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Abstract

Distance functions are at the core of numerous computer vision and machine
learning tasks. For example, a multiple view geometry application (such as
homography estimation), often includes a descriptor matching step. First,
small image patches are selected. Then, descriptors (vectors) are computed
to describe these patches. To decide if two descriptors (from two different
images) are from the same real-world location the descriptors are compared
using a distance function. The choice of the distance function determines
both the accuracy and the speed of the method. Distance functions are also
used for image retrieval and determine both the percent of similar images
returned and the time it takes to return them. In machine learning, k-
nearest neighbor classification performance is effected by the chosen distance
function.

This thesis introduces several new distance functions and investigates
their properties. Special emphasis is on practical applicability with theo-
retical insights. The thesis presents efficient algorithms to compute several
distances. The distances are designed to be robust to common image noise
such as occlusion, geometrical transforms, light changes and non-rigid de-
formations. On the other hand, they are designed to be as distinctive as
possible. Our proposed methods have been successfully used both by com-
puter vision researchers and by researchers in other fields. The success of the
methods in other fields is probably because the noise characteristics in those
fields are similar to image noise characteristics.

The first and second parts of the thesis are devoted to the Earth Mover’s
Distance (EMD) [1]. The EMD is a generalization of the transportation
distance (also known as Monge-Kantorovich, Mallows, 1st Wasserstein and
match distance) for non-normalized histograms. We introduce a new general-
ization of the transportation distance for non-normalized histograms called,

ÊMD. Unlike the classic EMD, ÊMD is a metric even when the histograms

are non-normalized. Additionally, in practice, ÊMD is often better than

EMD. We also show that ÊMD is a generalization of the L1 distance.
Histograms of oriented gradient descriptors are ubiquitous tools in nu-

merous computer vision tasks. Unfortunately, the distances that are used to
match such descriptors do not take into account the special structure of these
histograms. One problem with these distances is that they only compare cor-
responding bins of histograms. Although there are cross-bin distances that
take into account the amount of similarity between all bins, they are not
adequate to the histograms of oriented gradients that are computed from
images. Additionally, most cross-bin distances are too slow. We present a
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linear time algorithm for the comparison of orientation histograms. This
method outperforms state-of-the-art distances on a widely used, publicly
available benchmark.

In the second part of the thesis we present a robust family of Earth
Mover’s Distances which is applicable to any type of histograms (not just
orientation histograms). We developed an algorithm that computes these
robust EMDs by an order of magnitude faster than the original approach.
The resulting method has excellent image retrieval performance.

In the third part of the thesis, we present a new histogram distance fam-
ily, the Quadratic-Chi (QC). QC members are Quadratic-Form distances
with a cross-bin χ2-like normalization. The cross-bin χ2-like normalization
reduces the effect of large bins having undue influence. Normalization was
shown to be helpful in many cases, where the χ2 histogram distance outper-
formed the L2 norm. However, χ2 is sensitive to quantization effects, such as
caused by light changes, shape deformations etc. The Quadratic-Form part
of QC members takes care of cross-bin relationships (e.g. red and orange),
alleviating the quantization problem. We present two new cross-bin his-
togram distance properties: Similarity-Matrix-Quantization-Invariance and
Sparseness-Invariance and show that QC distances have these properties.
We also show experimentally that the properties improve performance. QC
distances computation time complexity is linear in the number of non-zero
entries in the bin-similarity matrix and can easily be parallelized. We present
results for image retrieval and shape classification. We show that the new
QC members outperforms state-of-the-art distances for these tasks, and have
a short running time.

Finally, in the fourth part of the thesis, we describe a novel method
for non-Mahalanobis metric learning denoted Interpolated-Discretized Met-
ric Learning. This part of the work was motivated by the success of our
non-Mahalanobis distance, the QC. A QC distance has parameters that can
be learned. However, a serious limitation is that it can only model χ2-like
distances. In addition, it is applicable only to non-negative vectors. Finally,
it is non-convex with respect to its parameters, so learning them is hard. To
overcome these problems we suggest a new non-Mahalanobis distance family,
the Interpolated-Discretized (ID) distance family, and show how to efficiently
learn its parameters. An ID distance can approximate any unknown dis-
tance. Many metric learning methods can be used with our ID distances.
We demonstrate one possible way of learning ID distances using the Large
Margin Nearest Neighbor (LMNN) framework [2]. With ID distances, the
LMNN optimization problem is a linear program. Finally, we show that our
method often outperforms other state-of-the-art metric learning approaches.
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Chapter 1

Introduction

Distance functions are at the core of numerous computer vision and machine
learning tasks. For example, a multiple view geometry application (such as
homography estimation), often includes a descriptor matching step. First,
small image patches are selected. Then, descriptors (vectors) are computed
to describe these patches. To decide if two descriptors (from two different
images) are from the same real-world location the descriptors are compared
using a distance function. On one hand, the distance function should be
robust to common image noise or transformation (such as occlusion and light
changes) so that the distance between two patches from the same real-world
location will be small. On the other hand, the distance function should
be as distinctive as possible, so that two patches from different real-world
locations will be well separated. Additionally, we need efficient algorithms
for the computation of the distance function as usually the number of distance
computations is very large.

This thesis introduces several new distance functions and investigates
their properties. Special emphasis is on theory that is built upon real-world
assumptions. This introduction gives an overview of distance functions and
their properties. Then, we describe the novel aspects of the thesis.

1.1 Distance Functions Overview

1.1.1 Bin-to-Bin Distance Functions

Bin-to-Bin distance functions compare corresponding bins of a vector to its
exact corresponding bin in the second vector. That is, let P,Q ∈ RN be two
vectors, Pi is only compared to Qi.

The most widely used distance family is the Minkowski-Form, also known
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as Lp norms:

Lp(P,Q) = (
∑

i

|Pi −Qi|p)
1
p (1.1)

For p ≥ 1, Lp is a metric (see section 1.1.2). The most widely used
distances from this family are the L1 distance also known as the Manhattan
distance and the L2 distance also known as the Euclidean distance.

The Kullback–Leibler (KL) divergence is a distance function for proba-
bility distributions (although it is used also for non-negative vectors which
are not normalized). The KL divergence is defined as:

KL(P,Q) =
∑

i

Pi log
Pi

Qi

(1.2)

The KL divergence measures the expected number of extra bits required
to code samples from P when using a code based on Q. It is non-symmetric.
A serious limitation of the distance is that when Pi 6= 0 and Qi = 0, KL
equals infinity.

To overcome KL problems, the Jensen-Shannon (JS) divergence was sug-
gested by Lin [3]. It is defined as:

JS(P,Q) = KL(P,M) + KL(Q,M)

M =
P +Q

2

(1.3)

The square root of a Jensen-Shannon divergence is a metric [4, 5] and it
can be embeded isometrically as a subspace of a real Hilbert space [6]. Using
the Taylor extension we get that JS is equal to [7]:

JS(P,Q) =
∞∑

n=1

1

2n(2n− 1)

∑

i

(Pi −Qi)
2n

(Pi +Qi)2n−1
(1.4)

where n = 1 corresponds to Taylor degrees of one and two and n = 2 cor-
respond to taylor degrees of three and four, etc. The first term is known in
the computer vision community as χ2 distance:

χ2(P,Q) =
1

2

∑

i

(Pi −Qi)
2

(Pi +Qi)
(1.5)

The practical results of χ2 and JS are almost identical [8–10]. χ2 is more
efficiently computed than the JS. The square root of χ2 is a metric [7].
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The χ2 histogram distance also emerged independently from the χ2 test-
statistic [11] where it is used to test the fit between a distribution and ob-
served frequencies. χ2 distance has recently received considerable attention
in the computer vision literature. It has been used, for example, in state-
of-the-art: contour detection and segmentation algorithms [12], descriptors
matching [13], texture and object categories classification [14–17], near du-
plicate image identification[18] and shape classification [19,20].

1.1.2 Metric Properties

There are four conditions for a distance function, D, to be a metric:

1. D(P,Q) ≥ 0 (non-negativity).

2. D(P,Q) = 0 if and only if P = Q (identity of indiscernibles).

3. D(P,Q) = D(Q,P ) (symmetry).

4. D(P,Q) ≤ D(P,K) +D(K,Q) (subadditivity).

Non-negativity is implied by the others: 2D(P,Q) = D(P,Q)+D(Q,P ) ≥
D(P, P ) = 0.

Two useful generalizations of metrics are the semi-metric, which drops
the triangle inequality property and pseudo-metric which weakens the second
condition to:

2. D(P,Q) = 0 if P = Q (but possibly D(P,Q) = 0 for some P 6= Q).

1.1.3 Cross-Bin Distances

Bin-to-Bin distance functions such as L2, L1 and χ2 compare only correspond-
ing bin’s of a vector to its exact corresponding bin in the second vector. The
assumption when using these distances is that the histogram domains are
aligned. However this assumption is violated in many cases due to quantiza-
tion, shape deformation, light changes, etc. Bin-to-bin distances depend on
the number of bins. If it is low, the distance is robust, but not discriminative,
if it is high, the distance is discriminative, but not robust. Distances that
take into account cross-bin relationships (cross-bin distances) can be both
robust and discriminative.
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The Quadratic-Form Distance

Let A ∈ RN×N the bin-similarity matrix. That is, aij encodes how much bin
i is similar to bin j. The Quadratic-Form (QF) distance is defined as [21]:

QFA(P,Q) =
√

(P −Q)TA(P −Q) (1.6)

When the bin-similarity matrix A is the inverse of the covariance matrix,
the QF distance is called the Mahalanobis distance [22]. If the bin-similarity
matrix is positive-semidefinitive, the A matrix can be expressed as A = LLT

for some real matrix L. Thus, the distance can be computed as the Euclidean
norm between linearly transformed vectors:

QFA(P,Q) = ||LP − LQ||2 (1.7)

In this case the QF distance is a psuedo-metric (as it is possible that
QFA(P,Q) = 0 for some P 6= Q). If A is positive-definitive, the QF distance
is a metric.

Recently there have been a lot of research effort on learning a positive-
semidefinitive matrix, A, from labeled examples or given relative distances
constraints [2,23–31]. Although much of the metric-learning work has focused
on the QF distance1, this measure has some inherent limitations. The most
important one is that it is a function only of the difference between input
vectors ~xi − ~xj. Thus, it will give the same distance whenever two vectors
have the same difference vector. For example, a QF distance will not able to
differentiate between (~xi = 42, ~xj = 40) and (~xi = 2, ~xj = 0). To overcome
this limitation several metric learning methods have been proposed [2, 27,
29, 32, 33]. Chopra et al. [32] proposed to learn a convolutional neural net
as a non-linear transformation before applying the `2 norm. Babenko et al.
[33] suggested a boosting framework for learning non-Mahalanobis metrics.
These methods are non-convex and thus they might suffer from local minimas
and training is sensitive to parameters. Kernel methods were also proposed
in order to learn a QF distance over non-linear transformations of the data
[2,27,29]. Computing such a distance between two vectors scales linear in the
number of training examples, which makes it impractical for large datasets.

The Transportation and Earth Mover’s Distances

The second type of distance that takes into account cross-bin relationships
is the transportation distance (also known as Monge-Kantorovich, Mallows,

1The QF distance is called Mahalanobis distance in machine learning community even
when A is not the inverse of the covariance matrix.
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1st Wasserstein and match distance) which is defined between probability
distributions:

transportationD(P,Q) = min
{Fij}

∑

i,j

FijDij s.t

∑

j

Fij = Pi

∑

i

Fij = Qj

∑

i,j

Fij =
∑

i

Pi =
∑

j

Qj = 1

Fij ≥ 0

(1.8)

where {Fij} denotes the flows. Each Fij represents the amount transported
from the ith supply to the jth demand. We call Dij the ground distance
between bin i and bin j. When Dij is a metric the transportation distance
is also a metric.

The transportation problem was formalized in 1781 by Gaspard Monge
[34]. Major advances were made in the field by Leonid Kantorovich [35].
Consequently, the problem is sometimes known as the Monge–Kantorovich
transportation problem. Wasserstein proposed to use the definition of the
transportation problem as a distance function [36]. Mallows also studied this
distance [37].

Early work using the transportation distances for histogram comparison
in the computer vision community can be found in [38–41]. Shen and Wong
[38] proposed to unfold two integer histograms, sort them and then compute
the L1 distance between the unfolded histograms. To compute the mod-
ulo matching distance between cyclic histograms they proposed taking the
minimum from all cyclic permutations. This distance is equivalent to trans-
portation distance between two normalized histograms. Werman et al. [39]
showed that this distance is equal to the L1 distance between the cumula-
tive histograms. They also proved that matching two cyclic histograms by
examining only cyclic permutations is in effect optimal. Werman et al. [40]
proposed an O(M logM) algorithm for finding a minimal matching between
two sets of M points on a circle. Peleg et al. [41] suggested using the EMD
for grayscale images and using linear programming to compute it.

Rubner et al. [1] suggested a new generalization of the transportation
distance to non-normalized histograms, which he called the Earth Mover’s
Distance (EMD):
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EMDD(P,Q) = min
{Fij}

∑
i,j FijDij

min(
∑

i Pi,
∑

j Qj)
s.t

∑

j

Fij ≤ Pi

∑

i

Fij ≤ Qj

∑

i,j

Fij = min(
∑

i

Pi,
∑

j

Qj)

Fij ≥ 0

(1.9)

The Earth Mover’s Distance is the least amount of work needed in order
to transform the smaller histogram into part of the bigger histogram (best
partial matching), normalized with minimum between the sums of the his-
tograms. It is a metric only if the histograms are normalized (then it equals
the transportation distance) and Dij is a metric. Rubner et al. suggested
using EMD for color and texture images. They computed the EMD using
a specific linear programming algorithm - the transportation simplex. The
algorithm worst case time complexity is exponential. Practical run time was
shown to be super-cubic (Ω(N3) ∩ O(N4)). Interior-point algorithms or Or-
lin’s algorithm [42] both have a time complexity of O(N3 logN) and can also
be used.

A major research effort has been done on computing EMD-L1, that is,
EMD with L1 as the ground distance. Ling and Okada [43] showed that
if the points lie on a Manhattan network (e.g. an image), the number of
variables in the LP problem can be reduced from O(N2) to O(N). To exe-
cute the EMD-L1 computation, they employed a tree-based algorithm, Tree-
EMD. Tree-EMD exploits the fact that a basic feasible solution of the simplex
algorithm-based solver forms a spanning tree when the EMD-L1 is modeled
as a network flow optimization problem. The worst case time complexity
is exponential. Empirically, they showed that this algorithm has an aver-
age time complexity of O(N2). Gudmundsson et al. [44] also put forward
this simplification of the LP problem. They suggested an O(N logd−1N)
algorithm that creates a Manhattan network for a set of N points in Rd.
The Manhattan network has O(N logd−1N) vertices and edges. Thus, us-
ing Orlin’s algorithm [42] the EMD-L1 can be computed with a time com-
plexity of O(N2 log2d−1N). Indyk and Thaper [45] proposed approximating
EMD-L1 by embedding it into the L1 norm. Embedding time complexity is
O(Nd log ∆), where N is the feature set size, d is the feature space dimension
and ∆ is the diameter of the union of the two feature sets. Grauman and
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Darrell [46] substituted L1 with histogram intersection in order to approxi-
mate partial matching. Shirdhonkar and Jacobs [47] presented a linear-time
algorithm for approximating EMD-L1 for low dimensional histograms using
the sum of absolute values of the weighted wavelet coefficients of the dif-
ference histogram. Khot and Naor [48] showed that any embedding of the
EMD over the d-dimensional Hamming cube into L1 must incur a distortion
of Ω(d), thus losing practically all distance information. Andoni et al. [49]
showed that for sets with cardinalities upper bounded by a parameter s, the
distortion reduces to O(log s log d). A practical reduction in accuracy due to
the approximation was reported by [47,50].

A major limitation of EMD-L1 is its sensitivity to outliers. That is, L1, as
a ground distance between bins, assign different outliers different distances.
Thus, in real-world applications the accuracy of EMD-L1 (and same for EMD
with L2 ground distance) is often very low (often even lower than simple L1

or χ2 distances) [10, 51–54].

1.2 Novel Aspects

The main novelties of this thesis and several successful applications are:

I. We present ÊMD, a new generalization of the transportation dis-
tance for non-normalized histograms. Unlike the classic generaliza-

tion (EMD), ÊMD is a metric even when the histograms are non-

normalized. In practice, ÊMD is often better than EMD.

II. We present a new linear time algorithm for the computation of ÊMD
or EMD between two normalized cyclic histograms (e.g. histograms of
oriented gradients) with L1 as the ground distance. However, we show
that using this distance for image descriptors matching, the accuracy is
low. We explain the theoretical reason which is sensitivity to outliers.

III. We present a new linear time algorithm for the computation of a ÊMD
or EMD between two not necessarily normalized cyclic histograms with
a robust ground distance. We show that this distance has excellent
image descriptors matching performance on a widely used and publicly
available benchmark. Gupta et al. [54] also reported excellent image
descriptors matching results using our distance.

IV. We present a new efficient algorithm for the computation of robust

ÊMD or EMD between general non-negative vectors. The algorithm
is faster by an order of magnitude than the classic algorithm. We show
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excellent results for image retrieval. This algorithm was successfully
used by other researchers both from the computer vision community
and from other communities. For example, Boltz et al. used it for
superpixels matching. In a comparison study between various image
retargeting algorithms, Rubinstein et al. [55] reported that our distance
had the best correlation with human judgements of image perceptual
similarity (between an image and its retargeted version). Macindoe
and Richards [56] used our method for social graph comparisons.

V. We present a new family of histogram distances, called Quadratic-
Chi (QC). Members of this family are robust to quantization effects
and have a χ2-like normalization. Excellent image retrieval and shape
classification results are demonstrated. Xu et al. [57] reported state-
of-the-art wood recognition results using our QC distances.

VI. We present two new cross-bin distances properties Similarity-Matrix-
Quantization-Invariance and Sparseness-Invariance and a proof that

ÊMD and QC distances have these properties. We show, experimen-
tally, that these properties are practically important.

VII. We present a new family of distances called Interpolated-Discretized
(ID) distances. These distances can approximate any kind of bin-to-bin
distance and that their parameters are easy to learn. We show that our
method often outperforms state-of-the-art metric learning approaches.

I., II. and III. are presented in chapter 2, IV. is presented in chapter 3,
V. and VI. are presented in chapter 4 and VII. is presented in chapter 5.
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A Linear Time Histogram
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A Linear Time Histogram Metric for

Improved SIFT Matching

Ofir Pele and Michael Werman

School of Computer Science and Engineering
The Hebrew University of Jerusalem
{ofirpele,werman}@cs.huji.ac.il

Abstract. We present a new metric between histograms such as SIFT
descriptors and a linear time algorithm for its computation. It is common
practice to use the L2 metric for comparing SIFT descriptors. This prac-
tice assumes that SIFT bins are aligned, an assumption which is often
not correct due to quantization, distortion, occlusion etc.

In this paper we present a new Earth Mover’s Distance (EMD) vari-
ant. We show that it is a metric (unlike the original EMD [1] which is
a metric only for normalized histograms). Moreover, it is a natural ex-
tension of the L1 metric. Second, we propose a linear time algorithm for
the computation of the EMD variant, with a robust ground distance for
oriented gradients. Finally, extensive experimental results on the Miko-
lajczyk and Schmid dataset [2] show that our method outperforms state
of the art distances.

1 Introduction

Histograms of oriented gradient descriptors [3,4,5,6] are ubiquitous tools in nu-
merous computer vision tasks. One of the most successful is the Scale Invariant
Feature Transform (SIFT) [3]. In a recent performance evaluation [2] the SIFT
descriptor was shown to outperform other local descriptors. The SIFT descriptor
has proven to be successful in applications such as object recognition [3,7,8,9],
object class detection [10,11,12], image retrieval [13,14,15,16], robot localization
[17], building panoramas [18] and image classification [19].

It is common practice to use the L2 metric for comparing SIFT descriptors.
This practice assumes that the histogram domains are aligned. However this
assumption is violated through quantization, shape deformation, detector local-
ization errors, etc. Although the SIFT algorithm has steps that reduce the effect
of quantization, this is still a liability, as can be seen by the fact that increasing
the number of orientation bins negatively affects performance [3].

The Earth Mover’s Distance (EMD) [1] is a cross-bin distance that addresses
this alignment problem. EMD is defined as the minimal cost that must be paid
to transform one histogram into the other, where there is a “ground distance”
between the basic features that are aggregated into the histogram. There are two
main problems with the EMD. First, it is not a metric between non-normalized
histograms. Second, for a general ground distance, it has a high run time.

D. Forsyth, P. Torr, and A. Zisserman (Eds.): ECCV 2008, Part III, LNCS 5304, pp. 495–508, 2008.
c© Springer-Verlag Berlin Heidelberg 2008



496 O. Pele and M. Werman

In this paper we present an Earth Mover’s Distance (EMD) variant. We show
that it is a metric, if it is used with a metric ground distance. Second, we present
a linear time algorithm for the computation of the EMD variant, with a robust
ground distance for oriented gradients. Finally, we present experimental results
for SIFT matching on the Mikolajczyk and Schmid dataset [2] showing that our
method outperforms state of the art distances such as L2, EMD-L1 [20], diffusion
distance [21] and EMDMOD [22,23].

This paper is organized as follows. Section 2 is an overview of previous work.
Section 3 introduces the new EMD variant. Section 4 introduces the new SIFT
metric and the linear time algorithm for its computation. Section 5 describes the
experimental setup and Section 6 presents the results. Finally, conclusions are
drawn in Section 7.

2 Previous Work

Early work using cross-bin distances for histogram comparison can be found in
[22,24,25,26]. Shen andWong [24] proposed to unfold two integer histograms, sort
them and then compute the L1 distance between the unfolded histograms. To
compute the modulo matching distance between cyclic histograms they proposed
taking the minimum from all cyclic permutations. This distance is equivalent to
EMD between two normalized histograms. Werman et al. [25] showed that this
distance is equal to the L1 distance between the cumulative histograms. They
also proved that matching two cyclic histograms by examining only cyclic per-
mutations is in effect optimal. Cha and Srihari [27] rediscovered these algorithms
and described a character writer identification application. Werman et al. [22]
proposed an O(M logM) algorithm for finding a minimal matching between two
sets of M points on a circle. The algorithm can be adapted to compute the
EMD between two N -bin, normalized histograms with time complexity O(N)
(Appendix A in [23]).

Peleg et al. [26] suggested using the EMD for grayscale images and using
linear programming to compute it. Rubner et al. [1] suggested using EMD for
color and texture images. They computed the EMD using a specific linear pro-
gramming algorithm - the transportation simplex. The algorithm worst case
time complexity is exponential. Practical run time was shown to be super-cubic
(Ω(N3) ∩ O(N4)). Interior-point algorithms with time complexity O(N3logN)
can also be used. All of these algorithms have high computational cost.

Indyk and Thaper [28] proposed approximating the EMD by embedding it
into an Euclidean space. Embedding time complexity is O(Nd logΔ), where N
is the feature set size, d is the feature space dimension and Δ is the diameter of
the union of the two feature sets.

Recently Ling and Okada proposed general cross-bin distances for histogram
descriptors. The first is EMD-L1[20]; i.e. EMD with L1 as the ground distance.
To execute the EMD-L1 computation, they propose a tree-based algorithm, Tree-
EMD. Tree-EMD exploits the fact that a basic feasible solution of the simplex
algorithm-based solver forms a spanning tree when the EMD-L1 is modeled
as a network flow optimization problem. The worst case time complexity is
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exponential. Empirically, they show that this new algorithm has an average
time complexity O(N2). Ling and Okada also proposed the diffusion distance
[21]. They defined the difference between two histograms to be a temperature
field. The diffusion distance was derived as the sum of dissimilarities over scales.
The algorithm run time is linear.

For a comprehensive review of EMD and its applications in computer vision
we refer the reader to Ling and Okada’s paper [20].

3 The New EMD Variant - ÊMD

This section introduces ÊMD, a new Earth Mover’s Distance variant. We show
that it is a metric (unlike the original EMD [1] which is a metric only for nor-
malized histograms). Moreover, it is a natural extension of the L1 metric.

The Earth Mover’s Distance (EMD) [1] is defined as the minimal cost that
must be paid to transform one histogram into the other, where there is a “ground
distance” between the basic features that are aggregated into the histogram.

Given two histograms P,Q the EMD as defined by Rubner et al. [1] is:

EMD(P,Q) = min
{fij}

∑
i,j fijdij∑

i,j fij
s.t (1)

∑

j

fij ≤ Pi ,
∑

i

fij ≤ Qj ,
∑

i,j

fij = min(
∑

i

Pi,
∑

j

Qj) , fij ≥ 0 (2)

where {fij} denotes the flows. Each fij represents the amount transported from
the ith supply to the jth demand. We call dij the ground distance between bin
i and bin j in the histograms.

We propose ÊMD:

ÊMDα(P,Q) = (min
{fij}

∑

i,j

fijdij)+|
∑

i

Pi−
∑

j

Qj|×αmax
i,j

{dij} s.t Eq. 2 (3)

Note that for two probability histograms (i.e. total mass equal to one) EMD

and ÊMD are equivalent. However, if the masses are not equal, ÊMD adds
one supplier or demander such that the masses on both sides becomes equal.
The ground distance between this supplier or demander to all other demanders
or suppliers respectively is set to be α times the maximum ground distance. In

addition, the ÊMD is not normalized by the total flow.

Note that ÊMD with α = 0.5 and with the Kroncker δ ground distance
multiplied by two (dij = 0 if i = j, 2 otherwise) is equal to the L1 metric.

If α ≥ 0.5 and the ground distance is a metric, ÊMD is a metric (unlike the
original EMD [1] which is a metric only for normalized histograms). A proof
is given in Appendix B [23]. Being a metric can lead to more efficient data
structures and search algorithms.
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We now give two examples of when the usage of ÊMD is more appropriate
(both of which are the case for the SIFT descriptors). The first is when the total
mass of the histograms is important. For example, let P = (1, 0), Q = (0, 1),
P ′ = (9, 0), Q′ = (0, 9). Using L1 as a ground distance and α = 1, EMD(P,Q) =

1 = EMD(P ′, Q′), while ÊMD(P,Q) = 1 < 9 = ÊMD(P ′, Q′). The second is
when the difference in total mass between histograms is a distinctive cue. For
example, let P = (1, 0), Q = (1, 7). Using L1 as a ground distance and α = 1,

EMD(P,Q) = 0, while ÊMD(P,Q) = 7.

4 The SIFTDIST Metric

This section introduces SIFTDIST, a new metric between SIFT descriptors. It
is common practice to use the L2 metric for comparing SIFT descriptors. This
practice assumes that the SIFT histograms are aligned, so that a bin in one
histogram is only compared to the corresponding bin in the other histogram. This
is often not the case, due to quantization, distortion, occlusion, etc. Our distance
has three instead of two matching costs: zero-cost for exact corresponding bins,
one-cost for neighboring bins and two-cost for farther bins and for the extra
mass. Thus the metric is robust to small errors and outliers.

The section first defines SIFTDIST and then presents a linear time algorithm
for its computation.

4.1 SIFTDIST Definition

This section first describes the SIFT descriptor. Second, it proposes Thresholded
Modulo Earth Mover’s Distance (EMDTMOD), an EMD variant for oriented gra-
dient histograms. Finally it defines the SIFTDIST.

The SIFT descriptor [3] is a M × M × N histogram. Each of the M × M
spatial cells contains an N -bin histogram of oriented gradients. See Fig. 1 for a
visualization of SIFT descriptors.

Let A = {0, . . . , N − 1} be N points, equally spaced, on a circle. The modulo
L1 distance for two points i, j ∈ A is:

DMOD(i, j) = min(|i− j|, N − |i− j|) (4)

(a) (b)

Fig. 1. (a) 4 × 4 × 8 SIFT descriptor. (b) 4 × 4 × 16 SIFT descriptor.
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Fig. 2. The flow network of EMDTMOD for N = 8. The brown vertexes on the inner
circle are the bins of the “supply” histogram, P . The cyan vertexes on the outer circle
are the bins of the “demand” histogram, Q. We assume without loss of generality thatP

i Pi ≥ P
j Qj ; thus we add one infinite sink in the middle. The short gray edges

are zero-cost edges. The long black edges are one-cost edges. Two-cost edges that turn
the graph into a full bi-partite graph between sinks and sources are not colored for
visibility.

The thresholded modulo L1 distance is defined as:

DTDMO(i, j) = min (DMOD(i, j), 2) (5)

EMDTMOD is defined as ÊMD (Eq. 3) with ground distance DTDMO(i, j) and
α = 1. DTDMO is a metric. It follows from Appendix B [23] that EMDTMOD is
also a metric. Using EMDTMOD the transportation cost to the two nearby bins is
1, while for farther bins and for the extra mass it is 2 (see Fig. 2). For example,
for N = 16 we assume that all differences larger than 22.5◦ are caused by outliers
and should be assigned the same transportation cost.

The SIFTDIST between two SIFT descriptors is defined as the sum over the
EMDTMOD between all the M×M oriented gradient histograms. SIFTDIST is also
an EMD, where edges between spatial bins have an infinite cost.

ÊMD (Eq. 3) has two advantages over Rubner’s EMD (Eq. 1) for comparing
SIFT descriptors. First, the difference in total gradient magnitude between SIFT
spatial cells is an important distinctive cue. Using Rubner’s definition this cue

is ignored. Second, ÊMD is a metric even for non-normalized histograms.

4.2 A Linear Time SIFTDIST Algorithm

As SIFTDIST is a sum of EMDTMOD solutions, we present a linear time algorithm
for EMDTMOD.

Like all other Earth Mover’s Distances, EMDTMOD can be solved by a max-
flow-min-cost algorithm. Each bin i in the first histogram is connected to: bin
i in the second histogram with a zero-cost edge, two nearby bins with one-cost
edges and to all other bins with two-cost edges. See Fig. 2 for an illustration of
this flow network.

The algorithm starts by saturating all zero-cost edges. As the ground distance
(Eq. 5) obeys the triangle inequality, this step does not change the minimum cost
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solution [22]. Note that after the first step finishes from each of the supplier-
demander pairs that were connected with a zero-cost edge, either the supplier is
empty or the demander is full.

To minimize the cost after the first step, the algorithm needs to maximize the
flow through the one-cost edges; i.e. the problem becomes a max-flow problem
on a graph with N vertexes and at most N edges, where the maximum path
length is 1 as flow goes only from supply to demand (see Fig. 2). This step starts
by checking whether all vertexes are degree 2, if yes we remove an arbitrary edge.
Second, we traverse the suppliers’ vertexes clockwise, twice. For each degree one
vertex we saturate its edge. If we did not remove an edge at the beginning of this
step, there will be no augmenting paths. If an edge was removed, the algorithm
flows through all augmenting paths. All these paths can be found by returning
the edge and expanding from it.

The algorithm finishes by flowing through all two-cost edges, which is equiva-
lent to multiplying the maximum of the total remaining supply and demand by
two and adding it to the distance.

5 Experimental Setup

We evaluate SIFTDIST using a test protocol similar to that of Mikolajczyk and
Schmid [2]. The dataset was downloaded from [29]. The test data contain eight
folders, each with six images with different geometric and photometric transfor-
mations and for different scene types. Fig. 3 shows the first and the third image
from each folder. Six image transformations are evaluated: viewpoint change,
scale and rotation, image blur, light change and JPEG compression. The images
are either of planar scenes or the camera position was fixed during acquisition.
The images are, therefore, always related by a homography. The ground truth
homographies are supplied with the dataset. For further details about the dataset
we refer the reader to [2].

The evaluation criterion is based on the number of correct and false matches
obtained for an image pair. The match definition depends on the matching strat-
egy. The matching strategy we use is a symmetric version of Lowe’s ratio match-
ing [3]. Let a ∈ A and b ∈ B be two descriptors and n(a,A) and n(b, B) be their
spatial neighbors; that is, all descriptors in A and B respectively such that the
ratio of the intersection and union of their regions with a and b respectively is
larger than 0.5. a and b are matched, if all the following conditions hold: a =
argmina′∈A D(a′, b), a2 = argmina′∈A\n(a,A) D(a′, b), b = argminb′∈B D(a, b′),

b2 = argminb′∈B\n(b,B) D(a, b′) and min
(

D(a2,b)
D(a,b) ,

D(a,b2)
D(a,b)

)
≥ R. R value is varied

to obtain the curves. Note that for R = 1 the matching strategy is the symmetric
nearest neighbor strategy. The technique of not using overly close regions as a
second best match was used by Forssén and Lowe [30].

The match correctness is determined by the overlap error [2]. It measures how
well regions A and B correspond under a known homography H , and is defined

by the ratio of the intersection and union of the regions: εS = 1 − A
T

HT BH
A

S

HT BH .
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Graf Wall Boat Bark

Bikes Trees Leuven Ubc

Fig. 3. Examples of test images (left): Graf (viewpoint change, structured scene),
Wall (viewpoint change, textured scene), Boat (scale change + image rotation, struc-
tured scene), Bark (scale change + image rotation, textured scene), Bikes (image
blur, structured scene), Trees (image blur, textured scene), Leuven (light change,
structured scene), and Ubc (JPEG compression, structured scene)

As in [2] a match is assumed to be correct if εS < 0.5. The correspondence
number (possible correct matches) is the maximum matching size in the correct
match, bi-partite graph. The results are presented with recall versus 1 - precision:
recall = #correct matches

#correspondences, 1− precision = #false matches
#all matches .

In all experiments we used Vedaldi’s SIFT detector and descriptor implemen-
tation [31]. All parameters were set to the defaults except the oriented gradient
bins number, where we also tested our method with a SIFT descriptor having
16 oriented gradient bins (see Fig. 1 (b) in page 498).

6 Results

In this section, we present and discuss the experimental results. The performance
of SIFTDIST is compared to that of L2, EMD-L1 [20], diffusion distance [21] and
EMDMOD

1 [22,23] for viewpoint change, scale and rotation, image blur, light

1 Note that as the fast algorithm for EMDMOD assumes normalized histograms, we
normalized each histogram for its computation.
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change and JPEG compression. The matching was done between SIFT descrip-
tors with eight and sixteen orientation bins (see Fig. 1 in page 498). Finally, we
present run time results.

Figs. 4,5,6,7 are 1-precision vs. recall graphs. Due to space constraints we
present graphs for the matching of the first to the third and fifth images from
each folder in the Mikolajczyk and Schmid dataset [29]. Results for the rest of
the data are similar and are in [32].

In all of the experiments SIFTDIST computed between SIFT descriptors with
sixteen oriented gradient bins (SIFT-16) outperforms all other methods.

SIFTDIST computed between the original SIFT descriptors with eight oriented
gradient bins (SIFT-8) is usually the second. Also, using SIFTDIST consistently
produces results with greater precision and recall for the symmetric nearest
neighbor matching (the rightmost point of each curve).

Increasing the number of orientation bins from eight to sixteen decreases
the performance of L2 and increases the performance of SIFTDIST. This can
be explained by the SIFTDIST robustness to quantization errors.

Fig. 4 shows matching results for viewpoint change on structured (Graf) and
textured (Wall) scenes . SIFTDIST has the highest ranking. As in [2] performance
is better on the textured scene. Performance decreases with viewpoint change
(compare Graf-3 to Graf-5 and Wall-3 to Wall-5), while the distance ranking
remains the same. For large viewpoint change, performance is poor (see Graf-5)
and the resulting graphs are not smooth. This can be explained by the fact that
the SIFT detector and descriptor are not affine invariant.

Fig. 5 shows matching results for similarity transformation on structured
(Boat) and textured (Bark) scenes. SIFTDIST outperforms all other distances.
As in [2] performance is better on the textured scene.

Fig. 6 shows matching results for image blur on structured (Bikes) and tex-
tured (Trees) scenes. SIFTDIST has the highest ranking. The SIFT descriptor
is affected by image blur. A similar observation was made by Mikolajczyk and
Schmid [2].

Fig. 7 - Leuven shows matching results for light change. SIFTDIST obtains
the best matching score. The performance decreases with lack of light (compare
Leuven-3 to Leuven-5), although not drastically.

Fig. 7 - Ubc shows matching results for JPEG compression. SIFTDIST outper-
forms all other distances. Performance decreases with compression level (compare
Ubc-3 to Ubc-5).

Table 1 present run time results. All runs were conducted on a Dual-Core
AMD Opteron 2.6GHz processor. The table contains the run time in seconds of

Table 1. Run time results in seconds of 106 distance computations

SIFTDIST (L2)
2 EMDMOD [22,23] Diffusion [21] EMD-L1 [20]

SIFT-8 1.5 0.35 18 28 192
SIFT-16 2.2 1.3 29 56 637
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Fig. 4. Results on the Mikolajczyk and Schmid dataset [2]. Should be viewed in color.
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Fig. 5. Results on the Mikolajczyk and Schmid dataset [2]. Should be viewed in color.
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Fig. 6. Results on the Mikolajczyk and Schmid dataset [2]. Should be viewed in color.
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Fig. 7. Results on the Mikolajczyk and Schmid dataset [2]. Should be viewed in color.
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each distance computation between two sets of 1000 SIFT descriptors with eight
and sixteen oriented gradient bins. Note that we measured the run time of (L2)

2

and not L2 as computing the root does not change the order of elements and is
time consuming. SIFTDIST is the fastest cross-bin distance.

7 Conclusions

We presented a new cross-bin metric between histograms and a linear time algo-
rithm for its computation. Extensive experimental results for SIFT matching on
the Mikolajczyk and Schmid dataset [2] showed that our method outperforms
state of the art distances.

The speed can be further improved using techniques such as Bayesian sequen-
tial hypothesis testing [33], sub linear indexing [34] and approximate nearest
neighbor [35,36]. The new cross-bin histogram metric may also be useful for
other histograms, either cyclic (e.g. hue in color images) or non-cyclic (e.g. in-
tensity in grayscale images). The project homepage, including code (C++ and
Matlab wrappers) is at: http://www.cs.huji.ac.il/∼ofirpele/SiftDist.

References

1. Rubner, Y., Tomasi, C., Guibas, L.J.: The earth mover’s distance as a metric for
image retrieval. International Journal of Computer Vision 40(2), 99–121 (2000)

2. Mikolajczyk, K., Schmid, C.: A performance evaluation of local descriptors. IEEE
Trans. Pattern Analysis and Machine Intelligence 27(10), 1615–1630 (2005)

3. Lowe, D.G.: Distinctive image features from scale-invariant keypoints. Int. J. Com-
put. Vision 60(2), 91–110 (2004)

4. Bay, H., Tuytelaars, T., Gool, L.J.V.: Surf: Speeded up robust features. In:
Leonardis, A., Bischof, H., Pinz, A. (eds.) ECCV 2006. LNCS, vol. 3951, pp. 404–
417. Springer, Heidelberg (2006)

5. Dalai, N., Triggs, B., Rhone-Alps, I., Montbonnot, F.: Histograms of oriented gra-
dients for human detection. In: CVPR, vol. 1 (2005)

6. Heikkila, M., Pietikainen, M., Schmid, C.: Description of Interest Regions with
Center-Symmetric Local Binary Patterns. In: ICVGIP, pp. 58–69 (2006)

7. Ferrari, V., Tuytelaars, T., Van Gool, L.: Simultaneous object recognition and
segmentation by image exploration. In: Pajdla, T., Matas, J(G.) (eds.) ECCV
2004. LNCS, vol. 3021, pp. 40–54. Springer, Heidelberg (2004)

8. Sudderth, E., Torralba, A., Freeman, W., Willsky, A.: Learning hierarchical models
of scenes, objects, and parts. In: ICCV, vol. 2, pp. 1331–1338 (2005)

9. Arth, C., Leistner, C., Bischof, H.: Robust Local Features and their Application in
Self-Calibration and Object Recognition on Embedded Systems. In: CVPR (2007)

10. Mikolajczyk, K., Leibe, B., Schiele, B.: Multiple object class detection with a gen-
erative model. In: CVPR (2006)

11. Dorko, G., Schmid, C., Gravir-Cnrs, I., Montbonnot, F.: Selection of scale-invariant
parts for object class recognition. In: ICCV, pp. 634–639 (2003)

12. Opelt, A., Fussenegger, M., Pinz, A., Auer, P.: Weak hypotheses and boosting for
generic object detection and recognition. In: Pajdla, T., Matas, J(G.) (eds.) ECCV
2004. LNCS, vol. 3022. Springer, Heidelberg (2004)



508 O. Pele and M. Werman

13. Sivic, J., Zisserman, A.: Video Google: a text retrieval approach to object matching
in videos. In: ICCV, pp. 1470–1477 (2003)

14. Philbin, J., Chum, O., Isard, M., Sivic, J., Zisserman, A.: Object retrieval with
large vocabularies and fast spatial matching. In: CVPR (2007)

15. Snavely, N., Seitz, S., Szeliski, R.: Photo tourism: exploring photo collections in
3D. ACM Transactions on Graphics (TOG) 25(3), 835–846 (2006)

16. Sivic, J., Everingham, M., Zisserman, A.: Person Spotting: Video Shot Retrieval for
Face Sets. In: Leow, W.-K., Lew, M., Chua, T.-S., Ma, W.-Y., Chaisorn, L., Bakker,
E.M. (eds.) CIVR 2005. LNCS, vol. 3568, pp. 226–236. Springer, Heidelberg (2005)

17. Se, S., Lowe, D., Little, J.: Local and global localization for mobile robots using
visuallandmarks. In: IROS, vol. 1 (2001)

18. Brown, M., Lowe, D.: Recognising panoramas. In: ICCV, p. 3 (2003)
19. Nowak, E., Jurie, F., Triggs, B.: Sampling strategies for bag-of-features image

classification. In: Leonardis, A., Bischof, H., Pinz, A. (eds.) ECCV 2006. LNCS,
vol. 3954, pp. 490–503. Springer, Heidelberg (2006)

20. Ling, H., Okada, K.: An Efficient Earth Mover’s Distance Algorithm for Ro-
bust Histogram Comparison. IEEE Trans. Pattern Analysis and Machine Intel-
ligence 29(5), 840–853 (2007)

21. Ling, H., Okada, K.: Diffusion distance for histogram comparison. In: CVPR, vol. 1,
pp. 246–253 (2006)

22. Werman, M., Peleg, S., Melter, R., Kong, T.: Bipartite graph matching for points
on a line or a circle. Journal of Algorithms 7(2), 277–284 (1986)

23. http://www.cs.huji.ac.il/∼ofirpele/publications/ECCV2008.pdf

24. Shen, H., Wong, A.: Generalized texture representation and metric. Computer
vision, graphics, and image processing 23(2), 187–206 (1983)

25. Werman, M., Peleg, S., Rosenfeld, A.: A distance metric for multidimensional his-
tograms. Computer Vision, Graphics, and Image Processing 32(3) (1985)

26. Peleg, S., Werman, M., Rom, H.: A unified approach to the change of resolution:
Space and gray-level. IEEE Trans. Pattern Analysis and Machine Intelligence 11(7),
739–742 (1989)

27. Cha, S., Srihari, S.: On measuring the distance between histograms. Pattern Recog-
nition 35(6), 1355–1370 (2002)

28. Indyk, P., Thaper, N.: Fast image retrieval via embeddings. In: 3rd International
Workshop on Statistical and Computational Theories of Vision (October 2003)

29. http://www.robots.ox.ac.uk/∼vgg/research/affine/index.html
30. Forssén, P., Lowe, D.: Shape Descriptors for Maximally Stable Extremal Regions.

In: ICCV, pp. 1–8 (2007)
31. http://vision.ucla.edu/∼vedaldi/code/sift/sift.html

32. http://www.cs.huji.ac.il/∼ofirpele/publications/ECCV2008addRes.pdf

33. Pele, O., Werman, M.: Robust real time pattern matching using bayesian sequential
hypothesis testing. IEEE Trans. Pattern Analysis and Machine Intelligence 30(8),
1427–1443 (2008)

34. Obdrzalek, S., Matas, J.: Sub-linear indexing for large scale object recognition. In:
BMVC, vol. 1, pp. 1–10 (2005)

35. Arya, S., Mount, D., Netanyahu, N., Silverman, R., Wu, A.: An optimal algorithm
for approximate nearest neighbor searching fixed dimensions. Journal of the ACM
(JACM) 45(6), 891–923 (1998)

36. Beis, J., Lowe, D.: Shape indexing using approximate nearest-neighbour search in
high-dimensional spaces. In: CVPR, pp. 1000–1006 (1997)



Chapter 3

Fast and Robust Earth Mover’s
Distances

24



Fast and Robust Earth Mover’s Distances

Ofir Pele
The Hebrew University of Jerusalem

ofirpele@cs.huji.ac.il

Michael Werman
The Hebrew University of Jerusalem

werman@cs.huji.ac.il

Abstract

We present a new algorithm for a robust family of Earth
Mover’s Distances - EMDs with thresholded ground dis-
tances. The algorithm transforms the flow-network of the
EMD so that the number of edges is reduced by an order
of magnitude. As a result, we compute the EMD by an or-
der of magnitude faster than the original algorithm, which
makes it possible to compute the EMD on large histograms
and databases. In addition, we show that EMDs with
thresholded ground distances have many desirable proper-
ties. First, they correspond to the way humans perceive dis-
tances. Second, they are robust to outlier noise and quanti-
zation effects. Third, they are metrics. Finally, experimental
results on image retrieval show that thresholding the ground
distance of the EMD improves both accuracy and speed.

1. Introduction

Histograms are ubiquitous tools in numerous computer
vision tasks. It is common practice to use distances such as
L2 or χ2 for comparing histograms. This practice assumes
that the histogram domains are aligned. However this as-
sumption is violated through quantization, shape deforma-
tion, light changes, etc.

The Earth Mover’s Distance (EMD) [29] is a cross-bin
distance that addresses this alignment problem. EMD is de-
fined as the minimal cost that must be paid to transform
one histogram1 into the other, where there is a “ground dis-
tance” between the basic features that are aggregated into
the histogram. The EMD as defined by Rubner is a met-
ric only for normalized histograms. However, recently Pele
and Werman [26] suggested ÊMD and showed that it is a
metric for all histograms.

A major issue that arises when using EMD is which
ground distance to use for the basic features. This, of
course, depends on the histograms, the task and practical

1Rubner’s noted that EMD can be used with sparse histograms which
he coined signatures. Our algorithm is applicable to both histograms and
signatures.
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(a) (b)

Figure 1. An example of the transformation on a flow network
of an EMD or ÊMD with a ground distance of: d(a, b) =
min(2, |a − b|). (a) is the original flow network with N2 + N
edges. Note that N(N − 3) of these edges have cost 2. The bot-
tom cyan vertex on the left is the sink that handles the difference
between the total mass of the two histograms (ingoing edges cost
is 0 for EMD and α maxij dij for ÊMD). (b) is the transformed
flow network. The striped yellow square is the new transhipment
vertex. Ingoing edge cost is the threshold (e.g. 2) and outgoing
edge cost is 0.

considerations. In many cases we would like the distance
to correspond to the way humans perceive distances (image
retrieval, for example). In other cases we would like the
distance to fit the distribution of the noise (keypoint match-
ing, for example). Practical considerations include speed of
computation and the metric property that enables fast algo-
rithms for nearest neighbor searches [41, 7], fast clustering
[10] and large margin classifiers [15, 36].

We propose using thresholded ground distances. i.e. dis-
tances that saturate to a constant value. These distances
have many desirable properties. First, saturated distances
correspond to the way humans perceive distances [34]. Sec-
ond, many natural noise distributions have a heavy tail; i.e.
outlier noise. Thresholded distances assign different out-
liers the same large distance. Finally, we present an algo-
rithm that computes EMD with a thresholded ground dis-
tance faster by an order of magnitude than the original al-
gorithm. The algorithm transforms the flow-network of the
EMD so that the number of edges is reduced by an order of
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magnitude (see Fig. 1).
The Earth Mover’s Distance has been used successfully

in many applications such as image retrieval [29, 23], edge
and corner detection [30], keypoint matching [26, 8, 20],
near duplicate image identification [40], classification of
texture and object categories [42, 19], NMF [31] and con-
tour matching [12]. Many of these works used saturated dis-
tances, usually the negative exponent function. The major
contribution of this paper is a fast algorithm for the com-
putation of the EMD with thresholded ground distance. We
argue that thresholded distances have all the benefits of the
negative exponent function that is typically used as a satu-
rated distance; its big advantage is its much shorter compu-
tation time.

This paper is organized as follows. Section 2 is an
overview of previous work. Section 3 describes the Earth
Mover’s Distance. Section 4 discusses thresholded dis-
tances and proves that they are metrics. Section 5 describes
the fast algorithm. Section 6 presents the results. Finally,
conclusions are drawn in Section 7.

2. Previous Work

This section first describes EMD algorithms. Second, it
describes the use of saturated ground distances in the EMD
framework.

2.1. EMD Algorithms

Early work using cross-bin distances for histogram com-
parison can be found in [33, 39, 38, 28]. Shen and Wong
[33] suggested unfolding two integer histograms, sorting
them and then computing the L1 distance between the un-
folded histograms. To compute the modulo matching dis-
tance between cyclic histograms they took the minimum
from all cyclic permutations. This distance is equivalent to
the EMD between two normalized histograms. Werman et
al. [39] showed that this distance is equal to the L1 distance
between the cumulative histograms. They also proved that
matching two cyclic histograms by only examining cyclic
permutations is optimal. Werman et al. [38] proposed an
O(M logM) algorithm for finding a minimal matching be-
tween two sets of M points on a circle. The algorithm was
adapted by Pele and Werman [26] to compute the EMD be-
tween two N -bin, normalized histograms with time com-
plexity O(N). Peleg et al. [28] suggested using the EMD
for grayscale images and using linear programming to com-
pute it. Rubner et al. [29] suggested using the EMD for
color and texture images and generalized the definition of
the EMD to non-normalized histograms. They computed
the EMD using a specific linear programming algorithm -
the transportation simplex. The algorithm’s worst case time
complexity is exponential. Practical run time was shown
to be super-cubic. Interior-point algorithms or Orlin’s algo-

rithm [25] both have a time complexity of O(N3logN) and
can also be used.

Ling and Okada proposed EMD-L1[20]; i.e. EMD with
L1 as the ground distance. They showed that if the points
lie on a Manhattan network (e.g. an image), the number of
variables in the LP problem can be reduced from O(N2)
to O(N). To execute the EMD-L1 computation, they em-
ployed a tree-based algorithm, Tree-EMD. Tree-EMD ex-
ploits the fact that a basic feasible solution of the sim-
plex algorithm-based solver forms a spanning tree when the
EMD-L1 is modeled as a network flow optimization prob-
lem. The worst case time complexity is exponential. Empir-
ically, they showed that this algorithm has an average time
complexity of O(N2). Gudmundsson et al. [14] also put
forward this simplification of the LP problem. They sug-
gested an O(N logd−1N) algorithm that creates a Manhat-
tan network for a set of N points in Rd. The Manhattan
network has O(N logd−1N) vertices and edges. Thus, us-
ing Orlin’s algorithm [25] the EMD-L1 can be computed
with a time complexity of O(N2 log2d−1N). Indyk and
Thaper [17] proposed approximating EMD-L1 by embed-
ding it into the L1 norm. Embedding time complexity is
O(Nd logΔ), where N is the feature set size, d is the fea-
ture space dimension and Δ is the diameter of the union
of the two feature sets. Grauman and Darrell [13] substi-
tuted L1 with histogram intersection in order to approxi-
mate partial matching. Shirdhonkar and Jacobs [35] pre-
sented a linear-time algorithm for approximating EMD-L1

for low dimensional histograms using the sum of absolute
values of the weighted wavelet coefficients of the difference
histogram. Lv et al. [23] proposed embedding an EMDwith
thresholded ground distance into the L1 norm. Khot and
Naor [18] showed that any embedding of the EMD over the
d-dimensional Hamming cube into L1 must incur a distor-
tion of Ω(d), thus losing practically all distance informa-
tion. Andoni et al. [5] showed that for sets with cardinali-
ties upper bounded by a parameter s, the distortion reduces
to O(log s log d). A practical reduction in accuracy due to
the approximation was reported by [12, 23, 35]. In order to
increase precision, Grauman and Darrell [12] and Lv et al.
[23] used the approximation as a filter that returns a set of
similar objects, and then used the exact EMD computation
to rerank these objects. Khanh Do Ba et al. [6] presented
optimal algorithms for estimating EMD-L1 or EMD with a
tree-metric as the ground distance.

Pele and Werman [26] proposed ÊMD - a new defi-
nition of the EMD for non-normalized histograms. They
showed that unlike Rubner’s definition, the ÊMD is also
a metric for non-normalized histograms. In addition, they
proposed a linear-time algorithm that computes the ÊMD
with a ground distance of 0 for corresponding bins, 1 for
adjacent bins and 2 for farther bins and for the extra mass.
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2.2. Saturated Ground Distances with the EMD

Rubner et al. [29] and Ruzon and Tomasi [30] used a
negative exponent function to saturate their ground distance
for the tasks of image retrieval and edge detection, respec-
tively. The negative exponent function practically saturates
large distances to a fixed threshold (see Fig. 2). The neg-
ative exponent function is used for saturating a metric, be-
cause it does not break the triangle inequality. We show that
this is true as well for a thresholding function. Note that sat-
urating with a negative exponent might have the drawback
of changing the behavior of small distances (see Fig. 2).

Lv et al. [23] conducted image retrieval experiments
from a database of 10000 images. They showed that thresh-
olding the ground distance improves precision.

Pele andWerman [26] compared several distances for the
task of SIFT matching. They proposed an ÊMD variant.
The ground distance of this ÊMD is 0 for corresponding
bins, 1 for adjacent bins and 2 for farther bins and for the
extra mass; i.e. a thresholded distance. They showed that
this distance improves SIFT matching, while ÊMD with
non-thresholded distances negatively affects performance.

3. The Earth Mover’s Distance

The EarthMover’s Distance (EMD) [29] is defined as the
minimal cost that must be paid to transform one histogram
into the other, where there is a “ground distance” between
the basic features that are aggregated into the histogram.

Given two histograms P,Q the EMD as defined by Rub-
ner et al. [29] is:

EMD(P,Q) = ( min
{fij}

X
i,j

fijdij)/(
X
i,j

fij) s.t fij ≥ 0

X
j

fij ≤ Pi

X
i

fij ≤ Qj

X
i,j

fij = min(
X
i

Pi,
X
j

Qj)

where {fij} denotes the flows. Each fij represents the
amount transported from the ith supply to the jth demand.
We call dij the ground distance between bin i and bin j in

the histograms. Pele and Werman [26] suggested ÊMD:

ÊMDα(P,Q) = ( min
{fij}

X
i,j

fijdij) + |
X
i

Pi −
X
j

Qj |αmax
i,j

dij

s.t EMD constraints

Pele and Werman proved that ÊMD is a metric for
any two histograms if the ground distance is a metric and
α ≥ 0.5 [26]. The metric property enables fast algorithms
for nearest neighbor searches [41, 7]), fast clustering [10]
and large margin classifiers [15, 36]. Because of these ad-
vantages we will use the Pele and Werman definition in the
remainder of this paper (with α = 1).
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Figure 2. This figure should be viewed in color, preferably on a
computer screen. The x-axes are colors, sorted by their distance to
the blue color. The distances are the ciede2000 distance [22] and
three monotonic saturating transformations applied to it: two neg-
ative exponent functions and a thresholding function; i.e. a mini-
mum function. There are several observations we can derive from
these graphs. First, although ciede2000 is considered as state of
the art, it is still far from perfect, especially in the medium to large
distance range. Second, color distances should be saturated. For
example, although red and yellow are both simply different from
blue, the ciede2000 distance between blue and red is 56, while the
ciede2000 distance between blue and yellow is 102. This was al-
ready noted by Rubner et al. [29] and Ruzon and Tomasi [30] who
suggested using a negative exponent function because it is a met-
ric, if the distance that is raised to the power is a metric. In this
paper we show that the thresholding function is also a metric if the
thresholded distance is a metric. Finally, for most of the range,
the negative exponent and thresholded functions are very similar.
They mostly differ for small distances, where the negative expo-
nent changes the original distance, while the thresholding func-
tion does not. Since the ciede2000 was designed and perceptually
tested on this range [22], changing the distances on this range can
negatively affect performance as was noted by Rubner et al. for
the Euclidean distance on L*a*b* space [29].

4. Thresholded Distances

Thresholded distances are distances that saturate to a
threshold; i.e. let d(a, b) be a distance measure between two
features - a, b. The thresholded distance with a threshold of
t > 0 is defined as: dt(a, b) = min(d(a, b), t).

We now prove that if d is a metric then dt is also a met-
ric. Non-negativity and symmetry hold trivially, so we only
need to prove that the triangle inequality holds.

dt(a, b) + dt(b, c) ≥ dt(a, c) if d is a metric.

We consider three cases:
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1.
“
dt(a, b) < t

”
∧

“
dt(b, c) < t

”
∧

“
dt(a, c) < t

”
⇒

“
dt(a, b) = d(a, b)

”
∧

“
dt(b, c) = d(b, c)

”
∧

“
dt(a, c) = d(a, c)

”
⇒ dt(a, b) + dt(b, c) ≥ dt(a, c)

2.
“
dt(a, b) = t

”
∨

“
dt(b, c) = t

”
⇒

dt(a, b) + dt(b, c) ≥ t ≥ dt(a, c)

3. dt(a, c) = t⇒

Assume for contradiction that:

dt(a, b) + dt(b, c) < dt(a, c) = t⇒
“
dt(a, b) < t

”
∧

“
dt(b, c) < t

”
⇒

“
dt(a, b) = d(a, b)

”
∧

“
dt(b, c) = d(b, c)

”
⇒

d(a, b) + d(b, c) < t = dt(a, c) ≤ d(a, c)⇒
d(a, b) + d(b, c) < d(a, c)

The last statement contradicts the triangle inequality of the
metric d. The union of cases 2 and 3 is complement of
case 1. Thus, cases 1-3 constitute the entire event space.
Therefore we proved that dt is a metric if d is a metric. It is
noteworthy that dt can be a metric even if d is not a metric.

5. Fast Computation of the EMD with a
Thresholded Ground Distance

This section describes an algorithm that computes
ÊMD or EMDwith a thresholded ground distance an order
of magnitude faster than the original algorithm 2.

ÊMD can be solved by a min-cost-flow algorithm. Our
algorithm makes a simple transformation of the flow net-
work that reduces the number of edges. If N is the number
of bins in the histogram, the flow network of ÊMD has
exactly N2 + N edges (see (a) in Fig. 1). N2 edges con-
nect all sources to all sinks. The extra N edges connect all
sources to the sink that handles the difference between the
total mass of the two histograms (we assume without loss
of generality that the source histogram total mass is greater
or equal to the sink histogram total mass).

The transformation (see Fig. 1) first removes all edges
with cost t. Second, it adds a new transhipment vertex. Fi-
nally we connect all sources to this vertex with edges of cost
t and connect the vertex to all sinks with edges of cost 0.

LetK be the average number of edges going out of each
bin that have a cost different than the threshold t. The new
flow network has NK + N edges from the original net-
work, N edges connecting all sources to the transhipment
vertex and N edges connecting the transhipment vertex to
all sinks. Thus the total number of edges is N(K + 3). If

2Note that the optimization problems in EMD and ÊMD are exactly
the same. Thus, any algorithm that computes EMD can compute ÊMD
and vice versa with the same time complexity.

K is a constant the number of edges is O(N) as opposed to
the original Θ(N2). Note that the new flow network is no
longer a transportation problem, but a transhipment prob-
lem [2]. However, both are special cases of the min-cost-
flow problem. Thus any algorithm that solves min-cost-flow
can be used for both problems.

Let K = O(1); the min-cost-flow optimization problem
can be solved with a worst case time complexity of:

O(min((N2 log logU log(NC)), (N2 logU
p

logC),

(N2 logU logN), (N2 log2 N)))

The algorithms are taken from: Ahuja et al. [1], Edmonds
and Karp [9], used with Ahuja et al.’s shortest path algo-
rithm [3], Edmonds and Karp [9], used with Fredman and
Tarjan’s shortest path algorithm [11] and Orlin [25]. Algo-
rithms with a C term assume integral cost coefficients that
are bounded by C. Algorithms with a U term assume inte-
gral supply and demands that are bounded by U .

We now prove that the original and the transformed flow
networks have the same minimum-cost solution. Let O be
the original flow network and let T be the transformed flow
network. We first show how to create a feasible flow in T ,
given a feasible flow in O. Both flows will have the same
cost. This will prove that the min-cost-flow solution for T
is smaller or equal to the min-cost-flow solution for O.

Given a feasible flow in O, all flows on edges that were
not removed are copied to the new flow for T . For flows
on edges with the cost of the threshold, we transfer the flow
through the transhipment vertex. This gives us a feasible
flow in T with the same cost.

We now show how to create a feasible flow in O, given
a feasible flow in T . The flow in O will have a cost smaller
or equal to the cost of the flow in T . This will prove that
the min-cost-flow solution for T is greater or equal to the
min-cost-flow solution for O. Together with the previous
proof, this shows that the two flow networks have the same
min-cost solution.

Given a feasible flow in T , all flows on edges not con-
nected to the transhipment vertex are copied to O. Second,
each unit of mass that flows from vertex i to the tranship-
ment vertex and then from the transhipment vertex to vertex
j is transferred directly from vertex i to vertex j. We note
that this is possible since O is fully bi-partite. We also note
that the cost of the new flow will be smaller or equal to the
cost of the flow in T as all edges in O have a cost smaller
or equal to the threshold. This completes the proof.

It is noteworthy that the algorithmic technique presented
in this paper can be applied not only with thresholded
ground distance, but in any case where a group of vertexes
can be connected to another group with the same cost. For
example, we can add a transhipment vertex for all vertexes
with a specific color (e.g. blue) such that the cost of the
transportation between them will be smaller than the cost of
the transportation to other colors.
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5.1. Implementation notes

Flow-netowrk set-up time. For a fixed histogram
configuration (e.g. SIFT) the flow-network can be pre-
computed once. For sparse histograms (signatures), the
flow-network set-up time complexity is O(MN); where N
is the number of non-zero bins andM is the average number
of neighbors that need to be checked if the distance is lower
than the threshold. M is at most N but it can be lower. For
example, let t be the threshold. If we are comparing two
images and the ground distance is a linear combination of
the spatial distance and the color distance, then the distance
computation to vertexes with L1 distance bigger or equal
to t can be skipped. That is, the set-up time in this case is
O(min(t2N,N2)).

Pre-flowing Monge sequences. A Monge sequence
contains edges in the flow-network that can be pre-flowed
(in the order of the sequence) without changing the min-
cost solution [24, 16]. For example, if the ground-distance
is a metric, zero-cost edges are Monge sequence [38]. Alon
et al. [4] introduced an efficient algorithmwhich determines
the longest Monge sequence.

Pre-flowing to/from isolated nodes. If a source is con-
nected only to the new transhipment vertex, we can pre-flow
all its mass to the transhipment vertex and eliminate it. If
a sink is connected only to the transhipment vertex, we can
add its deficit to the transhipment vertex and eliminate it.

6. Results

In this section we present results for image retrieval.
However, note that we do not claim that this is the opti-
mal way to achieve image retrieval. Image retrieval is used
here as an example of an application where the EMD has
already been used, to show that thresholded distances yield
good results. The major contribution is the faster algorithm.
We show that by using our algorithm the running time de-
creases by an order of magnitude.

We use a database that contains 773 landscape images
from the COREL database, that were also used in Wang et
al. [37]. The dataset contains 10 classes3: People in Africa,
Beaches, Outdoor Buildings, Buses, Dinosaurs, Elephants,
Flowers, Horses, Mountains and Food. The number of im-
ages in each class ranges from 50 to 100.

From each class we selected 5 images as query images
(numbers 1, 10, . . . , 40). Then we searched for the 50 near-
est neighbors for each query image. We computed the dis-
tance of each image to the query image and its reflection
and took the minimum. We present results for three types of
image representations: histograms of orientations, L*a*b*

3The original database contains some visually ambiguous classes such
as Africa that also contains images of beaches in Africa. We manually
removed these ambiguous images.

color space and finally linear combinations of the two. We
conclude this section with running times.

6.1. SIFT

Our first image representation is orientation histograms.
The first representation - SIFT is a 6×8×8 SIFT descriptor
[21] computed globally on the whole image. The second
representation - CSIFT is a SIFT-like descriptor. This de-
scriptor tackles two problems related to the SIFT descriptor
for color image retrieval. First, it takes into account color
edges by computing the SIFT descriptor on the compass
edge image [30]. Note that on an edge image there should
be no distinction between opposite directions (0 and 180 for
example). Thus, opposite directions are considered equal.
The second drawback of the SIFT descriptor for color im-
age retrieval is its normalization. The normalization is prob-
lematic as we lose the distinctive cue of the amount of edge
points in the image. In the CSIFT computation we skip the
normalization step. The final CSIFT descriptor has 6×8×8
bins. We used the following distances for these descriptors:
L1, L2, χ2, EMD-L1 [20], SIFTDIST [26] and ÊMD. Let
M be the number of orientation bins. The ground distances
between bins (xi, yi, oi) and (xj , yj , oj) we use are:

dR =||(xi, yi)− (xj , yj)||2 +min(|oi − oj |,M − |oi − oj |)
dT =min(dR, T )

The results are given in Fig. 4(a). Due to lack of space
we present for each distance measure, the descriptor with
which it performed best. Results of all pairs of descriptors
and distance measures can be found at:
www.cs.huji.ac.il/%7eofirpele/FastEMD/. The
ÊMD with a thresholded ground distance performs much
better than ÊMD with a non-thresholded ground distance.
In fact, while ÊMD with a non-thresholded ground dis-
tance negatively affects performance, ÊMD with a thresh-
olded ground distance improves performance. L1 is equiv-
alent to ÊMD with the Kroncker δ ground distance [26].
SIFTDIST is the sum of ÊMD over all the spatial cells
(each spatial cell contains one orientation histogram). The
ground distance for the orientation histograms is: min(|oi−
oj |,M−|oi−oj |, 2). It was shown in [26] and here that this
addition of a small invariance to the orientations shifts im-
proves performance. Our distance also adds a small invari-
ance to spatial shifts and thus improves performance even
more. However, using a non-thresholded distance adds too
much invariance at the expense of distinctiveness, thus re-
ducing performance.

6.2. L*a*b* Color Space

The state of the art color distance is Δ00 - ciede2000
on L*a*b* color space[22, 32] (see also Fig. 2). Thus,
our second type of image representation is simply a resized
color image in the L*a*b* space. We resized each image to
32× 48 and converted them to L*a*b* space. Let I1, I2 be
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Query
dC α = 0.3

dC2 α = 0.3

Figure 3. Example of image retrieval using the best distance - ÊMD with thresholded ground distances (top row) and the second best
distance - L1 like distance (bottom row). The nearest neighbor images are ordered from left to right by their distance from the query image.
Note that by allowing small deformations in the ÊMD we obtain results that are visually similar to the query image. Allowing larger
deformations; i.e. using a non-thresholded distance negatively affects results.

the two L*a*b* images. We used the following distances:
L1Δ00 =

X
x,y

(Δ00(I1(x, y), I2(x, y)))

L1Δ
T
00 =

X
x,y

(min(Δ00(I1(x, y), I2(x, y)), T ))

L2Δ00 =
X
x,y

(Δ00(I1(x, y), I2(x, y)))
2

L2Δ
T
00 =

X
x,y

(min(Δ00(I1(x, y), I2(x, y)), T ))2

We also used ÊMD, where the ground distance between
two pixels (xi, yi, Li, ai, bi), (xj , yj, Lj , aj, bj) is:
dcT = min(||(xi, yi)− (xj , yj)||2 +Δ00((Li, ai, bi), (Lj , aj , bj))

, T )

The results for ÊMD with a non-thresholded ground dis-
tance are not reported here since the experiments have not
finished running (more than ten days). Results are presented
in Fig. 4(b). As shown, ÊMD with a thresholded ground
distance outperforms all other distances.

6.3. Color and SIFT Combined
In the experiments described in this section, we used lin-

ear combinations of the orientation histograms and color.
We combined the two best distances for each of the methods
(note that each distance was normalized so that its average
is 1):

dC = α
“
ÊMD dT=2,CSIFT

”
+ (1 − α)

“
ÊMD dcT=20

”

We also used a combination of the two L1-like distances:

dC2 = α (L1, SIFT ) + (1− α)
“
L1Δ

T=20
00

”

We used three different α values: 0.1, 0.3, 0.5. The
results appear in Fig. 4(c)-(f). The combination of two
ÊMD with thresholded distances performs best, especially
for hard classes such as People in Africa and Food. The im-
age results examples for one “Food” query image are given
in Fig. 3. More image results can be found at:
www.cs.huji.ac.il/%7eofirpele/FastEMD/

6.4. Running Time Results

The algorithmwe used for the computation of the ÊMD
is successive shortest path [2]. This algorithm has a worst
time complexity of O(N2U logN). All runs were con-
ducted on a Pentium 2.8GHz. A comparison of the prac-
tical running time of our algorithm and other methods are
given in tables 1,2 and in Fig. 5. It is noteworthy that EMD-
L1 accuracy is much lower than our method and even lower
than the simple L1 norm (see Fig. 4(a)). Indyk and Thaper
[17] and Shirdhonkar and Jacobs [35] approximate EMD-
L1, so their accuracy is even lower. SIFTDIST gives good
accuracy (second best, see Fig. 4(a)) and is faster than our
method. Our method has better accuracy. More importantly,
SIFTDIST is limited to a thresholded L1 norm with a thresh-
old of 2 for 1-dimensional histograms. Our method is much
more general. For example, SIFTDIST cannot be applied to
colors. Lv et al. [23] report that their approximation runs 5
times faster than Rubner’s. Our method runs 75-700 times
faster and returns the exact distance.

Our Rubner’s [29] EMD-L1[20] SIFTDIST[26]

0.04s 3s 0.04s 0.00007s

Table 1. 384-dimensional SIFT-like descriptors matching time

Our Rubner’s [29] EMD-L1[20] SIFTDIST[26]

6s 4400s N.A. N.A.

Table 2. L*a*b* images matching time. Note that EMD-L1 can be
applied only to regular grids and SIFTDIST can be applied only to
1-dimensional histograms.
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Figure 4. Results for image retrieval. Our method is in bold font. (a) Orientation histogram results. Due to lack of space we present for
each distance measure, the descriptor with which it performed best. Results of all pairs of descriptors and distance measures can be found
at:
www.cs.huji.ac.il/%7eofirpele/FastEMD/. (b) L*a*b* color space results. (c)-(f) Linear combinations of color and orien-
tation results, where (c) is an average over all classes and (d)-(f) are for specific classes: (d) People in Africa (e) Food (f) Flowers. There
are two key observations. First, ÊMD with thresholded ground distances performs best. Second, some of the classes are easy, e.g. (f)
Flowers. For these classes ÊMD does not improve performance. However, for harder classes, such as (d) People in Africa and (e) Food,
ÊMD significantly improves results. Image result examples for one “Food” query image are given in Fig. 3.
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Figure 5. log-log running time graph for matching grayscale im-
ages with N pixels.. Linear fit for our algorithm: 2.3× log(N)−
16. Linear fit for Rubner’s algorithm: 3.6× log(N)− 21.

7. Conclusions

We presented a new family of Earth Mover’s Distances.
Members of this family correspond to the way humans per-

ceive distances, and are robust to outlier noise and quanti-
zation effects. We proved that they are metrics. We also
proposed a fast algorithm. The algorithm runs an order of
magnitude faster than the original algorithm, which makes
it possible to compute the EMD on large histograms and
databases. Experimental results show that EMD has the best
performance when it is used with thresholded distances.
This has also been shown by Rubner et al. [29] and Ru-
zon and Tomasi [30] for saturated distances, which are es-
sentially thresholded. This has also been demonstrated for
thresholded distances by Lv et al. [23] and Pele and Wer-
man [26]. Our results strengthen these findings. Most im-
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portantly, our paper shows that using a thresholded distance
not only improves accuracy, but reduces the run time, us-
ing our algorithm. The speed can be further improved using
techniques such as Bayesian sequential hypothesis testing
[27]. The project homepage, including code (C++ and Mat-
lab wrappers) is at:
www.cs.huji.ac.il/%7eofirpele/FastEMD/.
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Abstract. We present a new histogram distance family, the Quadratic-Chi (QC).
QC members are Quadratic-Form distances with a cross-bin χ2-like normaliza-
tion. The cross-bin χ2-like normalization reduces the effect of large bins having
undo influence. Normalization was shown to be helpful in many cases, where the
χ2 histogram distance outperformed the L2 norm. However, χ2 is sensitive to
quantization effects, such as caused by light changes, shape deformations etc. The
Quadratic-Form part of QC members takes care of cross-bin relationships (e.g.
red and orange), alleviating the quantization problem. We present two new cross-
bin histogram distance properties: Similarity-Matrix-Quantization-Invariance
and Sparseness-Invariance and show that QC distances have these properties. We
also show that experimentally they boost performance. QC distances computation
time complexity is linear in the number of non-zero entries in the bin-similarity
matrix and histograms and it can easily be parallelized. We present results for im-
age retrieval using the Scale Invariant Feature Transform (SIFT) and color image
descriptors. In addition, we present results for shape classification using Shape
Context (SC) and Inner Distance Shape Context (IDSC). We show that the new
QC members outperform state of the art distances for these tasks, while having a
short running time. The experimental results show that both the cross-bin prop-
erty and the normalization are important.

1 Introduction

It is common practice to use bin-to-bin distances such as the L1 and L2 norms for
comparing histograms. This practice assumes that the histogram domains are aligned.
However this assumption is violated in many cases due to quantization, shape deforma-
tion, light changes, etc. Bin-to-bin distances depend on the number of bins. If it is low,
the distance is robust, but not discriminative, if it is high, the distance is discrimina-
tive, but not robust. Distances that take into account cross-bin relationships (cross-bin
distances) can be both robust and discriminative.

There are two kinds of cross-bin distances. The first is the Quadratic-Form distance
[1]. Let P and Q be two histograms and A the bin-similarity matrix. The Quadratic-
Form distance is defined as:

QFA(P, Q) =
√

(P − Q)T A(P − Q) (1)

When the bin-similarity matrix A is the inverse of the covariance matrix, the
Quadratic-Form distance is called the Mahalanobis distance. If the bin-similarity ma-
trix is positive-definitive, then the Quadratic-Form distance is a metric. In this case the

K. Daniilidis, P. Maragos, N. Paragios (Eds.): ECCV 2010, Part II, LNCS 6312, pp. 749–762, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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(query) (a) (b) (c)

0.8

0.20.20.2

0.60.6

0.4

0.72

0.12
0.16

(a)-(c) ordered by their distance (in
distance small fonts) to the (query)

QCN(our) (a) 0.35 (b) 0.62 (c) 0.86

QCS(our) (a) 0.31 (b) 0.41 (c) 0.43

QF (c) 0.20 (a) 0.28 (b) 0.28

EMD (c) 3.20 (a) 4.00 (b) 4.00

L1 (c) 0.32 (a) 0.40 (b) 0.40

χ2 (a) 0.05 (c) 0.09 (b) 0.11

Fig. 1. This figure should be viewed in color, preferably on a computer screen. A toy example
showing the behavior of distances that reduce the effect of large bins and the behavior of distances
that take cross-bin relationships into account. We show four color histograms, each histogram has
four colors: red, blue, purple, and yellow. The Quadratic-Form (QF), the Earth Mover Distance
(EMD) and the L1 norm do not reduce the effect of large bins. Thus, they rank (query) to
be more similar to (c) than to (a). χ2 considers (a) to be more similar, but as it does not take
cross-bin relationships into account it fails with (b). Our proposed members of the Quadratic-Chi
histogram distance family, QCN and QCS consider (a) to be most similar, (b) the second and (c)
the least similar as they take into account cross-bin relationships and reduce the effect of large
bins, using an appropriate normalization.

Quadratic-Form distance is the L2 norm between linear transformations of P and Q. If
the bin-similarity matrix is positive-semidefinite, then the Quadratic-Form distance is a
semi-metric.

The second type of distance that takes into account cross-bin relationships is the
Earth Mover’s Distance (EMD). EMD was defined by Rubner et al. [2] as the minimal
cost that must be paid to transform one histogram (P ) into the other (Q):

EMDD(P, Q) = ( min
{Fij}

∑

i,j

FijDij)/(
∑

i,j

Fij) s.t Fij ≥ 0

∑

j

Fij ≤ Pi

∑

i

Fij ≤ Qj

∑

i,j

Fij = min(
∑

i

Pi,
∑

j

Qj)
(2)

where {Fij} denotes the flows. Each Fij represents the amount transported from the
ith supply to the jth demand. We call Dij the ground distance between bin i and bin
j. If Dij is a metric, the EMD as defined by Rubner is a metric only for normalized

histograms. Recently Pele and Werman [3] suggested ÊMD:

ÊMD
D

α (P, Q) = ( min
{Fij}

∑

i,j

FijDij) + |
∑

i

Pi −
∑

j

Qj |α max
i,j

Dij

s.t EMD constraints

(3)

If Dij is a metric and α ≥ 1
2 , ÊMD is a metric for all histograms [3]. For normalized

histograms ÊMD and EMD are equal (e.g. Fig. 1).
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In many natural histograms the difference between large bins is less important than
the difference between small bins and should be reduced. See for example Fig. 1. The
Chi-Squared (χ2) is a histogram distance that takes this into account. It is defined as:

χ2(P, Q) =
1

2

∑

i

(Pi − Qi)
2

(Pi + Qi)
(4)

The χ2 histogram distance comes from the χ2 test-statistic [4] where it is used to test
the fit between a distribution and observed frequencies. In this paper the histograms
are not necessarily normalized, and thus not probabilities vectors. χ2 was success-
fully used for texture and object categories classification [5,6,7], near duplicate im-
age identification[8], local descriptors matching [9], shape classification [10,11] and
boundary detection [12]. The χ2, like other bin-to-bin distances such as the L1 and the
L2 norms, is sensitive to quantization effects.

2 Our Contribution

In this paper we present a new cross-bin histogram distance family: Quadratic-Chi
(QC). Like the Quadratic-Form, its members take cross-bin relationships into account.
Like the χ2, its members reduce the effect of differences caused by bins with large
values. We discuss QC members’ properties, including a formalization of a two new
cross-bin histogram distance properties: Similarity-Matrix-Quantization-Invariance
and Sparseness-Invariance. We show that all QC members and the EMD have these
properties. We also show importance experimentally.

For full histograms QC distances computation time is linear in the number of non-
zero entries in the bin-similarity matrix. In this case, QC distances can be implemented
with 5 lines of Matlab code (see Algorithm 1). For two sparse histograms (for exam-
ple bag-of-words histograms) with a total of S non-zeros entries and an average of K
non-zeros entries in each row of the similarity matrix, a QC distance computation time
complexity is O(SK). See code (C++ and Matlab wrappers) at:
http://www.cs.huji.ac.il/˜ofirpele/QC/. Finally, QC distances’ paralleliza-
tion is trivial.

We present results for image retrieval on the Corel dataset using the SIFT descrip-
tor [13] and small color images. We also present results for shape classification using

Algorithm 1. Quadratic-Chi Matlab Code for Full Histograms
function dist= QC(P,Q,A,m)

Z= (P+Q)*A;
% 1 can be any number as Z_i==0 iff D_i=0
Z(Z==0)= 1;
Z= Z.ˆm;
D= (P-Q)./Z;
% max is redundant if A is positive-semidefinite
dist= sqrt( max(D*A*D’,0) );
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Shape Context (SC) [10] and Inner Distance Shape Context (IDSC) [11]. QC mem-
bers performance is excellent. They outperform state of the art distances including χ2,
QF, L1, L2, ÊMD[14], SIFTDIST[3], EMD-L1[15], Diffusion[16], Bhattacharyya [17],
Kullback-Leibler[18] and Jensen-Shannon[19] while having a short running time. We
have found that the normalization is very important. Surprisingly, excellent performance
was achieved using a new bin-to-bin distance from the QC family, that has a large nor-
malization factor. Its cross-bin version yielded an additional improvement, outperform-
ing all other distances for SIFT, SC and IDSC.

3 The Quadratic-Chi Histogram Distance Family

3.1 The Quadratic-Chi Histogram Distance Definition

Let P and Q be two non-negative bounded histograms. That is, P,Q ∈ [0, U ]N . Let
A be a non-negative symmetric bounded bin-similarity matrix such that each diagonal
element is bigger or equal to every other element in its row (this demand is weaker than
being a strongly dominant matrix). That is, A ∈ [0, U ]N × [0, U ]N and ∀i, j Aii ≥ Aij .
Let 0 ≤ m < 1 be the normalization factor. A Quadratic-Chi (QC) histogram distance
is defined as:

QCA
m(P,Q) =

√√√√∑

ij

( (
Pi −Qi

)
( ∑

c(Pc +Qc)Aci

)m

) ( (
Pj −Qj

)
( ∑

c(Pc +Qc)Acj

)m

)
Aij (5)

where we define 0
0 = 0. If A is positive-semidefinite, the argument inside the square

root (the sum) is non-negative. If A is not positive-semidefinite we can get non-real
(complex) distances. This is true also for the Quadratic-Form (Eq. 1). We prefer not to
restrict ourselves to positive-semidefinite matrices. On the other hand, we don’t want
non-real distances. So, we define a complex distance as zero. In practice, this was never
needed, even with non-positive-semidefinite matrices. This is due to the fact that the
eigenvectors of the similarity matrices corresponding to negative eigenvalues were very
far from smooth, while the difference vector for natural histograms P and Q is usually
very smooth, see Fig. 2.

Each addend’s denominator inside the square root is zero if and only if the addend’s
numerator is zero. A QCA

m(P,Q) distance is continuous. In particular, if the addend’s
denominator tends to zero, the whole addend tends to zero. Proofs are in [20].

The Quadratic-Chi distance family generalizes both the Quadratic-Form (QF) and
a monotonic transformation of χ2. That is, QCA

0 (P,Q) =QFA(P,Q) and if I is the
identity matrix, QCI

0.5(P,Q) =
√
2χ2(P,Q).

3.2 Metric Properties

There are three conditions for a distance function, D, to be a semi-metric. The first is
non-negativity (i.e. D(P,Q) ≥ 0), the second is symmetry (i.e. D(P,Q) = D(Q,P ))
and the third is subadditivity (i.e. D(P,Q) ≤ D(P,K)+D(K,Q)). D is a metric if it is
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(P ) (Q) (Z) (E)

Fig. 2. This figure illustrates why it is not likely to get negative values in the square root ar-
gument of a QC distance for natural histograms and a typical similarity matrix. P and Q are
two SIFT histograms. Z is the normalized difference vector. That is: Zi = Pi

(
∑

c(Pc+Qc)Aci)
m −

Qi
(
∑

c(Pc+Qc)Aci)
m . Negative values are represented with red, positive values are represented with

black. E is one of the eigenvectors of the similarity matrix that we used in the experiments which
correspond to a negative eigenvalue. Z is very smooth while E is very non-smooth. This is typical
of eigenvectors with negative values with typical parameters.

a semi-metric and it also has the property of identity of indiscernibles (i.e. D(P,Q) = 0
if and only if P = Q).

A QCA
m distance without the square root, is non-negative if the bin-similarity matrix,

A, is positive-semidefinite. If A is positive-definitive, then it also has the property of
identity of indiscernibles. This follows directly from the fact that the argument inside
the square root in a QC histogram distance is a quadratic-form between two vectors. A
QC histogram distance is symmetric if the bin-similarity matrix, A, is symmetric.

We now discuss subadditivity (i.e. D(P,Q) ≤ D(P,K) +D(K,Q)) for several dis-
tances. The χ2 histogram distance is not subadditive. For example let i = 0, k = 1,
j = 2 we get χ2(i, j) = 1 > χ2(i, k) + χ2(k, j) = 2

3 . However,
√
χ2 is sub-

additive for one and two dimensional non-negative histograms (verified by analysis).
Experimentally it appears that

√
χ2 is subadditive for an N -dimensional non-negative

histograms. Experimentally, QC members with the identity matrix seems to be subaddi-
tive for non-negative histograms. However, QC members with some positive-definitive
bin-similarity matrices are not subadditive. The question when the QC histogram dis-
tances are subadditive is currently unresolved. An additional discussion about triangle
inequality can be found in Jacobs et al. [21].

4 Cross-Bin Histogram Distance Properties

4.1 The Similarity-Matrix-Quantization-Invariance Property

The Similarity-Matrix-Quantization-Invariance property ensures that if two bins in the
histograms have been erroneously quantized, this will not affect the distance. Mathe-
matically we define this as:

Definition 1. Let D be a cross-bin histogram distance between two histograms P and
Q and let A be the bin-similarity/distance matrix. We assume P , Q and A are non-
negative and that A is symmetric. Let Ak,: be the kth row of A. Let V = [V1, . . . , VN ]
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be a non-negative vector and 0 ≤ α ≤ 1. We define V α,k,b = [. . . , αVk, . . . , Vb + (1−
α)Vk, . . .]. That is, V α,k,b is a transformation of V where (1 − α)Vk mass has moved
from bin k to bin b. We define D to be Similarity-Matrix-Quantization-Invariant if:

Ak,: = Ab,: ⇒ ∀ 0 ≤ α ≤ 1, 0 ≤ β ≤ 1 DA(P, Q) = DA(Pα,k,b, Qβ,k,b) (6)

We prove that EMD, ÊMD and all the Quadratic-Chi histogram distances are
Similarity-Matrix-Quantization-Invariant in the appendix [20].

4.2 The Sparseness-Invariance Property

The Sparseness-Invariance property ensures that distances between sparse histograms
will be equal to distances between full histograms. Mathematically we define this as:

Definition 2. Let D be a cross-bin histogram distance between two histograms P ∈
RN and Q ∈ RN and let A be the N × N bin similarity/distance matrix. Let A′ be
any (N + 1)× (N + 1) matrix whose upper-left sub-matrix equals A. We define D to
be Sparseness-Invariant if:

DA([P1, . . . , Pn], [Q1, . . . , Qn]) = DA′
([P1, . . . , Pn,0], [Q1, . . . , Qn,0]) (7)

QC members, EMD and the ÊMD are Sparseness-Invariant directly from their defi-
nitions. A stronger property called Extension-Invariance was proposed by D’Agostino
and Dardanoni for bin-to-bin distances [22]. This property requires that, if both his-
tograms are extended by concatenating each of them with the same vector (not nec-
essarily zeros), the distance is left unaltered. Cross-bin distances assumes dependence
between histogram bins, thus this requirement is too strong for them.

4.3 Cross-Bin Histogram Distance Properties Discussion

A Sparseness-Invariant cross-bin histogram distance does not depend on the specific
representation of the histograms (full or sparse). A Similarity-Matrix-Quantization-
Invariant cross-bin histogram distance encompass its cross-bin relationships only in
the bin-similarity matrix. Intuitively such properties are desirable. In the appendix [20],
we compare experimentally distances which resembles QC distances, but are either not
Similarity-Matrix-Quantization-Invariant or not Sparseness-Invariant. The comparison
shows that these properties considerably boost performance (especially for sparse color
histograms).

Rubner et al. [2,23] claim that one of the key advantages of the Earth Mover’s Dis-
tance is that each compared object may be represented by an individual (possibly with
a different number of bins) binning that is adapted to its specific distribution. The
Quadratic-Form is regarded as not having this property (see for example, Table 1 in
[23]). Since all the Quadratic-Chi histogram distances (including the Quadratic-Form)
are both Similarity-Matrix-Quantization-Invariant and Sparseness-Invariant there is no
obstacle to using them with individual binning; i.e. to use them to compare histograms
that were adapted to each object individually.

Similarity-Matrix-Quantization-Invariant and Sparness-Invariant can contradict.
For example, any distance applied to the transformed vectors P ′

i =
∑

c(Pc)Aci and
Q′

i =
∑

c(Qc)Aci is Similarity-Matrix-Quantization-Invariant. However the χ2 dis-
tance between P ′ and Q′ is not Sparseness-Invariant (with respect to P and Q).
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5 Implementation Notes

5.1 The Similarity Matrix and the Normalization Factor

It is desirable to have a transformation from a distance matrix into a similarity matrix,
as many spaces are equipped with a useful distance (e.g. color space [24]). Hafner et al.
[1] proposed this transformation:

Aij = 1 − Dij

maxij(Dij)
(8)

Another possibility for choosing a similarity matrix is by using cross validation. How-
ever, we think that like for the Quadratic-Form, learning the similarity matrix (and for
QC also the normalization factor) will be the best way to adjust them. This is left for
future work. Currently we suggest to use thresholded ground distances as was used in
[2,25,3,14] and choosing the normalization factor by cross validation.

5.2 Efficient Online Bin-Similarity Matrix Computation

For a fixed histogram configuration (e.g. SIFT, SC and IDSC) the bin-similarity matrix
can be pre-computed once. Then, each distance computation is linear in the number of
non-zero entries in the bin-similarity matrix.

There are cases where the bin-similarity matrix can not be pre-computed. For exam-
ple, in our color experiments (Section 6.1), we used N × M color images as sparse
histograms. That is, the query histogram was: [1, . . . , 1, 0, . . . , 0] and each image being
compared to the query was represented by the histogram: [0, . . . , 0, 1, . . . , 1]. Note that
the full histogram dimension is M ×N × 2563, computing an (M ×N × 2563)2 sim-
ilarity matrix offline is not feasible. We can compute the similarity online for each pair
of sparse histograms in O((NM)2) time. We now discuss how to do it more efficiently.

If we are comparing two images (as in Section 6.1) we can use a similarity matrix
that gives far-away pixels zero similarity (see Eq. 10). Then, we can simply compare
each pixel in one image to its corresponding T × T spatial neighbors in the second
image. This reduces running time to O(NMT 2). Using this technique, it is important
to use a sparse representation for the bin-similarity matrix.

6 Results

We present results using the newly defined distances and state of the art distances, for
image retrieval using SIFT-like descriptors and color image descriptors. In addition,
we present results for shape classification using Inner Distance Shape Context (IDSC).
More results for shape classification using SC, can be found in the appendix [20].

6.1 Image Retrieval Results

In this section we present results for image retrieval using the same benchmark as Pele
and Werman [14]. We employed a database that contained 773 landscape images from
the COREL database that were also used in Wang et al. [26]. The dataset has 10 classes1:

1 The original database contains some visually ambiguous classes such as Africa that also con-
tains images of beaches in Africa. We used the filtered image dataset that was downloaded
from: http://www.cs.huji.ac.il/˜ofirpele/FastEMD/



756 O. Pele and M. Werman

People in Africa, Beaches, Outdoor Buildings, Buses, Dinosaurs, Elephants, Flowers,
Horses, Mountains and Food. The number of images in each class ranges from 50 to
100. From each class we selected 5 images as query images (images 1, 10, . . . , 40).
Then we searched for the 50 nearest neighbors for each query image. We computed the
distance of each image to the query image and its reflection and took the minimum. We
present results for two types of image representations: SIFT-like descriptors and small
L*a*b* images.

SIFT-like Descriptors. The first representation - SIFT is a 6 × 8 × 8 SIFT descriptor
[13] computed globally on the whole image. The second representation - CSIFT is a
SIFT-like descriptor on a color-edge image. See [14] for more details.

We experimented with two new types of QC distances. The first is QCA
0.5, which is

a cross-bin generalization of
√
2χ2, which we call Quadratic-Chi-Squared (QCS). The

second is QCA
0.9, which has a larger normalization factor, which we call Quadratic-Chi-

Normalized (QCN). We do not use QCA
m with m ≥ 1 due to discontinuity problems,

see appendix [20] (practically, QCA
1 had slightly poorer results compared to QCA

0.9).
We also experimented with the Quadratic-Form (QF) distance which is QCA

0 . For all
of these distances we used the bin-similarity matrix in Eq. 8. Let M = 8 be the num-
ber of orientation bins, as in Pele and Werman [14], the ground distance between bins
(xi, yi, oi) and (xj , yj, oj) is:

dT (i, j) = min
((

||(xi, yi) − (xj , yj)||2 + min(|oi − oj |, M − |oi − oj |)
)

, T
)

(9)

We also used the identity matrix as a similarity matrix for all the above distances. We
also compared to L2 and χ2. QFI = L2, and nearest neighbors of χ2 and QCSI are the
same.

We also compared to four EMD variants. The first was ÊMD
D

1 withD = dT (Eq. 9) as

in Pele and Werman [3]. The second was the L1 norm which is equal to ÊMD
D

0.5 with D
equals to the Kronecker delta multiplied by two. The third is SIFTDIST[3] which is the sum
of ÊMD over all the spatial cells (each spatial cell contains one orientation histogram).
The ground distance for the orientation histograms is: min(|oi − oj |,M − |oi − oj |, 2)
(M is the number of orientation bins). The fourth was the EMD-L1[15] which is EMD
with L1 as the ground distance. We also tried non-thresholded ground distances (which
produce non-sparse similarity matrices). However, the results were poor. This is in line
with Pele and Werman’s findings that cross-bin distances should be used with thresh-
olded ground distances [14]. Finally, we compared to the Diffusion distance proposed
by Ling and Okada [16] and to three probabilistic based distances: Bhattacharyya [17],
Kullback-Leibler (KL) [18] and Jensen-Shannon (JS) [19] (we added Matlab’s epsilon
to all histogram bins when computing KL and JS throughout the paper, as they are not
well defined if there is a zero bin, without doing so accuracy was very low).

For each distance measure, we present the descriptor (SIFT/CSIFT) with which it
performed best. The results for all the pairs of descriptors and distance measures can
be found in the appendix[20]. The results are presented in Fig. 3(a) and show that

QCN1− dT=2
2 (QCN with the similarity matrix: Aij = 1 − dT=2(i,j)

2 ) outperformed

all other methods. ÊMDdT=2
1 ranked second. The computation of QCN1− dT=2

2 was 266
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times faster than ÊMDdT=2
1 , see Table 2 in page 760. QCNI ranked third, which shows

the importance of the normalization factor.
All cross-bin distances that use thresholded ground distances outperformed their bin-

by-bin versions. The figure also shows that χ2 and QF improve uponL2. QCN and QCS
which are mathematically sound combinations of χ2 and QF outperformed both.

L*a*b* Images. Our second type of image representation is a small L*a*b* image. We
resized each image to 32× 48 and converted them to L*a*b* space. The state of the art
color distance is Δ00 - CIEDE2000 on L*a*b* color space[24,27]. As it is meaningful
only for small distances we threshold it (as in [2,25,14]).

Again, we experimented with QCS, QCN and QF distances using the bin-similarity
matrix in Eq. 8. The ground distance between two pixels (xi, yi, Li, ai, bi),
(xj , yj, Lj , aj, bj):

s(i, j) = ||(xi, yi) − (xj , yj)||2

dcT1,T2(i, j) =

{
min ((s(i, j) + Δ00((Li, ai, bi), (Lj , aj , bj))), T1) if s(i, j) ≤ T2

T1 otherwise

(10)

This distance is similar to the one used by [14], except that distances with spatial
difference larger than the threshold T2 are set to the maximum threshold T1. This was
done to accelerate the online computation of the bin-similarity matrix. The accuracy
using this distance is the same as using the distance from Pele and Werman [14]. See
appendix [20]. We also used ÊMD with dcT1,T2 (Eq. 10) as a ground distance. Let I1, I2
be the two L*a*b* images. We also used the following distances:

L1Δ00 =
∑

x,y

(Δ00(I1(x, y), I2(x, y))) L1Δ
T
00 =

∑

x,y

(min(Δ00(I1(x, y), I2(x, y)), T ))

L2Δ00 =
∑

x,y

(Δ00(I1(x, y), I2(x, y)))2 L2Δ
T
00 =

∑

x,y

(min(Δ00(I1(x, y), I2(x, y)), T ))2

QCNI , χ2, L2, L1, SIFTDIST[3], EMD-L1[15], the Diffusion[16], Bhattacharyya [17],
KL [18] and JS [19] distances cannot be applied to L*a*b* images as they are either
bin-to-bin distances or applicable only to Manhattan networks.

We present results in Fig. 3. As shown, QCS1− dcT1=20,T2=5
20 and ÊMD

dcT1=20,T2=5

1

[14] distances ranked first. QCS1− dcT1=20,T2=5
20 ran 300 times faster (see Table 2). How-

ever, since the computation of the bin-similarity matrix cannot be offline here, the real

gain is a factor of 17. The QF1−
dcT1=20,T2=5

20 distance ranked last, which shows the im-
portance of the normalization factor of the QC histogram members.

Although a QC distance alleviates quantization problems, EMD does it better, in-
stead of matching everything to everything it finds the optimal matching. EMD how-
ever, does not reduce the effect of large bins. We conjecture that a variant of EMD
which will reduce the effect of large bins will have an excellent performance.

6.2 Shape Classification Results

In this section we present results for shape classification using the same framework as
Ling et al. [11,15,28]. We test for shape classification with the Inner Distance Shape
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Table 1. Shape classification results. QCN1− dscT=2
2 outperformed all other distances.

Top 1 Top 2 Top 3 Top 4 AUC%

QCN1− dscT=2
2 39 38 38 34 0.950

QCNI 40 37 36 33 0.940

QCS1− dscT=2
2 39 35 38 28 0.912

QCSI 40 34 37 27 0.907
χ2 40 36 36 21 0.902

QF 1− dscT=2
2 40 34 39 19 0.897

L2 39 35 35 18 0.873

Top 1 Top 2 Top 3 Top 4 AUC%

ÊMD
dscT=2
1 39 36 35 27 0.902

L1 39 35 35 25 0.890
SIFTDIST[3] 38 37 27 22 0.848
EMD-L1[15] 39 35 38 30 0.917
Diffusion[16] 39 35 34 23 0.880
Bhattacharyya[17] 40 37 32 23 0.895
KL[18] 40 38 36 29 0.938
JS[19] 40 35 37 21 0.900

Context (IDSC) [11]. The original Shape Context (SC) descriptor was proposed by
Belongie et al. [10]. Belongie et al. [10] and Ling and Jacobs [11] used the χ2 distance
for comparing shape context histograms. Ling and Okada [15] showed that replacing
χ2 with EMD-L1 improves results. We show that QC members yields the best results.

We tested on the articulated shape data set [11,28], that contains 40 images from 8
different objects. Each object has 5 images articulated to different degrees. The dataset
is very challenging because of the similarity between different objects. The original SC
had a very poor performance on this dataset, see appendix [20].

Again, we experimented with QCS, QCN and QF distances with the bin-similarity
matrix in Eq. 8. The ground distance between two bins (ri, oi), (ri, oi) was (M is the
number of orientation bins):

dscT (i, j) = min ((|di − dj | + min(|oi − oj |, M − |oi − oj |), T ) (11)

We also used the identity matrix as a similarity matrix, and thus we also compare to L2.
χ2 and QCSI distances are not equivalent here as the distance is not used for nearest
neighbors. We refer the reader to Belongie et al. paper to see its usage [10]. Practically,
QCSI slightly outperformed χ2 in this task, see Table 1.

We also compared to four EMD variants: ÊMD
D

1 with D = dscT (Eq. 11), the L1

norm, SIFTDIST[3] and EMD-L1[15]. Finally, we compared to the Diffusion distance
proposed by Ling and Okada [16] and to three probabilistic based distances: Bhat-
tacharyya [17], Kullback-Leibler (KL) [18] and Jensen-Shannon (JS) [19].

To evaluate results, for each image, the four most similar matches are chosen from
other images in the dataset. The retrieval result is summarized as the number of 1st,
2nd, 3rd and 4th most similar matches that come from the correct object. Table 1 shows

the retrieval results. The QCN1− dscT=2
2 outperformed all the other methods. QCNI per-

formance is again excellent, which shows the importance of the normalization factor.
Again all cross-bin distances outperformed their bin-by-bin versions. Again, χ2 and

QF improved upon L2. QCN and QCS which are mathematically sound combinations
of χ2 and QF outperformed both.

6.3 Running Time Results

All runs were conducted on a Pentium 2.8GHz. A comparison of the practical running
time of all distances is given in Table 2. Clearly QCN and QCS distances are fast to
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Fig. 3. Results for image retrieval.
(a) SIFT-like descriptors. For each distance measure, we present the descriptor (SIFT/CSIFT)
with which it performed best. The results for all the pairs of descriptors and distance measures
can be found in the appendix[20]. There are several key observations. First, the QC members

performance is excellent. QCN1− dT=2
2 (QCN with the similarity matrix: Aij = 1 − dT=2(i,j)

2
)

outperformed all other distances. ÊMDdT=2
1 ranked second, but its computation was 266 times

slower than QCN1− dT=2
2 computation (see Table 2). Second, all cross-bin versions of the dis-

tances (with dT or a transformation of it) performed better than their bin-by-bin versions (with
the identity matrix or the Kronecker delta function). Third, QCNI ranked third, although its a
bin-to-bin distance. This shows the importance of the normalization factor. Finally, χ2 and QF
improve upon L2. However, χ2 does not take cross-bin relationships into account and QF does
not reduce the effect of large bins. QCS and QCN histogram distances, which are mathematically
sound combinations of χ2 and QF have the two properties and outperformed both.
(b) L*a*b* images results. QCNI , χ2, L2, L1, SIFTDIST[3], EMD-L1[15], Diffusion[16],

Bhattacharyya[17], KL[18] and JS[19] distances are not applicable here. QCS1−
dcT1=20,T2=5

20

and ÊMD
dcT1=20,T2=5

1 [14] ranked first. QCS1−
dcT1=20,T2=5

20 computation is 300 times faster

than ÊMD
dcT1=20,T2=5

1 without taking the bin-similarity matrix computation into account and 17

times faster when it is taken into account (see Table 2). QF1−
dcT1=20,T2=5

20 ranked last, which
shows the importance of the normalization factor in QC members.
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Table 2. (SIFT) 384-dimensional SIFT-like descriptors matching time (in milliseconds). The dis-
tances from left to right are the same as the distances in Fig. 3 (a) from up to down.
(IDSC) 60-dimensional IDSC histograms matching time (in microseconds). The distances from
left to right are the same as the distances in Table 1 from up to down.
(L*a*b*) 32 × 48 L*a*b* images matching time (in milliseconds). The distances from left to
right are the same as the distances in Fig. 3 (b) from up to down. In parentheses is the time it
takes to compute the distance and the bin-similarity matrix as it cannot be computed offline.

Descriptor QCNA2 QCNI QCSA2 QCSI χ2 QFA2 L2 ÊMDD2 [14] L1 SIFTDIST[3]

(SIFT) 0.15 0.1 0.07 0.014 0.013 0.05 0.011 40 0.011 0.07
(IDSC) 6.41 2.99 2.32 0.35 0.34 1.25 0.14 133.75 0.32 0.31

Descriptor EMD-L1[15] Diffusion[16] JS[19] KL[18] Bhattacharyya[17]

(SIFT) 40 0.27 0.088 0.048 0.015
(IDSC) 20.57 3.15 1.40 8.53 17.17

Descriptor QCNA20 QCSA20 QFA20 ÊMDD20 [14] L1ΔT =20
00 L1Δ00 L2ΔT =20

00 L2Δ00

(L*a*b*) 20 (370) 19 (369) 11 (361) 6000 (6350) 3.2 3.2 3.2 3.2

compute. This is consistent with their linear time complexity. The only non-linear time
distances are ÊMD [14] and EMD-L1[15] which are also practically much slower than
the other methods. Our method can be easily parallelized, taking advantage of multi-
core computers or the GPU.

7 Conclusions

We presented a new cross-bin distance family - the Quadratic-Chi (QC). QC distances
have many desirable properties. Like the Quadratic-Form histogram distance they take
into account cross-bin relationships. Like χ2 they reduce the effect of large bins. We for-
malized two new cross-bin properties, Similarity-Matrix-Quantization-Invariance and
Sparseness -Invariance. QC members were shown to have both. Finally, QC distance
computation time is linear in the number of non-zero entries in the bin-similarity ma-
trix. Experimentally, QC outperformed state of the art distances, while having a very
short run-time.

There are several open questions that we still need to explore. The first is for which
QC distances does the the triangle inequality holds for. The second is whether we can
change the Earth Mover’s Distance so that it will also reduce the effect of large bins.
Concave-cost network flow [29] seems to be the right direction for future work although
it presents two major obstacles. First, the concave-cost network flow optimization is NP-
hard [29]. However, there are available approximations [29,30]. Second, simply using
concave-cost flow networks will result in a distance which is not Similarity-Matrix-
Quantization-Invariant. We would also like to explore whether metric learning methods
such as [31,32,33,34,35,36,37,38] can be generalized for the Quadratic-Chi histogram
distance. Assent et al. [39] have suggested methods that accelerate database retrieval
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that uses Quadratic-Form distances. Generalizing these methods for the Quadratic-Chi
distances is of interest. Finally, other computer vision applications such as tracking
can use the QC distances. The project homepage, including code (C++ and Matlab
wrappers) is at: http://www.cs.huji.ac.il/˜ofirpele/QC/.
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Interpolated-Discretized Metric Learning using
Linear Programming

Abstract

Non-Mahalanobis distances such asχ2 and robust estimators increase accuracy in
many machine learning and computer vision applications. However, the distances
are usually hand picked and cannot be learned efficiently from data. In this paper,
we present a new non-Mahalanobis distance family, theInterpolated-Discretized
(ID) distance family, and show how to efficiently learn its parameters. Once an ID
distance is learned, computation of the distance is linear in the dimension and does
not depend on the number of training examples (unlike kernelmethods in which
computing a distance scales linearly in the number of training examples). Many
metric learning methods can be used with our ID distances, Wedemonstrate one
possible way of learning ID distances using the Large MarginNearest Neighbor
(LMNN) framework [1]. With ID distances, the LMNN optimization problem
is a linear program. Finally, we show that our method often outperforms other
state-of-the-art metric learning approaches.

1 Introduction

Distance learning is of fundamental importance in machine learning. Learned distances can be used
to improve algorithms which rely on distance computations such as nearest neighbor classification
[1, 2], energy-based models [1, 3], supervised kernel machines (such as GPs or SVMs) and even
unsupervised clustering algorithms [4].

Most of the work on metric learning [1, 2, 4, 5, 6, 7, 8, 9, 10, 11] has concentrated on learning a
Mahalanobis distance, which is equivalent to learning a linear transformation of the data and then
using the standard Euclidean distance. Let~xi, ~xj be two vectors, the squared Mahalanobis distance
between them is parameterized by a positive-semidefinite (PSD) matrix,M :

Mahalanobis(~xi, ~xj) = (~xi − ~xj)TM(~xi − ~xj) (1)

The PSD constraint onM is required for obtaining non-negative distances. Also, itimplies that
theM matrix can be expressed asM = LLT for some real matrixL. Thus, the distance can be
computed as the squared Euclidean norm between linearly transformed vectors:

Mahalanobis(~xi, ~xj) = ||L~xi − L~xj ||22 (2)

Note that, as defined above, the square root of a Mahalanobis measure is a pseudo-metric, as the
distance between two different vectors might be zero. Computing the distance between never-seen
examples using Mahalanobis distances scales quadratically in the dimension. TheInterpolated Dis-
cretized (ID) distance we introduce in the current work scales linearly in the dimension with just a
small constant memory overhead.

Although much of the metric-learning work has focused on theMahalanobis distance, this measure
has some inherent limitations. The most important one is that it is a function only of the difference
between input vectors~xi − ~xj . Thus, it will give the same distance whenever two vectors have the
same difference vector. For example, a Mahalanobis distance will not able to differentiate between

1



(~xi = 42, ~xj = 40) and(~xi = 2, ~xj = 0). To overcome this limitation several metric learning
methods have been proposed [1, 3, 7, 9, 12]. We discuss these methods in section 4.

Another approach to overcoming the above limitation is to apply a function directly to~xi, ~xj such
that the distance is not invariant to~xi − ~xj . One particularly successful instance of this approach is
theχ2 distance, which has recently received considerable attention in the computer vision literature.
It has been used in state-of-the-art: contour detection andsegmentation algorithms [13], descriptors
matching [14, 15], shape classification [15, 16] and image retrieval [15] to name a few. Another
related approach is robust estimators which were successfully used optical flow computation [17].
Although successful,χ2 and robust estimators arehard-coded and cannot be naturally learned or
improved using data.

Another related shortcoming of the Mahalanobis distance isthat it is invariant to where~xi and~xj

are in space, as long as their difference vector is the same. This is undesirable in many cases, as
we would often like to normalize the distances by the range ofthe input vectors, e.g., as in theχ2

metric. In other words, the Mahalanobis distance is limitedin terms of the bin to bin (or feature to
feature) relationships it can capture.

In this work, we propose theInterpolated-Discretized (ID) distance. Our measure can overcome
some of the key inherent limitations of the Mahalnobis distance, and is also more flexible than other
approaches such asχ2. Specifically, an ID distance can model different distancesover different parts
of the space.

Our approach contains two key elements. The first is a discretization of each feature intoC values
such that the interaction between any two features is represented by an arbitraryC × C matrix.
This allows us to model arbitrary relations between the two features. However, such a coarsely
quantized representation neglects relevant information in the original value, and is thus undesirable.
To overcome this, we employ a careful interpolation approach, which does take into account the
original feature values.

The resulting ID measure is continuous in feature space but highly expressive due to its different
treatment of different feature regimes. Before going into details, we provide an illustrative example
in Fig. 1. The figure shows how theχ2 measure can be well approximated via ID with onlyC = 10
clusters per feature. Note that in general, the goal is not toapproximate a known distance such as
χ2, but to learn to approximate the bestunknown distance. A nice property of ID, that can also be
seen in Fig. 1 is that forC = 2 it exactly equals thel1 norm. This again highlights the fact that ID
is continuous, but becomes more and more detailed asC is increased.

In the current work, we do not represent cross-bin dependencies. It is possible to extend our method
such that ID distances will also be able to model relationships between features, so it will be able to
learn both Mahalanobis type of distances and bin-to-bin distances and variants in between. This can
be done by discretizing pairs of values. However, this will increase the computational complexity
considerably. We decided to concentrate on bin-to-bin ID distance since it is interesting to check
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Figure 1: An illustration of a 1-dimensionalχ2 distance approximation using ID distances with
different numbers of discretization points. Panel (d) shows the originalχ2 distance. In (a) we see
that using just two points of discretization (i.e.,C = 2 corresponding to the range[0, 90]), the ID
distance in this case is equal to thel1 norm. In (b), using three points of discretization[0, 45, 90]
(i.e., C = 3), the ID distance starts to resembleχ2, although the difference is noticeable. In (c),
usingC = 10 corresponding to the range[0, 10, . . . , 90], the ID distance is almost identical toχ2.
We emphasize that the goal is not to approximate a known distance such asχ2, but to learn to
approximate the bestunknown distance.
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what can be achieved with those, especially since other works already showed that the diagonal
Mahalanobis Metric Learning achieves competitive results[2, 18] and they are very fast to compute.

A useful property of an ID distance is that it is a linear combination of its parameters. Thus, many of
the proposed metric learning optimization problems are especially suited for use with an ID distance.
We demonstrate learning ID distance parameters using the Large Margin Nearest Neighbor (LMNN)
framework [1]. LMNN with an ID distance is a linear program.

We evaluate our method on a variety of standard datasets and show that it often outperforms state-
of-the-art metric learning approaches. We thus believe that ID distances are very useful distances
which can be learned effectively from data.

2 The Interpolated-Discretized Distance Family

We begin by describing the ID distance between two scalarsxi, xj . The vector case will easily
follow. An ID distance between two scalar features is parameterized via a vector and a matrix. The
first parameter is a sorted vector ofC cluster centers of possible values of the feature:[v1, . . . , vC ].
The second parameter is a matrixM ∈ RC×C , whereMa,b corresponds to the distance betweenva

andvb. See Fig. 2.

-4-4

00

66

1111

1414

Figure 2: An Illustration of1-dimensional ID distance parameters. Feature values are clustered into
C = 5 cluster centers:[−4, 0, 6, 11, 14]. The full 5× 5 matrix of distances between pairs of cluster
centers values is illustrated as edges.

However, we would not like the distance to have the same valuewhenxi, xj belong to a given pair
of clusters. Rather, we would like the measure to smoothly vary with the feature values. One natural
way to achieve this is via interpolation. Given two scalars,the two closest cluster centers are found
for each. Next, four coefficients are computed. Each coefficient corresponds to one pair of cluster
centers and is a normalized triangle area. See Fig. 3 for description and illustration of how the
coefficients are computed. Finally, the ID distance is the sum of the coefficients multiplied by their
corresponding entries from the matrix of the distances between pairs of cluster centers values:

ID(xi, xj) =
4∑

t=1

αa(t),b(t)Ma(t),b(t)

a(1) = a(2) = argmax
c

{vc ≤ xi}

a(3) = a(4) = argmin
c

{vc ≥ xi}

b(1) = b(3) = argmax
c

{vc ≤ xj}

b(2) = b(4) = argmin
c

{vc ≥ xj}

(3)

In the above the coefficientsαa(t),b(t) correspond to the interpolation coefficient. See Fig. 3.

We now discuss properties of the ID distance. There are threeconditions for a distance function,
D, to be a semimetric. The first isnon-negativity (i.e. D(~xi, ~xj) ≥ 0). The second isidentity (i.e.
D(~xi, ~xj) = 0 iff ~xi = ~xj). The third issymmetry (i.e. D(~xi, ~xj) = D(~xj , ~xi)). A natural question
is what properties does theM matrix need to satisfy in order for the resulting ID measure to be a
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Figure 3: An illustration of how the coefficients are computed for xi = 8, xj = 4 where the cluster
centers are:[−4, 0, 6, 11, 14] (as in Fig. 2). In (a1), the closest cluster centers are(6, 11) for xi = 8
and(0, 6) for xj = 4. Thus, the four discrete distances are:M3,2, M3,3, M4,2 andM4,3 which
correspond to the four cluster center pairs:(6, 0), (6, 6), (11, 0) and (11, 6). To compute theα
coefficients (the interpolation step), we check in (a2) whether the point(xi = 8, xj = 4) is above or
below the line connecting(6, 0) with (11, 6). Then, the normalized triangle areas are the coefficients
of the corresponding discrete distances. Note that since the point was above the line, the coefficient
of M4,2 is zero.
In (b1), (b2) we see a degenerate case where the interpolation is betweenM3,3 andM4,4. If we
enforced the identity property onM , these will be zero and the resulting distance is also zero.
This interpolation has several advantages. First, the resulting distance will have the identity prop-
erty if we enforce the distance between two identical cluster centers to be zero. Second, using this
interpolation results in a distance which is always continuous and differentiable except at the dis-
cretization points. This means, for example, that an ID distance is not very sensitive to the number
of clusters chosen. Finally, an ID distance is equivalent toa weightedl1 norm if the number of
cluster centers is two and the distance between identical cluster centers is set to zero.

semimetric. It’s straightforward to see that the conditions onM are simply that it satisfiesMi,j > 0
for all i 6= j, as well asMi,i = 0 for all i andMi,j = Mj,i for all i, j. All these can be easily
enforced via linear constraints on the elements ofM .

A semimetric is also a metric if it has the property ofsubadditivity (i.e. D(~xi, ~xj) ≤ D(~xi, ~xk) +
D(~xk, ~xj)). We can transform a semimetric into a non-continuous metric by linearly mapping all
strictly bigger than zero distances to the range[1, 2]. Thus it is very easy to transform an ID distance
into a metric. An additional discussion about triangle inequality can be found in Jacobs et al. [19].

To generalize toN features we define a separate matrix,Mn for each feature.

3 Interpolated-Discretized Large Margin Nearest Neighbor Metric Learning

In this section we show how to learn an ID distance using the Large Margin Nearest Neighbor Metric
Learning framework [1]. We start by describing the LMNN formulation.

Let {(~xi, yi)}T
i=1 denote a set ofT labeled examples with inputs~xi ∈ RN and discrete (but not

necessarily binary) class labelyi. We use the binary matrixyij ∈ {0, 1} to indicate whether or not
the labelsyi andyj match.

In addition to the class labelyi, for each input~xi we also specifyk “target” neighbors, that is,k
other inputs with the same labelyi that we wish to have minimal distance to~xi. In the absence
of any knowledge, the target neighbors can be thek closest nearest neighbors using the Euclidean
distance. This is also what we use in this paper. We denote that ~xj is a target neighbor of~xi as
j  i.

The LMNN framework has a loss function with two terms. The first, tries to minimize the distance
between all~xi and their corresponding target neighbors. The second, tries to push vectors with
different labels away, such that the distance to them minus the distance to the target neighbor (the
margin) will be bigger or equal to 1. Since this might be unfeasible, slack variables are added and
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the second term is the sum of slack variables. The two terms are weighted with a parameterµ. Using
ID distances the optimization of LMNN is:

min
M,ξ

(1− µ)
∑

i,j i

ID(~xi, ~xj) + µ
∑

i,j i,l

(1− yil)ξijl subject to:

∀ i, j  i, l ID(~xi, ~xl)− ID(~xi, ~xj) ≥ 1− ξijl

∀ i, j  i, l ξijl ≥ 0

ID(~xi, ~xj) =
N∑

n=1

4∑

t=1

αn
a(t),b(t)M

n
a(t),b(t)

∀ n, a, b Mn
a,b ≥ 0

(4)

This linear program allows to learn any bin-to-bin distancefunction. In order to learn a semi-metric,
the following constraints should be added:

∀ n, a Mn
a,a = 0

∀ n, a 6= b Mn
a,b ≥ ε

∀ n, a, b Mn
a,b = Mn

b,a

(5)

whereε is some strictly positive small scalar. We useε = 10−5. We can also use an upper bound on
Mn entries as a regularizer. We used one as an upper bound.

As we discussed before, we can transform a semimetric into a non-continuous metric by linearly
mapping all strictly bigger than zero distances to the range[1, 2]. Thus it is very easy to transform
an ID distance into a metric.

Finally, we can add monotone constraints as a regularizer:

∀ n, a < b < c, Mn
a,b ≤ Mn

a,c Mn
b,c ≤ Mn

a,c (6)

4 Related Work

Our method builds in a novel direction on the success of previous metric learning approaches. As
Weinberger and Saul [1] conjectured, more adaptive transformations of the input space can lead to
improved performance. Our method allows to enlarge the number of the learned parameters, while
the computation of the distance between two never-seen examples is only linear in the dimension.

Chopra et al. [3] proposed to learn a convolutional neural net as a non-linear transformation before
applying theℓ2 norm. They showed excellent results on image data. Babenko et al. [12] suggested
a boosting framework for learning non-Mahalanobis metrics. They also presented excellent results
on image data. These methods are non-convex and thus they might suffer from local minimas and
training is sensitive to parameters.

Kernel methods were also proposed in order to learn a Mahalanobis distance over non-linear trans-
formations of the data [1, 7, 9]. Computing such a distance between two vectors scales linear in
the number of training examples, which makes it impracticalfor large datasets. Computing our ID
distances does not depend on the number of training examples.

A family of non-Mahalanobis distances recently proposed isthe Qudaratic-Chi (QC) [15]. The
QC family generalizes both the Mahalanobis distance and theχ2 distance. A QC distance have
parameters that can be learned. However, a serious limitation is that it can only modelχ2-like
distances. In addition, it is applicable only to non-negative vectors. Finally, it is non-convex with
respect to its parameters, so learning them is hard.

Rosales and Fung [5] also propose learning metrics via linear programming. However, while we
learn a non-Mahalanobis distance, their method learns a subfamily of Mahalanobis distance. That is,
their method is restricted to learning a Mahalanobis distance which is parameterized with a diagonal
dominant matrix.
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5 Results

We evaluated our approach on ten UCI data sets of varying sizeand difficulty. Table 1 summarizes
the data sets properties. Except for Spectf all experimental results are averaged over several runs
of randomly generated stratified 70/30 splits of the data. The Spectf data set has a predefined train-
ing/test split. All experiments are averaged over 100 runs,except for the Steel database where it is
averaged over 20 runs and for the Cardio dataset where it is averaged over 5 runs.

Iris Wine Ion Sonar Transf Spectf Breast Glass Steel Cardio

examples 150 178 351 208 748 267 106 214 1941 2126
classes 3 3 2 2 2 2 6 6 7 10
dimension 4 13 34 60 9 44 9 9 27 21

Table 1: Properties of data sets

We applied kNN classifiers with different distances. We compared using our learned ID distances to
using Mahalanobis distance learned with ITML [9] and with the original LMNN [1].

All methods were used with target neighborsk = 3. ITML was used with the default pa-
rameters in the distribution of the code. That is, the slack variable parameterγ which in-
versely correspond to the regularization magnitude was tuned using cross-validation over the values
{0.0001, 0.001, 0.01, 0.1, 1, 10, 100, 1000, 10000}. The LMNN and ID-LMNNµ parameter was set
as0.5 (the default in LMNN code). Our ID-LMNN approach was tested with two different numbers
of clustersC. First, C = 2 which is equivalent to learning weightedl1 norm using the LMNN
framework. Second,C = 10 which allows to capture the non-linearities in the data.

We used Mosek [20] as the LP solver, except for Steel and Cardio where we used a subgradient solver
as the problems do not fit in memory. We are working on accelerating the subgradient method using
active set method as in LMNN and using stochastic subgradient methods. We believe that it will
allow us to work on much larger datasets.

The results are presented in Fig. 4. There are several observations. First, for almost all databases,
metric learning is better than naive Euclidean distance. Second, learned ID distance withC =
2, which is equivalent to a learned weightedl1 distance, has an excellent performance. Learned
diagonal Mahalanobis distances (equivalent to weightedl2) is known to have competitive results
[2, 18]. In our experiments, learned weightedl1 outperforms the full Mahalanobis distances in
many cases.

Finally, learning our proposed ID distances withC = 10 is a strong competitor on all datasets and
outperformed other methods on most of the datasets, especially the larger datasets and those with a
large number of classes.

6 Conclusions

We presented a new distance family - theInterpolated-Discretized (ID) distances. ID distances have
many desirable properties. First, they can approximate anybin-to-bin distance. Second, as they
are linear combination of parameters, they can be learned efficiently. Third, using linear constraints
we can enforce them to be a metric without needing more complex semi-definite requirements on
the parameters as in Mahalanobis distances. Finally, we have shown that experimentally learned ID
distances have excellent performance and they often outperform state-of-the-art learned distances.

We note that on data with a large quantization problems, suchas image pixels values, our method
is likely not to perform well. However, modern computer vision methods do not use image pixels
values as a feature, but use state-of-the-art descriptors such as SIFT [21] which do not suffer too
much from quantization problems.

Future work will include the generalization of ID distance to model “cross-bin” relationships. This
can be done by discretizing pairs of values. However, this will be much more time demanding and
this issue need to be resolved.
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Figure 4: Test errors with standard deviations for kNN classification using several distances. In our
experiments, learned weightedl1 outperforms the full Mahalanobis distances in many cases. Our
proposed ID distances withC = 10 is a strong competitor on all datasets and outperformed other
methods on most of the datasets, especially the larger datasets and those with a large number of
classes.
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Chapter 6

Conclusions

We presented several new distance functions and efficient algorithms for their
computation. The distance functions were designed to be robust to common
image noise and deformation. On the other hand, the distance functions
were designed to be as distinctive as possible. The distances which balance
between robustness and distinctiveness improved on the state-of-the-art of
several computer vision applications such as image retrieval and shape clas-
sification. Improved results using our distance functions were also reported
by other researchers, both from the computer vision community and outside
of it (e.g. [54–57]).

Our first conjecture was that real-world noise has two main components.
First, limited deformation noise. Second, not limited outlier noise. For ex-
ample, deformation noise can change blue to some other shade of blue; On
the other hand, outlier noise (e.g. occlusion) can change blue to any other
color. We proposed using saturated cross-bin distances, that is, distances
where different outliers receive the same value.

We also presented ÊMD, a new generalization of the transportation
distance for non-normalized histograms. Unlike the classic generalization

(EMD), ÊMD is a metric even when the histograms are non-normalized.

Additionally, ÊMD is often better than EMD in practice. We have shown
that these distances outperformed state-of-the-art distance functions in many
computer vision applications.

A second observation was that image histograms have a unique statis-
tical behavior since large values usually indicates large variance. χ2 was
proposed as a distance function that overcomes this problem [8, 9]. χ2 is
the second order Taylor expansion of the Jensen Shannon (JS) divergence
[7] and thus χ2 and JS results are almost identical [8–10]. We suggested a
new family of histogram distances, called Quadratic-Chi (QC). Members of
this family are robust to quantization effects and have a χ2-like normaliza-
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tion. We also proposed two new cross-bin distances properties Similarity-
Matrix-Quantization-Invariance and Sparseness-Invariance and a proof that

ÊMD and QC distances have these properties. We demonstrated excellent
experimental results, also showing the practical importance of the two new
properties.

Finally, we described a novel method for non-Mahalanobis metric learn-
ing, Interpolated-Discretized Metric Learning. This was motivated by the suc-
cess of our non-Mahalanobis distance, the QC. A QC distance has parameters
that can be learned. However, a serious limitation is that it can only model
χ2-like distances. In addition, it is applicable only to non-negative vectors.
Finally, it is non-convex with respect to its parameters, so learning them is
hard. To overcome these problems we suggested a new non-Mahalanobis dis-
tance family, the Interpolated-Discretized (ID) distance family, and showed
how to efficiently learn its parameters. An ID distance can approximate any
unknown distance. Many metric learning methods can be used with our ID
distances. We demonstrated one possible way of learning ID distances us-
ing the Large Margin Nearest Neighbor (LMNN) framework [2]. With ID
distances, the LMNN optimization problem is a linear program. Finally,
we showed that our method often outperforms other state-of-the-art metric
learning approaches.

Future work

The work described in this thesis can be extended in several directions:

• Several algorithmic improvements are planned for the algorithm pre-
sented in chapter 3.

• The algorithms speed can be further improved using techniques such
as Bayesian sequential hypothesis testing [58], metric trees [59–61] and
approximate nearest neighbor [62,63].

• An interesting question is whether we can change the Earth Mover’s
Distance so that it will also reduce the effect of large values. Concave-
cost network flow [64] seems to be the right direction for future work
although it presents two major obstacles. First, the concave-cost net-
work flow optimization is NP hard [64]. However, there are available ap-
proximations [64,65]. Second, simply using concave-cost flow networks
will result in a distance which is not Similarity-Matrix-Quantization-
Invariant.
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• Generalization of the Interpolated-Discretized distance to model cross-
bin relationships. This can be done by discretizing pairs of values.
However, this will be much more time demanding and this issue need
to be resolved.
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Appendix A. Linear Time EMDMOD Algorithm

This appendix presents a linear time algorithm for the computation of the Mod-
ulo Earth Mover’s Distance between normalized cyclic histograms. The algorithm
is an adaption of Werman et al. algorithm for bipartite graph matching for points
on a circle [22].

Let A = {0, . . . , N − 1} be N points, equally spaced, on a circle. Let Q
and P be two normalized histograms of such points. The Modulo Earth Mover’s
Distance (EMDMOD) between Q and P is defined as:

EMDMOD(Q,P ) = min
F={fij}

∑

i,j

fijDMOD(i, j) s.t (6)

∑

j

fij ≤ Pi ,
∑

i

fij ≤ Qj ,
∑

i,j

fij =
∑

i

Pi =
∑

j

Qj , fij ≥ 0 (7)

where DMOD(i, j) is the modulo L1 distance:

DMOD(i, j) = min(|i− j|, N − |i− j|) (8)

The linear time EMDMOD pseudo code is given in Alg. 1. Lines 2-8 compute
the F function from [22] for masses instead of points; i.e. F [i] is the total mass
in bins smaller or equal to i in Q, minus the total mass in bins smaller or equal
to i in P . As was noted by Cabrelli and Molter [37] the cutting point of the circle
for the match can be found with a weighted median algorithm when the points
on the circles are sorted. In histograms the points are sorted and equally spaced;
thus it is enough to find the median. Lines 10-16 in Alg. 1 cut the circles into
two lines. Finally, lines 17-31 match groups of points instead of single points.
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Algorithm 1 EMDMOD(Q,P,N)

1: D⇐ 0
2: cQ⇐ Q[0]
3: cP ⇐ P [0]
4: F [0]⇐ Q[0]− P [0]
5: for i = 1 to N − 1 do
6: cQ⇐ cQ+Q[i]
7: cP ⇐ cP + P [i]
8: F [i]⇐ cQ− cP
9: i⇐ ((index of the median of F ) + 1) mod N
10: for t = 0 to N − 1 do
11: I [t]⇐ i
12: i⇐ (i+ 1) mod N
13: tQ⇐ 0
14: tP ⇐ 0
15: iQ⇐ I [tQ]
16: iP ⇐ I [tP ]
17: while true do
18: while Q[iQ]=0 do
19: tQ⇐ tQ+ 1
20: if tQ = N then
21: return D
22: iQ⇐ I [tQ]
23: while P[iP]=0 do
24: tP ⇐ tP + 1
25: if tP = N then
26: return D
27: iP ⇐ I [tP ]
28: f ⇐ min(Q[iQ], P [iP ])
29: Q[iQ]⇐ Q[iQ]− f
30: P [iP ]⇐ P [iP ]− f
31: D⇐ f ×min(|iQ− iP |, N − |iQ − iP |)
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Appendix B. ÊMD Metric Proof

In this appendix we prove that if α ≥ 0.5 and the ground distance is a metric,

ÊMD (see Eq. 3 in page 3) is a metric. Non-negativity and symmetry hold
trivially in all cases, so we only need to prove that the triangle inequality holds.

Theorem 1. Let A,B,C be three vectors in (IR+)
N

and let ÊMD be with a
metric ground distance and α ≥ 0.5, then:

ÊMDα(A,B) + ÊMDα(B,C) ≥ ÊMDα(A,C) (9)

Proof. Given an N × N distance matrix dij , let d̃ij be an (N + 1) × (N + 1)
distance matrix such that:

d̃ij =





dij 1 ≤ i, j ≤ N

αmaxi,j{dij} i = N + 1, j 6= N + 1

αmaxi,j{dij} i 6= N + 1, j = N + 1

0 i = N + 1, j = N + 1

(10)

Let S = max(
∑N

i=1 Ai,
∑N

i=1 Bi,
∑N

i=1 Ci). We define three vectors in RN+1:

Ã = [A,S −
N∑

i=1

Ai] (11)

B̃ = [B,S −
N∑

i=1

Bi] (12)

C̃ = [C, S −
N∑

i=1

Ci] (13)

The sum of each of the three vectors equals S. In addition:

ÊMDα(A,B) = EMD(Ã, B̃)× S (14)

ÊMDα(B,C) = EMD(B̃, C̃)× S (15)

ÊMDα(A,C) = EMD(Ã, C̃)× S (16)

where ÊMD is with the ground distance dij and EMD is with the ground

distance d̃ij . Rubner et al. [1] proved that the triangle inequality holds for EMD

when the ground distance is a metric and the histograms are normalized. Ã, B̃, C̃
are normalized histograms. If the ground distance dij is a metric and α ≥ 0.5,

the ground distance d̃ij is a metric (an enumeration of all cases proves this).
Thus we get:
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EMD(Ã, B̃)+EMD(B̃, C̃) ≥ EMD(Ã, C̃) (17)

⇓ (S ≥ 0) (18)

(EMD(Ã, B̃)× S)+(EMD(B̃, C̃)× S) ≥ (EMD(Ã, C̃)× S) (19)

⇓ (Eqs. 14, 15, 16) (20)

ÊMDα(A,B)+ÊMDα(B,C) ≥ ÊMDα(A,C) (21)
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Fig. 3. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 4. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 6. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 7. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 8. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 9. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 10. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 11. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 12. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 13. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 14. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 15. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 16. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 17. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 18. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 19. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 20. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.



22 Pele, Werman

Bikes-2

0 0.1 0.2 0.3 0.4
0.3

0.35

0.4

1−precision

re
ca

ll(
#

co
rr

e
ct

/4
5

7
3

)

/

/

/

/

/

SIFTDIST, SIFT-8/16

L2, SIFT-8/16

Diffusion [2], SIFT-8/16

EMDMOD [3, 4], SIFT-8/16

EMD-L1 [5], SIFT-8/16

Fig. 21. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 22. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 23. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 24. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 25. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 26. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 27. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 28. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 29. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 30. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 31. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 32. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 33. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.



Appendix C. Additional Results 35

Trees-6

0 0.5 1
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

1−precision

re
ca

ll(
#

co
rr

e
ct

/5
4

7
7

)

/

/

/

/

/

SIFTDIST, SIFT-8/16

L2, SIFT-8/16

Diffusion [2], SIFT-8/16

EMDMOD [3, 4], SIFT-8/16

EMD-L1 [5], SIFT-8/16

Fig. 34. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 35. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 36. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 37. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 38. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.
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Fig. 39. Results on the Mikolajczyk and Schmid dataset [6]. Should be viewed in color.



Appendix C. Additional Results 41

References

1. Pele, O., Werman, M.: A linear time histogram metric for improved sift matching.
In: ECCV. (2008)

2. Ling, H., Okada, K.: Diffusion distance for histogram comparison. In: CVPR.
Volume 1. (2006) 246–253

3. Werman, M., Peleg, S., Melter, R., Kong, T.: Bipartite graph matching for points
on a line or a circle. Journal of Algorithms 7(2) (1986) 277–284

4. http://www.cs.huji.ac.il/~ofirpele/publications/ECCV2008.pdf

5. Ling, H., Okada, K.: An Efficient Earth Mover’s Distance Algorithm for Robust
Histogram Comparison. IEEE Trans. Pattern Analysis and Machine Intelligence
29(5) (2007) 840–853

6. Mikolajczyk, K., Schmid, C.: A performance evaluation of local descriptors. IEEE
Trans. Pattern Analysis and Machine Intelligence 27(10) (2005) 1615–1630



Chapter 2

Fast and Robust Earth Mover’s
Distances - Appendices

47



Fast and Robust Earth Mover’s Distances Additional Results -
Image Retrieval Examples

Ofir Pele
The Hebrew University of Jerusalem

ofirpele@cs.huji.ac.il

Michael Werman
The Hebrew University of Jerusalem

werman@cs.huji.ac.il

This document contains additional image retrieval resultsfor the paper - “Fast and Robust Earth Mover’s Distances” [1].
The results are for image retrieval as described in the paper. Each figure contain a query image on the left and nearest
neighbors images which are ordered from left to right by their distance from the query image. Top row is for the best distance
- ÊMD with thresholded ground distances. Bottom row is for the second best distance -L1 like distance. By allowing small
deformations in thêEMD we obtain results that are visually similar to the query image. It is noteworthy that in some cases
the returned images are not from the same class, but are stillvisually similar. For example, Fig.2.
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This document contains additional results for image re-
trieval that were omitted from the paper - “Fast and Robust
Earth Mover’s Distances” [3] due to lack of space. The re-
sults are for image retrieval as described in the paper. The
results are for all pairs of descriptors and distance measures.
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d ÊMD dT=2, CSIFT
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1 Introduction

This document contains the appendices for the paper “The Quadratic-Chi Histogram
Distance Family” [1], proofs and additional results. In section2 we prove that all
Quadratic-Chi histogram distances are continuous. In section 3 we prove that EMD,
ÊMD and all Quadratic-Chi histogram distances areSimilarity-Matrix-Quantization-
Invariant. In section4 we present additional shape classification results. In section 5
we compare experimentally color image distances with and without spatial pruning.
In section6 we compare experimentally distances which resembles QC distances, but
are either notSimilarity-Matrix-Quantization-Invariantor notSparseness-Invariant. In
section7 we compare the results for all the pairs of descriptors (SIFT/CSIFT) and dis-
tance measures used in the image retrieval experiments.

2 Quadratic-Chi Histogram Distance Continuity Proof

In this section we prove that a Quadratic-Chi (QC) histogramdistance is continuous.
We first recall its definition.

Let P andQ be two non-negative bounded histograms. That is,P,Q ∈ [0, U ]N ,
where the boundU can be any finite number. LetA be a non-negative symmetric
bounded bin-similarity matrix such that each diagonal element is bigger or equal to
every other element in its row (this demand is weaker than being a strongly dominant
matrix) and to 1. That is,A ∈ [0, U ]N × [0, U ]N and∀i, j Aii ≥ Aij and∀i Aii ≥ 1.
Let 0 ≤ m < 1 be the normalization factor. A Quadratic-Chi (QC) histogram distance
is defined as:

QCA
m(P,Q) =

√√√√∑

ij

( (
Pi −Qi

)
(∑

c(Pc +Qc)Aci

)m
)( (

Pj −Qj

)
(∑

c(Pc +Qc)Acj

)m
)
Aij (1)

Theorem 1. Each addend denominator:(
∑

c(Pc+Qc)Aci)
m(
∑

c(Pc+Qc)Acj)
m, is

zero only if the addend numerator:(Pi −Qi)(Pj −Qj)Aij , is zero.
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Proof.

(
X

c

(Pc +Qc)Aci)
m(
X

c

(Pc +Qc)Acj)
m = 0 ⇒ (2)

((Pi +Qi)Aii)
m((Pj +Qj)Ajj)

m = 0 ⇒ (3)

(Pi = 0 ∧Qi = 0)∨(Pj = 0 ∧Qj = 0) ⇒ (4)

((Pi −Qi) = 0)∨((Pj −Qj) = 0) ⇒ (5)

(Pi −Qi)(Pj −Qj)Aij = 0 (6)

Eqs.3,4 and6 are true as everything is non-negative andAii ≥ 1.

We defined00 = 0. So, in order to prove continuity, we need to prove that whenQC
addend’s denominator tends to zero, the whole addend tends to zero (this is the only
point where discontinuity can occur).

Theorem 2.

(
X

c

(Pc +Qc)Aci)
m(
X

c

(Pc +Qc)Acj)
m → 0 ⇒

 

`

Pi −Qi

´

`

P

c(Pc +Qc)Aci

´m

! 

`

Pj −Qj

´

`

P

c(Pc +Qc)Acj

´m

!

Aij → 0

(7)

Proof.

(
X

c

(Pc +Qc)Aci)
m(
X

c

(Pc +Qc)Acj)
m → 0 ⇒ (8)

((Pi +Qi)Aii)
m((Pj +Qj)Ajj)

m → 0 ⇒ (9)

((Pi +Qi)
m → 0)∨((Pj +Qj)

m → 0) ⇒ (10)
`

(Pi → 0) ∧ (Qi → 0)
´

∨
`

(Pj → 0) ∧ (Qj → 0)
´

⇒ (11)
 

`

Pi −Qi

´

`

(Pi +Qi)Aii

´m

! 

`

Pj −Qj

´

`

(Pj +Qj)Ajj

´m

!

Aij → 0 ⇒ (12)

 

`

Pi −Qi

´

`

P

c(Pc +Qc)Aci

´m

! 

`

Pj −Qj

´

`

P

c(Pc +Qc)Acj

´m

!

Aij → 0 ⇒ (13)

Eq.9 is true as everything is non-negative andm ≥ 0. Eq.10 is true as if the whole
product tends to zero, at least one of its multiplicands should tend to zero andAii ≥ 1
andAjj ≥ 1. Eq.11 is true as everything is non-negative andm ≥ 0. Eq.12 is true
as|(Pi − Qi)| ≤ |(Pi + Qi)|Aii and|(Pj − Qj)| ≤ |(Pj +Qj)|Ajj and0 ≤ m < 1
(note that the strictly smaller than one is required here) and everything is bounded. Eq.
13finishes the proof and is true as:

˛

˛

˛

˛

˛

 

`

Pi −Qi

´

`

P

c(Pc +Qc)Aci

´m

!

˛

˛

˛

˛

˛

<

˛

˛

˛

˛

˛

 

`

Pi −Qi

´

`

(Pi +Qi)Aii

´m

!

˛

˛

˛

˛

˛

∧ (14)

˛

˛

˛

˛

˛

 

`

Pj −Qj

´

`

P

c(Pc +Qc)Acj

´m

!

˛

˛

˛

˛

˛

<

˛

˛

˛

˛

˛

 

`

Pj −Qj

´

`

(Pj +Qj)Ajj

´m

!

˛

˛

˛

˛

˛

(15)
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3 EMD, ÊMD and Quadratic-Chi Histogram Distances
Similarity-Matrix-Quantization-Invariance Proof

In this section we prove that EMD,̂EMD and all Quadratic-Chi histogram distances are
Similarity-Matrix-Quantization-Invariant. We recall
Similarity-Matrix-Quantization-Invariancedefinition:

Definition 1. LetD be a cross-bin histogram distance between two histogramsP and
Q and letA be the bin-similarity/distance matrix. We assumeP , Q andA are non-
negative and thatA is symmetric. LetAk,: be thekth row ofA. LetV = [V1, . . . , VN ]
be a non-negative vector and0 ≤ α ≤ 1. We defineV α,k,b = [. . . , αVk, . . . , Vb + (1−
α)Vk, . . .]. That is,V α,k,b is a transformation ofV where(1 − α)Vk mass has moved
from bink to bin b. We defineD to beSimilarity-Matrix-Quantization-Invariantif:

Ak,: = Ab,: ⇒ ∀ 0 ≤ α ≤ 1, 0 ≤ β ≤ 1 DA(P,Q) = DA(Pα,k,b, Qβ,k,b) (16)

If D is symmetric then Eq.16 is equivalent to:

Ak,: = Ab,: ⇒ ∀ 0 ≤ α ≤ 1 DA(P,Q) = DA(Pα,k,b, Q) (17)

EMD [2] andÊMD [3] distances areSimilarity-Matrix-Quantization-Invariant.Since
both are min-cost-flow problems [4], taking mass from one source/sink and moving it to
another one, where both sources/sinks are connected to exactly the same sinks/sources,
with exactly the same costs, will not change the min-cost solution.

We begin the proof that a Quadratic-Chi (QC) histogram distance (Eq.1) is
Similarity-Matrix-Quantization-Invariantwith a lemma:

(
∑

c

(Pα,k,b
c +Qc)Aci)

m = (
∑

c

(Pc +Qc)Aci)
m (18)

Proof.
X

c

(Pα,k,b
c + Qc)Aci = (19)

`

X

c 6=k,b

(Pα,k,b
c + Qc)Aci

´

+
`

(Pα,k,b
k + Qk)Aki

´

+
`

(Pα,k,b
b + Qb)Abi

´

= (20)

`

X

c 6=k,b

(Pc + Qc)Aci

´

+
`

(αPk + Qk)Aki

´

+
`

(Pb + (1 − α)Pk + Qb)Abi

´

= (21)

`

X

c 6=k,b

(Pc + Qc)Aci

´

+
`

(αPk + Qk)Aki

´

+
`

(Pb + (1 − α)Pk + Qb)Aki

´

= (22)

`

X

c 6=k,b

(Pc + Qc)Aci

´

+
`

(Pk + Qk + Pb + Qb)Aki

´

= (23)

`

X

c 6=k,b

(Pc + Qc)Aci

´

+
`

(Pk + Qk)Aki

´

+
`

(Pb + Qb)Abi

´

= (24)

X

c

(Pc + Qc)Aci (25)

m (26)

(
X

c

(Pα,k,b
c + Qc)Aci)

m = (
X

c

(Pc + Qc)Aci)
m (27)

In the proof we use the definitions and in Eqs.22,24we useAki = Abi.



4 Ofir Pele, Michael Werman

We now prove that Quadratic-Chi histogram distance isSimilarity-Matrix-Quantization-
Invariantusing Eq.17. That is we prove that:

Ak,: = Ab,: ⇒ ∀ 0 ≤ α ≤ 1 QCA
m(P,Q) = QCA

m(Pα,k,b, Q) (28)

We will prove that(QCA
m(P,Q))2 = (QCA

m(Pα,k,b, Q))2 which directly implies
Eq.28.

We start by separating(QCA
m(Pα,k,b, Q))2 addends into three disjoint and comple-

mentary types. The first type is when bothi andj are different fromk andb. For these
addends the equality is direct from the definition. The second type is when bothi andj
are eitherk or b. For this type the proof is:

X

i=(k∨b),j=(k∨b)

(Pα,k,b
i − Qi)(P

α,k,b
j − Qj)Aij

`

P

c(P
α,k,b
c + Qc)Aci

´m`P

c(P
α,k,b
c + Qc)Acj

´m
= (29)

X

i=(k∨b),j=(k∨b)

(Pα,k,b
i − Qi)(P

α,k,b
j − Qj)Aij

`

P

c(Pc + Qc)Aci

´m`P

c(Pc + Qc)Acj

´m = (30)

(Pα,k,b
k − Qk)(P

α,k,b
k − Qk)Akk

`

P

c(Pc + Qc)Ack

´2m
+

(Pα,k,b
k − Qk)(P

α,k,b
b − Qb)Akb

`

P

c(Pc + Qc)Ack

´m`P

c(Pc + Qc)Acb

´m +

(Pα,k,b
b − Qb)(P

α,k,b
k − Qk)Abk

`

P

c(Pc + Qc)Acb

´m`P

c(Pc + Qc)Ack

´m +
(Pα,k,b

b − Qb)(P
α,b,b
b − Qb)Abb

`

P

c(Pc + Qc)Acb

´2m
= (31)

 

(αPk − Qk)
2 + 2(αPk − Qk)((Pb + (1 − α)Pk) − Qb) + ((Pb + (1 − α)Pk) − Qb)

2

!

Akk

`

P

c(Pc + Qc)Ack

´2m
= (32)

 

(αPk − Qk) + ((Pb + (1 − α)Pk) − Qb)

!2

Akk

`

P

c(Pc + Qc)Ack

´2m
= (33)

 

(Pk − Qk) + (Pb − Qb)

!2

Akk

`

P

c(Pc + Qc)Ack

´2m
= (34)

 

(Pk − Qk)
2 + 2(Pk − Qk)(Pb − Qb) + (Pb − Qb)

2

!

Akk

`

P

c(Pc + Qc)Ack

´2m
= (35)

X

i=(k∨b),j=(k∨b)

(Pi − Qi)(Pj − Qj)Aij
`

P

c(Pc + Qc)Aci

´m`P

c(Pc + Qc)Acj

´m (36)

Eq. 30 is based on the lemma in Eq.18. Eqs.32,36 are true asAck = Acb and
Akk = Akb = Abb = Abk.
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The third type of addends is when onlyi equalsb or k or onlyj equalsb or k. These
sub-cases are symmetric, so it is enough to prove equality for only one of them:

X

i=(k∨b),j 6=(k∨b)

(Pα,k,b
i − Qi)(P

α,k,b
j − Qj)Aij

`

P

c(P
α,k,b
c + Qc)Aci

´m`P

c(P
α,k,b
c + Qc)Acj

´m
= (37)

X

i=(k∨b),j 6=(k∨b)

(Pα,k,b
i − Qi)(Pj − Qj)Aij

`

P

c(Pc + Qc)Aci

´m`P

c(Pc + Qc)Acj

´m = (38)

X

j 6=(k∨b)

 

(Pα,k,b
k − Qk)(Pj − Qj)Akj

`

P

c(Pc + Qc)Ack

´m`P

c(Pc + Qc)Acj

´m +

(Pα,k,b
b − Qb)(Pj − Qj)Abj

`

P

c(Pc + Qc)Acb

´m`P

c(Pc + Qc)Acj

´m

!

= (39)

X

j 6=(k∨b)

 

(αPk − Qk + (Pb + (1 − α)Pk) − Qb)(Pj − Qj)Akj
`

P

c(Pc + Qc)Ack

´m`P

c(Pc + Qc)Acj

´m

!

= (40)

X

j 6=(k∨b)

 

((Pk − Qk) + (Pb − Qb))(Pj − Qj)Akj
`

P

c(Pc + Qc)Ack

´m`P

c(Pc + Qc)Acj

´m

!

= (41)

X

i=(k∨b),j 6=(k∨b)

(Pi − Qi)(Pj − Qj)Aij
`

P

c(Pc + Qc)Aci

´m`P

c(Pc + Qc)Acj

´m (42)

Eq. 38 is based on the lemma in Eq.18. Eqs.40,42 are true asAkj = Abj and
Ack = Acb.

Since we covered the three disjoint and complementary caseswe have proved that
a Quadratic-Chi histogram distance isSimilarity-Matrix-Quantization-Invariant.

4 Additional Shape Classification Results

This section presents shape classification results using the same framework as Ling
et al. [5,6,7]. We first present results for the articulated shape data set[5,7]. Then we
present results for the Kimia-216 data set [8].

4.1 Articulated Data Set

The articulated shape data set [5,7] has 40 images from 8 different objects. Each object
has 5 images articulated to different degrees, see Fig.1(a). The dataset is very challeng-
ing because of the similarity between different objects (especially the scissors).

We used Belongie et al.’s Shape Context (SC) [9] and Ling and Jacobs’ Inner Dis-
tance Shape Context (IDSC) [5].

To evaluate results, for each image, the 4 most similar matches are chosen from
other images in the dataset. The retrieval result is summarized as the number of 1st,
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(a)

Results using SC[9]

Top 1 Top 2 Top 3 Top 4 AUC%

QCN1− dscT=2
2 20 6 10 5 0.307

QCNI 18 7 5 8 0.278

QCS1−
dscT=2

2 23 11 11 4 0.378
QCSI 19 9 9 6 0.318
χ2 25 13 13 7 0.430

QF 1− dscT=2
2 25 16 10 7 0.438

L2 25 15 8 7 0.420

ÊMD
dscT=2
1 23 13 11 7 0.400

L1 20 10 9 5 0.333
SIFTDIST[10] 20 9 6 9 0.320
EMD-L1[6] 15 10 6 10 0.280
Diffusion[11] 19 10 7 6 0.315
Bhattacharyya[12] 25 14 9 9 0.422
KL[ 13] 12 8 4 9 0.223
JS[14] 25 16 9 7 0.432

Results using IDSC[5]

Top 1 Top 2 Top 3 Top 4 AUC%

QCN1− dscT=2
2 39 38 38 34 0.950

QCNI 40 37 36 33 0.940

QCS1−
dscT=2

2 39 35 38 28 0.912
QCSI 40 34 37 27 0.907
χ2 40 36 36 21 0.902

QF 1− dscT=2
2 40 34 39 19 0.897

L2 39 35 35 18 0.873

ÊMD
dscT=2
1 39 36 35 27 0.902

L1 39 35 35 25 0.890
SIFTDIST[10] 38 37 27 22 0.848
EMD-L1[6] 39 35 38 30 0.917
Diffusion[11] 39 35 34 23 0.880
Bhattacharyya[12] 40 37 32 23 0.895
KL[ 13] 40 38 36 29 0.938
JS[14] 40 35 37 21 0.900

(b) (c)

Fig. 1. (a) Articulated shape database. This dataset contains 40 images from 8 objects.
Each column contains five images of the same object with different articulation.
(b) Shape classification results using Belongie et al.’s Shape Context (SC)[9]. All dis-
tances performance is poor.
(c) Shape classification results using Ling and Jacobs’ Inner Distance Shape Context

(IDSC)[5]. QCN1− dscT=2
2 outperformed all other distances. QCNI performance was ex-

cellent, which shows the importance of the normalization factor. All cross-bin distances
outperformed their bin-by-bin versions. Again,χ2 and QF improved uponL2. QCN
and QCS which are mathematically sound combinations ofχ2 and QF outperformed
both.
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2nd, 3rd and 4th most similar matches that come from the correct object. Tables (b) and
(c) in Fig.1 show the retrieval results for SC and IDSC respectively. Using SC descrip-
tors, the performance was poor on this dataset for all kinds of distances. Using IDSC

descriptors, the QCN1−
dscT=2

2 histogram distance outperformed all the other distances.
QCNI performance was excellent, which shows the importance of the normalization
factor. All cross-bin distances outperformed their bin-by-bin versions.χ2 and QF im-
proved uponL2. QCN and QCS which are mathematically sound combinations ofχ2

and QF outperformed both.

4.2 Kimia-216 Data Set

The Kimia-216 shape data set [8] has 216 images grouped into 18 classes with 12
images in each class, see Fig.2(a).

We tested for shape classification with Belongie et al. ShapeContext (SC) [9]. We
do not present results for Ling and Jacob’s IDSC [5], as the code that computes IDSC
[7] crashes on this data set (segmentation fault).

To evaluate results, for each image, the 11 most similar matches are chosen from
other images in the dataset (as there are 12 images in each class). The retrieval result
is summarized as the number of 1st, 2nd, ..., 11th and most similar matches that come
from the correct object. Table (b) in Fig.2(b) show the retrieval results. Again, the

QCN1− dscT=2
2 histogram distance outperformed all the other distances. Again,χ2 and

QF improved uponL2 and QCN and QCS outperformed both.

5 Comparison of Color Image Distances With and Without Spatial
Pruning

In this section we compare experimentally the color image distances that have spatial
pruning (those used in [1]) to distances without such a pruning (those used in [3]).
Results are presented in Fig.3. Pruning slightly improved accuracy for QF and slightly
reduced accuracy for QCN, QCS and̂EMD. However, pruning considerably reduced
running time (see Table1 in page15).

6 Comparison toNon-Similarity-Matrix-Quantization-Invariant
and Non-Sparseness-Invariant Quadratic-Chi-like Histogram
Distances

In this section we compare experimentally distances which resembles QC distances, but
are either notSimilarity-Matrix-Quantization-Invariantor not Sparseness-Invariant.
The comparison shows that these properties considerably boost performance, especially
for sparse color histograms.

As in theQC definition, letP andQ be two non-negative bounded histograms.
That is,P,Q ∈ [0, U ]N . Let A be a non-negative symmetric bounded bin-similarity
matrix such that each diagonal element is bigger or equal to every other element in its



8 Ofir Pele, Michael Werman

(a)
Results using SC[9]

Top 1 Top 2 Top 3 Top 4 Top 5 Top 6 Top 7 Top 8 Top 9 Top 10 Top 11 AUC%

QCN1− dscT=2
2 215 216 215 216 214 214 207 207 200 192 173 0.981

QCNI 215 208 212 201 198 198 190 177 164 150 127 0.920

QCS1−
dscT=2

2 216 215 215 212 212 205 204 205 193 184 155 0.969
QCSI 215 215 214 214 215 208 209 205 197 190 167 0.976
χ2 216 215 212 211 210 203 199 199 192 177 156 0.960

QF 1− dscT=2
2 214 211 207 206 197 190 183 183 167 162 146 0.920

L2 213 210 203 204 195 189 183 178 167 149 139 0.910

ÊMD
dscT=2
1 215 215 215 215 214 207 207 202 201 187 162 0.974

L1 215 215 215 214 213 209 211 207 199 192 170 0.978
SIFTDIST[10] 215 215 215 215 215 211 210 207 201 189 162 0.979
EMD-L1[6] 215 215 212 213 212 208 204 203 197 184 161 0.969
Diffusion[11] 215 215 214 214 214 214 208 204 200 196 174 0.979
Bhattacharyya[12] 216 215 213 212 212 206 203 206 193 177 159 0.967
KL[ 13] 212 203 200 199 195 186 187 179 166 151 130 0.899
JS[14] 216 215 212 210 208 205 200 197 189 182 152 0.959

(b)

Fig. 2.(a) Kimia-216 shape database. This dataset has 216 images from 18 classes. Each
row contains 12 images of the same class.
(b) Shape classification results using the Shape Context (SC)[9]. We do not present re-
sults for Ling and Jacob’s IDSC [5], as the code that computes IDSC [7] crashed (seg-

mentation fault). Again, the QCN1−
dscT=2

2 histogram distance outperformed all other
distances. Again,χ2 and QF improved uponL2. QCN and QCS which are mathemati-
cally sound combinations ofχ2 and QF outperformed both.
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Fig. 3. Results for image retrieval comparing distances which are pruning spatially far
away pixels (painted with solid lines) to those that are not (painted with broken lines).
Pruning slightly improved accuracy for QF and slightly reduced accuracy for QCN,
QCS andÊMD. However, pruning considerably reduced running time (see Table1 in
page15).

row (this demand is weaker than being a strongly dominant matrix) and to 1. That is,
A ∈ [0, U ]N × [0, U ]N and∀i, j Aii ≥ Aij and∀i Aii ≥ 1. Let 0 ≤ m < 1 be the
normalization factor. A QC-like histogram distance which is notSparseness-Invariant
is defined as:

NSI-QCA
m(P,Q) =
√√√√∑

ij

((∑
c PcAci −

∑
c QcAci

)
(∑

c(Pc +Qc)Aci

)m
)((∑

c PcAcj −
∑

c QcAcj

)
(∑

c(Pc +Qc)Acj

)m
)
Aij

(43)

A QC-like histogram distance which is notSimilarity-Matrix-Quantization-Invariant
is defined as:

NQI-QCA
m(P,Q) =

√√√√∑

ij

( (
Pi −Qi

)
(
Pi +Qi

)m
)( (

Pj −Qj

)
(
Pj +Qj

)m
)
Aij (44)

If I is the identity matrix then:

QCI
m(P,Q) = NSI-QCI

m(P,Q) = NQI-QCI
m(P,Q) (45)

For any bin-similarityA we get the following equality:

NQI-QCI
m(AP,AQ) = NSI-QCI

m(P,Q) (46)
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We present results for image retrieval comparing QCN, NSI-QCN(NSI-QC0.9),
NQI-QCN(NQI-QC0.9), QCS, NSI-QCS(NSI-QC0.5) and NQI-QCS(NQI-QC0.5) in Fig.
4(a) for SIFT-like descriptors (CSIFT as the CSIFT descriptor, compared to SIFT was
better for all distance measures, see Fig.7) and in Fig.4(b) for small L*a*b* im-
ages with the pruning distance used in the paper [1] and in 4(c) for small L*a*b*
images with a non-pruning distance as was used in [3]. The results show thatSimilarity-
Matrix-Quantization-InvarianceandSparseness-Invarianceconsiderably boost perfor-
mance. The gain in performance is large using the L*a*b* images, which are sparse
5-dimensional histograms (x, y, L*, a*, b*). That is, the query histogram was always:
[1, . . . , 1, 0, . . . , 0] and each image being compared to the query was represented bythe
histogram:[0, . . . , 0, 1, . . . , 1]. That is, the dimension of the space is32 × 48 × 2563

where only32× 48 entries are non-zero in each histograms. The bin-similarity matrix
is computed for each pair of images. For these histograms:

NQI-QCNA(P,Q) = NQI-QCSA(P,Q) = QFA(P,Q) (47)

The time complexity of all the distances tested in this section is linear. In practice
(see Table1), QCS distances are faster to compute than QCN distances. Inaddition,
NQI-QC distances are the fastest to compute, QC distances second, and NSI-QC dis-
tances have the longest running time. However, the differences between the running
times are minor as all distances have linear time complexity.

7 Comparing SIFT/CSIFT with All Distances for Image Retrieval

In this section we present results for image retrieval as described in the paper. The
results are for all pairs of descriptors (SIFT/CSIFT) and distance measures and given in
Figs.5, 6,7.
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Fig. 4. Results for image retrieval comparing QC which isSparseness-Invariantand
Similarity-Matrix-Quantization-Invariantto NSI-QC and to NQI-QC which are not
Sparseness-Invariantand notSimilarity-Matrix-Quantization-Invariantrespectively.
(a) SIFT-like descriptors. For each distance measure, we present the descriptor
(SIFT/CSIFT) with which it performed best. The results for all the pairs of descrip-
tors and distance measures can be found in Figs.5, 6 and7. It can be seen that QCN
which is bothSparseness-InvariantandSimilarity-Matrix-Quantization-Invarianthas
the best performance. However, the differences in performance are small.
(b) L*a*b* images with pruning and (c) without pruning Here, theSparseness-
Invariant andSimilarity-Matrix-Quantization-Invariantproperties are very important.
This is probably because L*a*b* images are represented as very sparse histograms in
a very high dimensional space (the dimension of the space is32 × 48 × 2563 where
only 32 × 48 entries are non-zero in each histograms). Comparing to (b) we can also
note that performance using this representation is better than those obtained with the
SIFT-like descriptor.
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Fig. 5.Comparison of SIFT with CSIFT for all distances, part 1.
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Fig. 6.Comparison of SIFT with CSIFT for all distances, part 2
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Fig. 7.Comparison of SIFT with CSIFT for all distances, part 3
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Descriptor QCNA2 NSI-QCNA2 NQI-QCNA2 QCSA2 NSI-QCSA2 NQI-QCSA2

(SIFT) 0.15 0.18 0.14 0.07 0.1 0.06

Descriptor QCNA20,5 NSI-QCNA20,5 QFA20,5 QCSA20,5 NSI-QCSA20,5

(L*a*b*) 20 (370) 21 (371) 11 (361) 19 (369) 18 (368)

Descriptor QCNA20 NSI-QCNA20 QFA20 QCSA20 NSI-QCSA20

(L*a*b*) 20 (3020) 21 (3021) 11 (3011)19 (3019)18 (3018)

Table 1. (SIFT) 384-dimensional SIFT-like descriptors matching time (in millisec-
onds). The distances from left to right are the same as the distances in Fig.4 (a) from
up to down.
(L*a*b*) 32 × 48 L*a*b* images matching time (inmilliseconds) using a distance
which prunes spatially far away pixels (middle row) and a distance which does not
(bottom row). On the middle row, the distances from left to right are the same as the
distances in Fig.4 (b). On the bottom row, the distances from left to right are the same
as the distances in Fig.4 (c). In parentheses is the time it takes to compute the distance
and the bin-similarity matrix as it cannot be computed offline.
To summaries results, QCS distances are faster to compute than QCN distances. Also,
NQI-QC distances are the fastest to compute, QC distances second, and NSI-QC dis-
tances have the longest running time. However, the differences between the running
times are minor as all distances have linear time complexity. Finally, pruning spatially
far away pixels considerably reduced running time, almost without reducing accuracy
(see Fig.3).
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