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Development of a family of products that satisfies different market niches introduces
significant challenges to today’s manufacturing industries—from development time to
aftermarket services. A product family with a common platform paradigm offers a
powerful solution to these daunting challenges. This paper presents a new approach,
the Comprehensive Product Platform Planning (CP3) framework, to design optimal
product platforms. The CP3 framework formulates a generalized mathematical model
for the complex platform planning process. This model (i) is independent of the solution
strategy, (ii) allows the formation of sub-families of products, (iii) allows the simultane-
ous identification of platform design variables and the determination of the correspond-
ing variable values, and (iv) seeks to avoid traditional distinctions between modular
and scalable product families from the optimization standpoint. The CP3 model yields
a mixed integer nonlinear programming problem, which is carefully reformulated to allow
for the application of continuous optimization using a novel Platform Segregating
Mapping Function (PSMF). The PSMF can be employed using any standard global opti-
mization methodology (hence not restrictive); particle swarm optimization has been used
in this paper. A preliminary cost function is developed to represent the cost of a product
family as a function of the number of products manufactured and the commonality among
these products. The proposed CP3 framework is successfully implemented on a family of
universal electric motors. Key observations are made regarding the sensitivity of the opti-
mized product platform to the intended production volume.
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1 Introduction

A product family consists of a set of products that share certain
common features that are embodied in a platform. Different prod-
ucts within the family are produced by customizing specific addi-
tional features on the platform. By doing so, a group of related
products can be derived from a common product platform to satisfy
a variety of market niches. Also, the sharing of a common platform
by different products is expected to result in: (i) reduced overhead,
(ii) lower per-product cost, and (iii) increased profit. A key feature
affecting the success of a product family is the effectiveness of the
product platform around which the product family is derived. By
sharing components and production processes across a platform of
products, companies can develop different products efficiently.
This approach also increases the flexibility and the responsiveness
of their manufacturing processes, and is likely to take away market
share from competitors that develop one product at a time. In addi-
tion, the domain of product platform planning can be extended to
multiple sets/series of products, thereby providing the flexibility of
creating sub-families of products as well. In this section, we briefly
discuss the state of the art in product family design; this discussion
is followed by a survey of the techniques (and their limitations)
reported in the literature to solve different types of product families.
The section ends with an introduction to the product platform plan-
ning framework developed in this paper.

1.1 Product Family Design. In the field of management,
product platform research is often addressed in terms of qualitative

product planning problems [1,2]. The qualitative product planning
tools typically support managerial and strategic decision making.
However, they do not offer practical support to system-level
designers, who must develop a product architecture to deliver the
different products, while sharing parts and production steps across
the products [3]. In particular, designers must translate the qualita-
tive leveraging strategies into useful customer requirements to
guide platform-based product development. These issues are
addressed in the engineering design domain, and employ quantita-
tive methods. A characteristic distinction between management and
engineering approaches is that the former typically rely on concep-
tual and/or qualitative methods, while the latter typically rely on
quantitative analysis/optimization methodologies.

Various optimization-based product platform planning app-
roaches and formulations have been proposed in the literature,
which includes the methods summarized by Simpson et al. [4].
Several other approaches have been proposed in recent years,
2006–2010. These papers often present diverse objectives and ini-
tial assumptions that may not readily apply to a broader scenario.
Little work has been done to develop a formal framework to
coherently address different problem scenarios. In this paper, the
new Comprehensive Product Platform Planning (CP3) framework
is presented to address these issues from a broad perspective. The
proposed CP3 framework simultaneously delivers an encompass-
ing product family model and a generic design optimization meth-
odology, which can address the different classes of problems. The
complete process of commercial product family development
requires the adequate consideration of and the balancing of the en-
gineering and marketing objectives [5]. The proposed CP3 frame-
work is developed as a robust strategy to achieve the engineering
design objective of product platform planning.

Depending on their design, product families have traditionally
been classified as (1) modular (module-based), or (2) scalable
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(scale-based) families. In a scale-based product family, each indi-
vidual product is comprised of the same set of physical design
variables. Different products in the family are developed by scal-
ing the nonplatform features (design variable) such that each
product satisfies a unique set of requirements. In a module-based
product family, distinct modules are added or substituted (to a
common platform) to develop different products [6,7]. A popular
example of a modular product family is the series of Sony Walk-
mans [8,9], whereas a standard example of a scalable product
family is Boeing’s 777 aircraft series [10]. Major automobile
manufacturers have also made efforts toward the use of scalable
product families [11].

1.2 Existing Research in Product Family Design (PFD)

1.2.1 Scale-Based Product Families. Under prevailing
approaches to the design optimization of scale-based product fami-
lies, two critical decisions typically made are: (i) the selection of
platform and scaling design variables and (ii) the determination of
the values of these design variables. The selection of platform and
scaling design variables is combinatorial in nature; while determin-
ing the variable values is generally continuous in nature. The com-
binatorial aspect makes the design optimization of product families
a challenging one [12]. In the literature, researchers have proposed
two major classes of methodologies to address these challenges:
(i) the two-step approach and (ii) the exhaustive approach.

A comprehensive list of different “two-step” methods can be
found in the book chapter by Simpson [13]. In the two-step class of
methods, the selection of platform and scaling design variables is
performed separately from the optimization of the product family.
This technique is relatively simple to implement, and generally
does not demand extensive computational resources. However, the
two step strategy potentially introduces a significant source of sub-
optimality. In the exhaustive approach, all the possible combina-
tions of platform and scaling design variables are individually
optimized and mutually compared, to yield the overall optimum.
This approach can guarantee (assuming the correctness of the indi-
vidual optimizations) the overall optimum product family design.
On the negative side, the methods based on the exhaustive approach
are likely to become computationally prohibitive for systems with a
large number of design variables—a n-variable system would lead
to 2n possible combinations of platform and scaling design varia-
bles (each representing a unique family). If the creation of sub-
families is also considered, the number of possible combinations is
exponentially higher (2rn, where r � 1). Detailed discussion of the
dimensionality of platform-scaling combinations can be found in
the paper by Chowdhury et al. [14]. The processes of a typical two-
step approach and a typical exhaustive approach are depicted in
Figs. 1(a) and 1(b), respectively.

In recent years, new product family design approaches have
been proposed, which can be applied to a wider array of scaled
based product families; these methods address most of the limi-
tations of the earlier methods, and also present other uniquely

favorable characteristics. The selection integrated optimization
(SIO) approach introduced by Khire et al. [15,16] addresses the
sub-optimality of two-step methods by integrating the (i) plat-
form identification process and the (ii) product family optimiza-
tion process. A new variable segregating mapping function
[15,17] converts the discrete combinatorial process (of platform
identification) into a continuous process. This approach pro-
vides a robust and computationally inexpensive (compared
with other single stage methods) product family optimization
framework.

Another new class of PFD methods uses multi-objective
genetic algorithms to design a product family. A single stage
approach (without a priori platform identification), based on a
decomposition solution strategy that uses the binary Non-Sorting
Genetic Algorithm-II (NSGA-II), is presented by Khajavirad et
al. [18]. This method provides flexibility in allowing the forma-
tion of a platform, whenever a design variable (value) is shared
by more than one product, and not necessarily all products in the
family, which eliminates the all-common or all-distinct restric-
tion. The significant computational expense of the binary GA
approach, especially in the case of large scale problems, is
addressed using a parallelized sub-GA solution strategy. Similar
flexibility in platform creation is also presented by Chen and
Wang [19]. The latter paper presents a PFD method that uses a 2-
Level Chromosome Genetic algorithm (2-LCGA), and proposes
an information theoretical approach that incorporates fuzzy clus-
tering and Shannon’s entropy to identify platform design varia-
bles. The process of platform creation precedes performance
optimization of the product family. Consequently, the method
developed by Chen et al. [19] exhibits the limiting attributes of
the “two-step” approach. Scale-based PFD methodologies that
use physical programming [20,21], and that explore the impact of
design variable uncertainty [22], have also been reported in the
literature.

1.2.2 Module-Based Product Families. One of the popular
approaches to module-based product family design conceptually
divides the process into the following three levels (i) Architectural
level: to establish a system structure and its variations, (ii) Config-
uration level: to establish standard configuration(s), and it’s varia-
tions of products and modules, and (iii) Instantiation level: to
develop a practical product family through variable quantification
and combinatorial selection of the modules. In this paper, the
instantiation level of modular PFD has been particularly
addressed. Further investigation needs to be performed to expand
the scope of the CP3 framework to the broad spectrum of modular
product family design. The instantiation task level is composed of
the following two phases (i) Variable quantification: to develop
modules across product prototypes by quantifying design varia-
bles and (ii) Combinatorial selection: to develop product proto-
types by selecting desirable combinations from the feasible ones.
Based on these phases, approaches to the instantiation task level
can be divided into the following three classes:

Fig. 1 Existing methods to design scale-based product families
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(1) Optimization of module attributes under fixed module
combination;

(2) Optimization of module combinations using predefined
module candidates; and

(3) Simultaneous optimization of module attributes and module
combinations.

The majority of the approaches for solving these optimization
problems require specifying the platform (fixed module combi-
nation, i.e., Class 1) prior to optimization, in order to reduce the
design space and render the problem computationally more trac-
table. Most other optimization approaches are geared toward
Class 2 optimization problems, e.g., Ref. [23]. The assumptions
involved in these two classes may lead to sub-optimal module-
based product families. Very few optimization approaches exist
to solve Class 3 type optimization problems, such as developed
by Fujita and Yoshida [24,25].

Several other well known methods exist in modular PFD, such
as presented by Stone et al. [26], Dahmus et al. [27], Guo and Ger-
shenson [28], Jose and Tollenaere [29], Kalligeros et al. [30],
Saron et al. [31], and Yu et al. [32]. Detailed discussion of these
methodologies is not within the scope of this paper.

1.2.3 Limitations of the Existing PFD Methods. The scope of
application of the earlier PFD methods [13,15] is restricted by
the assumption—“a platform is formed only when the value of a
design variable is shared by all product variants in the family.”
This assumption, which is termed as the all-common or all-
distinct restriction hinders the creation of sub-families of prod-
ucts, unless additional prior design assumptions are made. Most
importantly, the majority of the existing PFD methodologies
(including recent methods [18,19]) do not readily represent the
platform planning process by a generalized mathematical model;
as a result, only a particular class of optimization algorithms can
be leveraged in these methods, which is restrictive. Moreover, a
generalized mathematical model can facilitate helpful investiga-
tion of the underlying mathematics (complex and combinatorial)
of product platform planning, which has rarely been offered by
the existing PFD methodologies.

The scale-based PFD methods assume that each product is com-
prised of all the design variables involved in the family; as a result,
these methods do not readily apply to modular product families. On
the other hand, typical modular PFD methods often cannot readily
account (without platform/scaling assumptions) for the simultane-
ous presence of modular and scalable product attributes: e.g., in a
laptop, the DVD-drive can have both modular (DVD, HD-DVD,
and Blue-Ray-DVD) and scalable (drive speeds¼ 1�, 2�,...,
N� 1.35 MB/s) properties. In addition to these limitations, most of
the existing PFD approaches use a penalty function or a commonal-
ity metric to account for the reduction in manufacturing costs,
resulting from platform planning. These artificial cost functions are
usually determined (i) using the differences in the magnitude of
each design variable across different products [15] or (ii) using the
quantified commonalities (e.g., a commonality index) among prod-
ucts [18]. Such artificial cost functions are often limited by the in-
herent assumptions that are rarely stated explicitly—e.g., the cost
reduction that results from creating product platforms is independ-
ent of the “intended production volume” for each product variant.
The CP3 framework seeks to address these limitations, further dis-
cussion of which is given in Sec. 1.3.

1.3 Comprehensive Product Platform Planning (CP
3
)

Framework. Through the CP3 framework, the objective is to
address the critical attributes of product family design. This
framework consists of two components: (i) a comprehensive and
flexible product family model that yields a mixed integer nonlin-
ear programming (MINLP) problem and (ii) a design optimization
strategy to solve this MINLP problem. In the remainder of this pa-
per, these components will be referred to as the “CP3 Model” and
the “CP3 Optimization”, respectively. The CP3 framework, pre-

sented in this paper, has the flexibility to design a majority of the
scale-based product families that occur in practice. Additionally,
the CP3 framework, in its current form, also seeks to address the
instantiation level (of the three level modular PFD approach) of
module-based product family design.

The principal contributions of the CP3 model are:

(1) This model presents a generalized and compact mathemati-
cal representation of the platform planning process, which
is independent of the optimization strategy.

(2) This model avoids the all-common/all-distinct restriction
[18], thereby allowing the formation of sub-families.

(3) This model facilitates simultaneous (i) selection of plat-
form/scaling design variables and (ii) quantification of the
optimal design variable values.

The CP3 model formulates a generic equality constraint (the
commonality constraint) to represent the variable based platform
formation process. The presence of a combination of binary vari-
ables and continuous variables is attributed to the combinatorial
process of platform identification. The nonlinearity of this prob-
lem can be primarily attributed to the likely nonlinear nature of
the system model for the products: introduced by typical nonlin-
ear performance function and nonlinear system constraints. To
the best of the authors’ knowledge, such a generalized and
closed form mathematical representation of the platform plan-
ning process is unique in the literature.

The CP3 optimization strategy introduces the platform segre-
gating mapping function (PSMF) to solve the MINLP problem at
a much reduced computational expense. In the case of a generic
product family, comprising N products and a total of n design
variables for each product, the resulting MINLP problem con-
tains at least “n� NC2¼ n�N(N� 1)/2” binary-integer varia-
bles. In the CP3 model, these binary-integer variables determine
the commonalities across products with respect to particular
physical design variables. Typical gradient based MINLP solvers
(e.g., branch and bound, cutting plane, and outer approximation
algorithms [33,34]) may not be effective at solving such a com-
plex and highly nonlinear optimization problem. The PSMF
approach is inspired by the concept of converting the mixed inte-
ger problem into a continuous variable problem, as developed in
the selection integrated optimization method [15]. The PSMF
technique also exhibits a strong potential for application to the
design of adaptive systems—adaptive systems are engineering
systems that are required to maintain high performance under
changing environments [16]. The dependence of the manufactur-
ing cost of a product on the number of similar products (products
sharing design variable values) is expressed using a cost decay
function (CDF).

Particle swarm optimization (PSO) algorithm [35] is used to
solve the approximated MINLP problem. A robust constraint
handling technique, introduced by Deb et al. [36], and later
adopted by Chowdhury and Dulikravich [37], is employed to
deal with the constraints involved in the optimization problem.
A series of numerical experiments indicated that the approxi-
mated MINLP problem is most likely to be multimodal, which
can be attributed to the formulated commonality constraint.
PSO, being a stochastic search algorithm, deals with multimodal
problems significantly better than do gradient based algorithms.
Moreover, PSO is straight forward to implement and involves
fewer user defined parameters that need to be adjusted, when
compared to some of the standard evolutionary optimization
algorithms.

The CP3 framework is expected to be particularly more effec-
tive in the case of product families (i) that have sub-families of
products, and/or (ii) that involve a combination of modular and
scalable product attributes. Specific examples of such families
include consumer electronics products, such as laptops. Such
features as display size, hard-disk-drive capacity, size of RAM,
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and processor speed are typically scalable attributes, whereas
web-camera, microphone, speakers, and optical-drive are typi-
cally modular attributes. In addition, a single manufacturer often
provides several laptop brands/series (e.g., Dell-Vostro, Dell-
Inspiron, and Dell-XPS series) that includes further model var-
iants (e.g., XPS 1700 3D, XPS 1700, and XPS 1500); individual
models might have commonalities within the series, and also
across different series. Upfront decision making at the engineer-
ing design/development stage, regarding how the product-line
can be divided into sub-families, can be challenging. Similarly,
the classification of a product family as strictly modular or scal-
able at the design stage introduces limiting assumptions, and
requires the design engineer to seek methods that can be effec-
tively leveraged under those specific scenarios. The CP3 frame-
work provides the flexibility to design sub-families, while
simultaneously addressing modular and scalable attributes in a
product family. Thereby, this method provides a much desirable
one-step solution to “product family design engineers”. To sum-
marize, the properties of the comprehensive product family
model presented in this paper are not only mathematically inter-
esting but also attractive to the engineering practice in an indus-
trial setting.

In Sec. 2, the Comprehensive Product Platform Planning (CP3)
model is developed. In Sec. 3, the cost objective for the product
family is formulated. Section 4 discusses the CP3 optimization
strategy that includes the developments of the platform segregat-
ing mapping function and the cost decay function. A brief
description of the universal electric motor and the design optimi-
zation of a family of motors using the CP3 technique are pre-
sented in Sec. 5. Concluding remarks are provided in the last
section (Sec. 6).

2 Comprehensive Product Platform Planning (CP3
)

Model

In this section, we develop a product platform planning model
that is both comprehensive and independent of the eventual solu-
tion strategy. This model not only allows effective design optimi-
zation of product families but also promotes further investigation
of the underlying mathematical processes in product platform
planning. The formulation of the CP3 Model is followed by an
illustration of this model using the example of a representative “4
products - 5 variables” family. This section is concluded with the
definition of the overall optimization problem yielded by the CP3

Model.

2.1 Formulation of the CP3
Model. The CP3 Model is

founded on the concept of a mixed-integer nonlinear equality con-
straint. This formulation is illustrated using a representative fam-
ily of two products that are comprised of three design variables
each. Table 1 shows the variables involved in this example.

For a design variable xk
j , in Table 1, the superscript (k) and the

subscript (j) represent the product number and the variable num-
ber, respectively. The binary-integer variables (k variables), given
in the table, are defined as

k12
j ¼

1; if x1
j ¼ x2

j

0; otherwise

�
(1)

Hence, the k variables determine the commonality among prod-
ucts, with respect to the physical design variables. The general
MINLP problem, formulated to represent the design optimization
of the product family example (shown in Table 1), is given by

Max fperf Yð Þ
Min fcost Yð Þ
subject to

k12
1 x1

1 � x2
1

� �2 þ k12
2 x1

2 � x2
2

� �2 þ k12
3 x1

3 � x2
3

� �2 ¼ 0

gi Xð Þ � 0; i ¼ 1; 2;…; p

hi Xð Þ ¼ 0; i ¼ 1; 2;…; q

where

Y ¼ x1
1; x

1
2; x

1
3; x

2
1; x

2
2; x

2
3; k

12
1 ; k

12
2 ; k

12
3

� �
X ¼ x1

1; x
1
2; x

1
3; x

2
1; x

2
2; x

2
3

� �
k12

1 ; k
12
2 ; k

12
3

� �
2 B : B ¼ 0; 1f g

(2)

and where fperf and fcost are the objective functions that represent
the performance and the cost of the product family, respectively.
In Eq. (2), gi and hi represent the inequality and equality con-
straints related to the physical design of the product. The first
equality constraint in Eq. (2), which involves the parameters kik

j is
termed the commonality constraint, which can be represented in a
compact matrix format as

x1
1 x2

1 x1
2 x2

2 x1
3 x2

3

� �

�

k11
1 �k12

1 0 0 0 0

�k21
1 k22

1 0 0 0 0

0 0 k11
2 �k12

2 0 0

0 0 �k21
2 k22

2 0 0

0 0 0 0 k11
3 �k12

3

0 0 0 0 �k21
3 k22

3

2
666666666664

3
777777777775

x1
1

x2
1

x1
2

x2
2

x1
3

x2
3

2
666666666664

3
777777777775

¼ 0

(3)

This formulation can be extended to a general product family,
comprising N products and n design variables, as given by

Table 1 List of variables for the product family example

Physical design variables Product 1 Product 2 Integer variables

1st variable x1
1 x2

1 k12
1

2nd variable x1
2 x2

2 k12
2

3rd variable x1
3 x2

3 k12
3

Table 2 Product platform plan for the “4 products 2 5 variables”
sample family

Physical design variables Product 1 Product 2 Product 3 Product 4

1st variable (x1) ^ ^ ^ ^
2nd variable (x2) — — — —
3rd variable (x3) h h O O
4th variable (x4) — — — —
5th variable (x5) 4 — — 4

Table 3 Definition of the platform symbols for the “4 products
– 5 variables” sample family

Platform-1 Platform-2 Platform-3 Platform 4

^ h O 4
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XTKX ¼ 0;where

K¼

P
k 6¼1

k1k
1 � � � �k1N

1 0 0 0 0 0 0 0 0

..

. ..
. ..

.
0 0 0 0 0 0 0 0

�kN1
1 � � �

P
k 6¼N

kNk
1 0 0 0 0 0 0 0 0

0 0 0 ..
. ..

. ..
. ..

. ..
.

0 0 0

0 0 0 ..
. P

k 6¼1

k1k
j � � � �k1N

j
..
.

0 0 0

0 0 0 ..
. ..

. ..
. ..

. ..
.

0 0 0

0 0 0 ..
.
�kN1

j � � �
P
k 6¼N

kNk
j

..

.
0 0 0

0 0 0 ..
. ..

. ..
. ..

. ..
.

0 0 0

0 0 0 0 0 0 0 0
P
k 6¼1

k1k
n � � � �k1N

n

0 0 0 0 0 0 0 0 ..
. ..

. ..
.

0 0 0 0 0 0 0 0 �kN1
n � � �

P
k 6¼N

kNk
n

2
66666666666666666666666666666666666664

3
77777777777777777777777777777777777775

where k ¼ 1; 2; :::::;N; j ¼ 1; 2; :::::; n;

X ¼ x1
1 x2

1 � � � xN
1 � � � x1

j x2
j � � � xN

j � � � x1
n x2

n � � � xN
n

� �T

(4)

The matrix K is called the commonality constraint matrix. This matrix is a symmetric block diagonal matrix, where the jth block corre-
sponds to the jth design variable. An explicit representation of each block of the K matrix is given by

Kj¼

P
k 6¼1

k1k
j �k12

j � � � �k1l
j � � � �k1N

j

�k21
j

P
k 6¼2

k2k
j � � � �k2l

j � � � �k2N
j

..

. ..
. ..

. ..
. ..

. ..
.

�kl1
j �kl2

j � � �
P
k 6¼l

klk
j � � � �klN

j

..

. ..
. ..

. ..
. ..

. ..
.

�kN1
j �kN2

j � � � �kNl
j � � �

P
k 6¼N

kNk
j

2
666666666666664

3
777777777777775

(5)

The commonality constraint matrix can be derived from the generalized commonality matrix k that is expressed as

k ¼

k11
1 � � � k1N

1 0 0 0 0 0 0 0 0

..

. ..
. ..

.
0 0 0 0 0 0 0 0

kN1
1 � � � kNN

1 0 0 0 0 0 0 0 0

0 0 0 ..
. ..

. ..
. ..

. ..
.

0 0 0

0 0 0 ..
.

k11
j � � � k1N

j
..
.

0 0 0

0 0 0 ..
. ..

. ..
. ..

. ..
.

0 0 0

0 0 0 ..
.

kN1
j � � � kNN

j
..
.

0 0 0

0 0 0 ..
. ..

. ..
. ..

. ..
.

0 0 0

0 0 0 0 0 0 0 0 k11
n � � � k1N

n

0 0 0 0 0 0 0 0 ..
. ..

. ..
.

0 0 0 0 0 0 0 0 kN1
n � � � kNN

n

2
666666666666666666666666666664

3
777777777777777777777777777775

where

kkl
j ¼

1; if kkk
j ¼ kll

j ¼ 1 and xl
j ¼ xk

j

0; otherwise

( )
8k 6¼ l

kkk
j ¼

1; if the jth variable is included in product�k

0; if the jth variable is NOT included inproduct�k

�
k; l ¼ 1; 2; :::::;N; j ¼ 1; 2; :::::; n;

(6)
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It can be observed from Eq. (6) that the commonality matrix is
also a symmetric block diagonal matrix. The off-diagonal ele-

ments of the commonality matrix ðkkl
j Þ will be referred to as the

commonality variables. The diagonal elements of the commonality

matrix ðkkk
j Þ determine whether the jth variable is included in

product-k. This commonality matrix definition is somewhat
similar to that reported by Khajavirad and Michalek [38].
Every block of the constraint commonality matrix can be
expressed as a function of the corresponding commonality matrix
block, which is

Kj ¼ fcon kj

� �
(7)

In typically modular product families, different products might
comprise different types and different numbers of modules. Each
module is comprised of a particular set of design variables that are
also known as module attributes; these attributes may be shared
by more than one module in a complex system. Consequently, dif-
ferent products can be comprised of physically different sets of
design variables. In order to address a modular product family
design, a product platform planning model should account for the
inclusion, the exclusion and the substitution of design variables.
These three possibilities can be captured by the novel commonal-
ity matrix. In this context, one of the following three distinct sce-
narios can occur:

(1) The jth design variable is required in product-k; conse-
quently, kkk

j ¼ 1 would be known a priori (fixed).
(2) The jth design variable is not relevant for product-k; con-

sequently, kkk
j ¼ 0 would be known a priori (fixed).

(3) Inclusion of the jth design variable is optional for product-

k; the corresponding kkk
j variable is allowed to be deter-

mined during the course of product family optimization
(variable).

If the third scenario occurs, the CP3 model does not make any
prior assumptions regarding the attribute values or whether a
module (or the corresponding attributes) will be shared by multi-
ple products or will not form any platform. If the first scenario
occurs, the module attributes themselves may scale among the
products that must the concerned module. The commonality ma-
trix blocks representing the scaling design variables (attributes
included in all product variants) should have the diagonal ele-
ments fixed at one. Therefore, careful specification/management
of the diagonal elements of the commonality matrix automati-
cally addresses the modularity/scalability properties of the
design variables, without imposing limiting distinctions. This
model allows a coherent consideration of the likely combination
of scaling and modular attributes in a product family, which is
uniquely helpful.

The helpful capability of the CP3 model to flexibly address
combined modular-scaling families is further explained using the
example of a family of laptop PCs—Three laptops (a 15 in. note-
book, a 13 in. notebook, and a netbook) are being designed, and
the manufacturer decides that the 15 inch notebook will have a
DVD-drive, the 13 inch notebook might/might not have a DVD-
drive (based on the ensuing overall product cost), and the netbook
will not have a DVD-drive (due to space constraints). A key con-
stituent design variable of the DVD-drive module is the drive-
speed/data-rate (in “� 1.35MB/s”) that is a scaling attribute: e.g.,
“1� or 2� 1.35 MB/s”. In this case, the “3� 3” commonality ma-
trix block corresponding to this design variable (drive speed/data-
rate) can be expressed as

kDVD ¼
1 k12 0

k21 k22 0

0 0 0

2
4

3
5 (8)

where the order of the products is [15 in. notebook, 13 in. note-
book, and the netbook], and the commonality variables k12, k21,
and k22 are to be determined during optimization. The commonal-
ity matrix formulation presented in this paper thus provides a gen-
eralized product platform planning model, which can address a
wide variety of product families without making limiting distinc-
tions between scalable and modular attributes.

It is helpful to note that, factors such as (i) the product-module
architecture and (ii) the availability of module options in a modular
family demand additional considerations, which are not explicitly
addressed by the current CP3 model. For example, in the case of
laptops, technologically differing/substitutable types of DVD drives
are commercially available: e.g., DVD-R, HD-DVD, and Blue-
Ray-drive. Although, these DVD-drive options have the same
drive-speed attribute, the commonality representation in the CP3

model would not readily apply if two laptop variants were to use
two different DVD-drive types. Moreover, the modules in a product
are often not independent of each other from a design and/or opera-
tion perspective; in that case, inclusions/exclusion/substitution of
modules can be mutually dependent (e.g., web-camera and micro-
phone), which leads to dependent commonality matrix blocks.
Such “module interdependency” that can be defined within the con-
ceived product architecture is not addressed by the current CP3

model. Appropriate considerations of the underlying product
architecture and module options should further advance the applic-
ability of the CP3 model, and is considered a key area for future
research.

2.2 Representative Illustration of the CP3
Model: A

“4 Products – 5 Variables” Family. The proposed CP3 model
is illustrated using an example of a product family comprising 4
products. It is helpful at this point to provide a careful definition
of a generalized product platform—“A product platform is said
to be created when more than one product variant in a family
share a particular design variable.” In this case “sharing a
design variable between two products” implies that the products
are designed to have the same value of the concerned variable.
Table 2 shows the platform plan of the sample product family.
Each symbol in Table 2, except the “�” symbol, represents a
platform. Blocks in Table 1, displaying similar symbols, imply
that the corresponding products are members of a particular
variable-based platform. A block, displaying the “�” symbol,
represents a non-platform (scaling) design variable value—
which implies the corresponding design variable value is not
shared by more than one product. Blocks without any specified
symbol (blank) imply that the particular variable is not included
in the corresponding product. The platform symbols are defined
in Table 3.

A product platform plan, as shown in the example (in Table 2),
entails classifying design variables (in the entire family) into the
following three categories:

(1) Platform design variable: A design variable that is shared
by all the different kinds of products in the family; e.g.,
variable x1 in Table 2.

(2) Sub-platform design variable: A design variable that is
shared by a particular set of product variants in the fam-
ily, leading to a sub-family; e.g., variable x5 in Table 2.
Sub-platforms may also lead to multiple sub-families
with respect to a design variable; e.g., variable x3 in
Table 2.

(3) Nonplatform design variable: A design variable that is not
shared by more than one product in the family; e.g., varia-
bles x2 and x4 in Table 2.

The diagonal blocks of the commonality matrix, corresponding
to each design variable for the product family illustrated in
Table 2, is given by
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k1 ¼

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

2
6664

3
7775; k2 ¼

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775;

k3 ¼

1 1 0 0

1 1 0 0

0 0 1 1

0 0 1 1

2
6664

3
7775; k4 ¼

1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775;

k5 ¼

1 0 0 1

0 1 0 0

0 0 0 0

1 0 0 1

2
6664

3
7775

(9)

The corresponding five diagonal blocks of the constraint common-
ality matrix (K), determined from the commonality matrix, are
given by

K1 ¼

3 �1 �1 �1

�1 3 �1 �1

�1 �1 3 �1

�1 �1 �1 3

2
6664

3
7775; K2 ¼

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2
6664

3
7775;

K3 ¼

1 �1 0 0

�1 1 0 0

0 0 1 �1

0 0 �1 1

2
6664

3
7775; K4 ¼

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2
6664

3
7775;

K5 ¼

1 0 0 �1

0 0 0 0

0 0 0 0

�1 0 0 1

2
6664

3
7775

(10)

2.3 The Generalized MINLP Problem. The generalized
MINLP problem for a family of N products, comprising a global
set of n design variables, can be expressed as

Max fperf Yð Þ
Min fcos t Yð Þ

subject to

XTKX ¼ 0

gi Xð Þ � 0; i ¼ 1; 2;…; p

hi Xð Þ ¼ 0; i ¼ 1; 2;…; q

where

K ¼ fcon kð Þ
Y ¼ X; kf g

X ¼ x1
1x2

1… xN
1 … x1

j x2
j … xN

j … x1
nx2

n… xN
n

h iT

klk
j 2 B : B ¼ 0; 1f g

k; l ¼ 1; 2…;N; j ¼ 1; 2…; n;

(11)

and where the matrices K and k are given by Eqs. (4) and (6),
respectively. It is helpful to note that, although the matrix k is a

variable for the MINLP problem, certain diagonal elements ðkkk
j Þ

are known apriori (Refer Sec. 2).

3 Cost Objective for a Product Family

In this section, a preliminary cost analysis of a product family
is performed to express the cost as a function of factors that are
considered to be critical to platform planning. We do not intend to

develop a detailed cost model of a product family; the cost of a
commercial product family would be significantly sensitive to the
actual product line being planned/designed. Using the simplified
cost analysis, we formulate a novel cost decay function that simul-
taneously accounts for the commonality among products and the
intended production volume. A cost objective is subsequently
developed on the basis of the cost decay function.

3.1 A Simplified Cost Analysis of a Product Family. Park
and Simpson [39] have developed a cost estimation framework
for product families. Incorporation of such a cost estimation
model into the CP3 framework is a fruitful topic for future
research. In this paper, a simplified cost analysis has been per-
formed to achieve the following specific objectives:

(1) To formulate a cost objective that is more meaningful than
(i) a penalty function based on design variable differences
or (ii) the inverse of the aggregate commonality.

(2) To investigate the effect of the intended production volume
of each product variant, on the platform planning process.

The cost analysis is based on the typical product family struc-
ture, a representative illustration of which is shown in Fig. 2.

Mathematical details of the cost analysis can be found in the pa-
per by Chowdhury et al. [40]. Chowdhury et al. [40] represents
the total cost of the product family as

CF ¼ fcost X;m; kð Þ; where

m ¼ m1 m2 � � � mk � � � mN
� �T (12)

In Eq. (12), mi represents the intended production volume for prod-
uct-i in the family. The vector m can be determined by balancing
marketing and manufacturing objectives [5], as well as through
demand modeling [41]. Considering the intended production vol-
ume to be an input parameter for the platform planning process, the
cost objective for optimization can be expressed as fcost(X, k).

3.2 Cost Decay Function. In the absence of specific infor-
mation regarding the cost of manufacturing a family of products,
it is challenging to obtain an accurate expression to represent the
cost objective function fcost. In order to pursue a practical solution
approach, the cost objective is simplified as

fcost X; kð Þ ¼ fcost;X Xð Þ � fcost;k kð Þ (13)

where fcost,X and fcost,k are independent functions of the design
vector X and the commonality matrix k, respectively. A generic
expression for the function fcost,X is not readily available; the
function fcost,X is assumed to be a constant in this paper. The
prospect of obtaining an explicit expression for the function
fcost,k is also restricted in the absence of prior commercial infor-
mation regarding the product. As a result, a power decay func-
tion is assumed to represent the cost; this function is called the
cost decay function. The cost decay function simultaneously
accounts for (i) the commonality among products and (ii) the
intended production volume for each kind of product. The cost
decay function is defined as

CDFk
j ¼

1� c2

1� c3
�c1

	 

Mk

j

� ��c1

� c3
�c1

� �
þ c2

M ¼ km

(14)

where CDFk
j represents the contribution of the jth variable toward

the cost of manufacturing one unit of product-k. The coefficients
c1, c2, and c3 control this cost function.

A representative example of the nature of this decay function,
on a normalized scale of 0–1, is shown in Fig. 3. This cost func-
tion has been developed based on the following hypotheses:
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(1) The cost per product would decrease as more products
share a particular design variable value.

(2) The marginal cost reduction per product, owing to common-
alities, would decrease with increasing production volume.

To provide a better understanding of the CDF, it is important to
explain the role of each coefficient:

• The coefficient c1 controls the rate of decrease of the cost
contribution per product. In other words, c1 is the measure of
the sensitivity of “the marginal cost reduction per product”
to “the number of products that share a particular attribute”.
A higher value of c1 indicates that the cost reduction per
product owing to commonalities decreases faster with the
volume of production.

• The coefficient c2 provides a reference lower limit of the
cost contribution. In other words, the expression CDFk

j � c2

represents the per-product overhead cost contribution of the
jth attribute. Therefore, if the jth attribute is not shared by
more than one product, the per-product overhead cost with
respect to the jth attribute will be 1 – c2; if the jth attribute

is shared by a large number of products, the per-product
overhead cost with respect to the jth attribute will become
progressively negligible.

• The coefficient c3 represents the value of the intended pro-
duction volume beyond which the per-product overhead cost
can be considered negligible.

Using the CDF, the overall cost of manufacturing the product
family is determined by

fcost ¼ fcost;X �
XN

k¼1

mk
Xn

j¼1

CDFk
j

 !
(15)

A function depicting the trend of cost decay (as presented in this
paper) is uniquely helpful in investigating potentially critical fac-
tors in product platform planning. In the case of commercial prod-
uct family development, the coefficients c1, c2, and c3 can be
derived by solving a standard function estimation problem. How-
ever, this cost function is not intended for the comprehensive cost
modeling of commercial products. As an actual cost function
becomes available, it can be readily used in the approach

Fig. 2 Typical product family structure

Fig. 3 Cost per product with respect to the total number of
products that share a design variable Fig. 4 PSMF for a 5-product family
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presented in this paper. Accurate response surface based cost
functions can also be developed, when adequate data are available
regarding (i) the intended volume of production, (ii) the cost of
manufacturing due to each attribute, and (iii) the overhead costs.

4 CP3
Optimization Strategy

In this section, an effective continuous approximation of the CP3

model is developed. This approximation facilitates the solution of the
CP3 model using standard continuous optimization algorithms. A
stepwise pseudocode is also provided to explicate the overall plat-
form planning process developed in this paper. In the later part of
this section, we provide a brief description of the particle swarm opti-
mization algorithm that is implemented to optimize the CP3 model.

4.1 Platform Segregating Mapping Function. The combi-
nation of discrete (binary numbers {0,1}) and continuous design
variables in the CP3 model present a classical mixed integer prob-
lem. The high number of binary-integer commonality variables
kkl

j , involved in the platform planning model, demands extensive
computational resources. A new platform segregating mapping
function is proposed to convert the mixed integer problem into a
tractable continuous variable problem. Prior to the investigation
of this new solution methodology, the commonality constraint
(from Eq. (4)) is reformulated as

XTKX � e (16)

where e is the aggregate tolerance specified to allow for platform
creation. A careful analysis of the modified commonality con-
straint (Eq. (16)) indicates that, for any two products k and l, a

commonality matrix variable ðkkl
j Þ is a decreasing function of the

square of the corresponding design variable difference
ðDxkl

j ¼ jxk
j � xl

jjÞ. At the same time, the design variable differen-
ces between various pairs of products are often not independent of
each other. A function that can represent the commonality
between two products (k and l) with respect to a particular design
variable (j) is similar to the function that relates the commonality
variable kkl

j to the design variables xk
j and xl

j. This function must
have the following properties:

1. The function must be continuous (defined at Dxkl
j ¼ 0) and

well behaved.
2. The function must have a maximum at Dxkl

j ¼ 0 and must
then decrease when Dxkl

j increases (asymptotically tending
to zero).

3. These functions, collectively, must allow a coherent consid-
eration of the commonalities between various pairs of prod-
ucts with respect to a particular design variable.

A set of Gaussian kernel functions, collectively called the plat-
form segregating mapping function, is developed to approximate
the relationship between the commonality variables and the corre-
sponding physical design variables. The required properties listed
above are inherent in this set of Gaussian kernel functions. Inter-
estingly, each Gaussian function in the set also provides a mea-
sure of the probability pj

kl that the jth design variable will be
shared between product-k and product-l. It is helpful to note that
other functions that have similar properties can also be
implemented to construct the PSMF. The PSMF that relates
product-l and product-k with respect to the jth design variable is
given by

kkl
j ¼ a exp �

xk
j � xl

j

� �2

2rj
2

0
B@

1
CA (17)

where coefficient a is assumed to be equal to one. In Eq. (17), the
design variable values ðxl

jÞ serve as the mean of the Gaussian ker-
nels and the parameter rj represents the standard deviation of the
Gaussian kernels for the jth design variable. This standard devia-
tion can be determined by specifying the full width at one tenth
maximum (Dx10), as expressed by

r ¼ Dx10

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 10
p where; p xl

j6Dx10

� �
¼ 1

10
(18)

Fig. 5 Five consecutive stages of PSMF application for the
commonality between two products (k and l) with respect to the
jth design variable

Table 4 Steps of the PSMF-based CP3 optimization

Step 1: Optimize each product using PSO (maximizing performance)
Step 2: Determine the range for implementing PSO on each xj

Step 3: Initiate a random population of size Npop

Step 4: Set Dx10 ¼ Dx
max

10 and istage ¼ 1

Step 5: Simultaneously optimize N products using PSO (solve Eq. 21)

Step 6: Set Dx
istageþ1

10 ¼ Dx
istage

10 � Dx
frac

10 , where Dxfrac
10 ¼

Dx
min

10

Dx
max

10

	 
 1
Nstage�1

Step 7: Evaluate Dx10ð Þistageþ1

j using Eq. (20)

Step 8: Choose the optimal configuration as one of the starting points

Step 9: Initiate a random population of size Npop� 1, and set istage¼ istageþ 1

Step 10: If istage<Nstage go to Step 5, else terminate solution
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where p(x) represents the probability at x. Subsequently, the com-
monality matrix can be expressed as

k ¼ PSMF Xð Þ (19)

A representative plot of the PSMF for a particular design variable
(jth variable, normalized), in a sample family of five products, is
shown in Fig. 4. In this figure, the design variable for product-k
ðxk

j Þ can be mapped onto the Gaussian kernel of any other prod-

uct-l (where l= k), yielding the corresponding commonality vari-

able ðkkl
j Þ. It can be readily observed that, this set of kernel

functions (PSMF) provides a unique representation of the product
commonalities by converting an essentially combinatorial prob-
lem into a tractable continuous problem. This representation can
also be used to further investigate the underlying mathematics of
product platform planning.

In the CP3 optimization, initially, an optimal design that maxi-
mizes performance is separately obtained for each product variant
(in the family). The optimized design variable values, thus deter-
mined, are used to set a modified range (Dxj) for the application of
the PSMF on each design variable (jth design variable), similar to
the approach in the SIO technique [15]. This modified range is
used to evaluate the full width at one tenth maximum ((Dx10)j) for
the jth design variable, using

Dx10ð Þj ¼ Dx10 � Dxj; Dx10 2 0; 1½ � (20)

where Dx10 represents the normalized full width at one tenth
maximum, explicitly specified during the execution of the
algorithm.

The CP3 model is solved using a sequence of Nstage particle
swarm optimizations, with decreasing values (in a geometric
progression) of the parameter Dx10. This multistage optimization
results in sharper Gaussian kernels with every subsequent stage,
rendering a progressively rigorous application of the commonal-
ity constraint; this process is illustrated in Fig. 5. This figure
shows a five-stage application of the PSMF, with the specified
initial and final normalized full width at one tenth maximum
(Dx

max

10 ¼ 1:0 and Dx
min

10 ¼ 0:1). In the final stage, design vari-
able values (e.g., xk

j and xl
j) residing within the same Gaussian

kernel (sharp dome in Fig. 5) would practically indicate that the
corresponding products (product-k and product-l) share the jth
design variable.

Optimization is performed on the approximated MINLP prob-
lem to minimize a simplified weighted-sum of the performance
and the cost objectives. The modified optimization problem is
defined as

Max w1fperf Xð Þ þ 1� w1ð Þ �fcos t Xð Þð Þ
subject to

XTKX � e

gi Xð Þ � 0; i ¼ 1; 2;…; p

hi Xð Þ ¼ 0; i ¼ 1; 2;…; p

where

K ¼ fcon kð Þ
k ¼ PSMF Xð Þ

X ¼ x1
1x2

1… xN
1 … x1

j x2
j … xN

j … x1
nx2

n…xN
n

h iT

klk
j 2 B : B ¼ 0; 1f g

(21)

In this problem definition, a value of 0.5 is used for the objective
weight w1, and the term PSMF (X) is given by Eq. (17). The
objectives fperf and fcost in Eq. (21) are normalized (by dividing by
the total number of products manufactured). As is well known, the
weighted sum method entails important limitations associated
with nonconvex Pareto frontiers. Importantly, we note that the
approach presented in this paper can be implemented using any
other more powerful method, such as physical programming [42].
The process of application of the PSMF technique using particle
swarm optimization is summarized by the pseudocode is Table 4.

Neither the optimization of the CP3 model nor the application
of the PSMF-based solution strategy is restricted to the use of the
PSO algorithm. The approximated continuous optimization prob-
lem provided by the PSMF technique can also be solved using
other standard algorithms, which include but are not limited to the
real-coded NSGA-II algorithm [36], the Strength Pareto Evolu-
tionary Algorithm [43], the differential evolution algorithm [44],
and the modified predator-prey (MPP) algorithm [37]. Population
based algorithms are preferable in this case, since the commonal-
ity constraint is expected to be multimodal. Some of the listed
algorithms, such as NSGA-II and MPP, are typically useful for
multi-objective optimization; these algorithms can be leveraged to
explore a bi-objective optimization scenario, with performance
and cost as separate objectives. The original MINLP problem
yielded by the CP3 model can be directly solved using typical
MINLP solvers such as Branch and Bound and Cutting Plane
techniques, or using binary Genetic Algorithms (e.g., bin-NSGA-
II). However, solving the MINLP problem directly may prove to
be unreasonably challenging and computationally expensive,
owing to the high dimensionality of the commonality variables.

4.2 Constrained Particle Swarm Optimization
Algorithm. PSO is one of the most well known stochastic optimi-
zation algorithms, initially coined by an electrical engineer (Russel
Eberhart) and a social psychologist (James Kennedy) in 1995 [35].
Later, several advanced variations of the algorithm have appeared
in the literature, and have been used in popular commercial optimi-
zation packages. The PSO algorithm used in this project has been
derived from the unconstrained version presented by Colaco et al.
[45]. The basic steps of the algorithm are summarized as

Table 5 Torque requirements of the electric motors

Motor number 1 2 3 4 5 6 7 8 9 10

Torque (N=m) 0.05 0.1 0.125 0.15 0.2 0.25 0.3 0.35 0.4 0.5

Table 7 User-defined parameters in the PSMF and the CDF

Parameter Value

E 1� 10�06

C1 0.2
C2 0.1
C3 10,000
Dx

max

10 1.00

Dx
min

10 0.01
Nstage 12

Table 6 Design variable limits for the electric motors

Design variable Lower limit Upper limit

Number of turns on the armature (Na) 100 1500
Number of turns on each field pole (Nf) 1 500
Cross-sectional area of the armature wire (Awa) 0.01 mm2 1.00 mm2

Cross-sectional area of the field pole wire (Awf) 0.01 mm2 1.00 mm2

Radius of the motor (ro) 10.00 mm 100.00 mm
Thickness of the stator (t) 0.50 mm 10.00 mm
Stack length of the motor (L) 1.00 mm 100.00 mm
Current drawn by the motor (I) 0.1 A 6.0 A
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xtþ1
i ¼ xt

i þ vtþ1
i

vtþ1
i ¼ avt

i þ blr1 pi � xt
i

� �
þ bgr2 pg � xt

i

� � (22)

where, vector xt
i represents the ith member of the population

(swarm) at the tth iteration, r1 and r2 are random numbers between
0 and 1, vector pi represents the best candidate solution found for
the ith member, vector pg represents the best candidate solution for
the entire population, and a, bl, and bg are user defined constants.

The constrained non-domination technique [36] is used to com-
pare solutions within a constrained optimization scenario. In this
technique, solution-i is said to dominate solution-j if,

(1) solution-i is feasible and solution-j is infeasible or,
(2) both solutions are infeasible and solution-i has a smaller

constraint violation than solution-j or,
(3) both solutions are feasible and solution-i weakly dominates

solution-j.

If none of the above conditions apply then both of the solutions
are considered nondominated with respect to each other.

5 Application of the CP3
Framework

The product platform planning framework developed in this pa-
per is applied to design a family of universal electric motors. A
brief description of the electric motor example is presented in this
section, followed by the problem definition for this case study.
The results of this product family design case study is then illus-
trated and discussed.

5.1 Test Problem Description: Universal Electric
Motor. Universal electric motors are capable of delivering more
torque than any other single phase motors, and can operate using
both direct current and alternating current [46]. As a result of such
high performance characteristics, universal motors have been used
in a variety of applications, e.g., electric drills, electric saws, blen-
ders, vacuum cleaners, and sewing machines [17]. Extensive anal-
ysis and detailed equations related to the design of the universal
electric motor can be found in the paper by Simpson et al. [47].
The CP3 framework is applied to develop a scale-based product
family of ten universal electric motors that are required to satisfy
different torque specifications (Trq), as shown in Table 5. Each
motor is also subjected to other design constraints, regarding (i)
the output power (Pout), (ii) the total mass (Mtotal), (iii) the effi-
ciency (g), (iv) the magnetization intensity (H), and (v) the ratio
of the outer radius (ro) to the thickness (t) of the stator.

The design optimization of the family of universal electric
motors involves simultaneous (i) maximization of the efficiency
of the motors and (ii) minimization of the cost of the family of
motors chiefly attributed to platform planning. The cost minimi-
zation demands selection of platform/sub-platform design varia-
bles and subsequent identification of sub-families within the
product family, which is implicit to the MINLP problem pre-
sented by the CP3 model. The design of each motor involves
eight design variables; the corresponding variable limits are
given in Table 6.

The performance of each individual motor is equivalent to its
efficiency. The net performance of the universal motor family,
minimized in Step 4 of the pseudocode (Table 4), is formulated
to be

fperf ¼
1

10

X10

k¼1

gk (23)

where gk is the efficiency of the motor-k. The cost function com-
ponent, fcost,X (Eq. 13), is assumed to be a constant equal to one.
The cost function for the universal motor family is expressed as

fcost ¼
X10

k¼1

mk
X7

j¼1

CDFk
j

 !
(24)

Thereby, the optimization problem for Step 5 of the pseudocode
(Table 4) is given by

Max w1fperf Xð Þþ 1�w1ð Þ �fcost Xð Þð Þ
subject to

Tk¼Tk
rq 8k¼1;2;…;N

Pout¼300W 8k¼1;2;…;N

Mk
total�2kg 8k¼1;2;…;N

Hk�5000A:turns=m 8k¼1;2;…;N

gk�0:15 8k¼1;2;…;N

rk
0

tk
�1 8k¼1;2;…;N

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

Physicaldesignconstraint

XTKX¼0

where

K¼ fcon kð Þ

k¼PSMF Xð Þ

9>>>>>>=
>>>>>>;

Commonalityconstraint

andwhere

X¼ NC NS Awa Awf r0 t L I½ �T

klk
j 2B :B¼ 0;1f g

k;l¼1;2;:::::;10; j¼1;2;:::::;8; (25)

Table 8 User-defined constants in PSO

Constant Value: step 1 Value: step 5

a 0.5 0.5
bg 1.4 1.4
bl 1.4 1.4
Population size (Npop) 140 700
Maximum allowed function calls 25,000 40,000

Table 9 Optimized product platform plan for motor family-1: production volume 5 1

Variables Motor-1 Motor-2 Motor-3 Motor-4 Motor-5 Motor-6 Motor-7 Motor-8 Motor-9 Motor-10

Na — — — — — — A — A —
Nf — — — — — — — — — —
Awa — — B — — — B — — —
Awf C D C C D C — E E —
ro F G F — — — G — — —
t H I H I I I I I I —
L — J J — — — — J — —
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In Eq. (25), the objective functions are normalized, w1 is equal to
0.5, and Tk is the torque generated by motor-k.

Contrary to the physical components, the variable, current (I),
does not participate in platform planning, since: (i) any magnitude
of current can be drawn by the motor based on its other character-
istics and constraints, and (ii) current does not explicitly contrib-
ute to the manufacturing/tooling expenses for the motors [18].
Therefore, current is expressed as a function of other design varia-

bles, using the power equality constraint Pk
out ¼ 300 W

� �
. The

number of design variables is reduced to seven, and the power
equality constraint is relaxed. The inequality constraints repre-
senting the upper and lower limits of current are retained.

The CP3 framework is applied to design four different motor
families that are classified on the basis of their intended produc-
tion volume. The intended production volume vector for the four
motor families are

Motor Family� 1 : m ¼ 1 1 1 1 1 1 1 1 1 1½ �T

Motor Family� 2 : m ¼ 100 100 100 100 100 100 100 100 100 100½ �T

Motor Family� 3 : m ¼ 10; 000 10; 000 10; 000 10; 000 10; 000 10; 000 10; 000 10; 000 10; 000 10; 000½ �T

Motor Family� 4 : m ¼ 1 1 1 1 1 100 100 100 100 100½ �T

(26)

It is helpful to note that the volume of production varies among
the product variants in the fourth product family: 1 unit of each of
the first five motors is produced, and 100 units of each of the last
5 motors are produced. The user-defined parameters in the PSMF
and the CDF are given in Table 7.

5.2 CP3 Application: Results and Discussion. Initially,
optimization is performed on each motor individually (using
PSO), in order to maximize the efficiency gk, subjected only to the
physical design constraints specified in Eq. 25 (Step 1 of the pseu-
docode). The user-defined constants in PSO, for this step, are
given in Table 8. A new set of variable limits is determined from
the highest and lowest values of each optimized design variable,
among the ten motors. The new design variable limits are used to
execute Step 4—Step 9 of the pseudocode (Table 4). The PSO
user-defined constants for optimizing the entire motor family
(Step 5 of the pseudocode) are also given in Table 8.

Feasible solutions were successfully obtained for each of the
four motor families. The optimized platform plans obtained for the
four motor families are illustrated in Tables 9–12. Each uppercase
alphabet in Table 2, represents a platform; blocks in Table 1, dis-
playing similar alphabets, imply that the corresponding products
are members of a particular platform (that share the particular
design variable). A block displaying the “�” symbol represents a
nonplatform (scaling) design variable value, thereby implying that

the corresponding design variable value is not shared by more than
one product. It is observed from these four tables that the pattern of
platform formation is characteristically different for the four cases.
This observation substantiates the sensitivity of the platform plan-
ning process to the intended production volume, a factor that is
largely overlooked in product family design methodologies.

Ten sub-platforms are formed in motor families-1 and -2, nine
sub-platforms are formed in motor family-3, and only five plat-
forms are formed in motor family-4. Expectedly, the overall mem-
bership of the sub-platforms (number of products sharing a
variable) for motor family-1 is higher than that for the family-2
and family-3. The “all-common or all-distinct” approaches do not
allow the formation of such sub-families (as given by the CP3

framework), which restricts their applicability to a wider variety
of commercial product families. An “all-common or all-distinct”
approach would also demand a higher compromise of the product
performances to achieve commonality among products [17]. It is
helpful to note that a product platform plan yielded by an “all-
common or all-distinct” approach would be a subset/specific-case
of the generalized scenario allowed by the CP3 model.

The overall performance and cost objectives are complex non-
linear functions of the product attributes, which makes it challeng-
ing to conclusively investigate why certain attributes are shared
and certain others are not in the optimized platform plan. Never-
theless, some interesting observations can be made from the

Table 10 Optimized product platform plan for motor family-2: production volume 5 100

Variables Motor-1 Motor-2 Motor-3 Motor-4 Motor-5 Motor-6 Motor-7 Motor-8 Motor-9 Motor-10

Na — — — — — — A — A —
Nf — — B — — B — — — —
Awa C — C - — — — — — —
Awf D — — D — D — — E E
ro — — — — — — — — — —
t F G F G — G G G G —
L H I H — — — J I J —

Table 11 Optimized product platform plan for motor family-3: production volume 5 10,000

Variables Motor-1 Motor-2 Motor-3 Motor-4 Motor-5 Motor-6 Motor-7 Motor-8 Motor-9 Motor-10

Na — — — — — — A — A —
Nf — — — — — — — — — —
Awa — — — — — B B — — —
Awf C — C C — C — — — —
ro D E — — — — E D — —
t — F — — — F F F F —
L G H G — — — I H I —
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resulting platform plans. For example, motor-10 and motor-5 are
found to be the least likely to share attributes with the other
motors. We also observe that, the differing platform combinations
for the four motor families provide a consistency in performance,
whereas their degrees of attribute sharing are different. This trend
can be attributed to the use of the simple linear aggregate of
objectives. A more comprehensive multiobjective solution
approach should provide further insights into the trade-offs
between performance and costs, and how these trade-offs are
influenced by the volume of production.

Another interesting observation is the formation of a signifi-
cantly lower number of sub-platforms in the case of family-4.
This observation can be attributed to the relatively biased consid-
eration of the performance and the cost objectives in the case of
family-4. The overall performance objective is determined by the
aggregate of the performances of the individual product variants,
irrespective of their volumes of production; hence, equal impor-
tance is given to the performance of each product variant. On the
other hand, a careful analyses of Eq. (15) and the cost decay func-
tion show that the volumes of production of each product variant
is incorporated within the cost objective. As a result, product var-
iants with lower volumes of production (e.g., the first five motors)
have a significantly lower impact on the cost (or commonality) as-
pect of the product platform planning process. Out of a total pro-
duction of 505 units in the family, only 1 unit of each of the first
five motors is present; the tendency of platform formation among
the first five motors is therefore marginal. Unlike the cost function
proposed in this paper, when the product overhead cost for each
product variant is assumed to be completely independent of the
corresponding volume of production, the overhead cost of each
variant would be directly additive. In that case, family-4 is
expected to illustrate a similar degree of commonality as that of
the other three families.

In order to explain the tendency of platform formation (for a
particular product family), a parameter called the extent of com-
monality (EC) is defined. This parameter is given by the ratio
between the number of off-diagonal “ones” (obtained through
CP3), and the total number of off-diagonal elements in the com-
monality matrix, expressed as

EC ¼
1

nN N � 1ð Þ
Xn

j¼1

X
k 6¼l

kkl
j ; 8k ¼ 1; 2;…;Nandl ¼ 1; 2;…;N

(27)

The (EC) is somewhat similar to the commonality objective used
in the product family optimization technique presented by Khaja-
virad et al. [18]. Figure 6 illustrates the extent of commonality for
the first three families with respect to the intended production
volume.

The tendency of platform formation is observed to decrease
with increasing capacity of production (from Fig. 6). This seem-
ingly counterintuitive observation can be attributed to the nature
of cost variation provided by the cost decay function, presented in
this paper. The latter is based on the following likely commercial
scenario—“The marginal reduction in cost per product, owing to
commonalities among products, decreases with increasing produc-

tion volume of each individual kind of products in the family.” It
is also found that the extent of commonality is lowest in family-4
(approximately 0.04); this observation can be attributed to the
negligible impact of the first five motors, which have a lower pro-
duction volume.

The proposed variation of “the cost per product” with “the
number of products that share a variable” presents a decreasing
gradient. For different commercial products, the actual variation
of cost with the production volume and the commonalities among
products may follow a trend that is different from this artificial
cost decay function. For example: (i) if the variation of “cost per
product” with “the number of products that share a variable”
becomes linear, platform planning will become practically insen-
sitive to the intended production volume; and (ii) if the variation
presents an increasing gradient, platform planning will seek to
enhance the commonalities among products, with increasing pro-
duction volume. Hence, the authors do not claim uniqueness
regarding the variation of the extent of commonality (achieved
through product family optimization) with the intended produc-
tion volume. The primary objective of this investigation is to illus-
trate how the intended production volume is a crucial factor in
product family optimization.

Figures 7(a) and 7(b) show the mean and the standard deviation
of the efficiencies of the ten motors for each family. The mean
(approximately 0.82) and the standard deviation (approximately
0.083) of the motor efficiencies remain approximately the same
with increasing intended production volume, while the extent of
commonality changes (as seen from Figs. 6, 7(a), and 7(b)). In
order to preserve the consistency in performance and cost (subject
to the defined cost decay function), the platform plan is expected
to shift toward lower commonality when the intended production
volume is increased (as illustrated by Figs. 6, 7(a), and 7(b)).

Product family optimization involves maximization of the net
performance of the different products, which is generally an
aggregation of the individual product performances. This
approach may lead to an unfair distribution of product performan-
ces within the family. In this context, a more flexible approach

Table 12 Optimized product platform plan for motor family-4: production volume 5 1 (first five motors), 100 (last five motors)

Variable Motor-1 Motor-2 Motor-3 Motor-4 Motor-5 Motor-6 Motor-7 Motor-8 Motor-9 Motor-10

Na — — — — — A — — — A
Nf — — — — B — B — — —
Awa — — C — — — — — — C
Awf — — — — — — — — — —
ro — — — — — — — — — —
t — — — D — D D D D —
L — — — — E — — — E —

Fig. 6 Variation of the extent of commonality with the intended
production volume
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should allow for the explicit consideration of the standard devia-
tion in the performances of the different products in a family—for
example, by setting a maximum allowed value of the standard
deviation as a design constraint. In addition, market factors often
introduce specific requirements regarding the performance of indi-
vidual products.

6 Concluding Remarks

The (CP3) framework lays the foundation of a unified approach
that seeks to capture the full potential of the product family para-
digm. The CP3 technique introduces an encompassing mathemati-
cal model of the platform planning process (CP3 model), which
yields a mixed integer nonlinear programming problem. A com-
monality matrix is defined to classify (i) the variables that are
shared by certain products and (ii) the variables that are not shared
by more than one product. This commonality matrix also provides
welcome flexibility to include or exclude a design variable (in a
product), thereby accounting for the instantiation level of modular
product family design. Another important contribution of this for-
mulation is the scope of designing sub-families of products—
where design variables are shared by a subset of products in the
family. The commonality constraint developed using the common-
ality matrix provides a robust framework, where the simultaneous
(i) selection of platform/scaling variables, and (ii) optimization of
the design variable values can be readily performed. In addition to
these expedient features, the resulting platform planning model
(CP3 model) is independent of the optimization strategy. To the
best of author’s knowledge, such a generalized mathematical for-
mulation of the product platform planning process has favorably
unique features. Nevertheless, the commonality matrix definition
involves a certain degree of redundancy: e.g., the knowledge of
the commonalities between product-1 and product-2 and that
between product-2 and product-3 can provide substantial (not nec-
essarily complete) information regarding the commonality
between product-1 and product-3. The assumption that the com-
monality variables are independent in the current CP3 model does
not capture this flow of information. Future advancement of the
CP3 model should address this redundancy and help reduce the
model-dimensionality and the associated computational expense.

An efficient conversion of the MINLP problem into a continu-
ous problem is expected to reduce the net computational expense.
To this end, the novel platform segregating mapping function
(PSMF) is developed and applied. A Cost Decay Function (CDF)
is introduced to represent the variation of the cost of the product
family with the intended production volume and the designed
commonalities among products. This CP3 framework is applied
using particle swarm optimization to design a family of ten uni-

versal electric motors. It is observed that the set of variable based
platforms, obtained through CP3, is distinct for different intended
production volumes. Credible commercial information appears to
be necessary to further investigate this scenario.

In this paper, a linear aggregate function has been used to com-
bine the performance and the cost objectives. For future work, a
more powerful multi-objective setting should be investigated to
explore the trade-offs between individual product performances
and the net cost benefit of platform planning. Further advancement
of the CP3 framework to allow a more comprehensive considera-
tion of the product architecture and the availability of module
options is also a fruitful topic for future research. Subsequent explo-
ration of module-based product family applications would more
clearly establish the true potential of this new method.
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