Universitext



Bernt @ksendal - Agnes Sulem

Applied Stochastic
Control
of Jump Diffusions

With 24 Figures

@ Springer



Bernt @ksendal

University of Oslo

Center of Mathematics for Applications (CMA)
Department of Mathematics

0316 Oslo

Norway

e-mail: oksendal@math.uio.no

Agnes Sulem

INRIA Rocquencourt
Domaine de Voluceau

78153 Le Chesnay Cedex
France

e-mail: agnes.sulem@inria.fr

Mathematics Subject Classification (2000): 93E20, 60G40, 60Gs1, 49L25,
65MXX, 47]20, 49]J40, 91B28

Cover figure is taken from page 91.

Library of Congress Control Number: 2004114982

ISBN 3-540-14023-9 Springer Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilm or in any other way, and storage in data banks. Dupli-
cation of this publication or parts thereof is permitted only under the provisions of the German
Copyright Law of September 9, 1965, in its current version, and permission for use must always be
obtained from Springer. Violations are liable for prosecution under the German Copyright Law.

Springer is a part of Springer Science+Business Media
springeronline.com

© Springer-Verlag Berlin Heidelberg 2005

Printed in Germany

The use of general descriptive names, registered names, trademarks, etc. in this publication does
not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

Cover design: Erich Kirchner, Heidelberg
Typesetting by the author using a Springer EIEX macro package
Production and final processing: LE-TEX Jelonek, Schmidt & Véckler GbR, Leipzig

Printed on acid-free paper 41/3142YL-543210



To my family

Eva, Elise, Anders and Karina

A tous ceux qui m’accompagnent



Preface

Jump diffusions are solutions of stochastic differential equations driven by
Lévy processes. Since a Lévy process n(t) can be written as a linear combina-
tion of ¢, a Brownian motion B(t) and a pure jump process, jump diffusions
represent a natural and useful generalization of Ito6 diffusions. They have re-
ceived a lot of attention in the last years because of their many applications,
particularly in economics.

There exist today several excellent monographs on Lévy processes. How-
ever, very few of them - if any - discuss the optimal control, optimal stopping
and impulse control of the corresponding jump diffusions, which is the subject
of this book. Moreover, our presentation differs from these books in that it
emphazises the applied aspect of the theory. Therefore we focus mostly on
useful verification theorems and we illustrate the use of the theory by giving
examples and exercises throughout the text. Detailed solutions of some of the
exercises are given in the end of the book. The exercices to which a solution
is provided, are marked with an asterix *. It is our hope that this book will
fill a gap in the literature and that it will be a useful text for students, re-
searchers and practitioners in stochastic analysis and its many applications.
Although most of our results are motivated by examples in economics and
finance, the results are general and can be applied in a wide variety of sit-
uations. To emphasize this, we have also included examples in biology and
physics/engineering.

This book is partially based on courses given at the Norwegian School of
Economics and Business Administration (NHH) in Bergen, Norway, during the
Spring semesters 2000 and 2002, at INSEA in Rabat, Morocco in September
2000, at Odense University in August 2001 and at ENSAE in Paris in February
2002.
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1

Stochastic Calculus with Jump diffusions

1.1 Basic definitions and results on Lévy Processes

In this chapter we present the basic concepts and results needed for the applied
calculus of jump diffusions. Since there are several excellent books which give
a detailed account of this basic theory, we will just briefly review it here and
refer the reader to these books for more information.

Definition 1.1. Let (2, F,{F: }+>0, P) be a filtered probability space. An Fy-
adapted process {n(t) >0 = {m}t>0 C R with ng = 0 a.s. is called a Lévy
process if 1 is continuous in probability and has stationary, independent in-
crements.

Theorem 1.2. Let {n;} be a Lévy process. Then n; has a cadlag version (right
continuous with left limits) which is also a Lévy process.

Proof. See e.g. [P], [S]. o

In view of this result we will from now on assume that the Lévy processes
we work with are cadlag.
The jump of n; at t > 0 is defined by

Ang =g — my— . (1.1.1)

Let By be the family of Borel sets U C R whose closure U does not contain
0. For U € By we define

N(tU)=N(tUw)= > Xy(An,). (1.1.2)

5:0<s<t

In other words, N(¢,U) is the number of jumps of size An, € U which occur
before or at time ¢. N(t,U) is called the Poisson random measure (or jump
measure) of 7(-). The differential form of this measure is written N (dt, dz).
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Remark 1.3. Note that N(¢,U) is finite for all U € By. To see this we
proceed as follows: Define

Ty (w) = inf{t > 0;n, € U}

We claim that T;(w) > 0 a.s. To prove this note that by right continuity of
paths we have
lim n(t) =7n(0) =0 a.s.

t—0+

Therefore, for all € > 0 there exists t(¢) > 0 such that |n(t)] < e for all
t < t(e). This implies that n(t) ¢ U for all t < t(e), if € < dist(0,U).
Next define inductively

Tht1(w) = inf{t > T, (w); An, € U}.
Then by the above argument T,,+1 > T}, a.s. We claim that
T, — 00 as n — 00, a.s.
Assume not. Then T,, — T < oco. But then

lim 7(s) cannot exist.
s—T~

contradicting the existence of left limits of the paths.
It is well-known that Brownian motion {B(¢)}+>¢ has stationary and inde-

pendent increments. Thus B(t) is a Lévy process. Another important example
is the following:

Example 1.4 (The Poisson process). The Poisson process 7(t) of intensity
A > 0 is a Lévy process taking values in N U {0} and such that

)™
P[?T(t)zn]z(n') e M n=20,1,2 ...

Theorem 1.5. [P, Theorem 1.35].
(i) The set function U — N(t,U,w) defines a o-finite measure on By for each
fized t,w.

(ii) The set function
v(U) = E[N(1,U)] (1.1.3)

where E = Ep denotes expectation with respect to P, also defines a o-finite
measure on By, called the Lévy measure of {n:}.

(iii) Fiz U € By. Then the process
7wy (t) ;== my(t,w) ;== N(t,U,w)

is a Poisson process of intensity A = v(U).
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Example 1.6 (The compound Poisson process ). Let X(n); n € N be a
sequence of i.i.d. random variables taking values in R with common distribu-

tion px (1) = px and let 7(t) be a Poisson process of intensity A, independent
of all the X (n)’s.
The compound Poisson process Y (t) is defined by

YO =X+ -+ X(x()); t>0. (1.1.4)
An increment of this process is given by

T

(s)
Y(s) = Y(t) = X(k); s>t
k=m(t+1)

This is independent of X (1),..., X (7(t)), and depends only on the difference
(s —t). Thus Y(¢) is a Lévy process.
To find the Lévy measure v of Y (¢) note that if U € By then

v(U) = EIN(L,U)] :E[ 3 XU(AY(s))}
5;0<s<1

= E[(number of jumps) - Xy (jump)] = E[r(1)Xy(X)] = Aux (U) ,
by independence. We conclude that
v=Aix - (1.1.5)

This shows that a Lévy process can be represented by a compound Poisson
process if and only if its Lévy measure is finite. Note, however, that there are
many interesting Lévy processes with infinite Lévy measure. See e.g. [B].

Theorem 1.7 (Lévy decomposition [JS]). Let {n:} be a Lévy process.
Then n: has the decomposition

n = at + BB(t) + / ZN(t,dz) + / ZN(t,dz) , (1.1.6)
lz|<R lz|>R
for some constants « € R, 3 € R, R € [0,00]. Here
N(dt,dz) = N(dt,dz) — v(dz)dt (1.1.7)

is the compensated Poisson random measure of n(-) and B(t) is an indepen-
dent Brownian motion. For each A € Bg the process

M, := N(t,A) is a martingale. (1.1.8)

If a =0 and R = oo, we call n; a Lévy martingale .
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Theorem 1.8. We can always choose R =1. If
Emp)l <oo  forall t>0

then we may choose R = oo and hence write

n = ot 4+ BB(t) + /zﬁ(t,dz).
R

(See [S, Theorem 25.3]).
Theorem 1.9. [P]. A Lévy process is a strong Markov process.
Theorem 1.10 (The Lévy-Khintchine formula [P]). Let {n;} be a Lévy

process with Lévy measure v. Then [ min(1,2?)v(dz) < oo and
R

Eletvn] =™ - 4 eR (1.1.9)

Y(u) = —Lo*u® +iau+ / {e™* — 1 —iuz}v(dz) + / (e™* — 1)v(dz) .
lzI<R |z|>R

(1.1.10)
Conwersely, given constants o, 0 and a measure v on R s.t.

/min(1,z2)y(dz) < oo,
R

there exists a Lévy process n(t) (unique in law) such that (1.1.9-1.1.10) hold.

Note: It is possible that / |z|v(dz) = 0.

[z|<R
Theorem 1.11. [P, Corollary p. 48]. A Lévy process is a semimartingale.

Definition 1.12. [P]. Let Dycp denote the space of cadlag adapted processes,

equipped with the topology of uniform convergence on compacts in probability

(ucp) : Hy, — H ucp if for allt >0 sup |Hy(s) — H(s)| — 0 in probability
0<s<t

(A, — A in probability if for all e > 0 there exists n. € N such that n > n. =
Prob.(|[4, — 4] > ¢) < ¢).

Let Lycp denote the space of adapted caglad processes (left continuous with
right limits), equipped with the ucp topology. If H(t) is a step function of the
form

H(t) = HO‘X{O}(t) + ZHiX(Ti,Tz‘H](t) )
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where H; € Fr, and 0 =Ty < Ty < -+ < Thy1 < 00 are Fi-stopping times
and X is cadlag, we define

JxH(t /H dX, == HoXo + ZH Toont — Xmoat) 5 t>0.

Theorem 1.13. [P, p. 51]. Let X be a semimartingale. Then the mapping
Jx can be extended to a continuous linear map

Jx : Lycp — Ducp -

This construction allows us to define stochastic integrals of the form

O/ H(s)dn,

for all H € Lycp. (See also Remark 1.18). In view of the decomposition (1.1.6)
this integral can be split into integrals with respect to ds, dB(s), N(ds, dz)
and N (ds, dz). This makes it natural to consider the more general stochastic
integrals of the form

X(t):X(0)+/a ds+/tﬁsde // (s,2z,w)N(ds,dz)
0

(1.1.11)
where the integrands are satisfying the appropriate conditions for the integrals
to exist and we for simplicity have put

N(ds,dz) —v(dz)ds if |z2| <R

N(ds,dz) =
(ds, dz) {N(ds,dz) it |2|> R,

with R as in Theorem 1.7. As is customary we will use the following short
hand differential notation for processes X (t) satisfying (1.1.11):

dX (t) = at)dt + B(t)dB(t) + /w(t,z)N(dt,dz) . (1.1.12)

R

We call such processes Ito-Lévy processes .

1.2 The It6 formula and related results

We now come to the important It6 formula for It6-Lévy processes:
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If X (¢) is given by (1.1.12) and f : R? — R is a C? function, is the process
Y (t) := f(t, X(t)) again an 1t6-Lévy process and if so, how do we represent it
in the form (1.1.12)7

If we argue heuristically and use our knowledge of the classical It6 formula
it is easy to guess what the answer is:

Let X()(t) be the continuous part of X(t), i.e. X(¢)(¢) is obtained by
removing the jumps from X (¢). Then an increment in Y'(¢) stems from an
increment in X (¢)(¢) plus the jumps (coming from N(,-)). Hence in view of
the classical Itd formula we would guess that

of of 10%f
ot ox 2 02

+ /{f(t,X(t_) +7(t,2)) = f(8 X(¢7))}N(dt, dz) .
R

ay'(t) = (6, X(E)dt+ 27 (¢, X(£))dX O (t) + (t, X (1)) - B2(t)dt

It can be proved that our guess is correct. Since

ax (1) = (a(t) - / At 2)w(d2) ) dt + (0B |
|z|<R
this gives the following result:

Theorem 1.14 (The 1-dimensional It6 formula [BL], [A], [P]). Suppose
X (t) € R is an Ité-Lévy process of the form

dX(t) = at,w)dt + 5(t,w)dB(t) + /v(t, z,w)N(dt,dz) , (1.2.1)
R

where

(1.2.2)

N(dt,dz) = N(dt,dz) —v(dz)dt if || <R
,dz) = N(dt,dz) if |2|>R

for some R € [0, o0].
Let f € C?*(R?) and define Y (t) = f(t,X(t)). Then Y (t) is again an
Ito-Lévy process and

dY (t) = g{ (t, X (t))dt + gi (t, X (1) [a(t, w)dt + B(t,w)dB(t)]
1 5 82f
0w (L X (D)t
+ / [P X () +(t2) — F(LX (1)
|z]<R
—gi (t, X (t7))v(t, z)} v(dz)dt

+/{f(t,X(t’)+7(t,z))—f(t,X(t’))}N(dt,dz). (1.2.3)
R
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Note: If R=0then N = N everywhere
If R = oo then N = N everywhere.

Example 1.15 (The geometric Lévy process ). Consider the stochastic
differential equation

dX (t) = X(r)[adt + BdB(t) + /w(t,z)N(dt,dz) : (1.2.4)
R

where «,  are constants and ~y(¢,z) > —1. To find the solution X (¢) of this
equation we rewrite it as follows:

dX (1)

X(t-) = adt + BdB(t) + /'y(t, 2)N(dt,dz) .

R

Now define
Y(t)=InX(¢).

Then by It6’s formula,

dY () = igg ladt + BAB(8)] — LAPX 2(6)X2(¢)dt

+ / {In(X (™) +~(t,2)X (7)) — In(X (7))
|z|<R

L) (t 2) X (87)u(dz)dt

- Xt
+ /{ln(X(t_) +(t,2)X (7)) — In(X (¢7))}N(dt, dz)
R

= (a - éﬁQ)dt + BdB(t) + /{ln(l—l-v(t, 2))—~(t, 2)w(dz)dt

|z|<R

+ [ In(1+~(t, 2))N(dt, dz).
/

Y(t) =Y(0)+ (a— ;,Bz)t + BB(t) +/ {In(1 4+ (s, 2)) — v(s, 2) }v(dz)ds
0 |2[<R

4 / / In(1+(s, 2)) N (ds, d=)

0 R

and this gives the solution
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X(t) = X(0) exp { (a - ;52)t + BB(t)

—|—/ / {In(1 +~(s,2)) — v(s, 2) }v(dz)ds

+ O/R/ In(1+ 7(s, 2)) N (ds, d2) }. (1.2.5)

In analogy with the diffusion case (N = 0) we call this process X (¢) a ge-
ometric Lévy process. It is often used as a model for stock prices. See e.g.
[B].

Next we formulate the corresponding multi-dimensional version of Theo-
rem 1.14:

Theorem 1.16 (The multi-dimensional Itd6 formula). Let X (t) € R”
be an Ité-Lévy process of the form

dX(t) = a(t,w)dt + o(t,w)dB(t) + /v(t, z,w)N(dt,dz) , (1.2.6)
Rn
where a: [0,T] x 2 = R"™, 0 :[0,T] x 2 — R"™™ and~v:[0,T] x R" x 2 —

R™¥¢ are adapted processes such that the integrals exist. Here B(t) is an m-
dimensional Brownian motion and

N(dt,dz)T = (Ni(dt,dzy), ..., Ne(dt,dz))
= (N1 (dt, le) - X|z1|<R1V1 (dzl)dt, ceey N((dt, ng) — .X‘zz|<R£Vg(ng)dt) ,

where {N;} are independent Poisson random measures with Lévy measures v;
coming from ¢ independent (1-dimensional) Lévy processes 1, ..., 1.

Note that each column v*) of the n x £ matriz v = [vij] depends on z only
through the k™ coordinate zy, i.e.

/y(k)(t7z7w) = W(k)(uzkvw) ;) 2= (Zlv' o 7ZZ) € RZ'

Thus the integral on the right of (1.2.6) is just a shorthand matriz no-
tation. When written out in detail component number i of X (t) in (1.2.6),
X;(t), gets the form

dXi (t) =0y (t, w)dt + Zm: 0ij (t, o.))dBj (t)

p (1.2.7)
—l—Z/’yij(t,Zj,w)Nj(dt,de) ;1 <1< n.
j=1"R
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Let f € CY2([0,T]) x R R). Put Y(t) = f(t, X (t)). Then

or o | L O
dY (t) = g dt + Zl . (adt + 0idB(t)) + UZZI(”” Jig D0 ; dat

+3 [{rexe) 9 m) - e X))

- i%’“) (t20) ] CC) pon(da)ae

¢
s / LX)+ (1 20) — £ X))} Ni(dt, dzy)
‘ (1.2.8)

where v¥) € R™ is column number k of the n x { matriz v = [vik] and

%(k) = ~ir is the coordinate number i of v*).

Theorem 1.17 (The It6-Lévy isometry). Let X (t) € R™ be as in (1.2.6)
but with X(0) =0 and o = 0. Then

T n m n £
) = B[ [ {33 b0+ 33 [zl fa]
o i=1g=1 i=1j=1 %

n T m L
:ZE[/{Zafj(t)Jr
i=1 j=1 =

0 j= J

/ij(t,zj)uj(dzj)}dt} (1.2.9)
R

1

provided that the right hand side is finite.

Proof. This follows from the It6 formula applied to f(¢,z) = 22 = |z|?2. We
omit the details. O

Remark 1.18. As a special case of Theorem 1.17 assume that

X(t)=n(t) = [ 2N(dt,dz) € R
/

with E[X?(T)] =T [ 2?v(dz) < co. Then we get the isometry

R
T T
B[( / H(t)dn(t))g} = / 1 (1)t / 20(d2)
0 0 R

for all H € Lycp (see Definition 1.12) such that H € L?([0,T] x {2), i.e. such
that
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T
||H||2L2([0,T]xrz) = E[/HZ(t)dt} <00
0

Using this we can in the usual way extend the definition of the integral
T
/ Y (t)dn(t) € L*(02)
0

to all processes Y () which are limits in L?([0,7] x £2) of processes H,,(t) €
Lycp N L%([0,T] x £2). We will call such processes Y () predictable processes .

1.3 Lévy stochastic differential equations

The geometric Lévy process is an example of a Lévy diffusion , i.e. the solution
of a stochastic differential equation (SDE) driven by Lévy processes.
Theorem 1.19 (Existence and uniqueness of solutions of Lévy SDEs).
Consider the following Lévy SDE in R™: X (0) = zo € R" and
dX(t) = at,X(t))dt+o(t, X (t))dB(t) + /v(t, X(t7),2)N(dt,dz) (1.3.1)
Rn

where o : [0, T|xR™ - R™, 0 : [0, T]xR™ — R and v : [0,T] xR"xR" —
R™** satisfy the following conditions

(At most linear growth) There exists a constant Cy < 0o such that
l4
lo(t. o) +lat. o) + [ 3 e, 2)Poa(da) < C(1+ faf)
k=1

for all x € R™

(Lipschitz continuity) There exists a constant Co < 00 such that
lo(t, @) = ot y)lI* + alt, z) - alt,y)|?
¢
+3° [ hO0,20) — 1 1y )P < ol =yl
k=1 %
for all x,y € R™ .
Then there exists a unique cadlag adapted solution X (t) such that
E[IX(®)]?] < o0 for allt.

Solutions of Lévy SDEs in the time homogeneous case, i.e. when «(t,z) =
a(z), o(t,z) = o(x) and y(t,z,2) = y(z,2), are called jump diffusions (or
Lévy diffusions).
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Theorem 1.20. A jump diffusion is a strong Markov process.
Proof. See [P, Theorem V.32]. O

Definition 1.21. Let X (t) € R™ be a jump diffusion. Then the generator A
of X is defined on functions f : R™ — R by

Af(xz) = lim 1{E“[f(X(t))] - f(2)} (if the limit exists),

t—0+
where E*[f(X(1))] = E[f(X®)(1))], X")(0) = 2.

Theorem 1.22. Suppose f € CZ(R™). Then Af(x) exists and is given by

n

Af@) = i) )] @+ 3 (00" (o)

7,j=1

T
3:L‘ia$j

l
+ / S @+ (w,2) — F() = V) 4P (@, 2) (e
k=1
(1.3.2)

From now on we define Af(z) by the expression (1.3.2) for all f such that
the partial derivatives of f and the integrals in (1.3.2) exist at x.

Theorem 1.23 (The Dynkin formula I). Let X(¢t) € R" be a jump diffu-
sion and let f € C2(R™). Let T be a stopping time such that

E®[1] <0

Then

T

Ef(X(0)] = (@) + B[ [ Af(xX())ds].

0

Proof. This follows by combining the It6 formula (1.2.8) with the formula (1.3.2)
for A and taking expectation. O

This version is usually strong enough for applications in the case when
there are no jumps (N = 0). However, for jump diffusions we need the follow-
ing stronger, localized version:

Theorem 1.24 (The Dynkin formula IT). Let X(t) € R" be a jump
diffusion, G C R™ be an open set and let f € C*(G)NC(G). Let 7 < oo be a
stopping time. Suppose that
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T <71¢:=inf{t > 0; X(¢t) & G} (1.3.3)
X(r) €@ a.s.
)+ / {IAF(X )] + 0T (X () VX (5)
‘ 2
+3 / 1O (X (1), 7)) — W) Pvildz)at] <o (135)

Then we have
Ef(X(0)] = o) + B [(Ap(x(o)a].
0

Definition 1.25. In general, if {¢m}5°_1 and g are functions defined on a set
G C R™, we say that 1, — g pointwise dominatedly in G if ¥, (z) — g(x)
for all x € G and there exists a constant C < co such that

[tm (2)] < Clg(x)| forallz e G, m=1,2,...

Proof of Theorem 1.24.

Choose f,, € C3(R") such that f,, — f pointwise dominatedly in G and

%’; o 88 ;@_, aii’(;’;j — 8226’;” and Af,, — Af pointwise dominatedly in G for
all4,5 =1,...,n. Then apply Theorem 1.23 to each f,, and TAk, k=1,2,...
Let m,k — oo and apply the dominated convergence theorem. a

1.4 The Girsanov theorem and applications

The Girsanov theorem and the related concept of an equivalent local martin-
gale measure (ELMM) are important in the applications of stochastic analysis
to finance. In this chapter we first give a general semimartingale discussion
and then we apply it to It6-Lévy processes. We refer to [Ka] for more details.

Let (2,F,{Fi}it>0,P) be a filtered probability space. Let @ be an-
other probability measure on Fr. We say that @ is equivalent to P | Fr
if P| Fr < Q and Q < P | Fr, or, equivalently, if P and @ have the same
zero sets in Fp. By the Radon-Nikodym theorem this is the case if and only
if we have

dQ(w) = Z(T)dP(w) and dP(w)=Z (T)dQ(w) on Fr

for some Fr-measurable random variable Z(T) > 0 a.s. P. In that case we
also write
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aQ P _
gp = 2@ and o =Z7H(T) on Fr. (1.4.1)
We first make a simple, but useful observation:
L, d@Q
Lemma 1.26. Suppose Q < P with dP = Z(T) on Fr. Then
Q|Fe < P|F; for allt €10, T] and
d(Q | )
Z(t) := = Ep|[Z(T) | F; 0<t<T. 1.4.2
(0= o ) = ErlZ(D) | 7 (1.42)

In particular, Z(t) is a P-martingale.

Proof. Since P(G) = 0 = Q(G) = 0 for all G € Fr O F;, it is clear that
Q| F: < P| Fi. Choose F € F;. Then

Ep[F - E|2(T) | 7)) = Ep[Ep[FZ(T) | 7]
= Bp[FZ(T)] = EqlF) = Ep[F - Z(1)).

Since this holds for all F' € F; we conclude that
Ep|Z(T)| Fi) = Z(t), as claimed. O
Definition 1.27. Let X (t),Y(t) € R™ be two cadlag semimartingales. The

quadratic covariation of X(-) and Y (-), denoted by [X,Y](-), is the unique
semimartingale such that

X(t)-Y(t) :X(O)-Y(0)+/X(s‘)-dY(s)+/Y(s‘)-dX(s)+[X,Y](t).
0 0

Example 1.28. Let

dX;(t) = o;(t,w)dt + o, (t,w)dB(t) + /%(t, 2)N(dt, dz); i=1,2
R

be two It6-Lévy processes. Then by the It6 formula (Theorem 1.16) we have
(see Exercise 1.7)

d(Xl (t)XQ (t)) =X (t_)dXz (t) + X (t_)Xm (t) + o1 (t)JQ (t)dt

+ [ 7t 2)y2(t, 2)N(dt,dz).
/

Hence in this case the quadratic covariation is
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t t

X0,X)(0) = [ or(s)oa(s)ds + [ [ (.20 2V (s, d2)
0 R

0

[01(8)0’2(8) +/71(s,z)yg(s,z)v(dz)} ds

R

+

O\N o\ﬁ

/vl(s,z)vg(s,z)ﬁ(ds,dz).
R

Recall that a semimartingale M (t) is called a local martingale (with respect
to P) if there exists an increasing sequence of (F;-) stopping times 7,, such
that lim 7,, = co a.s. and

n—oo

M(t AT,) is a martingale with respect to P for all n.

Theorem 1.29 (Girsanov theorem for semimartingales). Let Q be a
probability measure on Fr and assume that Q is equivalent to P on Fr, with

dQw) = Z(t)dP(w) on Fi; t€[0,T].

(See Lemma 1.26). Assume that Z(t) is continuous on [0,T]. Let M(t) be a
local P-martingale. Then the process M (t) defined by

t

M(t) := M(t) — / d[ﬂé’g(s)

1s a local Q-martingale.

SKETCH OF PROOF. By integration by parts we have

M(t)Z(t) — M(0)Z(0) = / M(s™)dZ(s) + / Z(s)dM (s) + [M, Z)(t)
0 0
_ [ Nisyazis) + [ z(s)an(s) - / Z(s)d[ﬂé’g(s) + M, Z)(#)
0

=)
»

_
S
=
+

N
o
IsH
=

0

Therefore, since Z(t) is a local P-martingale (Lemma 1.26) we conclude that
M(t)Z(t) is alocal P-martingale. But then M (t) is a local Q-martingale, since
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for stopping times 7 > t.
We now apply this to two important special cases:

Theorem 1.30 (Girsanov theorem I for Itd processes). Let X (t) be an
n-dimensional Ité process of the form

dX(t) = a(t,w)dt + o(t,w)dB(t); 0<t<T

where a(t) = a(t,w) € R, o(t) = o(t,w) € R™™ and B(t) € R™. Assume
that there exists a process 0(t) € R™ such that

a(t)0(t) = a(t) for a.a. (t,w) €[0,T] x 2 (1.4.3)

and such that the process Z(t) defined for 0 <t <T by

Z(t) := eXp / 6(s)dB(s / 02(s ds (1.4.4)
exists. Define a measure Q on Fr by
dQ(w) = Z(T)dP(w) on Fr. (1.4.5)
Assume that
Ep[Z(T)] = 1. (1.4.6)

Then @ is a probability measure on Fr, Q is equivalent to P and X(t) is a
local martingale with respect to Q.

Remark 1.31. Such a measure @ is called an equivalent local martingale mea-
sure for X (t).

t
Proof. Put M(t fo s,w)dB(s); 0 <t < T. Then by Theorem 1.29, the
0

process

we have
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Hence
t t
M(t) = / o(s)dB(s) — / (—a(s))ds = X (t)
0 0
is a local @-martingale by Theorem 1.29. g

We also state without proof the following related version of the Girsanov
theorem for It6 processes:

Theorem 1.32 (Girsanov theorem II for It6 diffusions ). Let X (t), 0(t)
and @ be as defined in Theorem 1.30. Assume that the Novikov condition

holds, i.e.
T

Ep[exp (; /Gz(s)ds)} < o00. (14.7)
0

Then Q is a probability measure on Fr, the process
t
B(t) := /e(s)ds +B(t); 0<t<T (1.4.8)
0

is a Brownian motion with respect to @Q and expressed in terms of B(t) we
have A
dX(t) = o(t,w)dB(t); 0<t<T. (1.4.9)

Finally we turn to the Girsanov theorem for jump diffusions. First we
need a result about how the probabilistic properties of the pure jump process
N(t,U) change under a change of probability law. The following result a
special case of Theorem 3.24 and Theorem 5.19 in [JS] (see also [C, Theorem
3.2]). We refer the reader to these sources for a proof and more details.

Lemma 1.33. Let 0(s,z) < 1 be a process such that

Z(t) = exp{ //ln(l —9(s, 2))N(ds, dz)
0

R
+0/ / {In(1 = (s, ) + O(s. ) (=)

exists for 0 <t <T. Define a measure Q on Fr by
dQ(w) = Z(T)dP(w).

Assume that
EplZ(T)] = 1.
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Then Q is a probability measure on Fr and if we define the random measure
N@(dt,dz) := N(dt,dz) — (1 — 0(t, 2))v(dz)dt (1.4.10)

then

/t/NQ(ds,dz)Z/t/N(ds,dz)—/t/(l_g(&z))y(dz)ds
0 E 0 R 0 R

1s a Q-local martingale.

Theorem 1.34 (Girsanov theorem I for jump processes). Let X (t) be
a 1-dimensional Ito-Lévy process of the form

dX (t) = ot,w)dt + /w(t,z)ﬁ(dt,dz). (1.4.11)
R
Assume that there exists a process 0(s,z) <1 such that
/'y(t,z)ﬁ(t,z)l/(dz) = a(t) for a.a. (t,w) (1.4.12)
R

and such that the process Z(t) defined by

Z(t) = exp { //ln(l —9(s, 2))N(ds, dz)
0

R
+0/R/{ln(1 —0(s, 2)) + 6(s, z)}u(dz)ds} (1.4.13)
exists for 0 <t < T. Define a measure Q on Fr by
dQ(w) = Z(T)dP(w). (1.4.14)
Assume that
Ep[Z(T)] = 1. (1.4.15)

Then Q is an equivalent local martingale measure for X (t).

Proof. By Lemma 1.33 and (1.4.11) we have
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dX (t) = a(t)dt + /v(t,z)N(dt,dz) - /’y(t,z)u(dz)dt

R R
:a@Mﬁ+/7@zHNQMLW)+ﬂ—ﬂ@ﬂ”uwdﬁ}
R

- /7(15 z)v(dz)dt

/7 t,2)NQ(dt, dz) + { (t) — /v(t,z)e(t,z)l/(dz) dt
R

R

= / ~v(t, z)N9(dt, dz),
R

which is a local Q-martingale. a
Similarly, in the n-dimensional case we get:

Theorem 1.35 (Girsanov theorem II for jump processes). Let X (t)
be an n-dimensional Ito-Lévy process of the form

dX (t) = a(t)dt + / v (t, 2)N(dt, dz),

R”

where a(t) = a(t,w) € R", y(t,2) € R and N(dt,dz) = (Ny(dt,dz), ...,
Ny(dt,dzp)) is (-dimensional. Assume that there exists a process 0(t,z) =
(01(t,2),...,00(t,2))T € R® such that 0;(s,z) <1 and

‘
Z/%J t,2)0;(t, zj)vi(dz;) = ai(t); i=1,...,n, te€[0,7] (1.4.16)
i=1%

and such that the process

MN

Z(t) —exp
1

.
I

// [In(1 — 0;(s, z;))N; (ds, dz;) + 6; (s, zj)uj(dzj)ds]}
0 R

ezists for 0 <t < T. Define a measure Q on Fr by
dQ(w) = Z(T)dP(w).

Assume that
E[Z(T)] = 1.

Then Q is an equivalent local martingale measure for X (t).
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Example 1.36.
(i) Suppose X (t) =7(t) :

/zﬁ(t, dz) € R is a Poisson process. Then
R

v(dz) =4,,(dz) for some z; € R\ {0}
and condition (1.4.12) gets the form
v(t, z1)0(t, z1) = a(t); te[0,T]. (1.4.17)

This corresponds to the equation (1.4.3) in the Brownian motion case. Note
that there is at most one solution 0(t, z1) of (1.4.17) (unless «a(t) = v(t,21) =
0).

(ii) Next, suppose v is supported on n points z1, ..., z,. Then (1.4.16) gets
the form

Zv(t» z)0(t, zj)v({z;}) = a(t); ¢ €[0,T].

For each ¢ € [0, 7] this is one linear equation in the n unknowns 6(t, z1), ...,
0(t, zn). So unless in degenerate cases this equation will have infinitely many
n

solutions and — under some conditions on {'y(t, zj)}] | — also infinitely many
solutions satisfying 6(¢, z;) < 1. This corresponds to infinitely many equivalent
local martingale measures, which again is equivalent to incompleteness of the

associated financial market, according to the Second Fundamental Theorem
of Asset Pricing (see e.g. [DS], [LS]).

1.5 Application to finance

It has been argued (see e.g. [EK], [B-N], [Sc], [Eb] and [CT]) that Lévy pro-
cesses are relevant in mathematical finance, in particular in the modelling of
stock prices.

Consider the following Lévy version of the Black-Scholes market:

(Bond price)  dSo(t) = rSo(t)dt; So(0)

1
(Stock price) dS;i(t) = Si(t7)[pdt +~vdnt)];  S1(0) =z >0

where r, 4 and v # 0 are constants and

n(t) = /t / ZN(dt,dz)
0 R

is a pure jump Lévy martingale. To ensure that Si(¢) > 0 for all t > 0 we
assume as before that vz > —1 a.s. v. Assume in addition that
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/u(dz) > (1.5.1)
Y
R
i.e. that the total mass of the jump measure (Lévy measure) v exceeds ”;T .
The normalized stock price S;(t) is given by

- 1

Sl(t) = So(t) Sl(t) = e’ptSl(t).

Note that
48, (t) = St (- P)dt + v dn(@)];  51(0) = .

We seek an equivalent local martingale measure @ of the process Sy (t).
To this end we apply Theorem 1.34 and try to find a solution 0(z) < 1 of
the equation (1.4.12), which in this case gets the form

_p=r
R/G(z)u(dz) =, (1.5.2)

By (1.5.1) we see that if A C R with "_" < v(A) < oo then

0(z) = ;Lv;() Xa(2)

is a possible solution. If v is concentrated on one point zg, i.e. if

v(R) =v({z0})

(which means that 7(t) is a Poisson process multiplied by zg) then this is the
only solution. On the other hand, if there exist two sets A, B C (—1,00) such
that AN B =0 and

v(A)>0, v(B)>0 (1.5.3)

then we see that there are infinitely many solutions 6(z) of (1.5.2) such that
0(z) < 1.
Fix a solution #(z) < 1 of (1.5.2) and define

Z(t) = Z°(t) = exp {/t/ln(l — 0(2))N(ds, dz) + " ; Tt}; 0<t<T
0 R

and
dQ = dQ’ = Z°(T)dP on Fr.

Then by Lemma 1.33 S;(¢) is a local martingale with respect to Q.

We now discuss the concept of arbitrage in this market. For more infor-
mation on the mathematics of finance see e.g. [KS] or [@1, Chapter 12] and
the references therein.
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A portfolio in this market is a predictable process ¢(t) = (¢o(t), ¢1(t)) €
R? such that

T
/ (63(s) + #3(s)}ds < 00 as. P. (1.5.4)
0

The corresponding wealth process V?(t) is defined by

V(t) = ¢o(t)So(t) + ¢1(t)S (1); 0<t<T. (1.5.5)
We say that (¢o, ¢1) is self-financing if V#(t) is also given by

Vo(t) /qSo )dSo(s /¢1 )dS, (s (1.5.6)

If, in addition,
{V¢(t)}te[0 7 18 lower bounded (1.5.7)

we say that ¢ is admissible and write ¢ € Ay. A portfolio ¢ € Ay is called an
arbitrage if

V0)=0, VXT)>0 and P[V?(T)>0]>0. (1.5.8)

Does this market have an arbitrage? To answer this we combine (1.5.5) and
(1.5.6) to get
do(t) = e (V(t) — ¢1()S1(1))

and

dV(t) = rV(t) + ¢1(t)S1(t7) [(u —r)dt+ / ZN(dt, dz)} .
R

From this we obtain

d(e—rtvrz)(t)) — €_rt¢1(t)51(t ) —r dt+’Y/ZN dt dZ
R

or
e VO (t) = V?(0) e "1 (s)S1(s ) [(u — r)ds zN(ds,dz)|.
: 0/ { ' : VR/ }

Therefore e "'V #(t) is a lower bounded local martingale, and hence a super-
martingale, with respect to Q. But then

0=Eq[V?(0)] > Eqle ™" V(T)],

which shows that (1.5.8) cannot hold.
We conclude that there is no arbitrage in this market (if (1.5.1) holds).
This example illustrates the First Fundamental Theorem of Asset Pricing,
which states the connection between
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(i) the existence of an equivalent local martingale measure and
(ii) the nonexistence of arbitrage, or No Free Lunch with Vanishing Risk

(NFLVR) to be more precise. See e.g. [DS], [LS].

1.6 Exercises

Exercise* 1.1. Suppose

dX(t) = adt + 0dB(t) + /’V(Z)N(dt,dz), X(0) =z €R,
R

where «, o are constants, v : R — R is a given function.

(i) Use Ito’s formula to find dY (t) when
Y(t) = exp(X(1))

(ii) How do we choose a, 0 and v(z) if we want Y (¢) to solve the SDE

Ay () = Y(t7) [ﬁdt 4 0dB(t) + A / 2N (dt, dz)],

for given constants, 3,6 and \?
Exercise* 1.2. Solve the following Lévy SDEs:

(i) dX(t) = (m — X (t))dt + odB(t) +’y/z]v(dt,dz); X(0)=z€eR

R
(m, 0,7 constants) (the mean-reverting Lévy-Ornstein-Uhlenbeck process)

(ii) dX (t) = adt +’yX(t*)/zN(dt,dz); X(0)=x€R
R
(o, 7y constants, vz > —1 a.s. v).

[Hint: Try to multiply the equation by

F(t) = exp //9 N(dt,dz) / (?® —1—0(2))v(dz) ~t},

|z|<R

for suitable 6(z).]

Exercise 1.3 (Geometric Lévy martingales). Let h € L?(R) be deter-
ministic and define

) :exp{ /0 t /R h(s)2N (ds, dz) — /0 t /R (")~ 1~ h(s)z) v(dz)ds}.
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Show that
dY (t) = Y () / (eh(t)z - 1) N(dt, dz).
R

Exercise 1.4. Find the generator A of the following jump diffusions:

a) (The geometric Lévy process )

dX(t) = X(t7) {udt + 0dB(t) + v /R ZN(dt, dz)] .
b) (The mean-reverting Lévy-Ornstein-Uhlenbeck process )

dX (t) = (m — X (t))dt + odB(t) + ~ / 2N(dt, dz).

R

¢) (The graph of the geometric Lévy process )

dt . .
dy (t) = {dX(t)] , where X () is as in a).
d) (The n dimensional geometric Lévy process )
X(t)
xt=| 1 |,
Xn(t)

where

dX;(t) =X,;(t7) | uidt + Zoidej(t) + Z’Y,‘j /zj]%(dt,dzj) ;
j=1 =1 %
1< <n.

Exercise 1.5 (The first exit time from a ball).
Let K = {z € R"; |z| < R} be the open ball of radius R in R™ and let

where .
7:(t) = a; —|—/ /ziﬁi(dt,dzi) 1 1<i<n
o Jr
are independent 1-dimensional pure jump Lévy processes and a = (aq, ..., ay)

€ K is constant. We assume that 0 < E Z(m(t) - ai)zl < oo for all t > 0.
i=1

a) Find the generator A of n(-) and show that if f(x) = |z|? then

Af(x) = Z/R IC|?vi(dC) := p(n) € (0,00) (constant).
i=1
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b) Let
T=mnf{t>0; nt) ¢ K} <oo

and put
=TANk; k=1,2,...

Let {fm}2°_, be a sequence of functions in C?(R") such that
fm(z) = |z]? for || < R, 0 < fi(z) < 2R? for all z € R,
supp fm C {z € R™; [z < R+ !} for all m and

fm(x) = |2|? - XK (2) as m — oo, for all z € R™.

Use the Dynkin formula I to show that

E [fm (n(16))] = |a|* + p(n) - E*[7x] for all m, k.
c¢) Show that
a1 1 2 paf,(r al? 1 2_ (gl
E W—p(n)(RP [n(7) € K] —| \)Sp(n)(R lal?) -

In particular, 7 < oo, a.s.

Remark. If we replace 7(-) by an n-dimensional Brownian motion B(:), then
the corresponding exit time 7(7) satisfies

1

E° [#B)} = (B P

(see e.g. [D1], Example 7.4.2).

Exercise* 1.6. Show that

Bexp j / 1(s,2) N (ds, d2)) ] = exp ( /t / {709 1= 5(s, 2)}(dz)ds).
0 R 0 R

provided that the right hand side is finite.

Exercise* 1.7. Let

dXi(t) = /%‘(t,z)ﬁ(dt,dz) : i=1,2
R

be two 1-dimensional It6-Lévy processes. Use the 2-dimensional 1t6 formula
(Theorem 1.16) to prove the following integration by parts formula :

Xl(t)Xg(t) = Xl(O)XQ(O) —|—/X1(S_)dX2(S) —|—/X2(S_)dX1(S)
0 0

+ 71 (8, 2)y2(s, 2)N(ds,dz) . (1.6.1)
!
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Remark. The process

t
[X1, Xo](t //71 s, 2)v2(s, 2)N(ds, dz)
0

t t
//’ylszwgsz dzds—l—//%sz'ygsz)N(dsdz)
0 R 0 R

(1.6.2)

is called the quadratic covariation of X; and X5. See Definition 1.27.

Exercise* 1.8. Consider the following market

(Bond price) dSy(t)=0; So(0)=0
(Stock price 1) dS1(t) =51 (¢7)[p1dt + y11dn1 (t) + y12dn2(t)]; S1(0)=21 > 0
(Stock price 2) dSa(t)=Sa(t™)[padt + yardn (t) + Yazdn2(t)]; S2(0)=z2 > 0

where p1; and p;; are constants and 11 (t), n2(¢) are independent Lévy martin-
gales of the form

dn;i (t) :/zﬁi(dt,dz); i=1,2.
R

Assume that the matrix v := hij] 1<ij<2 € R? is invertible, with inverse

-1
=A= p\ij]lgi,j§2
and assume that
Z/Z(R) > )\ilﬂl + )\iZIJZ for i= 1, 2. (163)

Find an equivalent local martingale measure @ for (S1(¢), S2(¢)) and use this
to deduce that there is no arbitrage in this market.
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Optimal Stopping of Jump Diffusions

2.1 A general formulation and a verification theorem

Fix an open set S C R¥ (the solvency region) and let Y (t) be a jump diffusion
in R* given by

dY (t) = b(Y (£))dt+o(Y (£))dB(t)+ / WY (), 2)N(dt,dz), Y(0) =y e RF
]Rk

where b : RF — RF o : RF — RF*™ and v : R¥ x R¥ — RF*¢ are given
functions such that a unique solution Y (¢) exists (see Theorem 1.19). Let

7s = 1s(y,w) = inf{t > 0; Y (¢t) & S} (2.1.1)

be the bankruptcy time and let 7 denote the set of all stopping times 7 < 75.
The results below remain valid, with the natural modifications, if we allow
S to be any Borel set such that S C S° where S° denotes the interior of S,

SO its closure.

Let f : R¥ — R and g : R¥ — R be continuous functions satisfying the
conditions

BY {ff(y(t))dt} <oo forall yeRF (2.1.2)
0

The family {g~ (Y (7)) - X{r<o0}; 7 € 7} is uniformly integrable, for all y € R¥.
(2.1.3)

(If x is a real number, then 2~ := max(—z, 0) denotes the negative part of x.)

The general optimal stopping problem is the following:
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Find @(y) and 7* € 7 such that
Py)=sup () =J7(y);  yeR

where
) =B [ S @)+ gV () Xres] : TET
0

is the performance criterion .

The function @ is called the value function and the stopping time 7% (if it
exists) is called an optimal stopping time .

In the following we let A be the integrodifferential operator which coincides
with the generator of Y (t) on C2(RF), i.e.

k

06 T
Ag(y) = Zbi(y)ay,(y) +3 > (o0")ii()
i=1 '

i,j=1

7o )
0y;0y;

¥4
+) / {8+ (1, 2)) = 6(y) — Vo) - vy, 2))vs(dz;)  (2.1.4)

j:lR

for all ¢ : R¥ — R and y € R* such that (2.1.4) exists. (See Theorem 1.22
and Theorem 1.24.)

We will need the following result. A proof of a related result (in the no
jump case) can be found in [D1].

Theorem 2.1 (Approximation theorem).
Let D be an open set, D C S. Assume that
0D is a Lipschitz surface (2.1.5)

(i.e. 0D is locally the graph of a Lipschitz continuous function) and let ¢ :
S — R be a function with the following properties:

peCHS)NnC(S) (2.1.6)
and
¢ € C*(S\oD) (2.1.7)
and the second order derivatives of ¢ are locally bounded near OD.

Then there exists a sequence {pm}°5_; C C*(S)NC(S) such that, with A
as in (2.1.4),

©m — @ pointwise dominatedly in S as m — oo (2.1.8)
0Pm 0 o . .
pmo_, 9 pointwise dominatedly in S as m — 00 (2.1.9)
82 m 82
v Y and Apy — Ap

8:@89@ - axzaxj
pointwise dominatedly in S\OD as m — oo. (2.1.10)
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We now formulate a set of sufficient conditions that a given function ¢
actually coincides with the value function & and that a corresponding stop-
ping time, 7p, actually is optimal. The result is analogous to the variational
inequality verification theorem for optimal stopping of continuous diffusions.
See e.g. [@1, Theorem 10.4.1].

Theorem 2.2 (Integro-variational inequalities for optimal stopping).

a) Suppose we can find a function ¢ : S — R such that

(i) o € CH(S) N C(S)
(ii) ¢ > g on S.
Define

D={yeS;¢o(y) >g(y)} (the continuation region).
Suppose
TS
(iii) BY| /XaD (Y(t))dt] =0

(iv) 0D is a Lipschitz surface

(v) ¢ € C%(S\ D) with locally bounded derivatives near 0D

(vi) Ap+ f <0 onS\0D

(vii) Y(7s) € 0S a.s. on {1s < oo} and lim ¢(Y(t)) = g(Y(7s)) - X{rs<oo}

t—Tg

and

(viii) B [|¢(Y \+/{\A¢ N+ 1o (Y () VoY (1)

+Z / B0V (5) + 1) (Y (8), 2)) — B(¥ (1)) Pvy(dzy)] }t] < o

for all TE T
Then ¢(y) > ®(y) for ally € S.
b) Moreover, assume

(ix) Ap+ f=0o0nD

(x) 7p :=1inf{t > 0;Y(t) € D} < 00 a.s. for ally

(xi) {¢(Y'(7));7 € T} is uniformly integrable, for all y.
Then

and
7" =71p s an optimal stopping time.
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PROOF OF THEOREM 2.2 (Sketch)

a) Let 7 < 75 be a stopping time. By Theorem 2.1 we can assume that
¢ € C?(S). Then by (vii) and (viii) and the Dynkin formula (Theorem 1.24)
applied to 7., := min(r,m); m = 1,2,... we have, by (vi),

EY[9(Y ()] = #(y) + B / lAas(Y(t))dt] < oly) — BY| / lf(Y(t))dt]
0 0

Hence by (ii) and the Fatou lemma

Tm

o(0) = timint B[ [ 1(v ()it + 0¥ ()]

m—00

Hence
o(y) = 2(y) - (2.1.11)

b) Moreover, if we apply the above argument to 7 = 7p then by (ix), (x) and
(xi) and the definition of D we get equality in (2.1.11), so that

Ply) =T (y) < D(y) - (2.1.12)
From (2.1.11) and (2.1.12) we conclude that ¢(y) = @(y) and 7p is optimal.
|

The following result is sometimes helpful.

Proposition 2.3. Suppose the conditions of Theorem 2.2 hold. Suppose g €
C?(R*) and that ¢ = g satisfies (viii). Define

U={yeS;Ag(y) + f(y) >0} .

Suppose that for all y € U there exists a neighbourhood Wy of y such that
Tw, = inf{t > 0; Y(t) € W} < oo a.s. Then

Uc{yeSoy) >g(y)}=D.
Hence it is never optimal to stop while Y (t) € U.

Proof. Choose yy € U and let W C U be a neighbourhood of yg with i < oo
a.s. Then by the Dynkin formula (Theorem 1.24)

TW W

EYlo(Y (rw)] = 9(w) + B[ [ Ag(v (0)it] > gto) - 7 [ 5y (o]

0 0
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Hence
T™W

o) < B[ [ 1@y +9v)] < 90
0
as claimed. O

Another useful observation is
Proposition 2.4. Let U be as in Proposition 2.3. Suppose U = (). Then
&(y) =g(y) and 7 =0 is optimal.

Proof. T U = ) then Ag(y)+ f(y) <0 for all y € S. Hence the function ¢ = g
satisfies all the conditions of Theorem 2.2. Therefore D = 0, g(y) = @(y) and
7* = 0 is optimal. 0O

2.2 Applications and examples

Example 2.5 (The optimal time to sell). Suppose the price X (¢) at time
t of an asset (a property, a stock ...) is a geometric Lévy process given by

dX (t) = X(t*)[adt—kﬁdB(t)+7/zj\~f(dt,dz)], X(0)=2>0, (2.2.1)
R

where «, 0 and ~ are constants, vz > —1 a.s. v. If we sell the asset at time
s+ 7 we get the expected discounted net payoff

7 (s,2) = B [emPCTD(X (1) — a) X(r <o

where p > 0 (the discounting exponent) and a > 0 (the transaction cost) are
constants.
We seek the value function @(s,z) and an optimal stopping time 7 < oo
such that
®(s,z) = sup J (s,x) = J (s,z) . (2.2.2)
7<00
We apply Theorem 2.2 to solve this problem as follows: Put & = R x (0, c0)
and

s+t]; £>0

Y(t) = {X(t)
Then

dy (t) = dt+ dB(t)+ _
aX(t) BX(t) X (t7) /
R
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and the generator A of Y(¢) is

_ 0% 0 4 2070 o9
Adp(s,x) = 95 —i—axax—i—Qﬁ x 3x2+ {(b(s,x—l—’yxz) o(s, ) ’yxzam}y(dz) .
R
(2.2.3)
If we try a function ¢ of the form
B(s,x) = e P for some constant A € R
we get
Ap(s,x) = e P? [ — pz* + azAz? ™+ 12NN — 1)z 2
+ /{(x + yz2)t — 2t — ’yxz)\x/\*l}y(dz)}
R
=e P2 h(N),
where

h(A) = —p+a)+ ;,32)\()\ -1+ /{(1 +92)* =1 = Myz}(dz) .
R

Note that
h(l)=a—p and lim h(\) = oo .

A—00

Therefore, if we assume that
a<p, (2.2.4)

then we get that there exists A\; > 1 such that
h(A1) =0. (2.2.5)

With this value of A\; we put

_JemrsCaM for (s,x) €D
#ls ) = {e”s(x —a) for (s,x)&D (226)

for some constant C', to be determined.

To find a reasonable guess for the continuation region D we use Proposi-
tion 2.3: In this case we have f = 0 and g(s,z) = e ?*(x — a) and hence by
(2.2.3)

Ag+ f=e P (—pla—a) +ax) = e ((a — p)z + pa) .

Therefore
U={(s;x); (= p)x + pa > 0} .
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Case 1: «a > p. In this case U = R? and it is easily seen that @ = oo:
We can get as high expected payoff as we wish by waiting long enough before

stopping.
Case 2: a < p. In this case

U= {(s,x);x < piaa}' (2.2.7)

Therefore, in view of Proposition 2.3 we now guess that the continuation
region D has the form

D={(s,z);0 <z <"} (2.2.8)

for some x* such that U C D, i.e.

> P (2.2.9)
p—
Hence, by (2.2.6) we now put
—PsCxM for 0 *
o(s,7) = e x or O0<z<uz (2.2.10)
e P (x—a) for a*<uz,

for some constant C' > 0 (to be determined). We guess that the value function
is C! at = z* and this gives the following “high contact”- conditions :

C(x*)/\l =z —a (continuity at = z*)

and

Ch(z9)M =1 (differentiability at = z*) .
It is easy to see that the solution of these equations is

* )\1(1 _ 1 *\1—Aq1

xt = A1 C= A (z*) . (2.2.11)
It remains to verify that with these values of * and C' the function ¢ given
by (2.2.10) satisfies all the conditions (i)—(xi) of Theorem 2.2.

To this end, first note that (i) and (ix) hold by construction of ¢. Moreover,
¢ = g outside D. Therefore, to verify (ii) we only need to prove that ¢ > ¢
on D, i.e. that

CaM >z —a for0 <z <a*. (2.2.12)

Define k(z) = Ca2* — z + a. By our chosen values of C' and x* we have
k(z*) = K'(z*) = 0. Moreover, k" (x) = CA\; (A — 1)a*=2 > 0 for x < z*.
Therefore k(x) > 0 for 0 < z < z* and (2.2.12) holds and hence (ii) is proved.
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(iii): In this case 9D = {(s,x);z = 2*} and hence

/X[)D dt /Pm =z"ldt=0.

(iv) and (v) are trivial.
(vi): Outside D we have ¢(s,z) = e ?*(x — a) and therefore

Ap+ f(s,x) = e (=p(x —a) + ax) = e” (o — p)z + pa)
So by (2.2.4) we get that

Ap+ f(s,2) <0 forall x> z*

)

(a—p)z+pa<0 forall x> z*
(3
(= p)x* +pa <0
(3
s P
p—a«

)

which holds by (2.2.9).

(x): To check if 7p < 0o a.s. we consider the solution X (¢) of (2.2.1), which

by (1.2.5) is given by

X(t) :xexp{(a— ;ﬂz—v/zu(dz))t—i-//ln(l +vz)N(dt,dz)+ﬂB(t)}.
0 R

R

(2.2.13)

By the law of iterated logarithm for Brownian motion (see the argument in

[@, Chapter 5]) we see that if

a>1p —|—’y/zv(dz)
R
and
z>0 as. v
then

lim X (t) =00 as.

t—o0

and in particular 7p < oo a.s.

(xi): Since ¢ is bounded on [0, z*] it suffices to check that

(2.2.14)

(2.2.15)
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{e*pTX(T)}TeT is uniformly integrable.
For this to hold it suffices that there exists a constant K such that
Ele " X*(1)] <K  forallTeT. (2.2.16)
By (2.2.13) and Exercise 1.6 we have

B < e (o202 [ )
R

—|—2/T/ln(1 +72)N(dt, dz) + 2BB(7) }]

0 R

= 22F [exp { (2a — 20+ 3% +2 /(ln(l +7z) - WZ)V(dZ)>T

R
2 [ [ In(1 4 y2)N(dt, dz)
/e
= xQE[exp { (2a — 20+ 3% + /[2111(1 +92) = 2yz + (1 4 v2)?
R

—1-2In(1+ 72)]V(dz))TH

— xQE[exp { (2a —2p+ ,32 + /[(1 + 72)2 —1- 272]V(dz))7—}}

R
We conclude that if

200 —2p + 3% + 72/221/(61,2) <0
R
then (2.2.16) holds and hence (xi) holds also.

(vii): holds since we have assumed that z > —1 a.s. v.

Finally, for (viii) to hold it suffices that

Ef[/e_th{XQ(t) +72/221/(dz)t}dt} < 00 .
0 R
By the above this holds if

20 —2p+ 3 + 72/221/(dz) <0. (2.2.17)
R

We summarize what we have proved:
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Theorem 2.6. Suppose that o < p and that (2.2.14) and (2.2.17) hold. Then,
with A\1,C and z* given by (2.2.5) and (2.2.11), the function ¢ given by
(2.2.10) coincides with the value function @ of problem (2.2.2) and 7" = 1p
is an optimal stopping time, where D is given by (2.2.8).

Remark 2.7. For other applications of optimal stopping to jump diffusions
we refer to [Mal.

2.3 Exercises

Exercise* 2.1. Solve the optimal stopping problem

&(s,x) = sup B [efp(erT) (X(7) —a)]
7>0

where
dX(t):dB(t)—i—’y/zN(dt,dz); X0)=z€eR
R
and p > 0, a > 0, ¢ and -y are constants.

Exercise* 2.2 (An optimal resource extraction stopping problem).
Suppose the price P(t) per unit of a resource (oil, gas ...) at time ¢ is given

by

() dP(t) = aP(t)dt + BP(#)dB(t) + vP(t") / SN(dtdz); P(0)=p >0
R

and the remaining amount of resources Q(t) at time ¢ is

(ii) dQ(t) = =AQ(t)dt; Q(0) =¢>0

where A > 0 is the (constant) relative extraction rate and «, 3,7 > 0 are
constants. We assume that vz > —1 a.s. v.

If we decide to stop extraction and close the field at a stopping time 7 > 0,
the expected discounted total net profit J7(s,p, q) is given by

T

T (s.p.0) = BC7 [ [ OPOQ) - K)dt + 6 IP(Q(r)].
0

where K > 0 is the (constant) running cost rate, > 0 another constant. Find
@ and 7* such that

P(s,p,q) = sup J(s,p,q) = J7 (5,p,9) -

[Hint: Try ¢(s,p,q) = e P5(p - q) for some function ¢ : R — R/]
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Exercise* 2.3. Solve the optimal stopping problem

b(s,x) = sup E*[e”PH ) | X (7)]]
>0

where
dX(t) = dB(t) + / ZN(dt,dz)
R
and p > 0 is a constant. Assume that the Lévy measure v of X is symmetric,
ie.
v(G) = v(—G@G) for all measurable G C R\{0}.
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Stochastic Control of Jump Diffusions

3.1 Dynamic programming

Fix a domain S C R* (our solvency region ) and let Y (t) = Y(¥(t) be a
stochastic process of the form

dY (t) =b(Y (t), u(t))dt + o (Y (t), u(t))dB(t)
+/W(Y(t*),u(t*),z)N(dt,dz) , Y(0)=yeRF, (3.1.1)
R
where
b:RFEXxU—-RF, o:RFxU—-R™ and ~:R"xU xR — RM

are given functions, U C R¥ is a given set. The process u(t) = u(t,w) :
[0,00) x §2 — U is our control process , assumed to be cadlag and adapted.
We call Y (t) = Y (t) a controlled jump diffusion .

We consider a performance criterion J = J)(y) of the form

JW (y Ey /f t))dt +g(Y(7s)) - X{Ts<00}}

where
7s = inf{t > 0; Y (¢) ¢ S} (the bankruptcy time )

and f:S — R and g : R¥ — R are given continuous functions.
We say that the control process u is admissible and write u € A if (3.1.1)
has a unique, strong solution Y (¢) for all y € S and

/ FO ), u(E)dt + 97 (Y (7)) Kprgany] < 06
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The stochastic control problem is to find the value function ®(y) and an op-
timal control u* € A defined by

P(y) = sup T (y) =T (y) . (3.1.2)

It turns out that — under mild conditions (see e.g. [@1, Theorem 11.2.3])—
suffices to consider Markov controls , i.e. controls u(t) of the form

u(t) = uo(Y(t7))

for some function ug : R¥ — U. Therefore, from now on we will only consider
Markov controls and we will, with a slight abuse of notation, write u(t) =
u(Y(t7)).

Note that if « = u(y) is a Markov control then Y (t) = Y (") (t) is a Lévy
diffusion with generator

; - 9 e~ 7 029
Ag(y) = A"¢(y) =Zbi(y,U(y))ayl(y)+ 2> (o0 (y,ul) - oy, @
i=1 v ij=1 v

+Z/{¢ y+ 19Dy, uy). ) — y) = Voly) -1y, uly), )} (dz) -

JlR

We now formulate a verification theorem for the optimal control problem
(3.1.2), analogous to the classical Hamilton-Jacobi-Bellman (HJB) for (con-
tinuous) It6 diffusions:

Theorem 3.1 (HJB for optimal control of jump diffusions).
a) Suppose ¢ € C*(S) N C(S) satisfies the following:

(i) A%(y)+ fly,v) <0 forallyeS,velU
(i) Y(rs) € 0S a.s. on {15 < oo} and
lim ¢(Y(t)) = g(Y(7s)) - Xfrs<oo} @-5., for allu € A

t—Tg

() B [lo(v ()] + /{|A¢ DI+ 107 (Y (1) V(Y (1)

+Z / B (1) + 9D (¥ (0, u(0), ) — 6V () (dz)}a] < oo,
foralluE.AandallTeT
(iv)  {¢~(Y(7)}r<rs is uniformly integrable for allu € A and y € S.

Then
dy) > P(y)  forallyeS. (3.1.3)

b) Moreover, suppose that for each y € S there exists v = u(y) € U such that
(v)  AM(y) + f(y,aly)) =0
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and

(vi)  {d(Y D (1)) }r<rs is uniformly integrable.
Suppose u*(t) :== (Y (t7)) € A. Then u* is an optimal control and

oly) =d(y)=J ) (y)  forallyeS. (3.1.4)

Proof. a) Let u € A. For n = 1,2,... put 7, = min(n,7s). Then by the
Dynkin formula (Theorem 1.24) we have

Tn

EY[o(Y (ra))] = 0(y) + B | / AO(Y ()] < oLy / w

0

Hence
Tn

o) = timint B[ [ £ (0. u0)dt + (¥ (7))

n—00
0

TS

> [ [ F @) u(®)dt + (Y (75)) - Yoot = T 0)
’ (3.1.5)

Since u € A was arbitrary we conclude that
o(y) > P(y) forally € S. (3.1.6)

b) Now apply the above argument to u(t) = 4(Y (t)), where @ is as in (v).
Then we get equality in (3.1.5) and hence

o(y) = JD(y) <P(y) forallyesS. (3.1.7)
Combining (3.1.6) and (3.1.7) we get (3.1.4). O

Example 3.2 (Optimal consumption and portfolio in a Lévy type
Black-Scholes market [Aa], [FOS1]).
Suppose we have a market with two possible investments:

(i) a safe investment (bond, bank account) with price dynamics
dP;(t) = rPi(t)dt ; P(0)=p1 >0

(ii) a risky investment (stock) with price dynamics

o0

APy (t) = Py(t7) [udt +odB(t) + / zﬁ(dt,dz)], Py(0) = p3 > 0

—1
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where » > 0, p > 0 and o € R are constants. We assume that

oo

/|z|du(z) <oo and p>7r.

-1

Assume that at any time ¢ the investor can choose a consumption rate c¢(t) > 0
(adapted, cadlag) and is also free to transfer money from one investment to
the other without transaction cost. Let X;(t), X2(t) be the amounts of money
invested in the bonds and the stocks, respectively. Let

Xo(t)
X1(t) + Xa(t)

be the fraction of the total wealth invested in stocks at time ¢. Define the
performance criterion by

o(t) =

J(C’G)(S,.’El,fbg = EFrr2 /e (s+) dt}
0

where 6 > 0, v € (0,1) are constants and E***2 is the expectation w.r.t. the
probability law P*1%2 of (X7(t), X2(t)) when X1(07) = x1, X2(07) = za.
Call the control u(t) = (c(t),0(t)) € [0,00) x [0, 1] admissible and write u € A
if the corresponding total wealth

W(t) = W (1) = X{"(t) + X5 (t)

is nonnegative for all t > 0.
The problem is to find (s, z1,22) and u*(c*,0*) € A such that

QS(S,.’El,.’EQ) = Sup J(u)(87x17x2) = J(u*)(87$1,$2) .
u€A

Case 1: v=20.

In this case the problem was solved by Merton [M]. He proved that if

d>~lr+ 2((;;(1 i)i)} (3.1.8)
then the value function is
Bo(s, w1, 20) = Koe %% (1 + )" (3.1.9)
where L1 = )2 Ny
K0=7[1_7<5—w—202(1_7))] . (3.1.10)

Moreover, the optimal consumption rate cf(¢) is given by
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ea(t) = (Kov) ™™ (X0 () + Xa () (3.1.11)

and the optimal portfolio 8§(t) is (the constant)

* H—=T
05 (t) = for all ¢ € [0, 00) . 3.1.12
0() 0_2(1_,}/) or a [ OO) ( )
In other words, it is optimal to keep the state (X1(t), X2(¢)) on the line
%
= 1.1
Zo 1— 98 I (3 3)

in the (21, x2)-plane at all times (the Merton line). See figure 3.1.

z A the Merton line (v = 0)

z +xz, =0

Fig. 3.1. The Merton line

Case 2: v#0

We now ask: How does the presence of jumps influence the optimal strategy?

As in [M] we reduce the dimension by introducing
W (t) = Xi(t) + Xa(t) .

Then we see that
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AW (t) =([r(1 — 0(t)) + pb(B)]W () — c(t))dt + oO(t)W (t)dB(t)

+ G(t)W(t’)/zJ\N/'(dt,dz) ; WO )=z1+z2=w>0.

-1

The generator A of the controlled process

s+t _ s
v = [ol]s 200 ve—u= )]
is
2
AWep(y) zgf + ([r(1 = 0) + pblw — c) gi + $0%0°w? gwq;
+ / {d)(s,w + Owz) — ¢(s,w) — gz(s,w)ﬂwz}u(dz) .
41

If we try

d(y) = ¢(s,w) = e~ "p(w)
we get

A () = e AN p(w),  where
AL p(w) = —pip(w) + ([r(1 = 0) + pblw — ¢)¢' (w) + Lo?0%w " (w)

+ / (6((1 + 02)w) — (w) — ' (w)bwz}w(dz)
21

In particular, if we try
b(w) = Ku?

we get
Aéu)w(w) + f(w,u) = —pKw” + ([r(1 — 0) + pblw — ¢) Kyw ™

by v
+ K- Jo*0Pwy(y — Dw' ™ + Kuw? /{(1 +602)Y — 1 —~0z}v(dz) + 67
41

Let h(c, 0) be the expression on the right hand side. Then h is concave in (¢, )
and the maximum of h is attained at the critical points, i.e. when

Ooh

e = —Kyw '+ 7 =0 (3.1.14)

and
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gz = (p—r)Kyw'+Ko?0y(y—1)w? + Kw? /{7(1+9z)"’*1z—’yz}u(dz) =0.
21
(3.1.15)
From (3.1.14) we get
c=¢=(Ky)"'w (3.1.16)

and from (3.1.15) we get that 6 = 6 should solve the equation

oo

AB) = p—1r— 0?01 — ) — / {1-(1+02)""}2v(dz)=0. (3.1.17)

—1

Since A(0) = u — 7 > 0 we see that if

oo

02(1—7)4—/{1— (142" av(dz) > p—r (3.1.18)
21

then there exists an optimal § = 6 € (0, 1].

1 ~
With this choice of ¢ = ¢ = (Kv) " *w and # = # (constant) we require
that

A p(w) + fw,a) =0 ie.
— K + ([r(1 = 8) + uf) — ()"~ ) K~y

~ i o o v o]
+ KL%y — 1) + K/{(l 02 = 1= 50:}u(dz) + (7)< 0
—1

or
—d+[r(1 - é) —l—,ué] — (K’Y) Ty
) o0 ) ) . L1
—10202(1 =)y + /{(1 F02) = 1= azju(de) + Kooyt

—1

(K7) 1] = 5= [r(1=0)+ub]+ 10?6 (1—)y— / {(1+02)"—1—02}v(dz)
-1

or

_1 1 _ _ b 7] 11,2029 _
K_v{l_v(é Y{r(1 = 6) + pb} + L0202 (1 — 1)y

_ /{(1 +027 —1-a02pu@))] . (3.119)

R
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We now study condition (iii):
Here 67V(y) = e cfwKyw' ™! = e ¢ Kw" and
S(Y (1) + (Y (1), u(t) — ¢(Y (1)) = KW (t)7e™**[(1 + 62)" —1].
So (iii) holds if
T
E{/e*%tW?W(t)dt] + /[(1 +02)7 —1Jy(dz) < o0 (3.1.20)
0 R

We refer to [FOS1] for sufficient conditions on the parameters for (3.1.20) to
hold.

We conclude that the value function is
(s, w) = B(s,x1,20) = e 9% (x1 + 22)7 (3.1.21)

with optimal control u*(t) = (¢*(¢),6*(t)) where ¢* = é = (Kv) =1 (x1 + 22)
is given by (3.1.16) and 6* = 0 is given by (3.1.17), with K given by (3.1.19).

Finally we compare the solution in the jump case (v # 0) with Merton’s
solution in the no jump case (v = 0):

As before let @, ¢y and 65 be the solution when there are no jumps (v = 0).
Then it can be seen that

K < Ky and hence &(s,w) = e *Kuw” < e " Kow? = &y(s, w)

So with jumps it is optimal to place a smaller wealth fraction in the risky
investment, consume more relative to the current wealth and the resulting
value is smaller than in the no-jump case.

For more details we refer to [FOS1].

Remark 3.3. For more information and other applications of stochastic con-
trol of jump diffusions see [GS], [BKR], [Ma] and the references therein.

3.2 The maximum principle

Suppose the state X (t) = X (t) of a controlled jump diffusion in R™ is given
by

dX () =b(t, X (t), u(t))dt + o(t, X (£), u(t))dB(t)

+ [ u7), )V ), (3:2.)

R™
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&4 v>0
(jump Merton line)
z, = v = 0 (classical Merton line)
0* ~
1—o= %

\4

Fig. 3.2. The Merton line for v =0 and v > 0

As before N(dt,dz) = (]Vl(dt,dzl), o J\NQ(dt,dzZ))T where
Nj(dt,dzj) = N;(dt,dz;) — vj(dz;)dt ; 1<j<¢

(see the notation of Theorem 1.16).

The process u(t) = u(t,w) € U C R is our control . We assume that u is
adapted and cadlag, and that the corresponding equation (3.2.1) has a unique
strong solution X () (¢); ¢ € [0, T]. Such controls are called admissible. The set
of admissible controls is denoted by A.

Suppose the performance criterion has the form

T
/f ut)dt +g(X(T))]:  weA
0

where f : [0,T] x R* x U — R is continuous, g : R* - Ris C1, T < ¢ is a
fixed deterministic time and

/f (t, X(t),u(t)dt + g (X(T))| < 0 forallue A.

Consider the problem to find u* € A such that

J(u*) = sup J(u) . (3.2.2)
ueA
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In the previous chapter we saw how to solve such a problem using dynamic
programming and the associated HJB equation. Here we present an alter-
native approach, based on what is called the mazimum principle . In the
deterministic case this principle was first introduced by Pontryagin and his
group [PBGM]. A corresponding maximum principle for It6 diffusions was
formulated by Kushner [Ku], Bismut [Bi] and subsequently further developed
by Bensoussan [Ben], Haussmann [H] and others. For jump diffusions a suf-
ficient maximum principle has recently been formulated in [F@S3] and it is
this approach that is presented here, in a somewhat simplified version.

Define the Hamiltonian H : [0,T] x R* x U x R* x R™*™ x R — R by

+ Z /'yij (t,x,u, zj)ri (t, 2)v;(dz;) (3.2.3)
R

j=1 i=1

where R is the set of functions 7 : R — R™*¢ such that the integrals in
(3.2.3) converge. From now on we assume that H is differentiable with respect
to .

The adjoint equation (corresponding to v and X (%)) in the unknown pro-
cesses p(t) € R™, q(t) € R™*™ and r(t,z) € R™* is the backward stochastic
differential equation

dp(t) = =V H(t, X (), u(t), p(t), q(t), (¢, -))dt
+q(t)dB(t) + /r(t*,z)ﬁ(dt, dz) ; t<T (3.2.4)
R
p(T) = Vg(X(T))

We assume from now on that

¢
+ Z / ‘fy(’“)(t,X(t),u(t), zk)yzuk(dzk)}dt} < 00 forallue A.
R

Theorem 3.4 (A sufficient maximum principle [FOS3]). Let @ € A
with corresponding solution X = X® and suppose there exists a solution
(p(t), 4(t),7(t,2)) of the corresponding adjoint equation (3.2.4) satisfying

T n
E[/{qu(t)+Z /|r(k)(t,zk)|2uk(dzk)}dt} <. (3.2.5)
0

k=1 p
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Moreover, suppose that

H(t, X (t),a(t), p(t),4(t, ), 7 (¢, ) = sup H (t, X (t),v,p(t),4(t),7(t, "))

for all t, that g(x) is a concave function of x and that

ﬁ(m) :=max H(t,z,v,p(t),{(t),7(t,-)) exists and is
veU (3.2.6)
a concave function of z, for allt € [0,T] (the Arrow condition)
Then 4 is an optimal control.
Remark 3.5. For (3.2.6) to hold it suffices that the function
(x,v) — H(t,z,v,p(t), 4(t), 7(t,-)) is concave, for all t € [0,7]. (3.2.7)
To prove Theorem 3.4 we first establish the following:

Lemma 3.6 (Integration by parts). Suppose E[(YY)(T)?] < oo for j =
1,2, where

Ay 9 (t) = b9 (¢, w)dt + oV (t, w)dB(t) + /'y(j)(t,z,w)lv(dt,dz)
R”'L
vO©O) =y eR";  j=1,2

where b9 € R, () € R™™ and v € R"*¢. Then

T T
EYO(T) . YD) =y - yo + E[ / YO )dy @ () + / Y@ )dy M (t)
0

0
T T 4 n
tr[U(l)TO'(Q)](t)dt fjl)(t,zj) Z(Jz)(t,l‘) I/j(de) dt.
+ O/ + O/ [Z (Z R/ v g/ ) }

=1

~
Il
-
-
Il

Proof. The It6 formula (Theorem 1.16). (See also Exercise 1.7.) O

ProoF OF THEOREM 3.4 Let u € A be an admissible control with corre-
sponding state process X (t) = X () (t). Then

T

7)== B[ [{(#(2X(0),6(0)~ £, X (0) u(t) Yt+9(£(T)~g(X(T))].

0

Since g is concave we get by Lemma 3.6
Elg(X(T)) - g(X(T))] = E[(X(T) - X(T)"Vg(X(T))]

= B[(X(T) — X(T)"p(T)]
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T T
— / (R () — X)) P dp(t) + / Bt X (1))
0
trl{o(t, X (), 0(0)) — o(t, X (1) u(t)} ()] do

(3(3 [t <.

j=1 =1

(b X (8),u(t), 2) s (8 z»)w(dz]))dt]

T
— B[ [(X(0) - X0 (- VH(E X0, 00,50, 4(0). (¢, ) de
"
[ e X0, a(0) - bt X (@), u(e)
OT
+ [ ullo X0, a0) - ol X (0. u(t)} d(0)de
OT
[

i i/{%JtX

j=1 =1
=5t X (0 u(t), 25) o 0 z»)uj (dz»)dt} (3.238)
By the definition of H we find

T

B[ [176.X.a0)) - £t X(0),u(t))

0
T

= 5[ [{HEX0,00).50).40).7(.)
0
~ (L X(0), u(t), plt). (8) (£, )}t
T
- [0l X0, a0) = ble, X0, )} Dl0)e

0
T

/ t{olt, X (¢ o, X (), u(t)} ()]t
0
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(6 X (0, u(t), 2) b (8 25) s (dz;) ) e (3.2.9)

Adding (3.2.8) and (3.2.9) we get

|
)

T
I(@) = I(w) 2 B [{HEX0,00.50).4(0).7(.)

— H(t, X(t), u(t),p(t), 4(t),7(t,-))
—(R() = X ()T H(E X (8),a(t), 5(1), 4(6), (1, )) bt .
If (3.2.6) (or (3.2.7)) holds then J(u) — J(u) > 0. This follows from the proof
in [SeSy, p. 108]. For details we refer to [FOS3].
We mention briefly the relation to dynamic programming : Define

S

T—
g /fs+tX w®)dt +g(X*(T—9)]:  ueA
0

where X*(t) is the solution of (3.2.1) for ¢ > 0 with initial value X (0) = x.
Then put
V(s,z) = sup JW (s,z) . (3.2.10)
u€A
Theorem 3.7 (FAS3). Assume that V(s,z) € CY3(R x R") and that there
exists an optimal Markov control u*(t, x) for problem (3.2.2), with correspond-
ing solution X*(t) of (3.2.1). Define

pi(t) = a%_(t,X*(t)); 1<i<n

0V
* : <7< <k<
q;i(t E ot (t, X™( ())3xi6:1:j(t’X(t))’ 1<j<n, 1<k<m
6V oV
) — * (k) * * _ * .
rik(t, 2) oz, (t, X (t) + ", X7 (), u™(t), 2x)) oz, (t, X*(1):

1<i<n, 1<k</{.
Then p(t),q(t),r(t,-) solve the adjoint equation (3.2.4).
For a proof see [FOS3].

Remark 3.8. A general discussion of impulse control for jump diffusions can
be found in [F]. A study with vanishing impulse costs is given in [QUZ].
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3.3 Application to finance
The following example is from [F@S3].

Consider a financial market with two investment possibilities, a risk free
(e.g. a bond or bank account) and risky (e.g. a stock), whose prices Sy(t), S1(t)
at time ¢ € [0, 7] are given by

(bond) dSo(t) = ptSo(t)dt; Sp(0) =1 (3.3.1)
(stock) dSi(t) = S1(t7)|wedt + ordB(t) + /'y(t,z)]v(dt,dz) ;0 S1(0)>0
R

(3.3.2)

where p; > 0, g, 0 and 7(t,z) > —1 are given bounded deterministic func-
tions. We assume that the function

t— /72(15, 2)v(dz) is locally bounded . (3.3.3)
R

We may regard this market as a jump diffusion extension of the classical
Black-Scholes market (see section 1.5).

A portfolio in this market is a two-dimensional cadlag, adapted process
0(t) = (60(t),01(t)) giving the number of units of bonds and stocks, respec-
tively, held at time ¢ by an agent.

The corresponding wealth process X (t) = X(©)(t) is defined by

X () = 0o()So(t) + 01 (1)S1 (), te[0,T]. (3.3.4)

The portfolio @ is called self-financing if

X(t)=X(0)+ [ 60(s)dSo(s) + [ 01(s)dS1(s) (3.3.5)
[oiomsiors|
or, in short hand notation,
dX (t) = 0p(t)dSo(t) + 01(t)dS1(t) . (3.3.6)

Alternatively, the portfolio can also be expressed in terms of the amounts
wp(t), w1 (t) invested in the bond and stock, respectively. They are given by

wz(t) = Gl(t)Sl(t) ; 1= O, 1. (337)

Now put
u(t) = wi(t) . (3.3.8)
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Then wo(t) = X () — u(t) and (3.3.6) gets the form

X0 = [ X (0) + (o — pu(O)dt + oru()dB(0) + u(t™) [ (0.2 ¥ e dz)
- (3.3.9)

We call u(t) admissible and write u(t) € A if (3.3.9) has a unique solution
X (t) = X®(t) such that E[(X®)(T))?] < occ.

The mean-variance portfolio selection problem is to find w(t) which mini-
mizes

Var[X (T)] := E[(X(T) — E[X(T)))?] (3.3.10)

under the condition that
E[X(T)]= A, a given constant . (3.3.11)

By the Lagrange multiplier method the problem can be reduced to minimizing,
for a given constant a € R,

E[(X(T) - a)?]
without constraints. To see this, consider
BI(X(T) = A)? = M[X(T)] - A)]
= E[X*(T) —2(A+ 3)X(T) + A® + MA]
= E[(X(T)— (A+3))*] + >f ,  where X € R is constant.

We will consider the equivalent problem

sup E[—1(X"“)(T) — a)?). (3.3.12)
u€eA

In this case the Hamiltonian (3.2.3) gets the form
H(t, T, U, Py 4, T) = {ptx + (:u’t - pt)u}p +oug+u /7(t7 Z)’I’(t, Z)V(dz) .
R
Hence the adjoint equations (3.2.4) are
dp(t) = —pep(t)dt + q(t)dB(t) + /r(t*, 2)N(dt,dz) ; t<T
R
p(T) = =(X(T) — a).

(3.3.13)
We try a solution of the form

p(t) = e X (t) + 1 (3.3.14)



54 3 Stochastic Control of Jump Diffusions

where ¢;,; are deterministic C! functions. Substituting in (3.3.13) and using
(3.3.9) we get

dp(t) = &n [{p X (8) + (e — po)ult) dt + oru(t)dB(t)

+u(t) /v(t, 2N (dt,dz)] + X ()6 dt + ] di

R
= [Pepe X (t) + bt (e — pe)u(t) + X (t)¢; + i]dt
+ droru(t)dB(t) + ¢yu(t™) / y(t, z)N(dt,dz) . (3.3.15)

R
Comparing with (3.3.13) we get
Gepe X (t) + Ge(pe — pr)u(t) + X (8)d; + v = —pe(¢e X (1) + 1) (3.3.16)

q(t) = ¢roru(t) (3.3.17)
r(t, z) = dru(t)y(t, 2). (3.3.18)

Let @ € A be a candidate for the optimal control with corresponding X and
D, G, 7. Then

H(t,X(t),u,p(t),d(t),7(t, )

= pe X(O)P(t) 4+ u| (e — po)p(t) + ovd(t) + /v(t, 2)7 (¢, z)v(dz)}
R

Since this is a linear expression in wu, it is natural to guess that the coefficient
of u vanishes, i.e.:

(1= pB(0) + 1d(0) + [ 2(8,2)7(t, 2)v(d2) = 0. (3.3.19)
R

Using that by (3.3.17) and (3.3.18) we have

qt) = geova(t) . P(t,2) = gra(t)y(t, 2)

we get from (3.3.19) that

e Ay o

where
Ay =0l + /72(t,z)u(dz). (3.3.21)
R
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On the other hand, from (3.3.16) we have

(bepe + G X (8) + pe(de X (£) +1by) + b} '

a(t) = bl i) (3.3.22)
Combining (3.3.20) and (3.3.22) we get the equations
(e = 1) Pr — [2pe6 + )4 = 05 P(T) = -1
(ot = ) = et + 9] Ae =05 (1) =a
which have the solutions
n 2
Y—— (/{(Ps ;18#5) ~2p,}ds);  0<t<T (3.3.23)
tT 2
by = aexp (/ { (s ;Sus) _ ps}ds); 0<t<T. (3.3.24)

t

With this choice of ¢; and 1; the processes
p(t) == qStX(t) +r, () :=owora(t) and  #(t, z) = Qpu(t)y(t, 2)

solve the adjoint equation, and by (3.3.19) we see that all the conditions of the
sufficient maximum principle (Theorem 3.4) are satisfied. We conclude that
4(t) given by (3.3.20) is an optimal control. In feedback form the control can

be written
(Pt — pe)(Prw + 2r) .

it z) = o,

(3.3.25)

3.4 Exercises
Exercise* 3.1. Suppose the wealth X (t) = X (t) of a person with con-
sumption rate u(t) > 0 satisfies the following Lévy type mean reverting
Ornstein-Uhlenbeck SDE
dX(t) = (p— pX(t) —u(t))dt + odB(t) + 9/ ZN(dt, dz) ; t>0
R
X0)=2>0

Fix T > 0 and define

S

—S

X
JW (s, 1) = B [ g8+t W(t) dt + \X (T — s)} .

S
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Use dynamic programming to find the value function &(s,x) and the optimal
consumption rate (control) u*(¢) such that

B(s,x) = sup J W (s,z) = J“ ) (s, z) .

In the above u,p,0,0,7,5 >0, v € (0,1) and A > 0 are constants.

Exercise* 3.2. Solve the problem of Exercise 3.1 by using the stochastic
maximum principle.

Exercise* 3.3. Define

u(t,w) [ zN(dt,dz)
dX (1) = dX (1) = [Xm (t)} — R € R?

dXs(t) [ 22N (dt,dz)
R
and, for fixed T' > 0 (deterministic)
J() = B[ = (X2(T) = Xo(T))*] .
Use the stochastic maximum principle to find «* such that

J(u*) = sip J(u) .

Interpretation: Put F(w f z2N T,dz). We may regard F as a given

T-claim in the normalized market with the two investment possibilities bond
and stock, whose prices are

(bond) dSo(t) =0; So(0) =

(stock) dSy(t) = [zN(dt,dz), a Lévy martingale.
R

Then —J(u) is the variance of the difference between F' = Xo(T') and the
wealth X1(T) generated by a self-financing portfolio u(t,w). See [BDLOP]
for more information on minimal variance hedging in markets driven by Lévy
martingales.

Exercise* 3.4. Solve the stochastic control problem

P (s,0) = inf ¥ [ / e P (X2 (1) + Ou?(t)dt
uz 0

where

dX(8) = u(t)dt + odB(t) + / SN(dtd2) : X(0) =
R

where p > 0, 0 > 0 and ¢ > 0 are constants.

The interpretation of this problem is that we want to push the process
X (t) as close as possible to 0 by using a minimum of energy, its rate being
measured by Ou?(t).
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[Hint: Try (s, z) = e ?*(az?® + b) for some constants a, b.]

Exercise* 3.5 (The stochastic linear regulator problem).
Solve the stochastic control problem

T
o (x) = inf B /0 (X2(t) + Ou(t)®)dt + \X*(T)

where

dX(8) = u(t)dt + odB(t) + / SN(dtd2) : X(0) =
R

and
T > 0 is a constant.

a) by using dynamic programming (Theorem 3.1).
b) by using the stochastic maximum principle (Theorem 3.4).

Exercise* 3.6. Solve the stochastic control problem

70
&(s,x) = sup E°F [/ e 06t Ine(t)dt |,
c(t)>0 0

where the supremum is taken over all Fz-adapted processes ¢(t) > 0 and

7o = inf{t > 0; X(¢t) <0},

where

57

dX(t) = X(t7) |pdt + cdB(t) + 9/ z](/'(dt,dz)} —c(t)dt, X(0) =2 >0,
R

where § > 0, u, 0 and 6 are constants, and

0z > —1 for a.a. z w.r.t. v.

We may interpret ¢(t) as the consumption rate, X (¢) as the corresponding
wealth and 7y as the bankrupty time. Thus @ represents the maximal expected
total discounted logarithmic utility of the consumption up to bankrupty time.

[Hint: Try (s, ) = e %*(alnz + b) as a candidate for &(s, x), where a and b

are suitable constants.]

Exercise 3.7. Use the stochastic maximum principle (Theorem 3.4) to solve

the problem

sup F

T
/ e tIne(t)dt + e T In X (T) |,
c(t)>0 0
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where
dX(t) = X(t7) |pdt + 0dB(t) + 9/ ZN(dt, dz)] —c(t)dt, X(0)>0.
R
Here 6 > 0, A > 0, u, 0 and 6 are constants, and

0z > —1 for a.a. z(v).

(See Exercise 3.6 for an interpretation of this problem).

[Hint: Try p(t) = ae %" X ~1(t) and c(t) = X{Et), for some constant a > 0.]
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Combined Optimal Stopping
and Stochastic Control of Jump Diffusions

4.1 Introduction

In this chapter we discuss combined optimal stopping and stochastic control
problems and their associated HJB variational inequalities. This is a subject
which deserves to be better known because of its many applications. A thor-
ough treatment of such problems (but without the associated HJB variational
inequalities) can be found in Krylov [K].

This chapter may also serve as a brief review of the theory of optimal
stopping and their variational inequalities on one hand, and the theory of
stochastic control and their HJB equations on the other. An introduction to
these topics separately can be found in [D1].

As an illustration of how combined optimal stopping and stochastic control
problems may appear in economics, let us consider the following example
which is an extension of Exercise 2.2.

Example 4.1 (An optimal resource extraction control and stopping
problem). Suppose the price P, = P(t) of one unit of a resource (e.g. gas or
oil) at time ¢ is varying like a geometric Lévy process, i.e.

dP(t) = P(t™)(adt + pdB(t) + 7/ ZN(dt,dz)) ; Ph=p>0 (4.1.1)
R
where «, 5 # 0,7 are constants and vz > —1 a.s. v.
Let Q; denote the amount of remaining resources at time ¢. If we extract
the resources at the “intensity” u; = ui(w) € [0,m] at time ¢, then the dy-
namics of Q; is

th = —UtQtdt N QO =dq > 0. (412)

(m is a constant giving the maximal intensity).
We assume as before that our control ui(w) is adapted to the filtration
{F}i>0. If the running cost is given by Ko+ Kiju, (with Ko, K7 > 0 constants)
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as long as the field is open and if we decide to stop the extraction for good at
time 7(w) > 0 let us assume that the expected total discounted profit is

T

I (p,q) = E®9) | / e (w(PQs — K1) = Ko)dt + ¢~ (0P-Q; — a)
0

(4.1.3)
where p > 0 is the discounting exponent and # > 0, a > 0 are constants.
Thus et (ut(PtQt - Ky)— Ko) gives the discounted net profit rate when the
field is in operation, while e 7 (0P, Q, — a) gives the discounted net value of
the remaining resources at time 7. (We may interpret a > 0 as a transaction
cost.) We assume that the closing time 7 is a stopping time with respect to
the filtration {F;};>0, i.e. that

{w;T(w) <t} € F for all ¢ .

Thus both the extraction intensity u; and the decision whether to close before
or at time ¢ must be based on the information F; only, not on any future
information.

The problem is to find the value function ®(p,q) and the optimal control
uy € [0,m] and the optimal stopping time 7* such that

@(p’ q) = sup J(u"r)(p7 q) — J(u*ﬂ—*)(p7 q) . (4_1.4)

Ut , T

This problem is an example of a combined optimal stopping and stochastic
control problem. It is a modification of a problem discussed in [B@1] and [DZ].

We will return to this and other examples after presenting a general theory
for problems of this type.

4.2 A general mathematical formulation

Consider a controlled stochastic system of the same type as in Chapter 3,
where the state Y (%) (t) = Y(t) € R¥ at time ¢ is given by

Y (¢) :b(Y(t),u(t))dt—l—a(Y(t),u(t))dB(t)+/ (Y (), u(t™), 2)N(dt, dz)

Rk
Y(0) =yecRF.
(4.2.1)

Here b : R* x U — RF, 0 : R* x U — RF¥*™ and v : RF x U x RF — RF*¢
are given continuous functions and u(t) = u(t,w) is our control, assumed to
be F;-adapted and with values in a given closed, convex set U C R¢.

Associated to a control u = u(t,w) and an Fy-stopping time 7 = 7(w)
belonging to a given set 7 of admissible stopping times we assume there is a
performance criterion of the form
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T

T (y) = B / FOY (1), u())dt + g(Y (7))Xr <00} (4.22)
0

where f : R¥ x U — R (the profit rate) and g : R¥ — R (the bequest function)
are given functions.
We assume that we are given a set U = U(y) of admissible controls u

which is contained in the set of controls u such that a unique strong solution
Y (t) = Y (t) of (4.2.1) exists and the following, (4.2.3)-(4.2.4), hold:

. Ey[/ V(@) u@)lde] <00 forallyes (4.2.3)
0

where 75 = 75(y, u) = inf{t > 0; YW (t) ¢ S},
e the family {g~ (Y (") (1)); 7 € T} is uniformly PY-integrable for all y
€ S, where g~ (y) = max(0, —g(y)). (4.2.4)

We interpret g(Y (7(w))) as 0 if 7(w) = oco. Here, and in the following, EY
denotes expectation with respect to P when Y (0) =y and S C R” is a fixed
Borel set such that

Sc 8.

We can think of S as the “universe” or “solvency set” of our system, in
the sense that we are only interested in the system up to time 7', which may
be interpreted as the time of bankruptcy.

We now consider the following combined optimal stopping and control-
problem :

Let T be the set of Fi-stopping times 7 < 7s. Find &(y) and uv* € U,
7% € T such that

d(y) =sup{J @ (y)uecld,reTr=J")(y). (4.2.5)

We will prove a verification theorem for this problem. The theorem can be
regarded as a combination of the variational inequalities for optimal stopping
(Theorem 2.2) and the Hamilton-Jacobi-Bellman (HJB) equation for stochas-
tic control (Theorem 3.1).

We say that the control u is Markov or Markovian if it has the form

u(t) = uo(Y(1))

for some function ug : S — U. If this is the case we usually do not distinguish
notationally between u and ug and write (with abuse of notation)

u(t) =u(Y () .

If w € U is Markovian then Y(*)(t) is a Markov process whose generator
coincides on C2(R¥) with the differential operator L = L* defined for y € R¥
by
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2
LUy (y Zb y,u +5 Z oo )ij(y,u ))aigyj
£
+Z/R{¢(y+7(j)(y7u(y)»2j)) —¢(y) — Vo) /Y (y, uly), z) v (dz)
j=1
(4.2.6)

for all functions 1 : R¥ — R which are twice differentiable at v.

Typically the value function @ will be C? outside the boundary 9D of the
continuation region D (see (ii) below) and it will satisfy a Hamilton-Jacobi-
Bellman (HJB) equation in D and an HJB inequality outside D. Across D
the function @ will not be C?, but it will usually be C', and this feature
is often referred to as the “high contact” — or “smooth fit” — principle. This
is the background for the verification theorem given below, Theorem 4.2.
Note however, that there are cases when @ is not even C' at D. To handle
such cases one can use a verification theorem based on the viscosity solution
concept. See Chapter 9 and in particular Section 9.2.

Theorem 4.2 (HJB-variational inequalities for optimal stopping and
control).
a) Suppose we can find a function ¢ : S — R such that
(i) € CHS) NC(S)
(ii)p > g on SV .
Define

D={yeS;ply) >9y)} (the continuation region ) .

Suppose Y W) (t) spends 0 time on D a.s., i.e.
Ts
(i) EY { / Xop (Y (t))dt] =0 foralyeS, ueld

and sugpose that

(iv) 0D is a Lipschitz surface

(v) € C?*(S°\OD) and the second order derivatives of ¢ are locally bounded
near 0D

(vi) LYp(y) + f(y,v) <0 on S®\ D for allv e U

(vii) YW (75) € OS a.s. on {1s < 0o} and

lim (Y (1) = g(Y™ (75)) X rs <o) @5

t—Tg

(viii) Ey[\w(Y(“)(T))\ +/{|A@(Y(“)(t))| +oT (Y (1) V(Y ()

.S / PV (t) + 49 (¥ (1), u(t), 2)) — (¥ (£)) 2w (dz;) ] < oo

J]'R



4.2 A general mathematical formulation 63

Then

ely) =2 d(y)  foralyes.
b) Suppose, in addition to (i)-(viii) above, that
(ix) for each y € D there exists u(y) € U such that

L") o(y) + f(y. a(y)) =0,

(x) 7p :=inf{t > 0; Y@ (t) ¢ D} < 00 a.s. for ally € S,
and

(xi) the family {p(Y @ (1)); 7 € T} is uniformly integrable with respect to
PY for ally € D.
Suppose 4 € U. Then

o(y) = P(y) forally e S .

Moreover, u* := 4 and 7™ := Tp are optimal control and stopping times,
respectively.

Proof. The proof is a synthesis of the proofs of Theorem 2.2 and Theorem 3.1.
For completeness we give some details:

a) By Theorem 2.1 we may assume that ¢ € C?(S8%) N C(S). Choose u € U
and put Y (t) = Y (). Let 7 < 75 be a stopping time. Then by Dynkin’s
formula (Theorem 1.24)

By (ram)] =)+ B7] [ Lev@na]. @2
0
Hence by (vii) and the Fatou lemma
o) = lim B [ ~LUp(Y(@O)dt + o (r nm)]
0
> B[ [ ~LUe(Y ()dt + 9V (D] (42.8)

0

If we now use (vi) we can conclude that

meEﬂ/ﬂywwwmuwuwwmmmﬂ:JW@» (4.2.9)
0

Since u € U and 7 < 75 was arbitrary we conclude that

o(y) > sup J“7) (y) = D(y) (4.2.10)

u, T

which proves a).
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To prove the opposite inequality, assume that (ix)-(xi) hold. Choose a
point y € D. Then apply the argument above to the Markovian control 4(t) :=
@(Y (t)) and the stopping time 7 = 7p = inf{t > 0; Y (t) & D}, where Y (t) =
Y@ (t): We get

7

EY[p(Y(7))] = ¢(y) +Ey[/L“ (Y (t ))dt} (4.2.11)

0
which implies that

7

o) = B[ [ 170, a(e)dt + 9V ()] = 7470,

0

Combined with a) this shows that ¢(y) = @(y) and that (4,7) is optimal if
yeD.

Finally, if y € D then ¢(y) = g(y) < @(y) and hence by a) we have
o(y) = P(y) also if y € D. In this case 7" = 0 is an optimal stopping time. O

Remark 4.3. If we neglect all the technical conditions of Theorem 4.2 and
concentrate on conditions (ii), (vi) and (ix), then we can write the conditions
of Theorem 4.2 in the following condensed form

max(sgg{L%(ny(y,v)},g(y)—qs(y))=o; yest. (4212

Since this is a combination of the Hamilton-Jacobi-Bellman (HJB) equation
of stochastic control and the variational inequality (VI) of optimal stopping,
we call (4.2.12) a HIBVI.

One can prove that, under some conditions, the value function ¢ is indeed
a solution of (4.2.12) in the weak sense of wiscosity. See Chapter 9 for a
discussion of this concept.

Remark 4.4. Note that the problem (4.2.5) contains the general optimal
stopping problem as a special case.

More precisely, if the functions b,0 and f do not depend on u, then the
problem reduces to the optimal stopping problem

2(y) —flelgEy / FY()dt + g(Y (7)) X {r<oo}

discussed in Chapter 2 and the HIBVI (4.2.12) becomes the VI
max(LO(y) + f(y).g(y) —B(y) =05  yeS". (4.2.13)

The problem (4.2.5) is also closely related to the general stochastic control
problem discussed in Chapter 3. In such a problem the stopping time 7 is
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fixed to 7 = 75 and hence the problem is to find @(y) and v* € U such that

() = sup J W (y) =T (y) (4.2.14)

where

J (y) = BY / FY (), u(t))dt + Q(Y(TS))X{T3<OO}} :

4.3 Applications

To illustrate Theorem 4.2 let us apply it to the problem of Example 4.1:
In this case the generator L" of the time-space state process

dY (t) = (dt,dP;,dQ:) ;  Y(0) = (s,p,q) € [0,00)°
is given by (see Theorem 1.22)

oY oY oY

o = 0 v a4 Y

+/R{1/J(S7p+7pz,q) — (s, p,q) — gﬁ(&p, q)~72p}V(dZ) :

In view of Theorem 4.2 we are looking for a subset D of S = [0,0)® and a
function ¢(s,p,q) : S — R such that

o(s,p,q) = e P(Opg — a) for all (s,p,q) & D (4.3.1)

w(s,p,q) > e P(0pg —a) forall (s,p,q) €S (4.3.2)
L°¢(s,p,q) + e "(v(pg — K1) —Ko) <0 forall (s,p,q) € S°\ D

and all v € [0, m] (4.3.3)

sup {L"¢(s,p,q) + e "*(v(pg — K1) — Ko)} =0 for all (s,p,q) € D .
v (4.3.4)
Let us try a function ¢ of the form
o(s,p,q) = e PPF(w) where w = pg (4.3.5)

and a continuation region D of the form

D ={(s,p,q);pg > wo}  for some wy > 0.
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Then (4.3.1)-(4.3.4) get the form
Fw)=0w-—a for all w > wo (4.3.6)
F(w)>0w—a for all w < wq (4.3.7)
— pF(w) + (o — v)wF' (w) + 2w’ F" (w)
+ /{F(w +yzw) — F(w) — F'(w)yzwv(dz) + v(w — K1) — Ko <0
) for all w < wyg, v € [0, m] (4.3.8)

sup { — pF(w) + (o — v)wF'(w) + } 2w’ F" (w)

ve[0,m]
+ /R{F(w +yzw) — F(w) — F'(w)yzwly(dz) + v(w — K1) — Ko} =0
for all w > wy . (4.3.9)

From (4.3.9) and (xi) of Theorem 4.2 we get the following candidate @ for the
optimal control:

v = 4(w) = Argmax {v(w(l — F'(w)) — Kl)}

v€E[0,m]

(4.3.10)

{m if Fl(w) <1— K
0 if Fl(w)>1-"
Let F,,(w) be the solution of (4.3.9) with v = m, i.e. the solution of
—pFu(w) + (a = m)wF,, (w) + 52w Fy (w)
+/{F(w +vzw) — F(w) — F'(w)yzw}v(dz) = Ko + mK; — mw .
- (4.3.11)
A solution of (4.3.11) is

mw Ko+ mK;

F(w) = Cru™ + Cow™ +
p+m—a p

(4.3.12)

where C7, Cy are constants and A\; > 0, A2 < 0 are roots of the equation
h(A) =0 (4.3.13)
with
hu):—p+@wwmx+;ﬁAQ—lyg/{u+y@*—1—kwﬁ4@)(43M)
R
(Note that h(0) = —p < 0 and lim|y|_ h(\) = 00). The solution will de-

pend on the relation between the parameters involved and we will not give a
complete discussion, but only consider some special cases.
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Case 1

Let us assume that

a<p, Ki=a=0 and 0<0< " . (4.3.15)
It is easy to see that
M>l=p+m>a. (4.3.16)
Let us try (guess) that
Ci =0 (4.3.17)

and that the continuation region D = {(s,p,q);pg > wo} is such that (see
(4.3.10))
Fl(w)<1 forall w>uwg. (4.3.18)

The intuitive motivation for trying this is the belief that it is optimal to use
the maximal extraction intensity m all the time until closure, at least if 8 is
small enough.

These guesses lead to the following candidate for the value function F'(w):

Fw) Hw if 0<w<wo (4.3.19)
) — 3.
Fm(’w) _ Czw)\g + p_:;bnw_a — IZO if w>wy.

We now use continuity and differentiability at w = wg to determine wy and

02:

. mwg Ky
Continuit Cowy? + -7 =90 4.3.20
(Continuity) bwy ptm—a p wy )
(Differentiability)  Chlow)? ™' + - :n” =6 (32

Easy calculations show that the unique solution of (4.3.20), (4.3.21) is

(=A2)Ko(p+m — )

wo = (1= Xo)p[m — 0(p+m — )] (>0 by (4.3.15)) (4.3.22)
and
Cy— M= 0p+m— a)jwy 2 S0 by (a1 -

(~A2)(p+m — )

It remains to verify that with these values of wg and Cy the set D =
{(s,p,9);pq > wo} and the function F(w) given by (4.3.19) satisfies (4.3.6)—
(4.3.9), as well as all the other conditions of Theorem 4.2:
To verify (4.3.6) we have to check that (4.3.18) holds, i.e. that
m

F! (w) = Codguw™ ™1 + <1 for all w > wy .
pt+tm—«
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Since A2 < 0 and we have assumed « < p (in (4.3.15)) this is clear. So (4.3.9)
holds. If we substitute F'(w) = fw in (4.3.8) we get

—pbw + (o — m)wh + mw — Ko = wlm — 0(p+ m — a)] — Ko .

We know that this is 0 for w = wp by (4.3.20) and (4.3.21). Hence it is less
than 0 for w < wg. So (4.3.8) holds. Condition (4.3.6) holds by definition of
D and F'. Finally, since F(wp) = Owg, F'(wg) = 6 and

F”(’LU) = F,’,'l(w) = CQ)\Q()\Q — 1)111)\2_2 >0

we must have F(w) > 0w for w > wq. Hence (4.3.7) holds. Similarly one can
verify all the other conditions of Theorem 4.2. We have proved:

Theorem 4.5. Suppose (4.3.15) holds. Then the optimal strategy (u*,7*) for
problem (4.1.3)~(4.1.4) is

ut=m, " =inf{t > 0; P,Q; < wo} (4.3.24)

where wq is given by (4.3.22). The corresponding value function is (s, p,q) =
e~ P*F(p-q), where F is given by (4.3.19) with Ay < 0 as in (4.3.11) and C2 > 0
as in (4.3.23).

For other values of the parameters it might be optimal not to produce at
all but just wait for the best closing/sellout time. For example, we mention
without proof the following cases (see Exercise 4.2):

Case 2

Assume that

=1 and p<a. (4.3.25)
Then v* =0 and
P =00
Case 3
Assume that
0=1, p>a« and Ko < pa < Ko+ pKy . (4.3.26)

Then
u* =0 and ™ =inf{t > 0; P.Q: > w1},

for some w; > 0.
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4.4 Exercises

Exercise* 4.1. a) Solve the following stochastic control problem:

b(s,z) = sup JW (s,2) = JO)(s,2)
u(t)>0

where < y
T t
J(u)(s’ :L') — E* {/ 676(8+t) u ( )dt] )
0 Y
Here

T7s = 7s(w) = inf{t > 0; X (¢) <0} (the time of bankruptcy)

and

dX(t) = (uX(t)—u(t))dt+oX (t)dB(t)+6X(t7) / zN(dt,dz); Xo=z>0
R
with v € (0,1),0 > 0, u,0 # 0, 6 constants, 8z > —1 a.s. v. The inter-
pretation of this is the following: X () represents the total wealth at time ¢,
u(t) = u(t,w) > 0 represents the chosen consumption rate (the control). We
want to find the consumption rate u*(t) which maximizes the expected total
discounted utility of the consumption up to the time of bankruptcy, 7s.
[Hint: Try a value function of the form

b(s,z) = Ke %z"

for a suitable value of the constant K]
b) Consider the following combined stochastic control and optimal stop-
ping problem:
B(s,x) = sup J@ (s,2) = J ) (s, 2)

u, T

where . s
JW) (s, 2) = E® [/ e—dG+n Y 7( )dt + )\X’Y(T)}
0

with X (¢) as in a), A > 0 a given constant.

Now the supremum is taken over all Fi-adapted controls u(¢) > 0 and all
Fi-stopping times 7 < 7s.

Let K be the constant found in a). Show that

(i) if A > K then it is optimal to stop immediately

(ii) if A < K then it is optimal never to stop.

Exercise 4.2. a) Verify the statements in Case 2 and Case 3 at the end of
Section 4.3.

b) What happens in the cases
Cased:0=1,p>aand pa < Ky ?
Case 5: 0 =1, p>a and Ko+ pK; < pa?
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Exercise 4.3 (A stochastic linear regulator problem with optimal
stopping).

Solve the stochastic linear regulator problem in Exercise 3.5, with the
additional option of stopping, i.e. solve the problem

D(s,z) = inf{J(“’T)(s,m) s u€eEU, TE T} ,
where
JW (5, 1) = B>® {/OT e P (X2(1) + 0uP(t)) dt + )\ep(5+7)X2(7)} ,
(p > 0 constant), where the state process is

Y(t) = {34-75

X(t)} 20, Y(0) = [Z] =y e R?
with

dX (t) = dX™(t) = u(t)dt + odB(t) + / ZN(dt,dz) ; X(0) = z.
R

[Hint: As a candidate for the value function @ try a function ¢ of the form

oy D) 120
PAST = e an Dzl <6

for suitable values of the constants a,b and ¢.]
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Singular Control for Jump Diffusions

5.1 An illustrating example

We illustrate singular control problems by the following example, studied in

[FOS2]:

Example 5.1 (Optimal consumption rate under proportional trans-
action costs). Consider again a financial market of the form (3.3.1)—(3.3.2),
where we have two investment possibilities:

(i) A bank account/bond where the value/price P;(t) at time ¢ grows with
interest rate r, i.e.,

dPl(t):’l’Pl(t)dt, Pl(O):l

(i) A stock, with price Py(t) satisfying the equation

APy (t) = Py(t7) {udt + BdB(t) + / 2N (dt, dz)]; Py(0) =po > 0.
R

Here r > 0, u and 3 > 0 are given constants, and we assume that z > —1 a.s.
V.

Assume that at any time t the investor can choose an adapted, cadlag
consumption rate process c(t) = c¢(t,w) > 0, taken from the bank account.
Moreover, the investor can at any time transfer money from one investment
to another with a transaction cost which is proportional to the size of the
transaction. Let X1(t) and X2(t) denote the amounts of money invested in
the bank and in the stocks, respectively. Then the evolution equations for
Xi1(t) and Xs(t) are
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dX,(t) = dX 098 (t)
= (X1 (8) — e(t))dt — (1 + N)dér(t) + (1 — p)déa(t); X1(07) =z, € R
dXy(t) = dX3 8 (t)
- Xg(t_)[udt + BdB(t) + / 2N (dt, dz)} FdEL(t) — dEa(t); Xo(07) = 20 € R.
R

Here & = (&1,&2), where &(t), &(¢) represent cumulative purchase and sale,
respectively, of stocks up to time ¢. The constants A > 0, u € [0, 1] represent
the constants of proportionality of the transaction costs.

Define the solvency region S to be the set of states (z1,z2) such that the
net wealth is non-negative, i.e. (see Figure 5.1)

S={(x1,72) €ER* 21+ (1+N)z2 >0 and a1+ (1—p)ze >0 (5.1.1)

T2
A
028 : x1 -|- ]. — 1‘2 =0
s
/
/
//
//

A

N~

> T1

—

613:1‘14—(14—)\)1‘2:0

Fig. 5.1. The solvency region S

We define the set A of admissible controls as the set of predictable
consumption-investment policies (¢, &) such that £ = (&,&) where each

& (t) ; 1 =1,2 is right-continuous, non-decreasing, £(0~) = 0 and such that
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(x1,22) € S = (X1(t), Xa2(t)) € S forall t>0.

The performance criterion is defined by

(oo}

~
,]C’E(S,.Il,xg) — E5T1,T2 [/6—5(s+t) ¢ ,)(/t) dt:|, (512)
0

where 6 > 0, v € (0,1) are constants. We seek (¢*,£*) € A and (s, 1, x2)
such that

O(s,x1,13) = sup JO(s, 1, 10) = JC*’E*(s,xl,xg) . (5.1.3)
(c,£)eA

This is an example of a singular stochastic control problem. It is called singular
because the investment control measure d¢(t) is allowed to be singular with
respect to Lebesgue measure dt. In fact, as we shall see, the optimal control
measure d€*(t) turns out to be singular.

We now give a general theory of singular control of jump diffusions and
return to the above example afterwards.

5.2 A general formulation

Let £ = [k;;] € R¥*P be a constant matrix and 6 = [f;] € R? be a constant
vector. Suppose the state Y (t) = Y%¢(t) € R¥ is described by the equation

dY (t) = b(Y (t), u(t))dt + o (Y (£), u(t))dB(t)

+ /W(Y(t_),u(t_), 2)N(dt,dz) + rd€(t) ; Y(07) =y e RF.

Rk

Here £(t) € R? is an adapted cadlag process with increasing components and
£(07) = 0. Since d£(t) may be singular with respect to Lebesgue measure
dt, we call £ our singular control or our intervention control . The process
u(t) is an adapted cadlag process with values in a given set U (our absolutely
continuous control). Suppose we are given a performance functional J“¢(y)
of the form

7<) = B[ [ SO0+ 90V (7)) Firgcoy + [ 07 (0],
0 0

where f: R¥ x U — R, g : R¥ — R are continuous functions and

7s =inf{t > 0; Y"¢(t) ¢ S} < oo is the time of bankruptcy,

where S C RF is a given solvency set , assumed to satisfy S C S°.
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Let A be a given family of admissible controls (u,§), contained in the set of
(u, &) such that

/ LFO (O, u@)lde + lg(Y ()] - X + / > l65lde; (0
j=1

The problem is to find the value function @(y) and an optimal control
(u*,&*) € A such that

B(y) = sup JU(y) =T (). (5.2.1)
(u,&)eA

Note that if we apply a Markov control u(t) = u(Y (¢)) € U and d€ = 0, then
Y (t) = Y*9(¢) has the generator A* given by
0%¢

k
+3 ) (""T)”(y’u(y))ayi@yj

<
Il
—

]

Note that we distinguish between the jumps of Y'*¢(#) caused by the jump of
N(t, z), denoted by AxY (t), and the jump caused by the singular control &,
denoted by AcY (t). Thus

AnY (1) = / WY (), u(t™), 2)N({t},dz), while AcY(t) = KAE(t) .

Rk
(5.2.2)

We let t1,ta, ... denote the jumping times of £(t) and we let
A (Y (ta)) = (Y () — 6(Y () + AnY (t)) (5.2.3)

be the increase in ¢ due to the jump of £(t) at t = t,,.
We give now a verification theorem for singular control problems.

Theorem 5.2 (Integro-variational inequalities for singular control).
a) Suppose there exists a function ¢ € C*(S8°) N C(S) such that

(i) A”qb( )+ f(y,v) <0 for all (constant) v € U andy € S

(i) Z"{”a y)+0; <0 forallye S, j=1,.

(iii)  EY [I(b DI+ f{|A¢ (D) + o (Y (1), u(®)) Vo(Y (1))
+ Z / +90) = (Y (1)) P (dzm) < 00

Rk

for all (u,§) e A, 7€T
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(iv) |, lim_ G(Y (1) = g(Y (7)) Xirs <o) a5, for all (u,€) € A

(v) Y(rs) € 0S as. on {rs < oo} and {¢~(Y(7))}r<rs is uniformly
integrable for all (u,&) € A, y € S.
Then

o(y) > P(y) forallyeS. (5.2.4)
b) Define the non-intervention region D by

D ={y € S; max {Zﬁma } < 0}. (5.2.5)

1<j<p

Suppose, in addition to (i)-(v) above, that for all y € D there exists v = u(y)
such that

(vi) ARD(y) + Fly, aly)) = 0 A
Moreover,A suppose there exists € such that (4,£) € A and
(vii) Y®&(t)e D forallt

(viii) dé(t)=0 if Y(t)eD

P k o6 .
3 { Sk (V) + gj}dg(.c) =0 forallt;1<j<p
j=1 i=1 Oy ’

where £(©)(t) is the continuous part of £(t), i.e. the process obtained by
removing the jumps of £(t)
P

(x)  Ago(Y(tn)) + ZGjAéj(tn) =0 for all jumping times t,, of £(t)

and
(<) lim EV[¢(Y"$(Th))] = BY[9(Y™(75)) - Xrs<oc)]
where Tr = min(7s, R) for R < oo.
Then
¢y) = P(y)
and

(ﬂ,é) s an optimal control .

Proof. a) Choose (¢, &) € A. Then by the It6 formula for the semimartingale
Y (t) = Y*“*(t) we have (see [P, Theorem I1.33] and Theorem 1.24)

Tr

EV(o(Y (T)] = o) + 7 [ A"(x (o)
TRk ’

/Z(Q)yz Z"%df(c Z Acp(Y } (5.2.6)

0<t,<Tr
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By the mean value theorem we have

kK p

AV (1) = Vo7 O B (1) = 330 07 (F )y A6y (1) (527)

lljl Z

where V(") is some point on the straight line between Y (t,) and Y (t;;) +
ANY (t,) (see (5.2.3)).
Hence, by (i) and (ii) and (5.2.6), (5.2.7),

) > BV /f 0)dt + oY (T))

P k
—ZZ{ oo DO+ Y 0 (T a0}

j=1i=1 0<t,<Tgr
> [ /f £))dt + (Y (Tr)) +Z/9dgj
Jj=1 0

Letting R — oo and applying (iv) and (v) we obtain from (5.2.7) that
éy) = T4(y).

Since (u,§) € A was arbitrary, this proves (5.2.4).

b) Now apply the above argument to (@, £) € A, as given by (vi)-(xi). Then
we get equality everywhere in a) and we end up with

$(y) = T (y)
and the proof is complete. a

Remark 5.3. In many applications the process Y“¢(t) will have the form

YUE(t) = {;jg(tt)] eER™ . Y(0)=y= L‘j :

In this case we see by inspecting the proof that Theorem 5.2 still holds even
if K = [ki;] and @ = [¢;] are not constant, as long as they depend on s only:

k= k(s), 0 =0(s).

5.3 Application to portfolio optimization
with transaction costs

We now apply this theorem to Example 5.1.
In this case our state process is
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dt 1 0
dY (t) = [dX1(t)| = [rX1(t) —c(t)| dt+ | O dB(t)
dXs(t) nXo(t) BXs(t)
0 0 0 1 [
+ o +—+N (1-p)
Xo(t7) R{zN(dt,dz) 1 -1 déa(t)
The generator of Y (¢) when there are no interventions is
ey 09 09 0 | 1 g2 20°0
A ¢(y) - 88 + (T'Il C) axl +,U.'E2 axz + 25 1'2 ax%
0
+ / {d)(s,xl,:ﬁg + x22) — O(s,x1,22) — xQZ@ai (s,ml,xg)}ll(dz) .
R
Or, if
o(s, 1, 32) = (21, 22)
we have
AP(s, 21, 1) = € Af (21, 22)
where
c _ oY O 4 207
A0¢(x17932) - 61/} + (T.’L'] C) 31'1 + u$26$2 + 26 Ty 633%

+ / {’L/J(.’L'l,.’L'Q + x22) —WU(x1,22) — xgzg);l; (xl,xg)}u(dz) .

R
Here
5sC7
0=g=0, u(t)=c®t), f(y,u)=f(s,z1,29,¢c)=¢€"°° .
Condition (ii) of Theorem 5.2 gets the form
oy oY
(14X <0
( + )89;‘1 + Oxy —
and
oy oY
1- — <0.
( 'u) 0x1 Oxg —
The non-intervention region D in (5.2.5) therefore becomes
o oY 0y
D= (1 1— - .
{(s,ml,xg) €S;—( +>\)8x1 +(“)x2 < 0 and ( ,u)ax1 Oy <O}
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Conditions (i), (vi) become, respectively,

2
A (z1,22) + 67 <0 for all ¢ >0

Y

ASip(z1, 22) + y =0 onD.

Using these integro-variational inequalities together with the remaining con-
ditions of Theorem 5.2 it is possible to prove the following about the optimal
consumption rate ¢*(¢) and the optimal portfolio £*(¢):

Theorem 5.4. [FOS2]. Suppose

5> i~ Loy (1 =) — ] + / {1+ 2y — 1}w(d2)
21

where
v =v((—1,00)) < o00.
Then 96
e =(2)

and there exist él,ég € [O, g] with 91 < ég such that
D= {re”;6, < 0 < 65} (i=+-1)

is the non-intervention region and the optimal intervention strategy (portfolio)
&*(t) is the local time of the process (X1(t), Xa(t)) reflected back into D in
the direction parallel to MS at 8 = 61 and in the direction parallel to 028 at
0 = 05. See Figure 5.2.

For proofs and more details we refer to [F?S2].

Remark 5.5. For other applications of singular control theory of jump diffu-
sions see [Ma].

5.4 Exercises

Exercise* 5.1 (Optimal dividend policy under proportional transac-
tion costs).

Suppose the cash flow X (t) = X () of a firm at time ¢ is given by (with
a, 0,3, A > 0 constants)

dX(t) = adt + ocdB(t) + 5/zﬁ(dt,dz) —(1+NdEE) ;. X0 )=2>0,
R
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21+ (1 —pwz2 =0 .

T (L= 1) g = ay =0 ;

0 =0,
(Sell region)
028
(:1:17 :CQ)
4
sale, \ D=
! y \ \\_\ non-intervention region
i \ \
jump I. 3\ ., : 9= él
:\"-. (1‘171.2) ! jump
gy ' ~
\ (IL’I CL’I ) —
\\ . | 1y P2) e 1
'\\\\ ; g Purchage ¥ (1"17:52)
y d -__\(14')\) o + ov :O(Bu region)
— oz dx2 yreg N
> T
015

1+ 1+ N)z2=0

¢ = purchase amount, m = sale amount (at transaction)
1 =z1 — (1 + A€+ (1 — p)m (new value of z; after transaction)
TH =z +L€—m (new value of x4 after transaction)

Fig. 5.2. The optimal portfolio £ (¢).

where £(t) is an increasing, adapted cadlag process representing the total
dividend taken out up to time ¢ (our control process). Let

7s = inf{t > 0; X (t) < 0}

be the time of bankruptcy of the firm and let

Ts
J(s,x) = E5* {/e*"(”t)dﬁ(t) , p >0 constant,
0

be the expected total discounted amount taken out up to bankruptcy time.
Find &(s,z) and a dividend policy £* such that

&(s,x) =sup JE (s,2) = J& (s,2) .
¢

Exercise* 5.2. Let @(s, x1, 22) be the value function of the optimal consump-
tion problem (5.1.2) with proportional transaction costs and let @¢(s, 1, x2) =
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Ke™%(z1+x2)7 be the corresponding value function when there are no trans-
action costs, i.e. u = A = 0) (Example 3.2). Use Theorem 5.2a) to prove that

B(s,x1,20) < Ke %%(z1 + 22)7.

Exercise 5.3 (Optimal harvesting).
Suppose the size X (t) at time ¢ of a certain fish population is modeled by
a geometric Lévy process, i.e.

dX(t) =dX©(t) = X(t7) {udt—l—/zﬁ(dt,dz)} —det); >0
R
X07)=z>0

where 1 > 0 is a constant, z > —1 a.s. v(dz) and £(¢) is an increasing adapted
process giving the amount harvested from the population from time 0 up to
time ¢. We assume that £(t) is right-continuous. Consider the optimal harvest-
ing problem
&(s,x) = sup JE (s, z),
&

where .
JE (s, 2) = E>® {/ He_p(Sth)dﬁ(t)] ,
0

with 6 > 0, p > 0 constants and
7s =inf{t > 0; X®©(t) <0} (extinction time).

If we interpret 6 as the price per unit harvested, then J (5)(s,m) represents

the expected total discounted value of the harvested amount up to extinction

time.

a) Write down the integro-variational inequalities (i), (ii), (vi), and (ix) of
Theorem 5.2 in this case, with the state process

Y(t) = [}J{tﬂ 10, Y(0)=y— [fc] € R* x R*.

b) Suppose p < p.
Show that in this case it is optimal to harvest all the population immedi-
ately, i.e. it is optimal to choose the harvesting strategy £ defined by

)=z forallt >0

(sometimes called the “take the money and run”- strategy).
This gives the value function

D(s,x) = e P

¢) Suppose p > p.
Show that in this case ¢(s, z) = co.
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Impulse Control of Jump Diffusions

6.1 A general formulation and a verification theorem

Suppose that — if there are no interventions — the state Y (t) € R of the
system we consider is a jump diffusion of the form

4y () :b(Y(t))dt—i—a(Y(t))dB(t)+/7(Y(t‘),z)N(dt,dz) (6.1.1)

Rk

where b : RF — RF, g : R¥ — RF*™ and ~ : R¥ x RF — R**¢ are given func-
tions satisfying the conditions for the existence and uniqueness of a solution
Y (t) (see Theorem 1.19).

The generator A of Y (¢) is

19 NS (T
A0(y) = D i) g 2 D (00 )W 5

i=1 i,j=1

4
+> / {0y +79(y,2))) — b(y) = Vo(y) - v (y, 2) }v;(dz) -

j=1 R

Now suppose that at any time ¢t and any state y we are free to intervene
and give the system an impulse ( € Z C RP, where Z is a given set (the
set of admissible impulse values). Suppose the result of giving the impulse ¢
when the state is y is that the state jumps immediately from y = Y (¢7) to
Y (t) = I'(y,¢) € R* where I : R* x Z — RF is a given function.

An impulse control for this system is a double (possibly finite) sequence

v = (7-177-27"'7Tj7'";Cl7c27"'7gj7"~)j§M N M S (0.¢]
where 71 < 7 < --- are Fi-stopping times (the intervention times) and
C1,C2, ... are the corresponding impulses at these times. We assume that (;

is F;,-measurable for all j.
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If v=(m,72,...;(1,(2...) is an impulse control, the corresponding state
process Y () (t) is defined by

Y@ =Y(#);  0<t<m (6.1.2)
YO () =YW (7)) + AnY(7)),¢) s G=1,2,... (6.1.3)
dY W (1) = b(Y W (8))dt + o (Y V) (t))dB(t)

+ / (YO (1), 2)N(dt,dz)  for 73 <t <71jyi AT* (6.1.4)
R

where, as in (5.2.2), AyY(t) is the jump of Y stemming from the jump of the
random measure N (¢, -) only and

™ =1 (w) = (inf{t > 0;|]Y")(t)] > R}) < o0 (6.1.5)

lim
R—oo
is the explosion time of Y(*)(t).

Note that here we must distinguish between the (possible) jump of Y (*)(7;)
stemming from N, denoted by AxY(7;) and the jump caused by the inter-
vention v, given by

AY (13) = T(Y(1}),0) =Y (7} ), (6.1.6)

where 3
Y(Tj_) = Y(Tj_) + ANY (75) . (6.1.7)

Let S C R” be a fixed open set (the solvency region). Define
7s = inf{t € (0,7*); Y (t) ¢ S} . (6.1.8)

Suppose we are given a profit function f : & — R and a bequest function
g : R¥ — R. Moreover, suppose the profit/utility of making an intervention
with impulse ¢ € Z when the state is y is K(y,(), where K : Sx Z - Ris a
given function.

We assume we are given a set V of admissible impulse controls which is
included in the set of v = (7, 72,...;(1,(2,...) such that a unique solution
Y®) of (6.1.2)-(6.1.4) exists and

" =00 as (6.1.9)
and

lim 7, =75 as. (if M < oo we assume T); = Ts a.s.) (6.1.10)

J— 00

We also assume that

TS
Ey[/f—(w)(t))dt oo forall yeRE, veV (6.1.11)
0
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and
Elg™(Y"(75))X(rg<o0}] <00 forall ye RF, veV (6.1.12)
and
[ ST K (YW, gj)} forall yeRE, veV.  (6.1.13)
7;<Ts

Now define the performance criterion

T ) = B / FOY OOt (Y (75) Xrg cony + Y2 KF (), 6)].

T;<Ts
The impulse control problem is the following:
Find @(y) and v* € V such that
B(y) = sup{J ) (y)iv e V} = T (y) . (6.1.14)

The following concept is crucial:

Definition 6.1. Let ‘H be the space of all measurable functions h : S — R.
The intervention operator M : H — H is defined by

Mh(y) = sup{h(I'(y,Q)) + K(y,(Q); (€ £ and I'(y,¢() €S}. (6.1.15)
As in Chapter 2 we put
T = {7; 7 stopping time, 0 < 7 < 75 a.s.}.

We can now state the main result of this chapter, a verification theorem for
impulse control problems:

Theorem 6.2 (Quasi-integrovariational inequalities for impulse con-
trol). B
a) Suppose we can find ¢ : S — R such that

(i) o € CHS)NC(S),
(ii)p > Mo on S.
Define
D={yeS8;¢(y) > Mo(y)} (the continuation region).

Assume

111Ey /XaD )Ndt| =0 forallyeS,veV,

(iv) D is a Lipschitz surface,
(v) ¢ € C?(S\ OD) with locally bounded derivatives near 8D,
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(vi)Ap+ f <0 on S\ ID,
(vii) (Y (t)) — 9(Y(75)) - Xfrg<oo} a5t — Tg a.s., forally € S,veV,
(viil) {¢= (Y (7));7 € T} is uniformly integrable, for ally € S, v €V,

TS

(i) B2 [Jo( ()] + / {146(r ()] + o7 (Y () V(¥ (1)

0
By J160r®) 420 (0),23)) = 6V ) Pos(az) ] < o
J=1
for GHR’T eT,veV, yes.
Then
oy) >Py)  forallyeS. (6.1.16)

b) Suppose in addition that

(x)Ap+ f=01inD,

(xi) ((y) € Argmax{o(I'(y,)) + K(y,-)} € Z exists for ally € S and ((-) is
a Borel measurable selection.
Put 79 = 0 and define © = (71,72, ...;C1,Ca, . ..) inductively by
Fjr = nf{t > 7 Y0 (t) ¢ DY A7s and Gpa = (V) (77,))
if Tj+1 < 7s, where Y (%) s the result of applying
’[Jj = (721,...,72j;cl7...,Cj) toY.
Suppose

(xil) 5 € V and {¢(Y O (1));7 € T} is uniformly integrable.
Then

o(y) = P(y) and 0 is an optimal impulse control . (6.1.17)

SKETCH OF PROOF. a) By Theorem 2.1 and (iii)~(v), we may assume
that ¢ € C?(S) N C(S). Choose v=(71,72,...;(1,C2,...) €V and set 79 = 0.
By another approximation argument we may assume that we can apply the
Dynkin formula to the stopping times 7;. Then for j = 0,1,2,..., with ¥ =
y®),
Tit1

EY(o(Y ()] - EYo(Y (7)) =~ [ Asvo)ae], (o019
where Y (7 Tit1) = Y(7;51) + ANY(7j41), as before. Summing this from j = 0
to j = m we get

(y)+ Z EYo(Y (1)) = o(Y (7)) = EY[6(Y (75,41))]

:_Ey /A¢ dt >Ey /f } (6.1.19)
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Now

SMY(Y(r;)) = K(Y(r;),¢;)  if 75 <7s by (6.1.15)
and

$(Y (1)) = (Y (7;)) if 7 =7s by (vi).

Therefore
MY (7)) = o(Y (7)) = (Y (15)) = ¢(Y (1;) + K (Y (757),¢5)

and

Sy)+ Y EY MY (7)) = (Y (17 )} - Xpry<rsy]

> B[ [ R+ o7 () + 3K (5,6)]
0 J=1
Letting m — M we get
s M 5
00) 2 B[ [ 1Y)t + 9V () Xiracomy + 3 KT (7).6)] = 100
0 J=1

(6.1.20)
Hence ¢(y) > &(y).

b) Next assume (x)—(xii) also hold. Apply the above argument to o =
(1,72, .-;C1,C2, - -.). Then by (x) we get equality in (6.1.19) and by our choice
of {; = ¢; we have equality in (6.1.20). Hence

oy) =TV (y) ,
which combined with a) completes the proof.

Remark 6.3. In the case of a pure diffusion process, the same verification
theorem holds ; just skip condition (ix).
6.2 Examples

Example 6.4 (Optimal stream of dividends under transaction costs).
This example is an extension to the jump diffusion case of a problem studied
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in [J-PS]. Suppose that if we make no interventions the amount X (¢) available

(cash flow) is given by

dX (t) = pdt + odB(t) + a/zﬁ(dt, dz); X(0)=z>0 (6.2.1)
R

where p,0 > 0, § > 0 are constants. Suppose that at any time ¢t we are free
to take out an amount ¢ > 0 from X (¢) by applying the transaction cost

E(C) =c+ AC (6.2.2)

where ¢ > 0, A > 0 are constants. The constant c is called the fized part and
the quantity A is called the proportional part, respectively, of the transaction
cost. The resulting cash flow X (*)(t) is given by

X)) =Xx@t) if 0<t<m, (6.2.3)
DXY(r7) + AnX(75),¢) = X)) = (14 A)G — ¢ (6.24)

ot
[
=

—~

.

=)
Il

and

dXW(t) = pdt + 0dB(t) +9/zﬁ(dt,dz) if 7 <t<Tiii. (6.2.5)
R

Put
s = inf{t > 0; XV)(¢) < 0} (time of bankruptcy) (6.2.6)
and
T (s, z) = Ex{ 3 e*ﬂ<8+ﬂ'>gj} (6.2.7)
T;<TS

where p > 0 is constant (the discounting exponent).
We seek @(s,z) and v* = (17,75,...;(, (5, ...) €V such that

®(s,2) = sup J (s, 2) = T (s,2) (6.2.8)
veV

where V is the set of impulse controls s.t. X(”)(t) >0 for all t < 75. This is a
problem of the type (6.1.14), with

YO (1) = {;(;ﬁ(’;)] ct>0 Y@= ﬁ =y

Py, ¢) = I(s,,¢) = [x_c_(H
K(y,C):K(S7QL‘7C):e_pSC’ f=g=0

and
S={(s,z);x >0} .
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As a candidate for the value function @ we try
o(s,x) = e PY(x) . (6.2.9)

Then
Mip(@) = sup {ta— e = (1+ N +¢: 0<C < 15 |-

We now guess that the continuation region has the form
D ={(s,2);0 <z < 2"} for some z* > 0. (6.2.10)
Then (x) of Theorem 6.2 gives

—p(x) + p () + 0" (x) + /{1/}(33 +02) — () — ¢ (2)0z}v(dz) = 0.

R

To solve this equation we try a function of the form
Y(z) =€

for some constant r € R. Then r must solve the equation

h(r) == —p+ pr + So?r® + /{erez —1—-7r0z}v(dz)=0. (6.2.11)
R
Since h(0) = —p < 0 and ‘ llim h(r) = oo, we see that there exist two solutions

r1,72 of h(r) = 0 such that
ro <0< ry.

™z _ 1 —rfz > 0 for all r, z we have

Moreover, since e
"1”2| >1ry.
With such a choice of r1, 7y we try

P(x) = Are™ 4 Aze™"; A; constants.

Since
¥(0)=0 wehave A;+A;=0

so we write A1 = A= —A45 >0 and
Y(x) = A" —e™") O<z<a®.

Define
Yo(z) = A" —€"2") for all > 0. (6.2.12)
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To study M1 we first consider

9(€) :==vYo(x —c— (1 4+ X)) +(; ¢>0.

The first order condition for a maximum point ¢ = ¢ (z) for g(¢) is that

» 1
volz—e— (14N = -
Now

Po(z) >0 for all 2 and

V) <0  iff z<di= %

T1—T2

In|re|—Inry)

Therefore the equation ¥ (z) = li , has exactly two solutions v =z, x = =

where
I<zr<z<=x

(provided that ¥ (Z) < 1i/\ < 4(0)). See Figure 6.1.

Y

Fig. 6.1. The function g (z)

Choose
¥=z andput T==x.

If we require that ¢ (x) = M1y (z) for z > z* we get

where

(6.2.13)

(6.2.14)
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Hence we propose that v has the form

Po(z) = A(e™* —e™™) ;. 0<a<a*
= P 6.2.15
P(x) {1/}0(53) i 2>t ( )

Now choose A such that v is continuous at x = x*. This gives

1 ~

A=(1+N""1 [e”w* — e _ e e (@t -2 —c). (6.2.16)

By our choice of * we then have that ¢ is also differentiable at x = x*.

We can now check that, with these values of 2*,% and A, our choice of
@(s,x) = e P*yp(x) satisfies all the requirements of Theorem 6.2, provided that
some conditions on the parameters are satisfied. We leave this verification to
the reader.

Thus the solution of the impulse control problem (6.2.8) can be described
as follows: As long as X (t) < 2* we do nothing. If X (¢) reaches the value x*
or jumps above this value, then immediately we make an intervention to bring
X (t) down to the value &. See Figure 6.2.

Fig. 6.2. The optimal impulse control of Example 6.4

Example 6.5. As another illustration of how to apply Theorem 6.2 we con-
sider the following example, which is a jump diffusion version of the example
in [#2] studied in connection with questions involving vanishing fixed costs.
Variations of this problem have been studied by many authors. See e.g. [HST],
[J], [IMQ], [@S], [@UZ] and [V]. One possible economic interpretation is that
the given process represents the exchange rate of a given currency and the
impulses represent the interventions taken in order to keep the exchange rate
in a given “target zone”. See e.g. [J] and [MQ].



90 6 Impulse Control of Jump Diffusions
Suppose that without interventions the system has the form
_|stt 2. o —
Y(t) = {X(t)] eER*; Y(0)=y=(s,2) (6.2.17)

¢
where X (t) = « + B(t) + / / zN(ds,dz) and B(0) = 0. Suppose that we
o JR

are only allowed to give the system impulses ¢ with values in Z := (0, 00) and

that if we apply an impulse control v = (71, 72,... ; (1,(2,...) to Y (t) it gets
the form
+t s+t
YO (t) = B } - { } : 6.2.18
0= x5 o] = |4y (6219
Suppose that the cost rate f(t, &) if X(¥)(t) = ¢ at time ¢ is given by
f(t,&) = e rig? (6.2.19)

where p > 0 is constant. In an effort to reduce the cost one can apply the
impulse control v in order to reduce the value of X (”)(t). However, suppose
the cost of an intervention of size { > 0 at time ¢ is

K(t,6,¢) = K(¢() =c+A(, (6.2.20)
where ¢ > 0, A > 0 are constants. Then the expected total discounted cost

associated to a given impulse control is

00 N
IO s,) = B | [ e OO0+ Y e e AG)

0 k=1
(6.2.21)
We seek @(s,z) and v* = (17, 75,... ; (7,5, ...) such that
B(s,z) = inf JV) (s, 2) = J@) (s, ). (6.2.22)

This is an impulse control problem of the type described above, except
that it is a minimum problem rather than a maximum problem. Theorem 6.2
still applies, with the corresponding changes.

Note that it is not optimal to move X (¢) downwards if X (¢) is already
below 0. Hence we may restrict ourselves to consider impulse controls v =
(7'1,7'2, ey Cl, CQ, .. ) such that

Tk
> ¢ < X(m) for all k. (6.2.23)
j=1

We let V denote the set of such impulse controls.
We guess that the optimal strategy is to wait until the level of X () reaches
an (unknown) value z* > 0. At this time, 71, we intervene and give X (t) an
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impulse (7, which brings it down to a lower value £ > 0. Then we do nothing
until the next time, 72, that X (¢) reaches the level z* etc. This suggests that
the continuation region D in Theorem 6.2 has the form

D={(s,z); x <z*}. (6.2.24)
See Figure 6.3.

Let us try a value function ¢ of the form

o(s,z) = e Y(x) (6.2.25)

where 1 remains to be determined.

T1 T2

Fig. 6.3. The optimal impulse control of Example 6.5

Condition (x) of Theorem 6.2 gives that for + < z* we should have
Ap-+ = e (=pula) + {0 (@) + [ {0l +2) = vla) = 0/ @)}od2)
+e % = 0.

So for z < x* we let ¢ be a solution h(z) of the equation

/R{h(x +2) — h(z) — 2k (z)}v(dz) + ;h”(x) — ph(z) + 2% =0. (6.2.26)



92 6 Impulse Control of Jump Diffusions
We see that any function h(x) of the form

1+ [ 2%v(dz)

e (6.2.27)

1
h(z) = Cre™” + Cae™" + pr +

where C4, Cy are arbitrary constants, is a solution of (6.2.26), provided that
r1 > 0,79 < 0 are roots of the equation

K(r):= /R{e” —1—rz}luv(dz) + ;72 —p=0.

Note that if we make no interventions at all, then the cost is
JW) (s,2) = e P E® [ / ept(X(t)th}
0
—ps * —pt(,.2 —ps 1 2 b
=e " e P (x* +th)dt = e * L (6.2.28)
0 p P
where b =1+ [, 2%v(dz). Hence we must have

1
0 <(x) < pr + pb2 for all . (6.2.29)

Comparing this with (6.2.27) we see that we must have Co = 0. Hence
C1 < 0. So we put

1 b
Y(x) = o(x) == 2 + 2 ae™® for x < z* (6.2.30)
p
where a = —C; remains to be determined.

We guess that a > 0.

To determine a we first find 1 for > 2* and then require 3 to be C! at
r =2x*.
By (ii) and (6.2.24) we know that for = > z* we have

() = My(z) == inf{ep(z — ¢) +c+ A ; ¢ > 0. (6.2.31)
The first order condition for a minimum ¢ = (z) of the function
G =v@—C+c+Al; (>0
is ~
P —¢) =\

Suppose there is a unique point & € (0, z*) such that

V(&) = A (6.2.32)
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Then

T=x—((z)ie ((x)=2—3%
and from (6.2.31) we deduce that
Y(x) = Yo(2) + ¢+ Mz — #) for x > z*.
In particular,
P(z") = A (6.2.33)

and
(@) =o(Z) + c+ Ma™ — ). (6.2.34)

To summarize we put

1,.2 b T *
V() = {px + o —ae T forx <w (6.2.35)

Yo(2) + ¢+ ANz — z) for z > z*
where Z,2* and a are determined by (6.2.32), (6.2.33) and (6.2.34), i.e.
2

arie"® = p:e ) (e Y/ ()= )N (6.2.36)
are"® = i:ﬁ* - A (i.e. ' (%) = A) (6.2.37)
ae™® — gem? = ;((x*ﬁ — (@)} —c— Nz* — 7). (6.2.38)

One can now prove (see [2], Theorem 2.5) :

For each ¢ > 0 there exists a = a*(¢) > 0, & = &(¢) > 0 and z* =
x2*(¢) > & such that (6.2.36)-(6.2.38) hold. With this choice of a, &, x*, the
function ¢(s, z) = e~ 5 (x) with ¢ given by (6.2.35) coincides with the value
function @ defined in (6.2.22). Moreover, the optimal impulse control v* =
(rfy73,...; C¢F,¢5,...) is to do nothing while X (¢) < z*, then move X (¥)
from z* down to & (i.e., apply (§ = z* — &) at the first time 73" when X (t)
reaches a value > x*, then wait until the next time, 75, X (¢) again reaches
the value z* etc.

Remark 6.6. In [2] this result is used to study how the value function
&(s,x) = P(s,x) depends on the fixed part ¢ > 0 of the intervention cost. It
is proved that the function

c— D.(s,1)

is continuous but not differentiable at ¢ = 0. In fact, we have
0
Jdc

Subsequently this high c-sensitivity of the value function for ¢ close to 0
was proved for other processes as well. See [QUZ].

. (s,2) —o0asc— 0F.

Remark 6.7. For applications of impulse control theory in inventory control
see e.g. [S], [S2] and the references therein.
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6.3 Exercices

Exercise* 6.1. Solve the impulse control problem

®(s,z) = inf J(s,2) = T (s, 2)

where
0o N
IO s,0) = E | [ e 0O @) e Y e o e NG
0 k=1
The inf is taken over all impulse controls v = (71, 72,... ; (1,2,...) with

¢; € R and the corresponding process X (") (t) is given by
t
X () =z + B(t) +/ / zN(ds,dz) + Z Chs
0o Jr et

where B(0) =0, z € R, and we assume that the corresponding Lévy measure
v is symmetric, i.e. v(G) = v(—Q) for all G C R\{0}.

Exercise* 6.2 (Optimal stream of dividends with transaction costs
from a geometric Lévy process).
For v = (11, 72,... ; (1,(a,...) with §; € R define X () (t) by

dX@ () = puXO(t)dt + o X (t)dB(t)
+9X(v)(f)/ zN(ds,dz) ; i <t < Tisa

- R
X(v)(TH_l) = X(v)(Tijrl) - (1 +)‘)Ci+1 — C} 1= O, 1,2, ‘e
X®07) =2>0

where p,0 #0, 0, A > 0 and ¢ > 0 are constants (see (6.1.7)), 0z > —1 a.s. v.
Find @ and v* such that

&(s,x) = sup J (s, ) = JV) (s, 2).
Here

JW (s,2) = E*

Z ep(s+m)ck1 (p > 0 constant)

TEr<TS

is the expected discounted total dividend up to time 75, where
7s = 7s(w) = inf{t > 0; X (t) <0}

is the time of bankruptcy. (See also Exercise 7.2).
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Exercise* 6.3 (Optimal forest management (inspired by Y. Willassen

[W])).

Suppose the biomass of a forest at time ¢ is given by

X(t) =+ pt +oB(t) + 9/31\7(15, dz) ,
where p > 0, 0 > 0, 8 > 0 are constants. At times 0 < 71 < 75 < --- Wwe
decide to cut down the forest and replant it, with the cost
c+AX(r,), with X(r,)=X(r,)+AnvX(7s),

where ¢ > 0, A € [0,1) are constants and AxX (¢) is the (possible) jump in X
at t coming from the jump in N(¢,-) only, not from the intervention.

Find the sequence of stopping times v = (71,72, . ..) which maximizes the
expected total discounted net profit J()(s,z) given by

JW) (s, x) E“{Ze_p s+Tk) (1) —c—= AX(10)],

where p > 0 is a given discounting exponent.



7

Approximating Impulse Control of Diffusions
by Iterated Optimal Stopping

7.1 Iterative scheme

In general it is not possible to reduce impulse control to optimal stopping, be-
cause the choice of the first intervention time 7, and the first impulse (; will
influence the next and so on. However, if we allow only (up to) a fixed finite
number n of interventions, then the corresponding impulse control problem
can be solved by solving iteratively n optimal stopping problems. Moreover, if
we restrict the number of interventions to (at most) n in a given impulse con-
trol problem, then the value function of this restricted problem will converge
to the value function of the original problem as n — oo. Thus it is possible
to reduce a given impulse control problem to a sequence of iterated optimal
stopping problems. This is useful both for theoretical purposes and numerical
applications.

‘We now make this more precise:
Using the notation of Chapter 6 consider the impulse control problem
B(y) = sup{J " (y) ; vEVI =T (y) s ye S (7.1.1)
where, with 75 = T‘(S”) =inf{t > 0; YV (t) ¢ S},

T (y)

_ g /0 T ROt + 9V (r5)xgrecoy + 3 KFO (), )

T <TS

(7.1.2)

Here V denotes the set of admissible controls v = (71, 72,... ; (1,(2,...).
See (6.1.9)—(6.1.13).
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For n = 1,2,... let V, denote the set of all v € V such that v =
(71,725« oy Ty Tt 15 C1,C2y -+, Cn) With 7,41 = 7s a.s. In other words, V,
is the set of all admissible controls with at most n interventions. Then

Vi CVpy1 CV for all n . (7.1.3)

Define
@, (y) =sup{JV(y); veV};n=12.... (7.1.4)

Then @,,(y) < @,+1(y) < &(y) because V,, C V11 C V. Moreover, we have

Lemma 7.1. Suppose g > 0. Then

lim &, (y) = ®(y) for ally € S.

n—oo

Proof. We have already seen that

lim &, (y) < d(y).

n—oo

To get the opposite inequality let us first assume @(y) < oo. Then for each

€ > 0 there exists v = (71, 72,... ; (1,(2,...) € V such that

)

0@ = | [T 1o+ o O oy
(7.1.5)
+ > KYW(),¢)| = oy) —e
TJ<Tév)

For n = 1,2,... define v, = (71,72, -, Tn,Ts ; C1,C2y--.,Cn), €. vy, is Ob-
tained by truncating the v sequence after n steps. Then

Y (t) = YO () for all t < 7,. (7.1.6)

Since 7; — 75 a.s. when j — oo, we get by assumptions (6.1.11) and
(6.1.12) that there exists n such that

(v) (vn)

B /TS £ (1)de + /TS f‘(Y(”")(t))dt] <e (7.1.7)

n Tn

and

EY| > K- (YW(r),¢)| <e (7.1.8)

Moreover, by (7.1.6) we have
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< liminf x (7.1.9)

X7 <o0) = R Xirfm) oo}

Combining (7.1.6)-(7.1.9) we get

(vn)

[ e

B [y (28 x| + B SR (),¢)
Jj=1

> J®) (y) — 2¢ + lim inf BY[g(Y ") (7))

n—oo

lim inf J ") (y) = lim inf {Ey

n—oo n—oo

Xrgm) <oo)
— 9V TN 0 o]
> J® (y) — 2 + EY hnn_l,gf(g(y(vn)(ﬁ(svn))) _ g(Y( )( (v )))X{T(v")<oo}:|
= JW(y) — 2.
Hence by (7.1.5) lim inf &, (y) > lim inf J@) () > d(y) — 3e.

Since € > 0 was arbitrary this proves Lemma 7.1 in the case when ®(y) <
oo. If &(y) = oo the proof is similar, except that now we use that for each
M < oo there exists v € V such that J(*)(y) > M. Choosing v, as before
and using (7.1.6)-(7.1.9) with & = 1 we get J¥»)(y) > M — 2. Since M was
arbitrary this shows that

lim &,(y) > lim J(””)(y) = 00.

n—oo n—oo

Let

Mh(y) = ggg{h(F(y,C)) +K(y.Q)}; heH, yeR” (7.1.10)

be the intervention operator (Definition 6.1). The iterative procedure is the
following :

Let Y (t) = Y(©(¢) be the process (6.1.1) without interventions. Define

_ B [ | o + gt s>>x{m<oo}] (7.111)
and inductively, for j =1,2,...,n,
;(y) = sugEy [/ fFY(@)dt + Me;_1(Y (T)):l , (7.1.12)
TE

where, as before 7 denotes the set of stopping times 7 < 75, with

s =inf{t >0; Y(¢) £ S}.
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Let P(R*) denote the set of functions h : R¥ — R of at most polynomial
growth , i.e. with the property that there exists constants C' and m (depending
on h) such that

|h(y)] < C(1 + [y|™) for all y € R, (7.1.13)

The main result of this chapter is the following :

Theorem 7.2. Suppose
frg and My, € P(R®) for j=1,2,...,n. (7.1.14)

Then
on =Py

To prove this we need a dynamic programming principle (or Bellman prin-
ciple). This principle is due to Krylov ([K], Theorem 9 and Theorem 11, p.
134) when there is no jumps. The proof of the dynamic programming principle
for jump processes can be found in Ishikawa ([Ish], Section 4).

Lemma 7.3. Suppose G € P(R¥). Define

TeT

W(y) = sup BY U FV(8))ds + G(Y ())]. (7.1.15)

a) Then for all stopping times 3 we have

Y(y) = sup £Y
T€T

TAB
/0 FY(#))dt + G(Y(7))x¢r<py + ¢(Y(5))X{T>ﬁ}] :
(7.116)

b) For e > 0 define
DY ={yesS;y(y) > Gly) +e}

and put
& =inf{t >0; Y(t) ¢ DO}

Then if B is a stopping time such that < () for some € > 0 we have

— EY

/f )t + (Y (8)) (7.1.17)

Corollary 7.4. a) For each given T € T the process
tAT
U = [ F(V(s)ds+ (Y (EAT)) 5 ¢ >0

0

s a supermartingale. In particular, if 1 < 10 < Ts are stopping times then

By ()= 27| [ s + o ()
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b) Fore > 0 let 7%) be as in Lemma 7.3a) and let B; < Bo < 7() be stopping
times. Then

B2
; FY(@)dt + (Y (52)) | -

EY[Y(Y(61))] = EY

Proof of Corollary 7.4.
a) Define
R(t) = (Y(tAT),/ f(Y(r))dr) € RFH1
0

and put
H(y,u) =¢(y) +u; (y,u) € R* x R.

Then if t > s we have by the Markov property
EY[U(t)|F] = EY[H(R(t))|F,] = EFO[H(R(t - 5))].
Then by (7.1.16) applied to 8 = (t — s) A7 and (y,u) = R(s)

EFO[H(R(t — 5))] = EY

(t—s)AT
YY((t—8)AT))+u+ /0 f(Y(r))dr]

8
= B (Y (8) +u+ / O (r))dr

<wu+ sup BY
T>B

<u+Y(y)
— H(R(s)) = U(s).

TAB
/0 FY (1) dr +w<¥<m5>>]

Hence EY[U(t)|Fs] > U(s) for all ¢ > s. This proves that U(t) is a su-
permartingale. The second statement follows from Doob’s optional sampling
theorem.

b) By Lemma 7.3b) we have

B
fFY(8))dt + (Y (61))

0

Y(y) = EY

B2
: fY (@)t + (Y (52)) — (Y (Br))

+EY

B2
; FY(@)dt + (Y (62)) — (Y (1))

=¥(y) + EY

)

from which b) follows.
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Proof of Theorem 7.2.

Choose v, = (11,72, Tn ; (1,C2,...,C) with 7, < 75 and set 7,41 = 7s.
Let Y (t) = Y(¥»)(¢). Then by Corollary 7.4a) we have

Bl (V@ 2 B | [ J0 @)+ e (V)| (L9

J

Choosing 7 = 0 in (7.1.12) we obtain that

Gnj > Mpn_j_1ifn—j>1. (7.1.19)
Moreover, from the definition of M it follows that
Men_i (Y (7551)) = en—ja1 (Y (1551)) + K(Y (1), G1). - (7.1.20)
Combining (7.1.18)-(7.1.20) we get
EYpn—i(Y(75))]

[ O+ s (Y () + KT (70, Cj“))]

J

> BV

(7.1.21)

for j = 0,1,...,n — 1, where we have put 79 = 0. Summing (7.1.21) from
j=0toj=n—1we get

ZE%M (1)) = Pn—j1 (Y (1541))]

> EY

/0 TR+ S KTV, g)}
j=1

or

Ey[<pn(Y(0)) - SOO(Y(TH))} > EY

/Om FY (@)t + ) K(Y (7)), Cj):| :
j=1

(7.1.22)
Now
EY0n(Y(0))] = ¢n(y) (7.1.23)

and by the strong Markov property

Bln(Y ()] = B |70 [/ POV O)dt + 90V (75) oo |

_ v U FY(0)dt + g(Y (7 ))X{‘rs<oo}:|'
(7.1.24)
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Combining (7.1.22)-(7.1.24) we obtain

) > BY / SVt + (Y (7)) X prs <o) + 3KV (1), 65)

j=1
= Jw )(y .
(7.1.25)

Since v € V,, was arbitrary we conclude that
on(y) = Pn(y). (7.1.26)

To get the opposite inequality choose € > 0 and define an increasing sequence
of stopping times 0 =7y < 71 < -+ < 7, as follows :

For j =1,2,...,nlet
DY ={y; ¢i(y) > M;a(y) +<}. (7.1.27)

Define
f1=inf{t >0; YO(t) ¢ DO}, (7.1.28)

where Y0 (t) = Y (t) is the process without interventions. Then choose G =
G (Y(#])), where (1 = (1(y) € Z is e-optimal for ¢,,_1, in the sense that

Men_1(y) < on1(I(y, &) + K(y, 1) +&. (7.1.29)

Inductively, if 0 = 7y,...,7; ; él, cee fj have been chosen, where j < n—1,

we let Y9)(¢) be the process obtained by applying 05 = (T1,..., 75 ; Ciyo,s C})
to Y (t). Define

#j1 = inf{t > 7 ; YO (1) ¢ D ) (7.1.30)

and choose (j11(Y (715,)), where (jy1 = (jy1(y) € Z is e-optimal for ¢, 1,
in the sense that

Mpn_j—1(y) < on—j—1(L'(y,(is1)) + K(y, (1) + €. (7.1.31)

Finally put 7,41 = 7s and define

o= (F1,.-Fn; C1yerryCn) € V.

Now apply the argument (7.1.18)—(7.1.25) to o :

By Corollary 7.4 b) we have

EY[pn—;(Y(75))] = EY

/w FY @)t +on;(Y(7,1)| . (7.1.32)

J
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Since Y ( Tiv1) € Df)j we deduce that

(Y (7731)) € Mpn—j1(Y(75;1)) +¢ (7.1.33)
and by (7.1.31), we get, with Y = Y(©)
Men_j1(Y(3731)) < onejm1 (Y (Fi1)) + K(V (773,),¢) +e. (T.1.34)
Combining (7.1.32)-(7.1.34) we obtain

EYpn—i(Y(7))]

Ti+1 B .
< EY / FY@)dt + on—j—1(Y(Fj41)) + K(Y (7,51, Cj+1)1 + 2e.
(7.1.35)
Now sum (7.1.35) from j =0 to j = n — 1. The result is
)< EY / FY(@)dt + wo(Y(7n) +ZK G)| + 2ne.

Therefore by (7.1.24),

on(y) <EY [/0
= J¢ )(

) (y) + 2ne.

)
FY0)dt + g(Y (75))Xrs<o0) + ) KV (7). 4) | + 2ne

j=1

Since € was arbitrary we deduce that
aly) < sup{J(y) ; v € Va} = Puly).
Combined with (7.1.26) this proves Theorem 7.2.

Remark 7.5. Note that the proof of Theorem 7.2 actually also gives a 2ne-
optimal impulse control ¢ = (71,...,74 ; C1,-..,Cn) : It is defined inductively
by (7.1.27)-(7.1.31).

In particular, if it is possible to choose Cj = (; to be optimal (i.e. (7.1.31)
holds with € = 0), then v* = (71,...,7 ; (,...,¢;) will be an optimal
impulse control for @,, given by the following procedure :

For j=1,2,,...,nlet

Dj={y; ¢;iy) > Mpj-1(y)}- (7.1.36)
Define
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71 =inf{t >0; y© ( Y€ Dy} (7.1.37)
and R B
G =G O) (7.1.38)
where (; = (1 (y) is a Borel measurable function such that
Men_1(y) = pn1(L(y, (1) + K(y,C1) ; y € S. (7.1.39)

Then if (71,...,7; 61, e é]) is defined, put
Fip1 =inf{t > 7 ; YU (t) € D,_;} (7.1.40)
and A
(1 =Gr(YD(F 7i1)) (7.1.41)
where (;+1 = (j+1(y) is a Borel measurable function such that
Men—(41)(Y) = Pn—i+1) (L@, G41)) + K, 1) s y €S, j+1 <.

(7.1.42)
As before Y9 (t) denotes the result of applying the impulse control v =

(’7A'1,...,’7A'j; 61,...7@‘) toY.

Corollary 7.6. Assume that g > 0 and that f,g, My, € P(RF) for n =
0,1,2,..., where p, is as defined in (7.1.11)-(7.1.12). Then

on(y) 1 P(y) as n — oo, for ally.

Corollary 7.7. Suppose g > 0 and f,g, My, € P(RF) forn = 0,1,2,....
Then @ is a solution of the following non-linear optimal stopping problem

#(y) = sup B { / FY (1)) dt + MB(Y ())} (7.1.43)

Proof. Let {¢n}22, be as in (7.1.11)-(7.1.12). Then ¢, T & as n — oo, by
Corollary 7.6. Therefore

on(y) < sup EY {/ FY (t))dt + MDY ())}
T7€T
for all n and hence

&(y) < sup EY
TeT

/ F(Y (t)dt + MD(Y (7))

To get the opposite inequality, choose ¢ > 0 and let 7 € 7 be a stopping time
such that

EBY

/ FOY(8))dt + MP(Y (7)

> sup EY U FY(0))dt + MY ())]—g.

TeT
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Then by monotone convergence

&(y) = lim ¢, (y) > lim EY

n—oo n—oo

/ FY(@)dt + Mo, (Y (7))

_ p / FOY(8))dt + MB(Y (7)) (7.1.44)

>supEyU FOY(8))dt + MY ())]—g.

TeT

Corollary 7.8. Suppose g > 0 and f,g, My, € P(R*) for alln=0,1,2,....
Morover, suppose that

D, MD, p, and My, are continuous for all n, (7.1.45)
where @, @, are defined in (7.1.1) and (7.1.11)-(7.1.12), respectively. Define
D ={y; o(y) > MP(y)} (7.1.46)
and
D, ={y; on(y) > Mpn_1(y)}; n=1,2,.... (7.1.47)
Then
D C Dypy1 C D, for all n. (7.1.48)

Proof. Suppose there exists a point y € D, 11\D,. Then
Pn+1(y) > Mpn(y)

and
en(y) = Men_1(y).
Then by Lemma 7.3a) we have

Mpn(y) < pnir(v) w@y/f )t + My (¥ (7))

TeT

< sup EY
TeT

/f Dt + on (Y (7)) | = only) = Men1(y).

This is a contradiction, because M¢,, > M, _1. This contradiction shows
that D,,+1 C D, for all n. A similar argument, based on Corollary 7.7, shows
that D C D,, for all n. O

Combining the results above we get the following general picture of the
optimal impulse control (71,...,7n ; C1,..., () for @, (see (7.1.11)-(7.1.12)
and (7.1.36)-(7.1.42)):

Make the first intervention the first time ¢ = 7y that Y (¢) ¢ D,,. Then
give the system the impulse 61 according to (7.1.38). Now we have only n — 1
interventions left, so we wait until Y'(¢) exits from the larger set D,,_; before
making the next intervention, and so on. The last intervention time 7,, is the
first time after 7,,_1 that Y'(¢) &€ D;. See Figure 7.1.
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Fig. 7.1. Optimal impulse control for &,

7.2 Examples

Example 7.9. Consider the impulse control problems

D, (s,x) = 1€n1§ JO(s,2) = JW)(s,2) ; n=1,2,... (7.2.1)
(s, ) = Inf J@ (s, 2) = J@) (s, ) (7.2.2)

where
T (s,2) = E° / e PO (X (1))2t + ¢ 3 P+
0 -
J

¢ >0, p > 0 are constants, and
t ~
X)) =2+ B(t) + / / eN(ds,dz) + Y CiXgr<ty 5 B(0) =0,
0 JR -
J

when
U:(T177—27"'7Tn; <17<27"’7<n) evn

or
1]:(7'177'27... ; C17C2,...) €V7 Cj € R.
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This is related to Example 6.5, except that now we allow the impulses (;
to be arbitrary real numbers, so that X (¢) can be moved both up and down.
Moreover, to simplify matters we have put A = 0.

First, let us find ¥, (z) := &,(0,2) by using the iterative procedure
(7.1.11)~(7.1.12):

In this case we get from (7.1.11) (see (6.2.29))

> 1
Uo(z) = E® {/ e Pz + B(t) //ZN (ds,dz)) dt} 2+ 2
0

(723)
where b =1+ [, 2v(dz). Hence

My (z) = inf{Wo(z + ¢) + ¢ ; ¢ € R\{0}} = ¥(0) + ¢ = ;2 Yo (7.2.4)

Therefore, by (7.1.12)

u‘/l(x)zigfoEg”U e "(x+ B(t) //szs dz))?dt + e~ PT( +c>]
= 0

(7.2.5)

To solve this optimal stopping problem we consider the three basic associated
variational inequalities

—p1(z) + ;w’{(x) + /{wl(:c +2) — 1 (2) — 29 () }w(dz) + 2% > 0 for all
R

(7.2.6)

Y1(x) < ;2 + ¢ for all z (7.2.7)

—pr(a) + 4 @)+ [ (rle+2) = o) — 2 @)}(d2) + 0 = 0
on D, = {x; 1/11(3:)<pbz—|—c}.
If we guess that D; has the form

Dy = (—z7,x7) for some z] > 0

then we are led to the following candidate for ¢;:

1,.2 b . *
di(x) = {px * g —acoshne) ; el <o (7.2.8)

g e |z > e,

where a7 is a constant to determine and r; > 0 is a root of the equation
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1 ()

Fig. 7.2. The graph of ¢1(x)

K(r) = /R{e” —1—rz}v(dz) + ;TQ —p=0.

(see Example 6.5).

Y
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If we require ¥; to be continuous and differentiable at x = £x7, we get

the following two equations to determine x] and a;:

1

b
() + , —aicosh(ray) = , +c

P2

2 .
x] — ayry sinh(ryz7) = 0.

Combining these two equations we get

* 2
B (g2 e
and o, -
_ “1
“= pr? sinh(z7)’
where

2] = raf.

(7.2.9)

(7.2.10)

(7.2.11)

(7.2.12)

(7.2.13)

It is easy to see that (7.2.11) has a unique solution zj > r1,/pc ie. x7 >
V/pc. If we choose this value of x7 and let a; > 0 be the corresponding value
given by (7.2.12) we can now verify that the candidate ¢; given by (7.2.8)
satisfies all the conditions of the verification theorem and we conclude that

Y1 = V.

We now repeat the procedure to find ¥s:
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First note that
MW (z) = inf{¥1(z + () +c; (€ R\{0}} =¥1(0) + ¢

(7.2.14)
= 4, tc—a.
Hence
T t 2
Wy(x) = inf Eﬂ”[/ e Pt <x+B(t)+/ / zN(ds,dz)> dt
720 0 o JR
(b
+e7 P , tec—ar } .
p
The same procedure as above leads us to the candidate
1,2, b *
z°+ % —agcosh(rz); |z| <=z
w2(x) — pb p? 2 (: ) ‘ ‘ 2 (7215)
o te—ar; o) >3
where x5, as solve the equations
225
tgh(z3) = 2 7.2.16
S = 2 prde - a) (7:2:10)
2 *
“2 where z5 = 3. (7.2.17)

as =
>~ pr2sinh(z3)’

As above, we see that (7.2.16) has a unique solution z5 > 0 i.e. 5 > 0. If we
choose this value of x5 and let az > 0 be the corresponding value given by
(7.2.17) we can verify that the candidate 12 given by (7.2.15) coincides with
Yy, It is easy to see that x5 < 27 and a2 > a;.

Continuing this inductively we get a sequence of functions 1, of the form

1,2, b "
+ % — a,cosh ; <z
() = %x p2 @ (riz) 5 |z| x* (7.2.18)
pe +c—an—1; ‘,I‘Zl'n
where x7, a,, solve the equations
2z
tgh(z)) = n 7.2.19
Bh) = ()2 — prd(e - an) (7:2.19)
and
2z N "
where 2 = riz),. (7.2.20)

"7 pr2sinh(zz)’
We find that z} < ) _; and a,, > a,—1. Using the verification theorem

we conclude that 1, = ¥,. In the limiting case when there is no bound on
the number of interventions the corresponding value function will be
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1,.2 b *
+ 5 — h(y/2 ; <
20 T (V2p); |z <= (7.2.21)
p2—|—c—a;|x|2x*
where z*, a solve the coupled system of equations
2z*
tgh(z*) = 7.2.22
S = o prde - a) (7:222)
2 *
: , where 2" = riz*. (7.2.23)

a =
pr? sinh(z*)

It can be proved that this system has a unique solution z* = rjz* > 0,
a > 0 and that 2* < 27, and a > a,, for all n. The situation in the case n = 3 is
shown on Figure 7.3. Note that with only 3 interventions allowed the optimal
strategy is first to wait until the first time 71 when X (¢) > z§, then move
X (t) down to 0, next wait until the first time 75 > 7f when X (¢) > z3, then
move X (t) back to 0 and finally wait until the first time ¢t = 75 > 75 when
X (t) > z7 before making the last intervention.

X(t)
A
] 3
|
* 4 Nu
T2 ] N
) | wr‘fd
x3 : w S
" D
CL‘* f <3 } } !
* * D
M <1 <2 > D3 2
D

N

E
®
* =
I DU
<
F3
N
\
L
r
\
o~

H
I
=
-
I
S
~~
I
&

Fig. 7.3. The optimal impulse control for ¥3 (Example 7.9)
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7.3 Exercices

Exercise* 7.1 (Optimal forest management revisited). Using the no-
tation of Exercise 6.3 let

&(z) = sup {J(”)(a:);v =(11,72,...)}

be the value function when there are no restrictions on the number of inter-
ventions. For n =1,2,... let

&, (z) = sup {J(”)(x);v = (11,72, -, Ta) }

be the value function when up to n interventions are allowed. Use Theorem 7.2
to find @; and Ps.

Exercise* 7.2 (Optimal stream of dividends with transaction costs
from a geometric Lévy process). This is an addition to Exercise 6.2
Suppose that we at times 0 < 71 < 75 < ... decide to take out dividends of

sizes (1,(a,... € (0,00) from an economic quantity growing like a geometric
Lévy process. If we let X(V)(¢) denote the size at time t of this quantity
when the dividend policy v = (71, 72,...;(1,(2,...) is applied, we assume
that X(¥)(t) is described by (see (6.2.4))

dX W (t) =

pX O ()dt + o X (t)dB(t) + 60X (t7) / ZN(dt,dz) ; 7 <t < Tip1
R
X (r41) = )A((”)(Tijrl) — (1T 4+XNiy1 —c; i=0,1,2,... (see (6.1.7))

where p,0 #0, 8, A > 0 and ¢ > 0 are constants, 0z > —1, a.s. (v). Let

d(x) = sup{J(”)(a:);v = (71,72,...;41,42,...)}

and
&, (x) = sup {J(”)(x);v = (11,72, i €1, G251 Gn) b

be the value function with no restrictions on the number of interventions and
with at most n interventions, respectively, where

JO(z) = E“”[ Z e"”’“(k} (p > 0 constant)

TE<TS

is the expected total discounted dividend and
7s = inf {t > 0; X (t) < 0}
is the time of bankruptcy. Show that
&(z) = Pp () = P1(x) for all n.

Thus in this case we achieve the optimal result with just one intervention.
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Combined Stochastic Control
and Impulse Control of Jump Diffusions

8.1 A verification theorem

Consider the general situation in Chapter 6, except that now we assume that
we, in addition, are free at any state y € R¥ to choose a Markov control
u(y) € U, where U is a given closed convex set in R’. If, as before, v =
(11,72,...;C1,C2,...) €V denotes a given impulse control we call w := (u,v)
a combined control . If w = (u, v) is applied, we assume that the corresponding
state Y (¢) = Y(®)(¢) at time ¢ is given by (see (3.1.1) and (6.1.2)-(6.1.7))

dY () = b(Y (£), u(t)dt + o (Y (£), u(t))dB(t)
+/”y(Y(t_),u(t_),z)N(dt,dz) ; Ti <t < Tiq1 (8.1.1)
R
V(i) =LY (150):Gv1) s 5=0,1,2,... (8.1.2)
where u(t) = uw(Y(t)) and b : RF x U — RF o : R* x U — R¥*4 and
7 :RF x U x RF — R¥* are given continuous functions, 7o = 0.

As before we let our “universe” S be a fixed Borel set in RF such that
S C 80 and we define

7 = lim inf{t > 0; [Y)(#)] > R} < 0 (8.1.3)
and
7s = inf{t € (0, T*(w)); Y™ (t,w) € S} . (8.1.4)

If Y()(t,w) € S for all t < 7* we put 7s = 7.

We assume that we are given a set W of admissible combined controls
w = (u,v) which includes the combined controls w = (u,v) such that a unique
strong solution Y (*)(¢) of (8.1.1), (8.1.2) exists and

7" =00 and lim 7; =75 a.s. QY for all y € R®. (8.1.5)

J—00
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Define the performance or total expected profit/utility of w = (u,v) € W,
v = (7'1,7'2,...; 41,42,...), b

)= B[ [ HO 0. ulede + g (75) X<

+ Y Ky®(r g])} (8.1.6)

7;<Ts

where f: SxU — R, g: R¥ - Rand K : S x Z — R are given functions
statisfying the conditions similar to (6.1.11)—(6.1.13).
The combined stochastic control and impulse control problem is the follow-
ing:
Find the value function @(y) and an optimal control w* = (u*,v*) € W
such that
P(y) = sup{J ) (y);w € Wy = T (y) . (8.1.7)

We now state a verification theorem for this problem. It is a combination of
the HJB equation of control theory and the QVI for impulse control:
Define

b 9h
L%h(y) = bi( ! ool )ij(y, @
; 3% " Z: 19 gy,

(8.1.8)

4
+ [ Sty +99 0,2 = hly) = h) D) 0.0, )

for each o € U and for each twice differentiable function h. This is the gener-
ator of Y (*)(¢) if we apply the constant control o and no (impulse) interven-
tions.

As in Chapter 6 we let

Mh(y) = sup{h(I'(y,{)) + K(y,¢);¢ € Z and I'(y,{) €S}  (8.1.9)

be the intervention operator.
Then the verification theorem is the following (compare with Theorem 3.1
and Theorem 6.2):

Theorem 8.1 (HIBQVI verification theorem for combined stochas-
tic and impulse control).
a) Suppose we can find a function ¢ : S — R such that
(i) ¢€CHS)NC(S)
(i) ¢>M¢p onS.
Define

D ={yeS;¢(y) > Mo(y)} (the continuation region) . (8.1.10)

Suppose that Y (*)(t) spends 0 time on OD a.s., i.e.
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—

TS
iii) EY [/ XaD(Y(w)(t))dt =0 forallye S, weW and suppose that
0

(
(iv) 0D is a Lipschitz surface
(v) ¢ € C%(S°\OD) and the second order derivatives of ¢ are locally bounded

(vi) L%(y) + f(y,a) <0 for alla € U, y € S°\ 0D

(vil)  Y(rs) € 0S a.s. on {1s < oo} and

H(Y ) (1)) — g(Y ) (75))- Xirscooy a8t — Tg a.5. QY, forally € S, we W
(viii) the family {¢~ (Y @) (1));7 € T} is uniformly QY-integrable for all
yeS, wew

(0 B [lov ()] + [ {160 @)+ 107 (v () Vor 1)
0
+Z /\¢> ) +y (Y (),zj))—¢(Y(t))\2uj(dzj)}dt<oofm~ dlreT,
j=1
we W, yRe S.
Then

o(y) =2 Py)  foral yeS.
b) Suppose in addition that

(x) there exists a function 4 : D — R such that

L*™¢(y) + f(y,i(y)) =0 for all y €D

(xi)
{(y) € Argmax{o(I'(y,") + K(y,)}

exists for ally € S and {(-) is a Borel measurable selection.

Define an impulse control © = (71,72, ...; <8 62, ...) as follows:
Put 19 = 0 and inductively

Frp1 = inf{t > #; Y®(t) e D}AT
Gor1 =CYWP L) if fe <T; k=0,1,...

where Y F)(t) is the result of applying the combined control

@ o= (@, (1, 3 Cav -, )
Put w = (4,0). Suppose w € W and that
(zii) {p(Y D) (7));7 € T} is QY-uniformly integrable for ally € S.



116 8 Combined Stochastic Control and Impulse Control of Jump Diffusions

Then
dly) =@(y)  foral yeS

and
w €W is an optimal combined control.

Proof. The proof is similar to the proof of Theorem 6.2 and is omitted. O

8.2 Examples

Example 8.2 (Optimal combined control of the exchange rate). This
example is a simplification of a model studied in [M@)].

Suppose a government has two means of influencing the foreign exchange
rate of its own currency:

(i) at all times the government can choose the domestic interest rate r
(ii) at times selected by the government it can intervene in the foreign exchange
market by buying or selling large amounts of foreign currency.

Let r(t) denote the interest rate chosen and let 71, 79,... be the (stopping)
times when it is decided to intervene, with corresponding amounts (1, (2, . . .
If ¢ > 0 the government buys foreign currency, if ¢ < 0 it sells. Let v =
(11,72,...;C1,Ca,...) be corresponding impulse control.

If the combined control w = (r,v) is applied, we assume that the corre-
sponding exchange rate X (t) (measured in the number of domestic monetary
units it takes to buy one average foreign monetary unit) is given by

X(t):x—/o F(r(s) = ()ds + oB(H) + S AG): >0 (82.1)

i<t

where o > 0 is a constant, 7(s) is the (average) foreign interest rate and
F:R — R and v : R — R are known functions which give the effects on the
exchange rate by the interest rate differential 7(s) — 7(s) and the amount ¢j,
respectively.

The total expected cost of applying the combined control w = (r,v) is
assumed to be of the form

T
I (s,2) = B7| / e PUM(X () =m)+ N (r(H)—r(t) }dt+ > L(G)e ]
s 5T <T

(8.2.2)
where M (X (t)—m) and N(r(t)—7(t)) give the costs incurred by the difference
X (t)—m between X (t) and an optimal value m and by the difference r(t)—7(t)
between the domestic and the average foreign interest rate 7(t), respectively.
The cost of buying/selling the amount ¢; is L({;) and p > 0 is a constant
discounting exponent.
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The problem is to find (s, z) and w* = (r*,v*) such that

&(s,z) = inf JW) (s,2) = JW) (s, ) . (8.2.3)

Since this is a minimum problem, the corresponding HIBQVIs of Theorem 8.1
are changed to minima also and they get the form

min (7}161]% {e‘pS(M(x —m)+ N(r—17(s)) + gf —F(r— F(s))gi
+ Lo gxf},/\/lqﬁ(s,m) - ¢(s,x)> =0 (8.2.4)
where
M(s,z) = inf{(s,z +7(C) + e LO)} - (82.5)

In general this is difficult to solve for ¢, even for simple choices of the functions
M, N and F. A detailed discussion on a special case can be found in [MQ)].

Example 8.3 (Optimal consumption and portfolio with both fixed
and proportional transaction costs (1)). This application is studied in
0S].
Suppose there are two investment possibilities, say a bank account and
a stock. Let X (), X2(t) denote the amount of money invested in these two
assets, respectively, at time ¢. In the absence of consumption and transactions
suppose that
dX:(t) = rX:1(t)dt (8.2.6)

nd
) dXs(t) = pXo(t)dt + o Xo(t)dB(t) (8.2.7)

where r, 4 and o # 0 are constants and
w>r>0. (8.2.8)

Suppose that at any time ¢ the investor is free to choose a consumption rate
u(t) > 0. This consumption is automatically drawn from the bank account
holding with no extra costs. In addition the investor may at any time trans-
fer money from the bank to the stock and conversely. Suppose that such a
transaction of size { incurs a transaction cost given by

c+ ¢l (8.2.9)

where ¢ > 0 an A > 0 are constants. (If { > 0 we buy stocks and if ¢ < 0
we sell stocks.) Thus the control of the investor consists of a combination of a
stochastic control u(t) and an impulse control v = (11, 72, ...; (1, (2, . . .), where
T1,Ta,... are the chosen transaction times and (i, (2,... are corresponding
transaction amounts.
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If such a combined control w = (u,v) is applied, the corresponding system
(X1(t), Xa (1)) = (X" (#), X{)()) gets the form

dX;(t) = (rX.(t) — u(t))dt ; Ti <t < Tip1 (8.2.10)
dXo(t) = pXo(t)dt + o Xo(t)dB(t) ; T <t<T+1 (8.2.11)
Xi(7i41) = X2 (754) = Givr — ¢ = MG (8.2.12)
Xo(Tiy1) = Xo(7,04) + Gig1- (8.2.13)

If we do not allow any negative amounts held in the bank account or in the
stock, the solvency region S is given by

S =[0,00) x [0,00) . (8.2.14)

We call w = (u,v) admissible if (Xl(w)(t),Xz(w)(t)) € S for all ¢t. The set of
admissible controls is denoted by W.
The investor’s objective is to maximize

JW@) (y) = BV [ /O st u”ét) dt} (8.2.15)

where § > 0, v € (0,1) are constants and EY with y = (s,x1,z2) denotes
the expectation when X;(07) =21 > 0, X2(07) = 22 > 0. Thus we seck the
value function @(y) and an optimal control w* = (u*,v*) € W such that

P(y) = sup J™ (y) =T (y) . (8.2.16)

This problem may be regarded as a generalization of optimal consumption
and portfolio problems studied by Merton [M] and Davis and Norman [DN].
See also Shreve and Soner [SS]. [M] considers the case with no transaction
costs (¢ = A = 0). The problem reduces then to an ordinary stochastic control
problem and it is it is optimal to keep the positions (X7(t), X2(t)) on the

*

line y = ;" .z in the (x,y)-plane at all times (the Merton line), where 7* =
(lﬁ;;og (see Example 3.2).

[DN] and [SS] consider the case when the cost is proportional (A > 0), with
no fixed component (¢ = 0). In this case the problem can be formulated as
a singular stochastic control problem and under some conditions it is proved
that there exists a no-transaction cone NT bounded by two straight lines
I, I'; such that it is optimal to make no transactions if (X1(t), Xa2(t)) € NT
and make transactions corresponding to local time at J(NT), resulting in
reflections back to NT' every time (X1(t), X2(t)) € O(NT). See Figure 8.1.
These results have subsequently been extended to jump diffusion markets by
[FOS2]. (See Example 5.1).

In the general combined control case numerical results indicate (see [COS])
that the optimal control w* = (u*,v*) has the following form:
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Fig. 8.1. The no-transaction cone (no fixed cost: ¢ = 0)

There exist two pairs of lines, (I7, I 1) and (1o, I 5) from the origin such
that the following is optimal: Make no transactions (only consume at the rate
uw*(t)) while (X;(t), X2(t)) belongs to the region D bounded by the outer
curves I, Iy, and if (X(t), X2(t)) hits 9D = I't U Iy then sell or buy so as
to bring (X (t), Xo(t)) to the curve I} or I%. See Figure 8.2.

Fig. 8.2. The no-transaction region D (¢ > 0)
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Note that if we sell stocks (¢ < 0) then (X1(t), X2(t)) = (21, 22) moves to
a point (2}, zh) = (21(¢€), 25(¢)) on the line

i+ (1 =Nzy =21+ (1— Nz —c. (8.2.17)

Similarly, if we buy stocks (¢ > 0) then the new position (z},z}) =
(24 (€), 25(C)) is on the line

A4+ Ny =21+ (1 + N2z —c. (8.2.18)

If there are no interventions then the process

s+t
Y(t) = | X1(t) (8.2.19)
Xo(t)
has the generator
. 9¢ 9¢ 0¢ 9%
LYP(s,21,22) = 95 + (rz —u)axl —|—,umga + 1o? xga 2 (8.2.20)

Therefore, if we put ¢(s,z1,22) = e %9 (x1, 22) the corresponding HIBQVI
is

vy 2
max(sup{qfy — p(x1,x2) + (ra; —w) oy + pe %Y + ;a%%a 7/1}7

u>0 0z xo 0z3

(x1, 22) — Mi/)(xl,xg)) =0 forall (x1,22) €S, (8.2.21)

where (see (8.2.17)—(8.2.18))

Mu(x1, 22) = sup{e(21(C), 25(¢)); ¢ € R\{0}, (21(C), 25(¢)) € S} . (8.2.22)

See Example 9.12 for a further discussion of this.

8.3 Iterative methods

In Chapter 7 we saw that an impulse control problem can be regarded as a
limit of iterated optimal stopping problems. A similar result holds for com-
bined control problems. More precisely, a combined stochastic control and
impulse control problem can be regarded as a limit of iterated combined
stochastic control and optimal stopping problems.

We now describe this in more detail. The presentation is similar to the
approach in Chapter 7.

For n =1,2,... let W, denote the set of all admissible combined controls
w = (u,v) € W with v € V,, where V, is the set of impulse controls v =
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(T1ye s Tny Tnt1; C1, G2,y - -+, G) With at most n interventions (i.e. T,4+1 = 00).
Then

Wn SWpy1 CW for all n . (8.3.1)
Define, with J(*)(y) as in (8.1.6),
D, (y) :sup{J(w)(y);w EWn}t; n=12... (8.3.2)
Then
D, (y) < DPpya(y) < D(y) because W, C W, 41 CW.
Moreover, we have
Lemma 8.4. Suppose g > 0. Then

lim &, (y) = &(y) forall yesS.

n—oo
Proof. The proof is similar to the proof of Lemma 7.1 and is omitted. O

The iterative procedure is the following:
Let Y (t) = Y(*0)(#) be the process in (8.1.1) obtained by using the control
u and no interventions. Define

o) = sup B [ F 0. w0t + oY (et (83)

and inductively, for j =1,2,.

65(y) = way/f u(t)dt + Moy 1 (Y(r)]. (83.4)

ueld,reT

As in (7.1.13) we let P(R*) denote the set of functions h : R¥ — R with at
most polynomial growth. Then we have, as in Chapter 7,

Theorem 8.5. Suppose

f,g and M¢;_1 € P(RF) (8.3.5)
for j=1,2,...,n. Then
¢n =, .
Proof. The proof is basically the same as the proof of Theorem 7.2 and is left
to the reader. m]

Similarly we obtain combined control versions of the rest of the results of
Chapter 7, with obvious modifications. We omit the details.
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8.4 Exercices

Exercise* 8.1. Let (s, X1, X2) be the value function of the optimal con-
sumption problem (8.2.16) with fixed and proportional transaction costs and
let @g(s, X1, X2) = Ke %%(X; + X3)7 be the corresponding value function in
the case when there are no transaction costs, i.e. ¢ = A = 0. Use Theorem 8.1
a) to prove that

B(s, X1, X2) < Ke % (X1 + X3)7 .

Exercise 8.2 (A combined impulse linear regulator problem). (Com-
pare with Exercise 3.5 and Exercise 4.3).
a)* Suppose the state process is

s+t S 2

v = [y cezo vo =[] -yer

with
dX (t) = dX ) (t) given by
dX (t) =u(t)dt + odB(t) ; 7 <t < Tit1
X(Ti+1) :X(Tz:-l) +Cy1;t=1,2,...

where w = (u,v) is a combined control, v = (11,72 ...;(1,Ca,...) with 7; < T
(constant).

Solve the combined control problem

_ (w)
?(y) Jof J (v),

where
T—s
T (y) = B / (X2(t) +u(t)dt — Y cf,
0 m<T
and ¢ > 0 is a given constant.

This models the situation where one is trying to keep X (¢) close to 0 with
a minimum of cost of the two controls, represented by the rate u?(¢) and the
intervention cost c.

b) Extend this to include jumps, i.e. suppose that

dX(t) = u(t)dt + cdB(t) + / ZN(dt,dz) ; 7 <t < Tip1
R

X(ri1) = X(751) + AN X (Tig1) + Git1,

and keep J(")(y) as before.
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Viscosity Solutions

The main results of Chapters 2, 3, 4, 6, 8 and 5 are all verification theorems:
Any function ¢ which satisfies the given requirements is necessarily the value
function @ of the corresponding problem. These requirements are made as
weak as possible in order to include as many cases as possible. For example,
except for the singular control case, we do not require the function ¢ to be C?
everywhere (only outside 0D), because except for that case, @ will usually not
be C? everywhere. On the other hand, all the above mentioned verification
theorems require ¢ to be C'! everywhere, because this is often the case for &.
This C! assumption on @ is usually called the “hight contact” — or “smooth
fit”-principle. As we have seen in the examples and exercises this principle is
very convenient, because it provides us with extra information needed to find
@ and the continuation region D.

However, it is important to know that in general @ need not be C'. In
fact, it need not even be continuous everywhere. Nevertheless, it turns out
that @ does satisfy the corresponding verification theorems, provided that we
interpret these equations in an appropriate weak sense. More precisely, they
should be interpreted in the sense of wviscosity solutions. This weak solution
concept was first introduced by Crandall and Lions to handle the HJB equa-
tions of stochastic control and later extended by them and others to more
general equations. See [CIL], [FS], [BCa] and the references therein.

In case the equation in question is a linear partial differential operator,
the viscosity solution is the same as the well-known distribution solution. See
[Is2]. However, the nice feature of the viscosity solution is that it also applies
to the nonlinear equations appearing in control theory.

We now proceed to define viscosity solutions. We will do this in two steps:

First we consider the viscosity solutions of the variational inequalities ap-
pearing in the optimal stopping problems of Chapter 2. Then we proceed to
discuss more general equations.
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9.1 Viscosity solutions of variational inequalities

Consider the optimal stopping problem of Chapter 2: The state Y (¢) is given

4y (t) = b(Y(t))dH—a(Y(t))dB(t)Jr/W(Y(t‘), J)N(dt,dz); Y(0)=yeRF

Rk
(9.1.1)
and the performance criterion is

_ / FY @)oY reT.  (912)

with f and g as in (2.1.2), (2.1.3). The associated variational inequality of the
optimal stopping problem

&(y) =sup{J" (y);7 € T} (9.1.3)

is (see (4.2.13))

max(Lo(y) + f(y), 9(y) — o(y)) =0; yeS°. (9.1.4)

In addition we have the boundary requirement

oy) =9(y); yeoS (9.1.5)

(see Theorem 2.2).

We will prove that, under some conditions, the function ¢ = @ is the
unique viscosity solution of (9.1.4)—(9.1.5). First we give the definition of a
viscosity solution of such equations.

Definition 9.1. Let ¢ € C(S).
(i) We say that ¢ is a viscosity subsolution of (9.1.4)—(9.1.5) if (9.1.5) holds
and for all h € C?(R*) and all yo € S° such that

h>¢ onS and h(yo) = ¢(yo)

we have
max(Lh(yo) + f(yo), 9(yo) — ¢(yo)) = 0. (9.1.6)
(i) ¢ is a viscosity supersolution of (9.1.4)—(9.1.5) if (9.1.5) holds and for all
h € C%(R*) and all yo € S such that

h<¢ on S and h(yo) = é(yo)

we have
max(Lh(yo) + f(yo), 9(yo) — ¢(yo)) <0 . (9.1.7)
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(#3) ¢ is a viscosity solution of (9.1.4)-(9.1.5) if ¢ is both a viscosity subso-
lution and a viscosity supersolution of (9.1.4)—(9.1.5).

Theorem 9.2 ([OR]). Assume that the set S is regular for the process Y (t),
i.e.

Tso = Tso(y) == inf{t > 0; Y (t) € S°} =0 a.s. QY for all y € 0S .
(9.1.8)
Moreover, assume that the value function @ of the optimal stopping problem
(9.1.3) is continuous on S. Then @ is a viscosity solution of (9.1.4)—(9.1.5).

Proof. First note that (9.1.5) follows directly from (9.1.8). So it remains to
consider (9.1.4).

We first prove that @ is a subsolution. To this end suppose h € C%(RF)
and yo € S with h > @ on S and h(yo) = P(yo). As before let

D={yeS; o(y)>g)} - (9.1.9)

Then if yo ¢ D we have ®(yo) = g(yo) and hence (9.1.6) holds trivially.
Next, assume yo € D. Then by the dynamic programming principle
(Lemma 7.3 b)) we have

B(yo) = B /0 " v ()t + (Y (7))] (9.1.10)

for all bounded stopping times 7 < 7p = inf{t > 0;Y(¢) € D}. Combining
this with the Dynkin formula we get

#(u) = £ [ [ v ©)at + ol (r)]
<5 [ [ s )]
= o) + [ [ (Lhr ) + v )]

or
] [ wnv) + forar > o. (0.1.11)
0
If we divide (9.1.11) by E*°[r] and let 7 — 0 we get, by continuity,

Lh(yo) + f(y0) > 0.

Hence (9.1.6) holds and we have proved that & is a viscosity subsolution.

Finally we show that @ is a viscosity supersolution. So we assume that
h € C?(R*) and yo € S are such that h < @ on S and h(yg) = ®(yo). Then
by the dynamic programming principle (Lemma 7.3 a)) we have
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B(yo) > Eyo / FY(8)dt + S(Y (1 ))} (9.1.12)
for all stopping times 7 < 7g0. Hence, by the Dynkin formula
202 5" [ [ 0oyt + o] = £ [ [ v @)a+ nev (o)

= h(yo) + £ | / (LAY (t))dt + f(Y(t)))dt},
for all bounded stopping times 7 < 750. Hence
£ ] [ @htv o) + 5] <o

and by dividing by E*°[r] and letting 7 — 0 we get

Lh(yo) + f(yo) < 0.

Hence (9.1.7) holds and we have proved that @ is also a viscosity supersolution.

Uniqueness

O

One important application of the viscosity solution concept is that it can be
used as a verification method: In order to verify that a given function ¢ is
indeed the value function @ it suffices to verify that the function is a viscosity
solution of the corresponding variational inequality. For this method to work,
however, it is necessary that we know that @ is the unique viscosity solution.

Therefore the question of uniqueness is crucial.

In general we need not have uniqueness. The following simple example

illustrates this:

Example 9.3. Let Y (t) = B(t) € R and choose f =0, S =R and

2

1—|—y2; relR.

9(y) =
Then the value function @ of the optimal stopping problem
P(y) = sup EY[g(B(7))]
TeT

is easily seen to be @(y) = 1. The corresponding VI is
max (56" (y), 9(y) — ¢(y)) = 1

and this equation is trivially satisfied by all constant functions

P(y) =a

for any a > 1.

(9.1.13)

(9.1.14)

(9.1.15)
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Theorem 9.4 (Uniqueness). Suppose that
Tgo < 00 a.s. PY for all ye S°. (9.1.16)
Let ¢ € C(S) be a viscosity solution of (9.1.4)—(9.1.5) with the property that

the family {¢(Y (7)); T stopping time, 7 < 750} (9.1.17)
is PY-uniformly integrable, for all y € S°. o

Then i
o(y) = D(y) forall yeS.

Proof. We refer the reader to [@R] for the proof in the case where there are
no jumps. ]

9.2 The value function is not always C?!

Example 9.5. We now give an example of an optimal stopping problem where
the value function @ is not C! everywhere. In this case Theorem 2.2 cannot
be used to find . However, we can use Theorem 9.4. The example is taken
from [OR]:
Define
1 for <0
k(x)=q1l—cx for 0<z<a (9.2.1)

1—ca for z>a

where ¢ and a are constants to be specified more closely later. Consider the
optimal stopping problem

®(s,z) = sup B> [e_p(s+7)k:(B(T))] (9.2.2)
TeT

where B(t) is 1-dimensional Brownian motion, B(0) =z € R=3S, and p > 0
is a constant. The corresponding variational inequality is (see (9.1.4))

o9 0% ps B
max (88 + 5 PISL k(z) — d)(s,x)) =0. (9.2.3)
If we try a solution of the form
6(s,2) = e~Pi(x) 024

for some function 1, then (9.2.3) becomes
max(—pt(z) + 10"(2), k(z) — ¥(x)) =0 (9.25)

Let us guess that the continuation region D has the form
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D ={(s,z);0 <z < 21} (9.2.6)

for some 1 > a. Then (9.2.5) can be split into the 3 equations

—pp(z) + 39" (x) =0 ; O<z<m:; (9.2.7)
P(x) =1 ;i <0
Y)=1-ca ; z=>m
The general solution of (9.2.7) is
P(z) = CreV?P® 4 Cpe V2™ 0<z<uz

where C7, Cy are arbitrary constants. If we require % to be continuous at = 0
and at z = 1 we get the two equations

CLtCom1 (9.2.8)
Cle\/szl + 0267\/2P5”1 — ]_ — ca (929)

in the 3 unknowns C,C5 and ;. If we also guess that ¢ will be C' at © = x;
we get the third equation

Ci\/2peV?P®1 — Cyr/2pe V2T =0 (9.2.10)
If we assume that
1 1—ca
ca<1  and 2 < In ( ) 9.2.11
V20 a 1 —+/ca(2 — ca) ( )

then the 3 equations (9.2.8), (9.2.9) and (9.2.10) have the unique solution

Ci=4(1-+ea2=ca)) >0, Co=1-Ci>0 (9.2.12)
and ) .
— Ca
By, 1n( ., ) >a. (9.2.13)

With these values of C7,C5 and z1 we put

1 if <0
P(x) = CLeV?® 4 Che V2T if 0 <z <z (9.2.14)
1—ca if 1<z

We claim that 1) is a viscosity solution of (9.2.5).

(i) First we verify that ¢ is a viscosity subsolution: let h € C?(R), h > 1) and
h(zg) = ¥ (x0). Then if 2y <0 or zg > x1 we have k(xg) —1(xg) = 0. And
if 0 < 29 < 1 then h — % is C? at £ = 2o and has a local minimum at z
S0
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1 1—cx

Fig. 9.1. The function ¢

h'(xz0) — 4" (x0) > 0.
Therefore
—ph(z0) + Sh" (z0) > —pp(z0) + 59" (20) = 0
This proves that
max ( — ph(zo) + yh" (x0), k(z0) — ¥ (x0)) >0,

so 1 is a viscosity subsolution of (9.2.5).
(ii) Second, we prove that 1 is a viscosity supersolution. So let h € C%(R),
h < and h(xzg) = ¥(x¢). Note that we always have

k(zo) — ¢(x0) <0
so in order to prove that
max (— ph(zo) + yh" (z0), k(zo) — Y(z0)) <0
it suffices to prove that
—ph(zo) + 31" (z) < 0.

At any point 2y where 1 is C? this follows in the same way as in (i) above.
So it remains only to consider the two cases g = 0 and zg = x1: If zg = 0
then no such h exists, so the conclusion trivially holds.

If xp = z1 then the function h — ¢ has a local maximum at x = x¢ and it
is C? to the left of z¢ so

lim »"(z) —¢"(x) <0

T—T

ie. h'(zo) — " (xy) <0.
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This gives
—ph(zo) + Sh" (z0) < —p(wo) + 3¢ (z5) =0,

and the proof is complete.
We have proved:

Suppose (9.2.11) holds. Then the value function @(s,x) of problem (9.2.2)

is given by

D(s,x) = e PPY(x)

with ¢ as in (9.2.14), C1,Cs and z; as in (9.2.12)-(9.2.13). Note in par-

ticular that +(z) is not C* at x = 0.

9.3 Viscosity solutions of HIBQVI

We now turn to the general combined stochastic control and impulse control

problem from Chapter 8. Thus the state Y () = Y (*)(t) is

dY (t) = b(Y (), u(t))dt + o (Y (), u(t))dB(t)
+ka ’Y(Y t ( ) )N(dt,dz) T <t <Tit1

Y (7it1) = F(Y(T;+ ), Civ1) s i=0,1,2,...

where w = (u,v) e W, uelU, v=(11,72,...;(1,(2,...) €V
The performance is given by

=57 [ SO0 )t 4 90 (1)) + K

and we want to find the value function @ defined by

B(y) = sup J)(y) .
weWw

To simplify the presentation we will from now on assume that
S is an open set, i.e. S = SO,

and that 9S is regular for Y(®)(t) for all w € W, i.e.

(9.3.1)

(7;7):G)

(9.3.2)

(9.3.3)

(9.3.4)

7s = 7s(y) = inf{t > 0; Y (t) ¢S} =0 forall ycdS andall weW.

(9.3.5)

These conditions (9.3.4)-(9.3.5) exclude cases where @ also satisfies certain
HJIBQVIs on 9§ (see e.g. [DS]), but it is often easy to see how to extend the

results to such situations.
Theorem 8.1 associates @ to the HIBQVI
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max(;gg{La@@)+f<y,a>},M@<y>—@<y>)=o, yeS  (936)

with boundary values

Py)=gly); yeIS (9.3.7)
where
L0 = 3 b o S (o0™), (0r0) o
i=1 ij=1 !
+ i/ {45 (y +99(y, q, z)) —B(y) = Vo(y) v (y, e, Z)} vj(dz;)
j:1 (9.3.8)
and
MP(y) = sup {D(I'(y,)) + K (y,);¢ € Z2,I'(y,¢) € S} . (9.3.9)

Unfortunately, as we have seen already for optimal stopping problems, the
value function @ need not be C! everywhere — in general not even continuous!
So (9.3.6) is not well-defined, if we interpret the equation in the usual sense.
However, it turns out that if we interpret (9.3.6) in the weak sense of viscosity
then @ does indeed solve the equation. In fact, under some assumptions @
is the unique viscosity solution of (9.3.6)-(9.3.7) (Theorem 9.11 below). This
result is an important supplement to Theorem 8.1.

We now define the concept of viscosity solutions of general HIBQVIs of
type (9.3.6)—(9.3.7):

Definition 9.6. Let ¢ € C(S).

(i) We say that ¢ is a viscosity subsolution of

max (sgg (L) + Fly.0)}, Miply) w(y)> —0iyes (9310

e(y) =9(y); y€0S (9.3.11)

if (9.3.11) holds and for every h € C?(R*) and every yo € S such that h > ¢
on S and h(yo) = ¢(yo) we have

max (sgg [Lh(yo) + F(yo. @)}, Mig(yo) — so(yo>) S0 (9312)

(i) We say that ¢ is a viscosity supersolution of (9.3.10)-(9.3.11) if (9.3.11)
holds and for every h € C?(R*) and every yo € S such that h < ¢ on S and
h(yo) = v(yo) we have
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i (2‘28 [Lh(yo) + F(yo. )}, Mig(yo) - so(yo>) <0 (9313)

(i) We say that o is a viscosity solution of (9.3.10)-(9.3.11) if ¢ is both a
viscosity subsolution and a viscosity supersolution of (9.3.10)-(9.3.11).

Lemma 9.7. Let @ be as in (9.3.3). Then ®(y) > MP(y) for ally € S.
Proof. Suppose there exists y € S with

P(y) < MP(y),

i.e.
P(y) < sup {2(I'(y, Q) + K(y, )}

Then there exists ¢ € Z such that, with § = I'(y, é),
B(y) < D) + K(y,0).

Put

ei= (900) + K(1,0) ~ 9(s))

and let w = (u,v), with v = (71,72, -+ ;(1, (2, - ) be e-optimal for @ at §, in
the sense that
J(§) > ()

Define @ := (u, ), where & = (0,71, 72, .. 3¢, ¢, G, -+ +). Then, with 7y =
07 CO = Cv
B(y) > B / FOV (), u(t))dt + g(¥ (75))X racme)
+ ZK(Y(T{% G)] = K(y,¢) + 7™ (3).

Combining the above we get

K(y,¢) + J™(§) < 8(y) < 2(9) + K (y,C)
< JW(G) + e+ K(y, Q).

This implies that .
(7)) + K(y,¢) — 2(y) <e,

a contradiction. O

Our first main result in this section is the following;:
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Theorem 9.8. The value function

P(y) = sup J™)(y)
weW

of the combined stochastic control and impulse control problem (9.3.3) is a
viscosity solution of (9.3.6)-(9.3.7).

Proof. By (9.3.5) and (9.3.2) we see that @ satisfies (9.3.7).

a) We first prove that @ is a viscosity subsolution. To this end, choose h €
C?(R*) and o € S such that h > @ on S and h(yp) = ®(yo). We must prove
that

max (sup {Lh(yo) + f(yo, )}, MP(yo) — @(yo)) > 0. (9.3.14)

acU

If MP(yo) > P(yo) then (9.3.14) holds trivially, so we may assume that
MD(yo) < D(yo)- (9.3.15)

Choose € > 0 and let w = (u,v) € W, with v = (71,72, ; (1,2, ) €V,
be an e-optimal portfolio, i.e.

B(yo) < ) (yo) + €.

Since 7 is a stopping time we know that {w ; 71 (w) = 0} is Fp-measurable
and hence either
T1(w) =0 a.s. or 7 (w) > 0 a.s. (9.3.16)

If 71 = 0 a.s. then Y(®) makes an immediate jump from yo to the point
y' = I'(yo, (1) € S and hence

D(yo) — e < JUY) + K(y,C1) < D) + K (y,C1) < M(yo),

where w’ = (72,73, 1 (2, (3, ).
This is a contradiction if € < @(yg) — MP(yo). This proves that (9.3.15)
implies that it is impossible to have 7 = 0 a.s.

So by (9.3.16), we can now assume that 71 > 0 a.s.. Choose R < 0o, p > 0
and define
Ti=1 ARAWE{t>0;] Y@ () —yo| > pl}.

By the Dynkin formula we have, with Y (t) = Y () (¢),
EW[R(Y (r7))] = h(yo) + E¥ U L“h(Y(t))dt] : (9.3.17)
0
where Y(77) := Y(77) + AnY (1), with AxY (7) being the jump of Y at 7

stemming from N only, not from the intervention at 7 (see (6.1.3)-(6.1.7) for
details).
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By the dynamic programming principle (see lemma 7.3) we have : for each
€ > 0, there exists a control u such that

P(yo) < E¥° UOT FOY (), u(t))dt + @(Y(T))] +e. (9.3.18)

Combining (9.3.17) and (9.3.18) and using that A > @ and h(yo) = P(yo),
we get

oo | [ o)+ s o.uar] = .
0
Dividing by E¥°[r] and letting p — 0 we get
L*h(yo) + f(yo, o) = —¢,
where

= 1li .
ao = lim u(s)

Since ¢ is arbitrary, this proves (9.3.14) and hence that @ is a viscosity
subsolution.

b) Next we prove that & is a viscosity supersolution. So we choose h € C?(RF)
and yo € S such that h < @ on S and h(yo) = P(yo). We must prove that

max (sgg{Lah(yo) + f(yo, @)}, MP(yo) — @(y0)> <0. (9.3.19)

Since @ > M® always (Lemma 9.7) it suffices to prove that
L*h(yo) + f(yo, ) <0 for all a € U.

To this end, fix @ € U and let w, = (e, 0), i.e. w, is the combined control
(Uay Vo) € W where u, = a (constant) and v, = 0 (no interventions). Then
by the dynamic programming principle and the Dynkin formula we have, with
Y(t) =YW(t), T =75 Ap,

#(0) > 2 | [ 106 s + 007 (7))
> 0| [[ 1 aas + 1)
— h(yo) + BV [ [ o)+ s, a)}dt] .

Hence .
B[ wener o)+ 10 0.0a] <o,
0
Dividing by E[7] and letting p — 0 we get (9.3.19).

This completes the proof of Theorem 9.8. o
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Next we turn to the question of wuniqueness of viscosity solutions of
(9.3.10)-(9.3.11). Many types of uniqueness results can be found in the lit-
erature. See the references in the end of this section.

Here we give a proof in the case when the process Y (¢) has no jumps, i.e.
when N(-,-) = v(-) = 0. The method we use is a generalization of the method
in (@S, Theorem 3.8] .

First we introduce some convenient notation:
Define A : RF¥F x RF x RS x R*¥ — R by

k k
1
AR, p,y) 2= sup 3 S bily i+, D (00T )iy, 0) Ry
o i=1 ij=1

L
+Z/R (e +1P W, a,2)) = o) = r 1Dy, 0, ) f v(dz) + f(y, )
j=1

(9.3.20)

for R = [R;;] € RF** r = (ry,...,1) € RF ¢ : 8 — R, y € R*, and define
F :RFXF x RF x RS x R¥ — R by

F(R,7,0,y) = max{A(R,7,¢,y), Mo(y) — ¢(y)}. (9.3.21)
Note that if ¢ € C?(R*) then
A(D*p, D, p,y) = sup {L(y) + fly, o)},

where

P dp
2 _

We recall the concepts of “superjets” J§’+, Jg~ and j§’+, Js~ (see [CIL],
section 2):

Jgr‘r { Rk‘Xk Rk ;
1 -
hr;lj;p{ —r(n—y)—2(77—y)TR(n—y)] “n—yl7* <0},
nes

j§’+¢(y) .= {(r,R) € R¥**  R* . for all n there exists
(R r(™) () e RF¥E 5 RF % S such that (R™,r(™) e J§’+<p(y(")) and
(R, 7™ o(y™), y™) = (R, 7, ¢(y),y) as n — oo}
and
Js e=—J5"(=0) J§ 9 =—J5"(~p).

In terms of these superjets one can give an equivalent definition of viscosity
solutions as follows :
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Theorem 9.9 ([CIL], Section 2).

(i) A function ¢ € C(S) is a viscosity subsolution of (9.3.10)-(9.3.11) if and
only if (9.3.11) holds and

max(A(R,r,¢,y), Me(y) — ¢(y)) > 0 for all (r,R) € Jo¢(y), y € S.

(i) A function ¢ € C(S) is a viscosity supersolution of (9.3.10)-(9.3.11) if
and only if (9.3.11) holds and

max(A(R, 7, ¢,y), Mp(y) — ¢(y)) <0 for all (r,R) € J3 ¢(y), y € S.
We have now ready for the second main theorem of this section:

Theorem 9.10 (Comparison theorem).

Assume that
N(,)=v()=0. (9.3.22)

Suppose that there exists a positive function 3 € C?(S) which satisfies the
strict quasi-variational inequality

max (Sgg{Laﬂ(y)}yﬁgg B(I'(y,Q)) — 5(1/)) <(y)<0;y€S, (9.3.23)

where 6(y) > 0 is bounded away from 0 on compact subsets of S.

Let u be a viscosity subsolution and v a viscosity supersolution of (9.3.10)-
(9.3.11) and suppose that

o fut(y) T ()] _
Iylllinoo{ B(y) + B(y) }_0‘ (9.3.24)

Then
u(y) <wv(y) forally e S.

Proof. (Sketch) We argue by contradiction. Suppose that

sup{u(y) —v(y)} > 0.
yeS

Then by (9.3.24) there exists € > 0 such that if we put

ve(y) :=v(y) +eB(y); y€S

then
M := sup{u(y) — ve(y)} > 0.
yeS
Forn=1,2,... and (z,y) € S x S define

€

5 (B(@) + ().

Ha(a,y) = u(w) = v(y) - e~y -



9.3 Viscosity solutions of HIBQVI 137

and

M, = sup H,(z,y).
(z,y)ESXS

Then by (9.3.24) we have
0 < M, < oo for all n,
and there exists (z(™,y(™) € S x S such that
M, = H, (™, y™).
Then by Lemma 3.1 in [CIL] the following holds:

lim nlz™ —y™ 2 =0

and
i My = u(f) = ve() = sup{uly) = vely)} = M,
Yy
for any limit point ¢ of {y(™}22 .
Since v is a supersolution of (9.3.10)-(9.3.11) and (9.3.23) holds, we see

that v, is a strict supersolution of (9.3.10), in the sense that ¢ = v, satisfies
(9.3.13) in the following strict form:

max (SHP{L%(ZJO) T Fyo,0)}, Moe(yo) — Ue(yo)) < ~5(u).
acU
with 6(-) as in (9.3.23).

By [CIL, Theorem 3.2], there exist k x k matrices P, Q™) such that, if
we put
P Z g = () _ )

then B B
(p(n)7p(n)) c J2,+u(x(n)) and (q(n)’Q(n)) c J2ﬁv€(y(n))

J 2 CONN) I -1
o am] < 5]

and

in the sense that
erP™e —nTQMy < 3n|¢ —n|? for all £, 1 € RF. (9.3.25)
Since u is a subsolution we have, by Theorem 9.9,

max (A(P(”),p(”), w, ™)), Mu(z™) — u(x(”))) >0 (9.3.26)
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and since v, is a supersolution we have
max (A(Q("),q(”),ve,y(")),Mve(y(")) — ve(y(”))) <0. (9.3.27)
By (9.3.25) we get

u, x™) — AQ™, ™), ve, y™)

<s {i bi(y™, @) (p{™ — ¢{™)

k
+§ > (00", 0) = (0675 (v, )] (P - Q1)
7,7=1

Therefore, by (9.3.27),
A(p(n) p™ w2l ) < A(Q (n)we’y(n)) <0
and hence, by (9.3.26),
Mu(z™) —u(z™) > 0. (9.3.28)
On the other hand, since v, is a strict supersolution we have
Mu(y™) = v (y™) < = for all n, (9.3.29)

for some constant § > 0.
Combining the above we get

M, < u(@™) = v (y™) < Mu(a™) - Mod(y™) -5
and hence
M= lim M, < lim (Mu(e®) = Muc(y™) - )
< Mu(g) — Moe(g) — 6
= sup{u(I'(9,¢)) + K(9,¢)} — sup{ve(I'(4,¢)) + K(9, )} —
ez CeZ

< EEE{U(F@’O) —ve(L(9,0))} =6 < M — 6.

This contradiction proves Theorem 9.10. ]

Theorem 9.11 (Uniqueness of viscosity solutions).
Suppose that the process Y (t) has no jumps i.e.
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and let 3 € C*(S) be as in Theorem 9.10. Then there is at most one viscosity
solution ¢ of (9.3.10)-(9.3.11) with the property that

ey
lylllinoo o =0. (9.3.30)

Proof. Let ¢1,p2 be two viscosity solutions satisfying (9.3.30). If we apply
Theorem 9.10 to u = ¢ and v = 2 we get

p1 < Pa.

If we apply Theorem 9.10 to u = @2 and v = ¢ we get

w2 < 1.
Hence @1 = @a. O

Example 9.12 (Optimal consumption and portfolio with both fixed
and proportional transaction costs (2)).

Let us return to Example 8.3. In this case equation (9.3.10) takes the
form (8.2.21)-(8.2.22) in S°. For simplicity we assume Dirichlet boundary
conditions, e.g. 1 =0, on dS. Fix ' € (,1) such that (see (3.1.8))

/ (ﬂ - 7,)2
5> |+ it o)
and define /
Bz, x2) = (z1 +22)7 . (9.3.31)

Then with M as in (8.2.22) we have

’

F )7 - 1] <0.  (9.3.32)

1+ o

(MB = B)(x1,22) < (T1,22)™ [(1 -
Moreover, with

DG, 2) = =i, a2) + (s =) 0 (e1,22) s ) (1,2

1 2 2821/} . 2 2
+ 0 Zo 2 (331,.132) ) 77[} S C (R ) (9333)
2 Oxs
we get
max L5 (21, 22) <0, (9.3.34)

and in both (9.3.32) and (9.3.34) the strict inequality is uniform on compact
subsets of S°. The proofs of these inequalities are left as an exercise (Exercise
9.3).
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We conclude that the function 3 in (9.3.31) satisfies the conditions (9.3.23)
of Theorem 9.10. Thus by Theorem 9.11 we have in this example uniqueness
of viscosity solutions ¢ satisfying the growth condition

o, Jim (21 + 22) " (21, 25)| = 0. (9.3.35)
T1,T2)|—00

For other results regarding uniqueness of viscosity solutions of equations
associated to impulse control, stochastic control and optimal stopping for
jump diffusions, we refer to [Am], [AKL], [BKR2], [CIL], [Is1], [Is2], [Ish],
[MS], [AT], [Ph], [JK], [FS], [BCa], [BCe] and the references therein.

9.4 Numerical analysis of HIBQVI

In this section we give some insights in the numerical solution of HIBQVI. We
refer e.g. to [LST] for details on the finite difference approximations and the
description of the algorithms to solve dynamic programming equations. Here
we focus on the main problem which arises in the case of quasi-variational
inequalities, that is the presence of a nonexpansive operator due to the inter-
vention operator.

Finite difference approximation.

We want to solve the following HIBQVI numerically

max (Sup{La@(x) + flz, )}, MP(x) — @(x)) =0, zxeS (94.1)

acU

with boundary values

d(z) =g(z); €IS (9.4.2)
where
Lo®(x) = —rd + zk:bi(x,a) gj + 3 Zk: aij(z, a) afi;ij (9.4.3)
i=1 ¢ ij=1 i
and
M&(z) = sup {D(I'(z,{)) + K(2,¢);¢ € Z,I'(2,¢) € S} . (9.4.4)

We have denoted here a;; := (aaT)Z,j. We shall also write K¢(z) for K(z,().

We assume that S is bounded, otherwise a change of variable or a localisa-
tion procedure has to be performed in order to reduce to a bounded domain.
Moreover we assume for simplicity that S is a box, that is a cartesian prod-
uct of bounded intervals in R*. We can also handle Neumann type boundary
conditions without additional difficulty.
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We discretize (9.4.1) by using a finite difference approximation. Let J;
denote the finite difference step in each coordinate direction and set § =
(01, ...0x). Denote by e; the unit vector in the i" coordinate direction, and
consider the grid Ss = SﬂHle(éiZ). Set 0S5 = 88(]1—[?:1(62-%). We use
the following approximations:

P D(x +die;) — P(x — biei) _ .,
ox; (z) 26; = 0r () (945)

or (see (9.4.16))

Plw+0ies) = P(2) _ g5t ) if by () > 0

o 0
. (x) ~ - - 5 (9.4.6)
(=)= 5(«:6 %) _ g () it byx) < 0.
0P &(x + 6;¢;) — 28(z) + P(x — die; .
9 (x) ~ ( ) 5(2 ) ( ) =30d(x).  (9.4.7)
If a;;(z) > 0, i # j, then
82(15 (:C) 2@(3&‘) + @(:L‘ + (Siei + (53‘63‘) + @(.’L‘ — 5iei — (53‘63‘)
(9,13i31‘j 2515]
_[@(:L‘ + 0ie;) + P(x — de;) + P(x + 5j6j) + &(x — 5j6j)]
26;0;
=00 P(x). (9.4.8)
If a;;(z) <0, i # j, then
9’d () ~ — [20(x) + D(x + die; — dje;) + P(x — die; + Jje;)]
8$i6$j * 2515]
+<15(9c + 8;ei) + P(x — die;) + P(x + dje;) + DP(x — e )
26;0;

_ 0id;—

=0, &(x). (9.4.9)
These approximations can be justified when the function @ is smooth by Tay-
lor expansions. Using approximations (9.4.5), (9.4.7),(9.4.8),(9.4.9), we obtain
the following approximation problem:

max <sup{L§‘§l§5(az) + f(z, 0)}, MsPs(z) — @5(:3)) =0forall x € Ss
acU

&5(x) = g(x) for all = 6(5)85 :
9.4.10
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where

ad( ) — 5 —aii(w, 0) |aij(z, )|
Lid@) =2@) 1D T D 26,0,

i=1 @ i
+ Z (z + Kde;) a” z,0) Z ‘a” z,0) /-ibi(?a) (9.4.11)
i,k==%1 YNE ’L v
1 a;j (x,oz)[” ]
+ Z @(1‘ + Kkeid; + )\6]‘6]‘)
2 03
i#j,k=£1,A==+1
and
M;s®s(z) = sup {B(I'(z,()) + K(x,(); ¢ € Z5(x)} (9.4.12)
with
Zs(x)={C€ Z,I'(z,¢) €8s} (9.4.13)

We have used here the notation

+ _ : _
5N (z,0) = aji(z,0) = max.(O,aij (z,@)) 1.f kKA=1
a;;(z, ) = —min(0, a;;(z, a)) if KA = —1.
n (9.4.10), @5 denotes an approximation of @ at the grid points. This approx-
imation is consistent and stable if the following condition holds: (see [LST]
for a proof)

|bi(x7a)|7a”xa Z\amxa foralain U, zin Ss,i=1...k.
J#i

(9.4.14)
In this case ¢s converges to the viscosity solution of (9.4.1) when the step ¢
goes to 0. This can be proved by using techniques introduced by Barles and
Souganidis [BS], provided a comparison theorem holds for viscosity sub- and
super-solutions of the continuous-time problem.

If (9.4.14) does not hold but only the following weaker condition

0< a“ z, a) -3 |a“ forall ain U, z in S5, i =1...k. (9.4.15)
J#i

is satisfied, then it can be shown that we can also a obtain a stable approxi-
mation (but of lower order) by using the one sided approximations (9.4.6) for
the approximation of the gradient instead of the centered difference (9.4.5).
Instead of (9.4.11), the operator L§ is then equal to
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k

o a” x, Oé ‘az ‘bl(xaa)‘
Lo®(z) = D(x) ; p Z 2” -y
by Y B te) )y i i)

2 o z 51

i,k==%1 J,J7#1 [ N

1 ai;(x, )l

4 i0i 65)
+, Z (x + Ke;0; + Nejdj) 5:0;

i#j, k=41, A=%1

(9.4.16)

By replacing the values of the function @5 by their known values on the
boundary, we obtain the following equation in Ss:

max (sgg{L?@g(x) + fo(z, )}, MsPs(x) — @5(3:)) =0, z€S8;5 (94.17)

where f/f; is a square Ny x Ns matrix, obtained by retrieving the first and last
column from L§, Ny = Card(S;), that is the number of points of the grid, and
fs(x, o) (which will also be denoted by f5'(x)) takes into acount the boundary
values.

A policy iteration algorithm for HIBQVI.
~ When the stability conditions (9.4.14) or (9.4.15) hold, then the matrix
L§ is diagonally dominant, that is

Ns
(L$)i; >0fori#j and ZL5 i < —r<0 foralli=1...N;s.
J=1

Now let h be a positive number such that

1
h < 9.4.18
Ly + (415

and let Is denote the Ns x Ny identity matrix. It is easy to check that the
matrix

P =I5+ h(L§ 4+ rls)

is submarkovian, i.e. (P§);; > 0 for all 4,5 and Z;Vil(Pf)ij < 1 for all 4.
Consequently equation (9.4.17) can be rewritten as

max <SUP{ilz (Pé)‘@g(x) -1+ Th)@(;(:b‘)) + f5' (@)}, MsPs(x) — @5(56)) =0,

acU
(9.4.19)
which is equivalent to

®s(r) = max | sup L¢Ps(z), sup B Ps(x) (9.4.20)
acU CEZs5(x)
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where
Lob(z) =10 qj(ff)jr;zf?(x) (9.4.21)
(9.4.22)
B*®(z) := &(I'(x,¢)) + K¢ (). (9.4.23)

Let P(Ss) denote the set of all subsets of S5 and for (T, a, ¢) in P(Ss) x U x Z5,
denote by Or ¢ the operator :

L3v(x) ifx e Ss\T
Or.a ={70 ’ 9.4.24
T.acv(®) {BC’U(x) ifeeT. ( )
Problem (9.4.20) is equivalent to the fixed point problem
Ps(x) = sup O7,0,cPs5(x).
TeP(Ss),acULEZs
We define T4 as
Taq := P(S5)\Ss
and restrict ourselves to the following problem
Ds(x) = sup Orw,,Ps(x) =: ODs(x). (9.4.25)

TeT q,0€U,(EZ5

In other words, it is not admissible to make interventions at all points of
Ss (i.e. the continuation region is never the empty set). We can always assume
that we order the points of the grid in such a way that it is not admissible to
intervene at z; € S;s.

The operator £§ is contractive (because ||Plloc < 1 and rh > 0) and
satisfies the discrete maximum principle, that is

E?’Ul — E?UQ <wv —v9 = v — vy > 0. (9426)

(If v is a function from Sj into R, v > 0 means v(z) > 0 for all z € Sy).

The operator B¢ is nonexpansive and we need some additional hypothesis
in order to be able to use a policy iteration algorithm for computing a solution
of (9.4.21). We assume

There exists an integer function o : {1,2,...Ns} x Z5 — {1,2,... N5}
such that for all ( € Zs and alli=1...Ns
F(Jii, C) = To(i,C) with O'(’L.7 C) < i. (9427)

The operator B, defined in (9.4.23) can be rewritten as

By =Bty + K¢
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where (B¢, ¢ € Z5) is a family of N5 x N5 markovian matrices (except for the
first row) defined by : Bf ; = 1if j = 0(i, 2) and i # 1, and 0 elsewhere.

Let ¢(.) be a feedback Markovian control from Ss into Zs, and define the
function & on Ss5 by &(x) := o(z,((x)). Condition (9.4.27) implies that the
p-th composition of & starting in T' € T,q will end up in Ss\T after a finite
number of iterations.

We can now consider the following Howard or policy iteration algorithm
to solve problem (9.4.20) in the finite set Ss. It consists of constructing two
sequences of feedback markovian policies {(T, ok, (x), k € N} and functions
{vg, k € N} as follows: Let vy be a given initial function in Ss. For k > 0 we
do the following iterations :

e (step 2k) Given vy, compute a feedback markovian admissible policy
(Tk+1, k41, Crt1) such that

(Tk+1, Qft1, Ck+1) S ArgmaX{OT7a7<vk}. (9.4.28)

50,6

In other words
apt1(x) € Argmax L§vg(x); for all z in Sy
acU

Ci+1 () € Argmax Bgvk(aj); for all z in Ss
BEZs

Thsr = {2 € S5, L2 @ () > BSH @y ().
e (step 2k + 1) Compute vgy1 as the solution of

Vk+1 = OTk+17ak+1;Ck+1vk+1' (9'4'29)
Set k < k + 1 and go to step 2k.

It can be proved that if (9.4.15), (9.4.18) and (9.4.27) hold, then the sequence
{vk} converges to the solution @5 of (9.4.20) and the sequence {(Tk,ax,Ck)}
converges to the optimal feedback markovian strategy. See [CMS] for a proof
and [BT] for similar problems. For more information on the Howard algorithm,
we refer to [Pu] and [LST]. For complements on numerical methods for HJB
equations we refer e.g to [KD] and [LST].

Example 9.13 (Optimal consumption and portfolio with both fixed
and proportional transaction costs (3)). We go back to example 9.12.
We want to solve equation (8.2.21) numerically. We assume now that S =
(0,1) x (0,1) with { > 0, and that the following boundary conditions hold:

QZ}(07$2) = 7/}(»751»0) =0
88;/1 (I,x9) = gj’z (z1,1) =0 for all (z1,x2) in (0,1) x (0,1).

Moreover we assume that the consumption is bounded by uyq, > 0 so that
U = [0, Umaqz)- Let & > 0 be a positive step and let Ss = {(id,59),i,j €
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{1,... N}} be the finite difference grid (we suppose that N = [/ is an integer).
We denote by 15 the approximation of 1 on the grid. We approximate the
operator L" defined in (9.3.33) by the following finite difference operator on
Ss:

1
L§y = —ry + rxlafﬂ/) + ux28§+¢ — u@fﬂ/} + 202x§83§+¢
and set the following boundary values:

¥s5(0,22) = ¥5(x1,0) =0
Ys(l — 6, x2) = Vs(l, x2)
VYs(x1,1 —0) = Ps(w1,1).

We then obtain a stable approximation. Take now

Tr1 HT2
ne T
We obtain a problem of the form (9.4.20). In order to be able to apply the
Howard algorithm described above, it remains to check that (9.4.27) holds.
This is indeed the case since a finite number of transactions brings the state
to the continuation region. The details are left as an exercise.
This problem is solved in [COS] by using another numerical method based
on the iterative methods of Chapter 7.

0'1'2)2 Umax

o o

9.5 Exercises

Exercise* 9.1. Let k£ > 0 be a constant and define

Solve the optimal stopping problem

&(s,z) = EL;I; E* [e*p(SJ”)h(B(T))]

where B(t) is a 1-dimensional Brownian motion starting at € R. Distinguish
between the two cases

a) k< ‘/ZQ” , where z > 0 is the unique positive solution of the equation

1
tgh(z) = o

and
e —e” %

tgh(z) = S
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V2
b) k> V7.
Exercise* 9.2. Assume that the state X (¢) = X(®)(t) at time t obtained

by using a combined control w = (u,v), where u = u(t,w) € R and v =
(11,72, ; C1,Ca,--+) with ¢; € R given by

dX (t) = u(t)dt + dB(t) + / ZN(dt,dz); 7 <t < Tip
R
X(rip1) = X(734) + ANX(Tig1) + i1 ; X(0) =z € R.

Assume that the cost of applying such a control is

JW) (s x) = E*

/ e~ PO (X W ()2 4 gu(t))dt + ¢ 3 e+
0 i

where p, § and ¢ are positive constants. Consider the problem to find &(s, x)
and w* = (u*,v*) such that

B(s,x) = inf J) (s,2) = T (s, 2). (9.5.1)

Let
@1 (s, x) = sup J 0 (s, )
be the value function if we de not allow any impulse control (i.e. v = 0) and
let
(s, x) = sup J ) (s, z)
be the value function if u is fixed equal to 0, and only impulse controls are
allowed. (See Exercice 3.5 and Exercise 6.1, respectively).
Prove that for i = 1,2, there exists (s,z) € R x R such that

D(s,z) < Di(s,x).

In other words, no matter how the positive parameter values p, # and ¢ are
chosen it is never optimal for the problem (9.5.1) to choose u = 0 or v = 0
(compare with Exercise 8.2).

[Hint: Use Theorem 9.8].

Exercise 9.3. Prove the inequalities (9.3.32) and (9.3.34) and verify that the
inequalities hold uniformly on compact subsets of S°.
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Solutions of Selected Exercises

10.1 Exercises of Chapter 1

Exercise 1.1.
Choose f € C*(R) and put Y (¢) = f(X(t)). Then by the It6 formula
dY (t) = f'(X@)[adt + cdB(t)] + Lo £/ (X (t))dt
+ / {F(XAT) +(2)) = F(X(t7)) = v(2)f" (X (7)) }v(dz)dt

|z|[<R

+ / {FX(E) +7(2) — F(X ()N (dt, d2). (10.1.1)

(i) In particular, if f(x) = exp(x) this gives
dY (t) = Y(t)[adt + o dB(t)] + oY (t)dt
+ /‘ |<R{6XP(X('5_) +7(2)) —exp(X(t7)) — 7(2) exp(X (£ 7)) }v(dz)dt

+/{eXP(X(f)+7(2)) —exp(X(t7))}N(dt, dz)

=Yt a+ Lo? + / {7 —1—4 }V(dz))d

[z|<R

+odB(t /{e“Z) — 1}N(dt, dz)] (10.1.2)

(ii) By (i) we see that Y (¢) solves the equation

4y (1) = Y (1) [Bdi + 0dB(1) + A / 2N (dt.d2)]

R

if and only if
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a+ ;cfz + / {7 —1 —4(2) v(dz) = o, oc=190
|z|<R

and €7®) —1 =Xz (ie. y(2) = In(1 + A2)) a.e. v.

Exercise 1.2.
We first make some general remarks:

Suppose dX;(t) = ai(t,w)dt + o5t )dB(L) + / vi(t, 2 W)N(dt, dz) for i = 1,2.

R
Define Y (t) = X1 (¢) - X2(t). Then, by the 1t6 formula with f(z1,2z2) = z1 - 2,

dY(t) = Xz(t)|a1dt =+ UldB(t)} + Xi (t) [Oézdt + Ude(t)} =+ ; - 20102dt

+ /{(Xl(t7)+71(t72))(X2(t7)+72(t72))—Xl(tf)Xz(f)
|z|[<R
— Xo(t7)y1(t, 2) — X1(t )y2(t, 2) }v(dz)dt

+ /{(Xl(t_) +71(t,2)) (X2 (t7) +92(t, 2) — Xa (t7) Xa(t)}N(dt, dz)
R

= Xo(t)[ardt + 01dB(t)] + X1(t)[aadt 4+ 02dB(t)] 4+ o102dt

+ / v1(t, 2)y2(t, 2)v(dz)dt

lz|<R

+ /{’Yl(t»z)’vz(t,Z) + X1 (t7)ya(t, 2) + X2 (t )7 (t, 2)}N(dt,dz). (10.1.3)
R

In particular, if dX(t) = adt + o dB(¢t) + / v(t, 2) N(dt,dz), we get
R

d(eMX (1)) = X () e Mdt + eMadt + o dB(t)] + / eMry(t, 2) N (dt, dz)
R
= eMdX () + X X (t)e dt.

(i) Now consider the equation
dX(8) = (m — X(8))dt + o dB(L) + 4 / AN (dt, d2),
R
where we assume that vz > —1 for a.a. z (v). It can be written
d(e'X(t)) =me'dt +oe'dB(t) +ve' / zN(dt, dz).
R

This gives the solution
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t t ¢
X(t)=X(0)e "+ m/ e ds + a/e(s_t)dB(s) + 7//ze(s_t)ﬁ(dt,dz)
0 0 0 R
or

t

X(t):m—l—(Xo—m)e_t—l-a/ *~tdB(s) + v //ze “EN(dt,dz)  (10.1.4)

(ii) Next consider the equation

dX(8) = adt +y X(t / (d,dz);  X(0) =z €R. (10.1.5)
R

Define, for a given function 6(z),

) = exp / / N(dt, dz) / [ 1 0(z))ldz) - 1).

|z|<R

Then by Itd’s formula (see Exercise 1.1)

dG(t) = G(t7) / {® —1}N(dt, dz).

Hence, if we put
X(t) = X(0)G(t) + aG(t) / G (s)ds (10.1.6)

we have

dX(t) = X(0)dG(t) + a G()G ™ (t)dt + o / G (s)ds - dG(t)
0

=adt+ X(0 /{e“’(z 1}N(dt, dz)

ta- /G G ) /{69<Z> - 1}N(dt,dz)}

= adt+ [X(0)G() + oGt /G )ds| /{e"<Z>—1}N(dt,dz)
—adt+ X(t7) /{e9<z> YN (dL, d2).

So X (t) := X (t) solves (10.1.5) if we choose 6(z) such that

—1l=~vz as. v

0(z) =In(1+~v2) as. v. (10.1.7)
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Exercise 1.6.

By (1.2.5) (Example 1.15) we know that the equation

dX(t) = X(t7) /(erZ) —1)N(dt,dz);  X(0)=1 (10.1.8)

R

has the solution

) = exp // s,2)N(ds, dz) O/R/ 17 _ dz)ds}
:exp{//’y(s,z)ﬁ(ds,dz)—// W 1 (s, )u(dz)ds . (10.1.9)
0 R 0

If we assume that

// 152 _1)2(dz)ds < o0 (10.1.10)

then by (10.1.8) we see that E[X(t)] = 1 and hence by (10.1.9) we get

E[exp{/t/y(s,z)]v(ds,dz)ﬂ —exp{/t/(eﬂs’@ —1—’y(s,z))1/(dz)ds}.
0 R 0 R

(10.1.11)

Exercise 1.7.

By (10.1.3) in the solution of Exercise 1.2 we have (with R = o0)
4 (1) Xa (1)) = / 1t lt, 2 (d2)at
/ {11 (t,2) + Xa (¢ )a(t,2) + Xa(t ) (t,2)} N (dt, d2)
=X, (t7) /'yg(t,z)ﬁ(dt,dz) + Xao(t7) /fyl(t,z)ﬁ(dt,dz) + /71 (t, 2)ya(t, 2)v(dz)
- X (t)ng(t) + Xa(¢7)dX0 (1) + /']i(t,z)fyz(t, z)N(dt,dzR), (10.1.12)

which is ( 1.6.1).

Exercise 1.8.

To find @ we apply Theorem 1.35. So we must find a solution (61(z), 62(2)) of the
two equations
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) / 01(2)v (dz) + 12 / 0a(2)a(dz) = on
R

R
(ii) Y21 /91(2)1/1 (dZ) + Y22 / OQ(Z)I/Q(dZ) = Q2
R R
and such that 6;(z) < 1 for j =1, 2.
This system is equivalent to

(iii) /91 (2)v1(dz) = Aia1 + Ar2az

R
(iv) /Qz(z)lfz(dz) = Aa1a1 + Az2an
R
By our assumption (1.6.3) we see that we can choose A; C R with
Aitar + Aipaz < vi(Aq) < 00

and then the functions

Airar + A2

0i(z) = vi(AD) Xa,(2); 1=1,2

solve (i), (ii). With this choice of 0;(z); i = 1,2 we define
2 t

Z(t) = exp { Z [/ /ln(l— 0:(z:))N;(ds,dz:) + (Airar + )\izaz)t} }; 0<t<T
=1 0 R

i=1

and we put
dQ = Z(T)dP on Fr.

Then @ is an equivalent local martingale measure for (S1(t), S2(t)). Just as in Section
1.5 we can now deduce that the market has no arbitrage.

10.2 Exercises of Chapter 2

Exercise 2.1.

We seek

b(s, ) = sup B P [e (X (r) — a)]
720

where
dX (1) = dB(t) + w/z]v(dt,dz); X(0) =z €R.
R
We intend to apply Theorem 2.2 and start by putting

o[

The generator of Y is

. Y(0) = [;] =yeR?=3S.
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06 0%

ds = 2 0x? + {¢(s,m +72) = é(s,2) - gf(s,x)'yz}y(dz),

R

Ag(s,z) =

According to Theorem 2.2 (ix) we should look for a function ¢ such that A¢(s,z) =0
in D. We try
od(s,x) = e **(x) for some function 1.

Then
Ag(s,x) = e Aot (),
where
Aotp(z) = —pip(z) + 9" (z) + /{w(x +7z) = ¥(2) — ¥ (2)yz}r(dz).
R
Choose
(z) = e for some constant A > 0.
Then
Aotp(z) = —pe” + ;)\2e>‘z + /{eMHW) — M =2 yz}u(d2)
R
=M [ —p+ é/\2 + /{em'z —1- /\'yz}y(dz)].
R
Put

h(\) :== —p+ éz\2 + /{eM’z — 1= yzlr(dz).
R

Note that h(0) = —p < 0. Therefore, since
e —1-Xz>0 forallzeR

we see that )\lim h(X) = co.

So the equation h(\) = 0 has at least one solution A; > 0. Define

T—a for = >z
x) = - 10.2.1
v(@) {Cekw for x<a* ( )
where C' > 0, 2™ > 0 are two constants to be determined.
If we require ¥ to be continuous at x = z* we get the equation
ceM® =1" —a. (10.2.2)

If we require v to be differentiable at x = 2™ we get the additional equation
MCeM™ =1 (10.2.3)

Dividing (10.2.1) by (10.2.2) we get

1 1
* = C = —(vat1) 10.2.4
ei=at N ( )

We now propose that the function
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P(s,x) := e "ip(x),

with ¢(z) given by (10.2.1), (10.2.2) and (10.2.3) satisfies all the requirements of
Theorem 2.2 (possibly under some assumptions) and hence that

o(s,z) = D(s, x)
and that
T i=1inf{t > 0; X (t) > 2"}

is an optimal stopping time.

We proceed to check if the conditions (i)—(xi) of Theorem 2.2 hold. Many of
these conditions are satisfied trivially or by construction of ¢. We only discuss the
remaining ones:

(ii): We know that ¢ = g for > z*, by construction. For z < z* we must check
that
CieM® >z —a.
To this end, put
k(z)=CieM* —z+a; z<a.

Then

k(z*) =K (z*) =0 and

E'(z*) = A\{Cie™® >0 for z < z*.
Therefore k'(z) < 0 for x < * and hence k(z) > 0 for z < x*. Hence (ii) holds.
(vi): We know that A¢ + f = A =0 for x < x*, by construction. For z > z* we

have
Ap=e PP Ao(x —a) = e P(—p(xz —a)) < 0.

So (vi) holds.
(viii): In our case this condition gets the form

E[/ {a%*”tx?(t) +/e*2pf|(X(t)+7z)2 —X2(t)|2y(dz)}dt} <

ie.
E| [ e X2t) + [ [2X(t)y 2 +~°22|v(d2) bdt| < oo . (10.2.5)
[ [ pxtrs oot} <

This will hold if
z2<0 as.v (10.2.6)

or if

up E” [e 27 [ 2N (ds,dz) ’ 00 . (10.2.7)
([ fantas )] <

We will not discuss this condition further here.
(x): With our proposed solution ¢ we have

D ={(s,z) e Rz < z*}.
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So condition (x) states that
7p = inf{t > 0; X(t) > 2"} < 0o a.s. (10.2.8)

Some conditions are needed on o,y and v for (10.2.8) to hold. For example, it suffices
that

t
lim X(£) = lim {ch(t) +//72N(ds,dz)} =0 as. (10.2.9)
0 R
(xi): For (xi) to hold it suffices that
sup E”[e” " X?(7)] < o0 . (10.2.10)
TeT

Again it suffices to assume that (10.2.7) holds.
Conclusion.
Assume that (10.2.7) and (10.2.8) hold. Then the value function is
P(s,x) = e "Y(x),
where ¥ (x) is given by (10.2.1) and (10.2.4). An optimal stopping time is

7" =inf{t > 0; X(t) > z"}.

Exercise 2.2.

Define

dt 1 0 0
dy(t) = dP(t)] = [aP(t)] dt + [BP(t)] dB(t) + |7 P(t7)zN(dt,dz)
) R

dQ(t) =AQ(t 0 0

Then the generator A of Y (¢) is

0 0 0 ?
Ag(y) = Ad(s,p,q) = af + apaﬁ - /\qa(j +38%p° 8};5

+ / {¢(s,p+wz,Q) — &(s,p,q) — gﬁ(s,p, Q)Y zp}V(dZ) .

R
If we try
¢(s,p,q) =€ "Y(w)  with w=p-q,
then
Ag(s,p,q) = e " Aop(w),
where

Aptp(w) = —pip(w) + (@ — Nwep' (w) + 182w (w)
+ / (1 + 7 2)w) — $(w) — ywz (w)}(dz).
R
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Consider the set U defined in Proposition 2.3:

U= {y; Ag(y) + f(y) > 0} = {(s,p,9); Ao (0 w) + Aw — K > 0}
={(sp,9);[0(a —p—A) + Nw— K > 0}

_ {(s,p,q):w>0(aipK7A)+A} if OQla—p—AN)+A1>0
0 if fla—p—A)+A1<0

By Proposition 2.4 we therefore get:
Case 1:

Assume A < O(A+p— ).
Then 7% = 0 is optimal and @(y) = g(y) = e **p- ¢ for all y.

Case 2:

Assume (A +p—a) < A
— . K
Then U = {(s,w),w > A7(9(””)704)} cD.
In view of this it is natural to guess that the continuation region D has the form

D ={(s,w);0 <w < w"},

for some constant w*; 0 < w* < In D we try to solve the equation

K
A=0(A+p—a) "
Aop(w) + f(w) = 0.

The homogeneous equation Agto(w) = 0 has a solution 1o(w) = w” if and only if

h(r) :==—=p+ (a—Nr+ ;Bzr(r— 1) —|—/{(1 +7v2)" —1—ryz}lv(dz) =0.
R

Since h(0) = —p < 0 and I llim h(r) = oo, we see that the equation h(r) = 0 has
two solutions 71,72 such that re <0<y

Let r be a solution of this equation. To find a particular solution ;(w) of the
non-homogeneous equation

Aotp1(w) +Adw — K =0

we try
Y1i(w) = aw+b
and find
A K
a= , b=—".

Adp—a p

This gives that for all constants C' the function
Yw)=Cuw" + A w— K

Adp—a p

is a solution of
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Aop(w) + Aw — K =0.
Therefore we try to put

0w ; 0<w<w"
’l/)(’LU): C r A K *
w W, w > w

where w* > 0 and C remain to be determined.
Continuity and differentiability at w = w™ give

* K\T )\ * K
Ow" = C(w") +>\+p—aw )
— A
_ *\7r—1
0=Cr(w") +)\+p—a°
Combining (10.2.12) and (10.2.13) we get
e (MDEQ - a)
(1=r)pA=0(A+p—a))
and N
C = - ( +p—a)'(w*)1—r.

-r

Since we need to have w* > 0 we are led to the following condition:

Case 2a)

OA+p—a)<Aand A+p—a>0.

(10.2.11)

(10.2.12)

(10.2.13)

(10.2.14)

(10.2.15)

Then we choose 7 = r2 < 0, and with the corresponding values (10.2.14), (10.2.15)
of w* and C' the function ¢(s,p,q) = e Y (p - q), with ¥ given by (10.2.11), is the

value function of the problem. The optimal stopping time 7™ is

7" =inf{t > 0; P(t) - Q(¢t) < w"},

(10.2.16)

provided that all the other conditions of Theorem 2.2 are satisfied. (See Re-

mark 10.1).

Case 2b)

OA+p—a)< A and A +p—a <0, ie.
a>A+p.

In this case we have ¢*(y) = co.
To see this note that since

t t

P(t) —p—|—/aP(s)ds—l—/ﬁP(s)dB(s)—F/t/’yP(s_)zN(ds,dz),
0 R

0 0

we have
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E[Pt)]=p+ / a E[P(s)]ds
which gives ’
E[P(t)] = pe™.
Therefore
Ele " P(t)Q(t)] = Elpge™ "¢ P(t)] = pgexp{(a — A — p)t}.
Hence

T T
lim E' /e dt = Tlim pq/exp{(a — A= p)tidt = 0
0 0

T—o0
if and only if a > A+ p.
Remark 10.1 (On condition (viii) of Theorem 2.2). Consider
oY () = e " p(P(1)Q(1)),

where

P(t)zpexp{(a— éﬁz—’Y/ZV(dZ))t-F//ln(l-F’YZ)N(dt,dZ)+ﬁB(t)}
0 R

R

and
Q(t) = gexp(—At).
We have
P(t)Q(t) = pgexp | (a—A—15°—v t+ In(1+7 2)N(dt,dz)+3 B(t)
((o-ss5 [ouao)re ] | )
and

e PQ() = presp { (a = A= p— 157~y [ 2ulda)e

R
_|_0/R/ln(1—|—yz)N(ds,dz)+ﬁB(t)}'

Hence

El(e " P()Q(1)’] = (p) | exp { (20 — 23 — 2p — 5° — 27 / 2u(dz) )t

R

o / [ 2N @s,a2) + 28 50}
0 R

= (o) exp { (20— 22 —2p - 5 - 2v/zu(dz)>t 25
R

Blexp (2 / / In(1 + 7 2)N(dt,dz) )
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Using Exercise 1.6 we get
E[(e "' P(t)Q(t))? = p*¢® exp { (204—2)\—2,0 + B2 =2y [z v(dz)

R
F {1 +72)2—1-2In(1+~ z)}u(dz))t}.
R
So condition (viii) of Theorem 2.2 holds if

20— 2X —2p + 3% + /{7222 —2In(1+v2)}r(dz) <0

Exercise 2.3.

In this case we have

g(s,2) = e "Ja|

and

dX (t) = dB(t) + / 2N (dt,dz).

We look for a solution of the form
o(s,x) = e PPY(x).
The continuation region is given by
D={(s,z) eRxR:¢(s,z) >g(s,2)} ={(s,2) e RxR:¢(z) > |z|}
Because of the symmetry we assume that D is of the form
D={(s,z) eERxR; —z" <z <z}

where z* > 0. It is trivial that D is a Lipschitz surface and X (¢) spends 0 time on
0D. We must have
Ap=0 on D (10.2.17)

where the generator A is given by

2
no= 00500+ [{ssio40) — o) - 5
R T

s ' 2 0x2 (s, 90)2} v(dz).

Hence equation (10.2.17) becomes
—pY(z) + 59" (2) / {(x+2) —¥(z) — 2¢'(x) } v(dz) = 0. (10.2.18)
Let A > 0 and —\ be two roots of the equation
F\):= -2+ 1)\2 +/ {eAZ -1- )\z} v(dz) =0
2 R
Because of the symmetry we guess that

P(z) = g (e)‘z —+ e_m> = Ccosh(Ax); z € D
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for some constant C' > 0. Therefore

V() = {Ccosh (Az)  for |z < z*

|| for |z| > x*.

In order to find z* and C, we impose the continuity and C*-conditions on ¢ (z) at
r ="

e Continuity: 1= |z*| = C cosh (Az")

ct: 1 = CAsinh(A\z™)
It follows that .
C= Coshx(M*) (10.2.19)
and z* is the solution of 1
tgh (Ae”) =, . (10.2.20)

Figure 10.1 illustrates that there exists a unique solution for equation (10.2.20).

Fig. 10.1. The value of z*

Finally we have to verify that the conditions of Theorem 2.2 hold. We check
some :

(ii) ¥(z) > |z| for (s,z) € D.
Define
h(z) = Ccosh(Az) —z; = > 0.

Then h(z*) = h'(z*) = 0 and h”(z) = CA?cosh(\z) > 0 for all z. Hence h(z) > 0
for 0 < z < z*, so (ii) holds. See Figure 10.2.
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YA

C cosh(\x)

Fig. 10.2. The function ¢

(vi) A <0 outside D.
This holds since

AY(x) = —plz| + / {lx+ 2| —z—2}v(dz) <0 forall z > z".
Jr

Since all the conditions of Theorem 2.2 are satisfied, we conclude that

B(s,y) = e "*Y(y)

is the optimal value function and 7* = inf{t > 0; |B(t)| = z*}.

10.3 Exercises of Chapter 3

Exercise 3.1

Put

Then the generator of Y (¢) is

0 9 52
APy) = A"9(s,x) = af +(n—pz—u) ai + 20 axf
s [ {otos 409 oto) — 50 02wt

R
So the conditions of Theorem 3.1 get the form

(i) A“¢(s,x)+e % “J <0 forallu>0,s<T.
(Note: If we put
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S={(s,x);s<T}
then
Ts =inf{t >0; Y*"(t,x) €S} =T —s.)
(ii) lim, ;- ¢(s,z) = Az
(iv) {¢~ (Y)(T))}rgrs is uniformly integrable,
(v) A%p(s,z)+e % "A: =0 fors<T,

in addition to requirements (iii) and (vi).

=
Z

Fig. 10.3. The domain S

z

Y
»

We try a function ¢ of the form

¢(s,2) = h(s) + k(s)z
for suitable functions h(s), k(s). Then (i)—(vi) get the form

(1) W(s)+ K () + (u— pa — uk(s) +e %"
+ /{h(s) + k(s)(z + 7 2) — h(s) — k(s)z — k(s)y z}v(dz) <0
e W () + K ()4 (n—pr—uk(s) <O forall s<T,u>0
(i) R(T)=0, k(T)= X
(v) W (s)+K(s)z+ (u—pz—a)k(s)+e " =0
(vi) {h(r) + k()X (7)}

r<rs is uniformly integrable.

From (i)’ and (v)’ we get
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—k(s)+eFa =0

or i = a(s) = (> k(s)) 7!

Combined with (v)’ this gives

1) k'(s)—pk(s)=0 so k(s)=rer™D

2) (s) = (is) — whk(s) —e > “ W(T)=0

Note that

—5s (eésk(m))ﬂ'll
Y

5 v v ki
s —6s(1- 7 ,)

=e " k(s)"T —pk(s)—e . }Y ck(s)"

R (s) = (" k(s)) "1 k(s) — pk(s) — e

Ss

= k() [L= 1] = uk(s) < 0.
Hence, since h(T) = 0, we have h(s) > 0 for s < T'. Therefore
¢(s,z) = h(s) + k(s)z>0.
Clearly ¢ satisfies (i), (ii), (iv) and (v). It remains to check (vi), i.e. that

{h(T) + k(T)X(T)}

T<T

is uniformly integrable, and to check (iii).

For these properties to hold some conditions on v must be imposed. We omit
the details.

We conclude that if these conditions hold then

1 —
a(s) = A7 e)(p{(6_|—’yp)_s1 pT}; s<T (10.3.1)

is the optimal control.

Exercise 3.2.

Define

T
J(u)—E['O/e S dt + XX (Th)]
where

dX(t) = (u— pX(t) —u(t))dt + o B(t) +7/zﬁ(dt,dz); 0<t<Tp.

The Hamiltonian is

-5t Y

H(twupa,r) =0 4 (= po—wpt o+ [ yer2v(dz).
R

The adjoint equation is
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dp(t) = pp(t)dt + o G(H)dB(t) + / At 2)N(dt dz) s ¢ < T
R
p(To) = A

Since A and p are deterministic, we guess that § = # = 0 and this gives
pt) = Aeft 710,

Hence

H(t, X (), u, p(t),4(1), 7(8)) = e + (= p X (8) —w)i(t),

which is maximal when

u=a(t) = (" p(t))” Ly exp { (@ +5)i_1 pTo } (10.3.2)

Exercise 3.3.

In this case we have

/u(,r,w)z /yl ) u(t™), 2)N(dt, dz)
dX(t) = | , N(dt,dz) R L
R/ . / ot X(¢),u(t™), 2)N(dt, d2)

so the Hamiltonian is

H(t,z,u,p,q,7) = /{u zri(t, z) + 221"2(157 2)}v(dz)

and the adjoint equations are (g(z1,z2) = —(x1 — x2)?)

dp1(t) = /Tl(tf,z)ﬁ(dt,dz) ; t<T
pi(T) = =2(X2(T) — X2(T))

dpa(t) = /rg(t ,2)N(dt,dz)
p2(T) = 2(X1(T) — X2(T)).

Now X1 (T) — Xo(T) = / /{u(tf) — 2} N(dt,dz). So if 4 is a given candidate for

an optimal control we get

This gives
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H(t,zu,p,q,7) = /{u z(=2(a(t) — 2)z) + 222(1}(25) — 2)z}v(dz)
— o / (a(0)2? — 2w(dz) +2 / (a(t)=® — 2" (dz).

This is a linear expression in u, so we guess that the coefficient of u is 0, i.e. that
[ 2Pv(dz)
R

) = J 2?v(dz)
R

for all (t,w) € [0,7T] x £2. (10.3.3)

With this choice of 4(t) all the conditions of the stochastic maximum principle are
satisfied and we conclude that @ is optimal.
Note that this implies that

iEfE[(F - u(t)dsl(t)ﬂ = E[(//{,z2 - a(t)z}ﬁ(dt,dz)ﬂ

_ 0/ R/ E[(2? — a(t)2)?v(dz)dt

[ 2*v(dz)

2 R
P fZQI/(dZ)Z:| v(dz).
R

We see that this is 0 if and only if
/z3l/(dz) = z/z2l/(dz) for a.a. z(v) (10.3.4)
R R

ie. iff v is supported on one point {z0}. Only then is the market complete! See
[BDLOP] for more information.

Exercise 3.4
We try to find a, b such that the function
o(s,0) = e P p(x) i= e (az® +b)

satisfies the conditions of (the minimum version of) Theorem 3.1. In this case the

generator is
Ag(s @) = e Agy(w),

where

12//
Lo (@)

5/wu+@—wm—wm%ww»
R

Agy(a) = — pyo(a) + vi'(z) +
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Hence condition (i) of Theorem 3.1 becomes
Afp(z) + 2° 4 0v° =

— plaz® + b) + v2az + 2022(1 + a/ 2v(dz) + 2° + 6v®
R
= 0v° + 2azv + 2°(1 — pa) + a (02 + / Zzll(dz)) — pb=: h(v).
R

The function A is minimal when

With this value of v condition (v) becomes

2
z? [l—pa—ae]+a(02+/z21/(dz))—pb:0.
R

Hence we choose a > 0 and b such that

a® 4 pbha—0=0 (10.3.6)
and
b="7 (02 +/ zzu(dz)> . (10.3.7)
P R

With these values of a and b we can easily check that
o(s,x) = e "*(az® +b)

satisfies all the conditions of Theorem 3.1. The corresponding optimal control is
given by (10.3.5).

Exercise 3.5

b) The Hamiltonian for this problem is

H(t,m,u7p7q7r):m2+9u2+up+aq+/r(tf,z) (dt,dz).
JR

The adjoint equation is

dp(t) = —2X(t)dt + q(t)dB(t) + /Rr(t_v 2)N(dt,dz) ; t <T (10.3.8)
p(T) = 22X (T).

By imposing the first and second order conditions, we see that H(t,z,u,p,q,r) is
minimal for

w=u(t) = a(t) = —21017(75). (10.3.9)

In order to find a solution of (10.3.8), we consider p(t) = h(t)X (t), where h : R — R
is a deterministic function such that

M(T) = 2.
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Note that u(t) = _h(t)Q;((t) and
dX(t) = — h(t);j(t) dt + odB(t) + / zN(dt,dz) ; X(0) = z.

Moreover, (10.3.8) turns into

dp(t) = h(t)dX () + X (t)h/ (t)dt

2
= X(t) [ - hgg + h'(t)}dt—k h(t)odB(t) + h(t) / 2N (dt, dz).
R
Hence h(t) is the solution of
1y — R o
W)= "5 —2:t<T (10.3.10)
h(T) = 2A.
The general solution of (10.3.10) is
1+ Beve
0
h(t) = 2v/p 1 TP (10.3.11)
1— Beve
with 8 = i;‘ég e Vo By using the stochastic maximum principle, we can conclude
that ht)
* - _ X
w =-"0x)

is the optimal control, p(t) = h(t)X(t) and q(t) = oh(t), r(t™,z) = h(t)z, where
h(t) is given by (10.3.11).

Exercise 3.6.

If we try a function of the form

p(s,z) = e~ P(a)

then equations (i) and (v) for Theorem 3.1 combine to give the equation

sup {h’lc — 51/;(;1;) + (l’«r _ C)wl(l’) n 10'21:21/}”(17)

>0 2
—|—/R {v(z + 20z) — ¢(x) — 2029 () } V(dz)} =0.

The function
h(c) :=Inc—cy'(z); ¢ >0

is maximal when 1

c=¢é(x) = V()
If we set
Y(@)=alnz+b

where a, b are constants, a > 0, then this gives
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and hence the above equation becomes

1
lnx—lna—5(alnx+b)+u$-a—1—|— crzxz(—a>
x 2 x?

+a/ {ln(:c+xt92)—ln:c—:c€z~ i}l/(dz) =0
R

or
L o
(1-da)lnx—Ina—38b+ pa —1— N
+ a/{ln(l +0z) — 0z}v(dz) =0, for all x > 0.
R
This is possible if and only if
1
“Ts
and

b=46"7 [(51n5 —d+p— ;02 + /R{ln(l +0z) —0z}v(dz)| .
One can now verify that if 6 > p then W'ith these values of a and b the function
o(s,z) = e *"(alnz +b)
satisfies all the conditions of Theorem 3.1. We conclude that
®(s,z) = e **(alnz +b)

and that
T

c(x)y=¢= "

(in feedback form) is an optimal consumption rate.

10.4 Exercises of Chapter 4

Exercise 4.1.

a) The HIB equation, i.e. (vi) and (ix) of Theorem 4.2, for this problem gets the
form

s’ B 96 o%z? 9
{eéu + 9 e -9 7T 09

0 =sup ~ Js or 2 Ox2

u>0

(10.4.1)
09
o(s,x+0zxz) — Pp(s,z) —Ozz  (s,x) dl/(z)}
R or
for z > 0.
We impose the first order conditions to find the supremum, which is obtained
for
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* s8 ’Yll
u=u"(s,z) = (66 8?;) . (10.4.2)

We guess that ¢(s,z) = Ke %z with K > 0 to be determined. Then
u'(s,x) = (Kv) g (10.4.3)

and (10.4.1) turns into
1 1
V(KW)WZl - K6+ (u - (Kv)”il) Ky + ,0°Ky(y = 1)
+ K/ {(1462)" —1—~602}v(dz) =0
R
or
¥ 1 ¥ 1 15
YT KT =Sy — oy Kot 4 oty - 1)
+/ {(1402)" —1—~0z}v(dz) = 0.
R

Hence

k=10 (5 == [0 —1-a0mutan)) |

(10.4.4)
provided that

2
0 — pry + 02 v —7) —/{(1—1—92)7— 1 —~0z}v(dz) > 0.
R
With this choice of K the conditions of Theorem 4.2 are satisfied and we can conclude

that ¢ = & is the value function.

b)
(i) First assume A > K. Choose ¢(s,z) = Ae °*z". By the same computations as in
a), condition (vi) of Theorem 4.2 gets the form

At [WL (5—M+ 2027(1—7) —/R{(Hezw —1—792}1/(dz))r_1.

Y
(10.4.5)
Since A > K, the inequality (10.4.5) holds by (10.4.4).
By Theorem 4.2a), it follows that

B(s,x) = Xz > B(s,x)

where & is the value function for our problem. On the other hand, ¢(s, z) is obtained
by the (admissible) control of stopping immediately (7 = 0). Hence we also have

o(s,z) < D(s,x).

We conclude that
&(s,x) = Ae 22"

in this case and 7* = 0 is optimal. Note that D = (.
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(ii) Assume now A < K. Choose ¢(s,z) = Ke °*z7. Then for all (s,z) € R x (0, 00)
we have
B(s,z) > Xe %27,

Hence we have D = R X (0, c0) and by Theorem 4.2a) we conclude that
(s, x) < Ke %27,
On the other hand, we have seen in a) above that if we apply the control
u'(s,x) = (Kv) "ig
and never stop, then we achieve the performance J(“*)(s, z) = Ke %°z”. Hence
®(s,x) = Ke 2"

and it is optimal never to stop (7% = 00).

10.5 Exercises of Chapter 5

Exercise 5.1.

In this case we put

0

B [z N(dt,dz)
R

dY () = [ d)?lzt)} - [;] dt + B] dB(t) +

The generator if £ = 0 is

0 0 9?2 0
Agp = Bq: +a6i + ;g26m‘f _|_/ {gb(s,x—f—ﬁz) — ¢(s,7) —Bzaf(s,x)}l/(dz).
R

+ {_(11 A)] de(1).

The non-intervention region D is described by (see (5.2.5)

k
_ N, 99 . _
D—{(s,x),;mjayi(y)—l—ej <0 forall j—l,...,p}

= {0 -0+ 097

(s,x) +e 7 < O}.
If we guess that D has the form
D={(s,z);0<z<z"} for some z* >0
then by Theorem 5.2 we should have
Ap(s,z) =0 for 0 <z <a”.
We try a solution ¢ of the form

p(s,x) = e *3(x)
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and get

Aop(z) := —pw($)+a¢'($)+§021/1"(96)+/{¢(11+ﬁ 2)=p(z) =Bz ¢ (x)}v(dz) = 0.

R

We now choose
P(x)=€"" for some constant r € R

and get the equation

h(r) == —p+ar+ §02r2+/{erﬁz —1-rpz}r(dz) =0.
R

Since h(0) < 0 and lim h(r) = lim h(r) = oo, we see that the equation h(r) =0

has two solutions r1, 72 such that
o <0< 1.
Outside D we require that
—(1+ MY (z)+1=0

or
T

= 14 +Cs C's constant.

¥(x)

Hence we put
Cie"® + (Che™* 5 O<z<z”
OER S L
112 T Cs TS

where C1, C2 are constants.

To determine C1,C2,Cs and z* we have the four equations:

(0) =0 = CL+Cs=0.
Put Cy = -C1

1 continuous at = = z* =

1:*

C riz* _ rox* — C
1(e e ) 14 A +C3
YpeChat z=2" =

i~ o 1
C’l(rle”z —TzeTzz ) = 1+)\

YpeCat z=2" =
Ci(rien® — r%e””c*) =0.
From (10.5.4) and (10.5.5) we deduce that

« _ 2(In|ra] —Inm)
o T — T2 ’

T

(10.5.1)

(10.5.2)

(10.5.3)

(10.5.4)

(10.5.5)

(10.5.6)

Then by (10.5.4) we get the value for C1, and hence the value of C3 by (10.5.3).
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With these values of C1,C2,C3s and x* we must verify that ¢(s,z) = e ()
satisfies all the requirements of Theorem 5.2:

(i): We have constructed ¢ such that A¢+ f =0 in D. Outside D, i.e. for z > z*,
we have

s x 1
¢ (Ad(s,2) + f(s,2) = Aow() = —p( | ¥\ +Cs) Fa- L
__» a s o
=Ty )\m + 14 pCs, which is decreasing in z.

So we need only to check that this holds for z = x*, i.e. that
Aoyp(z*) <0.

But this follows from the fact that Agy(z) = 0 for all z < z* and ¢ € C>.
(ii): By construction we have

—(1+ MY (z)+1=0 for = > z*.
For x < z* the condition (ii) gets the form

F(z):= =1+ XNCi(r1*" —7r32*)+1<0.

We know that F(z*) = 0 by (10.5.4) and

F'(z) = —(14 AN)Ci(rfe™™ —r3e").
So F'(z*) = 0 by (10.5.5) and hence (since C; > 0)

F'(z) > F'(z") =0 for = <a”.

Hence
F(z) <0 for 0 <z <2z”.
The conditions (iii), (iv) and (v) are left to the reader to verify.

(vi): This holds by construction of ¢.

(vii—(x)): These conditions claim the existence of an increasing process £ such that
Y¢(t) stays in D for all times ¢, £(¢) is strictly increasing only when Y (t) € D, and
if Y(t) € D then £(t) brings Y (¢) down to a point on dD. Such a singular control
is called a local time at D of the process Y (¢) reflected downwards at dD. The
existence and uniqueness of such a local time is proved in [CEM].

(xi): This is left to the reader.

We conclude that the optimal dividend policy £*(¢) is to take out exactly the
amount of money needed to keep X (t) on or below the value z*. If X (¢) < z* we
take out nothing. If X () > =™ we take out X (t) — z™.

Exercise 5.2

It suffices to prove that the function

Bo(s,z1,22) = Ke °*(z1 + x2)"
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satisfies conditions (i)-(iv) of Theorem 5.2. In this case we have (see Section 5.3)

0o

v c >
Al )@0@) — A( )450(:1/) =5 2 2 0

[ 0Py 1
s +(rai—o) ox1 +ar: Ox2 + 25 vz 0x3

0P
+ / {@o(s,azl,xz + @22) — Bo(s,x1, 2) — w22 (s,:cl,:cz)} v(dz)
R (9332

Y

5sC . .
#” , so condition (i) becomes

and f(s,z1,z2,¢) =€

-
(iy A°Do(s,x1,20) + € € <0forall ¢ > 0.
v
This holds because we know by Example 3.2 that (see (3.1.21))
2
sup {A(C)Ep(s,xl,xg) L0 } =0.
c>0

Since in this case 8 = 0 and

o {—(11+ A) 1_—1u]

we see that condition (ii) of Theorem 5.2 becomes

. 0Py 0Dy
’ - <
(ii) 1+ ) Oy + Oy = 0

. 80y 9o
7 _ _ < .
(i) A=t g = opy =0

Since 0P 0b
0 0 —ds —1
= = i
0z = O Ke™ " y(z1 + 22)
we see that (i)’ and (ii)” hold trivially.

We leave the verification of conditions (iii)-(v) to the reader.

10.6 Exercises of Chapter 6

Exercise 6.1.

By using the same notation as in Chapter 6, we have here

v () = [;J(tt)} L1205 YO(07) = B] —yeRr?
w0 = =, 3] Geger

K(y,¢) = K(s,z,¢) = e " (z + A[C])
fly) = f(s,2) = e ""2®, g(y) = 0.
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By symmetry we expect the continuation region to be of the form
D={(s,z): -z <z <z}

for some Z > 0, to be determined.

As soon as X (t) reaches the unknown value T or —Z, there is an intervention
and X (¢) is brought down (or up) to a certain value & (or —&) where —Z < —% <
0 < & < Z. We determine Z and & in the following computations.

Fig. 10.4. The optimal strategy of Exercise 6.1

We guess that the value function is of the form
b(s,) = e u(a).
In the continuation region D, we have by Theorem 6.2 (x)
Ap+f=0 (10.6.1)
where A is the generator of Y, i.e.

_ 0%, 10%

Ad(s, ) Os  20x2

+ {¢(s,x+z) — ¢(s,x) —za(’b(s,x)}y(dz).
R Ox
In this case, equation (10.6.1) becomes

Ao(a) + £(a) = (o) + 0" () + [ {0la+2) = (a) =0/ @)o(d:) +3° = 0.

We try a solution of the form
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b

Y(z) = Ccosh(yz) + ;1:2 + 02

where C' is a constant (to be determined), b = 1 + /z2u(dz) and v > 0 is the
JR
positive solution of the equation

FO) ==t 7"+ [ (€7 1= q2puld) =0

Note that if we make no intervention at all, the value of J* (s, x) is

J(”)(s,x):e_psEz[/ et (m—i—B / /ZN (ds dz> dt]
0

2
b
:e_ps(m + 2).
4 P
z2 b

. 10.6.2
0 <(z) < P ( )

By (10.6.2) we obtain C' = —a where a > 0. We define

Hence

1 5 b
Po(x) == z°+ — a cosh(yx
o(z) p e (vz)

and put
Y(x) =Yo(x) ; x € D.
We recall that

D ={(s,x): ¢(s,x) < Mo(s,z)} =
={z:¢(x) < My(x)}

and the intervention operator is in this case

My(z) = inf{p(x + ) + c+ A[¢|; ¢ € R}.
The first order condition for a minimum ¢ = ¢(z) of the function

G(O) = Y@+ +e+ A ¢>0

Y(x+C) +e—A¢ ¢<0

is the following

i) ¢>0: Y+ +A=0=>Y'(z+()=—

(i) ¢<0: YP(xz+¢)—-A=0=¢(z+{) =

Hence we look for points , Z such that
—I<-I<0<z<2Z

and

" )::i (10.6.3)
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Note that since & < Z, ¢' (&) = ().

Arguing as in Example 6.5, we put

Yo(z) ; —T<x <7
V() =S o(@) +c+ Az —2) s a>7 (10.6.4)
Yo(—2)+ec— ANz +3) ;< -7

We have to show that there exist 0 < & < Z and a value of a such that ¢(s,z) :=
e 7%y (x) satisfies all the requirements of (the minimum version of) Theorem 6.2.
By symmetry we may assume x > 0 and ¢ > 0 in the following.

Continuity at x = Z gives the equation
Yo(2) + c+ NZ — &) = ¥o(Z).
Differentiability at x = T gives the equation
A = ().

Substituting for ¥ these equations give

&? z’
—acosh(yZ) = A& +c=" —acosh(yZ) — & (10.6.5)
p p
and
2T . _
A= — arysinh(yZ). (10.6.6)
P

In addition we have required

A::wai)::if——awﬂnhh@). (10.6.7)

As in Example 6.5 one can prove that for each ¢ > 0 there exist a = a*(c) > 0,
Z = &(z) > 0 and T = Z(c) > & such that (10.6.4)-(10.6.6) hold. With these values
of a,Z and Z it remains to verify that the conditions of Theorem 6.2 hold. We check
some of them:

(ii): Y < My =inf{ep(x —¢) +c+ A ; ¢ > 0}.

First suppose x > .
If x — ¢ > z then

Y- +c+ X =v(E)+c+ Az —C—2)+c+ A =c+Y(z) > ().

If0 <z — (¢ <z then

Y@ =) +ect+ A =1o(x— () +c+A(,
which is minimal when
oz =) +X=0
i.e. when
(=(=z—3.

This is the minimum point because
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Fig. 10.5. The function ¢ (z) for z > 0

¥ (£) > 0.

See Figure 10.5.
This shows that

Mip() = (@ = Q) + e+ A0 = P(@) + e+ Mo — &) = 9(2)
for z > z.
Next suppose 0 < = < Z.
Then
My(z) = (&) + ¢+ Mz — &) > ¥(x)
if and only if
P(z) — Az < P(Z) — A& + e

Now the minimum of

H(z):=9¢(@x)—Xx for0<z<ZT
is attained when
P'(z) = A
i.e. when z = .
Therefore

P(x) — Ar < P(2) — A\ < P(&) — A&+ c.
This shows that My (x) > ¢(z) for all 0 < = < Z.

Combined with the above we can conclude that
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Mip(z) > ¢(x) for all x > 0,
which proves (ii). Moreover,
Mip(z) > (x) if and only if 0 < x < Z.

Hence
Dn(0,00) = (0, 7).
Finally we verify

(vi): Ap+ f >0 for x> Z.
For x > z, we have

Aoy () + f(x) = —p(o() + ¢ + Mz — &) + 2*.
This is nonnegative for all x > z iff it is nonnegative for z = 7, i.e. iff

—poo(2) + 2% > 0.

By construction of ¢y we know that, for x < T
~piola) + (@) + [ {o(e+2) — o) = v u(ds) +a” = 0.
Therefore (10.6.8) holds iff

e /{w0x+z> Wo(E) — 26(z)(dz) < 0

For this it suffices that
/z21/(dz) < —Pyl(@).
Jr 2

Conclusion.

179

(10.6.8)

(10.6.9)

Suppose (10.6.9) holds. Then &(s,z) = e **(x), with ¢(x) given by (10.6.4) and
a, &, T given by (10.6.5)-(10.6.7). The optimal impulse control is to do nothing while
|X(t)] < Z, then move X (¢) down to Z (respectively up to —z) as soon as X (t)

reaches a value > Z (respectively a value < —Z).

Exercise 6.2.

Here we put
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We guess that the value function ¢ is of the form
o(s,z) = e ()

and consider the intervention operator

Mip(z) = sup {w(m Ce— (1N +G0<C < f;i} . (10.6.10)

Note that the condition on ( is due to the fact that the impulse must be positive
and z — ¢ — (1 + A)¢ must belong to S. We distinguish between two cases:

1) wu>op.
In this case, suppose we wait until time ¢; and then take out
X(tl) —C
G = .
14+ A
The corresponding value is
e—P(tits)
IO (5, 2) = E[ Ly () - c)}
— E* [1 ) (xe—pse(u—p)h _ Ce—p(S-&—tl))}

— 00 as t1 — 00.

Therefore we obtain @(s,z) = 400 in this case.

2) p<p.
We look for a solution by using the results of Theorem 6.2. In this case condition
(x) becomes

Aop(z) = —pp(x) + pxy’ (z) + ;027/)”(1:)
+ /{1/1(:& +yz2) — P(x) — v2¢'(z)v(dz) = 0 in D. (10.6.11)
R
We try a solution of the form
PY(x) = Cr ™ + Coz™

where 1 > 1, 72 < 0 are the solutions of the equation
1 /
F(vy):=—p+puy+ 2027(7 -1)+ /{(1 +0z)" —1—0zy}'(dz) = 0.
R
We guess that the continuation region is of the form
D={(s,z): 0 <z <z}

for some Z > 0 (to be determined).
We see that Co = 0, because otherwise lin% [(z)] = 0.

We guess that in this case it is optimal to wait till X (¢) reaches or exceeds a
value T > ¢ and then take out as much as possible, i.e. reduce X (¢) to 0. Taking the
transaction costs into account this means that we should take out
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((z) = T forx >z
TI+A -
We therefore propose that 1(x) has the form

T—cC

Cix"for0<z<Z
wm—{ '
1+

for x > Z.

Continuity and differentiability of i(z) at x = T give the equations

T—c
C 7" =
T4
and 1
Cimz ™' = .
L 1+
Combining these we get
_ Y1€ T—c__
— d C — 71
T -1 and C, 1+/\x

With these values of T and C'1, we have to verify that 1 satisfies all the requirements
of Theorem 6.2. We check some of them:

(ii): ¥ > My on S.
Here My =sup{¢y(z —c— (1+ X)) +(}; 0<¢ < Tt
Ifx —c— (14 X)¢ > 7, then

Ye—e— (14N +¢=" T < T T =)

and if z —c— (1 4+ A)¢ < Z then
hQ) =@ —c—(1+XN)+(=Ci(z—c— 1+ X)) +¢.

Since

[ T —C "
=1
h(1+)\) and h'({) >0
we see that the maximum value of h(¢) ; 0 < ¢ < 7.5, is attained at ¢ = {(z) = Ton
Therefore
r—2c T—c T —c
Mw(m)*max< 142 1+0) " 142
Hence My (z) = ¢(z) for > Z.
For 0 < x < T consider

for all x > c.

._ ’Yl_x_c
k(z) == Ciz L4

Since
k(z) = k' (z) = 0 and k" (z) > 0 for all x,

we conclude that
k(z) >0for 0 <z < Z.

Hence
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P(x) > My(z) for 0 < z < Z.
(vi): Aotp(z) <0 for z € S\D i.e. for x > 7.
For x > Z, we have

Tr—c 1 1
- =(1 - .
Pl oy THe 1+ (k= p)z+pd

Aotp(z) = LT

Therefore we see that

Aop(z) >0 for all z > T
S (p—plx+pc<0foral x>z
& (p—p)T+pc<0
sz> P
p—p
o Me 5 ke
m-—1"p—p
o
Sy <.
I

Since

2
and F(y1) =0, 11 > 1 we conclude that v1 < # and hence (vi) holds.

1
F(p>2—p+ﬂ-p+ azp<p—1)>o
7 7 o\ p

Exercise 6.3.

Here f =g =0, I'(y,¢) = (5,0), K(y,{) = —c+ (1 =Nz and S = R*; y = (s,2).
If there are no interventions, the process Y (¢) defined by

Ay () = { d;(h; t)] - m dt + m dB(t) +
has the generator

PYS 82
Agly) = af +”aﬁ +30° am(f

0
[62zN(dt, dz):|
R

+ {¢(s,x+€z)—¢(s,x)—ngi(s,z)}u(dz) ;

R

y= (s )
The intervention operator M is given by

M p(y) = sup{d(I'(y, () + K(y,¢);( € Zand I'(y,{) € S} = ¢(s5,0) + (1 =Nz —c.

If we try
p(s,x) = e "*y(x)
we get that
Ad(s,x) = e Aot (),

where

Aoy(z) = —pip + pi' () + Jo*y" (@) + /W(l’ +02) = ¥(z) — 0 29" (x) }r(dz)

R
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and
Mo(s,x) = e " Mop(z),
where

Mo(z) =(0) + (1 — Nz —c.

We guess that the continuation region D has the form
D ={(s,x);z <a"}

for some z* > 0 to be determined. To find a solution o of Aovo + f = Aopo = 0,
we try

Yo(z) =€"" (r constant)
and get
Aotpo(z) = —pe"* +ure" ™ + éazrzem
+ / {eT(gH'gz) —e""—rfze " ju(dz)
R
=e " "h(r) =0,
where

h(r) = —p+pur+ Lo°r® + /{67»0z —1-réz}v(dz).
R
Choose r1 > 0 such that

h(ri) =0 (see the solution of Exercise 2.1).

Then we define

Men?® z<z*
v(@) = {1/1(0) +(1-XNz—c=M+A-Nz—c; z>2z" (106.12)

for some constant M = (0) > 0. If we require continuity and differentiability at
x = z* we get the equations

Me™™ =M+ (1—-Naz* —c (10.6.13)

and .
Mrie™™ =1—\ (10.6.14)

This gives the following equations for z* and M:

ric 1-X o

k(z*) = e 4t —1— -\~ 0, M= r € >0. (10.6.15)
Since k(0) = — 25 < 0 and lim k(x) = oo, we see that there exists z* > 0 s.t.

k(z*) =0.
We must verify that with these values of 2™ and M the conditions of Theorem 6.2
are satisfied. We consider some of them:

(i)):  ¥(x) > Moy(x).
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Fig. 10.6. The function F.

For # > z* we have ¥(z) = Moy(z) = M + (1 — Az — c. For ¢ < z* we have
P(x) = M e™® and Moy(z) = M + (1 — A)x — c. Define

Fz)=Me™" — (M + (1 - XNz —c); z <z
See Figure 10.6. We have
Fz*)=F'(z")=0 and F'(z) = Mrie™ > 0.

Hence F'(z) < 0 and so F(z) > 0 for z < x*. Therefore

P(x) > Moy (x) for all z.
(vi): Aop <0 for z>az™
For > x* we have
Aop(x) = —pM + (1 =Nz — ]+ p(l = X) = —p(1 = Nz + plc— M) + p(1 = A).

So

- M
Aop(z) <0 forallz:>1:*<:>1:2/;—l—cl_)\ for all x > x*
s =M
=
T _p+1—)\
* 1% c ]'*TZ*
> _ 1
=T 7p+1—)\ 7"16
—riz™ * & M
& ! — >
e +rx 1-2< )

s1>" e u<o
p
So we need to assume that p < p for (vi) to hold.

Conclusion.

Let
Y(s,x) =e PP(x)
where v is given by (10.6.12). Assume that

rp<p.
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A e ———————————————— x
4 r\yl\wm i‘W /
W/ W/ t
Fig. 10.7. The optimal forest management of Exercise 6.3
Then

o(s,x) = sup J(”)(s, x)

and the optimal strategy is to cut the forest every time the biomass reaches the
value z* (see Figure 10.7).

10.7 Exercises of Chapter 7

Exercise 7.1

As in Exercise 6.3, we have

f=9=0

I'(y,¢) = (5,0); y = (s,2)
Ky, )=1-XNz—c
S=[0,00) xR

If there is no intervention, then ¢o = 0 and
Moo =sup{(1 - N —¢¢(<z}=(1-XNz—c
Hence

P1(y) = sup EY[Mao(Y (7))] = sup EY[e "“T((1 - NX(r) —o)]. (10.7.1)

T<Ts TSTs

This is an optimal stopping problem that can be solved by exploiting the three basic
variational inequalities. We assume that the continuation region

D1 = {¢1 > Moo}

is of the form
D, ={(s,z) ; * < x1} for some z1 >0

and that the value function has the form ¢1(s,z) = e ?*1¢1(x) for some function 1.
On D1, ¢ is the solution of
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—pr1 () +py () + 50 ) (a /{1/11 z4+02) =11 (2)—02¢1 (z)v(dz) = 0. (10.7.2)

A solution of (10.7.2) is
¥1(z) = AeM® + Be*®

where v2 < 0 and 1 > 1, A and B arbitrary constants to be determined.
We choose B =0 and put 41 = A > 0. We get

Aqe"?® xr < x1
Yi(z) =
1-Nz—c T > 1.
We impose the continuity and differentiability conditions of ¥1 at x = x1.

(i) Continuity: Aie™®' = (1—N)z1 —c.
(ii) Differentiability: Aiye7*t =1 — A

We get A1 = “;A)e_““zl and 1 =
As a second step, we evaluate

b2(y) = sup EY[Me1(Y(7))].

1 c
+1 A

We suppose ¢2(s,z) = e ?*12(x) and consider

M (2) = sup{t1 (0)+ (1= NC—5C < @} = 1 (0)+ (1= Na—c = (1= Na+Ai—c.

Hence
$2(y) = sup EY [e_p(H'T) (1= NX(r) = (c— A . (10.7.3)

T<7s

By the same argument as before, we get P2(s,x) = e **1p2(x), where

Age?® T < X2
P2(x) =
1-=Nz+A41—c T > 2o

where z2 = 711 + CI_A; and Ay = T 1=Ae™m®2 Note that 2 < x1 and Az > A;.
Since M@y and M1 have linear growth, the conditions of Theorem 7.2 are

satisfied. Hence ¢1 and ¢2 are the solutions for our impulse control problems when

respectively one intervention and two interventions are allowed. The impulses are

given by (1 =2 =z and 71 = inf{t : X(¢) > x2} and 72 = inf{t > 71 : X(¢) > z1}.

Exercise 7.2

Here we have (see the notation of Chapter 6)

We put y = (s,x) and suppose ¢o(s,z) = e "“1)o(x). Since f = g = 0 we have
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$o(y) =0

and Mo (y) =sup{¢:0< ¢ < f;;} = (f;i)J’ As a second step, we consider

b1(s,x) = sup E* [Mepo(X(7))] = sup E”|e "7+ (X(r+s)—¢)"

10.7.4
<78 7<Ts 1 + )\ ( )

We distinguish between 3 cases

@ u>p
Then
re(r=pP)(E+s) _ o—p(t+s)

>
(]51(8,1‘) = 14\
Hence if t — 400
$1(s,z) — +00.
We obtain M1 (s, z) = +o0 and clearly ¢, = +oo for all n. In this case, the optimal
stopping time does not exist.

(b) u<p
In this case we try to put ¢1(s,z) = e ?*¥1(x) and solve the optimal stopping
problem (10.7.4) by using Theorem 2.2.

We guess that the continuation region is of the form D = {0 < = < z7} and
solve

2.2
Lot (x) = —pibr () + pat (2) + 7 ) 0 (a)
+ /{1/11 (x4 0z2) — 1 (x) — Ozzapy () }v(dz) = 0. (10.7.5)
R
A solution of equation (10.7.5) is

Y1(x) = c1z™ + cox?

where
v2 < 0 and 71 > 1, and c1, c2 are arbitrary constants.

Since 2 < 0, we put ¢ = 0. We obtain

c1xt 0<z<uay
wl(w)—{l !

r—c *
Tix x> x7.

By imposing the condition of continuity and differentiability, we can compute ¢; and
7. The result is

1.2y = ™M°
1 y1—1
_ 1 Yyic¢ 1—71
2.a= W1(1+>\)(W1—1)

Note that v1 > 1 and z7 > ¢. We check some of the conditions of Theorem 2.2:
(ii)  Yi(x) > Mupo(z) for all z:

We know that ¢1(z) = Meo(x) for z > z7. Consider hi(z) := 91 (x) — Mapo(z). We
have
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hi(z1) =0

hi(z7) =0

h{(z7) = eim(m = ()" 7 > 0.
Hence 7 is a minimum for h; and ¢1(x) > Mau(z) for every 0 < z < 7.
(vi) Loy1 <0 forall = >0:

Clearly Loy =0 for 0 < z < z7.
If x > x7 then Loyi(z) = (1 — p)z + cp) Hl_)\ <Oiffw > .
Define

FO) = Lo(@?) = =p 1+ 27—+ [ {14627 1= 902} (d2)

Then we know that F(v2) = F(v1) =0 and F’'(y) > 0 for v > 7. Since F' (Z) >0
we have that ? > ~1, which implies that x] = M€ 5 P Hence Loy1(z) <0
" m—-1" p—p

for all z > 7.

We conclude that ¢1(s,z) = e ?°¢1(z) actually solves the optimal stopping
problem (10.7.4).
Next we consider

- RS
/V“/’l(x):Sup{%(iﬂ—(1+>\)<—c)+<;ogg§ f+>6\}: (ocl+c))\

and repeat the same procedure to find 2.

By induction, we obtain M, = Muvp_1 = My = M. Consequently, we
also have
d =

and &(s,x) = Pn(s,x) for every n. Moreover, we achieve the optimal result with
just one intervention.

(c)p=p
This case is left to the reader.

10.8 Exercises of Chapter 8

Exercise 8.1

In this case we have

(¢ w1, 22) =21 — ¢ — c— A[(]
(¢ x1,22) =22+ ¢
K(¢,z1,m2) = ¢+ A|(]
g=0
e—és
f(s,m1,20,u) = u”.

5
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The generator is given by

2282

w 0 0 0
L' = + (rz1 — u) + azo T5 023

ot O Ozs T 2

Let ¢(s,z1,x2) be the value function of the optimal consumption problem

oo ¥
Su\l;)v EY [/ e 0(s+) U(’i;) dt:| cy = (s, @1, 1)
we 0

with ¢, A\ > 0 and ¢o(s,x1,x2) the corresponding value function in the case when
there are no transaction costs, i.e.

c=X=0.
In order to prove that
D(s,x1,22) < Ke_és(xl + x2)" = Po(s,x1,2)
we check the hypotheses of Theorem 8.1a):
(vi) Lo+ f<0

Since ¢ is the value function in the absence of transaction costs, we have

sup{L“¢po+ f} =0 in R3.
u>0

Note that
M¢0(S,I1,CL‘2) = Sup ¢0(S,I1 _C_)\‘C‘_C,xQ'i‘C)
CeRrR\{0}
= sup Ke (z1422—c—AN¢|)" = Ke ** (@1 + 22 — ).
¢er\{o}

Therefore

D= {(,230 > M(Z)o} = Rs.

Hence we can conclude that

efés(xl + x2)” > P(s,x1,12).

Exercice 8.2a)

The HIBQVT’s for this problem can be formulated in one equation as follows:
. Oy o 1 2,80 5 o
mm(yg&{@t—’—uax—’_ZU 8962—1—:& +u’p,p—Mp| =0,

where
Mep(t,z) = inf{o(t, z + () + c}-

Since ¢ is a candidate for the value function @ it is reasonable to guess that, for
each t, ¢(t,z) is minimal for z = 0. Hence

Mop(t,z) = ¢, attained for ¢ = (" (z) = —=z.
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Motivated by Exercise 4.3 we try a function ¢ of the form
a(®)z?+b(t) ; |z| <zt

sty = [0 el <0

c ;) =2 (t)

where a(t), b(t) and z*(¢) are functions to be determined. With this ¢ the above
HJBQVI becomes, for |z| < z*(t),

) O dp 1 20%0 5 o
Jféﬂ{ ot Thor T o7 g2 T T
= irgl%{a/(t)oc2 + 0/ (t) + ua(t)2z 4+ o”a(t) + 2° + v’}

=z {a'(t) — iaQ(t) + 1] +0'(t) + o%a*(t) =0,

and this minimum is attained at

u=u"(t,z) = —; gi = —a(t)z.

Together with the boundary values
o(T,z)=0

we therefore get that (a(t),b(¢)) must be the unique solution of the two equations

o (1) — iaQ(t) +1=0:a(T)=0
b (t) + 0%a®(t) = 0; b(T) = 0.
Hence

2(1-e"@1)
>0;0<t<T

a(t) = 14 e—(T—1)

and -
b(t) = 02/ a’(s)ds; 0<t<T.
Finally we determine z*(t) by requitring ¢ to be continuous at x = z*(t):
a(t)(a"()* +b(t) = ¢
which gives
2" (t) = a” ' (t)e = b(t)]-

If b(0) < c then with this choice of a(t), b(t), *(t) all the conditions of ¢ in
Theorem 8.1 can be verified and we conclude that

a(s)z> +b(s) ; |z < z*(s)
c ;x| > 2" (s)

o(s,x) = D(s,z) = {

with optimal combined control w* = (u*,v*) described by

(i) If |z] < x*(s) use u*(s,xz) = —a(s)z and no impulse control.
(ii) If |z| > x*(s) use the impulse

Ca) =—=
to bring the system down to 0.
See Figure 10.8
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Fig. 10.8. The optimal combined control of Exercise 8.2

10.9 Exercises of Chapter 9

Exercise 9.1
Because of the symmetry of h, we assume that the continuation region is of the form

D={¢>h}={(s,2): —z" <z <z}

with z* > 0.
We assume that the value function ¢(s,z) = e "¢ (z). On D, ¢ is the solution
of
Lo(s,z) =0 (10.9.1)
where L = 66t + ; 36:2. ‘We obtain
Loy(z) := —p(x) + 39" (z) = 0. (10.9.2)

The general solution of equation (10.9.2) is
V(@) = creV?PT 4 cpe VT,

We must have ¢(z) = ¢(—x), hence ¢1 = cz. We put ¢1 = ¢ and assume ¢ > 0. We
impose continuity and differentiability conditions at x = x*:

(i) Continuity at z = z*

;C(e\/sz* +e*\/2pz*) :KCC*
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YA

Y
8

Fig. 10.9. The function h(z)

(ii) Differentiability at z = z*

;c\/Zp(ez*‘/zp; - e_‘/zpz*) =K.

Then z* is the solution of
1 ez‘*\/2p _ 67\/2pz‘*

T*+/2p - eT V20 L e—T*V/2p = tgh(z \/2/’)

and
_ K 1
"~ V/2p +sinh(z*v/2p)’

We must check if z* < . If we put z* = 2*1/2p, then 2* is the solution of

1

= tgh(z™).

L« = t8h(z7)
We distinguish between two cases:

Case 1. For K < ! = V20 we have
x* z*
1 lz| >
Y(z) = | Klz| a* <z < g

ccosh(zy/2p) |z| < z*

Since 1 is not C? at & = z* we prove that 1 is a viscosity solution for our
optimal stopping problem.

(i) We first prove that 1 is a viscosity subsolution.
Let u belong to C*(R) and u(z) > ¥(z) for all z € R and let yo € R be such
that

u(yo) = Y (yo)-

Then v is a viscosity subsolution if and only if

max(Lou(yo), h(yo) — u(yo)) > 0 for all such u,yo. (10.9.3)
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Y

Fig. 10.10. The function ¢(z) in Case 1 for z > 0

We need to check (10.9.3) only for yo = z*. We have

u(z”) =(z7) = h(z")
ie. (h —u)(z*) = 0. Hence max(Lou(z™), h(z*) — u(z*)) > (h — u)(z*) = 0.
(ii) 'We prove that v is a viscosity supersolution.

Let v belong to C%(R) and v(x) < 1(x) for every € R and let yo € R be such
that v(yo) = ¥(yo). Then 9 is a viscosity supersolution if and only if

max(Lov(yo), h(yo) — v(yo)) < 0 for all such v, yo.
We check it only for z = z*. Then
h(z") = ¢(z") = v(z").
Since v < %, x = z* is a maximum point for H = h — 1. We have
H(z")=0
H'(z")=0
H”(CL’*) — h”(CC*) _ 7/1"(1:*,) S 0
Hence Loh(z™) < Low(z*) < 0. Since v is both a viscosity supersolution and sub-
solution, % is a viscosity solution.

Case 2. We consider now the case when K > ‘ﬁp.
In this case, the continuation region is given by

. * 1
1.e. x = K-

‘We have

ba)=1{ 12
’ ccosh(z+/2p) lz| < &
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¥(x)

A

Y

Fig. 10.11. The function ¢(z) in Case 2

1 is not C' at |z| = [1( We prove that it is a viscosity solution.

(i) % is a viscosity subsolution.
Let u belong to C*(R) and u(z) > 9 (z) for every z € R. Let yo be such that
u(yo) = ¥(yo). Then ¢ is a viscosity subsolution if and only if

max(Lou(yo), h(yo) — u(yo)) > 0. (10.9.4)
For yo = z*, h(z™) = ¥(z") = u(z™). Hence (10.9.4) is trivially satisfied.
(if) 1 is a viscosity supersolution.
Actually there does not exist any v € C*(R) such that v( ) =v¥(4) and v < ¢.
Heuristically, this happens because ¢ has an angle at = = Il(:

Suppose that there exists v € C*(R) such that v < 1, v( ) = ¥( & ). We consider
H :=1 —v. We have H( ) =0 and H > 0. Hence we must have

H (([1() ) = Wl(irg)i H'(z) <0and H' <(I1()+) = aHl(ir}rj)+ H'(z) > 0.

Therefore

1N 1\ 0 1\T S 1N\T
_ < _
() () ) = () () )
which implies that ¢/ (( %)) < v’ ((%)") since v € C2(R),
Since 1’ does not satisfy this inequality, we conclude that there does not exist

any v € C*(R) such that ¥ > v and () = v( ). (v cannot be even C'!).

We can conclude that 1 is a viscosity solution for our problem.

Exercise 9.2

We intend to apply (the minimum version of) Theorem 9.8 and note that in this
case we have, with y = (s,z) € R?,
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¥
. (s, CC)}I/(dZ)

2
L"(p(y):gf—Fu ’ ;gaﬂ /{cps:c—l—z o(s,z) — 2
I(y,¢) =y+(0,0), K(y,¢) =ce™®, fy,u) = e **(a® + 6u®),

g =0 and
Mep(y) = inf {p(s,2 4+ () +ce” "5 C € R\{0}} = ¢(s,0) +ce

We first prove that
O(x) < b1 (x) = e "*(az® + b)

(see the solution of Exercise 3.4). Since clearly
P(z) < D1 (x)

it suffices, by Theorem 9.8, to prove that ®1(z) does not satisfy equation (9.3.6)

the viscosity sense. In particular, (9.3.6) implies that

e "(az® +b) = D1(s,z) < M1 (s,z) =€ *(b+¢); z €R.
Since a > 0 this is impossible.
Next we prove that
D(x) < P2(x)
s = efpsw2(1.)7

where ®@2(x) is the solution of Exercise 6.1. It has the form P2(s,x)

with
_ Jto(a); [ <7
vale) = {wo(:f:) te; ol >z
where . b
Yo(z) = me + 2 acosh(yz)

is a solution of

~po(e) + 04 (o /{wo # 4 2) — to(x) — 2 (x)}u(dz) +a* = 0.
Since clearly @(s,z) < Pa(s,x), it suffices to prove that P2(s,x) does not satisfy
(9.3.6) in viscosity sense. In particular, (9.3.6) implies that

L'®s(s,x) + e 7 (z° + 0u®) > 0 for all u € R
(10.9.5)

For |z| < Z this reads
uhy(z) + 0u® > 0 for all u € R, |z| < Z

The function
2
h(u) := ( ; - awsinh(yz:)) u+0u®; uek

is minimal when
u*ﬁ*l ary sinh( x)—Zm
U= g9 WY Y P
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with corresponding minimum value
1 2\ ?
h(a) = ~ 40 (a’y sinh(yz) — ;) .

Hence (10.9.5) cannot possibly hold and we conclude that @, cannot be a viscosity
solution of (9.3.6). Hence @ # &2 and hence &(z) < P2(x) for some z.
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Notation and Symbols

n-dimensional Euclidean space.

the non-negative real numbers.

the n x m matrices (real entries).

the integers

the natural numbers

i.e. vectors in R™ are regarded as n x 1-matrices.
the n x n identity matrix.

the transposed of the matrix A.

set of functions f : R* — R of at must polynomial
growth, i.e. there exists constants C, m such that:
If ()] < C(A+ [y[™) for all y € R*.

the continuous functions from U into V.

the same as C'(U,R).

the functions in C(U) with compact support.

the functions in C'(U,R) with continuous
derivatives up to order k.

the functions in C*(U) with compact support in U.
the functions in C* whose k’th derivatives are
Lipschitz continuous with exponent a.

the functions f(¢,z); R x R™ — R which are

C!' wrt. t € R and C? wrt. 2 € R™.

the bounded continuous functions on U.

Zm? ifz=(x1,...,%n).
n=1 n
the dot product Z TiYs
n=1

ifz=(x1,...,2Zn), y= (Y1,---, Yn).
max(z,0) if z € R.
max(—z,0) if z € R.

1 if z>0

—1 if =z > 0.
hyperbolic sine of z (= )



204 Notation and Symbols

cosh(z)

tgh(z)

sAt

sVt

(Sz

Argmax, o f(u)

lim, lim
supp f
\2

oG

G

GO

XG

(‘Qva (]:t)tZO? P)
Aﬁnt

P

N(t,U)

v(U)

N(dt,dz)

B(t)

P<Q

P~Q

ANY(t)
Y(t7)
AcY ()
Aeg
£°(t)

w/K
A=Ay
M

VI

QVI
HJB
HJBVI
HJBQVI

hyperbolic cosine of z (= ¢ *25_1)

sinh(x)

cosh(zx)

the minimum of s and ¢ (= min(s,
the maximum of s and ¢t (= max(s
the unit point mass at x.

{u" eU; f(u") =2 f(u),Yu e U}
equal to by definition.

the same as lim inf, lim sup.

the support of the function f.

the same as Df = [ggfl]n .

the boundary of the set 2G

the closure of the set G.

the interior of the set G.

the indicator function of the set G;
xe(x)=1ifz € G, xa(z)=0ifz¢&G.

filtered probability space.

the jump of n: defined by An, =n: — 7, .

the probability law of 7.

see (1.1.2).

E[N(1,U)] see (1.1.3).

see (1.1.7).

Brownian motion.

the measure P is absolutely continuous w.r.t.

the measure Q.

P is equivalent to @, i.e. P < Q and Q < P.

the expectation w.r.t. the measure Q.

the expectation w.r.t. a measure which is clear

from the context (usually P).

the expectation of the random variable Y

w.r.t. the measure pu.

quadratic covariation of X and Y: see Definition 1.27.
set of all stopping times < 7s see (2.1.1).

the first exit time from the set G of a process X; :
7¢ = inf{t > 0; X; ¢ G}.

the jump of Y caused by the jump of N, see (5.2.2).
Y(tT)+ AnY(t) (see (6.1.7)).

the jump of Y caused by the singular control &.

see (5.2.3).

continuous part of £(t), i.e. the process obtained by
removing the jumps of £(¢).

the restriction of the measure 7 to the set K.

the generator of jump diffusion Y.

intervention operator: see Definition 6.1.

variational inequality.

quasi-variational inequality.
Hamilton-Jacobi-Bellman equation.
Hamilton-Jacobi-Bellman variational inequality.
Hamilton-Jacobi-Bellman quasi-variational inequality.

t)).
).



SDE

cadlag
caglad

iid.

iff

a.a., a.e., a.s.
w.r.t.

s.t.

Notation and Symbols

Stochastic differential equation

right continuous with left limits.

left continuous with right limits.
independent identically distributed.

if and only if.

almost all, almost everywhere, almost surely.
with respect to.

such that.
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Index

adjoint equation, 48

admissible, 21, 39, 42, 47, 53, 72, 74
admissible combined controls, 113
admissible impulse controls, 82
approximation theorem, 28
arbitrage, 20, 21

backward stochastic differential
equation, 48
bankruptcy time, 27, 39

cadlag, 1

caglad, 4

combined control, 113

combined impulse linear regulator
problem, 122

combined optimal stopping and
control-problem, 61

combined optimal stopping and
stochastic control, 59

combined stochastic control and impulse
control, 113, 114

comparison theorem, 136

compensated Poisson random measure,
3

compound Poisson process, 3

continuation region, 29, 62, 83

control, 47

control process, 39

controlled jump diffusion, 39

diagonnaly dominant matrix, 143
discrete maximum principle, 144
dynamic programming, 39, 51

dynamic programming principle, 100,
125
Dynkin formula, 11

equivalent, 12
equivalent local martingale measure, 15

finite difference approximation, 140

first exit time from a ball, 23

First Fundamental Theorem of Asset
Pricing, 21

fixed transaction cost, 86

geometric Lévy martingales, 22
geometric Lévy process, 7, 23

Girsanov theorem, 12, 14-18

graph of the geometric Lévy process, 23

Hamilton-Jacobi-Bellman, 40
Hamiltonian, 48

high contact principle, 33, 62
HJB-variational inequalities, 62
HJBQVTI verification theorem, 114
Howard algorithm, 145

impulse control, 81, 83

impulses, 81

integration by parts, 49

integration by parts formula, 24

integro-variational inequalities for
optimal stopping, 29

integro-variational inequalities for
singular control, 74

integrodifferential operator, 28
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intensity, 2

intervention control, 73
intervention operator, 83
intervention times, 81

1t6 formula, 6, 8

Ito-Lévy isometry, 9
It6-Lévy processes, 5
iterated optimal stopping, 97
iterative methods, 120
iterative procedure, 99

jump, 1
jump diffusions, 10

Lévy decomposition, 3

Lévy diffusion, 10

Lévy martingale, 3

Lévy measure, 2

Lévy process, 1

Lévy stochastic differential equations,
10

Lévy type Black-Scholes market, 41

Lévy-Khintchine formula, 4

Lipschitz surface, 28

Markov controls, 40

maximum principle, 46, 48

mean-reverting Lévy-Ornstein-
Uhlenbeck process, 22, 23

mean-variance portfolio selection
problem, 53

non-intervention region, 75
Novikov condition, 16

optimal combined control of the
exchange rate, 116

optimal consumption and portfolio, 41,
117, 139, 145

optimal consumption rate under
proportional transaction costs, 71

optimal control, 40

optimal dividend policy, 78

optimal forest management, 95

optimal harvesting, 80

optimal resource extraction control and
stopping problem, 59

optimal resource extraction stopping
problem, 36

optimal stopping problem, 27

optimal stopping time, 28

optimal stream of dividends, 85, 94

performance, 28, 39, 42, 47, 60, 73, 114
Poisson process, 2

Poisson random measure, 1

policy iteration algorithm, 143, 145
polynomial growth, 100

portfolio, 21, 52

predictable processes, 10

proportional transaction cost, 86

quadratic covariation, 13, 25
quasi-integrovariational inequalities, 83
quasi-variational inequality, 136

Second Fundamental Theorem of Asset
Pricing, 19

self-financing, 21, 52

singular control, 71, 73

smooth fit principle, 62

solvency set, 27, 39, 72, 73

stochastic control, 39

stochastic control problem, 40

stochastic linear regulator problem, 57

stochastic linear regulator problem with
optimal stopping, 70

superjets, 135

time homogeneous, 10

uniqueness of viscosity solutions, 126,
138

value function, 28, 40

verification theorem, 40, 62

viscosity solution, 123, 125, 132
viscosity solution of HIBQVI, 130, 142
viscosity subsolution, 124, 131
viscosity supersolution, 124, 131

wealth process, 21, 42, 52
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