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Sparse plus low-rank autoregressive identification in
neuroimaging time series*
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Abstract— This paper considers the problem of identifying
multivariate autoregressive (AR) sparse plus low-rank graphical
models. Based on a recent problem formulation, we use the
alternating direction method of multipliers (ADMM) to solve
it efficiently as a convex program for sizes encountered in
neuroimaging applications. We apply this algorithm on syn-
thetic and real neuroimaging datasets with a specific focus
on the information encoded in the low-rank structure of our
model. In particular, we illustrate that this information captures
the spatio-temporal structure of the original data, generalizing
classical component analysis approaches.

I. INTRODUCTION

Identifying statistical correlations between the variables in
multivariate datasets is a fundamental and recurrent problem
in many engineering applications. To this end, the langage of
graphical models has become very popular because they al-
low to study and represent the interactions between variables
in a concise manner [1].

Graphical models encode information about dependence
between the variables conditioned on all the other variables,
or conditional dependence [2]. For static models this infor-
mation is contained in the inverse of the covariance matrix
(also known as the precision matrix). The identification of
the model is then a covariance selection problem [3]. Addi-
tionally, sparsity and/or low-rank structural constraints can
be imposed to the precision matrix estimation. The sparsity
constraint results from the parsimony principle in model
fitting, i.e., one assumes few direct interactions between the
variables, and is enforced through [1-norm regularizers [4].
The low-rank structure, enforced through nuclear-norm reg-
ularizers, models the presence of latent variables that are not
observed but generate a common behavior in all the observed
variables [5]. The low-rank modeling is inspired from what
is done in classical component analysis techniques, and leads
to models that are simpler and more interpretable [6], [7]. An
example of graphical model that is both sparse and low-rank
is given in Fig. 1.

*This paper presents research results of the Belgian Network DYSCO
(Dynamical Systems, Control, and Optimization), funded by the Interuni-
versity Attraction Poles Program, initiated by the Science Policy Office of
the Belgian State. The scientific responsibility rests with its authors. BM
is supported as an FRS-FNRS research fellow (Belgian Fund for Scientific
Research) and MZ is supported by the FIRB project “Learning meets time”
funded by the Italian Ministry of Education, Universities and Research.

IRL, BM and RS are with the Department of Electrical Engi-
neering and Computer Science, University of Liege, Liege, Belgium.
fR_Liegeois,B._Mishrag@ulg.ac.be

2MZ is with the Department of Information Engineering, University of
Padova, 35131 Padova, Italy. ZorziMat@dei .unipd.it

3BM and RS are with the Department of Engineering, Trumpington

Street, University of Cambridge, Cambridge CB2 1PZ, United Kingdom.
R.Sepulchre@eng.cam.ac.uk

978-1-4799-7886-1/15/$31.00 ©2015 IEEE

Fig. 1. Ten observed variables x;,7 € [1...10] with few interactions
among them (sparsity) and one latent variable x17 (low-rank structure).

In dynamical models, the additional information of the
ordering of the data is taken into account and datasets are
seen as time series. A widely used class of models encoding
this information are autoregressive (AR) models which are
characterized by their power spectral density, the dynamic
equivalent of the covariance matrix [8]. As in the static
case, it has been shown that a zero in the inverse power
spectral density corresponds to conditional independence
between two variables [9]. In the dynamic case the (inverse)
power spectral density is encoded in a block Toeplitz matrix.
Because of this particular structure the classical /1-norm can
not be used to induce sparsity in the inverse power spectral
density. This problem is solved by introducing an alternate
regularization proposed in [10]. Finally, [11] presents a uni-
fying framework allowing sparse plus low-rank identification
of inverse power spectral densities in multivariate time series.

In this paper we adapt the problem formulated in [11]
to the alternating direction method of multipliers (ADMM)
framework of [12] in order to scale it with larger datasets for
which the CVX Matlab toolbox of [13] is computationally
expensive. In particular, we exploit separability of constraints
of the ADMM framework to decouple the sparsity and
the low-rank constraints. The first update is a projective
gradient update similar to the one proposed in [10] and the
second update is a well known projection onto the cone of
positive semidefinite matrices. In the numerical examples we
illustrate the performance of the proposed algorithm on a
real neuroimaging dataset. We also provide further insight
into the information encoded in the low-rank structure of
our model by applying the proposed algorithm to datasets
with different spatio-temporal structures, which is shown to
be at least partially recovered in the latent variables.

The paper is organized as follows. We present the op-
timization problem leading to this sparse plus low-rank
decomposition in Section II and we explain how we use
ADMM to efficiently solve it in Section III. We then show
the results of our approach on synthetic and real data in
Section IV and conclude.
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II. PROBLEM FORMULATION

We first introduce some basic notions, explain the moti-
vation of the sparse plus low-rank (S+L) graphical models
and then formally deduce the corresponding optimization
problem. Finally, we define latent components that we use in
the numerical examples in order to characterize information
encoded in the low-rank part of this decomposition.

Consider a ¢-dimensional autoregressive (AR) gaussian
process = = [v1(t) ... x4(t)]T of order p

P
2(t) =Y At —i) +€(t),
i=1

where z(t) € R?, A, € R, i = 1...p and €(¢)
is white gaussian noise with covariance matrix . x is
completely characterized by its spectral density ®(e’?) which
encodes information about dependence relations between the
q variables [8]. On the contrary the inverse power spectral
density @, (e’?)~1 encodes conditional dependence relations
between variables [9], [14]. Two variables x; and x; are
independent, conditionally on the other ¢ — 2 variables of x
over {t € Z}, if and only if

(@)Y =0 Vo€ |0,2n], (1)

The nodes of the corresponding graphical model are the ¢
variables of = and there is no edge between the two nodes
zy, and x; if and only if (1) is satisfied [9].

A. S+L graphical models

Assume that z(¢) = [(z™(t))T (2'(t))T]T where 2™ (t) =
[£1(t)...2,m()]T € R™ contains manifest variables,
that is variables accessible to observations, and z!(t) =
[Tm+1(t) ... Tma1(t)]T € R! contains latent variables, not
accessible to observations. The power spectrum of = can be
expressed using the following block decomposition

. {Tm T’*”l} .

_ P D5y
o = [ } ’ x Tru 1

O P

where the * denotes the conjugate transpose operation.

In order to better characterize the conditional dependence
relations between the manifest variables, from (2) we obtain
the following decomposition of @1 using the Schur com-
plement [15]

(I):nl = Tm - Trnl'rl’rml . (3)

The main modeling assumption here is that [ < m and
that the conditional dependencies relations among the m
manifest variables encoded in ®;,;! can be largely explained
through few latent variables. The corresponding graphical
model has few edges between the manifest variables and
few latent nodes, as in Fig. 1. This leads to a S+L structure
for <I',_n1 following (3): <I>;l1 =X — A, where X = 71,, is
sparse because it encodes conditional dependence relations
between the manifest variables and A = Y7, T; Y, is low

rank. Since z is an AR process of order p, we can assume that
3 and A belong to the family of matrix pseudo-polynomials

p
Qnp={Y_ e "R;:R =R, eR™™}.
J=-p

Following [11] we further rewrite 3 and A as

Y-A = AXA*
A = ALA*, @
where A is a shift operator A(e??) := [I €T ... /]

and X and L are now matrices belonging to Q,,,(,+1y Which
is the set of symmetric matrices of size m(p+1) xm(p+1).
Finally, M,,, is the vector space of matrices W :=
[Wo Wi... W] with Wy € Q,, and Wy ... W, € R™*™,
The linear mapping 7 : My, , — Qnp+1) outputs a
symmetric block Toeplitz matrix from the blocks of W as

Wo Wi - W,
T

TW) = Wl Wo
. ' . W]_
wT Wl W

The adjoint operator of 7 is the linear mapping D :
Qm@p+1) — My, defined for a matrix X € Qpp+1)
partitioned in square blocks of size m x m as

X%? X()j_ Xop
x=|"" S 5)
Xg;) Xf; o X

Following this partition, W = D(X) € M,, , is given by

{ WO (X) = Ei:o X}Lha
Wi(X) = 2354 Xnn+s Yi=1...p

B. S+L identification problem formulation

(6)

Assume that we have a finite length realization
2™(1)...a2™(N) of the manifest process ™. It should be
emphasized that no data is available regarding the latent
process 2!, and its dimension is not even known. Our
goal is to recover the S+L model defined in the previous
section which best explains the collected data. Therefore,
one estimate of X and L (hence of ¥ and A) is given by
solving the regularized maximum entropy problem [16], [17]
for which the primal is

min —log det Xgo + (C, X)
X, L€Qm(p+1)
+ Mh(D(X + L))+ A trace(L)  (7)
subject to X >0,X00>=0,L >0,
where

e v >0 and A > 0 are weighting parameters leading to
a sparse ¥ and a low-rank A,

o C'=T(R) where R € M, , are the p+ 1 first sample
covariance lags Rk [8],

e ({.,.) is the inner product associated with R™*™,
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o h is the following function chosen to favor a structured
sparse solution D(X + L)

h(Y) = max{|(Yo);l, (e |(Yi)isl, joax |(Yi)jil}s

J>i

which is convex but non smooth. This limitation was over-
come in similar works [10] by solving the corresponding
dual problem. In the present case, it can be shown based on
[10] and [11] that the dual of (7) is

max V(C+T(2))
ZEMpy p
subject to 37 _o([(Zk)ij| + [(Zk)jil) < v, i #j

. ®
diag(Z;) =0, k=0,...,p

M+T(Z) =0,
where W : Q,,,(p+1) — R is defined as
U(V) = —log det(Voo — Vi, 0Visp 155 Viip0) —

and V' € Q,,(p+1) is partitioned as in (5).

C. Definition of latent components

The optimal primal variables (X°P!,L°Pt) are recovered
from the optimal solution Z°P! following [11] from which
¥°Pt and A°P? are computed by (4). A°P! is a square matrix
function of size m, defined over the unit circle and for which
we consider the pointwise singular value decomposition
since A°P! is low-rank for all 6 € [0, 27]

AP (0) = T g (0)S2,0(0)T7, 1(6). ©)

The i-th column of T, ;(f) contains the strength of the
conditional dependence relation between the ¢-th unobserved
latent variable and each of the m manifest variables. Fol-
lowing component analysis nomenclature [6] we call the -
th column of I'y, ;(6) the i-th latent component and denote
it 7;,.(0). In other words, 7; ;(¢) with s € [1...1] and j €
[1...m)] represents the weight of the conditional dependence
between the latent variable x,,+;(t) and the manifest variable
x;(t) in the expression of z;(t). In the static case, ; (6)
reduces to a constant vector because A = I in (4) and A
does not depend on 6. On the contrary, in the dynamic case
each latent component is a function of 6 € [0, 27].

III. ALTERNATING DIRECTION METHOD OF MULTIPLIERS

We use the alternating direction method of multipliers
(ADMM) of [12] to solve (8). This choice is motivated
by the fact that this algorithm both inherits the strong
convergence properties of the method of multipliers and
exploits decomposability of the dual problem formulation
leading to efficient partial updates of the variables. We show
how we rewrite (8) in the ADMM format by separating
the sparse and low-rank constraints, then explain how we
choose an adequate stopping criterion and recover the primal
variables.

In order to decouple the constraints related to sparsity and
low-rank we introduce the new variable Y € Q,(p+1y and
reformulate (8) as

min V(C+T(Z))
ZEM,, ,
subject to  A(Z) < b, (C1) (10)
Y =T(Z)+ A,
Y =0 (C2),

where the first constraint (C1) gathers the first two constraints
on Z of (8) and A and b are defined accordingly; and (C5) is
the last constraint of (8) imposing positive semidefiniteness
of the new variable Y. Using the augmented Lagrangian
formulation, we introduce L, defined by

L(Z,Y,M)=V(C+T(Z)) - (M,Y —T(Z) — )
+2Y = T(2) =M%,

where ||| r is the Frobenius norm. Subsequently, the ADMM
updates are

ZFM = min L,(Z,Y* MF*), (S1)
Z e Cy

YFE*t = min L,(ZF*1Y, M¥), (S2)
Y € Cq

MM = MF— (Y —T(ZF1) - XI).  (S3)

It should be noted that (S1) has no closed form solution
and corresponds to the sparsity set of constraints of [10]. We
approximate the solution by a projective gradient step as in
[10]. Following this approach,

Zk+1 = Hcl(Zk — thZLp(Zkv Yka Mk))a

where
« VzL,(Zy, Yy, My) = VU(Z¥) + D(M")
+oD(T(ZF)+AI-YF),
e ty is found from the Armijo conditions,
e IIo, is the projection onto Cj which reduces to a
projection onto the [1-norm ball [10], [18].
The optimization problem (S2) has a closed form solution
and is computed as

1
Yk:+1 — HCZ(;MIS o T(zk}+l) o )\I),

where IIc, is the projection onto the cone of symmetric
positive semidefinite matrices of size m(p + 1) x m(p + 1),
which is done by selecting the eigenvectors corresponding
to positive eigenvalues. This leads to the final updates of
the ADMM algorithm.

ADMM for sparse plus low-rank inverse power spectral
density estimation. Initialize Zy, Yy, Mp; set p > 0; and
successively update variables as follows:

Zk+1 = Hcl (Zk — thZLp(Z]wYIW Mk?))’
yh+1 _ Hc2(%Mk _ T(zk+l) — A, (1n
MR = Mk — p(YEHL T (Zk+) Z A,

Following [12], a stopping criterion for (11) is based on the
primal and dual residuals r and s that respectively measure
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satisfaction of the equality constraint of (10) and the distance
between two successive iterates of the additional variable Y.
r and s should satisfy ||r||r < €?™* and ||s||r < €?*%! where

€P™ and € are defined as
epri _ m(p+ 1)6abs
+e" max{\y/m(p + 1), |T(Z")||r, 1Y "¢},
6ulual = m p—|—1€abs—|—6T6l||'D(Mk)HF.

Here €?** and €™ are the predefined absolute and relative
tolerances for the problem.

A variation is obtained when p is multiplied by a factor
of 7 > 1 at each iteration up to a maximum value p.,q.
starting from a value pp depending on the application.

Convergence analysis of the ADMM algorithm follows
from [12, Section 3.2][19]. The computational cost per
iteration of the updates (11) depends on the projections
onto Cy and Cb, the gradient evaluation of L,, and the
linear mappings 7 and D leading to a final complexity
O(m3(p +1)3).

IV. NUMERICAL EXAMPLES

In this section we apply the proposed ADMM algorithm
to solve the sparse plus low-rank decomposition on synthetic
and real datasets and explore the type of information encoded
in the identified latent components. The Matlab code for
the algorithm is available from the webpage http://www .
montefiore.ulg.ac.be/~rliegeois/

A. Application on linear synthetic data

This synthetic dataset consists of time series corresponding
to a first order AR model (dynamic model, p = 1) with
the interaction graph presented in Fig. 1. The interaction
graphs of the manifest variables (support of ) identified
for different values of A\ and Ay are represented in Fig. 2
as well as [, the number of latent components (rank of A)
that were identified. In order to discriminate between models
we compute a score function f, defined in [10], taking into
account fitting to the data and complexity of the model.

(A) Interaction graphs for different values of parameters A and Ay

I=1, f= 4.31 I=2, f=7.08 I=2, 1= 6.61
(B) True interaction
graph g
S ----
1l
<
1=0, f=3.63 I=1, f=1.45 I=1, f=1.51
(C) Optimal interaction| &
graph in static case ﬁ
A
I=1, f=1.44 =
Optimal
5 I=0, f=3.63 =0, f=1.47 1=0, f=1.61
3 °
~ wn
@
o
Ay= 0.4 A
Ay=0.22 Ny=0.45 M= 0.67
Fig. 2. (A) Interaction graphs of estimated models for different values of

A and Ay using a first order AR model (p = 1). (B) True interaction graph.
(C) Optimal interaction graph of estimated model obtained in the static case

(p = 0).

As expected, higher values of A promote models with less
latent components, and higher values of Ay favor models
with few interactions between the manifest variables. The
model with the best (lowest) score function recovers the
true interaction graph with the correct number of latent
components (Fig. 2A). The optimal interaction graph in the
static case (Fig. 2C), on the contrary, does not recover exactly
the true interaction graph.

The stopping criterion based on the primal and dual
residuals is illustrated in Fig. 3 using this dataset. The
algorithm stops when ||r||2 < €™ and [|s|2 < €@ are
both satisfied.

Evolution of primal and dual residuals

10 10"
1072} 10°
—N —N
= 107 Kz
10°°f
10°
o 50 100 o 50 100
Iteration Iteration
Fig. 3. Typical convergence scheme of the ADMM algorithm obtained

with the linear synthetic dataset with the parameter values pg = 1, 7 = 1.1,
pmaz = 1000, €% = 1077, and e?*! = 1074

B. Application on non-linear synthetic data

The interest in considering a non-linear generative model
is that it can produce endogenous sustained oscillations in
networks similarly to what is observed in neuroimaging data
such as fMRI time series. A popular non-linear model is the
Hopfield model widely used in neural networks [20]:

T, = —x; + Sﬂt(Z Gijiﬂj) + €,

J7Fi
where z; denotes the level of activity of the variable 1,
G;j is the strength of the connection from z; to x;, and
sat is a sigmoidal saturation function. Fig. 4 shows how
we generate oscillations in two clusters. In the first case
(Fig. 4B) the oscillations are coupled, leading to dephased
oscillations of the same frequency whereas in the second case
the clusters are decoupled (Fig. 4C), leading to oscillations of
different frequencies in the two clusters. We finally generate
three different datasets for each configuration by sampling
these time series at different frequencies. The first dataset is
produced by using the original time series (no sampling), the
second and third datasets are obtained by sampling the time
series with a period of T1 and T2 to generate synthetic data
with higher frequency content.

Fig. 5 shows the static and dynamic latent components
as defined in section II-C that are identified in the optimal
models from the synchronous oscillations datasets of Fig. 4B.
Since the results are very similar within the nodes of each
cluster and for clarity purposes we plot only the value of the
latent components in node 1 (;,1) and in node 5 (7;5).
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(A) Generative Hopfield model

(C) Weak coupling between clusters

Cluster 1 (4 nodes)

Time courses in nodes of two clusters with uncoupled oscillations

—— Time courses in nodes of first cluster
—— Time courses in nodes of second cluster C

Time

Fig. 4.

(B) Strong coupling between clusters

Time courses in nodes of two clusters with coupled oscillations

Cluster 2
(3 nodes)

— Time courses in nodes of first cluster
—— Time courses in nodes of second cluster

Time

(A) The generative model contains two clusters and the values of the directed connectivity between the nodes is indicated on the corresponding

arrows. These values correspond to the matrix C in (12). (B) Set of parameters leading to coupled oscillations and (C) decoupled oscillations.

S+L algorithm Original T1-sampled T2-sampled S+L framework Original T1-sampled T2-sampled
applied on: data data data applied on: data data data
Stati 1oP 2 2 2 - 1oPt 2 2 2
tatic Static
ase (Yi1¥1s) (0,50, 0.08) (049, 0.06) (0,50, 0.07) ase (Vi1¥15) (057, 0.08) (0,50, 0.03) {050, 0.04)
(Ya1,¥25) (0.03,0.57) (0.04,0.59) (0.03,0.59) V21:¥25) (0.01,0.62) (0.04,0.61) (0.05, 0.60)
[Pt 1 1 1 Jopt 2 2 2
Original data — Tl-sampled data — T2-sampled data Original data — Tl-sampled data — T2-sampled data
| Y,.(0) | V.40 Y..©) I Y,50)
" 0
08} 0; o8 03
0
Dyamic Latent o N Latent m,_\ 0
case (p=1) | comp.n°1 comp.n°1
" "
04] 04]
Iy o
02] 0.
o 0
7 hip) 0 r T L7 T
Low frequency . High frequency Low frequency e High frequency Low frequency High frequency Lowfrequency | High frequency
content ~ content content  ~ content Dyamic content content content content
case (p=1)
’ * V.0 ‘ V.40
Fig. 5. Latent components identified in the static and dynamic cases from o o
the three datasets generated from coupled oscillators (Fig. 4 B).
Latent 0.6] 0.6]
comp. n2
. . 04 04)
In the static case two latent components corresponding ——

to the two clusters of the generative model are identified.
There is no significant difference for the three input datasets
suggesting that the frequency content of original data is not
encoded in the static latent components. In the dynamic case
(p = 1), the latent components are encoded in v, ;(6) and a
single latent component is identified in the optimal model.
Interestingly, the T2-sampled synthetic data (high-frequency
time series) leads to a latent component showing a strong
high-frequency content whereas the original dataset leads to
a latent component with dominant low-frequency content.
Having the same approach on asynchronous oscillations,
we get the results shown in Fig. 6. In the static case we
still obtain two latent components recovering the two clusters
with no distinction between the three starting datasets. In the
dynamic case (p = 1), however, the optimal model now has
two latent components, each one capturing the oscillations
in one of the two clusters. As in the previous case the
frequency content of the synthetic data is encoded in the
frequency content of the latent component. Identifying two
latent components probably comes from the fact that the
frequency of oscillation in the two clusters are different,

0
Low frequency
content

. T
High frequency
content

L. T
High frequency
content

0 L]
Low frequency
content

Fig. 6. Latent components identified in the static and dynamic cases from
the three datasets generated from decoupled oscillators (Fig. 4C).

suggesting that the dynamic latent component identifies a
spatio-temporal subspace of variation common to different
manifest variables.

C. Application to neuroimaging data

We illustrate the application of our proposed algorithm
on real neuroimaging data consisting of functional magnetic
resonance imaging time series in 90 brain regions collected
on 17 patients during rest [21]. It should be noted that
this problem dimension is not tractable with a standard
optimization tool such as the CVX toolbox of [13]. The
classical approach is to use component analysis to extract
neuronal networks. During rest, three networks are robustly
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