @) < c(w)|x —y|" forall x,y € D,w € Q.

The same construction works if we replace [0, 1)” by [T, T)", and D by the dyadic
numbers DT C [T, T)". The corresponding exceptional set is now 7-dependent. We
define @ \ Qr. Set Qo = (N7, 7 and D = |J7_, DT. Then P(2y) = 1 and the
mapping D > x +— £(x, w) is continuous if w € 2. Since D is dense in R”, we set
for all x € R”
limpsyx §(y,w), o € Qo,

10.3
0, w ¢ Qo. ( )

§'(x,0) = {
Let x; € D such that x; — x. By Fatou’s lemma and the assumption (10.1)

E (J6() - §'()|) = E ( lim [§(x) - £(x)|")

j—oo

< lim E (JE(0) = £C5)I?) <c lim Jx — ;" =0,

j—oo j—oo
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Thus, P(§(x) = &'(x)) = 1 for all x € R”. Finally,

€' (x) =& . 1€ () —§(v)
= > - = sup lim ———>">—
0<|x—y|<1 |x —y|” 0<|x—yl<l DTau—sx |U— V[
x,ye[-T,T)" x,ye[-T.T)" DT 3v—y
& (u) —§(v)|
< - < cr(w)
o<lu—vl<l  |u—vl|”
u,veDT

and (10.2) follows. Since the expression under the expectation in (10.2) is almost surely
finite, we get

') —F W <c@|x =yl forall [x—y|<1 x,ye[-T.T)". O

10.2 Corollary. A d-dimensional Brownian motion (B;)>¢ is almost surely Holder
continuous up to ordery < 1/2.

Proof. Since an R¢-valued function is Holder-continuous of order y if its components
are, it is enough to consider d = 1. Since ¢t — B(t) is continuous, there is no need to
take a modification in (the proof of) Theorem 10.1. Because of (2.8) we have

E(IB() = B&)I™) = el = sI,
i.e. we can apply Theorem 10.1 withd =n = 1, = 2k and § = k — 1. Then

B k-1 1

e 10.4

o 2k  k—oo 2 ( )
Theorem 10.1 gives for each y < (k — 1)/2k an exceptional set Ny = Q \ Qi where
IP(Ng) = 0. Since a y-Holder continuous function is also y’-Holder continuous for all
y" < v, the assertion follows if we use the null set N := (U, Nk. O

10.2 Non-differentiability

We show that almost all paths of a Brownian motion are nowhere differentiable. In
view of the results from Section 2.3 it is enough to consider BM!. The following the-
orem was discovered by Paley, Wiener and Zygmund. Our proof follows the classic
exposition by Dvoretzky, Erdés and Kakutani.

10.3 Theorem (Paley, Wiener, Zygmund 1931). Let (B;);>0 be a BM'. Then the path
t — Bi(w) is for almost all w € Q nowhere differentiable.

Ex. 104
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Proof (Dvoretzky, Erdos, Kakutani 1961). Set for every n > 1
Ap :={w € Q : B(-,w) nowhere differentiable in [0,n)}.

It is not clear if the set A, is measurable. We will show that 2 \ 4, C N, for a

measurable null set N,,.
Assume that the function f is differentiable at tq € [0, n). Then

A6 >03L >0Vt eB(t,6) : |f(@t)— fto)| < Lt —to].
Consider for sufficiently large values of k > 1 the grid {i :j =1,...,nk}. Then
there exists a smallest index j = j(k) such that
J J J+3

fo < - d =—,..., € B(t,§).

0S¥ an k k (%0, 9)
Fori =j +1,j +2,j + 3 we get therefore

£ () = FED <1 () = F@o)| + [ £o) = £ ()]

L(lf = to] + [ — 1))
L+ = #

/

NN

If f is a Brownian path, this implies that for the sets

oo kn j+3

Coi=1U N B - B < %)

k=mj=1i=j+1

o0 o0
e\4,c|J |k

L=1m=1

Our assertion follows if we can show that ]P(C,I,;) =O0forallm,L > 1.Ifk > m,

we have

kn j+3

rch < p(U N 86— < )
<3 N s - s < 1)
WS R (la(h) - B < F1Y
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For the last estimate we use B(3) ~ k~'/2B(1), cf. 2.12, and therefore

7Lk
e ™2 4y < L. O

1 LY _
P(|B(L) < k) =P (1BO) < & r/mﬁ <

;‘N

10.3 Lévy’s modulus of continuity

A modulus of continuity is a positive, continuous and strictly increasing function
o :[0,00) — [0, 00) such that 6(0) = 0. We can use o in order to describe (local)
smoothness properties of a (random or non-random) function f : [0,00) — R in
terms of the following estimate:

| f(s)— f@®)| <o(ls—t|) forall s, >0. (10.5)

The most important special case, o (1) = t*,leads to Holder (0 < @ < 1) and Lipschitz

(o« = 1) continuity. For Brownian motion we have discussed this in Theorem 10.1.
If f = (fi...., f4) is d-dimensional, | f|* = Zjl:l 2, and if each coordinate

function f; satisfies (10.5) with some modulus of continuity o}, then f satisfies (10.5)

with 02(1) := Zj’ 107 2(t). Therefore, it is enough to consider real-valued functions.

The following theorem shows that o'(t) := ,/2¢ log 1 + s the exact modulus of con-
tinuity for one-dimensional Brownian motion. We begin with two auxiliary results.

10.4 Lemma. The function o(t) = /2t log % is monotone increasing on the interval
(0,e™"). Forallk € Rand 0 < h < 1 we have

o(2°h) < (k| + 1)2¢ o (h).
Proof. A short calculation shows that 2 —az(t) = log % — 1 is positive on (0,e7!).

Therefore o (¢) increases on this mterval The estimate follows from

02(2%h) 2+ 2%h|log 2°h] o 2%(| log 2| 4+ |log h|)
o2(h)  2h|logh| [log h|

<2%(lel + 1)
since log2 < |logh| for h < % [

10.5 Lemma. Let G ~ N(0, 1) be a standard normal random variable. Then

1 X
— ¢
V2r x2+1
forall x > 0.

*° > 1 1 >
e /zdy< — Ze*/2

—x2/2
<P(G > x) =
( ) e

7 .

=
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Proof. The upper bound follows from

* 2 °°y 2 1 2
/ e /zdyS/ eV 2y = Z /2,
X X X X

To see the lower bound we use integration by parts

1 [ 2 * 1 2 1 2 o 2
—2[ e’ ﬂdy}/ — e’ gy = —e* /2—[ eV 2 dy
X X X y X X

which gives

/ooe_yz/zdy > (iz + 1)_1l e 2 = al e N2, O
x X x
Ex. 10.5 10.6 Theorem (Lévy 1937). Let (B;);>0 be a BM!. Then

— _n|B@ +h)— B(t
P limsupogzgl n|B(t + h) ()|:1

h=0 V2hlog }

Proof. We split the proof into two steps. We begin with the easier part and show
‘lim... > 1’. Since the limes superior is the largest accumulation point it is enough to
consider a particular sequence i, = 27" — 0. In fact,

=1

lim =
h=0 \2hlog ;

{ —supoe<ion [BU 1) — BO)| 1}

m

n—>00 W
ﬂ { — MaXpg, g2n—1 |B(j;r_zl) B B(#)

lim

>r,.
n—>oo V2 - 27" ]og 2"

=:A,

reQn(0,1)

We are going to show that I°(A4,) = 1 or, equivalently, IP(2 \ 4,) = 0. Observe that
for w ¢ A, we have necessarily w € C, for infinitely many n where

an{ max gr\/2-2—"10g2"}

I
-_
o]
—

=
N+
A
N—
|
o]
—_
N~
N—

<r«/2-2—nlogzn}.
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By the independence and stationarity of increments (B1), (B2) we see

2H
P(Cy) = ¥/ 227 dxi| =(1-0%<e 1,

N p—
1_7
|: 2w27" Jr /2277 log2n

=:1

The last estimate follows from the elementary convexity inequality 1 —e™ < x. From
the lower estimate in Lemma 10.5 we get

2" = e/ 2 gy

N2m2" /r V227" log2"
o0

e V)2 dy

N2 Jr /2Zlog2n

1 rn/2log2 2% o1 log2”
«/271 1+ r2n2log2 /n
> c L 2(1—7‘2)71

T Jn

for some constant ¢ = ¢, and all n > ny. Consequently,

S PC)< Y e (- Zexp( z(lfr ) <,

n=ngo n=ngo n=no

and the Borel-Cantelli lemma implies that
P(Q\ A4,) < P(C, for infinitely many n) = 0.

Let us now prove that ‘lim. .. < 1’. We have to show that for almost all w € 2 and
every r > 1 there is some hy = ho(r, w) such that

sup |B(t +h,w) — B(t,w)| <ry/2h log}l forall 0 < h < hy. (10.6)

(UNA by

Fix r > 1, write r = 1+8 for some § € (0, 1) and denote by |nd] the integer part
of né. Using the upper estlmate from Lemma 10.5 with x = r/21log(2"/£), we get
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foralln > 1

IP( e |B(f;f)—8(%;)»>,,)

1<e2nsl o j<2n—4L 2L 10 2n
2n I4
Ln8l pn_g .
ZiZIZ]P(iB(IZ"K) B(#)| 1210g2”)
{=1 j=0
2Lnd]

_ 2 2"
< Z o 2 exp[-—r log( )]
=1 v2r 2 log

LnSJ

<c
Z 2n n8 ,/2 log 2"~ né

(n— 2
<C8 2n+n82 (n—né)r

= s on(148)—nr>(1-5) (10.7)

By construction, 1 + § < r2(1 — §), so that (10.7) is the general term of a convergent
series. By the Borel-Cantelli lemma there is some Q¢ C Q2 with IP(29) = 1, such
that for all w € Q¢ there is some m = m(e, w) > 1 with

max max

128l 0 <2 —L G(ZL,.)

<r forall n>m. (10.3)

Without loss of generality we can assume that mé > 4. From now on we fix w € Q.
Set hg ;= 2718, pick i < hg and choose n > m > 1 in such a way that

7~ (n+1)(1-4) <h< o—n(1-8) (10.9)

th+1 i Sn Sp+1

Figure 10.2. Position of the points #;, ;41 and s, 41 relative to ¢ and s.
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For ¢t and s = t + h there are sequences (S;);>» and (#;);>» of dyadic numbers such
thats;,¢; € {k/2/ : k >0},s; 15, | tand

Isn = tal < h, s =851 <2771 and g — 4] <2777
Since B(t) has continuous sample paths, we get
|B(z + 1) — B(1)]
|B(s) — B(sn)| + | B(sn) — B(tx)| + | B(tn) — B(1)]

< DD IBsy1) = Bls))| + 1B(52) = Bl + Y 1Bty1) = BG)|

j=n Jj=n

Z /- 1)+r0(h)+rZa(2 =1y

j=n j=n

Zo(z—fz—") + ro(h)

10.4

< 2r2,/1 +127726(27") + r o (h).

By (10.9) and Lemma 10.4 withk = (n + 1)(1 —=8) —n = 1 — § — nd we see that
o(27") <o (2= <2%2 Jk| + 1 o(h) < (r — Do(h)
0
—0, n—00

for sufficiently large values of n > N(r), i.e. sufficiently small values of h < hy.
Thus, 272, /7 + 127726(27") < ¢(r — 1)o(h), and we find for all /1 < hy

|B(t + h) — B(t)l
—1 1. ]
ogsllzlgho ogfgll)—h o(h) er(r )+ 7

10.7 Corollary. Almost all sample paths of one-dimensional Brownian motion are
nowhere Hélder continuous of order o = 1/2.

Proof. Note that

supo<r<i-n |B(t + h) — B(t)| _ SUPo<i<i-h |B(t + h) — B(1)| /
vh 2h logh

By Theorem 10.6 the lim of the right-hand side tends to +o00 as 7 — 0. This means
that B, is at no point ¢ € [0, 1) Holder continuous.
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The same argument, applied to W(¢) := B(t + k) — B(k) — this is again a BM!,
see 2.9 —, completes the proof. O

10.8 Further reading. There is a whole zoo of function spaces which can be used
to measure the regularity of (random) functions. A beautiful result is the estimate [71]
which can be used for many embeddings. Regularity in Besov spaces is studied in [28].
The connection of the Kolmogorov—Chentsov theorem and Sobolev embeddings is the
topic of the note [168]. A related investigation for fractional Brownian motion is [63].
Moduli of continuity and (non-)differentiability are presented in [32].

[28] Ciesielski, Kerkyacharian, Roynette: Quelques espaces fonctionnels associés a
des processus gaussienes.
[32] Csorgd, Révész: Strong Approximations in Probability and Statistics.
[63] Feyel, de La Pradelle: On fractional Brownian processes.
[71] Garsia, Rodemich, Rumsey: A real variable lemma and the continuity of paths
of some Gaussian processes.
[168] Schilling: Sobolev embedding for stochastic processes.

Problems

1. A Poisson process is a real-valued stochastic process (N;);>¢ such that No = 0,
Ny — Ns ~ Ny—sand fortg = 0 <ty < --- < 1, the increments N;, — N;,_,
are independent and each N, is a Poisson random variable with parameter ¢ - A for
some A > 0. (In particular, (N;);>o satisfies (B0), (B1), (B2)).

(a) Show that (N;);>¢ does not satisfy the assumptions of the Kolmogorov—
Slutsky—Chentsov theorem, Theorem 10.1.

(b) Show that (10.1) holds true forn = 1, « > 0 and 8 = 0. Discuss the role of §
for Theorem 10.1.

(c) Let A = 1. Determine for the process X; = N, — t the mean value m(¢) and
the covariance C(s,t) = E(X;X;), s, > 0.

2. Prove that in R” all £7-norms (1 < p < o) are equivalent:

n 1/p
max |xj|<( E |xj|p) <n max |x;j| forall x = (xq,...,x,) € R".
1<j<n — 1<j<n

]:

3. Show that for o € (0, 1) the function Z +— E(|Z|%) is subadditive and complete
the argument in the proof of Theorem 10.1 for this case.

4. The proof of Theorem 10.3 actually shows, that almost all Brownian paths are
nowhere Lipschitz continuous. Modify the argument of this proof to show that al-
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most all Brownian paths are nowhere Holder continuous for all @ > 1/2. Why does
the argument break down for o = 1/2?

Hint: Itis enough to consider rational « since «-Holder continuity implies S-Holder
continuity for all 8 < «.

5. Use Theorem 10.6 to show that the strong p-variation VAR, (B;1) of BM! is for
p > 2 finite (and, actually, 0).



Ex. 11.1

Ex. 11.2

Chapter 11

The growth of Brownian paths

In this chapter we study the question how fast a Brownian path grows as ¢t — co. Since
fora BM! B(),t > 0, the process tB(%), t > 0, is again a Brownian motion, we get
from the growth at infinity automatically local results for small # and vice versa. A first
estimate follows from the strong law of large numbers. Write forn > 1

n
B(nt) =) [B(jn) = B((j = D],
j=1
and observe that the increments of a Brownian motion are stationary and independent
random variables. By the strong law of large numbers we get that B(¢,w) < et for
any € > O and all ¢ > #y(€, w). Lévy’s modulus of continuity, Theorem 10.6, gives a
better bound. For all € > 0 and almost all w € 2 there is some hy = hg(€, ®) such
that

|B(h,w)| < sup
0<r<1

X

, |B(t + h,w) — B(t,w)| < (14 €)y/2hlog ;
for all 4 < hy. Since tB(%) is again a Brownian motion, cf. 2.13, we see that

|B(t,w)| < (1 + €)v2tlogt

forall z > to = hy'. But also this bound is not optimal.

11.1 Khintchine’s Law of the Iterated Logarithm

We will show now that the function A(¢) := +/2t loglog?,t > 3, describes very neatly
the behaviour of the sample paths as 1 — oo. Still better results can be obtained from
Kolmogorov’s integral test which we state (without proof) at the end of this section.

The key for the proof of the next theorem is a tail estimate for the normal distribution
which we know from Lemma 10.5:

1
Y2 < PB(1) > x) < =2 50, (11.1)

1 1
—_— —_— _e R
27 x2+1 S2m x

and the following maximal estimate which is, for example, a consequence of the re-
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flection principle, Theorem 6.9:

P(igza(spx) <2P(B(t) > x), x>0, 1>0. (112)

Because of the form of the numerator the next result is often called the law of the
interated logarithm (LIL).

11.1 Theorem (LIL. Khintchine 1933). Let (B(t));50 be a BM'. Then

T B(1t) )
P| lim ————=1| = 1. 11.3
(’_"’0 ~/2tloglogt (11.3)

Since —B(t) and lB(%) are again Brownian motions, we can immediately get ver-
sions of the Khintchine LIL for the limit inferior and for ¢ — 0.

11.2 Corollary. Let (B;);>o be a BM'. Then, almost surely,

_ B(1) B — B(1) _
lim ——2  — 1, lim ——— =1,
t—0o /21 loglogt =0 J2tloglog

t
. B(t) - BB _
lim ————~2  — 1, lim ———rx = —1.
i—oo v/ 2t loglogt =0 /2t loglog 1

t

Proof of Theorem 11.1. 1° (Upper bound). Fix € > 0, g > 1 and set

Ay = { sup B(s) = (1 4+ €)4/2q" loglogq”} .
0<s<g”
From the maximal estimate (11.2), we see that
P(4,) < 2P (B(q") > (1 + €)y/2¢" log 1ogqn)

=2P (li;(c]];) > (1 —l—e)\/ZIOglogq") .

Since B(g")//q"™ ~ B(1), we can use the upper bound from (11.1) and find

P(A,) < o~ (1+€) loglogg” <c(n 1qu)—(l+e)2'

1
(1 + €)4/m /loglog g™

This shows that ) .-  IP(4,) < oo. Therefore, we can apply the Borel-Cantelli
lemma and deduce that

m Supogsgqn B(S)

n—oo \/2q" loglog g"

<(1+e) as.

Ex. 11.3
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Since every ¢ > 1 is in some interval of the form [¢"~!, ¢"] and since the function
A(t) = /2t loglogt is increasing for ¢ > 3, we find forall ¢ > ¢"~! > 3

B(t) o _SUPs<gr B(s) v2g" loglog g"

V2t loglogt - V2¢" loglog g /2¢"—1 loglogq"_l'

Therefore
im —29 (1197
im ———— < €)J/q a.s.
=00 /2t loglogt

Letting ¢ — 0 and ¢ — 1 along countable sequences, we find the upper bound in
(11.3).

2° If we use the estimate of step 1° for the Brownian motion (—B(¢));>0 and with
€ = 1, we see that

2
B <2v/2¢" Tloglogg™ ™ < —=v2q"loglogg” .
q

for all sufficiently large n > ng(e, ).

3° (Lower bound). So far we have not used the independence and stationarity of the
increments of a Brownian motion. The independence of the increments shows that the
sets

C, = {Bg") — Bl@"™) > 2(q" —q" Dloglogg"} . n>1,

are independent, and the stationarity of the increments implies

P(C,) = P (B(qn) —B@") | e logq")

qn _ qn—l

qn _ qn—l

B(g" — n—1
:]P((q 1 )2‘/210glogq”).

Since B(g" —¢""V)/+/q" —q" ' ~ B(1) and 2x/(1 + x?) > x" ! forall x > 1, we
get from the lower tail estimate of (11.1) that

1 1 c
e—loglogq” >

V87 +/2loglogg” - ny/logn’

Therefore, Y oo IP(C,) = oo, and since the sets C, are independent, the Borel—
Cantelli lemma applies and shows that, for infinitely many n > 1,

P(Cy) >

B(g") > v2(¢" —q" ") loglogq" + B(¢"™")

20 2
> V2(g" — q" ") loglogq" — —— /24" loglog q".
NI
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Now we divide both sides by /2¢" loglog g™ and get for all ¢ > 1

B - B@) [ _1_ 2

lim

Yz im VY =
100 /21 loglogt ~ n—o° /2q" loglog g™ 9 V4

almost surely. Letting ¢ — oo along a countable sequence concludes the proof of the
lower bound. ]

11.3 Remark (Fast and slow points). For every t > 0 W(h) := B(t + h) — B(t) is
again a Brownian motion. Therefore, Corollary 11.2 shows that

—— |B(t + h) — B(1)|
lim =

h=0 " J2h loglog 7

almost surely for every fixed ¢ € [0, 1]. Using Fubini’s theorem, we can choose the
same exceptional set for all ¢ € [0, 1]. It is instructive to compare (11.4) with Lévy’s
modulus of continuity, Theorem 10.6:

im supo<i<i—hn | B(t +h) — B(t)|
im =

h=0 \/2hlog 4

By (11.4), the local modulus of continuity of a Brownian motion is /2% loglog %; on
the other hand, (11.5) means that globally (and at some necessarily random points) the

1 (11.4)

1. (11.5)

modulus of continuity will be larger than ,/2k log % Therefore, a Brownian path must
violate the LIL at some random points.
The random set of all times where the LIL fails,

E(w) = {t >0 fim BU TR o) ZBG.0) 1},

h=0 \/2hloglog +

is almost surely uncountable and dense in [0, 00); this surprising result is due to
S.]J. Taylor [180], see also Orey and Taylor [139].

At the points © € E(w), Brownian motion is faster than usual. Therefore, these
points are also called fast points. On the other hand, there are also slow points. A result
by Kahane [93, 94] says that almost surely there exists a ¢ € [0, 1] such that

— B+ =B ___

lim

h—0 \/%

11.4 Remark. Blumenthal’s 0-1-law, Corollary 6.22, implies that for any determin-
istic function A(¢)

IP (B(t) < h(t) for all sufficiently small ¢) € {0, 1}.
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If the probability is 1, we call & an upper function. The following result due to Kol-
mogorov gives a sharp criterion whether % is an upper function.

11.5Kolmogorov’s test. If h(t) is increasing and h(t)/~/t decreasing, then h is an
upper function if, and only if,

1
/ t_3/2h(t)e_h2(t)/2t dt converges.
0

The first proof of this result is due to Petrovsky [143], Motoo’s elegant proof from
1959 can be found in It6 and McKean [85, 1.8, p. 33-36 and 4.12 pp. 161-164].

11.2 Chung’s ‘other’ Law of the Iterated Logarithm

Let (X;);>1 be iid random variables such that E X; = 0 and E X7 < oo. K. L. Chung
[22] proved for the maximum of the absolute value of the partial sums the following
law of the iterated logarithm

. max1<-<n|X1+---+X-| b3
hm A J _

n—o0 vn/loglogn B 7§

A similar result holds for the running maximum of the modulus of a Brownian path.
The proof resembles Khintchine’s LIL for Brownian motion, but we need a more subtle
estimate for the distribution of the maximum.

Using Lévy’s triple law (6.19) fora = —x, b = x and t = 1 we see

P (§2]1)|BS| < x) =P (slg By > —x, Elé;ln B, <x, By € (—x,x))

1 A A .
- Z (—1)/ e~ F2i%) /2 dy
2w J—x j=—00
| 00  r@j+Dx 22
— = ey [ e
27 j;oo @2j-Dx

1 o0 - .
N E/ Z (—1D)/ L zj—nx.i+10 () e 2 dy.
R .

j==—00

=f()
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The 4x-periodic even function f is given by the following Fourier cosine series!

1)k k
10 =23 1 e (B ).

k=0

Therefore, we find

4 S 1 (=D 2k + 1 >
P By =-> :7 /2
(?‘iﬁ" | < x) - H+1 /cos ( o ny) e dy

=0
00 k
25 4 (=1 —m2(2k+1)2/(8x2)
: — e .
-2

This proves

11.6 Lemma. Let (B(t));>0 be a BM!. Then

) 4 _ 2
)11_1)1})11’ (§1<1113|B(s)| < x) /;e 82 = 1. (11.6)
11.7 Theorem (Chung 1948). Let (B(t));>0 be a BM'. Then
B
P lim peer [BOI_ 7 ) _ ) (11.7)
oo 4/t/loglogt \/§
Proof. 1° (Upper bound) Set ¢, := n”" and
c sup_ |B(s) — Blta )| < ”
n 1= u n— — .
tn— 1<?< tn ! f loglogt,

Although we have used Lévy’s formula (6.19) for the joint distribution of (m,, M;, B;), it is not
suitable to study the asymptotic behaviour of P(m; < a, M; > b, B; € [c,d]) ast — o0o. Our
approach to use a Fourier expansion leads essentially to the following expression which is also due
to Lévy [121, II1.19-20, pp. 78-84]:

P(n; >a,M, <b,B, €)= Ze A ’¢,(o)/¢,(y)dy
Jj=1
where A; and ¢;, j > 1, are the eigenvalues and normalized eigenfunctions of the boundary value
problem

1
5f”(x)=)tf(x) fora<x<b and f(x)=0 for x=a, x =b.
It is not difficult to see that A; = j2w2/2(b — a)? and

¢;(x) = Fcos(l}j—ﬂa [x—%}) and @, (x) = \/Tsm(b"—”a[x—#]).

for odd and even indices j, respectively.
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By the stationarity of the increments we see

SUpy,_, <s<t, |B(s) — B(tu—1)|  SUPs<t,—, | B(s)] e |B(s)|

\/E \/E h In —In—1 ’

using Lemma 11.6 for x = 7r/+/8loglogt,, we get for sufficiently large n > 1

]I)(Cn) 2 ]I) Supsgtn*tn—l |B(S)| < l 1 > c i 1 )
Iy — In—1 /8 +/Toglog t, 7w nlogn

Therefore, ), IP(C,) = oo; since the sets C, are independent, the Borel-Cantelli
lemma applies and shows that

lim SUpy,_, <s<t, | B(s) — B(th—1)| T

n—o0 Vtn/loglogt, b %

Ex. 11.3 On the other hand, the argument in Step 1° of the proof of Khintchine’s LIL,
Theorem 11.1, yields

— SUps<s,_, |B(s)] —  SUps<s,, |B(s)| v/tn—1loglogi,—
Iim —————— = lim =

n—>oo \/t,/loglogt, "% \[ty_yloglogt,—1 +/tn/loglogt,

Finally, using sups<y, [B(s)| < 2sups<s,, |B($)| +sups,  <s<, [B(S) = B(ta—1)| we

get
sup | B(s)] __ 2 sup [B(s)] sup_ |B(s) — B(ta—1)|
li_m tn < hm Xxin—1 + h_m n—1x9xtn
n—soco \/ty/loglogt, "> . /t,/loglogt, n—oo Vin/loglogt,
b4

<
NG

which proves that lim, , _ sups<; |B(s)|/+/t/loglogt < /8 a.s.

2° (Lower bound) Fix € > 0 and ¢ > 1 and set

b4 q"
A, = B <(l—¢)—,|——— ;.
n {Sséqu'| (S)I ( 6) \/g loglogq" }
Lemma 11.6 with x = (1 — ¢)r/+/8loglog g™ gives for large n > 1

_ sups<gn | B(s)] N 1 )
F(4) ‘P( NN N T

4 1 1/(1—€)?
<c— .
m \nlogg
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Thus, ), IP(4,) < oo, and the Borel-Cantelli lemma yields that

P (Ss%lﬁ |B(s)| < (1—¢) % N loglqw for infinitely many n)

i.e. we have almost surely that

lim Sups<qn | B(s)]

lim ——x= >
n—oo /q" /[ loglog g"

Fort € [¢"',¢"] and large n > 1 we get

g

supy<i [BO)| _ supscqrt BGS)|

V/t/loglogt - Vq"/loglogg”

sups<gn-1 | B(s)|  /q"~1/loglog g

Va"1/loglogg""  \/q"/loglogq”

—1/./q as n — o0

This proves

sups<s | B(s)] o l—e

im >
i—oo \/1/loglogt /4 /3

almost surely. Letting ¢ — 0 and ¢ — 1 along countable sequences, we get the lower

bound in (11.7).

If we replace in Theorem 11.7 loglog ¢ by log | log ¢|, and if we use in the proof n™

O

n

and ¢ < 1 instead of n” and ¢ > 1, respectively, we get the analogue of (11.7) for

t — 0. Combining this with shifting B(t 4+ k) — B(h), we obtain

11.8 Corollary. Let (B(t)):>0 be a BM'. Then

o S [BO| _ 7
im-———- = — qa.s.,

10 1/ loglog 8

B h) — B(h
lim sups<i | B(s + 1) 0l - a.s. forallh > 0.

=0 \/t/loglog % V8
Using similar methods Csorgo and Révész [32, pp. 44—47] show that

L |B(s +1)—B(s)| =
lim inf sug = —.

h—>0s<1—h t< /h/log% V8

This is the exact modulus of non-differentiability of a Brownian motion.

(11.8)
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11.9 Further reading. Path properties of the LIL-type are studied in [32], [65] and
[155]. Apart from the original papers which are mentioned in Remark 11.3, exceptional
sets are beautifully treated in [133].

[32] Csorgd, Révész: Strong Approximations in Probability and Statistics.
[65] Freedman: Brownian Motion and Diffusion.

[133] Morters, Peres: Brownian Motion.

[155] Révész: Random Walk in Random and Non-Random Environments.

Problems

1. Let (Bs)i>0 be a BM!. Use the Borel-Cantelli lemma to show that the running
maximum M, := supp<,<» B; cannot grow faster than C \/n logn for any C > 2.
Use this to show that

lim L <1 as
t—oo C4/tlogt h o
Hint: Show that M, (w) < C +/nlogn for sufficiently large n > no(w).

2. Let (B;);>0 be aBM!. Apply Doob’s maximal inequality (A.14) to the exponential
martingale M? := ¢fB=2 8 {0 show that

_1 < —xf‘
P (i‘i?(Bs 2E8) > x) <e

(This inequality can be used for the upper bound in the proof of Theorem 11.1,
avoiding the combination of (11.2) and the upper bound in (11.1))

3. Show that the proof of Khinchine’s LIL, Theorem 11.1, can be modified to give

Iim SUPs<t |B(s)| <1

t—o0 /2t loglogt h
Hint: Use in Step 1° of the proof IP (sups<, | B(s)| > x) < 4P(|B(1)| > x).

4. (Wentzell [184, p. 176]) Let (B;);>0 be a one-dimensional Brownian motion,
a,b>0and 1 := inf{t >0: B, = chz—H}. Show that
(a) P(r <o0) =1;
®) Et=00 (b=1);
©Ert<oo (b<l).
Hint: Use in (b) Wald’s identities. For (c) show that E(z An) < ab?(1 —b?)"! for
n>l.



Chapter 12

Strassen’s Functional Law of the Iterated
Logarithm

From Khintchine’s law of the iterated logarithm (LIL), Corollary 11.2, we know that
for a one-dimensional Brownian motion

. B(s) —— B(s)
—1=lim ———— < lim ————
s—oo /2s5loglogs s> \/2sloglogs

Since Brownian paths are a.s. continuous, it is clear that the set of limit points of
{B(s)/\/2s loglogs : s > e} as s — oo is the whole interval [—1, 1].
This observation is the starting point for an extension of Khintchine’s LIL, due to
Strassen [176], which characterizes the set of limit points as s — oo of the family
B(st)

{Zs(1) 1 s> e} CC0,1] where Z(r):= Vs losloss’ 0<r <.
(G0 [0, 1] denotes the set of all continuous functions w : [0, 1] — R with w(0) = 0.)
If wy € C(y)[0, 1]is alimit point it is necessary that for every fixed ¢ € [0, 1] the number
wo(?) is a limit point of the family {Z(t) : s > e} C RR. Using Khintchine’s LIL
and the scaling property 2.12 of Brownian motion it is straightforward that the limit
points of {Zs(t) : s > e} are the whole interval [—/7, /1], 1.e. =/t < wo(?) < /1.
In fact, we have

=1.

12.1 Theorem (Strassen 1964). Let (B;);>0 be a one-dimensional Brownian motion
and set Z(t, ) := B(st,w)/~/2sloglogs. For almost all v € ,

{ZS(-,a)) 1S > e}

is a relatively compact subset of (C)[0, 1], || * |leo), and the set of all limit points (as
s — 00) is given by

1
K= {w € C[0,1] : w is absolutely continuous and / |w' (1)) dt < 1} .
0

Using the Cauchy-Schwarz inequality it is not hard to see that every w € X satisfies
|w(t)| < &/t forall0 <t < 1.

Ex. 12.1

Ex. 12.2
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Theorem 12.1 contains two statements: With probability one,

a) the family {[0,1] > # > B(st,w)/+/2sloglogs : s > e} C C([0, 1] contains a
sequence which converges uniformly for all z € [0, 1] to a function in the set X;
b) every function from the (non-random) set X is the uniform limit of a suitable se-

quence (B(spt, @)/ /25, loglogs,), _ ;.

For a limit point wy it is necessary that the probability
P(|Zs(-) —wo(+)]leo <8) as s— o0

is sufficiently large for any § > 0. From the scaling property of a Brownian motion we
see that
B(-)

Zs(+) —wo(+) ~ m —wo(-).

This means that we have to calculate probabilities involving a Brownian motion with
a nonlinear drift, B(t) — ~/21loglogs wo(?) and estimate it at an exponential scale, as
we will see later. Both topics are interesting in their own right, and we will treat them
separately in the following two sections. After that we return to our original problem,
the proof of Strassen’s Theorem 12.1.

12.1 The Cameron-Martin formula

In Chapter 4 we have introduced the Wiener space (C(,), B(C(o)), i) as canonical prob-
ability space of a Brownian motion indexed by [0, c0). In the same way we can study a
Brownian motion with index set [0, 1] and the Wiener space (C(,)[0, 1], B(C(o)[0, 1]),14)
where C(,) = C()[0, 1] denotes the space of continuous functions w : [0, 1] — IR such
that w(0) = 0. The Cameron—Martin theorem is about the absolute continuity of the
Wiener measure under shifts in the space C(,)[0, 1]. For wy € C(,)[0, 1] we set

Uw() = w() +we(?), tel0,1], weCyl0,1].

Clearly, U maps C(,)[0, 1] into itself and induces an image measure of the Wiener
measure
By (A) = w(U™'A) forall A € B(Ee0. 1)

this is equivalent to saying
[ Pt u @ = [ Fowp@w = [ Fep@w oz
Clo) Coo) C)

for all bounded continuous functionals F' : C(,[0, 1] — RR.
We will see that y,, is absolutely continuous with respect to p if the shifts wy are ab-
solutely continuous (a. c.) functions such that the (almost everywhere existing) deriva-
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tive wy, is square integrable. This is the Cameron—Martin space which we denote by
1
H = {u € C»[0,1] : u isa.c.and / [u'()]? dt < oo} ) (12.2)
0

12.2 Lemma. For u : [0, 1] = R the following assertions are equivalent:

a) u € 9{1;

b) u € C)[0,1] and sup ) W < 00 where the supremum is taken
ti—1,t; €Il
over all finite partitions T1 = {0 =1ty <t; <--- <t, = 1} of [0, 1].
If a) or b) is true, then fol lu'(t)|? dt = |I%i‘m oo uty) —ulti—)|?/ (6 — tj—1).

=04 _1,tell

Proof. a)=> b): Assume that u € H' andlet0 = tp < t; < --- <1, = 1 be any
partition of [0, 1]. Then

n 2
S [T = [ e

= tj —tj—1
with

n 2
fult) = Z |:u(t,)—u(t]_1)j| i,y (@)

st i —1j—

By the Cauchy—Schwarz inequality

n 2

w0 === [ v 100

j=1

n 1 tj
5 - [ WO T ()

j=1 [] - tj_l

If we integrate this inequality with respect to ¢, we get
1 n tj 1
| hwa<d [ words= [ wopas
0 j=17t-1 0

hence M < fol |u’(s)|?> ds < oo, and the estimate in b) follows.
b)= a): Conversely, assume that b) holds and denote by M the value of the supre-
mum inb). Let0 <r; <51 <12 <53 < -+ < 1y < 8y < 1 be the endpoints of the
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intervals (rx, sx), k = 1, ..., m. By the Cauchy-Schwarz inequality
m 1/2
u(sx) —u(rg
S use) — u(ri)| < Z s ()" Dsk )
k=1 Sk — Tk k=1

m 1/2
M [Z(sk - rk>} :
k=1

This means that u is absolutely continuous and u’ exists a.e. Let f,, be as in the first part
of the proof and assume that the underlying partitions {0 =t < t; < --- < t, = 1}

Ex. 12.3 have decreasing mesh. Then the sequence ( f,),>1 converges to (u')? at all points
where u’ exists. By Fatou’s lemma

/ [u'(t)|?dt < lim fn(t)dt = lim Z lu(t;) —u(t;—1)]? <M

n—o0 n—00 77 lj —tj—1
Finally,
1 1 1
lim f,,(t)dt M <f W' ()| dr < lim | £, (¢) dr. 0
n—oo 0 n—00 0

As a first step we will prove the absolute continuity of 1, for shifts from a subset
H! of !,

He := {u € €[0,1] : u € €'[0,1] and u’ has bounded variation } . (12.3)

12.3 Lemma. Let wy : [0, 1] — R be a function in K, n > 1 andt; = j/n. Then the

linear functionals
= wo(t;) — wo(tj—
Gn(w) := Y (w(t;) — w(tj—1)) "(-’t)__t."f" 1), n>1, weCylo, 1],
j=1 J J—

are uniformly bounded, i.e. |G,(w)| < c¢|W|loo for alln > 1 and w € Cy[0, 1];
moreover, the following Riemann—Stieltjes integral exists:

1
G(w) := lim G,(w) = / wo (1) dw(t).
n—>o0 0
Proof. The mean-value theorem shows that

wO([]) wO(tJ 1)

—tj_1

= S W) — wlty) w(6)

j=1

Gn(w) = Z(w(z,)—w(z, 1)

j=1
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with suitable intermediate points 6; € [t;_;, ;]. It is not hard to see that

n

Gn(w) = wo(Our )W (tn) = Y w(t))(Wo(6;41) = w(8;)  (Basr = 1)

j=1
From this we conclude that
1Gn(w)] < (llwglloe + VAR (wg: 1)) [|wlloo

as well as
1 1
nlglolo G,(w) = 11)6(1)11)(1)—/0 w(t) dwy(t) =/0 wy (1) dw(t). O

We can now state and prove the Cameron-Martin formula for shifts in J_.

12.4 Theorem (Cameron, Martin 1944). Let (C(,)[0, 1], B(C(o)[0, 1]), ) be the Wiener
space and Uw = w + wq the shift by wy € H.. Then the image measure
wy (A) == w(U1A), A € B(C,[0,1]), is absolutely continuous with respect to [,
and for every bounded continuous functional F : C([0, 1] — IR we have

[ Fwwan =[O
C[0,1]

Cw0.1]
dpy (W)

(12.4)
=]' Fw) Py dw)
Cw[0,1] 1%

with the Radon-Nikodym density

1 1
d’u“cllfi/iw) = exp (—%/0 |w(/)(l)|2dt+/0 wé)(t)dw(t))_ (12.5)

Proof. In order to deal with the infinite dimensional integrals appearing in (12.4) we

use finite dimensional approximations. Set t; = j/n, j = 0,1,...,n,n > 0, and
denote by
w(t;), ift=t, j=0,1,...,n,
M,w(t) := (t) i J
linear, for all other ¢

the piecewise linear approximation of w on the grid ty, #1, . . ., f,. Obviously, we have
IM,w € Cy[0, 1] and lim,, [T, w(¢) = w(¢) uniformly for all .

Let F : C)[0, 1] = IR be a bounded continuous functional. Since IT, w is uniquely
determined by x = (w(ty), ..., w(t,)) € R”, there exists a bounded continuous func-
tion F, : R” — IR such that

F,(x) = F(IT,w) where x; = w(¢).
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Write x° = (wo(f1), . .., wo(fy)) and xo = xJ := 0. Then

/ F(IT,Uw) p(dw)
C(U)[O,l]

= E[Fu(B(t1) + wo(t1), ..., B(ta) + wo(tn))]
(2.102) 1 0. T3 é (xj—=xj-1)?
s Jo P e S
1 -5 5 0 =yi—1=(x9=x9_))?
- @ F Jj=1 d
(27 /n)n/2 []R” n(y)e Y

n
n 0 0 2
_Ejgl(xj—xjfl)

e e 0y G5 -4 é(y,,-—y,-_u)zd
= G Ju PO - i
If we set
n
wo () — wo(tj-1)
Gn(w) :=Y (w(ty) —w(tj—1) —L——"—,
j=1 "
2 (wo(ty) — wo(tj-1))?
oll;) — Wollj—1
(o) 1= LI
j=1 n
we find

/ F(IT,Uw) u(dw) = e~ 2% wo) / F(IL,w)e% ™ y(dw). (12.6)
C0[0,1] C[0,1]

Since F is bounded and continuous and lim, o, I1,Uw = Uw, the left-hand side
converges to fe(o)[o 1 F(Uw) u(dw). By construction, t; —tj_1 = %; therefore, Lem-
mas 12.2 and 12.3 show that

1 1
lim o, (w) =/ lwy(1)|*dt and  lim G,(w) =/ wy () dw(t).
n—>00 0 n—>00 0

Moreover, by Lemma 12.3,

eGn@) ¢ pelwlo o pesupici W) 4 p=cinfrciw(e),
By the reflection principle, Theorem 6.9, sup;<; B(t) ~ —inf;<; B(t) ~ |B(1)|. Thus
/ eGn(w) w(dw) < E [ecsupz<l B(t)] +E [e—Cinf1g1 B(Z)] — Z[E‘C‘B(l)l].
C[0,1]

Therefore, we can use the dominated convergence theorem to deduce that the right-
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hand side of (12.6) converges to

e—%fol w(/)(t)zdt/ F(IT,w) efol wy () dw (@) u(dw). U
Cl0,1]

We want to show that Theorem 12.4 remains valid for wg € H'. This is indeed
possible, if we use a stochastic approximation technique. The drawback, however, will
be that we do not have any longer an explicit formula for the limit lim, .o, G, (w) as
a Riemann-Stieltjes integral. The trouble is that the integral

1

1
| wiydwe) = wwon) ~ [ dwoty
0 0

is for all integrands w € C(,)[0, 1] only defined in the Riemann-Stieltjes sense, if wq
is of bounded variation, cf. Corollary A.41.

12.1 Paley—Wiener-Zygmund integrals (Paley, Wiener, Zygmund 1933). Denote by
BV]0, 1] the set of all functions of bounded variation on [0, 1]. For ¢ € BV]0, 1] the
Riemann-Stieltjes integral

1 1
G¢(w)=/ ¢(s)dw<s)=¢(1)w(1)—/ w(s)dg(s). w € Cey[0. 1],
0 0

is well-defined. If we write G? as the limit of a Riemann—Stieltjes sum, it is not hard
to see that, on the Wiener space (C(y)[0, 1], B(C [0, 1]), i),

1
G? is a normal random variable, mean 0, variance / % (s) ds; (12.7a)
0

1
/ G?(w)GY (w) pu(dw) :/ ¢ ()Y (s)ds if ¢,y € BV[0,1]. (12.7b)
C0[0,1] 0
Therefore, the map
L?[0,1] D BV[0,1] 3 ¢ = G? € L?(€(y)[0, 1], B(C(o)[0, 1]), 12)

is a linear isometry. As BV[0, 1] is a dense subset of L2[0, 1], we find for every function
¢ € L?[0,1] a sequence (¢, )n>1 C BV[0, 1] such that L2-lim, 00 ¢» = ¢. In partic-
ular, (¢n)n>1 is a Cauchy sequence in L2[0, 1] and, therefore, (G%),; is a Cauchy
sequence in L2(C(y)[0, 1], B(C(4)[0, 1]), w). Thus,

1
G%(w) := /0 o) dw(t) = Lz-nlingo G (w), w € €0, 1]

defines a linear functional on €, [0, 1]. Note that the integral notation is symbolical
and has no meaning as a Riemann-Stieltjes integral unless ¢ € BV[0, 1]. Obviously
the properties (12.7) are preserved under L? limits. The functional G? is often called
the Paley—Wiener—Zygmund integral. It is a special case of the It0 integral which we
will encounter in Chapter 14.

Ex. 12.4

Ex. 12.5
Ex. 14.11
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12.5 Corollary (Cameron, Martin 1944). Let (C(o)[0, 1], B(C()[0, 1]), ) be the Wiener
space and Uw = w + wo the shift by wy € H'. Then u,(A) = wU'A),
A € B(C»)[0, 1]) is absolutely continuous with respect to | and for every bounded
Borel measurable functional F : C»)[0, 1] — R we have

| Fwr@w= [ FUw @)
C[0,1] C[0,1]

(12.8)
d
_ / F) P2 )
C[0,1] w

with the Radon-Nikodym density

1 1
ch[fip(vw) = exp (—%/0 |w(/)(t)|2dt+/0 w (1) dw(t)) (12.9)

where the second integral is a Paley—Wiener—Zygmund integral.

Proof. Let wy € K" and (¢,)n>0 be a sequence in H, with L2-lim,_, o ¢, = w}. If
F is a continuous functional, Theorem 12.4 shows for all n > 1

f F(w + é) pe(dw)
C[0,1]

_ _l o 5 L
_/e@[o,l] Fw) e"P( 2 / [ (01t + / ¢,,(r>dw<z>) p(dw).

It is, therefore, enough to show that the terms on the right-hand side converge as
n — oo. Set

1 1
G(w) ::/0 wo(s)dw(s) and G,(w) :=/0 ¢, (s) dw(s).

Since G, and G are normal random variables on the Wiener space, we find forall ¢ > 0

/ ‘eG,,(w) _ eG(w)) w(dw)
C[0,1]

_ / ‘ecn(w)—G(w) _ 1‘ ¢S 1 (dw)
G(O)[O,l]

= (/ +/ ) ‘eGn(w)—G(w) _ 1‘ S i (dw)
{IGl>c}  J(IGI<c}

5 1/2 1/2
< |:/ ‘eGn(w)—G(w) _ 1‘ ;,L(dw)] |:/ 226 w) M(dw)i|
C[0.1] {IG|>c}

pe [ 600w 1wy
C[0,1]

1/2 ¢
e 2
<C f o2y e—yz/(Za) dy] 4 / |eUny _ 1| e ” /2 dy
|: ly|>c V21 JR
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where 02 = fol |, (s) — wp(s)|*ds and a = fol |wg (s)|? ds. Thus,
lim
n—o0 e(0) [0,1]

Using standard approximation arguments from measure theory, the formula (12.8) is
easily extended from continuous F' to all bounded measurable F'. O

o Gn(w) _ eG(w)‘ u(dw) = 0.

12.6 Remark. It is useful to rewrite Corollary 12.5 in the language of stochastic pro-
cesses. Let (B;);>0 be a BM! and define a new stochastic process by

X/(w) := B;(U 'w) = B,(w) —wo(t), wo e H.

Then X, is, with respect to the new probability measure

1 1
Q(dw) = exp (—;/0 |w6(s)|2ds+/(; w{,(s)st(a))) P(dw),

a Brownian motion. This is a deterministic version of the Girsanov transformation, cf.
Section 17.3.

12.2 Large deviations (Schilder’s theorem)

The term large deviations generally refers to small probabilities on an exponential
scale. We are interested in lower and upper (exponential) estimates of the probability
that the whole Brownian path is in the neighbourhood of a deterministic function u # 0.
Estimates of this type have been studied by Schilder and were further developed by
Borovkov, Varadhan, Freidlin and Wentzell; our presentation follows the monograph
[67] by Freidlin and Wentzell.

12.7 Definition. Let u € C,)[0, 1]. The functional / : C(y)[0, 1] — [0, co],
1) 2 /01 |u’(s)|*ds, if u is absolutely continuous
u) =
+o00, otherwise
is the action functional of the Brownian motion (B;);e[o,1]-

The action functional / will be the exponent in the large deviation estimates for B;.
For this we need a few properties.

12.8 Lemma. The action functional 1 : C)[0,1] — [0, 00] is lower semicontin-
uous, i.e. for every sequence (Wy)n>1 C C)[0, 1] which converges uniformly to
w € Cy[0, 1] we have lim I(w,) > I(w).

n—>00
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Proof. Let (wy)n>1 and w be as in the statement of the lemma. We may assume that
lim, . I(w,) < oo. For any finite partition IT = {0 =1y <t <:-- <t = 1} of

[0, 1] we have

sup )3 lw) — w0 _ sup lim 3 lwn (t;) — wn (tj—1)|?

i —1j i —1j

tjGH tjGH

< lim Sll}[P Z |wn(tj)_wn(tj—l)|2‘

i —tj—
n—o00 t;€ll J Jj—1

Using Lemma 12.2, we see that I(w) < lim, _,  I(w,). |
As usual, we write
dw,A) :=inf{||lw —ulle : u € A}, wECY[0,1] and A C C(y[0,1]
for the distance of the point w to the set A. Denote by
d(r) = {w € Cwl0,1] : I(w) < r}, c=0
the sub-level sets of the action functional /.

12.9 Lemma. The sub-level sets ®(r), r > 0, of the action functional I are compact
subsets of ([0, 1].

Proof. Since I is lower semicontinuous, the sub-level sets are closed. For any r > 0,
0<s <t <1andw € ®(r) we find using the Cauchy-Schwarz inequality
t 1/2
< (/ |u)’(x)|2dx) At —s
s

/t w'(x) dx
< V2I(w) Vi —s < V2r Vi —s.

This shows that the family ®(r) is equi-bounded and equicontinuous. By Ascoli’s
theorem, O(r) is compact. O

lw(@) —w(s)| =

We are now ready for the upper large deviation estimate.

12.10 Theorem (Schilder 1966). Let (B;)sefo.1] be a BM' and denote by ®(r) the
sub-level sets of the action functional I. For every § > 0, y > 0 and ry > O there is
some €y = €o(8, v, ro) such that

P (d(eB, ®(rp)) > 8) < exp [—re—z] (12.10)

forall0 < e <e€yand0 <r < ry.
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Proof. Sett; = j/n,j =0,1,...,n,n > 0, and denote by

B(tj,w), ift=t;, j=0,1,....n,
Hn[GB](t,C()) = {6 (] Cl)) 1 J J n

linear, for all other t,

the piecewise linear approximation of the continuous function €B;(w) on the grid
to,t1,...,t,. Obviously, forallt € [tx_y, %] and k = 1,...,n,

€B(ty) — €B(tx—1) .

,[eB](t) = €B(tk—1) + (t — tx—1) e — oot

Since the approximations I, [¢B](?) are absolutely continuous, we can calculate the
action functional

n 2 n
I, [eB)) = 5 Y ne (B~ B’ = 5 Y 8 (2.1
k=1

k=1

where & = /n(B(tx)— B(tx—1)) ~ N(0, 1) are iid standard normal random variables.
Note that

{d(eB,®(r)) > 8} = {d(eB,®(r)) > 8, d(I1,[eB],eB) < §}
U {d(eB,®(r)) > 8, d(I1,[eB].eB) > §}
C {[u[eB] ¢ ®(r)} U{d(I1,[eB].€B) > §}.

=14, =:Cy

We will estimate IP(A,) and IP(C,,) separately. Combining (12.11) with Chebychev’s
inequality gives for all 0 < o < 1

IP(4,) =P (I(I,[eB]) > r) ( ng )
:]P(exp[ azg;}>exp[€rz(l—0)])
ll<d exp [—— 1- a)] (IE exp |:1—Ta§12:|)" .

=en(l—a)2/8 by (2.6)

Therefore, we find foralln > 1, rg > 0 and y > 0 some €; > 0 such that

P(4,) < p[—erfz-}—elz] forall 0 < e <€y, 07 <7y

1
2
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In order to estimate IP(C, ) we use the fact that Brownian motion has stationary incre-
ments.

P(C) = P (Oglgg] I€B(1) — TL[eB](1)] > 5)

<21P( sup |eB(r)—eB(rk_1)—(z—tk_l)ne(B(rk)—B(zk_l))i>8)
k=1

tr—1 SISk

= nIP( sup |€B(Z) — netB(l/n)| > 8)
t<1/n

)

mn |

<n]P(sup B(@)| + |B(/n)]| >
t<1/n

8
<o ( sup 180 > 5 )
t<1/n 2¢

<1 2¢e

<2n][’(su1/) B(t) > 8).

We can now use the following maximal estimate which is, for example, a conse-
quence of the reflection principle, Theorem 6.9, and the Gaussian tail estimate from
Lemma 10.5

; le_xz/(zt) x>0,1>0,
Tt X

P (sg;t) B(s) > x) <2P(B(t) > x) <

to deduce

2 2
IP(C,,)<4n]P(B(1/n)>28€)<4n € xp[ 8ni|.

A B
V2m/né 8e?

Finally, pick n > 1 such that §21/8 > ry and €y small enough such that P(C,) is less
than%exp[—e%—}—elz]fora110<e<eoand0<rgro. O

12.11 Corollary. Let (B;):e[0,1] be a BM! and I the action functional. Then
lim e2logP (¢B € F) < — inf I(w) (12.12)
e—>0 weF

for every closed set F C C(y)[0, 1].

Proof. By the definition of the sub-level set ®(r) we have ®(r) N F = @ for all
r < infyep I(w). Since ®(r) is compact,

d(®(r),F)= inf d(w,F)=:8,>0.
wed(r)
From Theorem 12.10 we know for all 0 < € < ¢ that

PleB € F] < P[d(eB. %) > 5,] <exp[-" 7],
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and so L
lim e’loglP(eB € F) < —r.

Since r < infy,er I(w) is arbitrary, the claim follows. O
Next we prove the lower large deviation inequality.

12.12 Theorem (Schilder 1966). Let (B;)e[0,1] be a BM! and I the action functional.
Forevery§ > 0, y > 0and ¢ > 0 there is some €y = €y(6, v, ¢) such that

P (€B — wolloo < 8) > exp (—(I(wo) + ¥)/€?) (12.13)

forall 0 < e < €y and wy € CR[0, 1] with I(wy) < c.
Proof. By the Cameron—Martin formula (12.8), (12.9) we see that

P (leB — wolloo < §) = e~ /w0/® / e lo mOdw6) 1y ()
A

where A := {w € C,)[0,1] : [|w]eo < §/€}.
Let C := {w € Cw[0,1] : fol wq(s)dw(s) <2 21(w0)}. Then
—L Ll (s)dw(s) —1 Ll (s)dw(s)
e €70 %0 M(dw)> e €J/0 %0 /L(dw)
A

ANC

> e~ eV2IWo) (4 M ().
Pick €g so small that
8 3
P(A) =P sg?|B(t)| <-)>- forall 0<e<e¢.
1< € 4
Now we can use Chebyshev’s inequality to find

1
w(Q\C) = ,u{w € Cw[0,1] : /0 wy(s) dw(s) > 2\/21(w0)}

2

1 L
S 81(wo) C0[0,1] |:[0 wo(s)dw(s)} pldw)

1
(12729 1 NS 1
= ds = —.

81(wo) /o o ()] ds 4

Thus, u(C) > % and, therefore, u(ANC) = u(A) + u(C) —u(AUC) > 1/2. 1f
we make €y even smaller, we can make sure that

L[ 2 vt > e[ 2]

2
for all 0 < € < €9 and wy with I(wyp) < c. O
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12.13 Corollary. Let (B;):e[0,1] be a BM! and I the action functional. Then
lim €?loglP (eB € U) > — inf I(w) (12.14)
we

e—0
for every open set U C C([0, 1].
Proof. For every wg € U there is some §y > 0 such that
{w € Cyl[0,1] : |lw—wollec < o} C U.

Theorem 12.12 shows that

P(eB € U) > P (||eB — wo| < 8o) > exp (—612 (I(wo) + J/)) ;

and so
lim €*log P(eB € U) > —I(wo);
e—>0
since wqy € U is arbitrary, the claim follows. O

12.3 The proof of Strassen’s theorem
Before we start with the rigorous argument we want to add

12.14 Some heuristic considerations. Let (B;);>o be a BM! and
B(st, B(t,

Z,(t.w) = Gtw) Bt o) ’

V2sloglogs  +/2loglogs

In order to decide whether wy € C(y)[0, 1] is a limit point of {Z; : s > e}, we have to
estimate the probability

P (| Zs(-) —wo(-)llo <8) as s— o0

t €[0,1], s > e.

forall § > 0. Using the canonical version of the Brownian motion on the Wiener space
(C)[0, 1], B(C()[0, 1]), 1) we see for € := 1/+/21oglogs.

P ([ Zs(-) = wo(-)lloo < 8) =P ([leB(-) = wo(-)lloo < §)
= {w € C[0,1] : lw—€e 'wylleo < 5/6}.

Now assume that wy € H' and set A := {w € C)[0,1] : ||w|lew < §/€}. The
Cameron—Martin formula (12.8), (12.9) shows

P (I1Zs(+) = wo()lloo < 8)

= exp (—ZIZ/O |w6(t)|2dt)/Aexp (_é/o wy () dw(s)) w(dw).
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Using the large deviation estimates from Corollaries 12.11 and 12.13 we see that the
first term on the right-hand side is the dominating factor ase — 0 (i.e. s — oo) and that

flwo(t)lzdt
P ([ Zs(-) = wo()lleo < 8) ~ (logs) © as s — oo. (12.15)

Thus, the probability on the left is only larger than zero if fol lwy(1)|? dr < o0, i.e. if
wy € H 1 Consider now, as in the proof of Khintchine’s LIL, sequences of the form
s =5, =q",n > 1,where g > 1. Then (12.15) shows that

D P (1Zs, (1) —wo(+)lloo < 6) = +00 or < +00

according to fo lwy(1)|*dr < 1 or fo |wy(1)|*dr > 1, respectively. By the Borel—
Cantelli lemma we infer that the family

1
JC:{weiJ—f‘ :/ |w’(z)|2dt<1}
0

is indeed a good candidate for the set of limit points. O

We will now give a rigorous proof of Theorem 12.1. As in Section 12.2 we write
I(u) for the action functional and ®(r) = {w € Cy[0,1] : I(w) < r} for its sub-
level sets; with this notation X = CID(%). Finally, set

L(w) := {w € C(y[0,1] : w isalimit point of {Z(-,w) : s >e}ass — oo}.

We have to show that L(w) = CD( %) We split the argument in a series of lemmas.
12.15 Lemma. L(w) C CD(%)for almost all w € Q.

Proof. Since ®(3) = (), ®(3 + 1) it is clearly enough to show that
L(w) C (3 +n) forall n>0.

1° Consider the sequence (Z4- (-, w)),>; for some g > 1. From Theorem 12.10 we
find forany 6 > Oand y < 7

P [d(Zg. ®(3 + 1)) >8] =P[d((2loglogg™) "?B, ®(% + 1)) > §]
< exp[—2(loglogq™) (5 + n1—v)].

Consequently,
Z]P (Zgn, ®(3 + 1)) >8] < o0,

and the Borel-Cantelli lemma implies that, for almost all w € €2,

d(an(-,a))JD(% )) <6 forall n > no(w).



188 Chapter 12 Strassen’s Functional Law of the Iterated Logarithm

2° Let us now fill the gaps in the sequence (¢"),>1. Set L(¢#) = /2t loglog¢. Then

Z— 2 B(rt) B(rq")
su —Zonllw = su su -
g I<P< n ! e q”—‘éyéqn Ogrgl L(t) L(g")
_ |B(rt) — B(rq")| |B(rt)| ( L(g")
< sup t 5 o 1)
g""' i< 0<r<1 L(g™) g"'<i<gn 0sr<t L(g™) \ L(1)
=:X, =t

Since L(t),t > 3, is increasing, we see that for sufficiently large n > 1

n

sup |B(s)| ( L(q"™) _1)_
s<q¢" L(g") \ L(g"™")

Khintchine’s LIL, Theorem 11.1, shows that the first factor is almost surely bounded
for all n > ngy(w). Moreover, lim,_,, L(¢")/L(¢""') = 1, which means that we
have

)
2
with § > 0 as in step 1° . For the estimate of X,, we use the scaling property of a
Brownian motion to get

)
]P(X,, > E) =]P( sup sup |B q,l B(r)| > 5 v/2loglog g )

g 1<t<q" 0<r<1

<1P( sup__sup |B(cr) — B(r)|>\/210glogq)
q

—1<eg10<r<1

Y, < forall n > no(w.4,q)

=P(yB € F)

1/2

where y := 2671 (2loglogg™)~!/? and

F = {w € Cp[0,1] :  sup  sup |w(cr) —w(r)| > }

q- 1<c<1 0<r<1

Ex. 12.6 Since F' C C(y,)[0, 1] is a closed subset, we can use Corollary 12.11 and find

)
P (X,, > 5) <exp (—% (Jng 1(w) —h))

for any & > 0. As infy,er I(w) = q/(2q — 2), cf. Lemma 12.16 below, we get

8 82 q
P (X,, > 2) < exp (— loglog g™ (ﬁ — 2h))



Section 12.3  The proof of Strassen’s theorem 189

and, therefore, ), IP[X, > 6/2] < oo if g is close to 1. Now the Borel-Cantelli
lemma implies that X, < §/2 almost surely if n > ny(w) and so

sup || Zs(-,0) = Zgn (-, 0)||oec <8 forall n > no(w,d,q).
qn—I<S<q11

3° Steps 1° and 2° show that for every 6 > O there is some g > 1 such that there is
for almost all @ € © some sy = so(w) = ¢+ with

d(Zs(+. 0), @(3 + 1)
SNZs (- 0) = Zgn (-, ) |loo + d (Zgn (-, @), (5 + 1)) < 28

for all s > s¢. Since 6§ > 0 is arbitrary and qD(% + n) is closed, we get
L(w) C P35 + 1) = D(3 +1). O

12.16 Lemma. Let F = {w € Cl0,1] : sup - sup lwicr) —w(r)| = l},
g~ '<

e<10<r<1
q > 1, and I be the action functional of a Brownian motion. Then
q

1
inf I(w) =- ——.
weF 2qg-—-1

X

Proof. The function wy(?) := qqt%ll 11/g,17() isin F, and

1 2
2I(w0)=/ (L) ar=—1
1/g \q —1 q—1

Therefore, 2 infy,ep I(w) < 21(wo) = q/(qg—1). On the other hand, for every w € F
there are x € [0, 1] and ¢ > ¢! such that

/c: w'(s) ds

12.17 Corollary. The set {Z;(-,w) : s > e} is for almost all ® € Q a relatively
compact subset of C()[0, 1].

< w(x) —w(ex)? =

1
< _ / 2d
< (x cx)/0 |w'(s)|* ds
<2(1—¢~HI(w). D

Proof. Let (s;);>1 be a sequence in (0, co). Without loss of generality we can as-
sume that (s;);>1 is unbounded. Pick a further sequence (8,),>1 C (0, oo) such that
lim, o0 6, = 0. Because of step 3° in the proof of Lemma 12.15 there exists for every
n > 1 some w, € CID(% + 1) and an index j(n) such that | Z,,, (-, ®) — Wyl < 8n.
Since @(% + 1) is a compact set, there is a subsequence (S;(n))j21 C (8j(m))n>1 such
that (Zy, (-, ®))j>1 converges in C(y [0, 1]. O

Sjm
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12.18 Lemma. L(w) D CD(%)for almost all w € Q.

Proof. 1° The sub-level sets ®(r) are compact, cf. Lemma 12.9, and ®(r) C d(r')
if 1 < r'; it follows that |, ,, ®(r) = ®(3). By the very definition, the set of limit
points L(w) is a closed set. Therefore, it is enough to show that ®(r) C L(w) for all
r<1/2.

Being subsets of C(,)[0, 1], the sub-level sets ®(r) contain a countable dense subset.
This means that it is enough to show that for every w € ®(r), every rational r < 1/2
and every € > 0 there is a sequence (S,)n>1, Sn — 00, such that

]P[||Zs”(') —w()||oo <€, forall n=> 1] = 1.

2° As in the proof of Khintchine’s LIL we set s, = ¢", n > 1, for some ¢ > 1, and

L(s) = +/2sloglogs. Then

B(ts,
120 =)l = [ 39 < w00
B(tsn) - B(sn—l)
S q*lsgtgl L(sy) —wl)
|B(Sn—1)| |B(tsn)|
T oy TS, el sup, =S

We will estimate the terms separately.
Since Brownian motion has independent increments, we see that the sets

B(ts,) — B(sp—1)
Ay = sup -
g-1<i<1 L(sy)

are independent. Combining the stationarity of the increments, the scaling prop-
erty 2.12 of a Brownian motion and Theorem 12.12 yields for all n > ng

w(t)

€
<-¢, n=l,
3

B(t—q™) e)
P(4,) =P sup |———L —w()| < -
(4n) (qllgllt)gl 2loglog s, ®) 4
B(1) e)
> 1P su — ()| < =
(Ogtglgq_l 2loglog s, ®) 8
B(1t)

—v(1)

9
<_
8

>P|( sup |——
(0<tgl +/2loglog s,
> exp (—2loglogs, - (I(v) + 1))

1 2(I(v)+n)
N (n logq) '
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here we choose g > 0 so large that |w(g~!)| < /8, and use

u(t) = w(t +7) —w(z): ?ngzgl_é’
w(l), if1-1<i<l,

Since n > 0 is arbitrary and

1-1/q 1 1 1
I(v) = / |v'(1)|*dt = / [w'(s)|* ds < / lw'(s)|*ds <r < =,
0 1/q 0 2

we find ), IP(4,) = oo. The Borel-Cantelli lemma implies that for any ¢ > 1

Y B(tsn) — B(sn—1) €
lim  sup —w()| < -.
n—00g—1<i<1| +/2loglogs, 4
3° Finally, Ex. 12.7

|B(sy—1)] € €
p (28U €Y _p (1B > £ V2gTogloga” ).
(L(s,,) > (I()I>4 qogogq)
1/q 1
sup [w(0)] </ lw'(s)| ds < vr_o L
t<q! 0 NG

B(t
P sup |B(sn)| s € < 2]P(|B(1)| > € V2q loglogq”),
0<<g™! 4 4

L(sn)

and the Borel-Cantelli lemma shows that for sufficiently large g > 1

—— (|B(sp—1)| |W(tsn)| 3
1 T t — ) < -e.
nroo ( L(sn) * g Wl + 2 Lisy) 4
This finishes the proof. O

12.19 Further reading. The Cameron—Martin formula is the basis for many further @
developments in the analysis in Wiener and abstract Wiener spaces, see the Further
reading section in Chapter 4; worth reading is the early account in [187]. There is an
extensive body of literature on the topic of large deviations. A good starting point are

the lecture notes [182] to get an idea of the topics and methods behind ‘large devia-

tions’. Since the topic is quite technical, it is very difficult to find ‘easy’ introductions.

Our favourites are [35] and [67] (which we use here), a standard reference is the classic
monograph [36].

[35] Dembo, Zeitouni: Large Deviations Techniques and Applications.
[36] Deuschel, Stroock: Large Deviations.
[67] Freidlin, Wentzell: Random Perturbations of Dynamical Systems.
[182] Varadhan: Large Deviations and Applications.
[187] Wiener et al.: Differential Space, Quantum Systems, and Prediction.
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Problems

1. Let w € C()[0, 1] and assume that for every fixed ¢ € [0, 1] the number w(?) is a
limit point of the family {Zs(¢) : s > e} C R. Show that this is not sufficient for
w to be a limit point of C,)[0, 1].

2. Let X be the set from Theorem 12.1. Show that for w € X the estimate |w ()| < /1,
t € [0, 1] holds.

3. Letu € H'and IT,, n > 1, be a sequence of partitions of [0, 1] such that
lim,, o |I1,,| = 0. Show that the functions

1 g 2
Ia(t) = Z [j[ ”/(S)ds:| Lyap @), n>1,
tj,tj—1€Il, J J=1Jt—
converge for n — oo to [u/()]* for Lebesgue almost all 7.

4. Let ¢ € BVJ0, 1] and consider the following Riemann-Stieltjes integral

1
G*w) = ¢ M) - [ w6 dps). w e el

0
Show that G? is a linear functional on (C()[0, 1], B(C)[0, 1]), ) satisfying
(a) G? is a normal random variable, mean 0, variance fol 2 (s) ds;

1) fo 0. GPW)GY (w) u(dw) = [ $(s)¥(s)ds for all ¢,y € BV[O, 1]
(¢) If (n)n>1 C BV[0, 1] converges in L? to 7, then G? := lim,_,o G% exists
as the L2-limit and defines a linear functional which satisfies (a) and (b).

5. Let w € C(y)[0, 1]. Find the densities of the following bi-variate random variables:
@ (f1),52dw(s).w(1/2) for 1/2.< 1 < 1
(b) <f1t/2 s2dw(s), w(u + 1/2)) forO<u <1/2,1/2<t<1;
(c) (flt/z 52 dw(S),flt/zsdw(s)) for1/2<t<1;
) (ff/z e dw(s), w(l) — w(l/z))_

6. Show that F := {w € C[0, 1] : supg-1<c<1SUPo<r<1 lw(cr) —w(r)| > 1} is
for every ¢ > 1 a closed subset of C(y)[0, 1].

7. Check the (in)equalities from step 3° in the proof of Lemma 12.18.



Chapter 13

Skorokhod representation

Let (B;):>0 be a one-dimensional Brownian motion. Denote by t = 7,'(0_ abyer @ b >0,
the first entry time into the interval (—a, b)¢. We know from Corollary 5.11 that

b a
B, ~—§_,+ 8, and
a+b ba +b a13.1)
Foap(x) =P(B; <x) = itb N—a,) (%) + Apo0) ().

We will now study the problem which probability distributions can be obtained in this
way. More precisely, let X be a random variable with probability distribution function
F(x) = IP(X < x). We want to know if there is a Brownian motion (B;);>¢ and a
stopping time 7 such that X ~ B;. If this is the case, we say that X (or F') can be
embedded into a Brownian motion. The question and its solution (for continuous F')
go back to Skorokhod [172, Chapter 7].

To simplify things, we do not require that t is a stopping time for the natural fil-
tration (fff )>0, 3"? = 0(Bs : s < t), but for a larger admissible filtration (JF;);>o,
cf. Definition 5.1.

If X can be embedded into (B;);>¢, it is clear that

E(X*) = E(BF)

whenever the moments exist. Moreover, if [E1 < oo, Wald’s identities, cf. The-
orem 5.10, entail
EB,=0 and E(B?) =Er.

Thus, X is necessarily centred: [E X = 0. On the other hand, every centred distribution
function F' can be obtained as a mixture of two-point distribution functions F_, p. This
allows us to reduce the general embedding problem to the case considered in (13.1).
The elegant proof of the following lemma is due to Breiman [14].

13.1 Lemma. Let F be a distribution function such that [y |x|dF(x) < oo and
Jg X dF(x) = 0. Then

F(x)=// Fy(x)v(du,dw)
R2
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with the mixing probability distribution
1
v(du,dw) = — (w —u) Ly <o<w) (U, w) dF(u) dF (w)
o
and a := 3 [ |x| dF(x).
Proof. Since F is centred, we see that

1
o= E/IRlxIdF(x) = /(O’oo)xdF(x) = —/(_M,O]XdF(x)'

Using the formula (13.1) for F), , we find
a//Fu’w(x) v(du,dw)

_ /f (% (W — 1)Ly (x) + (w — u)ll[w,oo)(x))dF(u) dF(w)

uLO<w

— ] (w0 + @ = 00 ) )
u<0<w

_ // (wﬂ[u,w)(x)—uﬂ[w,w)(x))dF(u)dF(w)
u<0<w

- // (wﬂ(_w,x](u)—uﬂ(_w,x](w)) dF(u) dF(w)

uLO<w
= / w dF(w) (o0, x1 (1) dF (1)
(0,00) (—00,0]

=

—/ udF(u)/ L(—o0,x) (W) dF (w)
(_0030] (0500)

=

= oe/ L—oo,x](2) dF (z) = aF (x).
R

Finally, the monotone convergence theorem shows that v is indeed a probability mea-
sure:

1= lim F(x) = // lim F, ., (x) v(du,dw) = v(R?). O
]RZ X—>00

X—>00

We can now prove Skorokhod’s embedding theorem.
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13.2 Theorem (Skorokhod 1965). Let X be a real random variable with distribu-
tion function F. If E|X| < oo and EX = 0, then there is a BM! (B;);>0, an

admissible filtration (F;);>0 and a stopping time t such that B ~ X. Moreover,
EX?=E1t €0, 0]

Proof. Let (B;);>0 be a BM! and (U, W) be a random vector with values in IR? and
distribution v as in Lemma 13.1. We can assume that (B;);>¢ and (U, W) are inde-
pendent. Therefore, the filtration ¥, := o(B; : s < t; U; W) is admissible in the
sense of Definition 5.1.

Consider the first exit time of B from the random interval (U, W),

©° =inf{t >0 : B, ¢ (U W)}

U.w)¢e

and write Fy, ,,, u < 0 < w, for the distribution function of Br(o 0 See (13.1). Since
we have ‘

{z° ,>t}={min BS—U>O}ﬂ{maxBS—W<O},

.w)e 0<s<t 0<s<t

7° is an J; stopping time. Because of the independence of (U, W) and (B;);>o,

w.w)He
we can use Lemma 13.1 and find

P (B, <¥) " E[E(lcon(Be,, )| UW)]
o ]E|:1E (oo (Bez ) u:U,w:W]
// (Vwet(Bez, ) v(du, dw)
(3.0 // Fu.w(x) v(du, dw)
o

! F(x).

Since BIU ™ F, we get by Tonelli’s theorem, Wald’s identities and (5.12)

/xzdF(x) = // v(du,dw)
(UW)‘ (u w)¢
519 // > v(du dw)
CL2 // uw v(du, dw). O

Our simple proof of Skorokhod’s embedding theorem comes at the cost that we
have to use an exogenous randomization procedure which requires the enlargement of

Ex. 13.1
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the natural Brownian filtration. There are several proofs which avoid this, but they are
more complicated, see e. g. Sawyer [165].

Because of the strong Markov property of a Brownian motion we can use The-
orem 13.2 to embed any random walk (S,)s>1, S» = X1 +---+ X,, where the X; are
independent centred random variables, in a Brownian motion. For simplicity we will
consider only the case where the X are iid.

13.3 Corollary. Let (X;)j>1 be a sequence of iid real random variables with common
distribution F such that IE | X1| < co and [E X1 = 0. Then there is a one-dimensional
Brownian motion (B;) >0, an admissible filtration (F;);>o and a sequence (t,)n>1 of
F, stopping times such that the following statements hold:

a) the increments (1, — T,_;)n>1 are iid positive random variables (t, := 0);

b) E(r, — 1,_,) = E(X?);

c) the sequences (B, )n>1 and (Sp)n>1, Sn := X1 + -+- + Xy, have the same distri-
bution.

Proof. Let (B;);>0 be a one-dimensional Brownian motion and (U,,, W), n > 0, iid
random vectors such that (Uy, W) ~ v with v as in Lemma 13.1. We can assume that
(By)t>o0 and (Uy,, Wy,),>0 are independent. Then

F = 0(Bs ¢ s

F:=0(By : s

t; (U01W0)v--'7(UnaWn)), t >0a

<
<t; (Uns Wn)a n 2 1)7 l 2 09

are, for every n > 1, admissible filtrations for (B;);>o.
Set 7, := 0 and, recursively,

Ty i=inf{t>7, : B;—B, ¢ (U, Wa)}, n=0,1,2,....

As in Theorem 13.2 one can see that 7, is an CT"(,") stopping time and that B, is ff'“:")
measurable, cf. Lemma A.17 or Corollary 6.25.
Observe that

Tyy1— T, =inf{s >0 : B, . — B, ¢ (U, W)}

By the strong Markov property, Theorem 6.5, (B, — B, )s>0 is independent of 3—':");
inparticular B, — B, 1L Cr"(rn). Since (B, — B, )s>0 and (Uy,, W) have the same
distributions as (B;);>o and (U;, W}), respectively, we find that 7, , | — 7, ~ 7, and

Tn+1 - Btn = B(fn+1_rn)+fn - Btn ~ Btl'

By Wald’s identity we get, in particular, E(z,,, — 7,) = E1, = E(X?).



Chapter 13 Skorokhod representation 197

Finally, note that 7,,..., 7, and B_ ,..., B, are F™ measurable, and that 7, and

Tn

B, satisty the basic embedding Theorem 13.2. U
13.4 Remark. We can use the embedding of random walks in Brownian motion to
derive asymptotic results for random walks from corresponding results for Brownian
motion, cf. [32]; these are often easier to prove. We use the law of the iterated logarithm
to illustrate this point.

Let (X;);>0 be a sequence of iid random variables with mean zero and variance o.
By the Skorokhod embedding there are stopping times 7, such that

Spi=Xi+ -+ Xy~ B,

By Corollary 13.3 and Wald’s identities (t,),>1 is a random walk with mean value
Et, = E(B?) = E(S;) < co. By the strong law of large numbers,

LT
lim = =Et, =0" as.
n—oo n

Set ¢(s) := +/2sloglogs. Then lim, o ¢(7,)/P(n) = 0. We will show that

— S S
lim ——2 = lim

Sn
n—>0 \/2nloglogn 7= ¢(n) a

For this we claim that

sup |B, . B, |=0(+/n) as.asn— oo. (13.2)

—1
Ogrgfn_rnfl

Accepting this for the time being, we find for all s € [r,_;, 7,]

B, B, B B, — B,
J— n g _ + n
P(s)  d(T)| o) ¢(z,)
Bs ¢(S) 1 B
S5 ‘1_ T3 ocrsiP, Bree = Bl
< By ‘1 O] ﬁ
P(s) #(z,)

By the law of the iterated logarithm, Theorem 11.1, B;/¢(s) stays bounded while the
other terms tend to zero as n — oo. Thus,

= fm 2= G = i o S0 L S
T ls) Hooqs(rn)‘n»ooqb(n) $(zr,) o n>op(n)’
N——

—1/0, n—>00



198 Chapter 13 Skorokhod representation

All that remains to be done is to check (13.2). For this we use a Borel-Cantelli
argument. Observe that, by the strong Markov property,

sup (B ) Thn’1\.46.5

0<s<ty—1,_

sup B;.

s+, Pr,_
n—1 n—1 Ogsgrl

Using the fact that ) .-, u(f > n) < [ f du and Doob’s maximal inequality (A.14)
for the stopped Brownian motion (B, ., ):>o, We see

o0

o
ZIP( sup |Bs+t,,_, _Bfn_|| >ﬁ)=2]1’( sup BS2>n)
n=1

n—=1 0<s<t—T, 0<s<y

Doob
< E BY)=E B? < 4E(B?) =4E (X} .
(jsup BY) =E(supBi.) 5, 4 (5) (XF) <00
Now we can use the (simple direction of the) Borel-Cantelli lemma to deduce, for
sufficiently large values of n,

sup By, —B, |<Cn.

0<s<ty— 7,

This inequality holds in particular for s = 7, — 7,,_;, and the triangle inequality gives
(13.2).

We have seen in Section 3.4 that Brownian motion can be constructed as the limit
of random walks. For every finite family (By,,..., By, ), t1 < -+ < t, this is just the
classical central limit theorem: Let (¢;);>1 be iid Bernoulli random variables such that
P(e; = +£1) =L and S, := €1 + -+ + €, then'

S|_n t| weakly
—_
ﬁ n—oo

We are interested in approximations of the whole path [0,1] > ¢ — B;(®w) of
a Brownian motion, and the above convergence will give pointwise but not uniform
results. To get uniform results, it is useful to interpolate the partial sums S|,/ /1

B; forall ¢ € (0,1].

1
S™(t) = 7,_1 (Sl."tJ — (nt — LnlJ)éLntJ_H) , tel0,1].

This is a piecewise linear continuous function which is equal to S;//n if t = j/n.
We are interested in the convergence of

B(S"(+)) — B(B(-))

! In fact, it is enough to assume that the €; are iid random variables with mean zero and finite variance.

This universality is the reason why Theorem 13.5 is usually called invariance principle.
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where @ : (C[0, 1], R) — R is a (not necessarily linear) bounded functional which is
uniformly continuous with respect to uniform convergence.

Although the following theorem implies Theorem 3.8, we cannot use it to construct
Brownian motion since the proof already uses the existence of a Brownian motion.
Nevertheless the result is important as it helps to understand Brownian motion intu-
itively and permits simple proofs of various limit theorems.

13.5 Theorem (Invariance principle. Donsker 1951). Let (B;)¢e[o,1] be a one-dimen-
sional Brownian motion, (S"(t))¢ef0,1, # = 1, be the sequence of processes from
above, and ® : ([0, 1], R) — R a uniformly continuous bounded functional. Then

lim E ®(S"(-)) = E ®(B(-)).
i.e. S"(-) converges weakly to B(-).

Proof. Denote by (W;);>o the Brownian motion into which we can embed the ran-
dom walk (S,)s>1, i.e. Wt" ~ S, for an increasing sequence of stopping times
7, <1, < -orycf Corollary 13.3. Since our claim is a statement on the probabil-
ity distributions, we can assume that S, = Wrn.

By assumption, we find for all € > 0 some n > 0 such that |®( ) — ®(g)| < € for
all | f = glloo <.

The assertion follows if we can prove, for all ¢ > 0 and for sufficiently large values
of n > N, that the Brownian motions defined by B"(t) := n~'2W,, ~ B,,t € [0,1],
satisfy

This means that ®(S"(-)) — ®(B"(-)) converges in probability to 0, therefore
|E@(S"()) ~E®(B(-)| "=” [ED(S"() = E ®(B"(-))| —= 0.

In order to see the estimate we need three simple observations. Pick €,7 > 0 as
above.

1° Since a Brownian motion has continuous sample paths, there is some § > 0 such
that

lP(EIs,te[O,l], Is—1] <8 : |Wt—WS|>n><

N M



200 Chapter 13 Skorokhod representation

2° By Corollary 13.3 and Wald’s identities, (t,),>1 is a random walk with mean
Er, = IE(Br2 ) = [E(S?) < occ. Therefore, the strong law of large numbers tells us
that !

LT
lim 2 =Ez, =1 as.
n—oo 1

Thus, there is some M(n) such that foralln > m > M(n)

1 1
— max |t —k|[ < — max | —k|+ max
n 1<k<n n 1<k<m m<k<n

Tk
k1
=

1
< - max | —k|+n——n—0.
n 1<k<m n—o00 n—0

Consequently, for some N(e,n) and all n > N(e, n)

1 )
]P( max |t —k| > 3) <

€
n 1<k<n 2"
3° Foreveryt € [k/n,(k+1)/n]thereisau € [t /n, 7, /n],k =0,1,...,n—1,
such that
S™(t) = n"V2*W,, = B"(u).

Indeed: S" (1) interpolates B" (7, ) and B" (7 ) linearly, i.e. $"(7) is between the
minimum and the maximum of B”(s), 7, <5 < 7. Since s = B"(s) is continuous,
there is some intermediate value u such that $”(¢#) = B”"(u). This situation is shown
in Figure 13.1.

[l N
7~

j
|
|
|
|
|
!
I
T T
u T t

P e RN o

Figure 13.1. For each value S”(¢) of the line segment connecting B” (tx) and B” (tx+1)
there is some u such that S”(¢) = B" (u).



Chapter 13 Skorokhod representation 201

Clearly, we have

P (Oiltlgl |S™ (1) — B"(1)| > n)

[ ]
<P S"(@)— B" (¢ , - - ~
(oi‘fEJ @) ()’>77 1Iillaén n n 3)
1 ]
+P|- max [, =] > 2 ).
n 1<i<n 3

If \S”(l) — B”(t)| > n for some ¢t € [k/n,(k 4+ 1)/n], then we find by 3° some
u €[t /n, 7, /n] with ‘B"(u) — B"(t)’ > 1. Moreover,

_ | | T k| (R §, 8,1
lu—t] < |u + + H<s+s+-<6
n n n n 3 3 n
N’

—0, n—o00 by 2°

ifn > N(e,n) Vv (3/8) and maxi i<,
sufficiently large n

P (OiltlgliS"(t) — B"(1)| > n)

n

T %‘ < 8/3. This, 2° and 1° give for all

<P@u.re0.1] u—1]<8: |B"u)—B"(t)| > n) + % <e D
Typical examples of uniformly continuous functionals are
Do(f) = f(D). q>1(f)=oggl|f(t)—at|,
@ = [ 1ora @) = [ 10 - ryta

With a bit of extra work one can prove Theorem 13.5 for all ® : ¢([0, 1], R) — R
which are continuous with respect to uniform convergence at almost every Brownian
path. This version includes the following functionals

D4(f) = Lsupoc,<i [ £()I<1}5 ®s(f) = Leb{f > 0} — Leb{ f < 0},
D6 (f) = Live:a)<s)<b@y  (a,b:[0,1] = R smooth functions).

Using ©¢ we could deduce the central limit theorem (without using characteristic
function methods), @, gives the limit theorem

n 1
lim ]P(Z|Sk|1’ < )mp) :11)(/ |B;|? di < A)
n—o00 0

k=1

while ®,4 corresponds to the gambler’s ruin problem and ®¢ is Khintchine’s Problem,
see Sawyer [165] for a more detailed discussion.
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13.6 Further reading. More applications and variants of Skorokhod’s embedding
theorem can be found in the monograph [65] and in the survey papers [165] and [137].

[65] Freedman: Brownian Motion and Diffusion.
[137] Obloj: The Skorokhod embedding problem and its offspring.
[165] Sawyer: The Skorokhod Representation.

Problems

1. In the proof of Theorem 13.2 we assumed that (B;);>¢ and (U, W) are independent.
Show that F; := o (B, s < t;U, W) is an admissible filtration for a Brownian
motion, cf. Definition 5.1.



Chapter 14

Stochastic integrals: L>-Theory

A function f : [0, T] — R is Riemann integrable if the Riemann sums
ST =D fEMGT =), g e sy s, (14.1)
j=1

converge to a finite limit /. The limit is taken along all finite partitions of the interval
[0, 7], T = {0 =s§' <s{ <--- <5l =T}, with |IT] := max; (s;'=s. ) = Oand
it is independent of the particular sequence and the choice of the intermediate points
& jH. The number / is called the definite Riemann integral of f in [0, T'] and one writes

1= fOT f(s) ds. Riemann’s definition has been modified in many ways. T. J. Stieltjes
used another function g, replacing s[' — 51, in (14.1) by g(s]") — g(s/L,). The re-
sulting integral fOT f(s)dg(s) is the Riemann—Stieltjes integral. The requirement that
the Riemann-Stieltjes sums converge imposes some restrictions on f and g. For ex-
ample, if we want that fOT f(s)dg(s) exists for all f € C[0, T], we can show that g
is necessarily of bounded variation: VAR;(g;¢) < oo, see Corollary A.41. Since we
know from Chapter 9 that a Brownian motion is of unbounded variation on any com-
pact interval, it is clear that we cannot define fOT f(s) dBg(w) as a Riemann-Stieltjes
integral. Using the notion of L2 martingales K. It succeeded 1942 to give a consistent
and powerful meaning to fOT f(s,w)dBgs(w) where the class of integrand processes
f (s, w) contains all bounded processes with continuous sample paths.

14.1 Discrete stochastic integrals

Let (F,)n>0 be a filtration. An L? martingale X = (X,,, Fn)n>0 is @ martingale such
that X, € L?(PP) for all n > 0. We write M? for the family of L? martingales. If
X € M2, then X2 = (X, 2 Fu)n>o is a submartingale and, by the Doob decomposition,

X2=X;+M,+ A, (14.2)

where (M}, F,)n>0 is a martingale and (A,), >0 is a previsible (i.e. A, is F,—; mea-
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surable, n > 1) and increasing (i.e.: A, < Ay+1,n = 0) process. This decomposition
is unique. Therefore, the following definition makes sense.

14.1 Definition. Let (X}, F,),>0 be an L? martingale. The quadratic variation of X,
(X) = ({(X)n)n>o, is the unique increasing and previsible process with (X)o = 0
appearing in the Doob decomposition (14.2).

The next lemma explains why (X ) is called the quadratic variation.

14.2 Lemma. Let X = (X, Fn)n>0 be an L? martingale and (X) the quadratic
variation. Then, for alln > m > 0,

E[(Xy— Xn)? | Fm] =E[X? = X2 | Fn] = E[(X)s — (X)m| Fm]-  (143)
Proof. Note that foralln > m > 0

E [(Xn - Xm)2 | \rfm]
=E[X; —2X,Xm + X, | Fin]
=E[X?|Fm] —2Xm E[ Xy |Fm] + X2
N e’
=X,,,, martingale
E Xy |Fn] = X5
E[X7 - X5 [ F]
E[X? = (X)n=(X2 = (X)) | Fn] + E[(X)n = (X)m | T]

martingale

ZIE[<X)n_<X)m|3~m]‘ U

14.3 Definition. Let (X, F,),>0 be a martingale and (C,, ), >0 an adapted process.
Then

n
CoeXy:=)» Cii(X;—X;1). CeXo:=0, n>1, (14.4)
j=1
is called a martingale transform.
Let us review a few properties of the martingale transform.

14.4 Theorem. Let (M, F,)n>0 be an L? martingale and (Cyy, F)n>0 be a bounded
adapted process. Then

a) C o M is an L? martingale, i.e. Co : M* — M?;
b) C +— C e M is linear;
) (CoeM), =C*>e (M), :=37_, C} ({(M); —(M);—y) foralln > 1;
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d) E[(CoM,—CeMy)?|Fpn] =E[C*>e(M),—C?e(M)y |Fy] forn >m > 0.
In particular,

E[(C e M,)’]| =E[C? e (M),] (14.5)
=E [Z C (M — M,-_l)z]. (14.6)
Jj=1

Proof. a) By assumption, there is some constant K > 0 such that |C;| < K a.s. for
alln > 0. Thus, |Cj—1(M; — M;_1)| < K(IM;_1| + |M;|) € L?, which means that
C e M, € L?. Letus check that C e M isa martingale. Foralln > 1

E (C o M, | Srn—l) =E (C oM, 1+ Cn—l(Mn - Mn—l) | Srn—l)
=CeM, 1 +Co1 E ((Mn - Mn—l) ign—l) =CeoMy,_.

=0, martingale

b) The linearity of C > C e M is obvious. In order to show

c) itis enough to prove that

(1) C? e (M), is previsible and increasing

(2) (C e M,)*> —C? e (M), is a martingale.
By the uniqueness of the quadratic variation we see (C @ M), = C? e (M),,. The first
point follows easily from

>0
n
C*e (M), =) C7y ((M);—(M);—y).
j=1 N——
3:,'_1 mble 3:,'_1 mble

In order to see the martingale property we apply Lemma 14.2 to the L? martingale
X =CeMwithm=n—1 > 0and get

E[(C o M,)? = (C o My1)*|Fs] = E[(C o My — C o My_1)? |50 i]

= E[(CL,(My — My_1)* | Fuei]

= C2,E[(My— My_1)? | Fu_i]
W2 E[(M)y — (M)uy | Faci]

= E[C2 (M), — (M)y_1) | Fui]

= E[C? e (M), —C? o (M)u_1)|Tuur].
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This shows foralln > 1
E[(C eM,)*>—C?>e (M), |Fn1] =E[(C e My_1)> —C? o (M)y_y | Fp_i]
= (C b ]‘/[n—l)2 - C2 L4 (M>n—1’
i.e. (C « M)?> — C? o (M) is a martingale.
d) using c) and Lemma 14.2 for the L? martingale C M gives

]E((C’Mn_C.Mm)2|3rm) :lE((C‘Mn)z_(C.Mm)2|?m)
=E(C*>e (M), —C* o (M)y |TFn).

If we take m = 0, we get (14.5). If we use Lemma 14.2 for the L? martingale M, we
see E((M); —(M);—1|Fj—1) = E((M; — M;_1)*| F;_1). Therefore, (14.6) follows
from (14.5) by the tower property. U

Note that M +— (M) is a quadratic form. Therefore, we can use polarization to get
the quadratic covariation which is a bilinear form:

1

(M,N) = 1

((M +N)—(M —N)) forall M,N € M>. (14.7)

By construction, (M, M) = (M ). Using polarization, we see that M, N, — (M, N),
is a martingale. Moreover

14.5 Lemma. Let (M, F,)n>0, (Nn, Fn)nso be L? martingales and assume that
(Cu, Fn)n>o is a bounded adapted processes. Then

(CeM.N), =Ce(M.N), =) Cia((M.N); —(M.N);1). (148
j=1
Moreover, if for some I € M?
(I,N), =C ¢ (M,N), forall NeM? n>1, (14.9)
thenl = C o M.

Lemma 14.5 shows that C e M is the only L? martingale satisfying (14.9).

Proof. The equality (14.8) follows from polarization and Theorem 14.4 c):
(CoeM+N)=(CoeM)+2Co(M,N)+(N)=C?e(M)+2C ¢ (M,N)+(N)

and we get (14.8) by adding these two equalities. In particular, (14.9) holds for
I =CeM.
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Now assume that (14.9) is true. Then

(I.N) "2 C o (M, N) "£Y (C o« M. N)

or (I —C e M,N) = Oforall N € M2 Since I — C e M € M?, we can set
N =1 —C e M and find

(I—CoeM,I—CoeM)=(I —CeM)=

Thus, [E [(I,, —Ce M,,)z] = [(I —Ce M),,] = 0, which shows that I,, = C e M,
a.s.foralln > 0. O

14.2 Simple integrands

We can now consider stochastic integrals with respect to a Brownian motion. Through-
out the rest of this chapter (B;);>¢ is a BM!, (F¢)r>0 is an admissible filtration such

that each F; contains all IP-null sets, e. g. the completed natural filtration F; = ?’f (cf.
Theorem 6.21), and [0, T], T < oo, a finite interval. Although we do not explicitly
state it, most results remain valid for 7 = oo and [0, co). In line with the notation
introduced in Section 14.1 we use

* X7 and X := X, for the stopped process (X;);>o;
. MZT for the family of F, martingales (M;)o<;<T C L*(P);
. MZT’C for the L? martingales with (almost surely) continuous sample paths;

o L2(Ar®P) = L2([0, T]x 2, A®P) for the set of (equivalence classes of) B[0, T]®
A measurable random functions f : [0,T] x € — IR equipped with the norm
T
1120 0m = Ji E(S(5)P)] ds < oc.

14.6 Definition. A real-valued stochastic process (f(¢, -)):efo,] of the form

n
[0) =" ¢ 1@, 5,)(0) (14.10)

j=1
where n > 1,0 = 5o < 51 < --- <5, < T and ¢; € L*°(Jy,) are bounded
J, measurable random variables, j = 0, ..., n, is called a (right-continuous) simple

process. We write 7 for the family of all simple processes on [0, T'].

Note that we can, a bit tautologically, rewrite (14.10) as

ft.w) = Zf(s] 1 o)l 5 (0). (14.11)

j=1
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14.7 Definition. Let M € M7° be a continuous L2 martingale and f € E7. Then

SoMr =" f(si-1)(M(sy) — M(sj1)) (14.12)

Jj=1

is called the stochastic integral of f € Er. Instead of f e My we also write

fon(S) dM;.

Since (14.12) is linear, it is obvious that (14.12) does not depend on the particular
representation of the simple process f* € Er.Itis not hard to see that (f ® My, );—o,....n
is a martingale transform in the sense of Definition 14.3: Just take C; = f(s;) = ¢;
and Mj = M(Sj).

In order to use the results of Section 14.1 we note that for a Brownian motion

(B)s, — (B)y,_, "ZE[(B(sj) — B(s;-1))" | Ty, ]

((]::Ilz E[(B(s;) - B(sj—l))z] =5 —Sj-1.

(14.13)

Since (B)op = 0, and since 0 = 59 < 57 < -+ < 5, < T is an arbitrary partition,
we see that (B); = t. We can now use Theorem 14.4 to describe the properties of the
stochastic integral for simple processes.

14.8 Theorem. Let (B;);>0 be a BM', (M,);<r € M3°, (F,):i>0 be an admissible
filtration and [ € Er. Then
a) f + f e Mg e L*P) is linear;

b) (f e B)r = f2e(B)r =[] | f(s)|ds;
c) Forall f € &7

T
If®Brll7>py = E[(feB)7] =1E[ /O |f(s)|2ds} = /120, 0p) (14.14)

Proof. Let f be a simple process given by (14.10). Without loss of generality we
can assume that s, = T. All assertions follow immediately from the corresponding
statements for the martingale transform, cf. Theorem 14.4. For b) we observe that

Y 1f D P((B)s, — (B, ) "= D flsi-0) sy = 55-0)
j=1

J=1

Sn
" [Mreras
0

.....

is a martingale, i.e. for s, = T we have E(f @ BZ) = E(f o B)r. O
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Note that for T < oo we always have &7 C L?(Ar ® P), i.e. (14.14) is always
finite and f e By € L2(IP) always holds true. For T = oo this remains true if we
assume that f € L>(Ar ® P) and s, < T = oo. Therefore one should understand the
equality in Theorem 14.8 ¢) as an isometry between (€7, ||-||12(1, gp)) and a subspace
of L2(IP).

It is natural to study 7' +— f e My = fOT f(s) d M, as a function of time. Since for
every JF, stopping time 7 the stopped martingale M* = (M;)s<r 1S again in MZT’C,
see Theorem A.18 and Corollary A.20, we can define

n
foM = fo(M )7 =) fsj-1)(Mens, = Mens;_,). (14.15)
j=1
As usual, we write

def

[ f(s)dMT = / £(s) dM.

This holds, in particular, for the constant stopping time t =¢,0 <7 < T.
14.9 Theorem. Let (B;);>0 be a BM!, (M;):<T € MZT’C, (F1)i>0 be an admissible
filtration and f € Er. Then

a) (f ® My):<r is a continuous L? martingale; in particular

E[(f B, — f o By) |3~ [/ |f(r)|2a’r|5ﬂ], s<t<T.
b) Localization in time. For every &, stopping time T with finitely many values

(feM);=fo (M) =(flpy)e M.

¢) Localization in space. If f, g € Er are simple processes with f(s,w) = g(s, )
Jorall (s,w) € [0,t] X F for somet < T and F € Foo, then

(f o My)lp = (geMy)lp, 0<s<t.

Proof. a) Let0 < s <t < T and f € &r. We may assume that s,z € {sg,...,S,}
where the s; are as in (14.10); otherwise we add s and ¢ to the partition. From The-
orem 14.4 we know that (f e Mj;); is a martingale, thus

IE(f’Mt|EFs)=f’Ms-

Since s, ¢ are arbitrary, we conclude that (f e M;),<7 € MzT
The very definition of ¢ — f e M,, see (14.15), shows that (f e M,;);<r is a
continuous process. Using Lemma 14.2 or Theorem 14.4 d) we get

E[(f o B~/ B)*|F,]=E[(f e B)—(f » B)| 7]

145 g [/ If(r)lzdr—/ P dr| 5

]
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b) Write f € Er in the form (14.11). Then we have for all stopping times t

(f o M); = (f @ M)ine =D f(5;-1)(My;nenr — My, nenr)

Jj=1

=3 flsi )M =M )= f e (M),
j=1

If 7 takes only finitely many values, we may assume that t(w) € {so,S1,...,5n}
with s; from the representation (14.10) of f. Thus, t(w) > s;_; implies t(w) > s;,
and

) () = F57-0)0,0(8) ;.5 ()

Jj=1

n
=D (S ems; 1) Nisyyeas) (5)
j=1

Ts_,-_, mble TASj=Sj

This shows that f1jp ) € E7 as well as

(fll[(),f)) oM = Z f(sj_l)]]‘{t>sj—l}(MSj/\t - MS_/'—I/\t)
i=1

=Y f(551) (Mg nene = My, neni) = f © (M7),.

j=1

=0, if T<sj—1

c) Because of b) we can assume that 1 = T, otherwise we replace f, g by f1ljo,)
and gljo ;). Refining the partitions, if necessary, f, g € Er can have the same support
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points 0 = 59 < 51 < -+ < §, < T in their representation (14.10). Since we know
that f(s;)1lr = g(s;)1F, we get

(f e Mr)lp = Z S(sj—D)p - (M, — My,_,)

j=1

= glsj-D)lF - (Mg, — My, ) = (g « M7)1F. O
j=1

14.3 Extension of the stochastic integral to LZT

We have seen in the previous section that the map f + f e B is a linear isometry
from Er to MZT’C. Therefore, we can use standard arguments to extend this mapping
to the closure of €7 with respect to the norm in L?(A7 ® IP). As before, most results
remain valid for 7 = oo and [0, co) but, for simplicity, we restrict ourselves to the
case T < oo.

14.10 Lemma. Let M € M3°. Then | M ||z := (E [sups<r |M;[?])'""? is anorm on

2, 2. ,
M7 and MZ€ is closed under this norm. Moreover,

E [52? |M,|*] < E[|M7|*] = Ssg;;]E [1M,]?]. (14.16)

Proof. By Doob’s maximal inequality A.10 we get that

A.14
Al ,

) yq (A4 ) )

E[IMrP] < E[sup [M.P] <7 4 sup E[1M.2] 2" 4 E [0 ]

This proves (14.16) since (|M;|?*);<r is a submartingale, i.e. t +— E(]M,|?) is in-

creasing. Since || - ”M2r is the L?(Q2,1P; C[0, T])-norm, i. e. the L?(IP) norm (of the

supremum norm) of C[0, T']-valued random variables, it is clear that it is again a norm.
Let M, € M;:C with limy e || My — M||M2T = 0. In particular we see that for a

subsequence n(j)

hm su];[) M) (s, @) — M(s,w)| =0 for almost all w.

Ex. 14.3

This sh that M i ti . Since L2(IP)-limy—00 My (s) = M .
is shows that s — M(s, w) is continuous. Since L*(IP)-lim, (s) (s)

forevery s < T', we find

/ M(s)dP = lim / My (s) dP ™2™ / M,(T)dP = / M(T) dP

gale n —)

forall s < T and F € F;. Thus, M is a martingale, and M € MZT’C. O
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It6’s isometry (14.14) allows us to extend the stochastic integral from the simple
integrands &7 C L?(Ar ® IP) to the closure £ in L2(Ar ® IP).

14.11 Definition. By L% we denote the closure E7 of the simple processes &7 with
respect to the norm in L?(Ar ® IP).

Using (14.14) we find for any sequence ( f,)n>1 C &7 with limit f € L3 that

T
e Br = fo o Brlloy = E | [ 15600~ futo. )]

= || fn — fm”iZ(AT@p) —— 0.

m,n—00

Therefore, for each 0 < ¢t < T, the limit
L*(P)- lim f, e B; (14.17)
n—>oo

exists and does not depend on the approximating sequence. By Lemma 14.10, (14.17)
defines an element in MZT’C. We will see later on (cf. Section 14.5) that LZT is the set of
all (equivalence classes of) processes from L?(Ar ® IP) which have an progressively
measurable representative.

14.12 Definition. Let (B;);>obea BM! andlet f € LZT. Then the stochastic integral
(or It6 integral) is defined as

t
feB, = / f(s)dBy := L*(P)- lim f,eB,, 0<t<T, (14.18)
0 n—>oo

where (f;)n>1 C €7 is any sequence approximating f € L2 in L2(Ar ® IP).

The stochastic integral is constructed in such a way that all properties from The-
orems 14.8 and 14.9 carry over to integrands from f € LZT.

14.13 Theorem. Let (B;);>0 be a BM!, ()50 be an admissible filtration and
f € L%. Then we have forallt < T

a) f +> f e B isa linear map from L3 into MzT’C, i.e. (f ® B;).<T is a continuous
L? martingale;
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b) (f e B)>—{(f e B) is amartingale where (f @ B); := f?e(B), = fé | £(s)|?ds;!
in particular,

]E[(foB,—foBs)2|?s]=]E|:/l|f(r)|2dr s—fs] s<t<T. (14.19)

c) Ito’s isometry.

T
IfeBrlip) =E[(feB)}] =E [ fo If(s)lzds] = £ 1Z20,@p)- (1420)

d) Maximal inequalities.

E [/T If(s)lzds] <E [};(/ f(s)st)z} <4E [[)T|f<s)|2ds].

(14.21)
e) Localization in time. Let T be an F, stopping time. Then
(feB); = fe(B"); = (fliy))eB; forall t <T.

f) Localization in space. If f, g € L% are integrands such that f(s,») = g(s, ) for
all (s,w) € [0,t] x F wheret < T and F € Fo, then

(feB)lr =(geBs)lp, 0<s<t.

Proof. Throughout the proof we fix f € L% and some sequence f, € &7, such that
L*(Ar ® P)-lim, 0 f = f. Clearly, all statements are true for f,, @ B and we only
have to see that the L? limits preserve them.

a) follows from Theorem 14.9, Lemma 14.10 and the linearity of 2 limits.

b) note that

(fuo B — (fyo B)i = (fy o B»Z—[ | fu(s)|2 ds
0

is a sequence of martingales, cf. Theorem 14.8 b). We are done if we can show that
this is a Cauchy sequence in L' (IP) since this convergence preserves the martingale

! Observe that we have defined the angle bracket () only for discrete martingales. Therefore we have

to define the quadratic variation here. For each fixed # this new definition is in line with 14.8 b).
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property. We have

((fu @ B) — (fn ® B, /||fn<s>|2 ()2 ds

=/0 o)+ fon )] - 1fals) — fin(s)] ds

< \//(;t|fn(s)+fm(s)|2ds \//Otlfn(s)—fm(s”zds'

Taking expectations on both sides reveals that the second expression tends to zero
while the first stays uniformly bounded. This follows from our assumption as
L*(A7 ® P)-lim, oo f, = f. With essentially the same calculation we get that
L*(IP)-lim, o fn ® B; = f ® B, implies L!(IP)-lim, 00 ( f, ® B;)?> = (f ® B;)>.

Since both f @ B and (f e B)? — f2 e (B) are martingales, the technique used in
the proof of Lemma 14.2 applies and yields (14.19).

c) is a consequence of the same equalities in Theorem 14.8 and the completion.

d) Apply Lemma 14.10 to the L? martingale (f ® B;);<r and use c):

c[on([ s o]( [ s 5[ [ vora)

e) From the proof of Theorem 14.9 b) we know that f, e (B%); = (f, ® B) holds
for all stopping times t and f, € Er. Using the maximal inequality d) we find

E[sup|fue(B)s— fu e (BT[] =E [sup [/ ® Bone = fon® Bone|’]
E[sup|fo e B = fue B[]

IE[/OT|fn(s)—fm<s>|2ds]

— 0.
m,n—>00

Since MZT’C is complete, we conclude that

2.c

(fo® BY = fus (BY) > f o (BY).

On the other hand, lim,, .o, f, ® B = f e B, hence lim, o (f, ® B)" = (f e B)".
This gives the first equality.

For the second equality we assume that 7 is a discrete stopping time. Then we know
from Theorem 14.9 b)

2,¢

(folon) ® B = (fu s B > (f » B".
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By the maximal inequality d) we get

E [Ssgl}v\(fn]l[o,t)) e B — (fﬂ[(),r)) ° Bs|2]

T 2
<4]E[ /0 | fa(8) = f$)| Lio,00(5) ds} o O

<1

This shows that f1j ) € LZT and MZT’C—Iim,,_)oo (falfo,r)) ® B = (f1jo,r)) @ B.
Finally, let t; | © be discrete stopping times, e.g. 7, = ([2/¢] + 1)/2/ as in
Lemma A.16. With calculations similar to those above we get

E[ sup|(/Tj0.0) ® By = (/1jg,0) ¢ B[]

T 2
<4E |:/0 | £ ()10, () — f(s)jl[o,rj)(s)‘ ds}

r 2
<41E[ fo | f(s)]l[r,r/_)(s)| ds}

and the last expression tends to zero as j — oo by dominated convergence. Since

fe B:j — f e BT is obvious (by continuity of the paths), the assertion follows.

f) Let f,,g, € Er be approximations of f,g € LZT. We will see in the proof of
Theorem 14.20 below, that we can choose f,, g, in such a way that

fo(s,w) = gu(s,w) forall n>1 and (s,w)€0,¢]x F.
Since

E[sup|(fu e B)Lr — (f e B)Lr[’] < E[sup|fueBs— /o B,[’]

d) t )
’E [/0 fuls) — £(5)] ds],

we see that the corresponding assertion for step functions, Theorem 14.9 f), remains
valid for the L? limit. O

14.4 Evaluating It6 integrals

Using integrands from €7 allows us to calculate only very few Itd integrals. For ex-
ample, up to now we have the natural formula fOTE “Niapy(s)dBs =& - (By — By)
only for bounded F, measurable random variables £.
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14.14 Lemma. Let (B;);>0 be a BM', 0 < a < b < T and § € L*(P) be I,
measurable. Then £ - 11,4y € L% and

T
/0 £ pasy(s)dBs = & - (By — Bo).

Proof. Clearly, [(—k) vV & A k], ) € E7 for every k > 1. Dominated convergence
yields

T
E [fo ’(—k)VSAk—%‘|211[a,b)(8)dS} =(b-a)E[|[(-k) vErk—£[]—>0,

k—o00

i.e. & - Iz p) € LF. By the definition of the Itd integral we find

T T
/ § - Lo (s) dBs = L*(P)- lim / ((=k) v € A k)Njqp)(s) dBy
0 —00 Jo
= L*(P)- lim ((—k) v & AK) (B — Ba)
=§& - (Br — Ba). U

Let us now discuss an example that shows how to calculate a stochastic integral
explicitly.

14.15 Example. Let (B;);>0 be a BM! and T' > 0. Then
r 1
f B,dB, = 3 (B —T). (14.22)
0

As a by-product of our proof we will see that (B;),<7 € LZT. Note that (14.22)
differs from what we expect from calculus. If u(¢) is differentiable and u(0) = 0, we
get

Cuwduy = [ (Wdi= 2)| = Lerr
/0”(’) “(”‘/o w0y de = 50| = 2arm),

i.e. we would expect 1 B2 rather than 1 (B2 — T). On the other hand, the stochastic
integral must be a martingale, see Theorem 14.13 a); and the correction ‘—7" turns the
submartingale B?. into a bone fide martingale.

Let us now verify (14.22). Pick any partition [1 = {0 = 5o <81 <--- <8, =T}
with mesh |IT| = max;¢j<n(s; — sj—1) and set

n

fn(t,a)) = Z B(sj—1, o), _, 5,)(1).

Jj=1
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Applying Lemma 14.14 n times, we get

fMers and f U0 dB, = 3 Blsy ) (Bls) — Blsy ).

j=1

Observe that

T S
JE[/O If“(t)—B(t)Izdt} ZJE[/ 1B, 1)—B(r)|2dr}
—Z/ [1B(sj ) — BO)P] di
Z (r—s, 1) dt

j=175-1

[]—

1 n
ZEZ(S]_S/ 1) —)0
j=1

Since L% is by definition closed (w.r.t. the norm in L?(Ar ® IP)), we conclude that
(B:)i<T € L7. By Itd’s isometry (14.20)

E [(/OT<f“(r) - Bz)dBt)z} —E [/OT Taloe B(z>|2dr}

1 n
= EZ(SJ —5j-1)> —— 0.
j=1

|TT|—0

Therefore,
T n
| Beas = 2@y tim 3" BB - Bl
0 —0 7
j=1

i. e. we can approximate the stochastic integral in a concrete way by Riemann—Stieltjes
sums. Finally,

n n j—l
B = Z(BSJ - st—l)z +2 Z Z(BSJ — By, )(Bs, — By,)
j=1 j=lk=1

n n
= Z(BS./ - BS,/—|)2 +2 Z(BSj - st_l)st_l
j=1 j=1

—T, |T1|—0, Thm. 9.1 — (T B, dB;, |TI|—>0

in L2(PP) and, therefore, B2 — T =2 [ B, dB,.
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In the calculation of Example 14.15 we used (implicitly) the following result which
is interesting on its own.

14.16 Proposition. Let f € LZT be a process which is, as a function of t, mean-square
continuous, 1. e.

lim B[ f(s,-) = f(t )*] =0, t€[0,T].

[0,T]2s—t

Then r .
| r0dB = 12@)- tim 3 508, ~ By )
j=1

holds for any sequence of partitions Il = {sg = 0 < 51 < --- < 5, = T} with mesh
[TT| — 0.

Proof. As in Example 14.15 we consider the following discretization of the inte-
grand f

F0) =Y flsim1. o),y (0.

j=1

Since f(t) € L?(IP), we can use Lemma 14.14 to see fI € £?. By Itd’s isometry,
]
d 2
— [ El/0 - 1m0 lar
0

- Z/ [1£() = Flsj0)P] dr

T
]E[ ' [ o= rmanas,
0

Z/s, e E[170 = f)P) dr o

u,veEls;—1,8;]

—0, [TI|—>0

Combining this with Lemma 14.14 finally gives

n T )
> s (BB = [ rmwas, B2 [ raas. o
j=1 0
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14.5 What is the closure of £7?
Let us now see how big £2. = &7 really is. For this we need some preparations

14.17 Definition. Let (B;);>o be a BM! and (7,) ¢>o0 an admissible filtration. The
progressive o-algebra P is the family of all sets I" C [0, T'] x Q such that

I'n([0.6]x Q) € B0,7/]®F, forall t <T. (14.23)

By L%(Ar ® IP) we denote those equivalence classes in L?([0, T] x 2,1 ® IP)
which have a P measurable representative.

In Lemma 6.24 we have already seen that Brownian motion itself is P measurable.
14.18 Lemma. Let T > 0. Then (L3,(Ar @ P). || - |2, 0p)) is a Hilbert space.

Proof. By definition, L% (Ar ® P) C L*(Ar ® P) is a subspace and L*(Ar ® IP)
is a Hilbert space for the norm || - ||z2¢3, p)- It is, therefore, enough to show that
for any sequence (fn)n>0 C L3 (Ar ® PP) such that L2(A7 ® P)-limy—o fr = f,
the limit f has a P measurable representative. We may assume that the processes f,
are P measurable. Since f, converges in L2, there exists a subsequence (fy(j));>1
such that lim;_,o fu(j) = f A ® P almost everywhere. Therefore, the upper limit

P(t,w) = E,-%o Ju(j)(t, ) is a P measurable representative of f. O

Our aim is to show that £3 = L2 (A7 ® P). For this we need a simple deterministic
lemma. As before we set L2(A7) = L2([0, T], B[0, T], ).

14.19 Lemma. Let ¢ € L?(Ar) and T > 0. Then

n—1

Oul) (1) := Y & 1Ty, . (0) (14.24)

Jj=1

. n b .
l] 27, ] :0,...,71, SOZO and Ej*l :T/ ¢(S)ds, J 22’
tj—2

is a sequence of step functions with L*(Ar)-lim, 0 ©,[p] = ¢.

Proof. If ¢ is a step function, it has only finitely many jumps, say 01 < 02 < +++ < G,
and set o := 0. Choose 7 so large that in each interval [¢;_;, ¢;) there is at most one
jump oy . From the definition of ®,[¢] it is easy to see that ¢ and ®,[¢] differ exactly
in the first, the last and in those intervals [¢;_;, ¢;) which contain some o} or whose

Ex. 1414
Ex. 14.15

Ex. 14.16
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predecessor [t;_», t;_1) contains some 0. Formally,

$(1) = ©,[g)(0) forall 1 ¢ | J[o; — T.oj + L) U[0. ) U [T, T].

J=0
This is shown in Figure 14.1.
¢ . —0
[ 1
[ I
[ I
[ |
I o~ ®
[ I
[ I :
¢ &r : [
| | :
1 1 |
1 I |
L I ]
t o1 02 tn-1 T

Figure 14.1. Approximation of a simple function by a left-continuous simple function.

Therefore, lim, o, ©,[¢] = ¢ Lebesgue almost everywhere and in L?(A1).

Since the step functions are dense in L?(A7), we get for every ¢ € L?(Ar) a se-
quence of step functions L2(A7)-limk e $* = ¢. Now let ©,[¢] and O, [¢¥] be the
step functions defined in (14.24). Then ®,[-] is a contraction,

n—1

2
> —1-1)
j=1

T
/O 10, [6]()2 ds

n—1 1 tj—1 2
= D (G —1-1) [z- _—y / ¢(S)d8}
j=2 j—1 Jj—2 ti—o
Jensen n-l ~_1 -
2 Z f 16 (s)2ds
le 1 — [] 2
%,_/

=1

T
< /0 6(5) ds.
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and, by the triangle inequality and the contractivity of ©,[-],

I — Oulglllrz < llp — ¢¥llz2 + 6° — Ould 12 + 1O4[¢*] — ©ulg]ll 12
= |l¢p — ¢* L2 + 19" — Ould*llz> + |Onld* — ]l 12
< g — ¥z + 19F — ©,lp M2 + 6* — @llL2-

Letting n — oo (with k fixed) we get limy—oo |¢ — Op[¢]ll2 < 2||pF — @25 now
k — oo shows that the whole expression tends to zero. (|

14.20 Theorem. The L*(Ar ® IP) closure of €7 is L2, (A1 ® PP).

Proof. Write L%w = &r. Obviously, Er C L%,(/\T ® IP). By Lemma 14.18, the set
L3 (A7 ® IP) is closed under the norm || - || .2, thus &r = L3 C L32(Ar @ P). All
that remains to be shown is L2,(Ar ® P) C L7..

Let f (7, w) be (the predictable representative of) a process in L3 (A7 ® P). By dom-
inated convergence we see that the truncated process fc := —C Vv f A C converges
in L>(Ar ® P) to f as C — oo. Therefore, we can assume that f is bounded.

Define for every w an elementary process ©,[ f](¢, w), where ®, is as in Lem-
ma 14.19, 1. e.

£ (@) z zi-j ’2‘ f(s,w)ds, if the integral exists
i—1(w) = -
/- 0, else.

Note that the set of @ for which the integral does not exist is an F;, _, measurable null
set, since f(-,w) is P measurable and

Lj—1 T
F [ftf_z /(s ')|2ds] <E [/0 | £ (s, ')IzdS} <oo, j=2.

Thus, ©,[f] € E7. By the proof of Lemma 14.19, we have for IP almost all @

T T
f|®,,[f](z,w)|2dz</ | f(t, w)|* dt, (14.25)
0 0
T
/ O 1t @) — f(t. ) df ——> 0. (14.26)
0 n—o00

If we take expectations in (14.26), we get by dominated convergence — the majorant is
guaranteed by (14.25) — that L2(Ar ® P)-lim,—o ©,[f] = f, thus f € LF. O



222 Chapter 14  Stochastic integrals: L2-Theory

14.6 The stochastic integral for martingales

Up to now we have defined the stochastic integral with respect to a Brownian motion
and for integrands in the closure of the simple processes LZT = &7.For f € &,
we can define the stochastic integral for any continuous L? martingale M € MZT’C,
cf. Definition 14.6; only in the completion procedure, see Section 14.3, we used that
(B? —t,3;):<r is a martingale, that is (B), = t. If we assume® that (M, F;),<7 is a
continuous square-integrable martingale such that

(Mt2 — A, Ft)icr  is a martingale for some %)

adapted, continuous and increasing process (A;);<T

then we can define f e M for f from a suitable completion of 7.

As before, (F;):<r is a complete filtration. Unless otherwise stated, we assume that
all processes are adapted to this filtration and that all martingales are martingales w. r. t.
this filtration. Let M € MZT’C be such that () holdsand 0 =ty < t; <---<t, =T
be any partition of [0, T']. Then (M, ), is a martingale and (%) shows, because of the
uniqueness of the Doob decomposition, that A;, = (M),,. This allows us to use the
proof of Theorem 14.8 ¢) and to see that the following It6 isometry holds for all simple
processes f € E7:

T
oMy gy = M) =B | [ 1607 4] = 11 s, o 01427

For fixed w we denote by ur(w,ds) = dAs(w) the measure on [0, T'] induced by the
increasing function s > Ag(w),i.e. ur(w,[s,t)) = A;(w)—As(w) foralls <t < T.

This observation allows us to follow the procedure set out in Section 14.3 to define
a stochastic integral for continuous square-integrable martingales.

14.21 Definition. Let M € M7 satisfying (%) and set L% (M) := Er where the
closure is taken in the space L?(ur ® IP). Then the stochastic integral (or It integral)
is defined as

t
foeM, = / f(s)dM, := L*(P)- lim f,eM, 0<t<T, (14.28)
0 n—>oo

where (fy)n>1 C & is any sequence which approximates f € L7 (M) in the
L*(ur ® P)-norm.

Exactly the same arguments as in Section 14.3 can be used to show the analogue of
Theorem 14.13.

2 Infact, every martingale M € MZT'C satisfies (%), see Section A.6 in the appendix.
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14.22 Theorem. Let (M;,F;):<r be in M%’c satisfying (%), write (LT for the measure
induced by the increasing process Ag, andlet f € L3.(M). Then we have forallt < T

a) f +— feM isalinearmapfrom L7.(M) into MZT’C, i.e. (feM;)<T isacontinuous
L? martingale;

b) (f @ M)?> — f e Ais amartingale where f ® A, := fot | £(s)|? d A, in particular

B[ oM~ f M) 5] =E| [ 1700 as,

ffs], s <t <T. (14.29)

c) Ito’s isometry.

T
1f o Mzl = E[(f © M)3] = E [ / |f(s>|2dAs} = 1/ o om
0 (14.30)

d) Maximal inequalities.
T t 2 T
el [ 1rorda] < sp( [ roram) | <ae] [C1roraal
(14.31)

e) Localization in time. Let T be an F, stopping time. Then
(foeM);=feo(M") = (fljor) @M, forall t <T.

f) Localization in space. If f,g € L7(M) are such that f(s,») = g(s,w) for all
(s,w) €[0,¢] x F for somet < T and F € Fo, then

(foeM)lp =(geM)lp, 0<s<t.

The characterization of €7, see Section 14.5, relies on a deterministic approximation
result, Lemma 14.19, and this remains valid in the general martingale setting.

14.23 Theorem. The L*(pur ® PP) closure of Er is L%(ur ® P), i.e. the family
of all equivalence classes in L*>(ur ® IP) which have a progressively measurable
representative.

Sketch of the proof. Replace in Lemma 14.19 the measure A7 by pr and the partition
points #; by the random times 7;(®) := inf{s > 0 : As(w) > jT/n} AT, j > 1,
and 7,(w) = 0. The continuity of s + A ensures that At/_ — Af,-—u = T/n for all

Ex. 14.17
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1 < j < |nA7/T]. Therefore, all arguments in the proof of Lemma 14.19 remain
valid. Moreover, {t; < 1} = {4, > jT/n} € J,, i.e. the 7; are stopping times.
Since L2,(ur ® PP) is closed (Lemma 14.18), the inclusion €7 C L2(ur ® P) is
clear. For the other direction we can argue as in Theorem 14.20 and see that every
f € L%(ur ® P) can be approximated by a sequence of random step functions of the
form

o0
Yo E1@ @ @y®s &1 isT, mble, |§1] < C.
j=1

We are done if we can show that any process &(w)lis(w),z(w)) (t), Where o0 < T are
stopping times and £ is a bounded and ¥, measurable random variable, can be approx-
imated in L?(i.7 ® IP) by a sequence from E7.

Seto™ := ZZZL? % Lik=1)/m, k/m)(0) + %H[Lmﬂ/m, 71(0) and define ™ in the
same way. Then

lmT |

E(@) g @), en@) (1) = ) S or @,

k=1
+ &(w)l

)(f)

k.
cm

foetnrt ooy @ pigr ) O

Because for all Borel sets B C Rand k = 1,2,..., |mT| + 1

€F,

—N—
{EeByn{o < (k—1)/mjn{(k —1)/m <1} € Fe—1)/m.

EF (k—1)/m

we see that £ (0)1[gm (), (w)) (?) is in E7. Finally,

T
E |:/ }g]l[o’”,t’”)(t) - S]l[a,r)(t)|2 dAt] < 2C? [E(Aem — A7) + E(Agm — Ag)],
0
and this tends to zero as m — 00. O

14.24 Further reading. Most books consider stochastic integrals immediately for
continuous martingales. A particularly nice and quite elementary presentation is [111].
The approach of [156] is short and mathematically elegant. For discontinuous martin-
gales standard references are [80] who use a point-process perspective, and [151] who
starts out with semi-martingales as ‘good’ stochastic integrators. [109] and [110] con-
struct the stochastic integral using random orthogonal measures. This leads to a unified
treatment of Brownian motion and stationary processes.
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Problems

10.

. Let (M, Fp)u>0 and (Ny, Fp)n>0 be L? martingales. Show that the process

(M N, — (M, N ). Fy)n>0 is a martingale.

. Let f € &r be a simple process and M € MZT’C. Show that the definition of

the stochastic integral fOT f(s) dM; (cf. Definition 14.7) does not depend on the
particular representation of the simple process (14.10).

. Show that [[M|l,p = (E [sups<r |MS|2])1/2 is a norm in the family M% of

equivalence classes of L? martingales (M and M are equivalent if, and only if,
supo<i<7 |[M; — M;| = 0a.s.).

Show that the limit (14.17) does not depend on the approximating sequence.
Let (B;,F)s>0 be a BM! and 7 a stopping time. Find (B7),.

Let (B;);>0 be aBM! and f, g € L%.. Show that

(@) E(feB, - geB,|TF) = ]E[fst f(u, )g(u, -)du | F]if f, g vanish on
[0, s].

(b) E[f @ B; | Fs] = 0if f vanishes on [0, s].

(¢) f(t,w)=0forallw € A € Frandallt < T implies f ® B(w) = 0 for all
w € A.

Let (B;):>o0 be a BM! and (f,)>1 a sequence in LZT such that f, — f in
L?>(Ar ® P). Then f, « B — f & B in M7“.

Use the fact that any continuous, square-integrable martingale with bounded vari-
ation paths is constant (cf. Theorem A.21) to show the following:

(f) e B; := fot | £(s)|? ds is the unique continuous and increasing process such
that (f e B)?> — f2 e (B) is a martingale.

Let (X,)n>0 be a sequence of r.v. in L?(IP). Show that L?-lim,—00 Xy = X
implies L'-lim,, oo X2 = X?2.

Let (B,)i>0 be a BM". Show that [, B2dB; = } B> — [ Byds, T > 0.
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11. Let (B;)s>0 be aBM! and f € BV[0, T], T < o0, a non-random function. Prove
that fOT f(s)dBs = f(T)Br — fOT B; df (s) (the latter integral is understood as
the mean-square limit of Riemann—Stieltjes sums). Conclude from this that the 1t6
integral extends the Paley—Wiener—Zygmund integral, cf. Paragraph 12.1.

1o

13. Let (B;,J¢)r>0 be a BM!, T < ooand I1,, n > 1, a sequence of partitions of
[0,T]:0 = ty0 < ty1 < +++ < tyk@ = T.Assume that lim,_, o |[II,] = 0
and define intermediate points 9;;‘,,( = thx + t(tyk+1 — tnx) for some fixed
0 < o < 1. Show that the Riemann—Stieltjes sums

12. Adapt the proof of Proposition 14.16 and prove that we also have

lim [E |:su

|TI|—0 t<

[0 F(5)dBs =Y F(sj1)(By, — Byy,)
j=1

k(n)—1

> B2 (Bltnis1) — Bta))

k=1

converge in L?(IP). Determine the limit L7 (). For which values of « is L, (),
0 <t < T a martingale?

14. Let (B;):>0 be a BM! and 7 a stopping time. Show that f(s, ®) := {0, 7ar(w)) (5)s
0 < s < T < oo is progressively measurable. Use the very definition of the
It6 integral to calculate fOT f(s) dBs and compare the result with the localization
principle of Theorem 14.13.

15. Show that
P={T : T C[0.T]xQ, TN(0,1]xQ) € B0,t]®F; forall 1 <T}

is a o-algebra.
16. Show that every right- or left-continuous adapted process is P measurable.

17. Show that the process f o A, := foz | £(s)|?> d Ay appearing in Theorem 14.22 b)
is adapted.



Chapter 15

Stochastic integrals: beyond L2,

Let (B;):>0 be aone-dimensional Brownian motion and F; an admissible, right-contin-
uous complete filtration, e. g. F; = ?f cf. Theorem 6.21. We have seen in Chapter 14
that the It6 integral fOT f(s) dBgs exists for all integrands f € L7 = L3(Ar ® P),
i.e. for all stochastic processes f which have a representative which is  measurable,
cf. Definition 14.17, and satisfy

T
E [/ | £(s, ~)|2dsi| < o0. (15.1)
0
It is possible to weaken (15.1) and to extend the family of possible integrands.
15.1 Definition. We say that f L%’loc, if there exists a sequence (0y)n>0 of F;
stopping times such that 0, T oo a.s. and fljpe,) € LZT for all n > 0. The sequence

(0n)n>o0 is called a localizing sequence.
The family £ consists of all P measurable processes f such that

T
/ | f(s,)|*ds < oo a.s. (15.2)
0

15.2 Lemma. Let f € L2.. Then fé | f(s, -)|?ds is F, measurable for allt < T.

Proof. By definition, L% = &7, see also Theorem 14.20, i.e. there is a sequence
(fw)n=o0 C Er which converges to f in L?>(Ar ® IP). In particular, for every ¢ € [0, T
there is a subsequence (f(;));>1 such that

t t
i [ P ds = [ 1fs P ds as

It is, therefore, enough to prove that fot | (s, -)|? dsis T, measurable for f € E7. This
is obvious, since elementary processes are of the form (14.11): We have

. N
/0 £GP ds = £lsj-1, ) PG5 — 5-1)
j=1

and all terms under the sum are F; measurable. O

Ex. 15.1
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Ex. 15.1
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15.3 Lemma. L7 C L3 C L7,

Proof. Since a square-integrable random variable is a.s. finite, the first inclusion is
clear.
To see the other inclusion, we assume that f € L(} and define

t
o,,:inf{th:/ |f(s,-)|2ds>n}, n>l, (15.3)
0

(inf@ = 00). Clearly, 0, 1 cc. Moreover,

op(w) >t < /t | f(s,w)|*ds < n.
0

By Lemma 15.2, the integral is ¥, measurable; thus, {0, < t} = {0, > t}° € F;. This
means that o, is a stopping time.

Note that f1jo4,) is P measurable since it is the product of two P measurable
random variables. From

T Oy
E [/0 |f(s)11[o,o,,><s)|2ds] _E [/0 If(s)lzds} <En=n

we conclude that 1o 4,) € L7 O

154 Lemma. Let f € L} andset f, = f 1o, foralocalizing sequence (0n)n>o.
Then
(fn®eB)!" = fueB, forall m <n and t < op,.

Proof. Using Theorem 14.13 ¢) for f,, fn € LZT we get for all ¢ < o,

(fa o B)" = (fuljo,0,) ® B: = (fLj0,0,)Lj0,0,)) ® B = (f{0,5,,)) ® B:
= fm [} Bt' D

Lemma 15.4 allows us to define the stochastic integral for integrands in LZTJOC.
15.5 Definition. Let f € LZTJOC with localizing sequence (0, ),>0. Then
f e Bi(w):=(fljoe,) ® Bi(w) forall t <o,(w) (15.4)

is called the (extended) stochastic integral or (extended) It6 integral. We also write

[y f(s)dBy := f e B;.

Lemma 15.4 guarantees that this definition is consistent and independent of the lo-
calizing sequence: Indeed for any two localizing sequences (0y)n>0 and (7,),>0 We
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see easily that p, := o0, A 7, is again such a sequence and then the telescoping argu-
ment of Lemma 15.4 applies.
We can also localize the notion of a martingale.

15.6 Definition. A local martingale is an adapted right-continuous process
(My, F¢)ecr for which there exists a localizing sequence (0y,),>0 such that, for ev-
eryn > 0, (M{"N5,>03, F¢) <7 is @ martingale.

We denote by M7, the continuous local martingales and by MZTfOC those local

martingales where M "1, -0} € M%C.

Let us briefly review the properties of the extended stochastic integral. The follow-
ing theorem should be compared with its LZT analogue, Theorem 14.13

15.7 Theorem. Let (B;);>0 be aBM!, (F;)>0 an admissible filtration and f € LzT,loc.
Then we have forallt < T

a) f — f e Bisalinear map from Lleoc to M?Jfoc, i.e. (f ® By)i<r is a continuous
local L? martingale;

b) (f @ B)?> — (f e B) is a local martingale where

(f eB),:= f*>e(B), :/ | £(s)|? ds:
0

¢) (no equivalent of Itd’s isometry)
d) P(fy f(5)dBs > e) < S +P(f) | f(s)Pds > C) forall e >0, C >0.

e) Localization in time. Let T be a F; stopping time. Then
(feB);=feo(B"); = (flioy)eB; forall t <T.

f) Localization in space. If f,g € LZT’IOC are such that f(s,w) = g(s,w) for all
(s,w) €10,f] x F for somet < T and F € F, then

(f.Bs)llF =(geBy)lr, 0<s <t
Proof. Throughout the proof we fix some localizing sequence (07)z>1-
We begin with the assertion e). By the definition of the extended It6 integral and
Theorem 14.13 e) we have foralln > 1

(fo,0,)) ® B)" = (fo,0,)1[0,1) ® B = (fLjo,6,)) ® (BT).

=((f110.0))1[0.6,))®B

Now a) follows directly from its counterpart in Theorem 14.13. To see b), we note
that by Theorem 14.13 b), applied to fLjo,), (f ® B)2 — [7""* | f(s)[*ds, is a
martingale for each n > 1.
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For d) we define 7 := inf{t < T : fé | (s, )|>ds > C}. As in Lemma 15.3 we
see that t is a stopping time. Therefore we get by e)

P(feBr>¢)=P(feBr>e¢,T<t)+P(feBr>e, T>r1)

e
<P ((fﬂ[ﬂ,r)) e Br > 6) +P (T > r)

N

T
eiz E [\(ﬂl[o,,)) . BT|2] P (/O | £(s)|? ds > c)

1 T AT T
=6—2]E[/0 |f(s)|2ds}+11°(/0 |f(s)|2ds>C)

C r )
<S+p( [ rorasc).
€ 0

and d) follows.
Let f,g € LZT’IOC with localizing sequences (05 ) >0 and (7, )»>0, respectively. Then
on A 7, localizes both f and g, and by Theorem 14.13 f),

(f]l[o,on/\r,,)) e Bl = (gﬂ[o,oﬂm,,)) e Bl, forall n>0.

Because of the definition of the extended It6 integral this is just f). O

For the extended It6 integral we also have a Riemann—Stieltjes-type approximation,
cf. Proposition 14.16.

15.8 Theorem. Let f be an F; adapted right-continuous process with left limits. Then
f € L%",loc‘

For every sequence (Il )r>1 of partitions of [0, T such that limy_, |I1x| = 0, the
Riemann—Stieltjes sums

Ytnk = Z f(sj)(BS./JrlN - BS‘/M)

Sj—1,8; €Ilg

converge uniformly (on compact t-sets) in probability to f e B, t < T:

t
lim ]P( sup ‘Y,H" —/ f(s)dB;
0

k—o00 0<t<T

> 6) =0 forall € > 0. (15.5)



Chapter 15  Stochastic integrals: beyond L% 231

Proof. Let fUk(t) := Zs‘/_l,sjenk S(sj—1)5,_, s, (¢). From Lemma 14.14 we infer
that £ € LZTJOC and Y = fTx o B,.

Since f is right-continuous with left limits, it is bounded on compact ¢-sets. There-
fore

T, :=inf{s>0: |f(s)|2>n}/\n

is a sequence of finite stopping times with 7, 1 oo a.s. Moreover,

T, AT T, AT T
]E[/O |f(s)|2a's]<]E|:/0 nds]glE[/O nds}ng,

i.e. 7, is also a localizing sequence for the stochastic integral. Therefore, by The-
orem 15.7 a) and e) and Theorem 14.13 ¢) and d),

B[ [ s an] | = ELwglo™ = nen )

(14.2 2
]

SUAE[|(f™ = f) e By,
T, AT
(14200 4 g U |fnk(s)—f(s)|2ds}.
0

For 0 < 5 < 7, A T the integrand is bounded by 4n and converges, as k — oo, to 0.
By dominated convergence we see that the integral tends to 0 as k — oo. Finally, f
is right-continuous with finite left-hand limits and, therefore, the set of discontinuity
points {s € [0,T] : f(w,s) # f(w,s—)} is a Lebesgue null set.

Since lim, o 7,, = 00 a.s., we see that

Vé>0 INs VYn>Ns:P(r,<T) <.
Thus, by Chebyshev’s inequality, Theorem 15.7 e) and the above calculation
IP( leglI;‘ > e)
o t
<P Y,k — dB
(tsgl; : [0 f(s)dBs

g]l’(su

i<

¥ f " f(s) dB,
0

> €, rn>T)+11°(rn<T)

AT,

Y™ — [ f(s)dB,
0

tAT,

> e) +P(z, <T)

4 T AT,
ge—zm[/ |fnk(s)—f(s)|2ds:|+8k—>5—>0. O
0 —>00

§—0
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15.9 Further reading. Localized stochastic integrals are covered by most of the books
mentioned in the Further reading section of Chapter 14. Theorem 15.8 has variants
where the driving noise is an approximation of Brownian motion. Such Wong—Zakai
results are important for practitioners. A good source are the original papers [190]
and [79].

[79] Ikeda, Nakao, Yamato: A class of approximations of Brownian motion.
[190] Wong, Zakai: Riemann—Stieltjes approximations of stochastic integrals.

Problems

1. Show that the subsequence in the proof of Lemma 15.2 can be chosen independently
of t € [0, T].

2. Let 7 be a stopping time. Show that 1o r is P measurable.

3. If oy, is localizing for a local martingale, so is t,, := 0, A n.
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1to’s formula

An important consequence of the fundamental theorem of integral and differential cal-
culus is the fact every differentiation rule has an integration counterpart. Consider, for
example, the chain rule

(fog) ()= f'(g)) - g'(t) or f(g)— f(g(0) :/0 1(g(s)) - g'(s)ds

which is just the substitution rule for integrals. When dealing with differential equa-
tions it is often useful to rewrite the chain rule in differential form as

d(fog)=f'og-dg.

Let (B)¢>0 be a BM! and (3;);>0 an admissible, right-continuous complete fil-

tration, e. g. F; = ?f, cf. Theorem 6.21. Itd’s formula is the stochastic counterpart
of the chain rule; it is also known as the change-of-variable-formula or Ito0’s Lemma.
The unbounded variation of Brownian sample paths leaves, again, its traces: The chain
rule has a correction term involving the quadratic variation of (B;),>0 and the second
derivative of the function f. Here is the statement of the basic result.

16.1 Theorem (1td 1942). Let (B;):>0 be aBM! andlet f : R — R bea @2-function.
Then we have for all t > 0 almost surely

t 1 t
FB) = o) = [ rBodn g [ rmoas e

Before we prove Theorem 16.1, we need to discuss Itd processes and It6 differ-
entials.

16.1 1t6 processes and stochastic differentials

Let 7' € [0, co]. Stochastic processes of the form

t t
X, = Xo —l—/ o(s) dBs —}—/ b(s)ds, t<T, (16.2)
0 0
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are called It6 processes. If the integrands satisfy o € LZT,IOC and, almost surely,
b(-,w) € L'([0,T],ds) (or b(+,w) € L} .([0,00),ds) if T = o0) then all integrals
in (16.2) make sense. Roughly speaking, an It6 process is locally a Brownian motion
with standard deviation o (s, @) plus a drift with mean value (s, ). Note that these
parameters change infinitesimally over time.

In dimensions other than d = 1, the stochastic integral is defined for each coordinate

and we can read (16.2) as matrix and vector equality, i.e.

' ' d t
X/ = x] +Z/ ajk(s)dBf+/ bi(syds, t<T,j=1,....,m, (16.3)
k=1 0 0

where X; = (X}, .. .,X;")T, B, = (B},..., Btd)T is a d-dimensional Brownian
motion, o(f,®) = (0x(t,®))jx € R™*? is a matrix-valued stochastic process and
b(t,w) = (bi(t,w),...,bu(t,w))T € R™ is a vector-valued stochastic process; the

coordinate processes 0 and b; are chosen in such a way that all (stochastic) integrals
in (16.3) are defined.

16.2 Definition. Let (B;);>0 be a BM¢, (0¢)¢>0 and (b;);>0 be two progressively
measurable R”*“ and IR™-valued locally bounded processes. Then

t t
X, =X0—|—/ osst—i—/ bsds, t =0,
0 0
is an m-dimensional Ito process.

16.3 Remark.

a) If we know that o and b are locally bounded, i.e. there is some Q¢ C 2 with
IP(29) = 1 and

rr;,a]l(x tsg]; lojk(t, )| + m]ax tsg;; |bj(t,w)] < oo forall T >0, w € Qy,

then b;(-,w) € L'([0,T],dr), T > 0, almost surely; moreover, the stopping

times 7, (w) := min; 4 inf {t >0 [y lojk(s, w)|>ds > n} satisfy 7, 1 oo almost

surely, i. e.
T, AT
E[/ |Ujk(s,-)|2ds] <n
0

which proves that o € Lzmoc forall T > 0.
b) From Chapter 15 we know that X; = M, 4+ A, where M, is a (vector-valued) con-
tinuous local martingale and the coordinates of the continuous process A, satisfy

. . t
|4] (w) — Al ()| < / |bj (s, w)|ds < Cr(w)(t —s) forall s,¢t <T,
s

i.e. A; is locally of bounded variation.



Section 16.2  The heuristics behind It6’s formula 235

It is convenient to rewrite (16.2) in differential form, i.e. as
dX;(w) = o(t,w)dB:(w) + b(t,w) dt (16.4)

where we use again, if appropriate, vector and matrix notation.
In this new notation, Example 14.15 reads

t
(B)?> =2 [ BydBs +t, hence, d(B;)? =2B;dB; + dt
0
and we see that this is a special case of It6’s formula (16.1),
i 1 "
df(B:) = f'(B;)dB; + 5 S (By) dt,

if we set f(x) = x2.

16.2 The heuristics behind It6’s formula

Let us give an intuitive argument why stochastic calculus differs from the usual calcu-
lus. Note that

Bt+At - Bt
AB, = VAt 2L = JAtG and (AB;)? = At G?
‘ T (AB;)

where G ~ N(0, 1) is a standard normal random variable. Since E |G| = /2/7 and
E G? = 1, we get from At — 0

[2
|dB,| ~ y/=dt and (dB;)? ~ dt.
b4

This means that It6’s formula is essentially a second-order Taylor formula while
in ordinary calculus we only go up to order one. Terms of higher order, for example
(dB;)? ~ (dt)*? and dt d B, ~ (dt)*/?, do not give any contributions since integrals
against (dr)3/? correspond to an integral sum with (A¢)~! many terms which are all of
the order (A¢)>? — and such a sum tends to zero as At — 0. The same argument also
explains why we do not have terms of second order, i. e. (dt)z, in ordinary calculus.

In Section 16.5 we consider It6’s formula for a d-dimensional Brownian mo-
tion. Then we will encounter differentials of the form dtd B¥ and dB] dB¥. Clearly,
dtdB¥ ~ (dt)*/? is negligible, while for j # k

(Btj+At - Bt]) (sz+At B Btk)
VAt v At

(B, n, — B))(BE, o, — BF) = At ~At GG
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where G and G’ are two independent standard normal N(Q, 1) distributed random vari-
ables. Since we have E(GG') = EGE G’ = 0and (dB])? ~ dt, we get, as At — 0,

dB]dB* ~ 8 dt,

with Kronecker’s delta: §;x = 0if j # k and §;x = 1if j = k. This can be nicely
summed up in a multiplication table.

Table 16.1. Multiplication table for stochastic differentials.

j#k| dt | dB] | dB¥

dt 0 0 0

dB! | 0 | a 0

dBF | 0 0 dt

16.3 Proof of It6’s formula (Theorem 16.1)

1° Let us first assume that supp f C [—K, K] is compact. Then

=[S lloo + 1/ oo + L/ "lloo < 00.

Forany I1:={tp =0 <t <:-- <t, = t} with mesh |IT| = max; (t; —¢;—1) we get
by Taylor’s theorem

S(B))— f(Bo) = (f(By,) = f(By_,))

j=1
“ / 1 é "
= Z S'(By;,_)(By;, — By, ) + 3 Zf &) (B, — Bt,-fl)2
Jj=1 j=1
—_ J 1J
=:d; + 52

with intermediate points

‘é;:j (C()) = Btj;] (a)) + 9] (w)(Btj (Cl)) - Btj;] (a)))
for some 6, (w) € [0, 1]; note that f”(£; (w)) is measurable.
2° We claim that

J= 3 S BBy~ By / £'(By) dB.
Jj=1
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By Proposition 14.16 (or Theorem 15.8) we may use a Riemann-sum approximation
of the stochastic integral provided that s +— f’(By) is continuous in L2(IP)-sense.
This, however, follows from || /||« < Cr < 0o and the continuity of x > f’(x) and
s — By; for all sequences (s,),>1 with s, — s we have

mE {(f'(B,,) = f'(By))"} S o,
3°  For the second-order term we write
Jai=dor +dn2
" n
" 2 ” " R
. Z S By ) By = By )"+ Z [f"&) = f"(B,_)](Bi, — By,_)"
Jj=1 =

For the second term we have

ool < 3|7 — " (B, )| (By, — By)
j=1

1<j<n

< max |f"(&) ~ "By, )| Y (B, — Bi,)”
j=1

=S (B;t) cf. 9.1)

Taking expectations and using the Cauchy-Schwarz inequality we get

Bl < \JE((max |76) - (B, ) | JE[SFB:0)2]

By Theorem 9.1, L2(IP)-limmj—o SJ1(B;t) = t; since s — f”(By) is uniformly
continuous on [0, ¢] and bounded by || f”||c < Cr, we can use dominated convergence
to get

lim ]E|J22|=Ot=0
|TT|—0

The first term, J,;, converges to fot f"(By) ds. This follows from

E [(le =3 By _z,-_l)) ]
j=1
n 2
= [(Z f//(Btjfl)[(Blj — sz,l)z — (lj — tj_l)]) :|

j=1

=E |:Z |f//(Bt/—1)|2[(Bl./ - Bt_/—l)2 - (l.i - t.i—l)]2:|'

j=1
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In the last equality only the pure squares survive when we multiply out the outer square.
This is due to the fact that (Bt2 —t)s>0 is a martingale: Indeed, if j < k, then we have
tj—1 <t; <ig—1 < tg. For brevity we write

fjﬁ_l = f”(Btj_l), AJB = Btj — Btj_l, Ajl =1 —1jq.

By the tower property,

E (/248 B)? = At} L {(Ak B)> = At}
=E (]E I:fj//—l{(A.iB)z - Ajt}fku—l{(AkB)z - Akt} ‘ f’ka—l])

=B (4B = At} E[{aeB)? = At} |3, ]) =0

F1;_, measurable =0 martingale, cf. 5.2 ¢)

i. e. the mixed terms break away. From (the proof of) Theorem 9.1 we get

n 2
E[ (- X 778, 05— 150 |

Jj=1

N ]E[Z £ (B, D[’[(B,; — By, )* — (4 — tj—l)]z}
j=1

n

< B[ (B — By - rj-_oﬂ

j=1

n
<2C7 M| Y (1 — ;1) = 2C7 M| e 0.
j=1

4° So far we have shown (16.1) for functions f € €2 such that Cr < oo. For a

general f € @2 we fix £ > 0, pick a smooth cut-off function y, € €2 satisfying

Igw,y < xe < lpe+n and set fr(x) := f(x)yxe(x). Clearly, Cy, < oo, and
therefore

t 1 t
fuB) - fubo) = [ fiByas 4 [ g B
0 0
Consider the stopping times

(@) :=inf{s > 0 : |Bs| =2 £}, £>1,
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and note that & FtBsaz@) = f Y (Bsar(r), j = 0, 1,2. Thus, Theorem 15.7 shows

dx/

forallt > 0
S(Birzw)) — f(Bo)
tAT(l) 1 tAT(d)
= / ]%(BS) st + 5\/ f‘[//(Bs) ds
0 0

. t 1 t
o / J¢(Bs)Njo.zey)(s) dBs + 3 / S (Bs) o,z (0 (s) ds
0 0
t 1 t ’
= / S (Bs)Ljo,ze))(s) dBs + 3 / S (Bs)Ljo,z(¢y) (s) ds
0 0

157¢) tAT(L) 1 tAT(l)
2 [ pyasoes [ s
0 0

Since limy—. o T(£) = oo almost surely — Brownian motion does not explode in finite
time — and since the (stochastic) integrals are continuous as functions of their upper
boundary, the proof of Theorem 16.1 is complete. (|

16.4 1to’s formula for stochastic differentials

We will now derive Itd’s formula for one-dimensional Itd processes, i. e. processes of
the form

where g, b are locally bounded (in ¢) and progressively measurable. We have seen in
Remark 16.3 that under this assumption b € L([0,T],df) and o € LZT,]OC a.s. and
for all T > 0. We can even show that b € LZTJOC. Fix some common localization
sequence T,,. Since &r = L% we find, for every n, sequences of simple processes
(bn)n, (UH)H C &7 such that

i L2(Ar ®P) u L?(A1 ®P)
O o) e oy and DT g — o Dlig g,y

Using a diagonal procedure we can achieve that the sequences (™)1, (0) 1 are in-
dependent of n.

16.4 Lemma. Let X' = [ o™ (s) dBy + [ b™(s) ds. Then X' — X, uniformly in
probability as |I1| — 0, i.e. we have

. H_ _
‘I_IIIIEO]P(tSlgl]ﬂXI X/|>€)=0 forall € >0, T >0. (16.5)
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Proof. The argument is similar to the one used to prove Theorem 15.7 d). Let 7, be
some localizing sequence and fix n > 0, T > 0 and € > 0. Then

t
]P( su / (c"(s) —o(s)) dBy| > e)
t< 0
t
< P (sg ‘/ (c™(s) — 0 (5)) dBs| > €, T, > T) +P(z, <T)
< 0
tAT,
< P (S1<1IF) ‘ / (on(s) —o(s))dB,| > e) +P(r, <T)
1< 0
Chebyshev 4 Trz, 2
SE(|[ " ©-ow)dn] ) +Pe < 1)
Doob €2 0
(14200 4 Trz,
< S E (/ o™ (s5) —o(s)|2ds) +P(r, <T)
€ 0
n fixed
——> P(r, < T) —— 0.
|TI|—0 n—00

A similar, but simpler, calculation yields

P (su /t (b™(s) — b(s)) ds
t< 0

Finally, for any two random variables X, Y : Q — [0, 00),

>ec|] —0.
|TI|—0

P(sup(X +Y) >¢€) <PP(supX +supY > ¢)

P(sup X > €/2) + P(supY > €/2)

NN

from which the claim follows. O
16.5 Theorem (Itd 1942). Let X; be a one-dimensional Ito process in the sense of

Definition 16.2 such that dX; = o(t)dB; + b(t)dt and let f : R — R be a C*-
function. Then we have for all t > 0 almost surely

f(Xy) = f(Xo)
t ’ ! / 1 ! " 2
:/0 f(XS)G(s)dBS+/O f(Xs)b(S)dS+2/0 ST (Xs)o"(s)ds (16.6)

! I 1 ! "
= [ roaxcs [ rraoete e
0 0
We define the stochastic integral for an It6 process dX; = o(t) dB; + b(t) dt as

/f(s)dX ::/ f(s)o(s)st—l-/ f(s)b(s)ds (16.7)
0 0 0
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whenever the right-hand side makes sense. It is possible to define the Itd integral for
the integrator d X; directly in the sense of Chapters 14 and 15 and to derive the equality
(16.7) rather than to use it as a definition.

Proof of Theorem 16.5. 1° As in the proof of Theorem 16.1 it is enough to show
(16.6) locally for ¢ < 7(£) where

() = inf{s > 0 : |Bs| > {}.
This means that we can assume, without loss of generality, that
I flloo + 11/ oo + 11/ " lloo + o lloo + [1D]lec < € < 0.

2° Lemma 16.4 shows that we can approximate ¢ and b by elementary processes o
and b™. Denote the corresponding It process by X ™. Since f € €2, the following
limits are uniform in probability:

ul yl
X |1'I|——>0>X’ SX )Il'l\——>0>f(X)'

n

The right-hand side of (16.6) with ¢, b and X ™ also converges uniformly in prob-
ability by (an obvious modification of) Lemma 16.4.

This means that we have to show (16.6) only for Itd processes where ¢ and b are
from &7 for some T > 0.

3° Assume that 0,b € Er andthat IT1 = {t = 0 <, < --- < t, = T} is the
(joint refinement of the) underlying partitions. Fix ¢ < 7 and assume, without loss of
generality, that # = 7 € TI. As in step 1° of the proof of Theorem 16.1 we get by
Taylor’s theorem

k k
/ 1 "
fX) = f(Xo) =D f' Xy )Xy = Xoy )+ 5 3 " E)(Xyy = Xy )
j=1 j=1
1
=:Jdi + 5 Jo
with
§(@) = Xy, (@) + 0 (0)(Xy, (@) — Xy, ()

for some 6; (w) € [0, 1].

Since o and b are elementary processes, there are F;,_, measurable random vari-
ables 0;_; and bj_; such that

k k
Ji = Zf,(thfl)Oj—l : (Btj - Btjfl) + Zf/(th—l)bj_l ' (ZJ' - [J'—l)

ji=1 j=1
=Ji + J2.

Now L2(P)-limjqj—oJ11 = fot f'(X)o(s) d Bs which follows as in the proof of The-
orem 16.1, step 2° . The second term Ji, is just a Riemann sum which converges a. s.
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to fot f"(X5)b(s) ds. Moreover,

Zf é;) Uj 1By, —By,_)) +bjq - (t; —tj— 1))

~.
—_

k

> [0ty - (B, ~ By )

2 €0k - (By — By )t —1j-1)
+ 1B - =117

=Jdo1 +Jaz + Ja3

~.
—_

As in the Proof of 16.1, step 3° , we get L2(P)-limmoJ21 = [y f"(Xs)o(s) ds.
Since

k
a2l < 231/ ool lolBlloo(t; = t5-1) max | B, = By, |

j=1
=211/ lleollollool1blloo T max | By, — By,._,|

and since Brownian motion is almost uniformly surely continuous on [0, T'], we get
limr7|—0 |J22| = 0 a.s.; a similar calculation gives lim|ryj—o |J23| = 0. O

16.5 Ité’s formula for Brownian motion in R

Assume that B = (B!,..., BY) is a BM?. Recall that the stochastic integral with
respect to d B is defined for each coordinate, cf. Section 16.1. With this convention,
the multidimensional version of 1td’s formula becomes

16.6 Theorem (Itd 1942). Let (B;);>0, B: = (B},..., Btd), be a d-dimensional
Brownian motion, X; = fot o(s)dB; + fé b(s) ds be an m-dimensional Itd6 process
and f : R™ — R be a C*-function. Then

d ¢ m m ¢
- s =Y [ [Za,-ﬂxs)a/k(s)} aBt+ 3 [ s Xy ds
k=179 Lj=1 k=179

1 m t d
t 21_,]_2::1/0 aiajf(Xs)l;mk(S)ajk(s) ds.

(16.8)
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The proof is pretty much the same as the proof in dimension d = 1 — just use the
Taylor expansion of functions in R¢ rather than in RR.

16.7 Remark. In the literature often the following matrix and vector version of (16.8)
is used:

FX) — f(Xo) = /0 V £(X,)To(s) dBy + /O V £(X,)Th(s) ds
(16.9)

+ % /;t trace(o(s)Tsz(Xs)a(s)) ds.

where V = (0y,...,034)" is the gradient, D2 f = (9; 8kf);'ik=1 is the Hessian and
d By is understood as a column vector from IR¥. In differential notation this becomes

df(X:) = V(X)) Ta(t)dB, + V f(X,)Th(r) dr

16.10
+ %trace(cr(t)TDz f(X)o(2))at. ( )

16.6 Tanaka’s formula and local time

1t6’s formula has been extended in various directions. Here we discuss the prototype
of generalizations which relax the smoothness assumptions for the function f. The
key point is that we retain some control on the (generalized) second derivative of f,
e.g.if fisconvex orif f(x) = fox ¢(y) dy where ¢ € By (IR) as in the Bouleau—Yor
formula [151, Theorem IV.77]. In this section we consider one-dimensional Brownian
motion (By);>o and the function f(x) = |x]|.

Differentiating f (in the sense of generalized functions) yields f”’(x) = sgn(x) and
[ (x) = §o(x). A formal application of Itd’s formula (16.1) gives

t 1 t
| B | =/ sgn(Bs)st+§/ 80(By) ds. (16.11)
0 0

In order to justify (16.11), we have to smooth out the function f(x) = |x|. Note that
fore > 0

x| — 2e, x| >e, sgn(x), |x| > e,
flxy:= {02 ey =1"
2 X%, x| <e, =X, x| <e,
0, |x|>ce,
Jx) =4,
- xl<e
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Figure 16.1. Smooth approximation of the function x + |x]|.

The approximations f, are not yet € functions. Therefore, we use a Friedrichs
mollifier: Pick any y € C°(—1,1) with0 < y < 1, x(0) = 1and [ x(x)dx = 1, and
set forn > 1

o) = ) and fon () = fow 1) = [ =) ful0)
It is a not hard to see that lim, o fe,n = fe and lim, oo f/,, = f/ uniformly while

lim, o0 f,(x) = f/(x) forall x # *e.
If we apply Itd’s formula (16.1) we get

t 1 t
Jen(Br) =/0 S n(Bs)dBs + 2/0 S (Bs)ds  a.s.

On the left-hand side we see lime_,o lim, o0 fe,n(B:) = | B¢| a.s. and in probability.
For the expression on the right we have

2 t )
) =E° (/ {fe’,n (Bs) — sgn(Bs)| ds).
0

Letting first n — oo and then € — 0, the right-hand side converges to

t
dom. conv.
E? (/ | £(By) = sen(By)[* ds) 0
0 €e—

]EO (‘ [0 (fs/,n(Bs) - Sgn(Bs)) st

in particular, IP-lim, _, » f(; fl(Bs)dB; = f(; sgn(By) d B.
Finally, set
Qy i={w: nan;o f(Bs(@)) = f!(Bs(w))}.

As P(Bs; = +¢) = 0, we know that IP(2;) = 1 for each s € [0, ¢]. By Fubini’s
theorem

1P®Leb{(a),s) s e0,t], w ¢ QS} = /t]P(Q \ Q) ds =0,
0
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and so Leb{s € [0,7] : w € Q4} =1 for IP almost all w. Since || £, loo < (2€)~', the
dominated convergence theorem yields

) t , t , 1 t
L?>- lim [ f/ (By)ds = / f/'(By)ds = % / N—e.e)(By) ds.
0 0 € Jo

n—>0o0

Therefore, we have shown that

) 1 t t
IP - lim —/ L—c,e)(Bs)ds = |B:| — / sgn(By) d By
e—0 2¢ 0 0

exists and defines a stochastic process. The same argument applies for the shifted func-
tion f(x) = |x —al, a € R. Therefore, the following definition makes sense.

16.8 Definition (Brownian local time. Lévy 1939). Let (B;):>¢ be a d-dimensional
Brownian motion and a € IR. The local time at the level a up to time t is the random
process

1 t
Li () =P~ lim - /0 L(_c.)(Bs — a) ds. (16.12)

The local time L¢ represents the total amount of time Brownian motion spends at
the level a up to time ¢:

1 [t 1
26/0 L—eo)(Bs —a)ds = ZLeb{s €[0,1] : Bye(a—e.a+e)}.
We are now ready for the next result.

16.9 Theorem (Tanaka’s formula. Tanaka 1963). Let (B;);>¢ denote a one-dimen-
sional Brownian motion. Then we have for every a € R

t
|B; —al| = |a| —|—f sgn(Bs —a)dBs + L (16.13)
0

where L% is Brownian local time at the level a. In particular, (t,a) — L¢ (has a
version which) is continuous.

Proof. The formula (16.13) follows from the preceding discussion for the shifted func-
tion f(x) = |x — a|. The continuity of (¢,a) — L% is now obvious since both Brow-
nian motion and the stochastic integral have continuous versions. (|

Tanaka’s formula is the starting point for many further investigations. For example,
it is possible to show that §; = fot sgn(By) d By is again a one-dimensional Brownian Ex. 16.10
motion and L% = supy<,(—fs). Moreover, IPO(LgO =o00) = 1foranya € R.
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16.10 Further reading. All books mentioned in the Further reading section of Chap-
ter 14 contain proofs of Itd’s formula. Local times are treated in much greater detail in
[99] and [156]. An interesting alternative proof of It6’s formula is given in [109].

[99] Karatzas, Shreve: Brownian Motion and Stochastic Calculus.
[109] Krylov: Introduction to the Theory of Diffusion Processes.
[156] Revuz, Yor: Continuous Martingales and Brownian Motion.

Problems

1. Let (B;)¢>0 be a BM!. Use 1t6’s formula to obtain representations of

t t
X, = / exp(By)dBs; and Y, = / Bs exp(B?) dB;
0 0
which do not contain It6 integrals.

2. (a) Use the (two-dimensional, deterministic) chain rule d(F o G) = F' o G dG
to deduce the formula for integration by parts for Stieltjes integrals:

/0 £(5)dg(s) = F()g(t) — F(0)g(0) — /0 ¢(5) df(s)
forall f, g € C!([0,00),R).

(b) Use the Itd formula for a Brownian motion (b;, B;);>0 in R? to show that

t t
/ bsdBs = b:B; —/ Bsdbs, t>=0.
0 0

What happens if b and 8 are not independent?

3. Prove the following time-dependent version of Itd’s formula: Let (B;);>0 be a
BM! and f : [0, 00) x R — R be a function of class C'2. Then

t t af 1 82f
S, By) — f(0,0) = Sf(s, Bs)dBs + _(S7Bs)+_—2(ssBs) ds.
0 0 8[ 2 0x
Prove and state the d-dimensional counterpart.
Hint: Use the 1t formula for the d + 1-dimensional It process (¢, B}, ..., BY).

4. Prove Theorem 5.6 using 1t6’s formula.

5. Let (B;,F)¢>0 be aBM!. Use It0’s formula to verify that the following processes
are martingales:

X, = e'? cos B, and Y, = (B, + t)e—Bt—t/Z‘
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6. Let B, = (b;,B:),t > 0be aBM? and set r, := |B;| = \/b? + B?.

10.

(a) Show that the stochastic integrals f?t bs/rs dbg and fot Bs/1s dBs exist.
(b) Show that W, := [, by/rs dbs + [, Bs/rs dPs is a BML.

. Let B, = (b;,B:),t > 0beaBM?and f(x+iy) = u(x,y)+iv(x,y),x,y € R,

an analytic function. If u? 4+ v} = 1, then (u(b;, B;), v(b;. B)), > 0,is a BM>.

. Show that the d-dimensional It6 formula remains valid if we replace the real-

valued function f : R¢ — R by a complex function f = u +iv : RY — C.

. (Friedrichs mollifier) Let y € €2°(—1,1) such that 0 < y < 1, x(0) = 1 and

[ x(x)dx = 1.Set yn(x) := nx(nx).

(a) Show that supp y, C [~1/n,1/n]and [ x,(x)dx = 1.

(b) Let f € C(R) and f, := f * xn.
Show that [ £, (x)] < 1% supyemce.t/m |8 X 1-

(c) Let f € C(IR) uniformly continuous. Show that lim, s || f * xn— f |lcc = O.
What can be said if f is continuous but not uniformly continuous?

(d) Let f be piecewise continuous. Show that lim, o f * y»(x) = f(x) at all
x where f is continuous.

Show that 8, = [, sgn(By) d By is a BM'.
Hint: Use Lévy’s characterization of a BM!, Theorem 9.12 or 17.5.
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Applications of Ito’s formula

1t6’s formula has many applications and we restrict ourselves to a few of them. We will
use it to obtain a characterization of a Brownian motion as a martingale (Lévy’s the-
orem 17.5) and to describe the structure of ‘Brownian’ martingales (Theorems 17.10,
17.12 and 17.15). In some sense, this will show that a Brownian motion is both a very
particular martingale and the typical martingale. Girsanov’s theorem 17.8 allows us to
change the underlying probability measure which will become important if we want to
solve stochastic differential equations. Finally, the Burkholder—-Davis—Gundy inequal-
ities, Theorem 17.16, provide moment estimates for stochastic integrals with respect
to a Brownian motion.

Throughout this section (B;, F;);>0 is a BM with an admissible complete filtration,

e. g 5’? see Theorem 6.21. Recall that LZT = L?P (Ar @ P).

17.1 Doléans-Dade exponentials

Let (B;,J)s>0 be a Brownian motion on IR. We have seen in Example 5.2 e) that
(M,S, Ft)s>0 is a martingale where M,S = efBi—3E? ¢ € R. Using 1t6’s formula we
find that M f satisfies the following integral equation

t
Mf=1—|—/ EMEAB, or dMf =& M dB,.
0

In the usual calculus the differential equation dy(t) = y(¢) dx(t), y(0) = y, has the
unique solution y(t) = yoe*®*© If we compare this with the Brownian setting,
we see that there appears the additional factor —%S %t = —% (£€B); which is due to the
second order term in It6’s formula. On the other hand, it is this factor which makes
M¢¥ into a martingale.

Because of this analogy it is customary to call

€(M)t = eXp (Mt_;(M)t)v t 20, (171)
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for any continuous L? martingale (M,),<7 the stochastic or Doléans—Dade expo-
nential. If we use Itd’s formula for the stochastic integral for martingales from Sec-
tion 14.6, it is not hard to see that (M), is itself a martingale. Here we consider only
some special cases which can be directly written in terms of a Brownian motion.

17.1 Lemma. Let (B;,F,);>0 beaBM!, f € L% (A7 ®P) forall T > 0, and assume
that | f(s,w)| < C for some C > 0andall s > 0 and w € Q2. Then

exp (/Ot f(s)dBy — % /0, f2(s) a’s), t>0, (17.2)

is a martingale for the filtration (F;);>o.

Proof. Set X, = [, f(s)dBy; — 1 [; f2(s)ds. Itd’s formula, Theorem 16.5, yields'

t 1 t 1 t
eXr— 1= [ e*s f(s)dBy — —/ eXs f2(s)ds + —f eXs f2(s)ds
0 2 0 2 0

-/ exp ( [ rwas -3 [ f2(r)dr) f(s)dB,.

If we can show that the integrand is in L (Ar ® PP) for every T > 0, then The-
orem 14.13 applies and shows that the stochastic integral, hence eX", is a martingale.

We begin with an estimate for simple processes. Fix T > 0 and assume that g € 7.
Then g(s, ) = Z?=1 g(sj—1, 0)s,_, 5,)(s) for some partition 0=s¢ < -+-<s, =T
of [0, T'] and |g(s, w)| < C for some constant C < oo. Since g(s;—1) is Fy,_, measur-
able and By, — B,,_, 1L F,_,, we find

(17.3)

E [eZIOT £()dB;]

n
_E [1—[ ezg(s.,-_n(Bs,—Bs,._l)}

J=1

n—1
to;er E |: l_[ e2g(s,~71)(BSj _Bijl) E (ezg(sn—l)(BSn —Bs,_,) | S:Sn—l) :|
j=1

4
(;%2) exp [Zgz(sn—l)(sn _S”*l)]

n—1
< 62C2(5n_5n—l) E [l_[ eZg(Sj—l)(BSj_stl)].
j=1

Further applications of the tower property yield

n
E I:eZIOTg(r)dBr:I g neZCZ(Sj—Sj_1) — eZCZT'
j=1

! Compare the following equality (17.3) with (17.1).

Ex. 171
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If f € L3(Ar ® IP), there is a sequence of simple processes (f,)n>1 C €7 such
that 1im, o0 f,, = f in L23(A7 ® P) and lim, o0 fif fo(s)dBs = [, f(s)dB in
L?*(IP) and, for a subsequence, almost surely. We can assume that | f, (s, w)| < C,
otherwise we would consider —C Vv f,;, A C. By Fatou’s lemma and the estimate for
simple processes from above we get

E [|ef07 fYdB, =L [ f2(r)ar f(T)|2] <C’E [ezj;f f(r)dBr]

=C? ]E[ lim eszTf"(r)dB’]

n—oo

<C? lim E [eZIOT fn(r)dB,.:|

n—>o0
< C%*¢T < 0. O
It is clear that Lemma 17.1 also holds for BM? and d -dimensional integrands. More
interesting is the observation that we can replace the condition that the integrand is

bounded by an integrability condition.

17.2 Theorem. Let (B;, JF;)s>0, B: = (Btl, e, B;i), be a d-dimensional Brownian

motion and f = (fi,..., fa) be a d-dimensional P measurable process such that
fi € L2Z(Ar @ P) forallT >0and j =1,...,d. Then
d ¢ 1t
M, = exp (Z[ fi(s)dB] — 5/ |f(s)|2ds) (17.4)
i=/o 0

is a martingale for the filtration (F;);>¢ if, and only if, EM, = 1.

Proof. The necessity is obvious since My = 1. Since f € L3(Ar @ P) forall T > 0,
we see with the d-dimensional version of It6’s formula (16.8) applied to the process

Xo =Y [2 fi(s)dBI =1 [2|f(s)? ds that
d ¢ -
X =1 +Z/ f(s)eX  dB]
j=1"9

< 4 S .
= . (rVdB) — — 24r)dB/.
1+;/0 f,(s)exp(j;/o f;(r)dB/ 2/0 |£(r)] d) B

Let t, = inf{s > 0 : |exp(Xs)| > n} A n; since s — exp(Xy) is continuous, 7, is a
stopping time and exp(X,") < n. Therefore, f™ - exp(X ™) isin L% (Ar ® IP) for all

T > 0, and Theorem 14.13 e) shows that M ™ = exp(X,") is a martingale. Clearly,
lim,_, o 7, = 0o which means that M; is a local martingale, cf. Definition 15.6.
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Proposition 17.3 below shows that any positive local martingale with E M, = 1 is
already a martingale, and the claim follows. (|

The last step in the proof of Theorem 17.2 is interesting on its own:
17.3 Proposition.
a) Every positive local martingale (M;, F;);>¢ is a (positive) supermartingale.

b) Let (M;,F;)>0 be a supermartingale with EM; = E M, for all t > 0, then
(M;) >0 is already a martingale.

Proof. a) Let t, beialocalizing sequence for (M;);>¢. By Fatou’s lemma we see that

EM, =E( lim M,,, )< lim EM

n—00 n—>o00

=IE M, < o0,

tAT,

since M " is a martingale. The conditional version of Fatou’s lemma shows for all
s <t

]E (Mt }3‘5‘) < h_m IE (Ml‘/\‘l,’” }3’5) = h_m Ms/\'c” = MS’

n—>00 n—>00

i.e. (M;);>o is a supermartingale.

b) Lets <tand F € ;. By assumption, [ M;dIP > [ M, dIP. Subtracting from
both sides E My = E M, gives

/Msdﬂj—IEMsng,dP—]EM,.
F F

Therefore,

M, dP < M, dP forall s <t, F¢eJy.
Fe Fe

This means that (M;);>¢ is a submartingale, hence a martingale. O

We close this section with the Novikov condition which gives a sufficient criterion
for [E M, = 1. The following proof is essentially the proof which we used for the expo-
nential Wald identity, cf. Theorem 5.14. We prove only the one-dimensional version,
the extension to higher dimensions is obvious.
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17.4 Theorem (Novikov 1972). Let (B;);>0 be a BM! and let f € L3(Ar ® P) for

allT > 0. If
E [exp (; /00 [ £(s)|? ds)] < 00, (17.5)
0

then lE M; = 1 for the stochastic exponential

so=exo( [ roras- [1rora).

Proof. We have seen in the proof of Theorem 17.2 that M, is a positive local martin-
gale, and by Proposition 17.3 a) it is a supermartingale. In particular, [E M; < [E M,
=1.

For the converse inequality write X, = fot f(s)dBg and (X); = fé | £(s)|? ds.
Then M; = eXr=2(X) — &(X); and the condition (17.5) reads ]E[e%<X)°°] < 0.

Let (t,)»>1 be alocalizing sequence for the local martingale M, fix some ¢ € (0, 1)

and pick p = p(c) > 1 such that p < % A ﬁ

Then M;" = exp[X," —% (X)7"]is a martingale and IE M,,. =IE M, = 1foreach
n > 1. Using the Holder inequality for the conjugate exponents 1/ pc and 1/(1 — pc)
we find
E[£(cX™)7] = I [ereti"-kpett)?

= E [ere X" —HX0I o3 pe=a X" ]

Th_ 1 Tnqpc 1 pcl—=c) 1—pc
< []EeX’ 3 (X); ] []Eez T—pc (X)t]

=[EM, _]r¢=1

INTy

< (EezXle)!7P¢,

In the last step we used that pc(1 —c)/(1 — pc) < 1. This shows that the pth moment

of the family (M,"),>1 is uniformly bounded, hence it is uniformly integrable.
Therefore, we can let n — oo and find, using uniform integrability and Holder’s
inequality for the exponents 1/c and 1/(1 —¢)
1 = B[ecX" 32X ] = [ [ecXim3 ¢ (X)ip3 c1=0)(X)]
< []Eexl—%<X>z]“[]Ee%c(X)z]l—C‘

Since the last factor is bounded by (]E etX )°°) l_c, we find as ¢ — 1,

1 <EeX2(X) — E M,. ]
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17.2 Lévy’s characterization of Brownian motion

In the hands of Kunita and Watanabe [113] [td’s formula became a most powerful tool.
We will follow their ideas and give an elegant proof of the following theorem due to
P. Lévy.

17.5 Theorem (Lévy 1948). Let (X;,F/)r>0, Xo = 0, be a real-valued, adapted
process with continuous sample paths. If both (X;,F¢)r>o0 and (X? — t,F¢) >0 are
martingales, then (X;);>¢ is a Brownian motion with filtration (F;)>¢.

Theorem 17.5 means, in particular, that BM! is the only continuous martingale with
quadratic variation (B); = t.

The way we have stated 1td’s formula, we cannot use it for (X;);>o as in The-
orem 17.5. Nevertheless, a close inspection of the construction of the stochastic inte-
gral in Chapters 14 and 15 shows that all results remain valid if the integrator d B; is
replaced by d.X, where (X;),>¢ is a continuous martingale with quadratic variation
(X); = t. For step 3° of the proof of Theorem 16.1, cf. pages 237 and 238, we have to
replace Theorem 9.1 by Corollary 9.11. In fact, Theorem 17.5 is an ex-post vindication
for this since such martingales already are Brownian motions. In order not to end up
with a circular conclusion, we have to go through the proofs of Chapters 14—16 again,
though.

After this word of caution we can use (16.1) in the setting of Theorem 17.5 and start
with the

Proof of Theorem 17.5 (Kunita, Watanabe 1967). We have to show that
X, —Xs L Fy and X;— X; ~N(0,t—5) forall 0<s <zt.

This is equivalent to

E (e"f("t*"s) ﬂp) = e 308 P(F) forall <1, F e, (17.6)
In fact, setting F' = 2 yields

E (eis(xt—xx)) — o398

ie. X; — X5 ~ X,—; ~N(0,¢ — s), and (17.6) becomes

E (eié(X’_X") IIF) =E (eif(X’_X-")) P(F) forall s <t, F e%;;

this proves that X; — X; 1l F forall F € ;.

Ex. 17.2
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Let us now prove (17.6). Note that f(x) := ¢’** is a €*-function with
f(x) = eixE7 f/(x) — iéeixg, f//(x) _ _%‘zeixf‘

Applying (16.1) to f(X;) and f(X;) and subtracting the respective results yields
. . ‘. g2t
eiEXr _ itXs = z'g/ e dx, - 3[ i gy, (17.7)
s N

Since |e'”| = 1, the real and imaginary parts of the integrands are L2 (A7 ® IP)-
functions for any ¢ < 7" and, using Theorem 14.13 a) with X instead of B, we see that
f(; et Xr dX, isa martingale. Hence,

t
E (/ X dx, ‘ S"s) =0 a.s.

Multiplying both sides of (17.7) by e X5 1, where F € F, and then taking expec-
tations gives

E (eiS(Xr—Xs) 11F) _P(F) = —% 'E (ei‘f(Xr—X»v) 11F) dr.
s

This means that ¢ (1) := E (e’*® =) 1), s < 1,is a solution of the integral equation

2 pt
() =P(F) + 7/ D(r)dr. (17.8)
s
On the other hand, it is easy to see that (17.8) is also solved by
Y(t) = P(F) e 20,

Since

2 t 2 t
b0 -v01=5 | [0 —venal <5 [o0)- vl a

we can use Gronwall’s lemma, Theorem A.43 in the Appendix A.8, where we set
Uu=|p—y|,a=0and b = 1, to get

|p(t) — (1)) <O forall > 0.

This shows that ¢ () = ¥ (¢), i. e. (17.8) admits only one solution, and (17.6) follows.
O
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17.3 Girsanov’s theorem

Let (B;):>0 be a real Brownian motion. The process W; := B; — £t, £ € IR, is called
Brownian motion with drift. It describes a uniform motion with speed —¢ which is
perturbed by a Brownian motion B;. Girsanov’s theorem provides a very useful trans-
formation of the underlying probability measure IP such that, under the new measure,
W; is itself a Brownian motion. This is very useful if we want to calculate, e. g. the
distribution of the random variable sup;<; Wy and other functionals of W.

17.6 Example. Let G ~ N(m,o?) be on (2, A,P) a real-valued normal random
variable with mean m and variance 62. We want to transform G into a mean zero
normal random variable. Obviously, G ~» G —m would do the trick on (2, A, IP) but
this would also change G. Another possibility is to change the probability measure IP.

Observe that E ¢/§0 = ¢=297§*+imé_Gince G has exponential moments, cf. Corol-
lary 2.2, we can insert £ = im/o? and find

m 1 m?
Eexp (—p G) = exp (_E F) .

Therefore, Q(dw) = exp(—Z% G(w) + % ':—22) P(dw) is a probability measure, and

o2
we find for the corresponding mathematical expectation Eq = [, -+ dQ

. . 1 m?
E i£G :f i£G ——m G <~ 5 dIP
Qe *Pexp|——5 G+ 5

o
= exp —1 o2&?
5 .
This means that, under Q, we have G ~ N(0, 02).

The case of a Brownian motion with drift is similar. First we need a formula which
shows how conditional expectations behave under changes of measures.

Let B be a positive random variable with E 8 = 1. Then Q(dw) := f(w) P(dw)
is a new probability measure. If F is a o-algebra in A, then

/E(ﬁl?)dl’=/ﬂdl’=Q(F) Le. Qs =EB[HP]s.
F F
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If we write [Eq for the expectation w.r. t. the measure Q, we see forall F € F

iTmble
Eo(ls X) = E(Lr XB) = E (15 ECB|9) =B (1 ]ééﬁ';)’ E@ 1)
g (1, ECB19)
=0 (1 57y )

This means that Eq(X |F) = E(XB | %)/ E(B|F).

17.7 Example. Let (B;,F;);>0 be a BM! and set = Br where 8; = etBi=1/2,
From Example 5.2 e) we know that (8;)s<7 is a martingale for the filtration (F;);>o.
Therefore, E 87 = 1 and Q := B7 IP is a probability measure. We want to calculate
the conditional characteristic function of W; := B; — £t under Eq. Let £ € R and
s <t < T. By the tower property we get

Eq [eiS(W,—W

s] =E [eié(W[_Wx)ﬂT ’?s]/]E[ﬁT | ‘rfs]
tower E [eiE(Wz*Wx) E (,BT | 3’[) | gs]/ﬂs

=E [eiE(Wt_WS)IBt | grs]/ﬂs
— o iE(t—)—3L(t—5) g [eiE(Bt*Bs)el(Bt* s

(12) e—i[E(t—S)—%Kz(t—S) IE [eiE(Br—Bs)e[(Bt_Bs)]
5.1

QO) —ilE(1—5)—32(1=5) , 3 (E+O(1—s)

S
Lemma 5.4 shows that (W;, F;);<r is a Brownian motion under Q.

We will now consider the general case.

17.8 Theorem (Girsanov 1960). Let (B;, F)¢>0, B = (B}, ..., Btd), be a d-dimen-

sional Brownian motion and f = (f1,..., fa) be a P measurable process such that
fi € L3(Ar @ P)forall0 < T <ooand j =1,....d.If
d t 1t
g = exp Z[ fi(s)dBJ — —/ | £(s)|? ds (17.9)
=7 2 Jo

is integrable with E q; = 1, then for every T > 0 the process

t
—/ f(s)ds, t<T, (17.10)
0
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is a BM? under the new probability measure Q = Qr
Qldw) := qr(w) P(dw). (17.11)

Notice that the new probability measure Q in Theorem 17.8 depends on the right
endpoint T'.

Proof. Since f; € L3 (Ar @ P) forall T > 0, the processes

X t ) 1 t
X/ :=/fj(s)dBS’—2/ fA)ds, j=1,....d,
0 0

are well-defined, and Theorem 17.2 shows that under the condition [E g; = 1 the pro-
cess (¢¢. Ft)e<r 18 @ martingale. Set

Bi = exp[i(§. W) + 51 |E]

where W, = B, — fot f(s)dsisasin (17.10). If we knew that (8;):<r is a martingale
on the probability space (2, F7,Q = Qr), then

Eq (expli (€. W(t) — W(s))] | Fs) = Eq (B, exp [—i (€. W(s)) ] exp [—3 ¢ [£]*] | F)
= Eq (B: | Fs) exp [—i (&, W(s))] exp [—5 1 |§[?]
= Bsexp[—i (€. W(s))] exp [—5 1 €]
=exp[—1 (t —s) [§]7].

Lemma 5.4 shows that W(t) is a Brownian motion with respect to the probability mea-
sure Q.
Let us check that (8;);<r is a martingale. We have

d t . 1 t d ) d ¢ 1
;/0 f"(s)stj_E/o If(S)Izderi;EjBt’—i;/O & /;(s)ds + > [¢P 1

exponent of g, exponent of f;

1

d t P
=3 [ itan = [0+ 1)+ iEds

This shows that

d ot 1 [t
qtﬁ,=exp[; [orvignan; =3 [0+ 10 +igas|
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and, just as for ¢,, we find for the product ¢, 8, by 1t6’s formula that
d t
wbi =1+ Y [ 4B (5i6) +i6) dBl.
, 0
j=1

Therefore, (q:B:):>0 is alocal martingale. If (7, )x > is a localizing sequence, we get
fork>1, FeF,ands <t <T

Eq (IBtI\‘Ckﬂ‘F) = E (qT,BthﬂF)
= E[E(qrBiac, 1 | )]
= E[E(qr|:) Bir, 1F]

N———’

=gq;, martingale

(qt - Qt/\rk)ﬂt/\rk]lF] +E [QtArk:Bt/\rle]
[(g:

- thtk)ﬂt/\rkJIF] +E [qurlesAtkﬂF]'
In the last step we used the fact that (g, 8, F+) />0 is alocal martingale. Since ¢ +— ¢, is
continuous and g, = E(q: | F;x, ), we know that (¢, . . Frr k=1 is a uniformly

E
E

integrable martingale, thus, limg—, o ¢, nr, = qra.s. and in L' (IP). Moreover, we have

that |8;| = e2 6P L o |EPT By dominated convergence,
Eq (B:1F) = Jim Eq (Bing,1r)
= kli)rgclE [(qr - Qt/\tk)ﬁt/\tk]lF] + kli_)r{)lolE [CIs/\rkﬁs/\rkﬂF]
=E I:qSIBS]lF:I-
If we take ¢ = s this also shows

Eq (B:1F) = E [¢:8,1r] = Eq (Bs1F) forall F e, 0<s<T,

i.e. (B¢, Fr)o<s<T 18 a martingale under Q for every T > 0. ]

17.4 Martingale representation — 1

Let (B;)r>o be a BM! and (F¢)r>0 an admissible complete filtration. From The-
orem 14.13 we know that for every T € [0,00] and X € L% (A7 ® IP) the stochastic
integral

t
M, =x —i—/ XsdBs, t >0, x eR, (17.12)
0
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is a continuous L? martingale for the filtration (F;);<7 of the underlying Brownian
motion. We will now show the converse: If (M,, F;);<r is an L? martingale for the
complete Brownian filtration (F;);>¢, then M, must be of the form (17.12) for some
X € L3(Ar Q P).

For this we define the set

T
HE = {MT : MT=x—|—/ X, dB;, x € R, XeLg,(AT@g]P)}.
0

17.9 Lemma. The space 9{2T is a closed linear subspace of L*>(2, I, P).

Proof. THZT is obviously a linear space and, by Theorem 14.13, it is contained in
L?*(Q2,F7.P). We show that it is a closed subspace. Let (M7),>1 C 33,

T
M2 = x" +/0 X" dBy,

be an L? Cauchy sequence; since L2($2, Fr, IP) is complete, the sequence converges
to some limit M € L?(Q2,Fr,IP). We have to show that M € U{ZT. Using the 1t6
isometry we see for m,n > 1

E [((M7'5 — X"y — (M _xm))z] =E [(/()T(Xg - X" dBS)z]

T
(14200 | [/ X" — X;”|2dsi|.
0

This shows that (X),<r is a Cauchy sequence in L?(A7 ® IP). Because of the com-
pleteness of L?(Ar ® IP) the sequence converges to some process (Xs)s<7 and, for
some subsequence, we get

klim Xs"(k)(a)) = X,(w) for A7 ® IP almost all (s, w) and in L>(A7 @ IP).
—00

Since pointwise limits preserve measurability, we have (X;)s<7 € L3 (A7 ®P). Using
again Itd’s isometry, we find

T T
L%(Q,57 P
/ X;’dBS#/ X, dB;.
0 0

n—oo

As L?-convergence implies L!-convergence, we get

T
lim x" “£Y lim E [x" +/ xr st} = E[M],
0

n—o0o n—oo

and this shows that My = E My + [ X, dB; € H%. O
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The set fHZT is quite large. For example, e/¢87 is for all £ € R in ﬂ{% Di 9{%. This
follows immediately if we apply It0’s formula to eM* with M, = i§B, + £ £2:

T
elEBrHTE +/ iEeMs dBy,
0

hence,

T
) -T
elEBr — o5& —|—/ i€ exp |:1'EBx + (s 5 )Ez:| dB;,
0

and the integrand is obviously in L3 (Ar ® P) @ iL3(Ar ® P).

17.10 Theorem. Let (F;)>0 be an admissible complete filtration for the BM' (B;);>o.
Every Y € L*>(Q,97,P) is of the formY = y + fOT X5 dBy for some y € R and
X e L3(Ar Q P).

Proof. We have to show that 9—(2T = L%(Q,J7,P). Since fJ—CZT is a closed subspace of
L?(Q,Fr,P), it is enough to prove that 33 is dense in L2(Q, F7, IP).
To do so, we take any Y € L2(Q2, F7,P) and show that

Y13 = Y =0.

Recall that Y | 37 means that E(YH) = O for all H € (3. Take H = ¢'¥87, As
H € 3% @ i35, we get

0=E[e*87Y] = E[e"*®7 E(Y | Br)] = E [¢"*37u(Br)].

Here we used the tower property and the fact that IE(Y | Br) can be expressed as a
function u of By. This shows

iEx —x2 _
u(x)e 27 dx =0,

iEx _ 1
/e u(x) P(Br € dx) = —m/e

’(2 . .
i.e. the Fourier transform of the function u(x)e™ 27 is zero. This means that

x2
u(x)e 27 =0, hence u(x) = 0, for Lebesgue almost all x, hence Y = 0. O
17.11 Corollary. Let (M,);<r be any L* martingale with respect to a complete ad-

missible filtration (F;);<r of a BM! (B;);>0. Then there exist some x € R and
X € L2(Ar ® P) such that

t
M,:x+/ XydBg forall t <T.
0

In particular, any martingale with respect to a complete Brownian filtration must be
continuous.
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Proof. By Theorem 17.10 we know that M7 = x + fOT X, dB; for some x € R and
X € L3(Ar ® P). Define M, := E(M7 |%,),t < T.By Theorem 14.13 a) we see
that

T
Mtz]E(MT|$l)=]E(X+/ XSdBS
0

t
3’";)=x—|—/ Xsst. L]
0

17.5 Martingale representation — 2

In the previous section we have seen that, given a Brownian motion (B;, F;);>0 witha
complete filtration, every L? martingale (M, F;), <7 can be represented as a stochastic
integral with respect to (B;);>o. In particular, every L? martingale with respect to a
complete Brownian filtration is continuous.

We will now show that for many continuous L? martingales (M,, Fi)i<r there
is a Brownian motion (W;);>¢ such that M, can be written as a stochastic integral
with respect to (W;);>o. This requires a general martingale stochastic integral as in
Section 14.6. Recall that the quadratic variation of an L? martingale is the unique,
increasing process (M) = ((M););<r with (M) = O such that (M?— (M), F¢) <1
is a martingale. In particular,

E[(M; —My)?|F | =E[(M), — (M) |Fs] forall s<:<T.
17.12 Theorem (Doob 1953). Let (M, F;);<1 be a continuous L? martingale such
that (M), = fot m?(s, -) ds for some Ar ® P-almost everywhere strictly positive

process m(s, w). Then there exists a Brownian motion (W;) <t such that the filtration
(F1)e<r is admissible and

t
M; — M, =/ m(s, <) dWs.
0

Proof. Since the set {(s,w) : m(s,w) = 0} is a Ay ® IP null set, we can define in all
calculations below that 1/m(s, ) := 0 if m(s, w) = 0. Note that

t 1 B t 1 ) B
]E/(; md(M)S—EA mz(s’.)m(s,-)dS—l.

Therefore, Theorem 14.22 shows that the stochastic integral

t

1

W; ::/ dM,, t<T,
o m(s, -)
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exists and defines a continuous L2 martingale. Again by Theorem 14.22 the quadratic
variation is

_ ) 1 B t 1 _ th(s’ ) B
o= ([ ) = [ o= [ =

Lévy’s martingale characterization of a Brownian motion, Theorem 17.5, shows that
(Wy, Ft)e<r is indeed a Brownian motion. Finally,

/m(s AW, = /m(s (;’ M = /dM M, —M,. O

If {(s,w) : m(s,w) = 0} is not a null set, we have to modify our argument. In
this case the probability space is too small and we have to extend it by adding an
independent Brownian motion (B;, 90,20.2 If U and V are mean zero JF; resp. G,
measurable random variables such that E(U | F5) = E(V | §;5) = 0 for s < ¢, we find
because of independence, that E(UV | o(Fs, G5)) = 0. This follows from

/ UVdIPz]E(U]lFVllg)zf Ule/ VdP =0
FNG F G

forall F € ¥, G € G5, and the factthat {F NG : F € F5, G € G,} is a N-stable
generator of o (s, Gs).

17.13 Corollary (Doob 1953). Let (M;,F;):<r be a continuous L? martingale such
that (M), = fo m?(s, -) ds. Then there is an enlargement (Q A, ]P) of the underlying
probablllty space (2, A, IP) and a Brownian motion (W;):<r on (Q, A, P) such that

t
M; — My :/ m(s, -)dWs.
0

Proof. If necessary, we enlarge (2, A, I) so that there is a further Brownian motion
(B, G¢)e<r which is independent of (M;,F):<r. Set H; = o(F;, ;). Because
of the independence, both (M;, H;);<r and (B;, H;);<r are again L? martingales.
Therefore, Theorem 14.22 shows that the stochastic integrals

t 1 t
W, = / Lm0y (s, -) dM; —|—/ Lin=oy(s, -)dBs, s<T,
m( *) 0

exist and define a continuous L? martingale for the filtration (3(;);<7. From (14.29)

2 This can be done by the usual product construction.
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and the calculation just before the statement of Corollary 17.13 we see

E [(Wt - Ws)z | g_cs]

=F [ (/ | iy M) dM’)z | g{s}
cE[([ ot ram) [5c]
+2F U

1 t
ZEUS w2 ) Lm0y () d (M), J“E[/s 11{m=0}(r,-)di’|9'fs:|

—F Ust %n{m#)}(n -)dr‘ %s} +E [[ Loy (7, -)dr( 9{5]

]I{maéo}(r ) dM, / Lin=oy (7, -

t
= [ (ll{m¢0}(r, )+ L=y (r, -)) dr=t—s.
S

By Lévy’s theorem 17.5, (W, H;);<r is a Brownian motion, and the rest of the proof
follows along the lines of Theorem 17.12. O

17.6 Martingales as time-changed Brownian motion

Throughout this section (M, F;);>¢ is a real valued, continuous martingale such that
M, € L*(IP). We show that there is a Brownian motion (B;);>¢ such that M; = By
for some random time o (¢).

We begin with a few preparations from analysis. Let a : [0,00) — [0, o0] be a
right-continuous, increasing function. Then

t(s):=inf{t > 0 : a(t) > s}, inf@ = oo, (17.13)
is the generalized inverse of a.
17.14 Lemma. Let T be the generalized inverse of a right-continuous, increasing func-
tion a : [0, 00) — [0, co].

a) 7:[0,00) — [0, 00] is increasing and right-continuous;
b) a(z(s)) = s;

c)at)>2s < t(s—) <,

d) a(t) =inf{s >0 : t(s) > t};

Ex. 17.8
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e) a(t(s)) =sup{u =5 : t(u) = t(s)};
) t(a@)) =sup{w > 1 : a(w) = a(r)};
g) if a is continuous, a(t(s)) = s.

Proof. Before we begin with the formal proof, it is helpful to draw a picture of the
situation, cf. Figure 17.1. All assertions are clear if ¢ is a point of strict increase for the
function a. Moreover, if a is flat, the inverse T makes a jump, and vice versa.

A(t) 7(s)

W e N (w)

7(v)

7(v-)

7(u)

m(u) 7(v=) 7)) T(w) t u v wow w s

Figure 17.1. An increasing right-continuous function and its generalized right-continuous
inverse.

a) It is obvious from the definition that t is increasing. Note that

{t :a(t)>s}= U{t ca(t) > s+ €.

>0

Therefore, inf{t > 0 : a(t) > s} = infesoinf{t > 0 : a(¢t) > s + €} proving
right-continuity.

b) Since a(u) > s for all u > t(s), we see that a(z(s)) > s.

c) By the very definition of the generalized inverse t we have

ait) zs < a(t)>s—€ Ye>0
— 1(s—¢) <t Ve>0 < 1(s—) < 1.

d) From c) we see that
a(t) =sup{s =20 : a(t) > s} 9 sup{s >0 : t(s—) <t}

=inf{s >0 : 7(s) > t}.
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e) Assume that u > s and t (1) = 7(s). Then a(z(s)) = a(t(u)) > u > s, and so
a(t(s)) = sup{u > s : t(u) = t(s)}. For the converse, we use d) and find

a(z@s)=inf{r 20 : t(r) > t(s)} <supfu =5 : t(u) = 7(s)}.

f) Follows as e) since a and t play symmetric roles.

2) Because of b) it is enough to show that a(z(s)) < s.If 7(s) = 0, this is trivial.
Otherwise we find € > 0 such that 0 < € < 7(s) and a(t(s) — €) < s by the
definition of 7(s). Letting ¢ — 0, we obtain a(t(s)) < s by the continuity ofa. [

The following theorem was discovered by Doeblin in 1940. Doeblin never published
this result but deposited it in a pli cacheté with the Academy of Sciences in Paris. The
pli was finally opened in the year 2000, see the historical notes by Bru and Yor [17].
Around 25 years after Doeblin, the result was in 1965 rediscovered by Dambis and by
Dubins and Schwarz in a more general context.

17.15 Theorem (Doeblin 1940; Dambis 1965; Dubins—Schwarz 1965). Let a
continuous martingale (M;, F,);>0, M, € L?(IP), be given. Assume that the filtration
is right-continuous, i.e. §; = F;4, t > 0, and that the quadratic variation satisfies
(M)oo = limy,00(M); = 00. Denotebyt, = inf{t > 0 : (M), > s} the generalized
inverse of (M ). Then (B;, Gt)r>0 := (M, , F, )s>o is a Brownian motion and

M; = By, forall t > 0.

Proof. Define By := M, and G, := F_ . Since t is the first entry time into (s, 00)
for the process (M ), it is an F; 4 stopping time, cf. Lemma 5.7, which is almost surely
finite because of (M )y = o0.

Let Q@ = {w € Q : M(w) and (M).(®) are constant on the same intervals}.
From the definition of the quadratic variation, Theorem A.31, one can show that
P(2*) = 1, see Corollary A.32 in the appendix.

In particular, s = M (w) is almost surely continuous: If s is a continuity point of
7, this is obvious. Otherwise 7,_ < 1, butforw € Q*andall 7,_(w) < r < 7,(w)
we have M, (0) = M, (o) = M_ (0).

Forallk > 1and s > 0 we find

Doob
E(M?,,) <E(swpuc M) < 4EME < oo

The optional stopping Theorem A.18 and Corollary A.20 show that (M, ,;)s>0 is a
martingale for the filtration (Gs)s>0 with G5 := J . Thus,

E(M; ) =E (M) ) <E((M),) =5,

A

Ex. 17.9
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showing that for every s > 0 the family (M, ,;)k>1 is uniformly integrable. By the
continuity of M we see

L'anda.e.
MTAy/\k _— M = BS'

T
k—o00 s

In particular, (By, S5)s>0 is a martingale. Fatou’s lemma shows that

2 . 2
EB? < lim EM? , <s,
k—o00 ’

i.e. By is also in L2(IP).
If we apply optional stopping to the martingale (M2 — (M ));>¢, we find

E[(B; — Bs)* |G| = B[(M, —M_)*|F, ] =E[(M), — (M)

- ., S’TS] =1 —s.

Thus (By, Gs)s>o0 is a continuous martingale whose quadratic variation process is s.
Lévy’s characterization of a Brownian motion, Theorem 17.5, applies and we see that
(Bs. 95)s>0 18 a BM!. Finally, By, = MT(M> = M, forallt > 0. ]

t

17.7 Burkholder-Davis—Gundy inequalities

The Burkholder—Davis—Gundy inequalities are estimates for the pth moment of a con-
tinuous martingale X in terms of the pth norm of /(X):

¢, E [(X)IT’/Z] <E [t51<1[} |X,|P] <C, E [<x>§’/2], 0<p<oo (17.14)

The constants can be made explicit and they depend only on p. In fact, (17.14) holds
for continuous local martingales; we restrict ourselves to Brownian L? martingales,
1. e. to martingales of the form

X, :/Ot f(s)dBy and (X), :/Otlf(s)|2ds

where (B;);>o isa BM! and f € L% (A7 @ P) forall T > 0, see also Sections 17.4
and 17.5.
We will first consider the case where p > 2.

17.16 Theorem (Burkholder 1966). Let (B;);>o be a BM! and f € L%,(AT ® IP) for
all T > 0. Then, we have forall p > 2 andq = p/(p — 1)

t D T p/2
E[S;}U £(s) dB, ]scrﬂ[(/ If(s)lzds) ] P2, (715
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where C, = [qpp(p — 1)/2]p/2, and

P T p/2
|zor|([ rora) ) pz2 ano
0

£ sp| [ ro)a8,
where ¢, = 1/(2p)P/2.

Proof. Set X, := [y f(s)dBy and (X); = [y | f(s)|?ds, cf. Theorem 14.13.
If we combine Doob’s maximal inequality (A.14) and Itd’s isometry (14.20) we get

E[(X)r] =E[|X7’] <E [Ssgr; IXSIZ] <4supE [1X:1?] = 4 E[(X)r].

This shows that (17.15) and (17.16) hold for p = 2 with C, = 4 and ¢, = 1/4,
respectively.
Assume that p > 2. By stopping with the stopping time
1, :=inf{t >0 : |X,|* + (X), > n},
(note that X2 + (X ) is a continuous process) we can, without loss of generality, assume

that both X and (X) are bounded. Since x + |x|?, p > 2, is a €*-function, Itd’s
formula, Theorem 16.6, yields

! B 1 ! _
X0 =p [l ax+ 5 oo - [ X2 a,
0 0

where we use that d (X )s; = | f(s)|? ds. Because of the boundedness of | X|?~!, the
first integral on the right-hand side is a martingale and we see with Doob’s maximal
inequality and the Holder inequality for p/(p — 2) and p/2

a1 p(p—1) r .
D p V4
E[sup 7] < gr PEED | [ at),

0

—1
i Lpz ) E [f‘éf} | X772 (X)r]

< o P2 (e [supix]) T (L0087) "

< 4q

2/

If we divide by (E [sups<7 |Xs|1’])17 ? we find

(B[supixor])™” <2 22D ()2

and (17.15) follows with C, = [q” p(p— 1)/2]p/2.
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For the lower estimate (17.16) we set
t
y, = / (X)PD/4 gx, .
0

From Theorem 14.22 (or with Theorem 14.13 observing that dX; = f(s)dB;s) we
see that

! 2
(Y)T = A <X)§p—2)/2 d(X)S — ; <X>§‘/2
and

E[(x)}*] = L E()r) = £ B,

Using Itd’s formula (16.8) for the function f(x,y) = xy and the Itd process
(X;, (X)P72/4%) we obtain

T T
X0 = [Cneiax, s [ xaone-r
0 0

T
= Yr +[ X, d(X)P=2/4,
0

If we rearrange this equality we get |Y7| < 2sups<r | X (X)(Tp_z)/4

Holder’s inequality with p/2 and p/(p —2),

. Finally, using

2 —
B E[(X)2/?] = E[|Y7]?] <4 E [5‘29 X2 (X)2 2)/2]

<4(E [ ) (el

Dividing on both sides by (]E[(X)’T’/Z])l_z/p gives (17.16) with ¢, = 2p)~?/2. O
The inequalities for 0 < p < 2 can be proved with the following useful lemma.
17.17 Lemma. Let X and A be positive random variables and p € (0, 1). If
P(X >x,A<y) < % E(AAy) forall x,y >0, (17.17)

then

E(X*) < ?_—p E(A4°).
—p
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Proof. Using (17.17) and Tonelli’s theorem we find
o0
E(X?) = ,o/ P(X > x)x"'dx
/ [P(X > x, A< x)+P(4>x)]x"~ Vdx
) |
o0

=E / (A A x)pxP~ de} + E[4”]

EmAxyHmA>m}ﬂ*dx

= | —

A
= / pxPVdx + / ApxP2 dx:| + E[A”]
0 4

- 1
—E|4— L }+qu

L p—1

L2

== ZTP R an. 0

We want to use Lemma 17.17 for X = sups<r | X;|*> = sups<r |fos f(r) a’Br|2
and A = (X)r = fOT | £(s)|? ds. Define T :=inf{t >0 : (X); > y}. Then

PZ=]P(SSI<IB|XS|2>)C,( ) IP(su;;|X|2>x ‘L'>T>

P( |&F>x)

and with Doob’s maximal inequality (A.13) we find

(*)

P < (1Xrael) 2 < E((X)rae) = B ((X)r A 9).

y 1
bY

><|»—

For the equality (*) we used optional stopping and the fact that (X? — (X););>0 is a
martingale. Now we can apply Lemma 17.17 and get

X, P?] < 2L E[(x)4]
[} 1—p

which is the analogue of (17.15) for 0 < p < 2.

In a similar way we can use Lemma 17.17 for X = (X)r = fOT | £(s)|? ds and
A = sups<t | Xs|* = sups<r |f0s f(r) dBriz. Define o := inf{t > 0 : |X;|> > y}.
Then

PH:P«MTxnﬂm&FQﬁgP«Xﬁ>&0>T%ﬂ%@ﬁm>x)
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Using the Markov inequality we get

N

/ 1 1 2 1 2
P'< B ((X)rao) < D E( sup [X:?) < - E(sup X A y).

X s<T Ao

and Lemma 17.17 gives
E[sup|X,] > -2 E[(x)}]
ség 2 — 1% T

which is the analogue of (17.16) for 0 < p < 2.
Combining this with Theorem 17.16 we have shown

17.18 Theorem (Burkholder, Davis, Gundy 1972). Let (B;);>o be a one-dimensional
Brownian motion and f € L3, (Ar ® P) for all T > 0. Then, we have for 0 < p < 0o

[([ o)) <E [

with finite comparison constants which depend only on p € (0, 00).

/ " sy dB,

V4
} (17.18)

17.19 Further reading. Further applications, e. g. to reflecting Brownian motion
| B;|, excursions, local times etc. are given in [80]. The monograph [109] proves Burk-
holder’s inequalities in IR? with dimension-free constants. A concise introduction to
Malliavin’s calculus and stochastic analysis is [171].

[80] Ikeda, Watanabe: Stochastic Differential Equations and Diffusion Processes.
[109] Krylov: Introduction to the Theory of Diffusion Processes.
[171] Shigekawa: Stochastic Analysis.

Problems

1. State and prove the d-dimensional version of Lemma 17.1.

2. Let (IV¢)s>0 be a Poisson process with intensity A = 1 (see Problem 1 for the
definition). Show that for ?ﬁv ==0(N, : r <t)both X; := N, —t and X,2 —t
are martingales. Explain why this does not contradict Theorem 17.5.

3. Let (B(t));>0 be a BM! and T < oo. Define S = exp (§B(T) — 5 £°T),
Q:=p7P and W(t) := B(t) — &t,t € [0, T]. Verify by a direct calculation
that forall0 < t; <--- <t, and A4,..., A4, € B(R)

Q(W(t1) € Ar,....W(ty) € Ay) =P (B(t1) € A1, ..., B(ty) € Ap).
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4.

10.
11.

Let (B;)r>o0 be a BM!, ®(y) := P(B; < y), and set X; := B, + at for some
a € RR. Use Girsanov’s theorem to show forall0 < x < y,r >0

X —at x—2y —at
< < = _ play R eE————.
P(Xt\x’iglt)XS\y> CID( NG ) e dD( NG )

. Let X; be as in Problem 4 and set /r\b =inf{t >0 : X, =b}.

(a) Use Problem 4 to find the probability density of 75 if o, b > 0.
(b) Find P(7p < o0) for o < 0 and « > 0, respectively.

Let (B;);>0 be a BM! and denote by 3 the space used in Lemma 17.9. Show
that exp[i & Br] is contained in H7 @ i H7..

. Assume that (B, G¢)>0 and (M, F;) ;>0 are independent martingales. Show that

both (M, H;)i<r and (B;, H;);<r are martingales for the enlarged filtration
J'Ct = O—(Stt, 91)

Show the following addition to Lemma 17.14:
t(t—)=inf{s > 0:a(s) >t} and a(t—)=inf{s >0:1(s) >t}

and t(s) >t < a(t—) <s.

Show that, in Theorem 17.15, the quadratic variation (M), isa G, stopping time.
Hint: Direct calculation, use Lemma 17.14 c¢) and A.15

Let f € BV[0, 00). Show that [ f~'df = f%/a foralla > 0.

State and prove a d-dimensional version of the Burkholder-Davis—Gundy in-
equalities (17.17) if p € [2, 00).
Hint: Use the fact that all norms in R? are equivalent
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Stochastic differential equations

The ordinary differential equation %xs = b(s, x5), x(0) = xo, describes the position
x, of a particle which moves with speed b (s, x) depending on time and on the current
position. One possibility to take into account random effects, e. g. caused by measure-
ment errors or hidden parameters, is to add a random perturbation which may depend
on the current position. This leads to an equation of the form

X+ At)— X(@) =b(t, X(t))At +o(t, X(¢))(B(t + At) — B(t)).

Letting At — 0 we get the following equation for stochastic differentials, cf. Sec-
tion 16.1,

Since (18.1) is a formal way of writing things, we need a precise definition of the
solution of the stochastic differential equation (18.1).

18.1 Definition. Let (B;, F;);>0 be a BM¢? with admissible filtration (F¢)r>0, and let
b :[0,00)xR" — R"and o : [0, 00) xR" — IR"*? be measurable functions. A solu-
tion of the stochastic differential equation (SDE) (18.1) with initial condition X = &
is a progressively measurable stochastic process (X;)r>0, X = (X},..., X") € R",
such that the following integral equation holds

t t
X, =¢ +/ b(s, Xs) ds—|—/ o(s,Xs)dBs, t >0, (18.2)
0 0
ie.forall j =1,...,n,
‘ ' ¢ d ot
X =¢/ +/ bi(s, Xs) ds + Z/ oik(s. Xs)dBX, t>0. (18.3)
0 k=170

(It is implicit in the definition that all stochastic integrals make sense.)

Throughout this chapter we use the standard Euclidean norms |b|* = >7_, b7,

x| = Y¢_, x2 and |o]? = Do e, a7 for vectors b € R”, x € R? and ma-
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trices o € R"*¢, respectively. An easy application of the Cauchy-Schwarz inequality
shows that for these norms |ox| < |o| - |x| holds.

The expectation IE and the probability measure P are given by the driving
Brownian motion; in particular P(By = 0) = 1. 3

18.1 The heuristics of SDEs

We have introduced the SDE (18.1) as a random perturbation of the ODE x; = b(z, x;)
by a multiplicative noise: o(t, X;) dB;. The following heuristic reasoning explains
why multiplicative noise is actually a natural choice for many applications. We learned
this argument from Michael Rockner.

Denote by x; the position of a particle at time ¢. After At units of time, the particle
is at x;4+a;. We assume that the motion can be described by an equation of the form

Axy = Xipar — X0 = f(t, X7 At)

where f is a function which depends on the initial position x; and the time interval
[t,t + At]. Unknown influences on the movement, e. g. caused by hidden parameters
or measurement errors, can be modelled by adding some random noise I'; a;. This
leads to

Xevar— Xe = F(t, Xy A1, Ty ar)

where X, is now a random process. Note that F (¢, X;;0, ;) = 0. In many applica-
tions it makes sense to assume that the random variable I'; a; is independent of X/, that
it has zero mean, and that it depends only on the increment A¢. If we have no further
information on the nature of the noise, we should strive for a random variable which is
maximally uncertain. One possibility to measure uncertainty is entropy. We know from
information theory that, among all probability densities p(x) with a fixed variance
02, the Gaussian density maximizes the entropy H(p) = —ffgo p(x)log p(x)dx,
cf. Ash [2, Theorem 8.3.3]. Therefore, we assume that [; o, ~ N(0,02(Ar)). By
the same argument, the random variables I'; o; and I';4as As are independent and
Crartas ~ Trar + Cigparase Thus, 02(At + As) = o%(At) + 0?(As), and if
o2(+) is continuous, we see that o2(-) is a linear function. Without loss of generality
we can assume that 62 (¢) = t; therefore

Fiae ~AB; := Biyar — By
where (B;);>¢ is a one-dimensional Brownian motion and we can write

Xitar — Xe = F(t, Xy; At, ABy).
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If F is sufficiently smooth, a Taylor expansion of F' in the last two variables (d; denotes
the partial derivative w.r. t. the j th variable) yields

Xt—‘rAt - Xt = 84F(l, Xt,0,0) AB[ + 83F(I,Xt,0,0) At
1 1
+5 O2F(t, X,;0,0)(AB,)* + 3 2F(t, X,;0,0)(A1)?
+ 0304 F (t, X;;0,0)At AB; + R(At, AB;).

The remainder term R is given by

3 1 . .
R(At,AB,) = Z '—k'/ (1-0)2050K F(t, X,; 0At, 0AB,) dO - (At) (AB,)F.
o<jkgs ) /o
j+k=3
Since AB; ~ /At B, we get R = 0 (At) and At AB, = o((A1)%/?). Neglecting all

terms of order 0(A¢) and using (A B,)? ~ At, we get for small increments At

1
Xt+At _Xt - (83F(I,Xt,0,0) + 5 aiF([,Xt,0,0)) At + 84F(I,Xt,0,0) AB[

=:b(t, X;) =:0(t, X;)

Letting At — 0, we get (18.1).

18.2 Some examples

Before we study general existence and uniqueness results for the SDE (18.1), we will
review a few examples where we can find the solution explicitly. Of course, we must
make sure that all integrals in (18.2) exist, i. e.

T T
] lo(s, Xs)|?ds and / |b(s, Xy)|ds
0 0

should have an expected value or be at least almost surely finite, cf. Chapter 15. We
will assume this throughout this section. In order to keep things simple we discuss only
the one-dimensional situationd =n = 1.

18.2 Example. Let (B;),>0 be a BM'. We consider the SDE

X:—x =/ b(s)ds+/ o(s) dB; (18.4)
0 0

with deterministic coefficients b, : [0,00) — . It is clear that X; is a normal
random variable and that (X;),>¢ inherits the independent increments property from
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the driving Brownian motion (B;);>¢. Therefore, it is enough to calculate E X, and
V X, in order to characterize the solution:

E(X, — Xo) = /Otb(s) ds+E [/ta(s) dBS} Lo /Otb(s) ds

0

t 2
W(Xt_XO):]E[(Xt_XO_/ b(s)ds) }
0

t 2 t
=IE[( /O a(s)st) }““ém /0 o2(s) ds.

18.3 Example (Homogeneous linear SDEs). A homogeneous linear SDE is an SDE
of the form

and

with non-random coefficients 8,8 : [0,00) — IR. Let us assume that the initial con-
dition is positive: X > 0. Since the solution has continuous sample paths, it is clear
that X; > O for sufficiently small values of t > 0. Therefore it is plausible to set
Z; :=log X;. By 1t6’s formula (16.6) we get, at least formally,

11

1 1
dZ, = — BMOX,di+ — 8(t)X,dB, — — — 8*>(t) X2 dt
¢ Xtﬂ()t +Xt()t ¢ 2 X2 ®)X;

= (ﬂ(z) - % 82(1)) dt+ 8(t) dB,.

X = Xo exp |:/Ot (,B(s) — %82(s)) ds} exp [/: 3(s) st} .

Now we can verify by a direct calculation that X; is indeed a solution of the SDE —
even if Xy < 0.
If B = 0, we get the formula for the stochastic exponential, see Section 17.1.

Thus,

18.4 Example (Linear SDEs). A linear SDE is an SDE of the form

with non-random coefficients o, 8,y.8 : [0,00) — R. Let X; be a random process
such that 1/X; is the solution of the homogeneous equation (i.e. where @ = y = 0)
for the initial value X§j = 1. From the explicit formula for 1/X; of Example 18.3 it is
easily seen that

dX? = (—B@t) + 8*(t)) X7 dt — 8(t)X; dB,.

Ex. 18.3
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Set Z;, := X;X;; using It6’s formula (16.8) for the two-dimensional It6 process
(X:, X;), we see

t
dZ, = X,dX° + X° dX, — / (y(s) + 8(s) X)8(s) X ds
0

and this becomes, if we insert the formulae for dX; and d X,
dZ; = (a(t) — y(@)s(t) X, dt + y(t)X; dB;.
Since we know X; from Example 18.3, we can thus get a formula for Z; and then for

Xt == ZZ/XZO

We will now study some transformations of an SDE which help us to reduce a
general SDE (18.1) to a linear SDE or an SDE with non-random coefficients.

18.5 Transformation of an SDE. Assume that (X;),> is a solution of the SDE (18.1)
and denote by f : [0, 00) X R — IR function such that

* x — f(t,x) is monotone;
o the derivatives f;(¢, x), fx(t,x) and fy(z, x) exist and are continuous;
o g(t,-):= f7Ut, ) exists foreach ¢, i.e. f(t,g(t.x)) = g(t, f(t,x)) = x.

Weset Z, := f(t, X,;) and use Itd’s formula (16.6) to find the SDE corresponding to
the process (Z;);>o:

1
dzZ, = fi(t, X)dt + fx(t, X;)dX; + Efxx(t,Xt)Uz(t’Xt)dt

= [0 X0 + £t Xb(t.X0) 4 5 fealt, X000, X0)] di

=:b(t,Z,)
+ fx(t, X)o(t, X;) dB,

=:0(t,Z;)

where the new coefficients b(7, Z,) and 6 (¢, Z,) are given by

b(t,Z:) = fi(t, X)) + frolt, X0)b(t, X;) + % Sex(t, X0)o? (1, X),
E(I’ Zt) = fx(thl)O—(ta Xl)

with X; = g(t, Z;). We will now try to choose f and g in such a way that the trans-
formed SDE

has an explicit solution from which we obtain the solution X, = g(¢, Z,) of (18.1).
There are two obvious choices:



Section 18.2  Some examples 277

Variance transform. Assume that o (¢, z) = 1. This means that

— f(z,x)=/0 dy

felt o) =1 & filt.x) = oty ¢

1
o(t,x)

This can be done if (¢, x) > 0 and if the derivatives o; and o, exist and are con-
tinuous.

Drift transform. Assume that b(¢, z) = 0. In this case f(z, x) satisfies the partial
differential equation

Je(t. x) +b(t, x) fe (1. x) + %OZ(I,X)fxx(t,X) =0.

If b(¢t,x) = b(x) and o (¢, x) = o(x), we have b, = 0; = f; = 0, and the partial
differential equation becomes an ordinary differential equation

D) f(0) + 5070 () = 0

which has the following explicit solution

* Y 2b
Sx)=a+ 62/0 exp (—/0 028; dv) dy.

18.6 Lemma. Let (B;);>0 be a BMI._The SDEdX, = b(t,X;)dt+0o(t, X;)dB; can
be transformed into the form dZ, = b(t) dt + o (t) d B; if, and only if, the coefficients
satisfy the condition

_ 9 oit,x) 9 b(t.x) 1
T {O(I’X) (Uz(fax) Toxo(x 20”(t’x))} ' (18.6)

Proof. 1f we use the transformation Z, = f (¢, X,;) from Paragraph 18.5, it is necessary
that

b(t) = fi(t,x) + bt x) f(t, x) + % Sex(t, )0*(t, x) (18.7a)
o(t) = fx(t,x)o(t, x) (18.7b)
with x = g(t,z) = f~1(z,z). Now we get from (18.7b)
0
fx([,X) - U(Z,X)

and therefore

o:(t)o(t,x)—o(t)o:(t, x)
02(t,x)

_E(Z)Gx (t’ X)
02(t, x)

fxt(t9x) =

and fy (t,x) =
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Differentiate (18.7a) in x,
ad 1
0= fuelt.x) + o (b(z,x)fxa,x) ‘s a%z,x)fxx(z,x)) ,

and plug in the formulae for fy, f;x and fyx to obtain

a(1) ([’x)(at(t,x) B b)) 1

a0 ° o2(t,x) dxo(tx) | 2

If we differentiate this expression in x we finally get (18.6).

Since we can, with suitable integration constants, perform all calculations in re-
versed order, it turns out that (18.6) is a necessary and sufficient condition to transform
the SDE. O

axx(t,x)) )

18.7 Example. Assume that b(z, x) = b(x) and o (¢, x) = o(x) and that condition

(18.6) holds, i.e.
_d d b(x) 1 ,
0= o (Siam +37'))

Then the transformation

X
o d
Z, = f(t,X;) = ect/ 4
o o)
converts dX; = b(X;)dt + o(X,;)dB; into dZ,; = c¢'e“" dt + e’ d B; with suitable
constants ¢, ¢’ > 0; this SDE can be solved as in Example 18.2.

18.8 Lemma. Let (Bt)t>0 be a ]3M1 The SDE dXt = b(X[) dt + U(Xt) dBt with
coefficients b, : R — R can be transformed into a linear SDE

dZt = (Oé—}-ﬁZt)dt—{—(y—}—(SZt)dBt, Ol,,B,)/,(SEIR,
if, and only if,

d (LW @ow)
dx k' (x)

) =0 where k(x) = b(_x;_

o(x

%0’()(). (18.8)
Setd(x) = fox dy/o(y)and§ = — [j—x(/c’(x)a(x))] /Kk'(x). Then the transformation
Z, = f(X,) is given by

eéd(x), lf § 7& 0,

fl) = {yd(x), if §=0.

Proof. Since the coefficients do not depend on ¢, it is clear that the transformation
Z; = f(X;) should not depend on ¢. Using the general transformation scheme from
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Paragraph 18.5 we see that the following relations are necessary:
1
) ['(x) + 50°(x) ["(x) = a + Bf(x) (18.9a)
o(x) f'(x) =y +8f(x) (18.9b)

where x = g(z2),z = f(x),i.e. g(2) = f~(2).
Case 1. 1f § # 0, we set d(x) = [; dy/o(y); then

flo) = e - X

is a solution to the ordinary differential equation (18.9b). Inserting this into (18.9a)

yields
1 § '
[8b(x) FRLEY ( 8 So (x))i| P = Beghdt) _

o(x) 2 02(x)  o2(x)

which becomes

§b(x) 1o, , 8 , sdiry _ 48 —yP
[0(x)+28 B 2a(x):|e ==

Setk(x) :=b(x)/o(x) — % 0’(x). Then this relation reads

1o ] saw _ @6 —vB
|:8K(x)+ 25 ﬁ]e =—0

Now we differentiate this equality in order to get rid of the constant c:

SK/(x)eSd(x) + | 8Kk (x) + 182_}3 84 ] —0
2 o(x)

which is the same as

Sk (x) + %52 — B = —k'(x)o(x).

/35_V+a

Differentiating this equality again yields (18.8); the formulae for § and f(x) now fol-

low by integration.
Case 2. If § = 0 then (18.9b) becomes

o(x)f'(x) =y andso f(x)=y/0 %—l—c.

Inserting this into (18.9a) shows

K(x)y = Pyd(x) + ¢’



Ex. 18.10

280 Chapter 18 Stochastic differential equations

and if we differentiate this we get o(x)x’'(x) = B, i.e. j—x(a(x)lc’(x)) = 0, which
implies (18.8).

The sufficiency of (18.8) is now easily verified by a (Iengthy) direct calculation with
the given transformation. (|

18.3 Existence and uniqueness of solutions

The main question, of course, is whether an SDE has a solution and, if so, whether the
solution is unique. If ¢ = 0, the SDE becomes an ordinary differential equation, and it
is well known that existence and uniqueness results for ordinary differential equations
usually require a Lipschitz condition for the coefficients. Therefore it seems reasonable
to require

n n d
D b x) = b (. )P+ DD ok, x) — oy (1, ) < L? [x — y[> (18.10)

j=1 j=1k=1

forall x,y € R", ¢ € [0, T] and with a (global) Lipschitz constant L = L. If we pick
y = 0, the global Lipschitz condition implies the following linear growth condition

n n d
Do )P+ YD ot 0P < M (1+ |x])? (18.11)
j=1

j=1k=1

for all x € IR"” and with some constant M = Mt which can be estimated from below
by M? > 2L + 237 sup,<r |bj (1, 0)]* + 2377, S supser ok (2, 0) 2.
We begin with a stability and uniqueness result.

18.9 Theorem (Stability). Let (B;, F;):>0 be a BM¢ and assume that the coefficients
b :[0,00) x R" - R” and o : [0,00) x R* — R" 4 of the SDE (18.1) satisfy
the Lipschitz condition (18.10) for all x,y € IR™ with the global Lipschitz constant
L = LyforT > 0.If (X;)r>0 and (Y;) s >0 are any two solutions of the SDE (18.1) with
Fo measurable initial conditions Xy = § € L>(IP) and Yy = n € L?(IP), respectively;
then .
2 3LAT+4T 2
1E[§2F}|X,—Y,|]<3e THOTE[|E —nl?]. (18.12)

The expectation [E is given by the Brownian motion started at By = 0.

Proof. Note that

t
0

X,—Y,:(g—n)+/ (b(s. X;5) — b(s. YS))ds+/0 (0(s. X5) —o(s.Yy)) dBs.
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The elementary estimate (a + b + ¢)? < 3a® + 3b? + 3¢? yields

E[sup |X: = Y:*] <3E[J¢ —nl’]

/t (U(S, Xs)—o(s, Ys)) dB;
0

/l (b(s, X;) — b(s. Yy)) ds
0

+3IE|:§21}

2
+3]E|:t51<1;r> ]

Using the Cauchy-Schwarz inequality and (18.10), we find for the middle term

t 2
1E|:tSl<1 /O(b(s,Xs)—b(s,Ys))ds ]

<E [(/T |b(s. Xs) — b(s, Ys)| ds) ]
0

T
<TE [/ |b(s, Xs) — b (s, Ys)|2ds]
0

(18.13)

T
< L2T/ E [|X; — Y;|*] ds.
0

For the third term we use the maximal inequality for stochastic integrals, (14.21) in
Theorem 14.13 d), and (18.10) and get
|

E[su f (0(s, X5) — 0 (s, Ys)) dBy
t< 0
T
<4/ E[lo(s. X5) =0 (5. Y,) "] ds (18.14)
0

T
< 4L2/ E[|X; — Y |*] ds.
0
This proves

T
B[ qup X, 1] < 3E[i6 - P] #3077 +.4) [ B[1x, - ,Pas
N 0

T
<3E[|E —n?] +3L%(T + 4)/ E |:sgp | X, — Y,|2} ds.
0 r<s

Now Gronwall’s inequality, Theorem A.43, with u(T) = E[sup,<1 | X; — ¥;|?], and
a(s) = 3E[|§ —n|*] and b(s) = 3L*(T + 4), yields

E [sup |, — Y,?] < 33097 E g — 7). =

18.10 Corollary (Uniqueness). Let (B, F;) >0 be a BM¢? and assume that the coeffi-
cients b 1 [0,00) x R* — R" and o : [0, 00) x R" — R"*4 of the SDE (18.1) satisfy
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the Lipschitz condition (18.10) for all x,y € R"™ with the global Lipschitz constant
L = Ly forT > 0. Any two solutions (X;);>o and (Y;);>0 of the SDE (18.1) with the
same Fo measurable initial condition Xo = Yy = & € L?>(IP) are indistinguishable.

Proof. The estimate (18.12) shows that ]P(Vt € [0,n] : X; = Y,) = 1 for any
n > 1. Therefore, P(Vt >0 : X; =Y,) = 1. O

In order to show the existence of the solution of the SDE we can use the Picard
iteration scheme from the theory of ordinary differential equations.

18.11 Theorem (Existence). Let (B;, F;):>0 bea BM¢? and assume that the coefficients
b :[0,00) x R" — R" and o : [0,00) x R" — R™ of the SDE (18.1) satisfy the
Lipschitz condition (18.10) forall x, y € R" withthe global Lipschitz constant L = Lt
for T > 0 and the linear growth condition (18.11) with the constant M = My for
T > 0. For every Fy measurable initial condition Xg = £ € L*(IP) there exists a
unique solution (X;);>o; this solution satisfies

E [52;}|Xs|2] <kr E[(1+[§))?] forall T > 0. (18.15)

Proof. The uniqueness of the solution follows from Corollary 18.10.
To prove the existence we use Picard’s iteration scheme. Set

Xo(t) :=§,

X1 (2) :=g+/0 G(s,X,,(s))st—l—[o b(s, Xu(s)) ds.

1° Since (a + b)? < 2a? + 2b?, we see that

2

t 2 t
IXn+1(t)—E|2<2‘/O b(s, Xu(s))ds +2‘/0 o (s, Xn(s)) dBs

With the calculations (18.13) and (18.14) — cf. the proof of Theorem 18.9 — where we
set Xy = X, (s) and omit the Y -terms, and with the linear growth condition (18.11)
instead of the Lipschitz condition (18.10), we get

T
E[ sup [Xn11() — 7] < 2M*(T +4) [ E[(1+|Xa(s))?] ds

<2M*(T +4)TE [ssgg(l + [ Xa(s)D?]-

Starting with n = 0, we see recursively that the processes X,,+1,n = 0,1,..., are
well-defined.
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2° Asinstep 1° we see

2

X1 (1) = X (D2 < 2 ‘ /0 [5(5. X (5)) — b(s. Xo_1(5))] ds

2

w2 [ [0, X%, = 0. X 6] B

Using again (18.13) and (18.14) with X = X,, and Y = X,,_; we get

E [ sup X1 (1) — X, (0] < 2L2(T+4>[ [1X4(5) = Xaa ()] ds

Set ¢, (T) := E [supi<7 | Xnt1(t) — Xu(t)|?] and 7 = 2L*(T + 4). Several itera-
tions of this inequality yield

$u(T) < 2 // bo(to) dto .. dty_y

1< Sip1 T

"
< C;l~ / / dl() .. -dtn—l ¢0(T) = C;l—v ? ¢0(T)

11 < <tyo1 <T

The estimate from 1° for n = 0 shows
$o(T) =E [Ssglg |X1(s) — §1*] <2M*(T + HTE[(1 + |§])?]

and this means that

oo oo Tn 1/2
D AE [sup X1 () = X, (0]} < Z(crn—%m)

n=0 =

< CrvE[(+[§)?]

with a constant Cr = C(L, M, T).
3° Forn > m we find

(E [ s0p 1, (9) = X (5)] < Y (E[sp X0 - %P

j=m+1

Therefore, (X,)n>0 is a Cauchy sequence in L?; denote its limit by X. The above
inequality shows that there is a subsequence m (k) such that

hm su[;|X(s)— Xy () =0 as.

k—00 s<
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Since X, )(-) is continuous and adapted, we see that X(-) is also continuous and
adapted. Moreover,

(B[ sup 1xeo) — 2]} < 3 ([ sup 1Xs )~ Xa0P]}

=0

< CrvVE[(1+ €D

S

and (18.15) follows with k7 = C% + 1.

4° Recallthat X, ,(t) = E—I—f; o(s, X,(s))dBg —I—fé b(s, X,(s))ds.Letn = m(k);
because of the estimate (18.15) we can use the dominated convergence theorem to get

t t
X(t)=§&+ / o(s, X(s))dB; +/ b(s, X(s)) ds
0 0
which shows that X is indeed a solution of the SDE. O

18.12 Remark. The proof of the existence of a solution of the SDE (18.1) shows,
in particular, that the solution depends measurably on the initial condition. More pre-
cisely, if X;¥ denotes the unique solution of the SDE with initial condition x € R”,
then (¢, x,w) — X () is measurable with respect to B[0,¢] ® B(R") ® F,. It is
enough to show this for the Picard approximations X, (¢, @) since the measurability
is preserved under pointwise limits. For n = 0 we have X7 (f,w) = x and there is
nothing to show. Assume we know already that X} (¢, w) is B[0,7] ® B(R") ® F;
measurable. Since

X100 =x—|—/0 b(s,X,’f(s))ds—f—/O o(s. X, (s))dBy

we are done, if we can show that both integral terms have the required measurability.
For the Lebesgue integral this is obvious from the measurability of the integrand and
the continuous dependence on the upper integral limit 7. To see the measurability of
the stochastic integral, it is enough to assume d = n = 1 and that ¢ is a step function.
Then

t m
/ o (s, X, (s)) dBs = Y o(s;, X, (5;))(B(s;) — B(sj-1))
0 ,
j=1
where 0 = 59 < §; < -+ < §, = t and this shows immediately the required
measurability.
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18.4 Solutions as Markov processes

Recall, cf. Remark 6.3 a), that a Markov process is an n-dimensional, adapted stochastic
process (X;, F;);>o with (right-)continuous paths such that

E [u(X:)|Fs] = E[u(X,)|Xs] forall  >s >0, uc By(R"). (18.16)

18.13 Theorem. Let (B;, F;);>0 be a d-dimensional Brownian motion and assume
that the coefficients b(s, x) € R" and o (s, x) € R"™4 of the SDE (18.1) satisfy the
global Lipschitz condition (18.10). Then the unique solution of the SDE is a Markov
process.

Proof. Consider for fixed s > 0 and x € IR” the following SDE

t t
X; =x—|—/ b(r,X,)dr—i—/ o(r,X,)dB,, t>s.
s s

It is not hard to see that the existence and uniqueness results of Section 18.3 also hold
for this SDE and we denote by (X;™),>; its unique solution. On the other hand, we
find for every Fy measurable initial condition £ € L?(IP) that

t t
X0t =s+/ b(r,Xff)err/ o(r, X*%)dB,, t>0,
0 0
and so

t t
X?’E = XSO’E +/ b(r, X?’s)dr+/ o(r, Xro’é) dB,, t>s.

s N

Because of the uniqueness of the solution, we get
X()’E — XS,X?'S
r = Ay a.s.forallt > s.

Moreover, X ,0 £ (w) is of the form (X N £ (w), s, t,w) and the functional ® is mea-
surable with respect to G5 := o(B, — By : r > s). Since (B;);>o has independent
increments, we know that F; 1l G, cf. Lemma 2.10 or Theorem 6.1. Therefore, we
get forall s < and u € Bp(IR")

E[u(X*)| 5] = E[u(®X%,s.1,-))|F]
oy E[u(@0.5.0.))]],_yos
= E[u(X;”)] |y=x§?f'

Using the tower property for conditional expectations we see now

E [u(X)%) | %] = E [u(x%) | X2¢]. ]
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For u = 1, B € B(IR") the proof of Theorem 18.13 actually shows
p(s, X%51,B) =P (X* € B|F,) =P (X;” € B)|,_yoe-

The family of measures p(s, x;¢, -) is the transition function of the Markov process
X.If p(s, x;t, -) depends only on the difference ¢ —s, we say that the Markov process
is homogeneous. In this case we write p(t — s, x; -).

18.14 Corollary. Let (B;,F,),>0 be aBM“ and assume that the coefficients b(x) € R"
and o (x) € R of the SDE (18.1) are autonomous (i. e. they do not depend on time)
and satisfy the global Lipschitz condition (18.10). Then the unique solution of the SDE
is a (homogeneous) Markov process with the transition function

p(t.x;B)=P(X;eB), t>0, xeR" BeBR".

Proof. As in the proof of Theorem 18.13 we see for all x € R” and 5,7 > 0
s+t s+t
it =t [ bagmars [ ogas,
s N

t t
=x—|—/ b(Xjfv)var/ (X5 dW,
0 0

Where W, := Bs1, — Bs, v > 0, is again a Brownian motion. Thus, (X;%);>0 is the
unique solution of the SDE

t t
Y, =x +/ b(Y,) dv +/ o(Yy)dW,.
0 0
Since W and B have the same probability distribution, we conclude that
P (X5, € B) =P (X" € B) forall s >0, B e B(R").

The claim follows if we set p(t, x; B) := P(X{ € B) := P(X2* € B). |

18.5 Localization procedures

We will show that the existence and uniqueness theorem for the solution of an SDE still
holds under a local Lipschitz condition (18.10) and a global linear growth condition
(18.11). We begin with a useful localization result for stochastic differential equations.

18.15 Lemma (Localization). Let (B, ,);>0 be a BM?. Consider the SDEs

dX] =bj(t.X])dt +0,(t,X])dB,, j =12,
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with initial condition X} = X¢ = & € L. Assume that £ is Fo measurable and that
the coefficients b; : [0,00) x R" — R" and o; : [0,00) x R" — R satisfy the
Lipschitz condition (18.10) for all x, y € R" with a global Lipschitz constant L. If for
someT >0and R > 0

b1|[O,T]><]B(0,R) = b2|[0,T]><IB(0,R) and 01|[0,T]><1B(0,R) = 0'2|[0,T]x]B(0,R)7

then we have for the stopping times t; = inf{t > 0 : |th —E|ZRIAT

P(r, =1,) =1 and P ( sup [X! — X2| = o) =1 (18.17)

ST
Proof. Since the solutions of the SDEs are continuous processes, t; and 7, are indeed
stopping times, cf. Lemma 5.8. Observe that

1 2

tAT) ATy

AT, AT,
- / [b1(s. X)) — ba(s. X2)] ds + / [01(s. X1) — 0x(s. X2)] d By
0 0

t/\rl
_ / [b1(s. X1 = ba(s. X1 +ba(s. X1) — by(s. X2)] ds
0

=0

t/\rl
+ / [01(5. X1) — (s, X1) +02(s5. X)) — 055, X2)] d B,
0

=0

Now we can use the elementary inequality (a + b)? < 2a® +2b? and (18.13), (18.14)
from the proof of the stability Theorem 18.9, with X = X! and ¥ = X2 to deduce

T
2 2
E|sup|x), — X} [|<2L2 + 4>f0 E[sw|x),, - X2 [as

Gronwall’s inequality, Theorem A.43 with a(s) = 0 and b(s) = 2L?(T + 4) yields

1 _y2 2| L
E[igp( X2 [P]=0 forall s<T.

AT, AT,
Therefore, X‘IM =X fM almost surely and, in particular, r; < 7,. Swapping the
1 1
roles of X! and X2 we find 7, < 7, a.s., and the proof is finished. O

We will use Lemma 18.15 to prove local uniqueness and existence results.

18.16 Theorem. Let (B;, F;);>0 be a d-dimenional Brownian motion and assume that
the coefficients b : [0,00) x R* — R” and o : [0,00) x R" — R™*?¢ of the SDE
(18.1) satisfy the linear growth condition (18.11) for all x, y € R" and the Lipschitz
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condition (18.10) for all x,y € K for every compact set K C R" with the local
Lipschitz constants L, k. For every o measurable initial condition Xo = § € L*(IP)
there exists a unique solution (X;);>o, and this solution satisfies

E [Ssg]; |Xs|2] <wr E[(1+ [E)?] forall T > 0. (18.18)

Proof. Fix T > 0. For R > 0 we find some cut-off function yg € C°(IR"”) with
Igo,r) < xr < 1. Set

br(t,x) :=b(t,x)xr(x) and og(t,x):=o0o(t, x)yr(x).
By Theorem 18.11 the SDE
dY, =br(t,Y)dt + or(t,Y,)dB,, Yo = xr()E&
has a unique solution X X. Set
tg=inf{s >0 : |[XF| > R}.
For S > R and all t > 0 we have
brlio.c1xB(0,R) = bslio,xBo,R) and  or|o.]xB(0,R) = 0s|[0.(]xB(0,R)-
With Lemma 18.15 we conclude that
P (tsg]; X = X5| > 0) <P <T) =P (tsg]} |XF| > R).

Therefore it is enough to show that

lim P(zz < T)=0. (18.19)
R—o0
Once (18.19) is established, we see that X, := ER_,OO XIR exists uniformly for all

t €[0,T]and X

=X t’f\ oy Therefore, (X;);>0 is a continuous stochastic process.
R
Moreover,

N

tATR

R IAT R IATR R
XR = yr(®)E + / br(s. XB)ds + / or(s. XR)dB,
0 0

AT

- XR(g)ng/o Rb(s,Xs)ds+/(; o (s, X,) dB,.

Letting R — oo shows that X, solves the SDE (18.1).
Let us now show (18.19). Since £ € L?(IP), we can use Theorem 18.9 to get

E [ sup [ X[ "] <wr B [lxr(@%P] < er E[(1 + [£1)?] < o,
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and with Markov’s inequality,

P(tg <T) =P (ggg|XsR| > R) < 25 E[(1+[6)7] —o.

To see uniqueness, assume that X and Y are any two solutions. Since X X is unique,
we conclude that

=Y = xR

tATRATR IATRATR

X

t/\TR/\TR

if g :=inf{s > 0 : |X;| > R}and Tg :=inf{s > 0 : |Ys| > R}. Thus, X; = Y;
forallt < tx A Tg. Since 15, TR — 00 as R — oo, we see that X =Y. O

18.6 Dependence on the initial values

Often it is important to know how the solution (X;);>¢ of the SDE (18.1) depends on
the starting point Xy = x. Typically, one is interested whether x — X7 is continu-
ous or differentiable. A first weak continuity result follows already from the stability
Theorem 18.9.

18.17 Corollary (Feller continuity). Let (B;, F;)¢>0 be a BMX. Assume that the co-
efficients b : [0,00) x R* — R" and o : [0,00) x R* — R™*? of the SDE (18.1)
satisfy the Lipschitz condition (18.10) for all x,y € R" with the global Lipschitz
constant L. Denote by (X[):>o the solution of the SDE (18.1) with initial condition
Xo = x € R™. Then

x—E [f(th)] is continuous for all f € Cp(IR™).

Proof. Assume that f € C.(IR") is a continuous function with compact support. Since
f is uniformly continuous, we find for any € > 0 some § > 0 such that |§ — 5| < §
implies | f(§) — f(n)| < €. Now consider for x, y € R”

E[| /(X)) — f(x)]]
=E[|/(X)) — FXD)| Yxr—xrizs] T B[ fX5) = fXD)| Dyxr—xr1<sy]
<2 flloo E [Tgxr—x; 5] + €
20l

]E[|th—X,y|2]+eﬂ>e—>O.

[x—y|—0 €e—0

This shows that x — [E [f(th)] is continuous for all f € C.(R"). If f € Cp(IR"),
we choose a sequence of cut-off functions yx € C.(IR") such that I x) < yx < 1.
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Then yi f € C.(IR") and we see for all x, y € R”

E[|f(X7) = f(XD)]
SE[| 1 f(X5) = 0 f D[] + 1 loo(PAXF| = k) + P(X]] = b))

<[l f ) — e f D)) + 0 1) + B )
< B [ ) 0 PO+ L= (1)
y—x 26 ”];C!oo |X|2 k—o00 0- =

If we want to show that x — X is almost surely continuous, we need the Kolmo-
gorov—Chentsov Theorem 10.1 and Burkholder’s inequalities, Theorem 17.16.

18.18 Theorem. Let (B;, F;);>0 be a d-dimenional Brownian motion. Assume that
the coefficients b : [0,00) x R* — R" and o : [0,00) x R*" — R"? of the SDE
(18.1) satisfy the Lipschitz condition (18.10) for all x, y € R" with the global Lipschitz
constant L. Denote by (X):>o the solution of the SDE (18.1) with initial condition
Xo = x € R™. Then we have forall p > 2

E[sg?a.+|X§DP]<<b1(1+¢xv)_ﬁnan T >0, (18.20)
S
]E[suI}|XSx—XSy|p]<c;T|x—y|p forall T > 0. (18.21)
s< ’
In particular, x — X} (has a modification which) is continuous.

Proof. The proof of (18.20) is very similar to the proof of (18.21). Note that the global
Lipschitz condition (18.10) implies the linear growth condition (18.11) which will be
needed for (18.20). Therefore, we will only prove (18.21). Note that

X=X =(x-y) —i—/(b(s,sz) —b(s, X)) ds +/(0(S,sz) —0o(s, X)) dBs.

0 0

From Holder’s inequality we see that (a + b + ¢)? < 3771 (a? + b? + ¢?). Thus,

|

x _yYp p=1y,. _ P
]E[tsgglxt Yt|]<3 lx =yl

+ 31 I:sull)w /t (b(s. X7) —b(s,Xxy)) ds
i<t | Jo

¢
+ 3,71 E |:tSl<l}I)" / (U(S, X)) —G(S,Xsy)) dB;
<T |Jo
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Using the Holder inequality and (18.10), we find for the middle term
t p
E [ su / (b(s, X)) —b(s, X]))) ds ]
< 0

T p
< IE[(/ |b(s,sz)—b(s,Xsy)|ds) }
0

T
< TP_IIE[/ |b(s,xg)—b(s,xg)|”ds]
0

(18.10)
<

T
LPTIH/O E[1X}—X]|7]ds

T
< LPT”_I/ E [sgpp(,x —X,y|”} ds.
0 r<s

For the third term we combine Burkholder’s inequality (applied to the coordinate pro-
cesses), the estimate (18.10) and Holder’s inequality to get

t p
]E|:51<1 /(O’(S,X;C)—O(S,Xsy))st :|
1< 0
(17.15) T p/2
< CPIE[[/ |0(s,XSx)—0(s,X&V)|2ds:| :|
0
(18.10) T p/2
< C,,LP]E[[/ |Xj‘—Xsy|2ds:| ]
0

T p/2
< CI,LPIEH/O ng;‘—x,yﬁds} ]

T
< C,LP TP/H/ JE[sgp|x;f—x,y|P] ds.
0 r<s

This shows that
T
X _yY|p < _ p [ X _ J’P]
]E[tsngt Yt|]\c|x ¥l +c/0 E §g|X, Y|P |ds

with a constant ¢ = ¢(7, p, L). Gronwall’s inequality, Theorem A.43, yields with
u(T) = E[sup;<7 | X7 — X/ |?], a(s) = ¢ |x — y|? and b(s) = c,

X _yyp cT | _ P
E[;g[;lX, th]éce lx — y]”.

The assertion follows from the Kolmogorov—Chentsov Theorem 10.1, where we use
a=p+n=p. O
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18.19 Remark.

a)

b)

A weaker form of the boundedness estimate (18.20) from Theorem 18.18 holds for
all p e R:

E[(1+ [X)?] < cpr (1 + [x])P? forall xeRY, 1 < T, peR
(18.22)

Let us sketch the argument ford = n = 1.

Outline of the proof. Since (1 + |x|)? < (1 +27/2)(1 4 |x|?)?/? forall p € R, it
is enough to prove (18.22) for E [(1 + |X|?)?/2]. Set f(x) = (1 + x?)?/?. Then
f € C*(R) and we find that

f100) = px(L4 )PP and f7(x) = p(1 = X% + px®)(1 + x3)P22,
ie. |(1 4+ x)Y2f(x)] < Cpf(x)and |(1 + x2)f"(x)| < Cpf(x) for some
absolute constant C,,. Itd’s formula (16.1) yields

FOXD) — f(x) = /0 FUXFYb(r, XF) dr + /0 FUXH)o (. X) dB,

1 t
5 [ e x

The second term on the right is a local martingale, cf. Theorem 15.7 and Re-
mark 16.3. Using a localizing sequence (0% )z >0 and the fact that b(r, x) and o (r, x)
satisfy the linear growth condition (18.11), we get forallk > landt < T

E f(X7ro,)

IAOk

< SB[ [ (MO DD+ M2+ X2 ) ar

< f(x) + C(p, M)/0 E f(X7¥)dr.

By Fatou’slemma [E f(X}) < lim,_,  E f(X},, ),and we can apply Gronwall’s

INO)
lemma, Theorem A.43. This shows forall x andt < T

E f(X]) < eCOMT f(0), O

For the differentiability of the solution with respect to the initial conditions, we
can still use the idea of the proof of Theorem 18.16. We consider the (directional)
difference quotients

. J
Xx_Xx+he‘,
%, h>0, e =(0,...,0,1,0,...) € R",
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and show that, as # — 0, the partial derivatives d; X/, j = 1,...,n, exist and
satisfy the formally differentiated SDE

cR"*7 d ERM*<N £th coordinate, €R
e e e z—’\e
dd;X* = D.b(t.z) 8; X7 di+ Y D;owe(z.r) dB! 9;X* .
. x x .
=X} —— =1 ——— [ z2=X] ~——
€R” - £th column, €R” €R”

As one would expect, we need now (global) Lipschitz and growth conditions also
for the derivatives of the coefficients. We will not go into further details but refer
to Kunita [111, Chapter 4.6] and [112, Chapter 3].

18.20 Corollary. Let (B;, F;);>0 be a d-dimensional Brownian motion. Assume that
the coefficients b : [0,00) x R* — R” and o : [0,00) x R" — R"*¢ of the SDE
(18.1) satisfy the Lipschitz condition (18.10) for all x, y € R" with the global Lipschitz
constant L. Denote by (X[ ):>o the solution of the SDE (18.1) with initial condition
Xo = x € R". Then we have forall p > 2, s,t € [0,T] and x,y € R"

E[IX = X171 < Cpr (Ix =17+ (1 x|+ [yD7 ls = 17/2) . (18.23)
In particular, (t,x) — X} (has a modification which) is continuous.

Proof. Assume that s < ¢. Then the inequality (@ + b)? < 277! (a? + b?) gives
E[1X] - X71?] <22 'E[1X] - X}1P] + 22 " E[1X) — X7'17].

The first term can be estimated by (18.21) with ¢}, ;.|x — y|?. For the second term we

note that
P

t t
XY — X7|P = / b(r,X,y)dr+/ o(r. X)) dB,

) A
Now we argue as in Theorem 18.18: Because of (a + b)? < 2P~1(a? + bP), it is
enough to estimate the integrals separately. The linear growth condition (18.11) (which
follows from the global Lipschitz condition) and similar arguments as in the proof of

Theorem 18.18 yield
P t
:| < |t—s|p_1]E[/ |b(r,X,y)|pdrj|

7| s

t
/ b(r,X})dr
S

(18.11) t
2 |r—s|P—1Mp1E[/ (1+|X,y>|>ﬂdr]
s (18.24)

<t =sIPMPE[ sup(1 + [X2)])”]

(18.20)
<t =sPMPepr(1+1yD7.
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For the second integral we find with Burkholder’s inequality (applied to the coordinate

processes)
P (17.15) ! ) p/2
} 2 CplE[(/ 0 (r X2) dr) }
S

< |t =s[PPCoMPepr(1+ |y))?

t
E H / o(r,X}))dB,

where the last estimate follows as (18.24) with |b| ~ |o|? and p ~+ p/2. Thus,
E[1X7 = X 17] < e (Ix =17 410 =7+ 10D7 + e =572+ 3])?)

Since t —s < T, we have |t —s|? < T?/?|t —5|P/2.
If t < s, the starting points x and y change their roles in the above calculation, and
we see that (18.23) is just a symmetric (in x and y) formulation of the last estimate.
The existence of a jointly continuous modification (¢, x) +— X; follows from the
Kolmogorov—Chentsov Theorem 10.1 for the index set R” x [0, c0) C IR**! and with
p=a=2B+n+1). U

18.21 Corollary. Let (B;, F;):>0 be a d-dimensional Brownian motion and assume
that the coefficients b : [0,00) x R" — R” and o : [0,00) x R* — R™? of the
SDE (18.1) satisfy the Lipschitz condition (18.10) for all x, y € IR" with the global
Lipschitz constant L. Denote by (X} );>¢ the solution of the SDE (18.1) with initial
condition Xo = x € R"*. Then

‘ llim | X (w)| = oo almost surely for every t > 0. (18.25)

Proof. For x € R" \ {0} we set £ := x/|x|? € R", and define for every ¢ > 0

e JAFIXEDT i £ #0.
! 0 if £ =0.

Observe that |£| — 0 if, and only if, |x| — oo. If £, § # 0 we find for all p > 2
R R ol N e B [ A G PR
and applying Holder’s inequality two times we get
E[)vF =¥/ ["] < (B[IvF 1) " (e[ 1) (B 17 — x2 127
From Theorem 18.18 and Remark 18.19 a) we infer

E[|Yf - Y77 < cpr(+ XD72A + [y])2lx — yI? < cprlk — §I7.
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In the last estimate we used the inequality

lx =yl x y n
<|———|, x,yeR".
(L+xDA+ 1D (x> yP
The case where X = 0 is similar but easier since we use only (18.22) from Re-

mark 18.19 a).
The Kolmogorov—Chentsov Theorem 10.1 shows that X Yt’A‘ is continuous at

X = 0, and the claim follows. O

18.22 Further reading. The classic book by [72] is still a very good treatise on the
L? theory of strong solutions. Weak solutions and extensions of existence and unique-
ness results are studied in [99] or [80]. For degenerate SDEs you should consult [60].
The dependence on the initial value and more advanced flow properties can be found
in [111] for processes with continuous paths and, for jump processes, in [112]. The
viewpoint from random dynamical systems is explained in [1].

[1]1 Arnold: Random Dynamical Systems.
[60] Engelbert, Cherny: Singular Stochastic Differential Equations.
[99] Karatzas, Shreve: Brownian Motion and Stochastic Calculus.
[80] Tkeda, Watanabe: Stochastic Differential Equations and Diffusion Processes.
[72] Gikhman, Skorokhod: Stochastic Differential Equations.
[111] Kunita: Stochastic Flows and Stochastic Differential Equations.
[112] Kunita: Stochastic differential equations based on Lévy processes and stochas-
tic flows of diffeomorphisms.

Problems

1. Let X = (X;)¢>0 be the process from Example 18.2. Show that X is a
Gaussian process with independent increments and find the covariance function

C(s,t) = E X X;,s5,t >0.
Hint: Let0 = ty < t; < --- < t, = t. Find the characteristic function of the
random variables (X;, — X4y, ..., Xs, — Xy,,) and (X¢,, ..., Xy,).

2. Let (B(#))re[o,1] be aBM! and set 1 = k/2" fork = 0,1,...,2" and At = 27",
Consider the difference equation

1
AXy (1) = =3 Xn(tr) At + AB(tr),  Xa(0) = A,

where AX,, (tx) = X, (tx + At) — X, (tx) and AB(tx) = B(tx + At) — B(ty) for
0<k<2"—1and A~ N(0,1) is independent of (B;);e[o,1]-

Ex. 18.12
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(a) Find an explicit formula for X,,(#;), determine the distribution of X, (1/2)
and the asymptotic distribution as n — oo.
(b) Letting n — oo turns the difference equation into the SDE

dX(t) = —% X(t)dt+ dB(2), X(0) = A.

Solve this SDE and determine the distribution of X(1/2) as well as the co-
variance function C(s,t) = E X, X, s,t € [0, 1].

3. Show that in Example 18.4

X, =exp (— /Ot(ﬁ(s) —§%(s)/2) ds) exp (— /Ot 8(s) st) ,

and verify the expression given for dX;. Moreover, show that

1

X; =
t Xto

(x0+ | @) - vsenxzas+ [ y(s)XS"st).
0 0

4. Let (B;)¢>0 be a BM!. The solution of the SDE
dth_ﬁXtd[+0dBt, XOZE

with 8 > 0 and 0 € R is an Ornstein—Uhlenbeck process.

(a) Find X, explicitly.

(b) Determine the distribution of X;. Is (X;);>o a Gaussian process? Find the
covariance function C(s,t) = [E X; X;, s,t > 0.

(c) Determine the asymptotic distribution u of X, as t — oo.

(d) Assume that the initial condition £ is a random variable which is independent
of the driving Brownian motion (By);>¢, write u for its probability distri-
bution. Find the characteristic function of (X;,,..., X;,) for any choice of
0<hH <th <---<t, <o0.

(e) Show that the process (U;);>0, where U; := e B B(e?$? — 1), has the same
finite dimensional distributions as (X;),>o with initial condition Xy, = 0.

5. Verify the claim made in Example 18.7 using 1t6’s formula.
Derive from the proof of Lemma 18.6 explicitly the form of the transformation
and the coefficients in Example 18.7.
Hint: Integrate the condition (18.6) and retrace the steps of the proof of Lem-
ma 18.6 from the end to the beginning.

6. Let (B;);>0 be a BM!. Find an SDE which has X; = ¢B;, t > 0, as unique
solution.



Problems 297

7.

10.

11.

12.

Let (B;);>0 bea BM!. Find for each of the following processes an SDE which is
solved by it:

B:
1+t

X:\ (acosB,;
© (Y,) - (bsinB,)’ a.b #0.
Let (B;);>o bea BM!. Solve the following SDEs

(a) dX; =bdt+ 0X,;dB;, Xo = xpand b,0 € R;
(b) dX; = (m— X;)dt+0dB;, Xo = xpandm,o > 0.

(@ U = (b) Vi =sinBy;

Let (B;):>0 be a BM!. Use Lemma 18.8 to find the solution of the following SDE:

dX; = (\/1 +X,2+§X,)dz+ 1+ X2dB,.

Show that the constant M in (18.11) can be chosen in the following way:

n n d
2 2 2 2
M*>2L° + 2; tsgfr) |b; (t,0)] + 2;; tSlgll; lojk(t,0)]

The linear growth of the coefficients is essential for Corollary 18.21.

(a) Consider the case where d = n = 1, b(x) = —e* and o(x) = 0. Find the
solution of this deterministic ODE and compare your findings for x — +o00
with Corollary 18.21

(b) Assume that |b(x)| + |o(x)] < M for all x. Find a simpler proof of Corol-
lary 18.21.

Hint: Find an estimate for IP (‘fot o(X})dB;

(c) Assume that |h(x)| + |o(x)| grow, as |x| — oo, like |x|!~¢ for some € > 0.
Show that one can still find a (relatively) simple proof of Corollary 18.21.

)

Show that for x, y € R” the inequality
Ix =yl + [xDT A+ [yD7h < lx 72X = [y 72y

holds.
Hint: Use a direct calculation after squaring both sides.



Chapter 19

On diffusions

Diffusion is a physical phenomenon which describes the tendency of two (or more)
substances, e. g. gases or liquids, to reach an equilibrium: Particles of one type, say
B, move or ‘diffuse’ in(to) another substance, say S, leading to a more uniform dis-
tribution of the type B particles within S. Since the particles are physical objects, it is
reasonable to assume that their trajectories are continuous (in fact, differentiable) and
that the movement is influenced by various temporal and spatial (in-)homogeneities
which depend on the nature of the substance S. Diffusion phenomena are governed by
Fick’s law. Denote by p = p(¢, x) the concentration of the B particles at a space-time
point (¢, x), and by J = J(¢, x) the flow of particles. Then
ap ap aJ
J:—Da and TR
where D is called the diffusion constant which takes into account the geometry and the
properties of the substances B and S. Einstein considered in 1905 the particle move-
ment observed by Brown and — under the assumption that the movement is temporally
and spatially homogeneous — he showed that it can be described as a diffusion phe-
nomenon:

ap(t, x) 02p(t, x) 1 2
=D h f, = 4Dt
o 2 ence p(t,x) JaD e

The diffusion coefficient D = % 67rlk - depends on the absolute temperature 7', the
universal gas constant R, Avogadro’s number N, the friction coefficient k£ and the
radius of the particles (i. e. atoms) P.

If the diffusion coefficient depends on time and space, D = D(¢, x), Fick’s law

leads to a differential equation of the type

ap(t, x) 0?p(t,x)  aD(t,x) dp(t, x)
ot dx2 0x ax

In a mathematical model of a diffusion we could either use a macroscopic approach
and model the particle density p(t, x), or a microscopic point of view modelling the
movement of the particles themselves and determine the particle density. Using prob-
ability theory we can describe the (random) position and trajectories of the particles

= D(t,x)
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by a stochastic process. In view of the preceding discussion it is reasonable to require
that the stochastic process

* has continuous trajectories ¢ — X;(w);
* has a generator which is a second-order differential operator.

Nevertheless there is no standard definition of a diffusion process. Depending on the
model, one will prefer one assumption over the other or add further requirements.
Throughout this chapter we use the following definition.

19.1 Definition. A diffusion process is a Feller process (X;);>o with values in R?,
continuous trajectories and generator (A4, D(A)) such that €°(R¢) C D(A) and for
u € C(RY)

d

92
Au(x) = L(x, D)u(x) =% > () (x) Zb ) 2D )

i,j=1

The symmetric, positive semidefinite matrix a(x) = (a;; (x))f’ j=1 € R?*4 is called
the diffusion matrix, and b(x) = (by(x),...,ba(x)) € R is called the drift vector.

Since (X;);>o is a Feller process, 4 maps €2°(IR?) into Cu,(IR?), therefore a(-)
and b(-) are continuous functions.

19.2 Remark. Continuity of paths and local operators. Let (X;);>o be a Feller
process with generator (A4, D(A)) such that C°(IRY) C D(A).

By Theorems 7.29 and 7.28, the continuity of the trajectories implies that A is a
local operator, hence a second-order differential operator.

The converse is true if (X;);>¢ takes values in a compact space. For this, we need
the Dynkin—Kinney criterion for the continuity of the sample paths. A proof can be
found in Dynkin [53, Chapter 6 § 5] or Wentzell [184, Chapter 9]. By R? U {3} we
denote the one-point compactification of R?.

19.3 Theorem (Dynkin 1952, Kinney 1953). Let (X;);>0 be a strong Markov process
with state space E C R? U {d}. If

Vé>0 11m—su;}3 E]Px(|X,—x|>8):O, (19.2)

h—0 h

then there is a modification of (X;);>¢ which has continuous trajectories in E.

The continuity of the trajectories implies that the generator is a local operator, cf. The-
orem 7.29. If the state space E is compact, (an obvious modification of) Theorem 7.30

Ex. 19.1
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shows that this is the same as to say that

Vé>0 lim1 suE]Px(|X,—x| >§) =0. (19.3)
t—0 f xe
Since A= P(h) < h™! sup,;<p P(¢) < sup;<pt~ P(r) we see that (19.2) and (19.3)
are equivalent conditions.

We might apply this to (X,),>o with paths in E = R? U {3}, but the trouble is that
continuity of # > X, in R? and R U {9} are quite different notions: The latter allows
explosion in finite time as well as sample paths coming back from 9, while continuity
in IR? means infinite life-time: P~ Vt>0: X; € le) =1.

19.1 Kolmogorov’s theory

Kolmogorov’s seminal paper [105] Uber die analytischen Methoden der Wahrschein-
lichkeitsrechnung marks the beginning of the mathematically rigorous theory of sto-
chastic processes in continuous time. In §§13, 14 of this paper Kolmogorov develops
the foundations of the theory of diffusion processes and, we will now follow Kol-
mogorov’s ideas.

19.4 Theorem (Kolmogorov 1933). Let (X;)rs0, X; = (X},..., Xtd), be a Feller

process with values in R? such thatforall§ > Oandi,j =1,...,d
o1
lim — sup P*(|X, — x| > §) =0, (19.4a)
t—>0 [ xeR4
.1 i
lim — B (X7 = %)) Lx,—xi<sy) = bj (%), (19.4b)
. 1 x i j
lim — IE (X7 = x)(X] = x)) Lgx,—xi<8}) = aij (%) (19.4¢)

Then (X;):>o is a diffusion process in the sense of Definition 19.1.

Proof. The Dynkin—Kinney criterion, see the discussion in Remark 19.2, shows that
(19.4a) guarantees the continuity of the trajectories.

We are going to show that C°(IRY) C D(A) and that Aleso(raey is a differential
operator of the form (19.1). The proof is similar to Example 7.9.

Letu € C°(IR?). Since d; dxu is uniformly continuous,

Ve>0 3§>0: max suF<8 [0;0;u(x) —0;0;u(y)| <e.

1<i,j<d |x—y
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Fix € > 0, choose § > 0 as above and set Tyu(x) := E* u(X,), Qs := {| X, —x| < §}.
Then

Tiu(x) —u(x 1

# = B ([u(X) —u(0)] Ta,) + B ([u(X0) — u(@)] ay).

=J =J

It is enough to show that lim;_,¢ (T,u(x) - u(x))/t = Au(x) holds for all x € R?,
u € C°(R%) and A from (19.1), see Theorem 7.19.
The second term can be estimated by

0] < 2||u||oo S P(1X: x| > §) >0,

Now we consider J. By Taylor’s formula there is some 6 € (0, 1) such that for the
intermediate point @ = (1 — 0)x + 60X,

u(X:) —u(x) = Z(X’ X)) dju(x) + 5 Z(Xf—x,)(xk xk) ;O (x)

j=1 ]k 1
1L

+3 D (] = x)(XF = xi) (0;06u(©) — 0 0xu(x)).
J.k=1

Denote the terms on the right-hand side by J;, J> and J3, respectively. Since d;dxu is
uniformly continuous, the elementary inequality 2|ab| < a? + b? yields

LB (10, < ,Z LB I - (K]~ )l 10,

ed -

j=1

~ | —

B[] — g, 22, Zau ().

Moreover,
1 1 & A
DE Ule) = 5 30 SB[ — ) (X~ xla, | ()
J.k=1
(19.4c) 1 d
0 2 2 laij(x) 9;dju(x),
i,j=

and

QU

(194b)

*[(X] = x)lg,]9; u(x) —— Zb (x) du(x).

N|>_a

1 X
" E* (Jilg;) = Z

Since € > 0 is arbitrary, the claim follows. O
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If (X):>0 has a transition density, i.e. if P*(X; € A) = fA p(t,x,y)dy for all
t > 0and A € B(R?), then we can express the dynamics of the movement as a
Cauchy problem. Depending on the point of view, we get Kolmogorov’s first and sec-
ond differential equation, cf. [105, §§ 12—14].

19.5 Proposition (Backward equation. Kolmogorov 1931). Let (X;);>0 be a diffusion
with generator (A, D(A)) such that A|eeo(gra) is given by (19.1) with bounded drift and
diffusion coefficients b € C,(R?,R?) and a € Cp(IR?Y,R¥*?). Assume that (X;)s>0
has a transition density p(t,x,y),t >0, x,y € RY, satisfying

dp dp 9*p
P8 ax; axj o

8]7(1‘,',') ap(t"") 821)07'»')
p(t’.ﬂ. ’ 81‘ ’

€ €((0,00) x R? x RY),

€ Coo(R? x RY)

ax; 1 0x;0xk
forall t > 0. Then Kolmogorov’s first or backward equation holds:
8 [9 )
p(Txy) — L(x, Do)p(t,x,y), forall t>0, x,y € RY. (19.5)

Proof. Denote by L(x, D,) the differential operator given by (19.1). By assumption,
A = L(x, D) on C2°(R¥). Since p(t, x, y) is the transition density, we know that the
transition semigroup is given by T,u(x) = [ p(t,x, y)u(y) dy.

Using dominated convergence it is not hard to see that the conditions on p(z, x, )
are such that 7, maps C°(IR?) to €2 (R).

Since the coefficients b and a are bounded, ||Au|lco < k||u|(2), Where we use the
norm [uly = ulloo + 3, 182lloo + 3 4 139kt loo in €2, (RY), and & = k(b. )
is a constant. Since C°(IR?) C D (A) and (4, D(A)) is closed, cf. Corollary 7.11, it
follows that €2 (R?) C ®(A) and Alez ray = L(x, D)[e2_ra)-

Therefore, Lemma 7.10 shows that %Ttu = AT,u = L(-, D)T;u,i.e.

a
5 | ptxmmdy = 160y [ pxsmora

= /L(}C, Dx)p(t’x» Y)”(J’) dy

forallu € € (IR9). The last equality is a consequence of the continuity and smooth-
ness assumptions on p(t, x, y) which allow us to use the differentiation lemma for
parameter-dependent integrals, see e.g. [169, Theorem 11.5]. Applying it to the ¢-
derivative, we get

ot
which implies (19.5). ]

/ (M — L(x, Dx)p(t,x,y)) u(y)dy =0 forall u € €F(R?)
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If L(x, Dy) is a second-order differential operator of the form (19.1), then the for-
mal adjoint operator is

1 & @2 49
L'y Dyu(y) =5 m(a,-j(y>u(y>>—Za(b,-(y)u(y»
j=1

ij=1

provided that the coefficients a and b are sufficiently smooth.

19.6 Proposition (Forward equation. Kolmogorov 1931). Let (X;)>0 denote a dif-
fusion with generator (A, D(A)) such that Alesgray is given by (19.1) with drift and
diffusion coefficients b € €' (R?,R%) and a € €*(R?,R¢*?). Assume that X, has a
probability density p(t, x, y) satisfying

o
P90 9y ayjov

€ €((0, 00) x R? x RY).

Then Kolmogorov’s second or forward equation holds:

ap(t,x,y)

= L*(y.Dy)p(t.x.y)., forall t >0, x,y € RY. (19.6)

Proof. This proof is similar to the proof of Proposition 19.5, where we use Lemma 7.10
in the form %T,u = T;Au = T, L(-, D)u foru € GEO(IRd), and then integration by
parts in the resulting integral equality. The fact that we do not have to interchange
the integral and the operator L(x, D) as in the proof of Proposition 19.5, allows us to
relax the boundedness assumptions on p, b and a, but we pay a price in the form of
differentiability assumptions for the drift and diffusion coefficients. (|

If @ and b do not depend on x, the transition probability p(¢, x, y) depends only on
the difference x — y, and the corresponding stochastic process is spatially homoge-
neous, essentially a Brownian motion with a drift: a B, + bt. Kolmogorov [105, §16]
mentions that in this case the forward equation (19.6) was discovered (but not rigor-
ously proved) by Bachelier [4, 5]. Often it is called Fokker—Planck equation since it
also appears in the context of statistical physics, cf. Fokker [64] and Planck [147].

In order to understand the names ‘backward’ and ‘forward’ we have to introduce
the concept of a fundamental solution of a parabolic PDE.

19.7 Definition. Let L(s, x, D) = Z;{FI a;j(s,x)0;0x + Z;i=1 bi(s,x)0; +c(s,x)
be a second-order differential operator on R¢ where (aij(s,x)) € R¥*4 is symmetric
and positive semidefinite. A fundamental solution of the parabolic differential oper-
ator % + L(s,x, D) on the set [0, T] x R9 is a function I'(s,x;¢,y) defined for all

Ex. 19.4

Ex. 19.5
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(s,x),(t,y) € [0, T] x R? with s < ¢ such that for every f € C.(IR¢) the function

u@J)=A;r@anaﬂwdy

satisfies
ou(s, x)

5 = L(s,x, D)u(s,x) forall x e RY, s <t <T, (19.7a)
S

li%nu(s,x) = f(x) forall x € R?. (19.7b)
sTt

Proposition 19.5 shows that I'(s, x;¢, y) := p(t—s,x,y),s < t,is the fundamental
solution of the parabolic differential operator L(x, D) + %, whereas Proposition 19.6
means that I'(z, y;s,x) := p(s —¢,y,x),t < s is the fundamental solution of the
(formal) adjoint operator L*(y, D) — a%

The backward equation has the time derivative at the left end of the time inter-
val, and we solve the PDE in a forward direction with a condition at the right end
limgq; p(t —s,x,y) = 8x(dy). In the forward equation the time derivative takes place
at the right end of the time interval, and we solve the PDE backwards with an ini-
tial condition limyy; p(s — ¢, y, x) = §,(dx). Of course, this does not really show in
the time-homogeneous case. ... At a technical level, the proofs of Propositions 19.5
and 19.6 reveal that all depends on the identity (7.10): in the backward case we use
%Tt = ATy, in the forward case d%T, =T;A.

Using probability theory we can give the following stochastic interpretation. Run
the stochastic process in the time interval [0, z]. Using the Markov property we can
perturb the movement at the beginning, i. e. on [0, /] and then let it run from time 4 to
t, or we could run it up to time ¢ — A, and then perturb it at the end in [t — &, ¢].

er

Figure 19.1. Derivation of the backward and forward Kolmogorov equations.

In the first or backward case, the Markov property gives for all C € B(IR¢)

P*(X; € C) —P*(X,_p € C) = E*P¥"(X,_, € C) —P*(X,_, € C)
= (Ty —id) P (X, € O)(x).
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IfP*(X; € C) = [ p(t.x,y)dy with a sufficiently smooth density, we get

p(t’x’y)_p(t_h’x’y) _ Th_ld
h h

pt—=h, -, y)(x)

which, as i — 0, yields 8%p(l, x,y) = Axp(t, x, y), i.e. the backward equation.
In the second or forward case we get
P*(X; € C) —P*(X,_ € C) = EXPX~"(X; € C) = P*(X,_; € C)
= E* ((Th —id)1c (X;-n)).

Passing to the transition densities and dividing by &, we get

p([’x’y)_p([_h’x’y) _ Th*_

d h
; L Pl hx )

and i — 0 yields %p(t, x,y) = Ayp(t,x,y) (T}, A* are the adjoint operators).

The obvious question is, of course, which conditions on b and a ensure that there is
a (unique) diffusion process such that the generator, restricted to €2° (R%), is a second
order differential operator (19.1). If we can show that L (x, D) generates a Feller semi-
group or has a nice fundamental solution for the corresponding forward or backward
equation for L(x, D), then we could use Kolmogorov’s construction, cf. Section 4.2
or Remark 7.6, to construct the corresponding process.

For example, we could use the Hille-Yosida theorem (Theorem 7.16 and
Lemma 7.18); the trouble is then to verify condition c) from Theorem 7.16 which
amounts to finding a solution to an elliptic partial differential equation of the type
Au(x) — L(x, D)u(x) = f(x) for f € Coo(R?). In a non-Hilbert space setting, this
is not an easy task.

Another possibility would be to construct a fundamental solution for the backward
equation. Here is a standard result in this direction. For a proof we refer to Friedman
[68, Chapter 1.6].

19.8 Theorem. Let L(x, D) = Zid,j=1 a;j(x)0;0; + Z;i:l b;j(x)d; + c(x) be a dif-
ferential operator on R? such that

d

Z aij(x)&:&; > K |E|* for some constant k and all x, £ € R?,
ij=1

aij(+),bj(+).c() € Gb(]Rd) are locally Holder continuous.

Then there exists a fundamental solution T (s, x;t, y) such that

or aT 0°T
" s Ox; o 0x; 0x

are continuous in (s, x;t,y);
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o T(s,x:1,y) <c(t —s) 42 ChyP/a=s),

O XL Y) (g = gy~ @+1/2 y=Clx=yP =),
ax]'

al'(s, x5, )
as

. ligl/f‘(s,x;t,y)f(x) dx = f(y) forall f € Cy(R?).

= L(X7Dx)r(s»x;t7)’);

19.2 1t6’s theory

It is possible to extend Theorem 19.8 to increasing and degenerate coefficients, and we
refer the interested reader to the exposition in Stroock and Varadhan [177, Chapter 3].
Here we will follow It0’s idea to use stochastic differential equations (SDEs) and con-
struct a diffusion directly. In Chapter 18 we have discussed the uniqueness, existence
and regularity of SDEs of the form

dX, = b(X,)dt + o(X;)dB,, Xo = x, (19.8)

for a BM? (By)r>0 and coefficients b : RY - R%, 0 : R? — R4*4, The key
ingredient was the following global Lipschitz condition

d d
D 1) =P+ D o (x) — o (»)* < C? |x — y[* forall x,y € RY.
j=1 J.k=1

(19.9)

If we take y = 0, (19.9) entails the linear growth condition.

19.9 Theorem. Let (B;);>0 be a BM? and (X{) >0 be the solution of the SDE (19.8).
Assume that the coefficients b and o satisfy the global Lipschitz condition (19.9).
Then (X});>0 is a diffusion process in the sense of Definition 19.1 with infinitesimal

generator
d d
1 92u(x) ou(x)
L(x,D)u(x) = 3 ,-,z=:1 a;j(x) m +}Z=;bf(x) 0x;

where a(x) = o(x)o " (x).

Proof. The uniqueness, existence, and Markov property of (X});>¢ follow from Corol-
lary 18.10, Theorem 18.11 and Corollary 18.14, respectively. The (stochastic) integral
is, as a function of its upper limit, continuous, cf. Theorem 14.13 or The-
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orem 15.7, and so t — X;(w) is continuous. From Corollary 18.21 we know that Ex. 18.11
limjx|»o0 |X;*| = o0 for every t > 0. Therefore, we conclude with the dominated
convergence theorem that .

x > Tou(x) := Eu(X7) isin Coo(IR?) forall 1 > 0 and u € Coo (RY).

The operators 7y are clearly sub-Markovian and contractive. Let us show that (77);>0
is strongly continuous, hence a Feller semigroup. Take u € €*(IR%) and apply Itd’s
formula, Theorem 16.6. Then

u(XF) —u(x) = Z / ok (XX)du(XX)dB* + Zf bi(XX)d,u(XY)ds

J.k=1

+ - Z / a;j (XX)0;0,u(X7) ds.

111

Since the first term on the right is a martingale, its expected value vanishes, and we get

[ Tru(x) —u(x)| = [Eu(X7) —u(x)]

d
<) E ‘/ bj (X¥)d;u(XY)ds| + I/ a;; (XX);0;u(X¥) ds
j=1 l] 1

d d
<z21||b,-a,~u||oo+z > Naigdidjulloe —> 0
J=

i,j=1
Approximate u € Coo(IR?) by a sequence (Un)n>o0 C G? (R%). Then

IT:(t — un)lloo + I Tettn — tnlloo + llu — tnlloo

2lu — unlloo + I Trttn — Unloo-

1Tru — ulloo <
<

Letting first # — 0 and then n — 0o proves strong continuity on Co(IR?). We can
now determine the generator of the semigroup. Because of Theorem 7.19 we only need
to calculate the limit lim, _,o(7;u(x) — u(x))/t for each x € R?. Using It6’s formula
as before, we see that
Eu(X;) —u(x)

t

d d
1 [ 1 1 /!
=YE (_/ b,(xg)a,u(xg)ds) +- > E (—/ a,-,-(Xf)a,-aju(sz)ds)
j=1 tJo 2i,j=1 tJo
d

d
1
: ;bi(x)aju(x) + E Z aij(x)aiaju(x).

i,j=1
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For the limit in the last line we use dominated convergence and the fact that
171 [y p(s)ds — p(0+) as 1 — 0. O

Theorem 19.9 shows what we have to do, if we want to construct a diffusion with
a given generator L(x, D) of the form (19.1): the drift coefficient b must be globally
Lipschitz, and the positive definite diffusion matrix a = (a;;) € R4*? should be of
the forma = 0o " where 0 = (ojk) € R4 is globally Lipschitz continuous.

Let M € R?? and set |M||? := supjej=; (M T M£,&). Then | M| is a submul-
tiplicative matrix norm which is compatible with the Euclidean norm on R¢, i.e.
IMN| < |M| -|N| and |Mx| < ||M]| - |x|forall x € R. For a symmetric matrix
M we write Ayin(M) and Ay, (M) for the smallest and largest eigenvalue, respec-
tively; we have | M ||? = Apax (MM ) and, if M is semidefinite, || M || = Ay (M).!

19.10 Lemma (van Hemmen—Ando 1980). Assume that B, C € R?*? are two sym-
metric, positive semidefinite matrices such that Ayin(B) + Anin(C) > 0. Then their
unique positive semidefinite square roots satisfy

|ve -] < max {Ai[l/i?(;)éi'}néf(C)}'

Proof. A simple change of variables shows that

1 2 [ d 2 [ Ad
Y
VAo omJo r2+2A TJo 1242

Since B, C are positive semidefinite, we can use this formula to determine the square
roots, e. g. for B,

2 oo
VB = / B(s*id+B) ' ds
T Jo
Set RB := (s2id +B)~! and observe that BRZ — CRS = s2RE(B — C)RE. Thus,
2 o
JC - +VB = / s2RE(C — B)RE as.
T Jo

Since the matrix norm is submultiplicative and compatible with the Euclidean norm,
we find for all £ € R? with |£| = 1 using the Cauchy-Schwarz inequality

(RE(C ~ BYRPE.€) < |RE(C — BYRPE| < |RP] - |RC] - |C - B].

' Infact, if M = (mx), then | M ||?> = ik mjzk
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Without loss of generality we may assume that Apin(C) > Amin(B). Observe that
”Rf ” = Amax(Rf) = (Sz + Amin(B))_l. Thus,

2 o0
|ve - VB| <2 [T IRPIIRS I s - c - 8]

0

<2 / R L 4. jc—B]

S o 24 Aan(B) 52+ Amin(C)
2 /‘°° 1 IC — B

< — —  ds - ||C — B|| = ——. [
T Jo S2+kmin(c) ” ” \/Amin(c)

19.11 Corollary. Let L(x, D) be the differential operator (19.1) and assume that
the diffusion matrix a(x) is globally Lipschitz continuous (Lipschitz constant C ) and
uniformly positive definite, i.e. infy Ayn(a(x)) = k& > 0. Moreover, assume that the
drift vector is globally Lipschitz continuous. Then there exists a diffusion process in
the sense of Definition 19.1 such that its generator (A, D(A)) coincides on the test
functions C°(R%) with L(x, D).

Proof. Denote by o (x) the unique positive definite square root of a(x). Using Lem-
ma 19.10 we find

1 C
lo@) =oM< ~llatx) —a() < —lx—yl. forall x.y e RY.

On a finite dimensional vector space all norms are comparable, i. e. (19.9) holds for o
(possibly with a different Lipschitz constant). Therefore, we can apply Theorem 19.9
and obtain the diffusion process (X;);>¢ as the unique solution to the SDE (19.8). [J

It is possible to replace the uniform positive definiteness of the matrix a(x) by the
weaker assumption that a;; (x) € C3(R¢,R) forall i, j = 1,...,d, cf. [80, Proposi-
tion IV.6.2] or [177, Theorem 5.2.3].

The square root o is only unique if we require that it is also positive semidefinite.
Let us briefly discuss what happens if 60T = a = pp' where p is some d x d matrix
which need not be positive semidefinite. Let (o, b, (B;);>0) be as in Theorem 19.9
and denote by (X;");>¢ the unique solution of the SDE (19.8). Assume that (W;);>0
is a further Brownian motion which is independent of (B;);>¢ and that (¥;*);> is the
unique solution of the SDE

dY, = b(Y,)dt+ p(Y))dW, Yo=xeR%.

The proof of Theorem 19.9 works literally for (¥;*);>0 since we only need the exis-
tence and uniqueness of the solution of the SDE, and the equality pp " = a. This means
that (X7);>0 and (¥;*);>0 are two Feller processes whose generators, (A4, ©(A)) and
(C,D(C)), say, coincide on the set €2(IR%). It is tempting to claim that the processes
coincide, but for this we need to know that Ale? = C |e§ implies (4,D(A4)) =
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(C,®(C)). A sufficient criterion would be that (?3 is an operator core for A and C,
i.e. A and C are the closures of A|,2 and C |2, respectively. This is far from obvious.

Using Stroock-and-Varadhan’s n;artingale(problem technique, one can show that —
under even weaker conditions than those of Corollary 19.11 — the diffusion process
(X{)¢>0 is unique in the following sense: Every process whose generator coincides
on C2(R¥) with L(x, D), has the same finite dimensional distributions as (X;¥),>o.
On the other hand, this is the best we can hope for. For example, we have

a(x) =o(x)o’ (x) = p(x)p" (x) if p(x) =o0(x)U
for any orthogonal matrix U € R%*¢_ If U is not a function of x, we see that

dY, = b(Y;)dt + p(Y,)dB; = b(Y;) dt + o(Y;)UdB,
= b(Y,)dt + o (Y,)d(UB),.

Of course, (UB;);>¢ is again a Brownian motion, but it is different from the original
Brownian motion (By);»o. This shows that the solution (¥;*);>o will, even in this
simple case, not coincide with (X[ );>¢ in a pathwise sense. Nevertheless, (X[ ):>o0
and (¥;")+>0 have the same finite dimensional distributions. In other words: We cannot
expect that there is a strong one-to-one relation between L and the stochastic process.

19.12 Further reading. The interplay of PDEs and SDEs is nicely described in [8] and
[66]. The contributions of Stroock and Varadhan, in particular, the characterization of
stochastic processes via the martingale problem, opens up a whole new world. Good
introductions are [61] and, with the focus on diffusion processes, [177]. The survey
[9] gives a brief introduction to the ideas of Malliavin’s calculus, see also the Further
reading recommendations in Chapter 4 and 17.

[8] Bass: Diffusions and Elliptic Operators.
[9] Bell: Stochastic differential equations and hypoelliptic operators.
[61] Ethier, Kurtz: Markov Processes: Characterization and Convergence.
[66] Freidlin: Functional Integration and Partial Differential Equations.
[177] Stroock, Varadhan: Mulitidimensional Diffusion Processes.

Problems

1. Let (A, D(A)) be the generator of a diffusion process in the sense of Definition 19.1
and denote by a, b the diffusion and drift coefficients. Show that a € C(IR?, R?*?)
and b € C(R?, RY).
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2. Show that under the assumptions of Proposition 19.5 we can interchange integra-
. . .. 2 2
tion and differentiation: ax,aiaxk [pt.x, u(y)dy = [ ax‘f}’iaxkp(t,x,y)u(y) dy
and that the resulting function is in Coo (IR?).

3. Denote by ully = lullo + X, [19ttlloo + Yjp 13;3kulloo. Assume that

A: CP(RY) — Coo(R?) is a closed operator such that || Au||oo < C [u]|(2). Show
Il

that €2 (R) = C°(RY) C D(A).

4. Let L = L(x,Dy) = }_;; a;j(x)9;0; + >_; bj(x)d; + c(x) be a second order
differential operator. Determine its formal adjoint L*(y, D, ), i.e. the linear opera-
tor satisfying (Lu, ¢)z> = (u, L*$);- for all u, ¢ € C°(R¥). What is the formal
adjoint of the operator L(x, D) + %?

5. Complete the proof of Proposition 19.6 (Kolmogorov’s forward equation).

6. Let (B;);>o bea BM!. Show that X; := (B;, f(; B; ds) is a diffusion process and
determine its generator.

7. (Carré-du-champ operator) Let (X;);>o be a diffusion process with generator
L=L(x,D)= A|ego asin (19.1). Write M} = u(X;) —u(Xo) — fot Lf(X,)dr.
(a) Show that M* = (M), is an L2?-martingale for all u € (?So(]Rd).

(b) Show that M/ = (M), is local martingale for all f € €2(R?).

(c) Denote by (M¥, M®),, u,¢ € C(IR?), the quadratic covariation of the 1.
martingales M* and M?, cf. (14.7) and Theorem 14.13 b). Show that

t
(" M%), = [ (L) —uLp - pLu)(X,)ds
0
t
- / Vu(X;) - a(X,)V(Xy) ds.
0
(x - y denotes the Euclidean scalar product and V = (dy,...,94)".)

Remark: The operator I'(u, ¢) := L(u¢p) — ulL¢ — ¢pLu is called carré-du-
champ or mean-field operator.



Chapter 20

Simulation of Brownian motion
by Bjorn Bottcher

This chapter presents a concise introduction to simulation, in particular focusing on
the normal distribution and Brownian motion.

20.1 Introduction

Recall that for iid random variables X1, ..., X,, with a common distribution F for any
o € Q the tuple (X (w), ..., Xy(w)) is called a (true) sample of F.In simulations the
following notion of a sample is commonly used.

20.1 Definition. A tuple of values (x1, ..., X,) which is indistinguishable from a true
sample of I by statistical inference is called a sample of F'. An element of such a tuple
is called a sample value of F, and it is denoted by

xj ~ F.

Note that the statistical inference haé to ensure both the distributional properties
and the independence. A naive idea to verify the distributional properties would be,
for instance, the use of a Kolmogorov—Smirnov test on the distribution. But this is not
a good test for the given problem, since a true sample would fail such a test with confi-
dence level o with probability «. Instead one should do at least repeated Kolmogorov—
Smirnov tests and then test the p-values for uniformity. In fact, there is a wide range of
possible tests, for example the NIST (National Institute of Standards and Technology)!
has defined a set of tests which should be applied for reliable results.

In theory, letting n tend to oo and allowing all possible statistical tests, only a true
sample would be a sample. But in practice it is impossible to get a true sample of
a continuous distribution, since a physical experiment as sample mechanism clearly

! http://csrc.nist.gov/groups/ST/toolkit/rng/stats_tests.html
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yields measurement and discretization errors. Moreover for the generation of samples
with the help of a computer we only have a discrete and finite set of possible values due
to the internal number representation. Thus one considers n large, but not arbitrarily
large.

Nevertheless, in simulations one treats a sample as if it were a true sample, i.e.
any distributional relation is translated to samples. For example, given a distribution
function F and the uniform distribution U o,;) we have

X ~Upy = F'X)~F

since

P(F7'(X) <x) = P(X < F(x)) = F(x)

and thus
x X Upy = F'x)XF (20.1)

holds. This yields the following algorithm.

20.2 Algorithm (Inverse transform method). Let F be a distribution function.

1. Generate u ~ Uo,1)
2. Set x:= F~(u)

Then x ~ F.

By this algorithm a sample of U g, 1) can be transformed to a sample of any other distri-
bution. Therefore the generation of samples from the uniform distribution is the basis
for all simulations. For this various algorithms are known and they are implemented in
most of the common programming languages. Readers interested in the details of the
generation of samples of the uniform distribution are referred to [117, 118].

From now on we will assume that we can generate x ~ U(o.1). Thus we can ap-
ply Algorithm 20.2 to get samples of a given distribution as the following examples
illustrate.

20.3 Example (Scaled and shifted Uniform distribution U, )). For a < b the distri-
bution function of Uy, p) is given by

F(x) = Y79 for x e [a, b]
b—a
and thus
u L U(O,l) — b—a)u+a R U(a,b)~
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20.4 Example (Bernoulli distribution 8, and Uyg 1y, Uf—1,13). Let p € [0, 1]. Given
U ~ U,1), then g »1(U) ~ Bp. In particular, we get

u~Ugi = T, 19(u) X Upy and 2- Tpp, 1y () — 1 R Uy

20.5 Example (Exponential distribution Exp,). The distribution function of Exp,
with parameter A > 0is F(x) = 1 —e™**, x > 0, and thus

1
_1 _ _
F(y)= 7 In(1 —y).

Now using

U ~ U(()’l) — 1— U ~ U(O,l)

yields with the inverse transform method
s 1 s
u~Upnn = 3 In(u) ~ Exp;.

Before focusing on the normal distribution, let us introduce two further algorithms
which can be used to transform a sample of a distribution G to a sample of a distribu-
tion F.

20.6 Algorithm (Acceptance—rejection method). Let F and G be probability
distribution functions with densities f and g, such that there is a constant ¢ > 0
with f(x) < cg(x) for all x.

1. Generate y ~ G
2. Generate u ~ Uo,1)

3. If ucg(y) < f(y), then x:=y
otherwise restart with 1.

Then x ~ F.

Proof. If Y ~ G and U ~ U,y are independent, then the algorithm generates a
sample value of the distribution for A € B by

P(Y € A|Ucg(Y) < f(Y)) = T e 2 Degld) < /(1) /f( ) dy.

P(Ucg(Y) < f(Y))
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This follows from the fact that g(x) = 0 implies f(x) = 0, and

1
P(Y € 4, Ucg(Y) < f(Y)) = / Lﬂ{(v,Z):vcg(Z)éf(z)}(”,Y) g(y)dydu
0

)
cg(y)
- [ [ du g(y)dy
A\g=0} Jo

= / AL g(y)dy
A\{g=0y €&(¥)

1

=- /A R
1

= /A f(y)dy.

In particular, we see for A = R
1
P (Ucg(Y) < f(Y)) =P (Y € R, Ucg(Y) < f(¥)) = —. 0
c

20.7 Example (One-sided normal distribution). We can apply the acceptance-rejec-
tion method to the one-sided normal distribution

1.2
e 2% ]1[0,00)(x)’

1
f(X)=2\2ﬁ

s

and the Exp; distribution g(x) = e Ljg o0)(x) (for sampling see Example 20.5) with
the smallest possible ¢ (such that f(x) < cg(x) for all x) given by

2 _x2 2
¢ =sup ZAC) =sup/—e 2 T ljp o) (x) = \/ il 1.315.
x g(x) x Y T

The name of Algorithm 20.6 is due to the fact that in the first step a sample is
proposed and in the third step this is either accepted or rejected. In the case of rejection a
new sample is proposed until acceptance. The algorithm can be visualized as throwing
darts onto the set B = {(x,y) € R? : 0 < y < cg(x)} uniformly. Then the x-
coordinate of the dart is taken as a sample (accepted) if, and only if, the dart is within
C ={(x,y)€R?:0<y< f(x)};notethat C C B is satisfied by our assumptions.
This also shows that, on average, the algorithm proposes A%(B)/A?(C) = c times a
sample until acceptance.

In contrast the following algorithm does not produce unused samples.
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20.8 Algorithm (Composition method). Let F be a distribution with density f
of the form

16 = [ ) (@)
where ( is a probability measure and g, is for each y a density.

1. Generate Yy ~ nw
s
2. Generate x ~ gy

Then x ~ F.

Proof. LetY ~ i and, conditionedon {Y = y},let X ~ g,,1i.e.

P <x) = [P <x|Y =pua = || s@duw = [ feua
Thus we have X ~ F. U

20.9 Example (Normal distribution). We can write the density of the standard normal
distribution as
1 . I 2

1
V2w 2 2x

2
2 V2

=g-1(x) =g1(x)

f(x) = e U oo (x) + e 1 g.00) ()

ie. f(x) = [7, gy(x) pldy) with p(dy) = 38-1(dy) + 381(dy).
Note that X ~ g7 can be generated by Example 20.7 and that

X’vgl — —X’Vg_1

holds. Thus by Example 20.3 and the composition method we obtain the following
algorithm.

20.10 Algorithm (Composition of one-sided normal samples).

1. Generate y ~ Uiy, 2 A f (where the function f denotes the density
of the one-sided normal distribution, see Example 20.7)
2. Set x:=yz

Then x ~ N(0, 1).
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In the next section we will see further algorithms to generate samples of the normal
distribution.

20.2 Normal distribution

We start with the one-dimensional normal distribution and note that for © € R and
o>0
X ~N(,1) = oX + .~ N(u,0?).

Thus we have the following algorithm to transform samples of the standard normal
distribution to samples of a general normal distribution.

20.11 Algorithm (Change of mean and variance). Let © € R and o > 0.

1. Generate y ~ N(0,1)
2. Set x:=0y+pn

Then x ~ N(u, ).

Based on the above algorithm we can focus in the following on the generation of
samples of N(O, 1).

The standard approach is the inverse transform method, Algorithm 20.2, with a nu-
merical inversion of the distribution function of the standard normal distribution.

20.12 Algorithm (Numerical inversion).

1. Generate u ~ U
2. Set x := F~!(u) (where F is the N(0, 1)-distribution function)

Then x ~ N(0, 1).

A different approach which generates two samples at once is the following
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20.13 Algorithm (Box—Muller-method).

1. Generate up,u, ~ Uo.1)

2. Set r:=+/—2In(uy), v:=2nu,

3. Set x; :=rcos(v), xp:=rsin(v)

Then x; ~ N(0, 1).

Proof. Let X1,X, ~ N(0,1) be independent. Thus they have the joint density
2 2
Jx, . x,(x1,x2) = ﬁ exp (—%) Now we express the vector (X, X») in polar

coordinates, 1. €.
X1\ _ (RcosV
(Xz) - (R sin V) (20.2)

and the probability density becomes, in polar coordinates, r > 0,v € [0, 27)

. CosSvV —rsinv 1
fry(r,v) = fxl,xz(rcosv,rsmv)det( ) e 2"’

r
sinv  rcosv 2

Thus R and V are independent, V ~ Ujg 2,y and the distribution of R? is
2 ﬁ 1,2 X 1 1 1
P (R gx):/ eZ'rdr=/ —e 2%ds=1—e¢"2"%,
0 0o 2

i.e. R* ~ Exp,s.

The second step of the algorithm is just an application of the inverse transform
method, Examples 20.3 and 20.5, to generate samples of R and V/, in the final step
(20.2) is applied. O

A simple application of the central limit theorem can be used to get (approximately)
standard normal distributed samples.

20.14 Algorithm (Central limit method).

1. Generate u; ~ Uon,.j=1,...,12
2. Set x:= Z]lil uj —6

Then x ~ N(0, 1) approximately.
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Proof. LetU; ~U,1). j = 1,2,...,12, be independent, then E(U;) = % and

31
1 4 3 1
VU, =EU?—(BU)? =2 | -~ =— -2 = —
J 3l 4 12 12 12

By the central limit theorem

12 12

—, U, —12EU

2j=1Y; L — Z U; —6 ~N(0,1) (approximately). o

V12V U,y =

Clearly one could replace the constant 12 in the first step of the above algorithm by
any other integer n, but then the corresponding sum in step 2 would have to be rescaled
by (n/1 2)’% and this would require a further calculation. In the above setting it can be
shown that the pointwise difference of the standard normal distribution function and
the distribution function of (3212, Uy = 12E U, ) / VT2V T for iid Uy ~ Ug, is
always less than 0.0023, see Section 3.1 in [160].

Now we have seen several ways to generate samples of the normal distribution, i. e.
we know how to simulate increments of Brownian motion.

20.3 Brownian motion

A simulation of a continuous time process is always based on a finite sample, since we
can only generate finitely many values in finite time.

Brownian motion is usually simulated on a discrete time grid 0 = £ <t; <---<ty,
and it is common practice for visualizations to interpolate the simulated values linearly.
This is justified by the fact that Brownian Motion has continuous paths.

Throughout this section (B;),>¢ denotes a one-dimensional standard Brownian mo-
tion. The simplest method to generate a Brownian path uses the property of stationary
and independent increments.

20.15 Algorithm (Independent increments). Let0 = tp < #; < --- < t, bea
time grid.

Initialize bg:=0

For j =1 ton

1. Generate y ~ N(0,¢; —t;_;)
2. Set btj = btj_l + y

Then (bo. by, .....bs,) ~ (Bo. By,.....By).
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This method works particularly well if the step size § = t; — tj_; is constant for
all j, in this case one only has to generate y ~ N(0, §) repeatedly. A drawback of the
method is, that any refinement of the discretization yields a new simulation and, thus,
a different path.

To get a refinement of an already simulated path one can use the idea of Lévy’s
original argument, see Section 3.2.

20.16 Algorithm (Interpolation. Lévy’s argument). Let 0 < 5o < s < 57 be
fixed times and (by,, bs, ) be a sample value of (By,, Bs,).

1. Generate b 8 N((Sl_s)bso"l‘(s—so)bsl (s—SO)(Sl—S))

S1—S0 ’ S1—S0

Then (b, bs. by,) ~ (By,. Bs. By,) given that By, = by, and By, = by,.

Proof. In Section 3.2 we have seen that in the above setting

IP (Bs € - | By, = by, By, = by,) = N(my,07)

with
e L 1 L PR [t RS
51— So 51— 5o
Thus, forO0 =ty < t; <--- < t,and (by, by, ..., bs,) i (Bo, Bty ..., By,) we get

(b07bt17"'7blj’br’blj+17”'7bt”) i (807Bt17”'aBtj’BraBtj+15"'aBtn)

for some r € (#;,1;41) by generating the intermediate point b, given (b;,,b;, ).
Repeated applications yield an arbitrary refinement of a given discrete simulation of
a Brownian path. Taking only the dyadic refinement of the unit interval we get the
Lévy—Ciesielski representation, cf. Section 3.1.

20.17 Algorithm (Lévy—Ciesielski). Let J > 1 be the order of refinement.
Initialize by :=0
Generate b; ~ N(0,1)
For j =0 to J—1
For [ =0 to 2/ —1

1. Generate y ~ N(0,1) _
—(L
2. Set b(21+1)/2j+1 = % (bl/zi e b(l+1)/21) +2 (2+1)y

Then (b(),bl/z.l,bz/z./, 000 ,bl) "{’ (BO, Bl/zl, Bz/z.l, 500g Bl)
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Proof. As noted at the end of Section 3.2, the expansion of B, at dyadic times has only
finitely many terms and

1 —(L
Baig1yjpitt = 5 (Bl/zf + B(l+1)/2./) +27GHy
where ¥ ~ N(0, 1). |

Analogous to the central limit method for the normal distribution we can also use
Donsker’s invariance principle, Theorem 3.8, to get an approximation to a Brownian
path.

20.18 Algorithm (Donsker’s invariance principle). Letn be the number of steps.
Initialize by :=0

1. Generate u; 0 Uiy, j=1....n
2. For k=1 ton

Set bx/n = %ﬁuk + bke—1)/n

Then (bo, bl/n’ ceey bz/n, cee bl) =0 (Bo, Bl/n’ Bz/n, cee B]) approximately.

Clearly one could also replace the Bernoulli random walk in the above algorithm
by a different symmetric random walk with finite variance.

20.4 Multivariate Brownian motion

Since a d-dimensional Brownian motion has independent one-dimensional Brownian
motions as components, cf. Corollary 2.15, we can use the algorithms from the last
section to generate the components separately.

In order to generate a Q-Brownian motion we need to simulate samples of a multi-
variate normal distribution with correlated components.
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20.19 Algorithm (Two-dimensional Normal distribution). Let an expectation
vector u € IR?, variances 0, 07 > 0 and correlation p € [—1, 1] be given.

1. Generate y1,ya,y3 ~ N(0,1)
2. Set xp:=o0 (\/ 1—1ply1 + |P|Y3) + 1

X2 =03 (\/1 —|pl y2 + sgn(p)v/|p| yz) + U2

2
Then (x1,x2)" ~ N (M, ( 1 ,001202)) .

pP0102 g,

Proof. Let Y1,Y>, Y3 ~ N(0, 1) be independent random variables. Then

() () )

sgn(p)o2Ys

is a normal random variable since it is a sum of independent N(0, .) distributed random
vectors. Observe that the last vector is bivariate normal with completely dependent
components. Calculating the covariance matrix yields the statement. (|

This algorithm shows nicely how the correlation of the components is introduced
into the sample. In the next algorithm this is less obvious, but the algorithm works in
any dimension.

20.20 Algorithm (Multivariate Normal distribution). Let a positive semidefinite
covariance matrix Q € R?*? and an expectation vector ;. € R¢ be given.
Calculate the Cholesky decomposition ¥XT = Q

1. Generate Yi1,...,Yd = N(0,1) and let y be the vector with
components yi,...,Yd
2. Set x:=u+ Xy

Then x ~ N(i, Q).

Proof. Compare with the discussion following Definition 2.17. O

Now we can simulate Q-Brownian motion using the independence and stationarity
of the increments.
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20.21 Algorithm (Q-Brownian motion). Let0 = 7y < t; < --- < t, be a time
grid and Q € R¥*? be a positive semidefinite covariance matrix.

Initialize b):=0,k=1,....d

For j =1 ton

1. Generate y ~ N (0,(t; —tj-1) Q)
2. Set bY:=Dbl1+y

Then (b°,b",...,b") < (B, Bi,, ..., B;,), where (B;);>0 is a Q-Brownian
motion.

20.22 Example. Figure 20.1 shows the sample path of a Q-Brownian motion for
t € [0, 10] with step width 0.0001 and correlation p = 0.8, i.e. 0 = (}) ’1’). Note £
that it seems as if the correlation were visible, but — especially since it is just a single
sample and the scaling of the axes is not given — one should be careful when drawing
conclusions from samples.

Figure 20.1. Simulation of a 2-dimensional Q-Brownian motion.

20.5 Stochastic differential equations

Based on Chapter 18 we consider in this section a process (X;);>o defined by the
stochastic differential equation

X() = X9 and dX[ :b(t,X[)dt"FO—(t,X[) dB[ (203)
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Corollary 18.10 and Theorem 18.11 provide conditions which ensure that (20.3) has a
unique solution. We are going to present two algorithms that allow us to simulate the
solution.

20.23 Algorithm (Euler scheme). Let b and o in (20.3) satisfy for all x, y € RR,
0<s<t<Tandsome K >0

|b(t,x) = b, y)|+|o(t,x) =0, y)| < K[x—yl| (20.4)
|b(t,x)| + |o(t, x)] < K(1 + |x]), (20.5)
|b(t,x) —b(s,x)| + |o(t,x) —o(s,x)| < K(1 + |x|)~/1 —s. (20.6)

Letn > 1,0=1 <t <:-- <t, = T be atime grid, and x, be the initial
position.
For j =1 ton

1. Generate y ~ N(0,t; —tj_;)
2. 8et Xy = x4 + bt x4 )t —tj1) F0(tj—1.X_,) Y

Then (xq, X7y, ..., Xz,) ~ (Xo, X4, ..., X,,) approximately, where (X;);>o is
the solution to (20.3).

Note that the conditions (20.4) and (20.5) ensure the existence of a unique solution.
The approximation error can be measured in various ways. For this denote, in the
setting of the algorithm, the maximal step width by § := max;—;,._,(t; —#j—1) and

.....

Brownian motion (B;);>¢, we can define Xf/_,by Xfo = Xxg,and for j =1,...,n by

X=X b0 X)) —t2) + 0. X)) (B, — Bi,_).  (20.7)

.....

(X¢)r>0 to the equation (20.3).
We say that an approximation scheme has strong order of convergence B if

E|X) — Xr| < C8P.

The following result shows that the algorithm provides an approximate solution to
(20.3).
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20.24 Theorem. In the setting of Algorithm 20.23 the strong order of convergence of
the Euler scheme is 1/2. Moreover, the convergence is locally uniform, i. e.

sullg]E|X;g - X/ < er V8,
1<

where (X f )e<T is the piecewise constant extension of the Euler scheme from the discrete
time set ty, ..., t, to [0, T| defined by

XS - X8

t T tn(t)

withn(t) := max{n : t, <t}.

In the same setting and with some additional technical conditions, cf. [3] and [104],
one can show that the weak order of convergence of the Euler scheme is 1, i.e.

|Eg(X?) —Eg(Xr)| <eré
for any g € @* whose first four derivatives grow at most polynomially.

Proof of Theorem 20.24. Let b, o, T, n, be as in Algorithm 20.23. Furthermore let
(X¢)+>0 be the solution to the corresponding stochastic differential equation (20.3),
(X fj )j=o,...,» be the Euler scheme defined by (20.7) and (X ,5 )¢<T be its piecewise con-

stant extension onto [0, 7.
Note that this allows us to rewrite X? as

Zn(t) Z/z(t)
X5 =xo+ / btns). X} ) ds + / 0 (tn(s)- X3,,)) dBs.
0 0

Thus, we can calculate the error by

Z(T) := sup B [1X] = X, P] < E [ sup |X7 = X,[] 08
<3Z1(T)+3Z,(T) + 3Z5(T),

where Z, Z, and Z3 will be given explicitly below. We begin with the first term and
estimate it analogously to the proof of Theorem 18.9, see (18.13), (18.14), and apply
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the estimate (20.4).

()
/ (b(tn(s)» anm) - b(tn(s), Xs)) ds
0

Z(T)=E [?29

]

th(r)
+ / (o—(tn(sﬁ ng(x)) - O(In(s)7 Xs)>st
0
th(s)

T
<2T/ E [[b(tn) X3, = blings), X5)[*] ds
0

T
+38 / E [lo(tney, X3,,) = 0 (tnsy, X[ ] ds
0

tn(x)

tn(,v)

T
< (2TK2+8K2)/ E[1X} - X|*]ds
0
T
< c/ Z(s) ds.
0

The second term in (20.8) can be estimated in a similar way.

2:(r) = B up ‘ [ (it X0~ b5 x) a5
]
T
+ 8/ E [|o (tns). Xs) — 0 (s, X,)I?] ds
0

T
< QQTK? + 8K2)/ (1 +E[X]])* (V5 = tags)) ds < C8,
0

th(r)
+/ (0 (tacs), Xs) — 0 (s, Xs))d By
0

T
< 2Tf E [|b(ln(s), Xs) —b(s, Xs)|2] ds
0

where we used (20.6) for the second inequality, and |s — #,(s)| < 6 and (18.15) for the
last inequality. The terms Z; and Z, only consider the integral up to time #,(), thus
the third term takes care of the remainder up to time ¢. It can be estimated using (20.5),
|s —tn(s)| < & and (18.15).
]
t t

<28 | E[b(s, X,)*]ds + 8/ E [|o (s, X5)[*] ds < CS8.

tha) ()

t t
/ b(s,Xs)ds—{—/ o(s, Xs) dBs
t,

n(t) In(r)

Z3(T) =E [152?
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Note that all constants appearing in the estimates above may depend on 7', but do not
depend on §. Thus we have shown

T
Z(T) < Cré+ CT/ Z(s) ds,
0

where Cr is independent of §. By Gronwall’s lemma, Theorem A.43, we obtain that
Z(T) < CreT€7§ and, finally,

s1<11;]E[|Xf — X,|] < VZ(T) < er 5. O
(A

In the theory of ordinary differential equations one obtains higher order approxi-
mation schemes with the help of Taylor’s formula. Similarly for stochastic differen-
tial equations an application of a stochastic Taylor-Itd formula yields the following
scheme, which converges with strong order 1 to the solution of (20.3), for a proof see
[104]. There it is also shown that the weak order is 1, thus it is the same as for the Euler
scheme.

20.25 Algorithm (Milstein scheme). Let b and o satisfy the conditions of Algo-
rithm 20.23 and o (¢, -) € 2. LetT >0,n>1,0=1y<t; <---<t, =T be
a time grid and x( be the starting position.

For j =1 ton

1. Generate y ~ N(0,2; —tj—1)
2. 8et X i=xg, bt Xy )t — i) ot X)) Y

1
+ Eg(tj_l’xtj—l)g(o,l)(tj—17xtjfl)(yz —(t; —tj-1))

(where 0@V (1, x) := Lo(t,x))

Then (xq, Xz, ..., Xs,) ~ (Xo, X4, ..., X;,) approximately.

In the literature one finds a variety of further algorithms for the numerical evaluation
of SDEs. Some of them have higher orders of convergence than the Euler or Milstein
scheme, see for example [104] and the references given therein. Depending on the
actual simulation task one might be more interested in the weak or strong order of
convergence. The strong order is important for pathwise approximations whereas the
weak order is important if one is only interested in distributional quantities.

We close this chapter by one of the most important applications of samples: The
Monte Carlo method.
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20.6 Monte Carlo method

The Monte Carlo method is nothing but an application of the strong law of large num-
bers. Recall that for iid random variables (Y;);> with finite expectation

1 n
— E Y; 2 EY,  almost surely.
n

j=1

Thus, if we are interested in the expectation of g(X) where X is a random variable
and g a measurable function, we can approximate IE g(X) by the following algorithm.

20.26 Algorithm (Monte Carlo method). Let X be a random variable with dis-
tribution F and g be a function such that [E |g(X)| < oco. Letn > 1.

1. Generate Xx; fi«F,j =1,...,n
1 n
2. 8et  y:= o Zg(xj)
j=1

Then y is an approximation of E g(X).

The approximation error is, by the central limit theorem and the theorem of Berry—
Esseen, proportional to 1/4/n.

20.27 Example. In applications one often defines a model by an SDE of the form
(20.3) and one is interested in the value of [E g(X;), where g is some function, and
(X¢)¢>o0 is the solution of the SDE. We know how to simulate the normal distributed
increments of the underlying Brownian motion, e. g. by Algorithm 20.13. Hence we
can simulate samples of X; by the Euler scheme, Algorithm 20.23. Doing this repeat-
edly corresponds to step 1 in the Monte Carlo method. Therefore, we get by step 2 an
approximation of [E g(X;).

20.28 Further reading. General monographs on simulation are [3] which focuses, in
particular, on steady states, rare events, Gaussian processes and SDEs, and [162] which
focuses in particular on Monte Carlo simulation, variance reduction and Markov chain
Monte Carlo. More on the numerical treatment of SDEs can be found in [104]. A good
starting point for the extension to Lévy processes and applications in finance is [30].

[3] Asmussen, Glynn: Stochastic Simulation: Algorithms and Analysis.
[30] Cont, Tankov: Financial modelling with jump processes.
[104] Kloeden, Platen: Numerical Solution of Stochastic Differential Equations.
[162] Rubinstein, Kroese: Simulation and the Monte Carlo Method Wiley.



Appendix

A.1 Kolmogorov’s existence theorem

In this appendix we give a proof of Kolmogorov’s theorem, Theorem 4.8, on the ex-
istence of stochastic processes with prescribed finite dimensional distributions. In ad-
dition to the notation introduced in Chapter 4, we use & JL : (RYHL — (R’ for the
projection onto the coordinates from J C L C I. Moreover, wy := n; and we write
I for the family of all finite subsets of /. Finally

2= {n;I(B) - JeX, Be B((]Rd)J)}
denotes the family of cylinder sets and we call Z = 7 ;(B) a J-cylinder with basis B.
If J € Hand #J = j, we can identify (R?)’ with R/¢.

For the proof of Theorem 4.8 we need the following auxiliary result.

A.1 Lemma (Regularity). Every probability measure i on (R", B(IR")) is outer reg-
ular,
w(B) = inf{u(U) : U D B, U C R" open} (A.1)

and inner (compact) regular,

pn(B) =sup{u(F) : F C B, F closed} A2)
= sup {M(K) :KCB, K compact}. '

Proof. Consider the family
= {A CR" :Ve> 03U open, F closed, F C AC U, p(U \ F) <e}.

Itis easy to see that ¥ is a o-algebra' which contains all closed sets. Indeed, if F C R”
is closed, the sets

Up:=F +B(0,1/n) ={x+y : x € F, y € B(0,1/n)}

! Indeed: ) € X is obvious. Pick A € X. For every € > 0 there are closed and open sets Fe C A C
Uk such that w(Ue \ F¢) < €. Observe that US C A€ C F£, that US is closed, that F€ is open
and that

FS\NUS =FSNWUS =Ff NU: = U\ Fe.

Thus, W (FE\UE) = n(Ue \ Fe) < €, and we find that A€ € X.
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are open and ﬂ@l U, = F. By the continuity of measures, lim, ., u(U,) = w(F),
which shows that F C U, and u(U,\ F) < € for sufficiently large values of n > N(¢).
This proves F' € ¥ and we conclude that

B(R") = o(closed subsets) C 0(Z) = X.

In particular, we can construct for every B € B(IR") sequences of open (Uy), and
closed (Fy)n sets such that F,, C B C U, and lim,—o (U, \ Fy) = 0. Therefore,

M(B\Fn)+M(Un\B)gzM(Un\Fn)mo

which shows that the infimum in (A.1) and the supremum in the first equality of (A.2)
are attained.
Finally, replace in the last step the closed sets F;,, with the compact sets

K, = F,NB(0,R), R=R(®).

Using the continuity of measures, we get img—o0 it(Fy \ Fn N B(0, R)) = 0, and
for sufficiently large R = R(n) with R(n) — oo,

M(B\Kn)g/“L(B\Fn)'i':u“(Fn\Kn)mO'

This proves the second equality in (A.2). O

A.2 Theorem (Theorem 4.8. Kolmogorov 1933). Let I C [0, 00) and (py)jes be a
projective family of probability measures p; defined on (IR?)’, B((R%)”)), J € H.
Then there exists a unique probability measure p on the space (IR?)!, B!) such that
pj = o n;l where 1y is the canonical projection of (R?)! onto (R%)”.

The measure p is often called the projective limit of the family (py)jes.

Let A;, € X,n > 1. For € > 0 there exist sets F, C A, C Uy, satisfying w(U, \ Fy) < €/2".

Therefore,
closed open
Sy =F U--UFy CAU---UAdycU:=|]U.
Jjz1
Since
Nuv\ey=JUu\UF =1 (Uj\UFk)C @i\ F)
N2>1 Jj=1 k>1 Jjz1 k>1 Jjz1

we find by the continuity and the o -subadditivity of the (finite) measure u
€

Jim @ e =u( U\ U R) < S\ F <Y 5 =«
e Jj>1 k>1 Jj=1 Jj>1

Thus, (U \ @) < 2¢ for all sufficiently large N > N(€). This proves | J,»; 4n € Z.
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Proof. We use the family (p) ses¢ to define a (pre-)measure on the cylinder sets Z,
pon; (B):=ps(B) VBeB. (A.3)
2
€

Since Z is an algebra of sets, i.e. @ € Z and Z is stable under finite unions, intersections
and complements, we can use Carathéodory’s extension theorem to extend p onto
Bl =06(2).

Let us, first of all, check that p is well-defined and that it does not depend on the
particular representation of the cylinder set Z. Assume that Z = ;! (B) = ng'(B’)
for J,K € Hand B € B’ , B’ € BX. We have to show that

ps(B) = px(B').
Set L :=J UK € H. Then

Z=n;"(B) = (nyom ) " (B)=n;" o (x)) " (B),
Z =ng"(B)) = (wk omp) N (B)) = ;' o (wk)"1(B).
Thus, (%)™ (B) = (7f)~'(B’) and the projectivity (4.6) of the family (p)sesc

gives

ps(B) =77 (pL)(B) = pr((x}) " (B)) = pL((xg)~"(B)) = px(B).

Next we verify that u is an additive set function: u (@) = Oisobvious.Let Z, Z’' € Z
such that Z = 7' (B) and Z' = wg'(B’). Setting L := J U K we can find suitable
basis sets A, A’ € BL such that

Z =n;"(A) and Z' = ;' (A)).
If ZNZ = @ weseethat AN A" = @, and p inherits its additivity from py :
WZYZ) = p(r (A Wr ' (A)) = p(r (AW A))
= pr(AUA) = pr(4) + pr(4)
== u(2) + (2.

Finally, we prove that u is o-additive on Z. For this we show that u is continuous
at the empty set, i.e. for every decreasing sequence of cylinder sets (Z,),>1 C Z,
(ns1Zn = 0 we have lim, .0 4(Z,) = 0. Equivalently,

Zy €2 ZnD Zns1 D p(Zy) >0 >0 = () Zy # 0.

n>1



332 Appendix

Write for such a sequence of cylinder sets Z,, = nj_nl (B,,) with suitable J,, € H and
B, € B’ Since forevery J C K any J-cylinder is also a K -cylinder, we may assume
without loss of generality that J,, C J,41.

Note that (R9)7" =~ (R?)*/»; therefore we can use Lemma A.1 to see that p, is
inner compact regular. Thus,

there exist compact sets K, C B, :  pj, (B, \ K») <27"a.
Write Z,, := 7} '(K,) and observe that

(Zy\ Zy) = () (Ba \ Kn)) = ps, (B \ Ky) <27

/

Although the Z,, are decreasing, this might not be the case for the Z, ; therefore we
consider Z, := Z{ N---NZ, C Z, and find

(Zn) = 1(Zn) = 1(Zn \ Zn)

= wz - U\ 2)

CZ/(\Z,/(

> W(Zn) = )1 (Zi\ Z4)
1

n
>a—) 2% > 0.
1

We are done if we can show that (),,~; Z, = (,5, Z, # @. For this we construct

some element z € (1,5, Z.

1° Forevery m > 1 we pick some f,,, € Z,,. Since the sequence (Z,),> is decreas-
ing,

fm€Z,CZ,, hence mj,(fm)€ K, forall m>n and n > 1.
Since projections are continuous, and since continuous maps preserve compactness,

7 (fm) =JT,J” ony,(fm) € ;" (Ky) forall m >n, n > 1andt € J,.
~——

compact

2° Theindex set H := Un>1 J is countable; denote by H = (#x)x>1 some enumer-
ation. For each f; € H there is some n(k) > 1 such that #x € J,x). Moreover, by 1°,

Jn
(nlk (fm))m>n(k) C Ty w (Kn(k))
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J

Since the sets 7;,"“ (K, x)) are compact, we can take repeatedly subsequences,

(ntl (fm))m2n(1) C CompaCt Set :> H(frrt)m C (fm)m : E:nh_I)noo nl‘] (frrz)

(1)) oniay © COmpact set = 3(f2m  (f})m + 2lim 7, (£2)

(Tt (fr ™) sy © compact set = 3(fy)m C (fn ™D ¢ 2lim e, (f0).
The diagonal sequence ( f,7')m>1 satisfies

Nim 7,(f") = z, foreach t € H.
m—0oQ

3° By construction, 77;( f,) € ntJ” (K,) forall t € J, and m > n. Therefore,
e (f) € m;"(Ky) forall m >nandt € J,.

Since K, is compact, ;" (K,) is compact, hence closed, and we see that
Z; = lirzn 7 (fn) € m;"(K,) forevery t € J,.

Using the fact that n > 1 is arbitrary, find

2(t) = z, ift e H;
x iftel\H

(* stands for any element from E) defines an element z = (z(¢)),e; € (R?)! with
the property that for all n > 1

7y,(z) € K, if, and only if, z € n;”l(Kn) =7 D Z,.

This proves z € (5, Z, = (> Z, and Mn>1 Zn # 0. O

A.2 A property of conditional expectations

We assume that you have some basic knowledge of conditioning and conditional ex-
pectations with respect to a o-algebra. Several times we will use the following result
which is not always contained in elementary expositions. Throughout this section let
(2, A, IP) be a probability space.

A3 Lemma. Let X : (Q,A) - (D,D)and Y : (L, A) — (E, &) be two random
variables. Assume that X,Y C A are o-algebras such that X is X/D measurable, Y



334 Appendix

is Y/ & measurable and X 1L Y. Then
E[o(x.7)|X] = [Ee(x.1)]| _ =E[o(x.7)[X] (A4)

holds for all bounded D x &/B(R) measurable functions ® : D x E — R.
IfV: D x Q2 — Ris bounded and D ® Y/B(IR) measurable, then

IE[III(X(-),-)DC]=[]E\IJ(x,-)]‘ L =E[RXC).0[X] @A)

xX=

Proof. Assume first that ®(x, y) is of the form ¢ (x)v(y). Then

Y LX

E[¢(X)y(Y) |X] = (X)) E[y(Y)|X] " =" ¢(X)E[y(Y)]
=d(X,Y)
=E[¢)y () ]|,_x-
=d(x,Y)

Now fix some F € X and pick ¢(x) = N4(x) and Y (y) = 1p(y), 4 € D, B € £.
Our argument shows that

/F Lixs (X (@), Y(@)) P(dw) = /F ELip(x.Y)| _y, Pdw). FeX.

Both sides of this equality (can be extended from D x € to) define measures on the
product o-algebra D ® E. By linearity, this becomes

/ O(X(w),Y(w)) P(dw) = f ]E(D(x,Y)|x=X(w) P(dw), F €X,
F F

for D ® £ measurable positive step functions ®; using standard arguments from the
theory of measure and integration, we get this equality for positive measurable func-
tions and then for all bounded measurable functions. The latter is, however, equivalent
to the first equality in (A.4).

The second equality follows if we take conditional expectations IE(--- | X) on both
sides of the first equality and use the tower property of conditional expectation.

The formulae (A.5) follow in a similar way. ]

A simple consequence of Lemma A.3 are the following formulae.

A.4 Corollary. Let X : (2, A) > (D,D)and Y : (2, A) = (E, &) be two random
variables. Assume that X,Y C A are o-algebras such that X is X/D measurable, Y
is Y/ & measurable and X 1L Y. Then
Ed(X,Y) = / E®(x,Y)P(X edx) =E |:f d(x,Y)P(X € dx)} (A.6)
D D

holds for all bounded D x &/B(R) measurable functions ® : D x E — R.
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If ¥ : D x Q2 — Ris bounded and D ® Y/B(IR) measurable, then

IE\IJ(X(-),-)sz]E\I/(x,-)]P(Xedx):]E[/D\I/(x,-)]P(Xedx)] (A7)

A.3 From discrete to continuous time martingales

We assume that you have some basic knowledge of discrete time martingales, e. g. as
in [169]. The key to the continuous time setting is the following simple observation:
If (X, F1)¢>0 is a martingale, then

(Xt;.3¢)j>1 1is amartingale for any sequence 0 <1 <1l <13 <---

We are mainly interested in estimates and convergence results for martingales. Our
strategy is to transfer the corresponding results from the discrete time setting to con-
tinuous time. The key result is Doob’s upcrossing estimate. Let (X, F);>0 be a real-
valued martingale, I C [0, co0) be a finite index set with #,,;, = min 7, #,,,x = max [,
and a < b. Then

U(I;]a,b]) = max {m

Elal<r1<a2<t2<---<om<rm,}

0j,7;, €1, X(0j) <a <b<X(t))

is the number of upcrossings of (Xs)sey across the strip [a, b]. Figure A.1 shows two
upcrossings.

tmin tmax

Figure A.1. Two upcrossings over the interval [a, b].
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Since (X5, Fs)ser is a discrete time martingale, we know
1 +
E[U(;[a, b)) < 3— E[(X(tna) = @)*]. (A.8)

A.5 Lemma (Upcrossing estimate). Let (X;, F;);>0 be a real-valued submartingale
and D C [0, 00) a countable subset. Then

E[U(D 0 [0.1]:1a. 0] < = E[(X(0) ~a)"] (A9)

forallt > 0and —oco <a < b < .

Proof. Let Dy C D befinite index sets such that Dy 1 D. If t,,,, := max Dy N[0, ¢],
we get from (A.8) with I = Dy

1 1
E[UDy N1[0,t];[a,b])] < - E [(X(twa) — @) 1] < T E[(X(t)—a)"].
For the last estimate observe that (X; —a)™ is a submartingale since x — x ™ is convex
and increasing. Since supy U(Dy N[0, t]; [a, b]) = U(D N[0, t]; [a, b]), (A.9) follows
from monotone convergence. o

A.6 Theorem (Martingale convergence theorem. Doob 1953). Let (X;,F):>0 be
a martingale in R? or a submartingale in R with continuous sample paths. If
sups>o E | X;| < oo, then the limit lim;_, o X, exists almost surely and defines a finite
Foo measurable random variable X .

If (X1, F1)r>0 is a martingale of the form X, = E(Z |F,) for some Z € L'(P),
then we have Xoo = B(Z | Foo) and lim;_, oo X; = Xoo almost surely and in L' (IP).

Proof. Since a d-dimensional function converges if, and only if, all coordinate func-
tions converge, we may assume that X, is real valued. By Doob’s upcrossing estimate

E[U@*: [0, b)] < S“”"E[f’j mMl

for all intervals [a, b] and Q" := Q N [0, co). Thus,

UQ%:[a.b])(w) < oo forall w ¢ Ngp

where N C Q with P(N,gp) = 0.Set N := U,y 4 peq+ Nap and o := Q\ N.
Then IP(£29) = 1.

We claim that for w € ¢ the limit lim;— X;(w) exists. Otherwise we could find
o, B € Q such that

lim X;(0) <« < B < lim X;(o).
§—00 $—00
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By the continuity of the sample paths,
lim X;(@) = lim X,(®) and lim X,(0) = lim X, (o),
S—>00 Q+3r—00 §—>00 Qtar—»oo
which means that there must be infinitely many upcrossings of (X;);eq+ over the in-
terval [a, B]; this is impossible since U(Q™; [, B])(w) < oc.
Set Xoo := lim;, o X;1g,. By Fatou’s Lemma,
E |Xoo| = E[ lim |X,|] < lim E[X/| < su}g]E|X,| <0
t—00 t—>00 t>
which shows that X, € L! and that X is a. s. finite.
Assume now that X; = E(Z | F;). From

|X:| = [E(Z|F)| <E(Z]]F)

we conclude that sup;>¢ E |X;| < [E|Z| < oo and that (X;);>¢ is uniformly inte-
grable. By the L!-convergence theorem for discrete uniformly integrable martingales
we find that for any sequence #; 1 oo the limit lim; o X;, = X/, exists in L' and
almost surely. By the uniqueness of a.s. limits we conclude that Xoo = X/ almost
surely.

Fix¢ > 0.Forall7; > and F € F; C F;;, we find, because of L'-convergence,

X, =E(Z|F;,)
/ZdIP i /X,jd]P—> Xoo dP,
F F

j—oo F

i.e.
/ Z dP =/ XoodP forall Fel| )7,
F F >0
Since (J, I is a N-stable generator of Foo, we see E(Z | Foo) = Xoo- O

The next theorem allows us to identify all martingales of the form X; = E(Z | F;).

A.7 Theorem (Closure of a martingale. Doob 1953). Let (X;, F;);>0 be a martingale
in R? with continuous paths. Then the following assertions are equivalent

a) (X:)¢>o is uniformly integrable;
b) Xoo = limy_00 X; exists a.s. and in L' and (X, Tt)ref0,00] Is @ martingale.

Proof. a)=b): Since (X;);>¢ is uniformly integrable, we have sup;>¢ [E | X;| < oo.
Therefore lim; o X; = X almost surely, and by Vitali’s convergence theorem we
find that lim; o, X;; = X in L' for all increasing sequences 7; 1 co. Thus, the limit
lim; oo X; = Xoo existsin L1, and we find forall F € F, and T > ¢

[ XoodP 2™ tim | Xpap FE / X, dP:

hence, E(Xo | F1) = X; and (X/)se[0,00] is @ martingale.
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b)=ra): Since X; = E(Xx |F:) for Xoo € LI(IP), we get | X,;| < E(|Xoo|| )
and, therefore, [E | X;| < E | X|. Hence, we find forall > 0, R > 0and K > 0

/ |X,|d11></ 1E(|Xoo||sn)d11>=/ | Xoo| PP
{IX:|>R} {IX:|>R} {IX:|>R}

|Xoo|d]P+/ | Xoo| dP
{1 X 1> RIN{| X0 |< K}

< / |Xool dP +K P(X,| > R)
{{Xeo|>K}

£X1|>R}ﬁ{|XmI>K}

K
g/ | Xoo dP + E [X,|
(1 Xool>K} R

K
</ | Xoo dP +5 | Xoo|
(X ool > K} R

dom. conv.

— | Xoo| dP — 0, 0
R—oo  Jix =K} K—o0

For backwards submartingales, i. e. for submartingales with a decreasing index set,
the assumptions of the convergence theorems (A.6) and (A.7) are always satisfied.

A.8 Corollary (Backwards convergence theorem). Let (X;, F;) be a submartingale
andletty >ty > t3 > ..., t; | too, be a decreasing sequence. Then (X, 34 );>1
is a (backwards) submartingale which is uniformly integrable. In particular, the limit
limj 00 Xy, exists in L' and almost surely.

Proof. That (X;,);> is a (backwards directed) submartingale is obvious. Now we use
that E X, < [E X, and that (X,") >0 1s a submartingale. Therefore, we get for t < £y

E|X,/|=2EX; -EX, <2EX;' ~EX, <2EX; —EX,

which shows that sup;>; [E | X;;| < oco. By the martingale convergence theorem we
get
Xy, — Z
j—o0
almost surely for some JF, measurable random variable Z € L!(IP). By the sub-
martingale property, E X, is decreasing, i.e. the limit lim; o [E X;, = inf;>, [E X/,
exists (and is finite). Thus,

Ve>03IN =N, Vj>N : |EX, —EX,|<e.
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This means that we get forall j > N,i.e.1; <iy:

/ |X,j|d]P=2/ X,jd]P—/ X, dIP
{1X,; >R} {1X,; >R} {1X,; >R}

:2[ X,jle—JEX,jJr/ X, dP
{I1X,,|>R} {IX,; |<R}

and since X; and X, are submartingales

<2/ X;;le—lEX,,.+/ X,y dPP
{1X,; 1> Ry o Juxg <Ry

(X, >R} (X, 1<R)

=2/ X;[LvdIP+6—/ X dP
{IX:; I>R} {IX:; >R}
:/ |XI‘N|le+E
{IX,;|>R}
Thus,
/ | Xy, | dIP
{IX:; >R}

< / X, | dIP +e
{1X,; I>R}

|XZN|d]P+/ |XtN|le+€

(X [ZRIN{1 X,y [ZR/2}

<)
{I1X:; IZRIN{|1 Xy ISR/2}

note: | X,y | < R/2< X, /2]
1

2 /{|Xf, >RIN{I X,y |<R/2}

1
2 Jux,; 1Ry {IX1y [>R/2)

This shows that

|X,>,.|d1P—|—/ | X¢y | dIP +e
{1 Xy [ZR/2}

/ |Xt,|d]P < 2/ |XtN|d]P 126 dom. conv. e 0
{1X:; >R} 2

{IX:y |1>R/2} 00 €0

holds uniformly forall j > N.Therefore, (X;,);>1 is uniformly integrable. By Vitali’s
convergence theorem we conclude that L'-lim; o, X, exists. OJ
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We will also need some maximal inequalities for martingales. Recall that for a real-
valued discrete time submartingale (X (i), F;);er where ty;, = min/, ty,x = max /
and r > 0 the following estimates hold

P (max X(s) > 7) < - B[X* ()] (A.10)
P (Isnel}l X(S) ) < %(IE [XJr(tmax)] —-E [X(tmin)]>- (All)

Since for every d-dimensional martingale or positive submartingale (X(¢), F;):>0
such that X(¢) € L?(IP), p > 1, the process (|X(¢)|”,F;);>0 is a submartingale,
we get

1
> < — p
113(1?34|X(s)| > r) < = E[IX(tme)|?] forall r > 0. (A.12)

A.9 Lemma (Doob 1953). Let (X;, J;) ;>0 be a positive submartingale or a d -dimens-
ional martingale, X; € L?(IP) for some p > 1 and D C [0, c0) a countable subset.
Then

1
P >
P(gup Xl >r) < BIXI] forall r>0.120. (A1

Proof. Let Dy C D be finite sets such that Dy 1 D. We use (A.12) with the index
set I = Dy NJ0,1], tyax = max Dy N [0, ¢] and observe that for the submartingale
(1X¢]?, F¢)e>0 the estimate

E [|X (twax) 7] < E[1X(1)7]

holds. Since
{ max | X(s)| ZV}T{ 1X(s)| > }

s€DyN[0,¢] eDm 0,¢]

we obtain (A.13) by using (A.12) and the continuity of measures. ]
Finally we can deduce Doob’s maximal inequality.

A.10 Theorem (L” maximal inequality. Doob 1953). Let (X;, F;);>0 be a positive
submartingale or a d-dimensional martingale, X, € L?(IP) for some p > 1 and
D C [0, 00) a countable subset. Then for p~' +q~' = land allt > 0

E [seDDOt]lX |1’] <4’ Sup ]E“X |p] S qp]E[|Xt| ] (A.14)

If (X¢)¢>o0 is continuous, (A.14) holds for D = [0, 00).



Stopping and sampling 341

Proof. Let Dy C D be finite index sets with Dy 1 D. The first estimate follows
immediately from the discrete version of Doob’s inequality,

]E[ Xp]gp E[1X,”] < ¢” E[1X.|?
s, Xl [ <a? sup E[IX:[7]<q” sup E[IX;]7]

and a monotone convergence argument. For the second estimate observe that we have
E[| X;|?] < E[|X¢|?] forall s < ¢.
Finally, if  — X, is continuous and D a dense subset of [0, 00), we know that

su X;|? = sup | X |P. O
seDN 0,t]| sl se[OI,)t]l sl

A.4 Stopping and sampling

Recall that a stochastic process (X;);>¢ is said to be adapted to the filtration (F;);>0
if X; is for each r > 0 an F; measurable random variable.

A.4.1 Stopping times

A.11 Definition. Let (¥;),>¢ be a filtration. A random time 7 :  — [0, 0o] is called
an (3;-) stopping time if

{t<t}edF; forall t >0. (A.15)

Here are a few rules for stopping times which should be familiar from the discrete
time setting.

A.d2Lemma. Leto, 7,7, j > | be stopping times with respect to a filtration (F¢) ¢ >o.
Then

a) {t <t} e

b) T+ 0,71 A0, TVO,sup; T; are F, stopping times;

c) i?f 75, lim T, li}n T; are F4 stopping times.
j

Proof. The proofs are similar to the discrete time setting. Let ¢ > 0.

a{r<iy=Jlr<t—4eJFL T

k>1 k>1
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b) We have forallz > 0

lo+t>t}={06=0,t>t}U{o>t, 1=0U{o >0, 7>t}
U{0<t<t, t4+0 >t}
={o=0,t>t}U{o>t, =0} U {6>0, T >1}

={o<oin{r<t}ceF;, ={o<t}n{r<0}eTF;, ={o<0}¥N{r<t}ceTF;

U U {r<t<t,o>t-—r} .

re0.0NQ _i «ryenfr<tinfo<i—riced,

This shows that {oc + 1 <t} ={o + 1>t} € F, forallt > 0.
celovigty={o<tyN{r <t} e Fy;
cfont<ty={o<t}U{r <t} ey

e JsuptT; Lty = T, <t} € Fy

{ij } O{j } t

. {il}f‘[j <t} = U{‘L’j <t} = UU{tj <t-— %} € F,; thus,

j J ok
{infr; <1} = N {infr; <1+ 7} e () Firr = Fes
: n>1 n>1

¢) Since lim; and Enj are combinations of inf and sup, the claim follows from the
fact that inf; 7; and sup; 7; are J; stopping times. O

A.13 Example. The infimum of F, stopping times need not be an F; stopping time. To
see this, let T be an ¥, stopping time (but not an F; stopping time). Then =T+ Jl
are ¥, stopping times:

{m<ty={t<t—j}eF, 1), CT
But 7 = inf; 7; is, by construction, not an J; stopping time.

We will now associate a o-algebra with a stopping time.

A.14 Definition. Let t be an F; stopping time. Then

F, = {Ae&"oo:=o<Ut>03",> CAN{r <1y eF, Vi =0l

=

Fop = {A € Fop i O(Uz>0?’) CAN{T <t} eF Vi 0}.
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It is not hard to see that ¥, and F,; are o-algebras and that for t = ¢ we have
F. = F,. Note that, despite the slightly misleading notation, F; is a family of sets
which does not depend on w.

A.15 Lemma. Let o, 7, fj,j > 1 be F,; stopping times. Then

a) 1 is F; measurable;

b) ifo < tthen F, C Fy;

Oifty =2t >...21,| 1, then Fry = ﬂ 5’,j+. If (1) i>0 is right-continuous,

Jj=1
then 5 = (| T, .

Jj=1

Proof. a) We have to show that {7 < s} € F; for all s > 0. But this follows from
{t<sinN{e <t} ={t <sAt}eFspns CTF VYt =0.

b) Let F € F,. Then we have forallt > 0

Fniz<ty)=FN{z<t}N{o<t}=FN{o<t}N{r <t} €TF.
~——— —_—————— ——
=Q €F,as FeF, S

Thus, F € F; and F, C F;.

¢) We know from Lemma A.12 that 7 := inf; 7; is an ¥, stopping time. Applying
b) to the filtration (F;4),>0 we get

. b)
ti}r‘vﬁ}l — mfFererFH.
jz1
On the other hand, if F € F_ | forall j > 1, then
J
Fnir<oy=Fn|(Jiy<oy={JFn{y <t} e
j=>1 j=>1

where we use that

Fﬂ{tj<t}=UFﬂ{rjgt—%}GUfft_lcﬂ'}.

k>1 k>1 k

Asin (5.9) we see now that F N {t <t} € F;4.

If (F;)¢>0 is right-continuous, we have ¥, = F;4 and F; = F 4. ]

We close this section with a result which allows us to approximate stopping times
from above by a decreasing sequence of stopping times with countably many values.
This helps us to reduce many assertions to the discrete time setting.
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A.16 Lemma. Let t be an F, stopping time. Then there exists a decreasing sequence
of F; stopping times with

r1>rz>...>rnir:n])frj

and each t; takes only countably many values:
T(w), If 1(w) = o0;
T (w) = o . .
k277, if (k—1)277 < t(w) <k277, k > 1.
Moreover, F N {z; = k277} € Fyps forall F € Fey.

Proof. Fixt > 0and j > 1 and pick k = k(z, j) such that (k — 1)277 <t < k277,
Then

(i <ty ={r; <k -127}y={t < (k= 1277} € Fy_1);os C F:.

i.e. the 7;’s are stopping times.
From the definition it is obvious that 7; | 7: Note that 7;(0) — T(w) < 277/ if
t(w) < oo. Finally, if F € F;4, we have
Fn{r, =k2/y=Fn{(k-127 <t <k27/}
=Fn{r<k27yn{r < (k-1)277)
= U (F N{r <k2™/ — %}) N{t < (k —1)277} € Fyyps. 0

n>1

€T cTF

(k)20 —1/ny+ 7 kj27 €F 4 2i

A.4.2 Optional sampling

If we evaluate a continuous martingale at an increasing sequence of stopping times,
we still have a martingale. The following technical lemma has exactly the same proof
as Lemma 6.24 and its Corollary 6.25 — all we have to do is to replace in these proofs
Brownian motion B by the continuous process X .

A.17 Lemma. Let (X;,F)¢>0 be a d-dimensional adapted stochastic process with
continuous sample paths and let T be an F; stopping time. Then X(t)liz<oo} is an F
measurable random variable.

Recall the optional sampling theorem for stopping times o, 8 : Q — {#;};>1 with
values in a discrete set:

(X(tj),F:)j>1 submartingale, o < 8 < C = X(a) < E(X(B)| o).
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A.18 Theorem (Optional stopping. Doob 1953). Let (X, F;)s>0 be a submartingale
with continuous sample paths and let 0 < t be F; stopping times. Then we have for
allk > 0 that Xy nie» Xear € LY(IP) and

X(o Ak) <SEX (T AK) | Fork). (A.16)

If o < t are bounded stopping times, i.e. if T < K a.s. for some constant K, or if
P(r < o) =1, X(0), X(r) € L'(P) and klim E [|X (k)| Liz>k} ] = O. then
—00

X(0) <E(X(v)|F5). (A.17)

Proof. Using Lemma A.16 we can approximate ¢ < t by discrete-valued stopping
times o; | o and T J T. The construction in Lemma A.16 shows that we still have

0j S Tj-

Using the discrete version of Doob’s optional sampling theorem with @ = 0; A k
and = t; A k reveals that X(o; A k), X(z; Ak) € L' (IP) and

X(o; Ak) SE[X(t; Ak) | Foynk]-
Since Fsak C Ty, ak» the tower property gives
E [X(0; Ak) | Fonr] SE[X(t; Ak) | Fon]- (A.18)
By discrete optional sampling, (X(0; A k), Fo, ak);>1 and (X (z; A k), 5trj AR)j>1 are

backwards submartingales and as such, cf. Corollary A.8, uniformly integrable. There-
fore,

a.s., L! as., L!
X(0; AK) 2255 X(o A k) and  X(z; AK) S22 X(r A k),
This shows that we have for all F € F,x

A.18

(A.18)
/X(U/\k)le: .lim/X(aj ANk)dP < _lim/X(rj/\k)d]P
F j—oo JF j—oo JF

=/ X(t Ak)dP
F

which proves (A.17).
Assume now that X (o), X(t) € L'(IP). If F € F,, then

Fn{o <k}n{oak <t} = FN{o <kinlo <t} = FN{o <kAt} € Fxnr C T,

which means that F N {0 < k} € Foax. Since 0 < 7 < oo we have by assumption

/ |X (k)| dP g[ |X(k)| dP g/ |X (k)| dP — 0.
Fn{o>k} {o>k} {r>k} k—o0



346 Appendix

Using (A.16) we get by dominated convergence

%jFX(O')d]P, k—o0 —0, k=00

/X(O/\k)d]P:/ X(aAk)dJP+/ X(k) dP
F Fn{o<k}

FNn{o>k}

g[ X(r/\k)d]P—l—/ X(k)dP
Fn{o<k} Fn{o>k}

= / X(t AK)dP + / X (k) dP
Fn{r<k} Fn{t>k}

— [ X(x) dP, k—>o0 —0, k—>o00

which is exactly (A.17). ]

A.19 Corollary. Let (X;,F;)¢>0, X; € L'(IP), be an adapted process with continuous
sample paths. The process (X, F;)t>o is a submartingale if, and only if,

E X, <E X, forall bounded F, stopping times o < t. (A.19)

Proof. It (X;,3;)s>0 is a submartingale, then (A.19) follows at once from Doob’s
optional stopping theorem. Conversely, assume that (A.19) holds true. Let s < ¢, pick
any F € Fgand set p := t1 e + s1F. Obviously, p is a bounded stopping time and if
we use (A.19) with o := pand 7 := t we see

E (X,1r) + E (X, 1r) = EX, <EX,.
Therefore,
E (X,1r) <E(X/1f) forall s<r and F €5y,
iLe Xy <E(X/|F)). O

A.20 Corollary. Let (X;,F;)i>0 be a submartingale which is uniformly integrable
and has continuous paths. If o < T are stopping times with P(t < o0) = 1, then all
assumptions of Theorem A. 18 are satisfied.

Proof. Since (X;);>o is uniformly integrable, we get
<
g}g]E [X()] < ¢ < oo.
Moreover, since X, is a submartingale, we have for all k > 0
(A.16)
E|X(oc Ak)|=2EXT(0cArk)—EX(@oArk) < 2EX1(k)—E X(0)

< 2E|X(k)| +E|X(0)| < 3c.
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By Fatou’s lemma we get

E[X(0)| < lim E[X(o A k)| < 3c,

k—o00

and, similarly, IE | X (7)| < 3c. Finally,

E[|X(0)| Lie=ry] = E [ X() | (Lie=k3ngx =&y + Lie=mngx@i<ry)]
< supE [|X(n)| Lyxen-my] + R P( > k)
unif. integrable

—— sup E [| X(n)| L x(m)|>r) ] ——— 0. L]
k—oo n R—o0

A.21 Remark.
a) If (X;, F;);>0 is a martingale, we have ‘=" in (A.16), (A.17) and (A.19).

b) Let (X;,%):>0 be a submartingale and p an F, stopping time. Then (X!, J,),
X! := X, s, is a submartingale.
Indeed: X* is obviously adapted and continuous. For any two bounded stopping
times o < t itis clear that p A 0 < p A T are bounded stopping times, too. There-
fore,

def

EX’EEX, < EX,\ £EX’,

and yet another application of Corollary A.19 shows that X* is a submartingale for
(F)ezo-

c) Note that (X, = X,y,F,4) is also a submartingale. If 0 < 7 are F,4 stopping
times, then (A.16) and (A.17) remain valid if we use Fgax)+, Fo+ €tc.

We close this section with a uniqueness result for compensators.

A.22 Proposition. Let (X, F;);>0 be a martingale with paths which are continuous
and of bounded variation on compact intervals. Then X; = Xo a.s. forallt > 0.

Proof. Without loss of generality we may assume that Xy = 0. Denote by
V: == VAR (X;[0,¢]) and <7, =inf{t >0 : V; > n}

the strong variation of (X;);>¢ and the stopping time when V; exceeds n for the first
time. Since ¢ — X, is continuous, so is t — V;, cf. Paragraph A.34 f).
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By optional stopping, Theorem A.18, we know that (X,”, Fia, )0 is, for every
n > 1, a martingale. An application of Doob’s maximal inequality yields

o] A9 . v .
E [supoxe?] € 4B 0] =B | Y (07,2 - v, )|

j=1

—1
1IN &t At

<E [V, sup \XT-” X7 |]
Tn _ rjl .
<nk s X7 X
in particular, the expectation on the left-hand side is finite. Since the paths are uni-
formly continuous on compact intervals, we find

sup }X X |—>0 almost surely.
1<jEN vt Nt No>oco

On the other hand, sup;¢j<n |X%”t — Xf%t| < VAR(X®™;[0,¢]) < V., < n,and

dominated convergence gives

Tn

rl’l 2 . rIl Tn —_—
B[ sup(?| <o Jim B[ swp |X7, = XT [] =0
Therefore, Xy = 0a.s.on [0,k At,]forallk > 1andn > 1. The claim follows since
7, 1 oo almost surely as n — oo. (|

A.23 Corollary. Let (X, F¢)¢>0 be an L?*-martingale such that both (X? — A:, F¢)1>0
and (X?— A, F,) >0 are martingales for some adapted processes (A;) >0 and (4,) >0
having continuous paths of bounded variation on compact sets and Ay = Ay = 0.
ThenP(A; = A, Vt > 0) = 1.

Proof. By assumption A,—A, = (X?—A))—(X?—A,),i.e. A—A’is amartingale with
continuous paths which are of bounded variation on compact sets. The claim follows
from Proposition A.22. ]

A.5 Remarks on Feller processes

A Markov process (X;, F;)s>0 is said to be a Feller process if the transition semi-
group (7.1) has the Feller property, i.e. P; is a strongly continuous Markov semigroup
on the space Coo(R?) = {u € C(RY) : lim|y|»o0 (x) = 0}, cf. Remark 7.4. In
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Remark 7.6 we have seen how to construct a Feller process from any given Feller
semigroup. Throughout this section we assume that the filtration is right-continuous,
i.e. ¥, = F,4 forall t > 0, and complete. Let us briefly discuss some properties of
Feller processes.

A.24 Theorem. Let (X;, F;);>0 be a Feller process. Then there exists a Feller process
(Xt) >0 whose sample paths are right-continuous with finite left limits and which has
the same finite dimensional distributions as (X;)¢>o.

Proof. See Blumenthal and Getoor [13, Theorem 1.9.4, p. 46] or Ethier and Kurtz [61,
Theorem 4.2.7 p. 169]. O

From now on we will assume that every Feller process has right-continuous paths.
A.25Theorem. Every Fellerprocess (X, F;) >0 has the strong Markov property (6.9).

Proof. The argument is similar to the proof of Theorem 6.5. Let o be a stopping time
and approximate o by the stopping times 0; := (1270 ] +1)/27, cf. Lemma A.16. Let
t>0,xeRY ucCyu(R? and F € F,,. Since {0 < oo} = {0, < oo} we find by
dominated convergence and the right-continuity of the sample paths

/ u(X;1y)dP* = lim u(Xi4q,) dP*
FNn{o<oo}

J=00 JFn{o;<oco}

= lim ¥ B [u(Xeso, Ur oo, =t/21)]
k=0
x
= 1131010 Z E* [u(X 427 F o, =k /273 ) -
k=0

By Lemma A.16, F N{o; = k/2/} € F,; using the tower and the Markov property,
we get

E* [ E (u(X 442 rnio; =k/271 | Fijai)]
=E* [1rngo, =k/273 B* (W(Xs4k/20) | Fijar) ]
=E" [ﬂFn{o,=k/2/} IE X2/ U(Xt)]

= E* [Lpngo, =k/2y EX u(X))]
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and, again by dominated convergence and the right-continuity

[ o) dPt = tim S E [l ekn B u(X0)]
FN{o<oo} f_)°°k=0

= lim [ [1rn(o<co) B u(X,)]

= E* [1rnfo<co} E* u(Xy)]. O
A.26 Theorem. Let (X;, F;);>0 be a Feller process and v, = inf{t > 0 : X, # x}
the first hitting time of the set R? \ {x). Then there exists some A(x) € [0, o0] such
that P*(t, > t) = e+,
Proof. Under IP* we have, a.s. t, > ¢ if, and only if, supy<; | X5 — x| = 0. Therefore,

P*(t, >t + ) =P* (7, > S,Sliperﬂ - X =0)
r<t
By the Markov property we find
X, —
P (rx > S, Elilt) |Xr+s - Xsl = O) = E* (ﬂ{rx>s}lp : [Eg |Xr - X0| - 0])

X.fx

E* (1, ) P~ [glilt) |X, — x| =0].
Thus, P*(z, >t +5) = P*(t, > s)P*(r, > 1). As

lim P*(z, >t —1/n) =P*(z, > 1),

n—oo

we find for all s,# > O that P* (¢, > t +s5) = P*(r, > s)P*(z, > 7). Since
s > P*(z, > s) is left-continuous and IP*(z,, > 0) = 1, this functional equation has
a unique solution of the form e*™) with some A(x) € [0, oc]. |

A.6 The Doob-Meyer decomposition

We will now show that every martingale M € J\/[ZT’C satisfies

(M? — A,,F,)<r is a martingale for some

(%)

adapted, continuous and increasing process (A4;):<7-

We begin with the uniqueness of the process A. This follows directly from Corol-
lary A.23.

A.27 Lemma. Assume that M € MzT’C and that there are two continuous and increas-
ing processes (A;) <t and (A}) <1 such that both (Mt2 —Ay)icr and (Mt2 — AT
are martingales. Then A; — Ao = A, — Ay a.s. with the same null set for all t < T.
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Let us now turn to the existence of the process A from (). The following elemen-
tary proof is due to Kunita [111, Chapter 2.2]. We consider first bounded martingales
M e MZ°.

A.28 Theorem. Let M € MZT’C such that sup; <t |M;| < & for some constant k < oo.
Let (I1,,)n>1 be any sequence of finite partitions of [0, T'] satisfying lim, . |I1,| = 0.
Then the mean-square limit

L*®)- lim > (Min, = Mg, )

tjfl,zjel'ly,

exists uniformly for all t < T and defines an increasing and continuous process
({M);)s>0 such that M* — (M) is a martingale.

The proof is based on two lemmas. Let [1 = {0 =ty < t; < --- <t, =T} be
a partition of [0, T'] and denote by M = (Mttj,rfzjm)t,,l,tjen, 0 <t <T,where
M ,tj = M, ;. Consider the martingale transform

n
NTI"—[J =M e MTI:IJ = ZMtM./‘—l(Ml/\t_/ o MMt./—l)‘
k=1
A29 Lemma. (N}, F,),<r is a continuous martingale and E[(N7*)?] < «*. More-
over,
n
M? — Mg = Z(Mt/\tj - Mt/\z.,-_l)z + ZN;U, (A.20)
j=1

and E [(Z;’Zl(M,A,_/ — My )?)?] < 16k%.

Proof. The martingale property is just Theorem 14.9 a). For the first estimate we use
Theorem 14.4

E[(N7)] = E[(M™ o M7 "= E[(M™)? o (M ™) 7]

< K> E[(M™)7] = «* B[M} — M{] < «*.
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The identity (A.20) follows from

Mt2 - M02 = Z(Mtz/\tj - Mtzl\tjfl)

j=1

n
= Z(Mt/\tj + Mint; ) (Mint; — Mag;_,)
j=1

= Z [(MtAzf - Mt/\t},-_l)z + 2Mipt;, (Mine; — Mt/\tj_l)]

j=1

n
= (Myniy — Myp, )* + 2N
j=1

From this and the first estimate we get

E [(i(Mw,- - Mm,,._l)z)z]
j=1

=B[N+ M2 - M3)*] < 8 E[(V])] + 8 < 16k*.
——
<2«k2

In the penultimate inequality we used the fact that (a + b)? < 2a? + 2b2. O

A.30 Lemma. Let (I1,),>1 be a sequence of partitions of [0, T] such that the mesh
size |[T1,| = max;,_, s,emn, (tj —t;j—1) tends to 0 as n — oo. Then

lim IE[ sup |N;["”—N}-I’"’t

m,n—>00 o<tLT

1=o.

Proof. Forany I1 = {0 = 1o < t; < -+ < t, = T} we define £ := Mini;_, if
tj—1 < u < t;. Note that for any two partitions II, IT’ and all u < T we have

II, I,
|fu t_fu t|< Sur}l)‘Aln/‘|Mt/\s_Mt/\r|-

Ir—sl<|

By the continuity of the sample paths, this quantity tends to zero as |I1|, |[IT"| — 0.
Fix two partitions IT, IT’ of the sequence (I1,),>; and denote the elements of IT by
t; and those of IT U IT’ by ug. The process fun” is constructed in such a way that

NTI:[’t =M e MTI:I’Z = Z Mint; (Mg, — Ming;_,)

ti—1,t; €Il

TIUIT ¢
= Z ul}_tl (Mipue = Mipw—,) = fn’l * My :

Ug—1,ui €IMMUIT



The Doob-Meyer decomposition 353

Thus,
NTI:[,t . N]l:[/,t — (fl'[,t _ fl'[’,t) ° MTI:[UH,J,

and we find by Doob’s maximal inequality A.10,

]

< AE[|NS = N

M,s A IT,s
E[sup [N7* = N7

]

— 4]E|:|(fl'[,t _ fl'l/,t) .MTI:[UH',I‘

]

COAB[ S (A~ A (o~ Mo )

Ug—1,ui €ITUIT

< 4IE|:52E1)_ |funjt - fun/’t|2 Z (Mz/\uk - Ml/\ukl)zi|

Ug—1,ur €ITUIT

<l )

' (]E[( Y (M, —MtAukl)z)ZDI/z_

Ug—1,ui €MTUIT

The first term tends to 0 as |I1|, |T1’| — 0 while the second factor is bounded by 4«2,
cf. Lemma A.29. (|

Proof of Theorem A.28. Let (I1,),>0 be a sequence of refining partitions such that
ITT,;| — 0and set IT := (J, 5o [y

By Lemma A .30, the limit L2-lim,,_, N;:[”” exists uniformly for all ¢ € [0, T'] and
the same is true, because of (A.20), for L?-lim,_ o Yot er, Miny — Min; ).
Therefore, there is a subsequence such that

(M), := lim Z (Mt/\tj - Mt/\tj_l)z

k—o00
tj—1,tj €My x)

exists a. s. uniformly for ¢ € [0, 7]; due to the uniform convergence, (M), is a contin-
uous process.
For s,t € II with s < ¢ there is some k > 1 such that s, ¢ € IT,). Obviously,

Yo Mony; = Mopy )P <D (Mynyy — Ming,)?

tj—1,tj €lnx) tj—1,tj €lln (k)

and, as k — oo, this inequality also holds for the limiting process (M ). Since II is
dense and ¢ — (M), continuous, we get (M ); < (M), forall s < ¢.
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From (A.20) we see that M? — Dbty eTu, Men, — Mis,_,)? is a martingale.
From Lemma 14.10 we know that the martingale property is preserved under L2 limits,
and so M2 — (M) is a martingale. O

Let us, finally, remove the assumption that M is bounded.

A.31 Theorem (Doob—Meyer decomposition. Meyer 1962, 1963). For all square inte-
grable martingales M € MZT’C there exists a unique adapted, continuous and increasing
process ((M);):<r such that M? — (M) is a martingale and (M )¢ =

If (I1)n>1 is any refining sequence of partitions of [0, T] with |I1,,| — 0, then (M)
is given by

<M)l = nILHOIO Z (Mt/\tj - Ml/\lj_l)z
tj—1,t; €y

where the limit is uniform (on compact t-sets) in probability.

Proof. Define a sequence of stopping times 7, := inf{t < T : |M;| > n},n > 1,

(inf @ = o0). Clearly, lim, 00 7, = 00, M ™ € MzT’c and |M, "| <mforallt € [0,T].
Since for any partition IT of [0, T] and all m < n

2 2
tll rn — TITI Tm
Z (Mt/\r N Mt/\r At ) - Z (M”\’i - M”\ti—l) ’
m/\Lj m/A\Lj—1 ?
tj—1,tj €Il tj—1,tj €1

the following process is well-defined
(M) (@) := (M™);(w) forall (w,?7) : t <7, (W)AT

and we find that (M), is continuous and (M);" = (M™),.
Using Fatou’s lemma, the fact that (M ™)? — (M ™) is a martingale, and Doob’s
maximal inequality A.10, we have

E((M)r) =E( lim (M)7) < lim E((M%)7) = lim E ((M}")? - M3)

n—>o0 n—o0 n—o0
<E ( su MZ)
= zg? !

< 4E(M7).

Therefore, (M )7 € L' (IP). Moreover,

ﬂ{t>rn}) ]E ((M>T]]'{T>Tn})

E (sup [(M), — (M5),]) = E (sup | (M), — M),
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which shows, by the dominated convergence theorem, that L'-lim, o (M);" = (M),

uniformly for ¢ € [0, T']. Similarly,
]E (zsg?(Mt - MZT”)Z) = ]E (tsgg(Mt - MTM)Z]l{t>Tn}) < 41E (leglII)" Ml?ﬂ{T>le})'

Since, by Doob’s maximal inequality, sup;<7 M? € L', we can use dominated con-

vergence to see that L!-lim,_, o, (M,")? = M? uniformly for all # € [0, T.
Since L!-convergence preserves the martingale property, M2 —(M ) is a martingale.

Using that (M), = (M);" = (M™), for t < t,,, we find for every € > 0

(ol 5 ]

|t€H

gﬂj(?g?‘u‘dtﬂ Z (Mt/\t - t/\t )

>e, T < )+]I’(T>r)

_1,t; €Il
2
E_IE(K Z (Mt/\t,_ t/\tj 1) )+]P(T>rn)
tj— 1,[161_[
Thm. A.28 ]P (T - ‘[n) 0
[TT|—0 n—00

A.32 Corollary. Let (M,,F;);>0 C L*(IP) be a continuous martingale with respect
to a right-continuous filtration. Then M. and the quadratic variation (M). are, with
probability one, constant on the same t-intervals.

Proof. Fix T > 0. We have to show that there is a set Q* C 2 such that P(Q*) =1
and for all [a,b] C [0, T] and w € Q*

M;(w) = My(w) forallt € [a,b] < (M);(w) = (M),(w) forallt € [a, b].

“=": By Theorem A.31 there is a set Q' C 2 of full IP-measure and a sequence of
partitions (I1,),>1 of [0, T'] such that lim,, . |I1,| = 0 and
(M)i(@) = Tim " (Myn(@) = My ne(@)* 0 €,

ti—1,tj €ll,

If M. is constant on [a, b] C [0, T'], we see that for all t € [a, b]

(M) (@) ~(M)a(@) = lim 3 (Mya(@)=My (@) =0 @€

tj—1,tj €yNa,b]

“<=": Let Q' be as above. The idea is to show that for every rational ¢ € [0, T'| there
isaset 2, C Q' with[P(2,) = I and such thatforevery w € @, a (M ).(w)-constancy
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interval of the form [q, ] is also an interval of constancy for M.(w). Then the claim
follows for the set 2 = (1), cqno.7] $q-

The shifted process Ny := M;+,—M,,0 <t < T—gq is acontinuous L? martingale
for the filtration (F;44)qe[0,7—q]; moreover, (N), = (M )44 — (M ),.

Set t = inf{s > 0 : (N); > 0}, note that 7 is a stopping time (since {N ) has con-
tinuous paths), and consider the stopped processes (N¥); = (N)iar and Nf = Nyaz.

By definition, (N%); = 0 a.s., hence (M*);, = (M), almost surely. Since
E(N2,) = E(N®), = 0, we conclude that Myx;+q — My = NF = 0Oa.s., i.e. there
is a set 2, of full measure such that for every w € 2, every interval of constancy
[¢,b] of (M). is also an interval of constancy for M.. On the other hand, the direction
“=" shows that a constancy interval of M. cannot be longer than that of (M )., hence
they coincide. (|

A.7 BYV functions and Riemann-Stieltjes integrals

Here we collect some material on functions of bounded variation, BV-functions for
short, and Riemann—Stieltjes integrals. Our main references are Hewitt & Stromberg
[77, Chapters V.8, V.9, V.17], Kestelman [101, Chapter XI], Rudin [163, Chapter 6]
and Riesz & Sz.-Nagy [159, Chapters 1.4-9, 111.49-60].

A.7.1 Functions of bounded variation

Let f : [a,b] > RbeafunctionandletIl = {t =a <t; <---<t, =b}bea
finite partition of the interval [a, b] C R. By |I1| := maxi<;j<x(f; — tj—1) we denote
the fineness or mesh of T1. We call

n
SU(filabl) = Y 1S = fG-Dl =Y 1f@) = fG-0)l (A21)
1 tj—1€0 j=1
the variation sum. The supremum of the variation sums over all finite partitions
VAR (f;][a,b]) := sup {S[}_I (f;t) : I finite partition of [a, b]} € [0,00] (A.22)
is the strong variation or total variation.
A.33 Definition. A function f : [a,b] — R is said to be of bounded variation (also:

finite variation) if VAR, (f'; [a, b]) < co. We denote by BV[a, b] the set of all func-
tions f : [a,b] = R of bounded variation; if the domain is clear, we just write BV.

Let us collect a few properties of functions of bounded variation.
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A.34 Properties of BV-functions. Let f, g : [a, b] — R be real functions.

a) If f is monotone, then f € BV and VAR (f;[a,b]) = | f(D) — f(a)l;

b) If ' € BV, then supsejq.p) | f ()| < o0;

c) If f,geBV,then f - g, f - gand f/(|g| + €), € > 0, are of bounded variation;

d) Leta < ¢ < b. Then VAR (f;[a,b]) = VAR (f;[a.c]) + VAR (f;][c,b]) in
[0, oo];

e) f € BVif, and only if, there exist two increasing functions ¢, ¥ : [a, b] — R such
that f = ¢ — .
In particular, f € BVJa, b] has forevery ¢ € (a, b) finite left- and right-hand limits
f(¢£), and the number of discontinuities is at most countable.

f) If f € BV is continuous at #y, then ¢t — VAR ( f’; [a, t]) is continuous at ¢ = y;

g) Every f € BV has a decomposition f(¢) = f.(t) + fs(t) where f, € BVNC and
fs@) = 345 [ f(s+) — f(s—)] are uniquely determined;

h) Every f € BV has Lebesgue almost everywhere a finite derivative.

A.7.2 The Riemann-Stieltjes Integral

The Riemann—Stieltjes integral is a generalization of the classical Riemann integral.
It was introduced by T.J. Stieltjes in his memoir [174, in particular: pp. 69—76] on
continued fractions and the general moment problem. While Stieltjes considers only
positive integrators (‘mass distributions’), it is F. Riesz [157] who remarked that one
can consider integrators from BV.

Let f,a : [a,b] > RandletIl ={tp =a <t; <--- <t, = b} be a partition of
the interval [a, b] C R with mesh |I1|; moreover, & JH denotes an arbitrary point from
the partition interval [¢t;,¢j 1], j =0,...,n — L.

A.35 Definition. Let« : [a, b] — R. A function f : [a, b] — R is called (Riemann—
Stieltjes) integrable if the Stieltjes sums

ST(fra):= Y FEL@) —alt-1) (A23)
tjtj—1€Il
converge, independently of the choice of the points & jn €fti.tjt1l. tj. tjy1 €I, toa
finite limit as [I1| — 0. The common value is called the Riemann—Stieltjes integral of
f, and we write

b
[ fdayi= tm 3 @) -awo). a2

tj,tj_IEH

With a(t) = t we get the Riemann integral as a special case. Let us briefly collect
the main features of the Riemann—Stieltjes integral.
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A.36 Properties of the Riemann-Stieltjes integral. Let f,« : [¢,b] — R be real
functions and a < ¢ < b.

a) (fia) — fab f(t) da(t) is bilinear;

b) If fab f(t) da(r) exists, so does fcd f(@)da(t) foralla < c <d < b;

o [y fO)da(t) = [; f(O)da(t) + [ £(1) da(0);

d) | f; f(6)da()] <[ flloo - VAR (@ [a, b]);

e) If f is piecewise continuous, @ € BV[a, b] and @ and f have no common discon-
tinuities, then f is Riemann-Stieltjes integrable;

f) If f is Riemann—Stieltjes integrable, then f and o cannot have common disconti-
nuities;

g) If f is Riemann integrable and if « is absolutely continuous, then f is Riemann—
Stieltjes integrable and fab f@)da(t) = fab f()a'(2) dt;

h) If f is Riemann-Stieltjes integrable, then x +> fax f(t)da(t) is continuous at
continuity points of o;

i) If « is right-continuous and increasing, then uq(s,?] := a(f) — a(s) defines a
positive measure on B[a, b] and fab f@)dat) = [, @) paldr);

The property A.36 1) implies that we can embed the Riemann—Stieltjes integral into
the Lebesgue theory if « € BV is right-continuous. Observe that in this case we can
make sure that « = ¢ —  for right-continuous increasing functions ¢, y. Then,
Mo i= Ly — My is a signed measure on Bla, b] with pg, Ly as in A.361). The integral
f( .b] f(s) e (ds) is sometimes called the Lebesgue-Stieltjes integral.

The integration by parts formula and the chain rule for Riemann—Stieltjes integrals
are particularly simple. The chain rule is the deterministic counterpart of 1t6’s lemma.

A.37 Theorem (Integration by parts). Let «, f : [a,b] —> R. If fab f(t)da(t) exists,
so does fab a(t) df(t); in this case

b b
JfB)a(b) — fla)a(a) =/ f(l)da(t)+/ a(t) df(t).

A.38 Theorem (Chain rule). Let o € C[0, T] be increasing and f € C'[a(0), a(T)].
Then

alt)

f(a@) = f(a(0) =/0 f'(a(s)) da(s) = ) f'(x)dx forall t <T.

(0

Alternatively, if B is strictly increasing and g € Cla, b], then

b B(b)
/g(s)dﬂ(s)=[ g(B71(x)) dx.

B(a)
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The property A.36 d) implies that A[ /] := fab f(t)da(t),x € BV, is a continuous
linear form on the Banach space (Cla, b], || - ||oo)- In the already mentioned note [157]
F. Riesz showed that all continuous linear forms are of this type.

A.39 Theorem (Riesz representation theorem). Let A : Cla, b] — R be a continuous
linear form, i.e. a liner map satisfying |A[f]| < call floo- Then there is a function

a € BV|a, b], depending only on A, such that A[ f] = fab f@)da(r).

In fact, it is not even necessary to assume that the linear form is continuous. As soon
as f — fab f(t)dal(t) is finite for every f € C[a, b], then « is necessarily of bounded
variation. For this we need

A.40 Theorem (Banach—Steinhaus theorem). Let (X, || - ||x), (Y, || - [|lv) be two Banach
spaces and S™ 1 X — Y be a family of linear maps indexed by TI. Then

st <00, Vx €X, implies that st < 0.
sup [ ST [x]lly < oo, Vx implies that sup = sup 87Xy < oo
N ————

operator norm || sn lx—y

A.41Corollary. Leta : [a,b] - R IFA[f] := fab f(t) da(t) exists for all continuous
Sunctions f € Cla, b], then « € BV|a, b].

Proof. We apply Theorem A.40 to
(G- [lx) = (Cla, ], || - lloo) and (Y. - lly) = (R, | - )
and ST[f]:= Y, en S(t-)(@(t;) — a(tj—1)) where
M={ty=a<t <<ty =b}

is a partition of [a, b].
For the saw-tooth function

fals) = sgn(a(ty) —a(ti—1), ifs=t_1,j=1,...,n,
piecewise linear, at all other points,

we find

SUfal= Y leG) -0l < sup |STLA].

<1
e 1f e <
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By assumption limr—o ST[f] = fab f(t)da(t) < oo for all f € Cla,b]. Thus,
supr \Sn[ f ]| < o0 and, by the Banach—Steinhaus theorem,

VAR [a,b]) = sup ST <sup su s < 0. O
(f:ab]) = sup S ) < supsup_ [ST[/]

A.42 Remark. Corollary A.41 shows that the stochastic integral f(; f(s) dBg(w) can-
not be defined for every w € €2 as a Riemann-Stieltjes integral, if the class of admis-
sible integrands contains all (non-random!) continuous functions f. Since for contin-

uous integrands the Riemann—Stieltjes and the Lebesgue-Stieltjes integrals coincide,
it is also not possible to use a Lebesgue-Stieltjes approach.

A.8 Some tools from analysis
A.8.1 Gronwall’s lemma

Gronwall’s lemma is a well-known result from ordinary differential equations. It is
often used to get uniqueness of the solutions of certain ODEs.

A.43 Theorem (Gronwall’s lemma). Let u,a,b : [0,00) — [0, 00) be positive mea-
surable functions satisfying the inequality

u(t) <a(t)+ /t b(s)u(s)ds forall t > 0. (A.25)
0

Then
u(t) <a(t)+ /t a(s)b(s) exp (/t b(r) a’r)ds forall t > 0. (A.26)

0
If a(t) = a and b(¢) = b are constants, the estimate (A.26) simplifies and reads

u(t) < ae® forall t > 0. (A.26)

Proof. Set y(t) = fé b(s)u(s)ds. Since this is the primitive of b(¢)u(t) we can
rewrite (A.25) for Lebesgue almost all # > 0 as

Y'(@) =b(0)y () < a@)b). (A.27)
If weset z(t) := y(t) exp ( — fot b(s) ds) and substitute this into (A.27), we arrive at
t
Z'(t) < a()b(t)exp ( - / b(s) ds)
0

Lebesgue almost everywhere. On the other hand, z(0) = y(0) = 0, hence we get by
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integration .
z(t) < [ a(s)b(s)exp ( —/ b(r) dr) ds

0 0

or
t t
y() < / a(s)b(s) exp (/ b(r) dr) ds
0 s

for all ¢+ > 0. This implies (A.26) since u(t) < a(z) + y(t). O

A.8.2 Completeness of the Haar functions

Denote by (H,)»>0 the Haar functions introduced in Paragraph 3.2. We will show here
that they are a complete orthonormal system in L2([0, 1], ds), hence a orthonormal
basis. For some background on Hilbert spaces and orthonormal bases see, e. g. [169,
Chapters 21, 22].

A.44 Theorem. The Haar functions are a complete orthonormal basis of L*([0, 1], ds).

Proof. We show that any f € L with (f, Hy)p> = [y f(s)Hu(s)ds = 0 for all
n > 0is Lebesgue almost everywhere zero. Indeed, if ( f, H,);> = O foralln > 0 we
find by induction that

(k+1)/27/ '
f f(s)ds=0 foral k=0,1,...,27 =1, j >0. (A.28)
k/2/

Let us quickly verify the induction step. Assume that (A.28) is true for some j; fix
k €{0.1,...27 — 1}. The interval I = [ £, ££1) supports the Haar function Hy/ 44,

27 27
and on the left half of the interval, I; = [2"—,, 2215111 ), it has the value 2//2, on the right
half, I, = [Z£}, £H1), it is —27/2. By assumption

(f, Hyiqg)r2 =0, thus, f(s) ds=/ f(s)ds.
I I

From the induction assumption (A.28) we know, however, that

f(s)ds =0, thus, /I f(s)ds = —/I f(s)ds.

LUl

This is only possible if -fll f(s)ds = f12 f(s)ds = 0. Since I, I, are generic intervals
of the next refinement, the induction is complete.

Because of (A.28) the primitive F(¢) := fot f(s)dsiszeroforallt = k277, j >0,
k =0,1,...,27 ; since the dyadic numbers are dense in [0, 1] and since F(t) is con-
tinuous, we see that F'(¢) = 0 and, therefore, f = 0 almost everywhere. O
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A.8.3 A multinomial identity

The following non-standard binomial identity is useful in Lévy’s characterization of
Brownian motion, cf. Lemma 9.10 and Theorem 9.12.

Ad5Lemma. Letn > landay,...,a, € R. Then

(Ta) +35a-4(Za )(Za)+2 2T

J J J (k):j<k
2 2
=oY@ Y a) v T X )
J kik#j G.k):j<k
Proof. Expanding the term on the left we find

(Zza]ak)

(k) j<k

:jza;(z

kik#j

ak)2 — ZZ afa,% +6 ZZZZ ajaaiam,

(J.k):j<k .k, l,m):j<k<l<m

A B

Note that A contains all terms of the form a%bc, ab?c,abc? which appear twice and
a*b? which appear only once. (Here and in the sequel the letters a, b, ¢, d stand for
mutually distinct elements.) Since the first term of A contains a?h? + b%a?, i.e. with
double multiplicity, we have to subtract one set of a?h? terms. In B we collect all
terms of the form abcd arise in (2‘}2) = 6 ways as product of two pairs. This explains
the multiplicity 6.

Again by expanding we get

(Z a,-)4 =-3Y al+ 4(2 a;) (Z ak) (A.29)

J J J k
+6 Z Z Z a]gakal +3 Z Z ajza,% (A.30)
Jo R D):k#ELk#EjIF#] J kik#j

+24 333N ajaearan. (A.31)

(.k,I,m):j<k<l<m

In the first line we collect all terms of the form a* and a®b which occur (}) and (3 1)
times, respectively. The second line contains all terms of the form a?bc, ab?c, abe?

which have multiplicity (2 1.1) = 12 and @*>b* which have multiplicity (2‘}2) = 6.
Since the sums do not dlstmgulsh between ab and ba, we get the coefficients 6 and 3.
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Finally, line three contains all terms of the form abcd, each of which arises in exactly

(1 L1, ) = 24 ways.
Since the sum in (A.31) is just 4B, with B from the beginning of the proof, we see

(To) =T d+4(Xat)(Za)

J J J k

+6{Za (= )Ty aga;}HZ Y la?

k:k#j J kik#j J kik#j
2
il (ZEaa) -Ta( X o) + X3 a4
(k) j<k kik#j (k) j<k
==Xl E0) (3 ak)—zzza
j (k) j<k
+zza3( ak) +4(Zza,ak). 0
j k:k#j (.k):j<k
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