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Graphite to AlB2 and MgB2: a comparative study of their
tight-binding model and Dirac nodal line
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aSchool of Physics and Electronic Engineering, Sichuan Normal University, Chengdu, People’s
Republic of China; bSchool of Materials and Energy, State Key Laboratory of Electronic Thin Film and
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ABSTRACT
Recently, the AlB2-type compounds such as AlB2 and MgB2
have attracted immense interest due to the Dirac Nodal
Line (DNL). This unique electronic structure is very
important for the design and discovery of topological
superconductivity, but the DNL of AlB2-type compounds
has not been unambiguously comparative studied. Here,
we systematically investigated the electronic topological
properties of AlB2 and MgB2 by tight-binding model
analysis and first-principles calculations. The Slater–Koster
method fitted band structure results showed that the slope
of σ-bond in Γ-A direction was mainly controlled by the
absolute value of Vppπ. Moreover, the band structure fitted
by two pz Symmetry-Adapted Wannier Function (SAWF)
was consistent with the band structure obtained by the
effective Hamiltonian of two orbital. In the constructed
effective Hamiltonian, the external on-site energies in MgB2
and AlB2 were 0.075 and 2.47 eV, respectively, which were
mainly due to the distance between Fermi level and Dirac
point at the high-symmetry K and H points. More strikingly,
it was found that the degree of bending of the topological
surface state was related to the number of the selected
orbits, and the larger the number of orbits, the stronger
the degree of bending. This important finding might be
due to the asymmetry of the crystal structure and band
structure. This work provides a meaningful reference for
exploration of the topological property of DNL in AlB2-type
topological superconductivity materials.
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1. Introduction

In the extensive research on topological insulators, the topological semimetals and
topological superconductors in electronic structures [1–4] and the topological
properties in the phonon dispersion curves [5–9] have recently attracted attention
in the fields of condensed matter physics and materials science. MgB2 has a super-
conducting transition temperature Tc (39 K) under the theoretical limit of BCS
theory, which is currently the highest superconducting transition temperature
among binary compounds [10,11]. Topological and superconducting states are
intriguing and elusive quantum phenomena in nature. How to integrate topolo-
gical and superconducting states in the same real solid material system is a fron-
tier issue of current research, such as Majorana fermions. Recently, Jin et al. [12]
predicted that MgB2 exhibited a unique one-dimensional dispersive Dirac Nodal
Line (DNLs). Subsequently, Angle-resolved Photoemission Spectroscopy
(ARPES) was used to observe the corresponding topological surface states
(TSS’s) of MgB2 [13]. Moreover, the existence of DNLs is also observed on the
electronic band structure in the similar structure of AlB2 [14]. In addition, in
similar AlB2-type institutions such as TiB2 and ZrB2, there also exists DNLs on
their band structure [15]. DNLs also exist in some other materials, such as
Pure Alkali Earth Metals of Be, Mg, Ca, Sr and ZrGeSerese, etc. [16–21]. Further-
more, Li et al. [22] predicted the Phononic Weyl Nodal Straight Lines (PTWNLs)
on phonon spectrum of MgB2, which triggered an upsurge in the study of phonon
dispersion in high superconducting superconductors.

As all we known, the higher superconducting transition temperature of MgB2
is mainly due to the strong electron–phonon coupling interaction between the
electron near the fermi level and the phonon with E2g mode [23,24]. At the
same time, the σ-bond provides a large amount of electrons near the Fermi
level. The topological nature of the DNLs above discussions is derived from
the π-band. How to separate the π-band and the σ-bond, and use the correspond-
ing model for separate analysis and research is very important. This question has
not been solved, and nobody has investigated this issue systematically and com-
paratively. This is the part motivation of our researches. Here, we systematically
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investigated the electronic topological properties of AlB2-type system (AlB2 and
MgB2) by tight-binding model analysis and first-principles calculations.

In this work, we proposed that the slope of σ-bond in Γ-A direction was
mainly controlled by the absolute value of Vppπ by the Slater–Koster method
fitted band structure results. In the constructed effective Hamiltonian, since
the difference between Fermi level relative to the Dirac point at the highly
symmetrical K and H points, the external on-site energies in MgB2 and
AlB2 are 0.075 and 2.47 eV, respectively. More strikingly, it was found that
the degree of bending of the TSS was related to the number of selected orbi-
tals, and the more orbitals, the stronger the degree of bending. In essence,
the more orbitals, the more accurately fitted the band structure obtained
by first-principles calculations. This important finding might be due to the
asymmetry of the crystal structure and band structure. This work has dee-
pened the understanding of the degree of surface state curvature in the
DNL topological properties of AlB2-type topological superconductivity
materials.

2. Methods

The first-principles calculations were performed by using the Vienna ab-
initio simulation package (VASP) [25–27]. The Projector-augmented-wave
(PAW) was adopted [28] to take into account the electron–ion interactions.
The generalized gradient approximation (GGA) [29] in the form of Perdew–
Burke–Ernzerhof function was used to exchange–correlation interactions. A
self-consistent field method (tolerance 10−5 eV/atom) was employed in con-
junction with plane wave basis sets of cutoff energy of 500 eV. The Γ-cen-
tered with 24 × 24 × 24 k-mesh was used to sample the Brillouin zone.
The TSSs associated with the (010) surface were calculated by using Wan-
nierTools [30].

3. Results and discussion

3.1 Crystal structure and electronic properties

AlB2-type classes crystallize is a hexagonal lattice system with the P6/mmm
(No. 191, D6h) space group. Al and B atoms occupy the (0.0, 0.0, 0.0) and
(1/3, 2/3, 1/2) sites, respectively. The optimized lattice constants of AlB2 are
a = b = 3.011 Å and c = 3.285 Å, and the optimized lattice constants of MgB2
are a = b = 3.073 Å and c = 3.507 Å, which are very close to the experimental
values [31] and theoretical values [32]. The following results shown are
based on optimized lattice constants. Figure 1(a) shows the calculated fat
band structures and the corresponding partial density of state (PDOS) of
bulk MgB2 without spin-orbital coupling (SOC). The crystal structure and
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the corresponding Brillouin zone (BZ) are shown in the insert illustrations
of PDOS, where the high-symmetry points and lines are indicated by red
colour. It can be clearly seen from Figure 1(a) that there are Dirac cones
at K and H points, which are mainly composed by pz orbital (π-bond,
red colour) of B atoms. The flat bands in ΓA direction are mainly composed
by px+py orbitals (σ-bond, blue colour) of B atoms. There are also six holes
and electron pockets at high-symmetry K and H points, respectively. The fat
bands with a wider energy range are shown in Figure S1. Figure S1(a–d)

Figure 1. Fat band structure and partial density of state (PDOS) of bulk MgB2, AlB2 and Graph-
ite, respectively. (a,b) The fat band structure projected by pz (π-bond, red colour) and px+py (σ-
bond, blue colour) orbit of B atom, the partial density of states (PDOS) of Mg (Al) and B atom. (c)
The fat band structure projected by pz (π-bond, red colour) and px+py (σ-bond, blue colour)
orbit of C atom, the partial density of states (PDOS) of C atom. The insert figures are the
crystal structure, Brillouin zone and (010) Surface, respectively.
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shows that the fat band structure and size of spectral weight are projected
by s orbit of Mg atom and p orbit of B atom, respectively. The calculated fat
band structures and the corresponding PDOS of bulk AlB2 without SOC
were shown in Figure 1(b). The fat band structures and PDOS of AlB2
are similar to that of MgB2. The striking difference is the position of the
σ-bond, which contributes greatly to the Fermi level density of states due
to the two dimensionality. The position of the σ-bond in AlB2 is far
away from Fermi level and is completely filled. In contrast, MgB2 is rela-
tively close to or even beyond the Fermi level. The bands across the
fermi level indicate that MgB2 has stronger metallicity, which also can be
obtained from the PDOS near the Fermi level. Moreover, there is a subtle
difference, such as the σ-bond of MgB2 and AlB2 have a different slope
in ΓA direction. The fat bands with a wider energy range of AlB2 are
shown in Figure S2. For comparison, we also calculated the fat band struc-
tures and the corresponding PDOS of Graphite as shown in Figure 1(c).
From the figures, we know that the position of the Dirac point at point
K and H of Graphite is 0. Note that the position of the Dirac point at
point K and H are indicated by 1KD and 1HD , respectively. For the MgB2,
the 1KD = 1.83 eV and 1HD = −1.98 eV. However, the 1KD = 0.25 eV and
1HD = −5.19 eV in AlB2. The energy difference between the K and H
points demonstrates the degree of symmetry with respect to the Fermi
level. Moreover, it is reasonable for us to artificially introduce on-site
energy in the following, which can make the two-band model fitted the
band structure better.

3.2 Maximally-localised Wannier functions (MLWFs) and Slater–Koster
tight-binding method

Using the linear combination of atomic orbitals (LCAO) method, a set of
non-interacting single particles can be used to describe the system. In
order to better obtain the basic characteristics of the electronic band struc-
ture, we use two kinds of tight-binding models to fit the band structure.
One method is to use the Hamiltonian of the tight-binding model generated
by nine Wannier orbits (Mg/Al:s, B:s, px, py, pz), which is suitable for using
the MLWF to reproduce the PBE energy band structure. The fitted band
structure is shown as the red line in Figure 2. Judging from the black and
red lines, the band structure fits very well. The other method is Slater–
Koster method. The Slater–Koster method [33] is also a powerful way to
reproduce the first-principles calculated data. Here, we used Tight-Binding
Studio (TB Studio) software package [34,35] to reproduce the Hamiltonian
and the overlap matrix elements. The calculate integrals on the whole unit
cell and the orbitals s, px, py, and pz, respectively. The expected values of
four integrals (Vssσ, Vspσ, Vppσ, Vppπ) of the Hamiltonian based on the
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directed orbitals as follows:

s|H|s〈 〉 = Vsss

s|H|pi
〈 〉 = niVsps

pi|H|pj
〈 〉 = (dij − ninj)Vppp + ninjVpps

where ni = r · ei/|r| is the directional cosine, r is the vector along the bond,
and i takes x, y, and z. For example, the schematic diagram of hopping par-
ameters of the Slater–Koster method for MgB2 is shown in Figure S3. There
are four types of bonds, three Mg–Mg bonds in plane, twelve Mg–B bonds,
three B–B bonds in plane, two B–B bonds out plane. In this work, the TB par-
ameters are obtained by fitting the electronic band structure of MgB2 and AlB2
calculated by first principles. In Table 1, we list the SK parameters of bond type
by fitting DFT energy bands as the shown blue dotted line in Figure 2. As we all
know that the σ-band basically has a strong two dimensionality (small

Figure 2. The band structure fitted by Maximally-Localised Wannier Functions (MLWFs) and
Slatter-Koster tight-binding method. (a,b) The calculated band structure, Maximum Localised
Wannier Function (MLWF) fitted band structure (solid line with red colour), Slatter-Koster
tight-binding method fitted band structure (dotted line with blue colour). The s orbit of
metal atom (Al/Mg) and s, px, py, pz orbit of B atom fitted in MLWF and Slater–Koster tight-
binding method.

Table 1. The Slater–Koster parameters are obtained by fitting MgB2 (top) and AlB2 (bottom).
The V parameters are in eV.
MgB2 Vssσ Vspσ Vppσ Vppπ

bond (Mg–Mg) −0.2 – – –
bond (B–B in plane) −2.5 −3.0 1.4 −2.0
bond (B–B out plane) −0.5 −0.5 1.0 −0.10
bond (Mg–B) −0.5 −1.2 – –
AlB2 Vssσ Vspσ Vppσ Vppπ
bond (Al–Al) 1.2 – – –
bond (B–B in plane) −2.1 −3.0 1.8 −2.4
bond (B–B out plane) −0.8 0.0 1.35 −0.15
bond (Al–B) −1.5 −1.5 – –
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dispersion along Γ-A), which is important to establish the magnitude and
effects of inter-plane coupling. We find that the slope of σ-bond in the ΓA direc-
tion is mainly controlled by Vppπ. Moreover, the larger the absolute value of
Vppπ, the greater the slope. This result of Vppπ is much more profound than
just only giving a description of the relationship of ΓA dispersion [36]. In
addition, we noticed that the overlap integral values in MgB2 and AlB2 are
both equal to 0, which is very different from the alone borophene or bilayer bor-
ophene within a larger overlap integral values [37,38]. Moreover, the on-site
parameters of Mg and B atoms are presented in Table 2. We find the on-site
energy in px and py are equal, which is mainly due to equivalence of the x
and y direction.

3.3 Symmetry-Adapted Wannier Functions (SAWF) and effective Hamilton

The QUANTUM ESPRESSO [39,40] package was used to construct SAWF
representations by projecting the Bloch states from the first-principles calcu-
lations of AlB2 class’s materials onto Mg/Al s and B s, p orbital [41]. It is well
known that the band structures of AlB2 classes are mainly divided into the π-
bond and σ-bond. The SAWF fitted band structures are shown in Figure 3.
The cyan dashed line is the Fermi level. The π-bond in K and H points are
fitted by two pz orbital of B atoms and the σ-bond in ΓA direction are fitted
by the hybrid of sp2 orbitals of B atoms. The lower is Wannier functions
plotted with pz (π-bond) orbital and sp2 hybrid (σ-bond) orbitals with one
B atom. The red and blue colour represents positive and negative density,
respectively. The isosurface is 1.5 e/Å3. We find from Figure 3 that SAWF
fitted bands are very well. Therefore, we can study their properties separately
on π-bond and σ-bond by the Wannier Hamilton. More details are shown in
Figures S4 and S5.

The essential physics of the DNL structure in AlB2 classes was characterized
by an effective TB model using B pz orbitals. The pz bands of AlB2 classes have a
3D nature, because there is hopping interaction not only among intra-plane B–
B bond but also between inter-plane B–B bond. Thus we can construct the spin-
less effective TB model based on the two B pz orbitals:

H0( k
�

) = h11( k
�

)− 1 h12( k
�

)

h∗12( k
�

) h22( k
�

)− 1

[ ]

Table 2. The on-site energies are obtained by fitting for MgB2 (Left) and AlB2 (Right) in units of
eV.
On-site energy MgB2 AlB2

Orbitals s px py pz s px py pz
Mg/Al 3 – – – 2 – – –
B −2 0.8 0.8 −0.8 −4.5 −0.3 −0.3 −2.5
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where h11( k
�

) = h22( k
�

) = 2tz cos (ckz), h12( k
�

) = −t(ei k
�

· e�1 + ei k
�

· e�2

+ei k
�

· e�3 ) with e�1 = (0, a/
��
3

√
, 0), e�2 = (− a/2, − a/2

��
3

√
, 0), and e�3 =

(a/2,− a/2
��
3

√
, 0); here t and tz are the absolute value of intra– and inter-

plane hopping energy between the nearest-neighbour B pz orbitals, respectively;
here, 1 = (|1HD | − |1KD|)/2, it represents the average position of two Dirac point.
Moreover, 1MgB2 = 0.075 1AlB2 = 2.47; a is the in-plane lattice constant and c is

Figure 3. Electronic band structure, the band structure fitted by SAWF and effective Hamil-
tonian, respectively. (a) The upper are electronic band structure of bulk MgB2, two pz orbital
(π-bond) SAWF fitted band structure (solid line with red colour) and effective Hamiltonian
fitted band structure (dotted line with blue colour). The lower are Wannier functions plotted
with pz (π-bond) orbital. (The cyan dashed line is the Fermi level). (b) The upper are hybrid
sp2 (σ-bond) orbitals SAWF fitted band structure (solid line with olive colour). The lower are
Wannier function plotted with sp2 hybrid (σ-bond) orbitals with one B atom. (c,d) their contents
are same as Figure 3 (a,b). (c,d) represents bulk AlB2. Red and blue colour represents positive
and negative density, respectively. The isosurface is 1.5 e/Å3
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the z-direction lattice constant. The calculated effective model band structure is
shown in Figure 3(a,c). The model well describes the pz band structure near and
below the Fermi level. Most importantly, we can get the dispersive DNL along
the K–H direction. In this effective model without on-site energy correction, the
transition kz point at which the system undergoes an abrupt change from hole
to electron doped is absolutely different from first-principle calculations. More-
over, the electron Fermi surfaces with the middle part are shown in Figure S6.
The red and blue colours represent the front and back view of the first pz orbital,
respectively. Green and orange colours represent the front and back view of the
second pz orbital, respectively.

3.4 Surface states of the (010) surface

To further reveal the topological nature of the DNL state in AlB2-type
classes, we also calculated the surface states. The surface state spectrum of
Mg-terminated (010) of MgB2 was obtained by an iterative Green’s function
method [42,43], as shown in Figure 4. The upper part shows the ninth
orbital fitted (Mg:s; B:s, px, py, pz) projected density of state for the Mg-ter-
minated (010) surface along the cuts at ksy = 0, 0.15, 0.3, and 0.5, respectively.
The five orbital fitted (Mg:s; B1: px, pz; B2: py, pz) projected density of state
for Mg-terminated (010) surface shown in the middle. The lower part shows
the two orbital fitted (B1: pz; B2: pz) projected density of state for Mg-

Figure 4. Surface states of the MgB2 (010) surface. (a–d) The nine orbital fitted (Mg:s; B:s, px, py,
pz). (e–h) The five orbital fitted (Mg:s; B1: px, pz; B2: py, pz). (i–l) The two orbital fitted (B1: pz; B2:
pz). The surface states of MgB2 for Mg-terminated (010) surface along the cuts at ksy = 0, 0.15,
0.3, and 0.5, respectively.
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terminated (010) surface along the cuts at ksy = 0, 0.15, 0.3, and 0.5, respect-
ively. From ksy = 0 to ksy = 0.5, the Dirac point from K to H points, the
surface state also exists. Moreover, the DNLs in HK direction and the corre-
sponding TSS’s on the [010] faces are judged by theoretical prediction [12]
and experimental confirmation [13]. Furthermore, we find that the degree
of bending of the TSS is related to the number of selected orbits, and the
more orbits, the stronger the degree of bending. This kind of surface state
bending also exists in AlB2. The surface state spectrums of AlB2 are
shown in Figure 5. Figure 5(a–d) shows the ninth orbital fitted (Al:s; B:s,
px, py, pz) projected density of state for Al-terminated (010) surface along
the cuts at ksy = 0, 0.15, 0.3, and 0.5, respectively. The middle are seven
orbital fitted (Al:s; B1: px, py, pz; B2: px, py, pz) projected density of state
for Al-terminated (010) surface along the cuts at ksy = 0, 0.15, 0.3, and 0.5,
respectively. The lower are two orbital fitted (B1: pz; B2: pz) projected
density of state for Al-terminated (010) surface along the cuts at ksy = 0,
0.15, 0.3, and 0.5, respectively. Comparing the surface states of MgB2 and
AlB2 along the z-direction, when kz = 0.218 and kz = 0.06, the surface states
fall on the Fermi level. The surface slab bands of MgB2 and AlB2 with
two pz orbitals fitted are shown in Figure S7. The left surface state is consist-
ent with the right surface state. The surface slab bands of MgB2 and AlB2
with all orbits fitted are shown in Figure S8. The left surface state deviates
slightly from the right surface state. The AlB2 degree of surface state is

Figure 5. Surface states of the AlB2 (010) surface. (a–d) The nine orbital fitted (Al:s; B:s, px, py,
pz). (e–h) The seven orbital fitted (Al:s; B1: px, py, pz; B2: px, py, pz). (i–l) The two orbital fitted (B1:
pz; B2: pz). The surface states of AlB2 for Al-terminated (010) surface along the cuts at ksy = 0,
0.15, 0.3, and 0.5, respectively.
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larger than that of MgB2, which may be due to the energy difference between
K and the H points, which demonstrates their degree of symmetry with
respect to the Fermi level.

For comparison, we also calculated the band structure of Graphite,
which is isoelectronic with MgB2. The band structures fitted by SAWF
by four pz orbital (π-bond) shown in Figure 6. As shown here, the band
fits well near the Fermi level, and the orbitals of adjacent atoms are oppo-
site. In addition, the (010) surface along the cuts at ksy = 0, 0.15, 0.3, and
0.5, respectively are shown in Figure 7. Figure 7(a–d) shows the fourth
orbital fitted (C: pz) left surface state along the cuts at ksy = 0, 0.15, 0.3,
and 0.5, respectively. The fourth orbital fitted (C: pz) right surface states
are shown in Figure 7(e–h). The left surface state is basically the same
as the right surface state, which may be due to the fact that the left and
right are symmetrical with respect to graphite. Figure 7(i–l) the fourth
orbital fitted (C: pz) slab band structures along the cuts at ksy = 0, 0.15,
0.3, and 0.5, respectively. By comparing with graphite, it is convinced
that the blending of surface state is mainly affected by some other impurity
bands. The essence might come from the asymmetry of the band structure
with respect to Fermi level.

Figure 6. Electronic band structure of Graphite and the Symmetry-Adapted Wannier Functions
(SAWF) fitted band structure. (a) The Electronic band structure of Graphite and four pz orbital (π-
bond) Symmetry-Adapted Wannier Functions (SAWF) fitted band structure (solid line with red
colour). (The cyan dashed line is the Fermi level). (b) The four pz Symmetry-Adapted Wannier
Functions (SAWF) orbitals. The isosurface is 1.5 e/Å3
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4. Conclusion

In conclusion, based on the first-principles calculations and tight-binding
model analysis, we systematically investigate their electronic topological
properties of AlB2-type system. The Slater–Koster method fitted band struc-
ture results show that the slope of σ-bond in Γ-A direction is mainly con-
trolled by the absolute value of Vppπ. In addition, the band structure fitted
by two pz SAWF is consistent with the band structure obtained by the
effective Hamiltonian of two orbital. In the constructed effective Hamil-
tonian, since the difference between Fermi level is relative to the Dirac
point at the highly symmetrical K and H points, the external on-site energies
in MgB2 and AlB2 are 0.075 and 2.47 eV, respectively. More strikingly, it can
be found that the degree of bending of the TSS. The demonstration of
surface state bending changes is similar to the demonstration of energy
band inversion in topological insulators. The surface state is always
bending, and the more Wannier function orbitals are selected, the higher
bending of the surface state. The spin–orbit coupling also always exists in
the topological insulator, and the energy band occurs inversion as increasing
the strength of spin–orbit coupling. This work provides a theoretical refer-
ence for the exploration the topological property of DNL in AlB2-type topo-
logical superconductivity materials.

Figure 7. Surface states of the Graphite (010) surface. (a–d) The four orbital fitted (C: pz) left
surface state. (e–h) The four orbital fitted (C: pz) right surface state. (i–l) The four orbital
fitted (C: pz) slab band structures. The surface states and slab band of Graphite for (010)
surface along the cuts at ksy = 0, 0.15, 0.3, and 0.5, respectively.
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