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Abstract
Using state-of-the-art in numerical wave models it is possible to predict the

2D wave-spectra for a given region, but when the highest waves are estimated
usually only integrated non-directional parameters are used.

Here the fundamentals of time series generation from phase averaged wave-
spectra are examined for linear waves, and it is investigated if any information
is lost when the 2D wave-spectra is substituted by the directionally averaged
1D wave-spectrum.

It is found that if the simulations are based on linear waves and restricted
to one point in space, then there is no loss of information if the 2D spectra
is substituted by a 1D spectra with corresponding Rayleigh distributed am-
plitudes. The directionality of a sea state does therefore not in�uence the
wave-height statistics in a �xed point, when the ocean surface is represented
by random-phased linear waves. This is a previously known result, but here a
general derivation is presented.

Introduction
Using the state-of-the-art numerical wave models, it is possible to get quite rea-
sonable forecasts of the 2D wave-spectrum S(f, d) for di�erent areas (Komen et
al., 1994). But when the maximum individual wave- or crest-height is estimated
from wave forecasts, the estimation is often only based on parameter dependant
distributions such as Rayleigh, which are only dependant on the total integral of
the 2D-wave spectrum (WMO-No.702, 1998). The fundament under the derivation
of the Rayleigh probability distribution requires the waves to be narrow banded
and long crested (Ochi, 1998). These assumptions are not representative for all sea
states, and it can be questioned to what extent the spectral shape in�uences the
wave or crest-height distribution.

There have been several numerical investigations, based on random phased linear
waves, into the e�ect of the shape of the 1D wave-spectrumS(f) on the wave height
distributions. These indicate that narrow peaked spectra are associated with higher
simulated maximum wave heightHmax, and that the Rayleigh distribution generally
gives higher Hmax estimates than the simulated series (Massel and Sobey, 2000;
Rodriguez et al., 2002).

It was therefore decided to clarify if directionality played a similar role in the
estimation of maximum wave- and crest-heights derived from a directional wave-
spectrum.

Basic theory
Assuming that the continuous wave-spectrum is known, then a realization of the
ocean surface η(t, x) can be represented as a random-phased summation over the
discrete Fourier components of the spectrum. Assuming only linear waves the one
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dimensional sea surface can be represented in time and space as:

η(t, x) =
∑

f

Af cos(ωf t + kfx− ϕf ) (1)

where the amplitudeAf ′ corresponds to the energy in the spectrum in the frequency
bin ∫ f ′+∆f/2

f ′−∆f/2 S(f)df , ω and k are the angular frequency and wave number of the
individual waves and ϕf are independent random numbers from [0;2π] for each
frequency (Goda, 1990). More accurately formulatedAf ′ =

√
2

∫ f ′+∆f/2
f ′−∆f/2 S(f)df , if

S(f) is the variance spectrum. If S(f) is the energy spectrum a factor g · ρwater is
introduced, but this small di�erence is overlooked here.

In a similar manner the 2D sea surface can be generated from the 2D wave-
spectra as:

η(t, ~x) =
∑

f

∑

d

Af,d cos(ωf t + ~kf,d · ~x− ϕf,d) (2)

where the amplitude Af ′,d′ corresponds to the energy in the spectrum in the direc-
tional frequency bin ∫ f ′+∆f/2

f ′−∆f/2

∫ d′+∆d/2
d′−∆d/2 S(f, d)δfδd, ~k is the wave number vector with

length k and the phases ϕf,d are independent for all directional frequency bins.
The amplitude generated from the 2D spectrumAf,d can be divided into a fre-

quency dependant part Af (as in the 1D case) and an directionally dependant part
Df,d.

Af,d = AfDf,d (3)
where ∑

d

D2
f,d = 1 (4)

The restriction in Eq. 4 ensures conservation of energy.

Point time series
If a point time series is to be generated, all points give similar statistics and the
point in space that gives the simplest representation is origo. From Eq. 2 a point
time series is given as

η(t) =
∑

f

∑

d

Af,d cos(ωf t− ϕf,d) (5)

Here it can been seen that direct in�uence of the directional spectrum trough the
distribution of the wave number vectors, is not present. The only variables that still
contain dependance on directionality are the amplitudes. To inspect this dependance
further let us �rst look at a single frequency bin f0, that is

ηf0(t) = Af0

∑

d

Df0,d cos(ωf0t− ϕf0,d) (6)
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If the sum in Eq. 6 is large and all the amplitudesDf,d0 are small, then the Eq. can
be rewritten (see statement on the issue in Podgorski et al., 2000) as:

ηf0(t) = ARAf0 cos(ωf0t− ϕf0) (7)

where AR is a Rayleigh distributed random parameter, andϕf0 is a random para-
meter from the interval [0 : 2π].

This transformation is not generally applicable and is dependant on the direc-
tional discreteisation, in the respect that all the amplitudesAf0,d must be of com-
parative sizes. It might therefore be speculated how the presence of large individual
amplitudes might a�ect the statistics of the time series in Eq. 5.

This directional constraint can never the less be avoided if we substitute the
ordinary regular directional discretisation with a varying alternative. Usually the
frequency and directional discretisation ∆f and ∆d are �xed and the energy or
amplitudes corresponding to each bin is varying A2

f,d = S(f, d)∆f∆d. In the fol-
lowing a di�erent but equivalent discretisation will be used, where the directional
discretisation ∆d is varying in such a manner that the directional amplitudes re-
main constant. To put this di�erently, this discretisation givesDf0,d = 1√

Nd
for all

directional bins, where Nd is the number of bins in the directional discretisation.
If we now look again at a time series corresponding to a single frequency bin,

now with the alternative directional discretisation, the surface displacement is given
as

ηf0(t) = Af0

∑

d

Df0,d cos(ωf0t− ϕf0,d) (8)

=
Af0√
Nd

∑

d

cos(ωf0t− ϕf0,d) (9)

=
Af0√
Nd

∑

d

cos(ωf0t) cos(ϕf0,d) + sin(ωf0t) sin(ϕf0,d) (10)

=
Af0√
Nd

[cos(ωf0t)
∑

d

cos(ϕf0,d) + sin(ωf0t)
∑

d

sin(ϕf0,d)] (11)

The elements in the sum on the right hand side are all independent and have the same
probability density function. Invoking the Central Limit Theorem from probability
theory, in the limit where Nd is large, the summations can be replaced by two
independent normally distributed variablesXN and YN with mean 0 and variance
σ2 = 1

2
(see Appendix). The surface displacement from one frequency bin is therefore

given as
ηf (t) = Af0 [XN cos(ωf0t) + YN sin(ωf0t)] (12)

The normal distributed random variables on the right hand side of Eq. 12 can be
transformed into two new random variables R and θ which are given by XN =
R cos(θ) and YN = R sin(θ). This transformation corresponds to a inversion from
2D-Cartesian coordinates to polar coordinates.
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We therefore have that the surface displacement from one frequency band is
given as:

ηf0(t) = Af0 [R cos(ωf0t) cos(θ) + R sin(ωf0t) sin(θ)] (13)
= R · Af0 cos(ωf0t− θ) (14)

Since R =
√

X2
N + Y 2

N , R is Rayleigh distributed, θ is independent of R and uni-
formly distributed over the domain [0;2π] (see Appendix or e.g. Carlson et al.,
2002).

The point surface displacement from the full 2D wave spectrum (Eq. 2)can
therefore be rewritten without any loss of generality as:

η(t) =
∑

f

RfAf cos(ωf t− θf ) (15)

Where all Rf and θf are independent random variables, θf uniformly distributed
over [0; 2π] and Rf having the density function:

p(r ≥ R) = 2re−r2

, r ≥ 0 (16)
This density function gives a mean valueE(R) less than one, and a squared average
value E(R2) equal to one (see Appendix). The average value of the random am-
plitude from a frequency-bin E(Rf · Af ) is therefore less than the 1D deterministic
amplitude Af . This result might be somewhat surprising, but it must be noted that
the average energy of the random amplitude, from each frequency bin, is equal to
the energy corresponding to the 1D frequency bin asE(R2

f ·A2
f ) = A2

f ·E(R2
f ) = A2

f .

Note on time series generatoin
Since the amplitudes from each frequency bin are to be multiplied by independent
random variables (see Eq. 15), the total amount of energy in the simulated phase
resolving 1D spectrum might vary from one simulation to the next one. In order to
eliminate the e�ect of varying total energy on the time series statistics, the simulated
phase resolving 1D spectra have to be normalised in some way before the time series
is generated. Also some test aught to be made in order to insure that the synthetic
spectral shape is realistic with respect to the high frequency tail.

One other feature which aught to be taken into account is that wave �elds with
high mean waveperiod, transport more waves past a �xed point in a given time
interval, compared to waves with a lower mean waveperiod. To compensate for this
e�ect, in studies on how the spectral shape in�uences the wave statistics, a �xed
number of waves aught to be used in stead of �xed time intervals.

One fundamental factor that must also be accounted for, is the fact that the
synthetic time series repeats itself after a time interval dependant on the frequency
resolution. Some smart tricks on how to save computer time are presented in Goda
(1999), but some of these techniques have also been the subject of some critic by
Tucker et al. (1984 and 1985) .
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Discussion
In a previous section we found that a point time series generated from the full
2D-wavespectrum, were in fact equivalent to time series generated from the 1D
spectrum with amplitudes multiplied by a Rayleigh distributed stochastic variable
(see Eq. 15). This result on how linear point time series aught to be generated is
therefore equivalent to the one presented in Tucker et al. (1984). The only di�erence
between the derivation above and the one in Tucker et al. (1984), is that above we
start from the assumption that the time series can be generated from random-phased
deterministic waves with amplitudes from a continues 2D wave-spectrum, whereas
the assumption in Tucker et al. (1984) is that the point time series is stationary
Gaussian process with zero mean.

It is therefore only the shape of the 1D spectrum and not the 2D spectrum which
can in�uence the statistics of synthetic point time series. If the study is on wave
pro�les or similar spatially dependant wave parameters, the full 2D-spectrum aught
to be used. Some examples of such spatial investigations is given in Goda (2004,
1999, 1990).

So if Monte-Carlo simulations of synthetic time series are to be used as an aid
in predicting wave or crest statistics from predicted wave spectra, the directional
information will not lead to better results, if linear wave-theory is used in the sim-
ulations.

If the directional information is to be utilized for point wave statistics, some
higher order procedures or dynamic wave evolution methods must be applied. Some
examples of such investigations are given in e.g. Prevosto (2002, 1998), Forristall
(2000), Janssen (2003) and Onorato et al. (2002, 2001). A totally di�erent ap-
proach to obtaining safety related information from a given sea state, is parametric
procedures based on wave data, as seen in e.g. Myrhaug (1984, 1987).

Conclusion
Given a sea state, described by a nearly continuous phase averaged 2D wave spec-
trum, it has been derived without additional assumptions, that linear wave statistics
of a point time series, are not directly in�uenced by the directional composition of
the wave spectrum. Equivalent linear statistics for a �xed point can be obtained
from the non-directional 1D wave spectrum, if all the wave amplitudes are multiplied
by Rayleigh distributed independent random variables, according to the distribution
given in Eq. 16.

Acknowledgements
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Appendix
Assuming a known and continues 2D-wave spectrum describing the stationary sea
state for a particular region. The only way to deal with the unknown phases, with
respect to wave statistics, is to assume that they are evenly distributed random
variables from [0; 2π]. If it were assumed that the directional frequency bins had
some sort of phase interlocking, the spatial location of the point where the time
series was generated, could not be chosen randomly (within the domain where the
2D-spectrum describes the sea state) as phase interlocking is only possible at one
point at a time, due to wave dispersion and di�erent propagation directions.

Before Eq. 11 can be converted into Eq. 12 some inspection of the distribution
of each variable in the summation in the r.h.s. of Eq. 12 must be done. The reason
for this is that this distribution in�uences the distribution ofXN and YN in Eq. 12.

Central Limit Theorem
Let X1,. . .,Xn be independent random variables that have
the same distribution function and therefore the same
mean µ and the same variance σ2. Let Yn = X1+. . .+Xn.
Then the random variable

Zn =
Yn − nµ

σ
√

n
(17)

is asymptotically normal with mean 0 and variance 1;
that is the distribution function Fn(x) of Zn satis�es

lim
n→∞Fn(x) = Φ(x) =

1

2π

∫ x

−∞
e−u2/2du (18)

(Kreyszig, 1999)
As can be seen in the Central Limit Theorem, the mean value and variance of the
sum are dictated by the distribution function of the independent random variables
Xi. Relating this to Eq. 12, it is necessary to knowµ and σ2 of the elements in Eq.
11.

We know that the phases φi are evenly distributed in the interval [−π; π], there-
fore by simple geometrical causes the mean value of the stochastic variablex =
sin(φi) is zero. The function sin(φi) maps the domain [−π; π] into the interval
[−1; 1]. This mapping is not one to one, but because of symmetry the mapping
domain can be reduced to [−π/2; π/2], without in�uencing the probability distribu-
tion. We therefore have a one to one mapping sin(φ) : φ → x where φ ∈ [−π/2; π/2]
and x ∈ [−1; 1]. The distribution function F (X) for x = sin(φ) is therefore given as

F (x) = P (x ≤ X) (19)
= P (φ ≤ φX) , where φX = arcsin(X) (20)
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=
φx + π/2

π
(21)

=
arcsin(X) + π/2

π
(22)

The density function f(x) is therefore given as

f(x) = F ′(x) (23)

=
d

dx

arcsin(x) + π/2

π
(24)

=
1

π
√

1− x2
, where x ∈]− 1; 1[ (25)

The variance σ2 of this parameter can now be calculated.

σ2 =
∫ ∞

−∞
(x− µ)2f(x) dx (26)

=
∫ 1

−1
x2f(x) dx (27)

=
1

π

∫ 1

−1

x2

√
1− x2

dx (28)

=
1

π

[
x
√

1− x2

2
+

1

2
arcsin(x)

]1

−1
(29)

=
1

2
(30)

The Central Limit Theorem therefore states that a random variable of the form
XN = 1√

Nd

∑Nd
d=1 cos(ϕd) or YN = 1√

Nd

∑Nd
d=1 sin(ϕd), where ϕ ∈ [−π; π] is uniformly

distributed, are asymptotically normal with mean 0 and varianceσ2 = 1
2
. That XN

and YN are independent follows from the argument given below.

If cos(ϕd) and sin(ϕd) are random independent variables, then a summation over
such variables XN = 1√

Nd

∑Nd
d=1 cos(ϕd) and YN = 1√

Nd

∑Nd
d=1 sin(ϕd) must also be

independent random variables. The independence of XN and YN follows directly
from the independence of cos(ϕd) and sin(ϕd).

Independence between random/stochastical variables is tested by whether the
covariance is zero or not. Setting x = cos(ϕ) and y = sin(ϕ):

Cov(x, y) = E [(x− µx)(y − µy)] (31)
= E [(x · y)] (32)

=
1

2π

∫ π

−π
cos(ϕ) · sin(ϕ) dϕ (33)

= 0 (34)

This therefore supports the claim made in the text following Eq. 11.
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If X and Y are independent gaussian random variables, then they can be trans-
formed into 'polar coordinates' by the following Eq.'s:

R =
√

X2 + Y 2 (35)

θ = arctan(Y/X) (36)
The probability distribution in polar coordinates is related to the probability distri-
bution in Cartesian coordinates as:

pR,Θ(r, θ)|drdθ| = pXY (x, y)|dxdy| (37)

where
dx dy = r dr dθ (38)

If we assume that X and Y are independent gaussian random variables with zero
mean and variance σ2, we have:

pXY (x, y) = pX(x)pY (y) (39)

=
1

2πσ2
e−(x2+y2)/2σ2 (40)

Using Eq.'s 35, 36, 38 and the fact that pR,Θ(r, θ) = pR(r)pΘ(θ) it follows that:

pR(r) =
r

σ2
e−r2/2σ2

, r ≥ 0 (41)

pΘ(θ) =
1

2π
, θ ∈ [0; 2π] (42)

A variable with the distribution given in 41 is said to be Rayleigh distributed. If
σ2 = 1/2, then it follows from Eq. 41 that:

E(R) =
∫ ∞

0
2r2e−r2

dr (43)

=

√
π

4
(44)

E(R2) =
∫ ∞

0
2r3e−r2

dr (45)
= 1 (46)
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