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PROPERTIES OF TRIANGLES

A Help Guide By OP Gupta (Indira Award Winner)

QO01. Ina triangle ABC, ifa =18, b =24 and ¢ = 30, find cos A, cos B and cos C.
Sol. Wehavea=18,b=24 and c =30
2, .2 2 2 2 1q2
'.'cosA=b+#:>cosA=24 30718 =i
2bc 2x24x30 5

Similarly, cos B =% and cosC=0.

Q02. Ina AABC, ifa=18,b=24 and ¢ = 30, find sin A, sin B and sin C.
Sol. Wehavea=18,b=24 and c =30
sinA sinB sinC sinA sinB sinC
° = = - = = = k (Say)
a b c 18 24 30
= sin A =18k, sin B =24k and sinC =30k .

Since 30° = 18% + 24° that means AABC is a right angled triangle such that £C=90°,
which is the angle opposite to the biggest side c.
. sinC=sin90° =30k =1=30k = k :%
So, sin A =18xi=§, sinB = 24><i =ﬂ 5
30 5 30 5

cos( - j
Q03. For any triangle ABC, prove that Sa = 2 .

y sin g
2,

Sol.  See Q17 (e).

A-B
| , 95"
Q04. For any triangle ABC, prove that = .

* CcoS —
2
Sol. LHS:a—bzksmA.—ksmB [By Sine rule
c ksinC
) A+B . A-B
_sind-sinB cos 2 st 2
sinC sinC
2cos(90°—§jsinA;B singsinA_B
p _ 2 2 .. —1R0°
= = —C C B c [*A+B+C=180
2sin—cos — SIn — COS —
2 2 2 2
.(A—Bj
sin 5
= =—C=RHS.
coS —

CoOS—.

: - - A
QO0S. For any triangle ABC, prove that sm(B Cj = b-c

a
Sol.  See Q17 (h).
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Q06.

Sol.

QO07.

Sol.

QO08.

Sol.

Q09.

Sol.

Q1o0.

Sol.

Qll.

Sol.

QI12.

Sol.

Q13.

Sol.

Ql4.

Sol.

For any triangle ABC, prove that a (b cosC —ccosB) =b> —c*.
See Q17 (o).

For any triangle ABC, prove that a(cosC —cosB) =2(b— c)coszg :
See Q17 (j).
b*—c* sin(B-C)

For any triangle ABC, prove that = .
Y 8 P a’ sin(B+C)

See Q17 (f).

For any triangle ABC, prove that (b +c)cos B+C B-C

=d _—

A
LHS : (b+c)cosB+C:acos :>(b+c)cos(g—5j:acos [A+B+C=n

= acos(B_Cj :(b+c)sin§. Now see Q17 (k).

For any triangle ABC, prove that acos 4+ bcos B+ccosC =2asin BsinC .
LHS : acosA+bcosB+ccosC
=ksin Acos A+ ksin Bcos B+ ksin CcosC [By Sine rule

=§(2sinAcosA+2sinBcosB+2sinCcosC)
k., . ) )
=E(sm2A+sm2B+sm2C)

=§(2sin(A+B) cos(4—B)+2sinCcosC)

=k (sin(m—C)cos(4— B)+sinCcosC)

= ksin C(cos(4 —B) +cos[z — (A + B)])

= ksin C(cos(4 — B) —cos(4+ B))

= ksin C(~2sin Asin(-B))

=2(ksin A)sin Bsin C

=2asin Bsin C = RHS.

cos 4 L CosB cosC _ a’*+b*+c’
a b c 2abc

For any triangle ABC, prove that

See Q17 (p).
For any triangle ABC, prove that (b2 —cz)cotA + (c2 —az)cotB +(a2 —bz)cotC =0.

See Q17 (v).
22 2 2 2 72
b —c sin2A+C a sin2B+a zb

sin2C =0.
a’ b? c

For any triangle ABC, prove that

See Q17 (s).
A tree stands vertically on a hill side which makes an angle of 15° with the horizontal. From
a point on the ground 35m down hill from the base of the tree, the angle of elevation of the

top of the tree is 60° . Find the height of the tree.
Let PQ = h (in metres) be the tree on the hill QR.
In triangle AQR,

@=Sin15° = OR =35sin15°
AQ

and, AR = AQcos15° =35cos15°.
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In triangle APR,

PR
2 tan60° = PR =+/34R
AR

= PQ+QR=+/3(35c0s15°)

= h+35sin15° =\/§(35008150)

=h :35(\/§c0515° —sinlS")

= h= 35(J§ cos[45° —30°] —sin[45° —30°])

:>h=35(\/§x@—ﬁj

W2 22
B 3433 +1
= h=35J2.

Hence the height of the tree is 35\2m.

P

Q15. Two ships leave a port at the same time. One goes 24kmph in the direction N45° E and other
goes 32kmph in the direction S75°E. Find the distance between the ships at the end of

3hours.

Sol.  Let two ships A and B start from the port O with speed 24kmph and 32kmph in the direction

of OA and OB respectively.
When OA =N45°E and OB = S75°E.

ZAOB = ZAOE + ZEOB =45° +15° = 60°.
The distance raveled by ship A in 3 hours

= =3x24 =72km = 0OA 0
The distance raveled by ship B in 3 hours

= 3x32 =96km = OB .9

ALN

¥ H

OA2 +OB2 —AB2 W 75
2.0A.0B

72% +96° — AB?
2x72%x96

— AB=86.5km. vS

In AOAB, cosO =

= ¢c0s60° =

Q16. Two trees A and B are on the same side of a river. From a point C in the river, the distance
between the trees A and B is 250m and 300m respectively. If the angle C is 45°, find the

distance between the trees. [ Use ﬁ =1.414].

Sol.  Asshown in the figure, A and B are the trees and
C is the point in the river.

So AC=250m, BC =300mand £C =45,
BC®+ CA’ - AB’
2.BC.CA
300° +250° —¢’
2x300x250

= 300° +250° —¢? = 2X200x 230

V2
= ¢ =215.49m
.. The distance between the two tress is 215.5m (Approx.)

In AABC, cosC=

= cos45° =

B
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Q17. Inany AABC, prove that :
a’—c* sin(4-C
(@) —5—=— ( )
b sin(4+C)

(c) asin A—bsinB =csin(A—-B)

k) a COS(B

(m) (a —b)2 cos’

(0) a(b cosC—ccosB)=b*—c

(@ a’=(b +c)2 —4bc coszg

(b) b cosB+c cosC=a cos(B-C)

a*+b* 1+cos(4—B)cosC
at+cd 1+cos(A—C)cosB

(d)

b*—c* sin(B-C)
@ a’ _sin(B+C)

COS—
a

(h) sin(B_Cj:b_c A

(j) a(cosC—cosB) = 2(b—c)coszg

Q)] 2(bcoszg+ccoszgj=a+b+c

c—bcosd cosB

(n)

b—ccosAd cosC
cos A A cos B +cosC _ad+b+c

®) a b c 2abc

(r) (b—c) cot§+ (c —a)cotgnt(a —b)cot% =0

(s)

b —c* . -a’
sin2 A4+
a’ b?

a . a
sin2B +

5 sin2C =0

(t) a(sinB —sinC) +b(sinC —sin A) + c(sin A—sin B) =0
(u) 2(bc cos A+ ca cosB+ab cosC)=a’ +b* + ¢
%) (b2 —cz)cotAH(c2 —czz)co‘tl9+(cz2 —bz)cotC =0

Solution :

2_¢* k’sin*A-k*sin*C

a
a) LHS : =
@) b* k*sin’ B
sin® A —sin’ C
= B - .=
sin” B
_ sin(A -C)sin(A +C)
sin’(A+C)

[By Sine rule

_sin(A -C)sin(A +C)
~ sin’[n—(A+0)]
_sin(A-C) _
sin(A+C)

(b) LHS : b cosB+c cosC = ksinBcosB+ksinCcosC  [By Sine rule

= :§[2sinBcosB+2sinCcosC]

= =—
2 2

k[ . 2B+2C 2B-2C
2sin cos

= =§[sin2B+sin2C]

} = = k[sin(B+C)cos(B—C)]
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= = k[sin(n — A)cos(B—C)] = = ksin Acos(B—C)

= =acos(B—C)=RHS.

(c) LHS : asinA —bsinB=ksinAsin A —ksinBsinB [By Sine rule
= = k[sin® A —sin’ B] = = k[sin(A + B)sin(A — B)]
= = ksin(nt — C)sin(A — B) = = ksinCsin(A — B)

= =csin(A - B) = RHS.

1+cos(A—-B)cosC _1+cos(A—B)cos(n—(A+B))

d) RHS : =
@ 1+cos(A—C)cosB 1+cos(A—C)cos(n—(A+C))
. _1-cos(A-B)cos(A+B) _ 1-[cos® A —sin’ B]
1—cos(A—C)cos(A+C) 1—-[cos> A —sin’C]
1—cos® A +sin’* B sin’ A +sin’ B
= = > — = DTS RERNRT |
I—cos” A +sin“C sin"A+sin” C
k*sin® A + k*sin’ B
= = Multiplying Nr & Dr by &*
k*sin® A + k* sin> C [ piyime 4
2 2
_9 D s,
a +c
(¢) LHS : a+b =ksmA'+ksmB [By Sine rule
ksinC
2 A+B A-B
k[sin A +sin B] st 2 ‘Y 2
- ° i i C_C
ksinC 2sin—cos —
2 2
Sln(n—CjCOSA_B cosgcosA_B
N 2 9 _ 2 2
B C . C ¢
sin — Ccos— sin —cos —
2 2
A-B
cos
= = 2 __RHS.
sin—
b*—c*  k*sin’ B=k*sin’C
LHS : = By Sine rule
® a’ k*sin* A [By
\ B k*[sin* B—sin’ C] _sin(B+C)sin(B-C)
k’sin® A sin’[n —(B+C)]
_ sm(B.+2C) sin(B—C) _ s%n(B—C) _ RHS
sin“(B+C) sin(B+C)
(2) LHS : a—-b ksinA-ksinB
8 "a+b ksinA+ksinB
) A+B . A-B
_sinA-sinB ~ cos 7 sin 5
sinA +sin B 2sinA+BcosA_B
2 2
tan(A_Bj
= :cotA;BtanA;B :—2:RHS.

( j
tan
2
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b—c A ksinB—ksinC A
CoS— =

(h) RHS : - cos—
2 ksin A 2
) B+C . B-C
sinB—-sinC A cos 2 Sin 2 A
=——C0S— = = X cos—
sin A 2 2sin—cos— 2
2 2
cos(n—AjsinB_C sinésinB_C
N _ 2 2 2 N _ 2 2
h . A - )
Sin — sin—
2 2
= =sinB_C=LHS.
. A B . B A
sin~—Ccos — +sin—Ccos —
2 2 2 2
A B A B
tanz + tanz COSECOSE
() RHS - —& B .A B .B A
tan——tan— SIn—COS— —SIN—COS —
2 2 2 2 2
A B
COS —COS —
2 2
. (A B
SinéCOSE-i‘SiHECOSé sm(+j
R ) 22 N - \2 2
. A B . B A . (A B
sin—cos — —sin—CcoS— sin| —— —
2 2 2 y. 2% )
sin LS cosg
. (A— j . (A—Bj
sin sin
2 2
25 C C
SlnECOSE SinC
= = = =
.C.(A-B .(n A+B). (A-B
2sin —sin 2sin| —— sin
2 2 2 2 2
= = sinC = —Si;C
(A+B) , (A—Bj sin A —sin B
2cos sin
2 2
ksinC )
= = Multiply Nr & Dr by k&
ksinA —ksinB [ P Y
-~ =-< _1mHs.
a_
(j) LHS : a(cosC—cosB) = ksin A (cosC—cosB)
= =ksin A —2sinC+BsinC_B
2 2
= =k 2sinécosé -2sin E—é sinC_B
2 2 2 2 2
= =2k —2sinécosécosésinC_B
2 2 2 2
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+ —_
= :2kcos2é —2sin T _C+B sinC B
2 2 2 2
A +B . -B
= = —2kcos’ — 2cosC smC
2 2 2
LA, .
= =2k cos E(smC—smB)
LA, .
= =2cos E(ksmB—ksmC)
A
= =2(b—c)cos ?=RHS.

(k) RHS: (b+ c)sin% = (ksin B+ ksin C)sin%

= =k(sinB+sinC)sin%
. B+C B-C). A
= =k| 2sin cos sin—
2 2 2
B-C .(m AY. A
= =kcos 2sin| ——— |sin—
2 2 2 2
= :kcosB_C 2cosésiné
2 2 2
= =kcos [smA]
= =[ksinA]cosB_C
= =acos—— = LHS.

() LHS: 2 bcos2£+ccos2E =b 200529 +c 2cosZE
2 2 2 2

= =b(1+cosC)+c(1+cosB)

= =b+bcosC+c+ccosB

= =b+c+bcosC+ccosB [By Projection formula, a =bcosC +ccosB
= =a+b+c=RHS.

(m) LHS : (a —b)2 cos’ % +(a+ b)2 sinzg

= =azcoszg+b2 coszg—2abcoszgntczzsinzg+bzsin2£+2absinZE
2 2 2 2 2 2
= =a’ coszgntsinZE +b* cos2£+sinZE —2ab coszE—sinzg
2 2 2 2 2 2
= =a*(1)+b*(1)—2abcosC
= =¢? =RHS.

c—bcosA acosB+bcosA—bcosA
b—ccosA ccosA+acosC—ccosA

(n) LHS : [By Projection formulae

_acosB _cosB

— = RHS.

acosC  cosC
(0) LHS : a(b cosC—ccosB) =ab cosC—accosB
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a’+b*=c* a+c* b
= =agb| ——— |—ac | ———
2ab 2ac

_az%rbz—c2 a’*+c’-b’

=
2 2
a+b = dP+ct—b
= = -
2 2
a+b - —a’ -+ b
- =
2
L =)
2
= =(b* —c*)=RHS.
2 2_ 2 2 2_ 2 5 2_ 2
(p) LHS : cosA+cosB+cosC=l ¢ +b —a +l a +c -b +l a +b" —c
a b c a 2bc b 2ac c 2ab
_cz+bz—az+az+cz—b2 a*+b*=c*
2abc 2abc 2abc
_cz+bz—az+az+cz—bz+az+bz—c2
2abc
=a2+b2+02=RHS'
2abc
2 zA 2 2 2A
(Q RHS : (b+c)” —4bc cos EZb +c” +2bc—4bc cos B
A
= =b2+cz—2bc(20052?—1)
= =b>+c* —2bccos A
= =q’ =LHS.
: A ) . A
(r) Consider, (b-c) cot; =(ksinB —ksmC)cotE
B . B- A [  B-
= =k| 2cos +Csm % cot— = =k| 2cos E—é smB ¢ co‘[é
2 2 2 | 2 2 2 2
cosA r
r s N _
= =k 2sinésinB L 2 = =k 2sinB Ccos E—B+C
2 ) A 2 2 2
L sin— L
= =k| 2sin E—g sin E+g = =—k| —2sin E—g sin E+g
| 2 2 2 2 2 2 2 2
B C C B
= =—k| cos——cos— = =k| cos——cos—
2 2 2 2

So, (b—c)cotézk cosg—cosE ...(0)
2 2 2
Similarly (c —a)cot% = k[cos% —cos%} ...(ii)

And, (a-b) co‘[E =k [cosE - cosé} ...(iii)
2 2 2

Now adding (i), (i1) & (iii), we get :
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(b-c) coté+(c —a)cotE+ (a —b)cotE = k[cosg— COSE} +k[cosé—cos£}
2 2 2 2 2 2 2

B A
+k| cos— —cos—
2 2

C B A C B A
= =k| cOS— — cOS— + COS— — COS— + COS— — COS—
[ 2 2 2 2}
. (b—c)cot%+(c—a)cot§+(a—b)cot§=0. Hence Proved.
2 2 2 2
(s) Consider, b—csin2A= b —c [2sin AcosA]
2 2
a a
2 2 2, 2 2
N =2(ak)(b 2c j[b +c —a j
a 2bc
N _ i (B> =) (P> +c*)—a’b* +a’c?
2abc
2 2 4 4 230 22
e = Gnoa =y Lo ra e )G
2 2ab
a abc

2 2 4 4 232 2302
Similarly, <% sin2B= k| =4 —CO ¥a b}
b 2abc

2 g2 4 g4 2 2 232
And, ©o8 ginac =i L0 ZC@RED
c 2abc

Now adding (i), (i1) & (iii), we get :

2 2 2 2 232 44 272 2.2
b 26’ sin2A + > sin2B + A sin2C=k Qe —ab +ac
a b C 2abc
-~ ¢t —a' = + a*b? ok at —b* —c*a* + *b?
2abc 2abc
= = k [b4—c4—a2b2+a202+c4—a4—czb2+a2b2+a4—b4—cza2+czb2}
2abc
k
- — =
2abc[ ]
2_ 2 2_ 2 2_ 2
b < sin2A+ - bf‘ sin2B+ 2 zb sin2C=0. Hence Proved.
a c
(t) LHS : a(sinB—-sinC) + b(sinC —sin A) + ¢(sin A — sin B)
= =asinB—asinC+bsinC—-bsinA +csinA —csinB
= =ksinAsinB—-ksinAsinC+ksinBsinC —ksin Bsin A + ksinCsin A —ksinCsin B
= =0=RHS.

(u) LHS : 2(bc cos A +ca cosB+ab cosC)

b+t —d? at+ct-b b +a* —c?
= =2| bc +ca +ab| ———
2bc 2ac 2ba
= =+ —-ad*+a’+-b+b*+a’ -
=  =da’+b’+c’ =RHS.

(v) Consider, (b2 —cz)cotA = (b2 - cz)

COsA
sin A
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2, 2 2
N =(bz_cz)i b+e-a
ka 2bc

4 4 232 22
i.e.,(bz—cz)cotA=b ¢ abtac )
2kabc
St b ah?
Similarly, (¢* —a* cotB=C i . (1
Y ( ) 2kabc ()

4 34 2 2 232
And, (a*~b*)cotC =2 b 21:; DG
aoc

Now adding (i), (i1) & (iii), we get :

b —ct —a’bh* +a’c?

(b2 —cz)cotA+(c2 —az)cotB+(a2 —bz)cotC=

2kabc
ct—a* - b +a’h’ i a*—=b*—c*a’* + b’
2kabc 2kabc
- _ b —ct—a’b’ +a’c’ +c' —at - b +a’h’ +at - bt - cfa’ + b
2kabc

0

~ 2kabe
(b2 —cz)cotA+ (c2 —az)cotB+(a2 —bz)cotC =0. Hence Proved.

+¢ Dear Student,

| would urge you for a little favour. Please notify me about any error(s) you notice in this (or
other Maths) work. It would be beneficial for all the future learners of Maths like us. Any
constructive criticism will be well acknowledged. Please find below my contact info when you
decide to offer me your valuable suggestions. I’'m looking forward for a response.

Also | would wish if you inform your friends about my efforts for Maths so that they may also
benefit.

Let’s learn Maths with smile :-)

& For any clarification(s), please contact:

MathsGuru OP Gupta

[Maths (Hons.), E & C Engg., INDIRA Award Winner] _/) @tﬁeopgupta
Contact Nos. : +91-9650 350 480 | +91-9718 240 480 twitte

Mail me at : info@theopgupta.com T I' ;

Official Web-page : www.theOPGupta.com
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